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ABSTRACT

This dissertation studies the bandwidth-power tradeoff of K-user interference
channels in the low-SNR regime, which is mirrored by R (%) the spectral ef-
ficiency as a function of the transmitted energy per information bit. A system
working in the low-SNR regime—a concept defined in [1], is characterized by very

small R, such that R (%) can be closely approximated by its first-order expansion

Ly

N and the wide-

determined by two measures: the minimum energy per bit .
min

band slope Sy, which is the first-order slope of R (%) as % approaches %

min

The low-SNR regime performance of an interference channel was studied in[2]. It

Ly

N is not affected by interference while Sy is reduced by it,

has shown that

implying that interference indeed deteriorates system performance as long as R is

non-zero.

[1] indicates that the low-SNR regime performance is approached as SNR tends to
zero, where SNR is the signal to noise ratio per second per Hz. This dissertation
considers two cases in which the limit SNR — 0 is achieved. One is the large
bandwidth case, where the bandwidth B — oo while power P is fixed and finite.
The other case is the small bandwidth case, where P — 0 and while B is fixed

and finite.

The large bandwidth case is characterized by propagation delays considerably
larger than the symbol duration. For K-user interference channel working under
this case, this dissertation proposes an interference alignment scheme over time
domain which achieves ASy; = % with probability one, independent of the number

of users K. It improves the best known performance achieved by TDMA by a

il



factor of £/2. Outer bounds on Sy are also developed, which reveal that this

interference alignment scheme is asymptotically optimal as K — oo.

In the small bandwidth case, propagation delay is assumed to be zero. Quite the
contrary to the large bandwidth case, this dissertation shows that there exists a
set of channel realizations with non-zero probability, for which the achievable Sy
satisfies ASy < 1/k + 6, Vo > 0, therefore TDMA is almost optimal. For channel
realizations not in this set, an interference alignment scheme based on the concept
of circularly asymmetric signaling is proposed. For some channel realizations, it

gives noticeably better performance comparing with existing achievable schemes.
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Chapter 1
Introduction

This thesis studies the bandwidth-power trade-off of a K-user interference channel
in the low-SNR regime!. For wireless communication systems, bandwidth and in-
put power are two important design parameters. They are related by the function
R (%), where % is the transmitted energy per bit, and R is the spectral efficiency.
Low-SNR regime is a concept established by S. Verdua in the 2002 paper [1]. A
system working in this regime is characterized by very small spectral efficiency,

such that the R (%) curve can be closely approximated by its first-order expan-

sion, which is determined by two measures: the minimum energy per bit %

min

and the wideband slope Sy. £2|  is the minimum transmitted energy per bit
min

No
required by reliable communication, which can only be achieved at zero spectral
efficiency; and &y is the first-order slope of R (%) as 1% approaches % Lo

To evaluate the impact of interference, we will use the performance of its cor-
responding interference-free channel as the reference point. Here we define the
corresponding interference-free channel of an interference channel to be a channel
with the same direct-link channel coefficients and same noises as the interference

channel, but with no interference links.

In their 2004 work [2], G. Caire et al. have shown that the minimum energy per
bit of an interference channel is equal to that of its corresponding interference-free
channel. Therefore interference does not affect channel capacity when the spectral
efficiency is zero. However, as long as the spectral efficiency is non-zero, even very
very small and close to zero, interference starts to hurt system performance: the
wideband slope will be deteriorated. For instance, our discussion in chapter 3 will
show that Vo > 0, there exists a set of 2-user interference channel realizations
with non-zero probability, whose the achievable wideband slope of each user must
satisfy Sgp < 1 4 4, while the corresponding interference-free channel can achieve

Sy equal to 2. This result indicates that to achieve the same data rate, these

I'SNR stands for the signal to noise ratio per second per Hz. It will be formally defined in
section 1.1.



2-user interference channel realizations require two times as large the bandwidth

required by the corresponding interference-free channel.

The wideband slope region of the interference channel remains an open problem.
We will introduce background knowledge of the low-SNR regime in section 1.1 and
section 1.2, then briefly review the general Gaussian interference channel capacity

and the previous results on its low-SNR regime performance in section 1.3.

1.1 Channel Capacity And Minimum Energy Per Bit

Let us begin from a discrete-time memoryless channel with single input and single
output. This channel consists of an input alphabet X, an output alphabet ), and
conditional probability p (y|z), which expresses the probability of observing sym-
bol y at the output if symbol x is transmitted at the input. The channel capacity
C' of the discrete-time memoryless channel is defined by C. E. Shannon in [3]. It is
the maximum mutual information between the channel input and the channel out-
put, optimized over all the possible input x with cumulative distribution function
F, (z), ie.,
C=maxI(X;Y).
Fy(z)

Now we want to transmit message W over the channel, where W is drawn from the
index set {1, sl 2NR}. At the transmitter, W is mapped to a length N codeword
XN (W). The receiver then decodes W from the channel output YV following a
proper decoding rule, W (YN ) An error occurs if W # W. R is defined as the
rate of the (2N RN ) codebook. Shannon’s channel coding theorem states that
for every R < C, there exists a <2N RN ) codebook such that the probability of
error can be made arbitrarily small as N — oo. Conversely, any codebook with

arbitrarily small probability of error must satisty R < C'.

Figure 1.1 depicts a discrete-time Additive White Gaussian Noise (AWGN) chan-

nel. At time instance n, the channel output vy is
yln] = x[n]+z[n]. (1.1)

The noise Z is an independent and identically distributed (i.i.d.) circularly sym-

metric complex Gaussian random variable with variance Ny, whose distribution

function is denoted as CN (0, Ny). For any length-N input sequence z, we re-



quire an average energy per channel use constraint
1 X )
—S |z < p
N n=1

Z

X [L\ Y
L/

Figure 1.1: AWGN Channel Model

Denote the signal to noise ratio per channel use by SNR £ Nio. The capacity of
this AWGN channel is
C =log(1+SNR),

achieved using an appropriate (2N R N ) codebook, whose entries are generated
by i.i.d. Gaussian random variable X ~ CN (0, p).

This discrete-time channel model can represent a bandlimited channel with two-
sided bandwidth B and power constraint P, P = B - p, being sampled at the
Nyquist—Shannon rate B. The achievable rate of the continuous-time channel can
be found by 2

R=B"-R.

In this continuous-time channel model, R can be interpreted as the spectral effi-

ciency. Given

P
NR = —— 1.2
SNR = 57, (12)

SNR can be interpreted as the signal to noise ratio per second per Hz.

The channel capacity of a continuous-time AWGN channel is

C=B-C
= B -log(1+SNR). (1.3)

We can see that C is a function of two design parameters, the power P and the
bandwidth B. In his famous 1948 work [3], C. Shannon has noticed that for any

2A rigorous proof can be found in [4].



fixed power constraint P, a system with infinite bandwidth B achieves the best
possible channel capacity, because C increases monotonically with the bandwidth.

This observation is summarized by the following formula

. P
Chax = E!grgoBlog (1 + NOB>

P
= ﬁolog2 e. (1.4)

Equivalently, the transmitted energy per bit achieves its minimum value required

by reliable communication at infinite B:

By = i P (1.5)
Nolwn 5% NoB-C |
= log, 2, (1.6)

which is approximately —1.59dB.

The limit in Equation 1.5 can also be achieved in an alternative way. Assume
that the system has certain amount of energy E, while the bandwidth B < oo;
and the system wants to transmit the maximum amount of data possible given
the available amount of energy. To achieve this goal, the available energy shall be

spread over the time domain:

. E
(CT), s = Tlgrgo TBlog (1 + NOTB> (1.7)

The transmitted energy per bit achieves its minimum value required by reliable

communication at 7' = oo:

£y = i £ (1.8)
Nolwin 755 NoTB-C '
= log,2. (1.9)

Comparing Equation 1.5 and Equation 1.8, we can see that in general, the mini-
mum energy per bit is achieved as SNR goes to zero, i.e., if a transmission scheme

has spectral efficiency R (SNR), then its achievable minimum energy per bit can



be obtained from

E, SNR

— = lim —. 1.1
NO min Sl\%lI:{I}LO R (SNR) ( O)

Given Equation 1.10, further reduction in [1] proves that the achievable minimum
energy per bit is determined by the first-order Taylor expansion coefficient of
R (SNR) at zero SNR:

Eb log 2
- = == 1.11
NO min R (0) ( )
If R(SNR) is differentiable, then
: dR (SNR)
R(0) = ——— :
(©) dSNR  |sxpoo

Definition 1. [1] We call a transmission scheme first-order optimal if it achieves

the optimal minimum energy per bit:

Further, [1] shows that the C (0) is equal to the channel gain G for a general
point-to-point AWGN channel defined as

y = Hx+z, (1.12)

where the m x m matrix H is the channel coefficient matrix, m can be any positive

integer. For this channel,

C(0) =G (1.13)
GésupE[HHXHﬂ (1.14)
B B {[x|?]

If m = 1,H becomes a complex scalar h, which gives C' (0) = |h|* and

Ey

_ log,2
No

min B |h|2 .

After the channel coefficient matrix H is introduced into the channel model, C' (0)

becomes dependent to the channel state information (CSI), i.e., the knowledge of



H, at the transmitters and the receivers. The case where only the transmitters
have CSI is discussed in [5] and [6]. It turns out that even if the receivers have no
CSI at all, the channel can still achieve optimal % L Depending on the types of
CSI the transmitters have, the optimal channel gain of the general AWGN channel

varies. Two extreme cases are:

2

max’

e The transmitters have perfect CSI. In this case, G is equal to A where

Amax 1S the largest singular value of H.

e The transmitters have no CSI on the realization and statistic properties of

EE['['EJ!? is equal to %E {tmce (HTH)}

H. In this case, supp,

In-depth studies on the channel coherence in low-SNR regime include [1], [7] and
[3].
It is trivial that Gaussian input, which achieves channel capacity, is first-order

optimal. On the other hand, a first-order optimal input is not necessarily capacity

achievable. [3] has noticed that BPSK signaling whose input distribution is

VPe'’ with probability 1/2
Tr =
—V/Pe'? | with probability 1/2

is first-order optimal; and [9] has shown that on-off signaling with vanishing duty

cycle whose input distribution is

0, withprobability 1 — ¢
i =
VA, with probability &

where 0 = P/, is also first-order optimal.

In summary, at zero SNR, the continuous-time AWGN channel is the most energy
efficient, and its performance is determined by the minimum energy per bit. A
first-order optimal transmission scheme achieves the optimal minimum energy per
bit required for reliable communication. A system with no receiver CSI and small
input symbol set can achieve first-order optimal performance. Therefore, working

at zero SNR benefits the performance and makes system design much easier.

1.2 Low-SNR Regime And Wideband Slope

Comparing with high SNR, using low SNR is a more energy efficient choice.
When the SNR is small, the capacity of a discrete-time point-to-point channel



satisfies log (1 + SNR) ~ SNR log, 2, which implies that the spectral efficiency R
grows almost linearly with SNR; on the other hand, if the SNR is high, we have
log (1 + SNR) =~ log SNR, i.e., R grows with SNR in logarithm.

For decades, the low-SNR regime performance of a system is merely measured
by its achievable minimum energy per bit, and whether a transmission scheme
is first-order optimal is the only criterion of optimality in the low-SNR regime.
The main disadvantage of using % _ooas the performance measure is that it
only characterizes the system performance at zero spectral efficiency, as Verdu
has pointed out in [1]. A real world system can neither have infinite bandwidth or
zero input power; its spectral efficiency R can be small, but can never be exactly
£, alone can not answer

No | min
is: how much gain can be obtained in spectral efficiency R, if we are willing to

zero. For such systems, the central question which

spend more energy on each information bit transmitted than its minimum value
Ep

No [min
per bit, we need a new measure which can withstand the test of non-zero spectral

. To illustrate the trade-off between the spectral efficiency and the energy

efficiency analysis.

The modified concept of low-SNR regime was established by S. Verdu in the 2002
paper [1]. A system working in this regime is characterized by very small but non-
zero spectral efficiency, such that the R (%) curve can be closely approximated
by its first-order expansion, which is determined by two measures: the minimum
- and the wideband slope §y. The wideband slope &y is the
first-order slope of R (%) as % approaches %

energy per bit ]j\%

~, which is defined as

R (£
Sy = , lim E (NO) E 1010g;9 2. (-13)
N78¢N7}())min 10 loglo Fg — 10 loglo Fg} min

Sp is in /s/Hz/3dB. Notice that % is in dB; defining &y in this way makes it

independent from the channel gain G.

Combining Equation 1.15 and Equation 1.10, further reduction in [1] proves that
the wideband slope can be determined by the first and second order Taylor ex-
pansion coefficients of R (SNR) at SNR = 0:

(1.16)

R(0) = d?;ﬁgg‘) SNR—0 if R (SNR) is second-order differentiable.



Two observations can be made given Equation 1.15. First, if two systems achieve
% ~ value, the % value of the system with higher wideband slope ap-
0 Imin 0

proaches its minimum value faster, and this system is therefore more spectral

equal

efficient. Second, the priority in low-SNR regime is to minimize % . We say
min

that system A performs better than system B in the low-SNR regime if system A
achieves lower % value than system B. This is because as long as the wide-

band slope of system A is non-zero, there always exists € > 0 such that if % < €

then R4 (%) > Rp (%) Based on this two observations, we have the following
remark:

Remark 2. To make fair comparison of the wideband slopes between different

Ey
No

systems, they must have equal _in the first place.

mi

In the low-SNR regime, the optimality of a transmission scheme is determined by

two measures: the minimum energy per bit and the wideband slope.

Definition 3. [1] A first-order optimal transmission scheme is second-order opti-

mal if it achieves optimal R (0), i.e.,

It is expected that not all first-order optimal transmission schemes are second-
order optimal. In the previous section, we have seen that to achieve first-order
optimal performance, the receiver does not need to know the channel state in-
formation. However, the wideband slope will be considerably deteriorated if the
receiver is deprived of the channel state information. For the AWGN channel de-
fined by Equation 1.12, [1] shows that if the receiver has perfect CSI, the optimal

wideband slope is

2
S = 2 s/Hz/3dB,

Mk (Omax)
where & () is the kurtosis of a random variable, 0y, is the maximal singular value
of H, and [ is the multiplicity of o,.¢. On the other hand, if the receiver has no
CSI, the optimal wideband slope is

2
2 (Tr (B [HH]))
2

w3 (5 ()

s/Hz/3dB.

Another example is that BPSK signaling is first-order optimal, but it can not



withstand the test of non-zero R. [1] shows that the achievable slope of BPSK is
only half of the optimal value. It means that to achieve same spectral efficiency

in low-SNR regime, BPSK needs approximately twice the bandwidth.

Nevertheless, second-order optimal performance can still be achieved by a small
input alphabet. [1] also shows that QPSK signaling is second-order optimal, where

the input is draw from:

VPe?, with probability 1/4

—/Pe, with probability 1/4
VPe'*t?) | with probability 1/4

—V/Pe*7?) | yith probability 1/

Figure 1.2 compares the R (%) curve achieved by Gaussian signaling, and its first-
order approximation. We could also see that R (%) is very well approximated
by its first-order approximation Equation 1.15 up until R is around 1 bit/s/Hz,

which is fairly high.

3 L

2_ 5 r Wideband
Approximation

Spectral Efficiency (b/s/Hz)

-159 -1 0 I 2 3
E,/N, (dB)

Figure 1.2: Figure 3in [1]: R (%) and its first-order approximation.

Figure 1.3 shows the R (%) curves achieved by BPSK, QPSK and Gaussian sig-

naling of a AWGN channel with scalar channel coefficient, defined as

y = hx + z.



For this channel, the channel capacity is C' = log (1 + |h|2 SNR) achieved by i.i.d.
Gaussian input. C (0) = |h|*, C'(0) = — |h|*, which gives

Ey
NO min
Sy = 2.

log, 2/|h|2

[1] has shown that the performance of QPSK is second-order optimal. In Figure 1.3,
we can see that QPSK is almost as good as Gaussian input for R small. On the
other hand, the performance of BPSK diverges away from the optimal R (%)

curve as soon as E—g is greater than £¢| . Notice that the % _in the figure is
min min

N No
—1.59dB, which is the received minimum energy per bit.

2

L5

Spectral Efficiency (b/s/Hz)

-1.59 0 2 4 6
E,/N, (dB)

Figure 1.3: Figure 2 in [1]: R (%) curves of BPSK, QPSK and Gaussian sig-
naling of an AWGN channel.

1.3 Interference Channel Capacity And Its Low-SNR

Performance

Multiple-user wireless communication is a research area of great importance from
both theoretical and practical aspects. One of the basic channel models is the
interference channel. It consists of K pairs of transmitters and receivers; each

transmitter only wants to communicate with its corresponding receiver. Due to

10



the broadcast nature of the wireless medium, every receiver can also hear the
messages sent by other transmitters, and they will interfere with the message sent

by the corresponding receiver.

Figure 1.4 illustrates an AWGN K-user interference channel with scalar channel
coefficients. Receiver j wants to decode the message send by transmitter j, but
does not need those sent by other transmitters. z; denotes the input at transmitter
1; y; denotes the output at receiver j; z; is the additive white Gaussian noise at

receiver j; hj; denotes the channel coefficient between transmitter ¢ and receiver

7.
- h /li\ .
o Try U, » Rx;

22
To Y2
> TrQ \-I—/ > RXQ >
X1 l ZK
YK
T
K—’ Try ‘® » Rxxl—»

Figure 1.4: K-user AWGN interference with scalar channel coefficients

At receiver j, the received signal y; is

yi = hyxi+ Y hazi+ 7, (1.17)

i#]
where z; is an i.i.d. circularly symmetric Gaussian noise drawn from distribution
Z; ~ CN (0, Np). The capacity region R of an interference channel is defined
as the union of all n-tuple (Ry, Ry, -+, Rg) achieved by any input distribution

satisfying the power constraints, i.e.,

R :UFXIXQH ($1,Q?2“~,$K) (Rl (P1)7 R2 (P2)7 ) RK (PK))

X
The capacity region of the interference channel is unknown in general. One better
characterized case is the 2-user interference channel with scalar channel coeffi-
cients. The capacity region of this channel is known if strong interference condi-
tion |hyi|* > |hy|” is satisfied. [10] and [11] have shown that for a 2-user strong

11



interference channel, the optimal capacity region is equivalent to the intersection
of the capacity region of the two embedded multiple-access channel formed by
transmitter ¢, transmitter 7, and receiver j; the capacity region of a multiple-
access channel is known and has a close form expression. Detailed discussion can
be found in [12, Chapter 15].

The capacity region of a 2-user weak interference channels where |h;;|* < |hy|” is
unknown. Research topics are divided into two main categories: good achievable
schemes and tight capacity outer bounds. To characterize the capacity region
precisely, the goal is to close the gap between the achievable inner bound and the

outer bound.

The best achievable scheme is the Han-Kobayashi transmission scheme proposed
in [13]. In this scheme, each transmitter divides the input power between two
independent messages: the private message and the common message; each re-
ceiver decodes the common messages from both transmitters, and only decodes
the private message of its corresponding transmitter. Besides allowing each user
to split input power between private and common messages, time sharing between
different users, and between the two messages of the same user are also allowed.
The achievable data rate of Han-Kobayashi scheme is the union of data rate region
achieved by all possible combination of the sharing parameters. The scheme itself

is very complicated. In depth discussions and interpretations can be find in [14].

There are two main types of outer bounds: the broadcast outer bound and the
genie-aided outer bound. The broadcast bound first took form in [11], and was
later improved by Kramer in [15]. The basic idea in developing the broadcast
bound is that the capacity region of a 2-user interference channel is contained
within the capacity region of a 2-user degraded broadcast channel, which is known

and has a close form and single-letter expression.

Some of the well known genie-aided outer bounds are [16] and [17]. The basic
idea in developing a genie aided outer bound is to let a genie provide the re-
ceivers partial knowledge about the input signals. It is intuitively true that the
genie-provided side information will not reduce the capacity region, because the
receivers can always discard the side information. Thus the capacity region of
the interference channel is contained within that of the genie-aided channel. To
develop a capacity outer bound, the goal is to design good genie signals so that the
capacity region of the genie-aided channel has an close form, single letter expres-
sion. None of the capacity outer bounds mentioned above is necessarily tighter

than the others, their performances depend on the channel condition.
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The major breakthrough in characterizing the 2-user interference channel capacity
has been made by [16]. It shows that the gap between the capacity inner bound
achieved by a simplified Han-Kobayashi scheme and certain capacity outer bound
is within one bit. This result implies that Han-Kobayashi scheme is asymptotically

optimal as SNR — oo, therefore is very powerful when the SNR value is high.

Although the performance of Han-Kobayashi scheme is exceptional, its computa-
tional complexity is high. This problem becomes particularly severe as the num-
ber of users K increases, since the computational complexity of the generalized
Han-Kobayashi scheme grows exponentially with K. From practical perspective,
interference management methods with low computational complexity are more
attractive, such as orthogonal transmission schemes like time division multiple
access (TDMA) and frequency division multiple access (FDMA), or treating in-

terference as noise (TIN).

When it comes to the K-user interference channel, few works discusses the capacity
region for the general SNR value case. Much progress has been made recently in
characterizing the capacity region in the high-SNR regime. We know that the
capacity of a point-to-point discrete time AWGN channel is R = log (1 + SNR),
and for SNR large, R =~ logSNR. In other word, the channel capacity grows
almost linearly with log SNR, and the system performance of a high-SNR system
is determined by the degree of freedom(DoF') defined as

) R
DoF = ¥ Tog SN (49
The DoF is 1 for interference-free channel. For interference channel, people are
interested in how much decrement will be caused by the interference, which can

be measured by

DoF of the interference channel

ADoF =

DoF of the interference — free channel

18] has shown that any achievable ADoF must satisfy ADoF < 1. On the other
hand, orthogonal transmission schemes such as TDMA only achieve ADoF’ of %
This gap between the achievable DoF" and its outer bound is closed by Cadambe
and Jafar in [19]. In their paper, a K-user interference channel with m-dimensional
vector channel coefficients is considered. It shows that with probability one ADoF
of % is achievable, independent to the number of users K, which means every user
can “get half of the cake”. Similar result is obtained for scalar interference channel
in [20].

13



For K-user channel, the key technique used in achievable scheme design is called
interference alignment. In [19], [20], and many other noticeable works discussing
high-SNR regime performance of the interference channel, the alignment of inter-
ference signals is realized by using pre-coding matrices at the transmitters and
zero-forcing decoding at the receivers. Under such a transmission scheme, the
achievable degree of freedom of user j is equal to the rank of signal subspace,
which is spanned by H;;z;, that is linearly independent of the interference sub-
space, which is spanned by >, .; Hj;z;. Notice that the part of the signal subspace
overlapping with the interference subspace will be discarded in zero-forcing decod-

ing.

In the high-SNR regime, the signal to noise and interference ratio (SINR) is dom-
inantly determined by the power density of the interference signals, while in the
low-SNR regime, SINR is dominantly determined by the power density of the
noise. Based on this observation, we may be tempted to conjecture that inter-
ference management is not an important issue in the low-SNR regime comparing
with the high-SNR regime. This conjecture is true to some extent. The results
in [2] reveal that the optimal achievable minimum energy per bit % - of an
interference channel is equal to that of its corresponding interference-free chan-
nel. Therefore, at zero spectral efficiency, interference does not affect the channel

capacity at all, i.e., user j achieves
P
R; =~ ﬁ;ij log, e,

same as that of the corresponding interference-free channel. Notice that

o B[IHx)]
ij ﬁ SP}E)W (119)

is the channel gain between transmitter j and receiver j. In the scalar interference

channel depicted in Figure 1.4, G;; = |h;;|>.

However, [2] shows that as long as R; is non-zero, interference starts to affect
performance: it will deteriorate the wideband slope. Consider the 2-user weak
interference channel as an example. Chapter 3 will show that there exists an open
set of channel realizations with non-zero probability, for which the wideband slope
achieved by TDMA can get arbitrarily close to the wideband slope outer bound. It
implies that to achieve equal data rate, the channel realizations in this set require

approximately 2 times as large the bandwidth required by the interference-free
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channel in the low-SNR regime, when the spectral efficiency R is small but non-

Zero.

