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ABSTRACT

Recent studies indicate that midlatitude sea surface temperature (SST)

fronts’ influence extends through the marine atmospheric boundary layer (MABL)

into the free atmosphere, with implications for climate variability. To better un-

derstand the mechanisms of this ocean-to-atmosphere influence, SST-induced MABL

convergence is explored here with the Weather Research and Forecasting (WRF) re-

gional atmospheric model in an idealized, dry, two-dimensional configuration, for the

two archetypes of a prescribed geostrophic wind blowing across an SST front and

along an SST front.

First, strong cross-front background winds U are considered. A “strong”

wind is defined here as a wind that results in an O(1) cross-front Rossby number

ε = U/fL, where U is the cross-front component of the MABL wind and L is the

length scale of the SST front. Since ε = O(1), advection dominates and the MABL

cannot maintain an Ekman momentum balance as the friction and pressure gradient

terms are altered by the air–sea heat flux. Nonrotating, internal boundary layer-like

physics prevail directly above the SST front and leave a clear signal in the cross-front

surface stress and wind stress divergence.

The SST-induced MABL convergence results in vertical motion that excites

a weak stationary internal gravity wave in the free atmosphere, analogous to a moun-

tain wave. For U=15 m s−1, the gravity wave forced by an SST increase of 3◦C over

200 km is comparable to that forced by an 80 m change in topography.

Second, an along-front background wind V is considered. MABL conver-

gence and divergence spin up a quasigeostrophic jet in the free atmosphere, on a time

scale of a few days. The jet strength is critically dependent on the background wind

strength V .

Friction and rotation generate a cross-front wind within the MABL. For

V=15 m s−1, the MABL approximates an Ekman momentum balance, though ad-

vection is significant (ε ≈ 0.2–0.3). The MABL vorticity budget is consistent with

nonlinear Ekman pumping wherein geostrophic vorticity is imprinted by the air–sea

heat flux and advected by the Ekman transport. The Ekman pumping attenuates

over time, indicative of stratified spindown.
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Chapter 1

Introduction

1.1 Background and motivation

The influence of sea surface temperature (SST) fronts on surface winds, sur-

face wind stress, and the marine atmospheric boundary layer (MABL) structure is

now supported by in situ observations, global satellite scatterometer measurements,

and modeling studies (see reviews Xie, 2004; Chelton et al., 2004; Small et al., 2008;

Chelton and Xie, 2010). The scatterometer measurements show that on spatial scales

of 50–500 km, wind stress magnitude and wind speed increase over warm SST and

decrease over cool SST (Fig. 1.1). Likewise, the wind stress curl is sensitive to the

crosswind SST gradient and the wind stress divergence is sensitive to the downwind

SST gradient (Chelton et al., 2004; O’Neill et al., 2003, 2005; Chelton et al., 2007;

Chelton and Xie, 2010), as illustrated in Fig. 1.1 for a uniform synoptic-scale wind

blowing over a meandering SST front: the wind stress curl is strong where the sur-

face winds are aligned in the along-front direction (red region); and the wind stress

divergence is strong where the surface winds are aligned in the cross-front direction

(blue region).

The two physical mechanisms typically cited for this oceanic influence on

the MABL are the “vertical mixing mechanism” (Wallace et al., 1989; Hayes et al.,

1989) and the “pressure adjustment mechanism” (Lindzen and Nigam, 1987). Ac-

cording to the vertical mixing mechanism, a destabilizing air–sea heat flux over warm

SST increases the turbulent mixing and deepens the MABL; momentum is mixed

1



WARM

COOL

Along-front wind

Cross-front wind

Figure 1.1. Schematic of the surface wind stress (arrows) response to a meandering
SST front (thick black curve represents SST isotherms), adapted from Chelton et al.
(2004, their Fig. S6). Scatterometer measurements indicate that surface wind stress
magnitude and wind speed increase over warm SST and decrease over cool SST.
Likewise, strong wind stress curl is found in regions with along-front surface winds
(red area) and strong wind stress divergence is found in regions with cross-front
surface winds (blue area).

downward from aloft, increasing the surface wind speed and stress. According to the

pressure adjustment mechanism, the air–sea heat flux imprints the underlying SST

pattern in the MABL temperature, thus creating hydrostatic pressure gradients in

the MABL; these pressure gradients then act to accelerate the surface winds. Surface

winds and stress show sensitivity to both the vertical mixing and pressure adjustment

mechanisms depending on the background wind speed, SST frontal length scale, and

latitude (Small et al., 2008).

Although the SST frontal influence on surface winds and stress is established,

it is not clear how an SST front may affect the free atmosphere. Are the changes to

the atmosphere evident in the wind stress fields (Fig. 1.1) confined to the MABL, or

2



do they penetrate into the free atmosphere? Through what mechanisms may an SST

front influence the free atmosphere?

The classical view is that the atmospheric boundary layer interacts with

the synoptic-scale circulation through Ekman pumping and spindown (Charney and

Eliassen, 1949; Mahrt and Park, 1976; Holton, 2004; Beare, 2007). Boundary layer

convergence forces vertical motion that acts to “spin down” the synoptic-scale flow

via vortex stretching. However, the Ekman model proposed by Feliks et al. (2004) for

SST frontal zones acts to drive the large-scale circulation in quasigeostrophic models

(Feliks et al., 2004, 2007, 2011), a radical departure from the spindown concept. Mi-

nobe et al. (2008) propose a similar MABL model to Feliks et al. (2004) and argue

that SST front-induced MABL convergence is important for forcing the deep atmo-

sphere above the Gulf Stream. However, Adamson et al. (2006) consider a developing

midlatitude cyclone in the absence of SST fronts, and find that Ekman pumping and

spindown are not the primary mechanism whereby boundary layer friction modifies

the cyclone.

Regardless of the mechanism, the large-scale atmospheric circulation appears

to be sensitive to the position of the Kuroshio and Oyashio fronts (Qiu et al., 2007;

Frankignoul et al., 2011), while synoptic variability in the North Atlantic is sensitive

to shifts in the Gulf Stream (Joyce et al., 2009). Many GCM studies have shown

that storm tracks are sensitive to the presence and location of SST fronts (Nakamura

et al., 2008; Nonaka et al., 2009; Taguchi et al., 2009; Sampe et al., 2010; Brayshaw

et al., 2008, 2011). Therefore it seems timely to explore in more detail the MABL

physics in the vicinity of an SST front, and how any SST front-induced changes may

influence the free atmosphere.

Following Song et al. (2006), Spall (2007, hereafter S07), and Feliks et al.

(2010) we utilize a regional atmospheric model in an idealized, two-dimensional config-

uration to study the MABL and free atmosphere response to a midlatitude SST front.

The emphasis here is on the MABL depth-integrated convergence, resultant vertical

motion, surface stress signal, and free atmosphere response. Chapter 2 describes the

regional atmospheric model and the particular configuration used here. Chapter 3

considers the case of a cross-front background wind, corresponding to the blue region

3



in Fig. 1.1; chapter 4 considers an along-front background wind, corresponding to a

limiting case of the red region in Fig. 1.1.

1.2 Models of MABL convergence for SST frontal

zones

The Ekman model proposed by Feliks et al. (2004) for SST frontal zones is

f k̂× u = − 1

ρ0
∇p+K

∂2u

∂z2
, (1.2.1)

where f is the Coriolis parameter, k̂ is the vertical unit vector, u is the horizontal

wind, ρ0 is a reference air density, ∇ is the horizontal gradient operator, p is the

pressure, and K is a constant eddy diffusivity. A no-slip surface boundary condition

is used. The Ekman layer features a lateral temperature gradient, imprinted by

the underlying SST pattern via the air–sea heat flux (Lindzen and Nigam, 1987),

such that the pressure gradient ∇p includes a baroclinic component that supports a

thermal wind shear. Feliks et al. (2004) derive an Ekman pumping velocity from Eq.

(1.2.1) that contains two terms: the first term acts to damp the large-scale vorticity,

as in traditional spindown (e.g., Holton, 2004); the second term is a function of the

Laplacian of the SST field, and acts to drive the quasigeostrophic circulation aloft

(Feliks et al., 2004, 2007, 2011).

Minobe et al. (2008) proposed a mixed-layer model of MABL convergence

for SST frontal zones:

f k̂× u = − 1

ρ0
∇p− αu, (1.2.2)

where α is a constant Rayleigh friction coefficient. Note that the Minobe et al. (2008)

MABL model [Eq. (1.2.2)] is well-mixed, in contrast to the Feliks et al. (2004) MABL

model [Eq. (1.2.1)]. In Eq. (1.2.2) the MABL temperature is in equilibrium with SST;

the hydrostatic pressure gradient ∇p therefore reflects the underlying SST gradient,

although ∇p in Eq. (1.2.2) is barotropic, in contrast to Eq. (1.2.1).

4



Manipulating the divergence and curl of Eq. (1.2.2) yields a relation between

the boundary layer wind convergence and pressure Laplacian,

−
(
∂u

∂x
+
∂v

∂y

)
ρ0 =

(
α

α2 + f 2

)
∇2p. (1.2.3)

The mixed-layer model of Eqs. (1.2.2)–(1.2.3) is known as the “pressure adjustment

mechanism” because of its resemblance to the MABL model of Lindzen and Nigam

(1987). Satellite observations and GCMs indicate a correspondence between surface

wind convergence and sea level pressure (SLP) Laplacian in SST frontal zones, con-

sistent with Eq. (1.2.3); this correspondence is often taken as implicit evidence for

the mixed-layer physics of Eq. (1.2.2) (Minobe et al., 2008, 2010; Bryan et al., 2010;

Kuwano-Yoshida et al., 2010; Shimada and Minobe, 2011).

The MABL models proposed by Feliks et al. (2004) and Minobe et al. (2008)

are dynamically very similar [cf. Eqs. (1.2.1),(1.2.2)]. The MABL convergence in both

models is determined by hydrostatic pressure adjustments. However, we will show

that both models are poor descriptions of MABL convergence for the wind speeds

and SST gradients considered in chapters 3–4.
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Chapter 2

Regional atmospheric model

The atmospheric response to an idealized midlatitude SST front is explored

here with the non-hydrostatic Weather Research and Forecasting (WRF) model ver-

sion 3.3.1 (Skamarock et al., 2008), which is widely used in realistic forecasting ap-

plications as well as idealized process studies. WRF has been used to study ocean-

to-atmosphere influence over the Agulhas Return Current (Song et al., 2009; O’Neill

et al., 2010b) and the Kuroshio (Xu et al., 2010, 2011; Tanimoto et al., 2011). WRF

integrates the fully compressible equations of motion in its default non-hydrostatic

configuration, using a sophisticated time-split integration scheme [see Skamarock et al.

(2008) and Appendix A].

WRF is non-hydrostatic but nonetheless uses a terrain-following hydrostatic-

pressure vertical coordinate η, similar to the traditional σ-coordinate. There are

several practical reasons for using a mass vertical coordinate even in fully compressible

models, discussed in Laprise (1992). One reason is that it is very easy to run the model

in “hydrostatic mode” by simply turning off a few routines. All experiments shown

here are run in the default non-hydrostatic mode; results from a few experiments

with the hydrostatic option (not shown) look nearly identical for the background

wind speeds and SST frontal length scales chosen here.

The η coordinate varies from 1 at the surface boundary to 0 at the top

boundary, and is related to the hydrostatic pressure π via

dη =
dπ

µ
, (2.0.4)

6



where µ = πs − πt, and πs and πt are the hydrostatic pressure at the surface and

top boundaries of the model. Therefore µ(x, y) represents the mass per unit area

within the model domain (ch. 2 in Skamarock et al., 2008). The hydrostatic balance

transforms as
∂φ

∂π
= −α −→ ∂φ

∂η
= −αµ, (2.0.5)

where φ is the geopotential and α is the specific volume.

The geostrophic component vg of the meridional (along-front) wind is

vg =
1

f

(
∂φ

∂x

)
π

(2.0.6)

=
1

f

[(
∂φ

∂x

)
η

+ α

(
∂π

∂x

)
η

]
. (2.0.7)

The second term in the brackets [Eq. (2.0.7)] dominates in the lower MABL, but

the two are comparable in the upper MABL and free troposphere. It will be shown

in chapters 3–4 that the MABL and free atmosphere response to an SST front are

crucially dependent on the extent to which the actual wind v approaches vg, i.e.

whether a thermal wind develops within the MABL.

WRF actually solves flux-form prognostic equations for the “coupled” vari-

ables U = µu, V = µv, W = µw, and Θ = µθ (Skamarock et al., 2008, Appendix A).

The U tendency is computed as

∂tU = FUadv
+ FUcor + FUPG

+ FUTM
, (2.0.8)

where FUadv
, FUcor , FUPGF

, and FUTM
represent the advection, Coriolis, pressure gra-

dient, and turbulent mixing tendencies. It is computationally advantageous to use

coupled variables because the advection tendency FUadv
is naturally written in flux

form (Appendix A). The momentum budgets presented in chapters 3–4 actually show

the rhs terms of Eq. (2.0.8) divided by µ; for example, the Coriolis term shown in

Fig. 3.7 is FUcor/µ.
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2.1 Idealized configuration

A two-dimensional (x-z ) “slice” configuration is used here for both the cross-

front and along-front cases. A 2-D configuration is achieved with the normal three-

dimensional WRF codes by using one row of grid points in the zonal (cross-front)

direction and a periodic boundary condition in the meridional (along-front) direction.

The cross-front and along-front cases are designed to capture the “fast” and

“slow” archetypes, respectively, of the MABL and free atmosphere response to an

SST front, corresponding to the blue and red regions in Fig. 1.1. The SST front is in

the northern hemisphere and is oriented in the meridional direction.

The cross-front case, depicted in Fig. 2.1, uses open boundaries in the x-

direction and a cool–warm SST pattern. The background wind U (thick arrow) is

oriented across the SST front, perpendicular to SST isotherms, and exits the model

domain through the open boundary to the east. The model domain is discussed in

more detail in chapter 3.

The along-front case, depicted in Fig. 2.2, uses a doubly periodic domain

with a cool–warm–cool SST pattern. The background wind V is oriented along the

front, parallel to SST isotherms. The model domain is discussed in more detail in

chapter 4.

The “background” winds are prescribed geostrophic winds. These are im-

plemented in WRF through the Coriolis term of the momentum budget. For a back-

ground wind with zonal component U and meridional component V , the Coriolis

tendencies are computed only on the deviation from (U, V ):

∂u

∂t
= f

(
v − V

)
+ · · · , (2.1.1)

∂v

∂t
= −f

(
u− U

)
+ · · · (2.1.2)

In a pure geostrophic wind, the Coriolis tendency would therefore be zero. This

method of imposing the background wind is equivalent to prescribing a “large-scale”

forcing term in the pressure gradient tendency. Note that the full wind (u, v) is used

to compute all other terms in the momentum budget (advection, turbulent mixing,

etc.).

8



Ū
x

z
y

open boundary
open 
boundary

model domain

WRF con!guration for cross-front background wind

SST front

Figure 2.1. The WRF model domain (gray shade) for the cross-front case is a two-
dimensional “slice” across the cool–warm SST pattern. A periodic boundary condition
is used in the y-direction and an open boundary condition is used in the x-direction.
The background wind (thick arrow) is oriented across the SST front.

The 2-D configurations depicted in Figs. 2.1–2.2 are ideal for isolating the

most basic aspects of the MABL and free atmosphere response to the SST front.

However, the restriction to two dimensions precludes more complicated interactions

between the MABL and the free atmosphere. For example, Adamson et al. (2006)

found that baroclinic generation of potential vorticity by boundary layer friction

slowed the growth of a three-dimensional baroclinic wave. Although our 2-D along-

front case does include this baroclinic generation mechanism, there is no developing

wave for it to influence.

2.2 WRF options

The Nakanishi and Niino (2006) level 3 scheme is used for turbulent mix-

ing. This Mellor and Yamada (1982)-type scheme parameterizes vertical fluxes of

9
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dimensional “slice” across the cool–warm–cool SST pattern. The domain is doubly
periodic. The background wind V is oriented along the SST front (directed into the
page).

momentum and potential temperature as

〈uw〉 = −KM
∂U

∂z
, (2.2.1)

〈θw〉 = −KH
∂Θ

∂z
, (2.2.2)

where lower-case variables (lhs) denote unresolved turbulent quantities and upper-

case variables (rhs) denote resolved quantities. The mixing coefficients KM,H are a

function of a master length scale and the turbulent kinetic energy [see Nakanishi and

Niino (2006) for details]. We refer to both τ and τ/ρ0 as the “stress,” where

τ/ρ0 = (τx, τy)/ρ0 (2.2.3)

= − (〈uw〉, 〈vw〉) . (2.2.4)

Hereafter, lower-case variables denote resolved model quantities.

