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ABSTRACT 

Low-density parity-check (LDPC) codes have received significant attention due 

to their near-Shannon-Iimit error performance. The belief propagation (BP) algorithm is 

the best-known decoding algorithm for LDPC codes. However it often needs several tens 

or hundreds of iterations to converge. Although fast convergence BP algorithms have 

been proposed, there is neither an easy tool to analyze their performance nor a standard 

VLSI architecture to implement them. Moreover, there exists a trade-off between waterfall 

(i.e., threshold) and error floor (i.e., minimum pseudo distance) performances for LDPC 

codes. For generalized LDPC (GLDPC) codes, better minimum distance properties can be 

achieved. but at the expense of a rate loss. 

This research investigates performance analysis and hardware implementation of 

LDPC codes using fast convergence algorithms. Closed-form extriusic mutual informa­

tion transfer (EXIT) functions for several fast convergence BP decoding algorithms are 

proposed. It is shown theoretically that these algorithms converge faster than standard 

BP, while the corresponding thresholds remain unchanged. Since these algorithms are of 

serial nature, their paralleIization without compromising convergence speed and error per­

formance is also investigated. This result is useful in hardware implementation because 

in practice partly parallel decoding schemes are often used. This result also sheds some 

light on how to group nodes in order to preserve performance. The VLSI architecture of a 

particular decoding algorithm for LDPC codes is proposed. This approach can be adopted 

in many standards to achieve a large throughput. 

Doubly GLDPC (DGLDPC) codes are proposed to compeusate the rate loss of 

GLDPC codes. EXIT charts are used to analyze DGLDPC codes and EXIT functions for 

variable component codes are thoroughly discussed. Based on EXIT charts, differential 

evolution is used to optimize their threshold. Ensemble weight enumerators are general­

ized to protograph-based DGLDPC codes. Simulation results show that DGLDPC codes 

constructed based on these results can improve the performance of their LDPC and GLDPC 

counterparts in both the waterfall region and the error floor region. 
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Chapter 1 

Introduction 

1.1 Introduction to Error Control Coding 

In recent years, with the increasing demand for reliable data transmission and 

storage systems, it has become more and more crucial to control errors so that the data can 

be successfully recovered. Shannon's landmark paper [1] in 1948 proves that by proper 

encoding of the information, errors induced by a noisy channel can be reduced to any 

desired level as long as the information rate is less than channel capacity. This pioneering 

work gave birth to a brand-new field in digital communications - error control coding or 

channel coding. The goal of error control coding is to encode information in such a way 

that even if the channel introduces errors. the receiver can correct the errors and recover the 

original transmitted information. 

Shannon's proof of his capacity theorem was based on random codes, i.e., the 

error probability averaged over all randomly selected codes can be made arbitrarily small 

for transmission rates below channel capacity. Although this result implies the existence of 

good codes, it has long been an open question about how to design such codes. Moreover, 

in practical applications, a good code should not only have performance approaching the 

limit predicted by Shannon's theory, but also have an implementable encoder and decoder. 

Error control codes are basically divided into two classes, block codes and con­

volutional codes. The difference between block codes and convolutional codes is based on 

whether "memory" is used in the codeword generation. For a block code, the output of the 

encoder only depends on the current input sequence, while for a convolutional code, the 
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output of the encoder relates to not only the current input sequence. but also the previous 

v input sequences, where v is called "constraint length". The input sequence of a block 

code has fixed size, while a convolutional code wow on bit or symbol streams of arbitrary 

length. A convolutional code can be turned into a block code by truncation or termination. 

Almost all the practical block codes are linear codes, i.e., the sum of any two 

codewords is also a codeword. A length-n linear block code having k information symbols 

and minimum distance dmtn is referred to as an (n, k,dm;n) code. The minimum distance 

determines the random-error-detecting and random-error-correcting capabilities of a code. 

Il is defined as the minimum number of positions in which any two codewords differ. A 

large minimum distance is generally desirable in designing a good code. Many good linear 

block codes have been invented and explored during the past sixty years such as Hamming 

codes [2], Reed-Muller (RM) codes [3], Bose-Chaudhuri-Hocquenghem (BCH) codes [4] 

[5]. and Reed-Solomon (RS) codes [6]. Hamming codes have been the first class of linear 

block codes proposed for error correction. They have a minimum distance of 3 and can 

correct any single error. The class of BCH codes is a generalization of the Hamming codes 

for multiple-error correction. The class of RS codes is a subclass of nonbinary BCH codes. 

Since RS codes have a powerful capability in correcting both random symbol errors and 

random burst errors. they have been widely used for error control in many areas, ranging 

from deep-space telecommunications to data storage systems. 

Decoding of error-correcting codes can be categorized into hard-decision decod­

ing (HDD) and soft-decision decoding (SOD). according to whether the decoder receives 

one-bit quantized values or multilevel quantized (or unquantized) values. The SOD pro­

vides better performance than the HDD, but generally requires more computational com­

plexity. The Berlekamp-Massey decoding algorithm [7]-[10] for BCH and RS codes and 

the majority-logic decoding algorithm [1 I] for RM codes belong to the HDD class. Max­

imum a posteriori probability (MAP) decoding [12] and some probabilistic list decoding. 

such as generalized minimum distance (GMD) decoding [13]. Chase type decoding [14] 

and ordered statistics decoding (OSO) [15] are SOO. The Viterbi algorithm for convolu­

tional codes. which is a maximum likelihood decoding (MLD) algorithm. can be either 

HDO or SOO. with about the same complexity. 
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The invention of turbo codes (16) (17) created a revolution in the coding area. 

With reasonable encoding and decoding complexity. turbo coding succeeds in achieving 

near-Shannon limit error performance. Turbo codes are composed of two or more con­

stituent codes. which are concatenated in parallel. along with one or more random inter­

leavers. The interleaver plays a crucial role in turbo coding because it affects both distance 

properties and the complexity of the encoder and decoder. The basic random interleavers 

permute the information bits in a pseudorandom manner. On the decoding side. iterative 

soft-input soft-output (SISO) decoders are employed for each constituent code. in which 

the soft-output values of one decoder are passed as inputs to the others. This simple sub­

optimum iterative decoding scheme can approach the maximum likelihood (ML) solution. 

In the late 1990s. another class of Shannon limit-approaching codes.10w-density 

parity-check (LDPC) codes, began to receive more and more attention. These codes were 

first discovered by Gallager (18) in 1960s. Unfortunately. due to the limited processing 

capabilities then. they have been mostly ignored until being rediscovered by MacKay and 

Neal [19) in 1996. It has been shown that long LDPC codes with iterative decoding based 

on belief propagation (BP) [20)-(21) can achieve an error performance only a fraction of 

a decibel away from the Shannon limit for several channels (22)[23). 

LDPC codes have many advantages over turbo codes. For example. they have 

better minimum distance properties. so that their error floor occurs much lower than for 

turbo codes; a parallel structure can be exploited in the hardware design of their decoder. 

so that they are suitable for high speed applications. Due to these advantages. LDPC codes 

have become one of the most promising error control codes and have been adopted or 

considered in many recent industry standards. 

1.2 Motivation of this Work 

For LDPC codes. the BP algorithm is the best-known decoding algorithm. How­

ever it often needs several tens or hundreds of iterations to converge. which causes large 

delay and may not be suitable for high speed communication systems. To speed up the con­

vergence. the shuffled BP decoding algorithm [24)-[28) and its generalized version, replica 

shuffled BP decoding [29). have been proposed. Density evolution [30) can be used to 
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analyze the perfonnance of these algorithms [29); however, it is complex and not easy to 

visualize and to evaluate. Hence it becomes desirable to find an easy and efficient tool to 

analyze the above algorithms. 

As LOPC codes have been adopted in more and more standards, efficient VLSI 

designs for implementations of LOPC codes has become crucial. Many architectnres have 

been proposed for LOPC codes using the BP or shuffled BP algorithms [31)-[34). Since 

replica shuffled decoding converges faster than other algorithms, it is useful to design a 

VLSI architecture to decode LOPC codes using this scheme. 

Besides developing decoding algorithms and designing VLSI architectnres, con­

structing good LOPC codes has also been studied intensively. In addition to the traditional 

LOPC structnres, some generalized LOPC codes have been proposed [35)-[41). These 

codes usually achieve better minimum distance properties compared with LOPC codes. 

However the resulting rate loss is not negligible. Therefore finding generaIized LOPC 

codes with high rates remains an interesting chaIlenge. 

This dissertation investigates solutions to the above three issues. FIrSt, cIosed­

fonn extrinsic mutual infonnation transfer (EXIT) functions are proposed for shuffled BP 

and replica shuffled BP decoding. EXIT curves can be ploned accordingly, from which 

the speed of convergence of different algorithms can be visualized. Secondly, we designed 

a VLSI architecture for decoding LOPC codes using the replica shuffled BP algorithm. 

Fmally, we proposed doubly generalized LOPC (DGLOPC) codes, which have better per­

fonnances than their LOPC and GLOPC counterparts in both waterfall region and error 

floor region. 

1.3 Outline of the Dissertation 

The rest of this dissertation is organized as follows. 

Chapter 2 presents the basic concepts and notation for LOPC codes. It introduces 

the definition of LOPC codes in terms of parity check matrix and graph representations. 

Regular and irregular LOPC codes are also defined. It finally discusses several approaches 

to construct LOPC codes. 
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Chapter 3 summarizes various iterative decoding algorithms for LDPC codes. 

Different algorithms are categorized into three types. the standard BP algorithm. the sim­

plified BP algorithms, and the fast convergence BP algorithms. In standard BP decoding. 

all the variable nodes or check nodes are processed in parallel. with no simplifications in 

both variable node processing and check node processing. Simplified BP algorithms in­

clude the BP-based and normalized BP-based algorithms. both of which simplify check 

node processing. Fast convergence BP algorithms include plain shuffled BP decoding and 

replica shuffled BP decoding. both of which speed up the convergence compared with that 

of standard BP decoding or simplified BP decoding. 

Closed-form EXIT functions for plain shuffled BP and replica shuffled BP decod­

ing are proposed in Chapter 4. Based on EXIT charts. the convergence speeds of different 

decoding algorithms are compared. It is proved using EXIT functions that the threshold 

of a code decoded by plain shuffled BP or replica shuffled BP is the same as standard BP. 

In this chapter the estimates are also given for the least number of groups used by group 

shuffled BP and group replica shuffled BP to achieve at any given iteration the same per­

formance (i.e .• same convergence) as their corresponding non-group counterparts (nodes in 

a group are decoded in parallel as in standard BP decoding). These estimates are verified 

by performance simulation. 

In Chapter 5. a VLSI architecture for replica shuffled normalized BP-based de­

coding is developed. FPGA testing results for a special case are presented. 

DGLDPC codes are investigated in Chapter 6. Closed-form EXIT functions for 

specific variable component codes of DGLDPC codes are derived. EXIT functions of more 

general component codes are also discussed. Based on EXIT charts. differential evolution 

(DE) is used for threshold optimization. Ensemble weight enumerators for protograph­

based DGLDPC codes are also presented. Several DGLDPC codes are constructed based 

on these results and compared with their LDPC and GLDPC counterparts. 

Finally. some conclusions and further research directions are given in Chapter 7. 
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Chapter 2 

LDPC Codes 

2.1 Representations of LDPC Codes 

An (N, K) LOPC code is defined as the null space of a parity check matrix H = 
!Hm .. ! with N columns and M rows, where N is the code length, K is the code dimension, 

and M is at least N - K. Each column of H corresponds to a codeword bit position and 

each row corresponds to a check sum. The H matrices of LOPC codes should be sparse, 

which means they have a small number of non-zero entries. This property enables us to use 

some efficient decoding algorithms. 

TherateR = KjN of an LOPC code is lower bounded by 1- ;:J.1f M = N -K, 

i.e.. all the rows in H are linearly independent. the lower bound is reached. For long 

randomly constructed LOPC codes, this lower bound is usually reached or nearly reached, 

while for some special families of LOPC codes. e.g., geometric LOPC codes, M can be 

much larger than N - K. 

LOPC codes can be represented by bipartite graphs, among which the most p0p­

ular one is the Tanner graph [35]. A Tanner graph is a bipartite graph, so that nodes are 

partitioned into two disjoint classes. The nodes of one class are denoted as bit nodes or 

variable nodes, which are associated with codeword bits; the nodes of the other class are 

denoted as check nodes, which specify the constraints imposed on codeword bits. Variable 

nodes and check nodes are connected by edges based on the parity check matrix H of the 

code. 1f Hmn = 1, there exists an edge between bit node n and check node m. The degree 

of a node is defined as the number of edges incident to that node. An example of the H 
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matrix of a (20.11) LDPC code is shown in (2.1.1) and its corresponding Thnner graph is 

depicted in Figure 2.1. 

H= 

o 0 1 0 1 0 0 1 0 0 000 0 1 000 0 0 

000 1 0 1 0 0 1 0 0 0 0 000 0 0 1 0 

o 0 0 0 0 0 100 1 0 100 0 0 1 000 

100 000 0 0 0 0 0 0 1 1 0 1 000 0 

o 1 0 000 0 0 0 0 1 000 0 0 0 1 0 1 

010 1 1 0 000 1 0 0 0 0 0 0 0 0 0 0 

1 0 1 001 1 0 0 0 0 0 0 0 000 0 0 0 

000 0 0 0 0 0 1 0 0 1 0 1 000 1 0 0 

000 0 0 0 0 100 1 0 1 000 1 000 

000 0 0 0 0 0 0 0 0 0 001 100 1 1 

(2.1.1) 

10x20 

The girth of a graph is defined as the length of the shortest cycle in the graph. It 

is readily checked that the girth of the Thnner graph in Figure 2.1 is 8. A cycle of length 8 

is shown in bold dash dot lines in Figure 2.1 and it consists of 4 variable nodes and 4 check 

nodes. Since the shortest cycle a Thnner graph can contain is of length 4, the possible 

smallest girth is also 4. For a girth-4 Tanner graph, the corresponding parity check matrix 

H contains two rows having two bits in common. 

Usually, short cycles, especially those of length 4, should be avoided in the code 

construction because they may degrade the performance of iterative decoding, which has 

been designed for a Thnner graph without cycles. However, if the connectivity of the short 

cycles is carefully designed, the performance of iterative decoding is not necessarily de­

graded by short cycles. This issue is further discussed in Chapter 6. 

2.2 Regular Codes 

An LDPC code is called regular if the row weight and the column weight of its 

parity check matrix are constants, saying de and d", respectively. Then this code is referred 

to as a (d", de) regular LOPC code. Since the parity check matrix H is a "low density" 

matrix, de and d" are generally much smaller than M or N. The rate R ~ 1 - t. In 
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Figure 2.1: An LDPC code represented in Thnner graph. 
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the Tanner graph of a regular LOPC code, each variable node and each check node have 

constant degrees d" and dc, respectively. The matrix H in (2.1.1) exhibits an example of a 

(2,4) regular LOPC code. 

2.3 Irregular Codes 

If the row weight and the column weight of H are not constants, the LOPC code 

is irregular [42]. An irregular LOPC code is specified by degree distribution polynomials 

A(X} and p(x} 

tl"."" 
A(X} = L Ajxi- J (2.3.1) 

j=2 

and 

d"m= 
p(x} = L pj xi-1 

, (2.3.2) 
j=2 

where dv..... and dCm"" represent the maxintum degrees of variable and check nodes, re­

spectively, and Ai (Pi) is the fraction of edges incident to variable (check) nodes of degree 

j with E~ Ai = 1 and E~2 Pi = 1. A (d", de) regular LOPC code can be regarded 

as a special case of an irregular LOPC code with Ad" = 1 and Pd" = 1. It has been shown in 

[22] that with carefully chosen degree distributions, irregular LOPC codes have better per­

formance than regular ones and they can approach the Shannon limit for large code lengths. 

The rate R of an irregular code is lower bOlmded by 

R> 1 _ fol p(x}dx = 1 _ E~21!f. 
- rJ A(x}dx "tl"."" ~ 

Jo L...j=2 i 
(2.3.3) 

Define node distribution polynomials X(x} and 'J9(x} as 

d"m"" 

X(x} = L Xixi-1 (2.3.4) 
i=2 

and 

(2.3.5) 
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where X; (11;) is the fraction of variable (check) nodes of degree j with L::'2 X; = 1 

and L~2= 11; = 1. The node distributions can be expressed with respect to the edge 

distributions in (2.3.1) and (2.3.2) by 

(2.3.6) 

for j = 2,3, ... ,d",.." and 

.Q.- p;lj 
-.,) - 1 

fo p(x)dx 
(2.3.7) 

for j = 2,3,'" ,d<m=' 

2.4 Constructions of LDPC Codes 

2.4.1 Random Constructions 

Given the degree distributions and the code length, an LDPC code can be con­

structed by placing a random permutation between edges emanating from all the variable 

nodes and edges emanating from all the check nodes in the Tanner graph. The collection 

of LDPC codes resulting from all possible random permutations is defined as an ensem­

ble. Figure 2.2 shows an example of the LDPC ensemble with code length 8 and degree 

distributions 

>.(x) = 0.32:1: + 0.12:1:2 + 0.32:1:3 + 0.243:5 

and 

In order to make the graph suitable for iterative decoding, a post processing rou­

tine may need to be carried out to remove some short cycles. Randomly constructed LDPC 

codes usually have high error floor, so many improved methods have been proposed, which 

are discussed next. 
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random 
}E;;:=:---Ipermutation 

Figure 2.2: An example of an LOPC ensemble. 

2.4.2 Pseudorandom Constructions 

Progressive Edge.Growth (pEG) construction 

The objective of the PEG construction [43] is to maximize the girth of the Thnner 

graph by progressively assigning edges between variable nodes and check nodes. The 

construction can be carried out as follows. 

For bit n from 1 to N: 

Step 1: Assign the first edge of bit n to a check node having the lowest degree under the 

current graph. 

Step 2: Assign other edges to check nodes that are not among the neighbors of bit n 

within depth 1 in the current graph. 

For bit n. its neighbors within depth 1 contain all the check nodes that are reached 

by a tree spreading from bit n within depth I. This tree is illustrated in Figure 2.3. 
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IlepIh I 

Figure 2.3: A tree spreading from bit n. 
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Based on the construction rule, two cases may occur for bit n. The first case is 

that all the check nodes it connects to do not reappear in any layer of its tree spreading 

graph. In this case, there exists no cycle in this graph. The second case is that the first 

reappearance of any check node m containing bit n occurs in depth (I + k), where k ~ 1. 

This check is marked in shadow in Figure 2.3. In this case, the length of the smallest cycle 

is 2 . (I + k + 1). Hence, if for any bit, all its adjacent check nodes are not among its 

neighbors within depth I, then the girth of the Tanner graph 9 ~ 2· (I + 2). 

It has been shown through simulations in [431 that the PEG algorithm results in 

0.2 to 0.5 dB improvement at the bit error rate (BER) of 10-5 compared with randomly 

con5tructed LOPC codes. 

ACE construction 

Although a large girth is usually obtained with the PEG algorithm, a good girth 

does not necessarily guarantee a good weight distribution. To improve the weight distribu­

tion, cycle connectivity needs to be considered. In [441, the parameter ACE has been used 

as a measurement of the connectivity of a cycle, which is defined as L;(d; - 2), where d; 

is the degree of the i-th variable node in this cycle. If no variable nodes in a cycle share 

common check nodes outside the cycle, the ACE value can be also regarded as the total 

number of check nodes that are connected by this cycle only once. These check nodes can 

be helpful in improving minimum distance and correcting the errors trapped in the cycle. 

Therefore a large ACE value is preferred. An LOPC code has property (dACE, 'fJACE) if all 

the cycles of length 2dACE or less have ACE values at least 'fJACE. Methods to construct 

LOPC codes with good ACE properties have been proposed in [44]. It has been shown that 

the ACE algorithm exhibits a better minimum distance compared with the PEG algorithm 

and the obtained codes can achieve a much lower error floor compared with random LOPC 

codes without sacrificing much in the waterfall performance region. 

However, an LOPC code with good ACE properties can still contain low-weight 

codewords. In [451, a recursive construction based on quasi-cyclic extension has been 

proposed, which can eliminate in the Thnner graph certain subgraphs that lead to low­

weight codewords. An LDPC code constructed by this method exhibits a better minimum 
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distance as well as a thinner profile of low-weight codewords than that obtained by either 

the PEG or the ACE algorithm. 

