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Abstract 

Factor analysis (FA) and principal component analysis (PCA) are routinely employed in research 

in the social sciences. Guttman (1956) first showed that when the number of variables (p) 

increases without limit while the ratio of number of factors (m) to p goes to zero, FA and PCA 

loadings converge. Schneeweiss and Mathes (1995) and Schneeweiss (1997) later derived two 

conditions for closeness between FA and PCA loadings that can be considered generalizations of 

the Guttman condition. The Schneeweiss-Mathes and Schneeweiss conditions were derived 

under the regular assumption that sample size (N) exceeds p. However, as fast computing has 

become available, analysis of semi-high-dimensional data in which p is large but doesn’t exceed 

N is becoming more common. The first goal of the current study was to examine whether the 

three conditions are still valid as measures of closeness between FA and PCA loadings with such 

semi-high-dimensional data. Because the computation for PCA is simpler than that for FA, PCA 

can be used as an approximation for FA when p is large. However, as p increases, non-

consistency might become an issue. Therefore, it is necessary to simultaneously consider the 

closeness between the estimated FA and the estimated PCA loadings, the closeness between the 

estimated PCA and the population FA loadings, and the closeness between the estimated and the 

population FA loadings. The second goal of the current study was to examine the behavior of 

these kinds of closeness in semi-high-dimensional conditions. To deal with semi-high-
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dimensionality, a ridge method proposed by Yuan and Chan (2008) was employed. As a measure 

for closeness, the average canonical correlation (CC) between two loading matrices and its 

Fisher’s z-transformation were employed. The results indicate that, in semi-high-dimensional 

conditions, (i) the estimates of loadings by FA and PCA are rather close for all the conditions 

considered, and (ii) closeness between the estimated FA and PCA loadings is easier and faster to 

achieve than closeness between the estimated and the population FA loadings or between the 

estimated PCA and the population FA loadings.  

            Keywords: High-dimensionality, Large p small N, Regularization, Ridge regression, 

Shrinkage, Fisher’s z-transformation, Canonical correlation 
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List of Symbols Used in the Current Study  

p: number of observed variables. 

m: number of latent variables(factors). 

y: observed variables. 

f: factor. 

N: number of subjects/sample size. 

 : population factor loadings. 

̂ : estimated factor loadings. 

  : error terms. 

 : correlation matrix of factors. 

 : variance matrix of error terms (matrix of unique variances). 

  : covariance matrix of observed variables. 

* : population PCA loadings. 

*̂ : estimated PCA loadings. 

  : diagonal matrix of the first m largest eigenvalues. 
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A. Introduction 

Factor analysis (FA) and principal component analysis (PCA) have a long history of 

frequent use in the behavioral sciences and education. Psychometricians consider 1904, when 

Spearman proposed the idea of a single common factor to explain “general intelligence,” as the 

year in which FA was invented (Cudeck & MacCallum, 2007; Spearman, 1904). In the more 

than one hundred years that have since passed, the next major development in FA came with 

several research works in the 1940s and 1950s. Lawley (1940) proposed applying the maximum 

likelihood (ML) estimation method to FA. Thurstone (1947) published a comprehensive book on 

multiple-factor models and proposed the idea of simple structure (i.e., a pattern of loadings 

where items load most strongly on one factor, and much more weakly on the other factors) to 

provide a meaningful factor rotation solution. Anderson and Rubin (1956) established a series of 

theorems on the foundation of FA, including model identification. Rao (1955) derived two 

equations that must be solved numerically in ML estimation of FA. Though these substantial 

theoretical developments were achieved by the end of the 1950s, it remained hard to compute the 

estimates numerically. Finally, in the late 1960s, Joreskog (1967) and his successors solved the 

computational difficulties using new algorithms classified as Newton-type algorithms 

(Luenberger, 1984).  
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Psychometricians consider 1933 the year in which PCA was invented. Hotelling (1933) 

introduced PCA as a set of orthogonal linear combinations of original variables. Further 

theoretical developments included the derivation of asymptotic distributions of principal 

components (PC) (Anderson, 1963; Girshick, 1939). PCA is more straight-forward than FA in 

terms of mathematics because PCA simply consists of obtaining eigenvalues (i.e., “lengths”) and 

the corresponding standardized eigenvectors (i.e., “directions” or “coordinates”) of the sample 

covariance/correlation matrix. Problems such as rotational indeterminacy (Yanai & Ichikawa, 

2007, pp. 263-264) and improper solutions (Heywood, 1931; Kano, 1998; van Driel, 1978) are 

irrelevant to PCA. As a result, the statistics community came to prefer PCA over FA. However, 

some multivariate statistics textbooks still include both PCA and FA as equally important topics 

(e.g., Morrison, 1990).  

Guttman (1956) found that FA and PCA led to similar loading matrices as the number of 

observed variables (p) increases without limit while the ratio of the number of factors (m) to p 

goes to zero, that is, p   while / 0m p  . Because the sample covariance/correlation matrix 

is properly defined only if the sample size (N) is larger than p, it implies that N also increases 

without limit. Generalizations of the Guttman condition were proposed by Schneeweiss and 

Mathes (1995), and Schneeweiss (1997). However, these conditions for closeness between FA 

and PCA were derived in the traditional situation where the number of observed variables p is 
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much smaller than the sample size N. Until recently, the idea of increasing p without limit was 

not realistic in practice. The Guttman (1956) condition was proposed purely as a theorem, not an 

empirically testable hypothesis. However, with the recent advancement of computer technologies 

and the consequent easy access to fast computing, the simultaneous analysis of a very large 

number of variables has become possible.  

The study of the statistical properties of estimates with such large numbers of variables 

has been called machine learning, statistical learning, data mining, pattern recognition, and 

analysis of high-dimensional data. In psychology, except for some experts on genetic data and 

data from fMRI in behavioral and cognitive neuroscience, we still rarely need to analyze high-

dimensional data with the property that p exceeds N. However, it is very common in the social 

sciences in general to collect data from many questionnaires. In addition, some questionnaires 

such as MMPI-2 (Butcher, Dahlstrom, Graham, Tellgen, & Kaemamer, 1989) have several 

hundred items. As a result, we often encounter situations where p as the entire number of items is 

not so different from N as the sample size, though p may still not exceed N. We call such 

settings, with a large p but without the property that p exceeds N, “semi-high-dimensional”. This 

dissertation focuses on these settings with semi-high-dimensional data. An important difference 

between high-dimensional data and semi-high-dimensional data is that in the former, “sparse” is 

often so that there are a lot of zero’s in the data, which is not the case for the latter (Buhlmann & 
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van de Geer, 2011). Given the drastic, ongoing changes in our capacity to analyze large data in 

the social sciences, it is necessary to re-visit the Guttman condition and its generalizations 

suggested by Schneeweiss and Mathes (1995) and Schneeweiss (1997). More specifically, the 

question that should be asked is; whether these conditions still hold with semi-high-dimensional 

data. This dissertation presented a simulation study designed to investigate this question, which 

focuses especially on the different speeds with which p and N increase. For example, Bai and Li 

(2012) needed an extra condition that the ratio of the “square root of p” to N goes to zero ( p /N 

 0) while both p and N increase without limit (p, N  ) to achieve the closeness between 

FA and PCA in high-dimensional data.   

The dissertation was organized as follows. First, FA and PCA were discussed as 

statistical models. Second, the issue of closeness between FA and PCA from a historical context 

as well as from a statistical viewpoint was discussed. Third, the issue of non-consistency and 

closeness between estimated PCA loadings and FA loadings was discussed. Fourth, recent uses 

of FA and PCA in high-dimensional and semi-high-dimensional settings were discussed, 

including some strategies to deal with them, such as a method called regularization. Fifth, the 

goals of the dissertation study were presented, followed by the simulation design. Finally, results 

and discussion are presented. 
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B. Statistical Models   

1. Factor Analysis (FA) 

Factor analysis (Anderson, 2003; Lawley & Maxwell, 1971) is a multivariate statistical 

model in which the p-dimensional observed (manifest) variables 
1= ( , ..., )i i ipy y 'y  from N  

subjects ( 1,...,i N ) are linearly related to m-dimensional latent (unobserved) variables also 

called factors 1= ( ,..., )i i imf f 'f . Here, and hereafter, the prime sign is used to indicate the 

transpose in which rows and columns are exchanged. As a result, both 
1= ( , ..., )i i ipy y 'y  and  

1= ( ,..., )i i imf f 'f  here appear to be aligned horizontally as “row” vectors, but they are actually, 

aligned vertically, as “column” vectors. Now, in the FA model, we express the linear relationship 

of the dependent variables on factors as:    

1 1 2 2 ...ij j j i j i jm im ijy f f f          .      (1a) 

Note that the main difference between the FA model in (1a) and multiple regression is that in the 

former, factors in the position of predictors are not observed variables but unobserved “latent”, 

variables, called “factors”. This equation can be put in a matrix form with p variables 

simultaneously, as follows:  

i i ιy = + f +  ,         (1b) 

where   is a p-dimensional intercept vector, = ( )ιj  is the p x m matrix of coefficients called 

“factor loadings”, and 
1= ( ,..., )i i ip '   is a p-dimensional error term. The subscript i indicating 
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subjects is often omitted in the FA literature, and the outcome variables are often centered so that 

the intercepts can be dropped. Then the equation (1b) reduces to y = f +  .  