The wideband slope region of interference channel has been studied by G. Caire
et al. in their 2004 paper [2], which mainly focused on the 2-user case. They have
shown that for the 2-user channel, the best known achievable schemes are treating

interference as noise and TDMA.

The main goal of this thesis is to characterize the wideband slope region of K-user
interference channel, K > 2, which is unknown in general. The main differences
between the existing discussion on the 2-user case and the discussion on the K-user

case are:
e Different performance measures are used.

In [2], the whole wideband slope region is studied. However, for K large,
describing the whole slope region becomes not affordable. Therefore, a new
performance measure is needed to characterize the K-user channel perfor-

mance.
e Different approach to deal the propagation delay.

In [2], the interference channel is assumed to be delay-free. This approach
has no loss of generality in the 2-user case, because our discussion in chapter 3
will show that delay will not make any difference to the performance. How-
ever, the results of this thesis will demonstrate that depending on how the
low-SNR regime is approached, the K-user channel can have distinct per-
formance. Therefore, a channel model fully characterizing the role that the

propagation delay plays is needed.

Existing wideband slope outer bounds developed for 2-user channel can not be
easily generalized into the K > 2 case; achievable schemes such as treating inter-
ference as noise and TDMA which perform fairly well in the 2-user channel are not
very satisfying as K increases. New outer bounds and transmission schemes that
achieve more promising inner bounds will be developed in this thesis for K-user

interference channel.

1.4 Overview of the thesis

The wideband slope region of K-user interference channel, K > 2, will be charac-

terized in this thesis. The channel model and performance measures will be defined
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in chapter 2. In chapter 3, 2-user channel is discussed, the results for which serve
as the essential building block for the K-user channel. The main results on K-user
channel will be presented in chapter 4 and chapter 5: new transmission schemes
and their achievable wideband slope will be discussed in chapter 4; wideband slope

outer bounds will be discussed in chapter 5.
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Chapter 2

Channel Models And Performance Measures

2.1 Summary

Three main topics will be discussed in this chapter. First, two types of K-user
interference channel models will be defined. They are the large-bandwidth case
and the small-bandwidth case. Second, the performance measures will be de-
fined. Third, the first-order optimality criteria will be derived: only the achievable
schemes and outer bounds satisfying this criteria can provide valid bounds on the

wideband slope.

The basic derivation from a continuous-time channel model to its equivalent
discrete-time channel model will be discussed in section 2.2. The derivation it-
self follows the standard procedure used in wireless communication, and the pur-
pose of elaboration is to emphasize the role of propagation delay in the model. As
section 1.1 has shown, the low-SNR regime is approached as SNR goes to zero; and
this limit can be achieved in two ways, defined by Equation 1.5 and Equation 1.8.
In Equation 1.5, the bandwidth goes to infinity while the input power is a con-
stant. For this case, the minimum energy per bit and the wideband slope jointly
determine the spectral efficiency of a system with large but finite bandwidth. This
is called the large-bandwidth case. In Equation 1.8, the bandwidth is a finite con-
stant while the input power goes to zero. For this case, the minimum energy per
bit and the wideband slope jointly determine the spectral efficiency of a system
with small but non-zero power. This is called the small-bandwidth case. For the
large-bandwidth case, even very small propagation delay can be made relatively
large comparing with the symbol duration, while for the small-bandwidth case,
the propagation delay can be neglected. The K-user interference channel models
under the large-bandwidth case and the small-bandwidth case will be defined in

section 2.3.

Performance measures will be discussed in section 2.5. For an interference chan-

nel with more than two users it is complicated to characterize the complete slope
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regions. This thesis will therefore look at a single quantity to characterize per-
formance: the sum slope, and this measure will be studied under two different

constraints: the equal power constraint and the equal rate constraint.

As we have discussed in chapter 1, the optimal achievable minimum energy per

bit % _of an interference channel is known. Only the achievable schemes and
min

outer bounds that achieve the optimal % ~ can provide valid bounds on the
min
wideband slope. In section 2.6, the first-order optimality criteria under equal

power and equal rate constraints will be derived.

2.2 Basic K-User Interference Channel Model

This thesis considers the K-user interference channel defined by Figure 1.4. In
this section, this channel model will be analyzed in detail. Assume each node is
equipped with single antenna, and the channel coefficient h;; between transmitter
7 and receiver j is a scalar complex number for all 7, j = 1, ---, K. Assume
that hj; is known to all transmitters and receivers, and is a constant number
throughout the transmission. Further, a line-of-sight channel is considered, where
the propagation delay between transmitter ¢ and receiver j is determined by their

distance dj;.

First, consider single transmitter-receiver pair. The channel between transmitter

1 and receiver j is depicted in Figure 2.1.

eL(WO(f 51)) wo > 2B A]Z
wi[n] zi(t) éZ)
—= Pan R{}
z; (t) = 72 x; [n]sinc (B (t — nT)) v ozt
hji = Aj; exp(wwy(s; + 70 — v;)) g
o i
Tj = &

Sampling Low-pass o o
Rate B ( ) Filter h

y;[n] y;(t A

S O )

ol
vl

Figure 2.1: Channel between transmitter ¢ and receiver j

Let the discrete-time base-band input signal of transmitter ¢ be x;. Similar to the

point-to-point channel discussed in chapter 1, we require user ¢ to satisfy a power
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N

]

constraint. For any length-/N input sequence x

1 N
n=1
where P
SNR; = NoiB. (2.2)

Let B be the two-sided bandwidth. The continuous-time base-band signal x; (¢)

is obtained from x; [n] by sinc pulse interpolation, i.e.,
z;(t) = Y xi[n]sinc(Bt—n).

The base band signal is then modulated with the carrier signal ¢(t) = exp t(wo(t —
Gi)), where wy is the carrier frequency and ¢; is the delay (phase offset) in the
oscillator at transmitter ¢ (and ¢ = /—1). Transmit the real part s; (t) of x; (¢):

si(t) = R{expi(wo(t —<))zi(t)}
= cos(wo(t — ))R{x;(t)} — sin(wo(t — <)) S{xi(t)}.

At receiver 7, the received signal is modulated to base band by multiplying with
exp(—wwo(t —v;)), where v; is the delay in the oscillator at receiver j, then passes

a low-pass filter. Now the base band continuous-time signal at receiver j is

yi(t) = Ajiexpuwo(si + 7ji — ;) 2t — 7i) + 2;(t),
Tii = —
! c
where A;; is an attenuation factor, c is the speed of light, and 7j; is the propagation
delay as a result. Sample y; (¢) at the Nyquist frequency f; = B, the resulting

equivalent discrete-time base-band signal is

yiln] = Ajexp(uwo(s + 750 — v;))Zi[n — ny] + z5(n] (2.3)
where
Tin] = i x;[mlsinc(n — m + d;). (2.4)

We will also occasionally make the dependency on the fractional delay explicit as
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follows

Zin, 05 = i x;[mlsinc(n —m + d;;). (2.5)

m=—0oQ

nj and 0j are the integer part and the fractional part of the propagation delay

respectively,

ni = |mB+1; (2.6)

5ji = TjiB — \\TjiB + %J . (27)
zj[n] is a sequence of i.i.d circularly symmetric Gaussian random variables, Z; ~
CN (0, Ny).

Now return to the K-user interference channel. The equivalent discrete-time re-

ceive signal at receiver j is
yiln] = hg; @iln —ngl+ > hdiln —ng) + z{n]. (2.8)
i#]

As the carrier frequency is large, the phases exp(two(s;+7;,—v;)) can be reasonably
modeled as independent uniform random variables 6;; over the unit circle, h;; =

|hﬂ| exp (LWOHJ‘Z‘).

2.3 Large Bandwidth Case And Small Bandwidth Case

Remember that the low-SNR regime is approached as SNR goes to zero, where

SNR is the signal to noise ratio per second per Hz, defined as

P
BNy’

SNR =

In section 1.1, we have presented two different cases in which SNR could tend
to zero. The first case is shown in Equation 1.5, where the limit is achieved by
letting B tend to infinity, while P is a finite and constant real number. We call
this approach the large bandwidth case. The second case is shown in Equation 1.7,
where the limit is achieved by letting P tend to zero, while B is a finite and

constant real number. We call this approach the small bandwidth case.

The large bandwidth case and the small bandwidth case have very different effects

on 7B, which is the propagation delay 7 normalized by the symbol duration 1/B.

20



Under the large bandwidth case, even very small 7 produces arbitrarily large 7B
as SNR — 0. Under the small bandwidth case, 7B is a finite constant and is
independent from the SNR value. In a point-to-point channel, these two cases are
equivalent, because the receiver can always synchronize with the transmitter and
make 7 equal to zero. On the other hand, in the interference channel, individuel
receiver j can not synchronize with all transmitters simultaneously, as long as the
condition dj; = djo = -+ = d;jk is not true. The results of this thesis will show
that when the number of users K is greater than 2, the interference channel has

distinct performances under these two cases.
Given the basic channel model Equation 2.8, following assumptions are made.

e Without loose of generality, we assume that the receiver j is time-synchronized
with transmitter j. Therefore n;; = 0 and 7;; = 0, which implies that
j[n, 053] = x;[n].

e Without loose of generality, we assume that the receiver j is phase-synchronized
with transmitter j. Therefore 6,; = 0, which implies that h;; = |hj;]|.

e Because the carrier frequency is large, it is reasonable to assume that the

phase of hj; is uniformly distributed over [0, 27].

e All transmitters and receivers are assumed to be placed randomly in a 2 or
three dimensional space. Therefore d;; and 7;; = dii/c are realizations of some

continuous random variables.

Definition 4. The K-user interference channel model under the large-bandwidth

case is

yiln] = |hy| x5[n] + > huZin — ngi) + 2(n] (2.9)
i#]

where hj; = |hji| exp (wwobj;) for i # j.

In the small-bandwidth case, we will further assume that B is so small that the
delays are insignificant, nj; = 0,0;; ~ 0. Under this assumption, Z;[n—n;;| ~ x;[n]
and the discrete-time channel Equation 2.8 becomes a delay-free channel.

Definition 5. The K-user interference channel model under the small-bandwidth

case is

yiln] = |hysla;[n] + Y hyiai[n] + 2(n). (2.10)
i#£]
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2.4 Equivalent 2-dimensional Real Channel

To characterize the Shannon capacity region of the channel defined by Equation 2.10,
most works restrict the inputs to be circularly symmetric, i.e., the the real part
of the input Re {z;} and the imaginary part of the input Im {x;} are i.i.d.. How-
ever, [21] shows that circularly asymmetric signaling achieves better performance
if the interference channel works in the high-SNR regime. Although the specific
interference alignment technique proposed in [21] is not applicable in the low-SNR
regime, their result is inspiring nevertheless. In this thesis, an achievable scheme
implementing circularly asymmetric signaling will be proposed, and we will see
that circularly asymmetric signaling benefits the interference channel working in

the low-SNR regime system as well.

In circularly asymmetric signaling, the transmitters are allowed to allocate power
on real and imaginary dimensions, and the real part of the input Re {z,} is allowed
to be correlated with the imaginary part of the input Im {z;}. To fully describe a
scalar complex channel where circularly asymmetric input is considered, we need
an equivalent 2-dimensional real channel instead of the complex channel model
Equation 2.10.

Following [21], the scalar complex channel defined by Equation 2.10 is equivalent

to the two-dimensional real channel defined in the following equation:

K
yi = |hlUyxg+ >0 bl Ujixi + 2, (2.11)
Ty

cos (¢ji) —sin(¢j)
sin (¢;i)  cos (i)

is a 2 x 1 vector white Gaussian noise, with distribution N (O, %IQ><2). The input

where U = ( ) is a rotation matrix with angle ¢;;, and z;

signal x; is related to the scalar complex model by:

. — < Re {z;} ) '
! Im{z;}

Define the average covariance matrix of the jth input as

A 1 al H
Ky, 2 5 32 [ n] G )]
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for any length N input sequence (x;[1], x;[2], -, x;[IN]). Each user should
satisfy power constraint Tr (Kxj) < SNR;.

Channel With 1.1.D. Gaussian Input

One type of commonly used input is i.i.d. Gaussian. We denote such input by
subscript 'G". Namely, the notation x;; means that x; [n] are independent and
identical distributed vector Gaussian random variable, X ~ N (O, Kx]), where
E [xj [n] (x; [n])H} = K, for any n. And for the case where all users have i.i.d.
Gaussian inputs, y; [n] will also be i.i.d. Gaussian. Denote y; when the inputs

are Xia, X2a, ' * , XK@ by Yja.

2.5 Performance Measures

In [2] the whole slope region of the interference channel in the 2-user case was
analyzed. However, for interference channel with more than two users, it is com-
plicated to compare complete slope regions, and we are therefore looking at a
single quantity to characterize performance: the sum slope. It is defined as the
first-order slope of the sum spectral efficiency Ry (%), where Ry = ZJK:l R; is the

sum spectral efficiency. The energy per bit

E, » SNR,

No  Ro

Z]I'(:I By

NoB
are defined as

is the overall energy per bit of the system, where SNRy = . The sum slope

Sp and its corresponding minimum energy per bit .

E, ) SNRy

ﬁo min SNIRHLO m (212)

[I>

E
Fo (5%)
10log; = — 10log;o 3

0

So , lim 10log,, 2. (2.13)

No NO min

min

Similar to Equation 1.11 and Equation 1.16, the sum slope and the corresponding

minimum energy per bit can be calculated from

E, _ log, 2
FO min B RO (O) (214)
2 (Ro (0))
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From the definitions above, we could see that the goal in system design becomes

optimizing the sum capacity under a given sum power constraint.

However, without further constraints, this problem will give trivial solution. Be-

cause given Remark 2, the primary parameter to be optimized is ﬁ—g . Itis
min
easy to see that the optimal % _is achieved by locating all transmitted power
min

to the user with the largest direct link gain, while all other users keep silence.

To obtain results providing more insight, two different additional constraints will

be considered in this thesis:

e The equal power constraint. In this case we maximize the sum spectral

efficiency R, under the constraint P; = /K forall j =1,---, K.

o The equal rate constraint. In this case we minimize the total power Py under
the constraint R; = fo/k for all j =1,---, K.

The equal power constraint can be interpreted as a system where each user needs
to consume energy at the same rate, e.g., so that batteries last the same duration
for all users. The equal rate constraint can be interpreted as a system where we
want to minimize total system energy consumption while every user in the system

has a well balanced performance.

Another performance measure we will use is

ASy =

So
So,no interference

The quantity S, is the sum slope of the corresponding interference-

.o inteference
free channel where all interference links are nulled: hj; = 0 for all ¢ # j, and the
direct links hj; is unchanged. We can interpret AS, as the loss in wideband slope
due to interference, or equivalently (ASy)™' as (approximately) the additional

bandwidth required to overcome interference.

For comparison purposes, the results for the interference-free channel are listed as

follows (directly obtained from [1, Theorem 9)):

2 2
Sonoi = QM equal power constraint;
O,nointerference — Zj |hjj|4 q p ) (216)
Sonointerference = 2K equal rate constraint.

Ly

No and S

min

Alternative Formulas To Calculate
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Next, we propose an alternative method to calculate % ~and 8y, which will be
min

more convenience for the equal rate constraint.

Lemma 6. The minimum energy per bit and wideband slope can be calculated

from
Ey .
— = SNR 2.1
No.. SNR (0) (2.17)
2SNR (0)
dR?  |Rp=0

where SNR (0) and SNR (0) are the first and second order derivatives at 0 of
SNR (R), R in nats/dimension.

Proof. This lemma can be proved using a technique similar to (140)~(144) in [1].

Since SNR (R) = R™!'(SNR) is a monotonically decreasing convex function, we

have
& _ SNR (R)
NOmin B RILI%)
— SNR(0)log, 2 (2.19)

where SNR (0) is the derivative at 0 of SNR (R), R in nats/dimension.

SNR(R) = SNR(0)Rlog, e+ ;SNR (0) R?logy e + o (R?)

By SNR (R)
No R

= SNR(0)log,e + ;SNR (0) Rlogy e + o (R) (2.20)

given Equation 2.19 and Equation 2.20, we have

. )
o 1SN

| LSNR (0) o(R) (2.21)
Fgmin QSNR (0>
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combining Equation 2.21 with the definition of % and &y, we have

¢(x)

S =lim
i Rlog, e

= 111 N

ik 10logy, (1+ 55RO R 1 o(R))
B Rlog,e
- SNR

1025 Rlog,y e +o(R)
_ 2R

SNR (0)

2.6 First-order Optimality Criteria

The results in [2] reveal that the optimal achievable minimum energy per bit

% _of an interference channel is equal to that of its corresponding interference-
min

free channel. Given Remark 2, an capacity bound can provide valid bound on the
E
No

wideband slope only if it achieves the optimal . The first-order optimality

mi
criteria are stated in the following theorem.

Theorem 7. The optimal minimum energy per bit of the interference channel
defined by Equation 2.8 is

—2
E, 5 (Ihy;17%)
— = —— 72 log, 2 2.22
NO min K OB ( )

under the equal rate constraint; and

E, ~ Klog,2

= o D08t (2.23)
N0 min S

under the equal power constraint.

Proof. The minimum energy per bit stated in Equation 2.22 and Equation 2.23
can be achieved by TDMA, whose achievable Ry is

1
R = <:log (1+ |hy* K - SNR;) .
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The results are directly obtained from the expression of R; above combining with
Equation 1.11 and Equation 1.16 for the equal power constraint, or Equation 2.17

and Equation 2.18 for the equal power constraint.

~ of the interference-
min

Further Equation 2.22 and Equation 2.23 are equal to the %

free channel, where

R; = log (1+|hl* SNR;).

J% values are optimal, because the capacity re-
min

gion of an interference channel must not be larger than the capacity region of its

Therefore we can say these

corresponding interference-free channel. O

Given Remark 1, any achievable scheme or capacity outer bound gives valid bound

£y

N values stated in Theorem 7.

on the sum slope only if it has correct ,
min
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Chapter 3

2-User Channel

3.1 Summary

In this chapter, the wideband slope region of a 2-user interference channel will be
studied. It is a special case of the K-user channel defined by Equation 2.8. The

channel model is

yi(t) = hoz(t) + hiza(t — 712) + 21(2) (3.1)
Ya(t) = horxi(t — T21) + hoowa(t) + 22(1),

with equivalent discrete-time channel model

yi[n] = hi x1[n] + hiaZa[n — nis] + 21[n] (3.2)
Y2 [n] = hy fl[n - n21] + hooxo [n] + 29 [n] (3.3)

2
The key parameter that determines the performance is il which is the inter-

il
ference link gain normalized by the direct link gain for message x;. As long as
2
% > 1, the interference x; can be completely eliminated at receiver j using in-

terference decoding, and the low-SNR performance of this channel is the same as
a channel without interference. This is the so called strong interference channel,

which will be discussed in section 3.2. On the other hand, if ‘ﬁj ?:2
|hil*

sl
performance most severely; for these channels, orthogonal transmission such as
|hyil?
Ihiil”
1, the achievable performance may be improved. In particular, if the condition

hiol? hoq |2 . . . . . . .
% + % < 1 is satisfied, treating interference as noise achieves the optimal
22 11

is below but close

tol,ie, 1 —€< < 1 and € is small, the interference corrupts the channel

TDMA is almost optimal. When ¢ increases and becomes farther apart from

|hyil?
2k
weak interference channel, and will be discussed in detail in section 3.3.

< 1 case is called the

wideband slope under equal power constraint. The
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The methodology of developing performance bounds used for 2-user channel is
applicable to general K-user channel. To obtain either outer bound or achiev-
able inner bound for the sum slope, the first step is to find the corresponding
bound on the sum capacity. Next, calculate the minimum energy per bit using
Equation 2.14, and check if it satisfies the first-order optimality criteria stated in
Theorem 7. Finally, if a capacity bound is first-order optimal, a corresponding

bound on the sum slope can be derived using Equation 2.15.

The results on the 2-user interference channel serve as the stepping stones in de-
veloping the sum slope region of the K-user interference channel, which will be
the main contribution of this thesis. Two types of outer bounds will be studied
for the K-user case, both of which are based on the 2-user outer bound discussed
in subsection 3.3.2. The first type of K-user outer bound is obtained from di-
viding the K users into K/2 pairs, then applying the 2-user outer bound to each
pair of users. This type of pair-wise outer bound will be discussed in chapter 5,
section 5.2. It is valid for general K-user channel, and particularly important for
the large-bandwidth case. The second type of K-user outer bound is derived from
a generalized z-channel, which is particularly useful for the small-bandwidth case.
The idea of deriving the capacity outer bound of an interference channel from
its corresponding z-channel is first introduced by Kramer in [15] for the 2-user
case, and the low-SNR performance of this bound will be discussed in detail in
subsection 3.3.2. It is important to understand the 2-user case thoroughly before

we generalize this idea into the K-user case in chapter 5, section 5.3.

On the other hand, the nature of a 2-user interference channel and a K-user
interference channel can be very different. In particular, the propagation delay
affects the low-SNR regime performance of the 2-user channel and that of the
K-user channel differently. For the 2-user channel, we will see that the existing
results and our contributions are all independent of delay. Quite the contrary
to the 2-user channel, our results in chapter 4 and chapter 5 will show that the
low-SNR regime performances of the K-user channel under the two different cases

are distinct from each other.

3.2 Strong Interference Channel

We say that the interference channel defined by Equation 3.1 is a strong inter-

ference channel if the following condition is satisfied for both ¢ = 2, 7 = 1 and

30



||
il

> 1. (3.4)

[10] and [11] have shown that for a 2-user strong interference channel, the optimal
capacity region is equivalent to the intersection of the capacity region of the two
embedded multiple-access (MAC) channel formed by transmitter ¢, transmitter j,

and receiver j. This result is formally stated in the following theorem.

Theorem 8. Consider a 2-user interference channel defined by (Equation 3.2). If

lh1al® o1 |®
> 1 and 25
|hao|® |ha1|?

any achievable rate pair (Ry, Ry) must satisfy

this channel satisfies

> 1. Given power constraints (Equation 2.1),

Ry < log(1+ |hu[*SNRy) (3.5)
Ry < log (1 + | haa!? SNRl) (3.6)
Ri+ Ry < log(1+ |hn|*SNRy + [hap|* SNR, ) (3.7)
Ri+ Ry < log(1+ |hai* SNRy + [hos|* SNR, ) . (3.8)

Further, the optimal capacity region can be achieved by joint decoding with in-

put codebooks generated by i.i.d. Gaussian random wvariables with distribution

N (0, SNR;).

Proof. We briefly outline the proof. Take the MAC channel formed by transmitter
1, transmitter 2, and receiver 1 as an example. For any point (R;, Ry) inside the
capacity region, receiver 2 will be able to decode messages from transmitter 1.

This is because if receiver 2 can decode x5, it can compute

Yo = huzi+ higxs + ZQ/”m'

|hoa|*
[R11]

probability, receiver 2 can decode x; if receiver 1 can decode z;. Repeating this

lh1a|”
|haa |

is equivalent to that of the compound MAC channel. From the argument above,

But 95 is less noisy than y; because 25 > 1. Thus, with arbitrarily small error

argument for

> 1, we find that the capacity region of the interference channel
it is easy to show that the capacity region is independent of delay, details are

skipped here. Further discussion on MAC channel capacity can be found in [12,
Chapter 15]. O

The following lemma shows that as SNR — 0, the sum capacity outer bounds
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Equation 3.7 and Equation 3.8 can always be discarded, and the resulting capac-
ity region of the interference channel is equivalent to that of the corresponding

interference-free channel.
Lemma 9. If the strong interference condition

|hjil?