2.4.3 Finite Geometry LDPC Codes 

Besides random and pseudorandom constructions, there is another important con­

struction method based on finite geometry. Finite geometry codes were first investigated 

by Rudolph in 1967 for majority-logic decoding [46]. A finite geometry with N points and 

M lines can define the parity check matrix of an LDPC code with columns corresponding 

to the points and rows corresponding to the lines of the geometry. If a line passes through 

a point in the geometry, the intersection of the corresponding row and column in the par­

ity check matrix is 1. Since two lines are either disjoint or intersect at one and only one 

point, the girth of the corresponding Tanner graph is at least 6. Compared with random 

and pseudorandom constructions, finite geometry LDPC codes have the following advan­

tages. First they can be cyclic, so encoding can be easily implemented by shift registers. 

Second, finite geometry LDPC codes have relatively good minimum distances, so usually 

they have a low error floor in the high SNR region. Third many redundant rows in H can 

help iterative decoding. Two families of geometric LDPC codes, Euclidean geometry (EG) 

and projective geometry (PO) codes [47], are introduced in the following. 

EG-LOPC codes 

Let GF(2') be the Galois field with 28 elements. Let a = (ao, al,···, am-I) be 

an m-tuple with a; E GF(2'). There are 2mB possible such m-tuples and all of them form 

an m-dimensional Euclidean geometry over GF(2'), which is denoted as EG(m, 28). Each 

m-tuple a is regarded as a point The all-zero m-tuple is called the origin of the geometry. 

Through two points al and a2 in EG(m, 2'), there is a line defined as the collection of the 

following 2' points, 

(2.4.1) 

with (3 E GF(28). Each point is intersected by (2mB - 1)/(28 - 1) lines. The total number 

of non-origin points is 2mB - 1 and the total number of lines that do not pass through the 

origin is (2"'" - 1)(2(m-l)8 - 1)/(28 - 1). 
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Let REG be a matrix whose rows are the incidence vectors of all the lines in 

EG(m, 2") that do not pass through the origin. The code defined by the null space of REG 

is a regular LDPe code of length 2"" - 1 and it is denoted as an m-dimensional EG-LOPC 

code. 

A special subclass of EG-LOPC codes is the class of 2-dimensional EG-LOPC 

codes. Its parameters are: 

- Number of parity check bits: M = 38 
- 1 

- Dimension: K = 228 
- 38 

- Minimum distance: d".;n = 28 + 1 

The definition of a line or I-flat given in (2.4.1) can be generalized as 

(2.4.2) 

with 1 :5 p < m and for 1 :5 j :5 p. (3j E GF(2"). Equation (2.4.2) defines a p-flat of 

EG(m, 28) that passes through the point Qo. Then REG is obtained by associating its rows 

with the p-flats of EG(m, 2") (possibly not containing 0) and associating its columns with 

the points of EG(m, 28) (possibly excluding 0). It follows that in general. an EG-LOPC 

code is totally defined by the three parameters m. s and p. 

PG-LDPC codes 

Since GF(2(m+1)8) contains GF(2") as a subfield, it is possible to divide the 

2(m+I)8 -1 non-zero elements ofGF(2(m+1)8) into N(m, s) = (2(m+I)8 - 1)/(2" - 1) dis­

joint subsets of 2" - 1 elements each. Then each subset is regarded as a point in PG(m, 2"). 

the m-dimensional projective geometry over the finite field GF(2"). 

Two distinct points QI and Q2 ofPG(m, 2") define a unique line passing through 

them, which contains the following 2" + 1 points. 

(2.4.3) 
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with {31 and Ih in GF(2"), and not both zero. Then we can obtain that there are (2"'" -

1)/(28 - 1) lines intersecting on each point of PG(m, 2") and the total number of lines in 

PG(m, 28) is N(m, 8) . (2"'" - 1)/(2" - 1)/(2" + 1). 

The construction ofLDPC codes based on a projective geometry is similar to that 

based on Euclidean geometry. Let H PG be a matrix whose rows are the incidence vectors 

of all the lines in PG(m,2") and whose columns correspond to the points of PG(m, 2"). 

The code defined by the null space of HPG is a regular LDPC code of length (2(m+1)8 -

1)/(2" - 1) and it is denoted as an m-dimensional PG-LDPC code. 

A special subclass of PG-LDPC codes is the class of 2-dimensional PG-LDPC 

codes with parameters: 

- Length: N = 228 + 2" + 1 

- Number of parity check bits: M = 38 + 1 

- Dintension: K = 228 + 2" - 38 

- Minimum distance: dm,n = 28 + 2 

For 1 ~ '" < m, a ",-fiat of PG( m, 2") is defined by the set of the points of the 

form 

(2.4.4) 

with for 1 ~ j ~ "', {3j E GF(2"). Then H PG is obtained by associating its rows and 

columns with the ",-fiats and the points of PG(m, 2"), respectively. 

2.4.4 Quasi-CycHc LDPC Codes 

Quasi-cyclic (QC) LDPC codes are another important class ofLDPC codes. They 

were first proposed by Gallager in [18] and later investigated in [49] and [SO]. 

QC-LDPC codes are constructed based on circulant permutation matrices, i.e., 

matrices obtained from the cyclic shift of an identity matrix. Fmite geometry construction 

discussed in 2.4.3 is interrelated with this construction method because many geometry 

LDPC codes have an equivalent circulant permutation matrix representation [48]. For a 
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(ct., de) regular LDPC code of length N. suppose N = p . de. Let l(sj,l) be a circulant 

permutation matrix which is obtained from cyclicaJIy right-shifting the p x p identity matrix 

Sj,l mod p positions. where 1 ~ j ~ ct. and 1 ~ I ~ de. The parity-check matrix H can be 

represented by 

I(Sl,l) I(Sl.2) I(Sl,de) 

H= 
l(s2.d l(s2.2) l(s2.de) 

(2.4.5) 

l(sde,d l(sd".2) l(sd".d.) 

In order to achieve good performance. Sj,l should be carefully chosen. One pos­

sible criterion is to choose Sj,l so that the girth of the code is maximized. It has been shown 

in [51] that QC-LDPC codes cannot have a girth larger than 12. Consequently. given a 

code rate. the minimum distance cannot increase with the code length. Nevertheless. since 

the quasi-cyclic structure of this kind of codes enables them to be encoded easily with shift 

registers. they have been adopted in many standards. such as IEEE 802.16e [65]. 

The parity check matrix H has an equivalent representation. the base matrix B. 

which is defined by B = [sj,I]. For a given P. B can be expanded to H. 

An irregular QC-LDPC code can be obtained from (2.4.5) by replacing a set of 

circulant permutation matrices by zero matrices and the corresponding shift values by -1. 

This technique is referred to as protograph [83] or masking [52] [54]. It results in a new 

Tanner graph with fewer edges and fewer short cycles. The matrix D = [dj,I]. which has the 

same dimensions as B. is used to indicate the positions of circulant permutation and zero 

matrices. If the matrix l(sj,l) is the all-zero matrix, dj •1 = 0; otherwise. dj,l = 1. Hence 

D is the aJI-one matrix for conventional QC-LDPC codes. The performance of an irregular 

QC-LDPC code constructed this way is highly related to the choice of D. A good matrix 

D can be constructed by computer search based on the variable and check node degree 

distributions. 
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Chapter 3 

Iterative Decoding of LDPC Codes 

In [18]. two types of decoding algorithms were proposed for LDPC codes. bit­

flipping decoding and probability-based decoding. Both of them are iterative decoding al­

gorithms. which are also used in decoding turbo codes [17] to achieve near-Shannon-limit 

error performance. Iterative decoding is based on alternately decoding different component 

codes and passing the so-called extrinsic information to one another. The extrinsic informa­

tion can be generated using a symbol-by-symbol soft-inlsoft-out decoding algorithm like 

maximum a posteriori probability (MAP) decoding [12] or some other algorithms. Gal­

lager's probabilistic decoding was later revealed to be an instance of Pearl's belief propaga­

tion (BP) algorithm [20]-[21]. In BP decoding. a Tanner graph is converted to a Bayesian 

network, based on which the marginal a posteriori probability of each codeword bit can be 

calculated [55]. If there is no cycle in the Tanner graph. the exact a posteriori probabilities 

can be derived with BP decoding. Even when the Tanner graph has cycles, BP decoding 

can still lead to a good estimate for the a posteriori probabilities. 

Although the BP decoding algorithm is very powerful. it is complicated for hard­

ware implementation due to the non-linear functions in the algorithm. Many algorithms 

have been proposed to simplify it, such as the BP-based algorithm [56]. the min-sum al­

gorithm [57] and the max-product algorithm [58]. These algorithms usually cause about 

0.2 to 0.3 dB performance degradation for short LOPC codes and larger degradation for 

long LDPe codes. To compensate the performance loss and sti1l preserve the simplicity 

of the decoder. normalized BP-based [59) and offset BP-based [60] algorithms have been 

proposed. Both of them apply some simple correction to check node messages and can 
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reduce the perfonnance degradation to 0.1 dB or less. Other types of corrections also work 

well (53)[61)[62]. 

Another disadvantage of the BP decoding algorithm is that it needs several tens 

or hundreds of iterations to converge, which is not always realistic for high speed commu­

nication systems. To speed up the convergence, various schedu1ings of the BP decoding 

algorithm [24]-[28] have been proposed. Replica decoding [29] further genera1izes this 

approach by combining different iterations, which can achieve further speed up of the con­

vergence. 

In this chapter, the BP algorithm and its modified versions are reviewed. 

3.1 BP Algorithm 

The BP algorithm for LDPC codes with Thnner graphs has two alternating parts: 

processing in variable nodes and processing in check nodes. When variable nodes receive 

messages from their neighbor check nodes, they process them and send back updated mes­

sages to the neighbor check nodes. Then check nodes carry out the similar procedure. 

Messages can be represented in probabilities or log-likelihood ratios (LLRs). The 

corresponding BP algorithm is called probabilistic BP or LLR BP, respectively. The prob­

abilistic BP algorithm is more general and it can be applied to both binary and non-binary 

LDPC codes. The LLR BP algorithm can lead to some low complexity decoding ap­

proaches, however it is only applicable to binary LDPC codes. The decoding procedure 

of these two BP algorithms is summarized in the following. 

3.1.1 ProbabiIistic BP Algorithm 

Suppose a binary (N. K) LDPC code C of length N and dimension K is used for 

channel coding. Assume binary phase-shift keying (BPSK) modnlation with unit energy, 

which maps a codeword c = (Clt C2.···. CN) into a sequence x = (XltX2.··· ,XN). accord­

ing to X ll = 1 - 2c". for n = 1.2.···. N. The vector x is transmitted over an AWGN 

channel with zero mean and power spectral density No/2, then the received sequence is 
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x + n = J = [Ynl, with Yn = Xn + n,., where for 1 ~ n ~ N, the n,.'s are statistically 

independent Gaussian random variables with zero mean and variance No/2. 

Let H = [Hmnl be the parity check matrix which defines the LOPC code. We 

denote the set of bits that participate in check m by N(m) = {n : Hmn = I} and the set 

of checks in which bit n participates as M(n) = {m : Hmn = I}. We also useN(m)\n 

to denote the set N(m) with bit n excluded, and M(n)\m to denote the set M(n) with 

check m excluded. 

We define the following notations associated with a given iteration. 

• J;,: The probability that c,. is x (x = 0 or I). Let Po and PI be the conditional 

probability density functions (pdf's) of ihe AWGN channel, then 

(3.1.1) 

f~ can be computed by 

and (3.1.2) 

• 1"'mn: The probability of check m being satisfied if bit n is considered fixed at X and 

the other bits have a separable distribution given by the probabilities {tfmn' : n' E 

N(m)\n}. 

• if'mn: The probability that bit n is x given the information obtained via checks other 

than check m. 

• tfn: The ''pseudoposteriori probabilities" of bit n. 

The probabilistic BP decoding algorithm is carried out as follows. 

Initialization: For each n, initialize rn and f~ with (3.1.2); for each m and each n E 

N(m), set q!!.n = rn and q:"n = f~. Set the maxintum number of iterations to 1M..,. 

Step 1: Iterative processing: 

(i) Horizontal step, for each check node m and each n E N(m), update ~ by 
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0 1 
1+ II (q!:In' - q;"',) Tmn =-

2 
n'EN(m)\n (3.1.3) 

1 1 
I- II (q?,.", - q;'n') Tmn =-

2 
n'EN(m)\n 

(ti) Vertical step, for each bit n and each m E M{n), update Ifm .. by 

{ 

«fm" = amn.fn II T?"'n 
m'EMII(n)\m (3.1.4) 

q:'·tn = Qmnf~ r:n'n 
m'EM(n)\m 

where Urn .. is a nonnalization factor such that q::'n + q!... = 1. For each n, 

update q~ and q~ by 

""EM(n) (3.15) 

{ 

q~ = anf~ II T?"'n 

q! = Qnf~ II r:n'n 
""EM(,,) 

where an is a nonnalization factor such that q~ + q~ = 1. 

Step 2: Hard decision and stopping criterion test: 

(I) Create e = [c..] such that c.. = 0 if q~ > q~, and c.. = 1 otherwise. 

(ti) If He = 0 or IM= is reached, stop the decoding iteration and go to Step 3. 

Otherwise go to Step 1. 

Step 3: Output e as the decoded codeword. 

3.1.2 LLR BP Algorithm 

Messages are represented by LLRs in LLR BP algorithm. We define the follow­

ing notation associated with the i-th itemtion. 

• U ch,n: The LLR of bit n which is derived from the channel output Yn, i.e., U ch,n ~ 
In ($i). For the AWGN channel with conditional pdf's in (3.1.1), we have 

(3.1.6) 
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• u.I:~: The LLR of bit n which is sent from the check node m to bit node n, i.e., 

(3.1.7) 

• VJ.%: The LLR of bit n which is sent from the bit node n to check node m, i.e., 

VJ:~ ~ In (~~) . (3.1.8) 

• VJi): The a posteriori LLR of bit n, i.e., 

VJi) ~ In (:D. (3.1.9) 

The LLR BP algorithm is carried out as follows [20]: 

Initialization: Set i = 1, and the maximum number of iterations to 1M"",. For each m and 

n, set 

v.(0) - U 
mn - ch,n' 

Step 1: Iterative decoding 

(I) Horizontal step, for 1 ::; n ::; N and each m E M (n), process: 

( (VY-l»)) u.I:~ = 2 tanle 1 II tanh m;' . 
n'eN(m)\n 

(8) Vertical step, for 1 :5 n :5 N and each m E M (n), process: 

v.(') = Uch + mn ,11. 

m'EM(n)\m 

Step 2: Hard decision and stopping criterion test: 

(3.1.10) 

(3.1.11) 

(3.1.12) 

(I) Set vJ') = Uch,n + EmeM(n) u.l:t Create iP) = [cl;)] such that cl;) = 1 if 

VJi) < 0, and cl;) = 0 otherwise. 

(8) If HiP) = 0 or 1M "", is reached, stop the decoding iteration and go to Step 3. 

Otherwise set i := i + 1 and go to Step 1. 

Step 3: Output iP) as the decoded codeword. 

To distinguish from the modified BP algorithms that will be discussed later, we 

ca1\ the BP algorithm presented in this section the standard BP algorithm. 
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3.2 Simplified BP Algorithms 

3.2.1 BP-Based Algorithm 

The complexity of standard BP decoding is dominated by the non-linear func­

tions. tanh(x) and tanh-I (x). in check node processing. Since both tanh(x) and tanh-I (x) 

are odd functions. with the properties 

{ 
tanh(x) = sgn(x) . tanh{lxl) 

tanh-I (x) = sgn(x). tanh-1(lxl), 

the check node processing following (3.1.11) can be expressed by 

U£:~ = 2tanh-1 
( II sgn(V';:,;;l»). II tanh (IV~l)I)) 

n'EN(m)\n n'EN(m)\n 

(3.2.1) 

= II sgn(V';:,;;l»). 2 tanh-1 
( II tanh (IV,;:t l)). (3.2.2) 

n'EN(m)\n n'EN(m)\n 

Then the following approximation can be applied 

(llI:(i-!)I) (llI:(i-l)l) II tanh mOl' Rj min tanh mn' 
2 n'EN(m)\n 2 

n'EN(m)\n 

(3.2.3) 

Therefore, (3.1.11) in standard BP can be simplified by 

II (lI:(i-l») . . IlI:(i-l) I sgn mn' mm mnl. 
n'EN(m)\n n'EN(m)\n 

u.(i) = mn (3.2.4) 

This algorithm is referred to as BP-based algorithm or min-sum algorithm [56][571. The 

BP-based algorithm is much simpler than the BP algorithm since only additions and com­

parisons are used in check node processing and bit node processing. Moreover. for the 

AWGN channel. another advantage of the BP-based algorithm is that it does not need the 

channel information since the constant term 4/No in (3.1.6) has no effect on check node 

comparison. Hence, (3.1.10) in standard BP can be modified to VJ.~ = Yn for each m and 

n. 
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3.2.2 Normalized BP·Based Algorithm 

Denote u;,:~ in standard BP by uii ) and u;,:~ in the BP-based algorithm by U~i) • 

The nonnalized BP-based algorithm was derived based on two properties [59]: 

1. The signs of U?) and U~ i) are the same. 

2. The magnitude of U~i) is always greater than that of uii
). 

To approximate uii
) from U~i). U;,:~ in the normalized BP-based algorithm is updated by 

(3.2.5) 

where a is a normalization factor greater than 1. 

In [64]. a two-dimensional correction algorithm has been proposed for irregular 

LDPC codes. which assigns a normalization factor to each variable degree and each check 

degree. This new algorithm achieves better perfonnance for irregular codes compared with 

that of the nonnaIized BP-based algorithm. However. for irregular codes with few degrees 

only. the normalized BP-based algorithm can still have satisfactory perfonnance. An alter­

native correction to scaling is offsetting. with similar performances [60][64]. 

3.2.3 Simulation Resnlts 

Figure 3.1 depicts the word error rate (WER) perfonnance of the standard BP. BP­

based and normalized BP-based algorithms of the (1056. 704) irregular LDPC code from 

[65]. The degree distributions of variable nodes and check nodes are >.(x) = 0.172840x + 
0.037037x2 + 0.790123x3 and p(x) = 0.864198x9 + 0.135802xl0. respectively. The max­

imum number of iterations equals 100. The normalization factor of the normalized BP­

based algorithm is set to 1.4. We observe that the performance gap between the BP-based 

algorithm and standard BP is about 0.25 dB. The normalized BP-based algorithm reduces 

this gap to less than 0.05 dB for the waterfall region. In the high SNR region. the perfor­

mance of the nonnaIized BP-based algorithm is even slightly better than that of standard 

BP. 
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Figure 3.1: The WER perfonnance of the standard BP, BP-based and nonnaIized BP-based 
algorithms for a (1056, 704) irregular LOPC code. 
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3.3 Fast Convergence BP Algorithms 

3.3.1 Plain Shuffted BP Decoding of LDPC Codes 

The basic idea of plain shuffled BP decoding is to process the horizontal step and 

vertical step in standard BP jointly so that they can exchange and benefit from new infonna­

tion within the same iteration. Following the definitions in [63]. deterministic schedulings 

can be implemented either based on horizontal [26. 27] or vertical partitioning [24. 25] of 

the parity check matrix. 

Vertical shuffled BP decoding 

Iteration-i of the two-step implementation of the standard BP algorithm uses all 

values V~;;;l) computed at the previous iteration in (3.1.12). However certain values V~~, 
could already be computed based on a partial computation of the values uf:,~ obtained 

from (3.1.11), and then be used instead of V,;:,;;l) in (3.1.11) to compute the remaining 
(") values U":n • 

In the vertical shuffled BP algorithm. the initialization, stopping criterion test and 

output steps remain the same as in the standard BP algorithm. The only difference between 

the two algorithms lies in the updating procedure. Step 1 of the shuffled BP algorithm is 

modified as: for 1 :$ n :$ N and each m E M (n). process the horizontal step and vertical 

step jointly. with (3.1.11) modified as: 

( (
V.(i) ) (V.(H»)) U~ = 2tanh-1 II tanh ~n' II tanh m;' . 

n'eN(m)\n n'eN(m)\n 
n'<n n'>n 

(3.3.1) 

Horizontal shuffled BP demding 

In the horizontal shuffled BP algorithm. stopping criterion test and output steps 

remain the same as in the standard BP algorithm. The initiaIization and the updating pr0-

cedure are modified as 

InitiaJization: Set i = I, and the maximum number of iterations to 1M .... For each m and 
TT(O) n, set Umn = o. 
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Step 1: For 1 ~ m ~ M and each n E N(m), process: 

(I) Vertical step: 

v:(i) = u'ch + mn ,n 

(6) Horizontal step: 

m'e.M(n)\m 
m'<m 

Uti) + 
m'n 

m'eM(n)\m 
m'>m 

Tr(i-l) 
urn'n 

U,\!~ = 2 tanh-l ( II tanh (Vf')) . 
n'EN(m)\n 

(3.3.2) 

(3.3.3) 

Vertical shuflled BP and horizontal shuflled BP have similar error performances, 

which are shown in Section 3.3.4. In hardware implementation, both of them have their 

own advantages. This issue is discussed in Chapter 5. 

