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Abstract

We consider dynamical systems that exist within a larger network i.e. dynamical systems

for which we have a set of local dynamics coupled together via pairwise connections.

The particular coupling we have in mind relates to an object called the graph Laplacian.

We further employ graph theoretic notions as a way of describing potential changes that

the dynamical rules themselves may undergo. Specifically, we describe the notion of a

hybrid dynamical system. We focus mainly on two different applications. First, we study

protocols based on self-organizing principles, which are used to coordinate the movements

of a set of multi-agents. These are meant to model a group of autonomous robotic vehicles

operating independently of human control. Implementing a coordinated group of unmanned

aerial vehicles, for example, is more efficient for many mission types including tracking,

surveillance, and mapping. In this regard, there are numerous reasons why collective

control of a group of UAVs is important. Second, inspired by the COVID-19 pandemic, we

build a large scale model which accounts for coordination between regions each using travel

restrictions in order to mitigate the rapid spread of disease. The model is designed via a

family of compartmental SEIR models, and using the formalism of hybrid automata. There

is a need for simulations of countries cooperating together, as travel restriction policies were

taken by countries without global coordination. It is possible, for instance, that a strategy

which appears unfavorable to a region at some point of the pandemic might be best for

containing the global spread, or that only by coordinating policies among several regions

can a restriction strategy be truly effective.

v



Table of Contents

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

Chapter 1: Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

Chapter 2: Background and Definitions . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.1 Hybrid Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.1.1 Dropped Ball Example . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1.2 Hybrid Automata & Hybrid Time Sets . . . . . . . . . . . . . . . . . 12

2.1.3 Hybrid Trajectories & Executions . . . . . . . . . . . . . . . . . . . 14

2.2 The Graph Laplacian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2.1 Scalar Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.2.2 Vector Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.2.3 Weighted and Directed Edges . . . . . . . . . . . . . . . . . . . . . . 22

2.2.4 Digraph Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

Chapter 3: Multi-Agent Systems For Autonomous Vehicles . . . . . . . . . . . . . . 28

3.1 Multi-Agent Autonomous Agreement . . . . . . . . . . . . . . . . . . . . . . 29

3.1.1 Multi-Agent Trajectories . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.1.2 Weighted Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.2 Protocol Switching . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

vi



3.3 Moving Formation of Robotic Vehicles . . . . . . . . . . . . . . . . . . . . . 37

3.3.1 Network Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.3.2 Digraph Laplacian . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.3.3 Agent Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.3.4 Prescribed Formation . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.3.5 Incorporating the Communication Digraph . . . . . . . . . . . . . . 45

3.3.6 Necessary and Sufficient Condition for Convergence . . . . . . . . . 48

3.3.7 Existence of Feedback Matrix . . . . . . . . . . . . . . . . . . . . . . 50

3.4 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.4.1 Search and Rescue Mission . . . . . . . . . . . . . . . . . . . . . . . 57

3.4.2 VR Visualization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

Chapter 4: Mitigation of Global Disease Spread via Travel Restrictions . . . . . . . . 69

4.1 Hybrid Automaton for SEIR Model . . . . . . . . . . . . . . . . . . . . . . . 70

4.1.1 SEIR Model’s Continuous States . . . . . . . . . . . . . . . . . . . . 71

4.1.2 SEIR Model’s Discrete States . . . . . . . . . . . . . . . . . . . . . . 75

4.1.3 SEIR Model’s Vector Field . . . . . . . . . . . . . . . . . . . . . . . 77

4.1.4 SEIR Model’s Domain and Edges . . . . . . . . . . . . . . . . . . . . 82

4.1.5 SEIR Model’s Guard Condition and Reset Map . . . . . . . . . . . . 85

4.2 Simulations of Disease Spread Utilizing the Hybrid Automaton . . . . . . . 87

4.2.1 Computation Time Depending on Population and Number of Regions 88

4.2.2 Simulations to the Scale of the World and Role of Guard Conditions 96

4.2.3 Guard Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

Chapter 5: Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

vii



List of Tables

3.1 The prescribed formation ϕp for n = 9 UAVs. . . . . . . . . . . . . . . . . . 54

3.2 The Colors of the n = 9 UAVs. . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.1 The choice of a particular ODE solver impacting a numerical solution may

be unavoidable, but here we are particularly alarmed if the choice severely

effects the detection of guard conditions since we specifically designed them

to be deterministic. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

4.2 The number of guard condition detections per solver became fixed after

throwing out detections of the same kind that were made very close in time. 90

4.3 Parameter Values for Varying the Global Population N . We assume

asymptomatic infected individuals are 10 times less infectious to the

susceptible population as compared to symptomatic infected individuals, seen

in the differences between β(∗) and ζ(∗). We assume the vaccinated individuals

have twice the protection compared to unvaccinated individuals, half the rate

of infectiousness and half the rate of developing symptoms, and double the

recovery rate, as seen in the differences between (∗)u and (∗)v. . . . . . . . 91

4.4 World Populations by the Billion . . . . . . . . . . . . . . . . . . . . . . . . 96

viii



List of Figures

1.1 A coupling of n = 3 local dynamics via a network modeled by a graph

with weighted directed edges. The maximal number of edges are drawn,

but we need not have every wij ̸= 0. Here, subscripts refer to individual

local dynamics, that could themselves be vectors. The notation (Lx)i is the

contribution to the ith dynamic due to coupling. . . . . . . . . . . . . . . . 2

1.2 A hybrid system with four discrete states Q = {q1, q2, q3, q4}. The dynamics

f(qi, x) and f(qj , x) are generally different for qi ̸= qj . The map Grd stands

for “guard condition” and takes as inputs the directed edges from Q×Q (see

Definition 2.1.1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.1 Typical Non-physical Assumptions for a Dropped Ball . . . . . . . . . . . . 10

2.2 Execution (to be defined) of the Dropped Ball Hybrid System with c = 0.6.

The changes in color occur after each bounce and correspond to the single

edge (q, q) as in Figure 2.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3 The Dropped Ball Example as a Hybrid Automaton. We have one discrete

state Q = {q}. The set of continuous states is X = R≥0×R. The vector field

is as shown above and in the Equations 2.2. The initial state is (q, [100, 0]T ).

Only one edge is possible, shown above, from q to itself. The guard condition

image is the subset of X given by x1(t) = 0 and x2(t) < 0. The reset map

image then sends the continuous state [x1(t), x2(t)]
T 7→ [x1(t),−cx2(t)]

T . . . 14

2.4 A digraph D with four edges (1, 2), (2, 3), (3, 1) and (1, 3). . . . . . . . . . . 24

ix



3.1 Rendezvous trajectories to the agreed state value [8.25, 9.25, 28.5]T . Agent 2

is fully connected under the network G1, thus enjoys a linear trajectory by

Theorem 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.2 The (x, y)− coordinates of the prescribed formation ϕp. . . . . . . . . . . . 55

3.3 The (x, y, z)− coordinates of the prescribed formation ϕp. . . . . . . . . . . 55

3.4 Start of the Search and Rescue Mission . . . . . . . . . . . . . . . . . . . . 58

3.5 After takeoff, the quadcopters converge to a moving V formation. . . . . . . 59

3.6 A false detection triggers vehicle 7 as sub-leader. . . . . . . . . . . . . . . . 60

3.7 Vehicles 5, 7, and 9 return to the primary formation. . . . . . . . . . . . . . 61

3.8 A true detection triggers vehicle 6 as sub-leader. . . . . . . . . . . . . . . . 62

3.9 A second detection of the target triggers verification response. . . . . . . . . 62

3.10 We see the primary user interface and possible controls. The entire past and

future trajectories can be toggled on and off. Otherwise only a trail of color

immediately behind each vehicle will display. The user can stay attached

to the perspective of any one of the vehicles, or can view the simulation in

free flight. The entire simulation can be easily paused, restarted, or scrubbed

forward and backward in time. The mini map in the bottom center shows the

current communications network, in this case one leader sending information

to the six followers. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

3.11 The entire future trajectories of all seven vehicles, seen from below. . . . . . 64

3.12 Free flying alongside the vertical takeoff. . . . . . . . . . . . . . . . . . . . . 64

3.13 The three dimensional environment was stitched together from many real

world photos taken by an actual quadcopter flying over the area. We can see

a road and a red car in the foreground. . . . . . . . . . . . . . . . . . . . . . 65

3.14 The moving formation is in a V shape, and reflects in the mini map, which

doesn’t just show the communications network, but also the relative location

of each color coded vehicle. . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3.15 We see the vertical takeoff again, but from above. . . . . . . . . . . . . . . . 66

x



3.16 A group of three vehicles separates from the main group. Notice how this

change is reflected in the mini map splitting into two pieces. . . . . . . . . . 66

3.17 The secondary group of three rejoins the primary group of four, and the

disjoint mini maps start to come back together. . . . . . . . . . . . . . . . . 67

3.18 The full formation has reformed and we can see the entire V shape head on. 67

4.1 We display a single vertex of a hybrid automaton, which corresponds to one

discrete state q ∈ Q, and a continuous dynamical system dx(t)
dt

= f(q, x)

which depends on it, shown for three regions, x(t) = [x1(t), x2(t), x3(t)]
T . . 71

4.2 Only changes in policy represented by the edges above are allowed. . . . . . 83

4.3 Travel Policy between Regions i and j is decided by the values of Du
ij and

Dv
ij : Green = O, Yellow Bottom Right = P, Yellow Top Left = T, Orange =

PT, Red = C. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.4 Computation Time Varying N = 1, 000, 000 to N = 8, 041, 000, 000. . . . . . 92

4.5 Timeline for each of the 8 SEIR compartments for a single region with

N = 8, 041, 000, 000 people. After about two years, the two susceptible

compartments have almost vanished, while the exposed and infected

compartments are gradually decreasing, as the recovered are increasing more

rapidly. In particular the vaccinated recovered is growing fastest, because

in this simulation the value of θ = 4.0 × 10−3 was such that 65% of the

population was vaccinated after two years. . . . . . . . . . . . . . . . . . . . 93

4.6 Computation Time for a 6 region hybrid model with population distributions

as in equation 4.38, and varying the total population N = 1, 000, 000 to

N = 8, 041, 000, 000. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.7 Computation Time for N = 8, 000, 000, 000 people distributed randomly in

n regions varying from n = 3 to n = 303. The n = 303 region model took an

average of 18.4 seconds. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

xi



4.8 Normalized Susceptible vs. Normalized Exposed with Automated Travel

Restrictions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.9 Normalized Susceptible vs. Normalized Exposed with No Travel Restrictions 98

4.10 Normalized Susceptible vs. Normalized Infected with Automated Travel

Restrictions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

4.11 Normalized Susceptible vs. Normalized Infected with No Travel Restrictions 99

4.12 Normalized Exposed vs. Normalized Infected with Automated Travel

Restrictions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.13 Normalized Exposed vs. Normalized Infected with No Travel Restrictions . 100

4.14 Comparison of Normalized Infected in the World. There are more than 16

million more infected at the peak without travel restrictions. . . . . . . . . 101

4.15 Comparison of Normalized Infected in Asia . . . . . . . . . . . . . . . . . . 101

4.16 Comparison of Normalized Infected in Africa . . . . . . . . . . . . . . . . . 102

4.17 Guard Conditions met for Oceania and North American travel policy changes

in Scenario 1. Changes in the background color correspond to guard

conditions, as in Figure 4.1.5. . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4.18 (Du
ij , D

v
ij) curves are always continuous, but do not need to be differentiable

i.e. can have kinks and corners, or even be self intersecting. . . . . . . . . . 104

xii



Chapter 1

Introduction

A graph is one of the most attractively simple constructions in all of mathematics,

nothing more than a set of vertices with edges between them. Despite their humble

definition, graphs can be quite interesting and complex mathematical objects, particularly

as the number of vertices n grows large. In this regard, graph theory can offer the pure

mathematician a great depth to be studied, but at the same time, the origins of graph

theory have always been closely tied to problem solving and applied mathematics. Indeed,

the first paper on graph theory is widely accepted to be Leonhard Euler’s attempt in 1736 to

answer a question regarding the feasibility of returning to your starting point after crossing

each of the seven bridges of Königsberg exactly once (2; 3). By abstracting away all of the

nonessential features of the problem, Euler was able to formulate and solve the question

within a purely graph theoretic framework. In particular, the abstraction is quite natural

within any context that prominently involves the pairwise relationships between objects.

In the nearly three centuries since, graph theory has flourished into a fully fledged field

of mathematics. In this dissertation, we humbly acknowledge the vast amount of graph

theoretic notions that will be left unexplored, or touched upon only briefly. However, we

believe the spirit of Euler’s initial realization remains, that is, when faced with a potentially

large collection of objects to be analyzed, thinking generally about the totality of their

pairwise connections can be a useful and powerful tool. One realm of mathematics that

has benefited from exploiting this graph theoretic paradigm is the study of certain types of

1



dynamical systems, ones in which the interactions between different parts play an important

role in the overall way the system evolves. Indeed, many seemingly disparate applications

in dynamical systems can collectively be viewed within this framework.

The general formulation of the problem that motivates this dissertation is the following:

the study of dynamical systems that exist within a larger network i.e. dynamical systems

for which we have a set of many (potentially different) kinds of local dynamics, coupled

together via a number of pairwise connections. The system can be written in a compact

form as

dx(t)

dt
= g(x(t))− Lx(t) (1.1)

where g(x) = [g1(x1), . . . , gn(xn)]
T distinguishes the local dynamics from the coupling

obtained by multiplication by L. The local dynamics can be associated with vertices in

a graph representing the network, with edges (which may potentially be weighted and/or

directed) modeling connections between them, as shown in Figure 1.1. The particular

dx1(t)
dt

= g1(x1)− (Lx)1

dx2(t)
dt

= g2(x2)− (Lx)2

dx3(t)
dt

= g3(x3)− (Lx)3

w13
w31

w12 w21

w23

w32

Figure 1.1: A coupling of n = 3 local dynamics via a network modeled by a graph with
weighted directed edges. The maximal number of edges are drawn, but we need not have
every wij ̸= 0. Here, subscripts refer to individual local dynamics, that could themselves
be vectors. The notation (Lx)i is the contribution to the ith dynamic due to coupling.

coupling we have in mind here relates fundamentally to an object called the graph Laplacian,

which is a matrix representation with particularly desirable properties (4; 5). Moreover, at

a higher level we employ graph theoretic notions as a way of describing potential changes

that the dynamical rules themselves may undergo. Specifically, we describe the notion of a
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hybrid dynamical system, one that can evolve continuously in time, but further allows for

discontinuities in the dynamics when some part of the system has reached a threshold that

fundamentally changes the way the system will evolve subsequently (9; 10). Of primary

interest are discontinuities in the dynamics that effect the coupling from L but leave the

local dynamics g(x) unaffected. The superstructure itself can also then be viewed as a graph,

with a vertex representing a particular dynamical system, and outgoing edges encoding the

threshold values that may potentially be reached, thereby leading to an entirely different

instance of a dynamical system. We illustrate an example in Figure 1.2. Important to

dx(t)
dt

= f(q1, x)
dx(t)
dt

= f(q2, x)

dx(t)
dt

= f(q3, x)

dx(t)
dt

= f(q4, x)

Grd((q4, q1))

Grd((q1, q2))

Grd((q2, q3))

Grd((q4, q2))

Grd((q3, q4))

Grd((q4, q3))

Figure 1.2: A hybrid system with four discrete states Q = {q1, q2, q3, q4}. The dynamics
f(qi, x) and f(qj , x) are generally different for qi ̸= qj . The map Grd stands for “guard
condition” and takes as inputs the directed edges from Q×Q (see Definition 2.1.1).

note in both cases is the finite number of the structures involved, a finite number of local

dynamics which are coupled together to make up a single dynamical system, and a finite

number of dynamical systems which can potentially be switched between as the total hybrid

system evolves.

Applications

We mainly focus on two applications in this dissertation:
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1. Multi-Agent Systems for Autonomous Vehicles. The primary idea is to develop

protocols that can be utilized in managing a fleet of automated robotic vehicles,

as in (11; 15). Using a set of self-organizing principles, we wish to coordinate

their movements while bypassing the need for a human operator. The autonomous

robotic vehicles could be given the objective to rendezvous, or to organize themselves

into a specified moving formation, for example. The fleet could be comprised of

potentially different types of unmanned vehicles, such as a combination of water

vehicles and quadcopters for a mission at sea. Initially we view each vehicle as having

its own separate dynamics to control its motion, dynamics which are continuous and

independent from the other vehicles. Then additionally, we assume a communication

network exists between the vehicles, which adds a coupling between the vehicles’

dynamics which is associated with the edges of a graph, as local information which

is shared may impact the collective dynamics. The network edges exist discretely,

for example two vehicles might establish or lose their connection depending on their

relative positions, potentially altering the graph connectivity. The combination of

continuous local dynamics and the existence of a discretely dynamic communication

network falls into the framework of Equation 1.1 where g(x) dictates each vehicle’s

dynamics and L models the influence due to information shared between vehicles.

The hybrid system formalism can be used to describe both discrete changes in the

network, and the changes to a vehicle’s prescribed protocol, depending on the relevant

objective.