> 1 3.9

is satisfied, there always exists some € > 0, such that if SNR; < €, then the optimal
achievable capacity region of the interference channel defined by Equation 3.1 is
the same as the optimal achievable region of the corresponding interference-free

channel, which is

Ry < log(1+ |hn|*SNRy)
R2 < log (1+|h12’28NR2)

Proof. Compare the summation of Equation 3.5 and Equation 3.6 with the sum

capacity outer bound Equation 3.7 and Equation 3.8, we can see that if the fol-
lowing condition

2

|hjil

|hai)?

> 1+ |hj;|* SNR; (3.10)

is satisfied for 7, j = 1 or 2, then Equation 3.7 and Equation 3.8 can be discarded,
and the capacity region is only determined by Equation 3.5 and Equation 3.6.

Given Equation 3.10, the conclusion in Lemma 9 follows immediately. O

It is obvious that any transmission scheme that achieves optimal capacity region
is second-order optimal, i.e., it achieves both optimal minimum energy per bit
and wideband slope. Given Lemma 9, we state the low-SNR performance of the

strong interference channel in the following theorem.

Theorem 10. The optimal and achievable wideband slope of the 2-user strong

interference channel is

2
(|Cn|2 + |Cz2|2)
Sy = 2 3.11
0 |011|4+ |022|4 ( )

under equal power constraint; and

Sy = 4 (3.12)
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under equal rate constraint. For both constraints,
ASO - 1
This result is true for both the large-bandwidth case and the small bandwidth case.

Proof. Equation 3.11 and Equation 3.12 are from the discrete-time capacity of

point-to-point channel:
Rj S log (1 + |ij|2 SNR]) .

Combining Equation 1.11 and Equation 1.16, and the definition of equal power
and equal rate constraint, we have (Equation 3.11) and (Equation 3.12). Compar-
ing Equation 3.11 and Equation 3.12 with Equation 2.16, we have ASy =1. [

3.3 Weak Interference Channel

The sum slope region of a 2-user weak interference channels where |hj;|* < |hyl|?
is unknown in general. This section will discuss achievable schemes and outer
bounds on the sum slope of the 2-user weak interference channel. The achievable
performances will be discussed in subsection 3.3.1. For a weak interference channel
working in the low-SNR regime, the best known achievable schemes are treating
interference as noise and TDMA; the former scheme is better when the interference
link gains are low, the later achieves better performance when the interference link

gains are relatively high.

A wideband slope outer bound will be developed in subsection 3.3.2, based on the
broadcast capacity outer bound developed by G. Kramer in his 2004 paper [15].
Comparing the achievable inner bound and this outer bound, we will see that as
the interference link gains tend closer to the direct link gains, the gap between
the achievable performance of TDMA and the outer bound can get arbitrarily
small. Therefore, there exists a set of channels for whom orthogonal transmission

schemes such as TDMA can be almost optimal.

3.3.1 Achievable Schemes

Common achievable schemes include interference decoding, Han-Kobayashi trans-

mission scheme, treating interference as noise, and orthogonal transmission schemes
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such as TDMA. section 3.2 has shown that interference decoding achieves optimal
performance in the strong interference channel; [16] has shown that the gap be-
tween the capacity inner bound achieved by a simplified Han-Kobayashi scheme
and certain capacity outer bound is within one bit, therefore Han-Kobayashi
scheme is asymptotically optimal as SNR — oo, and is very powerful in high-

SNR regime.

However, in both schemes, the receivers need to decode the messages sent by
the interfering transmitters, either completely or partially. In a weak interference
channel where the interference link gain is lower than the direct link gain, decoding
the interference message requires % that is higher than the optimal value. Inter-
ference decoding and Han-Kobayashi scheme therefore are not first-order optimal

in the weak interference channel, and do not improve the achievable sum slope.

For the 2-user interference channel, the only known first-order optimal achievable
schemes are treating interference as noise and TDMA. The channel capacity region

they achieved are:
1. Treating interference as noise.

In this transmission scheme, the interference is treated as background noise

at each receiver.

The achievable rate pair (R;, Ry) of treating interference as noise is

hy1|* SN
R < log <1+ | 82 Ry ) (3.13)
1—|—’h12| SNRQ
haa|” SN
Ry < log <1—|— |2z 82 R ), (3.14)
1+ |ho1|” SNR;

achieved by Gaussian codebook. Notice that delay does not affect the per-
formance of treating interference as noise, because Z;[n — nj;] has same dis-

tribution as x;[n].
2. Time-Division Multiple Access.

In this transmission scheme, the transmitters use orthogonal time slots. The
achievable rate pair (Ry, Ry) of TDMA is

Ry < Slog(1+2]hnl*SNRy) (3.15)

Ry < Zlog(1+2]haf*SNRy). (3.16)

N~ DN~

With delay, some care has to be taken in allocating time slots, but this does
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not affect performance in the limit of large code length. To see this, denote
the synchronization error between transmitter j and receiver ¢ normalized
by symbol duration as mj;. Let the receiver j be symbol synchronized with
transmitter j, then m;; = 0 for¢ = j. We further assume that for ¢ # j,
|m;i| < M where 0 < M < oo, and both the transmitters and receivers know
the value of M. Now let the cycle length of TDMA be K - N and assign each
user one TDMA slot of N symbols. To avoid interferences in the presence
of synchronization error, choose N > 2M and to let each transmitter pads

M dummy symbols at the beginning and M at the end of its assigned slot.

N-2M
N

effect of synchronization error vanish.

We could see that limy_, o = 1; i.e., as the block length increases, the

The minimum energy per bit achieved by treating interference as noise and TDMA
can be obtained given their data rate expressions and Equation 1.11. Comparing
the results with Theorem 7, it is easy to see that they are first-order optimal
under both the equal power constraint and the equal rate constraint. Therefore,
they provide valid inner bounds on the wideband slope. For general channel, the
expressions are too complex to give much insight. We only show the wideband
slope inner bound for a 2-user channel with unit direct link gains and symmetric

interference link gains.

Theorem 11. Consider a 2-user weak interference channel where |C'jj|2 =1 and

|C’ji|2 =a, i # j. The optimal sum slope must satisfy

2
Sp > { A
14+2a

under both the equal power constraint and the equal rate constraint.

(3.17)

Q Nl

IN A
N~ Q

Proof. The first line in Equation 3.17 is the sum slope achieved by TDMA, and
the second line is the Sy achieved by treating interference as noise. The calculation
is straight forward given R; (SNR;) and Equation 1.16. O

We can see that when the interference link gains are low, treating interference as
noise gives better performance. However, as the interference link gains increase,
the performance achieved by treating interference as noise deteriorates. The crit-
ical point is @ = 1/2. Beyond this point, the performance of TDMA becomes

better than treating interference as noise. Further, on the contrary of treating
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interference as noise, the sum slope achieved by TDMA is constant, Sp rpma = 2,
independent from the interference link gain. Also notice that for the symmetric
channel, the achievable sum slope regions are identical under equal power and

equal rate constraint, but this is not the case in general.

3.3.2 Sum Slope Outer Bounds

There are two main types of outer bounds for the capacity region of interference
channel: the broadcast outer bound and the genie-aided outer bound. The basic
idea in developing a genie-aided outer bound is to let a genie provide one or
several receivers partial knowledge about the input signals of their corresponding
transmitters. Important genie-aided capacity outer bounds include [16] and [17].
In particular, [16] has developed a type of genie-aided capacity outer bound, such
that the gap between this outer bound and the capacity inner bound achieved
by a simplified Han-Kobayashi scheme is within one bit. Therefore this bound
depicts the capacity region especially well in the high-SNR regime. However,
most genie-aided outer bounds are not first-order optimal. This is because the
genie-provided side-information will increase the channel gain, and reduce the
transmitted minimum energy per bit as a result. Therefore they do not provide

valid outer bounds on the wideband slope.

The broadcast outer bound first took form in M. Costa’s 1985 paper [11], and was
later improved by G. Kramer in the 2004 paper [15]. The first step in developing
the broadcast outer bound is to eliminate one interference link, changing the
original 2-user interference channel into an one-sided interference channel, which

is called a Z-channel. See Figure 3.1.

Since eliminating one interference link enlarges the capacity region of the interfer-
ence channel, the capacity region of the Z-channel is an outer bound for the ca-
pacity region of the interference channel. A delay-free channel has been discussed
in [11] and [15]. They have shown that the capacity region of the Z-channel is
equivalent to the capacity region of a 2-user degraded broadcast channel, which is
known and has a close form expression. In the following theorem, this result will

be extended into a channel with non-zero propagation delay.

Theorem 12 (Kramer’s bound). Consider the 2-user interference channel defined

by (Equation 3.2). Suppose that |haoi| < |h11|. Then any achievable rate pair
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Power SNR; Z1~N(0,1)

X % v/

(a) > 2-user interference channel
@—> Y,

Xo[n —noa] hoo f
Power SNRo ~ N(0
Power SNR4 Z NN(O 1)
Xl Y'll
Z-channel
(o) N\
121
@—> Ys
Xy [n —naa] hao
Power SNRoy Zs ~ N (0, 1)
2~ )

Figure 3.1: Construct Z-channel from its corresponding 2-user interference
channel

(R1, Re) must satisfy

1+ |hga|* SNRy + |hoy|* SNR4

Ry < log 5 (3.19)
lha1l? o R |ho1|
\h21| 20t ] — |hi\2
has|* SNR
+log <1+ iz 2 ) (3.21)
1+ |hot|” SNR;

independent of delay.

Proof. Put hio = 0 to enlarge the capacity region. Now assume that, different
from the system model Equation 2.9, receiver 2 also samples the received signal
synchronously with the transmitted signal of user 1. A Z-channel with delay is

formed:

yiln] = hnxin] + z(n]
Ya[n] = hoaZa[n — ngo] + horxq[n] + 22[n] (3.22)
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where Z[n] is defined by Equation 2.4.

Next, we show that the capacity region of Equation 3.22 is independent of delay.
The channel (a) and (b) illustrated in Figure 3.2 have identical capacity region be-

cause p (Y| 1, ) and p (ye| 1, T2) have the same distribution. Z[n] is i.i.d Gaus-

sian noise independent of z1[n| and the input signals, with power (1 — }Zilj) NyB.
Because }Zilz < 1, such Zy[n] is guaranteed to exist. The argument is identical to

(a)~(c) of Figure 6 in [11]. Details are skipped here.

Power SNR; Zy ~N(0,1)
X4 hi1 % v/
a
(a) »
. S
Xo[n—noa] hoo %
Power SNR; Zy ~ N (0, 1)
2~ 5
Power SNR; Zy ~N(0,1)
X
1 hi1 % v/
hay
(b) Ty
. > Y,
X2 [n — ngg] h22 \?
Power SNR, s o N (O L |h21‘2>
) |h11‘2

Figure 3.2: Channels with Equivalent Capacity Region

The channel (b) has the form

yiln] = huzin] + z1(n] (3.23)
h

Y2 [n] = hggfg [77, — 77,22] + Tmyi [n] + ,52 [n] (324)
11
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Using Fano’s inequality, we can now bound the capacity of this channel by

ARy —nen < h() — h(ih|Zs) 3.25
< ) ~ 320

- hat | n
= ) - h (0 + 2 327

where ws is the message sent by transmitter 2. Equation 3.25 to Equation 3.24 is
from data processing inequality, as T, is a function of the transmitted codeword
Zo, which is a function of wy. The second term in Equation 3.27 is independent
of delay, and can be lower bounded by the entropy power inequality [22]. The
first term can be upper bounded by the delay-free case. Therefore, the capacity
region of Equation 3.22 is identical to that of the channel without delay.[11] and
[15] show that the capacity region of delay-free channel can be derived from an
equivalent degraded broadcast channel. Given Theorem 1 in [18] its rate region
has upper bound Equation 3.18. Finally, it is easy to see that the capacity region
of Equation 3.2 is contained within that of the Z-channel. Equation 3.21 is a
restatement of (47) in [15]. O

Results similar to Theorem 12 can be obtained for the |h|> < |hao|* case by
interchanging the indices ‘1’ and '2’. Next, we derive the sum slope outer bound

based on the capacity outer bound defined by Theorem 12.
Sum Slope Outer Bound Under Equal Power Constraint

Before deriving the outer bound on the wideband slope, we need to prove the

following lemma first.

Lemma 13. For the 2-user interference channel defined by Equation 3.1, z'f|hjl-\2 <
|h2~,~|2 forj=1,i=2o0orj=21i=1, then the capacity outer bound defined in

Theorem 12 is first-order optimal under equal power constraint.

Proof. Because Theorem 12 is a capacity outer bound, it can provide a lower

bound on the % _ of the interference channel. Given Theorem 12, the minimum
min

energy per bit of the interference channel must satisfy

E, Klog, 2
Nown ~ [Cuif’ 2
0 min |011| + |022|

(3.28)

under the equal power constraint. Comparing the right hand side of Equation 3.28
and Theorem 7, we can see that the outer bound defined by Theorem 12 is first-

order optimal. O
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Given Lemma 13, a wideband slope outer bound can be derived from the capacity

outer bound defined in Theorem 12.

Corollary 14. Consider the 2-user interference channel satisfying |ho1|* < |hi1|*.

Under the equal power constraint, any achievable sum slope must satisfy

(Jh11]? + |ho2]?)?

Sy < 2 3.29
O = T20har P haol® + [hua[* + [hao|* (3.29)
1
AS, (3.30)
>~ [ho1 2] has 2 )
2\h11|4+\h22|4 +

independent of delay, valid for both the small-bandwidth case and the large-bandwidth
case. Furthermore, if additionally |hya|? > |haa|* this bound is achieved by treating

interference as noise.

Proof. This result can be easily shown combining Equation 3.21 and the formulas
Equation 2.14 and Equation 2.15. Details are skipped here. Because the outer
bound is independent from delay, it is valid for both the small-bandwidth case and

the large-bandwidth case, given the definitions of these two cases in chapter 2. [

Results similar to Corollary 14 can be obtained for |his|* < |hgs|* case by inter-

changing the indices ‘1’ and '2'.
Sum Slope Outer Bound Under Equal Rate Constraint

Next, we consider the equal rate case. Different from the equal power con-
straint, for the equal-rate constraint if only one interference link is weak, bound
Equation 3.18 is not first-order optimal, therefore cannot be used for bounding the
wideband slope. Only when |h;;|> < |hy|* for both j =1,i=2and j = 1,7 = 2,
the outer bound defined in Theorem 12 is first-order optimal. When both inter-

ference links are weak, we have following corollary.

Theorem 15 (Kramer’s bound). Suppose that |hj|* < |hu|* for both j =1, i =2
and 7 =1,1=2. Then

Rj < min {log (1 + |hjj|2 SNRJ) y (331)
1+ lh.: > SNR. _I2SNR.
log [+l SR+ TSN (332
ha 2 T e
R; +R; < log(1+|hy|”SNR;) (3.33)
|hii|” SNR; )
+log 1+ 3.34
g( 1+ |hyy[ZSNR, (3:34)
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for both 3 =1,1 =2 and 5 = 2,1 =1, independent of delay.
Proof. This result is directly from Theorem 12. O

Next, we are going to show that if |h;;|> < |hg|* for j =1,i=2and j = 2,7 = 1,
then the capacity outer bound defined in Theorem 15 is first-order optimal under

equal rate constraint.

Lemma 16. For the 2-user interference channel defined by Equation 3.1, the min-
imum enerqy per bit of its capacity outer bound defined in Theorem 15 is
Ey |Cll|_2+ |C22|_2

— = log, 2 3.35

under the equal rate constraint.

Proof. This result can be easily shown combining Equation 3.21 and Equation 2.14.
Details are skipped here. O]
Remark 17. The capacity outer bound defined in Theorem 15 is first-order optimal

under equal rate constraint.

Proof. Equation 3.35 is identical to the optimal and achievable minimum energy

per bit of the 2-user interference channel stated in Theorem 7. O

Given Remark 1 and Remark 6, we know that a wideband slope outer bound can

be derived from the capacity outer bound defined in Theorem 15.

Corollary 18. Suppose that |ha1|* < |h11]* and |hi2)? < |ho|?. Under the equal

rate constraint, any achievable sum slope must satisfy

hia|” |hoi |
) (e
22 11

-1
|hio)? 9 |hoa|?
|h \2<2—3 +|hi2* (2 -3
21 ’h22|2 12 |h11‘2

hia|? |hon |?
ASy < (|h11|2 + |h22|2) (1 - :hle :hﬂ:2> : (|h11|2 + |hao|*+
22 11

-1
|hio)? 9 |hoa|?
I \2<2—3 + |hi2* (2 -3
21 ’h22|2 12 |h11‘2

independent of delay, valid for both the small-bandwidth case and the large-bandwidth

S < 4- (|h11|2 + |h22|2> (1

case.
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Proof. Equation 3.18 gives

hos |? hos |?
|hor|* SNRy + | 7o SNR, > 22 (' 21‘22R1—| 21‘2 +1> —1  (3.36)
A1 A1

hol? g, ol

| hao|? |hoa|?

|haa[* SNRy + [hio|*SNRy > 27 ( + 1) —1. (3.37)

R,
2

SNR; 4+ SNR5. We construct following optimization problem

Under the equal rate constraint, R = Ry = and our objective is to minimize

min SNRl + SNR2

s.t. A SNR, >b
SNR,

P >0

2 2 Rs/a (|h21l> oRs/2  |h21]® _
|h21| |h22| ) and b = z (|h11\22 |h1]? + 1) 1 . Us-

haa|* (ol e (LLU‘QQRS/2 _ lnaa? 1) -1

|hoa® |h2o|?
ing simple linear programming principles, one optimal solution can be found at

the vertex of the feasible region. That is, SNR; + SNRy| = SNR, + SNRs,

where A = (

min

SNR1,
Where< ! ) = A~'b > 0. We solve this simple linear system and get

20
SNR;, (3.38)
Rs By |h12)? N |ho1|? . lha1|? B
= |h |_2 . 2% (2 " 1) |hoo|? <1 \h11|2) + <1 |h11|2) (2 . 1> (3.39)
= 11 _ ol [hoy P .
haa|? [k [?
SNR,, (3.40)
Bs (oRs N\ |haa|? (1 |haof? _ a2 2 _
= |h |72 . 2® (2 " 1) |ha1|” (1 \h22|2) + (1 |h22|2) (2 . 1) (3.41)
22 _ hazf? [k [? o
lhaa® [h11]?

Now we have the expression of sum power as a function of sum rate. They can be
proved using the technique similar to (140)~(144) in [1]. Details are skipped here.
Combining Equation 3.38, Equation 3.40 and Equation 2.17 and Equation 2.18,
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we have

Ey (1a] ™ + oo ) o 9
. — o)
NOmin 2 B

|haa|? | hoa|?
) (st
22 11

-1
|hia® 2 oy |
+|h |2<2—3 +|haf* (2 -3
21 |h22|2 12 |h11|2

S = 4- (‘hn’Q + \h22|2) (1

3.4 Noisy Interference Channel

Beside the strong interference channel, there is another type of interference channel
for whom the wideband slope region is known. It is the noisy interference channel
under equal power constraint, and the optimal wideband slope is achieved by

treating interference as noise.

Intuitively, if the interference link gains are very weak, then the system can obtain
good performance by treating interference as background noise at the receivers.
[17], [23] and [24] show that there exists a class of channels whose optimal sum
capacity can be achieved by using input codebooks generated from i.i.d. Gaussian
distribution at the transmitters, and treating interference as noise at the receivers.
This class of channels is called the noisy interference channel. In this section, we
discuss the sum slope of the noisy interference channel. The channel model in [17],
23] and [24] is delay-free. In the following theorem, we will show that their results
still hold for the more general channel model defined in Equation 3.2. Thus the
results in this section are valid for both the large bandwidth case and the small
bandwidth case.

Theorem 19. For a 2-user interference channel defined by FEquation 3.2, if there
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exist complex numbers p1,ps and positive real numbers o, o3 such that,

|P2|2

o <ot <1- 22 (3.42)
2 |P1|2
ol <o <177 (3.43)
1
h
hyy = —— A (3.44)
|h12]” SNRg + 1
h
has Lo (3.45)

~ |hia["SNRy + 1’

then the optimal sum capacity is

2SNR? 2qNR2
Ri+ Ry < 10g<1—|— |1 |PSNR, >+10g<1+ |haa|"SNR;

3.46
1+ |h12]2SNR5 1+ |h21|2SNR1> (3:46)

which is achievable by i.i.d. Gaussian input and treating interference as noise at
the receivers. Further, Equation 3.42 ~ Equation 3.45 can be satisfied as long as
the inequality below holds

|h1a? 2 |71 [?
1+ |ho1|*SNR 1+ |h12/*SNRy) < 1. 3.47
sl ( + || 1)+ TE (14 |hi2] 2) < ( )
Proof. Please see the Appendix section A.1. n

Theorem 19 is identical to the case where the delays are strictly zero, which is
discussed in [25, Theorem 6]. Next, we derive noisy interference condition for the

low-SNR regime under equal power constraint.

Corollary 20. Consider the 2-user interference channel defined by Equation 2.9.

Under equal power constraint, if the channel coefficients satisfy

|h1a? |Po1 |2
+ < 1,
J | hoa|? |h11]?

then i.i.d. Gaussian inputs and treating interference as noise achieve optimal sum
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slope Sy, which is

2 (|ha1[* + [hao|?)”
[haa[* + [hoo|* + 2 (|Ra1 [2[haz|? + |ha1[2haal?)
2 ([P *[haal® + |har || haal?)
|ha|* + [hao|* '

So

(3.48)

Proof. Under the equal power constraint where SNR; = % there must exist
some € > 0, such that if SNR < e then Equation 3.47 can be satisfied. Because
the low-SNR regime is approached as SNR — 0, the noisy interference condition
given by Equation 3.47 in Theorem 19

|h1a|? | ho1 |2
+ < 1
J | hoa? |h1]?

Given Equation 3.46, under equal power constraint the sum rate achieved by treat-

ing interference as noise is

28
R, < log|(1+

1+ [P SE

haaf S5 )

———oN\® 3.50
1+ |hoy [255R (3:50)

+log <l—|—

Combining Equation 3.50 with Equation A.8 and Equation A.9 we have Equation 3.48.
O

3.5 Conclusion

The key parameter that determines the performance of the 2-user interference

2
channel is |‘Z?f|‘2, which is the interference link gain normalized by the direct link
gain for message x;. If WZ??:Q > 1, the channel is a strong interference channel.

section 3.2 shows that the low-SNR performance of a strong interference chan-
nel channel is the same as the corresponding interference-free channel; a formal

description of its sum slope region can be found in Theorem 10.

hji|? . . .

If || - _||2 < 1, the channel is a weak interference channel. The sum slope region of a 2-
27

user weak interference channel is unknown in general. The sum slope inner bound

and outer bound of the weak interference channel is discussed in subsection 3.3.1
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and subsection 3.3.2, respectively. Comparing these bounds, we can see that the
sum slope inner bound achieved by treating interference as noise can get arbitrarily
close to the outer bound as the interference link gains tend to zero. The sum slope
inner bound achieved by TDMA can get arbitrarily close to the outer bound as
the interference link gains tend to their corresponding direct link gains. Based on

this observation, we have the following remark.

Remark 21. For any 0 > 0, there exists a non empty set of 2-user interference
channels for whom the gap between the sum slope inner bound achieved by either
treating interference as noise or TDMA and the sum slope outer bound is less than
0. Further, if the channel coefficients are drawn from some continuous random
distribution, then the probability that a channel realization falls inside this set is

greater than zero.

Further, the noisy interference condition under equal power constraint has been
developed in section 3.4. When the channel realization satisfies this condition,

treating interference as noise achieves optimal wideband slope.

Figure 3.3 illustrates the sum slope region of a 2-user interference channel with
unit direct link gain, and symmetric cross link gain, that is, ]h11|2 = |h22|2 =1,
and |hia|* = |he1|? = a. In this figure, the inner bound is given by Theorem 11,
and the outer bound is derived from Corollary 14 . Given Corollary 20, if a < i,
treating interference as noise achieves optimal sum slope, i.e., the inner bound is
tight.