3.3.2 Replica Shuffled BP Decoding of LDPC Codes 

Shuflled BP decoding described in Section 3.3.1 is based on a natural increasing 

updating order, i.e., in vertical shuflled BP, the messages at bit nodes are updated according 

to the order n = 1, 2, ... , N and in horizontal shuflled BP, the messages at check nodes are 

updated according to the order m = 1,2,· .. , M. The larger the value of nor m, the more 

reliable these messages become. If more decoders are used, they can exchange their most 

reliable messages with one another and achieve faster convergence. This algorithm is re­

ferred to as replica shuflled BP decoding. In the following, we describe replica shuflled BP 

decoding based on vertical partitioning. It can be readily applied to horizontal partitioning. 

In replica shuflled BP decoding, several shuflled sub-decoders based on different 

updating orders operate simultaneously and cooperatively. After each iteration, each sub­

decoder receives more reliable messages from and sends more reliable messages to other 

sub-decoders. Based on these more reliable messages, all replica sub-decoders begin the 

next iteration. Hence replica decoding can be viewed as a way to parallelize iterations. For 

two replicas, let D and 'l5 denote the sub-decoders with natural increasing and decreasing 

updating orders, respectively. Let U~n and V~n be the variables associated with D at 

iteration i. The variables associated with 'l5 are defined in a similar way. The replica 

shuflled BP decoding with two replica sub-decoders is carried out as follows: 
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Initialization: Set i = I, and the maximum number of iterations to 1M"". For each m 
-.7(0) ~(O) 

and n, set v mn = V mn = Uch,n. 

Step 1: Each replica sub-decoder processes the following two steps simultaneously. For 

1 S n S N and each mE M(n), process 

(I) Horizontal step 

( (V(i) ) (V(i-I»)) 
U~n = 2 tanh-I II tanh ;'" II tanh ~n' 

n'eNem)\" n'eN(m)\n 
nl<n n'>n 

( (

y(i) ) (y(i_I»)) 
U~=2tanh-1 II tanh t II tanh ~n' 

n'eN(m)\n n'eN'(rn)\n 
n'>n 71'<'11. 

(Ii) Vertical step 

-.7(i) 
V mn = Uch,n + " -.t(i) 

L..J U m'n 
m'EM(n)\m 

00 00 00 00 
Step 2: Set V mn = y mn for 1 S n S N/2 and Y mn = V mn for N/2 < n S N. 

Step 3: Hard decision and stopping criterion test: 

(I) C • (i) [.(i)l hthat" 1 < < N/2 .(i) 1 ifU." ~(i) reate c = en sue lor _ n _ ,en = ch,n+ L-mEM(n) U mn < 
O d .(i) 0 th . "N/2 < N .(i) 1 if u." -.t(i) ,an en = 0 eIWlse; lor < n _ ,en = ch,n + L-mEM(n) U mn < 
0, and cJ:) = 0 otherwise. 

(Ii) If HC(i) = 0 or 1M"" is reached, stop the decoding iteration and go to Step 4. 

Otherwise set i := i + 1 and go to Step 1. 

Step 4: Output C(i) as the decoded codeword. 
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Another possible implementation is to let these two sub-decoders exchange more 

reliable messages synchronously with each other during the decoding process. Define 

R(n) = {n/ln ~ nl ~ N - n}. and R(n) = {n/ll ~ nl ~ N, n: ¢ R(nn, for 1 ~ n ~ N. 

In synchronous scheme, the updating and exchanging procedures operate simultaneously 

as follows: 

Step 1: For 1 ~ n ~ N and each mE M(n), forp = N - n and each q E M(P), two 

replica sub-decoders process the following two steps simultaneously 

(I) Horizontal step 

( (

V:(i) ) (V:(H»)) U;':~ = 2 tanh-1 II tanh ~n' II tanh m;' 

n'e.N'(m)\n n'EJ{(m)\n 
n'ER(n) n'ER(n) 

uJ:} = 2 tanh-1 L II tanh (Vf) II tanh (V~_l»)) . 
rleN(.llP rleN(.llP 
ER(N-p) P'ER(N-p) 

(D) Vertical step 

v.l.~ = Uch,n + L Uti) 
m'n 

m'EM(n)\m 

V~) = Uch,p+ '" Uti) L.. q'p' 
q'EM(p)\q 

Notice that in this case the two replica sub-decoders use the same set of bit-to­

check lLR values. It is also straightforward to extend the replica shuflled BP decoding to 

the cases in which more than two replica sub-decoders are used. 

For most Gallager type LOPC codes, synchronous replica shuflled BP achieves 

a similar ultimate performance as that of non-synchronous replica shuflled BP. However 

for some LOPC codes with relatively higher density parity check matrices (such as EG­

LOPC codes or PG-LOPC codes), non-synchronous replica shuflled BP may provide a 

better ultimate performance than that of synchronous decoding. In Table 3.1, synchronous 
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and non-synchronous replica shuffled BP algorithms with 2 sub-decoders and 200 iterations 

are compared for the (273.191) PG-LDPC code (the large iteration number was chosen to 

ensure convergence in hoth cases). For this code. the non-synchronous schedule provides 

a better performance. The synchronous approach reduces stnrage by half but increases 

memory conflicts. 

SNR(dB) Non-synchronous Synchronous 
2.0 J.Se-2 3.0e-2 
2.S 3.0e-3 S.0e-3 
3.0 3.Se-4 6.3e-4 
35 2.0e-S S.7e-S 

Table 3.1: Performance comparison of non-synchronous and synchronous replica shuffled 
BP decoding for the (273.191) PG-LDPC code. 

3.3.3 Group Plain Shuffled BP and Group Replica Shuffled BP De­

coding 

To take advantage of as many newly delivered messages as possible and therefore 

to achieve the best performance. a fully serial replica shuffled BP is necessary. However. 

this scheme is not attractive for hardware implementation due to its serial nature. A totally 

parallel implementation is not realistic either for large code lengths. or codes with highly 

connected graph. 

In [241. a method called "group shuffled" BP was presented. This "group" con­

cept can also be used in replica shuffled BP decoding. Our description of group plain and 

group replica shuffled BP is sti11 based on vertical partitioning. 

In group plain shuffled BP. the bits of a codeword are processed in groups in a 

semi-parallel manner. The groups are processed seria11y while the bits within a group are 

processed in paralIe!. Assume the N bits of a codeword are divided into G groups and each 

group contains ~ = B bits (assuming N mod G = a for simplicity). 

Step 1 of the group shuffled BP algorithm is carried out as follows: 

Step 1: For 1 :5 g :5 G. 
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(I) Horizontal step: for (g - 1) . B + 1 ::; n ::; g. B and each m E M (n), process: 

( 
( 

v:(i) ) (V:(H») ) U,\!~ = 2 tanh -I II tanh 't II tanh ";" 
n'EN(m)\n n'e.N"(m)\n 
n'~(g-I)·B n'~(g-I).B+l 

(iI") Vertical step: for (g - 1) . B + 1 ::; n ::; g. B and each mE M(n), process: 

Step 1 of the non-synchronous group replica shuffled BP algorithm is carried out 

as follows: 

Step 1: For 1 ::; 9 ::; G, each replica sub-decoder processes joiIltly the followiIlg two 

steps 

(I) Horizontal step: for (g -1)· B + 1 ::; n ::; g. B and each mE M(n), process: 

( (V(i) ) (V(H»)) U! = 2tanh-1 II tanh ;n' II tanh ';" 
n'eN(m)\n n'eN{m)\n 
n'~(g-I)·B n'~(g-l)·B+l 

( 
(

V(i) ) (V(H»)) U~n = 2 tanh- I II tanh ;", II tanh ;", 
n'eN(m)\n n'eN(m)\n 

n'~(G-g+I)·B+l "'~(G-g+l)·B 

(Ii) Vertical step: for (g - 1) . B + 1 ::; n ::; g. B and each mE M(n), process: 

V(S) Uch,,, + L Uti) 
= m'n mn 

m'EM(n)\m 

v(') Uch,n + L Uti) 
= m'n mn 

m'EM(n)\m 

Synchronous group replica shuffled decodiIlg is defined iII a similar way. 

Replica shuffled BP can also update messages iII groups based on nonnatural 

iIlcreasing or decreasiIlg orders. Suppose the updatiIlg order of one replica is 0 = {Ol , O2 , 
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···,Oa}, where Og E {1,2,···,G}. Assume the updating orders ofD and D are (} 

and '0, respectively. Then replica shuffled BP with nonnatural updating ordering can be 

described with the above updating rules by replacing (g - 1) . B and (G - 9 + 1) . B with 

Og. B and Og. B, respectively. 

Replica shuffled BP can be further generalized to various forms. One example 

is that in the nonnatural updating scheme, some groups of bit nodes may be updated more 

than once at one iteration while other groups of bit nodes are updated only once. The 

updating of LLR values at the i-th iteration is now based on the LLR values delivered at 

the (i - 1)-th or (i - 2 )-th iteration. 

Relationship between group plain and group replica shumed BP 

Group plain shuffled BP can be viewed as a special case of synchronous group 

replica shuffled BP. Assume in group plain shuffled BP decoding, the N bits of a codeword 

are divided into G = ~ groups and each group contains B bits. Consider a group replica 

shuffled BP decoder with two sub-decoders Dl and D2• For both Dl and D2, the N bits 

of a codeword are divided into 2G = (;j2) groups and each group contains B /2 bits. 

For 1 $ 9 $ G, let bits in group-(2g - 1) in Dl and bits in group-2g in D2 compose 

group-g in group plain shuffled BP decoding. In synchronous group replica shuffled BP 

decoding, if sub-decoder Dl updates group-(2g -1) and sub-decoder D2 updates group-2g 

simultaneously, group replica shuffled BP decoding with two sub-decoders becomes group 

plain shuffled BP decoding. 

Since each sub-decoder in group replica shuffled BP decoder can take any up­

dating order, group replica shuffled BP decoding provides more flexibility than group 

plain shuffled BP decoding. Hence we can expect to find some scheduling for group 

replica shuffled BP decoder that has better performance than group plain shuffled BP us­

ing the same decoding time and the same hardware resources, i.e., the same number of 

sub-decoders. For example, consider a (16200,7200) irregular LOPC code which was 

constructed in a semi-random maoner [671. The variable node and check node degree 

distributions are >.(x) = 0.00006x + 0.57772x2 + 0.3111x3 + O.lnllx'! and p(x) = 
0.00006r + O.14917x3 + O.29851x4 + O.44777x5 + O.10449x6 , respectively. We compare 
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group plain shuffled BP decoding with 2 groups and group replica shuffled BP decoding 

with 2 sub-decoders and 4 groups. 

I 2 

(a) 

la 2a 3a 4a 
I 

Ib 2b 3b 4b 

(b) 

Figure 3.2: llIustration of the scheduling of group plain shuffled BP decoding with 2 groups 
and group replica shuffled BP decoding with 2 sub-decoders and 4 groups. 

Figure 3.2 (a) illustrates the scheduling of group plain shuffled BP decoding. 

The variable nodes are divided into 2 parts, I and 2. The processing follows the order: 

1 -> 2 -> 1 -> 2 -> .... Figure 3.2 (b) illustrates the scheduling of group replica shuffled 

BP decoding. With respect to the first sub-decoder, the variable nodes are divided into 4 

parts, la, 2a, 3a and 4a. The processing follows the order: la -> 2a -+ la -> 2a -+ 3a -> 

4a -> la ..... 2a -+ la ..... 2a ..... 3a ..... 4a· ... With respect to the secord sub-decoder, 

the variable nodes are divided into lb, 2b, 3b and 4b. The processing follows the order: 

2b -+ lb -> 4b -> 3b -> 2b -> lb -> 2b -> lb -> 4b -> 3b -+ 2b -> lb···. Since 

the decoding time for one iteration in group replica shuffled BP triples that in group plain 

shuffled BP decoding, we compare their performance after 6 and 18 iterations, respectively, 

in Table 3.2. We observe that with this particular scheduling and the same number of sub­

decoders, group replica shuffled BP outperforms group plain shuffled BP. 

3.3.4 Simulation Results 

Figure 3.3 depicts the WER of iterative decoding ofa (8000,4000)(3,6) LDPC 

code, with standard BP. vertical plain shuffled BP. vertical group plain shuffled BP for 
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SNR(dB) group plain shuffied BP (It= IS) group replica shuffied BP (1t=6) 

1.1 9.8e-4 S.6e-4 
1.2 2.6e-4 2.0e-4 
1.3 6.2e-S 4.0e-S 
1.4 1.Se-S 1.0e-S 
1.5 4.3e-6 l.Se-6 

Table 3.2: Petformance comparison of group plain and group replica shuffied BP decoding. 

--+- Standard UP bz:01D 
10-3 --v- Standard BP ft,:,SO 

........... Plain shuftJed fta1D 
--+- PlaIn shufHed Ita30 
-+-_11=5 
--e- ReplIca ib=o10 
- - - Group plain shuffled Ito3O Go6 
- • - Group repIJca Itcol0 G:r24 

10~t..==::E=S::=:S~=-'~--:,::---:,:,,---:,,::----,J 
1 1~ U 13 1A U 1~ 1~ 1B 

"IN. (dB) 

Figure 3.3: WER of a (SOOO, 4000) (3,6) LDPC code with standard BP. vertical plain shuf­
fled BP. vertical group plain shuffied BP for G = 6. vertical replica shuffied BP with four 
sub-decoders and synchronous updating and its group version with G = 24. 

34 



G = 6, vertical replica shuffled BP with four sub-decoders and synchronous updating 

and its group version with G = 24. We observe that the WER performance of replica 

shuffled BP with 10 iterations is approximately the same as that of plain shuffled BP with 

30 iterations and standard BP with 60 iterations. Vertical group plain shuffled BP with 6 

groups and 30 iterations has almost the same perfonnance as that of vertical plain shuffled 

BP with 30 iterations. Vertical group replica shuffled BP with 24 groups and 10 iterations 

has almost the same perfonnance as that of vertical replica shuffled BP with 10 iterations. 

10't~-~·-~-~t;:--==~:::::-:==---1 - - "'- ........... 

'. 
' ..... , , 

.......... ..... 

, '. 

Figure 3.4: WER of a (4000,2000) irregular LOPC code with standard BP, horizontal plain 
shuffled BP, horizontal group plain shuffled BP for G = 5, horizontal replica shuffled BP 
with four sub-decoders and synchronous updating and its group version with G = 10. 

Figure 3.4 depicts the WER of a (4000,2000) irregular LOPC code with standard 

BP, horizontal plain shuffled BP, horizontal group plain shuffled BP for G = 5, horizontal 

replica shuffled BP with four sub-decoders and synchronous updating and its group version 

with G = 10. The degree distribution is from [22] with d.-, = 15. The variable node 

and check node degree distributions are ).(x) = 0.23802x + 0.20997,r + 0.03492x3 + 
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0.12015x4 + 0.01587x6 + 0.00480X13 + 0.37627x14 and p(x) = 0.98013x7 + 0.01987x8
, 

respectively. For this irregular LDPC code decoded in horizontal partitioning, we obtain 

similar conclusions about convergence speed as those of the regular LDPC code in verti­

cal partitioning in Figure 3.3. We also observe that for this code, horizontal group plain 

shuffled BP with 5 groups and 30 iterations has similar performance as that of horizontal 

plain shuffled BP with 30 iterations. Horizontal group replica shuffled BP with \0 groups 

and 10 iterations has similar performance as that of horizontal replica shuffled BP with 10 

iterations. 

Figure 3.5 depicts the WER comparison of the same irregular LDPC code with 

plain shuffled BP and replica shuffled BP using vertical partitioning and horizontal par­

titioning. The number of replica sub-decoders was four and updating was synchronous. 

With 30 iterations we observe that the performance of vertical partitioning and horizontal 

partitioning is almost the same. 

Figure 3.5: WER of a (4000,2000) irregular LDPC code with plain shuffled BP and replica 
shuffled BP using vertical partitioning and horizontal partitioning. 
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Chapter 4 

Analysis of Fast Convergence BP 

Algorithms by EXIT Charts 

EXIT charts [68]-[74] are an effective tool to study the convergence behavior of 

iterative decoding. They are easy to visualize and to program and are a good complement 

to density evolution [30]. 

For LOPC codes using standard BP decoding, EXIT charts are especially useful 

because the EXIT functions can be calculated in closed forms. This enables us to easily 

estimate the threshold, the speed of convergence and even the bit error rate (BER) in the 

waterfall region of LDPC codes. 

In this chapter, we propose closed-form EXIT functions for LOPC codes using 

plain shuffied BP, replica shuffied BP and their group versions. These EXIT functions allow 

us to analyze the above decoding algorithms and compare their speed of convergence from 

a theoretical view point. We also obtain some interesting results for group plain shuffied 

BP and group replica shuffied BP, which indicate the minimum number of groups these two 

decoding algorithms need to achieve almost the same performance as their corresponding 

non-group counterparts. 

4.1 Introduction to EXIT Charts 

EXIT charts were first introduced for serial concatenated codes [68,69] by ten 

Brink. They were then extended to parallel concatenated codes [70], LOPC codes [71] 

and repeat accumulate (RA) codes [72]. In the EXIT charts, each EXIT curve depicts the 
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relationship between the input a priori messages and the output extrinsic messages of a 

soft-inlsoft-out decoder based on mutual information. The exchange of extrinsic informa­

tion is visualized as a decoding trajectory in the EXIT charts. 

EXIT -chart techniques are based on the empirical evidence that extrinsic mes­

sages in LLR forms can be approximated by a Gaussian random variable that satisfies the 

consistency condition [75]. Suppose the message associated with the binary value x is t. 

with x E {±l}. Then t can be represented as t = x + n with n ~ N(O,u~). Let the LLR 

of the message be A. Then Alx ~ N(JL.u2). where JL = 2.x and u2 = *. The mutual 
Un Un 

information between x and A can be written as 

1
00 e-(f.-a" /2)'/2u' 

l(x;A) =J(u) = 1- ~ ·log211 +e-f.J~. 
-00 2'11"u2 

(4.1.1) 

Suppose the mutual information between the a priori messages and x is I A and the mutual 

information between the extrinsic messages and x is IE. Then IE can be written as a 

function of IA. which is referred to as an EXIT function. 

0.91==~1 
0.8 

0.7 

0.8 

..JiJ 
" 0.5 

_'11 
0.4 

0.3 

0.1 

Figure 4.1: EXIT charts of a 2-component turbo code with interleaver size 16384 and using 
parallel decoding at the SNR of 0.15 dB. 
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Figure 4.1 depicts the EXIT charts of a 2-component turbo code with interleaver 

size 16384 and using parallel decoding. The top and bottom EXIT curves are for decoder-I 

and decoder-2, respectively. Since the extrinsic messages of decoder-l serve as the a priori 

messages for decoder-2, the axes are swapped for the EXIT curve of decoder-2. From 

the trajectory between the two EXIT curves, we can easily trace the exchange of extrinsic 

information between the two decoders. 

4.2 EXIT Charts of LDPC Codes Using Standard BP De­

coding 

EXIT charts of LDPC codes contain two curves with one representing the EXIT 

function of the variable nodes and the other representing that of the check nodes. 

0.8 

0.7 

0.61o"--Y 

..;> 0.5 

0.4 

0.3 

0.2 

0.1 

~ 01 M MUM MUM M 
~ 

Figure 4.2: EXIT charts of a (3,6) regular LDPC code at the SNR of 15 dB. 

Figure 4.2 depicts the EXIT charts of a (3,6) regular LDPC code at the SNR of 

1.5 dB. The x axis Iu is the avemge mutual information between the bits on the edges of 
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Figure 4.3: EXIT charts of a (3,6) regular LDPC code at the SNR of 1.11 dB. 

the Tanner graph and the a priori ( extrinsic) LLRs of the variable (check) nodes. The y axis 

Iv is the average mutual information between the bits on the edges of the Tanner graph and 

the extrinsic (a prion) LLRs of the variable (check) nodes. In Figure 4.2, the top curve is 

for variable nodes and the bottom curve is for check nodes. If the two curves do not cross 

each other, then the decoding trajectory finally converges to the top right corner, i.e., point 

(1,1), and decoding is successful. If the two curves intersect as shown in Figure 4.3, then 

the trajectory is blocked at the crossing point and decoding fails. 

