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ABSTRACT

In coastal engineering applications, Boussinesq-type models are limited by orders of approximation
originating in both the governing equations and numerical schemes employed. Dispersive model
solutions re ect a composition of approximations dependent upon nite sampling intervals. This
study aims to improve understanding of both theoretical and numerical facets, with the end goal
of strengthening community awareness in model applicability.

A modern approach to parameterize wave breaking in Boussinesq-type equations is to leverage the
hyperbolic structure of the leading order nonlinear shallow water equations and approximate over-
turning processes using shock capturing methods designed to conserve both mass and momentum.
In this approach, it is well known that the governing partial di erential equations (PDES) must be
expressed in conserved variable form to attain proper shock speeds. A new independent formula-
tion covering a family of fully nonlinear, weakly dispersive Boussinesg-type equations is derived in
conserved variable form by depth integrating Euler’s equations of motion under an irrotational ow
assumption. A projected Taylor series expansion of the vertical velocity about an arbitrary material
surface is utilized in the depth integration of the irrotational ow condition to give an expression for
the horizontal velocity. Through a change of variables, the dependency of the horizontal velocity
is expressed with reference to an arbitrary point of evaluation. A new weighted average of hori-
zontal velocity expansions at the material surfaces de nes the model velocity at a datum invariant
reference attached to the ow depth. In comparison to existing theories, the approach introduces
an additional term which enhances nonlinear dispersion. Imposing constraints on the orders of
approximation, leading order theories are recovered, thus showing theoretical advancement.

Transforming the governing PDEs into discrete approximations facilitates numerical simulation of
nonlinear processes over a complex bathymetry, in which the approximations result in a system of
modi ed PDEs (MPDESs) possessing unique solutions speci ¢ to the numerical methods employed.
In practical application, practitioners are burdened with an unnecessary level of uncertainty during
the selection of discretization parameters, despite their fundamental roles in the governing MPDEs.
Beyond numerical experiments, there has been little e ort to explicitly communicate numerical im-
plications in Boussinesg-type models. For the Boussinesq-type equations derived herein, dispersion
emerges through Taylor series expansions along the vertical axis, in which the methods of approxi-
mation mirror those used in nite di erence methods. Therefore, a complementary nite di erence
framework is adopted in which the time integration is performed using linear multistep schemes.
Di erence operators, including those with compact support, are expressed in symbolic form for
the purpose of generalization. Di erence operators are expressed in symbolic form to promote
generalization while seamlessly enabling the novel application of compact nite di erence schemes.



Applying Fourier-Laplace transforms, the symbolic operators are mapped into spectral space, where
waveform resolution is evaluated as a function of time, t, and space, X, sampling intervals. The
approach facilitates a complex propagation factor analysis of amplitude and phase modulations,
both of which may be present in physical theory. To better accommodate operator interactions
occurring in systems of equations, de nitions of operator support and coe cients are adjourned to
maintain complex degrees of freedom during the full system analysis. As a result, the solution to
the MPDEs becomes an objective, as opposed to an outcome, when de ning schemes.

Developments on Boussinesg-type equations have largely focused on dispersion enhancements to the
governing PDEs, in which family members having the same formal order of accuracy exhibit very
di erent dispersive behaviors. The same level of research has not been carried out with regard to
the respective MPDEs, where di erent schemes lead to unique dispersive solutions. The linearized
MPDEs are cast into spectral space using Fourier-Laplace transforms. Substituting in the symbolic
operators, the newly derived numerical dispersion relation for Boussinesg-type equations matches
that of the PDEs provided the discrete operators are replaced by their continuous counterparts.
The dispersion relation of the MPDEs is dependent upon not only on the wave number, k, and
still water depth, h, but also tand x sampling intervals. The function domain of the celerity,
or phase speed, is thus multidimensional, collapsing only to k and h in the limit of vanishing
sampling intervals for stable consistent schemes. Several leading order Boussinesg-type equations
are analyzed, in which the error associated with the MPDEs quanti es the bounds for application.
Theories which exhibit increases in phase speed with relative depth are best suited to nite di erence
methods. This is due to a counter balancing decrease in phase speed imposed by nite di erence
methods. The transparency of error associated with the MPDEs gives further insights on the
selection of sampling intervals and permits optimal mesh design for a given application.

Vi
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CHAPTER 1
INTRODUCTION

Oceanic and coastal free-surface wave elds under the restoring force of gravity are said to be some
of the most complex dynamic systems found in physical science (Feynman 1970, pp. V1-51-4).
Atypically, the associated time and space scales are tangible to the laymen. We can see with our
naked-eye the emergent complexities and record observations with remarkable precision. Whether
or not the heralding complexity is a bias product of our senses, history has shown that water
serves as a comprehensive medium in the study of wave dynamics. Modeling free-surface waves in
a phase-resolving manner requires ow constituents be well resolved in both time and space. For
time-dependent problems spanning many wavelengths, the application requirement rules out ideal
implementation of nonlinear three-dimensional inviscid Euler equations for an incompressible uid.
Free-surface waves propagate perpendicular to the gravitational eld, in which depth integrating
the governing partial di erential equations (PDEs) reduces the dimensionality, leading to signi cant
computational cost savings. The quasi-3D approach suitably models free-surface wave processes,
provided the velocity and pressure pro les are resolved.

Identifying characteristic scales of the physical problem, the Euler equations can be expressed
in dimensionless form to quantify the scale contribution of individual terms. Focusing on long
wave applications, where the characteristic wavelength, L., largely exceeds the characteristic still
water depth, h¢, dimensional analysis of the governing equations reveals that the horizontal scales
dominate over the vertical ones. At the leading order, the depth dependency of the pressure in
the vertical momentum is governed by the displacement below the free-surface. Therefore, the
horizontal pressure gradient is governed by the free-surface displacement alone, implying that the
vertical distribution of the horizontal velocity must be uniform. Depth integration of the PDEs
results in the conserved variable form of the hyperbolic nonlinear shallow water equations (NSWEs),
which are applicable to many geophysical uid ow problems (Saint-Venant 1871). Despite the
allure of the NSWEs, the lack of dispersion is a fundamental shortcoming. In nature, the free-
surface wave spectrum is dominated by wind generated waves which propagate in a dispersive
manner.

Storm generated free-surface waves lead to broadband frequency spectra having high energy density.
These characteristics impose signi cant design challenges to assure the functionality and survival
of coastal structures. Operations analysis and risk mitigation begin with an understanding of how
incident waves transform and propagate through coastal waters. In Airy wave theory (Airy 1845),



wave propagation is governed by the frequency dispersion relation

tanh kh
12 = Kk2gh 1.1
9h—h (1.1)

in which h is the still water depth, g is the gravitational constant, I =2 =T is the angular frequency,
and k = 2 =L is the wave number, where T and L are the wave period and wavelength. For a given
still water depth, relation (1.1) states that the phase speed, or celerity, ¢ = 1=k, is a function of the
wave number. The group speed, ¢g = d!=dk, which de nes the speed of energy propagation, is also
a function of the wave number and it is this property which asserts the dispersive nature of free-
surface water waves under Airy wave theory (Whitham 1974). In coastal applications, attention is
directed towards the asymptotic behavior of the PDEs as the relative depth, kh, vanishes. Applying
a Taylor series expansion to the rational expression in (1.1) gives

2 4 6 8
tanhkh _ (kh)? | 2(kh)*  17(h)® | 62(kh)

10
kh 3 15 315 2835 *+ O™ (12)

whereas kh ¥ 0, the expansion becomes unity, and (1.1) reduces to a dispersion relation governing
linear shallow water waves. In addition, the group speed is no longer a function of the wave
number, which means the waves are nondispersive. The same conclusions are attained in the small
amplitude limit of the NSWEs, thus forming a junction between the two theories. Beyond the
leading order term in (1.2), the wave number dependency is retained. Consequently, adding a
dispersive perturbation of O((kh)?) to the NSWEs invokes a paradigm shift in long wave theory.
For waves propagating over a constant still water depth, the leading order e ects of frequency
dispersion can be readily appended to the NSWEs with little e ort (Whitham 1974). A linear
correction term composed of a third derivative with unknown coe cient, is added to the momentum
equation. Linearizing the NSWEs and solving for the dispersion relation, the unknown coe cient is
chosen such that the resultant coe cient matches the coe cient in expansion (1.2) associated with
the third derivative. As a result, the relative depth range of application is extended beyond the
nondispersive shallow water limit to include weakly dispersive waves. The heuristic implies that as
long as the order of frequency dispersion terms retained in the formulation is su cient, nonlinear
dispersive free-surface water waves can be described under the umbrella of long wave theory.

Hydrodynamic research on nonlinear dispersive evolution of free-surface water waves dates back
to at least the mid 19™ century (Craik 2004; Craik 2005). Speci cally, the pioneering equations
of Boussinesq (1871) and Boussinesq (1872) have stood the test of time, only to be further sub-
stantiated in the mid 20™" century. Studying the dimensionless parameter, U = a.L2=h2, in which
a. is the characteristic amplitude, Ursell (1953) showed that the Boussinesq (1872) equations were
essential in deciphering the long wave paradox presented earlier by Stokes (1891). The fundamental
parameter U exhibits a salient attribute, coupling measures of nonlinearity, = ac.=h¢, and disper-



sion, 2 =h2=L2, as U = = 2, which is e ectively a relative measure between the two physical
processes. Dimensional analysis unveiled that long wave theories assume either U >>1or U << 1;
however the regime solutions are unique, hence the paradox. Classical Boussinesq equations are
governed by the assumption U = 0(1) and retain terms covering both limiting assumptions, thus
unifying previous theories. Furthermore, the analysis highlights that the assumption << 1
alone is insu cient to justify implementation of linear wave theory in nite depth. The condition
U << 1 is also a requirement, which additionally states that the dispersion must be much larger
than the nonlinearity. Although Ursell (1953) studied a speci c set of equations ascribed to Boussi-
nesq (1872), the reciprocity between nonlinearity and dispersion transcends beyond water wave
theories and is in general, theoretically signi cant in the study of nonlinear PDEs. Accordingly,
variants of Boussinesq equations have been collectively referred to as Boussinesg-type equations,
where measures of both nonlinearity and dispersion apply.

1.1 Boussinesg-Type Equations

Boussinesq-type equations represent a local approximation to the fully-nonlinear, fully-dispersive
water wave problem in terms of the surface elevation and horizontal velocity. In the long wave
asymptotic limit kh ¥ 0, dispersive perturbations are introduced through series expansions of
the velocity pro le for theoretical extension to include wind-generated wave applications. The
ambiguous de nition of the model velocity, as well as the ability to alter high order corrections
through leading order substitutions, lead to families of equations characterized by a formal order
of accuracy whose members possess unique mathematical structures (Long 1964; Benjamin et al.
1972; Peregrine 1974; J. L. Bona and Smith 1976). Employing these manipulations, dispersion
can manifest through either model variable in both the continuity and momentum equations. In
general, this implies the dispersion relation is de ned by rational, as opposed to polynomial, func-
tions. To elaborate, consider an O( #) Taylor polynomial approximation. With regard to Pade
rational approximations, the O( 4) Taylor approximation formally represents a family consisting of
Pade [4/0], Pade [2/2], and Pade [0/4] approximations, in which the numerator and denominator
re ect the manifestation of dispersion through the variables in the temporal and spatial deriva-
tives respectively. Figure 1.1 depicts a qualitative ( ; 2) parameter space, in which the diagonal,

= 2, represents a balance between nonlinearity and dispersion. Classical Boussinesq equations
emerge from the "weak™ assumption = 2 << 1, which limits nonlinearity and dispersion in
application.

In the late 1960s, the long standing Boussinesq equations, governing the nonlinear dispersive evo-
lution of long waves over constant depth, were reformulated for applications over variable depth
(Mei and Le Mehaute 1966; Peregrine 1967). These early variants of Boussinesg-type equations
marked a signi cant breakthrough in practical application. Although the equations of Mei and
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Figure 1.1: Domain sketch of dispersion, 2 = (kh)?2, versus nonlinearity, = a=h, showing qual-

itative orders of accuracy. Select models discussed in this study are grouped for reference, where
the Pade regions assert the accuracy of approximation. The perturbations retained in the PDEs
are also highlighted to indicate the order of computational complexity.

Le Mehaute (1966) and Peregrine (1967) share the same formal order of accuracy, O( 2), their
dispersive correction terms re ect the model horizontal velocity being de ned at the seabed and
as the depth-average velocity, respectively. Furthermore, their frequency dispersion relations cor-
respond to [2/2] and [0/2] rational functions, albeit the former does not achieve the accuracy of a
Pade [2/2] approximation, hence remaining O( 2) accurate. In Peregrine (1967) and O. Madsen
and Mei (1969), the newly derived Boussinesg-type equations were discretized with nite di erence
methods to study solitary wave transformations over a realistic sloping beach. Although the do-
mains were academic in nature, the practicality of the studies would inspire the coastal engineering
community to adopt Boussinesg-type models as a tool for the assessment of coastal processes. In an
early example, building on nearly two decades of computational developments focused on NSWEs,
M. B. Abbott et al. (1978) extended the model of M. B. Abbott et al. (1973) to include a set of
Boussinesq-type equations expressed in terms of depth integrated variables, which appear similar
to those of Peregrine (1967), but are actually quite di erent (e.g., Jensen 1983). Having already
shown great success in early applications, a surge of interest to extend the relative depth range of
Boussinesq-type equations through theoretically developments followed.

Witting (1984) introduces a model horizontal velocity variable with unknown coe cients into Taylor
series expansions of a free-surface velocity expression and the depth average horizontal velocity in a
system of PDEs, in which a recursive solution method was formulated to extend the relative depth



range of the frequency dispersion relation. Of primary interest, the method leads to the use of Pade
rational, as opposed to Taylor polynomial, expansions to evaluate the coe cients in the dispersion
relation. In comparison, Pade rational expansions improve stability properties and expand the
region of convergence. Witting (1984) presents several approximations, with Pade [4/4] being the
highest. Boussinesq was apparently aware of stability concerns in his original works, having chosen
to work with a system of PDEs which result in a Pade [0/2] approximation of the dispersion relation
(Whitham 1974), albeit the Pade approximation method did not come into existence until nearly
20 years later (Pade 1892).

The study by Witting (1984) would prove to be pivotal in guiding the development of Boussinesg-
type equations, with immediate interest drawn to implementation of Pade rational functions in the
dispersion relation. Instead of following the approach of Witting (1984) verbatim, P. A. Madsen
et al. (1991) substituted truncated series expansions about a model horizontal velocity, with un-
known coe cients, directly into a variant of the leading order long wave equations to close the
system. Analyzing the frequency dispersion relation of the system PDEs, a single degree of free-
dom was identi ed using Pade rational approximations, unifying the weakly dispersive leading order
Boussinesq-type equations under a single family. The choice of the coe cient could recover the
Pade [0/2], Pade [2/0], and Pade [2/2] formulations in earlier approaches. The additional degree of
freedom however means that the coe cients could be made to match a Pade [2/2] approximation,
thus, achieve O( #) accuracy unlike Mei and Le Mehaute (1966). Accordingly, the analysis added
clarity to the signi cance of the study by Witting (1984). To further demonstrate the exibility
within the Pade [2/2] family, leading order substitutions are utilized to enhance the Boussinesg-
type equations of M. B. Abbott et al. (1984). It is further shown that the degree of freedom can be
utilized in an optimization procedure, however the formal 0( *) accuracy is sacri ced in doing so.
Relaxing the mild-slope assumption in the added correction terms, the new Boussinesg-type equa-
tions were further extended for applications over variable depth in which shoaling characteristics
could be enhanced as well (P. A. Madsen and Sorensen 1992).

The utilization of a model velocity at an arbitrary reference depth was revisited by Nwogu (1993) in
a formal derivation of a new set of Boussinesg-type equations for applications over variable depth.
Depth integrating the continuity and Euler equations, it was discovered that the free coe cient
is de ned by a quadratic equation. Normalizing the vertical coordinate by the still water depth
showed that one of the roots is physically interpreted as a percentage of the still water depth.
Hence, the degree of freedom controls where the model velocity is de ned within the water column.
Analyzing the frequency dispersion shows that the set of PDEs belongs to the same Pade [2/2]
family presented in P. A. Madsen et al. (1991); however the dispersive ux term manifests through
the continuity equation, as opposed to the momentum equation. Nevertheless, the study advanced
the community understanding on the pivotal role of the model velocity at an arbitrary depth. Like



P. A. Madsen et al. (1991), the degree of freedom was later chosen to be optimized, thus sacri cing
the formal 0( #) accuracy.

Combining the use of a model velocity at an arbitrary reference depth within the water column and
leading order substitutions, Scha er and P. A. Madsen (1995b) introduced new linear dispersion
operators to derive a Boussinesq-type model for applications over variable depth. Unlike previous
formulations, the additional degrees of freedom facilitate a Pade [4/4] frequency dispersion relation.
Of most signi cance, the equations only retain third derivatives (i.e. O( 2) terms) in the derivation,
thus limiting the computational complexity. It is important to emphasize that the extra degrees of
freedom are necessary to achieve Pade [4/4] accuracy, even if the expansions are carried out to a
higher order giving a [4/4] rational function (e.g., Dingemans 1997). A low order example of this
is given by the governing equations of Mei and Le Mehaute (1966), which exhibit a [2/2] rational
function but are formally O( 2) accurate.

An additional unique set of Boussinesq-type equations for variable depth applications is presented
by Beji and Nadaoka (1996), in which the enhancement techniques utilized in P. A. Madsen and
Sorensen (1992) are questioned with regard to consistency. It was argued that the leading ap-
proximations should be substituted into, as opposed to added to, the momentum equations for the
conservation of energy. In the approach, a degree of freedom is introduced to distribute enhance-
ment opportunities amongst system variables. A series of informative follow up discussions is found
in Scha er and P. A. Madsen (1998) and Beji and Nadaoka (1998), in which the latest discussion by
Scha er and P. A. Madsen (1999) shows that the equations of Beji and Nadaoka (1996), as well as
many others, serve as special cases of the general approach (e.g., Scha er and P. A. Madsen 1995b;
Scha er and P. A. Madsen 1995a). By treating the linear enhancement operators independently,
their addition is understood to be an interpolation between variables. Consistency is maintained
up to the order of approximation while o ering additional exibility.

Solitary waves are one of the most fundamental solutions in Boussinesq-type equations, which result
from a perfect balance between nonlinearity and dispersion (Zabusky and Kruskal 1965). When
a physical problem is modelled with too much nonlinearity (or lack of dispersion), a cascade of
energy towards the wave front can lead to premature bore formation, whereas if there is too much
dispersion (or lack of nonlinearity), the energy is distributed over successive trailing waves (e.g.,
Peregrine 1966). Having grasped a methodology to enhance frequency dispersion in support of deep
water applications, attention turned towards enhancing nonlinear properties to support modeling of
physical wave forms beyond the weakly nonlinear assumption. As waves propagate into decreasing
relative depths, shoaling causes the wave amplitude to grow, in which nonlinear processes begin to
take e ect. At the wave front, there is a simultaneous increase in wave number leading to an increase
in dispersion (Whitham 1974), which necessitates further increase in nonlinearity to support the
ampli cation processes. It is in these nonlinear regions where the classical Boussinesq assumption,



O( ?) = 0( ) << 1, begins to breakdown in providing an accurate physical model due to dispersive
bias (e.g., McCowan 1981). Nonlinear constraints can be lifted by relaxing the weakly nonlinear
assumption to give so-called fully nonlinear theories (e.g., Serre 1953; Su and Gardner 1969; Green
et al. 1974). As a result, is the only parameter assumed small in the derivation of fully nonlinear
Boussinesq-type equations. Building on prior theories with enhanced frequency dispersion, P. Liu
(1994) and Wei et al. (1995) derived a set of fully nonlinear, weakly dispersive equations, whose
numerical solutions showed improved accuracy in comparison with physical experiments targeting
nonlinear dispersive processes. P. A. Madsen and Scha er (1998) further showed how frequency
dispersion enhancement techniques can be applied to fully nonlinear formulations to achieve Pade
[4/4] accuracy in equations capable of modeling nearly all coastal processes of practical interest,
including wave-current interactions (e.g., Yoon and P. L.-F. Liu 1989; Q. Chen et al. 1998; Q.
Chen 2003). Applying the frequency dispersion enhancement techniques from Scha er and P. A.
Madsen (1995b) to the fully nonlinear equations of Wei et al. (1995), P. A. Madsen and Scha er
(1998) showed that there is a simultaneous improvement in the nonlinear properties while retaining
the desired complexity associated with O( 2) expansions. Gobbi et al. (2000) took an alternative
approach, by retaining O( *) terms and extending the approach of Nwogu (1993) by adding a
second model velocity reference to give an additional degree of freedom that is needed to achieve
Pade [4/4] accuracy (e.g., Dingemans 1997). Kennedy et al. (2001) further assumed the reference
depth be non-stationary, which lead to nonlinear enhancement. If the time dependent reference is
bound to a xed fraction of the total water depth, then the reference becomes datum invariant,
which is an appealing characteristic to have in surf zone applications, where changes in the mean
water level can be signi cant (e.g., Longuet-Higgins and Stewart 1964). Furthermore, with the
reference being attached to the ow depth, it reduces complications at the shoreline boundary in
runup applications.

The review given here on Boussinesg-type equations is by no means exhaustive. In the opening
remarks of Brocchini (2013), a survey is presented depicting upwards of 1200 published papers on
Boussinesq-type equations between 1970-2010, where the ones outlined above are most relevant to
this work. A logical progression to further enhance both linear and nonlinear properties followed
the push for applications to relative depths orders of magnitude larger than the classical deep water
limit (e.g., Agnon et al. 1999; P. A. Madsen et al. 2002; P. A. Madsen et al. 2003; P. A. Madsen
et al. 2006). Variants of the state-of-the-art can be found in a series of studies (e.g., Chazel et al.
2009; Chazel et al. 2011; Z. Liu and Fang 2015; Z. Liu and Fang 2016; Z. B. Liu et al. 2018),
which build on the multi-layer approach of P. Lynett and P. Liu (2004) and is attractive from a
numerical practical standpoint due to the low complexity. Regardless of the approach, Boussinesg-
type equations are no longer limited to near- eld wave transformation studies and have evolved to
include far- eld propagation of broadband spectral waves.



The inclusion of wave breaking approximations further extends applications through the surf-zone,
leading to an all encompassing framework to study coastal processes. At the o shore boundary,
the incident wave spectrum is often multi-modal having both direction and frequency distributions
ranging from low-frequency infra-gravity to high-frequency wind-generated waves. Applying the
time-dependent forcing o shore, incident waves slowly adapt to the physical environment through
the governing system of PDEs before undergoing highly nonlinear transformations in the coastal
region with complex intra-propagation of energy. This is the ideal computational modeling philoso-
phy; however it is important to acknowledge that waves must now propagate over greater distances,
leading to extended residence times within the computational domain. This places more stress on
the design and implementation of numerical methods, but most importantly, communication of
model limitations. With the recent in ux of general purpose computing on graphics processing
units and a ordable high performance computing centers, domains in excess of tens of millions of
nodes are increasingly possible. Although enticing, error accumulation is increasingly inevitable,
which can lead to false interpretations of model results. Understanding how to identify and mitigate
these errors is therefore of signi cant interest to assert application constraints.