Monin–Obukhov similarity theory is used to compute surface fluxes of mo-

mentum and heat according to Blackadar (1976) and Zhang and Anthes (1982); the

surface stress is given by

τ s = ρ0CDa|ua|ua, (2.2.5)

10



where ua is the wind at the lowest model level (za ≈ 6 m) and the drag coefficient is

computed as

CDa =

[
k

ln(za/z0)− ψm

]2
, (2.2.6)

where k is the von Karman constant, z0 is the roughness length, and ψm is a stability

function (Blackadar, 1976; Zhang and Anthes, 1982). Note that |τ s|/ρ0 = u2∗, where

u∗ is the friction velocity.

The vertical heat flux at the surface is given by

Hs = ρ0 cpCHa|ua| (θs − θa) , (2.2.7)

where cp is the specific heat of air, θs is the SST, and θa is the potential temperature

at the lowest model level. The drag coefficient CHa for heat is computed as

CHa =
k2[

ln(za/z0)− ψh
][

ln(za/z0)− ψm
] , (2.2.8)

where ψh is a stability function (Blackadar, 1976; Zhang and Anthes, 1982). The |ua|
term in Eq. (2.2.7) is shown to be significant in chapter 4, where a “quiescent” case

(no background wind) generates a very weak atmospheric response due to the weak

heat flux generated via Eq. (2.2.7).

Our dry configuration precludes clouds, precipitation, and latent heating,

which are all an important part of the atmospheric response to midlatitude SST

fronts (Minobe et al., 2008, 2010; Tokinaga et al., 2009; Chelton and Xie, 2010;

Kuwano-Yoshida et al., 2010; Czaja and Blunt, 2011; Sasaki et al., 2012). Radiative

fluxes are also absent. Other WRF options used here include implicit vertical velocity

damping in the upper 5 km to absorb gravity waves (Klemp et al., 2008) and 6th-order

horizontal viscosity to control computational noise.
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Chapter 3

Strong cross-front winds and

gravity wave response

In this chapter we consider the case of a strong cross-front background wind

U , where “strong” is defined here as resulting in an O(1) cross-front Rossby number

ε = U/fL, where U is the cross-front component of the MABL wind and L is the

length scale of the SST front.

3.1 WRF configuration for cross-front background

wind

The cross-front case is depicted in Fig. 2.1. Following S07, the cross-front

component U of the background wind is set to ±15 m s−1 for the base cases [U =

15 m s−1 corresponds to wind speeds of 8.5–11 m s−1 at the lowest model level (Fig.

3.2)], though a broader range of background wind speeds is considered in sections A

and B. The along-front component V is 0. The upwind and downwind boundaries use

a radiation condition in the zonal direction, allowing gravity waves to propagate out

of the domain as described in Klemp and Lilly (1978) and Klemp and Wilhelmson

(1978).

The grid dimensions are 3600 km in the zonal direction and 20 km in the ver-

tical. The horizontal resolution is 6 km. There are 86 grid points in the vertical, with

12



44 concentrated in the bottom 2 km. An f -plane geometry is used with f0 = 10−4 s−1.

The buoyancy frequency is N = 0.01 s−1 in the troposphere (corresponding to a lapse

rate of 6.8 K km−1) and N = 0.021 s−1 in the stratosphere, with the tropopause at

12 km. SST is fixed to

T (x) = 15.8◦C +
∆T

2
tanh

(
x

LT

)
, (3.1.1)

with ∆T = 3◦C and LT = 100 km, so that the SST front is approximately 200 km

wide and centered at x = 0 km (Fig. 3.1d, dashed line).

The initial condition is u = U , i.e. the geostrophic wind. This study consid-

ers model fields at 24 h, at which time the MABL structure is nearly steady; although

the MABL slowly deepens beyond 24 h, the qualitative structure described in sections

3.2–3.6 does not change.

3.2 Overview of lower atmosphere response to SST

front

3.2.1 Cold-to-warm case

Fig. 3.1 shows the model winds, potential temperature θ, and surface stress

fields at 24 h for the cold-to-warm case (U=15 m s−1). Overall, the fields are very

similar to S07 (cf. his Fig. 2).

The top of the MABL (Figs. 3.1a–c, thick black line) is defined here as

the height where the momentum flux [Eq. (2.2.1)] falls below 0.005 m2 s−2; this cutoff

value is 2–4% of the momentum flux at the surface, which ranges from 0.12–0.2 m2 s−2

(Fig. 3.3a). The MABL depth is 470 m in the equilibrium region upwind of the SST

front (SST pattern shown in Fig. 3.1d), grows to 700 m over the downwind edge of

the SST front, and continues increasing for hundreds of kilometers downwind, before

settling at 850 m.

Within the MABL, θ is well-mixed (Figs. 3.1a–c, white contours), with in-

creased stratification near the MABL top; directly above the SST front, there is a

temperature inversion of about 0.3◦C across the MABL top. A lateral temperature

13
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gradient within the MABL extends hundreds of kilometers downwind of the SST front

due to heat advection by the strong winds.

The zonal wind u (Fig. 3.1a) is nearly geostrophic above the MABL and

slightly supergeostrophic near the top of the MABL. The zonal wind responds differ-

ently to the SST front (x=−100 km to x=100 km) in the upper and lower parts of the

MABL: the mid- and upper MABL wind is retarded, while the near-surface wind is

magnified (Figs. 3.1a, 3.2a). The surface wind divergence is positive, consistent with

scatterometer measurements (Small et al., 2008; O’Neill et al., 2010a). Downwind

of x=150 km, u recovers somewhat before the MABL reaches equilibrium with the

warmer SST.

The meridional wind v (Fig. 3.1b) is close to zero above the MABL, consis-

tent with the prescribed zonal geostrophic wind; v develops within the MABL due

to turbulent mixing. Near the MABL top, v increases over warm SST due to en-

trainment by the deepening MABL. In the mid- and lower MABL, v decreases above

the SST front (x=−100 km to x=50 km), then reaches a local maximum (x=200 km

to x=400 km), then reaches another local minimum (x=800 km to x=1000 km), sug-

gesting an inertial oscillation in a reference frame following the background wind U

(section 3.3.5).

The vertical wind w field (Fig. 3.1c) can be divided into several distinct

regions. Directly above the SST front (x=−70 km to x=0 km), a region of descent

with a maximum amplitude of 1–2 mm s−1 is confined to the lower half of the MABL.

Stacked above this is a region of ascent (x=−120 km to x=120 km), with a maximum

amplitude of 2–4 mm s−1 near the MABL top. Extending downwind of the SST

front are a region of descent (x=150 km to x=700 km) with a maximum amplitude

of 1–2 mm s−1 near the MABL top and a weaker region of ascent extending east of

x = 700 km. The focus of this study is the latter ascent–descent–ascent signal that

results from MABL depth-integrated convergence (section 3.3) and extends into the

free atmosphere (section 3.6).
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meridional wind va (dashed), and wind speed |ua| (thick solid) [the negative wind
speed is shown in (b)]. The SST pattern is also shown (dashed–dotted; scale on
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The zonal surface stress τsx/ρ0 increases sharply across the SST front 1

while the meridional stress τsy/ρ0 shows little change (x=−200 km to x=200 km in

Fig. 3.1d, blue and green lines); this positive wind stress divergence is consistent with

scatterometer measurements (O’Neill et al., 2003; Chelton et al., 2004; O’Neill et al.,

2005; Song et al., 2009; Chelton and Xie, 2010). We will show that this increase in

τsx/ρ0 across the SST front is dynamically linked to the w signal at the top of the

1The magnitude of the surface stress |τ s|/ρ0 increases by 58% across the SST front (Fig. 3.1d,
black line), greatly exceeding the 9% increase in the drag coefficient (not shown). That the increase
in surface stress over warm SST is associated primarily with an increase in wind speed (rather than
an increase in the drag coefficient) appears to be a general result (Wai and Stage, 1989; Small et al.,
2003, 2008; Spall, 2007; Chelton and Xie, 2010).
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MABL (section 3.3.1). Note that τsx/ρ0 reaches a maximum between x=100 km and

x=400 km, before gradually decreasing to an equilibrium value near x=1100 km that

is still higher than the equilibrium value over cool SST (Samelson et al., 2006).

Fig. 3.3a shows vertical profiles of the momentum flux [Eq. (2.2.1)] upwind

of the SST front, near the center of the SST front, and over the downwind edge of

the SST front. The downward momentum flux intensifies as the MABL deepens over

warm SST, suggesting that the increase in surface stress across the SST front (Fig.

3.1d) is related to the “vertical mixing mechanism” (Wallace et al., 1989; Hayes et al.,

1989). The vertical mixing coefficient KM increases dramatically over warm SST (not

shown) due to the buoyant production of turbulent kinetic energy (Nakanishi and

Niino, 2006).

3.2.2 Warm-to-cold case

Fig. 3.4 shows the model fields at 24 h for the warm-to-cold case (U =

−15 m s−1). We again see a change in the MABL depth across the SST front, from

850 m in the upwind region to 450 m in the far downwind region. Note that using

a θ criterion for the MABL depth (rather than the momentum flux criterion) would

indicate a dramatic collapse of the MABL across the SST frontal length scale, as a

shallow internal boundary layer forms over cool SST (white contours in Figs. 3.4a–c),

consistent with prior studies (Song et al., 2006; Skyllingstad et al., 2007, S07).

Again, the wind profile responds differently to the SST front (x=−300 km

to x=100 km) in the upper and lower parts of the MABL. The mid- and upper

MABL u is magnified over cool SST, then retarded farther downwind (x=−900 km

to x=−300 km) where the air has completely exited the MABL (Fig. 3.4a). A similar

pattern occurs in v (Fig. 3.4b), shifted downwind by a quarter wavelength, suggesting

an inertial oscillation in a reference frame following the background wind U (section

3.3.5). The horizontal divergence associated with this “inertial lee wave” (S07) results

in a descent–ascent–descent pattern from x=−1000 km to x=100 km at 500–1000 m

height (Fig. 3.4c; section 3.3). Meanwhile the surface u is retarded over cool SST
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(Fig. 3.4a, Fig. 3.2b), i.e. the surface wind divergence is negative, consistent with

scatterometer measurements (Small et al., 2008; O’Neill et al., 2010a).

The zonal surface stress τsx/ρ0 is diminished over the cool side of the SST

front2 while τsy/ρ0 shows little change (Fig. 3.4d); this negative wind stress divergence

is consistent with scatterometer measurements (O’Neill et al., 2003; Chelton et al.,

2004; O’Neill et al., 2005; Song et al., 2009; Chelton and Xie, 2010). The change in

τsx/ρ0 is again linked to the w signal above the MABL (section 3.3.2). Note that the

2The wind stress magnitude |τ s|/ρ0 decreases 34% over cool SST (Fig. 3.4d, black line), again
exceeding the change that can be explained by the 8% decrease in the drag coefficient (not shown).
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magnitude of τsx/ρ0 reaches a minimum near x=−100 km before recovering somewhat

toward an equilibrium value near x=−1100 km that is still lower than the equilibrium

value over warm SST (Samelson et al., 2006).

Fig. 3.3b shows vertical profiles of the momentum flux [Eq. (2.2.1)] upwind

of the SST front, near the center of the SST front, and over the downwind edge of

the SST front. The downward momentum flux weakens as the MABL shrinks over

cool SST; Samelson et al. (2006, cf. their Fig. 5) show similar results for a large-

eddy simulation of the warm-to-cold case. The stabilizing air–sea heat flux over cool

SST reduces the turbulent kinetic energy and the vertical mixing coefficient KM (not

shown).

3.2.3 Wind stress divergence sensitivity to SST gradient

Fig. 3.5 is a scatterplot of the wind stress divergence (WSD) and the down-

wind component of the SST gradient at each grid point in the SST frontal zone for

a suite of cases, with U varying from −30 m s−1 to 30 m s−1 [cf. Fig. 4 in Chelton

et al. (2004) and Fig. 3a in Chelton and Xie (2010)]. The cold-to-warm and warm-

to-cold cases discussed above correspond to U=±15 m s−1 (stars) in Fig. 3.5. Note

that we have not bin-averaged the WSD values as is done for satellite observations,

because the range of idealized background winds explored here is not meant to be a

representative sample.

The WSD sensitivity to the SST gradient is clearly a strong function of U

(Fig. 3.5), consistent with recent studies that have shown air–sea coupling to depend

strongly on ambient wind speeds (O’Neill, 2012; O’Neill et al., 2012). The realistic

magnitude of the curves in Fig. 3.5 suggests that our model configuration captures the

essential physics that underlie the WSD sensitivity to SST gradients in scatterometer

measurements (Chelton et al., 2004; Chelton and Xie, 2010).
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3.3 Mechanisms of boundary layer convergence

3.3.1 IBL-like region for cold-to-warm case

The zonal momentum equation solved by WRF consists of the following

terms:

∂tu = −u∂xu− w∂zu︸ ︷︷ ︸
Adv

+fv
Cor

− ρ−1∂xp
PG

+ ρ−10 ∂zτx
TM

. (3.3.1)

The u tendency (lhs) is effectively zero for the quasi-steady MABL structure consid-

ered here. The rhs is comprised of advection (Adv), Coriolis (Cor), pressure gradient

(PG), and turbulent mixing (TM) terms.

A section of the Eq. (3.3.1) terms is shown in Fig. 3.6 for the cold-to-warm

case (U=15 m s−1). Upwind of the SST front, an Ekman-like balance exists between

the Coriolis and turbulent mixing terms (S07, cf. his Fig. 9). From x=−50 km to

x=80 km, the advection and turbulent mixing terms show large, opposing responses

to the SST front: the mid- and upper MABL wind is retarded as the turbulent mixing

term is magnified; the reverse occurs in the lower MABL, where the near-surface wind

is magnified as the turbulent mixing term diminishes. The strong role of advection is

to be expected directly above the SST front, where the MABL has not yet reached

equilibrium with the warmer SST (Samelson et al., 2006, S07). The Coriolis and

pressure gradient terms show smaller changes that develop over a longer length scale.

Fig. 3.7 compares the u budget [Eq. (3.3.1)] at one model level in the upper

MABL to the surface (cf. Fig. 10 in S07). In the upper MABL (Fig. 3.7a), an Ekman-

like balance exists upwind of the SST front, consistent with Fig. 3.6. The wind begins

to decelerate near x=−50 km in response to the magnified turbulent mixing term. The

Coriolis term grows over a longer length scale as the meridional wind spins up, and

a new Ekman-like balance is established at x=900 km. At the surface (Fig. 3.7b), an

Ekman-like balance also prevails upwind of the SST front. The surface zonal wind

accelerates sharply as the turbulent mixing term collapses near x=−50 km. [Note

that this collapse in the turbulent mixing term is collocated with a sharp increase

in the surface stress (Fig. 3.1d, blue line), a counterintuitive result but consistent

with Fig. 3.3a, which indicates |τsx/ρ0| increases over the SST front while the near-
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Figure 3.6. Sections of zonal momentum budget terms (×10−4 m s−2; note nonlinear
color scale) in Eq. (3.3.1) for the cold-to-warm case (U=15 m s−1): (a) advection; (b)
Coriolis; (c) turbulent mixing; and (d) pressure gradient. The thick black line marks
the top of the MABL, the thin black lines are u contours (CI=0.5 m s−1), and the
white lines are θ contours (CI=0.5◦C).
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Figure 3.7. Zonal momentum budget terms for the cold-to-warm case (U=15 m s−1)
at two model levels: (a) upper MABL (z ≈ 450 m); (b) surface (za ≈ 6 m). The
budget terms are labeled as in Eq. (3.3.1).

surface vertical divergence of the stress |ρ−10 ∂zτx| decreases.] The pressure gradient

term begins to increase near x=0 km, while the turbulent mixing term recovers and

exceeds its upwind value, counteracting the pressure gradient term. A new Ekman-

like balance is finally established at x=1100 km. However, most of the increase in

u occurs before x=0 km (Fig. 3.2a), where the pressure gradient term is negligible

and the Coriolis term is nearly constant (Fig. 3.7b). We conclude that the surface

zonal wind increases primarily via the unbalanced Coriolis force, consistent with the

“Coriolis torque” mechanism described by S07 and the anticyclonic rotation of the

wind vector described by O’Neill et al. (2010b).

Figs. 3.6–3.7 indicate that the upwind Ekman-like balance is disrupted by

the SST front. From x=−100 km to x=0 km, the upper MABL response is the reverse

of the near-surface response, but the perturbation momentum balance is the same,

0 = −u∂xu− w∂zu+ ρ−10 ∂z∆τx. (3.3.2)
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Eq. (3.3.2) is obtained by subtracting the upwind, Ekman-like momentum balance,

0 = fv + ρ−10 ∂zτx, from Eq. (3.3.1); ∆τx is the SST-induced change in stress. Eq.

(3.3.2) represents nonrotating, internal boundary layer (IBL)-like physics (Garratt,

1990), wherein advection balances the vertical divergence of the stress.