2. Mitigation of Global Disease Spread via Travel Restrictions. Modeling the COVID-

19 pandemic is another example of a dynamical system that can be described by

Equation 1.1. Geographic locations have their own local dynamics for disease spread,

which vary continuously, and were the focus of most of the modeling efforts during the

pandemic. However, connections exist between larger geographic locations, as seen

by the substantial amount of daily air traffic. The Federal Aviation Administration

alone accounts for 2.9 million airline passengers each day (17). Other estimates list

4



4.5 billion flights in 2019 prior to the pandemic (18). In this manner, a virus could

quickly cover vast distances and thereby couple the local disease dynamics of two

regions between which air travel exists. Thus the world wide network of air traffic has

the potential to control or effect the global impact of a pandemic. Travel restriction

policies, even if updated and implemented regularly, naturally vary in a discrete

manner, and potentially alter the dynamics of the spread of the disease across multiple

regions. Referring to Equation 1.1 we have that g(x) describes the local dynamics for

disease spread, for example representing a compartmental SEIR model, and L models

the coupling between regions due to potentially infected individuals traveling between

them.

The two applications described above were chosen due to my involvement with a project

working with an aerospace and security contractor, to design and implement automated

missions of multiple unmanned vehicles, as well as working with the Hawaii Pandemic

Applied Modeling Group (HiPAM) in the role of modeling and forecasting daily cases,

hospitalizations, and the number of ICU patients for the State of Hawai‘i.

Contribution

The contribution of this dissertation is primarily two-fold. We lay the foundational

groundwork for the theory of hybrid systems, specifically the notion of hybrid automata.

The directed edges in a hybrid automaton lead naturally to include some common graph

theoretic notions and constructions, in particular, the coupling of local dynamics obtained

via utilizing the graph Laplacian. The mathematical framework is then implemented in the

two applications of dynamical systems, allowing one to see the overarching similarities

in both, and providing a common language to discuss related and future work. The

contribution for each application is further elucidated below.

Developing and implementing an automated fleet management system with flexible

objectives is a difficult task. This was made clear attempting to run experiments with

multiple quadcopters in collaboration with the Applied Research Laboratory (ARL). Rather
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than the particular local dynamics of each agent, my role in the project was mainly focused

on multi-agent coordination, which is what is presented here in this dissertation. The

primary novelties are: the use of the hybrid automaton framework to describe the problem

more rigorously and completely, augmenting existing algorithms based on tools from graph

theory for multi-agent systems with considerations relevant to the multiple quadcopter

experiments, and working in collaboration to implement a virtual reality visualization of

our simulations.

With regards to the application in epidemiology, the contribution made by utilizing

the hybrid system formalism is clear. Modeling during the COVID-19 pandemic was most

often done locally, albeit out of the necessity of immediacy, but also due to problems of

scalability. Indeed, a compartmental model like a SEIR model intended to accommodate

the entire world population would not automatically account, for example, for variants of

a virus which are active in different regions, or for other details that are specific locally.

Nor would it inherently allow for the mixing of populations via travel, while factoring in

travel restrictions that vary from region to region. On the other hand, an agent based

model at the scale of the world is computationally unfeasible. Furthermore, there is a

need for simulations of countries cooperating together, as travel restriction policies were

taken by countries without global coordination. It is possible, for instance, that a strategy

which appears unfavorable to a region at some point of the pandemic might be best for

containing the global spread, or that only by coordinating policies among several regions

can a restriction strategy be truly effective. We provide a proof of concept for a hybrid

automaton model that works at the scale of the entire world and regulates travel in an

deterministic way via so-called “guard conditions” defined in Chapter 2, Definition 2.1.1.

Outline

In Chapter 2 we provide background and definitions for the general theory of hybrid systems,

notably for a hybrid automaton H, as well as some basic notions and constructions in graph

theory such as the graph Laplacian. In Chapter 3 we discuss applications of the formalism
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established in Chapter 2 to unmanned aerial vehicles (UAVs) and extend some of the more

basic graph theoretic results to achieve a protocol for moving formations. In Chapter 4

we again apply the formalism established in Chapter 2, this time to the application in

epidemiology, to define a hybrid automaton SEIR model designed to run simulations which

incorporate automated travel restriction policies on the scale of the world’s population. In

Chapter 5 we make concluding remarks and discuss potential for future research.
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Chapter 2

Background and Definitions

This chapter introduces the definition and notions for the work presented subsequently in

this dissertation. It falls essentially into two parts: Hybrid Systems in Section 2.1, and the

Graph Laplacian in Section 2.2. We first introduce the notion of a hybrid automaton H,

including the most essential aspect for our purposes, the guard conditions. We also define

hybrid trajectories and executions in this setting. Next the graph Laplacian is introduced

along with some of its properties that will be of interest in our work. This background is

well developed in existing literature and references are explicitly provided.

2.1 Hybrid Systems

The notion of a hybrid dynamical system is relatively young in the mathematical literature

compared to the longstanding idea of a continuously varying dynamical system, with the

original concepts distilled primarily in the 1990s (30; 31). Often with specific applications

in mind, the theory has come a long way in the thirty years since, with much work being

done to make the mathematical underpinnings rigorous and to extend the analogous results

from classical dynamical systems (9; 10; 7). A hybrid system is a dynamical system which

includes interactions between different kinds of dynamics, in particular, with the dynamics

that arise from interactions between continuous state dynamics and discrete state dynamics.

Hence our hybrid state variable will be a pair, (q, x) with q(t) varying discretely in time
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and thereby potentially altering the dynamics of x(t), which varies continuously. In other

words, if the hybrid system starts off with initial condition (q0, x0), then the continuous

state x will flow according to some differential equation that depends on the initial discrete

state,

dx(t)

dt
= f(q0, x(t))

x(0) = x0

(2.1)

Meanwhile the discrete state remains constant, q(t) = q0 until a time t1 when x(t1) reaches

a state that may potentially trigger a discrete change q(t1) = q1. Then continuous flow

resumes according to dx(t)
dt

= f(q1, x(t)), and so on.

2.1.1 Dropped Ball Example

A nice example of a one dimensional continuous dynamical system is a ball dropped from

some height h above the ground. This example is included in (9; 10) but is primarily inspired

by (7), as well as MATLAB documentation (28). Suppose x(t) = [x1(t), x2(t)]
T ∈ R

2

corresponds to the ball’s vertical position above the ground and its velocity, respectively.

Then initially we have x1(0) = h and x2(0) = 0. Newton’s laws of motion provide us the

relevant dynamics, assuming we have neglected the drag force due to air resistance,

dx1(t)

dt
= x2(t)

dx2(t)

dt
= −g

. (2.2)

Equations 2.2 are separable and can be solved exactly. After applying the initial conditions

we have solutions

x1(t) = −1

2
gt2 + h

x2(t) = −gt

. (2.3)
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Setting x1(t) = 0, we see that the ball will hit the ground at time
√

2h
g
with velocity −

√
2gh.

If we assume the ball is perfectly damped, then it does not bounce, and there is nothing

more to say. The ball will remain at x(t) = [0, 0]T for all t >
√

2h
g
. On the other hand, if we

assume the ball is perfectly elastic, then the rebound speed will be the same as the incident

speed. If we imagine restarting our time clock at zero, we use again Equations 2.2, only

subject now to the initial conditions x1(0) = 0 and x2(0) =
√
2gh. Then we have solutions

x1(t) = −1

2
gt2 +

√

2ght

x2(t) = −gt+
√

2gh

. (2.4)

Setting x1(t) = h, we see that the ball will be restored to height h with zero velocity at time
√

2h
g
. In other words, our system is a harmonic oscillator. The energy E(t) is preserved

during this continuous evolution. To see this, write it as the sum of the potential and kinetic

energy, E(t) = mgx1(t) +
1
2m [x2(t)]

2, and differentiate:

dE(t)

dt
= mg

dx1(t)

dt
+mx2(t)

dx2(t)

dt
= mgx2(t) +mx2(t) (−g) = 0.

(a) Perfectly Damped Ball (b) Perfectly Elastic Ball

Figure 2.1: Typical Non-physical Assumptions for a Dropped Ball

The reason the above is included, beyond highlighting a simple example of a continuous

dynamical system, is to illustrate how in both cases our chosen set of assumptions were

non-physical. Even a bowling ball dropped into sand would not behave just as in the first

case, nor would a rubber ball dropped onto a hard floor behave as in the second. The
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reality of dropping a ball is that it will bounce, but up to a height which is less than the

one from which it was dropped. The system is readily described as a hybrid system with

a single discrete state which attempts to model the discrete change taking place each time

the ball contacts the ground, thereby losing some of its energy. To flesh out the hybrid

dynamics, we acknowledge Equations 2.2 are valid in the right half plane of R2 i.e. when

then ball is above the ground, x1 > 0. Once the ball strikes the ground, x1 = 0, with

velocity x2 < 0, a discontinuity in the velocity occurs, x2 := −cx2 for c ∈ (0, 1) i.e. the

speed of the ball after bouncing is some fraction of what it was before, and the direction of

the velocity is reversed. This is a more realistic assumption than either no bounce (c = 0)

or a fully restorative bounce (c = 1), shown above in Figures 2.1a and 2.1b, respectively.

After the assignment x2 := −cx2, the continuous state x(t) will subsequently resume flowing

according to the dynamics in Equations 2.2. Such a trajectory is called an “execution” of

the hybrid system, which we shall define precisely in the following section. The fraction of

the energy E(t) lost at each bounce is equal to 0 < 1− c2 < 1. This is quickly calculated by

letting h̃ represent the maximum height the ball achieves between bounces. The moment

right before impacting the ground, the ball has zero potential energy, having converted it all

to kinetic energy, equal to mgh̃. As before, it strikes the ground with velocity −
√

2gh̃. The

moment after impacting the ground, the ball again has zero potential energy, but has in this

hybrid formalism a kinetic energy 1
2m(−c · −

√

2gh̃)2 = c2mgh̃ as claimed. Similarly to the

case with the harmonic oscillator, our ball bounces an infinite number of times. However,

in the hybrid formalism this occurs in finite time, as the time elapsed between bounces is

2cb
√

2h
g

where b ≥ 1 is the number of bounces that have occurred, or in terms of the energy,

the time elapsed between bounces is
√

8E(t)
mg2

.
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Figure 2.2: Execution (to be defined) of the Dropped Ball Hybrid System with c = 0.6.
The changes in color occur after each bounce and correspond to the single edge (q, q) as in
Figure 2.3

2.1.2 Hybrid Automata & Hybrid Time Sets

Now that the intuition is given, we proceed to formally give the primary definition of

interest. Again, equivalent definitions are given in (9; 10) but we prefer the treatment in

(7).

Definition 2.1.1. A hybrid automaton H is given by the following collection of data:

H = (Q,X, f, Init,Dom,E,Grd,Res) where

• Q = {q1, q2, . . . } is a set of discrete states (a finite or countable number of them),

• X ⊆ R
d is a set of continuous states,

• f(·, ·) : Q×X → R
d is a vector field,

• Init ⊆ Q×X is a set of initial states,

• Dom(·) : Q → 2X is a domain (assigns to each discrete state q ∈ Q a set of continuous

states Dom(q) ⊆ R
d that make sense for that particular q),
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• E ⊆ Q×Q is a set of (directed) edges (encoding the eligible changes the discrete state

may make),

• Grd(·) : E → 2X is a guard condition, (explained subsequently)

• Res(·, ·) : E ×X → 2X is a reset map (explained subsequently).

Definition 2.1.2. We refer to (q, x) ∈ Q×X as the state of the hybrid automaton H.

Hybrid automata necessarily involve both continuous flow determined by the vector field

f(q, ·) as in Equation 2.1 and also discrete changes to said flow, determined by the edges of a

digraph. To describe this in more detail, we desire a set of times that include both continuous

intervals over which the continuous evolution occurs, and particular distinguished moments

in time when the transitions along an edge occur. As such, we introduce a notion of a hybrid

time set.

Definition 2.1.3. A hybrid time set is a sequence of intervals τ = {I0, I1, . . . , IK} (either

a finite number K < ∞ or an infinite number K = ∞) such that

• Ik = [τk, τ
′
k] for each k < K,

• if K < ∞ then either IK = [τK , τ ′K ] or IK = [τK , τ ′K),

• τk ≤ τ ′k = τk+1 for all k ≥ 0.

The idea is that our primed times are the times at which discrete transitions of the hybrid

system take place. In other words, the rightmost point of the Ik interval, τ ′k, corresponds

to the time instant just before a discrete transition, the leftmost point of the Ik+1 interval,

τk+1, corresponds to the time instant just after the discrete transition, and that τ ′k = τk+1

corresponds to the fact that we assume discrete transitions happen instantaneously. One

advantage of this convention is that it easily affords multiple discrete transitions taking place

one after the other. This is because we allowed specifically degenerate intervals τk ≤ τ ′k

instead of imposing τk < τ ′k so that situations like τ ′k−1 = τk = τ ′k = τk+1 can occur.
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d
dt

[

x1(t)
x2(t)

]

=

[

f1(q, t)
f2(q, t)

]

=

[

x2(t)
−g

]

if x1(t) = 0 and x2(t) < 0, put x2(t) := −cx2(t)

Figure 2.3: The Dropped Ball Example as a Hybrid Automaton. We have one discrete
state Q = {q}. The set of continuous states is X = R≥0 × R. The vector field is as
shown above and in the Equations 2.2. The initial state is (q, [100, 0]T ). Only one edge
is possible, shown above, from q to itself. The guard condition image is the subset of X
given by x1(t) = 0 and x2(t) < 0. The reset map image then sends the continuous state
[x1(t), x2(t)]

T 7→ [x1(t),−cx2(t)]
T .

There is a natural way to order elements of a hybrid time set. For some ti ∈ [τi, τ
′
i ] ∈ τ

and some tj ∈ [τj , τ
′
j ] ∈ τ we say that ti precedes tj , denoted ti ≺ tj , if we have ti < tj or

more generally if i < j i.e. if ti belongs to an earlier interval than tj . (But note this weaker

condition does not necessarily imply ti < tj as per our observation above). Given any two

distinct times ti and tj in elements of τ , either ti ≺ tj or tj ≺ ti i.e. τ is linearly ordered

by the relation ≺. We can further discuss an ordering on hybrid time sets themselves. We

say that τ = {Ik}Kk=1 is a prefix of τ̂ = {Îk}Jk=1, denoted τ ⊑ τ̂ if they are in fact the same,

or if K ≤ J , Ik = Îk for 0 ≤ k ≤ K − 1, and IK ⊆ ÎK . We say τ is a strict prefix of τ̂ ,

denoted τ ⊏ τ̂ , if τ ⊑ τ̂ and τ ̸= τ̂ . Given any two hybrid time sets τ and τ̂ , it may be the

case that neither τ ⊑ τ̂ nor τ̂ ⊑ τ i.e. the set of all hybrid time sets is partially ordered

by the relation ⊑. Now that we have a grip on our time domain, we can precisely define

trajectories of our hybrid system, and elaborate on the meaning of the guard condition and

reset map in Defintion 2.1.1.

2.1.3 Hybrid Trajectories & Executions

Definition 2.1.4. A hybrid trajectory is a triple (τ, q̂, x̂) consisting of a hybrid time set

τ = {Ik}Kk=0 and two sequences of functions q̂ = {qk(·)}Kk=0 with each qk(·) : Ik → Q and

x̂ = {xk(·)}Kk=0 with each xk(·) : Ik → X.
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Definition 2.1.5. An execution of a hybrid automaton H is a hybrid trajectory (τ, q̂, x̂)

which satisfies the following conditions:

• Initial Condition: (q0(0)), x0(0)) ∈ Init

• Discrete Evolution: For all k we have that

– (qk(τ
′
k), qk+1(τk+1)) ∈ E

– xk(τ
′
k) ∈ Grd(qk(τ

′
k), qk+1(τk+1))

– xk+1(τk+1) ∈ Res(qk(τ
′
k), qk+1(τk+1), xk(τ

′
k))

• Continuous Evolution: For all k we have that

– qk(·) : Ik → Q is constant over t ∈ Ik

– xk(·) : Ik → X is the solution to the differential equation: dxk(t)
dt

= f(qk(t), xk(t))

over t ∈ Ik starting at xk(τk)

– xk(t) ∈ Dom(qk(t)) for all t ∈ [τk, τ
′
k)

The definition above specifies which hybrid trajectories are executions of H and which

are not. The first restriction simply states that the execution should start at an acceptable

initial state in our set Init ⊆ Q × X. We typically write (q0, x0) := (q0(τ0), x0(τ0)) for

simplicity. Moreover, we will usually make the assumption that τ0 = 0, without loss of

generality.

The second restriction states when discrete transitions can occur, and what states

are possible after discrete transitions. It relates the state before the discrete transition,

(qk(τ
′
k), xk(τ

′
k)), to the state after the discrete transition, (qk+1(τk+1), xk+1(τk+1)) by noting

(qk(τ
′
k), qk+1(τk+1)) should be an existing directed edge, xk(τ

′
k) should belong to the guard

condition image of this edge, and xk+1(τk+1) should belong to the reset image of this edge.

Importantly, we think of the guard image as enabling the discrete transition that potentially

occurs i.e. the execution may take a discrete transition so long as the continuous value is

in the corresponding guard image (or it may not, but the physical meaning is that it is a

physically valid potential transition).
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The third restriction determines what happens during continuous evolution, and when

continuous evolution must give way to a discrete transition. As mentioned at the very

start of the chapter, the discrete state remains constant during continuous evolution, which

flows according to a differential equation that depends on that constant discrete state,

dx
dt

= f(q, x). Furthermore, we require that along continuous evolution the continuous

state remains in the domain assigned to the discrete state, Dom(q) ⊆ R
d. Therefore it is

convenient to think of Dom(q) as forcing discrete transitions i.e. the execution must make

a discrete transition if the state is about to leave the domain.