In the traditional FA model, the number of observed variables p (in the traditional model, 

observed variables or items are usually pre-determined, so p is often treated as a fixed value) is 

substantially smaller than the number of observations N (Lawley & Mawxell, 1971), and such a 

relationship can often be expressed as p << N. We typically assume the random (factor scores are 

random) factor model, which is characterized by the following three sets of assumptions:  

         (i) Factors if  are distributed as multivariate normal with the mean vector of zeros and the 

factor correlation (or the covariance) matrix  . Typically in FA, the covariance matrix among 

factors is presented as the standardized form, so that covariances become correlations. In the 

standard statistical notation: ( , )i mN 0f  , where the subscript m indicates the number of 

factors.  

          (ii) Errors i  are also distributed as multivariate normal with the mean vector of zeros and 

the covariance matrix  , where   is typically a diagonal matrix so that any two different error 

terms are uncorrelated (i.e., ( , ) 0ij ikCov     for j k ). In the statistical notation: ( , )pN 0  .  

          (iii) Factors if  and the error terms ι  are also uncorrelated. In the statistical notation: 

( , )Cov  0f .  
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Then, under these three assumptions, the covariance (the variance-covariance) matrix of p 

observed variables iy  ( ( )iCov y ) is expressed as:  

 '    .        (2a) 

The orthogonal model with uncorrelated factors is typically used for the initial solution before 

rotation for the exploratory factor analysis (EFA), because it is easier to find a solution than an 

oblique solution. Then, all the off-diagonal elements of the factor correlation matrix   are 

zero’s, and equation (2a) reduces to:  

'    ,           (2b) 

and the covariance matrix of iy  is now only a function of two sets of parameters, factor loadings 

and error (often called the “unique”) variances. 

In contrast to the traditional FA model, in the high dimensional condition in which the 

number of observed variables p is close to or larger than the number of observations N, mainly 

for the ease of the proofs, we often assume a fixed factor model (Bai & Li, 2012; Kamada, 2013) 

in which the assumption of random factors that factors are distributed as multivariate normal is 

replaced by the assumption that the factor scores 
1 1 2{ } { , ,..., }N

i i N f f f f  are a sequence of fixed 

constants such that there exists a positive definite matrix (i.e., a matrix generalization of being 

positive; a positive definite matrix always has an inverse, a matrix version of a reciprocal) as N 

goes to infinity. Thus   here is the factor correlation matrix when N goes to infinity. Because 
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use of a fixed factor model is uncommon in practice, in my simulation study, factors are treated 

as random, and the difficulty associated with estimation will be handled by a regularization 

method (to be discussed in a later section).  

2. Principal Component Analysis (PCA)  

Principal component analysis (Anderson, 2003, Ch.11; Hotelling, 1933) is a multivariate 

statistical procedure for data reduction. Compared with FA, in which the goal is to describe 

approximately the covariance matrix using model parameters such as factor loadings and error 

variances, the goal of PCA is more purely data reduction. However, by reproducing the 

covariance matrix with model parameters using fewer factors than the number of observed 

variables, FA can be used for data reduction, too. The more substantial difference between FA 

and PCA is that in FA, the observed variables are treated as the dependent variables, while in 

PCA, the same observed variables serve as predictors. More concretely, PCA aims at creating a 

principal component (PC), that is, a linear combination of the observed variables  

* * * *

1 11 1 12 2 1...i i i p ipf y y y            (3a) 

that maximizes the variance of PC *

1if  (the sign
*
 is used to denote PCA formulas, distinguished 

from FA formulas), with the restriction that the sum of squares of the coefficients is set equal to 

1, that is, 
* 2 * 2 * 2

11 12 1( ) ( ) ... ( ) 1p      . We call this PC the first PC (Johnson & Wichern, 2007, 
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Ch. 8). The second PC *

2if  is constructed in the same way, that is, by creating a linear 

combination of the observed variables  

* * * *

2 21 1 22 2 2...i i i p ipf y y y             (3b) 

that maximizes the variance of PC, with the restriction that the sum of squares of the coefficients 

is set equal to 1, that is, 
* 2 * 2 * 2

21 22 2( ) ( ) ... ( ) 1p      , as before. However, in addition, we 

impose an extra constraint that the second PC is uncorrelated with the first PC, that is,

* *

1 2( , ) 0i iCov f f  . The subsequent PCs are created in exactly the same way, that is, they 

maximize the variance of the PCs while they are uncorrelated with all the previous PCs. By 

keeping the same procedure, we can construct the total of p PCs. However, for the purpose of 

data reduction, we typically use only the first m PCs. 

By combining them, the vector of the first m (largest) PCs is given by:  

* *

i i'f y ,          (3c) 

where the column of the p x m matrix of PCA coefficients 
*  can be obtained from the 

standardized eigenvectors of the covariance matrix   of observed variables iy  with the 

constraint 
m'   I  , and the following approximate equality holds for the covariance matrix: 

 * *' '      ,                                                     (4) 

where * 1/2=     is the p x m matrix of the PCA loadings; 
  is the p x m matrix whose 

columns are the standardized eigenvectors corresponding to the first m (largest) eigenvalues;   
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is the m x m diagonal matrix whose diagonal elements are the first m (largest) eigenvalues and 

1/2 is the m x m diagonal matrix whose diagonal elements are the square root of the first m 

(largest) eigenvalues. (Note that in equation (4) we used the transpose of a product matrix

( )AB ' B'A' .) Therefore, finding the uncorrelated PCs and also the PCA loading matrix is 

reduced to finding the eigenvalues and their corresponding standardized eigenvectors of the 

covariance matrix of p observed variables (Johnson & Wichern, 2007, Ch. 2). Note that the exact 

equality “=” holds in equation (4) above only if all the p eigenvalues and the corresponding p 

eigenvectors are utilized. For the extension of PCA to structural equation models (SEM), see 

e.g., Hwang and Takane (2015).   

C. Closeness between FA and PCA 

1. Background  

It has long been a well-known fact that FA and PCA, especially their loading matrices, ̂

and 
*̂ , often lead to approximately the same results. Some scholars (e.g., Borgatta, Kercher, & 

Stull, 1986) prefer FA over PCA, while others (e.g., Wilkinson, 1989) prefer PCA. Velicer and 

Jackson (1990) indicated that FA and PCA share a similar purpose, which is reducing the 

observed variables to a smaller number of variables, and they also pointed out many important 

shared mathematical features. They compared FA and PCA in terms of algebraic similarities, 

theoretical and practical issues, and found that the degree of similarity between FA and PCA was 
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high, and would be higher with well-designed datasets (i.e., with a large sample size) and 

accurate numbers of components or factors. They concluded that there was “little basis” for 

preferring either FA or PCA. 

In psychometrics, one condition has been identified in which FA and PCA give similar 

results. Guttman (1956; see also Harris, 1962, Kaiser, 1963) found that the number of observed 

variables (p) goes to infinity while the ratio of the number of factors (m) to the number of 

observed variables (p) goes to zero, that is, p   while / 0m p  . In other words, as p 

increases faster than m, PCA gives a close approximation to FA. Bentler and Kano (1990) 

studied this similarity condition between the two methods in a one-factor model, and found that 

the solutions become identical when the maximum unique variance is bounded above.  

On the other hand, some scholars argued that there are some differences between the two 

methods. For example, Steiger (1990) indicated that a fundamental difference is that FA assumes 

multivariate normality, while PCA does not and was a tautological data reduction method. 

Another important difference between FA and PCA is that unique variance is estimated in the 

FA model but not in the PCA model (Widaman, 1990). 

            An intriguing point to note is that, in FA, as already mentioned, the observed variables 

iy  are dependent variables, while in PCA, they are independent variables. In this respect, FA 

and PCA are substantially different methods. Likewise, Koch (2014, Ch. 7) pointed out 
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important differences between FA and PCA on a practical level—such as their goals, models, 

covariance matrices, estimation methods, factor or component scores, and data descriptions.  

However, in spite of such differences, we can still express the observed variables iy  using 

the PC loading matrix 
*  as:  

* * *

i i iy = + f +           (5) 

with *

if  and *

i  uncorrelated, that is, * *( , )i iCov  0f   (Schneeweiss, 1997). As before, we omit 

the subscript i and treat y as a centered variable. Then, equation (5) reduces to: * * *
y = f +  . 