To understand the MABL depth-integrated convergence, it is helpful to con-

sider the vertical integral of Eq. (3.3.1) from the surface to h=800 m, which is above

or near the top of the MABL. Moving the advection terms to the lhs,∫ h

0

dz
(
u∂xu+ w∂zu

)
Adv

= f

∫ h

0

dz v

Cor

−
∫ h

0

dz ρ−1∂xp

PG

− ρ−10 τsx. (3.3.3)

The turbulent mixing term reduces to the surface stress on the rhs of Eq. (3.3.3)

because τx vanishes at z=h. The largest terms in Eq. (3.3.3) are the Coriolis term

and the surface stress (Fig. 3.8a), which balance in the equilibrium regions upwind

and far downwind (past x=1000 km) of the front, just as the surface stress balances

the cross-isobar transport in a linear bottom Ekman layer (Svensson and Holtslag,

2009); this is the surface expression of the Ekman-like balance discussed above. The

lhs of Eq. (3.3.3) is very close to the sum of the rhs terms (cf. “Adv” and “Rhs” in

Fig. 3.8a), indicating that the MABL structure is nearly steady.

The lhs of Eq. (3.3.3) can be simplified in two steps. The first step is to ignore

the vertical advection term since |
∫ h
0
dz w∂zu| � |

∫ h
0
dz u∂xu| (not shown). The

second step is to split u into its geostrophic and ageostrophic components u = U +u′.

In the MABL depth integral, advection by U dominates advection by u′ for the

strong cross-front winds considered here (not shown), and the lhs of Eq. (3.3.3) can

be approximated by U
∫ h
0
dz ∂xu

′. Thus the depth-integrated advection term (“Adv”

in Fig. 3.8) corresponds very closely to the depth-integrated divergence.

Directly above the SST front (x=−100 km to x=0 km), the depth-integrated

advection term is balanced primarily by the magnified surface stress (Fig. 3.8a). The

pressure gradient and Coriolis contributions do not show large changes until after

x=0 km. Therefore from x=−100 km to x=0 km, Eq. (3.3.3) may be approximated

by

U

∫ h

0

dz ∂xu
′ = −ρ−10 ∆τsx. (3.3.4)
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Eq. (3.3.4) is obtained by subtracting the upwind, Ekman-like balance, 0 = f
∫
dz v−

ρ−10 τsx, from Eq. (3.3.3); the surface stress increment ∆τsx is relative to the upwind

value. Substituting the continuity equation into the lhs of Eq. (3.3.4) yields

Uwh = ρ−10 ∆τsx, (3.3.5)

where wh is the vertical velocity at z=h. The surface stress increment ∆τsx therefore

diagnoses wh. This important relation is a consequence of the IBL-like physics: the

mid- and upper MABL wind is convergent while the near-surface wind is divergent

(Figs. 3.6–3.7), but the convergence prevails in the depth integral (Fig. 3.8a, thick

line); this is reflected in ∆τsx, which is an integral measure of the zonal momen-

tum lost over the depth of the MABL. The surface stress increment at x=0 km is

ρ−10 ∆τsx=0.057 m2 s−2 (Fig. 3.8a, dashed line), so that the vertical velocity diagnosed

from Eq. (3.3.5) is ρ−10 ∆τsx/U=3.8 mm s−1, consistent with the 3–4 mm s−1 ascent

above the MABL (Fig. 3.1c).

The MABL response is qualitatively very similar to S07, who used COAMPS

rather than WRF, indicating some consistency in the MABL response across atmo-

spheric models. The focus of S07 was the surface winds and the “Coriolis torque”

mechanism, which fits neatly into the IBL-like physics described above. However, S07

downplayed the importance of the vertical mixing mechanism (Wallace et al., 1989;

Hayes et al., 1989). In particular, S07 noted that the momentum loss by the mid-

and upper MABL wind greatly exceeds the momentum gain by the near-surface wind

(see Fig. 11 in S07), and therefore argued that the momentum lost by the zonal wind

over the depth of the MABL was mostly transferred to the meridional wind via the

Coriolis term. We note a similar pattern of momentum loss/gain in the MABL but

disagree with the S07 interpretation that the Coriolis term is responsible. The MABL

response is in fact almost completely determined by the vertical mixing mechanism

in the IBL-like region from x=−100 km to x=0 km (Fig. 3.8a), but we emphasize the

downward transfer of momentum to the sea surface, i.e. the surface stress, rather

than the near-surface wind. The Coriolis term is important in establishing the equi-

librium wind profile over warm SST, but this occurs over a longer length scale than

the IBL-like region (Fig. 3.8a).
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Although the simple IBL-like physics [Eqs. (3.3.4)–(3.3.5)] do not hold past

x=0 km, the lhs of Eq. (3.3.3) is well-approximated by Uwh for the whole domain, i.e.

Fig. 3.8a identifies the direct contributions to wh of all three terms on the rhs of Eq.

(3.3.3). From x=0 km to x=100 km the increase in the pressure gradient and Coriolis

contributions reverse the sign of wh (Fig. 3.8a). Note that the pressure gradient

contribution changes sign near x=0 km. The reason for this is clear in Fig. 3.6d: the

convective deepening of the MABL causes a reversal of the pressure gradient in the

upper MABL (Small et al., 2005, 2008; Song et al., 2006); downwind of the SST front,

the pressure gradient term turns positive due to the MABL temperature gradient and

remains positive to x=1100 km. The downwind region (past x=100 km) and wh sign

reversals are discussed in section 3.3.5.

3.3.2 IBL-like region for warm-to-cold case

A section of the u budget terms [Eq. (3.3.1)] for the warm-to-cold case

(U=−15 m s−1) is shown in Fig. 3.9 (cf. Fig. 7 in S07). From x=−150 km to x=100 km,

the advection and turbulent mixing terms again show large, opposing responses to

the SST front. In this case, the mid- and upper MABL wind is magnified as the

turbulent mixing term diminishes over cool SST, while the reverse occurs near the

surface. The Coriolis and pressure gradient terms change over a longer length scale.

Fig. 3.10 compares the u budget [Eq. (3.3.1)] at one model level in the

upper MABL to the surface (cf. Fig. 8 in S07). At both levels, an Ekman-like balance

prevails upwind of the SST front. In the upper MABL (Fig. 3.10a), the wind begins to

accelerate near x=150 km in response to the diminished turbulent mixing term. The

turbulent mixing eventually goes to zero; the Coriolis and advection terms oscillate

downwind in opposing fashion, consistent with the inertial lee wave described by S07.

The surface zonal wind (Fig. 3.10b) begins decelerating near x=150 km in response

to the magnified turbulent mixing term. [Note that the turbulent mixing term is

magnified as the surface stress weakens (Fig. 3.4d, blue line); again, this is consistent

with Fig. 3.3b, which indicates |τsx/ρ0| decreases over the SST front while the near-

surface |ρ−10 ∂zτx| increases.] The pressure gradient also acts to retard the surface
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Figure 3.9. As in Fig. 3.6, but for the warm-to-cold case (U=−15 m s−1). Note
nonlinear color scale. The grid-scale (in the vertical) numerical instabilities visible
in (a) tend to appear near the top of the shallow internal boundary layer and are
advected downwind.
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Figure 3.10. As in Fig. 3.7, but for the warm-to-cold case (U=−15 m s−1).

zonal wind, playing a greater role than in the cold-to-warm case. A new Ekman-like

balance is established about 700 km downwind of the SST front.

The depth-integrated momentum budget [Eq. (3.3.3)] for the warm-to-cold

case again shows that above the SST front (x=150 km to x=0 km), the depth-integrated

advection term primarily balances the surface stress (Fig. 3.8b), consistent with the

IBL-like physics described above. Note that the τsx changes more gradually here than

in the cold-to-warm case and that the magnitude of the convergence signal is smaller

(cf. Figs. 3.8a,b). Similar to the cold-to-warm case, the Coriolis and pressure gradient

contributions cause a reversal of wh near x=−170 km. The downwind region (past

x=−150 km) and wh sign reversals are discussed in section 3.3.5.

3.3.3 Diagnosing vertical motion from Eq. (3.3.5)

We test Eq. (3.3.5) with the same suite of cases that was considered in Fig.

3.5. For each case, the maximum wh above the SST front is compared with the
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vertical velocity estimate ρ−10 ∆τsx/U based on Eq. (3.3.5) (Fig. 3.11). The estimates

are very good for the cold-to-warm cases (U > 0): within 10% of wh for U > 6 m s−1,

reproducing the roughly linear increase with U . Note that wh is inversely related to

U based on Eq. (3.3.5), so the linear relationship in Fig. 3.11 implies ∆τsx increases

quadratically with U .

For the warm-to-cold cases (U < 0), Eq. (3.3.5) systematically overestimates

the amplitude of wh, though the estimates are generally better for larger wind speeds

(Fig. 3.11). The warm-to-cold estimates of wh are poor because the changes in the

turbulent mixing term and τsx/ρ0 are not as sharp compared to the cold-to-warm

cases (Figs. 3.6–3.10), so the pressure gradient and Coriolis terms play relatively

larger roles in the depth-integrated momentum budget (Fig. 3.8), and the IBL physics

approximation underlying Eq. (3.3.5) is not as accurate.

3.3.4 SLP adjustment mechanism

The importance of the advection terms in the MABL response to the SST

front would seem to preclude the local models of MABL convergence discussed in

section 1.2, but we nonetheless check for the “pressure adjustment mechanism” [Eqs.

(1.2.2)–(1.2.3)]. The SLP Laplacian ∇2ps, surface wind convergence δa = −∂xua,
depth-averaged wind convergence δ = −h−1

∫ h
0
dz ∂xu (with h=800 m), and SST are

shown for the cold-to-warm case (Fig. 3.12a) and warm-to-cold case (Fig. 3.12b).

The ∇2ps signal is of the same sign as δa above the SST front (x=−100 km

to x=100 km), consistent with Eq. (1.2.3), as is often found in satellite observations

and GCMs (Minobe et al., 2008, 2010; Kuwano-Yoshida et al., 2010; Bryan et al.,

2010; Shimada and Minobe, 2011). However, δa and δ have the opposite sign, so

that Eq. (1.2.3) predicts the wrong sign of the depth-integrated convergence. The

failure of Eqs. (1.2.2)–(1.2.3) is not surprising, because we have already seen that

for the strong cross-front winds considered here, MABL convergence is primarily a

function of the lateral heterogeneity in turbulent mixing, or IBL-like physics (Fig.

3.8), rather than pressure adjustments. Satellite observations also indicate that the
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pressure adjustment mechanism weakens when cross-front winds are strong (Shimada

and Minobe, 2011).

3.3.5 Downwind region and inertial oscillations

Sign reversals in wh continue downwind of the SST front in both cases, with

a wavelength of approximately 2πU/f (length scale marked in Figs. 3.1c, 3.4c). This

downwind wh signal results from inertial oscillations in a reference frame moving with

the background wind speed U , described as an “inertial lee wave” for the warm-to-

cold case by S07. Note that the downwind wh signal is weaker for the cold-to-warm

case (cf. Figs. 3.1c, 3.4c), presumably because the inertial oscillations occur within

the MABL and are therefore more quickly damped than in the warm-to-cold case.
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The length scale 2πU/f is also important for the geostrophic adjustment

to the SST-induced pressure gradient. In a stationary reference frame, the time

scale for a thermal wind to develop in response to a lateral pressure gradient is an

inertial period (2π/f), which corresponds to the length scale 2πU/f in the translating

reference frame.

To show that a thermal wind does not develop above the SST front in the

cold-to-warm case, we compare the geostrophic component vg of the along-front wind,

computed via Eq. (2.0.7), to the full along-front wind v. The MABL depth-averaged

vg and v are shown in Fig. 3.13a. The MABL depth-averaged vg is near zero upwind of

the SST front, reaches a minimum of −0.3 m s−1 near x=200 km, and returns to zero

far downwind of the SST front. This looks nothing at all like the depth-averaged v,

which exceeds 1.4 m s−1 across the whole domain and increases across the SST front.

The disparity between vg and v is also clear in the depth-averaged relative vorticity

fields (Fig. 3.13b), where ζg = ∂xvg has a comparable magnitude to ζ = ∂xv, but is

the opposite sign. That ζg does not resemble ζ at all indicates that the along-front

component of the wind does not reach thermal wind adjustment with the SST-induced

pressure gradient, as in the SST frontal Ekman model of Feliks et al. (2004) (section

1.2).

Note that the MABL along-front wind and relative vorticity closely resemble

the geostrophic values for the case of a background wind oriented in the along-front

direction, considered in chapter 4.

3.4 Why does the surface wind speed change across

the SST front?

Although the focus of this study is the MABL depth-integrated response to

an SST front, it is also useful to consider the change in surface wind speed, for two

reasons: (i) scatterometer measurements indicate an in-phase relationship between

surface wind speed and SST on the ocean mesoscale; and (ii) the surface stress,

which is an important diagnostic of the MABL depth-integrated convergence (section
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3.3), is related to the surface wind speed via the surface boundary condition [Eq.

(2.2.5)].

We focus on the cold-to-warm case. As shown in Fig. 3.7b, the zonal com-

ponent of the surface wind ua increases across the SST front primarily via the un-

balanced Coriolis force (Coriolis torque), such that the surface wind vector rotates

anticyclonically as air parcels cross from cold to warm SST, consistent with S07 and

O’Neill et al. (2010b). Although ua and the surface wind speed |ua| show similar

increases across the SST front (Fig. 3.2a), it is not correct to say that the Coriolis

force is responsible for the increase in wind speed.

To understand the increase in surface wind speed over warm SST, which

finds robust support in scatterometer measurements (Song et al., 2009; O’Neill et al.,

2010a,b, 2012), we examine the kinetic energy budget for the surface wind by taking
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the dot product of the momentum equation with u:[
∂u

∂t
+ u · ∇u + f k̂× u = G + F

]
· u, (3.4.1)

where G is the pressure gradient force and F = ρ−1∂zτ is the frictional force, yielding

De

Dt
= G · u + F · u, (3.4.2)

where e = (u · u)/2 is the specific kinetic energy. Changes in e, and thus wind speed,

following the motion are due to an imbalance between the cross-isobar wind term

G · u and the friction term F · u.

Note that the Coriolis term falls out of Eq. (3.4.1) because it acts perpendic-

ular to the total wind vector. In other words, the increase in ua due to the unbalanced

Coriolis force (Fig. 3.7b) is necessarily compensated by a decrease in va, such that

the net effect of the Coriolis force on |ua|2 = u2a + v2a is zero.

Fig. 3.14 shows the rhs terms of Eq. (3.4.2) for the surface wind in the cold-

to-warm case: G · u is a production term, while F · u is a dissipation term. The

production of kinetic energy by G · u remains nearly constant over the SST front,

while the frictional dissipation F · u is sharply reduced, reminiscent of the collapse of

the turbulent mixing tendency in the ua budget (Fig. 3.7b). We conclude that the

increase in e, and thus wind speed, over the SST front is due to a sharp reduction in

frictional dissipation and the resulting unbalanced kinetic energy production by the

cross-isobar (meridional) component of the wind. Overall, this behavior is consistent

with the Coriolis torque mechanism of S07, but one must be careful to distinguish

between ua, which increases via the Coriolis force, and |ua|, whose increase is linked

to the cross-isobar production of kinetic energy.

In the warm-to-cold case (not shown), frictional dissipation is sharply en-

hanced over the SST front, accounting for the reduced wind speeds over cool SST.
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Figure 3.14. Kinetic energy budget [Eq. (3.4.2)] at the lowest model level (za ≈ 6 m)
for the cold-to-warm case: (a) zonal (dotted), meridional (dot–dashed), and sum of
components (solid) for the cross-isobar wind term G · u and friction term F · u; (b)
G · u + F · u (solid) and u∂xe (dashed).

3.5 Why does the surface stress change across the

SST front?

There are two perspectives on the fundamental question of what causes the

increase in surface stress across the SST front (Fig. 3.1d; we focus again here on the

cold-to-warm case).

3.5.1 Perspective 1: Surface boundary condition

In the first perspective, one only needs to examine the surface boundary

condition [Eq. (2.2.5)], whereby the magnitude of the surface stress is given by

|τ s| = ρ0CDa|ua|2. (3.5.1)

37



By Eq. (3.5.1), a change in |τ s| across the SST front 3 is attributable to either a

change in the drag coefficient CDa or the surface wind speed |ua| (assuming constant

air density). As discussed in section 3.4, the Coriolis force does not increase the wind

speed ; therefore it is not correct to say that the Coriolis force increases |τ s|.
The zonal component of the surface stress is given by

τsx = ρ0CDa|ua|ua, (3.5.2)

such that any changes in τsx are attributable to CDa, |ua|, and ua. Thus the 56%

increase in τsx/ρ0 across the SST front in the cold-to-warm case (Fig. 3.1d, blue line)

is caused by a 9% increase in the drag coefficient multiplied by a 20% increase in the

wind speed |ua| multiplied by an 18% increase in the zonal component of the surface

wind ua.

The Coriolis force does increase the zonal component of the surface wind, ua

(section 3.3.1; Fig. 3.7b). Since |ua| and ua increase by roughly the same amount, it

is fair to say that the Coriolis force is responsible for a substantial part of the increase

in the zonal surface stress τsx/ρ0.

3.5.2 Perspective 2: Vertical mixing over depth of MABL

The surface stress is equal to the negative momentum flux at the sea surface

[Eq. (2.2.4)]. Thus the increase in τsx/ρ0 for the cold-to-warm case means that, by

definition, the vertical flux of turbulent momentum to the sea surface is enhanced over

warm SST (Fig. 3.3). The analysis of section 3.3 is written from this perspective, i.e.

that the increase in τsx/ρ0 is due to vertical mixing acting over the depth of the

MABL.