Both the variable node and check node EXIT curves can be computed in closed 

form [71] for standard BP decoding. The EXIT functions of a degree-d" variable node and 

a degree-de check node are respectively 

IV,sTD (Iu,dv, !: ,R) = J ( V(dv -1)[rI(Iu)]2 + u2ek) (4.2.1) 

IU.STD (Iv, de) RJ 1 - J ( .,Jde - 1 . rI(l - Iv)) (4.2.2) 

where ~ = 8R· ~ and J(.) is defined as in (4.1.1); r I
(.) is the inverse function ofJ(·). 

The approxintation functions of J(.) and rI(-) are given in the Appendix of [71]. 
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4.3 EXIT Charts of Plain Shuffled BP 

In order to find a closed fonn for shuffled BP decoding, the following ideal model 

is constructed for a regular LDPC code. First, vertical partitioning is considered. Suppose 

the variable nodes can be divided into de sets and those in the i-th set only connect to the 

i-th edge of the check nodes. For example, regular QC-LDPC codes have this feature. 

This ideal model is also suitable for codes constructed using the PEG method. The parity 

check matrix corresponding to this ideal model is referred to as the "ideal" parity check 

matrix. Figure 4.4 illustrates an example of the ideal parity check matrix of a (2,3) regular 

LDPC code with length 9. In the following, we derive the EXIT functions only for vertical 

shuffled BP decoding. The principle can be readily generalized to horizontal shuffled BP 

decoding. 

Set 1 i Set 2 i Set 3 - -
100 001 010 
010 100 001 
001 010 100 

010 100 001 
001 010 100 

_100 001 010_ 

Figure 4.4: An example illustrating the ideal parity check matrix of a (2,3) regular LDPC 
code with length 9. 

Based on the above ideal model, since all the edges of the variable nodes in the 

same set connect to different check nodes, they can not benefit from one another. However 

they can equally make use of the updated infonnation of the previous edges. The processing 

of each check node also becomes identical. 

Let the mutual infonnation between the bits on any edge connected to a check 

node and their corresponding a priori LLRs be equal to the average input mutual infonna­

tion Iv. Let tv. be the updated mutual infonnation between the bit on the i-th edge of the 

same check node and its a priori LLRs. Denote by lu, the mutual information between the 

bit on the i-th edge of this check node and its extrinsic LLRs. Then the EXIT function for 
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a check node of a (d., de) regular LDPC code decoded with shuffled BP decoding is 

(4.3.\) 

It is worth mentioning that for standard BP, lu, 's are the same for all edges of a 

check node since all of them are processed simultaneously. However, that is not the case for 

plain shuffled BP. In vertical plain shuffled BP, variable nodes are processed in a fully serial 

manner and in our ideal model, since the edges of a check node are processed serially, lu, 

is improved as i increases. For example, consider the ideal parity check matrix in Figure 

4.4. Figure 4.5 illustrates its updating process using vertical plain shuffled BP. Since the 

processing of each check node is identical, Figure 4.5 depicts only one check node. The 

dark dots in Figure 4.5 represent the variable nodes that are being processed. Based on the 

ideal model assumption, we know that the i-th edge of all the check nodes only connects 

to the variable nodes in the i-th set. Assuming variable nodes are processed from set-l 

to set-3, all the i-th edges of the check nodes are processed before any j-th edge of any 

check node for j > i. When the variable nodes in set-I are processed, they take the output 

extrinsic information lu. from the first edges of the check nodes as their input a priori 

information as shown in Figure 4.5 (b). Since the a priori information of a check node is 

Iv initial1y, following (4.2.2), we have lu. ~ IU,sTD(lv,de). Based on (4.2.1), the output 

extrinsic information from the variable nodes in set-I is Iv. = IV,STD (lu .. d.,~,R) as 

shown in Figure 4.5 (c). Then the updating of set-l is completed. Next we process the 

variable nodes in set-2 as shown in Figure 4.5 (d) and (e). The variable nodes in set-

2 take the output extrinsic information lu. from the second edges of the check nodes as 

their input a priori information. To calculate lu., we follow (4.2.2) and take the average 

of Iv. and Iv as the input a priori information, i.e., lu. ~ IU.STD (lv, ;Iv ,de). Then 

based on (4.2.1) the output extrinsic information Iv. of the variable nodes in set-2 equals 

IV,STD (lu.,d.,~,R). Finally we process the variable nodes in set-3. They take the 

output extrinsic information I U3 from the third edges of the check nodes as their input a 

priori information. Similarly,Iu3 is obtained from (4.2.2) with the average of tv. and tv. as 

the input a priori information, i.e., IU3 ~ IU,sTD (Iv, ;Iv., de). Then the variable nodes in 
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Set I 

Set 2 

Set 3 

Set I 

Set 2 

Set 3 

(b) 

Set I 

Set 2 

Set 3 

(d) 

Set I 

Set 2 

Set 3 

(t) 

~ 
~'r---' 

~ 
(g) 

Figure 4.5: The mutual infonnation updating process for the LDPC code with the ideal 
parity check matrix given in Figure 4.4. 
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the third set have output extrinsic infonnation '\13' which equals Iv,STD (IUa,d", l,R) as 

shown in Figure 4.5 (g); one iteration is completed. 

The above updating process can be generalized to any (d., de) regular LDPC code 

with the ideal parity check matrix, i.e., 

I -1 (de - i)lv + L;,11 'v. d) 
u, - U,STD de _ 1 ' e 

fori = 1,2,··· ,de. 

The average input mutual infonnation of all the variable nodes is 

d. 

luo• = LJu./de 
i=l 

and the average output mutual infonnation is 

d, Eb 
Iva. = Llv,STD(Iu"d", N, ,R)/de. 

i=l 0 

The EXIT function for a variable node in shuffled BP decoding is given by 

(4.3.2) 

(4.3.3) 

IV,BHF (Iuo.,d", !:,R) = Iva.. (4.3.4) 

Next, we compare IV,STD and IV,sHF. Let It(u2
) = J(u) and Iu, = J1(ul). Since It(u2) 

is approximately linear with u2 when u2 is within a small range, we obtain in that case 

Iuo• = L'f.:,1Iu./de = L'f.:,1lt(Uf)/de "" lt (It L'f.:,1 u;). Therefore, it follows 

Iv,STD (IUo., d", ~,R) = J1 (d" -1).I!1(luo.) + u~) 
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1 d, 
R: d :~::> ((d" - 1)11~ + 11~) 

C i=l 

From simulations, we observe that the variances 11; of the a priori inputs to different vari­

able nodes at one iteration vary within a small range. Hence the EXIT function for a 

variable node in shuffled BP decoding is almost the same as that in standard BP decoding. 

4.4 EXIT Charts of Replica Shuffled BP 

It is straightforward to extend this method to replica shuffled BP. Using a simi­

lar approach, we can show that the EXIT function for a variable node in replica shuffled 

BP decoding is also almost the same as that in standard BP decoding. Since in the non­

synchronous scheme, sub-decoders only exchange information at the end of each iteration, 

the EXIT function for a check node in replica shuffled BP with two sub-decoders and the 

non-synchronous updating can be written as 

1 d, 
IU.REPa,Ns (Iv, de) = de L 2Iu, (even del 

i=d,/2 

1 ( d, ) Iu,REPa,Ns(lv.de)=-d L 2Iu.+lUd (odd de). 
c r c/21 

i=rd,/21+1 

(4,4.1) 

(4,4.2) 

The EXIT function for a check node in replica shuffled BP with more than two sub­

decoders can be obtained in a similar way. 

In the synchronous scheme, sub-decoders exchange information immediately. 

Suppose D sub-decoders are used. Then we can divide each of the de sets of the ideal 
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model into D subsets. Each sub-decoder processes the variable nodes in a distinct subset 

of the same set at the same time. After all the variable nodes have been processed once. 

the sub-decoders go back to the first set and process a subset different from those they have 

already processed. Thus. in this case the replica shuffled BP can be regarded as applying 

the shuffled BP D times. Therefore the EXIT function for a check node in the synchronous 

scheme with D sub-decoders is given by 

IU,REPD,S (Iv, de) = IU,sHF (IvD' de) 

Iv. = IV,sHF (IU,SHF (lv._n de) ,d", !: ,R) i = 2,3, ... ,D 

with lv, = Iv. 

(4.4.3) 

(4.4.4) 

While these derivations allow us to model the convergence of each method, it 

is well known that the threshold derived on a tree can not be changed by modifying the 

scheduling of the algorithm only. Therefore the threshold value remains the same for all 

methods as expressed in the next theorem. 

Theorem 1. Based on EXIT chart analysis, the threshold of a code decoded by plain shuf­

fled BP or replica shlffJled BP is the same as for BP. 

Proof Let "Y be the threshold in standard BP decoding. When Eb/ No ~ "Y. the EXIT 

curves of variable and check nodes cross each other at some point, say A. If IE = Iv,STD 

(IA'd", ~,R). then IA = IU,STD (IE, de). In plain shuffled BP decoding. if we use IE 

as the input a priori information to check nodes. then the extrinsic information of the 

first edge in a check node is IA because IA = IU,STD (IE, de). Variable nodes take IA as 

input and send back IE to check nodes because IE = IV,BTD (IA'd", ~,R). It folJows 

that the input mutual information to check nodes is not improved during the process of 

updating variable nodes serially, i.e .• Iu. == h and Iv. == IE. So IU,5HF (IE, de) = IA and 

IE = IV,5HF (IA'd", ~,R), which means the EXIT curves of variable and check nodes in 

plain shuffled BP also cross each other at the point A. The same result can be proved for 

replica shuffled BP. 0 

In general. the Tanner graph of an LDPC code does not satisfy all the constraints 

of our ideal model. but in many cases the convergence behavior can still be welJ approxi­

mated by the ideal model as shown next. Figure 4.6 compares the EXIT functions obtained 
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Figure 4.6: Comparison between the EXIT curves obtained from the simulation method of 
[74] and the proposed closed forms for a (3, 6) regular LDPC code at the SNR 1.5 dB. 
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Figure 4.7: EXIT curves (in closed form) for plain shuffled BP and four types of replica 
shuffled BP decodings for a (3, 6) regular LDPC code at the SNR 1.5 dB (variable nodes 
(VND) and check nodes (CND». 
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from the simulation method of [74] and the proposed closed forms for a (3, 6) regular LDPC 

code at the SNR value of 1.5 dB. Both methods assume the input LLRs have a Gaussian 

distribution. We observe that the EXIT functions of these two methods are almost the same, 

which validates the derived EXIT functions. 

We also verified by EXIT charts that the non-synchronous scheduling converges 

slower than the synchronous one. Figure 4.7 depicts the EXIT charts of five decoding 

methods. We observe that replica shuflled BP with four sub-decoders using the synchro­

nous scheme converges much faster than the other methods. 

Figure 4.8 depicts EXIT curves superimposed to constant-BER curves [76, Chap­

ter 9]. For the same BER, we observe that the iteration number of standard BP is twice that 

of plain shuflled BP and 8 times that of replica shuflled BP with four sub-decoders and 

synchronous updating . 
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Figure 4.8: EXIT curves (in closed form) for standard BP, plain shuflled BP and replica 
shuflled BP with four sub-decoders with synchronous updating for a (3, 6) regular LOPC 
code at the SNR 1.5 dB, superimposed to constant-BER curves. 
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Figure 4.9 depicts the EXIT curves of different decoding methods at the SNR 

1.11 dB, which is the threshold of the (3,6) regular LDPC code. We observe that the EXIT 

curves of variable and check nodes cross each other at the same point for all the methods. 

Hence they have the same threshold as expected from Theorem 1 . 

... ~~--.-~.---.-.-~.-------r -'---0.8 .- -

•• 7 

• .8 

.;0 • .5 

Figure 4.9: EXIT curves (in closed form) for standard BP, plain shuffled BP and four types 
of replica shuffled BP for a (3,6) regular LDPC code at the SNR 1.11 dB (threshold). 

The extension of these results to irregular LDPC codes follows in a straightfor­

ward way. 

4.5 EXIT Charts of Group Plain Shuftled BP 

In this section, we investigate the minimum number of groups necessary for a 

group decoding to achieve the same performance as the fully serial corresponding decod­

ing. Based on the analysis of plain shuffled BP, we deduce the following theorem. 

Theorem 2. When tkcoding a regular WPC code, vertical group plain shuffled BP should 

have at least de groups in order to have at any given iteration the same peiformance as 

vertical plain shujJ/ed BP based on the ideal motkL 
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This result directly follows from the ideal parity check matrix as the variable 

nodes in each set do not benefit from each other and they can be processed in parallel 

without changing the performance. Simulation results confirm that this value is a good 

estimate of the least number of groups necessary to achieve the same performance as plain 

shuffled BP. Consequently Theorem 2 indicates that the speed-up obtained by shuffled BP 

over standard BP can still be achieved with a high level of parallelism since in general de 
is quite small. For completeness. we develop the case G < de next. 

When the group number is less than de. the EXIT function of vertical group 

plain shuffled BP can be easily obtained if the check node degree is divisible by the group 

number. but it becomes cumbersome otherwise. Let G be the number of groups. Suppose 

the check node degree de is divisible by G with Sa = del G. Then the EXIT function of 

vertical group plain shuffled BP can be described as 

If i mod Sa = 1. then 

Otherwise. 

1 d, 
IU,sHF,aRa (Iy,de) = d L)u,. 

C i=l 

1 -1 ((de-i)IY+~~lty. d) 
U, - U,STD de _ 1 ' e 

lu, = IUm 

tv. =tYm 

(4.5.1) 

(4.5.2) 

(4.5.3) 

(4.5.4) 

(4.5.5) 

where m = L(i-1)/SGJ ,SG+ 1. It is readily checked thatIu, and tv. obtained from (4.5.4) 

and (4.5.5) can not be larger than those obtained from (4.3.2) and (4.3.3). Therefore in the 

case G < de. vertical group plain shuffled BP performs worse than vertical plain shuffled 

BP at any given iteration. 

Sinillar results can be obtained for horizontal group plain shuffled BP. 

Theorem 3. When decoding a regular LDPC code, horizontal group plain shuffled BP 

should have at least de groups in order to have at any given iteration the same per/orrnonce 

as horizontal plain shuffled BP based on the Ideal modeL 
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In horizontal shuflled BP, instead of dividing variable nodes into de sets, we di­

vide check nodes into d" sets. The check nodes in each set do not benefit from each other 

and they can be processed in parallel without changing the perfonnance. 

Similar results can also be obtained for irregular codes. Suppose we divide the 

variable nodes of an irregular LDPC code into P groups. Denote by P min the smallest P 

so that no variable nodes in each group have common check nodes. Then vertical group 

plain shuflled BP should have at least P min groups in order to have at any given iteration 

the same performance as vertical plain shuflled BP. Similarly, suppose we divide the check 

nodes of an irregular LDPC code into Q groups. Denote by Qmin the smallest Q so that 

no check nodes in each group have common variable nodes. Then horizontal group plain 

shuflled BP should have at least Qwn groups in order to have at any given iteration the 

same performance as horizontal plain shuflled BP. 

10' .---~-~-~-~--~-~-~---. 

10-3 -. - PIafn shuflled Itc20 
___ PlaIn shuffled 1b:aJ 

- B - Group shuffIad Ib:t2D 04 
-a-- Group sh:uftIed Itc:SO 0=3 
- * -Group shuffled I'tc2O Ga2 

, .............. , , , , , , ...... ...., , , , , '.. ...... , , , , 

-+-O __ lto6OG02 

l~~==~===C==~~~~-~-~-~-~ 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2 2.1 
".IN, (dB) 

Figure 4.10: WER of horizontal plain shuflled BP and horizontal group plain shuflled BP 
with 3 groups and 2 groups for decoding a (1800,902) (3,6) regular QC-LDPC code. 

Figure 4.10 depicts the WER performance of horizontal plain shuflled BP and 

horizontal group plain shuflled BP with 3 groups and 2 groups for decoding a (1800,902) 
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(3,6) regular QC-LDPC code with girth 8. The base matrix of this code is 

[ 

22 40 5 25 57 77] 

2 76 0 33 7 47 

59503435671 
3x6 

(4.5.6) 

Since this code has the QC structure that belongs to our ideal model, based on Theorem 3 

horizontal group plain shuffled BP with 3 groups should have at any given iteration the 

satne performance as horizontal plain shuffled BP. We verify this property in Figure 4.10 as 

the two algorithms do have the satne perfonnance at any given iteration. When the number 

of groups is reduced to 2, the perfonnance of horizontal group plain shuffled BP gets worse. 

~ 10'" 

10-3 - 9 - PIaln shuffled 1t::020 
-<>-- PIaln sIudIIed 11050 
- - - Group sltu1Iled I1c2O (3,,8 

--Group sIudIIed 11050 (3,,8 
- I> - Group sIudIIed I1c2O Go:! 

, 
, '1>, , , 

'e. 'I>. , , , 

__ Group sIudIIed 11050 Go:! 

10 ... ~=~=~==?:==~:'=---:':---:':,--------::-----;} 
1.3 1.4 1.5 1.6 1.7 1.8 1.9 2 2.1 

E,lNo (dB) 

Figure 4.11: WER of vertical plain shuffled BP and vertical group plain shuffled BP with 
6 groups and 2 groups for decoding a (1800,902) (3,6) regular QC-LDPC code. 

Figure 4.11 depicts the WER perfonnance of vertical plain shuffled BP and ver­

tical group plain shuffled BP with 6 groups and 2 groups for decoding the satne code as in 

Figure 4.10. Based on Theorem 2, vertical group plain shuffled BP with 6 groups should 
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have at any given iteration the same perfOlmance as vertical plain shuffled BP, which is ver­

ified in Figure 4.11. When the number of groups is reduced to 2, the perfonnance of vertical 

group plain shuffled BP becomes worse. We have also tried other codes than QC-LDPC 

10-3 --- Plain shuffled 1to:I10 ___ PIaln_1!o3O 
___ PIaln shuffiad Ilo6O 

- - - Group shuIIled MO (3"S - * -Group _1!030 (3"S 
- • - Group _ tt=6D (3"S 

'o"l'==I:=::C=:::i=~.,-_~_~_~_.-J 
1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1B 

E"IN. (dB) 

Figure 4.12: WER of vertical plain shuffled BP and vertical group plain shuffled BP with 
6 groups for decoding a (8000,4000) (3,6) regular LDPC code. 

codes, for which the ideal model no longer holds. Figure 4.12 depicts the WER perfor­

mance of vertical plain shuffled BP and vertical group plain shuffled BP with 6 groups 

for decoding a (8000,4000) (3,6) regular LDPC code, which is constructed by the PEG 

method [43]. Since the number of the bit nodes. 8000. cannot be divided by 6, the remain­

ing bit nodes are assigned to the corresponding last group. From Figure 4.12, we observe 

that vertical group plain shuffled BP with 6 groups has almost the same performance as its 

corresponding non-group counterpart. Figure 4.13 depicts the WER perfonnance of hori­

zontal plain shuffled BP and horizontal group plain shuffled BP with 2, 3, and 6 groups for 

decoding a (2016, 1512) irregular QC-LDPC code from [65]. The value Qmin for this code 

is 6. We observe that horizontal group plain shuffled BP with Qmin groups has the same 

performance as horizontal plain shuffled BP. Again when the number of groups decreases 

from this minimum value, the performance becomes worse. 
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Figure 4.13: WER of horizontal plain shuffled BP and horizontal group plain shuffled BP 
with 2, 3, and 6 groups for decoding a (2016, 1512) irregular QC-LDPC code. 

4.6 EXIT Charts of Group Replica Shumed BP 

In this section we analyze group replica shuffled BP based on vertical partitioning 

in this section. The results can be readily generalized to horizontal partitioning. 

The EXIT function of group replica shuffled BP with non-synchronous updating 

is almost the same as that of replica shuffled BP (i.e., G = N) except that Iu;s in (4.4.1) 

and (4.4.2) are obtained from (4.5.2) and (4.5.4). 

For the synchronous scheme, when G ~ D, group replica shuffled BP can be 

regarded as applying standard BP G times. Therefore the corresponding EXIT function is 

(4.6.1) 

Iv; = IV.STD (Iu.STD (IVI-l' de) ,d", ~, R) i = 2,3, ... , G (4.6.2) 

where Iv> = Iv. When D . de > G > D, if G is divisible by D and de is divisible by 

~, group replica shuffled BP is equivalent to applying group shuffled BP with ~ groups D 
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times. Let T = ~. Then the EXIT function becomes 

(4.6.3) 

Iv. = Iv,sHF,Glbr (Iu,sHF,GRT (lv.-" de) , d", !:' R) i = 2,3, ... , D (4.6.4) 

where IVl = Iv. When G ~ D . de. the EXIT function of group replica shuffled BP with 

synchronous updating is the same as for G = N. Hence we have the following theorem. 