Thus, the similarity of equations (1) for FA and (5) for PCA gives rise to the question of how the 

loading matrices   from FA and 
*  from PCA are related to each other.  

Because the computation for the estimates of PCA loadings is much simpler than that for 

the estimates of FA loadings in that the former is just an eigenvalue-eigenvector decomposition 

of the sample covariance matrix, it would be useful if PCA can be used as an approximation for 

FA when p is large. Recently, with the advancement of computing technology, analysis of high-

dimensional data with large p is becoming easier, yet the amount of computation is still 

demanding. Therefore, using PCA as an approximation for FA in high-dimensionality settings is 

an attractive alternative if they yield similar results.  

 2. The Schneeweiss & Mathes (1995) Condition and the Schneeweiss (1997) Condition 
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Typically, the measurement of closeness between an FA loading matrix and a PCA 

loading matrix is defined as the sum of squared elementwise differences (Ichikawa & Konishi, 

1995). However, in this method for measuring closeness, there are some inconveniences. First of 

all, we must align the signs of loadings, because factors and components are determinate up to 

the sign changes. In addition, the loadings are subject to indeterminacy due to orthogonal 

rotations. We also must align column locations for factors and components (for example, it could 

happen that factor 1 in FA corresponds to component 2 in PCA). Alternatively, to avoid such 

complications, the squared canonical correlation can be used to measure closeness, which can 

automatically take care of problems associated with sign changes, rotational indeterminacy, and 

column alignment. Schneeweiss and Mathes (1995), and Schneeweiss (1997) employed a 

closeness measure between FA and PCA based on the average squared canonical correlation 

(CC) 2 *( , )    defined as 

2 * 1 * * * 1 *1
( , ) ( ) {( ) ( )( ) ( )}tr ' ' ' '

m
            .    (6) 

where tr stands for the trace operator (i.e., sum of diagonal elements of a squared matrix). Note 

that as long as closeness based on CC is employed, we no longer have to align the signs of the 

loadings and the possible column changes between the FA loading matrix and the PCA loading 

matrix.  
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  The Schneeweiss and Mathes (1995) condition and the Schneeweiss (1997) condition are 

two generalizations of Guttman’s 1956 condition. Schneeweiss and Mathes (1995) showed that 

when the ratio of the size of the maximum unique (error) variance to the size of factor loadings 

measured by the minimum eigenvalue of the (within-column) sum of square and cross product 

(SSCP) matrix of factor loadings approaches zero, that is, if the size of the maximum unique 

variance is tiny compared to the size of the minimum of the sum of squares (SS) of factor 

loadings, then the FA loadings and the PCA loadings eventually became almost identical. 

Mathematically, we can express this as: when max min/ 0d   where max  is the largest value of 

the unique variance (diagonal) matrix   and min min ( )d '    is the minimum eigenvalue of

'  , 2 *( , ) 1   .   

Schneeweiss (1997) extended the results of Schneeweiss and Mathes (1995) and came up 

with a less strict (weaker) condition to measure closeness. Specifically, the Schneeweiss (1997) 

condition is: min/ 0d   where min min ( )d '    is the minimum eigenvalue of '  as before, 

and max min    is the difference between the largest and smallest unique variances. It is easy 

to see that the Schneeweiss (1997) condition is weaker than the Schneeweiss and Mathes (1995) 

condition because max max min      , so that max min/ 0d   implies min/ 0d  . Note that 

in the Schneeweiss and Mathes (1997) condition, max was used for the numerator, rather than 
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max min     as in the Schneeweiss (1997) condition. For both conditions, the denominator is 

the same.  

One very important special case for the closeness conditions that Schneeweiss and 

Mathes (1995) and Schneeweiss (1997) generalized from is the Guttman (1956) condition that 

the number of variables p goes to infinity while the ratio of the number of factors m to the 

number of variables p goes to zero, that is, p   while / 0m p   (Hayashi & Bentler, 2000; 

Krijnen, 2006). The summaries of Guttman (1956), Schneeweiss and Mathes (1995), and 

Schneeweiss (1997) conditions are described in Table 1. 

Table 1. 

Guttman (1956), Schneeweiss and Mathes (1995), and Schneeweiss (1997) Conditions 

Condition Formula 

Guttman (1956) p   while / 0m p   

Schneeweiss and Mathes (1995) 
max min/ 0d   

Schneeweiss (1997) 
min/ 0d  , max min     

 

D. High-dimensionality and Semi-high-dimensionality (Large p, Small N Problem) 

1. Background of High-dimensionality and Semi-high-dimensionality 

Recently, with the developing technologies in computer science, statisticians have 

become able to analyze data sets with a large number of variables p  and a relatively small 
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number of samples N  generated, for instance, in marketing, genetics, and radiology (e.g., image 

data from fMRI). Consequently, improving statistical methodologies for analyzing such data 

with a large p  and a small N has become necessary. The analysis of high-dimensional data has 

been discussed in the contexts of machine learning (statistical learning), pattern recognition, and 

data mining (Bishop, 2006; Hastie, Tibshirani, & Friedman, 2009).  

In psychology and behavioral sciences, high-dimensionality of data has also become 

common, especially in the areas of behavioral neuroscience dealing with genetic data and 

cognitive neuroscience dealing with fMRI data. However, analyzing high-dimensional data 

entails certain difficulties. First, if the number of variables exceeds the sample size, that is, p > N 

(which, for some scholars such as Pourahmadi (2013) defines data as high-dimensional), then the 

rank (i.e., the number of independent rows and columns) of a p x p covariance matrix is no 

longer p but at most N, which is less than p. In this case, the inverse (the matrix version of 

reciprocal) of the covariance matrix no longer exists, and we can no longer employ any 

estimation methods in which the inverse of the covariance matrix is required, such as maximum 

likelihood and generalized least square methods. Second, the phenomenon called sparsity, where 

there are a lot of zero’s in the data set, is often assumed with high-dimensional data. However, 

such sparsity conditions are in general not met in social science data. Sparsity makes the analysis 

of high-dimensional data very difficult (Pourahmadi, 2013).  
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Psychologists and behavioral scientists also deal with another type of commonly 

occurring high-dimensional data. In psychological research, subjects are frequently asked to 

answer questionnaires, and the total number of items often is close to the sample size. In 

addition, some questionnaires contain many items. For example, in the MMPI-2, the number of 

items p is 567. Such high-dimensionality is called semi-high-dimensionality. More specifically, 

we define semi-high-dimensionality as a phenomenon characterized by a large number of both 

variables p and sample size N, without requiring the additional condition of p exceeding N. Also, 

in the semi-high dimensionality, we do not require the sparsity in a high-dimensional data. This 

dissertation focuses on the analysis of such semi-high dimensional data. Note that semi-high-

dimensionality is encountered in almost every sub-discipline of psychology, including clinical 

psychology, social psychology, developmental psychology, and so forth. The similarities and 

differences among traditional multivariate data, high-dimensional data, and semi-high-

dimensional data are described in Table 2. 
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Table 2. 

Traditional, High-dimensional, and Semi-high-dimensional Data 

 Traditional Data High-dimensional Data Semi-high-dimensional 

Data 

p 

 

fixed p    p   

N 

 
N   N   N   

Relationship 

between p 

and N 

 

 

p << N  

 

p > N 

 

p < N 

Sparsity 

 

No Yes No 

Examples Ordinal multivariate data Genetic data; Big data Many questionnaire items  

 

2. Statistical Approaches to High-dimensional Data 

In the high-dimensional setting (in which ,p N   and possibly p > N), non-

consistency (i.e., the property that the estimators do not converge to the population parameters as 

the sample size and/or the number of variables increase, as ,p N  ) becomes a problem. 

Johnstone and Lu (2004, 2009) showed that
*̂  is a consistent estimate of *  (i.e., the estimate 

*̂  converges to the true population parameter *  as the sample sizes increases, as ,p N  ) 

in a single-component PCA if and only if / 0p N  . They indicated that in a high-dimensional 

setting, the sample principal components are inconsistent (i.e., non-consistent) estimates of the 

population principal components. Paul (2007) extended Johnstone and Lu (2004, 2009) 

observation of the inconsistency of a sample single-component PCA to a multi-component PCA.  
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In high-dimensional settings and when both p and N approach infinity, Bai and Li (2012) 

studied the asymptotic distributions (i.e., the distribution as ,p N  ) of FA. They showed 

that the estimators are efficient (i.e., unbiased with minimum variance) under some reasonable 

model assumptions, and they considered five different conditions for model identification. One 

of the conditions is the same as the condition commonly used in the traditional ML FA for the 

initial solution before rotation: The factors are uncorrelated (orthogonal so that the factors are 

uncorrelated, and the factor correlation matrix is an identity matrix: m I ), and the matrix 

1' p     (the mean weighted squares with the matrix reciprocal of the unique (error) 

variances as the weights) is diagonal (i.e., all the cross-product terms in the off-diagonal 

elements are zero, so that the number of parameters is smaller by ( 1) / 2m m  ). Under the 

conditions for model identification, they proved that the consistency (i.e., the property that the 

estimators approach their population parameters as ,p N  ) and the rate (speed) of 

convergence for the estimators measured as the average squared length, as ,p N  , is of the 

order of 1/N (i.e., the magnitude equivalent to some constant times 1/N).  

