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Abstract
Recent technological advancements in the field of microelectromechanical systems
(MEMS) manufacturing has opened the door to the idea of using ubiquitous networks of wireless
sensor nodes to achieve artificially intelligent control spaces; however, to be feasible, this
technology demands an onboard power supply capable of lasting the expected lifetime of each
sensor node. A possible solution to this demand exists in the field of vibration energy harvesting
(VEH)—where power is scavenged from vibrations in the ambient environment. This thesis
investigates the feasibility of varying the complex part of the load impedance of an electromagnetic
VEH system to “tune” its primary natural frequency to match the frequency spectra of the
surrounding environment. Additionally, a Matlab design tool simulating a shearing, single-phase,
electromagnetic VEH system is presented. A VEH prototype was developed to test the tuning
model, and validate the results of the Matlab design tool. The tuning models predicted that current
materials available for the fabrication of a well-optimized electromagnetic VEH system are 3-4
orders of magnitude below what is required for tuning a measurable/useful amount—this result
was corroborated in the VEH prototype. Additionally, the Matlab design tool was shown to be in
good agreement with prototype results.
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Variable Nomenclature
𝑏

damping coefficient
𝑏𝑒

electrical damping coefficient
𝑏𝑒,𝑐

electrical damping coefficient due to coil (Thevenin damping)

𝑏𝑒,𝐿

electrical damping coefficient due to load

𝑏𝑚

mechanical damping coefficient

𝑖

current

𝑗

imaginary variable, 𝑗 = √−1

𝑘

spring constant
𝑘𝑒

electrical spring constant
𝑘𝑒,𝐿

𝑘𝑚

electrical spring constant due to load
mechanical spring constant

𝑙

length

𝑚

mass
𝑚𝑚

mechanical mass

𝑛

Infinite Fourier sum iteration variable

𝑡

time

𝑥

𝑥-axis or 𝑥-axis coordinate system

𝑦

𝑦-axis or 𝑦-axis coordinate system
𝑦𝑎

𝑦 coordinate denoting the end of the air gap domain

𝑦𝑚

𝑦-coordinate denoting the end of the magnet domain

𝑧

𝑧-axis or 𝑧-axis coordinate system

𝐴

area

⃗
𝐵

magnetic flux density
⃗𝑎
𝐵

⃗𝑚
𝐵

magnetic flux density in air gap domain
𝐵𝑎𝑥

magnetic flux density in air gap domain in 𝑥-direction

𝐵𝑎𝑦

magnetic flux density in air gap domain in 𝑦-direction
magnetic flux density in magnet domain
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𝐵𝑚𝑥

magnetic flux density in magnet domain in 𝑥-direction

𝐵𝑚𝑦

magnetic flux density in magnet domain in 𝑦-direction

𝐶

capacitance

𝐹

force
𝐹𝑏

force due to damping
𝐹𝑏𝑚

force due to mechanical damping

𝐹𝑏𝑒

force due to electrical damping

𝐹𝑒

force due to electrical domain

𝐹𝑘

force due to spring
𝐹𝑘𝑚

𝐹𝑚

force due to mechanical spring
force due to mass

𝐹𝑚𝑚
⃗
𝐻

force due to mechanical mass
magnetic field

⃗𝑎
𝐻

magnetic field in air gap domain
𝐻𝑎𝑥

magnetic field in air gap domain in 𝑥-direction

𝐻𝑎𝑦

magnetic field in air gap domain in 𝑦-direction

⃗𝑚
𝐻

magnetic field in magnet domain
𝐻𝑚𝑥

magnetic field in magnet domain in 𝑥-direction

𝐻𝑚𝑦

magnetic field in magnet domain in 𝑦-direction

𝐽

free current

𝐿

inductance
𝐿𝑒,𝐿

electrical inductance due to load

⃗⃗
𝑀

external magnetization/magnetic field

𝑁

number of coil turns

𝑃

power
〈𝑃〉

𝑅

time average of power
resistance

𝑅𝑒,𝑐

electrical resistance due to coil (Thevenin resistance)

𝑅𝑒,𝐿

electrical resistance due to load
7

𝑇𝑒

electrical transducer

𝑉

voltage

𝑋

electrical reactance
𝑋𝑒,𝑐

electrical reactance due to coil (Thevenin reactance)

𝑋𝑒,𝐿

electrical reactance due to load

𝑍

electrical impedance
𝑍𝑒,𝑐

electrical impedance due to coil (Thevenin impedance)

𝑍𝑒,𝐿

electrical impedance due to load

𝛼

boundary condition constant

𝛽

boundary condition constant

𝜀

electromotive force

𝜅

transducer coupling coefficient (velocity constant)

𝜇

permeability
𝑁

permeability of free space, 4𝜋 × 10−7 𝐴2

𝜇0
𝜉

damping ratio

𝜋

irrational number, 𝜋 ≈ 3.14159, the ratio of a circle’s circumference to its diameter

𝜌

density or resistivity of material

Φ

magnetic flux

𝜓

magnetic field represented as a gradient of a scalar potential
𝜓𝑎

magnetic field represented as a gradient of a scalar potential for air gap domain
𝜓𝑎𝑥

magnetic field represented as a gradient of a scalar potential for air gap domain in
𝑥-direction

𝜓𝑎𝑦

magnetic field represented as a gradient of a scalar potential for air gap domain in
𝑦-direction

𝜓𝑚

magnetic field represented as a gradient of a scalar potential for magnet domain
𝜓𝑚𝑥

magnetic field represented as a gradient of a scalar potential for magnet domain in
𝑥-direction

𝜓𝑚𝑦

magnetic field represented as a gradient of a scalar potential for magnet domain in
𝑦-direction
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𝜔

frequency and/or driving frequency

𝜔𝑛

natural frequency
𝜔𝑛𝑅𝑇𝑀

natural frequency of the reactance tuning model

𝜔𝑛𝑠ℎ𝑖𝑓𝑡

natural frequency shift between the reactance tuning model and the base excitation
model
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1. Introduction and Motivations
1.1. Why do we need Vibration Energy Harvesting?

In recent years, advancements in complementary metal oxide semiconductor (CMOS)
manufacturing methods and micro electro-mechanical system (MEMS) technologies has produced
smaller, cheaper, and increasingly efficient microprocessors, microcontrollers, and other digital
logic systems. These technological advancements have opened the door for—small, wireless
electronic devices and sensors. While the potential applications of these technologies are virtually
limitless, one popular vision of for the future of this technology lies in the deployment of
ubiquitous wireless sensor networks to achieve artificially intelligent control spaces. From
Gartner’s Hype Cycle for Emerging Technologies for 2014—a popular reference for tracking
emerging technologies—one can see multiple emerging technologies that would benefit from a
smart network of wirelessly connected sensors, e.g. bioacoustics sensing, virtual personal
assistants, smart workspaces, connected homes, smart robots, data science, autonomous vehicles,
the internet of things, big data, mobile health monitoring, etc [1].

A fundamental problem facing the implementation of these large sensor networks lies in
providing power for the individual sensors. One could provide power using a physical wiring
scheme, but for clear cost, aesthetic, and functional reasons, this solution is undesirable. Another
solution would be to use chemical batteries, or some form of finite energy storage to provide
power; however, this solution also provides obvious functional limitations regarding the lifetime
of the device between battery cycles. Especially when considering that the vision of these sensor
networks involves many sensor nodes, often in remote or otherwise difficult to reach spaces, the
physical act of changing the battery at the end of its life cycle presents a significant labor cost.

From this, it is clear that there is a demand for a power source with a lifetime similar to
that of the expected lifetime of the electronic system that it powers. As a result, significant interest
has been generated in the field of energy scavenging, where energy is converted into electricity
from the immediate surrounding environment. Some commonly discussed energy scavenging
techniques are as follows: solar energy, acoustic noise, ambient vibration, temperature variation,
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temperature gradients, and passive and active human power [2]. With the exception of acoustic
noise, each of these energy scavenging techniques have received considerable attention in
academic literature. Due to the wide variance of application environments, power demands, and
device type, it is unlikely that a single solution will satisfy all demands. That said, the power
available from mechanical vibration represents a highly attractive energy scavenging option, as
this energy source is clean, nearly omnipresent, and has been shown to be of use for low-power
sensors [3]. This type of energy scavenging, formally named vibration energy harvesting (VEH),
represents a highly desirable option for energy scavenging purposes, and is the topic of concern in
this paper.

1.2. Challenges of Vibration Energy Harvesting

The primary difficulty associated with VEH systems is associated with the resonant
behavior associated with second-order and higher oscillatory systems. In these dynamical systems,
there is a tendency respond with significantly greater displacement amplitudes at certain
frequencies. These frequencies, called the resonant, or natural frequencies of a given VEH
system, are especially important for those designing systems made to harvest energy from
vibrations. Generally, the greatest amount of energy is available to a system that harvests energy
in its resonant regime; however, because these natural frequencies only occur at set frequencies
depending on the geometry and lumped parameters of the harvesting system, it can become quite
difficult for a designer to manufacture a VEH system capable of deployment in a wide range of
environments. Compounding this, vibratory conditions available in real-world applications are
subject to highly varying behaviors [4], making it difficult for a given VEH system to maintain
resonant conditions. There are a number of different strategies employed to combat the issues
associated with second order resonance (which will be discussed in detail in subsequent sections
of this paper) the goal of this research is to investigate the feasibility to employing a VEH system
that is capable of “tuning” its natural frequency to the conditions of the surrounding environment.

1.3. The Feasibility of the Reactance Tuning Model
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The reactance tuning model (RTM) is a proposed lumped parameter model for an
electromagnetically-transduced VEH utilizing natural frequency tuning. The idea behind the RTM
is that the equivalent system stiffness, 𝑘, and/or proof mass, 𝑚, can be altered by varying the
lumped parameters associated with the complex impedance of the electrical domain of the VEH
system.

Because the lumped parameters associated with electrical components require

theoretically zero power to modify, a VEH following the RTM can potentially tune its natural
frequency—in both an active and passive sense—to match the frequency of the input vibration.
Because any turning effort associated with varying electrical lumped parameters requires no
energy, this tuning method lies outside the “active” assumptions made by Roundy and Zhang in
[3], which warrants further investigation.

Ultimately, the experiments conducted over the course of this research indicate that the
RTM model is capable of shifting the natural frequency of an electromagnetic VEH system to
some degree in simulation; however, when utilizing realistic physical values dictated by achievable
geometry, material properties, and dynamical behavior, the maximum achievable natural
frequency shift is 3-4 orders of magnitude small to be measurable and/or useful in the real world.
While this negative result is somewhat discouraging, the important take-away is that this natural
tuning method is not bound by the energy arguments originally posed by Roundy and Zhang in
[3]. This leaves the theory and method open to future technological breakthroughs in materials
science, electromagnetic induction and/or ingenious design.

1.4. A Design Tool for Electromagnetic Vibration Energy Harvester Design

As discussed in Section 1.3, it was shown that the RTM—the original focus of this
research—was not able to generate a shift in natural frequency large enough to be measurable in
the real world. This indicates that we are unable to use an experimental model to directly validate
the theory developed in the RTM. As such, it was important to produce a reliable software tool
for which a generalized electromagnetic VEH system could be simulated using the RTM model to
determine the expected natural frequency shift. This software tool was written in Matlab, and
involved an analytical solution of the magnetic fields in a VEH system of variable geometry. If
properly validated, this software tool serves two purposes: firstly, it is used to simulate and validate
17

the theory surrounding the RTM discussed in section 1.3, and secondly, more broadly, it can be
used for the design and optimization of any shearing electromagnetic VEH system (even those not
subject to increased complexity associated with the RTM).

1.5. Summary

In this chapter, we discussed the needs and motivation surrounding the field of VEH, as
well as the challenges associated with harvesting vibratory energy with systems subject to second
order and higher resonance phenomena. The theory surrounding natural frequency tuning via the
developed RTM was then discussed, and its potential impact on existing scientific literature.
Lastly, the simulation tool used to validate the theory developed in the RTM was introduced. The
thesis aims to achieve two goals: (1) prove that turning the natural frequency of an electromagnetic
VEH system by varying the complex part of the load impedance is fundamentally possible through
the developed RTM, though taking note of the fact that the method is severely limited by the
magnetic energy density of currently available materials, and (2) present the analytical magnetic
fields solution written in Matlab as both a means to verify the aforementioned RTM, and as a
general design and optimization tool for anyone interested in designing an electromagnetic VEH
system.
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2. Prior Art
2.1. The Williams and Yates Base Excitation Model

In 1996, it was first proposed by Williams and Yates that a given vibration energy
harvesting (VEH) system could be reasonably well approximated by a second order, mass spring
damper system, characterized by an elastically mounted inertial mass, subject to some equivalent
stiffness (spring) constant, and damping coefficient. This lumped parameter model, called the base
excitation model (BEM) for short, harvests energy through a dissipative damping element between
the oscillatory motion of a mass relative to a inertial reference frame. In this model, the input
(excitation) vibration, can be treated as a forcing function of the form 𝑦(𝑡) = 𝐴 ⋅ cos(𝜔𝑡), acting
on the proof mass of the system [5]. As long as the transduction mechanicasm, i.e. the method by
which the system converts mechanical energy into electrical energy, can be reasonably well
approximated as linear viscous damping, 𝑏, then utilizing the BEM a given VEH system in this
way allows the use of well-understood solutions to generalized second-order systems. The theory
of Williams and Yates BEM is discussed in detail in Chapter 3.

2.2. Methods of Energy Conversion (Transduction Mechanism)

As discussed in the previous section, VEH systems can differ in the mechanism they use
to convert mechanical displacements into usable electricity. This is known as a transduction
mechanism of the VEH system.

In literature, transduction mechanisms can be loosely

characterized into electrodynamic and active material-based VEH systems. Electrodynamic
methods can be further categorized into electrostatic systems, which harvest energy through
capacitive charges induced through the relative motion of electrostatically charged plates [6], and
electromagnetic systems, which harvest energy through electromagnetic induction [7]. Active
material-based harvesters are chiefly dominated by piezoelectric transducers [8], though some
discussion exists on harvesting energy using magnetostrictive methods [9] [10]. This paper does
not aim to compare the effectiveness of these two methods, though it is important to note that there
are pros and cons associated with each. Table 2.1 briefly discusses some of these.
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Table 2.1: Brief Overview of Advantages and Disadvantages of Different VEH Transduction Mechanisms [4, 8].

Electrostatic

Advantages

Disadvantages

Manufacturability.

Lower harvestable power

Outputs more usable voltages

compared to others.

directly.

Requires excitation.

Well modeled as viscous damping.
Electromagnetic

Good output and does not require

Very low output voltage.

excitation.
Piezoelectric

Good output, and does not require

More difficult to integrate in

excitation.

microsystems.
Does not output charge directly.

Magnetostrictive

Very few have attempted, if any.

2.3. Electromagnetic Transduction Geometry

As discussed in Chapter 1, this paper will be analyzing the natural tuning behavior of a
VEH system equipped with an electromagnetic transducer. The harvestable power from these
types of systems depend on many factors, particularly the size and geometric configuration of the
induction components, material properties, and excitation frequency. Given the same material
properties, and excitation frequency, there are generally two generalized geometries of
electromagnetic induction systems: the magnet-through-coil (plunging), and magnet-across-coil
(shearing) transducer geometries. These geometries are shown in Figure 2.1.
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Figure 2.1: Magnet-across-coil (shearing) (a) vs. Magnet-through-coil (plunging) (b) transducer geometries.

In general the shearing-type transducer in part (a) of Figure 2.1 is more difficult to
manufacture, but generates higher voltage because the coils experience full flux reversals, whereas
the plunging-type transducer geometry in part (b) of Figure 2.1 is easier to manufacture, but does
not generate as much voltage because the coils never experience a full flux reversal [11]. Because
the aim of this particular research is to maximize the power transfer into the electrical domain of
the VEH system, the shearing-type electromagnetic transducer geometry was chosen to analyze.

2.4. Techniques for Maximizing Energy Output

As discussed in section 1.2, the primary challenge associated with VEH is the phenomena
of second order resonance. There are a few methods employed to combat these issues. The first
strategy is bandwidth widening, which attempts to increase the range of frequencies over which a
system can achieve resonance. One popular method of doing this is called wideband harvesting,
which utilizes multiple harvesting structures, each of which resonate at a slightly different
frequency. This ensures that, over a wider range of input frequencies, at least one of the harvesting
structures will be harvesting in its resonant regime. Consequently however, this also ensures that
the other harvesting structures will not achieve resonance, and thus, from a global perspective, the
system will never achieve its full harvesting potential [12]. Another method used is called highdamping harvesting, which imposes a characteristically high electrical damping on the system.
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This flattens the second order transmissibility curve, which increases the bandwidth of the
response at the cost of decreased amplitudes of energy at resonance [13].

Another method employed is called nonlinear-harvesting. This method typically employs
a nonlinear spring coefficient, i.e. a “stiffening” or “progressive” spring, which results in a higher
order transmissibility curve. Depending on the combination of nonlinear lumped parameters, one
can achieve a high bandwidth transmissibility curve with high and low energy paths. The
challenge in nonlinear harvesting is getting the system to resonate at its higher energy level, which
is dictated by the initial conditions leading up to that resonant peak. There is a lot of interesting
work in the realm of nonlinear harvesting as evidenced by [8, 14-16]; however, this realm of VEH
literature is not addressed in this paper.

2.5. Natural Frequency Tuning

From the discussions in section 2.4, it is clear that there is still a demand for a VEH strategy
that can maintain lightly damped amplitudes of energy, while achieving resonant behavior over a
wider range of frequencies. This has generated interest in the idea of natural frequency tuning,
which can be generally described as designing a given VEH system with adjustability such that it
can adapt its natural frequency to match the vibratory conditions of the surrounding environment.
In literature, there are two general categories of natural frequency tuning strategies: “passive”
tuning, which involves a system that requires power to alter its natural frequency, but requires no
power to maintain its new shifted natural frequency [17] [18], and “active” tuning, which involves
a system that always requires power (albeit at a smaller magnitude) to shift its natural frequency
[3].

In 2005, a paper by Roundy and Zhang showed that a VEH system utilizing an active
(always on) tuning mechanism will always result in a net energy loss [3]. This has dispelled much
of the subsequent work in the realm of natural frequency tuning. One of the primary aims of this
paper is to further investigate the natural frequency tuning technique, using more passive
assumptions than those outlined in the aforementioned paper by Roundy and Zhang. The theory
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outlining this natural frequency tuning model, and how it differs from existing active, and passive
tuning strategies that exist in literature, is discussed in detail in chapter 3.

23

3. The Reactance Tuning Model
3.1. The Williams and Yates Base Excitation Model

The Williams and Yates base excitation model, or base excitation model for short, proposes
that a given vibration energy harvesting (VEH) system can be reasonably well approximated by a
second order, mass-spring-damper model, elastically mounted to an inertial vibratory source. The
basic lumped parameter schematic of the base excitation model is shown in Figure 3.1.

Figure 3.1. The Williams and Yates second order base excitation model. Note how all of the damping terms are
summed into a single damping coefficient, b.

The free body diagram of this model is shown in Figure 3.2.

Figure 3.2. Free body diagram of the base excitation model.
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This gives us the dynamics as follows,
−𝐹𝑚 − 𝐹𝑘 − 𝐹𝑏 = 0

(3.1)

→ −𝑚𝑥̈ − 𝑘𝑧 − 𝑏𝑧̇ = 0

(3.2)

→ −𝑚(𝑦̈ + 𝑧̈ ) − 𝑏𝑧̇ − 𝑘𝑧 = 0

(3.3)

→ 𝑚𝑧̈ + 𝑏𝑧̇ + 𝑘𝑧 = −𝑚𝑦̈

(3.4)

Taking the complex Laplace transform of the 𝑧 components,
→ (−𝑚𝜔2 + 𝑏𝜔𝑗 + 𝑘)𝑧 = −𝑚𝑦̈

(3.5)

→ [(−𝑚𝜔2 + 𝑘) + (𝑏𝜔)𝑗)]𝑧 = −𝑚𝑦̈
𝑧
𝑚
→ =−
(−𝑚𝜔 2 + 𝑘) + (𝑏𝜔)𝑗
𝑦̈
𝑧
𝑚
→ =
𝑦̈ √(−𝑚𝜔 2 + 𝑘)2 + (𝑏𝜔)2

(3.6)
(3.7)

(3.8)

3.2. Equivalent Mechanical and Electrical Lumped Parameters

To relate a damping coefficient (inherently a mechanical property) to an electrical
resistance, we need to realize some constant of proportionality between the mechanical and
electrical domains. We can make this relationship through the velocity constant, 𝜅, of the
electromagnetic motor, which is a measure of the amount of voltage a motor makes per a given
input velocity. This defines the following through and across variables associated with our
electromagnetic transducer.
𝐹 = 𝜅𝑖
{ 𝑉 = 𝜅𝑧̇
𝑃 = 𝐹𝑧̇ = 𝑉𝑖

(3.9)

In order to forge these relationships, this characteristic coefficient, 𝜅, must satisfy two conditions:
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𝜅 remains linear over the operational regime of the harvester.



Remains constant regardless of the through and across variables associated with it.

If these assumptions hold true throughout the operating regime of the harvester, we can utilize this
assumption to forge mechanical to electrical analogs between the two domains. These components
are:

Spring:
𝐹𝑘 = 𝑘(𝑧1 − 𝑧2 )

(3.10)

𝑑𝐹
= 𝑘(𝑧̇1 − 𝑧̇2 )
𝑑𝑡

(3.11)

𝑑
(𝐿𝑖)
𝑑𝑡
𝑑𝑖 1
→
= (𝑉 − 𝑉2 )
𝑑𝑡 𝐿 1

(3.12)

𝐹𝑏 = 𝑏(𝑧̇1 − 𝑧̇2 )

(3.14)

1
(𝑉 − 𝑉2 )
𝑅 1

(3.15)

→

Inductor:

𝑉=

(3.13)

Damper:

Resistor:

𝑖=

Mass:
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𝑑𝑧̇
𝑑𝑡

(3.16)

𝑑𝑉
𝑑𝑡

(3.17)

𝐹𝑚 = 𝑚

Capacitor:

𝑖=𝐶

For example, we can determine the equivalent mechanical domain electrical damping
coefficient, 𝑏𝑒 , associated with some electrical domain resistance, 𝑅𝑒 , using the through and across
variables defined in Equation (3.9).
𝐹 = 𝜅𝑖

(3.18)

1
→ (𝑏(𝑧̇1 − 𝑧̇2 )) = 𝜅 ( (𝑉1 − 𝑉2 ))
𝑅

(3.19)

→ 𝑏(𝑧̇1 − 𝑧̇2 ) =

𝜅
(𝜅𝑧̇1 − 𝜅𝑧̇2 )
𝑅

(3.20)

𝜅2
(𝑧̇ − 𝑧̇2 )
𝑅 1

(3.21)

𝜅2
𝑏

(3.22)

→ 𝑏(𝑧̇1 − 𝑧̇2 ) =
→𝑅=

This gives us a function relationship between some electrical domain resistance, 𝑅𝑒 , and it’s
equivalent mechanical domain damping, 𝑏𝑒 . A similar process can be conducted for inductance.
𝐹 = 𝜅𝑖

(3.23)

1

→ (𝑘(𝑧1 − 𝑧2 )) = 𝜅 ∫ (𝑉1 − 𝑉2 )𝑑𝑡
𝐿
→ 𝑘(𝑧1 − 𝑧2 ) =

(3.24)

𝜅
∫ 𝜅(𝑧̇ 1 − 𝑧̇ 2 )𝑑𝑡
𝐿

(3.25)

𝜅2
(𝑧 − 𝑧2 )
𝐿 1

(3.26)

→ 𝑘(𝑧1 − 𝑧2 ) =
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𝜅2
→𝑘=
𝐿

(3.27)

Note how this relationship is inverse (only in this case), and highly dependent on the velocity
constant, 𝜅, of the motor.

3.3. The Reactance Tuning Model

The proposed reactance tuning model (RTM) retains the basic structure of the second-order
Williams and Yates base excitation model, but adds in increased specificity regarding the electrical
domain elements of the vibration energy harvester. In the base excitation model, the energy
harvested is characterized simply as an imposed electrical damping term, 𝑏𝑒 . Because viscous
damping elements add in parallel, we can simply add the imposed electrical damping term to the
mechanical damping losses, 𝑏𝑚 , and represent all of the damping components of the model as a
single damping term, 𝑏.

The idea behind the RTM involves invoking a change in the electrical dynamics of the
VEH to shift the natural frequency of the energy harvester. If true, this technique is powerful, as
invoking a change in the mechanical domain of the harvester is currently not possible without
incurring significant losses; however, invoking a change in an electrical domain lumped parameter
can be done quite simply. Combining our knowledge of the base excitation model discussed in
section 3.1, with the equivalent electrical and mechanical lumped parameters for electromagnetic
energy harvesters discussed in section 3.2, we know that imposing a change in the complex part
of the load impedance (the reactance) of the electrical domain of the harvester, will impose an
equivalent stiffness in the mechanical domain of the VEH. Simply put, by varying the electrical
load reactance, we can vary the equivalent stiffness of the mechanical system, and thus, the natural
frequency of the VEH by some amount.