Notice that whether the interference link gain a is below or above 1 is critical.
If a > 1, interference does not affect the performance, given the discusssion in
section 3.2; if a slightly below 1, the channel will be affected by interference most
severely. One could wonder if, for the K-user case, the former fact could be used
effectively. It turns out that is not the case. In the next chapter, we will show
that in a K-user interference channel when K is large, with high probability each
user will form a 2-user weak interference pair where a is just below 1 with some
other user. And the performance of the K users is limited by % such 2-user weak

interference channels.
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Chapter 4

K-User Interference Channel: Interference

Alignment Transmission

4.1 Summary

This chapter focuses on designing achievable schemes for scalar AWGN K-user
interference channel working in the low-SNR regime. Most of the existing works
about the K-user channel focus on its high-SNR regime performance or its capacity
region for general SNR value. Important works discussing its high-SNR regime
performance include [19], [21], [26] and [27]. For K-user channel with general
SNR value, the capacity bound for certain channel realizations is discussed in
28]. [29] considers deterministic channel where there is no background noise and
interference from non-corresponding users is the only factor that deteriorates the
performance. Deterministic channel can be seen as an extreme case of the high-

SNR regime channel where the noise can be neglected as the SNR grows large.

However, when it comes to the low-SNR regime, there is few existing works, and
the best known achievable schemes are treating interference as noise and TDMA.
Let us demonstrate the performance of treating interference as noise and TDMA

in the K-user case with an example.

Consider a K-user weak interference channel with unit direct link gains and sym-
metric interference link gains, i.e., |hj;|° = 1 and |hy|° = a for i # j, a < 1 as
an example. For this channel, equal rate constraint and equal power constraint
are equivalent for TIN and TDMA. Remember that we denote the sum spectral
efficiency by Ry and denote the sum signal to noise ratio per second per Hz by
SNRy. The Ry (SNRg) achieved by TIN is

N
Ry (SNRy) = Klog <1+ SNRo )
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Combining with Equation 2.15, TIN achieves

S = 1—1—2@2(];(—1); (4.1)
ASo = 175, (1K —1) (4.2)
The Ry (SNRy) achieved by TDMA is
Ry (SNRy) = log(1+ SNRy).
Combining with Equation 2.15, TDMA achieves
Sy = 2 (4.3)
ASy = [1( (4.4)

It is obvious that in a small neighborhood around a = 0, treating interference as
noise is almost optimal, i.e. close to the performance of an interference-free chan-
nel. However, when the number of user K is large, its performance deteriorates
very fast. Comparing Equation 4.1 and Equation 4.3, we can see that for all K
value, the wideband slope achieved by treating interference as noise and TDMA
meet at a = % When 1/2 < a < 1, TDMA has better performance. Therefore when
the interference link gains are moderate, to achieve the same spectral efficiency,
the system requires K times the bandwidth required by the interference-free chan-

nel.

For 2-user case, comparing with a wideband slope outer bound, we can tell that
treating interference as noise achieves almost optimal performance if a is close to
zero, and TDMA achieves almost optimal performance if a is close to 1. Is this

also true for the K-user case?

In high-SNR regime, many noticeable works show that interference alignment can
achieve scalable performance. In particular, [19] has designed an pre-coding and
zero-forcing transmission scheme for a K-user MIMO interference channel, which
achieves ADoF of % for all K > 2,i.e., the performance of the K-user channel is the
same as a 2-user channel. Although existing interference alignment algorithms are
not applicable in the low-SNR regime, it still is tempting to conjecture that there
exists first-order optimal interference alignment schemes that perform better than
treating interference as noise and TDMA. This chapter will propose achievable

schemes for both the large bandwidth case and the small bandwidth case. Their
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performances support this conjecture for almost all channel realizations under
the large bandwidth case, and for a set of channel realizations with non-zero

probability under the small bandwidth case.

In section 4.2, we will briefly review the concept of interference alignment, which
is an important interference management mechanism for K-user interference chan-
nel. Common interference alignment techniques used in moderate to high SNR
interference channel will be introduced. Then the challenges and opportunities in
designing interference alignment algorithms for low-SNR regime systems will be

discussed.

In section 4.3, we will discuss the large bandwidth case, where the low-SNR regime
is approached by letting the bandwidth B go to infinity while the power P be
fixed and finite. In this case, even very small propagation delay can become
arbitrarily large comparing with symbol duration B~!. Contrary to the 2-user
case whose performance is independent of delay, K-user channel can use delay to
its advantage: when K is greater than 2, extra freedom for system design comes
into existence. A type of interference alignment scheme over time domain will
be proposed, which achieves ASy = % with probability one under the assumption
that all transmitters and receivers are placed randomly in a 2 or 3 dimensional
space. Comparing with TDMA which achieves AS, = %, the achievable scheme

we proposed improves the performance by a factor of £/2.

In section 4.4, we will study the small bandwidth case, where the low-SNR regime
is approached by letting the input power P goes to zero while the bandwidth is
fixed and finite. We further assume that B is so small as to render propagation
delays negligible comparing with the symbol duration. A phase interference align-
ment scheme will be proposed. In this scheme, transmitter j only transmits in the

direction e*%

, instead of using the complete 2-dimensional complex plane. Simu-
lation results will show that when the interference link gains are moderate, this
interference alignment scheme performs better than existing transmission schemes
such as treating interference as noise and TDMA with high probability, under the
assumption that the phase of the channel coefficient h; is drawn from a continuous

random distribution over [—m, 7].
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4.2 Interference Management For K-user Interference

Channel

From chapter 1 and chapter 3, we have seen that for 2-user interference channel,
the best known low-SNR regime performance is achieved by traditional transmis-
sion schemes such as treating interference as noise and TDMA. The sophisticated
Han-Kobayashi transmission scheme is known to be asymptotically optimal in
high-SNR regime [16]. However, in the low-SNR regime, it is not first-order op-
timal, i.e., the minimum energy per bit achieved by the Han-Kobayashi scheme
is higher than the optimal value. Therefore it does not improve the wideband

slope.

System design faces similar challenge when the number of of users is greater than
2. Most of the efficient interference alignment transmission schemes which have
good performance in the high-SNR regime are not first-order optimal, therefore
do not improve the wideband slope. The difference in the performance of the
same transmission scheme in the high-SNR regime, which is measured by degree
of freedom, and in the low-SNR regime, which is measured by the wideband slope,
is expected, since given the definitions of these two measures in Equation 1.18 and
Equation 1.15, we can see that the degree of freedom and the wideband slope have

distinct physical meanings.

The challenges in interference management have very different natures for the
K-user interference channel working in the high-SNR regime and that working
in the low-SNR regime. In the high-SNR regime, the dominant factor affecting
the performance is the interference from non-corresponding users. Respectively,
the performance measure degree of freedom (DoF’) is defined by letting the SNR
tend to infinity, and the noise power can be neglected. Therefore, a transmis-
sion scheme achieving good performance in the high-SNR regime usually requires
each user to make compromise between obtaining higher channel gain at its corre-
sponding receiver and causing less interference at the non-corresponding receivers.
Such transmission schemes may not achieve the optimal channel gain defined in
Equation 1.14. On the other hand, in the low-SNR regime, the SNR tends to zero
and the noise affects the performance tremendously. The primary goal in system
design is to achieve the largest received signal to noise ratio, i.e., the transmission
scheme must be first-order optimal, as that has been discussed in detail in Section

section 2.6.

In high-SNR regime, the key interference management method is called interfer-
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ence alignment. This concept was first introduced by [30] and [31] in the context
of the multiple-input-multiple-output (MIMO) X channel and MIMO compound
broadcast channel respectively. Cadambe and Jafar introduced interference align-

ment to K-user interference vector channel in [21], where the channel model is

defined as

y; = Hyx;+> Hpx; +z;. (4.5)
i#]

Common seen vector channels include MIMO channel and frequency selective
channel. For a MIMO channel, the element on the pth row and ¢th column of
the channel coefficient matrix Hj; represent the channel coefficient between the
pth antenna of transmitter ¢ and the gthe antenna of receiver j; for an frequency
selective channel, Hj; is a diagonal matrix where the pth element on the diago-
nal is the channel coefficient of the pth frequency slot between transmitter ¢ and
receiver j. Both MIMO channel and frequency selective channel are discussed in
[21]. Following the works on vector channel, high-SNR regime interference channel

with scalar channel coefficients has also been studied. Important works include
(32, 33, 34].

Next, we use MIMO K-user interference channel as an example to demonstrate
how the interference alignment works in the high-SNR regime. Assume that each
transmitter and each receiver has n antennas. Let each user use zero-forcing at
the receivers, then DoF' achieved by each user is equal to the dimension of the
linear subspace spanned by its received signal H;;x; that is linearly independent
from the subspace spanned by the received interference >, .; Hjx;. Here Hy; is
n x n channel matrix and x; is length n transmitted vector. [21] has proposed
a type of pre-coding algorithm, such that if the elements in the channel matrices

are i.i.d., then the following conditions

rank (Hj;x;) = n/2 (4.6)
rank (<Hijj, ZH]zXz>) = N (47)
1#]
can be satisfied for all 7, 7 = 1,---, K with probability 1. Using zero-forcing at

the receiver, this transmission scheme achieves

ADof = ;,
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where
DoF of the interference channel

ADoF =

DoF of the interference — free channel’
Therefore, as SNR — o0, the performance of this K-user interference channel is

only reduced by a factor of 2 at the presence of K — 1 interference signals.

On the other hand, low-SNR regime interference channel faces a unique challenge:
any interference management scheme must achieve the optimal minimum energy
per bit defined in Theorem 7. Again, let us look at the MIMO channel defined
by Equation 4.5. To obtain the correct %

_, the input signal x; must achieve

the channel gain G,

E [ |[H;;%;|]

I

(4.8)

J

To achieve the optimal G;, each user need to transmit along the eigenvector cor-
responding to the maximal eigenvalue, even if this first-order optimal transmit-
ting direction may generate relatively strong interference at non-corresponding

receivers and heavily deteriorate the wideband slope.

Notice that in the high-SNR case we have just discussed, the design philosophy is
quite different, where each user compromises between achieving optimal gain at
the corresponding receiver and causing less interference at the non-corresponding
receivers. With high probability x; satisfying Equation 4.6 and Equation 4.7 does
not satisfy Equation 4.8. Such a x; is not first-order optimal as a result, and will
not improve the wideband slope. This observation is true in general for existing
achievable schemes focusing on improving the high-SNR performance of the inter-
ference channel with scalar or vector channel coefficients. Low-SNR interference

channel is asking for new interference management technique.

4.3 Large Bandwidth Case: Interference Alignment Over Time

Domain

In this section, we focus on the large bandwidth case, where the signal to noise
ratio per second per Hz tends to zero by letting the bandwidth B go to infinity,
while let the power P be a finite and constant real number. A type of interference
alignment scheme over time domain will be proposed. Theoretical analysis will

show that it is first order optimal and achieves AS = % The main results in this
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section has been partially published in the author’s work [35], in collaboration

with A. Hgst-Madsen.

The channel model is restated here for the reader’s convenience. The received

baseband discrete time signal at receiver j is

yiln] = |hy| z;[n] + ; hji@i[n — nji| + z[n] (4.9)
where
Ziln] = i x;[m]sinc(n — m + 0;;), (4.10)

and n;; and d;; are the integer part and the fractional part of the propagation

delay respectively,

ni = |mB+1] (4.11)
8 = B - |miB+13|. (4.12)

Any length-N input sequence ¥ must satisfy power constraint + >0_; |z; [n] ? <
SNR,, where SNR; = -

NoB*

The key idea in the design is to utilize the differences between propagation delays
7;; for different (j, 7) pairs. We show that for any set of 7j;, ¢,7 = 1,---, K that
are linearly independent over rational numbers, there exists arbitrarily large B
that could make the propagation delay arbitrarily close to some odd integer. As
a result, if we let each user use even time instance in the discrete time baseband
channel model, then at the receiver, the desired message and the interference signal
are almost orthogonal over time domain. Therefore, during half of the time, every
user can enjoy almost interference-free transmission, and the interference channel
can achieve ASy = % Remember that transmitters and receivers are assumed to
be placed in a 2 or 3 dimensional space randomly. Therefore with probability one
7j; will be linear independent , and this transmission scheme will achieve good

performance.

The idea of interference alignment over time domain is also used in [36] and [37].
Similar to the scheme proposed in this thesis, both works acknowledge that the
interference and the message can not be completely orthogonal at the transmitter,
and there always will be a part of the interference that leaks onto the signal space.

The main difference lies in how this leaked interference is managed. [36] applies
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rectangular window transmission in time domain, which increase bandwidth re-
quirement. [37] uses a channel model assuming the fractional delay ¢ is zero; and

they also assume that the number of users is asymptotically large.

The transmission scheme proposed here will simply treat interference as noise. No
approximation and assumption of window transmission is made. We will see that
in the large bandwidth regime, interference alignment over time domain becomes

a more natural choice.

Here, we refine the definition of minimum energy per bit and wideband slope in
[1, (34), (29)] as

-t — Tminf <P e
No min 1;,%1_1}(? NOB/R<NOB> (4.13)
n(8)
Sy £ limsu No 1010 5 L 14
0 By | By P 101og,q % — 101log;, % . €10 ( )
No ™ No min min

The original definitions do not define the case where the limit in Equation 4.13 and

. . . . . . P P L.
Equation 4.14 do not exist for all infinite non increasing sequences NoB|y’ NoB ‘2

with lim;_, % = 0. In the modified definitions % ~and S are well defined

if there is lat least one sequence of ﬁ such that the limits Equation 4.13

and Equation 4.14 exist. The necessity of this modification will be illustrated in

subsection 4.3.3 by an example.

4.3.1 An Interference Alignment Scheme

In this section, we propose an interference alignment scheme over time domain

which utilizes the propagation delay.
Definition 22. The transmission scheme is designed as:
1. At transmitter j

e Let the discrete baseband signal be

0, 25) ifn =2k
z;[n] ~ N(’ B")’an for all integer k
0, ifn=2k+1

— Construct the continuous baseband signal by sinc pulse train
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z; (t) = J:zo:o:cj [n] sinc (B, (t — nT))

a) At receiver j:

e Sample the received continuous time baseband signal with rate B,

and time synchronize with x; (¢);
e Decode z; [2m] from y; [2m)];
e The interferences are treated as noise.

B, is the working bandwidth. The criterion used to choose B, is

’le’Bo - Qk] - 1| S 0 (415)
forall i, j=1,---, K. § is some arbitrarily chosen design specification.
Next, we show that it is guaranteed to find an infinite sequence of { B,1, Boa, - - },

Bok+1) > Bok, such that B, k =1, 2, - - satisfies Equation 4.15. The concept

of linearly independent over rational number will be introduced first.

Definition 23. [38]A set of real numbers 0 = {0;,60,,---, 6,,} are linearly inde-

pendent over rational number if > a;6; = 0 only if a; = 0 for all a; € Z.

Lemma 24. If 7, i, j € {1,---, K} are linearly independent over the rational

numbers, then for any 6 > 0, there exist arbitrarily large real number B , such
that

for some integers kj;, j, i€ {1,---, K}.

The proof of Lemma 24 is based on the following fundamental approximation

results in number theory.

Theorem 25. [38, Theorem 7.9, First Form of Kronecker’s Theorem/[If ay,- - |,
are arbitrary real numbers, if 61, - - |0, are linearly independent real numbers over
the rational numbers, and if € > 0 is arbitrary, then there exists an real number t

and integers hy,--- , h, such that

Vie{l,2,...,n}
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We also have

Lemma 26. /38, Exercise 7.7, page 160/Under the hypotheses of Theorem 25,
if T > 0 is given, there exists a real number t > T satisfying the n inequalities
Equation 4.17.

Now let us prove Lemma 24.

Proof of Lemma 24. Let oy, -+ ,a,, = 0.5, ¢ = g. According to Theorem 25,

there exist arbitrarily large real number B and some integers nj;, i, j € {1,---, K}
such that

|

‘Tjié — kji — 05’ S
Let B = 23, we have

Combining the inequality above with Lemma 26, Lemma 24 is proved. O

4.3.2 The Achievable Sum Slope

In this section, we show that the interference alignment scheme proposed in Defi-

nition 22 achieves ASy = %

Lemma 24 shows that using this transmission scheme, the desired signal is almost
orthogonal with the interference signal in time domain. However, this is not
sufficient. Since the energy of interference signal that leaks onto the signal space
will be treated as noise, we also need to show that as d;; — 0, the energy of
interference signal falls onto signal space will also converge to zero. This is stated

in the following lemma.

Lemma 27. Under the assumptions x; [2m] are i.i.d. Gaussian random variable
with distribution N (0, 2P;) and z; [2m + 1] = 0 for all j and m, E [Z;[nq, 012} [ne, 0;]]

is a continuous function of d;; which satisfies

2Pz if ny = nNg = 2]{?,
}i%E [Z5[ny, 05i)Ti[ne, 05)] = for some integer k
0 o.w.
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Proof. Please see the Appendix section A.2. m

Equipped with the interference alignment scheme in definition 22, Lemma 24,
and Lemma 27, we proceed to show our the main results on the achievable sum

slope of K-user interference channel.

Theorem 28. Suppose that the set of delays 7;;, i, j € {1,---, K} are linearly in-
dependent over the rational numbers. Then the following wideband slope is achiev-

able

2 2
(5 1hssP) .
So ~——————— equal power constraint,
2 [hys]
Sy = K equal rate constraint.
Under both constraints,
1
ASO — 5

1s achievable.

Proof. Assume that the system uses the transmission scheme proposed in Defini-
tion 22. Let

K
&(B) = X |E|(@[2n)]]
1#]
denote the power of the leaked interference.

The best rate with this scheme is clearly achieved if the leaked interference power
is zero; in that case the channel is an interference-free channel where half the

symbols are not used. We can therefore conclude

AS, < (4.18)

DO | —

On the other hand, taking into account the leaked interference, the achievable rate
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at receiver j is

R; (4.19)
2 2P;
= ;log (1—1—%’) (4.20)
1+ 92
_ ‘h..ﬁi_(6.(3)‘h..’2p.+‘h..|4p,2) (1)2 (4.21)
77 BN(] J N J 23 7 BNO .

() 42

The wideband slope is a continuous function of the coefficients in the first two
terms in the Taylor series of R; in %. According to Lemma 24 for any > 0 there
exists some Bs and a set of integers kj;; such that n;; = 2kj; + 1, i.e., the integer
part of the delay is an odd number, and the fractional part of the delay satisfies
10| < 6.

From Lemma 24 and Lemma 27, we can then conclude that there exists a
sequence of real numbers {B,1, Boa, -}, Bokt1) > Bor, so that k — oo and
€j(Bog) = 0 forall j =1,---, K. This means that AS, = % is a limit point, and
together with Equation 4.18 this shows that ASy = % is the limit superior. O

Now we can easily conclude the following corollary.

Corollary 29. Suppose that all nodes have independent positions and each node
position has a continuous distribution. Then the propagation delays 7j, i, j €
{1,---, K}, are linearly independent over rational numbers with high probability,

and

AS(] = 5

s achievable.

Corollary 29 implies that in practice ASy = % is achievable with probability one,
since in our channel model, transmitters and receivers are placed randomly, and

the probability that they are positioned accurately in a grid is zero.

4.3.3 Practical Implementation and Simulation Results

In this section we will show that the interference alignment ideas of the previous
section can be used in a practical system, and show some simulation results. This

will also make it clear why the modified definition Equation 4.14 is needed.
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We can see that one key question concerning the transmission scheme defined by
Definition 22 is: how to find B,? Here we propose an algorithm, stated in the

following proposition.

Proposition 30. Assume that both the transmitters and the receivers have perfect
channel knowledge. With probability one, the following searching method termi-
nates after a finite number of iterations:

Initialize B to be any positive integer. Proceed to the following while loop:

While (|1;;B — 2k;; — 1] > 0) :

Increase Bby 1, i.e., B= B+ 1.

The output B of this while loop satisfies |7j;B — 2kj; — 1| < §, therefore can be

chosen as B,.

Lemma 31 guarantees that the searching algorithm defined in the proposition
above terminates. The proof is almost identical to the proof of Lemma 24. How-
ever, the essential difference is that while Lemma 24 only shows the existence of
B satisfying Equation 4.16 over the set of positive real numbers R™, the results in

this section ensure that such B can be found even if we restrict B to be integer.

Lemma 31. If 7; are linearly independent over the rational numbers, then for

any & > 0, there exist an integer B , such that
for some integers kj;. Further, B can be made arbitrarily large.

The proof of Lemma 31 is based on the second form of Kronecker’s theorem|38,
Theorem 7.10, Second Form of Kronecker’s Theorem]|, which shows that Theorem

25 still holds even if we require ¢ to be an integer. Details are skipped here.

We can see that the brute force algorithm of searching through all integer B is
guaranteed to find good operating bandwidths. Figure 4.2 shows the performance
of the proposed achievable scheme when the system operating at a sequence of
Bs, 6 = 0.2. However, designing more efficient B,-searching algorithm could be a

subject of further research.

In the simulation, we consider a 3-user channel with symmetric channel gain:
|hjj\2 =1, |hﬁ\2 = 0.8. Notice that for channels with symmetric link gains, equal
power and equal rate constraints are equivalent. The delays 7;; are chosen such

that they are linearly independent over the rational numbers.
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3 users, |CJ.J.|2=1, |Cji|2=0.8

Simulation Results, continuous B
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Figure 4.1: Performance for arbitrary bandwidth.

Figure 4.1 shows the simulation results of the case where bandwidth B increases
continuously. The system performance shows a noticeable oscillating behavior.
This phenomenon can be explained as followed. At receiver j the interference
caused by user ¢ is an increasing function of d;;; and 9d;; is a periodic function of B,
oscillating between 0 and 1. It can be proved that the cumulative effect of leaked
interferences from all other users has same (almost) periodic behavior. The proof

is similar to that of Lemmas Equation 5.14 and 26; details are skipped here.

Figure 4.1 also shows why we need the modified definition Equation 4.14. We
could see that the limits defined by Equation 2.12 and Equation 2.13 do not exists:
if we take one infinite sequence of bandwidth values from the upper envelope of
the R (%) curve, and take another infinite sequence of bandwidth values from
its lower envelope, they will give different wideband slope. However, the lim sup
always exists. More importantly, this modified definition is operational: given the
channel state information, the system can find a large but finite B which achieves

good low-SNR regime performance.

4.4 Small Bandwidth Case: Circularly Asymmetric Signaling

In this section, a type of interference alignment scheme will be proposed for the
small bandwidth case. This achievable scheme applies the concept of circularly
asymmetric signaling, which has been introduced in section 2.4. To fully describe

the circularly asymmetric input, instead of the scalar complex channel model, a
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1.5
Simulation Results
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Figure 4.2: Peak points of performance.

2-dimensional real channel model equivalent to the scalar complex channel model

may be more convenience.

The channel model is restated here for the reader’s convenience. The received

baseband discrete time signal at receiver j is

yiln] = hjjzin] + ; hjixi[n] + z;[n]. (4.24)

The channel coefficient hj; is complex scalar number, and the noise z; is i.i.d.

circularly symmetric complex random variable. For any length-/NV input sequence

zN, power constraint + >0, |z; [n]|”> < SNR; is satisfied, where SNR; = N]; L.

7

Its equivalent two-dimensional real channel is

K
yi = lhil Uz + >0 |hil Usixi + 2 (4.25)

i=1,i#]

where Uj; = ) is the rotation matrix with angle ¢;;. And
sin (¢;;)  cos (¢i)

the 2 x 1 vector white Gaussian noise is z; ~ N <0, %IZXQ); the input signal x;
Re {z;}

Im {z;

A ( cos (¢j;) —sin(¢j;)

is related to the scalar complex model by: x; = ( ), with the average

covariance matrix of the jth input as Ky, £ + >0 E [xj [n] (x; [n])H} satisfying
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power constraint Tr (Kx].) < SNR;. Denote covariant matrix normalized by SNR

as K; = SNR;

Many previous works on the Shannon capacity region of a interference channel only
consider circularly symmetric inputs. However, [21] shows that K-user interference
channel using circularly asymmetric signaling achieves better performance in high-
SNR regime. Their result is one of our main inspirations, although the specific
interference alignment technique they proposed is not applicable to the low-SNR

regime.