1.2 Numerical Dispersion

In the derivation of Boussinesg-type equations presented herein, the leading order dispersion terms
manifest through Taylor series expansions of the velocity pro le at a reference location along the
vertical axis. The expansions give local approximations in which the parity of the derivatives corre-
spond to amplitude (even) and phase (odd) constituents. For free-surface water waves, the physical
process of dispersion is governed by a hyperbolic tangent function whose Taylor series expansion
in the long wave limit is purely odd (phase). Collectively, the approximations in the theoretical
formulation motivate implementation of nite di erence methods, in which the method of unde-
termined coe cients is used to derive optimal schemes. The discretization relies heavily on Taylor
series expansions whose terms readily combine with those physical in the theoretical formulation.
Discretization of the governing PDEs results in a system of modi ed PDEs (MPDEs) whose -
nite di erence solution is a function of time and space sampling intervals ( t; X). Vichnevetsky
and De Schutter (1975) highlight two viewpoints in which sampling errors can be evaluated. The

rst considers “accuracy in the small” with a focus on analytic properties of the approximation,
such as consistency in the case of vanishing sampling intervals. This viewpoint is of little inter-
est to practitioners and often reserved for model developers. Of primary interest is "accuracy in
the large™, which quanti es the e ects of sampling resolution. For nite di erence methods, the
applicable upper bound of the sampling intervals is de ned by the stability limit beyond which
errors become more pronounced. Practitioners balance accuracy with compute time due to lim-
ited resources, which translates to a compromise in selection of sampling intervals t and Xx.



Attaining a convergent solution indicative of the PDEs may be impractical. This realization is
accentuated when acknowledging the broadband temporal and spatial scales native to free-surface
wave elds. If stability alone is used as a proxy to measure model performance, the results are
highly susceptible to dispersion (phase) or dissipation (amplitude) errors resulting from insu cient
sampling resolution. The e ects of discretization errors have received much more attention in non-
dispersive models and the related technical literature provides a foundation for investigation of
Boussinesq-type models.

1.2.1 Nonlinear Shallow Water Models

Scientists and engineers embraced the new age of digital computers in the mid 20" century with
practical applications focusing on oceanic tides, storm surge, and open channel ows governed
by the NSWEs. By the late 1960’s, humerous numerical studies on hydrodynamic and hydraulic
processes began to appear (e.g., Hansen 1949; Hansen 1956; Isaacson et al. 1958; Preissmann 1961;
Hansen 1962; M. B. Abbott and lonescu 1967). The rapid growth in literature was in part due to
the availability of preexisting numerical schemes that could be readily implemented (e.g., Richtmyer
and Morton 1967), as well as the fact that the NSWEs belong to a more general class of hyperbolic
equations, which permits interdisciplinary research (e.g., Platzman 1958; N. Phillips 1959; Arakawa
1966). While the fundamental Fourier analysis of John von Neumann (Richtmyer and Morton
1967) had been classically used to de ne stability characteristics, a pivotal study by Leendertse
(1967) extended the analysis to include the phase argument. Collectively, the sampling error is
quanti ed over the resolvable spectrum in terms of a complex propagation factor, whose modulus
and argument respectively de ne the amplitude (dissipation) and phase (dispersion) factors. The
viability of the complex propagation factor analysis is further showcased in a comparative study by
Sobey (1970), with application to the explicit schemes of Reid and Bodine (1968) and Heaps (1969)
and the implicit schemes of Leendertse (1967) and Abbott [unpublished at the time but found in
M. B. Abbott (1979)]. The signi cance of the study by Leendertse (1967) was later emphasized in
a paper by M. B. Abbott (1976) addressing members of the International Association for Hydro-
Environment Engineering and Research (IAHR) over concerns that false interpretations of physical
processes could occur due to computational errors. While Leendertse (1967) is not explicitly cited,
the utility of the analysis is trivial. Numerical approximations can be expressed as a function
of points per wavelength (or period), which is easily understood by any practitioner (e.g., M. B.
Abbott and Rodenhuis 1972; M. B. Abbott et al. 1978; M. Abbott et al. 1981). The analysis can
be used to guide mesh construction as well as a supplement in the interpretation of results.

Finite di erence schemes are often characterized by the leading order truncation error of approx-
imation. In practical applications concerned with “accuracy in the large™, the truncation error
is admissible due to the fact that the coe cients in the series expansion are governed by nite



sampling intervals. When temporal and spatial schemes are derived independently, the respec-
tive derivative expressions associated with truncation errors are generally unique. However, like
Boussinesq-type equations, leading order approximations can be used in substitution to unify the
expressions. Collecting like terms, the coe cients of the truncation errors in the MPDEs become
functions of both time and space sampling intervals (e.g., Richtmyer and Morton 1967; Warming
and Hyett 1974). For central scheme approximations of the rst derivative, the leading order trun-
cation error is second order, which means the coe cients of the third derivative are proportional
to the square of the sampling intervals. In the discretization of the shallow water equations, a
uni ed expression of the leading order error will represent a third derivative whose coe cient is
proportional to a linear combination of the squared time and space sampling intervals. The depen-
dency of the error on the third derivative mirrors that associated with the leading order frequency
dispersion found in Boussinesq-type equations, thus giving an example of how MPDEs in general
posses unigue solutions whose intrinsic properties di er from the governing PDEs. As a means to
mitigate errors, the leading order truncation errors can be utilized to de ne so-called correction
terms, which are added to the di erence equation, pushing the resultant approximation to higher
order (e.g., M. B. Abbott et al. 1978; McCowan 1978; M. B. Abbott 1979; M. Abbott et al. 1981).
The dispersion associated with the added correction term is quanti ed by M. Abbott et al. (1981)
as a ratio between the coe cients of a discretized Boussinesq term over those of the correction
term. The ratio is shown to be a function of the shallow water Courant (Courant et al. 1967),
C = pg? t= x, and Abbott?! (M. B. Abbott and Minns 1998), A, = h= X, numbers, both of
which are expressions of the sampling intervals. Altering the performance of the MPDEs through
the addition of correction terms falls under the general concept of numerical Itering, where the
objectives of the Iter application can vary to meet speci ¢ design goals. It is emphasized that the
MPDEs converge to the PDEs with the addition of the numerical Iters. Therefore, the MPDEs
maintain "accuracy in the small”, but exhibit improvements with "accuracy in the large" that are
of practical signi cance.

In the tsunami wave modelling community, the debate as to whether or not dispersion needs to be
included in the governing PDEs is not so much about the inclusion of the physics, but rather the
numerical costs of including the physics. Clearly the addition of dispersion auspiciously extends va-
lidity of long wave theory; however, the modi cation mathematically alters the hyperbolic structure
of the NSWEs and the additional nonhydrostatic pressure terms greatly increases computational
demand. An ultimate goal being discussed in the tsunami wave modelling community is to report
event based predictions following generation, which requires, at minimum, near real-time simulation
(e.g., Titov et al. 2016). Therefore, any computation overhead is of primary concern. The origin of
the debate is clear when acknowledging the relative lack of computational resources in early years of

IThe inverse is referred to as the "leptic ratio™ by Scotti and Mitran (2008), which is tting due to the geometric
nature of the ratio.
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development (e.g., Shuto and Fujima 2009). Emphasis on nondissipative computationally e cient
schemes led to leading order nite di erence methods employing staggered leap-frog central di er-
ence schemes. As pointed out earlier (e.g. Warming and Hyett 1974), Imamura and Goto (1988)
found that the derivatives in the expression of the leading order truncation error of the MPDEs
matches those in the dispersion terms of Boussinesg-type equations. By equating the corresponding
coe cients, which is analogous to a ratio of unity (M. Abbott et al. 1981), the sampling intervals
could be chosen such that the error mimics physical frequency dispersion for transoceanic propa-
gation. The implications would be signi cant due to the simple fact that frequency dispersion is
included at no additional computational cost and because of this, the methodology would become
an active area research (e.g., Shuto 1991; Imamura 1997). The concept is similar to that presented
earlier by M. Abbott et al. (1981), where the di erences lie in the objectives. In M. Abbott et al.
(1981), the objective is to introduce correction terms in the di erence scheme as numerical Iters,
which take on the form of the original leading order truncation error, thereby canceling the leading
order error in the MPDEs. In contrast, the leading order truncation errors are retained by Imamura
and Goto (1988) and the coe cients are selected such that the error associated with the MPDEs
mimics physical frequency dispersion found in Boussinesg-type equations.

The methodology presented by Imamura and Goto (1988) was extended by Cho (1995) and Cho
and Yoon (1998) for two-dimensional applications by reducing the e ects of mesh anisotropy on
the leading order frequency dispersion through the application of numerical Iters. For practical
applications over varying depth, Yoon (2002) introduced a local virtual mesh, which bypassed the
need of a variable mesh to maintain the necessary sampling requirements to mimic physical dis-
persion. Burwell et al. (2007) provides a comprehensive analysis on a nite di erence tsunami
model developed by Titov and Synolakis (1995). Since the time integration is performed using a
forward di erence approximation, there are damping as well as dispersion errors involved. While
the model di ers in many ways from those previously mentioned, the analysis serves as an exten-
sion by evaluating the spectral performance of the MPDEs. According to Vichnevetsky and De
Schutter (1975), the spectral viewpoint embodies "accuracy in the large", in which approximation
errors are evaluated over the full Nyquist interval (Shannon 1949). The study shows the model
performance beyond the leading order and makes uses of the dimensionless wave number, k X, to
show broadband capabilities for a given mesh. Like prior studies (e.g., Imamura and Goto 1988),
Burwell et al. (2007) further shows that the mesh design can be con gured in application to mimic
the e ects of physical dispersion with the objective in choosing the sampling intervals being de ned
in the context of broadband characteristics. Extensions to weakly nonlinear systems of PDEs over
variable depth were given by Wang and P. L.-F. Liu (2011) and the virtual mesh approach of Yoon
(2002) was enhanced to relax constraints on the choice of spatial sampling intervals.

The allure of mimicking physical dispersion through the application of numerical Iters is clear;

11



however, implementation in practical application can be di cult. Yoon et al. (2007) presented yet
another approach in which no virtual mesh is required. The combined linear free-surface equation
is split into an alternative system of PDEs (e.g. Lynch and Gray 1979; Gray 1980; Vichnevetsky
and Bowles 1982). Like M. Abbott et al. (1981), correction terms are introduced to the di erence
scheme, where the di erence in approach is that the degrees of freedom remain in the coe cients of
the correction terms. The spatial scheme is expanded to a weighted 9-node con guration, in which
one degree of freedom is determined to eliminate anisotropy errors in the leading order frequency
dispersion. The remaining degree of freedom is then determined to improve the leading order
frequency dispersion. The approach is shown to relax constraints on the choice of spatial sampling
intervals and generalizes the conditionals presented by Imamura and Goto (1988) and Cho and Yoon
(1998). A very similar concept is presented by Cho et al. (2007) in which the coe cient constraint
generally matches that presented by Yoon et al. (2007), but di ers by a constant scale factor.
In either case, the removal of the local virtual mesh greatly simpli es implementation. Recently,
Ha and Cho (2015) extended the formulation of Cho et al. (2007) by explicitly accounting for
varying depth, which results in an additional numerical Iter. For the purpose of veri cation, the
model is compared with a recent version of the Boussinesg-type model FUNWAVE (Shi et al. 2012)
and does show qualitative improvements, but dispersion errors are apparent at higher frequencies.
Nevertheless, the computational model is at least an order of magnitude faster than latest version of
FUNWAVE, which highlights the primary goal of retaining an adequate level of dispersion without
the added computational cost of a Boussinesg-type model. To digress somewhat, it is worth pointing
out that while comparisons with Boussinesq-type results are instructive, it is unclear if bias exists
in the comparison of computational times. In the latest version of FUNWAVE, for example, the
scheme is designed speci cally to handle wave breaking and highly nonlinear waves in coastal
systems. These features come with added computational cost. Applying the scheme to small
amplitude transoceanic tsunamis likely leads to redundant computations with little contribution
to the overall solution; thus presumably, the computational work related to dispersion should be
isolated for better comparison.

1.2.2 Boussinesg-type Models

The research lines of development outlined above clearly focus on leveraging numerical Iters de-
pendent upon nite sampling intervals to mimic physical dispersion. Like leading order shallow
water models, Boussinesq-type models also su er from numerical dispersion. McCowan (1981)
shows the necessity of including correction terms introduced by M. Abbott et al. (1981) when mod-
eling weakly dispersive Boussinesg-type equations. Left uncorrected, dispersion due to the leading
order truncation errors can dominate the physical dispersion. As mentioned prior, M. Abbott et al.
(1981) quanti es the relative source of dispersion through the ratio of the respective coe cients,
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in which reducing the mesh size, the contribution of numerical dispersion is suppressed. The lack
of accounting for this interaction is, at least in part, why some authors claim the need for a very
small mesh when modeling Boussinesg-type equations (e.g., Baba et al. 2017). Once the correc-
tion terms are introduced, the mesh size limitations can be relaxed (e.g., McCowan 1981). An
alternative approach is presented by Wei and Kirby (1995), in which all nondispersive terms are
approximated using fourth order accurate schemes, whereas the dispersion terms are approximated
using second order accurate schemes. As a result, derivatives in the leading order truncation errors
no longer mimic physical dispersion terms associated with a third derivative found in weakly dis-
persive Boussinesg-type equations. This approach does forfeit exibility, but it too relaxes mesh
size constraints.

The in uence of numerical dispersion discussed above, with regard to the tsunami wave modeling
community, largely focused on "accuracy in the small™ using Taylor series analysis and evaluating
the leading order truncation errors. Numerical dispersion, or dissipation, can be fully appreciated
in Fourier spectral space, where the viewpoint of "accuracy in the small" is accounted for in the
convergence behavior. However, as mentioned prior, the spectral domain covers the full Nyquist
interval (Shannon 1949), giving a viewpoint of "accuracy in the large™ beyond the leading order.
Of the NSWE models reviewed within the tsunami modelling community, Burwell et al. (2007)
was the only one to leverage this perspective. In spectral space, the resolvable bandwidth of a
scheme is de ned to be the domain over which the dimensionless wave number, k X, or angular
frequency, ! t, is well approximated within a de ned tolerance for error. In a conventional mono-
tonic sense, increasing the order of the truncation error is analogous to increasing the resolvable
bandwidth. Therefore, the resolvable bandwidth quanti es a proportional relationship between the
wave number, or angular frequency, and the respective sampling interval, which directly quanti es
the propagation characteristics of a scheme.

Boussinesqg-type models are more computationally demanding than NSWE models due to the in-
curred cost of high derivatives in theoretical formulation. For classic central di erence approxi-
mations to odd derivatives, the resolvable bandwidth decreases with increasing derivative. This
necessitates a reduction in mesh size and underlines the fundamental constraints on computational
e ciency. In an early study by Kreiss and Oliger (1972), approximate solutions to linear rst order
hyperbolic equations were evaluated using classic second, fourth, and sixth order central di erence
schemes. The relative performance of each scheme was quanti ed based on an established tolerance
for error and number of wave periods to simulate. It was determined that the increase in com-
putational complexity is proportional to the order of accuracy; however, the resolvable bandwidth
increases at a lesser rate. It was concluded that the fourth order scheme is an optimal compromise
between wave number resolution and computational e ort. Although the study focused on rst
order equations, the trend is likely similar, if not worse, with high order equations. If further
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wave number resolution is required, high order schemes theoretically apply; however, the practical
advantage in employing classic schemes beyond sixth order is futile. This implies that the fourth
order approach by Wei and Kirby (1995) is near optimal with regard to classic schemes and in
order to reduce computational costs in Boussinesg-type models, alternative approaches must be
explored.

Intrinsic properties of Boussinesg-type equations cover a broadband range of temporal and spatial
scales, which advocates implementation of spectral schemes to improve the resolvable bandwidth.
However, taking into consideration the diversity and irregularity of boundary conditions in the
study of coastal processes, spectral schemes pose signi cant challenges. Compact nite di erence
schemes o er a compromise, in which the global dependence on function values is retained, while
relaxing constraints on mesh geometry and boundary conditions (Lele 1992). The fundamental
di erence between classic and compact nite di erence methods is that the derivatives are treated
as unknowns in the latter. Essentially, the former uses Lagrange interpolation, whereas the latter
uses Hermitian interpolation, which is a relative generalization. Considering the introduction of
so-called spectral-like schemes dates back to the 1930s (Kobayashi 1999), implementation in the
practical application of Boussinesg-type models is relatively new. To digress, the KortewegDe Vries
(KDV) equation (Korteweg and de Vries 1895), and Camassa-Holm (CH) equation (Camassa and
Holm 1993), although dispersive long wave equations, do not fall under the class of Boussinesg-type
equations referenced herein. Strictly speaking, the KDV and CH equations assume waves travel
in one direction only. There are also variants of Boussinesg-type equations which make the same
assumption (e.g., Dingemans 1997). In coastal environments, riddled with re ective boundaries,
the unidirectional equations are impractical. Nevertheless, the theories are ideal for validating
numerical methods applied to weakly nonlinear, weakly dispersive waves due to the fact that exact
solutions exist. Therefore, a rich history on the equations, and their numerical approximations,
can be found throughout the literature, including those which implement compact methods (e.g.,
Iskandar and Jain 1980; Mohsen et al. 1993; El-Zoheiry 2002; J. Li and Visbal 2006; Chiu et al. 2009;
Lu 2016; Wongsaijai et al. 2020). It should be emphasized that the previous list of references is by no
means exhaustive and surely important works have been left out. This direction of research is more
theoretical, with focus on integrable equations and solitary wave interactions over at bottoms,
therefore is outside the scope of this work. The Boussinesg-type equations focused on herein allow
for wave re ection over a variable bathymetry, making them ideal for coastal applications.

The rst implementation of compact schemes in the study of Boussinesq-type equations referenced
herein appears to be presented by Cienfuegos et al. (2006) using nite volume methods. The
governing equations solved are those of Serre (1953) with application of dispersion enhancement
techniques discussed by P. A. Madsen and Scha er (1998). The equations are cast into a weakly-
conservative form by introducing an auxiliary variable and discretized using a staggered nite
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volume method with cell face reconstruction methods (Kobayashi 1999; J. M. Pereira et al. 2000;
J. Pereira et al. 2001; Lacor et al. 2004). Derivatives are computed using fourth order compact
schemes presented by Lele (1992) and the time integration is carried out using a classic fourth
order Runge-Kutta scheme. A thorough Fourier analysis on the scheme is carried out employing
the concept of a complex propagation factor, which directly leads to the derivation of a numerical
dispersion relation. To compare with the mixed order approach of Wei and Kirby (1995), dispersion
terms are also evaluated using a second order scheme. A relative phase comparison with the physical
dispersion is given, in which asymptotic behaviors are explored through Taylor series expansions
about k x = 0. As a general conclusion, the fourth order scheme is recommended due to its
superior resolvable bandwidth. Although in agreement with their conclusion, their justi cation for
the mixed approach needs further clari cation. The goal of the mixed order approach is to ensure
that the truncation error does not interfere with the physical dispersion. Take for example a second
order central scheme approximation to the third derivative. In the leading order truncation error,
the derivative operator is a fth derivative. The same is true for a fourth order central scheme
approximation of rst derivatives. If both derivatives were approximated to the same order, then
the truncation error of the third derivative approximation would contain a seventh derivative.
This likely explains the di erences in convergence behavior observed by Cienfuegos et al. (2006).
Nevertheless, third derivatives are absent in the truncation errors, thus either approach ensure that
the truncation error does not interfere with the physical dispersion. The fundamental advantage
of fourth over second order schemes, as pointed out by Cienfuegos et al. (2006), is the former has
a higher resolvable bandwidth.

In the Fourier analysis carried out by Cienfuegos et al. (2006), the numerical dispersion relation
is the fundamental tool used to assess the phase resolving capabilities of the scheme. Of the
studies reviewed herein, Witting (1984) is the only other one who derives a numerical dispersion
relation for a Boussinesg-type model. Since the focus of the study was largely theoretical, a second
order nite di erence scheme proved su cient to verify the newly introduced physical dispersion
terms. Taking into consideration the vast number of publications identi ed by Brocchini (2013),
this poses a serious gap in the advancement of Boussinesq-type models used in practical application.
In general, as the order of dispersion increases, the order of the derivatives increases, however the
bandwidth resolution decreases and this relationship is not linear. Therefore, theories which exceed
the conventional deep water limit by orders of magnitude would presumably have a very small
resolvable bandwidth in application. Furthermore, for broadband waves, the sampling intervals
would need to be so small that the model becomes impractical. As pointed out by Lele (1992),
these are the same issues encountered in computational uid dynamics studies on turbulence. One
way to combat the restrictions is to limit the order of derivatives in theory, but this is pushing
away from the quasi-3D strength of Boussinesg-type models. The other way to combat restrictions
is by implementing more advanced numerical methods. However, this advancement further divides
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the knowledge gap between model developers and model practitioners. To ensure the success of
a model in practice, the schemes must be accompanied by a thorough analysis on the resolvable
bandwidth of the physical processes governed by the PDEs. This begins at the Fourier level using
the complex propagation factor, in which the results are best conveyed through the "accuracy in
the large™ where the domain of dependence is a function of the sampling intervals. If the simplicity
of communication between model developers and practitioners is lost, so is trust in application.
History has already proven in the early years of acceptance that this trust is conditional. Once
lost, the models become purely academic, leaving one to ask, what is the point?

1.3 Scienti ¢ Questions

The literature review has fostered a number of theoretical and numerical questions regarding
Boussinesqg-type equations and their application that provide the impetus for this dissertation.
Three speci ¢ questions on the theoretical aspects are addressed by carrying out an independent
derivation of a fully nonlinear, weakly dispersive Boussinesq-type system of equations. As for the
numerical aspects, two general questions are addressed through the implementation of high order
compact nite di erence methods and corresponding Fourier analysis. Each of these questions is
detailed below in context.