The fact that we say the guard image enables potential discrete transitions, and the

domain forces them, hints at more than just a useful way of speaking. We go further and

say that the hybrid automaton accepts executions (rather than generates them) since this

perspective allows one to consider hybrid automata that accept multiple executions for the

same initial state, a particularly useful property to have when modeling a system involving

some uncertainty.

Definition 2.1.6. An execution (τ, q̂, x̂) is called:

• Finite if τ = {Ik}Kk=0 is a finite sequence i.e. K < ∞, and the last interval is closed,

IK = [τK , τ ′K ].

• Infinite if either τ = {Ik}Kk=0 is an infinite sequence i.e. K = ∞, or if the sum of the

time intervals is infinite,

K
∑

k=0

(τ ′k − τk) = ∞

Definition 2.1.7. An execution (τ, q̂, x̂) is called Zeno if it is infinite, but specifically in

the case where K = ∞ and

K
∑

k=0

(τ ′k − τk) < ∞. In other words, a Zeno execution makes an

infinite amount of discrete transitions in a finite amount of time.

Definition 2.1.8. An execution (τ, q̂, x̂) is called maximal if τ is not a strict prefix, τ ̸⊏ τ̂ ,

for any other hybrid time set τ̂ for which (τ̂ , q̂, x̂) is another execution of the hybrid

automaton H.
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This concludes our discussion on hybrid dynamical systems. The formalism that has

been provided is more than sufficient to handle the applications we include subsequently

in this dissertation, and in fact, is general enough to readily handle many more types of

scenarios. More elaborate constructions and examples can be found in (9; 10; 7).

2.2 The Graph Laplacian

In this dissertation we are interested in dynamical systems that include local dynamics

coupled together via a network. In order to exploit tools that have been developed in graph

theory, we model the network by a graph, denoted G(V,E), where V is the set of vertices

associated with the local dynamics, and E is the set of edges describing their coupling. The

payoff is two-fold, as we may also model the entire superstructure of the hybrid systems as

a graph with directed edges associated with the guard conditions.

For this discussion, we assume the vertices V = {v1, v2, . . . , vn} have been uniquely

labeled from 1 to n. If there is no risk of confusion, we often hereafter drop the v notation

and refer to vertices by their unique index with no implied distinction. If the set of edges

are undirected, then each corresponds to one of the
(

n
2

)

possible pairs of vertices i.e. a subset

E ⊆ {{i, j}|vi, vj ∈ V, i ̸= j} with the set notation {i, j} for edges helping us remember the

fact that {i, j} ∈ E ⇐⇒ {j, i} ∈ E. The qualification i ̸= j prevents a loop from a vertex

to itself. However, in the theory of hybrid systems, we do allow for directed edges to both

end and begin at the same vertex, as seen in the example of the dropped ball in Figure 2.3.

Hence for directed edges we assume E ⊆ V × V i.e. we have E ⊆ {(i, j)|vi, vj ∈ V }. In

either case, we disallow multiple edges between two vertices. Such a graph, without loops

and without multiple edges, is called a simple graph, or strict graph. All the undirected

graphs that we consider are simple.

The theory of hybrid systems leads naturally to graphs with directed edges a.k.a

digraphs, but we also want to accommodate another generalization, that is, graphs with

weighted edges. Therefore we have four types of graph that may be discussed, graphs,

17



digraphs, weighted graphs, and weighted digraphs. We use, and so include discussions

about, each, although there is naturally a great deal of overlap in the theory. We begin the

discussion with graphs. The following discussion can also be found in (6).

2.2.1 Scalar Dynamics

Suppose we have a set of scalar dynamical variables, ξ1(t), ξ2(t), . . . , ξn(t) and put together

as ξ(t) = [ξ1(t), · · · , ξn(t)]T . Furthermore, suppose the scalar variable exists within a

network, which we associate with a simple graph G(V,E) on n vertices. We have a

natural correspondence between the scalar state ξi(t) and a vertex vi of the graph, and

an accompanying notion of “neighbors” where Ngh(i) is the “neighborhood” of vertex vi

i.e. the collection of adjacent vertices in the graph, Ngh(i) = {vj ∈ V |{i, j} ∈ E}. The

cardinality of this set, #Ngh(i), is called the “degree” of vertex vi, denoted deg(i). Assume

that the rate of change of each scalar state is governed by a sum of relative states with

respect to its neighbors i.e.

dξi(t)

dt
= −

∑

j∈Ngh(i)

(

ξi(t)− ξj(t)
)

, 1 ≤ i ≤ n, (2.5)

Using a typical matrix representation of our graph, we can encapsulate all n of the Equations

2.5 in a single matrix equation, namely,

ξ̇(t) = −L(G)ξ(t), (2.6)

where L(G) ∈ R
n×n is called the graph Laplacian, defined entrywise by

[L(G)]ij =































deg(i) if i = j

−1 if i ̸= j and j ∈ Ngh(i)

0 otherwise

. (2.7)

Definition 2.2.1. We refer to Equation 2.6 as the agreement protocol.
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Since j ∈ Ngh(i) ⇐⇒ i ∈ Ngh(j), one can check from the definition in Equation 2.7

that the Laplacian matrix is symmetric. It is also diagonally dominant since we have the

equality |[L(G)]ii| =
∑

j ̸=i |[L(G)]ij |. These and further characteristic lead to particularly

nice properties, summarized below in Proposition 1.

Proposition 1. Assume G(V,E) is a simple connected graph on n vertices. The graph

Laplacian L(G) is a symmetric positive semidefinite matrix with eigenvalues 0 = λ1 < λ2 ≤

· · · ≤ λn. Moreover, the n-dimensional vector of all ones, 1⃗, is an eigenvector corresponding

to the zero eigenvalue λ1, i.e. L(G)⃗1 = 0⃗.

Proof. This is a standard result and can be found in (12; 13).

Equipped with the results in Proposition 1, we can now proceed to describe why the

name “agreement protocol” makes sense for the dynamics in Equation 2.6.

Let Λ = diag[0, λ2, . . . , λn] and let U = [û1 û2 . . . ûn] be the n× n matrix consisting of

the orthonormal eigenvectors of L(G) corresponding to the eigenvalue ordering above i.e.

UTU = UUT = I and L(G)U = UΛ. Since we can factor the Laplacian as L(G) = UΛUT ,

the solution to Equation 2.6 with initial condition ξ(0) = ξ0 is given by

ξ(t) = e−L(G)tξ0 = e−UΛUT tξ0 = Ue−ΛtUT ξ0,

which can be written

ξ(t) =

n
∑

i=1

e−λit(ûTi ξ0)ûi. (2.8)

Definition 2.2.2. Given a set of n scalar states, the agreement set A ⊂ R
n is defined as

the subspace span{⃗1}. A consensus joint state value is an element of A, and the common

value of its identical components is called its agreed state value.

Proposition 2 shows how when a network of scalar states ξ(t) satisfies the agreement

protocol, the states converge to the particular consensus joint state value whose agreed state

value is precisely the average of the state’s initial components, 1
n

∑n
i=1 ξ

i
0.
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Proposition 2. Let G(V,E) (simple, connected) represent a network of n scalar states,

ξ(t), satisfying the agreement protocol ξ̇(t) = −L(G)ξ(t). Then limt→∞ ξ(t) = α1⃗, where

α = 1⃗T ξ0
n

∈ R is the average of the initial states. In addition, since λ2 is L(G)’s smallest

nonzero eigenvalue, its magnitude will determine the rate of convergence to α1⃗. (12; 13).

Proof. Since λ1 = 0 and λi > 0 for i ≥ 2 we have, from Equation 2.8, that ξ(t) converges to

the consensus joint state value (ûT1 ξ0)û1 = 1⃗T ξ0
n

1⃗ = α1⃗ ∈ A as t → ∞, where 1⃗T ξ0
n

= α ∈ R

is its agreed state value. Moreover, Equation 2.8 implies that eλ2t(ξi(t) − α) converges, as

t → ∞, for all 1 ≤ i ≤ n.

The point limt→∞ ξ(t) = 1⃗T ξ0
n

1⃗ = α1⃗ is precisely the orthogonal projection of ξ0 onto

the agreement set and therefore minimizes the quantity ∥ξ − ξ0∥ over all possible ξ ∈ A,

where ∥ · ∥ is the standard Euclidean distance. Furthermore, 1⃗T ξ(t)
n

is a constant of motion

since we have that d
dt

(

1⃗T ξ(t)
n

)

=

1⃗T ξ̇(t)

n
=

1⃗T (−L(G)ξ(t))

n
=

−ξT (t)LT (G)⃗1

n
= −−ξT (t)L(G)⃗1

n
=

ξT (t)⃗0

n
= 0. (2.9)

2.2.2 Vector Dynamics

Suppose now that instead of a set of scalar dynamical variables, we have a set of

r−dimensional vector dynamical variables, each written ξi(t) = [ξi1(t), · · · , ξir(t)]T for i = 1

to i = n for which we seek r agreed state values. We let Ξ be the n× r matrix whose rows

are given by the ξi,

Ξ =



















ξ11 · · · ξ1r

ξ21 · · · ξ2r
...

...
...

ξn1 · · · ξnr



















. (2.10)

We can then write the agreement dynamics as:

Ξ̇(t) = −L(G)Ξ(t). (2.11)
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We have ξi(0) = [ξi1(0), · · · , ξir(0)]T , the initial vector for state i, for i = 1 to i = n. We

further introduce the notation ξk(0) = [ξ1k(0), · · · , ξnk (0)]T for k = 1 to k = r, a column of

the matrix Ξ(0). Since L(G) = UΛUT , we have that the solution of Equation 2.11 is given

by

Ξ(t) = e−L(G)tΞ(0) = e−UΛUT tΞ(0) = Ue−ΛtUTΞ(0)

which can be written (column by column) as

Ξ(t) =

[

n
∑

i=1

e−λit(ûTi ξ1(0))ûi · · ·
n
∑

i=1

e−λit(ûTi ξr(0))ûi

]

(2.12)

= [e−λ1tûT1 (ξ1(0))û1 · · · e−λ1t(ûT1 ξr(0))û1] +
n
∑

i=2

[e−λit(ûTi ξ1(0))ûi · · · e−λit(ûTi ξr(0))ûi]

=

[

1⃗T ξ1(0)

n
1⃗ · · · 1⃗T ξr(0)

n
1⃗

]

+

n
∑

i=2

[e−λit(ûTi ξ1(0))ûi · · · e−λit(ûTi ξr(0))ûi]

=
[

α11⃗ · · · αr1⃗
]

+

n
∑

i=2

[e−λit(ûTi ξ1(0))ûi · · · e−λit(ûTi ξr(0))ûi] (2.13)

where 1⃗T ξk(0)
n

= αk ∈ R is the kth agreed state value for each scalar state k = 1 to k = r.

As before, we see from Equation 2.13 that limt→∞ Ξ(t) =
[

α11⃗ · · · αr1⃗
]

.

Note that here we assumed the states ξk, were each shared over the same network

G(V,E). Hence the states all shared a common graph Laplacian, L(G). In more general

situations each state variable could have its own distinct network. For example, if we have

r = 3 and put xi = ξi1, y
i = ξi2, and zi = ξi3 then we could have an agreement protocol of the

form: ẋ(t) = −L(Gx)x(t), ẏ(t) = −L(Gy)y(t), and ż(t) = −L(Gz)z(t). The agreement value

itself would not be impacted assuming each of the networks Gx, Gy, and Gz is connected,

however the trajectories ξi(t) ∈ R
3 would generally differ from the above since we have no

guarantees that λ2(L(Gx)) = λ2(L(Gy)) = λ2(L(Gz)) and hence Proposition 2 indicates

that the path of convergence to the agreed state value would be altered.

21



2.2.3 Weighted and Directed Edges

It is natural to ask if we can generalize the notion of the agreement protocol for a graph

with weighted and/or directed edges and obtain results analogous to Proposition 2. Of

the two initial generalizations (weighted or directed), it turns out that weighted edges are

the more straightforward to accommodate. Indeed, in Chapter 3 we show that a graph,

even if possessing nonnegative weighted edges with weights that vary in time, will result

in convergence behavior as in Proposition 2, so long as the graph Gw(t) stays connected

throughout the motion. The intuition for why this is so follows from the facts in Proposition

1, namely, the Laplacian matrix L(Gw(t)) will still be a symmetric positive semidefinite

matrix with eigenvalues 0 = λ1 < λ2(t) ≤ · · · ≤ λn(t) and the eigenvector corresponding to

the zero eigenvalue, L(Gw(t))⃗1 = 0⃗. Put another way, if Gw(t) stays connected, we maintain

throughout the motion the two properties rank(L(Gw(t))) = n−1 and null(L(Gw(t))) = A.

For a digraph (a graph with directed edges) D, the symmetry assumption of the

Laplacian is broken i.e. it is no longer necessary that entry-wise we have [L(D)]ij = [L(D)]ji

for i ̸= j. As a consequence, the assumption that D is connected falls short of sufficient,

since for a digraph we have notions of both weakly connected and strongly connected i.e.

informally speaking, even if the digraph D is “one piece” (weakly connected), it does not

guarantee that there is a directed path from any vertex vi to every other vertex vj (strongly

connected). The proper generalization for digraphs falls somewhere in the middle of weakly

connected and strong connected, listed below in Proposition 3. We shall return to the

discussion of the agreement protocol for digraphs in Chapter 3.

Proposition 3. A digraph D on n vertices has rank(L(D)) = n−1 if and only if it contains

as a subgraph a rooted out-branching, also known as a rooted directed spanning tree (to be

defined in Chapter 3). In that case null(L(D)) = A.

Proof. This is a standard result with several proofs, for example by Tutte, and can be found

in (13; 14; 26).
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2.2.4 Digraph Notation

Although Proposition 3 is well established, there is often a point of difficulty within the

details that we wish to illuminate: there are many inconsistent uses of terminology and

notation within graph theory, for example above, rooted out-branching and rooted directed

spanning tree, which mean the same thing. We highlight a notable instance below, as it

pertains to notation used later in the dissertation.

Recall again the definition of the graph Laplacian in Equation 2.7. Instead of defining

this matrix directly, it is often defined via intermediate matrices, L(G) = ∆(G) − A(G)

where

[∆(G)]ij =















deg(vi) if i = j

0 otherwise

(2.14)

is a diagonal matrix called the degree matrix, and

[A(G)]ij =















1 if {i, j} ∈ E

0 otherwise

(2.15)

is called the adjacency matrix. At first glance it may not seem difficult to extend these

matrices to digraphs. However two conventions must be stated explicitly in order to

determine a unique Laplacian L(D). Firstly, imagine we refer to an edge (i, j) in the

digraph D. It must be stated clearly if this edge starts from vertex vi and goes to vertex

vj , or the other way around. Without loss of generality, take the former. Then there are

still conceivably two different notions of adjacency matrix,

[A1(D)]ij =















1 if (i, j) ∈ E

0 otherwise

(2.16)
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and

[A2(D)]ij =















1 if (j, i) ∈ E

0 otherwise

. (2.17)

This is equivalent to deciding an answer to the following question. When is some vertex

vj “adjacent” to a fixed vertex vi, if it can be reached via an edge starting from vi, as

in A1(D), or if it can reach vi itself, as in A2(D)? Similarly, the notion of vertex degree

deg(i) = #Ngh(i) must be explicitly stated for a digraph. Is the neighborhood of vertex vi

defined by the vertices that can be reached by outgoing edges, or is it vertices that can can

come into vi? In other words, we could have Ngh1(i) = {vj ∈ V |(i, j) ∈ E}, i.e. “outgoing”

degree convention or else Ngh2(i) = {vj ∈ V |(j, i) ∈ E}, i.e. “incoming” degree convention.

This leads to two different degree matrices,

[∆1(D)]ij =















#{vj ∈ V |(i, j) ∈ E} if i = j

0 otherwise

(2.18)

and

[∆2(D)]ij =















#{vj ∈ V |(j, i) ∈ E} if i = j

0 otherwise

. (2.19)

These two pairs of conventions lead to four Laplacian matrices, L1
1(D) = ∆1(D) − A1(D),

L2
1(D) = ∆2(D) − A1(D), L1

2(D) = ∆1(D) − A2(D), and L2
2(D) = ∆2(D) − A2(D). For

example, consider the digraph D in Figure 2.4.

v1

v2 v3

Figure 2.4: A digraph D with four edges (1, 2), (2, 3), (3, 1) and (1, 3).
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We have four potential Laplacian matrices:

L1
1(D) = ∆1(D)−A1(D) =













2 0 0

0 1 0

0 0 1













−













0 1 1

0 0 1

1 0 0













=













2 −1 −1

0 1 −1

−1 0 1













,

L2
1(D) = ∆2(D)−A1(D) =













1 0 0

0 1 0

0 0 2













−













0 1 1

0 0 1

1 0 0













=













1 −1 −1

0 1 −1

−1 0 2













,

L1
2(D) = ∆1(D)−A2(D) =













2 0 0

0 1 0

0 0 1













−













0 0 1

1 0 0

1 1 0













=













2 0 −1

−1 1 0

−1 −1 1













,

and

L2
2(D) = ∆2(D)−A2(D) =













1 0 0

0 1 0

0 0 2













−













0 0 1

1 0 0

1 1 0













=













1 0 −1

−1 1 0

−1 −1 2













.