In the example follows, we can see that for certain channel realizations, circularly
asymmetric indeed can improve the low-SNR regime performance. Take a channel
whose direct link coefficients have zero phase, i.e., ¢;; = 0, and interference link
coefficients have phase 7/2 as an example. If we let every transmitter only trans-
mits over the real axis, then at every receiver, all interferences will be aligned to
the imaginary axis, orthogonal to the desired signal. This transmission scheme
achieves ASy = 1/2 regardless of the link gains ]hji|2. Of course, since we assume
¢j; is drawn from a uniform distribution over (—m, ) such channel will occur
with zero probability. Nevertheless, the idea of interference alignment over phase
domain is inspiring. Here we are going to generalize this idea into more general
cases. The main results in this section has been partially published in the author’s
works [39, 40], in collaboration with A. Hgst-Madsen.

4.4.1 One-Dimensional Gaussian Signaling

In this section, an phase interference alignment scheme will be proposed. In this

“i instead of using the

scheme, transmitter 7 only transmits in the direction e
whole complex plane. Simulation results will be shown in the next section, we will
see that when the interference link gains are moderate, with high probability, this
interference alignment scheme performs better than existing transmission schemes:

treating interference as noise and TDMA.
Consider a simple transmission scheme with the following properties:

e the input sequence z;[n] is i.i.d. distributed Gaussian complex random

variable for all n.

o ERe{z;}| = E[lm{z,;}|] =0, E [:v]xﬂ = SNR; and the correlation be-
tween Re{z;} and Im {z;} is 1.

e Receivers treat interference as noise.
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The following definition is equivalent to the description above, but provide a more

clear geometric interpretation.
Definition 32. One-dimensional Gaussian signaling transmission scheme

e At transmitter j, let input sequence be z;[n] = w; [n] /% where w; [n] is
drawn from i.i.d real Gaussian random variable with distribution A" (0, SNR}),
and the phase 0, is a priory chosen design parameter, unchanged for all n

during the transmission.

e At receiver 7, interference is treated as noise.

We call this one-dimensional because every transmitter only transmit along €%

therefore only one dimension is used out of the two-dimensional signal space.

Our objective is to find the set of phases § = {6y, -, Ok} that maximize the

achievable wideband slope Sy.

The achievable Sy for any 8 is stated in the next lemma. For computational con-
venience, we return to the equivalent two-dimensional real channel model. In the

equivalent 2-dimensional real channel model, the input x; has covariant matrix

5111229 Sin2 4

29 sin20
K, = SNRJ-<COS 2 )

rank (K;) = 1.

Lemma 33. For the 2-dimensional real channel defined by Equation 4.25, the

sum slope achieved by the one-dimensional Gaussian signaling is

(Z, !hjj|2>2

0o — 5 (426)
S gt S S ks il + f (0)
where
A KX 2 2
FO) = Y3 |hyl" |l cos2 (dj — 0; 4 6;) . (4.27)
j=1i#

Proof. Using treating interference as noise at the receiver, the achievable sum rate
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32 is

R, =¥k, ( og

Ir+4SNR(MﬁEU@%OKﬂb(—@ﬂ

K
1
+ 0 Il U6 KU (- @»)‘—2- (1.25)
i=1,i
K A
log I, + ESNRS ST haP U (050 KU (—¢5)| | (4.29)
i=1,i#j
under equal power constraint where SNR,; = 31}1?5' Combining Equation 2.14,
Equation 1.16 and Equation 4.28, we have
: ZKzl ‘hjj’2
R,(0) = ==——— 4.30
(0 L (130
4 2 2
_B.(0) QZﬁﬂ%ﬂ_+2Zf12#A%ﬂ|Mﬂ
’ K2 K?
2 (Il
Jj=li#j
cos2(¢j; —0;,+6;)). (4.31)
Given &y = £ Equation 4.26 followed. ]

Rs(0)

Given Equation 4.26, to maximizes Sy is equivalent to find the set of ¢; that
minimizes f ().
Denote this optimization problem by P (6), which is defined as

min £ (0)
subject to 6, € [—m, 7.

Notice that §;mod 27 will not affect the value of f (#). Therefore, P () can be
solved using standard numerical methods for unconstrained optimization prob-

lems.

4.4.2 Simulation Results and Discussions
In this section, we simulate the performance of the one-dimensional signaling

scheme in 10-user interference channel with unit direct link gains and symmet-

ric weak interference link gains, i.e., |hj;|*> = 1 and |h;]> = a < 1 for all
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i,j = 1,---,10. the phases ¢;; is drawn from U [—m, 7] in each channel real-
ization. This performance will be compared with existing achievable schemes:

treating interference as noise and TDMA.

Notice that to simplify the analysis, we only consider weak interference channel.
However, when K is large the event that all interference links are weak may only
happens with very low probability, especially when a is close to 1. For a mixed
channel, a better choice for achievable schemes may be a combination between
interference decoding and the transmission schemes that suit weak interference

case.

The simulation results are presented below. We can see that when a, the ratio
between the direct link gain and the interference link gain, is close to 1, then with
non-zero probability the one dimensional Gaussian signaling transmission scheme
performs better than TDMA.

Figure 4.3 illustrates the empirical cumulative distribution functions of the sum
slope achieved by the one-dimensional interference alignment scheme at different
a values. For comparison, Sy achieved by treating interference as noise are also

shown, and TDMA always achievesSy = 2 for all a value.

1r i -
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i
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So 1hmA=2

for any a value

U
i
]
a=plé a=0.5, a=0.4,
INFA _INTA INTA

0.7~

z 5
5
> w
S0
Z.
=

F(Sy)
T

03

1
af0.2,

0.6 [a¥0.5, a70.4, a¥(.3,
02 N |TIN TIN T TIN
] 1
1 1
01 I i
] ] 1
] ]
1 I i i
1.2987 1.6949 2 2.439 3.125 4.3478

R Rt i~ NN S R S

o m E R s

S

Figure 4.3: Empirical cumulative distribution functions of Sy achieved by treat-
ing interference as noise (TIN), interference alignment (INTA) and TDMA under
different a values.

In Figure 4.4, we compare the median value of &y achieved by one-dimensional
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interference alignment scheme

noise and TDMA.

with the performance of treating

interference as

T T
=0~ Achievable slope, TIN
=x7- Median of achievable slope, INTA

Achievable slope of TDMA,
~ SO=2 for all 0<a<1

Figure 4.4: the median value of Sy achieved by INTA, and the achievable Sy of
TIN and TDMA as a function of a

For the canonical symmetric channel considered, we could see that the performance

of one-dimensional interference alignment is more likely to be better than TIN

and TDMA when the interference link gain a is moderate. If a is small, treating

interference as noise achieves better performance; when a grows closer to 1, TDMA

becomes more likely to have better performance.
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Chapter 5

K-User Interference Channel: Wideband Slope
Outer Bounds

5.1 Summary

Few works discusses the low-SNR regime performance of K-user interference chan-
nel, K > 2. Noticeable works on the performance outer bounds of K-user inter-
ference channel include [18], [28], and [41]. [18] considers channel working in the
high-SNR regime; [41] discusses partially connected K-user channel. The lat-
est work [28] considers fully connected K-user interference channel with general
SNR value, and develops capacity outer bound for certain channel realizations.
However, if we assume that the channel coefficients are continuous random vari-
able, then these channel realizations occur with zero probability. In this chapter,
first-order optimal outer bounds on the wideband slope of the K-user interference
channel will be developed, for both the large bandwidth case and the small band-
width case. These bounds work for a set of channel realizations with non-zero
probability. Together with the optimal and achievable minimum energy per bit
defined in Theorem 7, the wideband slope outer bounds provide outer bounds on
the spectral efficiency of the K-user interference channel working in the low-SNR

regime.

First, the large bandwidth case will be discussed. In chapter 4 section 4.3, we
have seen that under the large bandwidth case, benefiting from the propagation
delay, which can grow arbitrarily large as B — oo, the K-user interference channel
achieves ASy = 1/2 with probability one. Of course, if the channel condition is
amiable, better achievable transmission scheme exists. For instance, if all of the
interference link gains are higher than the direct link gains, then interference
decoding achieves higher wideband slope; and if all of the interference link gains
are very weak, then treating interference as noise may achieve better performance.

However, our results in section 5.2 implies that under certain conditions, channel
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realizations with very strong or very weak interference link gains rarely occur.

section 5.2 will show that if channel coefficients are drawn from continuously dis-
tributed random variable, and the number of users K is large, then with high
probability, the K-user interference channel can be discomposed into £/2 com-

pounded 2-user interference channels, such that
1. each 2-user component forms a 2-user weak interference channel;

2. In each 2-user component, the interference link gains are close to the direct

link gains,

i.e. each compounded 2-user interference channel satisfies (1 — ¢) < hsil*/jn2 < 1,

where € is an arbitrary positive real number.

Applying the outer bound for the 2-user interference channel developed in chapter 3,
section 3.3 to the compounded 2-user interference channels, we obtain a wideband

slope outer bound for the K-user interference channel. It shows that

1. Under equal rate constraint, the achievable sum slope of a channel realization
must satisfy ASy < 1/2+ 0 for all 6 > 0, as K — 0.

2. Under equal power constraint, the achievable sum slope of a channel real-
ization must satisfy ASy < 1/2+4 d+6 forall § > 0, as K — oo, where dis a
positive real number depending on the distribution function of the channel

coefficients.

This outer bound holds for both the large bandwidth case and the small bandwidth

case.

Comparing with the achievable wideband slope region discussed in the previous
chapter, we can see that for the large bandwidth case, the interference alignment
transmission scheme proposed in chapter 4 section 4.3, which achieves ASy = 1/2,

is almost optimal.

For the small bandwidth case, the gap between this slope outer bound and the
inner bound achieved by the phase alignment transmission scheme proposed in
chapter 4 section 5.3 becomes larger. Of course, there exists certain channel real-
ization for which the phase alignment scheme can achieve ASy = 1/2. For instance,
if a channel realization has ¢,; = 0 and ¢;; = 7/2 for all 4, j = 1,---, K, then
AS, = /2 is achievable if we let §; = 0. However, from the simulation results
shown in section 5.3, we can see that with non-zero probability, TDMA has better
performance as the interference link gains grows closer to the direct link gains,

which can only achieve AS, = /K.
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In section 5.3, a tighter outer bound will be derived, which implies that for a set
of small bandwidth K-user interference channel realizations, the achievable sum
slope of a channel realization must satisfy ASy < Y/k 4§ for all § > 0, and the
probability that a channel realization falls into this set is strictly greater than zero.

This result implies that for this set of channels, TDMA is almost optimal.

5.2 Large Bandwidth Case

Chapter 4 section 4.3 shows that using interference alignment and treating inter-
ference as noise, ASy = % is achievable. Is it possible to obtain better performance?
For certain channels, the answer is yes. For instance, if all interference link gains
|hjil®
hal?
completely eliminate the interference, and the system achieves ASy = 1. Another

are greater than the direct link gains, i.e., > 1, then interference decoding can

example is a channel whose interference link gains are very small, for this channel

treating interference as noise may achieves better performance.

However, if |hjz-\2 is the realization of a continuous random variable and the number
of users is large, then the examples we just mentioned only happen with very low

probability. Our questions are
e How does a typical channel look like?
e How can its wideband slope be bounded?
By typical channel, we mean that it happens with high probability.

Let us first define (1 — €)-interference pair and weak (1 — €)-interference pair.

Definition 34. We say that users i and j form an (1 — €)-interference pair if

2 2
| —e< |hjil” |l <1
> R 2 ,

|has ™ [hys]

and form a weak (1 — €)-interference pair if
|2

hi; hi;
1—€§’j2<10r1—€§’j2
Rl

| 2

< 1.

’ii

The outer bounds in this section are proven under the assumption that the channel
coefficients hj; for all ¢, j € {1,---, K} are i.i.d. random variables. However, this
is not a necessary condition, only a convenient condition to simplify proofs; later

in the section we will comment more on this. The main results in this section
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have been partially published in the author’s work [35], in collaboration with A.
Hgst-Madsen.

5.2.1 The Equal Rate Constraint

The equal rate constraint will be discussed in this section. Our main results will

show that as the number of users K — oo, the event

{user j,Vj € {1,--- K}, forms a (1 — €) — interference pair

with at least one other user}

happens with high probability, which gives ASy < % + 9, V6 > 0 under the equal

rate constraint.

First consider the equal rate constraint. We assume that the channel coefficients
hj; are iid. and E {|hii|_2} < oo; if the later assumption were not satisfied,
limg oo = Yiey P = 00 even if the channel is interference-free(see Equation 2.22),
so the energy per bit and wideband slope would not be well-defined for large K
(see also the comment at the top of page 1325 in [1] about Rayleigh fading).

For Ve, € > 0, define two sets

Re = {z€R:Fp(0) = F 2 ((1-e)x) <&k
D: = {allic{l,...K}:|ha” € Re}.

The following lemma shows that as the number of users K — oo, conditioned on
i € D¢, with high probability user i forms a (1 — ¢)-interference pair with at least

one other user.

Lemma 35. Given Ve, é > 0, denote

Bee & {allic{1,...K}(ie DS

user ¢ does not form an (1 — €) — inteference pair with any other user} .

Then
lim Pr(B..=0) = L
K—o0
Proof. Please see the Appendix section A.3. O
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On the other hand, conditioned on i € D, the chance that |hjz-|2 falls on the
interval ((1 —€) |hs]?, |hn’|2) is low for € small, and probability that user i can
form a (1 — €)-interference pair is low as a result. However, in the following lemma,

we show that the sequence Pr(R;) can be made arbitrarily small.

Lemma 36. Given any infinite sequence €, > 0 satisfying €, > €,.1 and €, — 0

, the corresponding sequence of Re, satisfies
1) Rén+1 g Rén;
2) Pr(Re,) — 0.

Proof. Please see the Appendix section A.4. m

Regarding to the sum slope, if all users are in Df, then it is easy to show that there
exists a sum slope outer bound which can be arbitrarily close to the inner bound
given in Theorem 28. On the other hand, for users in D, better performance
may be achieved, and the over all sum slope of the system may be improved as a
result. However, given the following lemma, we will see that the impact on system

performance of users in D, can be made arbitrarily small.

Lemma 37. Let X be a positive random variable with E[X]| < oo, and let ux be
the measure induced by the cumulative distribution function of X. Let G; C R be

a sequence of measurable sets with G;11 C G; and lim;_, ux(G;) = 0. Define

X XedG,
X, = :
0 X€&aG;
Then
1— 00
Proof. Please see the Appendix section A.5. n

Our main result is stated in the following theorem.

Theorem 38. Suppose that the channel coefficient h;; are i.i.d.. Under the equal

rate constraint

¥>0: Jim Pr(AS, < 1 5) = 1. (5.1)
K—oo 2
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Proof. We discuss users in the set D; and those in the set Df separately.

First, let us look at user j, j € Df. We assume that each user 7 € Df forms a
(1 — €)-interference pair with some user i(;). Given Lemma 35, this happens with
high probability. Consider a single (1 — €)-interference pair (j,(;)). We can get an
upper bound on the spectral efficiency, by eliminating all interference links except

the links between users j and ¢(;), so that the received signal is

yj = hjjiL‘j + hji(j)l'i(j) -+ Zj
Yigy = Nigya®j & Rigyig Tigy + 2ig)-
2 2
Lt’h”‘“ T L] I Ui Visa (1 — e)-interf
e 2 = 1=€iyy, o = 1€y - Since 1, Yig 1 s a (1 — €)-interference
(4)*()
pair, we have
0 < €jigjyr €igjyi < €. (52)

Applying Equation 3.38 and Equation 3.40 to {yj,yi(j)}, we have the optimum

solution

) 2% (2% — 1) (1 — €i<j)j) €jigyy T €igyd (2% - 1){

. (
L= (1 - Gﬁu')) (1 - 6%')]')

2% (2% _ 1) (1 B Eﬁm) €igi T i) (2% _ 1) '

1- (1 - Eﬁm) (1 - eimj)

And SNR;, + SNR; > SNR; , + SNRj,. Notice that the right hand side of

Equation 5.5 and Equation 5.6 are monotonically decreasing function of either

SNR h 5.3)

i(4)0 i(5) ()

SNR;, = |hy;|7>- (5.4)

€ji¢;y OF €i(;j- Thus, given the condition Equation 5.2, we can relax Equation 5.5

and Equation 5.6 by substituting €;; , and €, ; by €,

L 2% ((1-€2% +e) -1

SNRiio 2 |higig, 2 _ ¢ (5.5)

Rs Rs

2% ((1—¢€)2% +¢€)—1

SNRj, > |hj| 7% (0-9 ) . (5.6)

2—¢€

Thus
Rg Rs
2% ((1—€)2% +¢€

SNR;, = (< ) ) \hi;| 72, if j € D (5.7)

2—¢€
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Second, for user k, k € D, we treat them as being interference-free. In this case,

we have
SNRi > (2% — 1) || . if k € De. (5.8)

Combining Equation 5.6 and Equation 5.8, the minimum sum power required for

an equal rate system with sum spectral efficiency R, is lower bounded by

2% (1- ) 2% +¢)

SNR; > > lhyl
2—€ jeDe
+(2% —1) 3 [l 2. (5.9)
keDe
Using Equation 2.18 on Equation 5.9 we get
-2
By > (1l *)
— = ———~log2 1
NOmin K o8 (5 0)
2—¢
ASy, = 5.11
0 (4—36)(1—0)+(2—€)0 (5:11)
where
-2 1 -2
0 é ZkEDg hkfk| — ?ZkEDg h/k'k|
S5 Ryl # 25 hyl

% ~, and Equation 5.11
0 Imin

Notice that the outer bound converges to the correct

can therefore be used as an outer bound on the slope.

Now, we want to show that Ve > 0, 6 can be made arbitrarily small. Define

random variable H;, as

hj;| > j € D:
0 Jj ¢ De

Given the fact that H;, and H;., i # j are independent, and Y, p. hkk\fz =

K H j.&; we can apply the law of large number to 6, which gives

=1
E(H; .
P ( lim 0 = (J)Q) = 1. (5.12)
Koo E(|hjj| )
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Combining Lemma 36and Lemma 37, we have

limE (H;;) = 0. (5.13)

This proves Equation 5.1 explicitly as follows. For any 6 > 0 we can choose

€,0 > 0 sufficiently small to make Equation 5.11 less than % + 6. We can choose

€ > 0 sufficiently small to make E?'(hH’l)Q) smaller than 6. Finally we can choose
ZkeDglhkkl_Q
S byl
Pr(B.: = 0) close to 1. O

K large enough to make smaller than # with high probability and

5.2.2 The Equal Power Constraint

The equal power constraint will be discussed in this section. Our main results will

show that as K — oo , the event
K . . :
{K users form 5 disjoint (1 — €) — interference palrs}

happens with high probability, which gives AS, < 1/2 + 6+ 6 for all § > 0, as
K — 00, where disa positive real number depending on the distribution function

of the channel coefficients.

Assume that the number of users K is an even integer, K = 2M. For Ve > 0,
we define event A, £ {K users can form M disjoint weak (1 — ¢) — pairs}, and

denote the indices of users belong to the same weak (1 — €)-pairs as {mq, ma}.

Let the channel coefficients h;;,7,7 = 1,..., K be random variables with a dis-
tribution that could depend on K. We consider the following properties of this

sequence of distributions

Proposition 39. Pr(A.) — 1 as K — oc.

If the channel gains h;; are i.i.d (independent of K ) with continuous distribution,
Property 39 is satisfied.

Proof. Please see the Appendix section A.6. n

Theorem 40. If property 39 is satisfied and the direct channel gains hj; are i.i.d
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with finite Jth order moments , then under the equal power constraint

1
¥6>0: lim Pr|AS; < ————+4d| = L (5.14)
E||hy;]*]
SNR

Proof. For the equal power constraint where SNR; = , if property 39 is

K
satisfied, then for K = 2M users, M disjoint weak (1 — €)-pairs {my, ma}, m =
1,--+, M can be formed with high probability, and we will assume this is the case.

Applying Kramer’s bound Theorem 12 on each pair, we have

R, + R,
, SNR, Py | SNR/ 1
< min (log [ 14 [Am;m: |° +1log [ 1+ 2m2 . (5.15
- ( g( [ ) g( Lt 55 ) 1
SNR, Py | SNR /1
log [ 1+ By | log (1 L 5.16
Og( +| ’ 2| K > " Og( " 1+|hm1m2|2 SI\II?S ( )

in nats/s. For each weak (1 — €)-pair, Equation 5.16 gives

d (le + Rm2>
dP, P.—0
|hm1m1 |2 + |hm2m2 |2
K
d? (R, + Rumy)
dSNR? Pico
’hm1m1’2 + ‘hm2m2‘2 +
K2
2 min {|hm1m2 |2 ’hmlml ’2 ) ‘thml ‘2 |h’m2m2 |2}

K?

v

’hm1m1’2 + |hm2m2|2
K2
2min {(1 - 61) ’hm2m2’2 ’hm1m1’2 ) (1 - 62) ‘hm1m1‘2 |hM2m2|2}
KQ
|hm1m1|2 + |hm2m2|2 +2(1—¢) |hm1m1|2 |hmzm2|2
K2

v

+

v
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since the M pairs are disjoint and using the linearity of derivatives, we have

dR, B % d(Rpm, + Rm,)
dSNR,|, _, &=  dSNR, |, _;
_ 1 kgl
K
_ PR, % (R, + Riy)
dSNRZ |, _, — dSNR? Pico
> %:1 (|hm1m1 |4 + |hm2m2|4 +2 (1 - 6) |hm1m1 |2 |hm2m2|2)
= K2
therefore
Ey ~ Klog,2
NO min JK:1 |hjj|2
K 2\ 2
s < (=0, 1hysl?)

%:1 (|hm1m1 |4 + ’hm2m2’4 +2 (1 - 6) |hm1m1 |2 |hm2m2|2>
2
(%0, hysl)

2 i sl (L =€) 5 Sals | g |

Now

1 & 2 P 2
7 2 lhig? 5 E [y

j=1
1 & 4 P 4
7 2 il = E [|hj;*]

j=1
1 ¥ 2 2 P 212
37 2 Vi a5 B [

as K — oo, where 5 stands for convergence in probability since all random
variables are positive and the moments are assumed to exist. Using standard

rules for convergence of transformation, we then obtain Equation 5.14. O]

We will discuss some implications of these theorems. For the equal rate constraint,
Equation 5.1 essentially states that the wideband slope is bounded by % of that
of no interference for large K. Since this is also achievable by Theorem 28, this
is indeed the wideband slope, and delay-based interference alignment is optimum.
The bound for the equal power constraint is slightly weaker. If the channel coeffi-

cients are i.i.d. circularly Gaussian the bound Equation 5.14 for the equal power
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constraint also gives %; for other distributions we get a slightly weaker bound.

Theorem 38 and 40 have been proven under an i.i.d. assumption on all channel
coefficients. This can seem restrictive and not that realistic in a line of sight
model. However, the i.i.d. assumption is not essential. In Theorem 38 it is
used to prove that every user has at least one other user with which it forms an
(1 — €)-pair with high probability. This might be true under many other model
assumptions. It is also used to invoke the law of large numbers, which has a wide
range of generalizations. In Theorem 40 the i.i.d. assumption is used to prove
that users form disjoint weak (1 — €)-pairs, and again for invoking the law of large

numbers.

What can be concluded is that for small special examples it is possible to find
a better wideband slope by optimizing a combination of interference alignment,
interference decoding, and treating interference as noise. However, it probably
does not pay off to try to find a general algorithm for optimizing wideband slope:
comparing the achievable sum slope given by Theorem 28 and the upper bounds
provided by Theorem 38 and 40, we could see that as the number of users K grows
large, the gap between the upper bounds and the inner bounds achieved by the
interference alignment scheme defined by Definition 22 could become arbitrarily

small.