Theorem 4. When decoding a regular WPC code, vertical group replica shuffled BP 

should have at least D . de groups in order to have at any given iteration the same per­

formance as vertical replica shuffled BP based on the ideal model . 
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Figure 4.14: Comparison between the EXIT curves obtained from the simulation method 
of [74] and the proposed closed forms for vertical group plain shuffled BP and vertical 
group replica shuffled BP with four sub-decoders and synchronous updating. for decoding 
a (3,6) regular LOPC code at the SNR 1.5 dB. 

Figure 4.14 depicts the EXIT curves obtained from the simulation method of 

[74] and the proposed closed forms for vertical group plain shuffled BP and vertical group 
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replica shuffled BP with four sub-decoders and synchronous updating. We observe that the 

curves obtained with these two methods match each other well, which again validates our 

derived EXIT functions. 

Figure 4.15 depicts the WER performance of vertical replica and vertical group 

replica shuffled BP with 24 groups with four sub-decoders and synchronous updating for 

decoding a (8000,4000) (3,6) regular LDPC code, whose Tanner graph was constructed 

by the PEG method. As in Section 4.5, since 8000 cannot be divided by 24, the remaining 

bit nodes are assigned to the corresponding last group. From this fignre, we observe that 

vertical group replica shuffled BP with the smallest group nmnber G derived theoretically 

in Theorem 4 has almost the same performance as its corresponding non-group counterpart. 
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Fignre 4.15: WER of vertical replica and vertical group replica shuffled BP with 24 groups 
with four sub-decoders and synchronous updating for decoding a (8000,4000) (3,6) regn­
lar LDPC code. 
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Chapter 5 

Hardware Implementation of Replica 

Shuffled Normalized BP-Based Decoder 

As discussed in Chapter 1. compared to turbo codes [17]. LOPC codes can 

achieve lower error floor. better threshold. higher degree of parallelism and simpler de­

coding processing. These advantages allow LOPC codes to become strong competitors to 

turbo codes. In fact, they have been adopted in next generation digital video broadcasting 

(DVB-S2) via satellite [67] and IEEE 802.100 [65] and considered for adoption in many 

other standards. such as wireless local area network (WLAN) air interface (802.11) [96]. 

With more and more applications of LOPC codes. the development of LOPC codec VLSI 

architectures has become an important issue. A fully parallel decoder [31] can have large 

throughput, but it is not practical for relatively long codes because of high complexity. A 

serial decoder [32] has reasonable complexity. but it sacrifices throughput and is not suit­

able for high speed applications. Thus partly parallel decoders that achieve appropriate 

trade-off between complexity and throughput are highly desirable. Many partly parallel 

decoder architectures have been proposed [33] [97]. In [33]. (3, k) regular LDPC codes 

were mainly discussed and a joint design approach was introduced. In [97]. turbo decoding 

message passing (TOMP) decoding was proposed. then it was referred to as layered decod­

ing in [98]. This algorithm is equivalent to horizontal group plain shuffled BP decoding 

discussed in Chapter 3 and it converges faster than standard BP decoding. In Chapter 3. 

we also introduced the replica shuffled BP decoding algorithm, which can further speed up 

the convergence compared with plain shuffled BP decoding. In this chapter. we combine 
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replica shuffled decoding with a simplified BP algorithm and design a VLSI architecture 

for codes in the 802.l6e standard using replica shuffled normalized BP-based decoding. 

5.1 Code Structure in the 802.16e Standard 

The LDPC codes in the 802.l6e standard have quasi-cyc1ic structures. The parity 

check matrix H can be obtained from expanding its corresponding base matrix B = [Bjj ]. 

All base matrices have a constant number of columns, which equals 24, while the number 

of rows varies according to the code rate. Let p be the dimension of a circulant permutation 

matrix and N be the length of the code, then p = N /24. To obtain H, each -I in the base 

matrix is replaced with a p x p zero matrix and any other number is replaced with a p x p 

circulant permutation matrix. In the base matrix the part that corresponds to parity check 

bits has a dual-diagonai structure and the first column of this part has adopted an "a-O-a" 

structure, which enables efficient encoding. Figure 5.1 describes the base matrix of rate-2J3 

LDPC codes in the IEEE 802.l6e standard. 

2 -1 19 -1 47 -1 48 -1 36 -1 82 -1 47 -1 15 -1 95 0 -1 -1 -1 -1 -1 -1 
-1 69 -1 88 -1 33 -1 3 -1 16 -1 37 -1 40 -1 48 -1 o 0 -1 -1 -1 -1 -1 
10 -1 86 -1 62 -1 28 -1 85 -1 16 -1 34 -1 73 -1 -1 -1 o 0 -1 -1 -1 -1 
-1 28 -1 32 -1 81 -1 27 -1 88 -1 5 -1 56 -1 37-1-1-1 0 o -1 -1 -1 
23 -1 29 -1 15 -1 30 -1 66 -1 24 -1 50 -1 62 -1 -1 -1 -1 -1 o 0 -1 -1 
-1 30 -1 65 -1 54 -1 14 -1 0 -1 30 -1 74 -1 o -1 -1 -1 -1 -1 0 o -1 
32 -1 0 -1 15 -1 56 -1 85 -1 5 -1 6 -1 52 -1 o -1 -1 -1 -1 -1 o 0 
-1 0 -1 47 -1 13 -1 61 -1 84 -1 55 -1 78 -1 41 95 -1 -1 -1 -1 -1 -1 0 

Figure 5.1: Base matrix ofrate-213 LDPC codes in the IEEE 802.16e standard. 

5.2 Decoding Algorithm 

The check node processing in BP decoding involves the calculation oftanh(·) and 

tanh-1
(.) functions, which are usually realized by Loop-Up Table (LUT) in hardware im­

plementation. Since the number of LUTs increases with the number of check node proces­

sors and check node degree, we adopt the normalized BP-based algorithm to avoid using 
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LUTs. As discussed in Chapter 3, plain and replica shuffled BP can be implemented based 

on either horizontal or vertical partitioning of the parity check matrix. From a hardware 

implementation point of view, each partitioning has its own advantages and drawbacks. 

Vertical partitioning processes along variable nodes, therefore syndrome computation can 

be carried out during decoding. For horizontal partitioning, usually syndrome can only 

be calculated at the end of each iteration; however. in practice we can fix the number of 

iterations and remove the syndrome computation part. As shown in Section 3.3.1. the 

initialization step of horizontal partitioning is simpler than that of vertical partitioning be­

cause it just needs to clear all the memories and registers, while vertical partitioning needs 

to distribute intrinsic information to specified places according to H. 

In our design. we combine the normalized BP-based algorithm with group replica 

shuffled decoding based on horizontal partitioning. Two replica sub-decoders are used to 

describe the decoding process. It is straightforward to extend the algorithm to the cases 

in which more replica sub-decoders are used. Denote the number of groups by G and the 

inverse of the normalization factor by 'Y. Let 0',9 be the set of check nodes in the g-th group 

of the r-th replica sub-decoder, where r = 1,2 and 9 = 1,2"", G. Assume Tn is the a 

posteriori LLR (or the belief) of the n-th codeword bit. Other notations are the same as 

those defined in Section 3.1.2 except that we omit the superscript that denotes the number 

of iterations. To facilitate hardware implementation, the algorithm is carried out as follows. 

InitiaHzation: Set i = I, and the maximum number of iterations to 1M ..,. For each m and 

n, set Urn" = 0 and Tn = Uch,n' 

Step 1: For 1 :::; 9 :::; G, process 

(I) Vertical step: For each mE 0 1,9 and n E N(m) 

(5.2.1) 

For each I E O2,9 and q E N(l) 

(5.2.2) 

(ii) Horizontal step: For each m E 0 1,9 and n E N(m) 

Urnn = 'Y' II (5.2.3) 
n'EN(m)\n 
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For each 1 E O2,9 and q E ./If (l) 

U'q = 'Y. n sgn(V/q')· min 1V/q'I· 
q'eN(I)\q q'eN(I)\q 

(S.2.4) 

(Ii) Update the a posteriori LLR: For each mE 0 1,9 and n E ./If(m) 

(S.2.S) 

For each 1 E O2,9 and q E ./If (l) 

(S.2.6) 

Step 2: Hard decision and stopping criterion test: 

(I) Create c = [c,,] such that c" = 1 if T" < 0, and c" = 0 otherwise. 

(Ii) If IMaz is reached, stop the decoding iteration and go to Step 3. Otherwise set 

i := i + 1 and go to Step 1. 

Step 3: Output c as the decoded codeword. 

In the vertical step, we have used the total sum first implementation [32][34][63] 

[97] instead of calculating ~m'eM(")\m Urn'" and ~"eM(q)\1 U"q. 

5.3 Quantization and Parameter Selection 

We use 6-bit quantization for bit-to-check or check-ta-bit messages and 9-bit 

quantization for beliefs with one bit representing the sign and the remaining bits repre­

senting the magnitude. Uniform quantization is adopted in onr design. Fignre S.2 depicts 

the performance comparison of horizontal replica shuffled normalized BP-based decoders 

without quantization and with 6-bit or S-bit quantization for messages. The number of 

sub-decoders is 2. The coefficient 'Y in (S.2.3) and (S.2.4) is set to 0.7S. We observe that 

the performance of 6-bit quantization is almost the same as that of no quantization, while 

when S-bit quantization is used, the performance gap between the quantization case and 

the non-quantization case becomes larger. 
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Figure 5.2: Perfonnance comparison of horizontal replica shuftled nonnalized BP-based 
decoders without quantization and with 6-bit or 5-bit quantization for messages. 

The value of "I is selected with both decoding perfonnance and the facility of 

hardware implementation taken into account. When "I = 0.75, the multiplication of a value 

x and "I can be calculated by summing up the right-shifted x by one bit and the right-shifted 

x by two bits. By doing do, we can not only reduce latency but also save logic gates. 

5.4 VLSI Architecture of RepJica Shuftled Normalized BP­

Based Decoder 

Since group plain shuffled decoding is a special case of group replica shuftled 

decoding, we first describe the architecture of horizontal group plain shuftled nonnalized 

BP-based decoder. We fonn p groups of M /p checks, where M is the number of check 

nodes. We devote one super processor to each of the checks in one group. Therefore 

there are M /p super processors, which work in parallel, stepping through the p groups. 

The belief of each bit is stored in a single register, which is denoted as a belief register. 
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Every p belief registers are grouped to fonn a bank of belief registers and each bank is 

associated with one column in the base matrix. Then there are 24 banks of belief registers. 

We select the length-1056 rate-213 LDPC code from the IEEE 802.16e standard with base 

matrix shown in Figure 5.1 as our design example. Since p = 44 and M/p = 8, we 

have 44 groups and 8 super processors. Super processors and banks of belief registers are 

connected according to the base matrix. If Blj f. -I, the i-th super processor is connected 

to the j-th bank of belief registers. Figure 5.3 depicts the VLSI architecmre of a horizontal 

group plain shuffled nonnalized BP-based decoder for this code. 

D A bank of belief registers 

Figure 5.3: VLSI archilecmre of a horizontal group plain shuffled nonna1ized BP-based 
decoder. 
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5.4.1 Structure of Super Processor 

Figure 5.4 depicts the structure of a super processor. Each super processor con­

tains a check processor, a set of link processors and a set of banks of message registers. 

Message registers are used to store the messages from checks to bits and those associated 

with the same circulant pennutation matrix in H are grouped to fonn one bank. There is a 

one-to-one correspondence between link processors and banks of message registers. Each 

link processor operates in two directions. In one direction, it receives the belief and the 

corresponding check-to-bit message, then generates the bit-to-check message and sends it 

to the check processor. In the other direction, it receives the new check-to-bit message 

from the check processor and sends it to the corresponding bank of message registers. At 

the same time, it generates the new belief and sends it to the corresponding bank of belief 

registers. The function of the check processor is to process the bit-to-check messages and 

sends the new check-to-bit messages to the corresponding link processors. 

INlT 

Super Processor 

- ToJiDk{8:0J I Link L =_iII1f5nl 
Processor 

Belier FrnmJilk{8:O} o:Jl_0U!It5:O] 

Registers H 
I Me ..... I I Resislers 

• • 
Outside_in • • Check · • · • Processor • • • • 

I Link 
=_=UI[5j)] 

'--- Procossor "U)Utltl(5:01 
Belief 

~T Registers 

J M ...... I I Resisters 

Figure 5.4: Structure of a super processor. 

63 



5.4.2 Structure of Check Processor 
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Figure 5.5: Structure of a check processor with 10 inputs/outputs. 

A check processor carries out the calculation in (5.2.3). Figure 5.5 depicts the 

structure of a check processor with 10 inputs/outputs. The number of inputs or outputs is 

detennined by the degree of checks it processes. A check processor receives bit-to-check 

messages with each of them having a sign and a magnitude. After these messages enter 

the check processor, their signs and magnitudes are separated. The magnitudes go through 

a block that calculates the first minimum value and the second minimum value. Then the 

magnitude of each input message is compared with the first minimum value. If it is equal 

to the first minimum value, the second minimum value is selected; otherwise, the first 

minimum value is selected. The selection is realized using a multiplexer, which is denoted 

as MUX in Figure 5.5. Then we scale the selected value according to 'Y and the scaled 

value is the magnitude of the corresponding output message. For the sign, we use bit 0 to 

represent the sign of a positive LLR and bit I to represent the sign of a negative LLR. Then 

the product of the signs in (5.2.3) corresponds to the XOR of the bit values. Since the sign 

of the output is the product of the signs of all the inputs excluding that of its corresponding 

input, we use two XOR blocks to fulfill this function as shown in Figure 5.5. Then, the 
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magnitude of each output is combined with its corresponding sign. which generates the 

complete output message. 

Comparators are built to calculate the first minimum value and the second mini­

mum value. Figure 5.6 and Figure 5.7 depict the structures of a IO-input 2-output com-

D 
Compara!or 3:2 

i .! . r-: 0 
• I 
1._' 

Compara!or 4:2 (1) Compara!or 4:2 (2) 

Figure 5.6: Structure of a IO-input 2-output comparator. 

parator and a II-input 2-output comparator, respectively. They are constructed as a cascade 

of three kinds of comparators, Comparator 3:2, Comparator 4:2 (1) and Comparator 4:2 (2), 

whose structures are shown in Figure 5.8, Figure 5.9 and Figure 5.10, respectively. For 

a IO-input comparison. the input messages are divided into three groups, with 3, 3, and 

4 messages, respectively. For a II-input comparison, the input messages are also divided 

into three groups, with 3, 4, and 4 messages, respectively. Comparator 3:2 receives three 

inputs and compares each pair among them. Thus, there are three paraI1el comparisons and 

according to the comparison results. it outputs the minimum value and the second mini­

mum value. Comparator 4:2 (1) receives four inputs and compares each pair. Hence there 

are six paraI1el comparisons and according to the comparison results, it outputs the mini­

mum value and the second minimum value. Since we know the ordering of the outputs of 

Comparator 3:2 in the second stage in Figure 5.6 and Figure 5.7. we do not need to com-
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Figure 5.7: Structure of a ll-ioput 2-output comparator. 
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Figure 5.8: Structure of comparator 3:2. 
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Figure 5.9: Structure of comparator 4:2 (1). 
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Figure 5.10: Structure of comparator 4:2 (2). 
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pare them again in the third stage. Therefore Comparator 4:2 (2) saves two comparisons 

compared with Comparator 4:2 (1). 

5.4.3 Structure of Link Processor 

Link processors carry out the calculation in (5.2.1) and (5.2.5). Figore 5.11 de-

Link Processor 

6 bits -I Message 
Resi ..... 9 bits!-

Sign-Mag 9 bitsJ. ., 6 bits 

6 bits subttm:tcr I Saturation, 

Belief 
9 bits T+ 

Reg;...., 
Cbock 

Processor 

9 bits 9 bits 

1 Sign-Mag 9 bits 6 bits 

1- HExtension 

I 

Figore 5.11: Structure of a link processor. 

picts the sttucture of a link processor. It takes inputs from a belief register and a message 

register. After subtracting the message from the belief, and limiting the maximum value 

of the magnitude of the remainder to a 5-bit value using the saturation block, we send 

the resulting value to the corresponding check processor. To recover the beliefs from the 

check-to-bit messages sent by the check processor, we perform an addition operation. 

5.4.4 Structure of Message Registers 

Figore 5.12 depicts the sbucture of a bank of message registers. Since the code 

is quasi-cyclic, we design each bank of message registers as shift registers so that the mes­

sages automatically cycle from one stage to another, until they are sent to the appropriate 

link processor. A bank of message registers contains p stages. Each stage either passes its 

message to the next stage or outputs its message to a connected link processor. The input is 
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Figure 5.12: Structure of a bank of message registers. 
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either the message coming from the previous stage or the updated message from the con­

nected link processor. The signallNIT is a synchronous reset that forces aJJ the stages to 

output aJJ zeroes at a rising edge when the signal is '1'. The INIT signal is set to 'I' at the 

beginning of decoding each block, and set to '0' after one clock cycle. 

5.4.5 Structure of BeUer Registers 
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Figure 5.13: Structure of a bank of belief registers. 

Figure 5.13 depicts the structure of a bank of belief registers. Similar to mes­

sage registers, we design each bank of belief registers as shift registers so that the beliefs 
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automatically cycle from one stage to another, until they are sent to the appropriate super 

processor. 

A bank of belief registers contains p stages. The beliefs are shifted in a circular 

manner so that each stage either passes its belief to the next stage or outputs its belief to 

the connected link processor. The input for a stage is either the belief coming from the 

previous stage or the updated belief from the connected link processor. The INIT signal is 

the same as that in Figure 5.12 and it forces all the stages to load the channel information 

of a new block to be decoded. 

It should be noted that only selected stages are connected to the link processors. 

To avoid access conflict, the placement of the connections should ensure that two super 

processors do not simultaneously access the same belief register. There are many possible 

placements. For example, if a certain super processor is connected to a given bank of belief 

registers, and the base matrix has entry t for that connection, then we can connect the t-th 

stage to the super processor. However, we can also choose, for a particular super processor, 

to always connect to stage t + k instead of stage t. As long as one does that consistently 

for every connection coming out of a super processor, the decoder still operates correctly. 

5.4.6 VLSI Architecture of Replica Shutlled Normalized BP-Based 

Decoder with Two Sub-Decoders 

It is straighforward to modify the above architecture for a replica shuftled nor­

malized BP-based decoder with multiple sub-decoders. Figure 5.14 depicts the VLSI ar­

chitecture of a horizontal group replica shuftled normalized BP-based decoder with two 

sub-decoders. Figure 5.14 has almost the same architecture as that in Figure 5.3 except that 

we replace super processors with replica super processors and replace every single connec­

tion with a double connection. Figure 5.15 depicts the structure of a replica super processor 

with two sub-decoders. We double the number of check processors and link processors. 

The number of belief register banks and message register banks remains unchanged, while 

the number of connections of each bank to link processors is doubled. Hence we need to 

choose the placement of these connections carefully to avoid access conflict as discussed 

in Section 5.4.5. 
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Figure 5.14: VLSI architecture of a horizontal group replica shuffled normalized BP-based 
decoder with two sub-decoders. 
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Figure 5.15: Structure of a replica super processor with two sub-decoders. 
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5.5 FPGA Testing Results 

We implemented the decoder architecture in Figure 5.3 using A1tera Stratix n De­

vice EP2SI 80F102OC5. The hardware resource utilization statistics are listed in Table 5.1. 

The maximum clock frequency f can be 40 MHz based on the results reported by the AJ-

Resource Utilization 
TotalALUTs 36,808/143,520 (26 % ) 
Total registers 30889 

Total memory bits 0 

Table 5.1: FPGA resource utilization statistics. 

tera timing analysis tool. Since each iteration needs p clock cycles to finish. the throughput 

can be calculated by 

Throughput = N . R· f /(P. Iter) (5.5.1) 

where R is the rate of the code and Iter is the number of iterations used. If we choose 

Iter = 10, the throughput of the decoder with the architecture in Figure 5.3 is 64 Mbps. 

When the decoder with the architecture in Figure 5.14 is used, the throughput increases 

since the number of iterations is reduced. At the same time, the total ALUTs also increase 

because we double the number of link and check processors. However, the number of 

registers remains unchanged. It follows that given certain requirements, we can find a good 

compromise between throughput and hardware complexity based on our architecture. 