Boussinesq-type equations are often derived under the assumption of irrotational ow, which nat-
urally leads to a theoretical framework based on potential ow. Mathematically, the velocity
potential o ers the advantage of being a scalar function, thus limiting complexities. This approach
has been favored most throughout history; however, it is possible to carry out the derivation in the
context of the vector velocity (e.g., O. M. Phillips 1966; Peregrine 1967; Nwogu 1993; Dingemans
1997). All other things equal, both approaches should lead to the same formal solution; however,
due to di erent paths travelled, the resultant sets of equations can appear quite di erent. By
design, the fully nonlinear, weakly dispersive equations derived by Wei et al. (1995) reduce to the
weakly nonlinear, weakly dispersive equations of Nwogu (1993), in which the former employs poten-
tial ow theory. Extending the formal derivation of Nwogu (1993) to fully nonlinear, the resultant
should be formally equivalent to Wei et al. (1995), and yet it is unclear how the equations will di er
in presentation. If they are di erent, then their di erence approximations would presumably be
di erent, which can alter the numerical properties (e.g., Gray 1980). This study aims to build on
the previous works of Nwogu (1993) by carrying out an independent derivation of a fully nonlinear,
weakly dispersive Boussinesq-type system of equations. The intent is to not only add further clarity
on the derivation presented by Nwogu (1993), but to also assert the theoretical equivalence with the
fully nonlinear, weakly dispersive theory given by Wei et al. (1995). Overall, it seems reasonable
to assume that alternative perspectives will lead to a better understanding of the problem and
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potentially unveil opportunities for new developments. Furthermore, if the irrotational assumption
is to be relaxed in the future, a vector approach is inevitable, thus the derivation could o er insights
to the more general case.

Wave breaking is often parameterized to support transformations over the surf zone, resulting in
an all encompassing coastal wave model. One such approach that has gained recent interest is
implementation of shock capturing methods to approximate overturning processes (e.g., Tonelli
and Petti 2009; Roeber et al. 2010; Roeber and Cheung 2012; Tissier et al. 2012; Shi et al. 2018).
The implementation, however, requires that the PDEs be expressed in conserved variable form to
attain proper shock speeds (e.g., Whitham 1974; M. B. Abbott 1979; LeVeque 1992; Toro 2009).
Building on the previous works of Nwogu (1993), this is formally achieved by depth integrating the
continuity and Euler equations of motion, following Leibniz integration rule. The use of conserved
variables is fully compatible with the derivation of the fully nonlinear, weakly dispersive Boussinesg-
type equations in terms of vector velocity. The resulting set of equations can then be compared
with the state-of-the-art equations found in Shi et al. (2012), which govern the open sourced
model, "FUNWAVE-TVD", currently supported by the US Army Corps of Engineers. Although
the conserved variable form is clear at the leading order, the ability to manipulate the dispersion
terms introduces further questions on the appropriate conserved variable form at higher order.
Implementation of shock capturing methods will not be explicitly addressed in this study, however,
it is clear that a conserved variable form is needed to permit the application of shock capturing
methods.

Early developments on Boussinesg-type equations focused on improving frequency dispersion char-
acteristics; however, nonlinear characteristics did not show comparable improvements. Although a
completely new approach to approximate the vector velocity pro le has become the focus of modern
research (e.g., Agnon et al. 1999; P. A. Madsen et al. 2002; P. A. Madsen et al. 2003; P. A. Madsen
et al. 2006; Chazel et al. 2009; Chazel et al. 2011; Z. Liu and Fang 2015; Z. Liu and Fang 2016;
Z. B. Liu et al. 2018), it is not immediately clear why prior derivations saw marginal improvements,
despite moving to a fully nonlinear assumption. However, it does appear that simply relaxing the
nonlinear assumption is not enough (Wei et al. 1995). One way to further extend the nonlinear
characteristics is to make the arbitrary reference, introduced by Nwogu (1993), a function of time
and link its motion to the free surface (Kennedy et al. 2001). Of particular interest is to keep the
arbitrary reference at a xed fraction of the ow depth. Kennedy et al. (2001) highlights that this
approach leads to a datum invariant reference, in which the mean level is permitted to change sig-
ni cantly over time. In coastal applications, such circumstances are often encountered during tidal
variations, surf beat, and other low frequency long-wave phenomenon (e.g. infragravity waves).
Kennedy et al. (2001) also states the approach is highly stable and converges most rapidly in com-
parison to other nonlinear enhancements, which suggests this is a promising approach. Kennedy
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et al. (2001) introduced the enhancement to the preexisting formulation of Wei et al. (1995) without
considering broader in uences on series expansions of the velocity pro le. Therefore, it is unclear if
the approach of Kennedy et al. (2001) is fully extended to the nonlinear dispersion properties. With
this in mind, the arbitrary reference is assumed to be a function of both time and space through-
out the derivation of the fully-nonlinear, weakly dispersive Boussinesg-type equations presented
herein.

Selection of numerical schemes is as important as the governing equations in providing accurate
solutions for practical application. Implementation of compact spectral-like methods has been
proposed by Cienfuegos et al. (2006) as a means to improve the overall resolvable bandwidth of
Boussinesqg-type models. As a result, restrictions on sampling intervals are reduced, making for a
more practical approach with high order PDEs. Although Cienfuegos et al. (2006) employs nite
volume methods, the compact methodology also applies to nite di erence methods. Furthermore,
Cienfuegos et al. (2006) implements a classic fourth order Runge-Kutta time integration scheme,
which belongs to a family of single-step methods. In this study, an interdisciplinary approach is
taken by adopting the methodology outlined by C. Tam and Webb (1993), which utilizes a consistent

nite di erence framework for both time and space with the implementation of linear multistep time
integration schemes. The methodology is presented in the eld of Computational Aeroacoustics, in
which the ow of a compressible uid is governed by the nondispersive Euler equations of motion.
Although the governing PDEs are quite di erent from Boussinesq-type equations, the underlying
computational challenges are similar due to broadband wave eld applications. Collectively, the
linear multistep and high order compact nite di erence approach appears to Il a knowledge
gap between the approach of Wei and Kirby (1995), which employs linear multistep and classic

nite di erence schemes, and Cienfuegos et al. (2006), which employs singe step and compact

nite volume schemes. Furthermore, since classic nite di erence schemes are a subset of compact
schemes, the combined methodology facilitates an explicit analysis of common nite di erence
schemes found throughout the literature review. Given that the approach taken herein encompasses
families of schemes, applied to families of weakly dispersive Boussinesq-type equations, it is expected
that many questions will be answered along the way.

The fundamental strength of the methodology presented by C. Tam and Webb (1993) is that once
the di erence operators are mapped into spectral space through application of Fourier-Laplace
transforms, the resultant numerical dispersion relation mirrors the physical dispersion relation. As
highlighted by Leendertse (1967) with the introduction of the complex propagation factor, the nu-
merical dispersion relation is key to understanding the phase resolving accuracy of a broadband
wave eld. Supporting evidence is found in the study by L. Li and Cheung (2019) on numeri-
cal dispersion emerging from a dispersive, non-hydrostatic model (Yamazaki et al. 2009), which
is based on a class of equations fundamentally di erent from Boussinesq-type equations (e.g., Bai
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et al. 2018). Since the operators are functions of the sampling intervals, the bounds of application
for the MPDEs can be directly linked to sampling intervals de ned by practitioners. The errors,
being analyzed in spectral space, depict "accuracy in the large™ beyond the leading order e ects of
numerical dispersion, which is more practical than using Taylor series methods alone. Aside from
helping to answer questions regarding the e ects sampling intervals, the "accuracy in the large"
can answer questions like how do the correction methods of M. Abbott et al. (1981) compare with
those of Wei et al. (1995), despite their ability to achieve the same goals at the leading order. Also,
given the diversity of Boussinesg-type equations, and knowing their MPDEs are unique, the "accu-
racy in the large™ can help determine which theories are better suited to a particular discretization
scheme and con guration. The concept of resolvable bandwidth is central in Computational Aeroa-
coustics, in which model developers are willing to sacri ce the formal order of accuracy in favor
of schemes that provide a greater resolvable bandwidth (e.g. Lele 1992; C. Tam and Webb 1993).
This is analogous to the concept of numerical Iters discussed prior, in which di erent optimization
objectives are employed. Given that the error analysis can be carried out over the relative water
depth, this poses an opportunity to optimize schemes with the objective of improving the numerical
celerity, in much the same way researchers leverage degrees of freedom in the PDEs to achieve a
higher bandwidth given a tolerance for error (e.g., Nwogu 1993). Although focus is directed to-
wards frequency dispersion, there is reason to believe that the general idea applies to all aspects of
Boussinesq-type equations (shoaling, refraction, etc.), in which the end goal is comprehensive and
the question is rhetorical: can we better communicate implementation constraints beyond that of
numerical stability?
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CHAPTER 2
MATHEMATICAL FORMULATION

For numerical models used in coastal engineering practice, the derivation of free-surface wave the-
ories often takes a perturbation approach, stemming from the asymptotic long-wave limit kh ¥ 0,
where the wavelength is much greater than the water depth. At the leading order, the NSWEs
accurately model tides, storm surge, and other nondispersive ows of primary interest. In this

ow regime, the pressure is assumed hydrostatic, which leads to a uniform depth pro le of the
horizontal velocity. As a result, the governing equations become two dimensional (2D), which sig-
ni cantly reduces the computation requirements in practical application. The goal in developing
Boussinesq-type models is to retain the 2D e ciency while extending the range of application to
cover dispersive ows in a quasi-3D model. This is achieved by imposing an approximation of
the vertical ow structure to include nonhydrostatic e ects. This chapter covers an independent
derivation of a system of Boussinesg-type equations in conserved variable form, in which the con-
tinuity and inviscid Euler equations of motion are depth integrated without approximation to the
nonlinearity. This serves an extension to the formal approach presented by Nwogu (1993), with
additional insights in connection to more recent fully nonlinear, weakly dispersive theories. Unique
to the formulation herein, a new weighted polynomial approximation is introduced, which includes
an expansion about the free surface.

2.1 Free-Surface Flow

The inviscid Euler equations, together with the continuity equation, are presented in dimensional
form rst. An incompressible uid and irrotational ow are assumed facilitating the use of po-
tential ow theory; however, the derivation will follow a vector velocity approach. Introducing
characteristic scales, the governing equations are rewritten in dimensionless form, in which mea-
sures of nonlinearity, , and dispersion, 2, emerge. Lastly, the kinematic and dynamic boundary
conditions are presented in dimensionless form.

2.1.1 Dimensional Form
The problem sketch shown in Figure 2.1 depicts a free-surface water wave at an instantaneous

time t', propagating over an irregular seabed. A spatial Cartesian coordinate (x’;y'; z%) system is
employed with the z'-coordinate oriented in the positive vertical direction and still water line serving
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as the reference. The ow eld is bound by two scalar functions de ning the free-surface, °(t’; x’;y"),
and seabed, h'(t"; x"; y"), displacements from the reference along the vertical coordinate axis. The
di erence in displacement along the vertical axis de nes the ow depth, H'(tx%y") = %+ R0,
which is a conserved variable, independent of the frame of reference.

H/(tl, X’, y/) hl(tl ) XI, yl)

Seabed

Figure 2.1: Instantaneous de nition sketch depicting a vertical slice along the x-z plane of the
domain showing the characteristic scales (gray) and function de nitions.

Assuming an incompressible, inviscid uid, the governing equations are the continuity equation and
the Euler equations of motion. In dimensional form, the continuity equation is

Ug(o + Vgo + Wgo = (21)

where fu’;v"; w'g are the components of the vector velocity function. The coordinate subscript
notation denotes application of partial derivative operators (e.g., ug(o %ﬁ) along the respective axis
and will be used throughout interchangeably when convenient. The dimensional Euler equations
of motion are

1
U%o + Uoug(o + voug,o + WOUOZO = *pg(o (2.2)
RSP N 0,0 0\,0 1
Vo +UVy VIV WV = —pi (2.3)
1
wis + u'wio + Ve +whwh = Zpl g (2.4)

in which p’ is the pressure, is the density, and g is the constant gravitational acceleration acting
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along the vertical axis. The ow is further assumed to be irrotational, which mathematically states
that the curl of the vector velocity is zero. In terms of components, the condition is given by

Wy Vie=0; Ux We=0; Vp Ux=0 (2.5)

which are associated with the T;7; and K unit vectors respectively.

2.1.2 Long Wave Scaling

The governing equations are considered exact under the given assumptions; however, the contribu-
tion of each term to the overall solution generally depends on the physical application. Introducing
scaling arguments representing physical characteristics of the geometry and ow eld, individual
contributions can be quanti ed through dimensionless parameters. This facilitates the exclusion of
terms exceeding governing assumptions, which are motivated by application interests.

The horizontal and vertical spatial coordinates shown in Figure 2.1 are geometrically scaled by the
characteristic wavelength, Ic, and still water depth, he, respectively. The temporal coordinate is
scaled by the characteristic wave period in the linear long wave limit of Airy wave theory (Airy
1845). Collectively, the dimensionless coordinates are given by

. "ghe

0 y! i
he’ le

X=10 Y=z
C

t0 (2.6)

The scalar surface displacement functions shown in Figure 2.1 are expressed in dimensionless form
as
"y,

txy)=——"—"" htxy)= UGLED)

2.7
a ho 2.7)

in which a¢ is the characteristic free-surface amplitude. The resulting dimensionless ow depth is
H(t;x;y) = + h, where the scale factor = a.=h; de nes a measure of nonlinearity. Following
Wu (2001), the remaining scalar pressure and vector velocity terms are scaled by corresponding
magnitudes at the still water level in the linear long wave limit of Airy wave theory (Airy 1845).
The resulting dimensionless pressure function is

p'(t; X y"; 2)

T (2.8)

p(t;x;y;z) =
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and the vector velocity components are

u(t; x;y;z) = ﬂ%hciuo(to;xo;yo;zo)
ac ghe

V(X yi2) = Py 2) (2.9)
ac ghe
Wit xyi2) = = Wty 2)
ac ghe
where the scale factor = h¢=l; de nes the relative depth.

Applying the scale arguments above, the governing continuity (2.1) and Euler (2.2-2.4) equations
are expressed in dimensionless form as

Ux +Vvy +wW, =0 (2.10)
Ut + Uux+ Vuy + wu, +px =0 (2.11)
Ve+ Uvx + vy + wv, +py =0 (2.12)
Wt + UWyx + VWy + WW;, + izpZ + iz =0 (2.13)

and the dimensionless irrotational condition (2.5) becomes

2 2

wy v, =0; u Wx =0; vx uy=0 (2.14)
in which the square relative depth, 2, serves as a measure of linear frequency dispersion. In com-
parison with their dimensional form, the dimensionless governing equations now include measures

and 2 to quantify nonlinear and dispersive contributions of each term. In Nwogu 1993, the
vertical velocity is scaled by 2, which results in the dimensionless equations being presented in a
di erent form, where the vorticity components are weighted equally. The connection between the
dimensionless equations are given by Wnwogu = 2w for comparison.

2.1.3 Boundary Conditions

Having de ned the dimensionless set of governing PDEs and irrotational constraints, boundary
conditions for the surface scalar functions are addressed. Focusing on wave propagation, in which
the horizontal axis is unbound, lateral boundary conditions will not be discussed. The dimensionless
generalized kinematic condition (A.3) is applied to the dimensionless free-surface and seabed to
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give

Wi = ¢+ U x+t Vv oy (2.15)
. 1 . .

wj h= —ht uj nhx Vvj nhy (2.16)

in which the notation, e.g., wj w(t; X;y;z = ), denotes the vertical point of function evaluation.

The dimensionless dynamic boundary condition at the free-surface is simply
pj =0 (2.17)

in which the scaling has no e ect. To this point, the governing equations and boundary conditions
are all presented in dimensionless form, using scaling arguments in the linear long wave limit of
Airy wave theory (Airy 1845).

2.2 Velocity Pro le

In this study, the domain is reduced in dimension by assuming uniform ow along the y-axis to focus
on theoretical concepts associated with nonlinearity and dispersion. The objective is to express the
resulting 2D-vector velocity components as a function of a model horizontal velocity, thereby closing
a quasi-2D system with two equations and two unknowns. The connection between the velocity
components is given by the irrotational condition (2.14) and like all Boussinesg-type equations,
the physical assumption O( 2) << 1 is imposed to facilitate formulation of the depth dependent
velocity using continuous function approximations in terms of series expansions, where, in general,
an increasing number of terms retained in the series re ects an increasing order of dispersion. This
section focuses on the derivation of the depth dependent velocity to be substituted into the governing
PDEs. To ensure the velocity function obeys the kinematic boundary conditions, surface projections
are introduced within the series expansions. The derivation follows that of Nwogu (1993), in which
the model velocity is de ned at an arbitrary reference within the water column.

2.2.1 Taylor Series

In Nwogu (1993), the vertical velocity is obtained by depth integrating the continuity equation
(2.10) from the seabed to an arbitrary level in the water column. While this is theoretically exact,
the horizontal velocity function remains to be de ned. Nwogu (1993) develops a mathematical
model by constructing a local Taylor series expansion of the horizontal velocity function about the
seabed. Although the resultant O( 2) Taylor polynomial is correct, the algorithm is convoluted.
Herein a direct approach is presented, o ering additional insights.
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The irrotational condition (2.14) links the vector velocity components, in which a polynomial

approximation of the horizontal velocity function results in a bound polynomial approximation of

the vertical velocity function. Therefore, truncating a local Taylor series expansion of the vertical

velocity function to begin with serves the same purpose. A series expansion of the vertical velocity

function about an arbitrary point, z = zg, in the water column is given by
0@w | (29)°@w. | ( 20)°@w.

W(EX:2) = Wit - glat 5 @gint T @it

(2.18)

in which zg = z zp is the vertical displacement betweenz, the point of evaluation, and zg,
the point of expansion. Applying the continuity equation (2.10) and irrotational condition (2.14)
transforms the series (2.18) into anO( 2") expansion, in which the even (left) and odd (right)
derivatives within the series are shown below as

@u; oG e _ .oy

@9 20 @9 20 @220 @XZO

@%JZO @%JZO @QJZO @)%JZO

@w. _ ,@w. @w. _ ,@u.

@er @JZO @JZO_ @52120 (2.19)
@j = G@j @j = 6@1'

@ﬁ Z9 @ﬁ Z9 @Z Z9 @% Zp

/ n n | n+1 n+1

Cgg\:]vjzoz( 1)n a g%\:wvj% Cg‘;gnd'\ivjzoz( 1)n+1 3 g%mhm

in which n 2 N, zero inclusive. The result shows that all partial derivatives in the series are now
taken along the x-coordinate, despite the series expansion being applied along the z-coordinate.
Multiply both sides by , a general form of the Taylor series expansion is given by

R 23" @"w

v — n 2n
w(tx;z) = n:O( 1) 2n)! W]ZO

Z3n+1 @n+1u.
@n + 1) @1 7

( 1)n 2n+1 (220)

The same procedure can be carried out for the series expansion of the horizontal velocity (Appendix
C) to give

z3" @"u.

2n+1 n+1
anremiatC D G CA

@n+1) @&+l 1%

A
utx;z)= (" "
n=0

(2.21)

Introducing an operator Q™ = ™ z{ ((%, where m is a dummy variable, the generalized Taylor
series expansions (2.20 and 2.21) can be expressed in compact trigonometric form by applying
cosine (G.16) and sine (G.17) series expansion identities. Combining the expressions in matrix

25



form gives
" # " #" #l
u(t;x; z) cos@Q) sin(Q) u

w (t;%;2) ) sin(Q) cos@Q) w J2o (2.22)

where it is important to note that that operator Q does not commute (e.g.,Q?*"*! 6 Q?"Q)
when zg is spatially dependent. It is highlighted that order of associated with the trigonometric
operators di er, with the sine operator being one order higher. The orthogonal square matrix on
the right hand side of (2.22) represents clockwise rotational transformation in Euclidean space. The
determinant gives an expression for a unit circle withQ = zo@@X being the dimensionless phase
argument of the trigonometric function.

In the case when the point of expansion for the series is a stationary seabedy = h(x), and
the function is evaluated at the still water level, z = 0, then zg = h(x) and the phase argument
reduces toQ = h @@thich, in dimensional form, agrees with Agnon et al. (1999) for the quasi-2D
case. To go one step further, Agnon et al. (1999)also introduces the notation L¢(f) cos(n%;)
and Ls(f)  sin(hY, in which (2.22) shows

u(t;x;z) = Le(w)j ntLls(w)j g (2.23)
W (tx;z2) = Le(w)j n Ls(U)j n (2.24)

Switching the point of evaluation and the point of expansion, in which zg = h(x), switches the
rotation transform to counterclockwise due to the parity of the trigopnometric functions.

2.2.2 Surface Projection

In nite series expansions (2.20 and 2.21) are exact; however, if the point of expansion lies on a
surface function (e.g.,zo = h(t;x)), the temporal and spatial dependency is unaccounted for by
the operators. This can be corrected through the use of projections (e.g., Wu 2001), which involves
application of the chain rule when taking derivatives. This section is dedicated to the mathematical
details in an general setting.

Given an arbitrary scalar function f (t;x;z) and surfacez = s(t;x), the notation fjs f(t;x;z =
s(t; x)) indicates the function evaluation on the surface. A vector valued sigma function : R3! RS
is introduced, which maps the (;x;z) coordinate domain to a surface (t;x;z) = (t;x;s(t;x))

1Agnon et al. (1999) made a sign error in the expression for w(t; x; z ), however this is corrected in later studies
(e.g., P. A. Madsen et al. 2002)
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coordinate. The scalar function in sigma-coordinates is thus given by
fis ftxstx)=f( (txz)=(F ) tx2z) (2.25)

where the latter notation, (f ), denotes the function composition. Introducing the operator
D = (@ @; @), the derivative Dfj =(Df)j D would be given by the chain rule

"ot et er 20 o

@t @x @
SRR T TS T

@ @ @ @ @

@t @x @z @t @x

Observing the notation equivalence,js j , matrix multiplication gives the partial derivatives for
each component as

@fs _ @f , @t @s

ot ol oFet 220
@fs _ @f  @f @s

ax @)J(s"‘ @QS@X (2.28)
%; =0 (2.29)

The matrix in (2.26) is a projection matrix, which can be proved by showing idempotency, where
its square returns the original matrix. The projection serves as a linear transformation mapping
the partial derivatives in the original coordinate system to a new sigma coordinate system.

2.2.3 Taylor Polynomials

Series expansions of the vector velocity along the z-coordinate (2.18 and C.1) have been modi ed
such that all derivatives in the series are with respect to the x-coordinate. Replacing the arbitrary
scalar function, f, in (2.28) with the respective vector velocity component, derivatives in (2.20
and 2.21) can be projected such that the operators apply to functions evaluated at the point of
expansion. Although the in nite series expansions are exact, they are often truncated to achieve
the desired order of dispersion in practical application. In this study, focus is directed on model
equations de ned by O( 2) Taylor polynomial approximations, thus retaining the leading order

e ects of dispersion.

There are multiple paths to follow when deriving the polynomial approximations of the velocity
components to be substituted into the governing equations. To begin, the point of expansion in (2.20
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and 2.21) is de ned to be an arbitrary surface,zg = s(t; x), which is a function of time and space.
To each series expansion, (2.28) is recursively applied while employing the irrotational condition
and continuity equation until all derivative operators: (a) act on velocity functions evaluated at the
point of expansion, and (b) are taken with respect to the x-coordinate. The series are then truncated
at the desired order. Although this method is direct, Nwogu (1993) presents an alternative approach
with valuable insight. Once the vertical velocity approximation is known, the irrotational condition
can be utilized to derive the horizontal velocity approximation. Employing either method will lead
to the same approximate solution. Therefore, to complement the approach of Nwogu (1993), the
vertical velocity approximation is rst derived using the projection method, then the horizontal
velocity approximation is derived by depth integrating the irrotational condition.