3.3.1. Mechanical Domain Dynamics
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In the RTM, energy is still harvested from the system through an imposed electrical
damping coefficient, as was done in the base excitation model; however, the electrical components
of the RTM now include an equivalent electrical dissipative (damping) and conservative (spring
and mass) component. For initial simplicity in characterizing the lumped parameter mode, we can
group all of these electrical domain lumped parameters into an equivalent electrical transducer, 𝑇𝑒 .
To distinguish between the mechanical and electrical domains of the VEH, lumped parameters
associated with the mechanical domain are denoted with the subscript, 𝑚, and electrical
components denoted with the subscript, 𝑒. The basic lumped parameter model of the RTM is
shown in Figure 3.3.

Figure 3.3. The Reactance Tuning Model (RTM). Note how mechanical lumped parameters are now distinctly
separate from the electrical parameters represented by an equivalent electromagnetic transducer, 𝑇𝑒 .

This transducer contributes some feedback force on the mechanical system, 𝐹𝑒 , depending
on the dynamics associated with the electrical domain. From Figure 3.3, we can form the
generalized free body diagram as shown in Figure 3.4.
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Figure 3.4. Free body diagram of the RTM with generalized electrical feedback force, 𝐹𝑒 .

This gives us the dynamics as follows,
→ −𝐹𝑘𝑚 − 𝐹𝑚𝑚 − 𝐹𝑏𝑚 − 𝐹𝑒 = 0

(3.28)

→ −𝑘𝑚 𝑧 − 𝑚𝑚 𝑥̈ − 𝑏𝑚 𝑧̇ − 𝐹𝑒 = 0

(3.29)

→ −𝑚𝑚 (𝑦̈ + 𝑧̈ ) − 𝑏𝑚 𝑧̇ − 𝑘𝑚 𝑧 − 𝐹𝑒 = 0

(3.30)

→ 𝑚𝑚 𝑧̈ + 𝑏𝑚 𝑧̇ + 𝑘𝑚 𝑧 + 𝐹𝑒 = −𝑚𝑦̈

(3.31)

Taking the Laplace Transform of the 𝑧 components,
→ (−𝑚𝑚 𝜔2 + 𝑏𝑚 𝜔𝑗 + 𝑘𝑚 )𝑧 + 𝐹𝑒 = −𝑚𝑦̈

(3.32)

At this point, the mechanical domain dynamics are fully characterized; however, we still
have no knowledge of the dynamics associated with the electrical domain, 𝐹𝑒 . Our fundamental
goal is to characterize the equivalent electrical impedance of the electrical domain feedback force,
𝐹𝑒 , as some combination of equivalent spring and damping coefficients. To do this requires a
better understanding of the configuration of lumped parameters in the electrical domain of the
RTM. Note that because these equivalent electrical lumped parameters are not necessarily
transduced over the same reference frame as the mechanical components of the RTM, it cannot
immediately be simplified down to a basic form of the basic mass-spring-damper model, as was
done with the Williams and Yates base excitation model.

3.3.2. Electrical Domain Dynamics
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At the output of the electromagnetic transducer is a power transfer circuit, with some total
equivalent impedance, 𝑍𝑒 . This represents the Thevenin (source) impedance associated with the
electromagnetic coil, 𝑍𝑒,𝑐 = 𝑅𝑒,𝑐 + 𝑗𝑋𝑒,𝑐 , in series with the load impedance, 𝑍𝑒,𝐿 = 𝑅𝑒,𝐿 + 𝑗𝑋𝑒,𝐿 ,
from which energy is harvested. In a typical slotless electromagnetic transducer model, the
reasonable assumption can be made that the imaginary part of the source impedance, 𝑗𝑋𝑒,𝑐 , is
negligible. This leaves us with a power transfer circuit consisting of a coil resistance, 𝑅𝑒,𝑐 in series
with a load impedance, 𝑍𝑒,𝐿 = 𝑅𝑒,𝐿 + 𝑗𝑋𝑒,𝐿 . This is shown in Figure 3.5.

Figure 3.5. Electrical domain schematic of the RTM model. Note how, by assumption, the electrical coil
impedance only contains a real resistor, which is in series with a load impedance.

Note that the imaginary part of the electrical impedance, 𝑍𝑒 , may be imposed either by an
inductance (positive reactance; increases 𝜔𝑛 ) or a capacitance (negative reactance; decreases 𝜔𝑛 ).
Because an upward shift in 𝜔𝑛 is more distinguishable than a downward shift (which can also be
caused by witnessing, instead, the damped natural frequency, 𝜔𝑑 ), we will be using an imposed
inductance, 𝐿𝑒,𝐿 , as the complex part of our load impedance, 𝑍𝑒,𝐿 , and will, unless explicitly stated
otherwise, use the two terms interchangeably.

The basic form of the RTM connects the real and complex parts of the load impedance,
𝑍𝑒,𝐿 , in series. This ensures that only a single path of current through the load impedance of the
system. The electrical schematic and lumped parameter model outlining this is shown in Figure
3.6 and Figure 3.7.
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Figure 3.6. The electrical domain of the series RTM. Note how the load impedance quantities, 𝑅𝑒,𝐿 and 𝐿𝑒,𝐿 , are
arranged in series.

Figure 3.7. The mechanical lumped parameter model of the series RTM. Note how the equivalent load impedance
quantities, 𝑏𝑒,𝐿 and 𝑘𝑒,𝐿 , are arranged in series.

From observation of Figure 3.6, and using equation (3.22), we can develop equations for an
equivalent electrical damping coefficients and spring constants.
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𝜅2
𝑏𝑒,𝑐 =
𝑅𝑒,𝑐
𝜅2
𝑏𝑒,𝐿 =
𝑅𝑒,𝐿
𝜅2
𝑏 =
{ 𝑒 𝑅𝑒

(3.33)

Similarly, following equation (3.22), we can develop an equation for the equivalent electrical
spring constant, 𝑘𝑒 ,

𝑘𝑒,𝐿 =

𝜅2
𝐿𝑒,𝐿

(3.34)

By observation of the mechanical lumped parameter model of the RTM shown in Figure
3.5, we can see that the equivalent coil damping, 𝑏𝑒,𝑐 , load damping, 𝑏𝑒,𝐿 , and load spring, 𝑘𝑒,𝐿 are
arranged in series. As long as one keeps track of the 𝑧-reference frame of each respective
component, we can greatly simplify the calculations by representing the electrical branch as a
single equivalent mechanical impedance (spring and damper combination) the general formulation
for series spring and dampers.
1
1
1
1
=
+
+
𝐹𝑒 𝑏𝑒,𝑐 𝑧̇ 𝑏𝑒,𝐿 𝑧̇ 𝑘𝑒,𝐿 𝑧
→ 𝐹𝑒 =
(

1
𝑏𝑒,𝑐 𝑧̇

)+(

(3.35)

1
1

(3.36)

1
)+(
)
𝑏𝑒,𝐿 𝑧̇
𝑘𝑒,𝐿 𝑧

Combining equation (3.36) with equations (3.22) and (3.34),
1

→ 𝐹𝑒 =

(3.37)

1
1
1
( 2 )+( 2 )+( 2 )
𝜅
𝜅
𝜅
(𝑅 𝑧̇ )
(𝑅 𝑧̇ )
(𝐿 𝑧)
𝑒,𝑐

𝑒,𝐿
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𝑒,𝐿

→ 𝐹𝑒 =

1
𝑅
𝑅
𝐿
( 𝑒,𝑐
) + ( 𝑒,𝐿
) + ( 𝑒,𝐿
)
2
2
𝜅 𝑧̇
𝜅 𝑧̇
𝜅2𝑧

(3.38)

𝜅 2 𝑧𝑧̇
𝑅𝑒,𝑐 𝑧 + 𝑅𝑒,𝐿 𝑧 + 𝐿𝑒,𝐿 𝑧̇

(3.39)

→ 𝐹𝑒 =

Combining the two series resistance terms for simplicity,

→ 𝐹𝑒 =

𝜅 2 𝑧𝑧̇
,
𝑅𝑒 𝑧 + 𝐿𝑒,𝐿 𝑧̇

(3.40)

𝑤ℎ𝑒𝑟𝑒 𝑅𝑒 = 𝑅𝑒,𝑐 + 𝑅𝑒,𝐿

Taking the Laplace transform,
𝜅 2 𝑧 2 𝜔𝑗
→ 𝐹𝑒 =
𝑅𝑒 𝑧 + 𝐿𝑒,𝐿 𝜔𝑗𝑧

(3.41)

Multiplying by the complex conjugate,

→ 𝐹𝑒 =

𝜅 2 𝜔𝑗𝑧 2
(𝑅𝑒 𝑧 − 𝐿𝑒,𝐿 𝜔𝑗𝑧)
𝑅𝑒 𝑧 + 𝐿𝑒,𝐿 𝜔𝑗𝑧 (𝑅𝑒 𝑧 − 𝐿𝑒,𝐿 𝜔𝑗𝑧)

(3.42)

𝜅 2 𝑅𝑒 𝜔𝑗𝑧 3
𝜅 2 𝐿𝑒,𝐿 𝜔2 𝑧 3
→ 𝐹𝑒 = 2 2
+
𝑅𝑒 𝑧 + 𝐿2𝑒,𝐿 𝜔 2 𝑧 2 𝑅𝑒2 𝑧 2 + 𝐿2𝑒,𝐿 𝜔 2 𝑧 2

(3.43)

𝜅 2 𝑅𝑒 𝜔𝑗𝑧
𝜅 2 𝐿𝑒,𝐿 𝜔2 𝑧
→ 𝐹𝑒 = 2
+
𝑅𝑒 + 𝐿2𝑒,𝐿 𝜔 2 𝑅𝑒2 + 𝐿2𝑒,𝐿 𝜔 2

(3.44)

𝜅 2 𝑅𝑒 𝜔𝑗
𝜅 2 𝐿𝑒,𝐿 𝜔2
→ 𝐹𝑒 = ( 2
+
)𝑧
𝑅𝑒 + 𝐿2𝑒,𝐿 𝜔 2 𝑅𝑒2 + 𝐿2𝑒,𝐿 𝜔 2

(3.45)

Equation (3.45) characterizes the equivalent electrical feedback force, 𝐹𝑒 , associated with
the electrical lumped parameters of the system, in terms of the reference frames associated with
each of the electrical parameters. This can now be plugged back into the generalized dynamical
equation formed in equation (3.32) to determine the full transfer function of the system.
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3.3.3. Transfer Function

Combining equations (3.32) and (3.45),
𝜅 2 𝑅𝑒 𝜔𝑗
𝜅 2 𝐿𝑒,𝐿 𝜔2
→ (−𝑚𝑚 𝜔2 + 𝑏𝑚 𝜔𝑗 + 𝑘𝑚 )𝑧 + ( 2
+
) 𝑧 = −𝑚𝑦̈
𝑅𝑒 + 𝐿2𝑒,𝐿 𝜔 2 𝑅𝑒2 + 𝐿2𝑒,𝐿 𝜔 2
→ [(−𝑚𝑚 𝜔2 + 𝑘𝑚 +
→

𝑧
=−
𝑦̈

𝜅 2 𝐿𝑒,𝐿 𝜔2
𝜅 2 𝑅𝑒 𝜔
)
+
(𝑏
𝜔
+
) 𝑗] 𝑧 = −𝑚𝑦̈
𝑚
𝑅𝑒2 + 𝐿2𝑒,𝐿 𝜔 2
𝑅𝑒2 + 𝐿2𝑒,𝐿 𝜔 2
𝑚

(−𝑚𝑚 𝜔 2 + 𝑘𝑚 +

(3.46)

(3.47)

(3.48)

𝜅 2 𝐿𝑒,𝐿 𝜔 2
)
𝑅𝑒2 + 𝐿2𝑒,𝐿 𝜔 2

+ (𝑏𝑚 𝜔 +

𝜅 2 𝑅𝑒 𝜔
)𝑗
𝑅𝑒2 + 𝐿2𝑒,𝐿 𝜔 2

Taking the amplitude of the real and imaginary parts,

→

𝒛
=
𝒚̈

𝒎
𝟐

√(−𝒎𝒎

𝝎𝟐

𝟐

,

(3.49)

𝜿𝟐 𝑳 𝝎𝟐
𝜿𝟐 𝑹 𝒆 𝝎
+ 𝒌𝒎 + 𝟐 𝒆,𝑳𝟐 𝟐 ) + (𝒃𝒎 𝝎 + 𝟐
)
𝑹𝒆 + 𝑳𝒆,𝑳 𝝎
𝑹𝒆 + 𝑳𝟐𝒆,𝑳 𝝎𝟐

𝒘𝒉𝒆𝒓𝒆 𝑹𝒆 = 𝑹𝒆,𝒄 + 𝑹𝒆,𝑳
As a double check to verify that this method of representing the electrical lumped
parameters as a single representative feedback force works, we should be able to derive this same
transfer function by keeping the electrical components in terms of their equivalent mechanical
lumped parameters, and solving the dynamical differential equations around each of their
respective reference frames.

From the schematic in Figure 3.5, we can see that the equivalent coil and load damping
coefficients, 𝑏𝑒,𝑐 and 𝑏𝑒,𝐿 , respectively, can be the simplified form of 𝑏𝑒 given in equation (3.22),
the RTM mechanical components schematic can be drawn as shown in Figure 3.6.
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Figure 3.8: The mechanical lumped parameter mode of the series RTM with simplified 𝑏𝑒 .

One dynamical equation can be derived from the free body diagram around reference frame 𝑥(𝑡),
as shown in Figure 3.9: Free body diagram of RTM around reference frame (𝑥)𝑡.Figure 3.9.

Figure 3.9: Free body diagram of RTM around reference frame (𝑥)𝑡.

Which yields the dynamical equation,
−𝑚𝑚 𝑥̈ − 𝑘𝑚 𝑧 − 𝑏𝑚 𝑧̇ − 𝑏𝑒 𝑧̇2 = 0

(3.50)

−𝑚𝑚 (𝑦̈ + 𝑧̈ ) − 𝑘𝑚 𝑧 − 𝑏𝑚 𝑧̇ − 𝑏𝑒 𝑧̇2 = 0

(3.51)

→ 𝑚𝑚 𝑧̈ + 𝑏𝑚 𝑧̇ + 𝑘𝑚 𝑧 + 𝑏𝑒 𝑧̇2 = −𝑚𝑦̈

(3.52)

Taking the Laplace transform,
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→ −𝑚𝑚 𝜔2 𝑧 + 𝑏𝑚 𝜔𝑗𝑧 + 𝑘𝑚 𝑧 + 𝑏𝑒 𝜔𝑗𝑧2 = −𝑚𝑦̈

(3.53)

A second dynamical equation can be found from the free body diagram around the reference frame
between the equivalent electrical damping coefficient, 𝑏𝑒 , and equivalent electrical spring
constant, 𝑘𝑒,𝐿 , as shown in Figure 3.8.

Figure 3.10: Free body diagram of RTM around reference frame between equivalent electrical damping coefficient,
𝑏𝑒 , and equivalent electrical spring constant, 𝑘𝑒,𝐿 .

Which yields the dynamical equation,
𝑏𝑒 𝑧̇2 − 𝑘𝑒,𝐿 𝑧1 = 0

(3.54)

→ 𝑏𝑒 𝑧̇2 − 𝑘𝑒,𝐿 (𝑧 − 𝑧2 ) = 0

(3.55)

→ 𝑏𝑒 𝜔𝑗𝑧2 − 𝑘𝑒,𝐿 (𝑧 − 𝑧2 ) = 0

(3.56)

→ 𝑏𝑒 𝜔𝑗𝑧2 − 𝑘𝑒,𝐿 𝑧 + 𝑘𝑒,𝐿 𝑧2 = 0

(3.57)

→ (𝑏𝑒 𝜔𝑗 + 𝑘𝑒,𝐿 )𝑧2 = 𝑘𝑒,𝐿 𝑧

(3.58)

Taking the Laplace transform,

→ 𝑧2 =

𝑘𝑒,𝐿 𝑧
𝑏𝑒 𝜔𝑗 + 𝑘𝑒,𝐿

Taking the complex conjugate,
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(3.59)

(𝑏𝑒 𝜔𝑗 − 𝑘𝑒,𝐿 )
𝑘𝑒,𝐿 𝑧
𝑏𝑒 𝜔𝑗 + 𝑘𝑒,𝐿 (𝑏𝑒 𝜔𝑗 − 𝑘𝑒,𝐿 )

(3.60)

2
𝑏𝑒 𝑘𝑒,𝐿 𝜔𝑗𝑧
𝑘𝑒,𝐿
𝑧
−
2
2
2
2
2
2
−𝑏𝑒 𝜔 − 𝑘𝑒,𝐿 −𝑏𝑒 𝜔 − 𝑘𝑒,𝐿

(3.61)

→ 𝑧2 =
→ 𝑧2 =

Plugging in our forms of equivalent electrical damping coefficients and spring constants given in
equations (3.22) and (3.34),

→ 𝑧2 = −

2

𝜅2 𝜅2
(𝑅 ) (𝐿 ) 𝜔𝑗𝑧
𝑒
𝑒,𝐿
2

2

𝜅2
𝜅2
(𝑅 ) 𝜔 2 + (𝐿 )
𝑒
𝑒,𝐿

→ 𝑧2 =

+

(3.62)

𝜅2
(𝐿 ) 𝑧
𝑒,𝐿
2

2

𝜅2
𝜅2
(𝑅 ) 𝜔 2 + (𝐿 )
𝑒

𝑒,𝐿

𝑅𝑒2 𝑧
𝐿𝑒,𝐿 𝑅𝑒 𝜔𝑗𝑧
− 2
2
2
2
𝑅𝑒 + 𝐿𝑒,𝐿 𝜔
𝑅𝑒 + 𝐿2𝑒,𝐿 𝜔 2

(3.63)

Which gives us the system of equations,
−𝑚𝑚 𝜔2 𝑧 + 𝑏𝑚 𝜔𝑗𝑧 + 𝑘𝑚 𝑧 + 𝑏𝑒 𝜔𝑗𝑧2 = −𝑚𝑦̈
𝑅𝑒2 𝑧
𝐿𝑒,𝐿 𝑅𝑒 𝜔𝑗𝑧
{
𝑧2 = 2
− 2
2
2
𝑅𝑒 + 𝐿𝑒,𝐿 𝜔
𝑅𝑒 + 𝐿2𝑒,𝐿 𝜔 2

(3.64)

Combining the two equations,
𝑅𝑒2 𝑧
𝐿𝑒,𝐿 𝑅𝑒 𝜔𝑗𝑧
−𝑚𝑚 𝜔2 𝑧 + 𝑏𝑚 𝜔𝑗𝑧 + 𝑘𝑚 𝑧 + 𝑏𝑒 𝜔𝑗 ( 2
−
) = −𝑚𝑦̈
2
𝑅𝑒 + 𝐿𝑒,𝐿 𝜔 2 𝑅𝑒2 + 𝐿2𝑒,𝐿 𝜔 2

(3.65)

Plugging in our form of the equivalent electrical damping coefficient,

−𝑚𝑚 𝜔2 𝑧 + 𝑏𝑚 𝜔𝑗𝑧 + 𝑘𝑚 𝑧 + (

𝜅2
𝑅𝑒2 𝑧
𝐿𝑒,𝐿 𝑅𝑒 𝜔𝑗𝑧
)( 2
− 2
) 𝜔𝑗 = −𝑚𝑦̈
2
2
𝑅𝑒 𝑅𝑒 + 𝐿𝑒,𝐿 𝜔
𝑅𝑒 + 𝐿2𝑒,𝐿 𝜔 2

𝜅 2 𝑅𝑒 𝑧
𝜅 2 𝐿𝑒,𝐿 𝜔𝑗𝑧
→ −𝑚𝑚 𝜔2 𝑧 + 𝑏𝑚 𝜔𝑗𝑧 + 𝑘𝑚 𝑧 + ( 2
−
) 𝜔𝑗 = −𝑚𝑦̈
𝑅𝑒 + 𝐿2𝑒,𝐿 𝜔 2 𝑅𝑒2 + 𝐿2𝑒,𝐿 𝜔 2
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(3.66)

(3.67)

𝜅 2 𝑅𝑒 𝑧𝜔𝑗
𝜅 2 𝐿𝑒,𝐿 𝜔2 𝑧
→ −𝑚𝑚 𝜔 𝑧 + 𝑏𝑚 𝜔𝑗𝑧 + 𝑘𝑚 𝑧 + 2
+
= −𝑚𝑦̈
𝑅𝑒 + 𝐿2𝑒,𝐿 𝜔 2 𝑅𝑒2 + 𝐿2𝑒,𝐿 𝜔 2

(3.68)

𝜅 2 𝐿𝑒,𝐿 𝜔2
𝜅 2 𝑅𝑒 𝜔
→ [(−𝑚𝑚 𝜔 + 𝑘𝑚 + 2
) + (𝑏𝑚 𝜔 + 2
) 𝑗] 𝑧 = −𝑚𝑦̈
𝑅𝑒 + 𝐿2𝑒,𝐿 𝜔 2
𝑅𝑒 + 𝐿2𝑒,𝐿 𝜔 2

(3.69)

2

2

→

𝑧
=−
𝑦̈

𝑚
(−𝑚𝑚 𝜔 2 + 𝑘𝑚 +

(3.70)

𝜅 2 𝐿𝑒,𝐿 𝜔 2
)
𝑅𝑒2 + 𝐿2𝑒,𝐿 𝜔 2

+ (𝑏𝑚 𝜔 +

𝜅 2 𝑅𝑒 𝜔
)𝑗
𝑅𝑒2 + 𝐿2𝑒,𝐿 𝜔 2

Taking the amplitude of the real and imaginary parts,

→

𝒛
=
𝒚̈

𝒎
𝟐

√(−𝒎𝒎 𝝎𝟐 + 𝒌𝒎 +

𝟐

,

(3.71)

𝜿𝟐 𝑳𝒆,𝑳 𝝎𝟐
𝜿𝟐 𝑹 𝒆 𝝎
)
+
(𝒃
𝝎
+
)
𝒎
𝑹𝟐𝒆 + 𝑳𝟐𝒆,𝑳 𝝎𝟐
𝑹𝟐𝒆 + 𝑳𝟐𝒆,𝑳 𝝎𝟐

𝒘𝒉𝒆𝒓𝒆 𝑹𝒆 = 𝑹𝒆,𝒄 + 𝑹𝒆,𝑳

Which is of the exact same form as equation (3.49). This increases our confidence in this result,
and also tells us that the simpler first method of representing electrical domain as a single
mechanical impedance works.

3.4. Reactance Tuning Model System Behavior

In order to gain insight into the behaviors of the RTM model, it is important to first
understand the generalized second-order behaviors of the base excitation model. Classically, the
natural frequency, 𝜔𝑛 , and damping ratio, 𝜉, are the most commonly referenced system parameters
describing the behavior of second order systems. The natural frequency, 𝜔𝑛 , and damping ratio,
𝜉, are given by equations (3.72) and (3.73), respectively.

𝑘𝑚
𝜔𝑛 = √
𝑚𝑚
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(3.72)

𝜉=

𝑏𝑚

(3.73)

2√𝑘𝑚 ⋅ 𝑚𝑚

Fundamentally, the transfer function is a frequency-dependent ratio of the outputs to the
inputs of the dynamical system. The natural frequency, 𝜔𝑛 , is the frequency at which the transfer
function is maximized, i.e. where the system exhibits the greatest output displacement. When the
system vibrates at its natural frequency, it is said to undergo “resonance”. The damping ratio, 𝜉,
is a non-dimensionalzed constant that describes the dissipative behavior of the system—the lower
the damping ratio, the greater the amplitudes of energy at resonance, and the smaller the bandwidth
of frequencies over which the system undergoes resonance.

From Equation (3.8), we have the transfer function for the Williams and Yates base
excitation model (for reference, it is listed again here)
𝑧
𝑚
=
𝑦̈ √(−𝑚𝜔 2 + 𝑘)2 + (𝑏𝜔)2

(3.74)

For the purpose of our theory, the dynamics surrounding the natural frequency, 𝜔𝑛 , of a
given system are of particular system are of interest, since the RTM aims to develop a model that
allows for “tuning” the natural frequency of a given system using electrical components. The
equation for the natural frequency for any system is derived from the transfer function. By
observation, we can see that equation (3.74) is maximized when the denominator reaches a
minimum value. The denominator of the transfer function is the sum of the amplitudes of the real
conservative (oscillatory) elements of the system, and the imaginary dissipative elements of the
system. These two terms are shown in equation (3.75).