One might think that the choices in Equations 2.16 and 2.18 go together as a pair, and

likewise for Equations 2.17 and 2.19, however this is not always the case. Occasionally the

choice for adjacency is fixed at A1(D) in Equation 2.16, and the choice of degree is what

may vary depending on the application. This convention leads to the confusing terminology

“outgoing” or “out-degree” Laplacian when referring to L1
1(D) and “incoming” or “in-

degree” Laplacian when referring to L2
1(D). In this context, one might see the statements

that the row sum is zero when the outgoing convention is used, or the column sum is zero

when incoming is used.

Part of the confusion comes from the fact that in the undirected case, mostly everyone

agrees on the definitions and we obtain L(G)T = L(G). But when digraphs break the
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symmetry, we no longer necessarily see this result, but do still have

L1
1(D)T =

(

∆1(D)−A1(D)
)T

= ∆1(D)T −A1(D)T = ∆1(D)−A2(D) = L1
2(D)

and

L2
2(D)T =

(

∆2(D)−A2(D)
)T

= ∆2(D)T −A2(D)T = ∆2(D)−A1(D) = L2
1(D)

i.e. the effect of transposing the Laplacian L(D) can be thought of as keeping fixed

the current degree convention while reversing the direction of all of the edges. Moreover

there may be different sign conventions, depending on the application, that make matters

additionally confusing. After all, we did see above in our equations of motion the appearance

of the negative Laplacian. For example, in the application of chemical reaction networks

with mass-action, (34) defines the Laplacian as A2(D)T −∆2(D) = −L2
1(D) so that column

sums are zero, as does (35), although the latter notes that in other fields, the Laplacian

matrix is often defined as L2
1(D),−L2

2(D), or L2
2(D).

Indeed for our purposes, it is the case that information coming in is what is most

important, since in order to change a dynamic locally, one would except that information

about the outside world would need to be incoming. On the other hand, we desire the

properties in Propositions 1 and 3 with nullspacesA that require the eigenvector 1⃗ and hence

row sums that are zero. Therefore it is the Laplacian matrix L2
2(D) which is most natural

to this dissertation. This is the incoming Laplacian for which we speak of subsequently, or

if nothing is said to the contrary, the primary Laplacian which we associate with a digraph.

Along those lines, we do use the outgoing convention to speak of L1
1(D). This inevitably

leads to the presence of a Laplacian transposed in Chapter 4, but we prefer the extra symbol

to the mismatch in notation, so that every Laplacian mentioned hereafter will have row sum

zero.

This concludes our preliminary discussion of the graph Laplacian in the initial case of

simple graphs. We return to the discussion in Chapter 3 to make the proper generalizations
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mentioned above, for weighted graphs and for digraphs, respectively. Because the symmetry

remains in a weighted graph, much of the intuition from this section carries over to the

discussion there, although more sophisticated techniques are needed to prove analogous

convergence results, such as the Lyapunov function in Theorem 2. On the other hand, the

lack of symmetry for digraphs makes the generalization in this direction more difficult, but

there are still many similar results as hinted at by the strengthening of the assumptions

made going from Proposition 2 to Proposition 3.
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Chapter 3

Multi-Agent Systems For Autonomous Vehicles

In this chapter, we extend some of the results from Chapter 2, now keeping in mind the

application of managing a collection of autonomous vehicles. In future work, we hope to

explicitly allow for different kinds of vehicles, but for simplicity here we will assume a

uniformity amongst them. We again mirror the discussion provided in (6). Of particular

interest are unmanned aerial vehicles (UAVs), because their unique capabilities and relative

affordability are such that they can be used to investigate unsafe or otherwise unreachable

locations. UAVs are already being used in numerous agricultural applications (21; 22),

search and rescue (25; 20), and conservation biology (19). While there are still many open

issues in the use of UAVs, they also have much to offer when it comes to disaster preparation

and response (24).

Implementing a coordinated group of UAVs, rather than a single vehicle, is naturally

more efficient for many mission types. These include tracking, surveillance, and mapping

(23). Moreover, autonomy of individual UAVs provides a flexibility and adaptability that

can be beneficial in many different kinds of applications. In this regard, there are numerous

reasons why collective control of a group of UAVs is an important problem. Common

objectives which are included in this dissertation are rendezvous (16), and formation flying

a.k.a “flocking”. Optimization techniques, as an approach to collective control, have the

general drawback of scaling poorly with the number of vehicles. We shall focus on a common

alternative: so-called graph theoretic methods. The relative simplicity of these methods
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makes them an attractive choice in terms of both scalability and the desire for real-time

control (13; 14). Moreover, they apply quite naturally to situations where there is an

existing network of communications between the UAVs, although the existence of such is

also an additional assumption being made. The benefits include control that is decentralized

in that it occurs over the network without any advanced planning, and certain objectives,

such as rendezvous, can be carried out with only relative information being shared across

the network.

Beyond the powerful graph theoretic techniques, the language of hybrid systems is a

useful additional tool for constructing multi-agent scenarios. Specifically, the discrete states

can be associated with the communication links in the network, as one can imagine these

“drop-out” as a function of distance, for example. Furthermore, the hybrid automaton

formalism can be used to select certain protocols depending on the task which is needed to

be accomplished. This is discussed further in Section 3.2

3.1 Multi-Agent Autonomous Agreement

Suppose a mission with multiple agents requires that at some point the vehicles come

together at a single location, for instance prior to obtaining a moving formation or at the end

of a mission with batteries possibly running low. A main objective is to conserve power and

rely on short-range communication, and make the decision which is most mutually beneficial

for all agents in the network. Autonomous agreement is one of the fundamental problems

in multi-agent coordination, where a collection of agents are to agree on a joint state value.

We saw in Chapter 2 the simplicity and power of the agreement protocols in Equations 2.6

and 2.11. Here we shall enhance this initial model to accommodate time-varying weighted

networks, motivated by the desire to account for the strength of communications between

agents, or possibly to take into account how the strength of communications evolves in

the rendezvous problem as distances between agents change. Suitable assumptions on the

weights imply the agreement value is an invariant, and only the trajectories leading to it
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differ. First, we demonstrate an example of the feasibility of the agreement protocol applied

to a multi-agent which has complete knowledge about all others in the network, specifically,

its trajectory due to the agreement protocol will be linear.

3.1.1 Multi-Agent Trajectories

In this section let êj denote the standard unit vector of all 0’s with a single 1 in the

jth component. We use u1 to denote the vector 1⃗, which is an eigenvector of L(G) with

eigenvalue λ1 = 0. Then as before in Chapter 2, we have its normalization û1 =
1⃗√
n
.

Lemma 1. Assume agent j is connected to every other agent in the network, and set

u1 = 1⃗. Then, u1 − nêj is an eigenvector for L(G) with corresponding eigenvalue λn = n,

that is,

L(G)(u1 − nêj) = n(u1 − nêj). (3.1)

Proof. We have L(G)(u1−nêj) = L(G)u1−nL(G)êj = 0−nL(G)j = −nL(G)j , where L(G)j

is the jth column of the Laplacian L(G). But since G(V,E) has the jth vertex associated

with agent j possessing n − 1 connections, we know that we have a column with all −1’s

except an n − 1 in the jth component i.e. L(G)j = (−1,−1, . . . , n − 1, . . . ,−1,−1)T =

nêj − u1. Hence L(G)(u1 − nêj) = −nL(G)j = n(u1 − nêj) as claimed.

Definition 3.1.1. We say that vertex vi is fully connected in the network G(V,E) if there

exists an edge between vi and every other vertex vj ∈ V with j ̸= i. Hence a fully connected

vertex has n− 1 edges.

It is proven in (33) that the eigenvalues of L(G) are less than or equal to n and the

multiplicity of the eigenvalue λ = n is precisely the number of fully connected vertices.

Theorem 1. Suppose vertex vj is fully connected and that ξ(t) satisfies the agreement

protocol ξ̇(t) = −L(G)ξ(t). Then the trajectory ξj(t) is a straight line.

30



Proof. We know from Equation 2.9 that
∑n

i=1 ξ
i(t) = nα is constant throughout the motion.

We also know that:

ξ̇j(t) = −nξj(t) +

n
∑

i=1

ξi(t) = −n(ξj(t)− α). (3.2)

This simple ODE (Newton’s Law of Cooling), ξ̇j(t) = n(α− ξj(t)), implies that

ξj(t) = α+ (ξj(0)− α)e−nt (3.3)

which is a straight line between ξj(0) and α.

Notice that the proof is the same regardless of whether ξj(t) is a scalar variable, or

a vector corresponding to the jth row of an n × r state matrix Ξ(t) as in Equation 2.10,

provided it satisfies the agreement protocol Ξ̇(t) = −L(G)Ξ(t). Hence for multi-agent

scenarios for UAVs with internal states [x, y, z]T ∈ R
3, fully connected members of the

network when applying the agreement protocol will exhibit linear trajectories to the agreed

state value [αx, αy, αz]
T . For example, consider the Laplacian matrices L(G1) and L(G2)

given by

L(G1) =



















1 −1 0 0

−1 3 −1 −1

0 −1 2 −1

0 −1 −1 2



















& L(G2) =



















2 −1 0 −1

−1 1 0 0

0 0 1 −1

−1 0 −1 2



















.

If we consider n = 4 agents initialized at

Ξ(0) =



















11 14 26

10 18 38

3 4 21

9 1 29



















,
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then the protocols Ξ̇(t) = −L(G1)Ξ(t) and Ξ̇(t) = −L(G2)Ξ(t) will both lead to trajectories

that converge to the agreed state value [8.25, 9.25, 28.5]T , as shown in Figure 3.1. However,

the trajectories themselves will differ, specifically agent 2 under the influence of network G1

will be the only linear trajectory, indicated by the fact that [L(G1)]22 = 3 i.e. vertex v2 is

fully connected within G1 and Theorem 1 applies.

Figure 3.1: Rendezvous trajectories to the agreed state value [8.25, 9.25, 28.5]T . Agent 2 is
fully connected under the network G1, thus enjoys a linear trajectory by Theorem 1.

3.1.2 Weighted Networks

We can imagine a scenario where it is desirable to account for the communications strength

between the autonomous vehicles, or for how that strength evolves with time. Interestingly,

the agreed state value is an invariant, and only the trajectories leading to it are affected (12).

Note that not all extensions are immediately straightforward, however, since the explicit

solution may be difficult to write down. Not all properties can be expected to carry over,

for example, the linear trajectory proof of Theorem 1 relied on cancellation that need not

occur.
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We now assume that the edges are weighted i.e. edges carry a nonnegative numerical

weight. If the graph Gw is a weighted graph, then the off-diagonal entries of the Laplacian

L(Gw) will not be limited to only 0 and −1. Instead, the −1’s corresponding to edges in

the graph are replaced with −wij = −wji to account for the weights. The diagonal entries

will once again be the absolute value of the row or column sum of the non-diagonal entries.

Equations 2.5 and 2.6 therefore respectively become

dξi(t)

dt
= −

∑

j∈Ngh(i)

wij

(

ξi(t)− ξj(t)
)

, 1 ≤ i ≤ n, (3.4)

and

ξ̇(t) = −L(Gw)ξ(t). (3.5)

The proof that the consensus joint state value is given by α = 1⃗ξ0
n
1⃗ comes from the same

reasoning as before since L(Gw) is a symmetric positive semidefinite matrix with eigenvalues

0 = λ1 < λ2 ≤ · · · ≤ λn and L(Gw )⃗1 = 0⃗. This is a consequence of the fact that weighting

preserves the properties that Gw(V,E) is connected and undirected. Moreover, each row

and column of L(Gw) still sums to zero regardless of whether or not the edges of Gw(V,E)

are weighted. Hence, the values of λ2, . . . λn and û2 . . . ûn, will have changed after adding

weights, but we will still have λ1 = 0 and û1 =
1⃗√
n
. Finally, in full generality:

Theorem 2. Consider the dynamical system:

dξi(t)

dt
= −

n
∑

j=1

wij(t)
(

ξi(t)− ξj(t)
)

, 1 ≤ i ≤ n, (3.6)

with initial conditions ξ(0) = [ξ1(0), · · · ξn(0)]T . For each i, j, and for all t ∈ [0,∞) assume

that the weights are functions satisfying wij : [0,∞) → [0,∞) and wij(t) = wji(t).
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Define the Laplacian matrix L(Gw(t)) by

L(Gw(t)) =



















∑n
j=1w1j(t) −w12(t) . . . −w1n(t)

−w12(t)
∑n

j=1w2j(t) . . . −w2n(t)

...
...

...
...

−w1n(t) −w2n(t) . . .
∑n

j=1wnj(t)



















. (3.7)

Then the system of first order equations can be rewritten as ξ̇(t) = −L(Gw(t))ξ(t). If the

rank of L(Gw(t)) is n− 1 for all t then we have

lim
t→∞

ξ(t) =

[

1

n

n
∑

i=1

ξi(0)

]

1⃗.

Proof. By assumption, the matrix L(Gw(t)) is real and symmetric, therefore Hermitian.

Furthermore, it is diagonally dominant with nonnegative diagonal entries. Therefore it is

positive semidefinite. Just as for the unweighted case, λ1 = 0 with corresponding eigenvector

1⃗. Since we assume the graph to be connected throughout the motion, the rank of L(Gw(t))

is always n − 1 and the multiplicity of the zero eigenvalue is one. For any time t we have

that 0 = λ1 < λ2(t) ≤ · · · ≤ λn(t) with a corresponding set of orthonormal eigenvectors

û1 =
1⃗√
n
, û2(t), . . . , ûn(t).

Let ξ∗ =
(

1
n

∑n
i=1 ξ

i(0)
)

1⃗. Even with the weights wij : [0,∞) → [0,∞) time-varying,

we can show with initial conditions ξ(0) that the trajectories ξ(t) → ξ∗ as t → ∞. A useful

observation is that

ξ̇(t) = −L(Gw(t))ξ(t) ⇒ ξ(t)− ξ(0) = −
∫ t

0
L(Gw(s))ξ(s)ds

⇒ 1⃗T (ξ(t)− ξ(0)) = −1⃗T
(∫ t

0
L(Gw(s))ξ(s)ds

)

= −
∫ t

0
1⃗TL(Gw(s))ξ(s)ds = −

∫ t

0
0⃗T ξ(s)ds = −

∫ t

0
0ds = 0,
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so that we have 1⃗T ξ(t) = 1⃗T ξ(0) for all t ∈ [0,∞). Let V : Rn → R be defined by:

ξ 7→ V (ξ) =
1

2
∥ξ − ξ∗∥2 = 1

2
(ξ − ξ∗)T (ξ − ξ∗).

We have:

1. V (ξ) ≥ 0,

2. V (ξ) = 0 ⇐⇒ ξ = ξ∗,

3. V̇ (ξ) = d
dt
(V (ξ(t))) = ξ̇T∇V (ξ) = −(ξ − ξ∗)TL(Gw(t))(ξ − ξ∗) ≤ 0

since vTL(Gw(t))v ≥ 0 for any v ∈ R
n since L(Gw(t)) remains positive semidefinite. We see

that ξ = ξ∗ implies V̇ (ξ) = 0, but also in the other direction that V̇ (ξ) = 0 implies ξ = ξ∗

i.e. V̇ (ξ) < 0 for ξ ̸= ξ∗. To see this, let A = span{⃗1} = null(L(Gw(t))) be the null space of

L(Gw(t)) and suppose that (ξ − ξ∗)TL(Gw(t))(ξ − ξ∗) = 0. On the one hand, this implies

ξ − ξ∗ ∈ A, but on the other hand, since we saw 1⃗T ξ(t) = 1⃗T ξ(0), we have that ξ − ξ∗ ⊥ A

since

1⃗T (ξ − ξ∗) = 1⃗T

(

ξ − 1⃗T ξ(0)

n
1⃗

)

= 1⃗T ξ − 1⃗T ξ(0)

n
1⃗T 1⃗ = 1⃗T ξ − 1⃗T ξ(0) = 0. (3.8)

Finally, ξ − ξ∗ ∈ A and ξ − ξ∗ ⊥ A imply ξ − ξ∗ = 0⃗ ⇒ ξ = ξ∗. We conclude:

V̇ (ξ) = −(ξ − ξ∗)TL(Gw(t))(ξ − ξ∗) = 0 ⇐⇒ ξ = ξ∗. (3.9)

Therefore 1, 2, 3 and Equation 3.9 imply that V (ξ) is a nonnegative function with a

minimum at ξ∗ which is strictly decreasing for all trajectories ξ(t) ̸= ξ∗ hence ξ(t) → ξ∗ as

t → ∞, i.e.,

lim
t→∞

ξ(t) =

[

1

n

n
∑

i=1

ξi(0)

]

1⃗

as claimed.