In Nwogu (1993), the Taylor polynomial expression for the horizontal velocity is derived by depth
integrating the irrotational condition (2.14) from the seabed to an arbitrary z-level in the water
column. Generalizing the seabed surfaces(t; x), the integration gives
Z z
. @w
tx: - 2 S 2.30
u(t;x;z) ujs K z (2.30)
which is exact. As an approximation, a Taylor polynomial of the vertical velocity is derived by
truncating series expansion (2.20) atO( 2), due to the leading 2 term in (2.30), to give a linear
approximation of the vertical velocity
@u

w(t;X;z2) = wjs zs@){s (2.31)

in which zg = z s(t;x) is the vertical displacement betweenz, the point of evaluation, and
s(t; x), the surface point of expansion. Applying a projection (2.28) to the derivative term in (2.31)
and invoking the general kinematic condition (A.3) gives the truncated linear Taylor polynomial
approximation

1@s, @sip @k

T z@(+ o( ?) (2.32)

which can be substituted into (2.30) to give the Taylor polynomial approximation for the horizontal
velocity

w(t;x;z) =

2 @ @ i 2 2 @ i
. S Ssu yA S u
u(t, X,Z) - UJS — Zs 2 z JS 2 JS

4
e T 5 @3 +0O( ) (2.33)

Approximations (2.32 and 2.33) are valid for any surface point of expansion. Substitution of a
stationary seabed surfaces = h(x), gives the set of approximations found in Nwogu (1993), with
the only di erence being due to the scaling (2.9) of the problem. The left image shown in gure
2.2 qualitatively depicts the accuracy decay of a local Taylor polynomial with increasing distance
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from the seabed surface. The accuracy is improved with increasing number of terms in the series
expansion (2.18) or decreasing the relative depth, in which the approximation approaches a uniform
distribution indicative of NSWEs.

Figure 2.2: Stationary pro le view of: (left) local Taylor series expansion about the seabed with
gradient representing a qualitative decay in accuracy, and (right) integral de nition of corresponding
function approximation after making a change in reference.

Having derived the equivalent equations found in Nwogu (1993), while employing the projection
methods of Wu (2001), reveals that the algorithm presented by Nwogu (1993) is in e ect applying
derivative operators to the vector velocity evaluated on the seabed surface. In Nwogu (1993),
the Leibniz integration rule was applied to the governing equations a priori the velocity function
expansions. Therefore substitution of a Taylor polynomial, without having made the projection,
leads to a loss of information at the boundaries. To correct this, the Leibniz integration rule must
be inverted in the algorithm of Nwogu (1993) to obtain proper expressions in the series expansion.
The importance of having the derivative operators applied to the velocity functions de ned on the
seabed was not explicitly shown, nor discussed, despite the fundamental importance. Nevertheless,
the approach given herein o ers clarity and it is further emphasized that (2.33) can be derived
directly from the series (2.21) by applying (2.28) without having to depth integrate the irrotational
condition as shown above.

2.2.4 Nonlinear Enhancement

The principle contribution of Nwogu (1993) is a formal derivation of the vector velocity function in
terms of an arbitrary reference,z (x), over an irregular seabed. The arbitrary reference location
within the water column serves as a degree of freedom for optimizing the mathematical model, in
which the linear frequency dispersion of Airy wave theory (Airy 1845) often serves as a baseline for
guantitative assessment. It is important to note that this approach does not formally change the
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approximating series expansion, but instead introduces a change of reference giving an alternative
measure of the velocity pro le. With the derivation not being explicitly presented in Nwogu (1993),
insights can be found in Y. Chen and P. L.-F. Liu (1995) using potential ow theory. Evaluating
the horizontal velocity function (2.33) at z = z (x) shows that ujs= uj, +O( 2), which implies
that substitutions can be made in the O( 2) terms without altering the order of approximation.
Subtracting the resultant expression foruj, from (2.33) gives a general function approximation in
terms of a horizontal velocity de ned at an arbitrary reference

2 @s @suj, , 2?2 722 @uj;

Cye = Ui, + — + 2 + 4 .
u(t;x;z) = ujz z @@ z @z > @3 o( " (2.34)
in which z = z 1z (x) is the vertical displacement betweenz, the point of evaluation and
Z (t;x), the arbitrary reference. This procedure is identical to
Z z Z z Z z

f(t;x;z)dz f(t;x;z)dz = f(t;x;z)dz (2.35)

S S z

in which f (t;x; z) is an arbitrary function. Equation (2.35) shows that the degree of freedom asso-
ciated with the arbitrary reference is independent of the de nition of the point of expansion. Fur-
thermore, the arbitrary reference in (2.34) can be de ned as a function of time and spacez (t;x),
without loss, which enhances the nonlinearity of the approximation (Kennedy et al. 2001).

The schematic on the right of gure 2.2 highlights a qualitatively range of the polynomial ap-
proximation, z , when the point of expansion is de ned to bes = h(x), as in Nwogu (1993).
Although the point of evaluation, z, is explicitly de ned by integrals in the governing equations, it

is instructive to understand the integral behaviour at this junction. If the point of evaluation, z,
does not equal the point of expansion, h(x), then the interval of the polynomial approximation
adjacent to the point of expansion is excluded, leaving a less accurate upper interval to contribute.
Visually, this is reminiscent of an annulus. Only when the point of evaluation equals the point of
expansion does the region form a disk. Furthermore, if the point of evaluationg, is above or below
the arbitrary reference, z , then there is a sign change in theO( 2) terms. Thus, when integrated
over the ow depth for example, there is a net contribution weighted by the location of z in the
water column. This is the action of the degree of freedom. In other words, the location ok
controls the relative contribution of the O( ?) terms, irrespective of the limits of integration. If the
arbitrary reference is de ned to be the point of expansion, then the degree of freedom is lost, in
which any integral is purely dependent on the pro le de ned by the polynomial approximation at
the point of expansion. It is important to emphasize that z simply changes the reference and does
not control the underlying polynomial. If the ow depth becomes too large, then no matter where
you place the reference, there will be a net contribution of theO( 2) terms which are erroneous.
Nevertheless, keeping the arbitrary reference away from the point of expansion permits some level
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of control over the O( 2) terms.

The set of depth dependent velocity functions presented by Nwogu (1993) and Kennedy et al. (2001)
are solely dependent upon a series expansion about a stationary seabed. Therefore, the notation
u(t;x;z) is introduced, as in gure 2.2, to indicate the surface point of expansion associated with
the polynomial approximation. In this study, an expansion about the free-surface is introduced,
s= (t;x), where the left image of gure 2.3 depicts the accuracy decay of a local Taylor polynomial
with increasing distance from the free-surface. The right image of gure 2.3 is analogous to that
shown in gure 2.2, in which the analysis above applies, with only di erence being a change in the
point of expansion.

Figure 2.3: Stationary pro le view of: (left) local Taylor series expansion about the free-surface with
gradient representing a qualitative decay in accuracy, and (right) integral de nition of corresponding
function approximation after making a change in reference.

The Taylor polynomials, being local, are only accurate near the points of expansion. Combining
approximations u(t;x;z) and G(t;x;z) in a weighted sum allows for the local in uence of each
approximation to contribute, giving an overall improved pro le approximation

u(t;x;z)=(1 Ju+ 0=u+ (0 u) (2.36)

in which 0 1 is a new degree of freedom weighting of the surface points of expansion. As
stated prior, this degree of freedom is independent of that associated with the reference. For the case
= 0, equation (2.36) reduces to that found in Nwogu (1993) forz (x), and Kennedy et al. (2001)
for z (t;x), thus the weighted polynomial serves as an additional nonlinear extension by including
an expansion about the free-surface. Figure 2.4 depicts a qualitative merger of gures 2.2 and 2.3
to re ect the new weighted polynomial approximation. An explicit expression for the right hand
side of (2.36) is determined by adding points of expansios= h,foru,tos= ( +h)= H ,for
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Figure 2.4: Stationary pro le view of: (left) combined local Taylor series expansion about the
seabed and free-surface with gradient representing a qualitative decay in accuracy, and (right)
integral de nition of corresponding function approximation after making a change in reference.

0 u,togives= h+ H asthe new point of expansion to be substituted into (2.34) giving

2 : 2 2 ;
utx;z)=uj, — z Gh z @hui, 2 22 Gu
@t@x @% 2 @3
> @h SHui (2.37)
+ — 2 + 2 5 lz o( 4
@t@x @%
The new surface point of expansions= h+ H , is identical in structure to the datum invariant
reference,z (t;x) = h+ H , introduced by Kennedy et al. (2001), where is de ned to be
a fraction of the ow depth for a physically meaningful reference. Assuming the general form
z (ttx)= h+ implies = +1,inwhich 1 0 is a free parameter. In the linear case,

z (x) = h corresponds to a fraction of the still water depth (Nwogu 1993). Thus, in general, two
degrees of freedom are employed to de ne the approximation.

In the case where the point of expansion is set equal to the datum invariant reference, then the
substitution s(t;x) = z (t;x) could be made into (2.34) giving

, 2 @z , _ @z uj; , 22 722 @, 4
v 7)) = + + + 2.
u(t;x;z) = uj; z @ z @3 > @3 o( 7 (2.38)
inwhich = = +1 not only preserves the degree of freedom de ning the time varying reference

(Kennedy et al. 2001), but it simultaneously weighs the local polynomial approximations about
seabed and free-surface. Considering the datum invariant reference mirrors the material surfaces,
it too can be treated as a material surface, which validates the kinematics in (2.38), despite the
virtual nature of the reference. In contrast to earlier, if =0 (i.e., = 1), the equations of
Nwogu (1993) and Kennedy et al. (2001), de ned as a function of an arbitrary reference, are not
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recovered. Instead the equations reduce to a set de ned early on in Nwogu (1993), when both
the reference and point of expansion are de ned at the seabed (i.es = h(x) in 2.34). To the
best of the author's knowledge, (2.38) has never been presented in the literature. Furthermore,
substituting s(t;x) = z (t;x) into the general vertical velocity approximation (2.32) gives

ooy 1@h @hi @ 1@H  @Hy, 2
w(t;x;z) = 7@t+ @x +z @x + —@+ @x + O( 9) (2.39)
_ 1@z, @, @k |, 2 (2.40)

ot @x @x

Following the assumptions and methods herein, it does not seem possible to arrive at (2.39) without
assertings(t;x) = z (t;x), because the expression foujs in (2.32) would contain terms involving
velocity expressions at the material surfaces, thus the approximations would be functions of multiple
unknowns instead of a single model velocity. Furthermore, since the vertical velocity is truncated
at O( ?), leading order expressions could not be simply substituted in without violating the order
of approximation. This is not the case in Nwogu (1993) because the scaling arguments used therein
results in the vertical velocity being O( 2), which is dierent from the scaling arguments used
herein as pointed out earlier.

Polynomial approximations (2.37 and 2.39) are functions of the model velocityj, , and free-surface
elevation, , in which a single degree of freedom, = = +1, de nes a datum invariant reference
level within the water column and the weighting of the Taylor polynomials at the material surfaces.
Kennedy et al. (2001) advises = = 15 to achieve a Pad [2/2] approximation of the linear
dispersion relation. The enhancement in (2.37) and (2.39) is realized in the nonlinear terms, which
di er from those in Kennedy et al. (2001) due to the weighted polynomial approximation. In the
next section, polynomial approximations (2.37) and (2.39) will be substituted into the governing

equations to complete the derivation of the mathematical formulation.

2.3 Governing Equations in Conserved Variable Form

The dimensions of the domain are reduced by substituting the velocity pro les into the continuity
and Euler equations, then integrating them over the ow depth. Implementation of the Leibniz
integration rule (B) pulls di erentials out of the integral, which results in the equations being
expressed in conserved form. Since the polynomial approximations for the velocity prole are
expressed in terms of a single model velocity, with the only other unknown being the free-surface
elevation, the resulting system of equations is closed with two equations and two unknowns. This
section begins with a formulation of the depth averaged momentum, followed by a brief digression
to verify the derivation in connection with that derived by Wei et al. (1995) using potential ow
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theory. The governing equations are then depth integrated to arrive at a new system of equations,
which is then compared with the quasi-2D state-of-the-art FUNWAVE equations of Shi et al. (2012)
to place the nonlinear enhancement in context.

2.3.1 Depth Average

In the derivation of modern Boussinesqg-type equations, a theoretical benchmark is the fully nonlin-
ear, weakly dispersive theory of Wei et al. (1995). Under the assumption of weak nonlinearity, the
theory reduces to Nwogu (1993), which for selected dispersive coe cients, can be further reduced to
Peregrine (1967). Therefore, the theory of Wei et al. (1995) represents a family of Boussinesg-type
equations built upon a well established foundation. Kennedy et al. (2001) later enhanced the non-
linear properties of Wei et al. (1995) by incorporating a time varying reference, thus giving the most
advanced theory along these lines of development. The assumption of irrotational ow permits the
introduction of a scalar velocity potential function in place of the vector velocity function and serves
as an alternative approach to derive Boussinesg-type equations. This is the approach taken by Wei
et al. (1995), which results in a set of governing equations whose presentation is quite di erent
from those derived herein employing the vector velocity. Since the assumptions are consistent, the
governing equations of Wei et al. (1995) should serve as a subset of those derived herein, which
includes additional nonlinear terms, thereby progress is shown in the development.

The continuity equation presented in Wei et al. (1995) is derived by depth integrating (2.10) over
the ow depth, which will be addressed in the next section. Jumping ahead, it turns out to be
identical to the one presented herein under the same assumptions. Therefore, focus here is directed
on the quasi-2D equations of motion. Begin by integration the vertical momentum equation (2.13)
from an arbitrary level, z, in the water column to the free-surface to get an expression for the level
pressure

z z z
@w 2 @w 2 @w z
txz)= 2 dz + dz + = _dz+ 241
p(t; x;z) , tz , u Xz , W@ZZ ( )

Taking the partial derivative along the x-coordinate, px, and substituting the expression into the
horizontal momentum equation (2.11) gives

Z
@u @u @u , @ @w  @w @w @
—t+t U—+ W—+ “— —+ U—+w— dz + —=0 2.42
@t @x @z @x , ot @x @z @x ( )
A general equation for the horizontal velocity approximation (2.37) is u(t;x;z) = uj, + 2u , in
which u corresponds to theO( 2) terms. Since the series is truncated atO( %), terms of #in
(2.42) are dropped upon substitution. Furthermore, we emphasize thatuj, is not a function of the
z-coordinate, thus can be pulled out from under the integral. Applying the irrotational condition
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(2.14) to the third term and the Leibniz integration rule (B) to the fourth term to exchange the
operators gives

Qy . Qy @

_ 2 2 4

TV TV TRV (2.43)
in which

4
_ @ W @ @ . @ @ .
Vi= @t " @ZX * @t ax" ax at” (2.44)
@ . @Z @w @w
V2 - @X u + , @dz + @X , W@Zdz + W@X (245)

It remains to shown that V; and V, match the expressmnnglven by Wei et al. (1995). The key is
to recognize that the general expression fou is given by  wydz, which readily sums with the
integral sharing a common integrand to change the limits of integration

@Z ow . @ @v @ @

" e, @ ex er et ex (2:40)
Vy = —@ Uj, @V\éz + —@ WQV\(/jz+ WQW (2.47)

@x ;. @x @x , @z @x

The expression forV, is addressed rst, whose operator form is already in agreement with Wei
et al. (1995). The integrand of the trailing integral in (2.47) is expressed in conserved form and
the integration is carried out to cancel the last term
z
@ ~ @ew ., 1@

Vo= — Uj; —dz

2
@x . @x Q@x Wj (2.48)

Substituting the expression for the vertical velocity (2.39), assuming an expansion about the seabed
( =0) only, and carrying out the integration gives
|
Ghu, 2> (). @u. ,1@ @hi , @ °

_ @ :
V= @x (z ) Uiz @R + > ujz @R 2@X @x “ox (2.49)

The expression forV; in this form matches that given by Wei et al. (1995).

The expression forV; is a bit more involved, in which the Leibniz integration rule (B) is needed to

exchange the time and space di erential operators in (2.46) such that the time derivative is applied
directly to the horizontal velocity in the leading integral expression. As a result, the trailing

boundary expressions also change

vz @ @w,  0z0% Q@z0W
@x,

a’t @x @ @t @x (2.50)
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Carrying out the integration, it is found that the second term cancels due to the product rule,
leaving

@hujz + é@ujz @ @hujz +( )2 @sz @@\M

@@ 2 @t@x @x @t@x 2 @t@x @t @x (2.51)

Vi=12

In Wei et al. (1995), the reference is de ned as a function of space aloneg, (x), hence the last
term drops out and the resulting expression forV; matches that given by Wei et al. (1995). If the

reference is de ned as a function of time and space, the trailing term in (2.51) is retained, in which
the equation matches that given by Kennedy et al. (2001) upon substitution of the vertical velocity

expression and application of the product rule.

Having proved that Vi (2.44) and V, (2.45) are mathematically equivalent to those found in Wel

et al. (1995), which follows the velocity potential approach, the derivation of the depth averaged
momentum equation is veri ed following the vector velocity approach of Nwogu (1993). Therefore,
by extension, the quasi-2D equations of Kennedy et al. (2001), Nwogu (1993), and Peregrine (1967),
are all subsets of the theory presented herein. The depth averaged momentum equation is expressed
in terms of the ow velocity, which is a primitive variable. For implementation of conservation
principles, momentum is the preferred variable representation.

2.3.2 Depth Integration

A depth integrated system of equations is derived in this section through application of the Leibniz
integration rule (B) to pull di erential operators out of the depth averaged momentum equation.
Although not explicitly addressed in this study, the introduction of conserved variables foster imple-
mentation of shock capturing methods as a means to approximate wave breaking, which has been
addressed in previous studies (e.g., Tonelli and Petti 2009; Roeber et al. 2010; Roeber and Cheung
2012; Tissier et al. 2012; Shi et al. 2012). Therefore, the resulting system of equations serves to
update the theoretical foundation in existing model equations found in practical application.

To facilitate clarity throughout the derivation, a few preliminary remarks are made. The depth
average of an arbitrary depth dependent function,f (t;x;z), is given by

Z
f(t;x)= Hi hf(t; X;z)dz (2.52)

which holds regardless of the de nition of the depth dependent function. In the previous section,
the variable u was introduced to represent the O( 2) terms in (2.37) for clarity. Substituting
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u(t;x;z) = uj, + 2u + O( %) into (2.52) gives the following

z
u(t;x) = Hi U + 2u dz+O( H=uj, + u +0( % (2.53)
h
in which
Z .
=Y Udz= z 4N 1@(h H)+@(h H)uj,
H q 2 2 @t@x @3

, ) , (2.54)
22 h? h () @up
2 6 6 6 @3

The volume ux (per unit breadth) is thus given by HU = Huj, + 2Hu + O( %), which is
conserved up to the order of approximation. The depth average of the vertical velocity (2.39) is
given by

Z . .
wtx)= = wdz= 2@ NPT H), @ H)u hon

H @t @x 2 @x

+0( ?) (2.55)

The depth averaged approximations (2.53) and (2.55) facilitate clarity when presenting the nal
set of governing equations.

Integrating the continuity equation (2.10) over the ow depth, then applying the kinematic bound-
ary conditions (2.15, 2.16), gives

Z
%‘:+ @@x ) udz=0 (2.56)
which is identical to the continuity equation often presented in the literature (e.g., Nwogu 1993;
Wei et al. 1995; Kennedy et al. 2001). Substituting the depth average horizontal velocity into (2.56)
gives the homogeneous volume conservation law;+ (HU)x = 0, which again, is valid independent
of the model horizontal velocity. In the NSWESs, the horizontal velocity is uniform over depth, in
which the depth average horizontal velocity is often the model velocity employed (e.g., Whitham
1974; M. B. Abbott 1979; LeVeque 1992; Toro 2009). The freedom to de ne the model velocity in
Boussinesqg-type equations leads to many variants of equations found in the literature. In variants
where the depth averaged velocity is employed (e.g., Peregrine 1967), equation (2.56) is exact;
however, the equation of motion will still be an approximation. For the model velocity employed
herein, Hu = Huj, + 2HU + O( %) is substituted into the volume conservation law to give

@H,  @Huy, 2@HI _ 4
ot ey ox " +0( 4 (2.57)

where is a place holder representing arbitrary volume source terms, which technically makes
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(2.57) a volume balance law. The second term,(Huj; )x, in (2.57) is of the same form as (H )y
found in the NSWEs, sinceuj, is independent of the z-coordinate. In the absents of source and
O( % terms, the volume conservation law (2.57) states that the ux is governed by a change in
the hydrostatic ux, Huj; , plus a change in the nonhydrostatic ux, Hu—, due to the dispersive
nature of the waves.

The leading term in (2.56 and 2.57) contains a time derivative of the seabed, which has not been
explicitly addressed to this point. Linearizing the ux in (2.56), the leading order continuity
equation, in the absents of source terms, is given by

@, 1eh ohy
@t @t @x
which recovers the classical leading order equation for a stationary seabed. The inclusion of a
dynamic seabed in Boussinesg-type equations is addressed by P. Lynett and P. L.-F. Liu (2002) in
a study on landslide generated tsunamis. In fact, for = 0, the O( 2) terms given by equation
(2.54) are identical to those found in P. Lynett and P. L.-F. Liu (2002). Assuming that the seabed
displacement can be de ned ash{t;x) = h2(x) + h(t; x), where h{ is the static still water depth
and hg is the dynamic deformatior?, a new characteristic amplitude ay, is introduced to scale the
deformation. The dimensionless still water depth (2.7) is modi ed ash(t;x) = hs(x) + h 4(t; X),
in which = ap=h; is a measure of nonlinearity due to the deformation. The de nition of the
ow depth does not change; however, expansiorH (t;x) =  (t;x) + hg(x) + hy(t;x) shows the
decomposition. Furthermore, it has been assumed to this point that the time scales of the seabed

(2.58)

deformation are the same as those of the free-surface waves, which is not necessarily the case for
all physical processes. Introducingt,, = ch ghc for the wave time scales de ned in (2.6) andty

for the dynamic seabed time scales, leads to a new parameter= t,,=t, out in front of the time
derivative of the dynamic seabed component (e.g., P. Lynett and P. L.-F. Liu 2002). Furthermore,

to account for the di erence in time scales, the independent time variable needs to change to = t

in the seabed deformation (e.g., Lannes 2013). In this study, only creeping deformations, = 1,

are consider, as in P. Lynett and P. L.-F. Liu (2002), thus, = t and no changes are needed
in the independent variables. Following these modi cations, only the time derivatives involving

the seabed deformation need to be addressed, in which the linearized continuity equation (2.58)
becomes

@ A @buj; @b

-+ = —— 2.
@t @x @t (2.59)
The leading parameter, = , is assumedO(1) to maintain the conservation of mass (P. Lynett and

P. L.-F. Liu 2002).

2The sign convention implies that a "positive deformation” leads to a "increase in depth".
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Having clari ed the time derivative of the seabed and leading order approximation, the O( 2)
expression given in (2.54) needs to be updated. Substituting the datum invariant referencez =
h+ H , into each each of the coe cients gives
h

1
h+H+§ - = H > (2.60)

(h+ H)> h2 h ()2_ 1 |
e et e & = hH > +Hé 3 (2.61)

in which the latter coe cient expansion shows that the leading term can be combined with the
former coe cient expansion. Terms associated with each coe cient in (2.54) are now addressed.
Making use of the leading order continuity equation (2.58), the rst set of terms expands as

1@h H), @h Hyi, _ Gha, G @ (2.62)
@t@x @% @t@x @% @%

Applying the product rule to the second term, (hu)y, on the right hand side of (2.62) will produce

a huyy term that will cancel with the huyy term generated by the rst coe cient on the right hand

side of (2.61). The updatedO( 2) expression of (2.54) is thus given by

1 _ 1 @AW @ . @h 21 > 1 @sz
© T H hUdZ_H 2 @xex  a@x ' ox R 3 @32

1  @hyg

= —— 2.63

A 2 ~@t@x (2.63)
1 . .
H > &(hdulz+ ujz )

Given a static seabed,hg = 0, and = 0, the expression matches that give by Kennedy et al.