Fig. 3.7a shows that in the upper MABL, the turbulent mixing term acts

as a drag on u upwind of the SST front; over the SST front, the drag is enhanced,

retarding the upper MABL u. Fig. 3.7b shows that at the surface, the turbulent

mixing term also acts as a drag on u upwind of the SST front; however, over the

SST front the turbulent mixing term essentially vanishes, leaving the Coriolis term

3Scatterometer measurements show an in-phase relationship between |τ s| and mesoscale SST
anomalies [e.g., Fig. 4 in O’Neill et al. (2005); Figs. 4–7 in O’Neill et al. (2012)]
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unbalanced and thereby magnifying u. The changes to the turbulent mixing term are

also evident in Fig. 3.3a. As discussed in section 3.3, the changes in the turbulent

mixing term, relative to the upwind region, have the effect of retarding the upper

MABL wind and magnifying the surface wind. The pattern of momentum loss by the

upper MABL wind, momentum gain by the surface wind, and magnified surface stress

is entirely consistent with the vertical mixing mechanism of Wallace et al. (1989) and

Hayes et al. (1989).

3.6 Free atmosphere response to SST front

The cold-to-warm w(x, z) field over the full 20 km depth of the model (Fig.

3.15a) shows the characteristic pattern of a stationary internal gravity wave, with

w oscillating in the vertical and phase lines tilting upwind. In this section we use

basic mountain wave theory (see appendix) to show that the atmosphere has a similar

response to a change in topography.

The type of stationary wave response to an idealized, vertically uniform wind

U blowing over a change in topography with wavenumber k is determined by the “in-

trinsic frequency” ω̃ = Uk (Durran, 1990). We use U = 15 m s−1; and k = (100 km)−1,

corresponding to the length scale of the SST front. Thus ω̃ ∼ f , corresponding to

a hydrostatic rotating gravity wave, which satisfies Eq. (B.0.7) (Gill, 1982, section

8.8). [The downwind “inertial lee wave” discussed in section 3.3.5 has an intrinsic fre-

quency very close to Uk = f , which produces a singularity in Eq. (B.0.10); therefore

we ignore the free atmosphere response to the downwind inertial lee wave and focus

on the contribution of the IBL-like region directly above the SST front.]

The wave solution w(x, z) to Eq. (B.0.7) can be found via Eq. (B.0.11) if

the lower boundary condition w(x, 0) is specified. The linearized lower boundary

condition for mountain waves is w(x, 0) = U∂xh, where h(x) is the topography (there

is no boundary layer in the mountain wave problem considered here); for comparison

to the SST front, we consider

h(x) =
hm
2

tanh

(
x

LT

)
, (3.6.1)
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where hm = 80 m is the change in elevation [cf. Eq. (3.1.1)]. The Fourier transform

of the lower boundary condition is

ŵ(k, 0) = Uikĥ, (3.6.2)

where ĥ(k) is the Fourier transform of Eq. (3.6.1) (Bracewell, 2000),

ĥ(k) = −ihmLT
2

csch

(
πkLT

2

)
. (3.6.3)

Eqs. (3.6.2) and (3.6.3) are substituted into Eq. (B.0.11), which is evaluated numeri-

cally to produce the mountain wave solution shown in Fig. 3.15b.

The waves in Fig. 3.15a and Fig. 3.15b have similar amplitude and struc-

ture, indicating that an SST increase of 3◦C over 200 km has a similar effect to an

80 m change in topography. Note that the vertical scale of each wave is reduced

above 12 km, due to the increased stratification above the tropopause; the vertical

wavelength is of order 2πU/N [Eq. (B.0.10)], or 9.4 km in the troposphere and 4.5 km

in the stratosphere for our configuration. The gravity wave response for the warm-

to-cold case is similar but phase lines tilt eastward with height since U < 0 (not

shown).

Although 80 m is a modest change in topography, larger amplitude gravity

waves are expected over western boundary current regions, where SST gradients can

be much stronger than that used here. A more realistic mean wind profile could

induce wave breaking that in turn influences the mean wind through gravity-wave

drag (Durran, 1990; Kim et al., 2003).

Other modeling studies have shown a gravity wave response similar to Fig.

3.15. Song et al. (2008) recognize a gravity wave forced by an SST “bump” in two-

dimensional WRF experiments similar to ours. They estimate a 3◦C change in SST

has an effect comparable to a 200 m hill, which is 2.5 times our estimate of 80 m; this

discrepancy could be due to the choice of turbulent mixing scheme or the length scale

of the SST front (i.e. the SST gradient). Song et al. (2006, their Figs. 4–5) show

MABL structure and vertical motion similar to ours using a realistic configuration

over the Gulf Stream with the MM5 model, but interpret the vertical motion as a

“system of up and downdrafts” rather than a gravity wave.
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Wai and Stage (1989) describe a different type of vertical circulation in a

two-dimensional modeling study of the cold-to-warm case. In their “secondary circu-

lation” [also discussed in Small et al. (2008)] air descends over cool SST and ascends

over warm SST, forming a thermally direct cell similar to a sea breeze circulation.

However, we do not see this type of pressure-forced secondary circulation (section

3.3), consistent with Song et al. (2006).

3.7 Summary and discussion

The atmospheric response to SST fronts is explored here in idealized exper-

iments with the WRF regional atmospheric model. Only strong cross-front winds are

considered, O(10 m s−1). In both the cold-to-warm and warm-to-cold cases, changes

in turbulent mixing and MABL depth across the SST front result in depth-integrated

convergence and vertical motion at the top of the MABL; a large change in cross-

front surface stress (wind stress divergence); and a gravity wave response in the free

atmosphere. In the cold-to-warm case, the cross-front wind impinges on a deeper

MABL, which retards the depth-averaged wind. This results in net convergence and

ascent at the top of the MABL. In the warm-to-cold case, the cross-front wind exits

a shrinking MABL, accelerating as the turbulent mixing is diminished over cool SST.

This results in net divergence and descent above the MABL.

Following S07 and Small et al. (2008), it is helpful to consider the disparate

length scales of the MABL response to the SST front. For the strong cross-front

winds considered here, the pressure gradient and Coriolis force adjust to the SST front

over longer length scales than the turbulent mixing (Figs. 3.6, 3.8–3.9). Therefore a

simple IBL-like momentum balance exists directly above the SST front (section 3.3),

such that the altered turbulent mixing acts to retard (cold-to-warm case) or magnify

(warm-to-cold case) the depth-averaged wind.

These IBL-like, nonrotating physics leave a clear signature in the cross-front

surface stress (section 3.3): in the cold-to-warm case, the momentum lost over the

depth of the MABL is transferred downward via turbulent mixing, magnifying the

cross-front surface stress (positive wind stress divergence); in the warm-to-cold case,
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the increase in momentum over the depth of the MABL is balanced by the diminished

cross-front surface stress (negative wind stress divergence). Thus the change in zonal

surface stress across the SST front is a diagnostic measure of the depth-integrated

convergence and vertical velocity at the MABL top.4 These MABL physics are closely

related to the venerable “vertical mixing mechanism” (Wallace et al., 1989; Hayes

et al., 1989); the wrinkle here is our emphasis on the momentum transfer to the sea

surface, i.e. the surface stress, rather than the low-level winds. This is our only major

disagreement with S07, who argues instead for the importance of the Coriolis terms

in redistributing momentum between the zonal and meridional wind. However, Fig.

3.8 shows that the momentum transfer to the sea surface is the key for understanding

the depth-integrated convergence in the IBL-like region above the SST front.

The surface wind convergence above the SST front is the opposite sign of

the MABL depth-integrated convergence (Fig. 3.12), calling into question the corre-

spondence of surface wind convergence with MABL depth-integrated convergence in

regions of strong cross-front winds (Minobe et al., 2008, 2010; Joyce et al., 2009; Bryan

et al., 2010; Kuwano-Yoshida et al., 2010; Shimada and Minobe, 2011). The surface

stress signal contains additional information beyond what can be inferred from the

surface wind alone [note that scatterometers are believed to fundamentally measure

the surface stress (Liu et al., 2007; Liu and Xie, 2008; O’Neill et al., 2012)]

The influence of advection on the MABL dynamics can be characterized by

the cross-front Rossby number ε = U/fL. For the strong cross-front winds considered

here, U = O(10 m s−1), f = 10−4 s−1, and L = 200 km. Thus ε = O(1), indicating that

advection dominates the cross-front momentum budget and local Ekman-type models

of MABL convergence that have been proposed for SST frontal zones (Feliks et al.,

2004; Minobe et al., 2008; Takatama et al., 2012) are not appropriate [even Ekman

models that consider advection assume ε � 1 (e.g., Mahrt, 1975)]. The boundary

layer convergence discussed in sections 3.2–3.3 is not Ekman pumping, but rather is

a consequence of the lateral heterogeneity in turbulent mixing.

4This is analogous to a linear bottom Ekman layer, where the wind stress curl is a diagnostic
measure of the depth-integrated boundary layer convergence and Ekman pumping velocity (Beare,
2007).
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The free atmosphere responds to the SST-forced vertical motion as a sta-

tionary internal gravity wave, very much like a mountain wave or lee wave. An

analytical solution to the internal gravity wave equation (Fig. 3.15) shows that an

SST front of 3◦C over 200 km excites a gravity wave comparable to an 80 m change

in topography. Following basic mountain wave theory (Gill, 1982; Durran, 1990), the

free atmosphere wave response is determined by the “intrinsic frequency” ω̃ = Uk,

where U is the cross-front wind speed and k is the dominant horizontal wavenumber

of the SST front. For the strong cross-front winds considered here, ω̃ ∼ f , corre-

sponding to the hydrostatic rotating wave limit. Note that this is a fundamentally

different response from the Ekman pumping mechanism of Feliks et al. (2004), as lin-

ear inertia-gravity waves carry no potential vorticity and therefore are not “felt” by

the balanced, synoptic-scale flow. The SST-forced gravity waves can only influence

the synoptic-scale flow through nonlinear processes like wave breaking, though the

gravity wave drag associated with these nonlinear effects can be considerable (Kim

et al., 2003).

There is some evidence for SST-forced gravity waves in prior modeling stud-

ies (Song et al., 2006, 2008), but direct observational evidence is lacking. Satellite

images of clouds may provide indirect evidence for SST-forced gravity waves, for ex-

ample over Gulf Stream meanders, where mesoscale cloud bands are associated with

cold air outbreaks. Radar observations over the Kuroshio region have recently shown

a rainband with a 10–30 km length scale in the cross-front direction (Miyama et al.,

2012) that could be influenced by the type of gravity waves described here (see also

Xu et al., 2011). Our dry configuration precludes moisture effects but future modeling

studies will be important for understanding the SST frontal influence on clouds and

rainbands.

The patterns of boundary layer convergence and vertical motion studied

here are specific to cases of strong cross-front winds (Fig. 1.1). For the along-front

wind case, considered in chapter 4, air parcels cross the SST front slowly (ε � 1)

and the character of the MABL response changes: the SST-induced pressure gradient

is larger because the MABL temperature adjusts to SST over a smaller cross-frontal

length scale (S07, Small et al., 2008); and a thermal wind develops within the MABL.
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Thus the MABL physics will more closely resemble Ekman models in which the

MABL temperature mirrors SST (Feliks et al., 2004; Minobe et al., 2008; Shimada and

Minobe, 2011). In the free atmosphere ω̃ � f (equivalent to ε� 1), corresponding to

the quasigeostrophic or “spindown” limit considered by Feliks et al. (2004); gravity

waves are absent and the response is evanescent, decaying in the vertical over a

Rossby height fL/N . We hypothesize that the persistent difference between wind

stress divergence and wind stress curl sensitivity to SST fronts (Chelton et al., 2001,

2004; Chelton and Xie, 2010; O’Neill et al., 2003, 2005) is due to the fundamentally

different MABL physics for cases of cross-front winds and along-front winds.
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Chapter 4

Along-front winds and

quasigeostrophic response

In this chapter we consider the case of a background wind aligned in the

along-front direction (red area in Fig. 1.1). A cross-front wind develops in the MABL

due to boundary layer friction and rotation, but the cross-front Rossby number ε� 1,

leading to a very different response from that seen in the cross-front case.

4.1 WRF configuration for along-front background

wind

The along-front case is depicted in Fig. 2.2. Besides the orientation of the

background wind, there is an important difference between the model configuration for

the along-front case and the model configuration for the cross-front case (cf. chapter

3). The domain for the along-front case is doubly periodic with a cool–warm–cool

SST pattern, whereas the cross-front case used open boundary conditions in the x-

direction and a cool–warm SST pattern (cf. Figs. 2.1, 2.2). The doubly periodic

domain ensures that mass is conserved within the model domain, which is important

for the pressure-coordinate analyses of this chapter.

The along-front component of the background wind V is set to 15 m s−1

for the base case (V15) of this chapter, but also varied in section 4.2.3 for sensitiv-
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ity testing. The cross-front component of the background wind U is set to zero in

an attempt to filter out the inertia-gravity wave response, and thereby isolate the

quasigeostrophic response to an SST front.

The model domain is identical to the cross-front case in several respects:

the grid dimensions are 3600 km in the zonal direction and 20 km in the vertical;

an f -plane geometry is used with f0 = 10−4 s−1; and the buoyancy frequency is

N = 0.01 s−1 in the troposphere (corresponding to a lapse rate of 6.8 K km−1) and

N = 0.021 s−1 in the stratosphere, with the tropopause at 12 km.

The horizontal resolution is slightly higher than before with a grid spacing

of 4 km. The cool–warm–cool SST pattern has SST fronts centered at x1 = 900 km

and x2 = 2700 km,

T (x) = 15.8◦C +
∆T

2
tanh

(
x− x1
LT

)
− ∆T

2
tanh

(
x− x2
LT

)
− ∆T

2
, (4.1.1)

with ∆T = 3◦C and LT = 40 km (see lower panel of Fig. 4.1a). Each SST front is

approximately 100 km wide. The tropospheric Rossby radius NH/f is about 800 km,

assuming a scale height H=8 km, such that the two SST fronts are separated by about

two Rossby radii.

The initial condition is v = V , i.e. the geostrophic wind. This chapter

considers the evolution, over several days, of the free atmosphere and MABL fields.

4.2 Free atmosphere response

4.2.1 Overview

In this chapter, WRF geopotential height anomalies z′(p) are computed

relative to the initial sounding, and along-front wind anomalies are computed relative

to the background wind,

v′ = v − V . (4.2.1)

Figs. 4.1a and 4.2a show z′(p) and v′ at 2 days and 4 days, respectively, for the

base case. The background wind V=15 m s−1 is directed into the page, such that the

Ekman, or frictional component of the MABL wind is directed to the left. The Ekman
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transport therefore advects warm air over cold SST at the SST front on the left (SST

shown in lower panel), which will be referred to as the Ekman warm advection (EWA)

SST front, and cold air over warm SST at the SST front on the right, which will be

referred to as the Ekman cold advection (ECA) SST front.

The geopotential height indicates that a high develops over the EWA SST

front and a low develops over the ECA SST front. At 4 days, the 800 hPa surface

shows a high of about 1 m and a low of 6–7 m, respectively (Fig. 4.2a), indicating

an asymmetry between the responses to the EWA and ECA SST fronts. The height

anomalies have a coherent vertical structure that reaches the top of the model domain.

The amplitude reaches a maximum near the top of the MABL (dashed line), and

decays in the vertical.

The EWA SST front induces positive geostrophic v′ (black contours), while

the ECA SST front induces negative geostrophic v′ (white contours). Both of these

“jets” have an orientation consistent with thermal wind shear acting over the MABL,

as in the SST frontal Ekman pumping model of Feliks et al. (2004). The maximum

v′ occurs very close to the top of the MABL for both the EWA and ECA regions.

Note that the geostrophic v′ and full v′ fields are nearly identical above the MABL

(not shown).

The maximum amplitude of each jet is found near the top of the MABL but

is displaced 70–100 km to the left of the SST front. In section 4.3 it will be shown that

this displacement is due to heat advection by the Ekman, or frictional component of

the MABL wind. The jet displacement increases with height, reaching 150–200 km

at the 700 hPa level. Note that the misalignment between the MABL temperature

gradient and the underlying SST gradient is at variance with the MABL models for

SST frontal zones proposed by Feliks et al. (2004) and Minobe et al. (2008).

4.2.2 Quasigeostrophic structure

Based on mountain wave theory, the “intrinsic frequency” of the SST front

ω̃ = Uk determines the type of wave response in the free atmosphere, where U is the

cross-front component of the background wind and the wavenumber k corresponds to
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the length scale L of the SST front. For the cross-front cases of chapter 3, ω̃ ∼ f ,

corresponding to the hydrostatic rotating wave limit (Gill, 1982).