35



3.2 Protocol Switching

Presumably a network Gw(V,E) could have edges whose weights vary continuously in time,

as some function of signal strength. However the existence of the edges themselves can

easily be imagined to vary discretely. For example, if fixed values ωij > 0 are assigned to

each pair of agents, an example of varying weights that lead to a discretely varying set of

edges are wij : [0,∞) → [0,∞) given by

wij(t) =















ωij if ∥ξi(t)− ξj(t)∥ ≤ δij

0 otherwise

(3.10)

for some inter-agent distances δij for which it is assumed agents i and j within these ranges

can either sense each other directly, or else send and receive information. In other words,

the weights wij(t) in Equation 3.10 behave as switches “on” and “off” as a function of

proximity. Each new edge {i, j} which is added once ∥ξi(t) − ξj(t)∥ ≤ δij corresponds to

a new set of coupled dynamics under the weighted agreement protocol in Equation 3.5,

and therefore can be associated with a vertex of a hybrid automaton. Since we assume a

connected graph throughout the dynamics, at least n − 1 edges will always exist, which

leaves at most
(

n
2

)

− (n − 1) = (n2 − 1)(n − 1) = 1
2n

2 − 3
2n + 1 new potential edges which

could be added first during the dynamics. Each may be associated with some discrete state.

Indeed, one can check for n = 2 that there is no additional edge that can form between two

agents, (22 − 1)(2 − 1) = 0 and similarly for n = 3 there is only one, (32 − 1)(3 − 1) = 1.

Further edges can be added, although the counting argument becomes difficult since there

are obvious equivalences in the resulting networks e.g. adding an new edge from i1 to i2 and

then from i3 to i4 results in the same graph as adding the same two edges in the opposite

order. The important point is that the number of edges which can be added, and hence the

number of possible graphs that can occur are both finite, and as such can correspond to a

space of discrete dynamical variables forming Q. For example, as a strict upper bound on
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the cardinality of Q, we have 2(
n

2), which is finite, but indeed this includes graphs that are

disconnected.

This idealized setup will successfully achieve rendezvous via the weighted agreement

protocol, as was demonstrated in Theorem 2. Since we assume our weighted graph

Gw(t) stays connected, we have ξ(t) → ξ∗, and so our inter-agent distances likewise

∥ξi(t)−ξj(t)∥ → 0 as t → ∞ for all pairs {i, j}. Hence if every δij > 0, the graph Gw(t) will

eventually become a complete graph in finite time i.e. every agent will be coupled to every

other agent in the network. When this happens, we may cleverly make another discrete

change to the dynamics: a change in protocol from agreement to moving formation. Assume

one agent is selected to be the “leader”. By continuing to share its state values with the

other n− 1 agents, and ignoring any returning signals altogether (effectively we switch our

graph from a complete graph to a digraph that has as a subgraph an out-branching rooted

at the leader as in Proposition 3) we proceed to describe a protocol that will achieve any

pre-specified formation ϕ, while matching the velocity of the leader.

3.3 Moving Formation of Robotic Vehicles

3.3.1 Network Assumptions

Assume we have a collection of a finite number n of unmanned robotic vehicles. We make the

simplifying assumption to initially treat each identically, but it is not strictly necessary in

practice. The strongest assumption being made will be on the communications network. In

an idealized case, we assume no latency or delay, no random noise or incomplete information,

and no unexpected dropouts. We do generally allow for communication that is two-way or

one-way in either direction. The protocol switching to one-way communication described

above will be to impose a moving formation relative to a prescribed leader, however the

method described is more flexible in general. We assume the network is piece-wise constant,

meaning it can change, but only in a way that is instantaneous at discrete moments in time.

In this way, it can be considered as a hybrid system. We can use discrete changes in the
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network to select different leaders at different times if it is beneficial, or else elect “sub-

leaders” to take a group of nearby agents temporarily away from the main group. We

model the communication network with a digraph D(V,E) that has no self edges (vi, vi).

That is not to say that we assume an agent cannot “communicate with itself” i.e. that

an agent does not have access to its own internal state configuration. We do assume that

all agents have access to their own internal state configuration, but we do not require a

corresponding edge in our digraph D(V,E) to represent this internal access to information.

3.3.2 Digraph Laplacian

As mentioned in Chapter 2, the Laplacian that we shall use in the moving formation protocol

is the incoming Laplacian, denoted here by LD = ∆−A where we have

[A]ij =















1 if (j, i) ∈ E

0 otherwise

. (3.11)

and

[∆]ij =















#{vj ∈ V |(j, i) ∈ E} if i = j

0 otherwise

. (3.12)

As is the case for graphs and weighted graphs, zero will always be an eigenvalue of LD and

it will always have at least one corresponding eigenvector given by the vector of all ones,

1⃗n ∈ R
n. To see this, fix a row index i. By definition, the ith row (LD)i = (∆)i − (A)i.

Then (∆)i is a row of zeros except the diagonal entry [∆]ii = #{vj ∈ V |(j, i) ∈ V } may be

positive. For (A)i, the diagonal entry [A]ii = 0 because we made explicitly the assumption

(vi, vi) /∈ E. So the row sums are zero i.e. we have:

n
∑

j=1

[LD]ij =

n
∑

j=1

([∆]ij − [A]ij) =

n
∑

j=1

[∆]ij −
n
∑

j=1

[A]ij
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= [∆]ii −
n
∑

j=1

[A]ij =

n
∑

j=1

[A]ij −
n
∑

j=1

[A]ij = 0

such that for every i we obtain (LD)
T
i 1⃗n = 0, and so LD1⃗n = 0⃗, as claimed.

All of the eigenvalues of LD have real parts 0 ≤ ℜ{λ} ≤ 2(n− 1). Moreover, except for

the aforementioned zero eigenvalue, ℜ{λ} > 0. To see this, consider Gershgorin’s Theorem

(46), which says that for any eigenvalue λ of LD, there must be some row i of the matrix LD

for which we have that the inequality |λ− [LD]ii| ≤
∑

i ̸=j |[LD]ij |. But the structure of LD

gives us that [LD]ii = |[LD]ii| =
∑

i ̸=j |[LD]ij | so that |λ− [LD]ii| ≤ [LD]ii. Additionally, the

potential values that can be taken on the diagonal are known to us i.e. [LD]ii = k for some

nonnegative integer k ∈ {0, 1, . . . , n−2, n−1}. This means that our version of Gershgorin’s

Theorem says that for every λ there is some number k ∈ {0, 1, . . . , n − 2, n − 1} such that

|λ− k| ≤ k. Note that for any real number x ∈ R and any complex number z ∈ C that we

must have |z − x| ≥ |ℜ{z} − x| and so in this case we have that |ℜ{λ} − k| ≤ k hence

−k ≤ ℜ{λ} − k ≤ k ⇒ 0 ≤ ℜ{λ} ≤ 2k ≤ 2(n− 1)

as claimed.

Suppose in the inequality |ℜ{λ} − k| ≤ |λ− k| ≤ k that we achieve equality:

|ℜ{λ} − k| = |λ− k| = k

Then, from the left, we must have that λ ∈ R and then secondly that λ− k = keiθ for some

θ ∈ [0, 2π) i.e. that λ = k + keiθ. Since we first assumed real, λ = k + k cos(θ). Plugging

back in, we have |k cos(θ)| = k implies k = 0 or | cos(θ)| = 1. If k = 0 then we have λ = 0.

Otherwise k ≥ 1 and | cos(θ)| = 1 implies that θ = mπ for m = 0 or m = 1 so that we

have λ = 2k or λ = 0, respectively. So we have shown that to achieve equality within the

inequality −k ≤ ℜ{λ} − k ≤ k, we require for the right inequality that λ = 2k (or k = 0)

and for the left inequality that λ = 0, as claimed.
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Unlike those above, the property of LD that we desire most does not hold for all

possible digraphs D(V,E). We will impose an additional assumption on the network of

communications in order to guarantee that the eigenvalue λ = 0 has algebraic multiplicity

one. This is precisely the Proposition 3 from Chapter 2, namely, we assume at all times

D has a subgraph which is a rooted directed spanning tree i.e. a subgraph of D that has

no directed cycles, and for which there exists a designated vertex vr, called the “root” for

which there is a directed path from vr to every other vertex. Proposition 3 tells us that this

is a necessary and sufficient condition to have rank(LD) = n− 1 and hence null(LD) = A.

In turn, this will be a necessary and sufficient condition to demonstrate the effectiveness of

the moving formation protocol which we proceed to describe below.

3.3.3 Agent Dynamics

The following construction was inspired by (13; 14), but follows most closely the treatment in

(26). Each vi ∈ V corresponds to the existence of an agent, each possessing the same number

r ∈ Z
+ of scalar state values as well as each of their r first derivatives such that for agent i we

have xi ∈ R
2r. Presumably in applications, and in our VR simulations, taking r = 3 spatial

variables is natural, however the method is more general than this. Then the collection of

all agents is x = [x1, . . . , xn]
T ∈ R

2rn. The ordering is such that within agent xi ∈ R
2r

we have “position variables” labeled with odd number indices {xTi ê1, xTi ê3, . . . xTi ê2r−1}

and “velocity variables” with even number indices {xTi ê2, xTi ê4, . . . xTi ê2r} (assuming the

standard normalized basis vectors êj ∈ R
2r). Hence we can write

x = xp ⊗







1

0






+ xv ⊗







0

1






(3.13)
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with xp, xv ∈ R
rn given by:

xp =



































































xT1 ê1
...

xT1 ê2r−1

xT2 ê1
...

xT2 ê2r−1

...

...

xTn ê1
...

xTn ê2r−1



































































& xv =



































































xT1 ê2
...

xT1 ê2r

xT2 ê2
...

xT2 ê2r
...

...

xTn ê2
...

xTn ê2r



































































(3.14)

and where ⊗ is the Kronecker product (47). The Kronecker product of any two matrices

S ∈ R
m×n and T ∈ R

k×ℓ is (S ⊗ T ) ∈ R
mk×nℓ given by

S ⊗ T =



















s11T s12T · · · s1nT

s21T s22T · · · s2nT

...
...

...
...

sm1T sm2T · · · smnT



















. (3.15)

Before returning to the dynamics, we note that proof of many subsequent statements use

the properties of the Kronecker product, such as S ⊗ (T1 + T2) = (S ⊗ T1) + (S ⊗ T2). The

“mixed-product property” is particularly useful for our purposes, so we explicit it below.

Suppose we have four matrices S ∈ R
m×n, U ∈ R

n×j , T ∈ R
k×ℓ, and V ∈ R

ℓ×i. Then we

have

(SU)⊗ (TV ) = (S ⊗ T )(U ⊗ V ). (3.16)
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We assume the n agents have the same dynamics. For each agent from i = 1 to i = n,

suppose we have control inputs ui ∈ R
r. Assume we have the dynamics

ẋi(t) = Âxi(t) + B̂ui(t) (3.17)

with block-diagonal matrix Â ∈ R
2r×2r of the form

Â =







































0 1 0 0 · · · 0 0

0 a122 0 0 · · · 0 0

0 0 0 1 · · · 0 0

0 0 0 a222 · · · 0 0

...
...

...
...

...
...

...

0 0 0 0 · · · 0 1

0 0 0 0 · · · 0 ar22







































(3.18)

and B̂ = Ir ⊗







0

1






∈ R

2r×r where Ir ∈ R
r×r is the identity matrix. The assumed

block-diagonal form of Â corresponds to the individual agent’s scalar state variables being

independent, with accelerations that do not depend on position. We note the fact, to be

used later, that each odd numbered column of Â is zero, and so we always have zero as

an eigenvalue of Â with corresponding eigenvector [1, 0, 1, 0, . . . , 1, 0, 1, 0]T . The assumed

form of B̂ corresponds to the acceleration of each variable being controlled separately. For

example, below we consider some number n of agents each possessing two scalar state values,

like a pair of planar coordinates, so that r = 2. Then for each agent from i = 1 to i = n we
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have the dynamics ẋi(t) = Âxi(t) + B̂ui(t):

ẋi(t) =



















0 1 0 0

0 a122 0 0

0 0 0 1

0 0 0 a222





































xp,1i (t)

xv,1i (t)

xp,2i (t)

xv,2i (t)



















+



















0 0

1 0

0 0

0 1

























u1i (t)

u2i (t)







corresponding to:

ẋp,1i (t) = xv,1i (t)

ẋv,1i (t) = a122x
v,1
i (t) + u1i (t)

ẋp,2i (t) = xv,2i (t)

ẋv,2i (t) = a222x
v,2
i (t) + u2i (t)

3.3.4 Prescribed Formation

We would like to design controls ui such that the agents will assemble themselves into a

moving formation which we arbitrarily prescribe by

ϕ = ϕp ⊗







1

0






∈ R

2rn. (3.19)

The vector ϕp ∈ R
rn prescribes (relative to the origin) a set of n “position variables” which

are r−vectors. Hence entries 1 through r of ϕp describe ϕp
1, the desired relative position of

agent x1. Entries r + 1 through 2r of ϕp describe ϕp
2, the desired relative position of agent

x2, and so on, until entries (n−1)r+1 through rn describe ϕp
n, the desired relative position

of agent xn. Intuitively, we say that the agents are in moving formation ϕ if their positions

are all displaced away from ϕp by the same constant vector and if their velocities all agree

i.e. if there exists vectors ρ, σ ∈ R
r such that xpi = ϕp

i + ρ and xvi = σ for all agents from

i = 1 to i = n. Similarly, we say the n agents converge to the moving formation ϕ if there
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exists functions ρ : R → R
r such that (xpi (t) − hpi ) − ρ(t) → 0 and σ : R → R

r such that

xvi (t)− σ(t) → 0 for all agents from i = 1 to i = n as t → ∞.

For example, consider n = 3 agents each possessing r = 2 planar coordinates [xp,1i , xp,2i ]T .

Suppose we want the agents configured in an equilateral triangle with x1 “out front” when

moving in the positive direction with respect to the second planar coordinate, and with the

other two agents x2 and x3 trailing behind with x2 one unit of distance away, 30 degrees

to the back left, and x3 one unit of distance away, 30 degrees to the back right. The

natural way to prescribe that formation might be ϕp = [0,
√
3
3 ,−1

2 ,−
√
3
6 , 12 ,−

√
3
6 ]T so that

each agent is a distance of
√
3
3 away from the origin, with the equilateral triangle’s center of

mass at the origin. But translating each in the positive direction with respect to the second

planar coordinate by
√
3
6 gives ϕp = [0,

√
3
2 ,−1

2 , 0,
1
2 , 0]

T which is arguably simpler, with two

additional zeros, but which would work no better or no worse. In this way, we highlight

that the formation is prescribed only in a relative sense. For this reason, some additional

work must be done if we desire to take any orientation of the agents into account. We

do not necessarily ascribe orientation to the agents, rather they are loosely thought of as

zero dimensional point particles in R
r. However, one could argue that their velocity vector

provides a heading and therefore naturally defines an orientation. We will return to this

point in Section 3.4.

Next, define for each moving formation vector ϕ ∈ R
2rn a “ϕ−formation space”

Fϕ ⊂ R
2rn (generally not a subspace). Let 1⃗n ∈ R

n denote the vector of all ones and

denote the standard basis vectors êj ∈ R
2r. Consider the set

Φ = {⃗1n ⊗ êj |êj ∈ R
2r, 1 ≤ j ≤ 2r} ⊂ R

2rn (3.20)

then define the ϕ−formation space to be

Fϕ = ϕ+ span(Φ). (3.21)
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This makes vectors in Fϕ look like the prescribed ϕ, only with allowed perturbations of a

very specific kind, namely, to either a component of position or a component of velocity

that are identical across all n agents. So we see that x ∈ Fϕ is equivalent to x = ϕ+ 1⃗n ⊗ γ

for some vector γ ∈ R
2r. By setting γ = ρ ⊗







1

0






+ σ ⊗







0

1






, our previous condition that

xpi = ϕp
i + ρ and xvi = σ for all agents from i = 1 to i = n is recovered. We say the agents

converge to the moving formation ϕ if and only if the distance dist(x(t),Fϕ) → 0 as t → ∞.

3.3.5 Incorporating the Communication Digraph

We assume edges of our digraph D(V,E) represent communication links between the agents

i.e. if we have a directed edge going from vertex vi to vertex vj given by (i, j) ∈ E, then

data containing the r state variables and corresponding derivatives of agent xi are sent

to agent xj such that agent xj can use this information to adjust its own state values.

For each agent i let Ngh(i) denote the agents in the neighborhood of agent i given by

Ngh(i) = {vj ∈ V : (j, i) ∈ E} i.e. all of the agents that are sending information

to vi. We are interested in controls that depend only on relative information shared

between neighboring agents i.e. for agent i we desire a control ui that is a function of

xj − xi and/or ϕj − ϕi for any j ∈ Ngh(i). Note that the neighborhood Ngh(i) does not

necessarily have to depend on any real proximity of the agents, although this seems natural

in applications. In our simulations, we neglect to consider the difficulty in potentially

maintaining neighborhoods by incorporating communication range.