{

−𝑚𝜔2 + 𝑘,
𝑏𝜔2 ,

𝑐𝑜𝑛𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑣𝑒 𝑡𝑒𝑟𝑚
𝑑𝑖𝑠𝑠𝑖𝑝𝑎𝑡𝑖𝑣𝑒 𝑡𝑒𝑟𝑚

(3.75)

Because both of these terms are squared, both terms at best, must be positive, and therefore,
transfer function can only approach a positive value. In the case of the dissipative term, the only
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means of minimization is to lower the damping coefficient, 𝑏, as much as possible; however,
because the conservative term contains a negative term, it can approach zero value. Because the
physical forces underdamped second-order systems are generally dominated by the conservative
elements (i.e. damping ratios, 𝜉 ≫ 1), their transfer functions reach a shark peak (maximum) when
the conservative term = 0. Thusly, setting the conservative term of equation (3.75) = 0 and
solving for 𝜔, should yield the maximizing condition for 𝜔. This process is shown in equations
(3.76) through (3.78).
−𝑚𝜔2 + 𝑘 = 0
→ 𝜔2 =

(3.76)

𝑘
𝑚

(3.77)

(3.78)

𝑘
→𝜔=√
𝑚

Which matches the accepted formulation for the natural frequency of second order systems. We
will refer to this standard form of the natural frequency of the base excitation model as the primary
natural frequency of the system.

A similar process can be employed to determine the natural frequency of the RTM. The
transfer function of the RTM is g equation (3.79), and is listed again here for reference,
𝑧
=
𝑦̈

𝑚
√(−𝑚𝜔 2 + 𝑘 +

,
2

𝜅 2 𝐿𝑒,𝐿 𝜔 2
𝑅𝑒2 + (𝐿𝑒,𝐿 𝜔)

2)

+ (𝑏𝑚 𝜔 +

𝜅 2 𝑅𝑒 𝜔
𝑅𝑒2 + (𝐿𝑒,𝐿 𝜔)

(3.79)

2
2)

𝑤ℎ𝑒𝑟𝑒 𝑅𝑒 = 𝑅𝑒,𝑐 + 𝑅𝑒,𝐿
Although the RTM now containing additional lumped parameters associated with the equivalent
electrical quantities in the system, the denominator of the transfer function still retains a similar
form as the generalized second order base excitation model. Using this idea of separating the real,
conservative terms from the imaginary, dissipative terms, we are left with equation (3.80).
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2

−𝑚𝜔 + 𝑘 +

𝜅 2 𝐿𝑒,𝐿 𝜔2

(3.80)

𝑅𝑒2 + (𝐿𝑒,𝐿 𝜔)
𝜅 2 𝑅𝑒 𝜔
𝑏𝑚 𝜔 +
2,
𝑅𝑒2 + (𝐿𝑒,𝐿 𝜔)

{

2,

𝑐𝑜𝑛𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑣𝑒 𝑡𝑒𝑟𝑚
𝑑𝑖𝑠𝑠𝑖𝑝𝑎𝑡𝑖𝑣𝑒 𝑡𝑒𝑟𝑚

Again, because the dissipative term only contains positive terms, it increases with increasing
frequency, 𝜔, scaled by its characteristic lumped parameters; however, because the conservative
term still contains positive and negative terms, it still retains a definite zero value. This allows us
to formulate an equation for the natural frequency of the RTM using a similar process as the one
outlined in equations (3.81) through (3.82).

2

−𝑚𝜔 + 𝑘 +

𝜅 2 𝐿𝑒,𝐿 𝜔2
𝑅𝑒2 + (𝐿𝑒,𝐿 𝜔)

2

= 0,

(3.81)

𝑤ℎ𝑒𝑟𝑒 𝑅𝑒 = 𝑅𝑒,𝑐 + 𝑅𝑒,𝐿

Solving for 𝜔,
→ 𝝎𝒏𝑹𝑻𝑴

(3.82)

√𝟐√𝑳𝟐𝒆,𝑳 𝒌 + 𝑳𝒆,𝑳 𝜿𝟐 − 𝑹𝟐𝒆 𝒎 + √𝑳𝟒𝒆,𝑳 𝒌𝟐 + 𝟐𝑳𝟑𝒆,𝑳 𝒌𝜿𝟐 + 𝟐𝑳𝟐𝒆,𝑳 𝑹𝟐𝒆 𝒌𝒎 + 𝑳𝟐𝒆,𝑳 𝜿𝟒 − 𝟐𝑳𝒆,𝑳 𝑹𝟐𝒆 𝜿𝟐 𝒎 + 𝑹𝟒𝒆 𝒎𝟐
=

𝟐𝑳𝒆,𝑳 √𝒎

,

𝒘𝒉𝒆𝒓𝒆 𝑹𝒆 = 𝑹𝒆,𝒄 + 𝑹𝒆,𝑳

Although the formulation for the natural frequency of the RTM looks much more complex,
because the RTM is fundamentally a modification of the standard BEM, conceptually, this
formulation should consist of a contribution from the primary natural frequency, 𝜔𝑛 , and a
contribution from the complex electrical components. We can verify this by taking the limit as
𝐿𝑒,𝐿 (or any electrical component) approaches zero of equation (3.82). We expect that this should
then simplify down to the form of the primary natural frequency in equation (3.78).
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(3.83)
√𝟐√𝑳𝟐𝒆,𝑳 𝒌 + 𝑳𝒆,𝑳 𝜿𝟐 − 𝑹𝟐𝒆 𝒎 + √𝑳𝟒𝒆,𝑳 𝒌𝟐 + 𝟐𝑳𝟑𝒆,𝑳 𝒌𝜿𝟐 + 𝟐𝑳𝟐𝒆,𝑳 𝑹𝟐𝒆 𝒌𝒎 + 𝑳𝟐𝒆,𝑳 𝜿𝟒 − 𝟐𝑳𝒆,𝑳 𝑹𝟐𝒆 𝜿𝟐 𝒎 + 𝑹𝟒𝒆 𝒎𝟐
lim

𝟐𝑳𝒆,𝑳 √𝒎

𝐿𝑒,𝐿→0

(

)

𝑘
→√
𝑚

(3.84)

Which works as expected.
Now that we have a formulation for the natural frequency, 𝜔𝑛 , and the natural frequency
of the RTM model, 𝜔𝑛𝑅𝑇𝑀 , for a given system of known lumped parameters, we can predict the
expected shift in natural frequency from equation (3.82).

𝜔𝑛𝑠ℎ𝑖𝑓𝑡 =

𝜔𝑛𝑅𝑇𝑀
−1
𝜔𝑛

(3.85)

Conceptually, it is important to note that 𝜔𝑛 𝑅𝑇𝑀 differs from 𝜔𝑛 because the RTM has two
different terms which contribute to the natural frequency of the system—we can see this by
observing equation (3.79).
𝑘,
𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙 𝑑𝑜𝑚𝑎𝑖𝑛 𝑐𝑜𝑛𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑡𝑜 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠
2
2
{ 𝜅 𝐿𝑒,𝐿 𝜔
𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝑎𝑙 𝑑𝑜𝑚𝑎𝑖𝑛 𝑐𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑡𝑜 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠
2,
𝑅𝑒2 + (𝐿𝑒,𝐿 𝜔)

(3.86)

If the electrical domain contribution term is negligible in comparison to the mechanical
contribution term, we will subsequently expect to see an insignificant shift in natural frequency.
Conversely, if the electrical domain contribution is significant, we should expect a greater ability
to shift the natural frequency of an RTM system, which is our ultimate goal. Because 𝜅 is the
dominating term in the electrical domain contribution to system stiffness, it is essential that 𝜅 be
designed as large as possible as to increase the electrical contribution term to the equivalent system
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stiffness. In order to fully realize the feasibility of the RTM, we need (1) a means to calculating 𝜅
for a given electromagnetic VEH system, and (2) the physical limits of 𝜅, and its relationship with
the lumped parameters in a RTM-based VEH system. These two studies are conducted in detail
in sections 4 and 5, respectively.
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4. Electromagnetic Transducer Magnetic Fields Solution
One of the primary constraints of a VEH system is the transduction mechanism—in this
case, electromagnetic—it uses to convert mechanical energy into electrical energy that can them
be used. Fundamentally, this ability is characterized by its coupling coefficient, 𝜅, of the
transducer. From our analysis of the RTM dynamics in section 0, our ability to impose a shift on
the natural frequency of a RTM-based system scaled by 𝜅 2 . Thusly, toward the two goals of (1)
having a full characterization of the lumped parameters of a given electromagnetic energy
harvester, and (2) evaluating the ability of an RTM-based VEH system to shift its natural
frequency, it is essential to understand how 𝜅 is derived, and how it is coupled to other system
parameters, e.g. geometry, mass, material properties, coil turns, input dynamics, etc.

This

understanding comes from ultimately from the science of electromagnetic induction, and
fundamental laws that govern them. In this chapter, we will study an analytical fields solution for
a linear, slotless, shearing electromagnetic transducer (a geometry typically used for
electromagnetic VEH systems) of variable geometry.

This solution will also serve as the

groundwork for the optimization and design tool described in section 6.

4.1. Magnetic Fields Solution Process

Because an electromagnetic system of this nature reliant on so many coupled variables, a
strict systematic process must be used to define it. This process can be described as follows:
1. Knowing the spatial geometry of the transducer, we can use Maxwell’s equations to
⃗ , within the transducer.
determine the magnetic field, 𝐻
2. Knowing the magnetic field in the harvester, we can determine the magnetic flux
⃗ flowing through each components in the transducer.
density, 𝐵
⃗ , we can determine the amount of magnetic flux,
3. Knowing the magnetic flux density, 𝐵
Φ, flowing through the coils.
4. Knowing the magnetic flux, Φ, and the input dynamics into the transducer, we can use
Faraday’s Law of induction to determine the potential voltage, 𝑉, generated in the coils.
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5. Knowing the voltage, 𝑉, in the coils, we can use Ohm’s Law and Kirchhoff’s Laws to
determine the coupling coefficient, 𝜅, of the transducer.
Once we have a formulation for voltage, determining a value for 𝜅 is a simple matter of diving the
voltage by the input velocity that generated that voltage.

4.2. Geometry

A typical single-phase, shearing electromagnetic transducer consists of a magnet and coil
layer, each backed by a ferromagnetic material, and separated by an air gap. As the magnets move
relative to the coils, the change in magnetic flux generates a voltage across the coil ends. This
geometry is shown in Figure 4.1.

Figure 4.1. A typical single-phase, shearing electromagnetic transducer. We call the region from 0 to +𝑦𝑚 the
1

magnet domain, and the region from 0 to −𝑦𝑎 the air gap domain. 1 poles are shown.
2

This transducer schematic consists of two domains: the magnet domain, which extends from 𝑦 =
0 to 𝑦 = 𝑦𝑚 , includes the permanent magnets, and the air gap domain, which extends from 𝑦 = 0
to 𝑦 = −𝑦𝑎 , includes the coils and empty space between them and the magnet surface. Our goal
is to solve for the magnetic field due to the permanent magnets and the magnetic fields due to
current flowing through the coils as two separate electrostatic boundary value problems. If all of
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⃗ fields can be calculated separately, then
the elements of the system can be modeled as linear, the 𝐻
added by superposition to characterize the magnetic field over the entirety of the transducer.

4.3. Magnetic Fields Solution

4.3.1. Constitutive Equations

The fundamental definition of the magnetic field begins with the magnetic form of the
quasi-static Maxwell-Faraday equation, as described in equation (4.1).

𝛻⃗ = 𝐷𝑒𝑙 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟
⃗ = 𝐽,
∇×𝐻

(4.1)

⃗ = 𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑓𝑖𝑒𝑙𝑑
𝑤ℎ𝑒𝑟𝑒 {𝐻
𝐽 = 𝑐𝑢𝑟𝑟𝑒𝑛𝑡

In a purely magnetic analysis, no free currents exist in the model, which drops out the 𝐽 term,
⃗ =0
∇×𝐻

(4.2)

⃗ , can be written as the gradient of
By the definition of the curl operator, if equation (5.2) is true, 𝐻
some scalar potential, which we will call, 𝜓. This is shown in (4.3).
⃗ = −∇𝜓
𝐻

(4.3)

⃗ , by its constitutive equation,
Next, we can determine the circuit magnetic flux density, 𝐵

⃗ = 𝜇0 (𝐻
⃗ +𝑀
⃗⃗ ),
𝐵

⃗ = 𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑓𝑙𝑢𝑥 𝑑𝑒𝑛𝑠𝑖𝑡𝑦
𝐵
𝜇0 = 𝑝𝑒𝑟𝑚𝑒𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑓𝑟𝑒𝑒 𝑠𝑝𝑎𝑐𝑒
⃗ = 𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑓𝑖𝑒𝑙𝑑
𝐻

𝑤ℎ𝑒𝑟𝑒

⃗⃗ = 𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙 𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑓𝑖𝑒𝑙𝑑
{ 𝑀
Combining equations (4.3) and (4.4), we get,
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(4.4)

⃗ = 𝜇0 (−∇𝜓 + 𝑀
⃗⃗ )
𝐵

(4.5)

Plugging equation (4.5) into Gauss’s law for magnetism,
⃗ =0
∇⋅𝐵

(4.6)

⃗⃗ ) = 0
→ ∇ ⋅ 𝜇0 (−∇𝜓 + 𝑀

(4.7)

⃗⃗ ) = 0
→ ∇ ⋅ (−∇𝜓 + 𝑀

(4.8)

⃗⃗
→ ∇2 𝜓 = ∇ ⋅ 𝑀

(4.9)

⃗⃗ , can be assumed to take place at one edge of the permanent magnet
The external magnetization, 𝑀
array, 𝑦 = 0. For convention, we will define this external magnetization as originating at 𝑦 = 0
(boundary condition between magnet face and air gap), and asymptotically terminating in the ±𝑦
⃗⃗ , is dependent on the geometry
directions. The expected shape of the charge density waveform, 𝑀
of the permanent magnets. Figure 4.2 shows the expected shape of this waveform.

Figure 4.2. Magnetic charge waveform due to permanent magnets in magnet domain.
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This square wave can be represented by the general form of the infinite Fourier series,
∞

∞

𝑛=1

𝑛=1

1
2𝜋
2𝜋
⃗⃗ = 𝑎0 + ∑ 𝑎𝑛 cos ( 𝑛𝑥) + ∑ 𝑏𝑛 sin ( 𝑛𝑥) ,
𝑀
2
𝑋𝑚
𝑋𝑚

(4.10)

𝑎0 = 0
𝑎𝑛 = 0
0,
𝑓𝑜𝑟 𝑒𝑣𝑒𝑛 𝑛
𝑤ℎ𝑒𝑟𝑒
𝜋𝑛𝑑
𝑏𝑛 = {4𝑀𝑚𝑎𝑥
cos (
),
𝑓𝑜𝑟 𝑜𝑑𝑑 𝑛
𝑛𝜋
𝐿 + 2𝑑
{ 𝑍𝑚 = 2𝐿 + 4𝑑 = 𝑚𝑎𝑔𝑛𝑒𝑡 𝑠𝑝𝑎𝑡𝑖𝑎𝑙 𝑝𝑒𝑟𝑖𝑜𝑑
Which simplifies down to,

⃗⃗ =
𝑀

4𝑀𝑚𝑎𝑥
𝜋

∞

∑
𝑛=1,3,5,…

1
cos(𝑘𝑑) sin(𝑘𝑥) ,
𝑛

𝑤ℎ𝑒𝑟𝑒 𝑘 =

(4.11)

𝜋𝑛
= 𝑠𝑝𝑎𝑡𝑖𝑎𝑙 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦
𝐿 + 2𝑑

Taking the 𝑥-divergence of this magnetization vector,

𝜕 4𝑀𝑚𝑎𝑥
⃗⃗ =
∇⋅ 𝑀
(
𝜕𝑦
𝜋

∞

∑
𝑛=1,3,5,…

1
cos(𝑘𝑑) sin(𝑘𝑥))
𝑛

⃗⃗ = 0
→ ∇⋅ 𝑀

(4.12)

(4.13)

Which tells us that, although there is an imposed external magnetization, the charge waveform
carries no 𝑦-dependence, leading a zero divergence result.
Plugging equation (4.12) into our Gauss’s Law formulation outlined in equation (4.9), we
are left with Laplace’s equation as our magnetic field solution for the magnet domain.
∇2 𝜓𝑚 = 0
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(4.14)

In domain B, no external magnetization exists, because there are no permanent magnet
sources in this domain. Because the divergence of a zero vector is identically zero, equation (4.9)
stipulates that we are left with the similar formulation of Laplace’s equation for the magnetic field
in the air gap domain.
∇2 𝜓𝑎 = 0

(4.15)

At this point we can see how the assumption made back in equation (4.3) is useful, as we now
have 𝜓 written in the form of Laplace’s equation, for which there are known analytical solutions.
Once we have a formulation for 𝜓, we have the framework in place to solve for the magnetic field,
⃗ , and magnetic flux density, 𝐵
⃗ , due to the magnets.
𝐻
4.3.2. Analytical Solution in the form of Laplace’s Equation

{

𝜓𝐴 = [𝛼1 sin(𝑘𝑥) + 𝛼2 cos(𝑘𝑥)] × [𝛼3 sinh(𝑘𝑦) + 𝛼4 cosh(𝑘𝑦)]
𝜓𝐵 = [𝛽1 sin(𝑘𝑥) + 𝛽2 cos(𝑘𝑥)] × [𝛽3 sinh(𝑘𝑦) + 𝛽4 cosh(𝑘𝑦)]

(4.16)

Alternatively, equation (4.16) can be written in an additively separable form (which is more
appropriate in our case),
𝜓𝑚 = 𝛼1 sin(𝑘𝑥) sinh(𝑘𝑦) + 𝛼2 sin(𝑘𝑥) cosh(𝑘𝑦)
+𝛼3 cos(𝑘𝑥) sinh(𝑘𝑦) + 𝛼4 cos(𝑘𝑥) cosh(𝑘𝑦)
𝜓𝑎 = 𝛽1 sin(𝑘𝑥) sinh(𝑘𝑦) + 𝛽2 sin(𝑘𝑥) cosh(𝑘𝑦)
{ +𝛽3 cos(𝑘𝑥) sinh(𝑘𝑦) + 𝛽4 cos(𝑘𝑥) cosh(𝑘𝑦)

(4.17)

⃗ , in terms of the assumed form of
From equation (4.3), we can find the components of the field, 𝐻
the scalar potential, 𝜓.
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𝜕𝜓𝑚
𝑒̂
𝜕𝑥 𝑥
𝜕𝜓𝑚
𝐻𝑚𝑦 = −∇𝜓𝑚𝑦 = −
𝑒̂
𝜕𝑦 𝑦
𝜕𝜓𝑎
𝐻𝑎𝑥 = −∇𝜓𝑎𝑥 = −
𝑒̂
𝜕𝑥 𝑥
𝜕𝜓𝑎
𝐻𝑎𝑦 = −∇𝜓𝑎𝑦 = −
𝑒̂
{
𝜕𝑦 𝑦

(4.18)

𝛼1 𝑘 cos(𝑘𝑥) sinh(𝑘𝑦) + 𝛼2 𝑘 cos(𝑘𝑥) cosh(𝑘𝑦)
]
−𝛼3 𝑘 sin(𝑘𝑥) sinh(𝑘𝑦) − 𝛼4 𝑘 sin(𝑘𝑥) cosh(𝑘𝑦)
𝛼 𝑘 sin(𝑘𝑥) cosh(𝑘𝑦) + 𝛼2 𝑘 sin(𝑘𝑥) sinh(𝑘𝑦)
𝐻𝑚𝑦 = − [ 1
]
+𝛼3 𝑘 cos(𝑘𝑥) cosh(𝑘𝑦) + 𝛼4 𝑘 cos(𝑘𝑥) sinh(𝑘𝑦)
→
𝛽 𝑘 cos(𝑘𝑥) sinh(𝑘𝑦) + 𝛽2 𝑘 cos(𝑘𝑥) cosh(𝑘𝑦)
𝐻𝑎𝑥 = − [ 1
]
−𝛽3 𝑘 sin(𝑘𝑥) sinh(𝑘𝑦) − 𝛽4 𝑘 sin(𝑘𝑥) cosh(𝑘𝑦)
𝛽 𝑘 sin(𝑘𝑥) cosh(𝑘𝑦) + 𝛽2 𝑘 sin(𝑘𝑥) sinh(𝑘𝑦)
𝐻𝑎𝑦 = − [ 1
]
+𝛽3 𝑘 cos(𝑘𝑥) cosh(𝑘𝑦) + 𝛽4 𝑘 cos(𝑘𝑥) sinh(𝑘𝑦)
{

(4.19)

𝐻𝑚𝑥 = −∇𝜓𝑚𝑥 = −

𝐻𝑚𝑥 = − [

−𝛼1 𝑘 cos(𝑘𝑥) sinh(𝑘𝑦) − 𝛼2 𝑘 cos(𝑘𝑥) cosh(𝑘𝑦)
+𝛼3 𝑘 sin(𝑘𝑥) sinh(𝑘𝑦) + 𝛼4 𝑘 sin(𝑘𝑥) cosh(𝑘𝑦)
−𝛼1 𝑘 sin(𝑘𝑥) cosh(𝑘𝑦) − 𝛼2 𝑘 sin(𝑘𝑥) sinh(𝑘𝑦)
=
−𝛼3 𝑘 cos(𝑘𝑥) cosh(𝑘𝑦) − 𝛼4 𝑘 cos(𝑘𝑥) sinh(𝑘𝑦)
−𝛽1 𝑘 cos(𝑘𝑥) sinh(𝑘𝑦) − 𝛽2 𝑘 cos(𝑘𝑥) cosh(𝑘𝑦)
=
+𝛽3 𝑘 sin(𝑘𝑥) sinh(𝑘𝑦) + 𝛽4 𝑘 sin(𝑘𝑥) cosh(𝑘𝑦)
−𝛽1 𝑘 sin(𝑘𝑥) cosh(𝑘𝑦) − 𝛽2 𝑘 sin(𝑘𝑥) sinh(𝑘𝑦)
=
−𝛽3 𝑘 cos(𝑘𝑥) cosh(𝑘𝑦) − 𝛽4 𝑘 cos(𝑘𝑥) sinh(𝑘𝑦)

𝐻𝑚𝑥 =
𝐻𝑚𝑦
→
𝐻𝑎𝑥
{

𝐻𝑎𝑦

(4.20)

The values of the constants, 𝛼 and 𝛽, are found by applying boundary conditions at the
boundaries of two different materials in a magnetic system, after which, the field solution is a
matter of algebraic manipulation. In solving electrostatic boundary value problems, there are three
different types of boundary conditions, which arise from understanding the tangential and normal
components of the magnetic field through the boundary, as shown in Figure 4.3.
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⃗ , at a boundary. 𝑛 denotes the normal
Figure 4.3. Normal and tangential components of the magnetic field, 𝐻
direction and 𝑡 denotes the tangential direction.

The derivations of these three types of boundary conditions are shown in Table 4.1.

Table 4.1. List of magnetic field boundary conditions.