U = 0 for the along-front wind cases of this chapter, so ω̃ � f is obviously

satisfied, and a quasigeostrophic response is expected in the free atmosphere. A

quasigeostrophic response is characterized by an evanescent vertical structure that

decays over a Rossby height fL/N (Gill, 1982), rather than the vertically propagating

response of an inertia-gravity wave.

Figs. 4.1a and 4.2a show a free atmosphere response that certainly does not

resemble a vertically propagating wave, but here we test more quantitatively whether

this response is consistent with quasigeostrophic theory.

Following Hoskins et al. (1985, their section 5b), the quasigeostrophic po-

tential vorticity (PV) in pressure coordinates is

q = f0 + k̂ · ∇p × v + f0
∂

∂p

(
θ′

dθref/dp

)
, (4.2.2)

where ∇p is the horizontal gradient operator on pressure surfaces, v is the horizontal

component of the wind, θref(p) is a reference potential temperature distribution, and

θ′ is the potential temperature anomaly relative to θref.

The quasigeostrophic potential vorticity q may be expressed in terms of the

the geostrophic streamfunction (Charney and Stern, 1962),

ψ′ = f−10

[
φ− φref(p)

]
, (4.2.3)

where φref(p) is a reference geopotential.

The hydrostatic relation in the pressure coordinate system is ∂φ
∂p

= −Rθ,
where R(p) is the derivative of the Exner function (Hoskins et al., 1985). The hydro-

static relation may be linearized to obtain

f0
∂ψ′

∂p
= −Rθ′, (4.2.4)

such that the vertical derivative of the geostrophic streamfunction is related to the

buoyancy anomaly.

If we introduce the reference PV,

qref = f0, (4.2.5)
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and substitute v = k̂ ×∇ψ′, Eq. (4.2.3), and Eq. (4.2.4) into the rhs of Eq. (4.2.2),

then

L (ψ′) = q − qref, (4.2.6)

where the Laplacian-like operator L is defined by

L (ψ′) = ∇2
pψ
′ + f 2

0

∂

∂p

(
N −2∂ψ

′

∂p

)
. (4.2.7)

N 2 is a measure of the static stability,

N 2 = −Rdθref
dp

. (4.2.8)

Eq. (4.2.6) is the quasigeostrophic balance condition: if the potential vorticity anomaly

q− qref and appropriate boundary conditions are known, then ψ′ can be found by in-

verting the Laplacian-like operator L [Eq. (4.2.7)].

To test whether the free atmosphere response is quasigeostrophic we obtain

the streamfunction for the balanced wind, ψ′, by solving Eq. (4.2.6) with q− qref = 0,

since no PV sources or sinks exist above the MABL. The solution to this boundary

value problem is found numerically using Jacobi’s method (Press et al., 1992). The

top boundary condition is ψ′ = 0. The lower boundary condition is Eq. (4.2.4), where

θ′ is taken from the WRF run on the pressure surface 30 hPa above the maximum

MABL height. Davis and Emanuel (1991) used a similar lower boundary condition

in the balance condition for their study of cyclogenesis.

Fig. 4.1b shows the balanced height and winds at 2 days. The lower panel

shows θ′, taken from the 860 hPa surface of the WRF run; θ′ enters the lower boundary

condition [Eq. (4.2.4)] for the balanced solution. Fig. 4.2b shows the balanced height

and winds at 4 days. At both times, the balanced fields correspond very well to

the full WRF fields. The structure of the geopotential height anomalies is nearly

identical, and thus the geostrophic winds are also nearly identical. Note that the

WRF height fields are asymmetric in that the lows are deeper than the highs (Figs.

4.1a, 4.2a), but the net difference in height from the high to the low at, say, 4 days

on the 800 hPa surface is about 7 m for both the WRF fields and the balanced fields.
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Figure 4.1. (a) Full WRF height anomaly z′(p) (m; colors) and geostrophic wind
anomaly v′ (m s−1; positive contours black, negative contours white) for V15 run at
2 days. The dashed line indicates the top of the MABL. The EWA and ECA SST
fronts (see text) are marked in the lower panel. (b) Balanced quasigeostrophic height
and wind at 2 days, obtained by solving Eq. (4.2.6) numerically with q − qref = 0.
The potential temperature anomaly θ′ at 860 hPa in the WRF run (thick line in lower
panel) is used in the lower boundary condition [Eq. (4.2.4)]. Note the different color
scale between (a) and (b).
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Figure 4.2. Same as Fig. 4.1, but at 4 days.
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The similarity of the full WRF winds to the balanced winds suggests that

the along-front background winds indeed excite a quasigeostrophic response in the

free atmosphere.

PV anomaly

The PV anomaly is q−qref = 0 for the free atmosphere [Eq. (4.2.6)]. However,

there is a PV anomaly associated with the potential temperature anomaly θ′ on

the lower boundary. As discussed by Hoskins et al. (1985) and originally shown by

Bretherton (1966), θ′ on the lower boundary is equivalent to a PV anomaly with

a delta-function distribution centered just above the lower boundary, with θ′ > 0

corresponding to a positive PV anomaly and θ′ < 0 corresponding to a negative PV

anomaly. Thus the free atmosphere height and wind anomalies (Figs. 4.1–4.2) can be

understood as the balanced, quasigeostrophic response to a PV anomaly on the lower

boundary. Implicit in the above analysis is the assumption that MABL processes

generate the PV anomaly.

The existence of a PV anomaly marks a fundamental difference between

the atmospheric response for the along-front case and the atmospheric response for

the cross-front case (chapter 3). The latter consisted primarily of a linear standing

inertia-gravity wave, which carries no PV anomaly (Müller, 1984; Salmon, 1998).

That MABL friction in SST frontal zones generates PV was emphasized by Feliks

et al. (2004), although they meant to distinguish MABL friction from linear heating

anomalies (e.g. Kushnir et al., 2002), rather than the inertia-gravity modes of motion.

Adamson et al. (2006) studied the generation of Ertel-Rossby PV by bound-

ary layer friction, and the influence of this anomalous PV on the development of an

idealized baroclinic wave (in a non-SST frontal zone). They found that anomalous

PV was generated in the boundary layer and subsequently exported into the free

atmosphere, ultimately reducing the growth of the wave. This is more complicated

behavior than is possible in our two-dimensional modeling configuration, but the

salient point is that boundary layer generation of PV can significantly influence the

development of large-scale systems.
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A subsequent study by Beare (2007) used a similar approach to Adamson

et al. (2006) and even performed an inversion for the balanced quasigeostrophic fields

to quantify the influence of anomalous PV on the developing wave. However, in con-

trast to our choice of θ′ as the potential temperature anomaly on a pressure surface

just above the MABL, Beare (2007) chose θ′ to correspond to the boundary layer

depth-integrated change in stratification,
∫ h
0
dz ∂z(θ − θref), which tends to be dom-

inated by the air–sea heat flux. We actually tried the Beare (2007) approach first,

but abandoned it after obtaining balanced winds that were an order of magnitude

stronger than the full WRF winds.

A more appropriate way to conceptually link θ′ to the MABL is through the

quasigeostrophic potential temperature equation,(
∂

∂t
+ v · ∇p

)
θ′ + ω

∂θref
∂p

= 0. (4.2.9)

The horizontal geostrophic advection is zero for our two-dimensional configuration,

so Eq. (4.2.9) simplifies to
∂θ′

∂t
+ ω

∂θref
∂p

= 0. (4.2.10)

Assuming that the vertical velocity ω ≈ −ρgw just above the MABL is determined by

MABL convergence and divergence, then the evolution of θ′ above the MABL results

from the time integration of the Ekman pumping velocity. According to this view, the

key to understanding the free atmosphere response is the Ekman pumping velocity,

rather than the MABL depth-integrated potential temperature anomaly. Consistent

with Eq. (4.2.10), the lower panels of Figs. 4.1b and 4.2b show θ′ < 0 above the EWA

SST front, where MABL convergence and Ekman pumping predominate, while θ′ > 0

above the ECA SST front, where MABL divergence and Ekman suction predominate.

Note that the direct influence of vertical mixing is confined to the MABL

because the exchange coefficient KH [Eq. (2.2.2)] is nearly zero above the MABL

(not shown). Therefore changes in θ′ above the MABL in our configuration are due

to advection, rather than diffusion. Vertical motion just above the MABL is largely

forced by MABL divergence and convergence, which are considered in more detail in

section 4.3.
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4.2.3 Evolution of free atmosphere jets

The base case with V=15 m s−1 clearly generates a quasigeostrophic response

in the free atmosphere (Figs. 4.1–4.2). Here we run some cases with weaker back-

ground winds, listed in Table 4.1, to test the sensitivity of the free atmosphere re-

sponse to V . Note that the quiescent case (V0) uses an “enhanced” air–sea heat

flux,

Hs = ρ0 cpCHaVfake (θs − θa) , (4.2.11)

where an artificial surface wind Vfake = 10 m s−1 is used only in Eq. (4.2.11) to generate

a heat flux. Without this change the quiescent case surface winds are too weak to

generate an appreciable heat flux, and thus any MABL response at all, via the original

bulk formula [Eq. (2.2.7)].

Table 4.1. Cases with along-front background winds.

Run V (m s−1) Integration time (d) Air–sea heat flux
V0 0 6 Eq. (4.2.11)
V05 5 15 Eq. (2.2.7)
V10 10 15 Eq. (2.2.7)
V15 15 15 Eq. (2.2.7)

Fig. 4.3 shows the evolution of the minimum and maximum geostrophic v′

at 700 hPa for the cases in Table 4.1. The strength of the 700 hPa response is a strong

function of the background wind speed V : at 96 h, the ECA SST front generates a

jet with v < −1 m s−1 for the V15 case, compared to −0.5 m s−1 for the V10 case

and −0.2 m s−1 for the V05 case. Note that the quiescent case (V0) has a negligible

response, even with the enhanced heat flux.

Fig. 4.3 also shows the asymmetry between the ECA and EWA jets for the

V15 case. At 96 h, the EWA jet is only 0.7 m s−1, versus −1 m s−1 for the ECA jet.

The asymmetry is still visible for the V10 case though not as pronounced, while

the V05 case is nearly symmetric. The underlying reason for this asymmetry is the

asymmetric MABL responses for the ECA and EWA cases (section 4.3).

The 700 hPa response is clearly sensitive to both the magnitude and the

sign of V (i.e. the sign of the Ekman heat advection). This sensitivity is a significant
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departure from the MABL models proposed by Feliks et al. (2004) and Minobe et al.

(2008), which are insensitive to the magnitude of the background wind and symmetric

to the background wind’s angle of incidence to the SST front. Fig. 4.3 suggests that

the Ekman, or cross-front, component of the MABL wind is critical for the MABL

response because a stronger background wind drives a stronger Ekman transport.

The MABL response is considered in more detail in section 4.3.

4.3 MABL response

We return to the base case (V15) for the remainder of this chapter.
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4.3.1 Overview of ECA SST front

Here we consider snapshots of the WRF model winds at 48 h for the ECA

SST front. The cross-front component of the wind u is negative within the MABL

(Fig. 4.4a), i.e. right-to-left across the figure. The MABL height (thick black line)

accordingly deepens over warm SST, analogous to the cold-to-warm case of chapter

3 (cf. Fig. 3.1). The white contours indicate that the MABL potential temperature

is well-mixed in the vertical; a lateral temperature gradient exists within the MABL

from x=2500 km to x=2700 km. As noted before the cross-front component of the

wind is strong enough to cause a misalignment between the MABL temperature

gradient and the underlying SST gradient, which is centered at 2700 km.

The full along-front wind v (Fig. 4.4b) shows significant vertical shear over

the MABL depth upwind and far downwind of the SST front. From x=2400 km

to x=2700 km, the total vertical shear is reduced because the thermal wind shear

opposes the frictional shear. The base of the free atmosphere “jet” is visible above

the MABL.

The vertical wind w (Fig. 4.4c) is strongest within the MABL, where it

exceeds 2 mm s−1. However, we are interested in the region just above the MABL,

where w < 0 to the east of x=2500 km and w > 0 to the west. This indicates Ekman

suction to the east of x=2500 km and Ekman pumping to the west. Consistent with

the downward Ekman pumping velocity, isentropes bend downward to the east of

x=2500 km, which results in θ′ > 0 via Eq. (4.2.10).

The evolution of the air–sea heat flux is shown in Fig. 4.5a. A positive heat

flux is maintained over the downwind edge of the SST front, growing to 20 W m−2

at 2 days and eventually exceeding 25 W m−2. Although the background wind V is

entirely in the along-front direction, the Ekman, or frictional transport blows across

the SST front from cool to warm SST. This cross-front wind continually refreshes

the MABL with cool air from the east and thereby prevents the MABL air from

equilibrating with SST. An air–sea temperature difference persists (not shown), and

therefore the heat flux persists via Eq. (2.2.7).
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Fig. 4.6 shows the surface stress components at 2 days, 4 days, and 15 days.

The along-front component of the surface stress, τsy/ρ0, is several times larger than

the cross-front component of the surface stress, τsx/ρ0, which is not surprising since

the background wind V is aligned in the along-front direction. In contrast to the

cross-front wind cases of chapter 3, τsy/ρ0 shows a much larger fluctuation in the SST

frontal zone than τsx/ρ0.

Interestingly, τsy/ρ0 has similar equilibrium values upwind (x > 2800 km)

and downwind (x < 2500 km) of the SST front, despite the deeper MABL over warm

SST (cf. Fig. 4.4). This indicates that the surface stress does not scale with the

MABL height, as suggested by Samelson et al. (2006).

The maximum along-front surface stress τsy/ρ0 is located near the center of

the SST front at x=2700 km, such that the wind stress curl (WSC) is negative on

the eastern flank of the SST front and positive on the western flank of the SST front.

The negative WSC signal is sharper than the positive WSC signal, especially at early

times.

4.3.2 Overview of EWA SST front

The cross-front component of the wind is again negative for the EWA SST

front (Fig. 4.7a), such that parcels now pass from warm to cold SST. The MABL

depth shrinks from warm to cool SST as a shallow internal boundary layer forms over

cool SST, analogous to the warm-to-cold case of chapter 3 (cf. Fig. 3.4). The lower

part of the MABL restratifies due to the stabilizing air–sea heat flux over cool SST.

The full along-front wind v (Fig. 4.7b) shows that the vertical shear over

the MABL is enhanced from x=650 km to x=950 km, as the thermal wind shear and

frictional shear are now aligned. The free atmosphere “jet” again extends above the

MABL.

The vertical wind w (Fig. 4.7c) again shows the largest signal within the

MABL, where w < 3 mm s−1, but we are only interested in the vertical motion above

the MABL, where w > 0 to the east of x=750 km, consistent with the isentropes

deflecting upward there.
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front. Stress components are shown at 2 days (blue), 4 days (dashed blue), and 15
days (red) into the V15 integration.

The air–sea heat flux for the EWA SST front is downward (Fig. 4.5b). This

stabilizing heat flux is responsible for the shallow internal boundary layer that forms

over cool SST (Fig. 4.7). The downward heat flux is not quite as strong as the upward

heat flux seen for the ECA case.

Fig. 4.6b shows the surface stress components at 2 days, 4 days, and 15

days. Again, τsy/ρ0 is larger than τsx/ρ0 and shows a larger fluctuation across the

SST frontal zone. The minimum along-front surface stress τsy/ρ0 is located near the

center of the SST front at x=900 km, such that the WSC is positive on the eastern

flank of the SST front and negative on the western flank of the SST front. The
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Figure 4.7. As in Fig. 4.4, but for the EWA SST front.

asymmetry between the two sides of the τsy/ρ0 extremum is not as pronounced as for

the ECA SST front (cf. 4.6a).

4.3.3 Quiescent case

We briefly revisit the quiescent case (V0) in Fig. 4.5c, which indicates an

initial upward air–sea heat flux greater than 10 W m−2 over warm SST (orange con-

tour in lower right corner). However, the heat flux attenuates rapidly, falling below

5 W m−2 at about 8 hours, because the MABL temperature equilibrates to SST (not

shown). The quiescent case lacks an along-front background wind, and therefore
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also lacks a cross-front Ekman transport; without a cross-front Ekman transport the

MABL temperature equilibrates to SST over a few hours. The attenuation of the

air–sea heat flux for the V0 case explains why there are no free atmosphere jets as

seen in the V05–V15 cases (Fig. 4.3).

4.3.4 Thermal wind adjustment within MABL

Fig. 4.8a shows the depth-averaged along-front wind anomaly, h−1
∫ h
0
dz v′,

for the ECA SST front; h is fixed to 1050 m, above the MABL. The depth-averaged

v′ reaches a minimum of −2.3 m s−1 at x=2600 km, which is about 100 km down-

wind of the center of the SST front (dashed red line). The geostrophic component

h−1
∫ h
0
dz vg is shown for comparison, where vg is defined by Eq. (2.0.7). In contrast to

the cross-front wind case (cf. Fig. 3.13), the depth-averaged vg closely resembles the

depth-averaged v′, with an offset of about 0.3 m s−1 that corresponds to the frictional

component of the wind. The misalignment between the MABL pressure gradient

and the underlying SST gradient is largely due to heat advection by the Ekman, or

frictional component of the MABL wind since the background wind V blows strictly

in the along-front direction.