Another interesting observation is that the outer bounds do not depend on delay,
only on the channel gains. Thus, the outer bound depends on the macroscopic
location of nodes (e.g., if gain is proportional to df; for some o > 0), while the inner

bounds depend on the microscopic location (i.e., fractional delay differences).

5.3 Small Bandwidth Case: Generalized Z-Channel Quter
Bound

In this section, we develop a new outer bound on the wideband slope for a set
of the 2-dimensional vector channels defined by Equation 2.11, under the equal

power constraint. The outer bound is specific to the low-rate regime.

The outer bound is derived from the sum Shannon capacity of a type of generalized
Z-channel, which is constructed by eliminating a subset of the interference links.
In subsection 5.3.1, we show that for a subset of channels C, the optimal sum

capacity of their corresponding Z-channels can be achieved by i.i.d. 2-dimensional
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vector Gaussian inputs. Further, assuming that channel coefficients hj; is drawn

from i.i.d. continuous distribution, the set C has non-zero probability.

In subsection 5.3.2, the Z-channel outer bound is used to derive an outer bound
on wideband slope . As a corollary, this outer bound reveals that for any § > 0,
there exists Cs C C, such that if a channel realization is in Cs, then its achievable
wideband slope must satisfy ASy < % + 0. Cs also has non-zero probability.
Further, from previous discussion we know that ASy = % is achievable by TDMA.
Therefore for the channels in C5, TDMA is near optimal and the pay-off of finding
optimal transmission schemes is low. The main results in this section have been
partially published in the author’s works [39, 40], in collaboration with A. Hgst-

Madsen.

5.3.1 Generalized Z-Channel And Its Sum Capacity

We define the generalized Z-channel corresponding to the interference channel

Equation 2.11 as

K
Yy = |hyl X+ > 10l UnX + 2. (5.17)
i=j+1
Z
‘ i
X T hu /) J R N

\ 4

\\\ \\\\ 22
\ pa v
X R s /lh i
Try . > Rx
o N N \-I-/ 2

Yic

> Tl" K ;\m

-~ Rxg

Figure 5.1: Generalized Z-channel

Eliminating a subset of interference links will not reduce channel capacity and
therefore, the sum capacity outer bound for the generalized Z-channel is also a

sum capacity outer bound for the interference channel.
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To derive the Z-channel sum capacity, we provide receiver j, j = 2,--- , K with

T
side information S? = (7?1, R §?(j71)) , where
K
ﬁ?p = |hpj| Upj&? + Z |hpi| Upan + W;Lp (5-18)
i=j+1
p=1,---,j—1. . The entries in the length n noise vector W’ are i.i.d 2 x 1

vector Gaussian noise with the same marginal distribution as Z;. Further, they

satisfy the following properties

.WJ(J 1)
1,---,K;

-, W7 are independent of all input length n codewords X', i =

° (ijwj‘(j—l)a e ,wﬂ) are jointly Gaussian random variables, with zero

mean and covariance matrix

I A e Ajp Aj
Aliy T Ajgaygao - Agon
Ks;, = : : (5.19)
Al I Ay
AL Al e AL 1

To guarantee such multivariate Gaussian random variable exists, A, should be
chosen such that forall j=1,--- | K

Ks.

J

= 0 (5.20)

We emphasize the following property of Kg,, which will play a key role in the

proof of the main result.

Lemma 41. The distributions of

S 1| S yporys s S Xy
and
ﬁ?ps jp=1) """ » 951
are equal.
Proof. Please see the Appendix section A.7. n
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Lemma 42. The distributions of

Y| SGngoay s Sy X
and
f?(j 1‘ J(J 2)» 31
are equal.
Proof. Please see the Appendix section A.8. O]

Define the average covariance matrix of the input at transmitter as

n

v,2 Ly [ ()]

n;3

for any length n input sequence X. It must satisfy the power constraint Vj =< V,.

The next lemma states how to choose A j;.

Lemma 43. Let Aj,, j=2,--- , Kandp=1,---,j—1 be

|hpj|2
Ajp = |h~-\2U (_¢pj)
Jj

h
| pj| Z |hjz| U(¢]Z)VU( ¢pj_¢ji)

2
|hJJ| i=j+41

K
= > Nyl [y U (80) ViU (=) (5.21)

i=j+1

+

IfA;, defined by Equation 5.21 satisfy K, = 0, then

N T
Xiec— Yig— <§j1G7 T ﬁj(j—nc:) (5.22)

forms a Markov chain for all j =2,---, K.
Proof. Please see the Appendix section A.9. O]

For a channel realization, denote its channel coefficients by h £ {hji; i, 5=1,---, K}.
In the following lemma, we state a sufficient condition on h so that Kg, = 0if Aj,

is chosen according to Equation 5.21.
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Lemma 44. For any 0 < o < 1 there exist some €4, €, > 0 and €. (h) > 0 so that

if
2
h € H,= {hij : |h”|2 —a| < €q,
R
|9jil < en} (5.23)
P < e(h) (5.24)

then Kg, = 0 for Ay, chosen according to Equation 5.21.
Proof. Proof of Lemma 44 is in Appendix section A.10. O]

Our main result of this section is stated in the following theorem.

Theorem 45. For every interference channel realization h € H = Uae(0,1) Ha
defined by Equation 5.23 there exists an €\ (h) > 0 so that if P; < €. (h) the sum

capacity of its corresponding Z-channel is given by

K
> R; < Coum, (5.25)

j=1
Coum (5.26)
= max ST (X1 Ye) (5.27)

Tr(Vj) < P i=1
V,-0,j=1,--,K

K K K -

Tr (Vj) < p] Jj=1 i=j i=j+1
V;=0,j=1,--- K

Because the sum capacity of the interference channel is outer bounded by the sum
capacity of the generalized Z-channel, Equation 5.25 is an outer bound for the sum

capacity of the interference channel.
Proof. Proof of Theorem 45 is in Appendix section A.11. O

Note that the bound in Theorem 45 is valid for P; < €.(h), and it therefore
bounds the actual capacity for suitably low SNR. However, we will mainly use it

to bound the wideband slope, a weaker result.
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5.3.2 Sum Slope Outer Bound for the Interference Channel

Given the capacity in Theorem 45, we have following result on the low-rate per-

formance of the interference channel.

Theorem 46. For the interference channel Equation 2.10, the sum capacity is
outer bounded by Equation 5.25 for low SNR. Under the equal power constraint,
the minimum energy per bit of this upper bound satisfy the requirement imposed

by Remark 2, which is

Ey
Ny

~ Klog?2 (5.29)
min N Zf:l |hJ3|2 ‘

For channel realizations h € H = Uac(0,1) Ha defined as Equation 5.25 it therefore

gives the following valid upper bound on the sum slope:

(Zl |hjj|2) (5.30)

K
X max (Z |jsl* T (Vi) (5.31)
Tr( ) <1 \s=1
V=0
K-1 K . - -1
Z Z |h]J| |hﬂ| Tr (VjUjiVini) (5.32)
Proof. Proof of Theorem 46 is in Appendix section A.12. O

Theorem 47. For the symmetric channel where hj; = 1, h;; = a € (0,1) , the

sum slope is bounded by

2K

D —
S < oK + (1 —a)

Proof. Proof of Theorem 47 is in Appendix section A.13. O]

As discussed in the introduction, the wideband slope in the point A = 1 is %
per user, achievable by TDMA. Theorem 47 shows that the point A = 1 is not
exceptional in the low-rate regime: for « close to 1 (from below) the channel with
hj; = 1, h;; = « has slope close to % However, the set of channels h;; =1, hj; = o
still has Lebesgue measure zero, i.e., if the channel coefficients are drawn from a

continuous distribution, this set has probability zero. The main result of the paper
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is the following theorem that shows that the set of channels with slope close to %

can be be extended to a set of non-zero measure.

Theorem 48. For all o > 0, there exists an open set H, C CEKE-D with 1 €
cl (7—20), so that for h € H,

Sy < 240, (5.33)
If the magnitude and phase of the channel coefficients are drawn from continuous

random distribution, Pr (Hs,) > 0.

And as 0 — 0,

1

o—0

Because ASy achieved by TDMA s %, when o is small, TDMA transmission

scheme is almost optimal for channels in H,.

Proof. Proof of Theorem 48 is in Appendix section A.14. O]
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Chapter 6
Conclusion

This thesis has studied the low-SNR regime power-bandwidth tradeoff of a K-user
interference channel with complex scalar channel coefficients, and perfect channel
state information at every transmitter and receiver. The power-bandwidth tradeoff
is represented by the R (%) curve, where R is the spectral efficiency and % is
the transmitted energy per bit. The low-SNR regime is a concept defined by
[1]. A systems working in the low-SNR regime is characterized by small but non-
zero spectral efficiency. [1] has shown that in the low-SNR regime, the R (%)
curve is well approximated by its first-order approximation, which is determined

by two measures: the minimum energy per bit % _and the wideband slope Sy.
min

Ey

No [min

by reliable communication. &y is the first-order slope of the R (%) curve as %

is the optimal achievable transmitted energy per information bit required

approaching %

The 2-user interference channel has been studied by S. Verdd in [1]. Its main
results are:

% _ of the interference channel is equal to the % ~ of the
0 Imin 0 Imin

corresponding interference free channel, achievable by treating interference
as noise or TDMA. This is also true if K > 2.

e The optimal

e For a strong interference channel where 75"/ jn;12 > 1 forj =1, 2,1 # j, its
wideband slope region is equivalent to the slope region of the corresponding
interference-free channel. The optimal performance can be achieved by joint

decoding.

e For a weak interference channel where 17il*/jn;2 < 1 forj = 1, 2, i # 7, the

best known achievable schemes are treating interference as noise and TDMA.

The main contributions of this thesis are:

Channel Models: The Large Bandwidth Case And The Small Band-
width Case
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[1] has shown that % .

derivatives of R (SNR) at SNR = 0, where SNR £ BL&O is the signal to noise ratio

per second per Hz. [1] also notes that the low-SNR regime performance can be

and Sy can be determined by the first and second order

achieved by letting SNR tends to zero in general, although it has only considered
the case where zero SNR is approached by letting B go to infinity.

This thesis has defined two types of low-SNR regime systems in chapter 2. One
is the large bandwidth case, where zero SNR is approached as B — oo while P
is a finite constant number. The other case is the small bandwidth case, where
zero SNR is approached as P — 0 while B is a finite constant number. The key
difference between these two cases is the behavior of propagation delay. In the
large bandwidth case, even very small propagation delay can become arbitrarily
large as SNR — 0, after normalized by the symbol duration B~!; in the small
bandwidth case, the propagation is a finite constant as SNR — 0.

While chapter 3 shows that the performance bounds of a 2-user channel will not
be affected by the propagation delay, our results in chapter 4 and chapter 5 imply
that if the number of users K is greater than 2, then the interference channel has
distinct performances under these two different cases. Therefore, discussing these

two SNR — 0 approaches separately is necessary.
The 2-user Channel

In this thesis, the performance of a 2-user interference channel is discussed in
chapter 3. First, in section 3.2 and subsection 3.3.1, our discussion shows that the
main results of in [1] still hold in the presence of the propagation delay, therefore

is applicable to both the large bandwidth case and the small bandwidth case.

Second, for the interference channel with weak or mixed interference link gains, a

wideband slope outer bound is developed in subsection 3.3.2, Corollary 14. This

bound is derived from the Kramer’s capacity outer bound for the discrete-time
channel [15]. While Kramer’s bound considers delay-free channel model, we have
proved that this bound holds if the propagation delay is non-zero in Theorem
12.

Third, in section 3.4, Corollary 20, we derive the noisy interference condition
for the low-SNR regime under the equal power constraint. When the channel
realization satisfies this condition, treating interference as noise achieves optimal
wideband slope. Corollary 20 is based on the noisy interference condition de-
veloped by [17], [23] and [24] for the discrete-time channel capacity. While they

consider delay-free channel model, we have proved that this condition holds if the
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propagation delay is non-zero in Theorem 19.

Finally, comparing the achievable wideband slope and its outer bound, we make
the observation that for this 2-user interference channel, although the optimal
achievable wideband slope region is unknown general, there exists a set of channel
realizations with non-zero probability, for whom treating interference as noise or

TDMA can achieve fairly good performance, in Remark 21.
K-user Channel: The Large Bandwidth Case

In the large bandwidth case, the low-SNR regime is approached by letting the
bandwidth B go to infinity while the power P be fixed and finite. In this case,
even very small propagation delay can become arbitrarily large comparing with
symbol duration B~!. Contrary to the 2-user case whose performance is indepen-
dent of delay, K-user channel can use delay to its advantage: when K is greater
than 2, extra freedom for system design comes into existence, and the propaga-
tion delay will benefit the performance. A type of interference alignment scheme
over time domain has been proposed in chapter 4, section 4.3. This transmission
scheme achieves ASy = % with probability one under the assumption that the
delay between transmitter j and receiver ¢ is drawn from a continuous random
distribution. Comparing with TDMA which achieves AS, = %, the achievable

scheme we proposed improves the performance by a factor of £/2.

The wideband slope outer bounds of K-user interference channel have been dis-
cussed in chapter 5, section 5.2. The results have shown that if channel coefficients
are drawn from continuously distributed random variable, and the number of users

K is large, then:

1. Theorem 38 shows that under equal rate constraint, as K — oo, with
probability one, the achievable sum slope of a channel realization must satisfy
ASy < 1/2+ € for all € > 0.

2. Theorem 40 shows that under equal power constraint, as K — oo, the
achievable sum slope of a channel realization must satisfy ASy < 1/2+ €+ §
all € > 0, where ¢ is a positive real number depending on the distribution

function of the channel coefficients.

Comparing with the achievable wideband slope region discussed in the previous
chapter, we can see that for the large bandwidth case, the interference alignment
transmission scheme proposed in chapter 4 section 4.3, which achieves ASy = 1/2,
is asymptotically optimal under the equal rate constraint, and may achieve fairly

good performance under the equal power constraint.
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K-user Channel: The Small Bandwidth Case

In the small bandwidth case, the low-SNR regime is approached by letting the in-
put power P go to zero while let the bandwidth be fixed and finite. We have further
assumed that B is so small as to render propagation delays negligible comparing
with the symbol duration. The achievable wideband slope has been discussed
in chapter 4, section 4.4. A phase interference alignment achievable scheme has
been proposed. In this scheme, transmitter j only transmits in the direction e*¥s,
instead of using the complete 2-dimensional complex plane. Simulation results
show that when the interference link gains are moderate, this interference align-
ment scheme performs better than existing transmission schemes such as treating
interference as noise and TDMA with non-zero probability, under the assumption
that the phase of the channel coefficient hj; is drawn from a continuous random

distribution over [—m, 7].

The wideband slope outer bound has been discussed in chapter 5, section 5.3. This
outer bound is developed from a type of generalized Z-channel. Its performance
implies that for a set of small bandwidth K-user interference channel realizations,
the achievable sum slope of a channel realization must satisfy ASy, < /x40 for all
0 > 0, and the probability that a channel realization falls into this set is strictly

greater than zero. Therefore, for this set of channels, TDMA is almost optimal.
Future directions

For the large bandwidth case, the interference alignment scheme requires full
knowledge of the propagation delay at all transmitters and receivers. One of
the future topics is to consider a channel with imperfect channel state information

at transmitters and/or receivers.

For the small bandwidth case, our outer bound only works for a subset of channel
realizations, whose statistic property is unclear. While if channels are not in this
subset, the sum slope has outer bound ASy < %+ e, for all € > 0, the gap between
this outer bound and the achievable sum slope is still wide. Therefore, we hope

tighter outer bound and better achievable schemes can be found for this case.

In a more general sense, variations of the interference channel also provide interest-
ing research topics. Some of them are interference channel with user cooperation,
additional relay nodes, or equipped with multiple antennas at the transmitters and
receivers. For many of these cases, the minimum energy per bit is still unknown.
Large open field is yet to be covered to obtain a better understanding on their

low-SNR regime performance.
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Appendix A

Proofs of Lemmas, Theorems, and Corollaries

A.1 Proof of Theorem 19

Following lemmas will be used in this proof.

Let X"={X1, X5, -+, X,} be a sequence of random variables satisfying power
constraint = -7 cov (X;) < SNR. Let X¢={X1q, Xoc, -+, Xng} be a sequence

)

of i.i.d. Gaussian random variable, Xg ~ N (0, SNR). Let Z] and ZJ be two
sequence of i.i.d. random variables with distributions Z; ~ N (0, 0%) and Z; ~

N (0, 02). Then we have the following inequality
h(X"+Z7) - h(X" + 27 + Z3)

< h(Xe+Z1) —h(Xeg+ 21+ Zs)

Let X" ={X1, Xy, X, }and Y" = {Y], Y5--- | Y,,} be two sequence of random

variables. Let Xg, XG and }A/G, }v/G be random variables satisfying

1 X; X
< —> cov <cov| 2. (A.1)
N i=1 Y; Yo

Then

This is a special case of [25, Lemma 2].

For the delay-free case where X;[n —nj] = X;[n], this theorem is identical to
the previous results in [17, 24, 25], and a later work [25]. Here we use similar
technique as the proof of Theorem 6 in [25] to show that this results still hold for

channel with non-zero delay.
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Assume that the channel coefficients and input power constraints satisfy Equation 3.47.

Provide side information S and S% to receiver 1 and 2 respectively

St = haX]+ W

where W, are zero mean i.i.d Gaussian noise. And the joint distribution of W;

and Z; is
Zj L p
j Pj I

2

pj and of satisfy Equation 3.42 to Equation 3.45. From Fano’s inequality, we

have

n(Ry + Rs)
< T(XT5 V) 4+ (X35 YY) +o(n)
< I(XT5 Y, ST) +1(X5: Yy, 57) +o(n)
<R (S) — h (P XT) +h (Y7 ST) — h (Y| SF, XT)

+h(83) = h (831 X3) + h (V3" S3) — h (Y5'] S5, X3) (A.2)
h(hay X7+ W) = h (W]) = b (o X3 + 27| W)

+h (hu X7 + h1o X3 + 27| hn X7 + W)

+h (ha X3+ W3) = h(Wg) = h (ha X + 25| W)

+h (han X7+ hop X5 + Z3| hio X3 + W3') + o(n) (A.3)

—~
S
=

< —nh(Wy) + h (h1o X5 + W3) — h (h12 X3 + Z7| W)

+h (hu X7 + h1o X3 + 27| hn X7 + W)

—nh (Wa) + h (ha X7+ Wy) — h (hgt X7+ Z3| W3

+h (han X7+ hoa X3 + 23| hio X3 + W3') + o(n) (A.4)
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—
Sy
=

S —nh (Wl) + nh (thXQG + Wg) — nh (thXQG + le Wl)

+h (b X] + hio X3 + 27| hn X7+ W)

—TLh (WQ) + nh (h21X1G + Wl) — nh (h21X1G + Z2| WQ)

+h (hor X7 + hon X5 + Z5 | hia X3 + W) + o(n) (A.5)
(f)
~ —nh (Wl) + nh <h12X2G + Wg) —nh (h12X2G + Z1| Wl)

+nh (hnXlG + h1a Xog + Zl‘ ho1 X1a + WI)

—nh (WQ) + nh (hnglg + Wl) —nh (h21X1G + Z2| Wz)

+nh (hnglg + hooXog + ZQ‘ h1oXoq + WQ) + O(ﬂ) (A6)
(9)
S —nh Wl) + Tlh (h12X2G + WQ) — nh (hngQG + Z1| Wl)

(
+nh (h11 Xig + hi2Xog + Z1| ho1 Xag + Wh)

—nh (WQ) + nh <h21X1G + Wl) —nh (hnglg -+ Z2| WQ)

—I—nh (h21X1G -+ h22X2G + ZQ‘ h12X2G -+ Wz) —+ o(n) (A?)

where lim,,_,., o(n)/n = 0, X with 'G’ subscription means that input at trans-
mitter j is i.i.d. Gaussian, with distribution X,z ~ N (0, SNR;). (a) is from
chain rule. (¢) holds because both X; and X ; can be obtained from sampling the
same continuous-time base band signal X (¢) at the Nyquist rate, while Z; and

W; are sampled from white Gaussian noise, so that

h(han X7+ 25| W3) = h(ha X7 + 25| W3) + o(n)
h(heX3 + 20| W) = h(hX3+ Z7| W) + o(n)

because Given Equation 3.42 and Equation 3.43, cov (W]') < cov (Z3|W3') and
cov (W3) < cov (Z}| W}"). Combining Lemma section A.1 and [23, Lemma 3], we

have

h(hip Xy +W3') — h (he Xy + Z7| W)
S nh (hlzXQG + WQ) — ’flh (hngQG + Zl| Wl) (A8)

and

h (ha X{' + W) — h (hot X7 + Z3| W)
S nh (thXlg + Wl) —nh (h21X1G + ZQ‘ Wg) . (Ag)

Therefore (d) is true.

93



(f) is from Lemma section A.1, where ng are i.i.d. Gaussian random variable
satisfying cov (ng) = %Tr (X]” (X]”)T> Denote SNR; = %Tr <)N(]” ()N(]”>T> as
the power of )N(J’-‘. We could see that SNR;- < SNRj, because time-shifting of

a signal sampled at the Nyquist rate does not change signal power. Therefore

we have (g). This shows that the sum capacity of a channel with delay is outer

bounded by that of a channel without delay.

We could see that the inequality (g) is independent of the propagation delay. It

is identical to the first inequality in [25, (89)]. Therefore, from this point on, the

proof will be the same as the delay-free case. We will not proceed here.

A.2 Proof of Lemma

We have

E[77[ny, 0;i]@[ne, 65]] =

Define f,, (8;;) and g, (9;:) as

27

B|( 3 afminctor - 2m 4 5jz.>>* .

m=—0Q

( 5 xi[Qm]sinC(n2—2m+5ji)>]

m=—00

> E [|x, [2m]|2] sinc(ny — 2m + 6;;)sinc(ngy — 2m + 6;;)

Z E [\:r;z [Qm]ﬂ sinc(ng — 2m 4+ d0;;)sinc(ng — 2m + d;;)
+ > E||zi[=2m]|?| sinc(n + 2m + 8;:)sinc(ng + 2m + §j5)
m=1

o0
(Z sinc(ny — 2m + 6;;)sinc(ngy — 2m + 6;;)
Ly

m=1

sinc(m +2m + 5]'2')81116(712 +2m + 6ﬂ)> . (AlO)

fm (5ﬂ> = sinc(m —2m + 5ji)sinc(n2 —2m + 5]@)
gm (0;5) = sinc(ny + 2m + §;;)sinc(ng + 2m + ;)
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and their partial sums sy (6;) Z%:o Jm (851), sf(65) 2 limy e s (05i);

Sg.1 (85:) = Som—o Gm (051), 8¢ (6j3) = MMy S0 (85:). Here

sin (m(ny — 2m + 6j;)) sin (m(ne — 2m + 6;;))

m O
1
(n1 — 2m —|— 5ji)(n2 — 2m —f- (5]1)

and

9 (03)] < :

Grm J - (m + 2m + (sz‘)(TLQ + 2m + (5]1) .

A 1 A 1 0 1

Let Mf7k - (n1—2m+0;;)(n2—2m~+6;;)’ ngk - (n14+2m+40;;) (n2+2m+4d5;) Because Zm:]_ k2

is convergent, > 72, My and Y2, M, i, converge too. Due to Weierstrass’s test for
uniform convergence[42], s¢as (0;;) and sqar (05;) converge uniformly. And using
Theorem 7.11 in [42], we have

0540 M—o00 f7M( ]Z) M—008;;10 faM( ]Z)?
5;5:40 M—o00 o.01 (9ji) M 00 6,10 g (05i)

Thus, Equation A.10 becomes

lim B [ [0, 653l@[ne, 05]] = 2P (A}lj}loo Y s (95i)

Q.PZ if ny = ng = 2k’,
= for some integer k -

0 o0.W.

Given Theorem 7.12 in [42] and the continuity of sinc function, we can conclude

that E [Z][nq, §;;]Zi[n2, §;]])is a continuous function of §;;.
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A.3 Proof of Lemma 35

Let C; . be the event that useri does not form an (1 — €)-pair with any other user;.