1. Magnetic Flux Boundary Condition
⃗ , is continuous across a boundary. We
The normal component of the magnetic flux density, 𝐵
can derive this from a contour of differential size enclosing the interface. If the interface is
assumed to be infinitely thin, we can apply Gauss’s law of magnetism to the contour, resulting
in,

⃗ = 0,
∇⋅𝐵

⃗ ⋅ ⃗⃗⃗⃗
∮𝐵
𝑑𝑆 = 0

(4.21)

𝑠

→ (𝐵2𝑛 − 𝐵1𝑛 )𝑑𝑆 = 0

(4.22)

⃗1−𝐵
⃗ 2) = 0
→ 𝑛⃗ ⋅ (𝐵

(4.23)

2. Magnetic Field Boundary Condition

The tangential component of the magnetic field can be continuous or discontinuous depending
⃗ , exists
on the whether a free surface current exists at the boundary layer. This surface current, 𝐾
if the magnetic field in question is due to a flow of an electrical current (by Faraday’s law of
induction). We can prove this by the magnetic form of the Maxwell-Faraday equation,
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⃗ = 𝐽,
∇×𝐻

⃗ ⋅ ⃗⃗⃗
∮𝐻
𝑑𝑙 = ∫𝐽 ⋅ ⃗⃗⃗⃗
𝑑𝑆
𝐿

(4.24)

𝑆

→ (𝐻1𝑡 − 𝐻2𝑡 )𝑑𝑙 = 𝐾𝑛 𝑑𝑙

(4.25)

⃗2−𝐻
⃗ 1) = 𝐾
⃗
→ 𝑛⃗ × (𝐻

(4.26)

In the case that the free surface component, 𝐾, does not exist, we have,
⃗2−𝐻
⃗ 1) = 0
→ 𝑛⃗ × (𝐻

(4.27)

3. Surface Magnetization Boundary Condition
⃗⃗ , behaves similarly to a
An external magnetic field due to an external magnetization, 𝑀
⃗ . Thusly, we can use equations (4.24) through (4.27), replacing 𝐻
⃗
generalized magnetic field, 𝐻
⃗⃗ . This leaves us with,
with 𝑀
⃗⃗ 2 − 𝑀
⃗⃗ 1 ) = 𝐾
⃗
→ 𝑛⃗ × (𝑀

(4.28)

Our first boundary condition occurs at the surface boundary layer between the magnets and
the ferromagnetic backing material, y= 𝑦𝐴 . At this boundary, we can use boundary condition 2,
as specified by equation (4.27) in Table 4.1. This states that the magnetic field entering the
⃗ 1 , must equal to the magnetic field exiting the boundary, 𝐻
⃗ 2 . Making the assumption
boundary, 𝐻
that 𝜇 → ∞ in the ferromagnetic backing material, from the constitutive equation for magnetic flux
⃗ 𝑏𝑎𝑐𝑘𝑖𝑛𝑔 , must
density (equation (4.4)), we know that the magnetic field in the backing material, 𝐻
⃗ 𝑏𝑎𝑐𝑘𝑖𝑛𝑔 , to be of finite value.
approach zero for the magnetic flux density, 𝐵
⃗ 𝑏𝑎𝑐𝑘𝑖𝑛𝑔 − 𝐻
⃗ 𝑚) = 0
𝑛⃗ × (𝐻
𝑖̂𝑥
→[
0
(0) − 𝐻𝑚 𝑧
→ 𝐻𝑚 𝑥 = 0,

𝑗̂𝑦
1
(0) − 𝐻𝑚𝑥

𝑘̂𝑧
0]=0
0

𝑤ℎ𝑒𝑟𝑒 𝑦 = 𝑦𝑚
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(4.29)
(4.30)

(4.31)

Plugging this boundary condition into the series of 𝜓 equations given in equation (4.17),
−𝛼1 𝑘 cos(𝑘𝑥) sinh(𝑘𝑦𝑚 ) − 𝛼2 𝑘 cos(𝑘𝑥) cosh(𝑘𝑦𝑚 )
+𝛼3 𝑘 sin(𝑘𝑥) sinh(𝑘𝑦𝑚 ) + 𝛼4 𝑘 sin(𝑘𝑥) cosh(𝑘𝑦𝑚 ) = 0
→ −(𝛼1 sinh(𝑘𝑦𝑚 ) + 𝛼2 cosh(𝑘𝑦𝑚 )) cos(𝑘𝑥)

(4.32)

(4.33)

+ (𝛼3 sinh(𝑘𝑦𝑚 ) + 𝛼4 cosh(𝑘𝑦𝑚 )) sin(𝑘𝑥) = 0
Which is independently separable into two equations of the form,

→{

𝛼1 sinh(𝑘𝑦𝑚 ) + 𝛼2 cosh(𝑘𝑦𝑚 ) = 0
𝛼3 sinh(𝑘𝑦𝑚 ) + 𝛼4 cosh(𝑘𝑦𝑚 ) = 0

(4.34)

The next boundary condition occurs at the surface boundary layer between the coils and the
ferromagnetic backing material, 𝑦 = −𝑦𝑎 . At this boundary, we again, use boundary condition 2,
as specified by equation (4.27) in Table 4.1. Making the same assumptions regarding the infinitely
⃗ 𝑏𝑎𝑐𝑘𝑖𝑛𝑔 , as discussed in
permeable magnetic field in the ferromagnetic backing material, 𝐻
equations (4.28) through (4.34), we can develop a similar analysis.
⃗𝑎−𝐻
⃗ 𝑏𝑎𝑐𝑘𝑖𝑛𝑔 ) = 0
→ 𝑛⃗ × (𝐻

(4.35)

𝑖̂𝑥
𝑗̂𝑦
𝑘̂𝑧
0
1
0]=0
→[
𝐻𝑎 𝑥 − (0) 𝐻𝑎 𝑦 − (0) 0

(4.36)

⃗ 𝑎 = 0,
→𝐻
𝑥

𝑤ℎ𝑒𝑟𝑒 𝑦 = −𝑦𝑎

(4.37)

Plugging this boundary condition into the series of 𝜓 equations given in equation (4.17),
−𝛽1 𝑘 cos(𝑘𝑥) sinh(−𝑘𝑦𝑎 ) − 𝛽2 𝑘 cos(𝑘𝑥) cosh(−𝑘𝑦𝑎 )

(4.38)

+ 𝛽3 𝑘 sin(𝑘𝑥) sinh(−𝑘𝑦𝑎 ) + 𝛽4 𝑘 sin(𝑘𝑥) cosh(−𝑘𝑦𝑎 ) = 0
→ −(𝛽1 sinh(−𝑘𝑦𝑎 ) + 𝛽2 cosh(−𝑘𝑦𝑎 )) cos(𝑘𝑥)
+ (𝛽3 sinh(−𝑘𝑦𝑎 ) + 𝛽4 cosh(−𝑘𝑦𝑎 )) sin(𝑘𝑥) = 0
54

(4.39)

Note that the cosh 𝑥 function is positive for all real numbers, whereas the sinh(𝑦) function is not.
This is expressed in equations (4.40) and (4.41).
cosh(−𝑦) = cosh(𝑦) ,

𝑓𝑜𝑟 {𝑦|𝑦 ∈ ℝ}

sinh(−𝑦) = − sinh(𝑦) ,

𝑓𝑜𝑟 {𝑦|𝑦 ∈ ℝ}

(4.40)

(4.41)

This allows us to simplify the signs in equation (4.39).
→ (𝛽1 sinh(𝑘𝑦𝑎 ) − 𝛽2 cosh(𝑘𝑦𝑎 )) cos(𝑘𝑥)

(4.42)

+ (−𝛽3 sinh(𝑘𝑦𝑎 ) + 𝛽4 cosh(𝑘𝑦𝑎 )) sin(𝑘𝑥) = 0
Which is independently separable into two equations of the form,

→{

𝛽1 sinh(𝑘𝑦𝑎 ) − 𝛽2 cosh(𝑘𝑦𝑎 ) = 0
−𝛽3 sinh(𝑘𝑦𝑎 ) + 𝛽4 cosh(𝑘𝑦𝑎 ) = 0

(4.43)

Two more boundary conditions can be found at the surface boundary layer between the
magnets and air gap, 𝑦 = 0. The first of the two boundary conditions can be found by boundary
condition 2, as specified by equation (4.27) in Table 4.1.
⃗𝑎−𝐻
⃗ 𝑚) = 0
𝑛⃗ × (𝐻
𝑖̂𝑥
→[
0
𝐻𝑎𝑥 − 𝐻𝑚 𝑥

𝐻𝑎𝑦

𝑗̂𝑦
1
− 𝐻𝑚𝑦

(4.44)

𝑘̂𝑧
0]=0
0

→ 𝐻𝑎𝑥 − 𝐻𝑚 𝑥 = 0
→ 𝐻𝑚𝑥 = 𝐻𝑎𝑥 ,

𝑤ℎ𝑒𝑟𝑒 𝑦 = 0

Plugging this boundary condition into the series of 𝜓 equations given in equation (4.17),
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(4.45)

(4.46)
(4.47)

−𝛼1 𝑘 cos(𝑘𝑥) sinh(𝑘(0)) − 𝛼2 𝑘 cos(𝑘𝑥) cosh(𝑘(0))

(4.48)

+𝛼3 𝑘 sin(𝑘𝑥) sinh(𝑘(0)) + 𝛼4 𝑘 sin(𝑘𝑥) cosh(𝑘(0))
=

−𝛽1 𝑘 cos(𝑘𝑥) sinh(𝑘(0)) − 𝛽2 𝑘 cos(𝑘𝑥) cosh(𝑘(0))
+𝛽3 𝑘 sin(𝑘𝑥) sinh(𝑘(0)) + 𝛽4 𝑘 sin(𝑘𝑥) cosh(𝑘(0))

→ −𝛼1 𝑘 cos(𝑘𝑥) (0) − 𝛼2 𝑘 cos(𝑘𝑥) (1) + 𝛼3 𝑘 sin(𝑘𝑥) (0) + 𝛼4 𝑘 sin(𝑘𝑥) (1)

(4.49)

=
−𝛽1 𝑘 cos(𝑘𝑥) (0) − 𝛽2 𝑘 cos(𝑘𝑥) (1) + 𝛽3 𝑘 sin(𝑘𝑥) (0) + 𝛽4 𝑘 sin(𝑘𝑥) (1)
→ −𝛼2 cos(𝑘𝑥) + 𝛼4 sin(𝑘𝑥) = −𝛽2 cos(𝑘𝑥) + 𝛽4 sin(𝑘𝑥)

(4.50)

→ (−𝛼2 + 𝛽2 ) cos(𝑘𝑥) + (𝛼4 − 𝛽4 ) sin(𝑘𝑥) = 0

(4.51)

Which is independently separable into two equations of the form,

→{

𝛼2 − 𝛽2 = 0
𝛼4 − 𝛽4 = 0

(4.52)

The second boundary condition that occurs at 𝑦 = 0, boundary condition 1, as specified by
equation (4.23) in Table 4.1.
⃗𝑎 − 𝐵
⃗ 𝑚) = 0
𝑛⃗ ⋅ (𝐵

(4.53)

⃗ , as described by equation (4.3), we can
From the constitutive equation for flux density, 𝐵
manipulate equation (4.36).

⃗ 𝑎 − 𝜇𝑚 (𝐻
⃗𝑚+𝑀
⃗⃗ )) = 0
𝑛⃗ ⋅ (𝜇𝑎 𝐻
→ 𝑛⃗ ⋅ (𝜇𝑎 (𝐻𝑎𝑥 + 𝐻𝑎𝑦 ) − 𝜇𝑚 (𝐻𝑚𝑥 + 𝐻𝑚𝑦 + 𝑀𝑥 + 𝑀𝑦 )) = 0

(4.54)
(4.55)

From our analysis of the external magnetic charge density waveform in equation (4.11), we know
⃗⃗ is only a function of 𝑥. Thusly, 𝑀𝑥 = 0, and 𝑀𝑦 = 𝑀
⃗⃗ . Additionally, 𝜇𝑚 = 𝜇𝑎 = 𝜇0 .
that 𝑀
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→ 𝑛⃗ ⋅ ((𝜇0 ) (𝐻𝑎𝑥 + 𝐻𝑎𝑦 ) − (𝜇0 ) (𝐻𝑚𝑥 + 𝐻𝑚𝑦 + (0) + 𝑀𝑚𝑦 )) = 0
→ 𝐻𝑎𝑦 − 𝐻𝑚𝑦 − 𝑀𝑚𝑦 = 0,

𝑤ℎ𝑒𝑟𝑒 𝑥 = 0

(4.56)
(4.57)

Substituting in the series of 𝜓 equations given in equation (4.18), and charge density waveform
from equation (4.11).

(4.58)

−𝛽1 𝑘 sin(𝑘𝑥) cosh(𝑘(0)) − 𝛽2 𝑘 sin(𝑘𝑥) sinh(𝑘(0))
[
]
−𝛽3 𝑘 cos(𝑘𝑥) cosh(𝑘(0)) − 𝛽4 𝑘 cos(𝑘𝑥) sinh(𝑘(0))
−𝛼1 𝑘 sin(𝑘𝑥) cosh(𝑘(0)) − 𝛼2 𝑘 sin(𝑘𝑥) sinh(𝑘(0))
−[
]
−𝛼3 𝑘 cos(𝑘𝑥) cosh(𝑘(0)) − 𝛼4 𝑘 cos(𝑘𝑥) sinh(𝑘(0))
4𝑀𝑚𝑎𝑥
−(
𝜋
→[

∞

∑
𝑛=1,3,5,…

1
cos(𝑘𝑑) sin(𝑘𝑥)) = 0
𝑛

−𝛽1 𝑘 sin(𝑘𝑥) (1) − 𝛽2 𝑘 sin(𝑘𝑥) (0)
]
−𝛽3 𝑘 cos(𝑘𝑥) (1) − 𝛽4 𝑘 cos(𝑘𝑥) (0)
−[

(4.59)

−𝛼1 𝑘 sin(𝑘𝑥) (1) − 𝛼2 𝑘 sin(𝑘𝑥) (0)
]
−𝛼3 𝑘 cos(𝑘𝑥) (1) − 𝛼4 𝑘 cos(𝑘𝑥) (0)

4𝑀𝑚𝑎𝑥
−(
𝜋

∞

∑
𝑛=1,3,5,…

1
cos(𝑘𝑑) sin(𝑘𝑥)) = 0
𝑛

→ −𝛽1 sin(𝑘𝑥) − 𝛽3 cos(𝑘𝑥) + 𝛼1 sin(𝑘𝑥) + 𝛼3 cos(𝑘𝑥)
4𝑀𝑚𝑎𝑥
−
𝜋𝑘
4𝑀𝑚𝑎𝑥
→ (𝛼1 − 𝛽1 −
𝜋𝑘

∞

∑
𝑛=1,3,5,…

∞

∑
𝑛=1,3,5,…

(4.60)

1
cos(𝑘𝑑) sin(𝑘𝑥) = 0
𝑛

1
cos(𝑘𝑑)) sin(𝑘𝑥) + (𝛼3 − 𝛽3 ) cos(𝑘𝑥) = 0
𝑛

(4.61)

Which is independently separable into two equations of the form,

4𝑀𝑚𝑎𝑥
𝛼1 − 𝛽1 =
→{
𝜋𝑘

∞

∑
𝑛=1,3,5,…

1
cos(𝑘𝑑)
𝑛
,

𝛼3 − 𝛽3 = 0
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(4.62)

𝑤ℎ𝑒𝑟𝑒 𝑘 =

𝜋𝑛
𝐿 + 2𝑑

Combining equations (4.34), (4.43), (4.52), and (4.62) into a single series of eight equations
and eight unknowns gives us,
𝛼1 sinh(𝑘𝑦𝑚 ) + 𝛼2 cosh(𝑘𝑦𝑚 ) = 0
𝛼3 sinh(𝑘𝑦𝑚 ) + 𝛼4 cosh(𝑘𝑦𝑚 ) = 0
𝛽1 sinh(𝑘𝑦𝑎 ) − 𝛽2 cosh(𝑘𝑦𝑎 ) = 0
−𝛽3 sinh(𝑘𝑦𝑎 ) + 𝛽4 cosh(𝑘𝑦𝑎 ) = 0
𝛼2 − 𝛽2 = 0
,
𝛼4 − 𝛽4 = 0
4𝑀𝑚𝑎𝑥
𝛼1 − 𝛽1 =
𝜋𝑘
{

∞

∑
𝑛=1,3,5,…

(4.63)

𝑤ℎ𝑒𝑟𝑒 𝑘 =

𝜋𝑛
𝐿 + 2𝑑

1
cos(𝑘𝑑)
𝑛

𝛼3 − 𝛽3 = 0

Which, when solved, gives,

4𝑀𝑚𝑎𝑥
𝛼1 =
𝜋𝑘
𝛼2 = −

→

∑

𝑛=1,3,5,…
∞
4𝑀𝑚𝑎𝑥

𝜋𝑘

4𝑀𝑚𝑎𝑥
𝛽1 = −
𝜋𝑘
𝛽2 = −

∞

4𝑀𝑚𝑎𝑥
𝜋𝑘

1
cos(𝑘𝑑) cosh(𝑘𝑦𝑚 ) sinh(𝑘𝑦𝑎 )
𝑛 cosh(𝑘𝑦𝑚 ) sinh(𝑘𝑦𝑎 ) + cosh(𝑘𝑦𝑎 ) sinh(𝑘𝑦𝑚 )

∑

𝑛=1,3,5,…

∞

∑
𝑛=1,3,5,…
∞

∑
𝑛=1,3,5,…

(4.64)

1
cos(𝑘𝑑) sinh(𝑘𝑦𝑚 ) sinh(𝑘𝑦𝑎 )
𝑛 cosh(𝑘𝑦𝑚 ) sinh(𝑘𝑦𝑎 ) + cosh(𝑘𝑦𝑎 ) sinh(𝑘𝑦𝑚 )
𝛼3 = 0
𝛼4 = 0
1
cosh(𝑘𝑦𝑎 ) cos(𝑘𝑑) sinh(𝑘𝑦𝑚 )
𝑛 cosh(𝑘𝑦𝑚 ) sinh(𝑘𝑦𝑎 ) + cosh(𝑘𝑦𝑎 ) sinh(𝑘𝑦𝑚 )
1
cos(𝑘𝑑) sinh(𝑘𝑦𝑚 ) sinh(𝑘𝑦𝑎 )
𝑛 cosh(𝑘𝑦𝑚 ) sinh(𝑘𝑦𝑎 ) + cosh(𝑘𝑦𝑎 ) sinh(𝑘𝑦𝑚 )

{

𝛽3 = 0
𝛽4 = 0

Combining our solution for the boundary condition constants in equation (4.64) with the
known form of the solution to Laplace’s equation in equation (4.17), we can solve for the scalar
magnetic potential due to the magnets, 𝜓.
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𝜓𝑚 = (

4𝑀𝑚𝑎𝑥
𝜋𝑘

4𝑀𝑚𝑎𝑥
+ (−
𝜋𝑘

∞

∑
𝑛=1,3,5,…
∞

∑
𝑛=1,3,5,…

1
cos(𝑘𝑑) cosh(𝑘𝑦𝑚 ) sinh(𝑘𝑦𝑎 )
) sin(𝑘𝑥) sinh(𝑘𝑦)
𝑛 cosh(𝑘𝑦𝑚 ) sinh(𝑘𝑦𝑎 ) + cosh(𝑘𝑦𝑎 ) sinh(𝑘𝑦𝑚 )

(4.65)

1
cos(𝑘𝑑) sinh(𝑘𝑦𝑚 ) sinh(𝑘𝑦𝑎 )
) sin(𝑘𝑥) cosh(𝑘𝑦)
𝑛 cosh(𝑘𝑦𝑚 ) sinh(𝑘𝑦𝑎 ) + cosh(𝑘𝑦𝑎 ) sinh(𝑘𝑦𝑚 )

+(0) cos(𝑘𝑥) sinh(𝑘𝑦) + (0) cos(𝑘𝑥) cosh(𝑘𝑦)
𝜓𝑎 = (−
+ (−

4𝑀𝑚𝑎𝑥
𝜋𝑘

4𝑀𝑚𝑎𝑥
𝜋𝑘

∞

∑
𝑛=1,3,5,…
∞

∑
𝑛=1,3,5,…

1
cosh(𝑘𝑦𝑎 ) cos(𝑘𝑑) sinh(𝑘𝑦𝑚 )
) sin(𝑘𝑥) sinh(𝑘𝑦)
𝑛 cosh(𝑘𝑦𝑚 ) sinh(𝑘𝑦𝑎 ) + cosh(𝑘𝑦𝑎 ) sinh(𝑘𝑦𝑚 )

1
cos(𝑘𝑑) sinh(𝑘𝑦𝑚 ) sinh(𝑘𝑦𝑎 )
) sin(𝑘𝑥) cosh(𝑘𝑦)
𝑛 cosh(𝑘𝑦𝑚 ) sinh(𝑘𝑦𝑎 ) + cosh(𝑘𝑦𝑎 ) sinh(𝑘𝑦𝑚 )

+(0) cos(𝑘𝑥) sinh(𝑘𝑦) + (0) cos(𝑘𝑥) cosh(𝑘𝑦)

{

𝟒𝑴𝒎𝒂𝒙
𝝍𝒎 = −
𝝅𝒌
→
𝝍𝒂 = −
{

𝟒𝑴𝒎𝒂𝒙
𝝅𝒌

∞

∑
𝒏=𝟏,𝟑,𝟓,…
∞

∑
𝒏=𝟏,𝟑,𝟓,…

𝐜𝐨𝐬(𝒌𝒅) 𝐬𝐢𝐧𝐡(𝒌𝒚𝒂 ) 𝐬𝐢𝐧(𝒌𝒙) 𝐬𝐢𝐧𝐡(𝒌𝒚 − 𝒌𝒚𝒎 )
𝒏 𝐬𝐢𝐧𝐡(𝒌𝒚𝒎 + 𝒌𝒚𝒂 )

(4.66)

𝐬𝐢𝐧𝐡(𝒌𝒚 + 𝒌𝒚𝒂 ) 𝐜𝐨𝐬(𝒌𝒅) 𝐬𝐢𝐧𝐡(𝒌𝒚𝒎 ) 𝐬𝐢𝐧(𝒌𝒙)
𝒏 𝐬𝐢𝐧𝐡(𝒌𝒚𝒎 + 𝒌𝒚𝒂 )

4.4. Magnetic Field and Magnetic Flux Density
⃗.
From equation (4.3), we have the form of the magnetic field, 𝐻

{

⃗ 𝑚 = −∇𝜓𝑚
𝐻
⃗ 𝑎 = −∇𝜓𝑎
𝐻

𝜕
𝜓
𝜕𝑥 𝑚
⃗𝐻𝑚 =
𝜕
− 𝜓𝑚
{ 𝜕𝑦
→
𝜕
− 𝜓𝑎
𝜕𝑥
⃗𝑎 =
𝐻
𝜕
− 𝜓𝑎
{
{ 𝜕𝑦
−
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(4.67)

(4.68)

⃗𝑚 =
𝐻
→
⃗𝑎 =
𝐻

𝜕
4𝑀𝑚𝑎𝑥
− (−
𝜕𝑥
𝜋𝑘

∞

∑
𝑛=1,3,5,…
∞

(4.69)
cos(𝑘𝑑) sinh(𝑘𝑦𝑎 ) sin(𝑘𝑥) sinh(𝑘𝑦 − 𝑘𝑦𝑚 )
)
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )

𝜕
4𝑀𝑚𝑎𝑥
cos(𝑘𝑑) sinh(𝑘𝑦𝑎 ) sin(𝑘𝑥) sinh(𝑘𝑦 − 𝑘𝑦𝑚 )
− (−
∑
)
𝜋𝑘
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )
{ 𝜕𝑦
𝑛=1,3,5,…
𝜕
4𝑀𝑚𝑎𝑥
− (−
𝜕𝑥
𝜋𝑘

∞

∑
𝑛=1,3,5,…
∞

sinh(𝑘𝑦 + 𝑘𝑦𝑎 ) cos(𝑘𝑑) sinh(𝑘𝑦𝑚 ) sin(𝑘𝑥)
)
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )

𝜕
4𝑀𝑚𝑎𝑥
sinh(𝑘𝑦 + 𝑘𝑦𝑎 ) cos(𝑘𝑑) sinh(𝑘𝑦𝑚 ) sin(𝑘𝑥)
(−
∑
)
)
𝜕𝑦
𝜋𝑘
𝑛
sinh(𝑘𝑦
+
𝑘𝑦
𝑚
𝑎
{
𝑛=1,3,5,…
−

{

⃗𝑚
𝐻
𝑥

4𝑀𝑚𝑎𝑥
=
𝜋

⃗𝑚 =−
𝐻
𝑦
→
⃗𝑎 =
𝐻
𝑥

{

⃗𝑎 =
𝐻
𝑦

∞

cos(𝑘𝑑) sinh(𝑘𝑦𝑎 ) cos(𝑘𝑥) sinh(𝑘𝑦 − 𝑘𝑦𝑚 )
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )

∑

𝑛=1,3,5,…
∞
4𝑀𝑚𝑎𝑥

𝜋

4𝑀𝑚𝑎𝑥
𝜋
4𝑀𝑚𝑎𝑥
𝜋

∑

𝑛=1,3,5,…
∞

(4.70)

cos(𝑘𝑑) sinh(𝑘𝑦𝑎 ) sin(𝑘𝑥) cosh(𝑘𝑦 − 𝑘𝑦𝑚 )
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )

sinh(𝑘𝑦 + 𝑘𝑦𝑎 ) cos(𝑘𝑑) cos(𝑘𝑥) sinh(𝑘𝑦𝑚 )
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )

∑
𝑛=1,3,5,…
∞

cosh(𝑘𝑦 + 𝑘𝑦𝑎 ) cos(𝑘𝑑) sinh(𝑘𝑦𝑚 ) sin(𝑘𝑥)
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )

∑
𝑛=1,3,5,…

⃗ . Note that, as discussed
Equation (4.4) then allows us to find the magnetic flux density, 𝐵
⃗⃗ , only exists in the magnet domain.
in section 4.3, an external magnetization, 𝑀

{

→

⃗ 𝑚 = 𝜇0 (𝐻
⃗𝑚+𝑀
⃗⃗ )
𝐵
⃗ 𝑎 = 𝜇0 (𝐻
⃗ 𝑎)
𝐵

(4.71)

⃗ 𝑚 = 𝜇0 (𝐻
⃗𝑚 +𝑀
⃗⃗ 𝑥 )
𝐵
𝑥
𝑥

(4.72)

⃗ 𝑚 = 𝜇0 (𝐻
⃗𝑚 +𝑀
⃗⃗ 𝑦 )
𝐵
𝑦
𝑦
⃗ 𝑎 = 𝜇0 (𝐻
⃗𝑎 )
𝐵
𝑥
𝑥
{

⃗ 𝑎 = 𝜇0 (𝐻
⃗𝑎 )
𝐵
𝑦
𝑦
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𝐵𝑚𝑥

∞

4𝑀𝑚𝑎𝑥
= 𝜇0 ((
𝜋

∑

𝑛=1,3,5,…
∞
4𝑀𝑚𝑎𝑥

(−

cos(𝑘𝑑) sinh(𝑘𝑦𝑎 ) cos(𝑘𝑥) sinh(𝑘𝑦 − 𝑘𝑦𝑚 )
) + (0))
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )

∑

𝜋

𝑛=1,3,5,…

𝐵𝑚𝑦 = 𝜇0
→

(
(
𝐵𝑎𝑥 = 𝜇0 (

{

𝐵𝑎𝑦 = 𝜇0 (

𝐵𝑚𝑥 =
𝐵𝑚𝑦 =

4𝑀𝑚𝑎𝑥
𝜋

4𝑀𝑚𝑎𝑥
𝜋

4𝑀𝑚𝑎𝑥
𝜋

∑
𝑛=1,3,5,…
∞

∑
𝑛=1,3,5,…

∞

∑
𝑛=1,3,5,…

∞

∑
𝑛=1,3,5,…

∑

𝜇0 cos(𝑘𝑑) sinh(𝑘𝑦𝑎 ) cos(𝑘𝑥) sinh(𝑘𝑦 − 𝑘𝑦𝑚 )
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )

𝑛=1,3,5,…

𝐵𝑎𝑦 =

4𝑀𝑚𝑎𝑥
𝜋

∞

∑
𝑛=1,3,5,…
∞

∑
𝑛=1,3,5,…

)

cosh(𝑘𝑦 + 𝑘𝑦𝑎 ) cos(𝑘𝑑) sinh(𝑘𝑦𝑚 ) sin(𝑘𝑥)
)
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )

𝜇0 (cos(𝑘𝑑) sin(𝑘𝑥) −

4𝑀𝑚𝑎𝑥
𝜋

1
cos(𝑘𝑑) sin(𝑘𝑥))
𝑛

sinh(𝑘𝑦 + 𝑘𝑦𝑎 ) cos(𝑘𝑑) cos(𝑘𝑥) sinh(𝑘𝑦𝑚 )
)
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )

∞

𝐵𝑎𝑥 =

{

4𝑀𝑚𝑎𝑥
𝜋

cos(𝑘𝑑) sinh(𝑘𝑦𝑎 ) sin(𝑘𝑥) cosh(𝑘𝑦 − 𝑘𝑦𝑚 )
)+
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )

4𝑀𝑚𝑎𝑥
𝜋

∞

(4.73)

(4.74)

cos(𝑘𝑑) sinh(𝑘𝑦𝑎 ) sin(𝑘𝑥) cosh(𝑘(𝑦𝑚 − 𝑦))
)
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )

𝜇0 sinh(𝑘𝑦 + 𝑘𝑦𝑎 ) cos(𝑘𝑑) cos(𝑘𝑥) sinh(𝑘𝑦𝑚 )
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )
𝜇0 cosh(𝑘𝑦 + 𝑘𝑦𝑎 ) cos(𝑘𝑑) sinh(𝑘𝑦𝑚 ) sin(𝑘𝑥)
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )

4.5. Voltage Calculation via Faraday’s Law of Induction
Faraday’s law of induction is the basic law of electromagnetism by which all
electromagnetic transducers operate. The law predicts how a magnetic field will interact with an
electric circuit to produce an electromotive force 𝜀—the voltage potential developed by any source
of electrical energy in a circuit.
Faraday’s law is described by equation,

𝜀=−

𝑑Φ
,
𝑑𝑡

𝜀 = 𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑚𝑜𝑡𝑖𝑣𝑒 𝑓𝑜𝑟𝑐𝑒
𝑤ℎ𝑒𝑟𝑒 {
Φ = 𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑓𝑙𝑢𝑥

(4.75)

Where the magnetic flux is defined by the amount of magnetic flux through a differential area, 𝑑𝐴.
This is given in equation (4.76).
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Φ = 𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑓𝑙𝑢𝑥
⃗ ⋅ 𝑑𝐴 ,
Φ = ∬𝐵

𝑤ℎ𝑒𝑟𝑒 {

(4.76)

⃗ = 𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑓𝑙𝑢𝑥 𝑑𝑒𝑛𝑠𝑖𝑡𝑦
𝐵
𝑑𝐴 = 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑎𝑟𝑒𝑎 𝑒𝑙𝑒𝑚𝑒𝑛𝑡

Appling the chain rule onto Faraday’s law of induction, we have the formulation for the emf
generated in a single turn of wire.

𝜀=−

𝑑Φ 𝑑𝑥
,
𝑑𝑥 𝑑𝑡

(4.77)

𝜀 = 𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑚𝑜𝑡𝑖𝑣𝑒 𝑓𝑜𝑟𝑐𝑒
Φ = 𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑓𝑙𝑢𝑥
𝑤ℎ𝑒𝑟𝑒 {
𝑥 = 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑚𝑎𝑔𝑛𝑒𝑡𝑠 𝑎𝑛𝑑 𝑐𝑜𝑖𝑙𝑠
It is common to reference Faraday’s law with a scaling variable representing the number of turns
in the coil 𝑁,

𝜀 = −𝑁

𝑑Φ 𝑑𝑥
,
𝑑𝑥 𝑑𝑡

(4.78)

𝜀 = 𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑚𝑜𝑡𝑖𝑣𝑒 𝑓𝑜𝑟𝑐𝑒
𝑁 = 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑡𝑢𝑟𝑛𝑠 𝑖𝑛 𝑐𝑜𝑖𝑙
𝑤ℎ𝑒𝑟𝑒 {
Φ = 𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑓𝑙𝑢𝑥
𝑥 = 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑚𝑎𝑔𝑛𝑒𝑡𝑠 𝑎𝑛𝑑 𝑐𝑜𝑖𝑙𝑠
Note that this assumption is only appropriate if the coil satisfies the “tightly wound” assumption,
that is each turn in the coil sees approximately the same change in magnetic flux. In our case
however, because the relative geometry of the coil is significant relative to the magnet pitch and
displacement amplitude, it is most appropriate to apply Faraday’s law to generate a separate
voltage potential waveform for each turn in the coil, and sum them to get the total voltage potential
across the coil.

In order to use this equation, we need three things: (1) a formulation of magnetic flux (given
by equation (4.76), (2) a formulation for the input displacement, and (3) the number of turns in the
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coil, and their respective geometric positions in space. Our analysis for the magnetic flux density
conducted in section 4.4 combined with equation (4.76) gives us an equation for magnetic flux.
The input displacement is given by the output displacement, 𝑧, from the mechanical domain, as
described by the transfer function given in equation (3.71). Assuming a harmonic system input,
and a lightly damped mechanical system, we can write the displacement input into the electrical
domain in the form of 𝑥 = 𝐴 ⋅ cos(𝜔𝑡). Finally, the geometry of the coil winding is dictated by
the designer, and is therefore, known information.

The magnetic flux is calculated in equation (4.79).

Φ = ∫ ∫𝐵𝑎𝑦 𝑑𝑧 𝑑𝑥

(4.79)

𝑥 𝑧

→Φ

(4.80)

4𝑀𝑚𝑎𝑥
= ∫ ∫(
𝜋
𝑥 𝑧

∞

∑
𝑛=1,3,5,…

𝜇0 cosh(𝑘𝑦 + 𝑘𝑦𝑎 ) cos(𝑘𝑑) sinh(𝑘𝑦𝑚 ) sin(𝑘𝑥)
) 𝑑𝑧 𝑑𝑥
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )

Because this is a two-dimensional magnetic fields solution, it intrinsically makes the assumption
that the magnetic flux entering the coil over it’s 𝑧-length, 𝑧𝑐 , is constant. That said, as discussed
earlier in this section, the 𝑥-integration requires somewhat more thought, because the magnetic
flux through the coil varies with 𝑥. To account for this, we will set the bounds of integration to
start from some variable point in the 𝑥-coordinate system, 𝑥0 , to a final point which simply adds
the coil pitch along the 𝑥-coordinate system at 𝑥0 + 𝑥𝑐 . This integration is shown in equation
(4.81).
→Φ

(4.81)

𝑥0 +𝑥𝑐

=∫
𝑥0

∞

𝑧𝑐

4𝑀𝑚𝑎𝑥
∫ (
𝜋
0

∑
𝑛=1,3,5,…

𝜇0 cosh(𝑘𝑦 + 𝑘𝑦𝑎 ) cos(𝑘𝑑) sinh(𝑘𝑦𝑚 ) sin(𝑘𝑥)
) 𝑑𝑧 𝑑𝑥
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )

→Φ
𝑥0 +𝑥𝑐

=∫
𝑥0

(4.82)

4𝑀𝑚𝑎𝑥
𝜋

∞

∑
𝑛=1,3,5,…

𝑧𝑐 𝜇0 cosh(𝑘𝑦 + 𝑘𝑦𝑎 ) cos(𝑘𝑑) sinh(𝑘𝑦𝑚 ) sin(𝑘𝑥)
𝑑𝑥
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )
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→Φ

(4.83)

4𝑀𝑚𝑎𝑥
=−
𝜋𝑘

∞

∑
𝑛=1,3,5,…

𝑧𝑐 𝜇0 cosh(𝑘𝑦 + 𝑘𝑦𝑎 ) cos(𝑘𝑑) sinh(𝑘𝑦𝑚 ) (cos 𝑘(𝑥0 + 𝑥𝑐 ) − cos 𝑘𝑥0 )
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )

Now that we have a formulation for the magnetic flux through a single coil, we can solve
for the electromotive force, 𝜀.

𝜀=−

𝑑
4𝑀𝑚𝑎𝑥
(−
𝑑𝑥
𝜋𝑘

∞

𝑧𝑐 𝜇0 cosh(𝑘𝑦 + 𝑘𝑦𝑎 ) cos(𝑘𝑑) sinh(𝑘𝑦𝑚 ) (cos 𝑘(𝑥0 + 𝑥𝑐 ) − cos 𝑘𝑥0 )
)
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )

(4.84)

𝑧𝑐 𝜇0 cosh(𝑘𝑦 + 𝑘𝑦𝑎 ) cos(𝑘𝑑) sinh(𝑘𝑦𝑚 ) (sin 𝑘(𝑥0 + 𝑥𝑐 ))
)
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )

(4.85)

∑
𝑛=1,3,5,…

𝑑
(𝐴 cos(𝜔𝑡))
𝑑𝑡

4𝑀𝑚𝑎𝑥
→𝜀=(
𝜋

∞

∑
𝑛=1,3,5,…

(𝐴𝜔 sin(𝜔𝑡))
→𝜀
4𝑀𝑚𝑎𝑥
=
𝜋

(4.86)
∞

∑
𝑛=1,3,5,…

𝐴𝜔𝑧𝑐 𝜇0 cosh(𝑘𝑦 + 𝑘𝑦𝑎 ) cos(𝑘𝑑) sinh(𝑘𝑦𝑚 ) (sin 𝑘(𝑥0 + 𝑥𝑐 )) sin(𝜔𝑡)
𝑛 sinh(𝑘𝑦𝑚 + 𝑘𝑦𝑎 )

Which, in the case of an electromagnetic transducer, the electromotive force, 𝜀, is identical to the
voltage potential, 𝑉.
4.6. Resistance, Current, and 𝜿

Another important characteristic of the electromagnetic transducer is the resistance in the
coil. A larger wire gauge will allow for lower coil resistance, but come at the cost of allowing a
smaller number of turns in a given volume. For a given length of wire, the resistance across the
wire is given by equation (4.87).

𝑙
𝑅=𝜌 ,
𝐴

𝑅 = 𝑟𝑒𝑠𝑖𝑠𝑡𝑎𝑛𝑐𝑒
𝜌 = 𝑟𝑒𝑠𝑖𝑠𝑡𝑖𝑣𝑖𝑡𝑦 𝑜𝑓 𝑤𝑖𝑟𝑒 𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙
𝑤ℎ𝑒𝑟𝑒 {
𝑙 = 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑤𝑖𝑟𝑒
𝐴 = 𝑎𝑟𝑒𝑎 𝑜𝑓 𝑤𝑖𝑟𝑒 𝑐𝑟𝑜𝑠𝑠 𝑠𝑒𝑐𝑡𝑖𝑜𝑛
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(4.87)

Knowing the geometry of the harvester (coil pitch on the 𝑥, 𝑦, and 𝑧-axes, number of turns, and
wire gauge) allows to calculate each of these variables and predict a value for the resistance across
the coil.
Once the resistance, 𝑅, is characterized, the current, 𝑖, induced in the coil for a given
voltage potential can be found using Ohm’s law,

𝑉 = 𝑖𝑅,

𝑉 = 𝑣𝑜𝑙𝑡𝑎𝑔𝑒
𝑤ℎ𝑒𝑟𝑒 { 𝑖 = 𝑐𝑢𝑟𝑟𝑒𝑛𝑡
𝑅 = 𝑟𝑒𝑠𝑖𝑠𝑡𝑎𝑛𝑐𝑒
𝑉
→𝑖=
𝑅

(4.88)

(4.89)

Finally, we can determine the motor speed constant, 𝜅, of the transducer by the transducer
by its constitutive definition given by equation (4.90).

𝑉
𝜅= ,
𝜔

𝜅 = 𝑚𝑜𝑡𝑜𝑟 𝑠𝑝𝑒𝑒𝑑 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡
𝑉 = 𝑣𝑜𝑙𝑡𝑎𝑔𝑒
𝑤ℎ𝑒𝑟𝑒 {
𝜔 = 𝑖𝑛𝑝𝑢𝑡 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦
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(4.90)

5. Reactance Tuning Model Simulation Results
5.1. Base Excitation and Reactance Tuning Model Simulations

A base system with the lumped parameters shown in equations (5.1) and (5.2) were
simulated:
𝑚 = 0.2 𝑘𝑔
𝑁
𝑘 = 11766
𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙 𝑑𝑜𝑚𝑎𝑖𝑛 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠:
𝑚
𝑁⋅𝑠
{𝑏 = 0.3105 𝑚

(5.1)

𝑅𝑒,𝑐 = 0.34061 Ω
𝑅 = 0.34061 Ω
𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝑎𝑙 𝑑𝑜𝑚𝑎𝑖𝑛 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠: { 𝑒,𝐿
𝐿𝑒,𝐿 = 0.1 𝐻
𝜅 = 0.002 𝑉 ⋅ 𝑠

(5.2)

These lumped parameters are typical values for a relatively well-manufactured VEH system. This
simulation yielded the BEM and RTM system behaviors in equation (5.3),
𝜉 = 0.00320
𝜔𝑛 = 38.6 𝐻𝑧
𝜔𝑛𝑅𝑇𝑀 = 38.6 𝐻𝑧
{𝜔𝑛 𝑠ℎ𝑖𝑓𝑡 = 1.70𝐸 − 7%

The transfer function for both the BEM and RTM are shown in Figure 5.1.
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(5.3)

Figure 5.1. Simulated RTM and BEM transfer function with given lumped parameters. Note how the RTM and
BEM curves are directly on top of each other.

From these simulation results, we can see that the natural frequency was not shifted by a
perceivable amount. The transfer function plot in Figure 5.1 corroborates this, as the two transfer
function curves are nearly identical.

This indicates that, in the current configuration, the

contribution of equivalent system stiffness from the electrical domain is insufficient to shift the
natural frequency of the system. From equation (3.86), there are two different variables that can
should be varied to increase the electrical domain stiffness: load inductance, 𝐿𝑒,𝐿 , and the coupling
coefficient, 𝜅 (as already discussed). Additionally, the total electrical resistance, 𝑅𝑒 , has an effect
on the ability to shift the natural frequency of the system; however, because it is a denominator
term, it is clear that 𝑅𝑒 should be minimized. The next two subsections will discuss the sensitivities
associated with varying the coupling coefficient, 𝜅, and the load inductance, 𝐿𝑒,𝐿 .
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5.1.1. Sensitivity to Coupling Coefficient, 𝜿
In this analysis, we are interested in the effect of different values of 𝜅 on the natural
frequency shift of the system. Using the same system parameters given in equations (5.1) and
(5.2) (with the exception of 𝜅), the transfer function for eight different values of increasing 𝜅 were
generated. This is shown in Figure 5.2.

Figure 5.2: Simulated RTM transfer function with given lumped parameters and varied 𝜅 (called ‘kV’ on plot).

From this we can see that that natural frequency shift clearly increases with increasing 𝜅.
Noting the magnitudes of the various 𝜅 values, we can see that, for the configuration of this
particular system, a noticeable shift in natural frequency does not occur until 𝜅 ≈ 5 𝑉 ⋅ 𝑠. This
means that this is the ballpark value of 𝜅 that must be achieved in order to see a measureable shift
in natural frequency.
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Also interesting to note is the exponential drop in amplitude associated with increasing 𝜅.
This is due to the dissipative effect of the coil and load resistances in the electrical system as
discussed in section 5.1. To show this, the same simulation was run where 𝑅𝑒 = 0. This is shown
in Figure 5.3.

Figure 5.3: Simulated RTM transfer function with given lumped parameters, varied 𝜅 (called ‘kV’ on plot), and
𝑅𝑒 = 0.

This time, we can see that the amplitude drops off only slightly due to the increased effects of
mechanical damping at higher frequencies, as expected.
5.1.2. Sensitivity to Load Inductance, 𝑳𝒆,𝑳
In this analysis, we are interested in the effect of different values of 𝐿𝑒,𝐿 on the natural
frequency shift of the system. Using the same system parameters given in equations (5.1) and
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(5.2), except for a revised value of 𝜅 = 5 𝑉 ⋅ 𝑠, the transfer function for eight different values of
increasing 𝐿𝑒,𝐿 were generated. This is shown in Figure 5.4.

Figure 5.4: Simulated RTM transfer function with given lumped parameters and varied 𝐿𝑒,𝐿 (called ‘L’ on plot).

From this we can see that that natural frequency shift clearly increases with decreasing
𝐿𝑒,𝐿 . That said, as 𝐿𝑒,𝐿 approaches zero, it becomes especially sensitive to the drops in amplitude
associated with the series electrical resistance. We can verify that the electrical resistance is the
cause of this amplitude drop by setting 𝑅𝑒 = 0, and re-running the simulation. This is shown in
Figure 5.5.
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Figure 5.5: Simulated RTM transfer function with given lumped parameters and varied 𝐿𝑒,𝐿 (called ‘L’ on plot), and
𝑅𝑒 = 0.

Similar to the simulation for 𝜅 in section 5.1.1, we can see that the dramatic amplitude drop
disappears with a theoretical load resistance of zero, as expected. From this, it may be tempting
to immediately select a infinitesimally small inductance to achieve maximal shifts in natural
frequency, but it is important to note that it is impossible to escape from this dissipative electrical
resistance in the real world, as the electrical transducer will always have an associated coil
resistance, 𝑅𝑒,𝑐 (especially with increasing 𝜅), and some amount of load resistance, 𝑅𝑒,𝐿 , must be
applied on the system to harvest energy. Thusly, a load inductance should be targeted which will
provide a measurable shift in natural frequency, but will not dramatically damp the response of the
system with expected resistance. With this in mind, an imposed inductance of 𝐿𝑒,𝐿 = 0.1 𝐻 was
selected for simulation.
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5.2. The Physical Limits of 𝜿

As discussed in section 3.4, if it our intent to maximize our ability to shift the primary
natural frequency of the system, 𝜔𝑛 , we must utilize a transducer design with the largest coupling
coefficient, 𝜅, possible for a given design space. The magnetic fields solution and electrical
domain analysis performed in section 4 reveal that, assuming a fixed input frequency and
amplitude, 𝜅 is linearly proportional to the voltage generated by the electrical transducer. Voltage
generated in the transducer is governed by Faraday’s law of induction, which states that more coil
turns, larger effective changes in magnetic flux density within the turns generates a greater voltage
potential. Because more turns require longer lengths of wire, and more overall flux requires more
permanent magnets, this indicates that, for a well-optimized transducer geometry, there is a
fundamental coupling between 𝜅 and the equivalent mass, 𝑚, of the transducer. Conceptually, this
makes sense: the coupling coefficient, 𝜅—i.e. the ability of a transducer to convert mechanical
energy to electricity—of a given motor increases as the size of the motor increases, assuming that
the geometry of the motor remains well optimized as the motor size increases.
At first glance this relationship between 𝜅 and 𝑚 appears to be irrelevant towards the goal
of shifting the natural frequency of a RTM-based VEH system. Revisiting our formulation for
mechanical and electrical domain contributions to the overall system stiffness in equation (3.86)
(listed again below for reference), we can see that our dominating terms of concern are mechanical
stiffness, 𝑘, and 𝜅.
𝑘,
𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙 𝑑𝑜𝑚𝑎𝑖𝑛 𝑐𝑜𝑛𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑡𝑜 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠
2
2
{ 𝜅 𝐿𝑒,𝐿 𝜔
𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝑎𝑙 𝑑𝑜𝑚𝑎𝑖𝑛 𝑐𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑡𝑜 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠
2,
𝑅𝑒2 + (𝐿𝑒,𝐿 𝜔)

(5.4)

That said, in the real world, we have some primary natural frequency, 𝜔𝑛 , around which we wish
to harvest energy, i.e. the primary natural frequency is a given parameter over which we have no
control. Equation (3.72) gives the equation for the primary natural frequency of an RTM-based
VEH system, it is shown below for reference.
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𝑘
𝜔𝑛 = √
𝑚

(5.5)

From this, we can see that if 𝜔𝑛 is set to a fixed value, 𝑘 and 𝑚 are directly proportional. Thusly,
knowing the relationship between 𝜅 and 𝑚, by definition means that we also have knowledge on
the relationship between 𝜅 and 𝑘.

From the knowledge gained from the simulations performed in section 5.1, we know that
the RTM works in the theoretical sense, but was unable to produce a useful shift in natural
frequency with a coupling coefficient of 𝜅 = 0.002 𝑉 ⋅ 𝑠, and other expected lumped parameter
values. This prompted the investigation in section 5.1.1, which simulated the RTM for a series of
𝜅 values with the goal of determining the required 𝜅 for a measureable shift in natural frequency.
In section 5.1.2, we conducted a similar simulation, this time with a series to 𝐿𝑒,𝐿 values to
determine which inductance would best compliment the required 𝜅, while retaining underdamped
system behavior. From these simulations, we determined that a coupling coefficient of a minimum
of 𝜅 ≈ 5 𝑉 ⋅ 𝑠, and load inductance of 𝐿𝑒,𝐿 = 0.1 𝐻 was required to see a measureable shift in
natural frequency.

In this simulation we started with a given VEH system utilizing an electromagnetic
transducer of well optimized geometry, as determined using the magnetic fields solution discussed
in section 4. Knowing the geometry and material properties of the electromagnetic transducer, a
linear relationship between 𝜅 and the transducer sprung mass, 𝑚, was made by incrementally
increasing the transducer length along its dimensionally constant 𝑧-axis as prescribed by the two
dimensional magnetic fields solution. Varying this constant axis allowed for a constant, yet
predictable increase in 𝜅 and 𝑚, while retaining the same, optimized geometry as the length
increased.

Using the lumped parameters given by equations (5.1) and (5.2), systems with

increasing transducer masses were simulated to yield new 𝜅 and 𝜔𝑛 𝑠ℎ𝑖𝑓𝑡 values. This simulation
was repeated over multiple data points to produce the graph shown in Figure 5.6.
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Figure 5.6: Simulated results of a RTM-based VEH system of increasing transducer size at 10 𝐻𝑧. Magnet length,
transducer sprung mass, and the coupling coefficient are plotted on the 𝑥-axis against the natural frequency shift on
the 𝑦-axis.

From Figure 5.6 the relationship between increasing the motor velocity constant, 𝜅, can
clearly be seen. As the magnet 𝑧-length dimension increases, 𝑚 and 𝜅 also increase linearly, so
these three parameters are depicted as scaled parameters on the 𝑥-axis. Initially, increasing 𝜅
appears to improve our ability to shift the natural frequency; however, because 𝜅 is also coupled
to 𝑚, the ability for the transducer to shift the natural frequency reaches a maximum, and drops
off as the increased mechanical feedback force associated with 𝑚 dominates the increase in
electrical feedback force associated with increased 𝜅. In this simulation, the maximum achievable
shift in natural frequency is ≈ 3.9 × 10−5 %.