Fig. 4.8b shows that the MABL depth-averaged relative vorticity ζ = ∂xv
′

and its geostrophic component ζg = ∂xvg are nearly identical. The relative vorticity

signals are normalized by f0=10−4 s−1, indicating that the Rossby number peaks at

about 0.3 in the MABL. The geostrophic relative vorticity at the surface,

ζsg = (ρ0f0)
−1∇2ps, (4.3.1)

where∇2ps is the SLP Laplacian, is also shown (red line). The ζsg maximum is weaker

than the ζ maximum, consistent with Figs. 4.1a and 4.2a, which indicate that the

geostrophic wind peaks near the top of the MABL. Also note that the ζsg maximum

is displaced about 50 km to the west of the ζ maximum.

Fig. 4.9a shows h−1
∫ h
0
dz v′ for the EWA SST front; h is fixed to 950 m,

above the MABL. The depth-averaged v′ reaches a maximum of about 1.2 m s−1 at

x=830 km, which is about 70 km downwind of the center of the SST front (dashed red

line), again showing the influence of the Ekman heat advection. The depth-averaged
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vg again closely resembles the depth-averaged v′, with an offset of 0.3–0.4 m s−1. The

depth-averaged v′ and vg are weaker for the EWA case than for the ECA case.

The MABL depth-averaged ζ and ζg are nearly identical for the EWA case

(Fig. 4.9b), reaching a minimum of about −0.2f0. Again, the geostrophic relative vor-

ticity at the surface (red line) is weaker than the depth-averaged signals and displaced

to the west.

We conclude that the along-front component of the MABL wind approaches

thermal wind balance with the SST-induced pressure gradient, in stark contrast to

the cross-front case (Fig. 3.13). Note that it is not exactly thermal wind balance

because of the frictional terms in the MABL momentum equation, as evidenced by

the “offsets” in Figs. 4.8a and 4.9a, but the depth-averaged ζg approximates the
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Figure 4.9. As in Fig. 4.8, but for the EWA SST front.

depth-averaged ζ very well. The MABL depth-integrated Rossby number peaks at

ε ≈ 0.2–0.3, indicating that the MABL response to along-front background winds

V = O(15 m s−1) may be interpreted as Ekman pumping.

4.3.5 Linear Ekman dynamics

Our starting point for understanding the vertical motion that results from

MABL convergence and divergence is the linear Ekman balance between the Coriolis,

pressure gradient, and stress divergence terms,

f0k̂× u = − 1

ρ0
∇p+

∂

∂z

(
τ

ρ0

)
. (4.3.2)

The curl of Eq. (4.3.2) yields the vorticity equation,

f0δ = k̂ · ∇ × ∂

∂z

(
τ

ρ0

)
, (4.3.3)

where δ is the horizontal divergence. Substituting the continuity equation ∂zw = −δ
into the lhs of Eq. 4.3.3, vertically integrating from the surface to z = h (the top of
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the MABL), applying the bottom boundary condition w = 0, and utilizing the fact

that τ vanishes above the MABL yields

we =
1

ρ0f0
k̂ · ∇ × τ s, (4.3.4)

where we is defined here as the vertical velocity just above the MABL. Eq. (4.3.4) is

the familiar relation that, for a linear bottom Ekman layer, we is diagnosed by the

surface wind stress curl (e.g., Beare, 2007).

Alternatively, one can derive we from the MABL momentum balance. For

our two-dimensional configuration there is no pressure gradient in the along-front (y)

direction, so the Ekman y-momentum balance is

f0u =
∂

∂z

(
τy
ρ0

)
. (4.3.5)

The linear Ekman transport U (0) =
∫ h
0
dz u is obtained from the vertical integral of

Eq. (4.3.5),

U (0) =
−τsy
ρ0f0

, (4.3.6)

and the horizontal divergence of Eq. (4.3.6) gives the same result as Eq. (4.3.4).

4.3.6 SST frontal Ekman dynamics

The MABL depth-integrated vorticity equation for our WRF runs is∫ h

0

dz u
∂ζ

∂x

Adv

=

∫ h

0

dz

{
−f0δ

fstr

− ζδ

ζstr

− ∂w

∂x

∂v

∂z

Tip

+ k̂ · ∇ × ∂

∂z

(
τ

ρ0

)
Fric

}
. (4.3.7)

The lhs term represents the horizontal advection of ζ; we have neglected the vortic-

ity tendency ∂tζ and the vertical advection of ζ because they are smaller than the

other terms. The rhs terms represent the stretching of planetary vorticity (fstr), the

stretching of relative vorticity (ζstr), vortex tipping (Tip), and the curl of the turbu-

lent stress divergence (Fric). The “fstr” term integrates to f0we and the “Fric” term

integrates to the negative WSC, so Eq. (4.3.7) can be written as∫ h

0

dz u
∂ζ

∂x

Adv

= f0we +

∫ h

0

dz

{
−ζδ

ζstr

− ∂w

∂x

∂v

∂z

Tip

}
− k̂ · ∇ ×

(
τ s
ρ0

)
-WSC

, (4.3.8)
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The cross-front Rossby number ε ≈ 0.2–0.3 for the ECA and EWA SST fronts (Figs.

4.8–4.9), so we anticipate that the nonlinear terms in Eq. (4.3.8) may be comparable

to the linear terms and modify the relations for we [Eq. (4.3.4)] and the Ekman

transport [Eq. (4.3.6)].

Consistent with our we definition, we aim to diagnose the vertical velocity

just above the MABL in our WRF experiments; Fig. 4.10 shows w on a z-surface

100 m above the maximum MABL height in the ECA SST frontal zone. At 24 h,

w < 0 to the east of x=2550 km and w > 0 to the west of x=2500 km; both signals

have a magnitude of 0.5–2 mm s−1. The zero contour (border between yellow and

orange) drifts westward over the integration, reaching x=2400 km by 96 h, and the w

signal attenuates to a magnitude of 0–0.5 mm s−1.

Fig. 4.11 shows w on a z-surface 100 m above the maximum MABL height

for the EWA SST frontal zone; w > 0 above the SST front and to the east, while

w < 0 to the west. Similar to the ECA SST front, the zero contour drifts westward

over the integration.

The terms in the MABL depth-integrated ζ balance [Eq. (4.3.8)] are shown

in Fig. 4.12 for the ECA SST front at 48 h. The Ekman pumping term f0we is negative

to the east of x=2500 km and positive to the west of x=2450 km, consistent with Fig.

4.10. The −WSC term has a dipole centered around the middle of the SST front at

x=2700 km, as expected from Fig. 4.6a. However, the advection term is comparable

to the −WSC term, while the ζ stretching and tipping terms are at least comparable

to f0we, indicating that f0we is not solely balanced by the −WSC term as in a linear

Ekman layer.

In lieu of a formal scale analysis of the ζ equation, we note that when the

Rossby number ε is significant, the Ekman transport depends on the full vertical

component of the vorticity (Stern, 1965; Thomas and Rhines, 2002),

U =
−τsy

ρ0
(
f0 + ζ̂

) , (4.3.9)

rather than just the planetary vorticity as in Eq. (4.3.6). In Eq. (4.3.9), ζ̂ represents

an interior, geostrophic vorticity that is vertically uniform within the Ekman layer.
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Figure 4.10. Hovmöller of w (mm s−1) taken from a z-surface 100 m above the maxi-
mum MABL height for the ECA SST front. Note the nonlinear color scale.
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Figure 4.11. As in Fig. 4.10, but for the EWA SST front.
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Figure 4.12. MABL depth-integrated ζ balance [Eq. (4.3.8)] for the ECA SST front
at 48 h. The top of the MABL is taken as the z=1100 m surface.

The divergence of Eq. (4.3.9) yields the Ekman pumping velocity we,

we = −∂xU, (4.3.10)

=
1

ρ0
(
f0 + ζ̂

) ∂τsy
∂x
− τsy(

f0 + ζ̂
)2 ∂ζ̂∂x, (4.3.11)

which can be approximated to O(ε) by

we =
1

ρ0f0

∂τsy
∂x︸ ︷︷ ︸

I

− τsy
ρ0f 2

0

∂ζ̂

∂x
.︸ ︷︷ ︸

II

(4.3.12)

Term I is just the linear WSC Ekman pumping [Eq. (4.3.4)]; term II is the contribution

of ζ̂ advection, where the advecting wind is the (linear) Ekman transport U (0).
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The relative vorticity ζ in our WRF runs is dominated by the geostrophic

vorticity (Figs. 4.8–4.9), but the geostrophic vorticity is not vertically uniform within

the MABL due to the strong thermal wind shear. Nonetheless term II corresponds

loosely to the “Adv” term in Eq. (4.3.8) because the advecting (cross-front) wind

may be approximated by the linear Ekman transport U (0); there is no cross-front

geostrophic wind in our two-dimensional configuration.

Fig. 4.13 compares the actual we, taken from the model w field above the

MABL for the ECA SST frontal zone, to the Ekman pumping velocities as diagnosed

from terms I and II in Eq. (4.3.12). Term I is computed solely from the WSC, while

term II is computed from the product of τsy/ρ0 with the horizontal vorticity gradient,

which is computed from the model fields as h−1
∫ h
0
dz ∂xζ.

Term I is several times larger than we and the wrong sign in the critical

region from x=2500 km to x=2700 km, where the potential temperature anomaly θ′

is greatest (Figs. 4.1–4.2). The Ekman pumping estimate that includes both terms (I

+ II) has the correct sign and a smaller magnitude in that critical region, although

the magnitude is still several times too large. Nonetheless it is encouraging that term

II improves the Ekman pumping estimate, considering that term II is a rather crude

estimate to the full “Adv” term in Eq. (4.3.8).

Fig. 4.12 indicates that the ζ stretching (ζstr) and vortex tipping (Tip) terms

also make significant contributions to the depth-integrated ζ budget [Eq. (4.3.8)],

especially from x=2650 km to x=2800 km and x=2350 km to x=2450 km. These terms

must be accounted for to properly diagnose we over the entire ECA region.

The MABL depth-integrated vorticity balance is shown in Fig. 4.14 for the

EWA SST front at 48 h. Similar to the ECA SST front, the advection term is compa-

rable to the WSC term, with substantial contributions from ζ stretching and vortex

tipping over the upwind edge of the SST front. A diagnosis of we based on Eq.

(4.3.12) indicates that term II substantially improves the Ekman pumping estimate

(not shown).

The O(0.2) cross-front Rossby number and nonlinear terms in Eq. (4.3.8)

(Figs. 4.12, 4.14) indicate that we results from nonlinear Ekman pumping (NLEP).

There is a substantial meteorological literature on the nonlinear Ekman layer (e.g.,
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MABL maximum, and the Ekman pumping velocities as diagnosed from Eq. (4.3.12)
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Mahrt, 1975; Ishida and Iwayama, 2006), but to our knowledge no one has studied

NLEP in the context of SST frontal air–sea interaction, where the heterogeneous

MABL structure and direct imprint of geostrophic vorticity by the air–sea heat flux

are critical aspects of the Ekman problem.

4.4 Spindown

In the classical stratified spindown problem of a rotating tank, a linear bot-

tom Ekman layer interacts with a quasigeostrophic interior flow (Holton, 1965; Walin,

1969). The Ekman pumping velocity is determined by the low-level relative vorticity,

or equivalently, the surface wind stress curl. As in barotropic spindown (Greenspan
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Figure 4.14. MABL depth-integrated ζ balance [Eq. (4.3.8)] for the EWA SST front
at 48 h. The top of the MABL is taken as the z=1020 m surface.

and Howard, 1963; Holton, 2004), the boundary layer acts to spin down the interior

fluid via vortex stretching, rather than diffusion. However, in stratified spindown the

final state of the spindown process is not a resting fluid; the deep interior fluid remains

unaffected, while the lower isopycnals are deflected such that the thermal wind shear

reduces the surface geostrophic flow to zero (Holton, 1965; Walin, 1969). Variations

on the spindown problem have been referred to in the oceanographic literature as an

“arrested Ekman layer” (Garrett et al., 1993) or “buoyancy shutdown of the Ekman

transport” (Benthuysen, 2010). A common thread that emerges from these studies

is that a bottom boundary layer can force an interior secondary circulation that re-

distributes the buoyancy field in such a way as to reduce the bottom stress to zero,

i.e. the thermal wind shear reduces the surface geostrophic flow to zero. The Ekman
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transport necessarily vanishes with the bottom stress, so that the Ekman pumping

acts to turn itself off. Stratified spindown can greatly reduce the bottom friction

“felt” by geophysical flows (MacCready and Rhines, 1993).

The atmospheric response to the ECA and EWA SST fronts is consistent

with stratified spindown in certain respects. The Ekman pumping signals show signif-

icant attenuation over time (Figs. 4.10–4.11) (Holton, 1965; Walin, 1969) and the free

atmosphere jets decay in the vertical over a Rossby height (Mahrt and Park, 1976).

However, Fig. 4.6 shows that the surface stress (and therefore Ekman transport) does

not attenuate, so this is not exactly buoyancy shutdown of the Ekman transport. In

the MABL vorticity balance [Eq. (4.3.8)], the −WSC term, which acts to spin down

the free atmosphere jet, grows strong enough to balance the vorticity advection, which

acts to spin up the jet. This behavior is analogous to an arrested Ekman layer in

that at long times, the free atmosphere jet does not “feel” the bottom stress, since its

influence in the MABL vorticity balance (−WSC) is negated by the Ekman advection

of vorticity (Adv), where the advected vorticity is largely the geostrophic vorticity

imprinted by the air–sea heat flux.

4.5 Summary and discussion

The atmospheric response to an SST front is explored here for background

winds V oriented in the along-front direction. The MABL and free atmosphere re-

sponses are fundamentally different from the responses for cross-front background

winds (chapter 3). Quasigeostrophic, along-front “jets” are excited in the free atmo-

sphere (Figs. 4.1a, 4.2a), in contrast to the stationary internal gravity wave seen in

chapter 3. For V=15 m s−1, the jets have a magnitude of O(1 m s−1) at the 700 hPa

level (Fig. 4.3) and decay in the vertical over a Rossby height. The jets are oriented

in the direction of the MABL thermal wind shear, where the MABL temperature

gradient is imposed by the air–sea heat flux.

Balanced quasigeostrophic height and wind anomalies are computed using

the WRF low-level potential temperature anomalies θ′ in the lower boundary con-

dition for ψ′ (Figs. 4.1b, 4.2b). The balanced fields correspond very well to the
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actual fields, indicating that the free atmosphere jets can be understood as the

quasigeostrophic response to PV anomaly on the lower boundary (Bretherton, 1966;

Hoskins et al., 1985). The PV anomaly, which takes the form of a potential temper-

ature anomaly θ′ on a pressure surface just above the MABL, marks a fundamental

difference between the along-front case and the cross-front case of chapter 3, as linear

inertia-gravity waves carry no perturbation PV (Müller, 1984; Salmon, 1998).

The MABL response is also different from the cross-front case. For the

cross-front case, the MABL cross-front Rossby number ε was O(1) and the IBL-like

momentum balance was dominated by advection and the turbulent stress divergence.

For the along-front background winds considered here, ε ≈ 0.2–0.3 and the MABL

resembles an Ekman layer, albeit an Ekman layer with significant advection.

The depth-integrated along-front wind anomaly v′ resembles the geostrophic

vg (Figs. 4.8a, 4.9a), but the MABL is not exactly in thermal wind balance because

of the friction terms in the momentum equations. However, the MABL is close to

what is sometimes referred to as the geotriptic, or Ekman balance [Eq. (4.3.2)]. The

geotriptic equations are a balanced set of equations that filters out inertia-gravity

waves (Beare and Cullen, 2012). Just as the geostrophic balance can be expanded

to the quasigeostrophic or semi-geostrophic balance to accommodate advection in

O(ε)� 1 flows, the geotriptic balance can be expanded to the semi-geotriptic balance

while still omitting inertia-gravity waves. With ε ≈ 0.2–0.3 the MABL appears to

be in this type of balanced state, fully consistent with the absence of inertia-gravity

waves aloft.

The Ekman dynamics of the ECA and EWA SST frontal zones are diagnosed

through the MABL depth-integrated vorticity (ζ) balance [Eq. (4.3.8)]. The three

most important points are the following:

1. The Ekman dynamics are nonlinear, such that the wind stress curl alone does

not provide a reliable diagnostic of we. In the ζ balance, the advection term is

larger than the −WSC term in critical regions (Figs. 4.12, 4.14).

2. The (cross-front) Ekman transport provides the advecting wind that plays a

crucial role in the MABL ζ balance. Note that the Ekman transport is also
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crucial to the MABL heat balance, where it balances the air–sea heat flux;

without an Ekman transport to maintain the air–sea temperature difference

(e.g. the quiescent case), the air–sea heat flux terminates.

3. The SST front impacts the Ekman pumping largely through the direct imprint-

ing of geostrophic vorticity ζg into the MABL via the air–sea heat flux; the

Ekman advection of ζg in turn determines the sign of we in critical regions of

the SST frontal zone.