Then
K
Pr(B.: #0) = Pr (U Ci,e)
i=1
K
S ZPI‘(CZ'@)
i=1
= KPI‘(CLG)
and
B P e T B
Pr(Cy) = Pr|Vvj>1: sor—2o ¢ (1—¢ 1) and |hy1|* ¢ Re
’h11| |hjj‘
h
= Pr (‘v’j >1: th1‘|2 ¢ (1—¢1) and |hy|* ¢ R)
11
+Pr (Vj o1l “’2 (1— 1)>
|51
B P [2¥ B
Pr(Vj>1: 5 and 5 ¢ (1—¢1) and |hi1]| ¢ Re
|ha ||
- (1 —pf_l) Pr (V] >1: lhi‘|2 ¢ (1—e1) and |hyy|* ¢ R) K-1
where p; = Pr (:ZIJF ¢ (1—e¢, 1)) (0,1). Notice that the events | ‘h |2 ¢ (1—¢1)
3

are independent for different j, and pK ' 0. Thus,

Pr(Cy.) — Pr (w >1:

||(>

[ |”

and |h11|2 ¢ Rg) .

96



As the |hj;|* are independent,

hi |’
;hjliz ¢ (1—e1) and |hy|* ¢ Rg)
11

K T
= [ T [ am ) an, e
z¢ R j=2 (1—e)x

= [ O e @+ B (0= 00) R, @

< -9 [ dRep@
¢ Re

= (1—pp(Re) (18"

Pr(Vj>1:

Thus, P, < K (1 — pp(Re)) (1 —&)* ', and limg_,oo Pr(B.. # 0) = 0.

A.4 Proof of Lemma 36

Given the definition Vo € R : F}, 2 () — F};,, 12 (1 — €) ) < ¢, and given the fact
Eyap (x) — B2 (1 —€)x) < énp1 < €, it clearly follows that R C Re,. Let

I;, (x) be the indicator function of R . Using Lebesgue dominated convergence

é'n,«&»l

we have
o0

lim L, (x)dE}, 2 (7)

n—oo

_ / lim I, (2)dF}, - ()
0

n—oo

= /000 Io(z)dF},, 2 ()

where Io(z) is the indicator function of the set Ry = {z € R : F|, »(2) —
B2 (1 —¢€)x) = 0}. Since we have assumed that £ [|hii|_2} < 00, also Pr(|hy;|?
0) = 0 and clearly pp(Ro) =0, and u(Re,) — p(Ro).

A.5 Proof of Lemma 37

To be explicit, let X be a random variable on the probability space (2, F,P) [43].

Given the definition of X;, we can conclude that
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lim X; = 0 w.p. 1.

17— 00

Namely, if there is a set B € F with P(B) > 0 where lim; ,,, X; # 0 then
P(B) < px (N, G;) which contradicts lim; o p1x (G;) = 0.

Now X; < X, and therefore by Lebesgue dominated convergence

1—00 1—00

A.6 Proof of Property 39

Model the interference channel as a graph G, with K = 2M vertices uy, uo, - -+ , Usy,.

Vertices u; and u; are connected by edge E;; if they form a weak(1 — €)-pair, i.e.,

2 C 2

(1—¢) < 7|IZZ-]-||2 <lor (1—¢) < |‘2Jf|‘2 < 1. Divide vertices into two disjoint classes
¥ i1

Vi = {uy,ug, -+ yupr} and Vo = {uprsq, unspo, - -+, uzprf. Now define event

A, = {there exists a perfect matching in the bipartite graph Gy as} -
As A, C A, P(A)>P (fle) Thus, if we can show that P (fle) =1-0(1) as
K — oo then Property 39 holds.
For any bipartite graph, a perfect matching exists if Hall’s condition is satisfied.

Given a bipartite graph Gy with disjoint vertices class V; and V,, ViU Ve =V,
|Vi] = M, whose set of edges is F' (G, ar), a perfect matching exists if and only if
for every S C V;,i = lor2, |N (S)| > | S|, where

N(S)={y: zy € E(Gp ) for somez € S}.

Any bipartite graph that does not have a perfect matching has following proper-

ties

Suppose Gy, i has no isolated vertices and it does not have a perfect matching.
Then Hall’s condition must be violated by some set A C V;, i = 1or2. And such

set with minimal cardinality satisfies the following necessary conditions
(1) [N (A)] = A - 1;
(ii) 2 < |A| < [4]
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(iii) the subgraph of G spanned by AU N (A) is connected, and it has at least
2a — 2 edges;

(iv) every vertex in N (A) is adjacent to at least two vertices in A;
(v) any subsets of N (A) can find a perfect matching in |A|;

(i), (ii), (iii), and (iv) are proved by Lemma 7.12 in [44], and p.82 of [45]. And
(iv) is true because if there exists a subset B of N (A) that can not find a perfect
match, we could just let B be fl, and its neighbors in A be N (fl) Then A
violates Hall’s condition, while ‘fl’ < a. This contradicts the assumption that A

is the minimal set violating Hall’s condition.

Define the event Fj: there is a set A C Vi, i = lor2, |A| = a. satisfying (i),
(ii) and (iii) in Lemma section A.6. [44] shows that for a graph with no isolated
vertex, P (A.) =1 —o0(1) is equivalent to P (UC[:AZQ Fa> = 0(1). Define F} as the
event that there exists at least one isolated vertex in Gy . In our case, we want
to show that

(%]
P UF +P(F) = o(l).

Using the union bound, we have

2M
P(F) < Y P(u;isolated)
i=1
< 2M - P (uy isolated)
(a)
< 2M - (1—pi)"

—
=
=

o(1)

where py; = P ((1 —€) < ;Z”‘l < 1> j=M+1,---,2M. We also define p, =

P <(1 €) < ||Z”|| <lyor(1—e¢) < |h |‘ < 1) for later use. (a) holds because the

event :hlf‘lz ¢ (1 —¢,1) is independent of j. And it is a necessary condition for V;

to be is isolated.

Now, let us look into F, for 2 < a < [%W Let Ay C Vi, Ay C Vs, and |Ay] =
|A3|+1 = a. Denote P (A,) as the probability that the subgraph of G s spanned



by A; U As satisfies (i), (ii), and (iii) in Lemma section A.6. We have
[5]
Pl U F.
a=2

(d) is from the union bound; (e) is from the union bound, and from that fact that

INE

INT

gj( )( M )P(Aa) (A11)

a—1

M
there are 2 choices for A with |A| = a, and . ) more choices for
a a —

N (A). In [44, 45], the case where edge probabilities are i.i.d, whose value is p, is
considered. In [44], P (A,) is bounded using condition (i), (ii) and (iii), which gives
—1
P(A,) < a2(a 2) p?@—2pe(n=atl) The term p®™~2+1) is the probability that
a _

the vertices in A; do not connect to vertices in Vo — As. And in [45], condition (iv)
a—1

a(n—a+1)

instead of (iii) are used, which gives P (A,) < Z p*?p . However,

in our case, any two edges having adjacent vertices are dependent. So we use
condition (v). Since for N (A), a perfect match exists, then the subgraph spanned
by AUN (A) has a — 1 edges that are not adjacent with each other. Thus, P (A,)
can be bounded by

P(A,) < Pr(condition (i), (ii) and (iv) are satisfied, (A.12)

vertices in A1 do not connect to verticesin Vo — Ay)  (A.13)

(it (1) i

where
Paa, = <|’h ’|2 [(1—e€),1], forall u; € Ay andu; € (Vo — A2)>
33
i |
< I »r ;¢ [(1—¢),1], forall u; € A,
’LLjE(VQ—AQ) |h.7.7|
|l . ‘ M=att
= |h |2 [( ) ]7221,"',@]:M—|—CL (A15)
33

notice that the event | ”||2 ¢[(1—e€),1], forall u; € Ayandu; € (V5 — A,) is an
necessary Substitute |h]1| by x;, and |hy;|* by 21, denote their CDF by F, (z),
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and their joint CDF Fx (x). Notice that |h;;|* are i.i.d. distributed. Then

R : :
<|’h]||2 [(1—¢), ]z:l,---,aj:M+a>
Jj

- [
/0 " o <wM+a>E ( /.

TM+a

fai (3) dmi) AT vt

¢[(1—€),1]

ferre (Tars1) dl"Mﬂ) dTrr4a

—¢[(1-0),1]

1/ o af2
(2 </0 fx21 (11) d;pl) (/0 gil (1) d{lj’l) (A.16)

where g (z1) = [ o ¢l(1—o).1] Jorrss (xpr41) depryr. () is from Cauchy-Schwartz
TN +a ’

inequality. Denote
00 ) 2(M—1a+1) 00 ) 1/2
([ sean) ™ ([ )
0 0

1
g1 < 1, and limy oo 1 = (fooo g2, (1) dxl) /2. Notice that this limit value do not
depend on the value of M. Now combining Equation A.15 and Equation A.16, we

e

have
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. Given Equation A.11 and Equation A.17,

(%] (5] @
(i) < &) (4l
a=2 a=2 a a — k=2

eM\® / eM \* ! a1 a(M—a
(A1) (LY oty ggor-een)
a a—1

IN
)

IN

(%] e2 M2 At
201 ) ( Qapoqf)
a=2

(= 1)
4]

9 2ep M2 )"
@ Y (2e’poMq

a=2

M M
20 (262poM %q,? )
= o(l)

IN

IN

. This means we can find a perfect matching with high probability, i.e., 1 —o (1).

A.7 Proof of Lemma 41

Given Equation 5.18, we have

K
Sty = |hG-0s| Upg-nXf5_py + D il UpiX3t + Wy,
i=j
K
SG-np-1y = \h(j—m\ Up-1)G-nX{jo1) + 22 \h(p—m Up-1)iX5" + W11y
i=j
K
S = ‘h(j—l)j‘ Ui X0y + 2 il UniXy + Wy,
i=j
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When X7;_;y is given, it can be subtracted from S¢;_1),, S{j_1yp—1)s "+ » S{j_1y1 tO

give
Si-np = Stoup — [h-0s| Upg-n Xy
K
= 2 Iyl UpilXi + Wy, (A.18)
i=j
Si-ne-y = SG-ne-1 ’hufl)j’ Up-1)-0X{j-1)
K
= > \h@—l)i U1 X5 + W 1)1y (A.19)
i
SGion = Shon = [hG-ns| Urg-n X
K
i=j
while
K
S = Z i | Upi X5 + W3, (A.21)
i=j
K
Sjp-1 = Z ‘h<p—1)z‘ Up-0)iXi + Wi,y (A.22)
i=j
K
Sh = > b UnX) + Wi (A.23)
i=j
We know that (Z i Wig—nys s W ) are jointly Gaussian random variables, with

zero mean and covariance matrix Kg, equal to:

I Aj(jfl) T Aj2 Ajl
Al .y T Aoy - Agan
Al I Ay
A;—'Fl A%,;'—l)l U Aéq I

which is defined in Equation 5.21. It is clear that the covariance matrices of

the jointly Gaussian random variables (E(j_l)p, Wii—typ-1), ,W(j_m) and
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(W Wj(p IR W

W, ﬂ) are the same:

cov <W G0 Wi-1yp-1)s E(J’fl)l)
= cov (W]p, W e Eﬂ)
I Ap(p—l) T Ap  Ap
Avpy T Apea o Apan
= : : (A.24)
A§2 I Ay
Agl A%;z 1 A% I

Comparing Equation A.18~Equation A.20 and Equation A.21~Equation A.23, we
j 1)p STL p 1)7. .. 7§7(7:]71)17X7€]71) and

‘ Sip-1) ;Ll are equal as long as W¢_ ) | W(i_ 1y, 1), Wiy, and
7]p’ 73@ 1) , W7 have the same dlstrlbutlon Recall that W, is i.i.d. Gaus-

sian random Varlables which is independent from the input signals X™. Therefore

can see that distribution of S

given Equation A.24, Lemma 41 is proved.

A.8 Proof of Lemma 42

Given Equation 5.17 and Equation 5.18, we have

Yy = ’hu—l)(a‘—l)\Uo—l)u X (- 1)+Z‘h3 il Ug-1iXs + Nj1).
SG-1G-2 = ’hu—l)j\U(j—2)<j—1>X(371)+Z\h<j—2)z‘ Ui X5 + Wi 1y5-9)
i=j

K
S = ‘h(j—l)j‘ UG- X0y + 20 1hil UnXy + Wiy
i=j
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When X{;_, is given, it can be subtracted from S{;_1y;_q), -, S{j_1)1 to give

Siing-2 = Sog-2) — ‘h(j—l)j‘ UG-2G-nX{-1
K
= 3 |hei UgoapiX + W1y (A.25)
i=j

3

ﬁ(jq)l = ﬁ?jfl)l - ‘h(j—l)j‘ Ul(j—l)i?j—l)

K
i=j
while

K
Sjy-y = 2 \h(H)i Ui Xy + Wi (A.27)

i=j

K
Sh o= Z |hs| Ul X3 + W3 (A.28)

=7

We know that (Z i Wig—1y, wﬂ) are jointly Gaussian random variables, with

zero mean and covariance matrix Kg, equal to:

L A e Ap Aj
Aoy T Aguyga - Ajon
A7, I Ay
A% A%;‘—m o Agl I

which is defined in Equation 5.21. It is clear that the covariance matrices of jointly

Gaussian random variables

(21 W2+ W)

and
(W

30—
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are the same:

cov (Z(j-1), Wiopygapr---» W)
= cov (W1, WGy, W)

I A(j—1)(-2) . Az Ao
A%; D(G-2) I Ap-1)(p-2) T Aj-2)
Aa‘—m A6—2)1 T AQTl I

Comparing Equation A.25~Equation A.26 and Equation A.27~Equation A.28, we
can see that random variables
Y| S nymay s Shonn Xy

and
n.
=j5(-1) J(J 2)» ]1

have the same marginal distribution as long as
Gon| W2y Wi

and

7?@- 1 ’WJ(J 2) ’E?I
have the same marginal distribution. Remember that W, is i.i.d. Gaussian ran-
dom variables which is independent from the input signals X". Therefore given

Equation A.29, Lemma 42 is proved.

A.9 Proof of Lemma 43

Lemma 43 is proved using the following lemma from [46].

Let X, Y and Z be jointly Gaussian vectors. If cov (Y) is invertible, then X —
Y — Z forms a Markov chain if and only if

cov (X, Z) = cov(X,Y)cov(Y) " cov(Y, Z)

Given Lemma section A.9 and the fact that cov (YJG) is invertible, X ;o — Y
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Sj forms a Markov chain if and only if

cov (X i Sj)

=—J
) —J —J

= cov (X o ch) cov (f/ )_1 cov (37 o Sj) (A.30)

Given Equation 5.17, Equation 5.18 and the independence of W, and X, the left
hand side of Equation A.30 is

2 T
;| VU (=)
haj|* VU (—y;
LIS — ‘23‘ J. ( 2])
.
‘h(jﬂ)j‘ ViU (=-1))
and the right hand side is
K —1
RHS = |hy|*V,U (=¢j) (Z\hji!2U(¢jz')ViU(—¢ji)+I)
i=j

SIS il [Pl U (66) ViU (—61) + Ajn
S il hail > U (65) ViU (— i) + Aja

2 :
SI i il i U (650) ViU (=é-1i) + Ay

In order for LHS = RHS, we must have
[hos* VU (=6)

K ~1
= |hy* ViU (—¢) (Z|hﬁ!2U(¢ﬂ) ViU (—;:) +I)

=7

K
(Z |jil” | |* U (651) ViU (— i) + Ajp)

=7
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Solving the equation above, we have

‘hpj‘2
Ajp = |h”|2U<¢jj_¢pj)
77
hosl” a2 U (b Y VU (bii — boi — s
+|h 3 Z | ]l‘ (¢J1) i (¢JJ P ¢]Z>
jj| i=j+1
K 2 2
— > 1hiil" [yl U (¢50) ViU (=)
i=j+1

A.10 Proof of Lemma 44

2
First, consider the simple case where % = «, ¢j; = 0 and P; = 0, that is,
¥

0
K., = 0. For this case, given Equation 5.21 we have Aj;; = B = ( (g ) for all
o

I B --- B

o BT 1 .-- B
i, . Tt is easy to check that the eigenvalues of Kg, = ) ‘ ) are

BT o I

M =1—aand Ay =1+ (5 — 1) a, with multiplicity 2 (j — 1) and 2 respectively.
Therefore, K, is positive definite if 0 < o < 1.

12
Now let us consider the case where ¢;; and P; are small but non-zero, and %
are not necessarily equal to a. Denote the (p,q)th element of B by b,,. It
is well known that the eigenvalues of symmetric matrix are locally (Lipschitz)

continuous[47] with respect to its elements. Therefore, corresponding to every

/
a

and € (h) such that if ’lhmlg — a‘ < €, |0ji| < €,, and P; < €l (h) then every

2
|hjs] @

eigenvalues A, of Kg, satisfies [\, — A\;| < € or [\, — Xy < é&. The bound on P;

a € (0, 1), for any é > 0, there exist some strictly positive real numbers €,, €

may depend h to ensure that the two last terms in Equation 5.21 are of bounded
variation. For any 0 < a < 1 we can always find some é > 0 that guarantees

As > 0, and Kg; is positive definite as a result.

A.11 Proof of Theorem 45

First we state a useful result from [46].

([46, Lemma 2]) Let X" = (X,,---,X,) and Y" = (Y,---,Y,,) be two se-

)y =—n

quences of random vectors, and let X7, X¢, Y, and Y be Gaussian vectors

108



with covariance matrices satisfying
X 1 X; X
cov| “¢ | == Z cov| 7' | <Xcov =0
Yo iz Y, Ya

BX")  <nh(Xp) < nh(Xe)
h(Y"|X") < nh(Y|XE) <nh(YolXo)

then we have

By Fano’s inequality, the sum capacity of the generalized Z-channel Equation 5.17

109



must satisfy

n R; —ne

e

—
S
N

AN

K
(X3 YY) +ZQI(X?; Y. s))
b=

IN

—
=

9 n () - n (v x7)
K K ~m
+§;1(xg; S)) +2 1 (X5:Y5|s))
j= j=

< (@7) - h (9] x)

—
~

K j-1

+ 3T (X0 S| Sy S)

j=2p=1
K

+§;1(X;?; vils;)
=

D (@) - n (7] x7)
K j-1

+33 (n (S| Sjpry -+ 1)

j=2p=1

~h (85| Sipry e Sj1, X))

J

K
3 (h (V5] 8561y, Sy S3h)

Jj=2
~h (5] 550y 80y S5 X))
2 b (Ti) — b (27] )
+h (53,) — h (55| X3)
K j-1
303 h(Sh| Sty S
j=3p=j-1
K j—2
+ Z 2:: h (ﬁyp‘ ﬁ?(p—l)’ o ﬁ;ﬁ)

=2 2 (S| S S XT)

<
Il
w
R o
Il
—

K
=3 (S5 S SHXS)
j=K p=1
K AN
+> h(Y; ‘5?@71)@?(]’*2)7 T 5?1)

<.
I
I\

|

[~

>

/~ /
Hi

<3

;- ’ §?(j—1)?§?(j—2)’ B ﬁ?p&?)

<.
[|
I\
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2 o (f26) - (57]37)

+h (53;) "‘Zh( 255 ’SJ(J ’5?1)

( (S?p‘ ﬁ?(p—l)’ o ﬁ;ll)

<
|
[\

+
M=
M

w

i~
I
—

.

~ (S| S-ty-1 > Sh-ny> X))
K-1

- . (ﬁ?{p‘ ﬁ?((p—l)v R SRKDX?()
e

+
M=

h (Xﬂ Si-1)r -2y 5?1)

jZQ
]Z:;h( ‘ J(J o ’SJ?UX?)
9 (V20) — h (xm)

K
+h(S5)+ ) h (ﬁy(jq)’ﬁ?(jfz)’ e, S)
=3

=

-1

(ﬁ%p’ ﬁ?((p_na SR QTIL(DXTIL()

3
Il
_

+
Mw

B (X5| 851y S5y » Sh)

j}={2
S S 5.
2 (Y, )+Zh(5” 0| S5 Sh)
=3
—nh (EK(K—n: B WKl)

_I_
||MN ™M=
>

‘E?(jflﬁﬁgb(jim, e qn )

=41

<
[|
N

oo ShLXG)

’ =j(i— J(J
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3
>
N
g
Q

+
S

ngle
>

<
I
o

|
N
.
gl
>
/N /N

+
S

(]~
>

<.
||
N
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nh (ﬁm) —nh (EK, Wgw-1) wm)

+n f: h (zj(;>

=2
jK
—-n 22 h (ﬁj(jfl)G7§j(jf2)G7 Tty ﬁﬂc)
=
+n Z h( Sj-ne j-2)6> ’ﬁle‘XJG)

+nh (ﬁK K-1)G SK(K-2)G> """ §K1G‘ zKG)
nh (zlg) —nh (ﬁK, W1y, le)

K A
+n Z h (ng>
=2
jK
—nzh<5a e Sji-2)G: ﬁle)
+n Z B (Sgin6-neSusng-ae - Sgie| Sgrnie)

+nh (WK k-1 Wikk—2),"" ", W}ﬂ‘ MK)
nh (ﬁm) —nh (MK, Wgr-1): wm)

+n Z h (YJG>
=2
jK
—n 22 h (ﬁj(jfl)Gyﬁj(jfmG? T §j1G)
j=
K
+n z_: h (ﬁj(j_z)g,ﬁj(j_:’,)aa Tty ﬁle‘ ﬁj(j—l)G)

+nh (WK(K_l),wK(K_m, R Wm‘ ﬂK)
nh (Xlg> —nh (ﬂK, W1y wm)

K
—n Z (h (S (5 1)G,§j(]‘_2)07 T ﬁle)

3
— 1 (Sj4-26 Sig-ne ﬁjle‘ S;-vc))
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K
—nZh ﬁj(j—l)G)
7j=3
K-1 .
= n 2 (h (Z]G) —h (§(J+1)JG))
j=

(a) is from Fano’s inequality.

(b) is from the expansion of mutual information: [ (K " XT) =h (ﬁ? —h (ff? X
and the chain rule which gives (X?, X;, Sj) =71 (X" S») + 1 (X"

(c) is from the chain rule, which gives [ (X;‘; Sj) = :f) I (X?; S
(d) is from the expansion of mutual information.

(e) is from the inequality h (X?) < nh (XIG). It holds because Gaussian random
variable maximize entropy under given power constraint, and line 2 to line 6 in

(e) is equivalent to line 2 and line 3 in (d).

(f) is from the following equation:

K—-1j-1
(S5 X3) (S3,] S5 -, S, XT)
7j=3 p=1
K j—1
- _Zazlw?z o] -1 » oy X)) (A.31)
Jj=3p=

(g) is from Lemma 41. Because random variables

n

SG-1p| 8G-10-1) " S X1
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and

ST STy,

have the same marginal distribution,

h( ‘S(J 1)(p—
and
h (85| S5
are equal, which gives
St (n (S
—h (%] Sy

(h) Given Sk, =

S

71

e Sy X oy)

(p—1)> """ 7571)
’ Sj(p 1) ) §?1)
) ﬁ(jfl)luf?jfl))) = 0.

|Cor | Upg X i + Wi, , the summation in the third line after (g)

gives
K-1
h(Siep| Skcprys o+ Skea, X

p=1

K-1
= 1h( Wi, | W1y Wiy) (A.32)
= (Wi Wie) (A.33)
= nh (W Wga) (A.34)

It is also easy to see that S5, and X?‘ X have same marginal distribution, there-

fore

h(S5) —h

0 (A.35)

(V1] x1)
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(i) Now combine the second and the last terms after (h):

M=

h(85-0)| Sigay - S5h)

3

.
Il

K
_2h< ’ J(J 1) Snj 2)s S;Ll’ n)
j=

K
= Y h(Syn| Sz Sh)

K
=3 0 (VG| Shon-2p s S Xjon)

=3
—h (ﬁ%’ﬁnK(Kﬂ)a”' Kl’Xn)
(hor) (XK’&{(K_D’ o Sk X

= nh (MK\EK(K—U? B EKl)

(h-1) is from Lemma 42. Given that random variables

Y| SGvygozy e 8oy Xy

and
87| Syay e Sy

have the same marginal distribution, we have

h (ﬁy(j—l)‘ﬁy(j—z)f“ ’5?1> =/ (XJ 1)‘ SG-1G-2)°

(j) From chain rule of entropy, we know that

h (WK(Kf”, e le) +h (ﬂK|wK(K71)7 -

= h (ﬂfo EK(K—1)7 T le) .