A reasonable starting point for agent i might be to compare the difference between its

state xi and its desired state ϕi to the average difference between its neighbors state’s xj

and their desired ϕj for each j ∈ Ngh(i) i.e. look at

(xi(t)− ϕi)−
1

#Ngh(i)

∑

j∈Ngh(i)

(xj(t)− ϕj)
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however this allows for division by zero if Ngh(i) = ∅, which happens, for example, when

agent i only sends information about itself but does not receive any information back, as

will be the case for our “leader”. Instead we follow reasoning inspired by the agreement

protocols in Equations 2.5 and 3.4 and for each i = 1 to i = n we define

zi(t) =
∑

j∈Ngh(i)

((xi(t)− ϕi)− (xj(t)− ϕj)) (3.22)

so that if we define L = LD⊗I2r ∈ R
2rn×2rn and we make the convention that if Ngh(i) = ∅

then we take zi = 0⃗ ∈ R
2r, and put together as z(t) = [z1(t), . . . , zn(t)]

T ∈ R
2rn, then we

can write all of the Equations 3.22 succinctly as

z(t) = L(x(t)− ϕ). (3.23)

Recall the adjacency matrix A that we used to define LD = ∆ − A. Since we no longer

have any need to refer to this matrix, as we have in hand already the Laplacian LD and

now moreover the “block-Laplacian” L, we make the following definitions without risk of

confusion. Let A = In ⊗ Â ∈ R
2rn×2rn and B = In ⊗ B̂ ∈ R

2rn×rn, as these are typical

letters used in control theory for linear time-invariant systems (27). Additonally, collect all

of the controls as u(t) = [u1(t), . . . , un(t)]
T . Then assuming homogeneity of the agents, we

now have the system ẋ(t) = Ax(t) + Bu(t). Thus, we hope to investigate the existence of

matrices F such that we can take controls u(t) = Fz(t) = FL(x(t) − ϕ) and the resulting

system

ẋ(t) = Ax(t) +BFL(x(t)− ϕ) (3.24)

gives solutions which converge to the moving formation ϕ.

In order to exploit the structures of A = In ⊗ Â, B = In ⊗ B̂, and L = LD ⊗ I2r, we

restrict considerations to matrices F = In ⊗ F̂ ∈ R
rn×2rn for F̂ ∈ R

r×2r, so that by using
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the mixed-product property in Equation 3.16 we obtain

ẋ(t) = (In ⊗ Â)x(t) + (In ⊗ B̂)(In ⊗ F̂ )(LD ⊗ I2r)(x(t)− ϕ) ⇒

ẋ(t) = (In ⊗ Â)x(t) + (LD ⊗ B̂F̂ )(x(t)− ϕ). (3.25)

The existence of F̂ that guarantees convergence to the moving formation ϕ is tied closely

to the structure of LD. For instance, it can be shown that the eigenvalues of A+BFL are

those of Â+ λB̂F̂ for λ an eigenvalue of LD. To see this, consider the similarity transform

LD = U−1LDU guaranteed by Schur decomposition (46) i.e. there is a unitary matrix U

such that LD = ULDU
−1 with the “Schur form” LG which is upper triangular and possesses

the eigenvalues of LD along its diagonal. Multiplying the matrix A + BFL on the left by

(U−1 ⊗ I2r) and on the right by (U ⊗ I2r), we obtain

(U−1 ⊗ I2r)(A+BFL)(U ⊗ I2r)

= (U−1 ⊗ I2r)A(U ⊗ I2r) + (U−1 ⊗ I2r)BFL(U ⊗ I2r)

= (U−1 ⊗ I2r)(In ⊗ Â)(U ⊗ I2r) + (U−1 ⊗ I2r)(LD ⊗ B̂F̂ )(U ⊗ I2r)

= (In ⊗ Â) + (LD ⊗ B̂F̂ )

by again used the mixed-product property. The matrix (In⊗Â)+(LD⊗B̂F̂ ) is block upper

triangular since each of the first matrices In and LD are upper triangular. Each block is

of the form Â + λB̂F̂ for λ an eigenvalue of LD and therefore of LD. There is one block

for every λ of LD, which includes repeating blocks if necessary whenever λ is a repeated

eigenvalue. Since (U−1⊗ I2n)(A+BFL)(U ⊗ I2n) = (In⊗ Â)+ (LD ⊗ B̂F̂ ), we see that the

matrices are similar and so as claimed, the eigenvalues of A + BFL are the same as those

of Â + λB̂F̂ for λ an eigenvalue of LD. We assume subsequently that D has a subgraph

which is a rooted directed spanning tree and so rank(LD) = n− 1 and null(LD) = A from
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Proposition 3. Therefore this result simplifies further to the fact that the eigenvalues of

A+BFL are the same as those of Â and of Â+ λB̂F̂ for λ a nonzero eigenvalue of LD.

3.3.6 Necessary and Sufficient Condition for Convergence

We continue the development as in (26). In order to find a necessary and sufficient

condition for convergence to a moving formation, we use both the fact above and as

noted in Section 3.3.3 that we always have zero as an eigenvalue of Â with corresponding

eigenvector [1, 0, 1, 0, . . . , 1, 0]T . This property then extends to the matrix A = In ⊗ Â

with corresponding eigenvector 1⃗n ⊗ [1, 0, 1, 0, . . . , 1, 0]T . One additional fact we need is

that the agents are in the moving formation ϕ if and only if L(x − ϕ) = 0. Since we

assume rank(LD) = n−1 and null(LD) = A, the nullspace of L = LD⊗ I2r is its eigenspace

associated with the one λ = 0 of LD, given by span({⃗1n⊗ê1, 1⃗n⊗ê2, . . . , 1⃗n⊗ê2r}) = span(Φ)

from Equation 3.20. Then by the definition of the ϕ−formation space in Equation 3.21 we

have x ∈ Fϕ ⇐⇒ x− ϕ ∈ span(Φ) ⇐⇒ L(x− ϕ) = 0.

We show now that the solutions to Equation 3.25 or equivalently Equation 3.24 converge

to the moving formation ϕ if and only if each Â + λB̂F̂ for λ a nonzero eigenvalue of LD

has all of its eigenvalues with negative real part. Write ε̂1 to denote the vector [1, 0]T ∈ R
2.

Using the mixed product property, we have

ϕ = ϕp ⊗ ε̂1 = (Irn · ϕp)⊗ (ε̂1 · 1) = (Irn ⊗ ε̂1)ϕ
p.

Expanding Equation 3.24, we obtain

ẋ(t) = Ax(t) +BFLx(t)−BFLϕ = (A+BFL)x(t)−BFL(Irn ⊗ ε̂1)ϕ
p.
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We can augment this system, by letting y(t) = [x(t), ϕp]T and since ϕp is constant in time,

we can write ẏ(t) = My(t) where we have the matrix M ∈ R
3rn×3rn given by

M =







A+BFL −BFL(Irn ⊗ ε̂1)

0(rn×2rn) 0(rn×rn)






.

Then the nonzero eigenvalues ofM are the eigenvalues of A+BFL, which are the eigenvalues

of Â and of Â+λB̂F̂ for λ a nonzero eigenvalue of LD. Consider the subspace of dimension

2r + rn given by span(Ψ) = M ⊂ R
3rn×3rn where

Ψ =

















1⃗n ⊗ êj

0⃗rn







∣

∣

∣

∣

∣

êj ∈ R
2r, 1 ≤ j ≤ 2r











⋃

















êi ⊗ ε̂1

êi







∣

∣

∣

∣

∣

êi ∈ R
rn, 1 ≤ i ≤ rn











.

By design we now have y ∈ M if and only if x ∈ Fϕ for some ϕp ∈ R
rn. To see this, let

y ∈ M and write

y =







1⃗n ⊗ a

0⃗rn






+







b⊗ ε̂1

b






=







1⃗n ⊗ a+ b⊗ ε̂1

b







for some vectors a ∈ R
2r and b ∈ R

rn. Then b = ϕp is our prescribed formation so that we

have b⊗ ε̂1 = ϕp ⊗ ε̂1 = ϕ and so x = ϕ + 1⃗n ⊗ a ∈ Fϕ as claimed. It is also the case that

the subspace M is M invariant. We calculate

My =







A+BFL −BFL(Irn ⊗ ε̂1)

0(rn×2rn) 0(rn×rn)













1⃗n ⊗ a+ b⊗ ε̂1

b







=







(A+BFL)(⃗1n ⊗ a) + (A+BFL)(b⊗ ε̂1)−BFL(Irn ⊗ ε̂1)b

0⃗rn






.

Then as before with the formation vector, we may write BFL(Irn ⊗ ε̂1)b = BFL(b ⊗ ε̂1).

Also BFL(⃗1n ⊗ a) = 0⃗2rn since (⃗1n ⊗ a) ∈ span(Φ). Lastly, A(b⊗ ε̂1) = 0⃗2rn since as noted

at the beginning of this section, it has zeros in every even numbered entry. Altogether we
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are left with

My =







A(⃗1n ⊗ a)

0⃗rn






=







(In ⊗ Â)(⃗1n ⊗ a)

0⃗rn






=







1⃗n ⊗ Âa

0⃗rn






∈ M.

We see that relative to the basis Ψ, the matrix of the restriction of the linear transformation

induced by multiplication by M on M is given by







Â 0(2r×rn)

0(rn×2r) 0(rn×rn)






∈ R

r(2+n)×r(2+n).

Since the nonzero eigenvalues of M are the eigenvalues of Â and of Â + λB̂F̂ for λ a

nonzero eigenvalue of LD, if we consider its induced linear transformation on the quotient

space R3rn/M, its eigenvalues are just the eigenvalues of Â+λB̂F̂ for λ a nonzero eigenvalue

of LD. Then for strict stability of the quotient dynamics (of ẏ(t) = My(t)) and resulting

convergence to zero, we require these each to have negative real part (27). Lastly, the

convergence y(t) +M → M as t → ∞ gives us what we want, that x(t) → ϕ since we saw

y(t) ∈ M ⇐⇒ x(t) ∈ Fϕ.

3.3.7 Existence of Feedback Matrix

Our final task will be to actually construct the feedback matrices F̂ ∈ R
r×2r such that

we satisfy the sufficient condition above, giving solutions to Equation 3.25 that yield

convergence x(t) → ϕ. It suffices to consider only matrices with the specific form

F̂ = Ir ⊗ [f1 f2]. Note that this is indeed a row vector. We shall derive conditions

on f1 and f2 such that the eigenvalues of Â+λB̂F̂ have negative real parts. To simplify our

calculations, we make the assumption that the dynamics in each of the r components of our n

multi-agents are the same i.e. that within our matrix Â we have a122 = a222 = · · · = ar22. So we

drop the superscript and write for each just a22. This will lead to a single set of inequalities

involving f1, f2 that need to be satisfied. However, it is possible that we could forgo this
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assumption and as a result, we would have r different sets of inequalities that would need

to be satisfied. With this simplification in hand, we can now write Â = Ir ⊗







0 1

0 a22






. We

proceed to calculate:

Â+ λB̂F̂ =

(

Ir ⊗







0 1

0 a22







)

+ λ

(

Ir ⊗







0

1







)

(Ir ⊗ [f1 f2])

=

(

Ir ⊗







0 1

0 a22







)

+ λ

(

Ir ⊗







0 0

f1 f2







)

=

(

Ir ⊗







0 1

0 a22







)

+

(

Ir ⊗







0 0

λf1 λf2







)

= Ir ⊗
(







0 1

0 a22






+







0 0

λf1 λf2







)

= Ir ⊗







0 1

λf1 a22 + λf2






.

The eigenvalues of this matrix can be seen to be the eigenvalues of the smaller two

by two matrix, with multiplicities equal to r. Its characteristic polynomial is given by

p(x) = x(x − a22 − λf2) − λf1 = x2 + (−a22 − λf2)x + (−λf1). Hence we need to analyze

the roots of p(x) and constrain f1, f2 to guarantee that they have negative real part.

Consider the polynomial s1(x) = x2+(z1+iz2)x+(w1+iw2), and the related polynomial

s2(x) = x2 + (z1 − iz2)x+ (w1 − iw2). Suppose we know that a root of the first is given by

µ1 + iµ2. Then µ1 − iµ2 is a root of the second since

0 = (µ1 + iµ2)
2 + (z1 + iz2)(µ1 + iµ2) + (w1 + iw2)

=

(

µ2
1 − µ2

2 + z1µ1 − z2µ2 + w1

)

+ i

(

2µ1µ2 + z1µ2 + z2µ1 + w2

)
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has both real and imaginary parts equal to zero. But then we get

(µ1 − iµ2)
2 + (z1 − iz2)(µ1 − iµ2) + (w1 − iw2)

=

(

µ2
1 − µ2

2 + z1µ1 − z2µ2 + w1

)

− i

(

2µ1µ2 + z1µ2 + z2µ1 + w2

)

i.e. a real part that is the same, and an imaginary part that is opposite in sign, but −0 = 0

as claimed. Therefore the two roots of s1(x) have negative real parts if and only if the two

roots of s2(x) have negative real parts. It follows that the four roots of the polynomial

defined as s(x) = s1(x)s2(x) have negative real parts if and only if the original polynomial

s1(x) has two roots with negative real parts. This polynomial is easier to work with because

its coefficients are strictly real. Let z = z1 + iz2 and z∗ = z1 − iz2 and similarly for w and

w∗. Then we have

s(x) =
(

x2 + zx+ w
)(

x2 + z∗x+ w∗)

= x4 + (z + z∗)x3 + (w + zz∗ + w∗)x2 + (zw∗ + z∗w)x+ ww∗

= x4 + 2z1x
3 + (2w1 + z21 + z22)x

2 + 2(z1w1 + z2w2)x+ (w2
1 + w2

2)

.

Now consider a general fourth degree polynomial s(x) = b0x
4 + b1x

3 + b2x
2 + b3x+ b4.

The Routh-Hurwiz stability criterion for such a polynomial provides necessary and sufficient

conditions to have roots with strictly negative real parts (42), given by

b1 > 0, b1b2 − b0b3 > 0, (b1b2 − b0b3)b3 − b21b4 > 0, b4 > 0.

In our case, after some manipulation, this yields

z1 > 0, z1w1 + z2w2 > 0, 2w1 + z21 + z22 > 0, w1z
2
1 + w2z1z2 − w2

2 > 0.
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Now applying these to our characteristic polynomial p(x) = x2 + (−a22 − λf2)x + (−λf1)

relative to the polynomial s1(x) = x2 + (z1 + iz2)x+ (w1 + iw2) we obtain, respectively

−a22 −ℜ{λ}f2 > 0 (3.26)

a22ℜ{λ}f1 + |λ|2f1f2 > 0 (3.27)

−2ℜ{λ}f1 + (a22 + ℜ{λ}f2)2 + (ℑ{λ}f2)2 > 0 (3.28)

−ℜ{λ}f1(a22 + ℜ{λ}f2)2 − (ℑ{λ})2f1f2(a22 + ℜ{λ}f2)− (ℑ{λ}f1)2 > 0 (3.29)

Since the λ’s being considered are each of the nonzero eigenvalues of LD, and we showed in

Section 3.3.2 that this implied 0 < ℜ{λ} ≤ 2(n − 1) , we will always have solutions to the

inequalities in Equations 3.26-3.29 by taking f1 < 0, f2 < 0, and |f2| sufficiently large (26).

In particular, if we model our dynamics in Â as a simple double integrator, then a22 = 0,

in which case Equation 3.26 implies f2 < 0. Then Equation 3.27 implies f1 < 0. Finally,

Equation 3.29 implies that
f2
2
f1

< − (ℑ{λ})2
ℜ{λ}|λ|2 for which it is easy to see there exists solutions,

for example f2 = −1 and f1 = −ℜ{λ}.

3.4 Simulations

My involvement working with an aerospace and security contractor to design and implement

automated missions of multiple unmanned vehicles prompted the endeavor of applying

the mathematics described above toward UAVs, in particular, quadcopters. Hence we

implement the moving formation protocol in r = 3 dimensions to simulate a collection

of aerial vehicles. With that specific application in mind, a few considerations are required.

First, the vehicle designs are such that we prefer certain kinds of formations over others.

If the network of communications cannot meet the strong assumptions in Section 3.3.1,

an alternative approach which seems natural is exploiting a camera that is mounted on

most quadcopters. The cameras on these vehicles would be positioned facing down and

53



ahead, therefore we should prescribe formations ϕp such that the leading vehicle is always

out front and below the vehicles which follow. In this way, the camera and a form of

image recognition software may have the ability to supplement information exchanged

across the communications network, as the quadcopters in tow can literally “see” some

of the information that they require, as opposed to needing to receive all of the information

directly via wireless transmission. We list the r = 3 prescribed coordinates for n = 9

quadcopter vehicles in Table 3.1 and display the results of the first two coordinates in

Figure 3.2, and the full (x, y, x) formation in Figure 3.3, a “V-shape” with the leader out

front. This will be the primarily prescribed formation for our simulations, designed with

the above consideration in mind, and to cover as much horizontal ground as possible, for a

simulated “search and rescue” type mission.

Vehicle Number x−coordinate y−coordinate z−coordinate

1 (leader) 0 0 0

2 −20 −2 10

3 20 −2 10

4 −40 −4 20

5 40 −4 20

6 −60 −6 30

7 60 −6 30

8 −80 −8 40

9 80 −8 40

Table 3.1: The prescribed formation ϕp for n = 9 UAVs.
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Figure 3.2: The (x, y)− coordinates of the prescribed formation ϕp.
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Figure 3.3: The (x, y, z)− coordinates of the prescribed formation ϕp.