This simulation was repeated at excitation

frequencies of 2 𝐻𝑧, 25 𝐻𝑧, 50 𝐻𝑧, and 200 𝐻𝑧, and is shown in Figure 5.7, Figure 5.8, Figure
5.9, and Figure 5.11, respectively.
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Figure 5.7: Simulated results of a RTM-based VEH system of increasing transducer size at 2 𝐻𝑧. Magnet length,
transducer sprung mass, and the coupling coefficient are plotted on the 𝑥-axis against the natural frequency shift on
the 𝑦-axis.
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Figure 5.8: Simulated results of a RTM-based VEH system of increasing transducer size at 25 𝐻𝑧. Magnet length,
transducer sprung mass, and the coupling coefficient are plotted on the 𝑥-axis against the natural frequency shift on
the 𝑦-axis.
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Figure 5.9: Simulated results of a RTM-based VEH system of increasing transducer size at 50 𝐻𝑧. Magnet length,
transducer sprung mass, and the coupling coefficient are plotted on the 𝑥-axis against the natural frequency shift on
the 𝑦-axis.
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Figure 5.10: Simulated results of a RTM-based VEH system of increasing transducer size at 100 𝐻𝑧. Magnet
length, transducer sprung mass, and the coupling coefficient are plotted on the 𝑥-axis against the natural frequency
shift on the 𝑦-axis.
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Figure 5.11: Simulated results of a RTM-based VEH system of increasing transducer size at 200 𝐻𝑧. Magnet
length, transducer sprung mass, and the coupling coefficient are plotted on the 𝑥-axis against the natural frequency
shift on the 𝑦-axis.

At higher frequencies, we can see that (1) the point at which the 𝜅 vs. 𝜔𝑛 𝑠ℎ𝑖𝑓𝑡 curve
maximizes occurs at considerably higher 𝜅 values, and (2) the amplitude of the natural frequency
shift decreases with increasing frequency. This tells us that the greatest 𝜔𝑛 𝑠ℎ𝑖𝑓𝑡 occurs at lower
excitation frequencies.

5.3. Discussion of Simulation Results

In section 5.1, we ran a single frequency sweep simulation of the RTM transfer function
outlined in chapter 243 using physical lumped parameters that one would expect to see in a typical
electromagnetic VEH system. In this simulation, the RTM was nearly identical the BEM, which
indicated that the feedback forces associated with the electrical components of the VEH system
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were not contributing enough to the system to produce a perceivable 𝜔𝑛𝑠ℎ𝑖𝑓𝑡 . Thusly in section
5.1.1 and section 5.1.2, a sensitivity study was conducted, investigating the values for 𝜅 and 𝐿𝑒,𝐿 —
electrical lumped parameter components associated with the magnitude of 𝜔𝑛𝑠ℎ𝑖𝑓𝑡 —required for a
perceivable𝜔𝑛𝑠ℎ𝑖𝑓𝑡 . This study revealed that, barring any other changes in the system, a coupling
coefficient of 𝜅 ≈ 5 𝑉 ⋅ 𝑠 with a load inductance of 𝐿𝑒,𝐿 ≈ 0.1 𝐻 was required to achieve a
perceivable shift in natural frequency. Finally, in section 5.2, we developed an assumption
paradigm for the relationship between 𝜅 and 𝑚, which also gave us a proportional relationship
between 𝜅 and 𝑘 due to the coupling between 𝑘 and 𝑚 for a system designed for a given natural
frequency. This system was iterated multiple times with increasing 𝜅, then repeated for multiple
natural frequencies. The goal of this simulation was to determine the upper limits of 𝜅 for a RTMbased VEH system inside our design space. In these simulations, the maximum 𝜔𝑛𝑠ℎ𝑖𝑓𝑡 that was
achieved was 3.9 × 10−5 %, which occurred at the low frequency of 10 𝐻𝑧. Due to the coupling
between 𝜅 and 𝑚, when the changes in the mechanical domain dynamics were included in the
simulation, 𝜔𝑛𝑠ℎ𝑖𝑓𝑡 would reach a maximum, and decline well before a perceivable shift could be
reached. In short, even with conservative assumptions regarding the upper limits of our ability to
shift the natural frequency is at least 3-4 orders of magnitude smaller than what is required
perceive in the real world. This shows us that, while the RTM provides a method to tune the
natural frequency of an electromagnetic VEH system without energy losses, our ability to fabricate
a transducer with the required 𝜅 to mass ratio to invoke a measureable change in frequency is
currently unattainable with currently available technologies.
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6. A Design Tool for Vibration Energy Harvester Design Based on Complex
Impedance Matching
In the past chapter, the reactance tuning model (RTM) was simulated for a single phase,
surface-wound, shearing-type, electromagnetic vibration energy harvester (VEH). The results of
this simulation indicate that the ability to tune the natural frequency of a VEH using the proposed
RTM are insufficient, given current technological boundaries facing the best motor speed constant,
𝜅, available for a given mass. That being said, the Matlab script that was written to unify the
mechanical domain simulation and electromagnetic field solution, represents a significant
contribution to scientific literature for anyone designing a similar electromagnetic VEH system.
The purpose of this chapter is to (1) walkthrough the generalized design process and assumptions
made for an electromagnetic energy harvester, and (2) showcase and explain the written Matlab
design tool, and how it helps to simulate the results of a proposed VEH system design.

6.1. Electromagnetic VEH Design Walkthrough

6.1.1. Mechanical Lumped Parameters

In a given VEH system, we start with one fundamental known variable: the fundamental
frequency of the environment over which we wish to harvest energy. This frequency sets the
desired natural frequency of the mechanical system, 𝜔𝑛 . The equation for the mechanical
(primary) natural frequency is given in equation (3.72). It is listed again below, for reference

𝑘
𝜔𝑛 = √
𝑚

(6.1)

This gives the relationship between mechanical stiffness, 𝑘, and the mechanical spring constant,
𝑘, thought, does not in itself, indicate an exact value for either. To know this requires an
understanding the desired mechanical damping ratio, 𝜉, the equation of which is given in equation
(3.73). It is listed again below for reference.
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𝜉=

𝑏

(6.2)

2√𝑘 ⋅ 𝑚

As explained in chapter 0, the damping ratio is a dimensionless parameter, which
characterizes the dissipative behavior of a given second order system. In general, a small damping
ratios (𝜉 < 0.01) are desirable, as they provide the greatest amplitudes of energy (displacement)
at resonance. That said, 𝜉 is limited by the amount of damping, 𝑏, present in the VEH system—
larger mechanical damping coefficients will yield successively higher damping ratios, limiting the
amount of energy available at resonance. Thusly, when designing a mechanical oscillator, care
should be taken to minimize mechanical losses. Once the mechanical system is manufactured, the
damping coefficient of the system can be empirically determined. Plugging all the known values
into equations (6.1) and (6.2) leave us with two equations and two unknowns, allowing us to solve
for 𝑘 and 𝑚.
In summary, the design of the mechanical domain lumped parameters can be loosely
described by equation (6.3).
𝜔𝑛 : 𝑘𝑛𝑜𝑤𝑛 (𝑑𝑒𝑠𝑖𝑟𝑒𝑑)
𝜉: 𝑘𝑛𝑜𝑤𝑛 (𝑑𝑒𝑠𝑖𝑟𝑒𝑑)
𝑏: 𝑒𝑚𝑝𝑒𝑟𝑖𝑐𝑎𝑙𝑙𝑦 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒𝑑
𝑘: 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑
{
𝑚: 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑

(6.3)

In reality, characterizing a system is not quite as simple as this, since 𝑏 cannot be empirically
determined until the mechanical system is manufactured, which requires that 𝑘 and 𝑚 are already
set, but from a design and simulation standpoint, this paradigm is appropriate.

6.1.2. Electromagnetic Transducer Lumped Parameters

In order of the energy flow of the VEH system, the electromagnetic transducer is the next
topic of concern. As discussed in section 5.2, the two parameters of concern in the transducer are
(1) the coupling coefficient of the transducer, 𝜅, and (2) the mechanical mass associated with the
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transducer. In chapter 4, the magnetic fields solution and derivation of 𝜅 for a linear, slotless,
shearing electromagnetic transducer is discussed in-depth, and in section (5.2), the design
boundaries of 𝜅 with respect to transducer geometry are discussed. Therefore, it will not be
repeated here.

In defining the mechanical mass of the transducer, it is important to make a distinction
between the “sprung” and “un-sprung” masses of the transducer.

Physically, a typical

electromagnetic transducer consists of two halves, one containing permanent magnets and the
other containing coil windings. The transducer generates a voltage potential by Faraday’s law of
induction from the relative displacements between the magnets and coil windings. This requires
that one element be fixed to the inertial ground, and the other element be fixed to the reference
frame moving relative to it. Going back to the basic form of the RTM model given by Figure 3.3
(shown again below for reference), we can see how the transducer, 𝑇𝑒 , is mounted to these two
reference frames.

Figure 6.1. The Reactance Tuning Model (RTM). Note how mechanical lumped parameters are now distinctly
separate from the electrical parameters represented by an equivalent electromagnetic transducer, 𝑇𝑒 .

By the nomenclature in Figure 6.1, one element of the transducer (be it the coil or the magnet) be
mounted to the 𝑦(𝑡) reference frame (inertial ground), and the other must be mounted to the 𝑥(𝑡)
reference frame (moving reference frame). It can be said that the element fixed to the inertial
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ground contributes to the “un-sprung” mass (which does not contribute to the dynamics of the
VEH system), and the element fixed to the moving reference frame contributes to the “sprung”
mass (which does contribute to the mechanical dynamics of the VEH system, and is synonymous
with the equivalent mechanical proof mass of the system).

Depending on the design intent, and design constraints of the VEH system in equations, it
may be desirable to fix the coils or the magnets to the sprung mass (relative inertial reference
frame) of the harvester, depending on the mass of the two components. For example, towards the
goal of generating a maximum 𝜔𝑛𝑠ℎ𝑖𝑓𝑡 , because 𝑚 and 𝑘 are directly proportional for a given 𝜔𝑛 ,
and the ability to maximize 𝜔𝑛𝑠ℎ𝑖𝑓𝑡 is increased when the ratio of 𝜅 to 𝑘 is increased, it makes
sense to mount to smaller of the two masses to the sprung mass of the harvester; however, the
opposite may be true depending on design intent. Thusly, it is important to have an understanding
of the mass associated with both the permanent magnets, and copper coils of the VEH system
during the design process.

6.1.3. Electrical System Lumped Parameters

The final step in characterizing the electrical domain of the VEH system lies in the power
transfer circuit connected to the output leads of the electromagnetic transducer. Similar to the
electrical domain analysis of the RTM performed in section 3.3.2, at the output of the
electromagnetic transducer is a power transfer circuit, with some total equivalent impedance, 𝑍𝑒 ,
consisting of the Thevenin (source) impedance associated with the electromagnetic coil, 𝑍𝑒,𝑐 =
𝑅𝑒,𝑐 + 𝑗𝑋𝑒,𝑐 , in series with the load impedance, 𝑍𝑒,𝐿 = 𝑅𝑒,𝐿 + 𝑗𝑋𝑒,𝐿 , from which energy is
harvested. In general, for electromagnetic transducers, the complex part of the source impedance
(i.e. the coil impedance) is negligibly small relative to the real part of the impedance (i.e. the coil
resistance), and therefore can be ignored. In the RTM, this source inductance was ignored entirely
for the purpose of simplicity; however, for sake of a generalized electrical domain analysis, it is
included. This leaves us with the power transfer circuit shown in Figure 6.2.
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Figure 6.2: Power transfer circuit for a generalized electromagnetic transducer.

Our objective is to adjust the lumped parameters associated with the load impedance such that the
power transfer from the circuit is at a maximum. This process is known as complex impedance
matching, and is an important part of VEH system design. The current through the load impedance
is given by equation (6.4).

𝑖=
→𝑖=

𝑉
𝑍𝑒,𝑐 + 𝑍𝑒,𝐿

(6.4)

𝑉

(6.5)

(𝑅𝑒,𝑐 + 𝑗𝑋𝑒,𝑐 ) + (𝑅𝑒,𝐿 + 𝑗𝑋𝑒,𝐿 )

The equation for time-averaged power is given by its characteristic equation,

〈𝑃〉 =

1
1
𝑉𝑖 = 𝑖 2 𝑅𝐿
2
2

(6.6)
2

1
𝑉
→ 〈𝑃〉 = (
) (𝑅𝑒,𝐿 )
2 (𝑅𝑒,𝑐 + 𝑗𝑋𝑒,𝑐 ) + (𝑅𝑒,𝐿 + 𝑗𝑋𝑒,𝐿 )
→ 〈𝑃〉 =

|𝑉|2 𝑅𝑒,𝐿
2

(6.7)

(6.8)
2

2 ((𝑅𝑒,𝑐 + 𝑅𝑒,𝐿 ) + (𝑋𝑒,𝑐 + 𝑋𝑒,𝐿 ) )

Finding the maximum power transfer is a matter of determining the load impedance (𝑅𝑒,𝐿 and 𝑋𝑒,𝐿 )
for which equation (6.8) is maximized. This can be done by solving for the roots of the partial
derivative of equation (6.8) with respect to 𝑅𝑒,𝐿 and 𝑋𝑒,𝐿 . Starting with 𝑅𝑒,𝐿
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2

2

2
𝜕〈𝑃〉 |𝑉| ((𝑅𝑒,𝑐 + 𝑅𝑒,𝐿 ) + (𝑋𝑒,𝑐 + 𝑋𝑒,𝐿 ) − 2𝑅𝑒,𝐿 (𝑅𝑒,𝑐 + 𝑅𝑒,𝐿 ))
=
2
2 2
𝜕𝑅𝑒,𝐿
2 ((𝑅𝑒,𝑐 + 𝑅𝑒,𝐿 ) + (𝑋𝑒,𝑐 + 𝑋𝑒,𝐿 ) )

(6.9)

Setting the derivative to zero,

2

2

|𝑉|2 ((𝑅𝑒,𝑐 + 𝑅(𝑒,𝐿) ) + (𝑋𝑒,𝑐 + 𝑋𝑒,𝐿 ) − 2𝑅𝑒,𝐿 (𝑅𝑒,𝑐 + 𝑅𝑒,𝐿 ))
0=

(6.10)

2 2

2

2 ((𝑅𝑒,𝑐 + 𝑅𝑒,𝐿 ) + (𝑋𝑒,𝑐 + 𝑋𝑒,𝐿 ) )
2 + (𝑋
→ 𝑅𝑒,𝐿 = √𝑅𝑒,𝑐
𝑒,𝑐 + 𝑋𝑒,𝐿 )

(6.11)

2

Giving us a formulation for the electrical load resistance. Repeating this process for the electrical
load reactance,

𝜕〈𝑃〉
=−
𝜕𝑋𝑒,𝐿

|𝑉|2 𝑅𝑒,𝐿 (𝑋𝑒,𝑐 + 𝑋𝑒,𝐿 )
2

(6.12)
2 2

((𝑅𝑒,𝑐 + 𝑅𝑒,𝐿 ) + (𝑋𝑒,𝑐 + 𝑋𝑒,𝐿 ) )

Setting the derivative to zero,

0=−

|𝑉|2 𝑅𝑒,𝐿 (𝑋𝑒,𝑐 + 𝑋𝑒,𝐿 )
2

(6.13)
2 2

((𝑅𝑒,𝑐 + 𝑅𝑒,𝐿 ) + (𝑋𝑒,𝑐 + 𝑋𝑒,𝐿 ) )
→ 𝑋𝑒,𝐿 = −𝑋𝑒,𝑐

(6.14)

Combining equations (6.11) and (6.14) leaves us with the system of equations
𝑅𝑒,𝐿 = 𝑅𝑒,𝑐
{
𝑋𝑒,𝐿 = 𝑋𝑒,𝑐
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(6.15)

This tells us that, for maximum average power transfer, the load impedance should be chosen such
that its real and complex parts match the real and complex parts of the source (coil) impedance.

In summary the design of the electrical domain lumped parameters can be described by
equation (6.16).
𝜅 = 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒 𝑓𝑜𝑟 𝑑𝑒𝑠𝑖𝑔𝑛 𝑠𝑝𝑎𝑐𝑒
𝑅𝑒,𝑐 = 𝑘𝑛𝑜𝑤𝑛 (𝑓𝑟𝑜𝑚 𝑡𝑟𝑎𝑛𝑠𝑑𝑢𝑐𝑒𝑟 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠)
𝑍𝑒,𝑐 = {
𝑋𝑒,𝑐 = 𝐿𝑒,𝑐 = 𝑘𝑛𝑜𝑤𝑛 (𝑢𝑠𝑢𝑎𝑙𝑙𝑦 𝑛𝑒𝑔𝑙𝑖𝑔𝑖𝑏𝑙𝑒)
𝑅𝑒,𝐿 = 𝑅𝑒,𝑐 𝑓𝑜𝑟 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑝𝑜𝑤𝑒𝑟 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟
𝑍𝑒,𝐿 = {
𝑋𝑒,𝐿 = 𝐿𝑒,𝐿 = 𝐿𝑒,𝑐 𝑓𝑜𝑟 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑝𝑜𝑤𝑒𝑟 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟
{

(6.16)

6.2. Matlab Design Tool

The Matlab design tool described in this section is a tool for the design and optimization
of an RTM-based electromagnetic VEH system. Additionally, due to the similarities between the
RTM and the Williams and Yates base excitation model (BEM), this program can just as easily be
used for the design of a generalized electromagnetic VEH system. In this chapter, we will
walkthrough the Matlab design tool, and processes it employs to generate useful simulation data.

6.2.1. Inputs

The first step of the program prompts the user for all of the system variables required for
the simulation to run. The program displays the prompt shown in Figure 6.3.
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Figure 6.3: Input prompt for Matlab design tool.
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The required variables and there are listed in Table 6.1.

Table 6.1: Matlab Design Tool Basic Inputs.

𝜔𝑛

The desired primary natural frequency of the system [𝐻𝑧]. This is used in the BEM
and RTM transfer function simulations, as well as the input frequency for the voltage
calculation in the transducer magnetic fields solution.

𝑎𝑚𝑝

The amplitude of relative displacement of the VEH system at resonance [𝑖𝑛]. Not to
be confused with amplitude of input vibration. This is used for the voltage calculation
in the transducer magnetic fields solution.

𝑏𝑚

𝑁⋅𝑠

Mechanical damping coefficient [ 𝑚 ]. This is used in the BEM and RTM transfer
function simulations.

𝐿𝑒,𝐿

Electrical load inductance [𝐻]. This is used in the RTM transfer function simulation.

𝑚𝑎𝑑𝑑

Any mass in addition (not including) the magnet and coil mass of the electrical
transducer [𝑘𝑔].

𝑚𝑥

Length of single magnet along 𝑥-axis [𝑖𝑛]. This is used for the voltage calculation in
the transducer magnetic fields solution.

𝑚𝑦

Length of single magnet along 𝑦-aixs [𝑖𝑛]. This is used for the voltage calculation in
the transducer magnetic fields solution.

𝑚𝑧

Length of single magnet along 𝑧-axis [𝑖𝑛]. This is used for the voltage calculation in
the transducer magnetic fields solution.

𝑚𝑑

Half gap length between magnets [𝑖𝑛]. This is used for the voltage calculation in the
transducer magnetic fields solution.

𝑐𝑦

Coil length along 𝑦-axis [𝑖𝑛]. This is used for the voltage calculation in the transducer
magnetic fields solution.

𝑐𝑡

Coil strand thickness (gauge) [𝑚]. This is used for the resistance calculation in the
transducer magnetic fields solution.

𝑥0

Single coil analysis phase offset [𝑖𝑛]. This is used for the voltage calculation in the
transducer magnetic fields solution.

𝑒𝑦

Length of empty space along 𝑦-axis between coils and magnets. This is used for the
voltage calculation in the transducer magnetic fields solution.
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Number of coil turns along the 𝑥-axis (assuming a rectangular coil configuration).

𝑁𝑡𝑥

This is used for the voltage calculation in the transducer magnetic fields solution.
Number of coil turns along the 𝑦-axis (assuming a rectangular coil configuration).

𝑁𝑡𝑦

This is used for the voltage calculation in the transducer magnetic fields solution.

Additionally, the input prompt can be suppressed in the code, allowing the user to edit the variables
directly.

6.2.2. Mass and Compaction Factor Calculations

The next step of the program calculates the compaction factor, as well as mass properties
of the coil. First, knowing the input coil strand thickness, number of 𝑥 and 𝑦-turns, and desired
geometric dimension of the coil windings, the program calculates the maximum achievable
compaction factor based on a rectangular winding configuration, and the compaction factor of the
current coil winding configuration. Although a rectangular coil configuration (part (a) of Figure
6.4) provides an inferior maximum compaction factor the hexagonalws coil configuration (part (b)
of Figure 6.4), the rectangular coil configuration is more easily conceptualized in the design
process. Additionally, it is very difficult to approach the theoretical maximum compaction factor
using hand, or even machine-wound coil methods, making the difference between the two
relatively small in the real world.

Figure 6.4: Cross sections of a: (a) rectangular coil configuration, (b) triangular coil configuration.

Next, the program calculates the magnet and coil pitch (which should be identical) of the
transducer, the total length of the coil winding, the total mass of the magnet and coil, and the
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sprung mass of the transducer (the smaller mass between the magnet and coil). All of this
information is then displayed to the user in the command window.

6.2.3. Magnetic Fields Solution

The next step of the program is the calculate the magnetic fields solution, and the associated
parameters associated with the electromagnetic transducer. Chapter 4 discusses this process in
detail, but in summary, the program follows the process:
⃗ , and magnetic flux density, 𝐵
⃗.
1. Evaluate magnetic field, 𝐻
2. Evaluate magnetic flux, Φ.
3. Evaluate desired relative displacement function at resonance, 𝑥𝑖𝑛 , and its derivative,
4. Evaluate the derivative of the magnetic flux,

𝑑𝑥
𝑑𝑡

.

𝑑Φ
𝑑𝑥

.
𝑑𝑥 𝑑Φ

5. Solve for voltage of the single coil in space using Faraday’s law of induction, 𝜖 = − 𝑑𝑡

𝑑𝑥

.

6. Solve for voltage across the entire coil by evaluating Faraday’s law of induction for each
coil at it’s known geometric location in space relative to the permanent magnets, and
summing for a total voltage.
7. Use resistivity equation, Ohms law, and the characteristic equation for the electromagnetic
transducer coupling coefficient to determine resistance, 𝑅, 𝑖, and 𝜅, respectively.

A plot of the magnetic field, and magnetic flux density streamlines is also plotted, which is scaled
appropriately depending on the input geometry. An example of these plots are shown in Figure
6.5 and Figure 6.6, respectively.
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⃗.
Figure 6.5: Example streamline plot of magnetic field, 𝐻

92

⃗.
Figure 6.6: Example streamline plot of magnetic flux density, 𝐵

A mesh plot for the magnetic flux amplitude through the air gap for a single coil placed at 𝑥 = 𝑥0
(where 𝑥0 is an user-input variable) for all 𝑦-points within the air gap, as well as the voltage
waveform for the 𝑦-coils placed at 𝑥 = 𝑥0 . An example of these plots are shown in Figure 6.7,
Figure 6.8, respectively.
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Figure 6.7: Magnetic flux amplitude through a single coil placed at a user-given 𝑥-coordinate in space, 𝑥0 , at any
point in the air gap. In this case, 𝑥0 = 0.125 𝑖𝑛.
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Figure 6.8: Voltage waveform for all 𝑦-coils placed at a user-given 𝑥-coordinate in space, 𝑥0 . In this case, 𝑥0 =
0.125 𝑖𝑛.

The final voltage waveform is found by summing all of the voltage waveforms generated
from each coil turn at their respective point in space. An example voltage waveform is plot is
shown in Figure 6.9.
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Figure 6.9: Total voltage waveform summed for all coils.

The pertinent lumped parameters, i.e. peak voltage, coil resistance, peak current, and 𝜅 are
displayed in the command window.

6.2.4. Transfer Function Simulation

The last part of the Matlab design tool simulates the transfer function of BEM and RTM
using lumped parameter inputs. From the discussion of lumped parameters discussed in section
6.1, knowing 𝜔𝑛 , 𝑏, and 𝑚 is enough information to determine the last two lumped parameters: 𝑘
and 𝜉. From the electromagnetic fields solution analysis, the 𝜅 and 𝑅𝑒,𝑐 , of the electromagnetic
transducer is found. Coupled with some a user-given load reactance, 𝐿𝑒,𝐿 , and impedance-matched
load resistance, 𝑅𝑒,𝐿 , we have enough information to simulate the BEM transfer function given in
equation (3.8) and the RTM transfer function given in equation (3.49). A sample of this transfer
function plot is shown in Figure 6.10.
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Figure 6.10: BEM and RTM transfer function simulation plot. Note that because the shift in natural frequency is
negligibly small, the transfer functions appear identical.

6.3. Limitations of Design Tool

Currently, this Matlab design tool has a couple of limitations that should be noted. The
first is associated with the analytical magnetic fields solution. Because the analytical solution is
⃗⃗ , as an infinite Fourier series, it is limed to
forced to represent the magnetization waveform, 𝑀
magnet and coil and magnet configurations where the coils are contained within recurring
magnetic field boundaries.