            Furthermore, Bai and Li (2012) showed the equivalence of the asymptotic normal 

distribution of maximum likelihood estimation (MLE) of FA loadings 
j  and PCA loading (for 

the j-th row such that
1( ,..., )p' ' '   ) with the common asymptotic covariance matrix

1

j  , 

1,...,j p . Here,  is the factor correlation matrix in the population, so if the FA model is 
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orthogonal with uncorrelated factors, the asymptotic covariance matrix reduces to 
j m I , that is, 

the m-dimensional diagonal matrix whose diagonal elements are 
j . It is important to note that 

an extra assumption of / 0p N   in addition to ,p N   was needed for the PCA loadings 

to achieve the asymptotic normality with the common variances. Obviously, the condition of 

/ 0p N   in Johnstone and Lu (2004, 2009) implies / 0p N  , in the sense that / 0p N   

is a stronger (more strict) condition than / 0p N  . It is quite interesting that, according to the 

results of Bai and Li (2012), for the high dimensional setting, the asymptotic distributions of FA 

loadings and PCA loadings are the same. In contrast, in the traditional setting with p < N, the two 

asymptotic distributions are different due to the differences in the asymptotic covariance 

matrices (Lawley & Maxwell, 1971). In the traditional setting, the analytical form of the 

asymptotic covariance matrix for the MLEs of FA loadings is very complex (Jennrich & Thayer, 

1973; Lawley & Maxwell, 1971). On the other hand, the asymptotic covariance matrix for the 

PCA loadings can simply be constructed from the asymptotic variance matrix 
22 p  of the p 

eigenvalues (the “lengths” corresponding to the eigenvectors (“coordinates”) unique to each 

square matrix) of the covariance matrix of the observed variables (arranged as a vector in 

descending order), where 
p  is the diagonal matrix whose diagonal elements are the p 

eigenvalues of the covariance matrix of the observed variables, and the asymptotic covariance 

matrix of the corresponding eigenvectors (Anderson, 1963; Girschick, 1939; see also p. 456 of 
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Johnson & Wichern, 2007). 

            Furthermore, the fact that consistency becomes harder to achieve as the number of 

variables p relative to the sample size N increases, as found by the above-mentioned studies may 

imply that the closeness between the estimates of FA loadings and the estimates of PCA loadings 

is not sufficient for trusting the estimates of PCA loadings as a good approximation for the 

population FA loadings. At the population level, Guttman (1956) showed that as p   with 

/ 0m p  , the FA loadings and PCA loadings converge. For a fixed number of variables p, it is 

known that the estimates of factor loadings converge to their population counterparts at the rate 

of 1/2( )O N   so that the order of the standard errors for the FA loadings is 1/2N   (Anderson, 2003; 

Lawley & Maxwell, 1971). Regarding the case where p, N , Johnstone and Lu (2004, 2009) 

showed that the consistency for the PCA loadings holds if and only if / 0p N  , which implies 

that p   at a slower rate than N  . However, beyond that, little is known regarding how 

the two kinds of closeness are inter-connected. 

Pourahmadi (2011, 2013) reviewed statistical approaches to modeling covariance 

matrices with large p  and small N  data, and summarized the approaches into three categories: 

(i) generalized linear models (GLM) and matrix decompositions, e.g., using spectral 

decomposition (i.e., finding of eigenvalues and eigenvectors of the high-dimensional covariance 

matrix) and (the modified version of) Cholesky decomposition (i.e., finding a unique lower 
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triangular matrix with all the elements in the upper triangular part being zeros, with positive 

diagonal entries, such that the multiplication of the lower triangular matrix and its transpose will 

recover the original matrix); (ii) regularization of the sample covariance matrix (see the 

description below); and (iii) Bayesian modeling of covariance (the collection of modeling 

methods in which the distribution of population parameters called the prior is introduced in the 

analysis of covariance matrix). In statistics, especially in machine learning, regularization is used 

for model selection, particularly to introduce additional information in order to prevent an 

overfitting problem (i.e., the phenomenon in which a statistical model describes an error instead 

of an underlying true relationship) by penalizing complex models. Pourahmadi pointed out that 

regularization of a sample covariance matrix includes (i) a shrinkage estimator, which is a linear 

combination of the sample covariance matrix and a positive constant times the identity matrix 

(for the ridge regression approach; see below), the latter of which is introduced to stabilize the 

estimates (Ledoit & Wolf, 2004); and (ii) penalized likelihood, which is a likelihood function 

with a penalty term against model complexity (Friedman, Hastie, & Tibshirani, 2008). The two 

most famous examples of a penalized likelihood are the Akaike Information Criterion (AIC), and 

the Bayesian Information Criterion (BIC). The two most important examples of the shrinkage 

estimator approaches are (i) ridge regression (Horel & Kennard, 1970); and (ii) the lasso 

(Tibshirani, 1996). Note that these two approaches, shrinkage estimators and penalized 
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likelihood, are not necessarily disjoint. For example, Warton (2008) showed that the ridge 

regularization approach for correlation and covariance matrices could be derived through a 

penalized likelihood approach with the penalty term proportional to 1( )tr   , where 
1  is the 

inverse (i.e., the matrix version of a reciprocal) of the covariance/correlation matrix. The primary 

difference between the lasso approach and the ridge regression approach is in their penalty terms. 

In ridge regression, the sum of squared regression coefficients is used in the penalty term, while 

in lasso, the sum of absolute values of regression coefficients is used in the penalty term. As a 

result, in ridge regression, number of parameters is reduced while still remaining non-zero as the 

penalty increases, while in the lasso method, increasing the penalty drives more and more of the 

parameters to zero (Tibshirani, 1996). Hence, lasso has the advantage over ridge regression when 

the data have a lot of zeros, that is, under the sparsity condition, so that with lasso, only a very 

small number of variables can be selected (James, Witten, Hastie, & Tibshirani, 2013). However, 

in the semi-high-dimensionality situations that are common in data sets in the social sciences, we 

do not have to deal with the issue of sparsity; the current dissertation therefore utilizes the ridge 

regression approach to FA and PCA to handle the large p small, N problem. 

3. Regularized FA and PCA: Ridge Regression 

Ridge regression was first introduced in statistics by Horel and Kennard (1970) to make 

the variance of the estimator smaller by introducing a small bias to the estimator. Typically, 



CLOSENESS BETWEEN FA AND PCA                                                                                                                 30 

 

ridge regression has been applied as a remedy for multicollinearity, an extremely high correlation 

between two predictors (see, e.g., section 11.2 of Kutner, Nachtsheim, Neter, & Li, 2005).  

In the areas of FA and structural equation models (SEM), to the best of my knowledge, 

Lisrel 8 software (Joreskog & Sorbom, 1996) was the first to implement the ridge option. 

However, it has not been used extensively among SEM users. To deal with a near singular 

covariance matrix (i.e., two rows or two columns of the elements of a covariance matrix become 

close to be dependent on each other, so that the information becomes almost redundant) due to a 

small sample size N and multicollinearity, Yuan and Chan (2008) employed a ridge estimator for 

the sample covariance matrix of the form
a pa S S I , where S  is the ordinary sample 

covariance matrix, pI  is the p-dimensional identity matrix (the matrix version of “1”), and a  is a 

positive constant called the shrinkage parameter or the tuning parameter, introduced to solve 

some of the above-mentioned problems such as instability of the estimators as well as non-

convergence problems (i.e., not reaching a stable solution even after applying many iterations of 

a numerical algorithm). Yuan and Chan estimated the parameters for the SEM model using the 

estimating equation approach (i.e., a generalization of classical estimation method(s), in this 

case, a generalization of the maximum likelihood method; see, e.g., Hardin & Hilbe, 2003). The 

estimator was a normal-distribution maximum likelihood based procedure, whose fit 

(discrepancy) function (e.g., equation 4.26 of Lawley & Maxwell, 1971) was given by the same 
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fit function as that for the maximum likelihood estimation, except that the ordinary sample 

covariance matrix S  is replaced by the ridge-version of the sample covariance matrix aS :   

1 1( , ) [ ] log | |ML a a aF tr p     S S S ,     (7) 

where 
a pa S S I  is the ridge-version of the sample covariance matrix,   is the model-

reproduced population covariance matrix, |A| is the determinant (i.e., the generalized variance) of 

a square matrix A, and “tr” is the trace operator (i.e., the sum of the diagonal elements of a 

square matrix), as before. Then, the ridge ML estimator for a parameter vector obtained from the 

above fit function in equation (7) was obtained where the value of the fit function was 

minimized: ˆ arg min ( , )a ML aF S , where “arg min” is the notation for the estimates where the 

fit function ( , )ML aF S  is minimized. Yuan, Wu, and Bentler (2011) extended Yuan and Chan’s 

(2008) approach to correlation structure analysis in which the observed variables are all 

standardized to z-scores.  