(k) is from Lemma section A.11.
(1) is from the formula h (X|Y)=h(X)+h (Y] X) —
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h(Y).

(A.36)

(A.37)

(A.38)

(A.39)
(A.40)

s Sy Xy

(A1)



(m) is from

K
h (5] G-1G SjG-nes ﬁjl@‘zﬂ'@)
—2
” K—1 .
+ h( GG 2i(-2G s D1a ch)
=2
+h (ﬁK(K,UG,ﬁK(Kfz)G, Tty ﬁKlG‘ XKG)

(n) Combining Lemma 43 and Lemma 44, we know that for channels in C,, if

the power constraint P; satisfies P; < €, then
Xic— Ye— S, (A.42)

form a Markov chain, and the following equality holds:

A,

Yic)

235G>

h (Sj(] e QG- s Sjic
- h(Sj(] l)Ga‘S(y -2)Gs " 7§' —jG)
= h(Sgrvu-ne Sgrvu-26 - » Sgame| Sganie) (A.43)

We can conclude that the achievable sum capacity of the generalized Z-channel

must satisfy

SR, (A.44)

J=1

IA

K
max ST ( ij ) (A.45)
Tr (VJ) S SNR] Jj=1

V;=0,5=1,--- |K

Tr (Vj) S SNRJ Jj=1 i=j i=j+1
Vjtoajzla 7K

Notice that for Z-channel, this sum capacity outer bound is achievable because the
expression above is identical to the sum capacity achieved by treating interference
as noise. Since the generalized Z-channel is obtained by eliminating some of the
interference links from the interference channel, Equation A.44 is an outer bound

for the sum capacity of the interference channel. Theorem 45 is proved.
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A.12 Proof of Theorem 46

In Theorem 45, we have proved that the sum capacity Equation 5.25 of the gen-

eralized Z-channel is achieved by i.i.d. Gaussian input,

=1 Tr (V) < P =1
V]>_-O7.]:]-7 7K

K K K
— max > log (I+thﬂ|2vi> <I+ > |hji|2\(A)48

Tr (V;) < P 7=1 i=j+1

V;=0,5=1,--- | K

=7

Define the normalized covariance matrix vj = %, Tr (V]) = 1. Consider the
J

equal power constraint where P; = Psum/k for all users.

For an expression of the form log|I + zA|, let the eigenvalue of matrix A be
0 <X\ (A) < 0. Then

log I+ zA| = ilog(l—i—x)\i(A))
- L 2o 2
_ Z(m(A)—Qx X (A) 4o ))

i=1

= 2Tr(A) — ;xQTr (A2) +o (mQ) (A.49)

The second equation uses Taylor's theorem for several variables at \; (A) =

xX; (A), since when z — 0, z\; (A) — 0 as well.

Combining Equation A.49, Equation 1.11, Equation 1.16 and Equation 5.25, we
find Equation 5.29 and Equation 5.30.
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YR < max ST (X Ye) (A.47)
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A.13 Proof of Theorem 47

To maximize the right hand side of Equation 5.30, we need to solve the following

optimization problem

K
ming, .y, Z |hjj|4 Tr (V?)
J=1
K-1 K ) ) R R ;
=1 i=j+1
V; = 0. (A.51)

First, consider a simple case where the channel is strictly symmetric: ¢;; = 0,

|hi;|> =1 and |h;;|> = a < 1 for all 4, j. Equation A.50 becomes

K K-1 K

ming, ¢, ]—2_21 Tr ( V ?) + 2 ]z::l i:]z; Tr (VJ\A/'Z) (A.52)
s.t. Tr (V]) =1
vV, = 0. (A.53)

Let the 2 x 2 real positive definite matrix Vj be

N ki k;
v, = 7 7| (A.54)
kjs  k;
Substituting Equation A.54 into Equation A.52, we construct a non-linear opti-

mization problem from Equation A.52 on standard form:

K

N E o ks, ki ke ks Z (k?l + kJQ-Q + 2kj2.3) (A.55)
=1
K-1 K
+200 > Y (kjka + kjokio + 2kjski3)
J=1 i=j+1
sl —kjp <0 (A.56)
—kjp <0 (A.57)
Ky — kjikjs <0 (A.58)
kj+ kg =1 (A.59)

forallj=1,--- | K
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The optimal solution of the problem defined by Equation A.55~Equation A.59 is
also the optimal solution of the problem defined by Equation A.52. Denote the
optimization problem defined by Equation A.55~Equation A.59 as (PE)7 where
k = (k11, k12, k13, - -+, ki1, ko, kis) represents the set of feasible solutions. Notice
that while any positive kji, kjo with kj; + kjo < 1 satisfies the power constraint,

we require constraint Equation A.59 to be an equality. Because only when it is

Ey

satisfied with equality, the system can achieve correct N

mino'
Denote the objective function in Equation A.55 by f (k). Construct the La-

grangian function for problem Equation A.55 as
K K
F(k, uy,ug,uz,0) = f(k) =Y ujkjy — D ujokso
j=1 j=1
K K
+ Z Ujg (/{7]23 — jlk’jg) + ZUJ' (k’jl =+ k’jg — 1) (A60)
j=1 Jj=1

To find a optimal solution for this problem, we use Karush-Kuhn-Tucker (KKT)

sufficient condition. It is stated as followed.

(KKT Sufficient Condition[?]) Consider an optimization problem (P) defined as

min, f(z)
subject to g (z) <0, k=1,---, m
hl(&):(hl: N (D)

with Lagrangian function

Vol (z,u,v) = 0

u > 0

ukg () = 0
Then if f (z) is a pseudoconvex function, g (z), k = 1,---, m are quasiconvex
functions, and h; (), l = 1,- -+, n are linear functions, then z is a global optimal

solution.

iven ( Py ), it is clear that the objective function f (k) is a convex function, the
Gi Py ), it is clear that the objective functi k) i function, th
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equality constraints Equation A.59 are linear, and the sets of inequality constraints
Equation A.56, Equation A.57, and Equation A.58 are convex. Notice that a con-
vex function is a special case of pseudoconvex and quasiconvex. Comparing the
standard problem (P) in Theorem Equation A.13 with our optimization problem

(Pk), we can conclude that any feasible k satisfying

V&F (Ea Up, Ug, Q3>Q)

v
o o o o o

Uy, Uy and ug
ujlkjl
UijjQ =

Ujg (k?g — k?jll{?jg) =

is a global optimal for (P&) Solving Vi F' (k, uy, uy, us,v) we have

VF K

= Qk’jl + 2« Z kil — U1 — Uj3kj2 + V; = 0
Vki i=1,i#]
VF K

= 2k’j2 + 2w Z k’z‘g — Uj2 — Ujgkjl + v; = 0
Vkﬂ i=1,i#j
VF K

= 4]€j3 + 4o Z k’ig + 2Uj3/€j3 = 0.
Vi i=1i#]

It is easy to check that k;; = kjo = %, ki3 = 0 while the Lagrange multipliers

uj1 = ujo = u;3 = 0, and v; = —1 — a (K — 1) satisfy KKT condition.

1

A,

0
Therefore, kj; = kjo = %, kjz =0, 1ie Vg = 2 . | is a global optimal solu-

2
tion. Substitute this optimal solution into the formula of sum slope Equation 5.30,

the sum slope has upper bound

2K

D —
S < oK 4+ (1—0)

A.14 Proof of Corollary 48

Before proving this result, we state existing results for general parametric opti-

mization problems. A general parametric optimization problem P (t) depending
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on parameters ¢ € R" is defined by

min - f(z,1)
subjectto z € R"
g (2,8) <0,i=1,---,s
gi(z,t)=0i=s+1,---,m

where f and g; are real functions. Denote the parametric feasible region by

At) & {z]z eRY gi(z,t) <0ifi=1,---,s;
gi(z,t) =0ifi=s+1,---,m}.

And denote the parametric optimal value function by v (t) £ inf,ca¢) f (2,t). The
following theorem gives the sufficient condition under which v (t) is a continuous

function of t.
Suppose that

1. the function f is continuous on z X t;

a) the correspondence A is continuous on ¢;

b) the subsets A (t) are non empty and compact

Then the optimal value function v (t) is continuous and the correspondence

optimal solution set is upper semi-continuous.

Let h correspond to t, and let the k£ as that defined in Appendix section A.13
correspond to x of Theorem section A.14. It is easy to see that the objective
function of Equation A.50 is continuous on k X h, while the feasible region A (h)
is non empty, compact, and independent of h. Therefore, all three conditions
in Theorem section A.14 are satisfied and the optimal value function f(k, h) is

continuous on h.
Further, in Theorem 47 we have shown that when h, = {h gy =0, [hy)? =1, [hl” = a}
, the optimal value of the objective function of the optimization problem Py (h,)
is
2K

f(k, h,) = oK+ (—a)

Given the continuity of f (k, h,) provided by Theorem section A.14 , for any o,

there exist oy, 09, o3 such that for the channels h € H,, where the set H, is
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defined as

Hoe = {h:|¢ji| <oy
1hyl* = 1| <

’V |hyil* — 04‘ < o3
|hij|2/‘hj]'|2 < 1

heC.},

the optimal value of the objective function of the optimization problem P (h)

satisfies

’f(E, ﬁ) - f(E, ﬁo)‘ < o.

Notice that H,, is defined in Theorem 45.

Because 1 € cl (720), as a — 1, for any positive o, there exists H,, such that for

h e 7—20 its sum slope satisfies
So < 2+4o0, (A.61)

If the magnitude and phase of the channel coefficients are drawn from continuous
random distribution, Pr (H,) > 0.

And as 0 — 0,

o—0

123



124



Bibliography

1]

2]

[10]

[11]

S. Verdu, “Spectral efficiency in the wideband regime,” IEFE Transactions
on Information Theory, vol. 48, no. 6, pp. 1319-1343, 2002.

G. Caire, D. Tuninetti, and S. Verdu, “Suboptimality of tdma in the low-
power regime,” IEEE Transactions on Information Theory, vol. 50, no. 4, pp.
608620, 2004.

C. E. Shannon, “A mathematical theory of communication,” The Bell Systems

Technical Journal, vol. 27, pp. 379423, 623—656, 1948.

A. D. Wyner, “The capacity of the band-limited gaussian channel,” Bell Sys.
Tech. J., vol. 45, pp. 359-395, 1966.

I. Jacobs, “The asymptotic behavior of incoherent m-ary communication sys-
tems,” Proceedings of the IEEE, vol. 51, no. 1, pp. 251 — 252, jan. 1963.

R. Kennedy, Fuading dispersive communication channels.  Wiley-
Interscience, 1969. [Online]. Available: http://books.google.com/books?
id=ttbSAAAAMAAJ

L. Zheng, D. N. C. Tse, and M. Medard, “Channel coherence in the low-snr
regime,” Information Theory, IEEE Transactions on, vol. 53, no. 3, pp. 976
—997, march 2007.

S. Ray, M. Medard, and L. Zheng, “On noncoherent mimo channels in
the wideband regime: Capacity and reliability,” Information Theory, IEEE
Transactions on, vol. 53, no. 6, pp. 1983 —2009, june 2007.

M. J. E. Golay, “Note on the theoretical efficiency of information reception
with ppm,” Proceedings of the IRFE, vol. 37, no. 9, pp. 1029 — 1031, sept. 1949.

H. Sato, “The capacity of the gaussian interference channel under
strong interference (corresp.),” Information Theory, IEEE Transactions
on, vol. 27, mno. 6, pp. 786-788, 1981. [Online|. Available: http:
//ieeexplore.ieee.org/xpls/abs_ all.jsp?arnumber=1056416

M. Costa, “On the gaussian interference channel,” Information Theory,
IEEE Transactions on, vol. 31, no. 5, pp. 607-615, 1985. [Online|. Available:
http://ieeexplore.ieee.org/xpls/abs_ all.jsp?arnumber=1057085

125


http://books.google.com/books?id=tt5SAAAAMAAJ
http://books.google.com/books?id=tt5SAAAAMAAJ
http://ieeexplore.ieee.org/xpls/abs_all.jsp?arnumber=1056416
http://ieeexplore.ieee.org/xpls/abs_all.jsp?arnumber=1056416
http://ieeexplore.ieee.org/xpls/abs_all.jsp?arnumber=1057085

[12]

[13]

[14]

[15]

[21]

[22]

T. M. Cover and J. A. Thomas, FElements of Information Theory 2nd
Edition, ser. Wiley Series in Telecommunications and Signal Processing.
Wiley-Interscience, July 2006. [Online]. Available: http://www.amazon.ca/
exec/obidos/redirect?tag=citeulike09-20&amp;path=ASIN /0471241954

T. Han and K. Kobayashi, “A new achievable rate region for the interference
channel,” Information Theory, IEEE Transactions on, vol. 27, no. 1, pp. 49—
60, Jan 1981.

H.-F. Chong, M. Motani, H. Garg, and H. El Gamal, “On the han kobayashi
region for theinterference channel,” Information Theory, IEEE Transactions
on, vol. 54, no. 7, pp. 3188 —3195, july 2008.

G. Kramer, “Outer bounds on the capacity of gaussian interference
channels,” Information Theory, IEEE Transactions on, vol. 50, no. 3, pp.
581-586, 2004. [Online]. Available: http://ieeexplore.ieee.org/xpls/abs_ all.
jsp?arnumber=1273673

R. Etkin, D. Tse, and H. Wang, “Gaussian interference channel
capacity to within one bit,” Feb 2007. [Online]. Available:  http:
//arxiv.org/abs/cs/0702045v1

V. Sreekanth Annapureddy and V. Veeravalli, “Sum capacity of the gaussian

9

interference channel in the low interference regime,” in Information Theory

and Applications Workshop, 2008, 27 2008-Feb. 1 2008, pp. 422-427.

A. Host-Madsen and A. Nosratinia, “The multiplexing gain of wireless net-
works,” in Information Theory, 2005. ISIT 2005. Proceedings. International
Symposium on, sept. 2005, pp. 2065 —2069.

V. Cadambe and S. Jafar, “Interference alignment and degrees of freedom of
the -user interference channel,” Information Theory, IEEE Transactions on,
vol. 54, no. 8, pp. 3425 -3441, aug. 2008.

R. H. Etkin and E. Ordentlich, “The degrees-of-freedom of the k-user gaussian
interference channel is discontinuous at rational channel coefficients,” IEFE
Trans. Inf. Theor., vol. 55, no. 11, pp. 4932-4946, 2009.

V. R. Cadambe, S. A. Jafar, and C. Wang, “Interference alignment with
asymmetric complex signaling - settling the host-madsen-nosratinia conjec-
ture,” CoRR, vol. abs/0904.0274, 2009.

P. Bergmans, “A simple converse for broadcast channels with additive white
Gaussian noise,” IEEFE Transactions on Information Theory, vol. IT-20, no. 2,
pp. 279-280, March 1974.

126


http://www.amazon.ca/exec/obidos/redirect?tag=citeulike09-20&amp;path=ASIN/0471241954
http://www.amazon.ca/exec/obidos/redirect?tag=citeulike09-20&amp;path=ASIN/0471241954
http://ieeexplore.ieee.org/xpls/abs_all.jsp?arnumber=1273673
http://ieeexplore.ieee.org/xpls/abs_all.jsp?arnumber=1273673
http://arxiv.org/abs/cs/0702045v1
http://arxiv.org/abs/cs/0702045v1

[23]

[24]

[25]

[26]

[27]

28]

[30]

[31]

[32]

X. Shang, G. Kramer, and B. Chen, “'"A New Outer Bound and the Noisy-
Interference Sum-Rate Capacity for Gaussian Interference Channels",” ArXiv
e-prints, vol. 712, dec 2007.

A. Motahari and A. Khandani, “Capacity bounds for the gaussian interference
channel,” Information Theory, IEEFE Transactions on, vol. 55, no. 2, pp. 620—
643, Feb. 20009.

X. Shang, G. Kramer, and B. Chen, “A new outer bound and the noisy-
interference sum rate capacity for gaussian interference channels,” Informa-
tion Theory, IEEE Transactions on, vol. 55, no. 2, pp. 689 —699, feb. 2009.

R. Etkin and E. Ordentlich, “On the degrees-of-freedom of the k-user gaus-
sian interference channel,” in Information Theory, 2009. ISIT 2009. IEEE
International Symposium on, 28 2009-july 3 2009, pp. 1919 —1923.

K. Gomadam, V. Cadambe, and S. Jafar, “Approaching the capacity of wire-
less networks through distributed interference alignment,” in Global Telecom-
munications Conference, 2008. IEEFE GLOBECOM 2008. IEEE, 30 2008-dec.
4 2008, pp- 1 —6.

D. Tuninetti, “K-user interference channels: General outer bound and sum-
capacity for certain gaussian channels,” in Information Theory Proceedings
(ISIT), 2011 IEEE International Symposium on, 31 2011-aug. 5 2011, pp.
1166 —1170.

V. Cadambe, S. Jafar, and S. Shamai, “Interference alignment on the deter-
ministic channel and application to fully connected awgn interference net-
works,” in Information Theory Workshop, 2008. ITW ’08. IEEE, may 2008,
pp- 41 —45.

M. Maddah-Ali, A. Motahari, and A. Khandani, “Communication over mimo
x channels: Interference alignment, decomposition, and performance anal-
ysis,” Information Theory, IEEE Transactions on, vol. 54, no. 8, pp. 3457
—3470, aug. 2008.

H. Weingarten, T. Liu, S. Shamai, Y. Steinberg, and P. Viswanath, “The
capacity region of the degraded multiple-input multiple-output compound
broadcast channel,” Information Theory, IEEE Transactions on, vol. 55,

no. 11, pp. 5011 —5023, nov. 2009.

R. Etkin and E. Ordentlich, “The degrees-of-freedom of the -user gaussian

interference channel is discontinuous at rational channel coefficients,” Infor-

127



[33]

[34]

[35]

[42]

[43]

[44]

mation Theory, IEEE Transactions on, vol. 55, no. 11, pp. 4932 —4946, nov.
2009.

A. Jafarian, J. Jose, and S. Vishwanath, “Algebraic lattice alignment for
k-user interference channels,” in Communication, Control, and Computing,
2009. Allerton 2009. }7th Annual Allerton Conference on, 30 2009-oct. 2
2009, pp. 88 —93.

G. Bresler, A. Parekh, and D. Tse, “The approximate capacity of the many-
to-one and one-to-many gaussian interference channels,” Information Theory,
IEEE Transactions on, vol. 56, no. 9, pp. 4566 —4592, sept. 2010.

M. Shen and A. Hgst-Madsen, “The wideband slope of interference chan-
nels: The large bandwidth case,” Information Theory, IEEE Transactions
on, Accepted for publication, available at http://arxiv.org/abs/1010.5661.

V. Cadambe and S. Jafar, “Degrees of freedom of wireless networks - what a
difference delay makes,” nov. 2007, pp. 133 —137.

L. Grokop, D. N. C. Tse, and R. D. Yates, “Interference alignment for line-
of-sight channels,” CoRR, vol. abs/0809.3035, 2008.

T. M. Apostol, Modular Functions and Dirichlet Series in Number Theory,
2nd ed. New York: Springer-Verlag Inc., 1990, graduate Texts in Mathe-

matics;41.

M. Shen and A. Hg andst Madsen, “Wideband slope of interference chan-
nel: Finite bandwidth case,” in Communication, Control, and Computing
(Allerton), 2011 49th Annual Allerton Conference on, 2011, allerton 2011.

M. Shen and A. Hgst-Madsen, “The wideband slope of interference chan-
nels: The small bandwidth case,” Information Theory, IEEE Transactions
on, Submitted, 2012.

G. Bresler, A. Parekh, and D. Tse, “The approximate capacity of the many-
to-one and one-to-many gaussian interference channels,” Information Theory,
IEEE Transactions on, vol. 56, no. 9, pp. 4566 —4592, sept. 2010.

W. Rudin, Principles of mathematical analysis, 3rd ed. New York: McGraw-
Hill Book Co., 1976, international Series in Pure and Applied Mathematics.

G. Grimmett and D. Stirzaker, Probability and random processes. Oxford
University Press, Jul. 2001.

B. Bollobas, Random Graphs, W. Fulton, A. Katok, F. Kirwan, P. Sarnak,
B. Simon, and B. Totaro, Eds. Cambridge University Press, 2001.

128



[45] S. Janson, “Random graphs.” Wiley, 2000.

[46] X. Shang, B. Chen, G. Kramer, and H. Poor, “Capacity regions and sum-
rate capacities of vector gaussian interference channels,” Information Theory,
IEEE Transactions on, vol. 56, no. 10, pp. 5030 —5044, oct. 2010.

[47] R. Bhatia, Matriz analysis, ser. Graduate texts in mathematics.
Springer, 1997. [Online]. Available: http://books.google.com/books?id=
f0ioPwAACAAJ

129


http://books.google.com/books?id=f0ioPwAACAAJ
http://books.google.com/books?id=f0ioPwAACAAJ

130



	Acknowledgments
	Abstract
	List of Figures
	1 Introduction
	1.1 Channel Capacity And Minimum Energy Per Bit
	1.2 Low-SNR Regime And Wideband Slope 
	1.3 Interference Channel Capacity And Its Low-SNR Performance
	1.4 Overview of the thesis

	2 Channel Models And Performance Measures
	2.1 Summary
	2.2 Basic K-User Interference Channel Model
	2.3 Large Bandwidth Case And Small Bandwidth Case
	2.4 Equivalent 2-dimensional Real Channel
	2.5 Performance Measures
	2.6 First-order Optimality Criteria

	3 2-User Channel
	3.1 Summary
	3.2 Strong Interference Channel
	3.3 Weak Interference Channel
	3.3.1 Achievable Schemes
	3.3.2 Sum Slope Outer Bounds

	3.4 Noisy Interference Channel
	3.5 Conclusion

	4 K-User Interference Channel: Interference Alignment Transmission
	4.1 Summary
	4.2 Interference Management For K-user Interference Channel
	4.3 Large Bandwidth Case: Interference Alignment Over Time Domain
	4.3.1 An Interference Alignment Scheme
	4.3.2 The Achievable Sum Slope
	4.3.3 Practical Implementation and Simulation Results

	4.4 Small Bandwidth Case: Circularly Asymmetric Signaling
	4.4.1 One-Dimensional Gaussian Signaling
	4.4.2 Simulation Results and Discussions


	5 K-User Interference Channel: Wideband Slope Outer Bounds
	5.1 Summary
	5.2 Large Bandwidth Case
	5.2.1 The Equal Rate Constraint
	5.2.2 The Equal Power Constraint

	5.3 Small Bandwidth Case: Generalized Z-Channel Outer Bound
	5.3.1 Generalized Z-Channel And Its Sum Capacity
	5.3.2 Sum Slope Outer Bound for the Interference Channel


	6 Conclusion
	A Proofs of Lemmas, Theorems, and Corollaries
	A.1 Proof of Theorem 19
	A.2 Proof of Lemma 27
	A.3 Proof of Lemma 35
	A.4 Proof of Lemma 36
	A.5 Proof of Lemma 37
	A.6 Proof of Property 39
	A.7 Proof of Lemma 41
	A.8 Proof of Lemma 42
	A.9 Proof of Lemma 43
	A.10 Proof of Lemma 44 
	A.11 Proof of Theorem 45
	A.12 Proof of Theorem 46
	A.13  Proof of Theorem 47
	A.14  Proof of Corollary 48

	Bibliography