The second limitation is related to the allowable assumptions that can be made relating to
the evaluation of 𝜅 for a given VEH system. From the constitutive equation for 𝜅 given in equation
(4.90), we know that 𝜅 is a dimensionalized constant relating voltage to velocity. The issue arises
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in the form of the voltage waveform when running a sinusoidal induction machine as a generator
(mechanical to electrical energy conversion). Voltage is governed by Farday’s law of induction,
which generates electricity both by crossing through changes in flux amplitude, and changes in
position. This is important to note, because changing the amplitude of the relative displacement
function can cause the form of the output voltage waveform to vary significantly. The Matlab
design tool defines voltage by the peak voltage of the voltage waveform output, which
characterizes amplitude, but not form. Thusly, if comparing the 𝜅 of two similar VEH systems,
one must be ensure that the relative displacement amplitude remains the same in both simulations.
If absolutely required, mathematical techniques can be used to characterize form as well as
amplitude if comparison between two waveforms, i.e. RMS representation, discrete integration,
etc.; however, because voltage amplitude is the most common, and most conceptually understood
representation of “voltage”, this representation was chosen by design.
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7. Experimental Setup
7.1. Experimental Hardware Setup

The mechanical domain of the VEH system used for this experiment utilized a one degreeof-freedom flexure stage as the oscillatory (spring) element. Due to the original goal of shifting
the natural frequency, no additional mass was added to the system. A 3D model of the linear
flexure stage is shown in Figure 7.1.

Figure 7.1: Linear flexure stage.

Stacked layers of mild steel sheets were then epoxied to the center of the flexure stage, as
ferromagnetic backing material for the electromagnetic transducer. The coil was hand wound with
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22 𝐴𝑊𝐺 magnet wire with an 8 × 5 (40 turn) strand configuration. Because the coil was lighter
than the opposing magnets, the coils were epoxied to the center of ferromagnetic backing material.
A “shroud” meant for holding the un-spring elements of the transducer (in this case, the permanent
magnets) was 3D-printed using polylactic acid (PLA)-based thermoplastic, and was bolted to the
flexure stage. Stacked layers of mild steel sheets were bolted to the plastic housing, so that they
retained some adjustability to compensate for manufacturing error. The permanent magnet par
magnets were then epoxied to the steel sheet backing material. An image taken from the side view
of the electromagnetic transducer is shown in Figure 7.2.

Figure 7.2. Side view of electromagnetic transducer. Image is oriented such that it matches the simulated
transducer in Figure 6.5 and Figure 6.6Figure 6.7 (𝑥-axis is left to right, 𝑦-axis is up and down, 𝑧-axis is into the
page).
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All of these components were then bolted onto a 3D-printed adapter, which mounts the
entire assembly on the vibratory source. A 3D model of the structural assembly (without the
electromagnetic transducer components) is shown in Figure 7.3.

Figure 7.3: 3D model of the mechanical and structural assembly of the VEH system. Does not include components
associated with the electromagnetic transducer.

An image of the actual experimental setup with and without the plastic housing pieces for
the transducer magnets is shown in Figure 7.4, and Figure 7.5, respectively. Note that there are
two housing pieces—one for each side of the harvester—for reasons of symmetry and possible
future adjustability. In the experimental data collection, only the side of the VEH system facing
the camera was used to harvest energy.
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Figure 7.4: Image of the experimental VEH setup without the plastic housing for the un-spring transducer elements.
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Figure 7.5: Image of the experimental VEH setup with the plastic housing and all electromagnetic transducer pieces
in place. Note that only the coils on the side facing the camera

7.2. Mechanical Domain Characterization

7.2.1. Spring Constant

The spring constant of the flexure was tested by subjecting the flexure to a known static
loading and measuring the resulting displacement. The following data plot shown in was generated
with this data.
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Figure 7.6: Force vs. displacement plot to determine the equivalent spring constant of the linear flexure stage.

From the slope of the linear fit plotted in Figure 7.6, the spring constant of the linear flexure
was

𝑘 = 11766

𝑁
𝑚

(7.1)

7.2.2. Natural Frequency, Damping Ratio and Proof Mass

To find the natural frequency and damping ratio of the system, a frequency sweep of the
harvester was performed over its resonant regime, and a 2nd order transmissibility curve was fit to
the data. The result of this is shown in Figure 7.7.
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Figure 7.7: Frequency sweep of the experimental VEH setup. A 2 nd order transmissibility curve was fit to the data.

From this analysis, the natural frequency and damping ratio were determined to be,

𝜔𝑛 = 38.6 𝐻𝑧 = 242.530

rad
s

𝜉 = 0.00318

(7.2)

(7.3)

The total equivalent proof mass of the system was found by manipulating equation (3.72).

𝑘
𝜔𝑛 = √
𝑚
→ 𝜔𝑛2 =
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𝑘
𝑚

(7.4)

(7.5)

→𝑚=

→𝑚=

𝑘
𝜔𝑛2

𝑁
11766 𝑚
rad
242.531 s

(7.6)

(7.7)

= 0.2000 𝑘𝑔

7.3. Electrical Domain Characterization

As discussed in section 3.2, in order for the model relating equivalent electrical and
mechanical components to hole, the coupling coefficient of the electromechanical transducer, 𝜅,
must be linear. Classically, the units of 𝜅 are in volts per unit of velocity, which is also exactly
equivalent to newtons per amp. To test this, the transducer coils were subjected to s known current,
and the resulting displacement was recorded. Because the spring constant of the flexure is known,
this displacement can be converted into a force. The data from this experiment is shown in Figure
7.8.
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Figure 7.8: Force per amperage plot of the electromagnetic transducer. From this data, we can see that the coupling
coefficient of the transducer is linear.
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8. Verification of Design Tool
As already discussed, the original intent of the manufactured experimental setup was to
validate whether or not the natural frequency could be shifted using the reactance tuning model
(RTM). However, because the simulated data revealed that attaining a perceivable shift in natural
frequency is not possible with current materials, the focus of the experimental setup shifted to
validating the results of the experimental model. From chapter 7, all of the required lumped
parameters of the experimental setup were determined, which were then simulated using the
Matlab design tool (as described in chapter 6). The actual waveform outputs of the experimental
harvester were recorded, and compared against the output waveform of the Matlab simulation. All
of these plots are shown in Figure 8.1 through Figure 8.11.

Figure 8.1: Voltage data from the experimental setup as compared to the simulated results for 35.0229 Hz
frequency, and 0.048364” displacement.
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Figure 8.2: Voltage data from the experimental setup as compared to the simulated results for 35.0336 Hz
frequency, and 0.075436” displacement.
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Figure 8.3: Voltage data from the experimental setup as compared to the simulated results for 37.5854 Hz
frequency, and 0.064716” displacement.
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Figure 8.4: Voltage data from the experimental setup as compared to the simulated results for 37.5951 Hz
frequency, and 0.0916” displacement.
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Figure 8.5: Voltage data from the experimental setup as compared to the simulated results for 40.0119 Hz
frequency, and 0.11974” displacement.
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Figure 8.6: Voltage data from the experimental setup as compared to the simulated results for 40.1235 Hz
frequency, and 0.084964” displacement.
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Figure 8.7: Voltage data from the experimental setup as compared to the simulated results for 42.5976 Hz
frequency, and 0.14165” displacement.
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Figure 8.8: Voltage data from the experimental setup as compared to the simulated results for 42.5998 Hz
frequency, and 0.089471” displacement.

115

Figure 8.9: Voltage data from the experimental setup as compared to the simulated results for 45.0826 Hz
frequency, and 0.062352” displacement.
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Figure 8.10: Voltage data from the experimental setup as compared to the simulated results for 45.0994 Hz
frequency, and 0.14662” displacement.
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Figure 8.11: Voltage data from the experimental setup as compared to the simulated results for 45.1344 Hz
frequency, and 0.13528” displacement.

From these plots we can see that, in general, the simulation slightly over estimates the
amplitude actual voltage output. This is unsurprising, since the simulation does simulate the
transducer geometry under ideal conditions. More importantly however, we can see that the shape
(or “form”) of the plotted data does begin to deviate from the simulated voltage waveform as the
amplitude of the input vibration increases. In the actual data, the secondary voltage peak that
forms as the coil beings to enter the next magnet phase occurs sooner than the simulated data
predicts. This can be attributed to deviations in the manufacturing (hand-wound) tolerances of the
coil. In Figure 7.2, a side view of the electromagnetic transducer on the experimental setup is
pictured. This is shown below against Figure 6.5, which is the simulated transducer geometry
based on the input geometric parameters.
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Figure 8.12: Actual transducer geometry vs simulated transducer geometry.

From Figure 8.12, it can be seen that the actual built coil is not perfectly rectangular in
cross section, and thusly, reaches out into the magnetization field of the next magnet before the
“perfect” geometry coil in the simulation does. This accounts for the slight difference in
waveform shape between the actual voltage data and the simulated voltage waveform.
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9.

Conclusions
In this research, we investigated the feasibility of tuning the natural frequency of an

electromagnetic vibration energy harvesting (VEH) system by varying the complex component
(reactance) of the load impedance of the power transfer circuit of the system. A dynamical model
derived from the Williams and Yates base excitation model (BEM) used in most VEH systems
was developed. This model, called the reactance tuning model (RTM), simulated the desired
behavior of an electromagnetic VEH system with a variable complex impedance. In simulation,
it was shown that it is possible to shift the natural frequency of a RTM-based VEH system using
this method; however, our ability to do so is highly dependent on the coupling coefficient, 𝜅, of
the electromagnetic transducer in the system. When simulating the RTM using lumped parameters
that were limited by conservative physical constraints, it was found that the greatest natural
frequency shift attainable (𝜔𝑛𝑠ℎ𝑖𝑓𝑡 = 3.9 × 10−5 %) was 3-4 orders magnitude smaller than what
is required to be perceivable and/or useful in the real world. This shows us that, while the RTM
can potentially be used to tune the natural frequency of an electromagnetic VEH system without
significant energy losses, the ability to fabricate an electromagnetic transducer with the necessary
coupling coefficient to mass ratio to invoke a usable shift in natural frequency is currently
unattainable with available technologies and materials.

Although the research effort devoted to the development and validation of the RTM
ultimately yielded a negative result, the Matlab design tool that was developed to simulate the
RTM, serves as a useful contribution for anyone looking to develop a generalized electromagnetic
VEH system of similar transducer geometry. The Matlab design tool was validated against an
experimental model, and showed good correlation between output voltage waveforms.

9.1. Future Work

The negative result yielded by the RTM was due to the weak coupling coefficient attainable
in electromagnetic transduction. Some investigation should be done to ensure that this is also the
case for other transduction methods, namely electrostatic and piezoelectric transduction
mechanisms.
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Additionally, as discussed in section 6.3, the Matlab tool is currently limited to transducer
geometries where the coils are contained within recurring magnetic field boundaries. This is
because the magnetization waveform is represented by an infinite Fourier series. A more universal
tool could be developed that would include asymmetric magnet and coil-pole configurations, if the
magnetization waveform were represented by any arbitrary function, and included terminating
boundary conditions in the 𝑥-axis directions.
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11. Appendix
11.1.

Matlab Code

%% ----- Program Description ----%
% Simulates a linear, shearing, electromagnetic energy harvester following
% the reactance tuning model (RTM). Solves and plots the associated
% magnetic fields solution, for the harveter, using the transducer geometry
% as inputs to their respective lumped parameters.
%
% Author: Brennan Yamamoto
% Co-Author: A Zachary Trimble
% Last Update: 2015.05.07
%
function full_reactance_tuning_model_solution()
%% ----- Inputs ----%
%
%
%
%
%
%
%
%
%
%
%
%

Table of AWG diameter to m (for reference)
1 AWG = 7.348 mm = 7.348E-3 m
4 AWG = 5.189 mm = 5.189E-3 m
8 AWG = 3.264 mm = 3.264E-3 m
12 AWG = 2.053 mm = 2.053E-3 m
16 AWG = 1.291 mm = 1.291E-3 m
20 AWG = 0.812 mm = 8.12E-4 m
22 AWG = 0.644 mm = 6.44E-4 m
24 AWG = 0.511 mm = 5.11E-4 m
28 AWG = 0.321 mm = 3.21E-4 m
30 AWG = 0.255 mm = 2.55E-4 m
34 AWG = 0.160 mm = 1.6E-4 m
38 AWG = 0.101 mm = 1.01E-4 m

% Mechanical lumped parameters
wn = 50*2*pi;
primary natural frequency [rad/s]
amp = 0.125*0.0254;
desired amplitude of relative displacement at resonance [m]
b = 0.3105;
damping coefficient [N*s/m]
LeL = 0.1;
inductance of applied inductor [H]
m_add = 0.2;
any added mechanical mass on top of the coil/magnet mass [kg]
% Electromagnetic transducer geometric parameters
mx = 1/4*0.0254;
magnet x-length [m]
my = 1/4*0.0254;
magnet y-length [m]
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%
%
%
%
%

%
%

mz = 3*0.0254;
magnet z-length [m]
md = 0*0.0254;
magnet half-gap length [m]
cy = 0.185*0.0254;
coil y-length [m]
ct = 6.44E-4;
coil strand thickness (diameter) [m]
x0 = 1/8*0.0254;
single coil simulation position offset [m]
ey = 0.086*0.0254;
empty y-length between coils and magnet (inside air gap) [m]
Ntx = 8;
number of coil turns in the x-direction []
Nty = 5;
number of coil turns in the y-direction []
% Electromagnetic transducer material properties
Br = 1.2;
residual magnetization amplitude [T]
mu0 = 4*pi*10^(-7);
permeability of free space [V*s/(A*m) or Wb/(A*m)]
rho_r = 1.68E-8;
resistivity of conductive material [Ohm*m]
rho_c = 8.960E3;
density of copper [kg/m^3]
rho_m = 7.5E3;
density of magnetic material [kg/m^3]
% Eectromagnetic field solution properties
x_res = 1000;
resolution of x-coordinate system
y_res = 75;
resolution of y-coordinate system
ni = 25;
number of terms in the infinite Fourier series (for field solution) []
% Figure counter
fig = 1;
figure counter

%
%
%
%
%
%
%
%

%
%
%
%
%

%
%
%

%

%% ----- User Input Dialog ----% Displays a UI that allows user to modify default values. Uncheck
% only if desired.
default_inputs = [wn/(2*pi) amp/0.0254 b LeL m_add mx/0.0254...
my/0.0254 mz/0.0254 md/0.0254 cy/0.0254 ct x0/0.0254...
ey/0.0254 Ntx Nty];
mod = take_user_inputs(default_inputs);
wn = str2num(mod{1})*2*pi; amp = str2num(mod{2})*0.0254;
b = str2num(mod{3}); LeL = str2num(mod{4});
m_add = str2num(mod{5}); mx = str2num(mod{6})*0.0254;
my = str2num(mod{7})*0.0254; mz = str2num(mod{8})*0.0254;
md = str2num(mod{9})*0.0254; cy = str2num(mod{10})*0.0254;
ct = str2num(mod{11}); x0 = str2num(mod{12})*0.0254;
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ey = str2num(mod{13})*0.0254; Ntx = str2num(mod{14});
Nty = str2num(mod{15});
%% ----- Symbolic Solutons ----% Uncheck only if interested in printing symbolic solutions
symbolic_magnetic_field_solution();
symbolic_transfer_functions();
%% ----- Calculations ----% Mass and compaction factor input array
geometric_inputs = [mx my mz md cy ct ey Ntx Nty];
density_properties = [rho_c rho_m];
% Mass and compaction factor calculations
results = mass_and_compaction_factor(m_add, geometric_inputs,...
density_properties);
% Discretize results
Ntx_max = results(1);
Nty_max = results(2);
Cx_max = results(3);
Cy_max = results(4);
C_max = results(5);
Cx = results(6);
Cy = results(7);
C = results(8);
Ntx_needed = results(9);
Nty_needed = results(10);
mp = results(11);
cp = results(12);
cL = results(13);
m = results(14);
mm = results(15);
cm = results(16);
% Magnetic field solution input array
geometric_inputs = [mx my mz md mp cy cp ct cL x0 ey Ntx Nty];
forcing_inputs = [wn amp];
material_properties = [Br mu0 rho_r];
solution_properties = [x_res y_res ni];
% Magnetic field solution calculations
results = numeric_magnetic_field_solution(geometric_inputs,...
forcing_inputs, material_properties, solution_properties, fig);
% Discretize results
Rec = results(1);
V = results(2);
kV = results(3);
fig = results(4);
% Define load resistance
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ReL = Rec;
% Setup series RTM solution input array
inputs = [m wn b kV Rec ReL LeL];
% Series RTM solution
results = numeric_series_RTM_solution(inputs, fig);
end
function user_inputs = take_user_inputs(default_inputs)
%
%
%
%
%
%
%
%
%
%

Displays a prompt that allows the user to modify take basic system
inputs (geometric parameters and forcing function parameters, and
returns it.
Inputs:
default_inputs: 1 x 15 array containing default values for [wn b
amp LeL m_add mx my mz md cy ct x0 ey Ntx Nty]
Outputs:
user_inputs: 1 x 15 array conaining modified default_values.

%% ----- Discretize Input Arrays ----wn = default_inputs(1);
amp = default_inputs(2);
b = default_inputs(3);
LeL = default_inputs(4);
m_add = default_inputs(5);
mx = default_inputs(6);
my = default_inputs(7);
mz = default_inputs(8);
md = default_inputs(9);
cy = default_inputs(10);
ct = default_inputs(11);
x0 = default_inputs(12);
ey = default_inputs(13);
Ntx = default_inputs(14);
Nty = default_inputs(15);
prompt =
{
'\omega_n, primary natural frequency [ Hz ]: ',...
'amp, amplitude of relative displacement at resonance [ in ]: ',...
'b_m, mechanical damping coefficient [ N\cdots/m ]: ',...
'L_e_L, load inductance coefficient [ H ]: ',...
'm_a_d_d, added mechanical mass on top of the coil/magnet mass [ kg
]: ',...
'm_x, magnet x-length [ in ]: ',...
'm_y, magnet y-length [ in ]: ',...
'm_z, magnet x-length [ in ]: ',...
'm_d, magnet half-gap length [ in ]: ',...
'c_y, coil y-length [ in ]: ',...
'c_t, coil strand thickness (diameter) [ m ]: ',...
'x_0, single coil phase offset [ in ]: ',...
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'e_y, empty y-length between coils and magnet (inside air gap) [ in
]: '...
'Nt_x, number of x-coil turns [
]: ',...
'Nt_y, number of y-coil turns [
]: '};
header = 'Basic Inputs';
lines = 1;
options.Resize='on';
options.WindowStyle='normal';
options.Interpreter='tex';
defaults =
{
num2str(wn), num2str(amp), num2str(b), num2str(LeL),...
num2str(m_add), num2str(mx), num2str(my), num2str(mz),...
num2str(md), num2str(cy), num2str(ct), num2str(x0),...
num2str(ey), num2str(Ntx), num2str(Nty)};
user_inputs = inputdlg(prompt, header, lines, defaults, options);
end
function results = mass_and_compaction_factor(m_add, geometric_inputs,
density_properties)
%
%
%
%
%

Calculates the equivalent mass of a linear, single-phase,
electromagnetic transducer based on the input geometry of the
harvester.

Inputs:
% m_add: double containing added mechanical mass
% geometric_inputs: 1 x 9 array containing values for [mx my mz md
% cy ct ey Ntx Nty]
% density_properties: 1 x 2 array containing values for [rho_c
% rho_m]
% Outputs:
% mass: 1 x 16 array containing values for [Ntx_max Nty_max...
% Cx_max Cy_max C_max Cx Cy C Ntx_needed Nty_needed mp cp cL m...
% mm cm]
%% ----- Discretize Input Arrays ----% Geometric inputs
mx = geometric_inputs(1);
my = geometric_inputs(2);
mz = geometric_inputs(3);
md = geometric_inputs(4);
cy = geometric_inputs(5);
ct = geometric_inputs(6);
ey = geometric_inputs(7);
Ntx = geometric_inputs(8);
Nty = geometric_inputs(9);
% Density properties
rho_c = density_properties(1);
rho_m = density_properties(2);
%% ----- Calculations ----% Magnet and coil pitch
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mp = mx+(2*md);
magnet pitch [m]
cp = mp;
coil picth [m]

%
%

% Coil turns and compaction factor
Nt = Ntx*Nty;
total number of turns [ ]
Ntx_max = floor(cp/ct);
maximum number of x-turns for given cp and ct [ ]
Nty_max = floor(cy/ct);
maximum number of y-turns for given mp and ct [ ]
Cx_max = ((ct*mp)-((ct*ct)-(pi/4)*ct^2)...
maximum achievable x-compaction factor [ ]
*Ntx_max-(ct*mp-ct*ct*Ntx_max))/(ct*mp);
Cy_max = ((ct*cy)-((ct*ct)-(pi/4)*ct^2)...
maximum achievable y-compaction factor [ ]
*Nty_max-(ct*cy-ct*ct*Nty_max))/(ct*cy);
C_max = (Cx_max+Cy_max)/2;
maximum achievable compaction factor [ ]
Cx = ((ct*mp)-((ct*ct)-(pi/4)*ct^2)*Ntx...
x-compaction factor [ ]
-(ct*mp-ct*ct*Ntx))/(ct*mp);
Cy = ((ct*cy)-((ct*ct)-(pi/4)*ct^2)*Nty...
y-compaction factor [ ]
-(ct*cy-ct*ct*Nty))/(ct*cy);
C = (Cx+Cy)/2;
total compaction factor [ ]
Ntx_needed = Ntx_max - Ntx;
number of more turns required to reach maximum compaction factor [ ]
Nty_needed = Nty_max - Nty;
number of more turns required to reach maximum compaction factor [ ]
% Mass calculations
cL = (2*cp+2*mz)*Nt;
coil length (not to be confused with coil pitch) [m]
cV = 2*cp*cy*mz*C;
coil volume based on compaction factor [m^3]
cm = cV*rho_c;
mass of coil [kg]
mm = 2*rho_m*mx*my*mz;
mass of magnet [kg]
if cm>mm
determine proof mass based off of the smaller mass
m = mm+m_add;
mass = magnet mass + added mass [kg]
else
m = cm+m_add;
mass = coil mass + added mass [kg]
end
% ----- Display and Output Results ----disp(' ');
disp('Mass and Geometry Calculations: ');
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%
%
%
%
%
%
%
%
%
%
%

%
%
%
%
%
%
%

disp(['
Coil length: ', num2str(cL), ' m']);
disp(['
Coil mass: ', num2str(cm), ' kg']);
disp(['
Magnet mass: ', num2str(mm), ' kg']);
disp(['
Added mass: ', num2str(m_add), ' kg']);
disp(['
Total sprung mass: ', num2str(m), ' kg']);
disp(' ');
disp('Turns and compaction factor calculations: ');
disp(['
x-compaction factor: ', num2str(Cx*100), ' % out of
num2str(Cx_max*100), ' %']);
disp(['
y-compaction factor: ', num2str(Cy*100), ' % out of
num2str(Cy_max*100), ' %']);
disp(['
Total compaction factor: ', num2str(C*100), ' % out
', num2str(C_max*100), ' %']);
disp(['
', num2str(Ntx_needed), ' x-turn(s) needed to reach
achievable x-compaction factor']);
disp(['
', num2str(Nty_needed), ' y-turn(s) needed to reach
achievable y-compaction factor']);

maximum ',
maximum ',
of maximum
maximum
maximum

results = [Ntx_max Nty_max Cx_max Cy_max...
wrap results into array
C_max Cx Cy C Ntx_needed Nty_needed...
mp cp cL m mm cm];

%

end
function results = numeric_magnetic_field_solution(geometric_inputs,
forcing_inputs, material_properties, solution_properties, fig)
%
%
%
%
%

Calculates the magnetic field solution for the linear, single-phase,
electromagnetic transducer, plotting the H field, B field, magnetic
flux, and voltage waveform generated