The second consideration is the issue of orientation, as noted in Section 3.3.4. Although

the prescribed formation ϕp is translation invariant i.e. displacing it by a constant vector

v + ϕp will yield the same results as prescribing ϕp alone, it is not rotation invariant. For

example, if we really wish to use the formation above to have vehicle 1 leading all eight

other vehicles “behind” and “above” it, the formation will only appear to achieve this if the

leader is moving in the [0, 1, 0]T direction. If instead the leader was moving in the [1, 0, 0]T

direction and we left the formation ϕp as is, four of the vehicles, numbers 3, 5, 7, and 9,

55



would appear to be in front of the leader i.e. they would be “following” a vehicle that

is behind them relative to the formation velocity. This is not a problem in theory, since

we made such strong assumptions on our network, the direction from which information is

received is irrelevant. However, it nullifies the entire first consideration above about any

information collection that is vision based. Therefore, we would need to rotate the initial

formation above by ninety degrees clockwise. We describe subsequently the method used

to achieve this.

First, the angle by which the leader, vehicle 1, has deviated from the positive y−direction

needs to be calculated. We assume that the quadcopter vehicles have a preferred orientation

which is in line with the (x, y)−coordinates of their current velocity heading. In this case,

the velocity of vehicle 1 is [xv,11 , xv,21 , xv,31 ]T , and so we consider the first two components.

Let

(X,Y ) =





xv,11
√

(xv,11 )2 + (xv,21 )2
,

xv,21
√

(xv,11 )2 + (xv,21 )2





such that X2 + Y 2 = 1 is a unit vector in R
2. Next we solve for the angle θ using basic

trigonometry, albeit the formula appears unnecessarily complicated since the formation was

prescribed relative to the angle π
2 as the “forward direction” instead of zero. We have

θ =















arcsin(−X) if Y ≥ 0

π − arcsin(−X) otherwise

.

We collect this angle in a rotation matrix

Rθ =







cos(θ) − sin(θ)

sin(θ) cos(θ)






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and we multiply for each vehicle from i = 1 to i = n its prescribed formation in the first

two components, namely we put













ϕp,1
i

ϕp,2
i

ϕp,3
i













7→













ϕi
p,1

ϕp,2
i

ϕp,3
i













where






ϕp,1
i

ϕp,2
i






=







cos(θ) − sin(θ)

sin(θ) cos(θ)













ϕp,1
i

ϕp,2
i






.

Now the formation ϕp will always be prescribed relative to the origin, but also relative to

the (x, y) orientation of the leader.

3.4.1 Search and Rescue Mission

The final VR visualization of the moving formation protocol displays the following

hypothetical search and rescue mission. We describe the entire mission outcome so that one

knows what to look for in the figures, and because MATLAB will automatically adjust the

plots so that we can see all that occurs at once. The drawback is the difficulty in piecing

together what has happened in a three dimensional plot, as many trajectories overlap and

clutter the plot display. Alternatively, it is wondrously more accessible using virtual reality

as a viewing tool, as length and time scales involved are accurate, and one can move freely

through the virtual environment, following any one single vehicle, or else moving freely

throughout the space to get a “bird’s-eye view”. The trajectory paths can be turned on

to quickly see where the formation is coming from and where it is going, or they can be

turned off to view the three dimensional environment as realistically similar as possible to

an actual mission with quadcopters.

We imagine a search and rescue mission using nine quadcopters where a known target

has been specified and each vehicle employs image recognition in order to attempt to make

a detection and locate the target. The formation being employed is the wide V shape
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as shown in Figure 3.3. Vehicle 1 is initially designated the leader and so its velocity is

controlled directly. All other velocities and positions are generated automatically by the

moving formation protocol. We list the color assignments in Table 3.2 for each vehicle in

the simulation.

Vehicle Number Color

1 (leader) Blue

2 Red

3 Lime Green

4 Black

5 Pink

6 Yellow

7 Forest Green

8 Purple

9 Brown

Table 3.2: The Colors of the n = 9 UAVs.

We proceed to describe the different phases of the search and rescue simulation:

1. Initially the nine vehicles start off on the ground, arranged in a straight line with

vehicle one in the middle, even numbered vehicles on its left in increasing order, and

odd numbered vehicles on its right in increasing order. The quadcopters first make a

vertical takeoff, and then hover in the air for a short period of time, as seen in Figure

3.4.

(a) Quadcopters Takeoff (b) Quadcopters Hover

Figure 3.4: Start of the Search and Rescue Mission
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2. Second, the moving formation actually forms, as the quadcopters converge to the

prescribed V formation ϕp behind and above the leader, seen in Figure 3.5 and as

prescribed in Table 3.1 and shown in Figure 3.3.

(a) Formation viewed from Behind (b) Formation viewed from in Front

Figure 3.5: After takeoff, the quadcopters converge to a moving V formation.

3. Next, a false detection is made to the formation’s right, triggering a response from

vehicle 7 to lead vehicles 5 and 9 to get closer for further inspection. The new

formation applied is similar in nature to the primary formation, a V shape with the

sub-leader in front and below the followers. The corresponding change in the Laplacian

LD to trigger the sub leader is shown in Equation 3.30. Notice the additional row

of zeros appearing in row seven, since now both vehicle 1 and vehicle 7 are leading a

group of followers, they send information to these, but do not receive it. In order to

get confirmation of the target, the group of three lowers its altitude and makes sweeps

over the detection area as seen in Figure 3.6. The primary formation continues on its

path guided by vehicle 1.
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Figure 3.6: A false detection triggers vehicle 7 as sub-leader.
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(3.30)

4. When there is no further sign of the target, the group of three rejoins the main

formation, which has slowed down to allow them to catch up, seen in Figure 3.7. The

Laplacian LD returns to its previous form before the change shown in Equation 3.30.
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Figure 3.7: Vehicles 5, 7, and 9 return to the primary formation.

5. Finally, a true detection is made on the formation’s left, triggering a response from

vehicle 6 to lead vehicles 4 and 8 to get closer for further inspection, similarly to

before. Likewise the corresponding change in the Laplacian LD to trigger the sub

leader is similar to before, but with the additional row of zeros occurring in the sixth

row and not the seventh, since here vehicle 6 is the sub-leader. Again, the group of

three lowers its altitude and makes sweeps over the detection area as seen in Figure

3.8. The primary formation continues on its path guided by vehicle 1.
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Figure 3.8: A true detection triggers vehicle 6 as sub-leader.

6. Once a confirmation detection is made, this team of three elevates to the original

cruising altitude, still locked onto the target, to wait to rejoin the main group. A

second team comprised of vehicles 5 and 9, led again by 7 comes to the spot of

target detection for independent verification as seen in Figure 3.9. This concludes the

mission.

Figure 3.9: A second detection of the target triggers verification response.
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3.4.2 VR Visualization

We include nine screen grabs from the video at (48). The mission displayed is not exactly

the one described above, although it is very similar, and highlights all of the features of

both the moving formation protocol and the VR visualization tool. The search and rescue

VR simulation was built, but there is not a video which is accessible online. Instead here

we show a simulation with n = 7 quadcopters, including a group of three that at one point

splits away from the main group, as in the search and rescue mission. Again, a V like shape

is the basis for each formation.

Figure 3.10: We see the primary user interface and possible controls. The entire past and
future trajectories can be toggled on and off. Otherwise only a trail of color immediately
behind each vehicle will display. The user can stay attached to the perspective of any one
of the vehicles, or can view the simulation in free flight. The entire simulation can be
easily paused, restarted, or scrubbed forward and backward in time. The mini map in the
bottom center shows the current communications network, in this case one leader sending
information to the six followers.
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Figure 3.11: The entire future trajectories of all seven vehicles, seen from below.

Figure 3.12: Free flying alongside the vertical takeoff.
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Figure 3.13: The three dimensional environment was stitched together from many real world
photos taken by an actual quadcopter flying over the area. We can see a road and a red car
in the foreground.

Figure 3.14: The moving formation is in a V shape, and reflects in the mini map, which
doesn’t just show the communications network, but also the relative location of each color
coded vehicle.
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Figure 3.15: We see the vertical takeoff again, but from above.

Figure 3.16: A group of three vehicles separates from the main group. Notice how this
change is reflected in the mini map splitting into two pieces.
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Figure 3.17: The secondary group of three rejoins the primary group of four, and the disjoint
mini maps start to come back together.

Figure 3.18: The full formation has reformed and we can see the entire V shape head on.
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This concludes our discussion of multi-agent protocols and autonomous vehicles. We

showed that locally defined “nearest-neighbor” laws as in (15) and (26) could achieve

global coordination and form the basis of protocols for maneuvers without planning in

advance, such as rendezvous and moving formations. We took a small step forward in

implementation to quadcopters, by giving the relevant prescribed formations orientation and

by collaborating on a VR environment in which the resulting trajectories can be explored

with greater accessibility than a simple MATLAB plot. More work needs to be done, as in

(6) to extend these protocols to account for the particular vehicle dynamics at hand.
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Chapter 4

Mitigation of Global Disease Spread via Travel

Restrictions

Mathematical modeling of disease spread became more important than ever during the

COVID-19 pandemic. Various models were used in an attempt to forecast the possible

evolution of the pandemic, often in order to help political leaders make informed decisions

about implementing policies that were intended to mitigate the potential negative impacts

of the spreading disease (38). In that regard, many models were solely focused on making

predictions about what might happen locally, in whatever particular geographical location

was of primary concern: a state, country, or larger region, for example. Lacking was a

global model designed to better understand how many interacting regions, all implementing

different mitigation policies at once, could possibly effect each other and the spread of disease

on a notably larger scale.

A typical approach in epidemiological modeling is compartmental models written in

terms of differential or difference equations (39; 40; 41; 43; 44). Another is agent based

models, whose complexity is both a drawback, analytically and computationally, and a

strength, as they can capture more nuanced behaviors by tracking individuals separately

(37). Our modeling efforts for the state of Hawai‘i included work using both approaches,

and provided our political leaders with insights while the spreading disease required them to

make difficult decisions about mitigation policies (45). However, neither modeling approach
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is perfectly suited for developing a world wide model. Indeed, a single compartmental model

does not automatically include travelers moving between regions, a potentially significant

effect to neglect, as was made clear in modeling the island of Hawai‘i. On the other

hand, using an agent based model to track individual agents and their movements is

computationally too expensive to handle a global population of more than 8 billion people,

even with a very powerful computer.

Of all of the mitigation policies implemented in the state of Hawai‘i throughout the

COVID-19 pandemic, perhaps the most drastic were travel restrictions, including required

quarantine for all travelers in Spring 2020, which temporarily stopped the important

economy of tourism, or later requiring only proof of vaccination, which mostly restored

the state’s pre-pandemic tourism rate (45). Inspired by the aforementioned work and the

potentiality of various types of travel restrictions, in this chapter we present an innovative

global model which accounts for coordination between regions, each using travel restrictions

in order to mitigate the rapid spread of disease world wide. The model is designed via a

family of compartmental SEIR models, and using the formalism of hybrid automata.

4.1 Hybrid Automaton for SEIR Model

Our goal is to construct a global model capable of accounting for various travel restrictions

between different regions of the world. The spread of disease in each region is modeled as a

continuous process, while the coupling between regions is incorporated via a directed graph

whose weighted edges depict travel between them, as shown in Figure 4.1. We assume that

travel between different regions is done primarily by plane, for instance regions could be

islands or continents. Conceptually, the model would still be valid in the case of regions

which are adjacent by land, for example the 48 states in the contiguous United States,

but it would be assuming control along the entire borders in order to enforce the travel

restrictions, which is clearly unrealistic. During a pandemic, as it was seen with COVID-19

in Hawai‘i, travel restrictions are subject to change based on government policy. They may
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be more severe at times and less at others, but the change which is implemented is a discrete

phenomenon. In this section we define precisely both the continuous dynamical system and

the space on which it is defined, as well as the discrete state of the hybrid system, including

the necessary guard conditions.

dx1(t)
dt

= f1(q, x)

dx2(t)
dt

= f2(q, x)

dx3(t)
dt

= f3(q, x)

w13
w31

w12 w21

w23

w32

Figure 4.1: We display a single vertex of a hybrid automaton, which corresponds to one
discrete state q ∈ Q, and a continuous dynamical system dx(t)

dt
= f(q, x) which depends on

it, shown for three regions, x(t) = [x1(t), x2(t), x3(t)]
T .

4.1.1 SEIR Model’s Continuous States

Suppose we are in a world with a total population of N individuals separated into n disjoint

regions that have been labeled uniquely from 1 to n. The continuous portion of the hybrid

automata is a SEIR compartmental model which is the epidemiological model within each

region used to model the spread of disease. This choice is motivated by the fact that the

complexity of coupling the regional SEIR models through their travelers is not too high,

and because we want to be able to run the hybrid automaton on a population equaling the

current world population of more than 8 billion people.

Consider for each region a SEIR model which possesses compartments for both

unvaccinated and vaccinated individuals. This distinction is important since, for example,

the vaccine may have the effect of different parameters for transmission, probability to

develop severe symptoms and probability of recovery. For an arbitrary region i define the
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vector

xi := [Su
i , E

u
i , I

u
i , R

u
i , S

v
i , E

v
i , I

v
i , R

v
i ]

T ∈ (R≥0)
8 (4.1)

where the subscript i refers to the region number, S means “susceptible” individuals,

E means “exposed” i.e. asymptomatic infected individuals, I means “infected” i.e.

symptomatic infected individuals, R means “removed” and includes those who have either

recovered or died from the disease, and the superscripts u and v refer to “unvaccinated”

and “vaccinated” status, respectively. We then put all of the regions together to obtain

x := [x1, x2, · · · , xn−1, xn]
T ∈ (R≥0)

8n. (4.2)

Altogether, these form our hybrid automaton’s set of continuous states, X ⊆ R
d with

dimension d = 8n as in the Definition 2.1.1. We proceed to define all other components

of the hybrid automaton in the following sections. First we elaborate on the continuous

dynamics and explain the methodology for coupling the regions via travelers.

Consider an arbitrary region i. We include in our continuous dynamics the possibility

that its mitigation policies, specifically travel restrictions, allow travel to, and allow travelers

from, any number of the other regions j ̸= i. This potentiality couples the ith local (i.e.

region specific) SEIR compartmental model with any number up to n − 1 of the other

j ̸= i region specific models. This is done via a directed graph whose nodes are the regions

under consideration, and whose weighted edges are the proportions of travelers going to

and coming from the various regions.

Assumption 4.1.1. Wemake several important assumptions for our model regarding travel

between regions:

1. We make the simplifying assumption that the decision to allow travel is always two-

way i.e. region i and region j both agree together to make the same type of travel

restrictions among themselves. In this way we can define a neighborhood of region

i, denoted Ngh(i), to be the set of all j ̸= i whom have arranged to make a mutual
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travel agreement. Then we have j ∈ Ngh(i) ⇐⇒ i ∈ Ngh(j). Note that in general

Ngh(i) will vary with time, as the travel restrictions between two regions can change

depending on the state of infection, a fact which is accounted for in the discrete

dynamics.

2. We assume individuals showing symptoms do not travel i.e. NghI
u

(i) = NghI
v

(i) = ∅

for all i, and we assume travelers in the recovered categories are treated the same as

susceptible individuals, NghR
u

(i) = NghS
u

(i) and NghR
v

(i) = NghS
v

(i).

3. We assume that the instantaneous rate of change of region i’s state variables are

proportional to the weighted (weights from the directed edges of our graph encoding

the travel) difference between state variables of the same kind, summed over all

j ∈ Ngh(i). For example, we assume that

d

dt
Su
i (t) ∝ −

∑

j∈NghSu
(i)

(wijS
u
i (t)− wjiS

u
j (t)) (4.3)

and similarly for each of the state variables Eu
i (t), S

v
i (t), and Ev

i (t). In particular,

each region i will actually have four neighborhoods assigned to it, NghS
u

(i), NghS
v

(i),

NghE
u

(i), and NghE
v

(i) because the various travel restrictions might prevent some

compartments to travel and not others. We do not impose the symmetry wij = wji,

rather we somewhat balance the incoming and outgoing travelers in a different way, as

described below in 4.4. However as per our first assumption, we will always separately

have j ∈ Ngh(∗)(i) if and only if i ∈ Ngh(∗)(j) four each of the four categories.

Across all regions we have
(

n
2

)

= n(n−1)
2 pairs {i, j}. Since our neighborhoods are

symmetrically defined, and there are four categories of neighborhood, we require 2n(n− 1)

neighborhoods to be defined in order to specify in total all of the travel policies. Once the

2n(n − 1) neighborhoods are specified, these in total determine the discrete state q ∈ Q

as in Definition 2.1.1. These decisions will not be made in a vacuum or randomly, rather,
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they are based on strategies that model policies we saw implemented in the real world. In

Section 4.1.2 below, we formulate Q explicitly and calculate its cardinality.

In addition to the 2n(n−1) neighborhoods to be defined, there are 2 · n(n−1)
2 = n(n−1)

ordered pairs (i, j) corresponding to the number of parameter weights wij to be determined.

These will be chosen so as to initially balance the number of incoming and outgoing travelers

i.e. for regions i and j we require weights to balance

wij(S
u
i (0) + Eu

i (0) +Ru
i (0) + Sv

i (0) + Ev
i (0) +Rv

i (0))

= wji(S
u
j (0) + Eu

j (0) +Ru
j (0) + Sv

j (0) + Ev
j (0) +Rv

j (0))

(4.4)

Notice that, since only infected individuals are not permitted to travel, a more compact

way of writing this condition is

wij(Ni(0)− Iui (0)− Ivi (0)) = wji(Nj(0)− Iuj (0)− Ivj (0)). (4.5)

More conditions need to be specified in order to uniquely determine all n(n−1) weights.