Although we only developed the hardware architecture for length-1056 rate-2/3 

LDPC codes, it is straighforward to generaIize the design to other codes in the 802.16e 

standard. 
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Chapter 6 

Doubly Generalized LDPC Codes 

As stated in Chapter 2, based on its Tanner graph, a standard LOPC code can be 

characterized by random connections between variable nodes and check nodes, which can 

be viewed as repetition codes and SPC codes, respectively. Tanner proposed the use of short 

component codes other than SPC codes as check nodes and these new codes are referred 

to as generalized LDPC (GLOPC) codes [35]. Within this framework, many codes have 

been considered as check node component codes, such as Hamming codes [36][37], BCH 

codes [37][38], RS codes [38] and Hadamard codes [39]. Some hybrid constructions have 

also been studied. In [40], a hybrid structure mixing SPC codes and Hamming codes at 

the check nodes has been presented for the Gilbert-Elliott channel. In [41], another hybrid 

construction referred to as doped LOPC code has been studied for the AWGN channel. 

All these constructions are based on strengthening the check node component codes at the 

expense of a rate loss. In [77], GLDPC codes referred to as molecular codes have been 

constructed by allowing both variable and check nodes to represent codes more general 

than repetition and SPC codes, and regular molecular codes are mainly discussed. In this 

chapter, GLDPC codes more closely related to conventional LDPC codes and with more 

diversities in variable and check nodes than the codes of [77] are studied. We refer to them 

as doubly GLOPC (DGLOPC) codes. 

For LOPC codes, both density evolution [30] and EXIT charts [68]-[74] are effec­

tive ways to analyze the performance of a code. For the binary erasure channel (BEC), these 

two methods are equivalent. For the A WGN channel, density evolution is more accurate, 

while EXIT charts are easier to visualize and to evaluate. For (D)GLDPC codes, density 
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evolution becomes often intractable. and only EXIT charts are left to analyze their perfor­

mance and estimate their threshold. In [78]-[80]. a concept termed information combining 

has been introduced. In particular a lower bound and an upper bound on the combined 

information are presented. Using the concept of information combining. we derive closed 

forms for some variable component codes of DGLDPC codes. For more general codes. we 

apply the method of [82]. which has been derived for extrinsic mutual information at the 

output of a pseudo-MAP decoder over any binary input memoryless symmetric channel. 

For the AWGN channel. the general expression of [82] is accurate for SPC codes and it 

is also a good approximation for Hamming codes and simplex codes. While the results 

of [82] are directly applicable to check component codes. we generalize them to variable 

component codes in the process. 

In conjunction with EXIT charts. differential evolution (DE) is used in threshold 

optimization. DE is a parallel direct search technique featured by evolution of variable 

vectors [881. This technique has been successfully applied to design irregular LOPC codes 

with excellent thresholds for the BEC [891. the AWGN channel [901. and the Rayleigh 

fading channel [91]. In [92]. it has been used for threshold optimization of DGLDPC 

codes over the BEe. We use this technique for threshold optimization of DGLOPC codes 

over the AWGN channel. From DE optimization of EXIT charts and simulation results. 

we observe that carefully chosen variable and check component codes can significantly 

improve the threshold of OGLOPC codes compared with that of LOPC and GLOPC codes 

with the same maximum variable degree. 

6.1 A Brief Review of GLDPC Codes 

6.1.1 Structure of GLDPC Codes 

In GLOPC codes. all the variable nodes connected to the same check node must 

form a valid codeword in the corresponding check node component code. rather than just 

satisfying a single parity check. If the degrees of all the variable nodes and all the check 

nodes are constant. say d" and dc• respectively. and all the check nodes represent the same 
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component code. then the GLDPC code is referred to as a (d", del regular GLDPC code; 

otherwise. it is an irregular (or hybrid) GLDPC code. 

0 
0 (7.4) Ha:mmiIIg 

0 

0 
0 (7.4) """"""s 

0 

0 
0 (7.4) """"""s 

0 

0 
0 (7.4) """"""s 

D 

Figure 6.1: Graph representation of a (2.7) regular GLDPC code. 

Figure 6.1 depicts the graph representation of a (2.7) regular GLDPC code. Each 

check node represents a (7.4) Hamming code. The corresponding graph adjacency matrix. 

H = [Hmnl. referred to as the base matrix, is shown in Figure 6.2 (a). Figure 6.2 illustrates 

the process to obtain the parity check matrix of a (2.7) regular GLDPC code from its base 

matrix. In every row of the base matrix H. each "1" is replaced with a column vector from 

the parity check matrix of the (7.4) Hamming code shown in Figure 6.2 (b) based on a one­

to-one correspondence. and each "0" is replaced with a zero column vector. The resulting 

parity check matrix of the GLDPC code is shown in Figure 6.2 (c). The assignment of 
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columns from the Hamming code parity check matrix should be random in order to produce 

good codes [37]. 

~
fifi:fj!O 0 0 0 0 0 OJ 
0000001111111 

H= 
[lJ0110001011010 
01001110100101 

(a) 

[

1000111J 
H n .• _ c 0101011 

0011101 

(b) 

Hmmc c 

111·oio~0000000 
101100110000000 
11 Q9.91JiOOOOOOO 
00000000011011 
00000000111100 
00000001010101 

rn
Oll0001010000 

10100000011000 
10110000000010 
01001110000000 
00001100100100 
01001000100001 

(e) 

Figure 6.2: An example that illustrates the process to obtain a (2,7) regular GLDPC code 
from its base matrix. (a) base matrix; (b) parity check matrix of the (7,4) Hamming code 
in the check nodes; (C) parity check matrix of the GLDPC code. 

6.1.2 Performance Example of a GLDPC Code 

Figure 6.3 depicts the BER performance comparison of a (3,6) regular LDPC 

code oflength 8000 and rate 112 and a (2,15) regular GLDPC code oflength 7680 and rate 

7/15. Since the capacity limits for rate-112 and rate-7115 codes are 0.19 dB and 0.04 dB, 

respectively, the differences between the capacity limits and the SNR at the BER of 10-6 

of the LDPC and GLDPC codes are 1.45 dB and 1.36 dB, respectively. Therefore, in this 

example the GLDPC code performs slightly better than the LDPC code. 

6.2 Structure of DGLDPC Codes 

The Thnner graph of DGLDPC codes can be obtained from that of LDPC codes 

by replacing the original variable and check nodes with super variable and super check 

nodes, respectively. The super variable and super check nodes are actually component 
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Figure 6.3: BER comparison of a (3,6) regular lDPC code of length 8000 and rate 112 and 
a (2,15) regular GlDPC code oflength 7680 and rate 7115. 

codes with lengths equal to the degrees of their corresponding super nodes, as shown in 

Figure 6.4. 

Let the number of super variable and super check nodes be N and M, respec­

tively, let the corresponding node degrees be dol, do2,···, doN and deb dc2 ,···, deMo re­

spectively. and let the corresponding component codes be (dol, k"l), (do2, k,,2),···, (doN, 
k"N) and (deb kcl ), (dc2, kc2 ),···, (deM, keM ). respectively. The information bits of each 

super variable node compose the codeword bits of the DGlDPC code and are transmitted 

through the channel. Similarly to GlDPC codes. the graph adjacency matrix. H = [Hmnl. 

is referred to as the base matrix. We denote the set of super variable nodes that participate 

in super check node m by N(m) = {n : Hmn = I} and the set of super check nodes in 

which super variable node n participates as M(n) = {m : Hmn = I}. The parity check 

matrix of a DGLDPC code can be obtained from its base matrix with the following two 

steps. 

Step 1 : row expansion 
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Transmitted bit Super variable Dode Soper check Dode 

Figure 6.4: Graph representation of a DGLDPC code. 
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In eveIY row of H, each "1" is replaced with a column vector from the component 

code parity check matrix of the corresponding super check node based on a one-to­

one correspondence, and each ''0'' is replaced with a zero column vector. Denote the 

newly obtained matrix by H. 

Step 2 : column expansion 

H~ 

ii~ 

In eveIY column of iI, each "1" in the same column vector inserted at Step I is 

replaced with the same row vector in the transposed generator matrix of the corre­

sponding super variable node based on a one-to-one correspondence, and each "0" 

in a column vector is replaced with a zero row vector. 

[TIllllll0000000 
ffij)000001111111 U 1~] G,~ 011 G,~Glij 
[!)l110001011010 (b) 
01001110100101 

[1000111] 
00101100111001 B(J.4)&:m= 0101011 

L..1IJ1010011000110 0011101 

(a) (e) 

1110101fOioooooo· 'Iii 1 0 I 000 1 OOO0f'jOOOOOO 
1011001!oioooooo 1000101000001 01000000 
1100011' 0ioooooo i:\.l! I 0000000 1 0 1 ooioooooo 
0000000010 11 0 11 0000000000000~~11011 
00000000i111100 0000000000000;/11 11100 
000000 oJ.io 1 0 1 0 1 ~OOOOOOOOOOOO U~10101 

~ 11 OO~~ 1 0000 ~OO 1111 ooooo01io 1 0000 
1 IOOOl!011000 110011 oooooooooio 11 000 
1 1100 ll)OOOO10 H=~ 11001111 Ooooooll.iOOOO 1 0 
01001110000000 001100001111110000000 
00001100100100 000000001111000100100 
01001000100001 001100001100000100001 

00100100010001 000001000001000010001 
00001100001001 000000000101000001001 
00000000111001 000000000000000111001 
~O 1 oOI~ioooo 1 0 ~00000100000~~00010 
0101000lioOO010 o 01000100000 11000010 
0001001U.iooOl00 o 000001000001Ll.i000 100 

(d) (e) 

Figore 6.5: An example that illustrates the process to obtain a (21,3) DGLDPC code from 
its base matrix. (a) base matrix; (b) generator matrices of two subcodes in the super variable 
nodes; ~) parity check matrix of the (7,4) Hamming code in the super check nodes; (d) new 
matrix H after row exe.ansion; (e) parity check matrix of the DGLDPC code obtained from 
column expansion of H. 
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As an example. Figure 6.5 ( e) depicts the parity check matrix ofa (21, 3) DGLDPC 

code. It is expanded from the base matrix given in Figure 6.5 (a). All the super check nodes 

are (7,4) Hamming codes whose parity check matrix is given in Figure 6.5 (c). The first 

half of the super variable nodes are (3,2) SPC codes and the other half are (3, I) repetition 

codes. Their generator matrices. G1 and G2• are shown in Figure 6.5 (b). To illustrate 

column expansion. take the first and 8-th columns in ii in Figure 6.5 (d) for example. 

Since the first super variable node is a (3,2) SPC code. the 3 non-zero column vectors. 
T 

(I, I, I)T, (O,I,I)T. and (I,O,O)T in the first column ofii are replaced with (1 1 1) . 
000 

T T 

( 0 1 1) • and (0 0 0) • respectively. where (A)T is the transpose of matrix A. All 
011 100 

T 

the zero vectors are replaced with (
0 

0 0) . For the 8-th column in ii. since its corre-
000 

sponding super variable node is a (3, I) repetition code. it remains the same in HDGLDPC. 

Denote the super check nodes that participate in super variable node n by 11In,1, 

•.• , m".dvn . Similarly. denote the super variable nodes that participate in super check 

node m by nm,l, ... , nm,dcm' After row expansion there are d,,; non-zero column vec­

lors in column i with dimensious (d"""., - k""".,),···, (d""" .... - k""" ... .). respectively. 

Similarly 10 GLDPC codes. the assignment of columns from the component code parity 

check matrix should be random in order to produce good codes [37]. After column expan­

sion. a DGLDPC parity check matrix is obtained with Me = L;';!l (del - kel ) rows and 

Ne = L!l k,,; columns. As a result, the rate of this DGLDPC code is lower bounded by 

I-Me/Ne. 

6.3 Iterative Decoding of DGLDPC Codes 

llerative decoding based on BP [20] is used to decode a DGLDPC code. Let 

b = (bbb2,'" ,bN ) be a codeword ofaDGLDPC code. wherebn = (bn,lIbn,2,"', bn.k.n) 

for n = 1,2,"', N. Assume BPSK signaling with unit energy. which maps a codeword b 

into a transmitled sequence c. where c = (CbC2,'" ,CN) and Cn = (Cn,b Cn,2,"', Cn,k",,). 

according to Cn,I = I - 2bn,i. for n = 1,2"", N and i = 1,2,"" k",.. Let Y = 

(Yl'Y2"" 'YN) be the received sequence. whereYn = (Yn.lIYn,2,··· ,Yn,A:".) and Yn,i = 
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en,i + g",i. gfl,i'S being statistically independent Gaussian random variables with zero mean 

and variance No/2. 

Assume super variable node n is connected by the tn,i-th edge of super check 

node 11In,i and similarly super check node m is connected by the sm,j-th edge of super vari­

able node n...,i' Since each super variable node is associated with a component code. the bits 

on the outcoming edges of a super variable node should form a codeword of its correspond­

ing component code. We denote the codeword associated with super variable node n and 

information sequence bn by Xn = (xn,!,Xn,2,"', xn,d".). as shown in Figure 6.6. We also 

denote the codeword associated with super check node m byZm = (Zm,I, Zm,2,"', Zm,dcm). 

where Zm,j = Xn,.,J,8m ,j for j = 1" . , ,dem• 

X n.d-m 

Figure 6.6: Component code encoder of a super variable node. 

(i) (i) (i) (i) (i) (i) (i) (i) 
Let Un = (Un,l, Un,2"", un,d".) and Pm = (Vrn,l, vm,2,"', vm,dcm) be the a 

priori information incoming to super variable node n and super check node m at the i­

th iteration, respectively. The corresponding LLR values are (U~~L u~:k, . , . ,u~:~,,) and 

(v.(i) v.(i) v.(i»)·th 
m,l' m,2"", m.dem ,WI 

(i) 
U(i) -log P(u;.,plxn,p = 0) 

fI,p - P( (i) I - 1) un.P xnd'-
(6.3.1) 

V(i) = 10l(V~qIZm,q = 0) 
m,q P( (i) I = 1) Viri,q Zm,q 

(6.3.2) 

for p = 1"", d",. and q = 1,"', dem• Denote the a posteriori LLR of the information 

bits of super variable node n at the i-th iteration by w<,:) = (W~L W~:t ... , W~i,,). Let 
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(i) d (i) be th (i) d (I) ith th 'th eII,' I . Un[l] an v mLi] e vectors Un an Vm W e J- entry remov respective y, I.e., 
(i) (i) (I) (I) (i) (i) (i) (i) (i) 

Unlil = (Un,l'" ° ,Un,;_llUnJ+lt ••• ,un,ttrn) and Vmfjj = (Vm,1,···,Vm';-1,VmJ+l1···' 
(i) 

Vm,d",,J. 

Yn.l ---+( 

Y n,k,.----<"\. 

Super check 
nodem 

Figure 6.7: Message passing at a super variable node and at a super check node. 

The super variable node n takeSJln and u~) as input and outputs V~" .... ,,"" 

V(i) and the super check node m takes V(I-I) as input and outputs "iI) fnn.dtm,tn.dun m ....,"".l,Bm,l' 

... , ui:!"dem .8m .dem as shown in Figure 6.7. We perform maximum a posteriori probabil­

ity (MAP) decoding [93][94] of the component codes, so that 

(') P(Zm,q = OIV~-]ql]) 
U. • = log--'---"-....:....;~,:.. 
_, •• Sm,. P(Zm,q = IIV~lqi) 

'" P( (i-I) I ) L Vmlq] Zmlq] 
_ I Zm:Zm,.~O 

- og '" (' 1) 
L P(V:'lq] IZmlq]) 

(i) 
(i) P(Xn,p = OlunlPl'Jln) 

V mn,p.",p = log-p":'(X-=--=--'-ll"';u(~i)~JI:::') 
n,p nIP]' n 
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Therefore the BP algorithm is carried out as follows. 

Initialization: Set i = I, and the maximum number of iterations to 1M"",. For each n, set 

L IT e2"'~;.i 
v:(0) = log b. ", •.• =0 j=! 

mn,p,tn,p kon 2 

L II e "'~;.t 
bn :zn ,p=l ;=1 

Step 1: (I) Horizontal Step, for 1 :::; m :::; M and each n E N(m), suppose n = n....q and 

process: 

(6.3.3) 

(ti) Vertical Step, for 1 :::; n :::; N and each m E M(n), suppose m = m..vand 

process: 

(6.3.4) 

Step 2: Hard decision and stopping criterion test, forn = 1,2"", N and k = 1,2"", kvn. 

(6.3.5) 

(I) Create be,) = [be;)] and be;) = [iP)] such that be,) = 1 if wei) < 0 and b(') = 0 
n n n,k n,l.; nJ:' n,t 

if We;) > 0 
n,k - • 
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(Ii) If j/i) IifiGLDPC = 0 or IM= is reached, stop the decoding iteration and go to 

Step 3. Otherwise set i := i + 1 and go to Step 1. 

Step 3: 
, (i) 

Output b as the decoded codeword. 

Other APP decoding methods. such as Max-Log-MAP. can also be used to decode 

the component codes. Also the schedulings discussed in Chapter 3 can be extended to the 

decoding ofDGLDPC codes in a straightforward way. 

6.4 Analysis by EXIT Charts 

For a DGLDPC code. let D be the number of different component codes in super 

variable nodes and let Ai be the fraction of edges incident to the i-th super variable node 

type. for i = 1,2,···, D. Let E be the number of different component codes in super 

check nodes and let Pi be the fraction of edges incident to the j-th super check node type. 

for j = 1,2,···, E. Denote by Iv,(·) andlujO the EXIT functions of the i-th super variable 

node type and the j-th super check node type. respectively. Denote by Iv (·) and Iu(·) the 

average EXIT functions of alI super variable nodes and alI super check nodes. respectively. 

Hence. transfer curves for super variable and super check nodes are respectively 

(6.4.1) 

E 

Iu(Iv) = LPi· IUj(Iv) (6.4.2) 
;=1 

6.4.1 Closed Form EXIT Functions Obtained from Information Com­

bining 

In [93]. closed-form EXIT functions for the BEC have been derived based on a 

general decoding model. which is depicted in Figure 6.8. The vector u is the information 
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sequence with k independent bits. It is encoded into x of length n and v of length m through 

linear Encoder I and Encoder 2. respectively. The code fonned by all pairs (v. x) is a linear 

(m + n, k) code. Then x and v are transmitted through a communication channel and an 

extrinsic channel. respectively. The corresponding outputs y and a are sent to the decoder. 

In [931. both communication and extrinsic channels are BEes. 

u r-=-. Communication 2-Source Encoder 1 
Channel 

Decoder 

L..o Encoder 2 ~ Extrinsic ...!!...... 
Channel 

Figure 6.8: A decoding model with two encoders. 

These results can be used as an estimate for the AWGN channel, but they are not 

very accurate. In the following. we present more accumte closed forms for some variable 

node component codes in DGLDPC codes. 

In order to obtain the closed fonn of Iv. (Iu,~, R). first consider the following 

model for a length-L code. Assume its L code bits. XI, ... ,XL. are passed through L 

independent AWGN channels. The outputs of the L AWGN channels are Yi,"', YL • The 

mutual information of each channel is defined as Ii := I(Xi' Yi). for i = 1,2", " L. Let 

Y = (Yi,"', YL) and Y!i! be Y with the i-th entry removed. Then the extrinsic mutual 

infonnation between code bit Xi and Y!;) is I.,...i = I(Xi ; Y!;)). If the code is a repetition 

code. 

I.,..,; = J ( 

If the code is a SPC code. 

L 

:E [r1(Ij )J2 
j=lJ#i 

L 

:E [rl(1 - I j )J2 
j=l,ji'i 
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Oosed Form EXIT Functions for Systematic SPC Codes 

For a systematic (L, L - 1) SPC code. suppose the L code bits are Xl,'" ,XL. 

Then the L - 1 information bits are Xl,'" ,XL-I. Following the decoding model in 

[931. for a systematic SPC code used as a super variable node. the L - 1 information 

bits go through a communication channel while the L code bits go through an extrinsic 

channel whose mutual information is I A. An extrinsic channel can also be caJled an a priori 

channel because its outputs are used as a priori information. Both channels are AWGN 

channels and their outputs are Y = (Yl,"', YL-t) and A = (Al,"', AL ). respectively. 

The vectors Y and A are sent to an APP decoder which outputs L extrinsic information 

values. Denote the extrinsic mutual information for L code bits by Iezt,l' ... ,/m.L. Then 

according to [931, 1m ,; = I(Xi; YA[i]), which for i = 1,···, L - 1, should be the same 

because information bits are interchangeable. Therefore we can just focus on calculating 

I m .l and Iezt.L. Based on (6.4.3), 

I(Xi ; Y;Ai) = J ( (6.4.5) 

for i = 1,···, L - 1. We denote it by Itempl . Since XL = Xl + X2 + ... + XL-I. based 

on (6.4.4). 

Im,L ~ 1- J ( ..j(L -1)· [rl(1_ ltemPl)]2) . 