All three of the above points are absent from the SST frontal MABL models

of Feliks et al. (2004) and Minobe et al. (2008) (section 1.2). One obvious consequence

of points 1–3 is that the strength of the quasigeostrophic jet at 700 hPa is very sensitive

to the background wind V (Fig. 4.3), since the Ekman transport strengthens with V .

Both the Feliks et al. (2004) and Minobe et al. (2008) MABL models are symmetric to

the background wind’s strength and angle of incidence to the SST front, and therefore

cannot explain the 700 hPa jet sensitivity to V .

Minobe et al. (2008) and subsequent studies often cite the SLP Laplacian

signal in SST frontal zones as evidence for the local mixed-layer physics of Eq. (1.2.2).

Although there is a strong SLP Laplacian signal in our WRF runs (red lines in Figs.

4.8b and 4.9b), our analyses indicate that the significance of the SLP Laplacian derives

from point 3 above, rather than from the MABL model of Minobe et al. (2008).

Minobe et al. (2008) do not invoke the Ekman pumping mechanism specif-

ically, but rather imply that MABL convergence is important for connecting the

MABL to the free atmosphere in the general sense. Feliks et al. (2004) and Feliks

et al. (2007), however, do invoke Ekman pumping as the driving mechanism for a

quasigeostrophic response aloft. Their MABL model does not include points 1–3

above and therefore misstates the very nature of the mechanism whereby the SST

front drives the free atmosphere in our experiments: it is not the Laplacian of the

pressure per se, but the Ekman advection of geostrophic vorticity that determines we.

The jet strength in our simulations is O(1 m s−1) at the 700 hPa level (Fig.

4.3) and decays further with height. This seems rather weak and raises the ques-

tion of whether Ekman pumping and spindown/spinup are the primary mechanism
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whereby SST fronts influence the midlatitude troposphere. Indeed, the meteorologi-

cal emphasis on Ekman pumping has been on how it affects the baroclinic instability

process (Valdes and Hoskins, 1988; Adamson et al., 2006; Beare, 2007), rather than

spindown/spinup itself [with the exception of Mahrt and Park (1976)]. For example,

Valdes and Hoskins (1988) found that Ekman pumping stabilizes short wavelengths

and slows the growth rates of the fastest-growing modes. Thus the climatic signifi-

cance of the SST frontal Ekman dynamics in this chapter may lie in how the low-level

PV anomaly alters a developing baroclinic wave.

Another important question pertains to the geophysical relevance of the two-

dimensional model configuration itself, which is meant to approximate the setting

depicted in Fig. 4.15. The use of a periodic boundary condition in the y-direction is

a valid approximation for physical settings where the zonal length scale Lx is much

smaller than the meridional length scale Ly, i.e. | ∂
∂x
| >> | ∂

∂y
|. For the cross-front case

of chapter 3, this is easily justified: an air parcel takes about 6 hours to cross the SST

front within the MABL, during which time it moves about 60 km in the y-direction

(at v=3 m s−1). Given the spatial structure of midlatitude SST fronts, it is reasonable

to assume that the SST front does not change over 60 km in the y-direction.

However, for the along-front background winds considered in this chapter,

the relevant time scale is at least an inertial period (≈17 hours) for the Ekman layer

to spin up, and longer for the quasigeostrophic jets to spin up. A time scale of one

day corresponds to a length scale Ly = 1300 km (Fig. 4.15) for a parcel moving with

the background wind V=15 m s−1, and SST fronts meander over that length scale.

Satellite observations and more realistic GCM studies will help determine whether

the nonlinear Ekman pumping mechanism explored here is active in the Kuroshio

Extension, Gulf Stream, and Agulhas SST frontal zones.

Our idealized configuration omits many physical processes: the dry atmo-

sphere obviously precludes study of the SST frontal influence on clouds and precip-

itation (Tokinaga et al., 2009; Minobe et al., 2010; Sasaki et al., 2012) and moist

convection (Czaja and Blunt, 2011); the two-dimensional configuration aids under-

standing but does not permit study of some interesting behavior, like the developing

baroclinic wave of Adamson et al. (2006), whose synoptic-scale vorticity would enter
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Figure 4.15. Two SST fronts as viewed from above. The black contours represent
SST isotherms. The background wind V blows in the along-front direction. The
atmospheric response to the SST fronts in our two-dimensional configuration (Fig.
2.2) is meant to approximate the atmospheric response to the SST fronts in the setting
depicted here.

into and complicate the SST frontal Ekman dynamics; and the aphysical, fixed SST

precludes study of the coupled interaction between atmospheric and oceanic Ekman

layers, which requires a coupled mesoscale model (e.g. Seo et al., 2007). All of these

“missing” processes present exciting opportunities for future study.
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Appendix A

WRF flux-form equations

The flux-form, fully compressible equations of motion solved by WRF can

be found in Skamarock et al. (2008). However, it is not always clear how those

equations are derived. Hence, this appendix provides derivations of WRF’s prognostic

continuity, geopotential, and horizontal momentum equations. The WRF form of the

horizontal pressure gradient, equation of state, and diagnostic pressure relation are

also derived.

Note that the WRF solver proceeds in the following sequence:

(u, v) −→ (µ, θ) −→ (w, φ) −→ (p, α) −→ scalars (qv, qc, qi, . . . ), (A.0.1)

where u and v are the zonal and meridional components of wind, µ is the column-

integrated dry air mass, θ is the potential temperature, w is the vertical velocity, φ

is the geopotential, p is the full non-hydrostatic pressure, α is the specific volume,

and q∗ are the mixing ratios for water vapor, cloud, ice, etc. Note that p and α are

computed diagnostically.

A.1 Dry atmosphere

A.1.1 Continuity

The strange-looking continuity equation in WRF is due to the coordinate

transformation associated with the hydrostatic-pressure vertical coordinate, rather

than the Leibniz rule as I thought before.
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Developing the continuity equation requires some care because the coordi-

nate system is not orthogonal and η surfaces move in time (just like in ROMS). So

we should first formulate the equations using an orthogonal coordinate system, fixed

in time, and then transform derivatives to (x, y, η, t). We start with the continuity

equation,
Dρ

Dt
+ ρ(∇ · u) = 0, (A.1.1)

which for Cartesian coordinates is,(
∂ρ

∂t

)
x,z

+ u

(
∂ρ

∂x

)
z,t

+ w

(
∂ρ

∂z

)
x,t

+ ρ

(
∂u

∂x

)
z,t

+ ρ

(
∂w

∂z

)
z,t

(A.1.2)

where u = ẋ and w = ż (velocity through x and z surfaces).

We wish to transform this equation to the hydrostatic pressure coordinate

η in WRF. The differentials are related by

dη =
dπ

µ
, (A.1.3)

where π is the hydrostatic pressure (to distinguish from the full pressure). Since

dπ = −ρgdz, we have vertical derivatives related by

∂F

∂z
= −ρg

µ

∂F

∂η
(A.1.4)

=
1

Hz

∂F

∂η
, (A.1.5)

where Hz is the stretching factor, to be defined.

The transformation rules for the other derivatives (a la Jacobians) from

(x, z, t) to (x, η, t) are

(
∂F

∂t

)
z

=

(
∂F

∂t

)
η

−

(
∂z

∂t

)
η

Hz

(
∂F

∂η

)
t

, (A.1.6)

(
∂F

∂x

)
z

=

(
∂F

∂x

)
η

−

(
∂z

∂x

)
η

Hz

(
∂F

∂η

)
x

, (A.1.7)
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where Hz is like the stretching or thickness of η layers,

Hz =
∂z

∂η
(A.1.8)

=
1

g

∂φ

∂η
(A.1.9)

=− αµ

g
(A.1.10)

where we have combined with Eq. A.1.3 for the last step (e.g. dη = −ρ dφ/µ).

Lastly, we need to transform the vertical velocity w = ż. This is done by

obtaining an expression for η̇ (= ω in WRF),

dη

dt
=

(
∂η

∂t

)
z

+ u

(
∂η

∂x

)
z

+ w
∂η

∂z
. (A.1.11)

Transforming the rhs derivatives to (x, η, t) coordinates,

η̇ =−
∂z
∂t

Hz

+ u

[
−

∂z
∂x

Hz

]
+

w

Hz

, (A.1.12)

=
1

Hz

{
w − ∂z

∂t
− u∂z

∂x

}
, (A.1.13)

leading to the intuitive expression for w in the (x, η, t) coordinates,

w =

(
∂z

∂t

)
η

+ u

(
∂z

∂x

)
η

+ η̇
∂z

∂η
. (A.1.14)
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Now we can go back to the continuity equation [Eq. A.1.2]. Transforming

the rhs terms to (x, η, t) coordinates, we have(
∂ρ

∂t

)
z

=
∂ρ

∂t
−

∂z
∂t

1
g
∂φ
∂η

∂ρ

∂η
, (A.1.15)

u

(
∂ρ

∂x

)
z

=u
∂ρ

∂x
− u

∂z
∂x
1
g
∂φ
∂η

∂ρ

∂η
(A.1.16)

w
∂ρ

∂z
=

{
∂z

∂t
+ u

∂z

∂x
+ η̇

∂z

∂η

}(
1

1
g
∂φ
∂η

)
∂ρ

∂η
, (A.1.17)

ρ

(
∂u

∂x

)
z

=ρ
∂u

∂x
− ρ

∂z
∂x
1
g
∂φ
∂η

∂u

∂η
(A.1.18)

ρ
∂w

∂z
=

ρ
1
g
∂φ
∂η

∂

∂η

{
∂z

∂t
+ u

∂z

∂x
+ η̇

∂z

∂η

}
(A.1.19)

Absorbing g with z to form the geopotential φ, multiplying by ∂φ
∂η

, and combining

terms leads to

∂φ

∂η

∂ρ

∂t
− ∂φ

∂t

∂ρ

∂η
+
∂φ

∂η
u
∂ρ

∂x
− u∂φ

∂x

∂ρ

∂η
+
∂ρ

∂η

{
∂φ

∂t
+ u

∂φ

∂x
+ η̇

∂φ

∂η

}
+
∂φ

∂η
ρ
∂u

∂x
− ρ∂φ

∂x

∂u

∂η

(A.1.20)

+ ρ

{
∂

∂t

(
∂φ

∂η

)
+
∂u

∂η

∂φ

∂x
+ u

∂

∂x

(
∂φ

∂η

)
+
∂η̇

∂η

∂φ

∂η
+ η̇

∂

∂η

(
∂φ

∂η

)}
= 0.

(A.1.21)

The ∂φ
∂t

∂ρ
∂η

, u∂φ
∂x

∂ρ
∂η

, and ρ∂φ
∂x

∂u
∂η

pairs cancel, leaving

∂φ

∂η

∂ρ

∂t
+
∂φ

∂η
u
∂ρ

∂x
+
∂ρ

∂η
η̇
∂φ

∂η
+
∂φ

∂η
ρ
∂u

∂x
(A.1.22)

+ ρ

{
∂

∂t

(
∂φ

∂η

)
+ u

∂

∂x

(
∂φ

∂η

)
+
∂η̇

∂η

∂φ

∂η
+ η̇

∂

∂η

(
∂φ

∂η

)}
= 0.

(A.1.23)

Terms can now be grouped together to yield the equivalent of Eq. 15 in Laprise (1992),

∂

∂t

(
ρ
∂φ

∂η

)
+

∂

∂x

(
ρu
∂φ

∂η

)
+

∂

∂η

(
ρη̇
∂φ

∂η

)
= 0. (A.1.24)
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Note that if we had chosen hydrostatic pressure π as the vertical coordinate, the first

term in Eq. A.1.24 vanishes since ∂φ
∂π

= −α.

Substituting ∂φ
∂η

= −αµ into Eq. A.1.24 yields the WRF continuity equation,

∂

∂t

(
µ
)
η

+
∂

∂x

(
µu
)
η

+
∂

∂η

(
µη̇
)

= 0. (A.1.25)

Since µ is not a function of η, the continuity equation is written in the WRF manual

(Skamarock et al., 2008) as

∂µ

∂t
+

∂

∂x

(
U
)
η

+
∂

∂η

(
Ω
)

= 0, (A.1.26)

where U = µu and Ω = µη̇ are the “coupled” velocity components. Note that Eq.

A.1.26 is consistent with Eq. 2.13 in Janjic et al. (2001), Eq. 26 in Klemp et al. (2007),

and Eq. 6.15 in Kasahara (1974).

Time-stepping µ. To time-step µ, vertically integrate Eq. A.1.26 in η and apply

the kinematic boundary conditions η̇ = 0 at η = 1 and η = 0,

∂µ

∂t
=

∫ 0

1

dη
∂

∂x

(
µu
)
η

(A.1.27)

In principle, WRF could time-step µ with Eq. A.1.26, using the model fields at any

depth η. But this is not done, as WRF first computes ∂µ
∂t

via Eq. A.1.27, then uses the

vertical integral (to height η) of Eq. A.1.26 to compute Ω = µη̇ (see online document

by Skamarock “Conservation in the WRF Mass-Coordinate Dynamical Core...”),

Ω(η) = −η∂µ
∂t

+

∫ 0

η

dη̂
∂

∂x

(
µu
)
η

(A.1.28)

or (A.1.29)

Ω(η) = (1− η)
∂µ

∂t
−
∫ η

1

dη̂
∂

∂x

(
µu
)
η

(A.1.30)
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A.1.2 Prognostic φ equation

The definition of w in (x, η, t) coordinates [Eq. A.1.14] yields the prognostic

equation for φ,

w =

(
∂z

∂t

)
η

+ u

(
∂z

∂x

)
η

+ η̇
∂z

∂η
(A.1.31)

=
1

g

[
∂φ

∂t
+ u

∂φ

∂x
+ η̇

∂φ

∂η

]
(A.1.32)

Rearranging,

∂φ

∂t
+ u

∂φ

∂x
+ η̇

∂φ

∂η
− gw = 0 (A.1.33)

∂φ

∂t
+ µ−1

[
µu
∂φ

∂x
+ µη̇

∂φ

∂η
− gµw

]
= 0 (A.1.34)

∂φ

∂t
+ µ−1

[
V · ∇φ− gW

]
= 0 (A.1.35)

I think the prognostic equation for φ is the only place in the WRF equations where

w appears, other than the prognostic equation for w. It’s interesting that η̇ is used

in the model divergence and gradient operators because it is the diagnostic variable,

while w is the progostic variable.

A.1.3 Momentum equation du
dt → ∂tU

The flux form of the WRF momentum equations is very similar to ROMS.

As in Peter’s class, we start with the physical equation, then transform derivatives

until we get the flux form that is favorable for discretization.

We will transform du
dt

, which is given in Cartesian coordinates by

du

dt
=

(
∂u

∂t

)
z

+ u

(
∂u

∂x

)
z

+ v

(
∂u

∂y

)
z

+ w

(
∂u

∂z

)
z

(A.1.36)
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The derivatives on the rhs transform as:

(
∂u

∂t

)
z

=

(
∂u

∂t

)
η

−

(
∂φ

∂t

)
η

∂φ

∂η

∂u

∂η
(A.1.37)

=

(
∂u

∂t

)
η

+
1

αµ

(
∂φ

∂t

)
η

∂u

∂η
(A.1.38)

(
∂u

∂x

)
z

=

(
∂u

∂x

)
η

−

(
∂φ

∂x

)
η

∂φ

∂η

∂u

∂η
(A.1.39)

=

(
∂u

∂x

)
η

+
1

αµ

(
∂φ

∂x

)
η

∂u

∂η
(A.1.40)

(
∂u

∂y

)
z

=

(
∂u

∂y

)
η

+
1

αµ

(
∂φ

∂y

)
η

∂u

∂η
(A.1.41)

∂u

∂z
= − g

αµ

∂u

∂η
(A.1.42)

If we substitute all four derivatives, as well as the expression for w [Eq.

A.1.32], into Eq. A.1.36, we obtain

du

dt
= ∂tu+

∂tφ

αµ
∂ηu+ u∂xu+

u∂xφ

αµ
∂ηu+ v∂yu+

v∂yφ

αµ
∂ηu

+ g−1
[
∂tφ+ u∂xφ+ v∂yφ+ η̇∂ηφ

](−g
αµ

)
∂ηu,

(A.1.43)

where t, x, y derivatives are now taken with η held constant.