(2001) for a datum invariant reference. It was already state earlier that for = 0 the expression
given by (2.54) is identical to the one given by P. Lynett and P. L.-F. Liu (2002) that has now
been amended to include a dynamic seabed deformation following their methodology. The fully
nonlinear expression, including the dynamic seabed deformation terms, was not explicitly given by
P. Lynett and P. L.-F. Liu (2002), nor is a datum invariant reference imposed. However, they do
give the weakly nonlinear equations, which appear to show consistency. The last line in (2.63) is
due to the weighted polynomial expansion and is completely new. Operating on the free-surface
and dynamic seabed deformation, it serves as a nonlinear enhancement to the equations of Kennedy
et al. (2001) and P. Lynett and P. L.-F. Liu (2002), which takes into account the spatial curvature

of the seabed and free-surface. The expression for the vertical velocity (2.39), and its depth average
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(2.55), are also updated to give

hy 1 . .
w(t;x,z)Z= @(;+ @@gu)z( + z@éjzx (é@x( hguj, + ujz; )+ O( ? (2.64)
1 B @h  @hiy h @ @ - - 2
W= o i wdz = 7@+ @x > @x + @x( hgujz + uj, )+ O( ) (2.65)

It is emphasized that approximations (2.63) and (2.65) are specic cases of (2.54) and (2.55)
respectively, where the former accounts for slowly varying dynamic seabed deformations.

The horizontal momentum equation (2.11) contains products of velocity components and their
derivatives. Applying the product rule and continuity equation (2.10) facilitates the Leibniz in-
tegration rule (B) for integration over the ow depth. Applying the kinematic (2.15, 2.16) and
dynamic (2.17) boundary conditions gives

Z Z Z
@@t ) udz + gx h(uu)dz+ gx ) pdz g)?u h=0 (2.66)
in which the scalar pressure function,p(t; x; z), is de ned by depth integrating the vertical momen-
tum equation (2.13) to an arbitrary level in the water column. The free-surface is chosen as the
upper limit, knowing that the dynamic boundary condition (2.17) simpli es the expression, leav-
ing only a depth dependent pressure term. Like the horizontal momentum equation, the vertical
momentum equation contains products of velocity components and their derivatives. Applying the
product rule and continuity equation (2.10) facilitates the Leibniz integration rule (B) for integra-
tion over a portion of the ow depth. Applying the kinematic (2.15) and dynamic (2.17) free-surface
boundary conditions, then solving for the pressure function results in

@ @’ 2
tx;z)= 2= wdz+ 2= uw)dz + = 2w? 2.67
pix2)= o ax, (W (2.67)
which is technically correct, but it is important to recognize that the lower integration limit, z,
represents a level in the water column, not a surface. Substitutingz = makes this abundantly
clear, giving pj = 2wj? , which does not agree with the dynamic boundary condition (2.15)

stating pj = 0 on the free-surface. Substituting a surface function, dependent upon time and space,
into z changes the behavior of the integration. This is exactly what the Leibniz integration rule
accounts for, thus there is an implicit ( %= )zwj,+ 2z,(uw)j, set of terms trailing (2.67), which
drop out because thez-coordinate is not dependent on time or space. Thus, when the material
surfacez = is substituted in, the implicit boundary terms apply and the kinematic boundary
condition (2.15) cancels the  2wj? term, giving the correct solution for the pressure,pj =0, on
the free-surface. By the same argument, the pressure at the seabeq, 1, in the depth integrated
horizontal momentum equation (2.66) is obtained by evaluating equation (2.67) at the seabed,
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z= h, and applying the kinematic seabed boundary condition (2.16) to give
Z z

. ., @ , @ H
h= “—= wdz + — uw)dz + — 2.68
P ot . ax W (2.68)
In general, the trailing stress term, 2w?j,, drops out when evaluated at a material surface. The
di erence in pressure, 2w?j,, is merely a result of the vertical ux being measured through a

horizontal plane in the coordinate reference system. In other words, if the ux is measured while
traveling with a material surface, the additional stress is absent.

The pressure function (2.67) is substituted into the depth integrated horizontal momentum equation
(2.66) to give the governing equations of motion

Z Z Z
@ @ 2 2.2 @ 2 ) @ _ ,@h. @M
in which
Z Z
_l1@ @
Q= ~at , wdz + @x , (uw)dz (2.70)

Presented in this form, the exact equations of motion highly re ect those discussed in Longuet-
Higgins and Stewart (1960) and Longuet-Higgins and Stewart (1964). If an analogy is made,
u? 2w? relates to a balance between horizontal and vertical Reynolds stress. In the shallow
water limit (! 0), the 2w? term vanishes, the particle orbits become horizontal, and the

integrand u? 2w? reduces to twice the kinetic energy density, or the total energy density of

the waves (Longuet-Higgins and Stewart 1964). Increasing the relative depth, the particle orbits

become more circular and the stress eventually becomes isotropic. The point here is that by depth
integrating the fully nonlinear Euler equations of motion in the derivation, a direct correspondence

with the well established theory presented by Longuet-Higgins and Stewart (1960) and Longuet-
Higgins and Stewart (1964) becomes more apparent.

Introducing the horizontal velocity approximation u = uj, + 2u and isolating the dispersive terms
gives

@Hy, . @HE @ H® @M _

@t gi( @x 2 @Z@X @Z
2 & 2 ¢ ; 2 2 = 2.71
ot . u dz ax . 2uj; u w? dz ax . Q (2.71)
22 e oY
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in which

Z
Q_

@Z

-— wdz+ — uj; w)dz 2.72
ot ax, Wz (2.72)
As was done with the continuity equation, a place holder, , is introduced representing arbitrary
momentum source terms. The expression on the left hand side of (2.71) matches, pending a change
of reference, the conserved variable form of the NSWEs (see, e.g., George 2006). The form of the
depth integrated momentum equation (2.71) will be utilized in the next section for veri cation

purposes.

2.3.3 FUNWAVE Comparison

The Boussinesg-type model "FUNWAVE" is an open source state-of-the-art model implemented
world-wide in practical application and endorsed by US Army Corps of Engineers. At present,
the governing equations of "FUNWAVE" are based on those of Shi et al. (2012), which provide
an alternative presentation of the fully nonlinear weakly dispersive equations of Kennedy et al.
(2001) in conserved variable form. Although not explicitly addressed in this study, the conserved
variable form fosters implementation of shock capturing methods as a means to approximate wave
breaking, which has been addressed in previous studies (e.g., Tonelli and Petti 2009; Roeber et al.
2010; Roeber and Cheung 2012; Tissier et al. 2012; Shi et al. 2018). Theoretical consistency implies
the quasi-2D equations of Shi et al. (2012) should formally match the governing equations derived
herein when =0 and the seabed is static, despite the di erence in presentation.

The conserved variable form of the NSWESs has been utilized extensively in throughout the literature
(e.g., Whitham 1974; M. B. Abbott 1979; LeVeque 1992; Toro 2009). The practical motivation is
the ability to represent hydraulic jumps as viscous ow discontinuities, over which both volume and
momentum are conserved. When applied in Boussinesqg-type equations, the dispersion is locally
removed and the ow discontinuity is resolved through the leading order conserved variable form
of the NSWEs. This approach to serves as an alternative to the eddy viscosity and surface roller
methods commonly used to approximate wave breaking (e.g., Zelt 1991; Kennedy et al. 2000;
P. J. Lynett et al. 2002; Svendsen 1984; Schaer et al. 1993; P. Madsen et al. 1997). Working
with the governing equations of Nwogu (1993), Roeber et al. (2010) cast the governing equations
into conserved form by making use of the product rule, which serves as an alternative method of
derivation in comparison to the depth integration methods presented in the previous section. The
strength of the former approach is that equations employing the depth averaged momentum are
readily cast into conserved variable form with little e ort, however the connection with the depth
integrated approach is not readily apparent. To elaborate by example, the quasi-2D equations from
George (2006) are expressed in dimensionless form under the current scaling arguments and still
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water reference

@H @Hu_

@’ @x ° (2.73)
2

@Hu, @HE, @ HZ @M _, o7

@t @x @x 2  @x
in which u = U is the model velocity employed in the NSWEs. Applying the product rule to the
rst two terms in the momentum equation (2.74) gives the expansion

@u @Qu @
@t-'- U@X+ @X (275)

@t ex @x 2 ex - et ex

@Hu @HE @ H? @H _ ~ @H @Hu

Comparing the terms in parenthesis on the right hand side to any primitive Boussinesqg-type equa-
tion, it is observed that the corresponding continuity and momentum dispersion terms can be
substituted in without loss.

The model velocity employed by Wei et al. (1995) isu = uj, + 2u, in which, u = uj, , is
substituted into the left hand side of (2.73) and (2.75) for the leading order velocity. Substituting
the O( 2) terms from the depth average momentum equation (2.43) and depth integrated continuity
equation (2.57) into the right hand side gives

@H, @Hy _  ,@HC 4

o = -+ 09 (2.76)
@Hy, AL @HE @ H? @MH _ . @H  @Hg

@wt ¥ @‘J)'( T ox 2 @x Y @’ @U)'( HofVie A o)

(2.77)

in which (2.76) and the left hand side of (2.77) match those of the new conserved model derived
herein. Formally, (2.76) and (2.77) should give the quasi-2D governing equations of Shi et al. (2012).
Since termsV 1 andV 2, de ned in (2.44) and (2.45) respectively, have already been veri ed, the goal
here is to verify the momentum equation (2.71) derived following the depth integrated approach in
the previous section, which is clearly expressed in an alternative form.

The terms V1 and V2 on the right hand side of (2.77) are independent of the z-coordinate, thus
can be expressed as an integral over the ow depth

Z 4
2 _ 2 @ @w @ @ . @ @ .
2 _ 2 @ . @w @ @w, @w
HVZ - h @X UJZ u + , @Xdz + @X , W@Zdz + W@X dZ (279)

Derivatives in the second term of (2.78) are interchanged through the application of the Leibniz
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integration rule (B), which also removes the trailing boundary terms to give

z z

2Hy, = 2 @i, @ O% (2.80)

h Ot @x, Ot

The full expression for H( 2Vi+ 2V,) is thus given by

ZZ 1@u @i u @w @ 1@w @w @w

h @t @X @X @X . @t uJZ —+w— dz dz (281)

@x @z

The expression is split up for evaluation, focusing rst on the interior integral over an arbitrary
depth. Applying the Leibniz integration rule (B) to pull out the spatial derivative gives

Z
, @ , @ , @
@x . F+ @x ht @(FJ (2.82)
in which
F= 10OV, O 0%, (2.83)

z @t @X Y@z

Clearly, the last term in (2.82) is equal to zero. The product rule is applied to the last two terms,
in which the continuity equation is then applied to the latter term. Since (2.82) is already O( ?),
terms of O( 2) are dropped, which leads to a cancellation in the former term. Further application
of the Leibniz integration rule (B) and kinematic free-surface boundary condition (2.15) reduces
(2.82) to

Z Z
2 @ ,» @ 2 ,@h.
@x ) Qdz + @x ) wedz + @Lbj h (2.84)
in which
Z Z
1o @ .
Q= ~at , wdz + @x , (ujz w)dz (2.85)

The expression forQ is identical to de nition (2.72) given prior.

The remaining terms in (2.81) are now addressed. To the third term, the irrotational condition is
applied and expanded using the product rule. Substituting the expansionu = uj, + 2u reveals
that only the 2u terms are retained. Carrying out the integration, applying the continuity
equation, and truncating O( *) terms gives
z :
2 U Q

U " ax 2uw)j + *uw)jn (2.86)
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Upon applying the Leibniz integration rule (B) to the rst two terms in (2.81), it is found that the
trailing boundary terms in (2.86) cancel due to the kinematic surface boundary conditions. The
overall last term to address is the leading expression on the right hand side of (2.77), which is the
continuity dispersion terms on the right hand side of (2.76) by de nition. Applying the product
rule results in a cancellation of the rst term in (2.86), leaving a single advection term. Collecting
the remaining terms and adding them to (2.84) gives

Z Z Z
2 @ u dz 2 @ 2uj; u w? dz 2 @

@h..
27
ot . @x . @x thz+ @EQJ h (2.87)

which is identical to expression on the right hand side of (2.71), thus verifying the conserved set
of equations. It is therefore deduced that for = 0 and a static seabed, the new conserved model
derived herein should be formally equivalent to the governing equations employed by Shi et al.
(2012).

In the derivation by Shi et al. (2012), the model velocity used in (2.73) and (2.74) isu = U =
uj, + 2u, which is perfectly valid. Following the expansion, this implies that the right hand side
of (2.76), as well as the leading set of terms on right hand side of (2.77), would b®( #), which are
then absorbed into the truncation error. Therefore, only the trailing set of terms on the right hand
side of (2.77) is of concern for the model velocity used by Shi et al. (2012). Again, it is emphasized
that the left hand side would be in terms of U, not uj, , as shown in (2.76) and (2.77) above.
Upon reviewing equation (17) for the quasi-2D case in Shi et al. (2012), the only discrepancy found
appears to be the presence of a®( #) term in the nonlinear advection, which should be dropped
to be consistent with the order of approximation. The O( #) terms are correctly removed on the
right hand side, but not the left. It is worth pointing out, that even if the O( *) terms associated
with the nonlinear advection on the right hand side were retained, as a means to correct those on
the left, the equation would still be O( 4) because of the fact that the leading set of terms on right
hand side of (2.77) cancel due to the continuity equation. This is a result of the product rule used
in expansion (2.75) and highlights the importance of con rming the order of approximation on both
sides of the equation. After personal communication with the authors, it has been con rmed that
the O( 4) terms associated with the nonlinear advection should have been dropped in Shi et al.
(2012) to match those in (2.71), which areO( 2). Therefore, the equations of Shi et al. (2012),
upon correction, do agree with those derived herein.

Having veri ed the governing equations in conserved form, assuming = 0 and a static seabed,
with the quasi-2D governing equations of Shi et al. (2012), it can be concluded, by extension, that
the governing equations derived herein recover those of Shi et al. (2012), Kennedy et al. (2001), Wei
et al. (1995), and Nwogu (1993) under the appropriate assumptions. Relaxing the assumption of
a static seabed to include slowly varying seabed deformations further extends the datum invariant
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fully nonlinear, weakly dispersive equations in terms of conserved variables. The most fundamental
contribution is achieved when 6 0, which leads to additional nonlinear terms from an expansion
about the the free-surface. Herein, focus is directed on the particular case= , in which the weight
is governed by the datum invariant reference. To close out this chapter, the governing equations
derived herein are gathered and presented collectively. Applying some minor simpli cations, the
continuity and equations of motion are restated as

@H, & @H1 _ 4
@+ ax - +0( 4 (2.88)
@HI @ , — H? _ @h H 5. 4
@+ @x Hu2+27+S = ax —+ “Qjn + o+O(H (2.89)
in which
H= +hg+ hyg (2.90)
u= uj, + ‘U (2.91)
u2 = uj? +2 2uj, U (2.92)
S= ?H Q w? (2.93)
Qi 1= @HtNJr @H@lgz W (2.94)
L @? @
Q= o, wdz + @x, (ujz w)dz (2.95)
o 1 @M @ . @h 1, 1 @uj,
=R S @xex Taex Y aex M 3 @R
1 @hyg 1 @ . . (2.96)
+ H > ’@x“ > @(hdulz*‘ ujz)
o @b | @hiy h @ @ . .
W= et T ax > @x @X(hdulz + Ujz ) (2.97)

For a at bottom, equations (2.88) and (2.89) mirror those found in Whitham (1974), where S would

be the radiation stress (Longuet-Higgins and Stewart 1960), which is proportional to the energy
density and scaled by a function of the group and phase speeds. Although the energy density, group
speed, and phase speed are not immediately apparent in the de nition 0% above, the form of (2.89)

is very appealing in that it implies, by analogy, a conservation of momentum over a at bottom. A
vivid account of the radiation stress is imperceptible in the Boussinesqg-type formulations reviewed
herein. The ability to explicitly quantify the radiation stress in a phase resolving manner would be

of value in applications focused on the study of high order coastal processes like wave setup and surf
beat. Over a static seabed, with =0, equations (2.88) and (2.89) have been veri ed on multiple
levels with those from Wei et al. (1995), which clearly proves that the vector velocity and scalar
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potential approaches give the same formal set of equations, albeit presented in di erent form. As
a fundamental contribution, the additional nonlinear terms in the velocity pro le, capturing the
material surface curvature, extending the Pace [2/2] family of equations. The O( 2) continuity
(2.88) and equation of motion (2.89) are presented as functions of two unknowns, and uj; ,
with forced slowing varying seabed deformations throughhg, thus close the fully nonlinear, weakly
dispersive, governing system of equations. In the next chapter, linear properties are examined
to facilitate analysis of the corresponding numerical implementation. For clarity in presentation,
O( %) terms are dropped, with it being understood that the equations are in fact approximations.
Furthermore, having established the model velocity, uj, , the notation u  uj, will be utilized
hereafter to represent the model velocity, where it is important to acknowledge that the model
velocity is not a function of depth.
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CHAPTER 3
THEORETICAL DISPERSION

The fully nonlinear, weakly dispersive, Boussinesg-type equations derived in the previous chapter
include a single parameter, , which (1) locates the datum invariant reference within the water
column and (2) due to the assumption = inthe nonlinear enhancement, serves as a weight factor
coupling the series expansions at the seabed and free-surface. The degree of freedom establishes a
family of equations, which encapsulates other theories found in the literature (e.g., Peregrine 1967;
Nwogu 1993; Wei et al. 1995; Kennedy et al. 2001). In this chapter, the single parameter family is
extended to a three parameter family by invoking linear leading order substitutions. As a result,
O( ?) e ects are distributed among the dependent variables, thereby further enhancing the system
of equations with two additional degrees of freedom. The resulting set of equations is shown to be
unique among those found in the literature due the relaxation of the static seabed assumption. The
three parameter family in Section 3.1 marks the conclusion of theoretical developments performed
herein and a transition to studying the role of numerical dispersion begins.

Central to this study is the development of tools which quantify numerical limitations and convey
those to the community in a clear concise manner in order to minimize false interpretations in
practical application. The remaining sections of this chapter establish a theoretical foundation on
frequency dispersion, which serves as a leading order linear performance metric. Being a linear
property, the governing equations are linearized and cast into spectral space using Fourier-Laplace
transforms, in which the fundamental nature of frequency dispersion is shown. Analytic solutions
of the three parameter family are then derived to facilitate subsequent validation of the numerical
analysis. Above all, the analysis serves as the basis of future chapters focusing on numerical
dispersion, where the discretization introduces modi ed spectral variables which take on the role
of their continuous counterparts.

3.1 Three Parameter Family

One of the well known properties of Boussinesg-type equations is that leading order linear substi-
tutions can be made into O( 2) terms without altering the formal order of approximation (e.g.,
Long 1964; Benjamin et al. 1972; Peregrine 1974; J. L. Bona and Smith 1976). For clarity, the
enhancement is performed on the linearized (! 0; ! 0) set of governing equations, which can
easily be recovered by adding the nonlineailO(; ) terms to the enhanced equations. In the
current set of equations, theO( 2) e ects are only associated with the model horizontal velocity
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variable. Using leading order linear substitutions, the O( 2) e ects are distributed to include po-
tential e ects which manifest through the free-surface variable. This leads to a three-parameter
family of equations that can be optimized for selected properties, such as frequency dispersion. The
three-parameter family of equations is compared with others found in the literature, which assume
either a static seabed (Scha er and P. A. Madsen 1995b) or lack the processes of linear shoaling
(M. Chen 2003). The comparison not only emphasizes uniqueness of the equations derived herein,
it also helps bridge the gap between pursuits in the study of Boussinesg-type equations carried out
by coastal engineers and mathematicians.

3.1.1 Linearization

The continuity (2.88) and momentum (2.89) equations are linearized to give

@, @b, ,@(HU)_ @b,

= 1
@t @x @x @t Z, (3.1)
@u @ ,@Q (HU") 2@ @ _ ,@b@ (HwW)

where the operatorL (), which casts function arguments into linear form, has been introduced for
clarity. The linear expansions are given by

Z g Z g

N _ z Q (W) 2 } - 3} ’ }
L(Ho)= hsL(u)dz— W, @x dz dz= hg > (A + C)+h52 3 B
(3.3)
Zo 2
Y = _ @k @bu  hs@u
L(HwW) = hsL(w)dz— hs @t “@x 2 @x (3.4)
in which
@h@u @ @b
A= @xax @x “ex 39
_ @u
B= @3 (3.6)
_ @hy
C= Q@ (3.7)
Substituting (3.3) into the linearized continuity equation (3.1) gives the trivial expansion
@, Qb @ 1 sl o 1 -
@ axT ax™ 2 Athy T 3 BF
1 (3.8)
@b, 2@, 1,

@t @x ° 2

49



in which the processes of linear frequency dispersion and shoaling are coupled in the ux terms.
The processes can be decoupled and isolated by applying the product rule; however, the conserved
form is abandoned.