Since Xl = X2 + X3 + ... + XL. based on (6.4.4), 

~ 1- J ( ..j(L - 2)· [rl(1- Itempl )]2 + [rl(1- IA)]2) , 

which we denote by l temp2• Based on (6.4.3), it follows 
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The average extrinsic mutual infonnation becomes 

L-1 1 
Ie:&t, •• Rl ----y;- Ie:&t,l + L Iezt,L' (6.4.8) 

Figure 6.9 depicts the comparison of EXIT curves in closed fonn and those ob­

tained from Monte Carlo simu1ations for the (6,5) SPC code in systematic fonn. We ob­

serve that the EXIT curves of these two methods are almost the same. which validates the 

derived EXIT functions. 

0.9 
I ... , 

0.8 

0.7 

0.8 I .... 

_11 0.6 

OA 

0.3 

0.2 

0.1 1---__ 
-MonIecarlO_ 

00 0.1 0.2 0.3 0.4 0.8 0.8 0.7 0.8 o.a 
I, 

Figure 6.9: Comparison of EXIT curves in closed fonn and those obtained from Monte 
Carlo simulation for the (6.5) systematic SPC code at the SNR value 1.9 dB. 

Closed Form EXIT Functions for Non-systematic SPC Codes 

Similarly. we can also obtain the closed-fonn EXIT function for a non-systematic 

(L, L - 1) SPC code with generator matrix in cyclic fonn 

1 1 0 0 0 

o 1 1 0 0 
(6.4.9) 

o 0 0 1 1 
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Let 

and for k = 1,2"", L - 2,let 

I~I) = J ( [rl(I~2))12 + 8R. !:) . 
When Lis even. let II = IiI) and for k = 2,3"", L/2,let 

Ik = 1 - J ( ...j[r l (l- Ii~k+I)12 + [rl(1 - I~I))12) . 

Then we obtain 

2 L/2 

I""".a. Rj L . L Ik. 
1=1 

When L is odd,let II = IiI) and for k = 2,3.···, (L + 1)/2,let 

h = 1 - J ( ...j[rl(l - Ii~k+I)]2 + [rl(1 - I~I))J2) . 

Then we obtain 

2 (L-I)/2 1 
fez/.a. Rj L' L Ik + L .i(L+l)/2' 

k=1 

(6.4.10) 

(6.4.11) 

Figure 6.10 depicts the EXIT curves in closed form for non-systematic SPC codes 

in cyclic form with different lengths over an AWGN channel at the SNR value 0.5 dB. We 

observe with the increase of the length, the EXIT curves converge to a certain curve, which 

is actually the EXIT curve of an accumulator. Figure 6.11 depicts the EXIT curve com­

parison of a non-systematic SPC code in cyclic form with length 1000 and an accumulator 

over an AWGN channel at the SNR values of 0.5 dB, 2 dB, 3 dB and 4 dB. The EXIT 

curves of the accumulator are obtained from [72] through simulation of the full decoding 

procedure. We observe that the EXIT curves of these two codes are the same. Therefore, 
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Figure 6.10: EXIT curves in closed form for non-systematic SPC codes in cyclic form with 
different lengths over an AWGN channel at the SNR value 0.5 dB. A code rate of R=112 
was used to calculate the SNR. 

1-__ -_~ r SPCC.'IDCIe 

.. ==""""'----' 

.. 
,., 

.. dB 

.. 
~'~~.~,-~~~~ .. ~~.*.-~ .. ~~ .. ~-.~,~~ .. ~~ .. ~~ 

'. 

Figure 6.11: EXIT curve comparison of a non-systematic SPC code in cyclic form with 
length 1000 and an accumulator over an AWGN channel at several SNR values. A code 
rate of R= 112 was used to calculate the SNR. 
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we can use the closed-form EXIT function of a long non-systematic SPC code to replace 

that of an accumulator. Then we can avoid the computer-intensive simulation and facilitate 

the threshold optimization of some codes, such as irregular repeat-accumulate (IRA) codes. 

The above analysis for the AWGN channel can be extended to the BEe. Denote 

the erasure probability by q. Let 

(I) ( ) IL_I = 1 - 1 - IA q, 

and for k = 1,2"", L - 2,Iet 

1 (2) - 1(1) I k-k+l A 

When L is even, let II = I~I) and for k = 2,3, "', L/2,let 

Then we obtain 

2 L/2 

I""",a. = L . I: Ik. 
k=1 

When L is odd, let II = I~I) and for k = 2,3,"" (L + 1)/2,let 

Then we obtain 

2 (L-I)/2 1 
I""",au = L' I: h + L ·1(1.+1)/2, 

k=1 

(6.4.12) 

(6.4.13) 

Figure 6.12 depicts the EXIT curves in closed form for non-systematic SPC codes 

in cyclic form with different lengths over a BEe with q = 0.49. Similarly to what we 

observed for the AWGN channel, with the increase of the length, the EXIT curves converge 

to a certain curve, which is actually the EXIT curve of an accumulator. 
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Figure 6.12: EXIT curves in closed form for non-systematic SPC codes in cyclic form with 
different lengths over a BEC with q = 0.49. 

I =-=-= =::::,i8llc SPC code with length 1000 I 
0.9 

D •• 

0.7 

0.5 

0.4 

0.3 

Figure 6.13: EXIT curve comparison of a non-systematic SPC code in cyclic form with 
length 1000 and an accumulator over a BEC with q = 0.49,0.4,0.3 and 0.2. 
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The EXIT function of an accumulator has been given by (see [81, eq. (14)]) 

1=1.<= = [/ __ q;J2 (6.4.14) 

Figure 6.13 depicts the EXIT curve comparison of a non-systematic SPC code in cyclic 

form with length I ()()() and an accumulator over a BEC with q = 0.49,0.4,0.3 and 0.2. We 

observe that the EXIT curves of these two codes are the same. This verifies our results for 

the AWGN channel that when the length of a non-systematic SPC code in cyclic form is 

large enough, its EXIT function is the same as that of an accumulator. 

Closed Form EXIT Functions for (L, 2) Codes 

For a (L, 2) code with generator matrix 

(
1"'11"'10"'0), 
o ... 0 1 ... 1 1 ... 1 

(6.4.15) 

suppose the number of ones in each row is L2L/3J. Then the two rows have 2· L2L/3J - L 

ones in common. Let the L code bits be Xb .. • ,XL. Based on the generator matrix 

(6.4.15) the two information bits can be XI and XL. It is readily checked that the extrinsic 

information for all code bits that have two ones in the corresponding columns of (6.4.15) 

should be the same; so should be the extrinsic information for all code bits that have a single 

one in their corresponding columns. Therefore we can just focus on calculating [=1,1 and 

[=I.[2L/3j. We use the same decoding model as previously and denote the outputs of the 

communication channel by Y = (Yi, ... , YL ) and the outputs of the extrinsic channel by 

A = (Ab ···, A L), respectively. Let ltempl = l(XI ; YI A I A2··· AL-[2L/3j). Then 

Since X[2L/3j = Xl + XL, 

[(X[2L/3j; YiAIA2 ... A L-[2L/3j YLA[2L/3j+l ... A L) 
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which we denote by Itemp2. It follows 

Iext.l2L/3J = J ( V(2. L2L/3j - L -l)[J-l(IA)]2 + [r l(ItemP2 )]2) . 

Let Itemp3 = I(Xl2L/3J; AL-l2L/3J+l ... Al2L/3J). Then 

Itemp3 = J ( V(2. L2L/3j - L)· [r l(IA)]2) . 

Similarly Itemp4 ~ I(Xl ; YLAL-l2L/3J+l .•• AL) with 

Itemp4 = I-J ( v[r l (l- Itemp1 )]2 +rl(l- Itemp3)]2) . 

It follows 

Iext•1 ~ J ( (L - L 2: j - 1) . [rl(IA)]2 + 8R· !: + [r1(Itemp4)]2) . 

Combining Iext•l and Iext.l2L/3J' we obtain 

j 2L-2·L2L/3j
j 

2·L2L/3j-L
1 ext.av ~ L ext.l + L ext.l2L/3J. (6.4.16) 

Figure 6.1 4 depicts the comparison of EXIT curves in closed fonn and those 

obtained from Monte Carlo sinluiations for the (6,2) code with generator matrix (6.4.15) 

for L = 6. We observe that in both cases, the EXIT curves of these two methods are almost 

the same, which validates the derived EXIT functions. 

6.4.2 EXIT Functions over the AWGN Channel Obtained from the 

BEC EXIT Functions 

For more general variable or check component codes. the method in [82] has been 

applied. It also uses the general decoding model in Figure 6.8. 

If the erasure probabilities of the communication and extrinsic channels are q and 

p, respectively, and if Encoders 1 and 2 have no idle components, then as shown in [93], 

the EXIT function of the (m + n, k) code in Figure 6.8 is 

l~EC (p, q) = 1 - ! ttl - q)hqn-h t(l _ p)9-1pm-9 
h=O g=1 
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Figure 6.14: Comparison of EXIT curves in closed fonn and those obtained from Monte 
Carlo simulation for the (6.2) code at the SNR value 1.9 dB . 

. [g. eg,h - (m - 9 + 1) . eg-l.h] (6.4.17) 

where eg,h is the (g, h)-th unnormalized split infonnation function, which is defined as the 

summation of the dimensions of all possible codes composed of 9 positions among v and h 

positions among x. If there is no commonication channel. i.e., n = O. we have 

(6.4.18) 

where eg is the g-th unnormalized information function. which is defined as the summation 

of the dimensions of all possible codes composed of 9 positions among v. 

For an AWGN channel. EXIT functions have been approximated in [82] as 

,oIWGN (Eb) '" 1 ~ 1 BEC( ) 
IE No = In 2 f;;t (2i - 1) (2i/E fj 

where I~EC(.) is given in (6.4.18) withp = fj. and 

f; = 1 - Wj (4R. ~:) 
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with 

1+1 2t2i (In~-m)' 
\Pi (m) = v'41mi e 4m tit. 

-1 (1 - t 2) 411'm 
(6.4.20) 

We can use (6.4.19) directly to estimate the EXIT functions of check component 

codes of a DGLDPC code. by just replacing 4R . ~ with [J-l~lA)12. where J(.) is defined 

in (4.1.1). 

As shown in [821. (6.4.19) is a good estimate of the EXIT functions of high-rate 

codes. such as SPC codes and Hamming codes. Figure 6.15 compares the EXIT cnrves ob­

tained by theoretical estimates and Monte-Carlo sirnnlations for several SPC and Hamming 

codes. We observe that for high-rate codes. (6.4.19) is indeed a good estimate. 

Figure 6.15: EXIT cnrve comparison of theoretical and simnlation resnlts for the (11.10). 
(12.11) SPC codes and the (7,4). (15.11). (31,26) Hamming codes as check component 
codes over an AWGN channel. 

The EXIT functions for low-mte codes can be obtained from the duality property. 

They can be approximated by [821 

AWGN Eb ~ 1 1 l.,BEC 
( ) 

00 

IE No = 1- In2 tt (2i -1)(2i/E (ei) (6.4.21) 
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where I~,BEG (ei) is the average extrinsic information at the output of a MAP decoder for 

the dual code of the corresponding low-rate code over a BEC with erasure probability ei. 

and 

The results in [82] can be readily extended to variable component codes. A vari­

able node is modelled as a (m + k, k) code (i.e .• set n = k in Figure 6.8) with generator 

matrix in the form [Glh]. Since its rate is m~k' it is usually a low-rate code and we need 

to use (6.4.21) to derive its EXIT function. According to Figure 6.8. the outputs from 

both communication and extrinsic channels contribute to MAP decoding. Let the erasure 

probabilities of these two channels be 1]. and ei. respectively. We can rewrite (6.4.21) as 

nWGN ( Eb ) ~ I ~ I J.,BEG() 
E IA'No,R =1- 1n2 f,;t(2i-I)(2i)·IE ei,'T]; (6.4.22) 

wheree. = l-cPi WJ-l(l- IA)]2) and1}j = l-cP. (l [J-l (1- J (J8EbR/No) )]} 

Given the split information function of the dual code. Ii,BEG (e" 1]i) is evaluated according 

to (6.4.17). 

Figure 6.16 compares the EXIT curves of theoretical and simulation results for 

several simplex codes. We observe that for low-rate codes. (6.4.22) is again a good esti­

mate. 

However for other moderate-rate codes. the estimates from (6.4.19) and (6.4.22) 

are not as good as those for high-rate and low-rate codes. Figure 6.17 depicts an EXIT curve 

comparison of theoretical and simulation results for a (31.10) random code. Compared with 

the results of Figure 6.16, the EXIT function estimate of (31.10) random codes is not as 

good as that of (31.5) simplex codes. 

It is worth mentioning that we can also use (6.4.19) and (6.4.22) to obtain the 

EXIT functions of systematic or non-systematic SPC codes or (L,2) codes. which have 

been derived in Section 6.4.1 using information combining. However. (6.4.19) and (6.4.22) 

are based on EXIT functions over the BEC. for which we need to calculate information 
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Figure 6.16: EXIT curve comparison of theoretical and simulation results for the (7,3), 
(15,4) and (31,5) simplex codes as variable component codes over an AWGN channel at 
Eb/No = 0.7 dB and R = 0.5. 

1===-1 
0. 

Figure 6.17: EXIT curve comparison of theoretical and simulation results for a (31,10) 
random code as variable component codes over an AWGN channel at Eb/ No = 0.5 dB and 
R = 0.5. 
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functions or split information functions. For long codes. this computation becomes cum­

bersome. To overcome this problem. the expected information function of random codes 

has been introduced in [92]. The EXIT functions obtained from information combining do 

not have such a problem. Their computation is as fast for long codes as it is for short codes. 

6.5 Threshold Optimization over the AWGN Channel 

In [93]. it is shown that the EXIT curve of the variable nodes must match with that 

of the check nodes in order to approach capacity for the BEe. This curve-fitting technique 

also works well for BPSK signaling over an AWGN channel. 

Suppose the maximum degrees of variable repetition codes and check SPC codes 

are d.mw.:. and dc:m=. respectively and the corresponding distributions are (A2' Aa, ... , Ad"",.,,) 

and (/J2, Pa,· .. , Pdom=). respectively. Assume there are T variable component codes other 

than repetition codes and S check component codes other than SPC codes and the corre­

sponding distributions are (AV.,Av.,··· ,AvT) and (PCI,PC2'··· ,Pcs)' respectively. The 

distributions should satisfy the following constraints: 

- 1 2': Ai 2': 0 for i = 2, 3 •... , d.mw.:. 

- 1> Au > 0 fori = 1 ... T _ r'( _ " 

- 1 2': Pi 2': 0 for i = 2,3, ... , d= 

-1>pc >Ofori=1··· S 
- i - " 

R= 1- L:~= Pitt) + L:~lPc.(1-Re.) 
L:t2= Aim + L:'J:l Av,Rv, 

where Rv, and Re. are the rates of the i-th variable and check component codes other 

than repetition and SPC codes. respectively. 
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Fonnan L-dimensional vectorp = (),3,"', ),d"",=-l> )'v,,"', ),VT' Pa,'" , Pdcm=, Pc" ... , 

PCs) with L = d"".,.", + d= + T + S - 5. Note that ),2, ~= and P2 are not inclnded 

in p as implicitly given by the last three constraints. Then the target is to find p that yields 

the smallest threshold, i.e., the smallest ~ that guarantees the average EXIT curve of the 

variable nodes lies above that of the check nodes. 

The optimization can be rea1ized by differential evolution (DE) [88]. DE is car­

ried out as follows. 

Step 1: Set the maximum number of generations to Gmaz and generation index g = 

O. Initialize K vectors p and denote them as plO) with i = 1,···, K. For each 

p10), evalnate the EXIT curves and obtain the corresponding threshold (~) :0). The 

best plO) is the one with the smallest (~) (0). Denote it as pl~ , where lbeat = 

argmin~l {(~):Ol ThebestthreshOld°isi(~):;n =min~l {(~tl 
Step 2: Foreachi = 1"" ,K,randomly generate four distinct integers {TilT; E [1,K], T; 

of i} with j = 1,2,3,4 and define the test vector q19+
1
) = Pl::.. + 'Y(PW -,w + 

pW - pW), where 'Y is areal constant that controls the amplification of the differen­

tial variation. We set 'Y = 0.5 in our DE. Calculate the threshold of each test vector 

( )
(g+1) 

and denote them as ~ l,t • 

Step 3: For each i = 1,···, K, compare the threshold of the test vector ql9+1) with the 

original vector pI9). Updating follows the rule: 

P
(9+1) _; No . t - No . 

{ 

q(9+1) if (§.) (9+1) < (§.) (g) 
i - ~! 

plg) otherwise 

and (§.)(g+1) = min {(§.)(g+1) , (§.)(g)}. Denote the new bestp asp(g+1), 
No . NO"t No· lbest s ~, 

where lbeat = argmin~l { (~t+1)} and the new best threshold (~):l) _ 

min~l { (~t+ll 

Step 4: Set g := g + 1. If G""", is reached or (~) . stops decreasing, output pjD) and 
o rmn best 

(§.) (g) 
No min" 
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6.6 Ensemble Weight Enumerators for Protograph-Based 

DGLDPC Codes 

A protograph [83] is defined as a Tanner graph with a relatively smaIl number 

of nodes. Each node and each edge in a protograph represent a node type and an edge 

type, respectively. A larger graph can be obtained from a protograph by a "copy-and­

permute" process as shown in Figure 6.18. In this process, a protograph is first copied p 

times and then the p edges of the same type are permuted under the constraint that they still 

connect to the same type of nodes. A protograph can contain parallel edges. However, these 

paraIlel edges should be eliminated in the copy-and-permute process in order to obtain an 

appropriate Tanner graph for the parity check matrix. 

~­--"';;{] 

CY'" 

(a) 

~-­- -'-;:0 

CY'" 

~ 
CY'" 

~- '-... 
CY" 

(b) 

d 
(e) 

Figure 6.18: The process to obtain a larger graph from a protograph. (a) Protograph; (b) 
Copy 3 times; ( c) Permute the edges. 

Asymptotic weight enumerators for ensembles of protograph-based lDPC codes 

and GlDPC codes have been discussed in [84] and [85], respectively. In this section, we 

derive the asymptotic weight enumerators for protograph-based DGLDPC ensembles. 

A DGLDPC protograph with n" super variable nodes and ne super check nodes is 

denoted as G = (V, C, E), where V = {VI, V2, ••• , vn,,} is the set of super variable nodes, 

C = {CI' l:2, •.• , Cnc} is the set of super check nodes, and E is the set of edges. The codes 

corresponding to the super nodes in V and C are (Iv" k".), (I"., k".),.' . , (l""", Ie".,,) and 

(le1> k",), (Ie" ke.) , "', (1",,<, k""J, respectively. A DGlDPC code is obtained by copying 
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the protograph G p times and permuting edges among the p copies. In order to apply the 

Figure 6.19: A constituent code composed ofp copies of super variable node v,. 

results in [871. we regard the group of p copies of super variable node Vi as a constituent 

code with k", length-p inputs and I., length-p outputs. As shown in Figure 6.19. the weight 

vectors of k", inputs and I., outputs are denoted as d, = [d;.l' d;,2, ... ,d;,r.".l and Wi = 

[Wi,l,Wi,2,'" ,w,.!",]. respectively. where d;,; and w''; are the weights of the j-th input and 

output of node Vi. respectively. Similarly. we regard the group of p copies of super check 

node Cj as a constituent code with ICj length-p inputs and no output. The weight vector of 

Ie; inputs is denoted as Zj = [z;,l, Z;,2,' • " Zj,l<j] as shown in Figure 6.20. where Zj,i is the 

weight of the i-th input of node Cj. 

Letd = [d1d2 ···d",,]. W = [WIW2" ·w",,]. andz = [ZIZ2' •• z,..,]. We also define 

the following vector weight enumerators . 

• A~, : the vector weight enumerator for constituent variable node Vi with w, as the 

output weight vector. 

• AZ: the vector weight enumerator for constituent check node c; with Zj as the output 

weight vector. We have Z;,t = Wi,h if the t-th edge of super check node c; is the h-th 
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Figure 6.20: A constituent code composed of p copies of super check node Cj. 

edge of super variable node Vi. Denote the mapping between w and z by 7r. then 

z = 7r(w). 

• Ad: the ensemble vector weight enumerator for a protograph-based DGLDPC code 

with d as the input weight vector. 

• A.!: the average number of weight-d codewords in the ensemble. 