As another extension of the ridge ML approach in Yuan and Chan (2008), Yuan (2013) 

proposed two types of ridge generalized least squares (GLS) estimators. Let ( )vech Ss be the 

column vector of the 
* ( 1) / 2p p p   non-redundant elements (that is, the lower triangular 

elements in S  including the main diagonals arranged as a vector) in the sample covariance 

matrix S . (Regarding the vech operator, see, e.g., section 16.4 of Harville, 1997). Likewise, 
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define ( )= vech   for the model-reproduced population covariance matrix . Then, the fit 

function for the ridge GLS can be written in the form:  

1ˆ( , ) [ ] [ ]GLSF '    S s s  ,       (8)  

where ̂  is the estimated covariance matrix of ( )vech Ss  used as the weighted matrix 

(Browne, 1984). Yuan (2013) compared two different kinds of weight matrices in the ridge GLS 

fit functions, and found that the performance of the ridge GLS was good when  

*
ˆ ˆ(1 )a p

a aI    , the weighted average of the estimated covariance matrix ̂  and the identity 

matrix with the weights 1 a  and a , respectively, was used as the ridge GLS weight matrix. 

 Yuan and Chan (2008) did not try to find an optimal value for the shrinkage parameter. 

Often, an optimal value for the shrinkage parameter is found by using cross validation (i.e., the 

method of finding the parameter estimate by splitting the data into multiple parts; see, e.g., 

section 5.1 of James, Witten, Hastie, & Tibshirani, 2013). Other approaches to find the optimal 

shrinkage parameter value also exist. For example, Kamada (2011) estimated the optimal value 

of the shrinkage parameter by minimizing the generalized information criterion (GIC) proposed 

by Konishi and Kitagawa (1996). In addition, Kamada (2013) combined the results from Yuan 

and Chan (2008) and Bai and Li (2012), showing that the order of convergence affected by the 

values of shrinkage parameter a is only at most of the order of 1/ pN , and derived the mean 
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squared error (MSE) (i.e., the combined value of bias plus standard error) of factor loadings with 

the ridge ML approach to SEM proposed by Yuan and Chan (2008).  

E. The Goals of the Current Study 

1. Closeness Conditions between FA Loadings and PCA Loadings 

            Schneeweiss and Mathes (1995), and Schneeweiss (1997) theoretically studied the 

similarities between FA and PCA, and established the condition(s) under which the matrix of 

factor loadings from FA and the matrix of loadings from PCA are similar based on the criterion 

of average squared CC, putting an end to the long history of controversies over when the two 

loadings become close with each other. Their studies assumed the traditional scenario in which 

the number of observations N exceeded the number of observed variables p. In the Guttman 

(1956) condition, a well-known special case for the Schneeweiss conditions, we let the number 

of variables p go to infinity with the restriction that the ratio of the number of factors m to the 

number of variables p goes to zero. However, in practice, because N p , as p  goes to infinity, 

N  goes to infinity, too. Thus, when p  is very large, N  must also be very large. The analysis of 

such data used to create a problem because of technological limitations. However, now, with 

high speed computers, we can analyze data with a large p as well as a large N simultaneously. 

Therefore, it is very important to investigate whether the Schneeweiss conditions apply in semi-

high-dimensional situations as well. For this reason, the first goal of this dissertation was to 
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investigate whether the two closeness conditions, namely, (i) Schneeweiss and Mathes’s 1995 

condition, and (ii) Schneeweiss’s 1997 condition, between FA and PCA still hold in semi-high-

dimensional situations.  

2. The Goodness of Sample Loadings of PCA in Approximating to FA Loadings  

            As p increases, non-consistency might become an issue (Johnstone & Lu, 2009). 

Therefore, it is necessary to simultaneously consider the closeness between the estimated FA and 

the estimated PCA loadings as well as the closeness between the estimated and the population 

FA loadings. We also need to consider the closeness between the estimated PCA loadings and 

their population FA loadings. If the discrepancy is large between the estimated and the 

population FA loadings, then the closeness between the estimates of FA loadings and the 

estimates of PCA loadings may have little practical value. (Note: We assume that in the 

population, an FA model holds perfectly. Therefore, we will not compute any closeness with the 

population PCA loadings.) 

Therefore, the second goal of this dissertation was to investigate relationships among 

three different kinds of loading closeness in semi-high-dimensionality, that is, (i) the closeness 

between the estimates of FA loading matrix and the estimates of PCA loading matrix, (ii) the 

closeness between the estimates of FA loading matrix and the population FA loading matrix, and 
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(iii) the closeness between the estimates of PCA loading matrix and the population FA loading 

matrix.   

As both N and p become large simultaneously, the computation to estimate the 

parameters becomes extremely demanding. In particular, it is well known that software can 

relatively easily handle large sample sizes (N), but not large number of variables (p). Hence, the 

computation becomes demanding especially in large p situations. In addition, as can be seen in 

the fact that Yuan and Chan (2008) chose the ratio of p to N as the estimate for the shrinkage 

parameter in their ridge ML approach to SEM, not only the numerical values of p but also the 

ratio p/N seems important. In typical empirical studies in the social sciences, there exists a rule of 

thumb called the rule of 10 for the subject-to-variable (STV) ratio: There must be at least 10 

observations per variable (Everitt, 1975; Kunce, Cook, & Miller, 1975; Marascuilor & Levin, 

1983; Nunnally, 1978). This implies that in social science studies, the ratio of p/N should be less 

than or equal to 0.1. Therefore, this dissertation will examine situations where the ratio of p/N is 

substantially higher than 0.1 so that the rule of thumb does not apply, in order to examine 

whether the Schneeweiss conditions still hold as valid criteria for closeness between loading 

matrices of FA and PCA, and how well PCA loadings approximate FA loadings.  

Following Yuan and Chan (2008) and Yuan (2013), the ridge FA is employed in the 

current dissertation. As pointed out, in their studies, the shrinkage parameter was fixed at p/N, 
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and they found that the choice of the shrinkage parameter as a = p/N led to an excellent 

performance. Therefore, this study fixes the shrinkage (tuning) parameter values, following the 

approach used by Yuan and Chan (2008) and Yuan (2013). Note that this study does not employ 

Kamada’s method (2011, 2013) to find the optimal values for the tuning parameter by 

minimizing GIC, which is too demanding for the current study, nor does it employ other 

optimization approaches such as cross validation, because finding the optimal value for the 

tuning parameter is not the study’s main goal. 

In short, the main goals of this research were to investigate (i) whether the closeness 

conditions (Guttman, 1956; Schneeweiss, 1997; Schneeweiss & Mathes, 1995) still hold in semi-

high-dimensional situations, and (ii) the relationships among three different kinds of loading 

closeness (the closeness between the estimates of FA loading matrix and the estimates of PCA 

loading matrix, the closeness between the estimates of FA loading matrix and the population FA 

loading matrix, and the closeness between the estimates of PCA loading matrix and the 

population FA loading matrix) in semi-high-dimensional situations. The emphasis is on semi-

high-dimensional settings where p is relatively close to N. To the best of the researcher’s 

knowledge, no other simulation studies to date have systematically examined the two 

Schneeweiss conditions and the relationships among the three kinds of closeness simultaneously.  
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F. Simulation Designs 

1. Factors Considered  

Given the discussion thus far, it is evident that this simulation study must take several 

different factors into account. In this study, the number of factors (m) is fixed so that as the 

number of variables (p) increases, the ratio of m/p naturally goes to zero, which satisfies part of 

the Guttman (1956) condition. Therefore, the study employed different values of p, starting with 

a relatively small value, and increasing to a very large value. In addition, the study changed the 

value of the sample size (N) as p changes, because in traditional asymptotic statistics (van der 

Vaart, 1998), the limiting distribution is obtained under the condition that N goes to infinity. 