WRF solves for “coupled” fields so next we multiply by µ and rearrange

terms to obtain

µ
du

dt
= µ∂tu+ µu∂xu+ µv∂yu+ α−1∂tφ∂ηu+ α−1u∂xφ∂ηu+ α−1v∂yφ∂ηu

− α−1
[
∂tφ∂ηu+ u∂xφ∂ηu+ v∂yφ∂ηu+ η̇∂ηφ∂ηu

]
(A.1.44)
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The three pairs of α−1 terms cancel, leaving

µ
du

dt
= µ∂tu+ µu∂xu+ µv∂yu− α−1η̇∂ηφ∂ηu (A.1.45)

= µ∂tu+ µu∂xu+ µv∂yu− α−1η̇
(
−αµ

)
∂ηu (A.1.46)

= µ∂tu+ µu∂xu+ µv∂yu+ Ω∂ηu (A.1.47)

Next we substitute the following flux-form terms into Eq. A.1.47,

µ∂tu = ∂t
(
µu
)
− u∂tµ (A.1.48)

= ∂t
(
µu
)
− u
[
−∂x

(
µu
)
− ∂y

(
µv
)
− ∂η

(
µη̇
)]

(A.1.49)

= ∂tU + u

[
∂xU + ∂yV + ∂ηΩ

]
(A.1.50)

µu∂xu = ∂x
(
µuu

)
− u∂x

(
µu
)

(A.1.51)

= ∂x

(
Uu
)
− u∂xU (A.1.52)

µv∂yu = ∂y
(
µvu

)
− u∂y

(
µv
)

(A.1.53)

= ∂y

(
V u
)
− u∂yV, (A.1.54)

where we have used continuity to substitute for ∂tµ, finally resulting in

µ
du

dt
= ∂tU + ∂x

(
Uu
)

+ ∂y

(
V u
)

+ u∂ηΩ + Ω∂ηu (A.1.55)

= ∂tU + ∂x

(
Uu
)

+ ∂y

(
V u
)

+ ∂η

(
Ωu
)

(A.1.56)

= ∂tU +
(
∇ ·Vu

)
(A.1.57)

86



A.1.4 Horizontal pressure gradient

The horizontal pressure gradient is found through the Jacobian,

∂

∂x

(
p
)
z

=
∂(p, z)

∂(x, η)

1

∂(x, z)

∂(x, η)

(A.1.58)

=

[(
∂p

∂x

)
η

Hz −
∂p

∂η

(
∂z

∂x

)
η

]
1

Hz

(A.1.59)

=

(
∂p

∂x

)
η

−

(
∂z

∂x

)
η

Hz

∂p

∂η
(A.1.60)

If we substitute Hz = 1
g
∂φ
∂η

and then multiply through by −∂φ
∂η

, we obtain

= −∂φ
∂η

∂p

∂x
+
∂φ

∂x

∂p

∂η
(A.1.61)

If we add to the rhs

−p ∂
2φ

∂x∂η
+ p

∂2φ

∂x∂η
(A.1.62)

we can arrange terms to obtain

= − ∂

∂x

(
p
∂φ

∂η

)
+

∂

∂η

(
p
∂φ

∂x

)
, (A.1.63)

which is how the pressure gradient appears on the lhs of Eq. 2.3 in Skamarock et al.

(2008).

A.2 Moist atmosphere

A.2.1 Vertical coordinate

WRF actually uses a dry hydrostatic pressure coordinate such that

dη =
dπd
µd

(A.2.1)

where πd is the hydrostatic pressure due to the dry air mass and µd is the column-

integrated pressure due to the dry air mass. So, the hydrostatic balance may be split
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into dry and moist components,

dπ = −ρ dφ = − (ρd + ρv) dφ (A.2.2)

Thus if we split the hydrostatic pressure π = πd + πv, then we have

dπd = −ρd dφ (A.2.3)

µd dη = −ρd dφ (A.2.4)

∂φ

∂η
= −αdµd, (A.2.5)

which appears as Eq. 2.20 in Skamarock et al. (2008) and is used by WRF to compute

αd.

A.2.2 Horizontal pressure gradient

Just as for the dry atmosphere we find the horizontal pressure gradient via

the Jacobian,

∂

∂x

(
p
)
z

=
∂(p, z)

∂(x, η)

1

∂(x, z)

∂(x, η)

(A.2.6)

=

[(
∂p

∂x

)
η

Hz −
∂p

∂η

(
∂z

∂x

)
η

]
1

Hz

(A.2.7)

=

(
∂p

∂x

)
η

−

(
∂z

∂x

)
η

Hz

∂p

∂η
(A.2.8)

If we substitute Hz = 1
g
∂φ
∂η

and then multiply through by −∂φ
∂η

, we obtain

= −∂φ
∂η

∂p

∂x
+
∂φ

∂x

∂p

∂η
(A.2.9)

= µdαd
∂p

∂x
+
∂p

∂η

∂φ

∂x
(A.2.10)

Multiplying through by α/αd gives

µdα
∂p

∂x
+

α

αd

∂p

∂η

∂φ

∂x
, (A.2.11)
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which appears on the lhs of Eq. 2.13 in Skamarock et al. (2008).

Note that the α/αd correction is needed in the momentum equation because

it is the total mass density that is relevant for the momentum flux, but η is now based

only on the dry air mass (cf. Eq. A.2.5). α and αd are related by

α

αd
=

ρd
ρd + ρv

=
1

1 + qv
(A.2.12)

α =
αd

1 + qv
. (A.2.13)

A.2.3 Equation of state

The ideal gas law is

pα = RT, (A.2.14)

where the gas constant is a function of the water vapor mixing ratio. Separating into

the dry and water vapor components,

pdαd = RdT, (A.2.15)

e αv = RvT. (A.2.16)

The total pressure p is given by

p = pd + e (A.2.17)

=
RdT

αd
+
RvT

αv
(A.2.18)

=
RdT

αd

(
1 +

Rv

Rd

αd
αv

)
(A.2.19)

Substituting Rd/Rv = ε ≈ 0.622 and αd/αv = ρv/ρd = qv (qv is the water vapor

mixing ratio), we have

p =
RdT

αd

(
1 +

qv
ε

)
. (A.2.20)
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So, we can express the equation of state for moist air using the dry variables Rd, αd

and the mixing ratio qv as

pαd = RdT

(
1 +

qv
ε

)
(A.2.21)

≈ RdT
(
1 + 1.61qv

)
(A.2.22)

The use of αd is advantageous in WRF because of the vertical coordinate,

i.e. ∂φ
∂η

= −αdµd.

A.2.4 Diagnostic pressure equation

In WRF, the pressure is computed diagnostically. This appears to be derived

from the potential temperature relation. Wallace and Hobbs (2006) (p. 78) says

one can use the gas constant Rd and specific heat cpd for dry air, even in potential

temperature calculations for moist air. This means the usual potential temperature

calculation

cp dT = αdp (A.2.23)

=

(
RT

p

)
dp (A.2.24)

cp
dT

T
= R

dp

p
(A.2.25)

(A.2.26)

becomes, on substitution of cpd and Rd,

cpd
dT

T
= Rd

dp

p
(A.2.27)

cpd d (log T )−Rd d (log p) = 0 (A.2.28)

Note that based on my calculations, the correction for R in moist air is O(qv), which

seems rather large to me. But, perhaps cp also changes by the same amount, keeping

the ratio R/cp constant and justifying the substitution.
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Now we substitute for T using Eq. A.2.21 to obtain

cpd d

(
log

[
pαd

Rd(1 + qv/ε)

])
−Rd d (log p) = 0 (A.2.29)

(cvd +Rd) d (log p) + cpd d (logαd)−Rd d (log p) = 0 (A.2.30)

d (log p) = −cpd
cvd

d (logαd) (A.2.31)

If we integrate vertically from reference pressure p0 to pressure p,∫ p

p0

d (log p′) = −cpd
cvd

∫ αd

αd0

d (logα′d) (A.2.32)

log

(
p

p0

)
= −cpd

cvd
log

(
αd
αd0

)
(A.2.33)

p

p0
=

(
αd
αd0

)−γ
=

(
αd0
αd

)γ
(A.2.34)

where γ = cpd/cvd. Again using Eq. A.2.21, we make the substitution

p0αd0 = Rdθ

(
1 +

qv
ε

)
(A.2.35)

to obtain the equation for pressure,

p = p0

[
Rdθ (1 + qv/ε)

p0αd

]γ
, (A.2.36)

which is exactly Eq. 2.21 in Skamarock et al. (2008).

A.2.5 Computing temperature

Since WRF solves for θ, one must compute the temperature (and virtual

temperature) for analysis. This can be done easily via the Poisson equation,

θ = T

(
p0
p

) R
cp

, (A.2.37)

where R and cp are again the values for dry air.
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A.2.6 Mean profiles of p, φ, α, µd

WRF subtracts a dry, hydrostatically-balanced reference profile from the

governing equations to reduce machine rounding errors when computing the pressure

gradient. The variables p, φ, α, µ are split into mean and perturbation parts based on

the reference profile:

p = p(z(η)) + p′, (A.2.38)

φ = φ(z(η)) + φ′, (A.2.39)

α = α(z(η)) + α′, (A.2.40)

µd = µd(x, y) + µ′d. (A.2.41)

The first terms on the rhs are written this way because it is helpful to remember that

η is the independent height coordinate.

p is the full pressure, though p represents dry hydrostatic pressure since it is

based on a dry sounding. φ is the height of η surfaces (dry hydrostatic pressure). α

is the full inverse density, not to be confused with the dry inverse density αd, which

is computed from the hydrostatic balance. Since α represents a dry inverse density

based on a dry sounding, we can also split αd,

αd = α + α′d, (A.2.42)

taking care to distinguish α′ from α′d.

The dry reference sounding is constant in space; µd only changes in space

because of changing topography (HGT), as seen in the MUB fields from any wrfout

files. Imagine mountains protruding into the reference atmosphere. Because of the

changes in topography, η surfaces based on the dry sounding are not level and p, φ, α

depend on (x, y, η), i.e. p(ηi) varies in space (fixed ηi) because the height of ηi varies

in space.

Hydrostatic balance of the reference profile is expressed by

∂φ

∂η
= −αµd (A.2.43)
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and by definition of the η coordinate we have the relation

∂p

∂η
= µd (A.2.44)

Expanding the full hydrostatic balance,

∂φ

∂η
=

∂

∂η

(
φ+ φ′

)
= (A.2.45)

= −αdµd (A.2.46)

= −αdµd − αdµ′d (A.2.47)

= −
(
α + α′d

)
µd − αdµ′d (A.2.48)

= −αµd − α′dµd − αdµ′d (A.2.49)

Subtracting the terms from the reference profile [Eq. A.2.43] yields the hydrostatic

balance in the perturbation system,

∂φ′

∂η
= −α′dµd − αdµ′d (A.2.50)

= −α′dµd −
(
α + α′d

)
µ′d (A.2.51)

= −α′d
(
µd + µ′d

)
− αµ′d. (A.2.52)

Eq. A.2.50 is identical to Eq. 2.45 in Skamarock et al. (2008), but the form of Eq.

A.2.52 is more amenable to programming. WRF computes α′d from this diagnostic

relation after time-stepping the prognostic equations for µ′d, φ
′.

A.2.7 Pressure gradient in perturbation form

The pressure gradient in the x-momentum equation [rhs of Eq. 2.23 in Ska-

marock et al. (2008)] is

µdα
∂p

∂x
+

α

αd

∂p

∂η

∂φ

∂x
, (A.2.53)
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where x-derivatives are taken along η-surfaces. The first term on the rhs of Eq. A.2.53

can be expanded

µdα
∂p

∂x
(A.2.54)

=µdα
∂p′

∂x
+ µdα

∂p

∂x
(A.2.55)

=µdα
∂p′

∂x
+
µdα

αd

[
αd
∂p

∂x

]
(A.2.56)

=µdα
∂p′

∂x
+
µdα

αd

[(
α + α′d

)∂p
∂x

]
(A.2.57)

=µdα
∂p′

∂x
+
µdαα

αd

∂p

∂x
+
µdαα

′
d

αd

∂p

∂x
(A.2.58)

Likewise the second term on the rhs of Eq. A.2.53 can be expanded

α

αd

∂p

∂η

∂φ

∂x
(A.2.59)

=
α

αd

[
∂p′

∂η

∂φ

∂x
+
∂p

∂η

∂φ

∂x

]
(A.2.60)

=
α

αd

[
∂p′

∂η

∂φ

∂x
+ µd

∂φ

∂x

]
(A.2.61)

=
α

αd

[
∂p′

∂η

∂φ

∂x
+
(
µd − µ′d

)∂φ
∂x

]
(A.2.62)

=
α

αd

[
∂p′

∂η

∂φ

∂x
+ µd

∂φ

∂x
− µ′d

∂φ

∂x

]
(A.2.63)

=
α

αd

[
∂p′

∂η

∂φ

∂x
+ µd

∂φ

∂x
+ µd

∂φ′

∂x
− µ′d

∂φ

∂x

]
(A.2.64)

where we have made the substitution ∂ηp = µd [Eq. A.2.44].

The second term in Eq. A.2.58 and the second term in the brackets of Eq.

A.2.64 can be combined to form

µd αα

αd

(
∂p

∂x
+

1

α

∂φ

∂x

)
(A.2.65)
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Now, we know that the horizontal gradient of the reference pressure p taken along

constant z-surfaces is zero, and we transform derivatives using the Jacobian,(
∂p

∂x

)
z

= 0 (A.2.66)

=

(
∂p

∂x

)
η

−

(
∂z

∂x

)
η

∂z

∂η

∂p

∂η
(A.2.67)

=

(
∂p

∂x

)
η

−

(
∂φ

∂x

)
η

∂φ

∂η

∂p

∂η
(A.2.68)

=

(
∂p

∂x

)
η

−

(
∂φ

∂x

)
η

−αµd
µd (A.2.69)

=

(
∂p

∂x

)
η

+
1

α

(
∂φ

∂x

)
η

, (A.2.70)

where we have substituted Eqs. A.2.43–A.2.44 to obtain Eq. A.2.69. We thus see that

the expression in Eq. A.2.65 is zero since it is a multiple of the horizontal gradient

(on z-surfaces) of the reference pressure. To reduce machine error when computing

the pressure gradient, it is advantageous to remove these two large, exactly cancelling

terms; this is in fact why reference profiles are removed from the model equations.

So we can now write the pressure gradient term using the perturbation fields

as

µdα
∂p

∂x
+

α

αd

∂p

∂η

∂φ

∂x
= (A.2.71)

= µdα
∂p′

∂x
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µdαα

′
d

αd

∂p

∂x
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α

αd

[
∂p′
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+ µd

∂φ′
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− µ′d

∂φ
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]
(A.2.72)

=
µdα
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[
αd
∂p′

∂x
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1
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=
α

αd

[
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∂φ′

∂x
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+ α′d

∂p

∂x

)
+
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− µ′d

)]
(A.2.74)
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Eq. A.2.72 is the same form as Eq. 2.38 in Skamarock et al. (2008), but note the

discrepancy in the second term. The alternate form of Eq. A.2.73 is identical to Eq. 30

in Klemp et al. (2007). If we look at SUBROUTINE horizontal pressure gradient in

dyn em/module big step utililties em.F starting at line 2305, we see that WRF

follows Eq. A.2.74, consistent with Klemp et al. (2007). The following variables are

assigned in the code:

αd = alt (A.2.75)

α′d = al (A.2.76)

φ = php (A.2.77)

α

αd
=

1

1 + qtot
= cqu, (A.2.78)

where qtot is the total mixing ratio (all phases).
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Appendix B

Mountain waves

Following Durran (1990) the Boussinesq linearized equations of motion are

U
∂u

∂x
− fv +

∂P

∂x
= 0, (B.0.1)

U
∂v

∂x
+ fu = 0, (B.0.2)

U
∂w

∂x
+
∂P

∂z
= b, (B.0.3)

U
∂b

∂x
+N2w = 0, (B.0.4)

∂u

∂x
+
∂w

∂z
= 0, (B.0.5)

where the buoyancy b = g(θ− θ0)/θs, P = cpθs(π−π0), and N2 = (g/θs)dθ0/dz. The

Exner function pressure is π = (p/ps)
R/cp . The basic-state pressure and potential

temperature are π0(z) and θ0(z), while ps and θs are reference values.

Eqs. (B.0.1)–(B.0.5) combine to form one equation for w,

U
2 ∂2

∂x2

[
∂2w

∂x2
+
∂2w

∂z2

]
+N2∂

2w

∂x2
+ f 2∂

2w

∂z2
= 0. (B.0.6)

In the hydrostatic approximation ∂
∂x
� ∂

∂z
and the left term in the brackets of Eq.

(B.0.6) is neglected (Gill, 1982, section 8.8), leaving(
U

2 ∂2

∂x2
+ f 2

)
∂2w

∂z2
+N2∂

2w

∂x2
= 0. (B.0.7)

97



If the one-dimensional Fourier transform of a function ψ(x, z) is defined as

ψ̂(k, z) =
1

π

∫ ∞
−∞

dxψ(x, z)e−ikx (B.0.8)

then the Fourier transform of Eq. (B.0.7) yields(
−U2

k2 + f 2
)∂2ŵ
∂z2
− k2N2ŵ = 0. (B.0.9)

Assuming a solution of the form ŵ(k, z) = ŵ(k, 0) emz,

m =
ikN√

U
2
k2 − f 2

, (B.0.10)

which yields a vertically propagating wave for Uk > f and an evanescent wave for

Uk < f .

For an arbitrary lower boundary condition w(x, 0) with Fourier representa-

tion ŵ(k, 0), the solution to Eq. (B.0.7) is obtained via the inverse Fourier transform,

w(x, z) = Re

[∫ ∞
f/U

dk ŵ(k, 0) exp
{
ikNz(U

2
k2 − f 2)−1/2

}
eikx
]
. (B.0.11)
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