Let Kc! be the number of codewords in super check node Cj and (l'! be the Kc! x lCj matrix 

with all the codewords of Cj as its rows. Let Hj = [nj,b nj,2,· .. , nj,K,!l be the frequency 

at which each codeword appears in the p copies of node Cj. Then nj,l, nj,2, ... , nj,K,! > 0 
~Kcj c· 

and ,-,.=1 nj,i = p. From [85]. Ai; can be calculated by 

~ = L C(p;nj,.,nj,2,···,nj,K,!), 
8j EScj 

where SCj = {nj : Zj = Hj • (l'!} and C(y; Yb Y2,·", Yq) = 1Jl11J2~I."Y.I· 

(6.6.1) 

Similarly. we can derive A~<. Let K., be the number of codewords in super vari­

able node Vi> B'" be the K., x k., matrix with all the possible binary k.,-tuples as its rows 

and T'" be the K", x l., matrix with all the codewords of Vi as its rows. If the generator 

matrix of v. is G''', then 1"" = (B" . 6"') mod 2. Let Xi = [Xi,l, xi,2, •.. , Xi,K.,1 be the fre­

quency at which each codeword appears in the p copies of node Vj. Then X',I, X',2, ... , Xi,K., 
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> 0 and Ef,:: Xi'; = p. Denote So, = {x; : Xi' T'" = Wi}' Then A;, can be written as 

A;, = L C(Pj Xi,I,Xi,2"",Xi,K • .J. (6.6.2) 
x, Es", 

(
1 1 1 1 0 0) For example. suppose Vi is a (6.2) code with generator matrix 0 and P = o 1 1 1 1 

4. Then k", = 2. I., = 6. K., = 4. 

o 0 

B·' = 
o 1 

(6.6.3) 
1 0 

1 1 

and 

o 0 0 0 o 0 

0 0 1 1 1 1 
T'" = 

1 1 1 1 o 0 
(6.6.4) 

1 1 0 0 1 1 

(a) When Wi = [3,3,2,2,1,11. we obtain S., = {[I, 0, 2, II} by solving x, . T'" = Wi and 

E:=I Xi'; = 4. Therefore. A;, = C(4j 1,0,2,1) = 12. 

(b) When Wi = [3,3,1,1,3,31. S., = 0. Therefore. A;, = o. 
As shown in [84][85]. AtJ can be computed as 

A 
_ '" II~I d.(Wj jd.) . II~I A;, . I1j~1 ~ 

d-0 l" 
W rt:! II.,!! C(pjw.,.,P - w",) 

where d.(a j b) is defined as 

b.;(a j b) = {I if there. exists an Xi such thatx •. BO
, = b andx • . T'" = a 

o otherwIse 

Suppose all the codeword bits are uansmitted and there is no puncmred bit, then 
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Define the asymptotic weight enumerator 

')'(5) = lim sup inN Ad , 
N~"" 

(6.6.7) 

where N is the length of the DGLDPC code and 5 = diN. Since N = P . E::l k"" we 

have 5 = d/(P· E::l k",). Let '6 = dip, then 5 = '6/(E::l k..). Define 

-(7) lim In Ad ')' u = sup--, 
p_oo p (6.6.8) 

then 

1 _( n" ) 
')'(5) = E;"': k..'')' 5· L k", . 

_1 1=1 

(6.6.9) 

Define the following normalized vectors: 

• 6=[61 , 62 , ••• , 6 ... 1 with 6. = di/p and 6;J = do,i/p for i = 1,2"", n" and 

j = 1,2"" ,k",. 

• {3= [{31, 132, ... , {3 ... 1 with {3. = w;/p and {3i,j = wi,j/p for i = 1,2"", n. and 

j = 1,2"",1 .. . 

• E = lEI, E2, ... , E .... 1 with ej = Zj/p and ~j,i = Zj,;/p for j = 1,2"", nc and 

i = 1,2,' . " Ie;. Since Z = 7r(w), then E =7r({3). 

• '/1= ['/110 '/12, ••• , '11 ... 1 with '11. = x./p and 'T/iJ = XiJ/P for i = 1,2"", n" and 

j = 1,2"", K ... Since for i = 1,2"", n", E~i 'T/iJ = I, 'f/i is the empirical 

probability distribution of each codeword when given p codewords in Vi. 

• <P= [<P1o </J2, ... , <P .... 1 with <Pj = nj/p and Q>j,i = n;,;/p for j = 1,2,···, nc and 

i = 1,2"", Ke;. Since for j = 1,2,···, nc, EZ;f Q>j,i = I, <Pj is the empirical 

probability distribution of each codeword when given p codewords in Cj • 

- I<" - - -
Let % = {o : E::l Ej~l 5iJ = 5} and S{i = {(3 : n::::l Lli({3.; 0.) = I}. Define 

inA"' 
a" ((3.) ~ lim sup--1!i 

p-+oo p 

" inA( ae;(ej) = lim SUp __ i 
p-+oo P 
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From Stirling's formula, lim"...."" sup In[C(P j W8,.,P-W8,r)l!P = H((38,r) = -(I-(38,r) In(1 

-(38,r) - (38,rln((3.,r). Since for large and distinct x and y,ln(eZ + eY) ~ max(x,y) and 

similarly for more than two variables. we have 

(6.6.10) 

Let 8,;, = {'T/i : {3i = 'T/i • 7""} and Sci = {tPj : ej = tPj • (l'i}. From [85], we have 

Therefore 

{ { 

n" nc n" I., }} 
7(6) ~ J!l8.X max L max H(l1;) + L max H(,pj) - LLH(fj.,r) (6.6.11) 

IiE~ fJESp ;=1 'I1,ES., j=1 ,piEBe! =1 r=1 

(3,1,3) (6,2,3) (6,2,4) 

(a) (b) (e) 

Figure 6.21: Protographs of the LDPC code and DGLDPC code for asymptotic weight enu­
merator calculation. (a) Protograph of a (3.12) LDPC code; (b) Protograph of a DGLDPC 
code that is equivalent to the (3.12) LDPC code; (c) Protograph of a DGLDPC code with a 
(6.2) code as super variable nodes. 

We compare next the asymptotic weight enumerators of an LDPC code and its 

DGLDPC code counterpart. Figure 6.21 depicts the protographs of these codes. Figure 

6.21 (a) is the protograph of a (3,12) LDPC code. If we combine every two variable nodes 

in Figure 6.21 (a) and regard it as a super variable node that represents the (6,2,3) code 
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(
1 1 1 0 0 0) 

with generator matrix , then we obtain the DGLDPC protograph 
000 1 1 1 

shown in Figure 6.21 (b), which is equivalent to Figure 6.21 (a). The DGLDPC protograph 

in Figure (c) is obtained by keeping everything the same as in Figure 6.21 (b) and just 

changing the code that super variable nodes represent from the (6,2,3) code to the (6,2,4) 

(
1 1 1 1 0 0) 

code with generator matrix . 
001 1 1 1 

10 .. L----!,-------::------!:-----!;-------! 
2 ~5 3 3» 4 

E"IN. (dB) 

Figure 6.22: WERIBER performances of a length-2016 rate-3/4 protograph-based LDPC 
code and DGLDPC I. 

The asymptotic growth rate of the minimum distance of the (3,12) LDPC code has 

been calculated in [86], as 0.00206. The asymptotic growth rate of rate-3/4 random codes 

is 0.04169. Following (6.6.11), we calculate the asymptotic growth rate of the DGLDPC 

code in Figure 6.21 (c), as O.oJ. Therefore, without changing the number of nodes and 

the graph connection, an LDPC code can be modified to achieve an improved asymptotic 

growth rate by regarding a group of variable nodes as a different code. We construct a 

length-2016 protograph-based DGLDPC code with protograph depicted in Figure 6.21 (c) 

and denote it as DGLDPC I. We compare it with a length-2016 protograph-based LDPC 

code with protograph depicted in Figure 6.21 (a). The weight enumerators of the LDPC 

code and DGLDPC I are estimated as 4Z12 + 13z14 + 171z16 + 859z18 + 2527 Z20 + ... 
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and 4z51 + Z52 + Z53 + Z55 + 5z56 + 4Z57 + 5z58 + ... , respectively, using the approach in 

[99][1(0). Therefore the estimated minimum distances of these two codes are 12 and 51, 

respectively, which have a similar proportion to their asymptotic growth rate. The WER 

and BER performances of the (3,12) LDPC code and DGLDPC I are depicted in Figure 

6.22. We observe that DGLDPC I has a lower error floor than the LDPC code with a slight 

loss in the waterfall region. 

6.7 Simulation Results 

Figure 6.23 depicts the WER and BER performances of DGLDPC 1. We have 

used two decoding algorithms to decode this code. The first one has been described in 

Section 6.3; we denote it as "MAP" in Figure 6.23 because the MAP algorithm is used to 

decode the super variable nodes. The second algorithm is denoted as "BP" as it applies 

standard BP to the parity check matrix of DGLDPC 1. We observe that "MAP" is a little 

'D· -+-WEn BP 
--+-WEn MAP 

10-' -I>-BER BP 

~- -. -SEA MAP -----.. '0" , , , 
'0" 

.. .. .. 
a: .. 
w ". I'D" .. .. .. 

'0" , 
~ 

'0" ~ 
'~ 

10~7 " " ,l-
'd" 2 2.. 3 3.5 4 

"IN, (dB) 

Figure 6.23: WERlBER performances of DGLDPC 1. 

better than "BP" and both of them have low error floor. Since the parity check matrix 
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of DGLDPC 1 contains many four cycles. it is surprising that "BP" peIfonns so close to 

"MAP". This shows that four cycles do not necessarily degrade much the perfonnance of 

an LDPC code as long as they are arranged in appropriate places. 

Next, we attempt to optimize the thresholds of rate-112 LDPC codes, GLDPC 

codes and DGLDPC codes with the same maximum variable degree cI".,..,.., = 6 and the 

same maximum check degree dcrnaz = 15. The optimized distributions are given in Th­

ble 6.1. For the GLDPC code, we mix the (15,11) Hamming code with SPC codes at check 

Code type I LDPCopt LDPC I I LDPC 2 GLDPC I DGLDPC 2 
Variable nodes 

(2.1) Rep. 0.332433 0.339952 0.340206 0.383584 0.018198 
(3.1) Rep. 0.239904 0.224844 0.225658 0.277719 0.098646 
(4.1) Rep. 0.000048 
(5.1) Rep. 0.001625 
(6.1) Rep. 0.427663 0.435204 0.434136 0.338697 0.438911 
(6,5) SPC 0.442572 

Check nodes 
(6,5) SPC 0.666700 0.666616 0.671245 0.245267 
(7,6) SPC 0.333300 0.333384 0.328755 0.777479 

(15,11) Ham. 0.222521 0.754733 
Thresholds (dB) 

I 059(0) 0.56 (E) I 0.56 (E) 051 (E) I 0.32 (E) 

Table 6.1: Threshold comparison of LDPC codes, a GLDPC code, and a DGLDPC code. 
(D): from density evolution (E): from EXIT charts. 

nodes. For the DGLDPC code (denoted DGLDPC 2). in addition to mixing the (15,11) 

Hamming code with SPC codes at check nodes, we also mix the (6,5) SPC code in cyclic 

form with repetition codes at variable nodes. From DE, we can usually obtain several dis­

tributions with the same threshold. In Table 6.1, we recorded two distributions from EXIT 

charts analysis for LDPC codes with the same threshold (denoted LDPC 1 and LDPC 2). 

We also compared the degree distribution of our LDPC codes with that from [66]. which 

is the best one retorned when the maximum left degree is set to 6 (denoted LDPCopt). We 

observe from Table 6.1 that these distributions are very similar. As already known, the 

EXIT chart threshold (obtained using the approximations in the Appendix of [71] for the 

calculation of J(.) and J-1(.) is slightly better than that obtained from [66]. However, 
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since we use this technique to design good codes only, the exact threshold value becomes 

secondary. A better threshold is obtained for the DGLDPC code compared with that of the 

LDPC and GLDPC codes with the same maximum variable and check degrees. 

In order to verify these asymptotic results, we simulated three long codes. For the 

LDPC code, we have used LDPCopt obtained from [66] and for the GLDPC and DGLDPC 

codes, we have followed the distributions in Table 6.1. Their graphs were randomly con­

structed except that double edges and four-cycles were avoided. The length of these three 

codes is I ()()()()()(). Their error performances are depicted in Figure 6.24. At the BER around 

10-5, the GLDPC code is about 0.05 dB better than the LDPC code and the DGLDPC code 

is about 0.2 dB better than the LDPC code, which matches the threshold analysis. The 

corresponding capacity is 0.19 dB. The error floor of the DGLDPC code is lower than that 

of the LDPC and GLDPC codes. 

tD-~:':-4--:0"'.":--~O~:-----CCO"'=----:.":'--:O"''':--~'':-----CCO.''=---}'' 
..... 'dB) 

Figure 6.24: BER performance comparison of randomly constructed rate-112 LDPC, 
GLDPC, DGLDPC codes with length 1000000. 

We also tried to optimize the thresholds of rate-3/4 LDPC codes and DGLDPC 

codes with the same maximum variable degree cl"""", = 6 and the same maximum check 

degree dC11W:& = 31. The optimized distributions are given in Table 6.2. Again, the LDPC 

code is obtained from [66]. The two DGLDPC codes are denoted as DGLDPC 3 and 
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Code type I LDPCopt I DGLDPC 3 DGLDPC4 
Variable nodes 

(2,1) Rep. 0.247607 0.000143 
(3,1) Rep. 0.219072 0.000110 0.000016 
(4,1) Rep. 0.000001 0.000047 
(5,1) Rep. 0.000170 
(6,1) Rep. 0.533320 0.374649 0.335842 
(6,5) SPC 0.625241 0.663782 

Check nodes 
(14,13) SPC 1.0 0.171510 0.099913 
(31,26) Ham. 0.828490 0.900087 

Thresholds (dB) 
I 1.93 (0) I 1.82 (E) 1.85 (E) 

Table 6.2: Threshold comparison of an LDPC code and two DGLDPC codes with rate 3/4. 
(0): from density evolution (E): from EXIT charts. 

DGLDPC 4, respectively. For DGLDPC 4, we impose the additional constraint that the 

degree distribution of the (31,26) Hamming code for super check nodes must be greater 

than 0.9. Figure 6.25 depicts the BER performance of randomly constructed rate-3/4 

LDPC, DGLDPC 3 and DGLDPC 4 codes with length 100000. At the BER around 10-5, 

DGLDPC 3 is about 0.1 dB better than the LDPC code, which matches the threshold analy­

sis. The capacity is 1.63 dB. The error floor of DGLDPC 3 is slightly better than that of 

the LDPC code. DGLDPC 4 achieves much better error floor performance by slightly 

sacrificiug the waterfall region performance compared with DGLDPC 3. 

Figure 6.26 depicts the BER performance of a rate-7/15 length-7650 DGLDpc 

code and we denote it as DGLDPC 5. DGLDPC 5 uses the (6,1) repetition code, the 

(
1 0 1 1 1 0) 

(6,2) code with generator matrix , the (6,4) code with generator 
011 101 

1 1 1 000 

o 1 1 1 0 0 
matrix , and the (6,5) SPC code as super variable nodes with >'1 = o 0 1 1 1 0 

000 1 1 1 
0.425, >'2 = 0.075, >'3 = 0.075, ~ = 0.425, respectively, and (15,11) Hamming codes 

for all super check nodes. The threshold of DGLDPC 5 is 0.3 dB. Compared with the 

threshold 0.88 dB of a (2,15) GLDPC code with the same rate, it improves by 0.58 dB. The 

112 



10-'r~~~-~-~-~-~r=~::;:;::E==il 
-e-LDPC 
-+-DGLDPC3 

10" 
-e-OGLDPC4 

10'" 

10" 

1O-'L--=-=------:-'::--::-=-----7-----:,;;=;==;:;:::~~ 
1.8 1.85 1.9 1.95 2 2.05 2.1 2.16 2.2 2.26 

EJN.(dB) 

Figure 6.25: BER perfonnance comparison of randomly constructed rate-3/4 LDPC, 
DGLDPC 3 and DGLDPC 4 codes with length l()()()()(). 

improvement of threshold results from introducing the (6,5) SPC code in the super variable 

nodes. whose EXIT curve is convex. Compared with the concave EXIT curves of repetition 

codes, it better fits the Hamming code. Since the capacity limit for rate-7/l5 is O.04dB, the 

threshold of DGLDPC 5 is 0.26 dB away from the capacity. Figure 6.26 depicts the BER 

performance comparison of DGLDPC 5 with a rate-7/l5 length-7680 (2,15) GLDPC code, 

both with 1M ... = 50: DGLDPC 5 outperforms its counterpart by about 0.35dB. 

We finally constructed a short DGLDPC code, denoted as DGLDPC 6. It has 

length 1536 and rate 112. Its super variable nodes contain only the (4,1) repetition code 

and the (4,3) SPC code in order to reduce decoding complexity. All super check nodes use 

the (15,11) Hamming code as component code. The threshold predicted by EXIT charts 

in closed form is 0.77 dB. Figure 6.27 depicts the performance comparison of DGLDPC 6 

with an optimized rate-I12length-1504 (2,4)-LDPC code over GF(16) [95]. DGLDPC 6 

outperforms its counterpart by about I dB at the WER of 10-6 due to a lower error floor. 

The computarional complexity per check node of DGLDPC 6 is O(dc x 2dc- kc ) = 0(15 X 

215-11) = 0(15 x 16), while that of the (2,4)-LDPC code over GF(q) is O(dc x q log2 q) = 
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Figure 6.26: BER performance comparison of DGLDPC 5 with a rate-7115 length-7680 
(2,15) GLDPC code. 

0(4 x 16Iog2 16) = 0(16 x 16). So the computational complexity in check nodes of 

these two codes is comparable. The variable node processing of DGLDPC codes remains 

lower. The low error floor of DGLDPC 6 is mainly due to the improved minimum distance 

obtained by introducing Hamming codes in the check nodes. This leads to a loss of rate, 

but since for a DGLDPC code component codes are also used in the variable nodes, we can 

make up for this rate loss. 
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Figure 6.27: WER performance comparison of DGLDPC 6 with a rate-1I2 length-1504 
(2.4)-LDPC code over GF(16). 
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Chapter 7 

Conclusion 

In this dissertation, we have investigated generalized constructions, decoding and 

implementation of LDPC codes. 

For fast convergence algorithms (plain shuflled BP and replica shuflled BP), we 

proposed closed-form EXIT functions which avoid the use of computer-intensive simula­

tions. Based on EXIT charts, we can easily compare the speed of convergence of different 

decoding algorithms. We also proved that the threshold of a code decoded by plain shuf­

fled BP or replica shuflled BP is the same as that of standard BP. Then we investigated 

group plain shuflled BP and group replica shuflled BP and determined the sma1Iest number 

of groups (i.e., the highest level of parallelism) to achieve at any given iteration the same 

performance as that of their corresponding non-group counterparts. AlI these results have 

been verified by simulation. 

We have designed a VLSI architecture for replica shuflled normalized BP-based 

decoding of LDPC codes. Replica shuflled decoding can converge very fast, while normal­

ized BP-based decoding can greatly reduce complexity. Combining them leads to a fast 

and simple decoder operating at 64 Mbps. Our designed architectore can be applied to any 

quasi-cyclic LDPC code. 

We have also proposed DGLDPC codes and used EXIT charts to analyze them. 

We derived closed-form EXIT functions for several variable component codes ofDGLDPC 

codes, such as systematic SPC codes, non-systematic SPC codes in cyclic form, (L,2) 

codes and accumulators. EXIT functions of more general component codes have also been 

discussed. Based on EXIT charts, differential evolution has been used for threshold op-
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tirnization. It allowed us to match variable and check EXIT curves quickly. We investi­

gated ensemble weight enumerators for protograph-based DGLDPC codes and analyzed 

their distance properties. We found that without changing the code parameters (N and R). 

the number of nodes and the graph connections. an LOPC protograph code can be modi­

fied to achieve an improved asymptotic weight enumerator by replacing a group of LOPC 

variable nodes by a stronger component code of the same length and dimension. Several 

DGLDPC codes have been constructed based on these results and simulation results show 

that DGLDPC codes have improved performance in both waterfall region and error floor 

region compared with that of their LOPC and GLOPC counterparts. 

In summary. the main contributions of this research include: 

• Closed-form EXIT functions for plain shuffled BP and replica shuffled BP decoding 

algorithms. 

• VLSI architecture for replica shuffled normalized BP-based decoding of quasi-cyclic 

LOPCcodes. 

• Introduction of DGLOPC codes. 

• Closed-form EXIT functions for specific variable component codes of DGLDPC 

codes. 

• Differential evolution for threshold optimization of DGLOPC codes. 

• Ensemble weight enumerators for protograph-based DGLOPC codes. 

We propose the following possible future works: 

• Doubly generalized irregular repeat-accumulate (IRA) codes. 

• Density evolution for DGLOPC codes. 

• Non-binary DGLDPC codes. 
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