The factors considered in the simulation study were: (i) sample size (N); (ii) number of 

variables (p); (iii) number of factors in population (m); (iv) ratio of number of factors (m) to 

number of variables (p); (v) ratio of number of variables (p) to sample size (N) used as the 

shrinkage parameter (a = p/N); (vi) structure of factor loadings, which is reflected in the 

covariance structure; (vii) closeness conditions: (a) the Schneeweiss and Mathes (1995) 

condition, and (b) the Schneeweiss (1997) condition; (viii) the closeness between FA and PCA 

loadings estimates; (ix) number of replications; and (x) outcome measure. The outcome variable 

is the closeness measure between FA loadings and PCA loadings based on the average squared 

CC in equation (6) and the Fisher’s z-transformation of the average canonical correlation. 
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2. Simulation Designs for the Current Study 

In this simulation study, the designs are as follows. 

(i) Sample size (N): 200, 283, 400, 566, 800, 1132, 1600, and 3200. 

(ii) Number of variables (p): 12, 24, 48, 96, 192, 384, and 768. 

          (iii) Number of factors (m): 3. 

(iv) Ratio of m to p (m/p): 0.25, 0.125, 0.0625, 0.03125, 0.015625, 0.0078125, 

0.00390625, and 0.00195312.   

(v) Shrinkage parameters (a = p/N): 0.06, 0.0848, 0.12, 0.1696, 0.24, 0.3395, and 0.48.  

For the shrinkage parameters, the study employed the approach adopted by Yuan (2013) 

and chooses p/N as the shrinkage parameter for the ridge FA. Regarding the combinations of 

sample size N and number of variables p, the study tried two different series (see Table 3 & 

Figure 1): (a) Series 1: equal p/N: N increases at the same rate as p, such that p/N are a constant 

0.06: (p, N) = (12, 200), (24, 400), (48, 800), (96, 1600), and (192, 3200); (b) Series 2: unequal 

p/N: N increases more slowly than p such that /p N are a constant   0.0173: (p, N) = (12, 

200), (24, 283), (48, 400), (96, 566), (192, 800), (384, 1132), and (768, 1600), and the ratio of 

p/N increases as 0.06, 0.0848, 0.12, 0.1696, 0.24, 0.3395, and 0.48.  
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Table 3  

Combination of (N, p) Pairs in the Simulation Study 

 Number of observed variables (p) 

 

Sample  

sizes (N) 

12 24 48 96 192 384 768 

  200 XY       

  283  Y      

  400  X Y     

  566    Y    

  800   X  Y   

1,132      Y  

1,600    X   Y 

3,200     X   

Note. In series X, N increases at the same rate as p so that p/N is a constant. In series Y, N 

increases more slowly than p so that /p N is a constant. The (p, N) pairs are employed only if 

p/N < 0.5. 

 

 (vi) Structures of factor loadings: The population factor loading matrix (expressed below 

as the transpose in which rows and columns are interchanged; actually, the number of columns is 

m = 3) for the two factorial structures in the current study is of the following form:   

11 21 31 41

12 52 62 72 82

93 10,3 11,3 12,3

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

'

   

   

   

 
 

  
 
 

  ,  

where the two conditions of population loadings employed are as follows: (a) the equal loading 

structure: 
ij  = 0.8 for every non-zero factor loading; and (b) unequal loadings: 

11 21 52 62 93 10,3 0.8           ,
31 72 11,3 0.75     , 

41 82 12,3 0.7     . Note that FA 

with equal unique variances (equal psi) can be considered as a variant of PCA and is sometimes 

called the stochastic PCA (Johnstone & Lu, 2004, 2009). For one factor model with equal psi, 
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Bentler and Kano (1990) showed that the PCA loading vector can be expressed as a function of 

the FA loading vector. On the other hand, FA with unequal unique variances can only be 

approximated by PCA. There does not exist any analytical formula that treats the PCA loadings 

as a function of the FA loadings. The combinations of two patterns of population covariance 

matrices and two different series of p/N ratios create four different scenarios in the simulation. 

Note that the study adopted the sizes of p as multiples of 12, which is the same as the number of 

rows in 12 , to allow vertical stacking of factor loading matrices. For example, when the number 

of observed variables p doubles, this structure of   is stacked vertically twice. That is, when p = 

24,
12

24 2 12

12

 
   

 


   


 where 2

1

1

 
  
 

  is the column vector of two 1’s and   is a special 

matrix product called the Kronecker product (see, e.g., Chapter 2 of Magnus & Neudecker, 

1999). The general definition of the Kronecker product between m x n matrix A = {aij} and p x q 

matrix B = {bij} is:  

11 12 1

21 22 2

1 1

...

...

... ... ... ...

...

n

n

m m mn

a a a

a a a

a a a

 
 
  
 
 
 

B B B

B B B
A B

B B B

.  

In general, with p variables, we can write the population matrix of factor loadings as

/12 12p p    , where the subscript for the identity matrix is p/12; for example, if p = 24, p/12 

= 2. As a result, the number of factors m is 3 all the time. Because of the vertical stacking, we 
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believe that the structure of the FA loading matrix is relatively unaffected by the changes in its 

dimensions.  

(vii) The closeness conditions between FA and PCA  

           (a)  The Schneeweiss and Mathes (1995) condition ( max min/ d ), where max  is the largest 

unique variance and min min ( )d '    is the minimum eigenvalue of '  . 

           (b) The Schneeweiss (1997) condition ( min/ d ), where max min     is the difference 

between the largest and the smallest unique variances, and min min ( )d '    is the minimum 

eigenvalue of '  , as before. 

 (viii) The closeness between FA and PCA loadings estimates. (Note: The three different 

closeness measures are used for the simulation study for the second goal.) 

  (a) 2 *ˆ ˆ( , )    is the closeness between FA and PCA loading estimates measured by the 

average squared CC, and 
*ˆ ˆ( , )z    is the Fisher’s z-transformed average CC. (See equation 

(9) below.) 

            (b) 2 ˆ( , )    is the closeness between the estimates of FA loadings and the population 

FA loadings measured by the average squared CC, and ˆ( , )z    is the Fisher’s z-transformed 

average CC. 
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            (c) 2 *ˆ( , )    is the closeness between the estimates of PCA loadings and the population 

FA loadings measured by the average squared CC, and *ˆ( , )z    is the Fisher’s z-transformed 

average CC.  

 (ix) Number of replications: We generated 100 replications from the multivariate normal 

distribution with the zero mean vector 0 and the covariance matrix   of the form '     . 

For each replication, the average squared canonical correlation between FA loadings and PCA 

loadings as well as the four closeness condition values were computed.  

(x) Outcome measure: The closeness measure between FA loadings and PCA loadings 

based on the average squared CC in equation (6). The Fisher’s z-transformation of CC is given 

by 

* *(1/ 2) log{(1 ( , )) / (1 ( , ))}z        ,      (9) 

where * 2 *( , ) ( , )     . Notice that at the population level for each simulation condition 

these two measures did not change across replications. 

3. Simulation computations 

For programming the simulation code and computations, the study employed R language 

3.1.0. For FA, the study employed the “factanal” function (https://stat.ethz.ch/R-manual/R-

devel/library/stats/html 

https://stat.ethz.ch/R-manual/R-devel/library/stats/html
https://stat.ethz.ch/R-manual/R-devel/library/stats/html
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/factanal.html) and modified it to fit the simulation objectives. The “factanal” function employs 

the “optim” function, the general purpose optimization function (http://stat.ethz.ch/R-manual/R-

devel/library/stats/html/optim.html). The study used the default convergence criterion set by the 

“optim” function, and made no effort to change the default criterion. For PCA, the study simply 

used the “eigen” function to find the eigenvalues and the corresponding standardized 

eigenvectors. 

G. Results 

1. Closeness Conditions between FA Loadings and PCA Loadings 

 (i) In each of the four different combinations of unique variances and p/N ratios, both 

max min
ˆˆ / d  and min

ˆˆ / d  decrease rather fast with p initially, and they tended to stabilize as p 

increases (Figures 2 & 3). As p increased, both max min
ˆˆ / d  and min

ˆˆ / d  converged to zero slightly 

slower in the condition with unequal psi and increased p/N than in the other three conditions.  

(ii) The average squared CC 2 *ˆ ˆ( , )    increased rapidly to 1 as p increases, especially in 

the condition of equal psi and equal p/N (Figures 4). The relationship between 2 *ˆ ˆ( , )    and p 

is displayed in Figure 5 after the Fisher’s z-transformation of the average CC, where 

* *ˆ ˆ ˆ ˆˆ (1/ 2)log{(1 ( , )) / (1 ( , ))}z         still kept increasing as p increased from 12 to 768. 

The differences in the speeds with which *ˆ ˆ( , )    approached 1 among the four different 

scenarios became clearer after the Fisher’s z-transformation (Figure 5). Quite interestingly, the 
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value of the Fisher’s z-transformed average CC and the logarithm of p were almost perfectly 

linearly related (Figure 6). For the equal psi case with the constant p/N condition, ẑ  = 1.002 + 

(1.554)log(p) with coefficient of determination r2 = .9999; for the equal psi case with the 

increased p/N condition, ẑ  = 1.699 + (1.280)log(p) with r2 = .9999; for the unequal psi case with 

the constant p/N condition, ẑ  = 1.546 + (1.059)log(p) with r2 = .9997; and for the unequal psi 

case with the increased p/N condition, ẑ  = 1.585 + (1.034)log(p) with r2 = 1.0000.    