In the linearized momentum equation (3.2), the double integral can be resolved by employing
various methods. The most direct method involves application of the Leibniz integration rule (B)
in order to push the spatial derivative operator inside the outer most integral. Substituting the
integral form of L (HW) de ned by (3.4), it is clear that the seabed source term on the right hand
side drops out. In the remaining term, the limits of integration are not functions of time; therefore,
the temporal derivative operator is pulled out in front of the outer integral. Likewise, the inner
integral is not a function of space; therefore, the spatial derivative operator can be pushed inside
the inner integral. Substituting the integral form of L (HU™) from (3.3) gives

eu , @, ,0°° “raw, °@(w)

hs— + h
S@t s@X @t hs z @X v

dz dz= (3.9)

in which the two integrals are combined and the integration is carried out to give

hSQu+ hs@ + 2 @

@t °‘@x @t

2 1= 2@ h2( 1)C + (3.10)

1
2 3t
he( DA+ t

An alternative method, which arrives at the same solution above, is to carry out the integration in
(3.2) explicitly. The double integral gives

z Z
@7 % @ ° _ 2@ o
@x . ot , L(w)dz dz= @x hso(t; x) (3.11)
in which
g(t;x) = % @hq , @hu  hs GU (3.12)

@% @t@x 6 @t@x

Applying the product rule to decouple the ux terms on the right hand side of (3.11) to isolate the
gradient of the seabed gives

@ 5 . _ @b 2@9
@x hg(t; x) —2hS g(t x)+ hg S@x

Distributing the di erence operator over g(t;x) and applying the product rule to the last term,

(3.13)
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again, to isolate the gradient of the seabed, gives the double integral as

Z Z
,@ ° @ ° _ @@ @h , @hu hi@u
@x n @, "W Tge"™ et ex 26x 614
2@ 51 3l .
ot hsé A+ -C +hs§B

On the right hand side, the rst set of terms cancels with 2L (H W), and the last set of terms
combines with 2L (HT ); to give the expression in (3.10) found above. While more tedious, the
method gives a detailed breakdown of the linealO( %) momentum ux term into its constituents.
Having already decoupled the momentum ux, isolating terms associated with dispersion and shoal-
ing is trivial, in which 2h3(1=3)B; is purely dispersive, while the rest involve derivatives of the
seabed.

3.1.2 Linear Enhancement

At the leading order ( 2! 0), the linearized continuity (3.1) and momentum (3.2) equations reduce
to

@ @bu _ @B

@t+ a@x = 77@'[ (3.15)
@Qu @ _

ot o ° (810

which can be utilized to distribute the O( ?) e ects among the dependent variables in both the
continuity and momentum equations (e.g., P. A. Madsen et al. 1991; P. A. Madsen and Sorensen
1992; Beji and Nadaoka 1996; Scha er and P. A. Madsen 1995b; Bona et al. 2002).

Applying the operator @ to the leading order linear continuity equation (3.15) and the operator
@ to the leading order linear momentum equation (3.16) gives

hsB = A+ -C+ g@x (3.17)
(gt: gf{ (3.18)

in which the substitution ( hsu)xx = A + hgB was made in the continuity equation. Applying the
expansionf =(1 ) f+ f tof 2f hsB;B;gthen substituting (3.17) and (3.18) into the respective
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trailing term, f ,the following equations are introduced without loss

_ @
hsB=(1 1)hsB 1 A+ -C+ D@ (3.19)
@ _ @ J
ot & et ew (820

in which , 2 R for n 2f 1;2g are free parameters. The equations above are substituted into (3.8)
and (3.10) to give

@ . @hu @ @ @
o @x @ Mowext @x M B =
(3.21)
_ @+ 2 @ 1h2Cc  +
ot @x
9,0+ 2 Qhon i 2@ 2 Qn v, (3.22)
in which
— 1 2 1
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2= i 2 é (1 1) = 2 2 é 1 (3-24)
1 1
3= > 2. 112 ) = > 2 1 4 (3.25)
1
4= 5 2.1 (3.26)
1 1 1 1
5= 1 (3.28)

The O( ?) linearized continuity (3.21) and momentum (3.22) equations represent a three-parameter
f; 1; 29 family of equations which support linear dispersion, shoaling, and seabed deforma-
tions.

Variants of the three-parameter family have been studied in the literature, which warrants digres-
sion. In the rst case, a static seabed,@hy = 0, is assumed, in whichhg h simpli es notation.
Substituting 1= 4 ,into (3.21), 4= 1 ,into (3.22), and applying the linear expansion
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of the reference = z =h+1 gives

@ @hu ,@ 22 n? @u +h h h@?hu
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These are the linear quasi-2D equations derived by Scha er and P. A. Madsen (1995b) in which

f ; g f 1, 40 gives an equivalence in notation. Depending on the approach to deriving (3.29),
the following expression emerges

,» @ Zh@h @ ., @hu

@x @x @t “@x (3.31)

which upon substitution of the leading order continuity equation, is equivalent to zero. This
emphasizes an important feature of the enhancement technique, regardless of approach. In Scha er
and P. A. Madsen (1995b), O( 2) operators are introduced and applied to the O( 2) governing
equations. Due to truncation at O( %), the operators only act on the leading order terms. Therefore,
when added to theO( 2) governing equations, it is no di erent than adding zero, in which the same
can be said herein with the introduction of |, as free parameters. In either approach, the objective
is to redistribute the O( ?) e ects in a conserved manner. To use an analogy; the shape of the curve
can change as long as the area under it remains unity. A thorough discussion can be found in the
series of work by Scha er and P. A. Madsen (1998), Beji and Nadaoka (1998), and Scha er and P. A.
Madsen (1999), in which the latter acknowledges the exibility in de ning the distributions.

Another line of pursuit led by mathematicians can be found in the literature (e.g., J. L. Bona and

M. Chen 1998; Bona et al. 2002; M. Chen 2003). Herein, the seabed is de ned by an expression of

the form hqt;x) = hd(x) + h 4(t:x); however, it is also possible to de ne the seabed abqt; x) =

h9%+ hd(t;x), where h0is the mean seabed level, and assunt@®= h¢ without loss (M. Chen 2003).

In dimensionless form, the seabed ifi(t;x) = 1+ hy(t;x), which implies hs(x) = 1 herein. This

change in perspective has a dramatic impact on the linear equations. Substitutindgis(x) = 1 and
1=(1 1) into the linearized continuity (3.21) and momentum (3.22) equations, followed by a
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Figure 3.1: Instantaneous sketch depicting a free-surface wave propagating over a static, spatially
varying, seabed with the brown dashed line denoting the mean level.

change in notationf 1; 2, 4; 3; 1, 20 f a;b;c;d; ;; g, gives

@ @Qu. @U 2 @ _ @B ) 1 ,» 1 @hd

@t-'- @X+ a@ b@t@x_ 7@+ -5 3 (1 ) 2 +1 @@ (3.32)
Qu @, 2@ o @u _ . ) Gh (3:39

@t @x @3 @@ @i@x

which are the linearized equations of M. Chen (2003) for Boussinesg-type equations over an uneven
seabed. The most striking observation is that shoaling is not accounted for in linear equations
of M. Chen (2003) due to the de nition of the seabed. Upon linearization, the de nition reduces

to a mean level (normalized to unity), which is equivalent to assuming a at seabed, hence why
the coe cients associated with the dispersion and forcing terms are consistent with those herein.
Figure 3.1 assumes a static, but spatially varying seabed, in which incident linear waves are known
to shoal over the slope (e.g., Dean and Dalrymple 1991). In application of (3.32) and (3.33), clearly
derivatives of the seabed drop out due to the static assumption, leaving the same linear equations
used over a at seabed (e.g., Bona et al. 2002). Therefore, a hydrodynamic shoaling response of the
waves traveling over the slope in Figure 3.1 would be lacking in the linear formulation of M. Chen
(2003). Shoaling would only be accounted for in the linear equations of M. Chen (2003) if the mean
seabed level exhibits spatial dependency (i.e. a local mean); however, spatial dependency of the
mean is not included in the formulation. Nevertheless, Figure 3.1 shows that a change in slope can
occur independent of the mean, which would lead to a change in the shoaling response. Taking into
consideration that shoaling processes are not explicitly discussed in M. Chen (2003), it is evident
that the equations therein are catered to processes other than shoaling, thus highlighting that the
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equations derived herein are in fact unique.

3.2 Frequency Dispersion

In a phase resolving model, the ability to accurately predict the wave phase is paramount. At the
leading order, frequency dispersion processes are isolated for independent evaluation by assuming
a static (@hg = 0) and at ( @h = 0) seabed in the linear formulation. Under the given assump-
tions, the notation for the seabed is simplied to h  hg for the sake of clarity moving forward.
Fourier-Laplace transforms are invoked, mapping the system of PDESs into spectral space to form
an algebraic system of equations whose dependent variables are de ned by the transform of par-
tial di erential operators. An eigenanalysis is performed on the algebraic system to derive linear
solutions to the transformed free-surface and model horizontal velocity. Solution poles of the inte-
grand are de ned by the linear frequency dispersion relation, which over the -plane are attributed

to forward and backward propagating modes. Focusing on the forward propagating mode, various
members of the three-parameter are evaluated in terms of wave celerity, which forms the foundation
to study numerical dispersion in later chapters.

3.2.1 Ideal Seabed

The assumptions of a static, at, seabed assertA = C = 0 and linear equations (3.21) and (3.22)
reduce to

@ @ @u

2 2 @ 2 2 -
it =5 +h= U Mg = (3.34)
@ 2 z@u @ 2 2@ _
o U sh? g + = s = (3.35)

where combinations of the dispersion coe cients, ., lead to variants of the system of PDEs. For

n = 0, the system reduces to the primitive linear shallow water equations, which serve as the
leading order nondispersive long wave approximation. The constraint equation; ,+ 3 4=
1=3 establishes the three parameter family of linear Boussinesg-type equations under consideration,
whose members possess di erent physical and mathematically properties (e.g., Bona et al. 2002).
Despite the di erences, the family members are formally equivalent. This is shown by eliminating
either the free-surface elevation or horizontal velocity in the system of PDEs to give the following
homogeneous equation in absence of source terms

@ @ ,1:@ .. . _
@ "ar 2§h3@ f(x)=0 (3.36)
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where @ c°@ is the long wave d'Alembert operator with ¢ = P h being the wave speed for the
dimensionless form of the equations and (t; x) is the respective dependent variable following the
reduction. Equation (3.36) represents a linear high order extension of the classical wave equation,
which is indicative of linearized Boussinesg-type equations.

3.2.2 Fourier-Laplace

The linearization permits application of Fourier-Laplace Derivative Theorems (D.3) and (D.7) to
the continuity (3.34) and momentum (3.35) equations which map the PDEs into the spectral domain
to form an algebraic system of equations

2

2 il (k) o (KT iU+ i pkh(kh)2u = (3.37)
2

it u ;i i 5l (kh)2u ”";ﬂ+ ik +i 4k(kh)2 = (3.38)

in which ! and k respectively denote the angular frequency and wave number. Collecting terms
involving the initial conditions, o and ug,, on the right hand side with the source terms, the
eguations are

oL+ a(kh)?) |

I+ 41 (kh)>  khu  kh(kh)?u = 5 (3.39)
i 2
lu+ o (kn2u Kk ak(kh)?2 = el +2 3kn)?) 5 (3.40)
or in AU = G matrix notation as
n #" # 2 3
L1+ 1(kh)? kh(1+ 2(kh)? G
1+ 1(kh)9) 1+ 2(kh)9) _ 4C15 (3.41)
k(L+ 4(kh)?) '@+ 3(kh)?) u G
in which G contains the transform of the respective initial conditions and source terms
Gi= o oL+ 1(KN)?H+2 (3.42)
G, = ZL UL+ a(kh)D)+2 (3.43)

The leading square matrix, A, in equation (3.41) de nes a linear transformation whose characteristic
behavior de nes the system dynamics. To identify the characteristic behavior, an eigenanalysis is
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carried out
" 2 2 #
@+ kh kh(1 + kh
A )X = ( 1( ))2 ( 2(2 ) v o (3.44)
k(1+ 4(kh)s) 1+ 3(kh)9)
where | is the identity matrix,  represents a scalar eigenvalue, anX a right eigenvector. For a
nonzero eigenvector, the quadratic polynomialp( ) = det(A 1) is set equal to zero giving the

characteristic equation

2@+ 1+ 9)(kh)?) +1EL+ g (kh)A)(L+  5(kh)?)

(3.45)
hk?(L+ 2(kh)®)(L+ 4(kh)?) =0
The two roots of the characteristic polynomial over de ne the eigenvalues as
(1+ 3)(kh)?

5 =1 .4 S A, _

12=1 1+ > > (3.46)
in which

p

= (1 ) AKh)*+4hk?(1+ o(kh)?)(1+ 4(kh)?)

The product ( 1 2) and sum ( 1 + ) of the eigenvalues equal the determinant and trace ofA
respectively as a check. For each eigenvalue,, , an associated eigenvectorX ,,, is determined.
Substituting 1 into (3.44) and solving for X 1 gives the rst eigenvector

(1 3)(kh)?! #

Xq=" 2k (1+ ]‘j(kh)z) (347)

in which ' is an arbitrary real scalar factor giving a 1-parameter family of solutions emerging from
row reduction. The second eigenvector is obtained following the same procedure to give

+H 1 a)(kh)z!#
Xp=" 2k(1+ 4(kh)?) (3.48)
1

The eigenvectors are collectively expressed dsX = ' [X1;X 2], where the full matrix indicates
that the linear dispersive water wave system experiences uctuations in all modes. The solution to
equation (3.41) is expressed as a linear combination of the eigenvectors as
" #

C1 C,

u 1 2
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in which the components of the coe cient, C = X G, are calculated as

n # n #2 3
I GO L R (O LAY

T (L kh)2

2 2

C, - K1+ 4(kh)?) (3.50)

Substituting the expressions for the eigenvalues (3.46), eigenvectors (3.47) and (3.48), and coe -
cients (3.50) into equation (3.49), the nal transformed free-surface elevation and velocity are given
as

L (L+ 3(kh)?)Gy+ kh(1+ 5(kh)?)G,
12(1+ 1(kh)?)(@+ 3(kh)?) k2h(1+ 2(kh)?)(1+ 4(kh)?)

K(L+ 4(kh)>)Gi+! (1+ 41(kh)*)G,
12(1+ 1(kh)?)(@+ 3(kh)?)  k2h(1+ 2(kh))(1+ 4(kh)?)

(3.51)

U= (3.52)

The focus of this study is on the unimpeded propagation of dispersive waves from an initial state,
therefore the source terms in (3.42) and (3.43) will be set equal to zero. Implementing inverse
Fourier-Laplace transforms gives integral solutions to the homogeneous linear system of equations
in terms of the free-surface elevation and velocity as

i 21 1+ a(kh)) 1L+ a(kh)?) o+ kh(1+ o(kh))uo

= e " dkd!
2, 1A+ (KhNDA+ a(kh)?) KL+ (kMDA + a(kh)?)
(3.53)
P 221 @ akh)?) K@+ k)Y o+ 1@+ a(kh)Duo
US2 T2+ (kDT a(kh)D) K@+ (khDAF akhD° o
(3.54)

in which is the contour of integration over the ! -plane.

3.2.3 Dispersion Relation

The rational integrands in (3.53) and (3.54) share a common denominator, which fundamentally
contributes to the integral solutions. According to C. K. W. Tam (1995), the denominator expres-
sion de nes the dispersion function

fo(ik) =121+ 1(kh)®)(1+ a(kh)®) Kk?h(1+ 2(kh)?)(1+ 4(kh)?) (3.55)

which can be derived independent of the eigenanalysis by evaluating the determinanget(A), in
(3.41) above; however, the goal of the previous section was to derive analytic solutions to the
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transformed variables, thus warranting the detailed analysis. Setting the dispersion function (3.55)
equal to zero, or equivalentlydet(A) = 0, and solving for the angular frequency gives the dispersion
relation

1+ 2(kh))(A+  4(kh)?)

2 — 2
= K T D@ kD)

(3.56)

which identi es a relation between ! and k that must be satis ed such that the kernel of A
contains nontrivial solutions to AU = 0. As a denominator of the rational integrands, the roots of
the dispersion function are associated with singularities of the inverse transforms. On the complex
I -plane, the roots of the dispersion function give rise to two simple poles

S
P @+ kDA a(kn)?)
g =tk h (A k(L o(h)) (3:57)
P T e 0 (R () 058)

1+ 1(kh)?)(1+ s(kh)?)

which are associated with a forward and backward propagating wave mode. The relation between
the poles,! 1(k) = (k) = ! 2( k), shows that the parity is odd, with the forward propagation
mode being the negative of the backward. The odd parity derives from the poles of the shallow
water dispersion relation ( , = 0) being linearly dependent on the wave number, whereas the
degree of the additional dispersion terms is strictly even with respect to the wave number.

The coe cients , and 4 can be expanded in order to make connections with other studies in the

literature. Substituting = +1 into (3.24) and (3.25) gives
1, 1 1
= Z 2+ o+ Z = + = .
2 > 3 ! 3 ! (3.59)
1,
3= > + a = ( 4) (3.60)

where is the classic coe cient associated with the arbitrary linear reference (e.g., Nwogu 1993).
Stating the dispersion relation (3.56) in terms of the alternative coe cient expressions gives

o (1 +3 1 (kh)A)A+  4(kh)?)

2 _
COENTTE A (o)

(3.61)

which is equivalent to the frequency dispersion relation given by Scha er and P. A. Madsen (1995b)
for 1 and 4 , Which is just a change in notation.

The set of coe cients, ,, not only govern the dispersion relation (3.56), they also identify members
of the three-parameter family. In section 3.1.2, the coe cients, ,, are shown to be functions of
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Theory 1 2 3 4 2 1 2
( txx) (Uxxx ) (Uixx ) ( xxx)

Boussinesq O 0 0 1/3 -1/3 1/3 -0.4226 1 1
Peregrine 0 0 -1/3 0 -1/3 1/3 -0.4226 0
Kaup 0 1/3 0 0 0 1 0 0 2
Set A -1/3 0 0 0 0 1 0 1 2
Mei 0 -1/6 -1/2 0 -1/2 0 -1 0 0
Madsen 0 0 -7/18 -1/18 -1/3 1/3 -0.4226 1 -1/6
Nwogu 0 -0.0562 -0.3896 O -0.3896 0.2209 -0.5300 O 0
Witting 0 -1/15 -2/5 0 -2/5 1/5 -0.5528 0 0
Schaer -0.4053 -0.1006 -0.0392 -0.0105 -0.0286 0.9427 -0.0291 1.3301 -0.3672
BBM -1/6 0 -1/6 0 -1/6 2/3 -0.1835 1 0
KDV KDV 0 1/6 0 1/6 -1/6 2/3 -0.1835 0 1
KDV BBM 0 1/6 -1/6 0 -1/6 2/3 -0.1835 O 0
BBM KDV -1/6 0 0 1/6 -1/6 2/3 -0.1835 1 1

Table 3.1: Select members of the( 2) three-parameter family. Coe cients shown are rounded to
ve signi cant digits; however, plots and simulations are generated with double precision.

f; 1; 20, which implies a unique three-parameter set for each member. Table 3.1 lists several
members of theO( ?2) three-parameter family discussed herein, as well as a few additional members
found in the literature introduced by mathematicians (e.g., Bona et al. 2002). Two addition columns
for and are shown for completeness, with the latter indicating the location of the linear reference
depth, hence 1 0 for physical meaningful solutions. In some instances, , remains arbitrary
due to the value of and either 1 or 4 being equal to zero. Take for instance the coe cient
set attributed to Peregrine (1967). Substituting 2 = 1=3 into (3.23), it is clear that 1 = 0
independent of ;, thus remains arbitrary as indicated in the table. The set denoted "Set A"
has been added to the table to complete the apparent pattern and show that by making 1 = 1,
coecients 1 and  in the continuity, along with the sign, swap due to the 1 and (1 1)
expressions in the respective coe cients. The same can be said for, and the coe cients in the
momentum. The coe cients attributed to P. A. Madsen et al. (1991) and Nwogu (1993) result from
sacri cing the formal order of accuracy to improve bandwidth resolution. Therefore, the coe cients
are listed as decimal approximations. In the set given by P. A. Madsen et al. (1991), the fact that
2 is nonzero further shows that the di erent methods of linear enhancement discussed in section
3.1.2 are in fact formally equivalent. The coe cient set by Witting (1984) gives the Pace [2/2]
approximation, which for a rational approximation gives the best formal order of accuracy. The
coe cient set by Scha er and P. A. Madsen (1995b) is obtained by matching the coe cients to
the Pack [4/4] approximation. For the three-parameter family, several solutions exist, in which the
ones shown correspond to those recommended by Scha er and P. A. Madsen (1995b), where again,
the coe cients are listed as decimal approximations which should be carried out to higher precision
during implementation. The remaining four coe cient sets are found in Bona et al. (2002) and
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included herein to analyze their practical limitations.

Figure 3.2: Normalized wave celerity for select members of the three-parameter family. Pad ap-
proximations are shown for reference as dotted lines (Witting 1984). The following approximations
are indistinguishable at scale: Boussinesg-Kaup-Pacde [2/0], Peregrine-Set A-Packe [0/2], KDV BBM
- BBM KDV, Scha er-Pack [4/4].

In practical application, the objective is to choose the set of coe cients such that the physical
characteristics of the problem are well resolved. Dividing the forward propagating mode (3.57) by
the wave number results in the wave celerity,c = !=k , which de nes a linear performance metric
measuring the phase speed of propagation. In Figure 3.2, the relative celerity associated with each
member of the three-parameter family tabulated in Table 3.1, in addition to the leading order

( 2! 0) shallow water approximation, is shown as a function of the relative depth. Clearly, the
nondispersive shallow water approximation is limited to very shallow water regions, with the addi-
tion of dispersion signi cantly improving the theoretical limitations. Overall, the approximations
can be categorized into two groups: those which exhibit a phase lag and those which exhibit a phase
lead with increasing relative depth. Pade approximations, introduced by Witting (1984), are shown
as a reference. Fokh 2 R, the Pace [0/4] approximation exhibits a singularity beyond deep water,
which appears as a vertical line. At the scale shown, a portion of the "KDV KDV" approximation
also appears as a vertical line near the deep water limit, but in fact continues to grow exponentially
over the range of relative depths considered. The optimized approximations of P. A. Madsen et al.
(1991) and Nwogu (1993) clearly show a sacri ce in the formal order of accuracy as compared to the
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Pack [2/2] of Witting (1984); however, the integral phase error is smaller over a greater bandwidth
by design. As a result, there is a phase lag up tkh  2:75, followed by a phase lead. To the
left and right of the max lag, occurring near kh 2, waves possessing di erent wave numbers will
appear to travel at the same speed. According to linear wave theory, this is physically incorrect,
as the phase speed should monotonically decrease with increasing relative depth. These properties
are dependent upon the optimization procedure, hence what is depicted merely re ects a specic
set of coe cients. P. A. Madsen et al. (1991), for example, depicts results from several sets of
coe cients, in which only one set is shown here for discussion purposes. Clearly the approximation
given by Schaer and P. A. Madsen (1995b) is superior, matching the Pace [4/4] approximation
which is within 1% error at twice the conventional deep water limit. Unlike the approximations of
P. A. Madsen et al. (1991) and Nwogu (1993), the errors increase monotonically with the relative
depth. Beyond the graphical limits shown in Figure 3.2, a few theories exhibit a complex celerity.
The approximations of Boussinesq and Kaup (1975), being equivalent in terms of frequency dis-
persion, become complex neakh  1:74, while the approximations of "KDV BBM" and "BBM
KDV", also being equivalent in terms of frequency dispersion, become complex nedth  2:45,
which can lead to either wave ampli cation or decay. The stability behaviour should be further
investigated prior to implementation. In fact, Boussinesq himself favored the use of leading order
substitutions to obtain a Pace [0/2] approximation, which gives improved stability characteristics
(Whitham 1974).