Inputs:
% geometric_inputs: 1 x 13 array containing values for [mx my mz
% md mp cy cp ct cL x0 ey Ntx Nty]
% forcing_inputs: 1 x 2 array containing values for [wn amp]
% material_properties: 1 x 3 array containing values for [Br mu0
% rho_r]
% solution_properties: 1 x 3 array containing values for [x_res
% y_res ni]
% fig: figure counter
% Outputs:
% results: 1 x 3 array containing values for [resistance voltage
% kV fig]
%% Define Symbolic Variables
syms x y positive;
%
x and y coordinates for magnetic field (H) and flux density (B) calculation
syms yp positive;
%
y coordinates for the coil flux (Phi) solution
syms yv positive;
%
y coorindate for voltage (V) solution
syms mx my mz positive;
%
magnet x, y, and z lengths
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syms md positive;
half gap length (along x-axis) between magnets
syms ay positive;
air gap y-length (coil y-length + empty space y-length)
syms n positive;
infinte fourier sum index variable
syms k positive;
spatial frequency/Laplace equation solution separation constant
syms M_max positive;
external magnetization charge density amplitude
syms mu0 positive;
permeability of free space
syms x0 positive;
coil position x-offset
syms x0n positive;
coil position x-offset for multiple turns
syms cp positive;
coil pitch
syms x_in positive;
forcing function (vibration)
syms w positive;
forcing function (vibration) frequency
syms amp positive;
forcing function (vibration) amplitude
syms t positive;
time variable
syms V positive;
voltage
%% ----- Vectorized Symbolic Field Section ----Hm_x = (4.*M_max.*cos(k.*md).*sinh(ay.*k).*cos(k.*x).*sinh(k.*(my y)))./(pi.*n.*sinh(k.*(ay + my)));
Hm_y = -(4.*M_max.*cos(k.*md).*sinh(ay.*k).*sin(k.*x).*cosh(k.*(my y)))./(pi.*n.*sinh(k.*(ay + my)));
Ha_x = (4.*M_max.*sinh(k.*(ay +
y)).*cos(k.*md).*cos(k.*x).*sinh(k.*my))./(pi.*n.*sinh(k.*(ay + my)));
Ha_y = (4.*M_max.*cosh(k.*(ay +
y)).*cos(k.*md).*sinh(k.*my).*sin(k.*x))./(pi.*n.*sinh(k.*(ay + my)));
M_x = 0;
M_y = (4.*M_max.*cos(k.*md).*sin(k.*x))./(pi.*n);
Bm_x = (4.*M_max.*mu0.*cos(k.*md).*sinh(ay.*k).*cos(k.*x).*sinh(k.*(my y)))./(pi.*n.*sinh(k.*(ay + my)));
Bm_y = mu0.*((4.*M_max.*cos(k.*md).*sin(k.*x))./(pi.*n) (4.*M_max.*cos(k.*md).*sinh(ay.*k).*sin(k.*x).*cosh(k.*(my y)))./(pi.*n.*sinh(k.*(ay + my))));
Ba_x = (4.*M_max.*mu0.*sinh(k.*(ay +
y)).*cos(k.*md).*cos(k.*x).*sinh(k.*my))./(pi.*n.*sinh(k.*(ay + my)));
Ba_y = (4.*M_max.*mu0.*cosh(k.*(ay +
y)).*cos(k.*md).*sinh(k.*my).*sin(k.*x))./(pi.*n.*sinh(k.*(ay + my)));
x_in = amp.*cos(t.*w);
dxdt = -amp.*w.*sin(t.*w);
Phi = (4.*M_max.*mu0.*mz.*cosh(k.*(ay +
yp)).*cos(k.*md).*sinh(k.*my).*(cos(k.*(x0 + amp.*sin(t.*w))) - cos(k.*(cp +
x0 + amp.*sin(t.*w)))))./(pi.*k.*n.*sinh(k.*(ay + my)));
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%
%
%
%
%
%
%
%
%
%
%
%
%
%

dPhidx = -(4.*M_max.*mu0.*mz.*cosh(k.*(ay +
yv)).*cos(k.*md).*sinh(k.*my).*(sin(k.*(x0 + x_in)) - sin(k.*(cp + x0 +
x_in))))./(pi.*n.*sinh(k.*(ay + my)));
V = -(4.*M_max.*amp.*mu0.*mz.*w.*cosh(k.*(ay +
yv)).*cos(k.*md).*sinh(k.*my).*sin(t.*w).*(sin(k.*(x0 + x_in)) - sin(k.*(cp +
x0 + x_in))))./(pi.*n.*sinh(k.*(ay + my)));
Vm = -(4.*M_max.*amp.*mu0.*mz.*w.*cosh(k.*(ay +
yv)).*cos(k.*md).*sinh(k.*my).*sin(t.*w).*(sin(k.*(x0n + x_in)) - sin(k.*(cp
+ x0n + x_in))))./(pi.*n.*sinh(k.*(ay + my)));
%% ----- Discretize Input Arrays ----% Geometric inputs
mx = geometric_inputs(1);
my = geometric_inputs(2);
mz = geometric_inputs(3);
md = geometric_inputs(4);
mp = geometric_inputs(5);
cy = geometric_inputs(6);
cp = geometric_inputs(7);
ct = geometric_inputs(8);
cL = geometric_inputs(9);
x0 = geometric_inputs(10);
ey = geometric_inputs(11);
Ntx = geometric_inputs(12);
Nty = geometric_inputs(13);
% Forcing function inputs
w = forcing_inputs(1);
amp = forcing_inputs(2);
% Material properties
Br = material_properties(1);
mu0 = material_properties(2);
rho_r = material_properties(3);
% Solution properties
x_res = solution_properties(1);
y_res = solution_properties(2);
ni = solution_properties(3);
%% ----- Numerical Calculations ----% Derived variable calculations
M_max = Br/mu0;
residual magnetization amplitude
ay = cy + ey;
air gap y-length (coil y-length + empty space y-length)
% Coordinate system for field (H) and flux density (B) calculation
x = linspace(0,mp*2,x_res);
x-coordinate system
y = linspace(-ay,my,y_res);
y-coordinate system
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%
%

%
%

[X,Y] = meshgrid(x,y);
generate 2D grid from x and y coordinate systems
N(1,1,:) = 1:2:ni;
generate 1D array sized by number of desired fourier sum terms to keep
N = repmat(N,size(X));
repmat matrix into 3rd dimension by ni
X = repmat(X,1,1,(ni+1)/2);
Y = repmat(Y,1,1,(ni+1)/2);
x = X; y = Y; n = N;
ay = ay*ones(size(X));
my = my*ones(size(X));
k = N*pi/mp;
spatial frequency of external magnetization
% Magnetic field (H) and flux density (B) calculation
Hx_n = sum(eval(Hm_x).*(Y>0)+eval(Ha_x)...
.*(Y<=0),3);
Hy_n = sum(eval(Hm_y).*(Y>0)+eval(Ha_y)...
.*(Y<=0),3);
Bx_n = sum(eval(Bm_x).*(Y>0)+eval(Ba_x)...
.*(Y<=0),3);
By_n = sum(eval(Bm_y).*(Y>0)+eval(Ba_y)...
.*(Y<=0),3);
ay = ay(1,1); my = my(1,1);
reset ya and ym back to scalars
% Coordinate system for magnetic flux (Phi) calculation
t = linspace(0,0.25,x_res);
generate time vector
yp = linspace(-ay,0,y_res);
y-coordinate system for coil calculations
[T,Yp] = meshgrid(t,yp);
generate 2D grid from time, t, and yv_c coordinate systems
Np(1,1,:) = 1:2:ni;
generate 1D array sized by number of desired fourier sum terms
Np = repmat(Np,size(T));
repmat matrix into 3rd dimension by ni
T = repmat(T,1,1,(ni+1)/2);
replicate matrix into 3rd dimension by ni
Yp = repmat(Yp,1,1,(ni+1)/2);
t = T; yp = Yp; n = Np;
k = Np*pi/mp;
% Magnetic flux through a coil (Phi) in air gap calculation
Phi_n = sum(eval(vectorize(Phi)),3);
evaluate flux (Phi), sum all of the Fourier solutions
% Coordinate system for voltage calculation
t = linspace(-0.025,0.275,x_res);
% generate time vector
yv = linspace(-(cy+ey),-ey,Nty*2+1);
part of y-coordinate system ONLY in coil region (no empty space region)
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%
%
%

%

%

%
%
%
%
%
%

%

%

yv = yv(2:2:end);
take every other element of yv_c starting at element 2 (represents actual
coil positions)
[T,Yv] = meshgrid(t,yv);
generate 2D grid from time, t, and yv_c coordinate systems
Nv(1,1,:) = 1:2:ni;
generate 1D array sized by number of desired fourier sum terms
Nv = repmat(Nv,size(T));
repmat matrix into 3rd dimension by ni
T = repmat(T,1,1,(ni+1)/2);
replicate matrix into 3rd dimension by ni
Yv = repmat(Yv,1,1,(ni+1)/2);
t = T; yv = Yv; n = Nv;
k = Nv*pi/mp;
spatial frequency of external magnetization
% Voltage calculation
x_in_n = eval(vectorize(x_in));
evaluate input forcing function
dxdt_n = eval(vectorize(dxdt));
evaluate velocity (time derivative) of input position function
dPhidx_n = eval(vectorize(dPhidx));
evaluate flux derivative w/ respect to x_in
V_n = sum(eval(vectorize(V)),3);
evaluate voltage for a single coil at a given x0, and sum Fourier solutions
% Voltage through multiple coils (Vm)
Vm_s = zeros(Nty,x_res,Ntx);
preallocate memory for voltage waveform
Vm_n = zeros(Nty,Ntx);
preallocate memory for solution array
for i = 0:1:Ntx-1
x0n = ((i/Ntx)*mp)+(mp/(Ntx*2));
iterate value for x0n
Vm_x0n = sum(eval(vectorize(Vm)),3);
evaluate Vm syms for all yv at current x0n offset
Vm_s(:,:,i+1) = Vm_x0n;
end
V_tot = sum(sum(Vm_s,1),3);
sum the voltage waveforms for each coil
[pks, locs] = findpeaks(V_tot);
find the peaks of the summed voltage waveform
% Power output calculations
voltage = max(pks);
peak voltage of the through coil [V]
resistance = rho_r*cL/((pi/4)*ct^2);
resistance of coil [ohm]
current = voltage/resistance;
peak current through coil [A]
kV = voltage/w;
motor speed constant [V*s]
%% ----- Plots -----
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%
%
%
%
%

%

%
%
%
%

%
%
%
%

%
%

%
%
%
%

% Initialize and size figure for magnetic field plot
figure(fig);
fig = fig+1;
clf;
set(gcf,'units','inch');
hold on;
% Magnets and back iron visualization fill
fill([md,mx+md,mx+md,md],[0,0,my,my],'y','linewidth',2);
green magnet
fill([mx+3*md,2*mx+3*md,2*mx+3*md,mx+3*md],[0,0,my,my],'g',...
yellow magnet
'linewidth',2);
fill([0,2*mx+4*md,2*mx+4*md,0],my*[1,1,1.5,1.5],0.95*[1,1,1],...
top fill
'linewidth',2);
fill([0,2*mx+4*md,2*mx+4*md,0],[-ay,-ay,-(ay+0.5*my),-(ay+0.5*my)],...
bottom fill
0.95*[1,1,1],'linewidth',2);
% Coil visualization
for i = 0:1:Ntx-1
x0n = (i/Ntx)*mp;
xin = x0n+(mp/(Ntx*2));
xout = (x0n+cp)+(mp/(Ntx*2));
for j = 0:1:Nty-1
yin = (-ay+(j/Nty)*cy)+(cy/(Nty*2));
yout = (-ay+(j/Nty)*cy)+(cy/(Nty*2));
rectangle('Position',[xin-ct/2,yin-ct/2, ct, ct],...
'Curvature',[1, 1],'FaceColor','r');
rectangle('Position',[xout-ct/2,yout-ct/2, ct, ct],...
'Curvature',[1, 1],'FaceColor','r');
plot(xin,yin,'kx',xout,yout,'k.');
end
end
% Streamline plot
H_stream = streamslice(x(1,:,1),y(:,1,1)',Hx_n,Hy_n);
set(H_stream,'Linewidth',1.5);
ylim([-(ay+0.75*my),1.75*my]);
axis equal;
% Annotate plot
set(gca,'xtick',[],'ytick',[]);
title('Streamlines of Magnetic Field (H)','fontsize',12,...
'fontname','times');
% Initialize and size figure for magnetic flux plot
figure(fig);
fig = fig+1;
clf;
set(gcf,'units','inch');
hold on;
% Magnets and back iron visualization fill
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%
%
%
%

fill([md,mx+md,mx+md,md],[0,0,my,my],'y','linewidth',2);
green magnet
fill([mx+3*md,2*mx+3*md,2*mx+3*md,mx+3*md],[0,0,my,my],'g',...
yellow magnet
'linewidth',2);
fill([0,2*mx+4*md,2*mx+4*md,0],my*[1,1,1.5,1.5],0.95*[1,1,1],...
top fill
'linewidth',2);
fill([0,2*mx+4*md,2*mx+4*md,0],[-ay,-ay,-(ay+0.5*my),-(ay+0.5*my)],...
bottom fill
0.95*[1,1,1],'linewidth',2);
% Coil visualization
for i = 0:1:Ntx-1
x0n = (i/Ntx)*mp;
xin = x0n+(mp/(Ntx*2));
xout = (x0n+cp)+(mp/(Ntx*2));
for j = 0:1:Nty-1
yin = (-ay+(j/Nty)*cy)+(cy/(Nty*2));
yout = (-ay+(j/Nty)*cy)+(cy/(Nty*2));
rectangle('Position',[xin-ct/2,yin-ct/2, ct, ct],...
'Curvature',[1, 1],'FaceColor','r');
rectangle('Position',[xout-ct/2,yout-ct/2, ct, ct],...
'Curvature',[1, 1],'FaceColor','r');
plot(xin,yin,'kx',xout,yout,'k.');
end
end
% Streamline plot
B_stream = streamslice(x(1,:,1),y(:,1,1)',Bx_n,By_n);
set(B_stream,'Linewidth',1.5);
ylim([-(ay+0.75*my),1.75*my]);
axis equal;
% Annotate plot
set(gca,'xtick',[],'ytick',[]);
title('Streamlines of Magnetic Flux Density (B)','fontsize',12,...
'fontname','times');
% Magnetic flux through a single coil plot
figure(fig);
fig = fig+1;
mesh(t(1,:,1),yp(:,1,1)./0.0254,Phi_n(:,:));
title(['Magnetic Flux Amplitude Through a Single Coil Placed at x0 = ',
num2str(x0/0.0254), ' in.']);
xlabel('t [s]');
ylabel('y [in]');
zlabel('magnetic flux amplitumde [Wb/m^2]');
% Voltage Waveform through a single coil plot
figure(fig);
fig = fig+1;
mesh(t(1,:,1),yv(:,1,1)./0.0254,V_n(:,:));
title(['Voltage Waveform for all y-coils Placed at x0 = ',
num2str(x0/0.0254), ' in.']);
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%
%
%
%

xlabel('time [s]');
ylabel('y [in]');
zlabel('voltage [V]');
% Total voltage waveform for all coils plot
figure(fig); clf;
fig = fig+1;
plot(t(1,:,1),V_tot,'b');
title(['Total Voltage Waveform Through All Coils']);
xlabel('time [s]');
ylabel('voltage [V]');
%% ----- Display and Output Results ----disp(' ')
disp('Electromagnetic Field Solution Calculations: ')
disp(['
Voltage through coil: ', num2str(voltage), ' V'])
disp(['
Resistance of coil: ', num2str(resistance), ' Ohm'])
disp(['
Current through coil: ', num2str(current), ' A'])
disp(['
Motor speed constant: ', num2str(kV), ' V*s'])
results = [resistance voltage kV fig];
end
function results = numeric_series_RTM_solution(inputs, fig)
% Simulates the series solution for the Reluctance Tuning Model (RTM)
%
% Inputs:
%
inputs: 1 x 7 array containing values for [m wn b kV Rec ReL LeL]
%
fig: figure counter
%
%% Define Symbolic Variables
syms
syms
syms
syms
syms
syms
syms

ReL Rec positive;
LeL positive;
w positive;
kV positive;
m positive;
k positive;
b positive;

%
%
%
%
%
%
%

electrical resistances
electrical inductance
input frequency
motor velocity constant
mechanical proof mass
mechanical spring constant
mechanical damping coefficient

%% ----- Vectorized Symbolic Transfer Functions ----H_b = m./((k - m.*w.^2).^2 + b.^2.*w.^2).^(1./2);
H_s = m./((k - m.*w.^2 + (LeL.*kV.^2.*w.^2)./((ReL + Rec).^2 +
LeL.^2.*w.^2)).^2 + (b.*w + (kV.^2.*w.*(ReL + Rec))./((ReL + Rec).^2 +
LeL.^2.*w.^2)).^2).^(1./2);
%% ----- Discretize Input Array ----m = inputs(1);
wn = inputs(2);
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b = inputs(3);
kV = inputs(4);
Rec = inputs(5);
ReL = inputs(6);
LeL = inputs(7);
%% ----- Numerical Calculations ----% Derived constants
k = wn^2*m;
spring constant [N/m]
xi = b/(2*sqrt(k*m));
mechanical damping ratio [ ]
wn_RTM = (2^(1/2)*(LeL^2*k+LeL*kV^2-(Rec+ReL)^2*m+...
shifted natural frequency from RTM model [rad/s]
(LeL^4*k^2+2*LeL^3*k*kV^2+2*LeL^2*(Rec+ReL)...
^2*k*m + LeL^2*kV^4-2*LeL*(Rec+ReL)^2*kV^2*m...
+(Rec+ReL)^4*m^2)^(1/2))^(1/2))/(2*LeL*m^(1/2));
wn_shift = wn_RTM/wn-1;
wn shift (multiply by 100 to get a percentage) [ ]
% Frequency sweep
w = linspace(wn_RTM-50,wn_RTM+50,10E4);
% Transfer function calculation
H_s_n = eval(H_s);
H_b_n = eval(H_b);
%% ----- Plot ----figure(fig);
fig = fig+1;
plot(w/(2*pi),H_b_n,'b',w/(2*pi),H_s_n,'g');
title('Transfer Function: Base Excitation Model vs. Series RTM');
xlabel('w [Hz]');
ylabel('H (z/ddy)');
legend('BEM', 'RTM');
%% ----- Display and Output Results ----disp(' ');
disp('General Lumped Parameters: ');
disp(['
m: ', num2str(m), ' kg']);
disp(['
k: ', num2str(k/(2*pi)), ' N/m']);
disp(['
b: ', num2str(k), ' Hz']);
disp(' ');
disp('Lumped Model Parameters: ');
disp(['
Damping ratio: ', num2str(xi), ' [ ]']);
disp(['
Primary (Base Excitation) Natural frequency: ',
num2str(wn/(2*pi)), ' Hz']);
disp(['
Shifted (RTM) Natural frequency: ', num2str(wn_RTM/(2*pi)), '
Hz']);
disp(['
Natural frequency shift: ', num2str(wn_shift*100), ' %']);
results = [wn wn_RTM wn_shift];
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%
%
%

%

end
function symbolic_magnetic_field_solution()
%
%
%
%
%

Displays the vectorized form of the symbolic field solution.
Note that this function does not output anything--you must copy and
past vectorized symbolic solutions into your script if any changes
are made to the symbolic model!

%% ----- Define Symbolic Variables ----syms x y positive;
%
x and y coordinates for magnetic field (H) and flux density (B) calculation
syms yp positive;
%
y coordinates for the coil flux (Phi) solution
syms yv positive;
%
y coorindate for voltage (V) solution
syms mx my mz positive;
%
magnet x, y, and z lengths
syms md positive;
%
half gap length (along x-axis) between magnets
syms ay positive;
%
air gap y-length (coil y-length + empty space y-length)
syms n positive;
%
infinte fourier sum index variable
syms k positive;
%
spatial frequency/Laplace equation solution separation constant
syms M_max positive;
%
external magnetization charge density amplitude
syms mu0 positive;
%
permeability of free space
syms x0 positive;
%
coil position x-offset
syms x0n positive;
%
coil position x-offset for multiple turns
syms cp positive;
%
coil pitch
syms x_in positive;
%
forcing function (vibration)
syms w positive;
%
forcing function (vibration) frequency
syms amp positive;
%
forcing function (vibration) amplitude
syms t positive;
%
time variable
syms V positive;
%
voltage
%% ----- Field Solution -----

0

% Field solution matrix
A = [sinh(k*my)
cosh(k*my)
0;...

0

0
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0

0

0
0

0

sinh(k*my)

cosh(k*my)

0

0

0;...

0
0
0
0
sinh(k*ay)
cosh(k*ay) 0
0;...
0
0
0
0
0
-sinh(k*ay) cosh(k*ay);...
0
1
0
0
0
0
0;...
0
0
0
1
0
0
-1;...
1
0
0
0
-1
0
0;...
0
0
1
0
0
-1
0];
B = [0; 0; 0; 0; 0; 0; 4*M_max/(pi*k*n)*cos(k*md); 0];
sol = A\B;
% Scalar magnetic potential (psi) calculation
psi_m = simplify(sol(1)*sin(k*x)*sinh(k*y)+sol(2)*...
scalar magnetic potential in magnet domain
sin(k*x)*cosh(k*y)+sol(3)*cos(k*x)*sinh(k*y)+...
sol(4)*cos(k*x)*cosh(k*y));
psi_a = simplify(sol(5)*sin(k*x)*sinh(k*y)+sol(6)*...
scalar magnetic potential in air gap domain
sin(k*x)*cosh(k*y)+sol(7)*cos(k*x)*sinh(k*y)+...
sol(8)*cos(k*x)*cosh(k*y));
% Magnetic field (H) and external magnetization (M) calculation
Hm = -gradient(psi_m,[x,y]);
x and y components of magnetic field in magnet domain
Hm_x = Hm(1); Hm_y = Hm(2);
Ha = -gradient(psi_a,[x,y]);
x and y components of magnetic field in air gap domain
Ha_x = Ha(1); Ha_y = Ha(2);
M = [0, 4*M_max/(pi*n)*cos(k*md)*sin(k*x)];
x and y components of external magnetization due to permanent magnets
M_x = M(1); M_y = M(2);
% Magnetic flux density (B) calculation
Bm_x = mu0*(Hm_x+M_x);
x-component of magnetic flux density in magnet domain
Bm_y = mu0*(Hm_y+M_y);
y-component of magnetic flux density in air gap domain
Ba_x = mu0*Ha_x;
x-component of magnetic flux density in magnet domain
Ba_y = mu0*Ha_y;
y-component of magnetic flux density in air gap domain
% Magnetic flux (Phi) calculation
x_in = amp*cos(w*t);
forcing function
Phi = simplify(int(mz*Ba_y,x,x0+x_in,x0+x_in+cp));
magnetic flux through a single coil at x-location x0
Phi = subs(Phi,y,yp);
subs y = yp for solution in terms of flux (Phi) coordinate system
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0
-1
0
0
0

%

%

%
%
%

%
%
%
%

%
%
%

% Voltage calculations
clear x_in;
syms x_in positive;
dPhidx = simplify(diff(subs(int(mz*Ba_y,x,x0+x_in,x0+x_in+cp)...
flux derivative
,y,yv),x_in));
x_in = amp*cos(w*t);
forcing function
dxdt = diff(x_in,t);
velocity (time derivative) of forcing function
V = -dPhidx*dxdt;
voltage function by Faraday's Law of induction
Vm = subs(V,x0,x0n);
subs x0 = x0n for solution in terms of multiple x0 values (x0n)

%
%
%
%
%

%% ----- Display Vectorized Solutions ----disp(' ');
disp('Magnetic Field Solution Vectorized Symbolic Equations: ');
disp([' Hm_x = ',vectorize(Hm_x)]);
disp([' Hm_y = ',vectorize(Hm_y)]);
disp([' Ha_x = ',vectorize(Ha_x)]);
disp([' Ha_y = ',vectorize(Ha_y)]);
disp(['
M_x = ',vectorize(M_x)]);
disp(['
M_y = ',vectorize(M_y)]);
disp([' Bm_x = ',vectorize(Bm_x)]);
disp([' Bm_y = ',vectorize(Bm_y)]);
disp([' Ba_x = ',vectorize(Ba_x)]);
disp([' Ba_y = ',vectorize(Ba_y)]);
disp([' x_in = ',vectorize(x_in)]);
disp([' dxdt = ',vectorize(dxdt)]);
disp(['
Phi = ',vectorize(Phi)]);
disp(['dPhidx = ',vectorize(dPhidx)]);
disp(['
V = ',vectorize(V)]);
disp(['
Vm = ',vectorize(Vm)]);
end
function symbolic_transfer_functions()
% Displays the vectorized form of the series and parallel RTM transfer
% functions, as well as the base excitation model transfer function.
% Note that this function does not output anything--you must copy and
% past vectorized symbolic solutions into your script if any changes
% are made to the symbolic model!
%% ----- Define Symbolic Variables ----syms A B positive;
parallel model simplification variables
syms ReL Rec positive;
electrical resistances
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%
%

syms LeL positive;
electrical inductance
syms w positive;
input frequency
syms kV positive;
motor velocity constant
syms m positive;
mechanical proof mass
syms k positive;
mechanical spring constant
syms b positive;
mechanical damping coefficient

%
%
%
%
%
%

%% ----- Symbolic Solution ----H_s = m/((k - m*w^2 + (LeL*kV^2*w^2)/((ReL + Rec)^2 + LeL^2*w^2))^2 +
(b*w + (kV^2*w*(ReL + Rec))/((ReL + Rec)^2 + LeL^2*w^2))^2)^(1/2);
A = Rec + (LeL^2*ReL*w^2)/(LeL^2*w^2 + ReL^2);
B = (LeL*ReL^2*w)/(LeL^2*w^2 + ReL^2);
H_p = m/sqrt((-m*w^2+k+(kV^2*B*w)/(A^2-B^2))^2+(b*w+(kV^2*A*w)/(A^2B^2))^2);
H_b = m/((k-m*w^2)^2+b^2*w^2)^(1/2);
%% ----- Display Vectorized Solutions ----disp(' ');
disp('Transfer Functions: ');
disp('
Base Excitation Model: ')
disp(['
H_b = ', vectorize(H_b)])
disp('
Series Reactance Tuning Model: ')
disp(['
H_s = ', vectorize(H_s)]);
end
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