(iii) The average squared CC 2 *ˆ ˆ( , )    increased rapidly to 1 as the ratio p/N increased, 

and increased especially fast in the condition with equal psi (Figures 7 & 8). In the increased p/N 

condition, the value of the Fisher’s z-transformed average CC and the logarithm of p/N were also 

almost perfectly linearly related (Figure 9). For the equal psi case, ẑ = 12.080 + (2.559) log(p/N) 

with r2 = .9998, and for the unequal psi case, ẑ = 9.974 + (2.068) log(p/N) with r2 =.9999.  

(iv) The average squared CC 2 *ˆ ˆ( , )    approached 1 as max min
ˆˆ / d  approached 0 

(Figures 10 & 11), and also as min
ˆˆ / d  approached 0 (Figures 12 & 13). The speeds at which 

2 *ˆ ˆ( , )    approached 1 were slightly slower in the condition with unequal psi than in that with 

equal psi, as reflected in Figures 10 and 12 as well as in Figures 11 and 13. However, the speed 

at which 2 *ˆ ˆ( , )    approached 1 in the condition with increased p/N was slower than in the 

condition with a constant p/N, as reflected in Figures 10 and 11.  
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2. The Goodness of Sample Loadings of PCA in Approximating to FA Loadings  

Five three-dimensional figures (Figures 14-18) present the simulation study’s results. 

Each figure is presented from three different directions to make the results easy to visualize. In 

addition, all the figures are given in terms of the Fisher’s z-transformed average CC on the 

vertical axis, which is plotted as a function of log(p) and log(N), represented by the two 

horizontal axes.  

Figure 14 describes the Fisher’s z-transformed average CC between the estimated FA 

and the estimated PCA loadings ( *ˆ ˆ( , )z   ) as functions of log(p) and log(N), where the results 

under the equal psi covariance structure are in blue, and those from the unequal psi covariance 

structure are in red. As Figure 14 shows, *ˆ ˆ( , )z    were always larger under the equal psi than 

under the unequal psi covariance structure regardless of the values of log(p) and log(N). Further, 

*ˆ ˆ( , )z    under both the equal psi and the unequal psi covariance structures increased as log(p) 

increased.  

Second, Figure 15 describes the Fisher’s z-transformed average CC between the 

estimated and the population FA loadings ( ˆ( , )z   ) as functions of log(p) and log(N). As Figure 

15 shows, ˆ( , )z    were only slightly larger under the equal psi than under the unequal psi 

covariance structure. Also, ˆ( , )z    under both the equal psi and the unequal psi covariance 
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structures clearly increased as log(N) increased. However, ˆ( , )z    did not change much as 

log(p) increases.  

Third, Figure 16 describes the Fisher’s z-transformed average CC between the estimated 

PCA and the population FA loadings ( *ˆ( , )z   ) as functions of log(p) and log(N). As Figure 16 

shows, *ˆ( , )z    were only slightly larger under the equal psi than under the unequal psi 

covariance structure. Also, *ˆ( , )z    under both the equal psi and the unequal psi covariance 

structures clearly increased as log(N) increased. Furthermore, *ˆ( , )z   did not change much as 

log(p) increased. In short, the results in Figure 14 are very close to those in Figure 15.  

Next, instead of comparing the equal psi and the unequal psi covariance structures, we 

compare three Fisher’s z-transformed average CCs separately for the equal psi and the unequal 

psi covariance structures. *ˆ ˆ( , )z   , ˆ( , )z   , and *ˆ( , )z    are expressed in Figures 17 and 18 

as blue, red, and green dots, respectively. First, Figure 15 describes the three Fisher’s z-

transformed average CCs as functions of log(p) and log(N) under the equal psi covariance 

structure. As Figure 17 shows, *ˆ ˆ( , )z    were much larger than ˆ( , )z    and *ˆ( , )z    at every 

point of the pairs of log(p) and log(N). Also, *ˆ ˆ( , )z    increased faster as log(p) increased, and 

also increased more slowly as log(N) increased. Furthermore, *ˆ( , )z    were only slightly larger 

than ˆ( , )z   , and the differences were so small that ˆ( , )z    and *ˆ( , )z    look almost 
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overlapped. However, as log(N) increased both ˆ( , )z    and *ˆ( , )z    increased much more 

slowly than *ˆ ˆ( , )z   . As log(p) increased, ˆ( , )z   and *ˆ( , )z   also did not change much. 

Finally, Figure 18 describes three Fisher’s z-transformed average CCs as functions of 

log(p) and log(N) under the unequal psi covariance structure. As Figure 16 shows, the findings 

are very similar to those from Figure 17, except for the following two differences. The first 

difference is that the values of *ˆ ˆ( , )z    are closer to those of ˆ( , )z    and *ˆ( , )z    in Figure 18 

than in Figure 17. In fact, *ˆ ˆ( , )z    almost overlap with ˆ( , )z    and *ˆ( , )z    at the smallest 

value of log(p) and the largest value of log(N). The other difference is that when log(p) is large, 

ˆ( , )z    almost overlap with *ˆ( , )z   , and then ˆ( , )z    become slightly larger than *ˆ( , )z    

when log(p) is small and log(N) is large. 

H. Discussion  

1. Closeness Conditions between FA Loadings and PCA Loadings 

Conditions for equivalence between FA and PCA loadings have traditionally been 

derived analytically at the population level (Guttman, 1956; Schneeweiss, 1997; Schneeweiss & 

Mathes, 1995). In contrast, this study considered the effect of sampling errors by analyzing the 

sample correlation matrices with ridge FA and PCA using simulation, with a focus on semi-high-

dimensional situations. More specifically, the study investigated whether and how the average 

squared CC 2 *ˆ ˆ( , )    approaches 1 with large p by including the conditions obtained by 
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Guttman (1956), Schneeweiss and Mathes (1995), and Schneeweiss (1997). The simulation 

results indicate that the estimates of loadings by FA and PCA were rather close for all the 

conditions considered. For the condition with increased p/N, the study tried to create a situation 

where p increases faster than N. In the simulation, the results in the condition with increased p/N 

were still similar to those in the condition with p/N being a constant. Also, the speed for the 

average squared CC converging to 1 in the condition with unequal unique variances was slightly 

slower than the speed in the condition with equal unique variances. The results indicate that the 

average squared CC from the sample loading matrix from FA and that from PCA approaches 1 

as p increased, while the ratio of p/N (let alone p  /N) did not need to approach zero. 

Apparently, these results contradict the results theoretically derived by Bai and Li (2012). 

Further study is needed to explain the discrepancy. 

The single most interesting finding by far was that the Fisher’s z-transformed average CC 

and the logarithm of p were almost perfectly linearly related for every condition examined in the 

simulation. This implies that the functional relationship 0 1
ˆ ˆ2 2* 1ˆ ˆ( , ) {1 2 / [ 1]}e p
     

approximately holds, where 0̂  and 1̂  are respectively the intercept and slope of the simple 

regression line of the Fisher’s z-transformed average CC on the logarithm of p. To the best of my 

knowledge, this is the first time in which the speed of convergence is identified between the 

estimates of FA and PCA loadings as the number of variables (p) increases.  
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Furthermore, in the increased p/N condition, the Fisher’s z-transformed average CC and 

the logarithm of the ratio p/N were also almost perfectly linearly related. This can be explained 

by the nature of the simulation design, which used the two series of pairs (p, N) in such a way 

that either p/N is a constant or p /N is a constant. For the latter case, let p /N = C. Then (1/2) 

log(p) = log(N) + log(C). Thus, using log(p) as a predictor is equivalent to using log(N) as a 

predictor, and the equation log(p/N) = (1/2) log(p) + log( p /N) = (1/2)log(p) + log(C) explains 

why both log(p) and log(p/N) have a linear relationship with the Fisher’s z-transformed average 

canonical correlation. 

2. The Goodness of Sample Loadings of PCA in Approximating to FA Loadings  

The first part of the results section (Figures 14-16) compares the Fisher’s z-transformed 

average CC in the equal psi conditions against that in the unequal psi conditions, and found that 

the Fisher’s z-transformed CC between the estimated FA and the estimated PCA loadings 

( *ˆ ˆ( , )z   ) in the equal psi condition was always larger. (Note: A larger Fisher’s z means the two 

matrices are more similar.) This is easily understood because the equal psi covariance structure 

in the population can be considered a variant of PCA, sometimes called the stochastic PCA or 

the FA with equal unique variances (Hayashi & Bentler, 2000; Johnstone & Lu, 2004, 2009). In 

fact, there exists an analytical formula to convert the PCA loadings *  into the FA loadings   

for the one factor case with equal unique variances in the population (Bentler & Kano, 1990).  
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 It is as predicted from the Guttman condition that as p increases, *ˆ ˆ( , )z    increase. In 

addition, it is as predicted from the classical asymptotic theory that as N increases, the Fisher’s z-

transformed CC between the estimated and the population FA loadings ( ˆ( , )z   ) increases. 