3.3 Analytic Solutions

Having derived a solution to the dependent variables in terms of Fourier-Laplace integrals, inverse

transforms are applied in order to map the solutions back into the time-space domain. Beginning

with the integral over the angular frequency domain, the solutions are expressed as a linear su-
perposition of the wave modes which govern the frequency dispersion relation. Initial conditions

are given for both standing and progressive waves in order to derive general solutions for the three
parameter linear O( 2) approximations. These solutions will serve as the basis of comparison in
later chapters on the validation of the numerical analysis.

3.3.1 Inverse Laplace

Integrals (3.53) and (3.54) can be evaluated to give analytic solutions for the free-surface elevation
and model velocity. Isolating the numerator and denominator of the rational expression (3.53)
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gives

P(ik)=(1+ 3(kh)?) 'L+ 1(kh)?®) o+ kh(L+ 2(kh)?)u, et ') (3.62)
Q(hik) =121+ 1(kh)®)(L+ 3(kh)®) K?h(L+ o(kh)?)(L+ 4(kh)?) (3.63)

in which P(!;k ) and Q(!;k ) are assumed entire. The integral over the! -plane is evaluated using
the Residue Theory for simple poles, which are determined by

P 1+ 3(kh)?) L@+ 1(kh)?) o+ kh(1+ 2(kh)?)uo
Rnp = == =
@' !'='n

i(kx 1t)
AT+ (knHA+ a(khy?) et (3.64)

=1y

O

Assuming a counterclockwise winding contour, the integral solution over the! -plane, 2i Ry, is
substituted into (3.53) to update the solution for the free-surface elevation as

_ e Z1 ln(l+ 1(kh)2) o+ kh(1+ 2(kh)2)u0ei(kx !
. 2'n(1+ 1(kh)?)

" dk (3.65)

n=1

in which the free parameter,’ = 1, preserves a positive solution. Invoking the odd parity of
the poles in the second integral expression and dropping the subscript notation for the angular
frequency, ! ! 1, gives

|
N k@ kD) e g,
1 2 % 1@+ 1(kh)?)
Zy e k) (3.66)
- el(kx+!t)dk
1 2 % 1@+ 1(kh)?)

The superposition of the intrinsic modes can also be presented in terms of trigonometric functions.
Combining the integrals and applying identities (G.1) and (G.2), an equivalent solution to the
free-surface elevation is

21 iugkh(1+ 5(kh)2)
=, st k)

sin(it ) €% dk (3.67)

The trigonometric form of the solution will later be utilized when solving the integral over the
k-plane for both standing and progressive waves.

The multi-modal solution presented in (3.66) is utilized to verify the derivation by comparison to
the general Fourier integral solution for two propagating wave modes Appendix E. The arbitrary

63



functions in the Fourier integrals (E.2) are clearly de ned

! 0 o 1
1 uokh(L+ (kh)?2) 1 I iugkh(1+ 2(kh)?)
f1(k) = > ot T k) =5 @ ,+ NERTOD) A (3.68)
I 0
1 Uokh(1 + z(kh)z). 1 i iugkh(1+ 2(kh)?)
0025 o Ay jkhy - 280 T+ (kh)?) (3.69)

The Fourier transform of the two initial conditions can be extracted from the function de nitions
above by comparison with the general function de nitions (E.7) and (E.8) giving

1K) = o (3.70)
. 1+ »(kh)?
As a check for consistency, consider 1(x) = (0;x) and »(x) = (0;x) as a set of generalized
initial conditions. Substituting the dependent variable, = , in the rst condition and applying

the Fourier transform to both sides, it is clear that (3.70) is correct. Similarly, the second condition
gives = @ o= i o, which after solving (3.37) and (3.38) in the absents of source terms, shows
that (3.71) is also correct.

The ! -integral of the model velocity (3.54) is evaluated following the same procedure as outlined

above to give
|

Z l )
1 ok(L+ 4(kh)®) Sy ity
u= ~ Ut e “dk +
1 2 % 1@+ 3(kh)? | 672
Z : .
' u ok(1+ 4(kh)?) o (R 1) g
12 0 1@+ a(kh)d)
or in trigonometric form as
7 !
1 ; 2
I ok(1+ 4(kh)?) . ikx
u= Uo cos(t sin(!t e dk 3.73

The derivation is validated as before, in which (3.72) clearly de nes the arbitrary functions in the
Fourier integrals of the two propagation modes. The Fourier transform of the initial conditions are
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then inferred from the function de nitions as

1(K) = Uo (3.74)
_ i ok(L+ 4(kh)?)

2(k) = 1+ 3(kn)? (3.75)

For the generalized initial conditions, 1(x) = (0;x) and 2(x) = ¢(0;x), it is trivial to see

that (3.74) is correct upon substitution of the dependent variable. The second condition gives

2= @uo = i! U, which after solving (3.37) and (3.38) in the absents of source terms, shows
that (3.75) is also correct.

Given initial conditions of the free-surface elevation, o, and model velocity, u, integrals (3.67) and
(3.73) can be solved analytically. For wave problems of interest that follow, the initial conditions
for the free-surface elevation are 4(0; x) = A cosfKyX), in which A is the wave amplitude andk, is
the initial wave number. Applying Fourier transform (F.1) gives

o(k) = %( (k' ko)+ (k+ ko)) (3.76)

in which () is the delta function. The remaining initial condition for the model velocity is problem
dependent.

3.3.2 Standing Waves

The initial condition of the model velocity for standing waves is uq(0;x) = 0. Substituting the
transform of the initial conditions for the free-surface (3.76) and model velocity, ug(k) = 0, into
the integral solutions (3.67) and (3.73) gives

= — ((k ko) + (k+ ko) cos(it )k dk (3.77)

21 As k(L+ 4(kh)?). . -
u= Pk k) (ke ko) mlsm(!t )ek* dk (3.78)

in which As is the standing wave amplitude. Focusing on the free-surface elevation (3.77), let
f (k) = &2 cos(t )é¥* in the application of (F.3) to show that the free-surface elevation is

A : A )
= 73 cos(t )ekoX + 73 cos(t )e kox (3.79)

65



Collecting like terms and applying the trigopnometric de nition (G.1) gives the standing wave free-
surface solution as

= Ascos(t ) cos(kpx) (3.80)

k(1+ a(kh)?)

For the integral solution of the model velocity, let f (k) = %Wl sin(it )& in the appli-

cation of equation (F.3) to show

AsKo(1+ 4(koh)2)
2 11+ 3(koh)?)

As ko(1+ 4(koh)?).

i sin(1t )ekoX + ST Sk sin(lt )e 'koX (3.81)

Collecting like terms and applying the trigonometric de nition (G.2) gives

_ 5 ko(1+ 4(koh)?)

u= Ag T+ 3(koh)?) sin('t ) sin(kex) (3.82)

Without loss, the expression for the model velocity solution (3.82) can be reformulated using the
dispersion relation (3.56) to give the full solution for the standing wave problem alternatively
as

= Agcos(t ) cos(kpx) (3.83)

_ A1+ 1(koh)?)

S h ket a(keh)?) sin(!t ) sin(keX) (3.84)

For ! O, these solutions agree with those presented in the literature for standing wave solu-
tions to the linear nondispersive shallow water equations (see, e.g., Dean and Dalrymple 1991).
Importantly, solutions (3.82) and (3.84) show that only part of the linear dispersion relation (3.56)

in the family of BTESs is responsible for the deviation from the nondispersive solution. In (3.82),
only terms associated with the continuity are found, whereas in (3.84), only terms associated with
the momentum are found. In other words, simply substituting the linear dispersion relation (3.56)
into the solution for the linear nondispersive shallow water equations will lead to errors in phase
through the velocity expression.

3.3.3 Progressive Wave
The initial condition of the model velocity for progressive waves isuq(0;x) = Ty, in which T,

is a linear transform between the model velocity and free-surface given by the linear continuity
equation. Substituting the Fourier transform, ug(k) = ,T; into the integral solutions (3.67) and
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(3.73), while utilizing the dispersion relation, gives

z 1
- 1 c)el(kX It )dk (385)
u= oTr el gk (3.86)
1
in which

po LA (ko)

= koh@+ 2(ko)?) (3.87)

Substituting the transform of the initial condition for the free-surface elevation (3.76) into the
equations above gives
Z, A _
= 7p( (k ko)+ (k+ ko)) e gk (3.88)

u= %Tr( (k ko)+ (k+ ko)) € "dk (3.89)

in which A is the progressive wave amplitude. For the integral solution of the free-surface (3.88),
let f (k) = Z2&( ') in the application of equation (F.3) to show that the free-surface elevation
is

_ Ap

ei(kox t) 4 ei( Kox+1t ) (390)
Applying the trigonometric de nition (G.1) gives

= Apcoskox !t) (3.91)

For the integral solution of the model velocity (3.89), let f (k) = 42T, &®* ) in the application
of equation (F.3) to show that the velocity is
Ap

U= 7-|-r(ei(|<0x 1) 4 gl koxeit)) (3.92)

Applying the trigonometric de nition (G.1) and substituting in the expression for the linear trans-
form (3.87) gives

_ Ap! 1+ 1(koh)?)

= @ (k) coskox t) (3.93)

This again shows that only part of the linear dispersion relation (3.56) in the family of Boussinesqg-
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type equations is responsible for the deviation from the nondispersive solution.

The relationship between progressive and standing waves is well known and serves as a check to
con rm the analysis. Combining two progressive waves traveling in opposite directions, where the
second wave utilizes the »-mode, the resulting wave form is that of standing wave. Beginning with
the free-surface elevation, two waves of the form (3.85) are superimposed to give

Z, Z,
- o€l gy 4 o€ (12 gk (3.94)
1 1
Substituting the relation ! 1(k) = ! 2(k), dropping the subscript notation, and acknowledging

that the free-surface elevations are equal, the trigonometric de nition (G.1) is applied to simplify
equation (3.94) to
Z,
= 2 . "' coskx)dk (3.95)
1
Substituting the transform of the initial condition for the free-surface elevation (3.76) and letting
f (k)= Ape "t coskx) in the application of equation (F.3), the free-surface is
= Ape " coskox) + Ape' coskox) (3.96)
Applying the trigonometric de nition (G.1), the free-surface solution is
= 2ApcoskKox) cos(t ) (3.97)
In comparison with the free-surface elevation for standing waves (3.83), it is clear that the solutions

are identical with As = 2A,, con rming the free-surface elevation analysis.

Following the same procedure, two model velocities of the form (3.86) are superimposed

Z 1 Z 1
u= Ugre (¢ "1k + Ugze (K¢ 129k (3.98)
1 1
Substituting the relation ! 1(k) = ! »(k), dropping the subscript notation, and acknowledging

that the the model velocities are equal in amplitude, but opposite in direction, the trigonometric
de nition (G.2) is applied to simplify equation (3.98) to
Z,

u= i2ue " sin(kx)dk (3.99)
1

The Fourier transform of the initial condition of the velocity, up, = T, followed by that of the free-
surface (3.76), is substituted in. Letting f (k) = iApT,e "t sin(kx) in the application of equation
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(F.3), the model velocity is
u=iApTre " sin(kox) AT €™ sin(kox) (3.100)

Applying the trigonometric de nition (G.2) and substituting in the expression for the linear trans-
form (3.87), the model velocity is

2Ap ! (1+ 1(koh)?)
h ko(1+ 2(koh)?)

u= sin(!t ) sin(kex) (3.101)

In comparison with the velocity for standing waves (3.101), it is clear that the solutions are identical
with As = 2Ap, con rming the velocity analysis.
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CHAPTER 4
FINITE DIFFERENCE METHOD

In the previous chapter, a linear enhancement method was applied to the governing equations to
derive a new three-parameter family of Boussinesqg-type equations which allow for dynamic seabed
deformations. As shown in Figure 3.2, select members of the family are evaluated in terms of relative
celerity, which serves as a leading order property of the phase resolving dynamics. Although the
theoretical curves facilitate practical application, by aiding in the selection of coe cients which
leads to an appropriate theory, the curves only tell half of the story. In practical application,
practitioners rely on numerical methods when solving the nonlinear system of PDEs, in which the
discretization leads to a system of modi ed PDEs (MPDESs). The remaining focus of this study
is on the implementation of nite di erence methods with emphasis on how the relatively celerity
shown in Figure 3.2 is modi ed through the discretization. The modi ed curves result from so-
called numerical dispersion, which is a function of the discrete sampling intervals, designated by
practitioners in practical application.

In this chapter, families of nite di erence approximations are derived for implementation in the
subsequent chapter. Since the derivative operators being approximated are with respect to the
independent variables, the function notation, f (t; x), is employed as a generalization of the depen-
dent variables. The rst section focuses on the discretization, in which linear di erence operators
of nite order are derived. The operators are then applied over time and space to formulate families
of schemes. Through the application of Fourier-Laplace transforms, the schemes are then mapped
into spectral space to evaluate their resolvable bandwidth. In the spectral domain, the absolute
e ects of numerical dispersion and dissipation associated with the operator become evident. In
closing, degrees of freedom are introduced to show how the schemes can be modi ed to meet var-
ious objectives. This interdisciplinary chapter is heavily in uenced by the works of Lele (1992)
and C. Tam and Webb (1993), whose principle applications were directed towards computational
uid dynamics and aeroacoustics respectively. Although the governing equations employed in these
elds are uniquely di erent from Boussinesg-type equations, the success of the methods applied
therein has been inspirational. Therefore, this chapter is largely instructional, with new insights
being o ered in the context of application to Boussinesqg-type equations.
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4.1 Discretization

The development of a numerical model begins by discretizing the domain of the continuum. Conse-
guently, di erential operators need to be converted into di erence operators. The operators used in
nite di erence methods serve as approximations characterized by a leading order truncation error,
which directly re ects the asymptotic accuracy as a function of the sampling intervals. Assuming a
smooth continuum, the operators are built from local Taylor series expansions in the neighborhood
of the dependent variable to which the operator is applied. The extent of the neighborhood is often
referred to as the stencil, in which both classic and compact stencils are considered herein.

4.1.1 Domain

The system of PDEs yields a mathematical model governing physical processes evolving over time,
t 2 R, and spacex 2 R, in which the ordered pair (t;x) denotes coordinates of theR? domain. A
discrete mesh of observation points embedded in the domain is de ned by the ordered pait (; X-)
with coordinates

ft | 22Zg .t ot qtojtato; s 1)
fX- )7 22Zg ::iX o)X 1;XoiXato i

inwhich t =t4; t and x =x4; X denote the di erence between adjacent coordinates.
Herein, observation points are uniformly distributed, which implies t tand x x for
all  and ", thus forming a regular mesh. Figure 4.1 depicts the relation between the two domains,
in which the notation f. f(t ;x) is used to represent a function de nition on the mesh. The

Figure 4.1: Discretization of the continuum domain, (t; x), into discrete observation points, (t ;x-),
to form a regular time space mesh.
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continuum is assumed smooth, which allows for the mesh to be oriented in an arbitrary manner.
Therefore, it is equally valid to consider, for example,f (t+ t;x-) in place off (t + t;x) since

t 2tand t2 Risan arbitrary shift (e.g., C. Tam and Webb 1993). The same can be said for the
spatial coordinate. These generalizations permit application of continuous operators in subsequent
sections.

4.1.2 Shift Operator

In the calculus of nite di erences (e.g. Jordan 1979), the shift, or displacement, operatorE maps
functions to a neighboring position, in which E; and Ex denote a shift in time and space respectively.
Focusing on the temporal dimension, a mathematical de nition is established by applying a Taylor
series expansion to the smooth functionf , at the shifted location

_tetyx) , (92@fEx) , ( @ tx) ...

ft+ tx)=f(tx)+ 11 @t 21 @2 3! @t

(4.2)
An operator substitution, Q tg, is introduced in (4.2), where fQ"  ( )" & jn 2 Zgis
understood. Factoring out the operators acting onf (t; x) gives

) = Q,Q* Q° . :
f(t+ tx)= 1+ﬁ+ﬁ+§+'” f(t;x) 4.3)
The operator series in parenthesis matches the Taylor series a® by de nition. An operator
substitution E;y  eR simpli es (4.3) to

f(t+ t;x)= Ef(t;x) (4.4)

The de nition of the shift operator is extended to the more general casef m tjm 2 Zg, representing
multiples of the displacement and expressed with regard to the regular mesh as

f.*m = EMY. (4.5)

in which E®  €° = 1 gives the operator identity. Beyond the trivial case, m = 0, the identity

is also recovered asn t@@t! 0 due to a vanishing sampling interval. The shift operator is not
limited to operations on the dependent variable. Replacing with its derivative in the Taylor series
expansion (4.2), it is trivial to show that the shift operator applies to the n" derivative as well.
The spatial shift operator, Ey, is derived following the same logic and shares the same properties
(e.g., Vichnevetsky and Bowles 1982).
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4.1.3 Dierence Approximation

Finite di erence approximations rely on information from a subset of mesh points referred to as
the stencil. Focusing on the temporal dimension, a classic di erence equation fon" derivative is
given by

af 1

@t - tn

X
™ (4.6)

whereb,, 2 R is a set of unknown constant coe cients, m 2 Z is the stencil index, and" is the error
of approximation. It is noted that coe cient superscripts, for example, b, are not to interpreted as
powers. Instead, they serve as a label to a liate the coe cient with the corresponding derivative.
The stencil index m = 0 will always be associated with the point of evaluation, whereas positive
and negative indices will be associated with neighbors to the right/forward and left/backward
respectively. Figure 4.2 depicts an application of (4.6) fom =1 and m = f 1;0; 1g, which gives a
central 3-point rst di erence stencil. Conceptually, the stencil structure holds for all n and m, but
as will be shown, is constrained by the number of unknowns and number of equations governing
the approximation objectives.

Figure 4.2: Sample 3-point rst di erence stencil, with corresponding coe cients

The information governing the stencil approximation in (4.6) is limited to the dependent variable
alone. Following Lele (1992), the information can be extended to include the derivative of the
dependent variable

X gpo@ 1
@t . tn

r

X
HLf T 4.7

in which a, 2 R is a set of unknown constant coe cients andr 2 Z is a stencil index. Approxima-

73



tions of the form (4.7) are known as compact approximations. Following Vichnevetsky and Bowles
(1982), the dependent variable and its derivative can be factored out with the application of the
temporal shift operator, E, to give

@f _ 1 "
An @ . - ?an‘ + (48)
in which
X
An=  a'Eq (4.9)
XI’
Bn= o, E" (4.10)
m

are new operators given by polynomials inE; whose coe cients are unknown. Introducing a new
set of operators,C and D, to delineate space from time, compact spatial di erence approximations
are given by

a@f _ 1 "

Cn Gr .- —wDnf- + (4.11)
in which
X
Ch= CE} (4.12)
X
Dh=  djEY (4.13)

m

Compact di erence approximations (4.8) and (4.11) are employed in the subsequent chapter dur-
ing implementation. The remainder of this chapter focuses on the development and analysis of
compact di erence approximations using schemes commonly found in the literature as a basis for
discussion. As a subset of the compact con guration, classic schemes are included for comparison
purposes.

Herein, the coe cients are derived using the so-called method of undetermined coe cients (e.g.,
LeVeque 2007), in which coe cients of the shift operator series (1 +Q* + Q2+ :::) on the left

hand side are set equal to those on the right hand side with the corresponding di erential operator.
An example application for the rst spatial derivative, n = 1, is presented below for stencils of
observation points consisting of three neighboring derivatives of the dependent variable and ve
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neighboring dependent variables

2 3
20 0 03 1 1 1 1 1
m m m m m

1 1 1 1 2 3 4 5 )

i r2 rsz, 5 gmi mi mj mi mgz Om

PRI G, 2 2 2 2 21716dm,

T % 300 Emt mi my omg mif o (439

T A 3l 3t 31 31 3174dy,

1 2 13 4

mi mi m3 mi msZz Om
41 41 4 41 4l

w
w
w

in which frj;m;jj 2 Ng correspond to indices of an arbitrary stencil con guration. Each row rep-
resents an equation corresponding to the di erential operator (1 @; @x ; @« ;:::), whereas each
column represents a neighboring observation point in the regular mesh. Given eight unknown
coe cients, eight equations can be prescribed to produce a linear system of equations. In this
particular example, it will be assumed that frq;ro;r3g = f 1;0;1g and fmg; my; ms; my; msg =

f 2, 1,0;1; 29, such that each stencil is centered. The coe cientsc; are constrained to be sym-
metric, whereas the coe cients dy, are constrained to be skew-symmetric, which provides four of
eight equations. An additional constraint, ¢co = 1, asserts that the coe cient of the rst derivative
operator, @, on the left hand side is unity. These constraints directly re ect the stencil con gura-
tion, leaving the need for three equations. Substituting the index values and constraints into (4.14)

gives
2 3

20 0 3 1 1 1 1
11 2 1 0 1 22
10 14y 3 1ol d 2
1 L C1 2 2 O2 2 d
1o 24914=-8 s 1 o L 8 0 (4.15)
2 27 ¢, TR TR TR T 4 B
1 1
= 0 = 16 1 1 167 ¢
3l 3! = - 0 = = 2
' ' 4 4l 41 4

Truncating the series after three nontrivial equations are obtained, the unique solution is given by
fc 1;d 2;d 19 = f1=3; 1=36; 7=9g, which represents coe cient values for the left half of the
con guration. The local truncation error is given by the next nontrivial equation in the series. In
the particular case above, this occurs at the seventh derivative, which after dividing by x in (4.11)
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gives" = O( x5) to characterize the error of approximation. Also, since the equation for the local
truncation error is a function of the coe cients, an explicit expression can be obtained. The parity
of the derivative in the local truncation error is odd, thus the leading order error is dispersive.
Furthermore, since the coe cients for all even derivatives are equal to zero, the approximation
is nondissipative. The latter result is from the symmetrical constraints imposed on the stencil
con guration.

The method of undetermined coe cients is able to generate both temporal and spatial nite dif-
ference schemes with compact support. However, if the stencils become too large, the method
can su er from numerical instabilities (e.g., LeVeque 2007), in which case the methods of Fornberg
(1998) are recommended. Nevertheless, stencil sizes under consideration herein are relatively small,
thus the method of undetermined coe cients will su ce.

4.2 Fourier-Laplace

The frequency dispersion relation (3.56) is derived in spectral space upon application of Fourier-
Laplace Derivative Theorems to the di erential operators in the linearized PDEs. In this section,
the same methods are applied to the compact di erence operators, which e ectively maps the
MPDEs into spectral space for analysis in the subsequent chapter.