However, what is interesting is the result that as N increased, *ˆ ˆ( , )z    also slowly increased 

under the equal psi covariance structure. We can probably explain this result as being a 

consequence of the case with p/N 0  (Bai & Li, 2012; Johnstone & Lu, 2004, 2009). More 

specifically, as log(N) increases with log(p) fixed, we observe the same situation as the case with 

/ 0p N  .  

 It is evident that the Fisher’s z-transformed CC between the estimated PCA loadings and 

the true population FA loadings ( *ˆ( , )z   ) was always slightly larger under the equal psi than 

the unequal psi covariance structure. Note that the closeness between *̂  and   can be 

“decomposed” into the two closeness measures, one between *̂  and ̂ , and the other between 

̂  and   such that 
* *ˆ ˆ ˆ ˆ( ) ( )          . Because the values of *ˆ ˆ( , )z    are much 

larger than those of ˆ( , )z   , the values of *ˆ( , )z    are dominated by the smaller values of 

ˆ( , )z   . (Note: The smaller Fisher’s z-value corresponds to the smaller CC, and when a large 

CC and a small CC are combined, the effect of the small CC dominates, as in “bottle-neck” 

effects.) However, because of the decomposition 
* *ˆ ˆ ˆ ˆ( ) ( )          , *ˆ ˆ( , )z    still 
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somewhat affect *ˆ( , )z   , and as we have seen, the values of *ˆ ˆ( , )z    are probably larger 

under the equal psi than under the unequal psi covariance structure. 

 The second set of results (Figures 17 and 18) has to do with comparing three Fisher’s z-

transformed CCs: *ˆ ˆ( , )z    between the estimated FA loadings and the estimated PCA loadings, 

ˆ( , )z    between the estimated FA loadings and the population FA loadings, and *ˆ( , )z    

between the estimated PCA loadings and the population FA loadings, for each covariance 

structure (equal psi vs. unequal psi) separately. Overall, the results were very close between the 

equal psi and the unequal psi covariance structures. As for the differences, the main finding is 

that *ˆ ˆ( , )z    were larger than ˆ( , )z    and *ˆ( , )z    for most combinations of log(p) and 

log(N), with the only exceptions at the smallest log(p) under the unequal psi covariance structure, 

and the results for ˆ( , )z    are almost the same with the results for *ˆ( , )z   . The overall results 

of *ˆ ˆ( , )z    being larger than ˆ( , )z    indicate that the closeness between the estimated FA and 

the estimated PCA loadings is achieved faster as p increases than the closeness between the 

estimated and the population FA loadings as N increases. The implication of the overall results is 

that, in semi-high-dimensional settings, we should be more concerned about the closeness 

between the estimated FA loadings and their population counterparts than about the closeness 

between the estimated FA loadings and the estimated PCA loadings. 
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 Although the overall results were very close between the two covariance structures, we 

also found some interesting differences, that is, *ˆ ˆ( , )z    were closer in magnitude to ˆ( , )z    

and *ˆ( , )z    under the unequal psi than under the equal psi covariance structure, especially 

when p is small. Again, we suspect that this is related to the fact that the equal psi covariance 

structure is fit perfectly by a variant of PCA.  

3. Limitations 

Obviously, this simulation design is far from being extensive in the sense that the ratios 

p/N do not include values greater than 0.5, and only two covariance structures were considered. 

More extensive simulation studies might also need to include more different covariance 

structures, with different combinations of p and N with p/N being greater than 0.5, and they 

might need to employ something other than or in addition to the ridge structural equation model 

(SEM) / FA approach by Yuan and Chan (2008).  

4. Further Studies 

            There remain many questions that are unresolved and need to be explored in the future. 

One direction for further studies would be to extend the concept of closeness (or distance) as the 

average squared CC to other norms such as Euclidean distance. In the current study, the use of 

Euclidian distance was avoided because of complexities such as the column alignment of 

corresponding factors and the sign changes of the factors (Ichikawa & Konishi, 1995). Another 
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possible direction for the extension of this study would be to investigate the closeness between 

standard structural equation models and a principal-component-based approach to structural 

equation models called generalized structural component analysis (Hwang & Takane, 2015). Yet 

another possible study would extend the investigation to very high dimensional settings in which 

the number of variables is much larger than the sample size (p >> N). Unfortunately, the ridge 

approach this study employed is not likely to be able to handle such very high dimensional 

settings. Therefore, such a study would require a different regularization method such as the 

lasso (Tibashilani, 1996); it might also need to add an extra assumption such as the sparsity 

condition. Plus, further studies would employ real data with large number of questionnaire items 

to confirm the closeness between FA and PCA. This would identify the results and make the 

current study more applicable. Last, but not least, we will need to investigate the why and how of 

the current study’s findings from more theoretical viewpoints. This, will require the use of some 

advanced statistics methods such as asymptotic expansions. 
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Figure 1. Combination of (N, p) pairs in the simulation study; Note: The “equal p/N” 

corresponds to the scenario in which p /N  0, and the “increased p/N” corresponds to the 

scenario in which p /N is approximately constant. 
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Figure 2. Schneeweiss and Mathes (1995) criterion ( max min
ˆˆ / d ) as a function of the number of 

observed variables (p) for four simulation conditions. 
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Figure 3. Schneeweiss (1997) criterion ( min
ˆˆ / d ) as a function of the number of observed variables 

(p) for four simulation conditions. 
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Figure 4. Average squared canonical correlation as a function of the number of  

observed variables (p) for four simulation conditions. 
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Figure 5. Fisher’s z-transformed average canonical correlation as a function of the number of 

observed variables (p) for four simulation conditions. 
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Figure 6. Linear relationships between Fisher’s z transformed average CC and the logarithm of p 

for four simulation conditions.  
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Figure 7. Average squared canonical correlation as a function of the ratio of number of observed 

variables to sample size (p/N) for the conditions with equal and unequal unique variances. 
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Figure 8. Fisher’s z-transformed average canonical correlation as a function of the ratio of 

number of observed variables to sample size (p/N) for the conditions with equal and unequal 

unique variances. 
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Figure 9. Linear relationships between Fisher’s z transformed average CC and the logarithm of 

p/N for the conditions with equal and unequal unique variances. 
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Figure 10. Average squared canonical correlation as a function of Schneeweiss and Mathes 

(1995) criterion ( max min
ˆˆ / d ) for the four simulation conditions. 
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Figure 11. Fisher’s z-transformed average canonical correlation as a function of Schneeweiss 

and Mathes (1995) criterion ( max min
ˆˆ / d ) for the four simulation conditions. 
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Figure 12. Average squared canonical correlation as a function of Schneeweiss (1997) criterion 

( min
ˆˆ / d ) for the four simulation conditions. 
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Figure 13. Fisher’s z-transformed average canonical correlation as a function of Schneeweiss 

(1997) criterion ( min
ˆˆ / d ) for the four simulation conditions. 
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Figure 14. Fisher’s z-transformed average canonical correlation between estimated FA and 

estimated PCA loadings ( *ˆ ˆ( , )   ) as functions of log(p) and log(N):  Comparing Equal Psi (in 

blue) and Unequal Psi (in red) covariance structures, seen from three difference directions. 
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Figure 15. Fisher’s z-transformed average canonical correlation between estimated and 

population FA loadings as functions of log(p) and log(N):  Comparing Equal Psi (in blue) and 

Unequal Psi (in red) covariance structures, seen from three different directions.  
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Figure 16. Fisher’s z-transformed average canonical correlation between estimated PCA and 

population FA loadings ( *ˆ( )   ) as functions of log(p) and log(N):  Comparing Equal Psi (in 

blue) and Unequal Psi (in red) covariance structures, seen from three different directions. 
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Figure 17. Three Fisher’s z-transformed average canonical correlations ((i) *ˆ ˆ( , )z    in blue, (ii) 

ˆ( , )z    in red, and (iii) *ˆ( , )z    in green) as functions of log(p) and log(N) under the Equal Psi 

covariance structure, seen from three different directions. 
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Figure 18. Three Fisher’s z-transformed average canonical correlations ((i) *ˆ ˆ( , )z    in blue, (ii)

ˆ( , )z    in red, and (iii) *ˆ ˆ( , )z    in green) as functions of log(p) and log(N) under the Unequal 

Psi covariance structure, seen from three different directions. 
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