Applying the Laplace Derivative theorem (D.7) to the compact di erence approximation (4.8)
gives

An( iN)"f. = %an\ + " (4.16)

in which
X

An=  alE] (4.17)
XI’

Bh=  H,EBM (4.18)
m

The transform of the shift operator, for example, El is given bye " (" Y which is consistent with
the Laplace Shift Theorem (D.8) for an arbitrary displacement. Solving for the continuous angular
frequency in the algebraic system gives

1B
m 7nf\ + " (4.19)

An

(i)"f. =
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which implies

. . P -
- I nﬁ_ anmbrjne”(m t)

t

(4.20)

A, t rape it (r t)

The newly introduced variable, T' ™, is the e ective angular frequency of the compact di erence op-
erator, which is a function of the stencil con gurations and sampling interval. Note that a subscript
under the over-line associates the di erence operator with then™ derivative approximation, not
the operator raised to a power. In other words, for example,! 2 & !72, in the general case. The
expression on the right hand side of (4.20) is a generalization to that given by C. Tam and Webb
(1993) for an approximation of the rst time derivative.

The same methodology holds for the derivation of compact spatial di erence operators. Applying
the Fourier Derivative theorem (D.3) to (4.11) gives

Cn (k)" f- = %an\ 4 (4.21)

in which
X

Cn= CdE| (4.22)
X

Dn=  dlgM (4.23)
m

Solving for the continuous wave number in the algebraic system gives

(k)" f. = %&f\ + " (4.24)

Cn
which implies

P .

—_ i "Dp_ i " _drékm o

k= — —f= — PR (4.25)
X ¢, X  Cre

Like the e ective angular frequency, the e ective wave number, k", is a function of the stencil

con gurations and sampling interval. Again, a subscript under the over-line associates the di erence
operator with the n" derivative approximation, not the operator raised to a power. The expression
on the right hand side of (4.25) is a generalization to that given by C. Tam and Webb (1993) for an
approximation of the rst space derivative. Therefore, de nitions (4.20) and (4.25) are consistent

with those found in the literature.
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The e ective angular frequency (4.20) and wave number (4.25) can be expressed in dimensionless
form as

p |
in im(! t)
rm o= nBn _ 1"p mbhe (4.26)

A ' cane o
n

P .
ko= ipRrs (5 pahemd o

- P a0 (4.27)
n

Given a set of stencil con gurations and coe cients, the dimensionless e ective angular frequency
and wave number are solely functions of the dimensionless angular frequency, t, and wave
number, k X, respectively. The sampling theory states that the smallest resolvable physical scale is
twice the sampling interval, which bounds the domain of! tandk xto[ ; ]inthe dierence
approximations (e.g., Meijering 2002). Figure 4.3 provides a visual aid to understand the role
of (4.26) and (4.27) in spectral space. As shown, take for example an operator element in the
continuum, ! t or k X, on the positive real axis. The di erence approximation maps the domain
element on the continuum to a new element representing its approximation over the codomain. The
stencil con guration and coe cients ultimately de ne where the element is mapped to. In general,
the polynomial structure of the di erence approximation is not one-to-one, in which there multiple
root solutions that lead to the same approximation over the codomain. In the schematic on the
right of Figure 4.3, the approximation element is mapped back to the continuum, in which one
of the roots, referred to as the physical root, recovers the original operator value, with the other
roots being so-called parasitic. The root solutions ultimately re ect the linear characteristics of the
numerical solution, thus it is paramount to understand their manifestation.

Figure 4.3: Schematic mapping of: (left) an operator in the continuum (C) to its complex di erence
approximation (D), and (right) the complex di erence approximation back to its complex root
solutions in the continuum. The red line highlights the positive real axis.

To quantify the spectral performance of the di erence approximations, the notion of resolvable
bandwidth is introduced to represent the range over whichT™ t" and k? x" preserves [ t)"
and (k x)" within prescribed tolerances. In the next section, stencil con gurations and coe cients
are presented in order to analyze the resolvable bandwidth of several nite di erence schemes found
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throughout the literature.

4.3 Operator Schemes

Compact stencils host a liberal framework for constructing diverse nite di erence schemes, which
are characterized by the stencil con guration and corresponding coe cients. Schemes are essentially
algorithms, weighing information as ingredients and combining them in an orchestrated recipe. As
implied by the indices (e.g., see (4.8) or (4.11)), compact stencils employ information on a function
and its derivatives at neighboring mesh points, leading to an implicit approximation (e.g., Lele
1992). Disregard of the derivative in question at neighboring mesh points reduces degrees of free-
dom and results in an explicit approximation. The information can manifest from existing mesh
points or through successive approximations whose intermediate steps need not obey consistency
and stability constraints (e.g., Yanenko and Holt 1971). Nevertheless, as long as consistency and
stability are maintained with each application of the algorithm, the scheme is convergent (e.g.,
Richtmyer and Morton 1967). What dictates implementation of a scheme in practice is the resolv-
able characteristics weighted against the computational cost, leaving the practitioner to make an
informed decision.

The objective of this section is to illuminate linear dispersive and dissipative characteristics for
select nite di erence schemes commonly found in the literature through (4.26) and (4.27), which
are linked to the sampling intervals employed in practical application. Focus is directed on schemes
which vary in con guration, including: 1) non dissipative central, and 2) bias schemes which exhibit
both dispersive and dissipative errors. Although not explicitly shown herein, coe cients associated
with all con gurations under consideration are derived by applying the method of undetermined
coe cients (e.g., see 4.14) with the objective of achieving the highest formal order of accuracy for
a given con guration. For compact schemes, this objective results in Pade approximations (e.g.,
Kopal 1961; Collatz 1966; Lele 1992). While some of the classic schemes covered herein have been
employed in Boussinesqg-type applications in the past, little attention has been directed on the
fundamental nature of the resolvable characteristics and how they modify the governing PDEs in
connection with the sampling intervals invoked by practitioners. Furthermore, implementation of
compact di erence approximations appear to be new in the practical application of Boussinesg-type
equations. The operator analysis carried out in this section lays the foundation for the fully discrete
analysis in the subsequent chapter.

79



4.3.1 Central Schemes

Boussinesg-type equations are inherently non dissipative. Therefore, it is natural to seek out non
dissipative di erence approximations which adhere to the physics. Schemes which map to the
real axis following Fourier-Laplace transforms maintain the dispersive, or dissipative, nature of the
operator in question. For schemes which map to the imaginary axis, the approximations are in
opposition, meaning dispersive operators are approximated by dissipative processes and dissipative
operators are approximated by dispersive processes. In general, schemes which map to complex
values in spectral space posses both dispersive and dissipative processes.

On a regular mesh considered herein, the simplest approach to derive real central schemes is to
impose symmetrical constraints on the coe cients, as was showcased by example in the method of
undetermined coe cients (4.14) above. Depending on the di erential operator being approximated,
the form of symmetry varies. For odd derivatives, the function coe cients are skew-symmetric
about the point of approximation, whereas for even derivatives the function coe cients exhibit
bilateral symmetry about the point of approximation. In a compact stencil, coe cients of the
derivative in question at neighboring points also exhibit bilateral symmetry about the point of
approximation (Lele 1992).

In the application of Boussinesg-type equations, the most common implementation of central
schemes is in the context of spatial di erence approximations. Below, several schemes are re-
viewed for approximations to the rst, second, and third derivative, with the latter being the
highest spatial derivative contained in the governing PDEs herein.

Table 4.1 lists several schemes for central di erence approximations to the rst derivative, with
the rst four representing classic explicit schemes. These schemes only employ known information
on a function at neighboring mesh points. The last four listed represent compact implicit schemes
(e.g., Lele 1992), which contain additional unknown information on the derivative of the function

at neighboring mesh points, leading to a narrow banded system of equations. For a given amount
of information covered by the stencils, the order of truncation error, which de nes how quickly the
error decreases with decreasing step size, is the same for both explicit and implicit schemes and
grows linearly with additional information.

The table summary is often all that is conveyed to model developers, which in itself is su cient to
build di erence approximations. However, it does not tell the whole story. First, for a given amount
of information covered by the stencils, comparing the order of truncation error gives the impression
that implicit schemes are no better than explicit ones. Second, the order of truncation error is only
associated with the leading order error term, whose physical behavior is governed b@*! for the
central schemes shown, withO denoting the order listed in the table. Being an odd derivative,
the behavior is dispersive. While this knowledge is informative, the corresponding coe cient and
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Bilateral Information o( x) c & d  di i d}
2 1/2
4 2/3 -1/12
6 3/4 -3/20 1/60
4 1

8 4/5 -1/5 105 280
4 1/4 3/4
6 1/3 719 1/36

20 25
8 4/9 1/36 27 216

17 101 1

Table 4.1: Stencil con guration and corresponding coe cients for select central di erence approx-
imations to the rst derivative. Due to symmetry in the con guration, only the right half of the
stencils are shown. The circle and square symbols respectively denote the function and its deriva-
tive at the mesh points. Symbols colored red denote the point of approximation (i.e. 0-index).
Un lled symbols denote unknown information. The coe cients for the left half of the stencils are

given by ct; = ¢' and d'; = d, with the latter being a skew-symmetric relation due to the rst

derivative approximation. For all con gurations shown, ¢ =1 and dj = 0.

overall trending behavior beyond the leading order (e.g. phase lead/lag, amplitude growth/decay)
are also signi cant. Characteristics of the leading order truncation error can be bundled into the
concept of "accuracy in the small", but one of the best practical ways of understanding the error is
to view "accuracy in the large" in spectral space (e.g., Vichnevetsky and De Schutter 1975).

Figure 4.4a plots the resolvable bandwidth (4.27) over the domaink x 2 [O; ] for the dierence
schemes summarized in Table 4.1 above. It is here where the fundamental advantage of implicit
schemes becomes clear. While all schemes reveal an increase in resolvable bandwidth with increasing
order of approximation, the implicit schemes exhibit a signi cant increase given the same amount

of information covered by the stencil con guration. Calculating the relative error and limiting the
ordinate to  0:1% error, Figure 4.4b reveals the trending behaviour of the leading order truncation
error, in which all approximations result in a phase lag with monotonic decay. Comparing the classic
O( x*) explicit scheme with the compact O( x%) implicit scheme, the resolvable bandwidth has
increased by nearly 40% and Figure 4.4a shows that it even exceeds the clas€i¢ x®) scheme at

a higher tolerance for error, becoming comparable to the classi®( x®) scheme.

The use of high-order schemes to reduce dispersive errors (i.e.
has long been known. In the early works by Kreiss and Oliger (1972), approximate solutions to

increase resolvable bandwidth)
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(a) "Accuracy in large" (b) "Accuracy in small”

Figure 4.4. Resolvable bandwidth of the respective central schemes covered in Table 4.1 over (a)
the full domain and (b) to within  0:1% relative error. Exact solutions are denoted by the solid
black line.

linear rst order hyperbolic equations were evaluated using classi@( x2), O( x*), and O( x5)
central schemes. The relative performance of each scheme was quanti ed based on an established
tolerance for error and number of wave periods to simulate. It was determined that computational
complexity increases proportional to the order of accuracy, however the increase in wave number
resolution is at a lesser rate. Figure 4.4 clearly supports these observations. Kreiss and Oliger (1972)
considered the classicO( x*) scheme an optimal compromise between wave number resolution
and computation e ort. While higher order schemes theoretically apply, the practical advantage

in employing classic schemes beyon®( x°) to improve wave number resolution was considered
futile and it was suggested to seek out alternative methods. The compact schemes presented by
Lele (1992) clearly present a viable option. That being said, compact schemes also display the
same underlying trend observed by Kreiss and Oliger (1972), in which the order increases at a rate
faster than the wave number resolution. By analogy, this would suggest that amongst the compact
schemes shown, th®( x8) scheme o ers an optimal compromise between wave number resolution
and computation e ort.

Table 4.2 lists several schemes for central di erence approximations to the second derivative. Like

Table 4.1, the rst four schemes represent classic explicit schemes and the last four represent
compact implicit schemes. In general, the observations are more or less the same as that for the
rst derivative, thus omitted for brevity.

Figure 4.5a plots the resolvable bandwidth (4.27) over the domairk x 2 [0; ] for the di erence
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Bilateral Information o( x) ¢ 3 d? d? d? d? dz

2 2 1
4 5/2 43 -112

49
6 = 3/2  -3/20 1/90

18

205 8 1
8 72 85  -1/5 315 560
4 1/10 12/5  6/5

51 12
6 2/11 "> 1 344

344 23 265 320 155
1179 2358 131 393 786
334 43 14335 1065 519 79
899 1798 8091 1798 1798 16182

10

Table 4.2: Stencil con guration and corresponding coe cients for select central di erence approx-
imations to the second derivative. See Table 4.1 caption for symbolic notation. The coe cients
for the left half of the stencils are given byc?; = ¢ and d®; = d?, with the latter being a bilat-

eral symmetric relation due to the second derivative approximation. For all con gurations shown,

=1

schemes summarized in Table 4.2 above. As was observed for the rst derivative approximation,
the compact implicit schemes in general support a higher bandwidth resolution as compared to
their explicit counterparts. However, the improvement in bandwidth resolution is noticeably less.
Comparing the classicO(  x*) explicit scheme with the compact O( x*#) implicit scheme in Fig-
ure 4.5b shows the resolvable bandwidth has increased by about 20%, which is still a signi cant
improvement, but about half that for the approximation to the rst derivative. All other observa-
tions are consistent with those made for the rst derivative approximation. It is also observed that
the second di erence approximations in general have a higher resolvable bandwidth than the rst
di erence approximations. Therefore, for a given dimensionless wave numbetk X, the errors in
the rst di erence approximation would be larger than those for the second.

Table 4.3 lists several schemes for central di erence approximations to the third derivative. The
rst three schemes represent classic explicit schemes and the remaining represent compact im-
plicit schemes. Also being odd, the schemes share a lot of same properties as the rst di erence
approximations. However, for a given amount of information covered by the stencils, the third dif-
ference approximations are two orders less. In general, this linear trend continues with higher order
derivatives requiring more information for a given order of approximation. This is one reason why
alternative theoretical (e.g., P. Lynett and P. Liu 2004) and numerical (e.g., Fuhrman and Bingham
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(a) "Accuracy in large" (b) "Accuracy in small”

Figure 4.5: Resolvable bandwidth of the respective central schemes covered in Table 4.2 over (a)
the full domain and (b) to within ~ 0:1% relative error. Exact solutions are denoted by the solid
black line.

2004; Bingham and Agnon 2005) approaches have been proposed for highly dispersive Boussinesg-
type equations. It is also what makes the work of Scha er and P. A. Madsen (1995b) discussed
earlier in Chapter 3 attractive. Unlike Gobbi et al. (2000), which employs fth derivatives, the
theory utilizes at most third derivatives to achieve a theoretical frequency dispersion valid beyond
the traditional deep water limit. Nevertheless, the method of undetermined coe cients employed
herein poses no issues in deriving di erence approximations to fth derivatives for both classic
explicit and compact implicit schemes.

Table 4.4 is an extension of Table 4.3, which includes coe cients for the compact penta-diagonal
implicit schemes. Comparing the compactO( x®) and O( x®) con guration stencils, the penta-
diagonal schemes carry more information on the derivative and less on the function than their
tri-diagonal counter parts. Despite sharing the same order of approximation, this makes them
unique, and thus their resolvable bandwidths are also unigue.

Figure 4.6a plots the resolvable bandwidth (4.27) over the domairk x 2 [0; ] for the di erence
schemes summarized in Tables 4.3 and 4.4 above. As was observed for the rst and second derivative
approximations, the compact implicit schemes support a higher bandwidth resolution in comparison

to their explicit counter parts of equal order. This trend appears to be an intrinsic property of
compact schemes. Contrary to the rst and second di erence approximations, the compacO( x%)
implicit scheme not only shows a phase lead, but one which is monotonically increasing over the
domain. This illustrates the importance of analyzing the schemes in spectral space, in which
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Bilateral Information o( x) ¢ o} d3 o3 o3 o2

2 -1 1/2
4 -13/8 1 -1/8
61 169 7
3 1669 4369 541 105 41
720 2520 1120 1259 6048
4 1/2 -2 1
125
7/1 — 1 -1/64
6 /16 o4 /6
3 ES 4558 2367 167 1
472 2333 2360 9440 4720
6 See Table 4.4 Below
8 See Table 4.4 Below
10 See Table 4.4 Below

Table 4.3: Stencil con guration and corresponding coe cients for select central di erence approx-
imations to the third derivative. See Table 4.1 caption for symbolic notation. The coe cients for
the left half of the stencils are given byc®; = ¢® and d*; = d?, with the latter being a skew-

symmetric relation due to the third derivative approximation. For all con gurations shown, ¢ =1
and d3 = 0.

o0 g ¢ & & & &
s 4 L 4 2
9 126 21 21
s M7 1 2545 80 5
332 166 1328 83 1328

799 557 1165 1713 300 1

10 2739 5478 451 1030 1187 264

Table 4.4: Coe cients for O( x8), O( x8), and O( x1°) penta-diagonal implicit schemes illus-
trated in Table 4.3 above.

the order of truncation error alone fails to convey this information. For compact implicit schemes
whose order is greater thanO( x*), the behavior changes in which there is a phase lag approaching
the Nyquist limit. However, upon closer review, Figure 4.6b reveals that the compactO( x®) tri-
diagonal implicit scheme is not monotonic, having one in ection point. While it is beyond the scope
of this study to give an analytic explanation, the plots indicate the phase error of the tri-diagonal
implicit schemes starts out with a lead error then traverses to a lag error. This is clear when
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comparing the compactO( x*), O( x5), and O( x®) tri-diagonal implicit schemes. Interestingly,
the resolvable bandwidth of the compactO( x®) tri-diagonal implicit scheme is greatly improved as
a result of the transitioning behavior. As will be discussed in next section, the characteristics mirror
those resulting from bandwidth optimization with a single degree of freedom, although all degrees
of freedom have been exhausted to maximize the local truncation error. In terms of bandwidth
resolution over the range of relative error shown, the compacO©( x5) tri-diagonal implicit scheme is
better than the compact O( x1°) penta-diagonal implicit scheme, with the latter being the highest
evaluated herein. Judging from the rate of increase in resolvable bandwidth for the compact
O( x%), O( x8), and O( x19 penta-diagonal implicit schemes, it is likely that the resolvable
bandwidth of the compact O( x5) tri-diagonal implicit scheme exceeds even high order schemes.
Nevertheless, this makes the compacO( x®) implicit scheme very attractive. Furthermore, the
bandwidth resolution of the compact O(  x8) implicit scheme is more than twice that of the classic
O( x®) explicit scheme for the same amount of information covered by the stencil.

(a) "Accuracy in large” (b) "Accuracy in small"

Figure 4.6: Resolvable bandwidth of the respective central schemes covered in Tables 4.3 and 4.4
over (a) the full domain and (b) to within  0:1% relative error. Exact solutions are denoted by
the solid black line.

It should be emphasized that the central schemes covered herein are presented in the context of
spatial di erence approximations. This decision was motivated by the routine implementation

of central schemes in Boussinesqg-type equations. However, the schemes also apply to temporal
di erence approximations, in which t is substituted for x without loss. The only modi cation
needed is to identify what is known versus unknown in the con guration, but the coe cients do

not change.
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4.3.2 Bias Schemes

Implementation of central schemes becomes problematic along non periodic temporal or spatial
boundaries. Bias stencils can be employed to address the lack of information along these boundaries
by looking back at known information within the domain and utilizing it in the scheme construction.
Unlike central schemes, bias schemes often map to complex values in spectral space, leading to both
dispersive and dissipative errors. As mentioned prior, Boussinesq-type equations are non dissipative,
therefore understanding the potential dissipative properties is of utmost interest. Herein, bias
schemes are presented in the context of marching the solution forward in time, with the boundary
being de ned by unknown information in the future. The known information is assumed smooth
and resides on the regular mesh, which facilitates the use of so-called linear multistep schemes.

Consider a linear partial di erential equation of the form

@f _
o &0 (4.28)

wheref is an arbitrary function representing the dependent variable to be advanced in time and
the function G contains spatial derivatives to be approximated by a spatial di erence scheme. To
numerically evaluate (4.28), two methods are considered, each of which giving rise to a family of
linear multistep schemes. The rst involves integrating both sides of the equation, in which the
right hand side is approximated by a polynomial and a quadrature formula is applied. The second
is to assume the history off is known and apply a nite di erence approximation (4.6) to the left
hand side. Combining these two methods gives

X 1
n +r —
a G = t”

X (oA N (4.29)
r m
which from an operator perspective, is identical to (4.7) with the only di erence being the operator
argument resulting from substituting (4.28) into the left hand side. Therefore, the general linear
multistep method (4.29) exhibits compact support and forms the basis of linear multistep schemes
commonly found in the literature (e.g., LeVeque 2007; Hairer et al. 2009).

Below, several linear multistep schemes are reviewed. Although these schemes are readily found
in the literature, it is emphasized that the method of undetermined coe cients has been utilized
herein to derive the coe cients for a given con guration. Thus, a uni ed approach to deriving
nite di erence schemes for both temporal and spatial di erence approximations is veri ed.

The rst family of linear multistep schemes reviewed are those derived by means of numerical
integration. The rst four schemes listed in Table 4.5 are referred to as explicit Adams-Bashforth
schemes, whereas the last four are referred to as implicit Adams-Moulton schemes. Unlike the
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Information o(t) al; al, al; a} al
1 1
2 -1/2 312
23
12 -4 2
3 5/ 13 1
37 59 55
4 -3/8 22 24 24
1 1
2 172 172
3 -1/12  2/3  5/12
19
4 1/24 -5/24 — 3/8
24

Table 4.5: Stencil con guration and corresponding coe cients for select bias di erence approxi-
mations to the rst derivative. See Table 4.1 caption for symbolic notation. For all con gurations
shown,bf = 1 andbf =1.

central schemes discussed prior, the symbolic red squares are lled in, indicating thaG is known
in (4.29) from spatial di erence approximations. For a given amount of information covered by the
stencils, the order of truncation error is the same for both explicit and implicit schemes and grows
linearly with additional information. Contained within this family, the O( t) schemes correspond
to the explicit forward Euler and implicit backward Euler schemes and the O( t?) implicit scheme
corresponds to the trapezoid scheme.

As mentioned prior, bias schemes often map to complex values in spectral space, leading to both
dispersive and dissipative errors. Figures 4.7a and 4.7c plot the real and imaginary resolvable
bandwidth (4.26) over the domain! t 2 [0; ] for the di erence schemes summarized in Table
4.5 above. As was the case with the central schemes, the implicit schemes generally exhibit a
larger resolvable bandwidth for a given amount of information. For the (O t) schemes, the real
curves overlap, indicating that the schemes share the same dispersive behavior. However, since the
imaginary curves are di erent, the dissipative behavior is di erent. Thus uniqueness is de ned by

a complex value, not just the real part. In general, the analysis on the real part is the same as
discussed with the central schemes, thus will not be repeated. Instead, focus is directed on Figure
4.8, which plots the complex value of (4.26) over the domairi t 2 [0; ]. For central schemes, the
respective curves would lie on the real axis due to the absence of an imaginary component. These
curves bound the linear stability of the di erence approximation. To identify if an enclosed region

is stable, all that is needed is to test if the roots of (4.26) are stable at a point within the region (e.g.
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