The above condition in Equation 4.5 reduces this number by half. For example, if wij are

chosen for j > i then the remaining parameters wji would be uniquely determined. Indeed,

this is the approach taken in subsequent discussions and in the simulations. What still

remains is specifying the remaining n(n−1)
2 number of wij for j > i. Two selection methods

which seem natural are implemented. First is another type of balancing act, where outgoing

travel numbers reflect the initial populations of the destinations i.e. we assume that more

people will travel to a destination which naturally supports a larger initial population. In

that regard, for a fixed region i, one may impose for all j ̸= k (and j, k > i) that

wij

wik

=
Nj(0)

Nk(0)
(4.6)

or equivalently

wijNk(0)− wikNj(0) = 0 (4.7)
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Second, we assume some known percentage of the regional population Ni(0) is typically

traveling at a time prior to any travel restrictions. For example, if 0.1% of the population

is typically traveling, for work, vacation, or otherwise, we may impose 0.001 =
∑

j ̸=iwij .

Together with Equations 4.7 and 4.6, this final condition can be used to uniquely determine

all values of the weights wij . One detail of note is, depending on the order in which these

constraints are applied, it may happen that the last region with initial population Nn(0)

cannot enforce the final constraint of a known percentage of the population traveling at

a given time, since if all i ̸= n have already done this and also the balancing Equations

4.7 and 4.6 have been applied, then each wni will already be determined and therefore

no freedom of choice will remain to dictate the size of
∑n−1

i=1 wni. In light of this,

a final implementation strategy in the simulations will be to always index the regions

from smallest initial population to largest i.e. choose the region numbers such that

N1(0) ≤ N2(0) ≤ · · · ≤ Nn−1(0) ≤ Nn(0).

4.1.2 SEIR Model’s Discrete States

As witnessed during the COVID-19 pandemic, travel restrictions played an important role

in containing the spread of the virus. They were shaped by policies which changed overtime

depending of the perceived severity of the pandemic. In the real world, travel restrictions

are delicate to employ and cannot be modified too frequently, for reasons of the practicality

of their implementation, as well as the messaging which must be delivered to the public.

Indeed they may change, but vary in a discrete way and not continuously. However, they

do regulate some parts of the continuous dynamics, specifically with respect to the travelers

i.e. in particular they determine the four neighborhoods NghS
u

(i), NghS
v

(i), NghE
u

(i),

and NghE
v

(i). In this section we describe the different travel restrictions that are possible

in our scheme. They are based on what was actually implemented during the COVID-19

pandemic, but it is possible that others could also be considered.
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Fix an arbitrary pair of regions {i, j} and consider how they might arrange travel

amongst themselves i.e. how might they choose their four neighborhoods. We notate the

following 5 strategies for selection:

1. open (O):

j ∈ NghS
u

(i), j ∈ NghE
u

(i), j ∈ NghS
v

(i), j ∈ NghE
v

(i).

An open region makes no restrictions on travel.

2. vax pass (P):

j /∈ NghS
u

(i), j /∈ NghE
u

(i), j ∈ NghS
v

(i), j ∈ NghE
v

(i).

A region implementing vaccine passports a.k.a. vax pass disallows unvaccinated

travelers by requiring proof of vaccination upon arrival.

3. testing (T):

j ∈ NghS
u

(i), j /∈ NghE
u

(i), j ∈ NghS
v

(i), j /∈ NghE
v

(i).

A region implementing testing attempts to ensure no infected travelers arrive at all

by testing whether they have been exposed and carry the virus without symptoms.

4. strict (PT):

j /∈ NghS
u

(i), j /∈ NghE
u

(i), j ∈ NghS
v

(i), j /∈ NghE
v

(i).

A strict region implements both vaccine passports and testing.

5. closed (C):

j /∈ NghS
u

(i), j /∈ NghE
u

(i), j /∈ NghS
v

(i), j /∈ NghE
v

(i).

A closed region does not allow travelers at all.

So for the
(

n
2

)

number of pairs {i, j}, their four neighborhood determinations about each

other can come only from the five options {O,P, T, PT,C} rather than the 16 you might

expect if we allowed the four decisions to be completely uncorrelated. Hence there are

5(
n

2) = 5
n(n−1)

2 = (
√
5)n

2−n possible ways to form the four neighborhood designations to

define the travel policies between all n regions. Altogether, these neighborhood designations

make up our hybrid automaton’s set of discrete sets, Q.
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4.1.3 SEIR Model’s Vector Field

Before displaying the model which accounts for all n regions with travel between them,

we first include the local SEIR model structure for an arbitrary region. We assume for all

values t ≥ 0 that we have Su(t)+Eu(t)+ Iu(t)+Ru(t)+Sv(t)+Ev(t)+ Iv(t)+Rv(t) = Ni

where Ni is the population of region i, currently fixed in this description until we include

travelers subsequently. In that regard, note that we neglect to include natural birth and

natural death rates, as they are assumed to either balance or to be negligible relative to the

spread of disease. We have eight equations

d

dt
Su(t) = −θSu(t)− Su(t) (βuEu(t) + βvEv(t) + ζuIu(t) + ζvIv(t)) (4.8)

d

dt
Eu(t) = −ϵuEu(t) + Su(t) (βuEu(t) + βvEv(t) + ζuIu(t) + ζvIv(t)) (4.9)

d

dt
Iu(t) = −γuIu(t) + ϵuEu(t) (4.10)

d

dt
Ru(t) = γuIu(t) (4.11)

d

dt
Sv(t) = θSu(t)− Sv(t) (βuEu(t) + βvEv(t) + ζuIu(t) + ζvIv(t)) (4.12)

d

dt
Ev(t) = −ϵvEv(t) + Sv(t) (βuEu(t) + βvEv(t) + ζuIu(t) + ζvIv(t)) (4.13)

d

dt
Iv(t) = −γvIv(t) + ϵvEv(t) (4.14)

d

dt
Rv(t) = γvIv(t) (4.15)

where the following parameters dictate transfer between compartments:

• θ denotes the vaccination rate,

• βu denotes the rate by which the disease is transmitted from the unvaccinated

asymptomatic to the susceptible group upon contact,
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• βv denotes the rate by which the disease is transmitted from the vaccinated

asymptomatic to the susceptible group upon contact,

• ζu denotes the rate by which the disease is transmitted from the unvaccinated

symptomatic to the susceptible group upon contact,

• ζv denotes the rate by which the disease is transmitted from the vaccinated

symptomatic to the susceptible group upon contact,

• ϵu is the rate of unvaccinated individuals becoming symptomatic infected after some

latent incubation period,

• ϵv is the rate of vaccinated individuals becoming symptomatic infected after some

latent incubation period,

• γu is the recovery rate of unvaccinated infected individuals,

• γv is the recovery rate of vaccinated infected individuals.

Now we shall include other regions and take travel into account. Importantly, the parameter

values we considered above may now be region dependent, and so we designate them with

a subscript, αi := [θi, β
u
i , β

v
i , ζ

u
i , ζ

v
i , ϵ

u
i , ϵ

v
i , γ

u
i , γ

v
i ]

T ∈ (R≥0)
9. Beyond this, the addition of

travelers is the only change to the above structure.

d

dt
Su
i (t) =− θiS

u
i (t)− Su

i (t) (β
u
i E

u
i (t) + βv

i E
v
i (t) + ζui I

u
i (t) + ζvi I

v
i (t))

−
∑

j∈NghSu (i)

(wijS
u
i (t)− wjiS

u
j (t))

(4.16)

d

dt
Eu

i (t) =− ϵui E
u
i (t) + Su

i (t) (β
u
i E

u
i (t) + βv

i E
v
i (t) + ζui I

u
i (t) + ζvi I

v
i (t))

−
∑

j∈NghEu (i)

(wijE
u
i (t)− wjiE

u
j (t))

(4.17)

d

dt
Iui (t) = −γui I

u
i (t) + ϵui E

u
i (t) (4.18)
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d

dt
Ru

i (t) = γui I
u
i (t)−

∑

j∈NghSu (i)

(wijR
u
i (t)− wjiR

u
j (t)) (4.19)

d

dt
Sv
i (t) = θiS

u
i (t)− Sv

i (t) (β
u
i E

u
i (t) + βv

i E
v
i (t) + ζui I

u
i (t) + ζvi I

v
i (t))

−
∑

j∈NghSv (i)

(wijS
v
i (t)− wjiS

v
j (t))

(4.20)

d

dt
Ev

i (t) = −ϵviE
v
i (t) + Sv

i (t) (β
u
i E

u
i (t) + βv

i E
v
i (t) + ζui I

u
i (t) + ζvi I

v
i (t))

−
∑

j∈NghEv
(i)

(wijE
v
i (t)− wjiE

v
j (t))

(4.21)

d

dt
Ivi (t) = −γvi I

v
i (t) + ϵviE

v
i (t) (4.22)

d

dt
Rv

i (t) = γvi I
v
i (t)−

∑

j∈NghSv (i)

(wijR
v
i (t)− wjiR

v
j (t)) (4.23)

Again, we assume Su
i (t)+Eu

i (t)+ Iui (t)+Ru
i (t)+Sv

i (t)+Ev
i (t)+ Ivi (t)+Rv

i (t) = Ni(t) and

furthermore we now have total population N =
∑n

i=1Ni(t) for all t ≥ 0.

Clearly, the kind of local dynamics and coupling seen in Equations 4.16-4.23 are of

the general form in Equation 1.1. However, the structure of the matrix L is somewhat

cumbersome to make explicit due to the current order of the variables. Instead of writing

xi = [Su
i , E

u
i , I

u
i , R

u
i , S

v
i , E

v
i , I

v
i , R

v
i ]

T ∈ R
8
≥0 put altogether as x = [x1, · · · , xn]T ∈ (R≥0)

8n,

we use the following: Su := [Su
1 , . . . , S

u
n]

T , Eu := [Eu
1 , . . . , E

u
n]

T , Iu := [Iu1 , . . . , I
u
n ]

T , and

Ru := [Ru
1 , . . . , R

u
n]

T and similarly for the vaccinated individuals Sv, Ev, Iv, and Rv.

Although we already used previously in Equations 4.8-4.15, the notation Su, Eu, . . . , Iv, Rv,

here they represent vector quantities instead. In context it should be clear that for one

region they are scalar quantities and if there are n > 1 regions, they are vectors. Then we

put all regions together as:

y = [Su, Eu, Iu, Ru, Sv, Ev, Iv, Rv]T ∈ (R≥0)
8n. (4.24)
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Similarly we can define vectors of the parameter values for all regions θ := [θ1, . . . , θn]
T ,

βu := [βu
1 , . . . , β

u
n]

T , ζu := [ζu1 , . . . , ζ
u
n ]

T , ϵu := [ϵu1 , . . . , ϵ
u
n]

T , γu := [γu1 , . . . , γ
u
n]

T , and

similarly for βv, ζv, ϵv, and γv. Then using ◦ notation for the Hadamard (also known as the

Schur or entrywise) product, and suppressing time dependence on the right hand sides, we

have

d

dt
Su(t) = −(θ + βu ◦ Eu + βv ◦ Ev + ζu ◦ Iu + ζv ◦ Iv) ◦ Su − (LSu)TSu (4.25)

d

dt
Eu(t) = (βu ◦ Eu + βv ◦ Ev + ζu ◦ Iu + ζv ◦ Iv) ◦ Su − ϵu ◦ Eu − (LEu)TEu (4.26)

d

dt
Iu(t) = ϵu ◦ Eu − γu ◦ Iu (4.27)

d

dt
Ru(t) = γu ◦ Iu − (LSu)TRu (4.28)

d

dt
Sv(t) = −(βu ◦ Eu + βv ◦ Ev + ζu ◦ Iu + ζv ◦ Iv) ◦ Sv + θ ◦ Su − (LSv)TSv (4.29)

d

dt
Ev(t) = (βu ◦ Eu + βv ◦ Ev + ζu ◦ Iu + ζv ◦ Iv) ◦ Sv − ϵv ◦ Ev − (LEv)TEv (4.30)

d

dt
Iv(t) = ϵv ◦ Ev − γv ◦ Iv (4.31)

d

dt
Rv(t) = γv ◦ Iv − (LSv)TRv (4.32)

where the four matrices LSu , LEu , LSv , LEv ∈ R
n×n are outgoing convention Laplacian

matrices which, taken together, encode all of the travel policies afforded by the current

discrete state q. The system can now be written as

dy(t)

dt
= h(y(t))− diag[(LSu)T , (LEu)T , 0, (LSu)T , (LSv)T , (LEv)T , 0, (LSv)T ]y(t) (4.33)

with a matrix that is now conveniently block diagonal. Note again that the matrices

LSu , LEu , LSv , and LEv are not necessarily symmetric, as we have not imposed wij = wji.

To give an example of our four matrices and how they depend on q, suppose we have

n = 5 regions, and each region allows travel to and from all four of the other regions,
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irregardless of exposure or vaccination status i.e. each is in status open (O) with respect

to all others. Furthermore for simplicity, assume we have weights wij = wji = 0.05 for all i

and j. Then we would have

LSu = LEu = LSv = LEv =

























0.2 −0.05 −0.05 −0.05 −0.05

−0.05 0.2 −0.05 −0.05 −0.05

−0.05 −0.05 0.2 −0.05 −0.05

−0.05 −0.05 −0.05 0.2 −0.05

−0.05 −0.05 −0.05 −0.05 0.2

























.

Now suppose that region 1 reaches a severe level of infection, and so it may be the case that

regions 2 through 5 want to enforce a vaccine passport (P) travel policy towards it. In that

case, only vaccinated travelers would be allowed to travel, leaving neighborhoods NghS
v

(1)

and NghE
v

(1) the same as before, but unvaccinated travelers would now be forbidden i.e.

NghS
u

(1) = NghE
u

(1) = ∅. So in that case LSv and LEv would stay the same as they are

above, but instead we would have

LSu = LEu =

























0 0 0 0 0

0 0.15 −0.05 −0.05 −0.05

0 −0.05 0.15 −0.05 −0.05

0 −0.05 −0.05 0.15 −0.05

0 −0.05 −0.05 −0.05 0.15

























.

Remember that the symmetry shown is not necessary in general, and only comes from our

arbitrary example here that wij = wji = 0.05 for all i and j. Altogether, the right sides

of Equations 4.25-4.32 are what defines our SEIR vector field f(·, ·) : Q × R
8n
≥0 → R

8n
≥0 as

in Definition 2.1.1. The initial states Init ⊆ Q × R
8n
≥0 are simply the initial values at time

zero, y(0), along with the initial determination about travelers, q0 ∈ Q, presumably as in

the first example above, with all regions open to all other regions (if we imagine the severe
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impact of the pandemic has yet to occur at t = 0, then it is natural to suppose no travel

restrictions have been made initially).

4.1.4 SEIR Model’s Domain and Edges

The domain of our hybrid automaton Dom : Q → 2R
8n
≥0 is a map to all possible continuous

states that are compatible with a discrete state q. In our case, some of the discrete state’s

may be undesirable given a particular continuous state, but none are considered unfeasible.

Therefore we allow all N people to be in any of the 8 compartments from any of the n

regions i.e. we have for all q ∈ Q,

Dom(q) = [0, N ]8n. (4.34)

To define a set of edges E ⊆ Q×Q, we must consider when it makes sense to go from

one discrete state q to another.

The graph in Figure 4.2 encodes clearly the possible gradual changes we would expect

for a fixed pair of regions {i, j}. Intuition tells us that changes to the policies on travel

restrictions between regions i and j should be gradual, and should include at most two

instances of turning “on” or “off” a type of travel eligibility. For a fixed pair {i, j} consider

the ordered quadruplet Wij = (WSu

ij ,WEu

ij ,WSv

ij ,WEv

ij ) where we define

WSu

ij =















1 if j ∈ NghS
u

(i) ⇐⇒ i ∈ NghS
u

(j)

0 if j /∈ NghS
u

(i) ⇐⇒ i /∈ NghS
u

(j)

(4.35)

and similarly for the remaining travel groups Eu, Sv and Ev. Then we only allow change

from a policy at time τ ′k, Wij(τ
′
k), to a new policy at time τk+1, Wij(τk+1) if the distance

between the policies, ∥Wij(τ
′
k) − Wij(τk+1)∥ ≤ 2 where we take the norm ∥ · ∥ to be the
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open (O)

vax pass (P ) testing (T )

strict (PT )

closed (C)

Figure 4.2: Only changes in policy represented by the edges above are allowed.

taxicab metric i.e. we have that

∥Wij(τ
′
k)−Wij(τk+1)∥ =

∑

(∗)=Su,Eu,Sv ,Ev

|W (∗)
ij (τ ′k)−W

(∗)
ij (τk+1)|

or given explicitly,

∥Wij(τ
′
k)−Wij(τk+1)∥ = |WSu

ij (τ ′k)−WSu

ij (τk+1)|+ |WEu

ij (τ ′k)−WEu

ij (τk+1)|

+|WSv

ij (τ ′k)−WSv

ij (τk+1)|+ |WEv

ij (τ ′k)−WEv

ij (τk+1)|.

83



Along these same lines, define the matrix W ∈ {0, 1}(
n

2)×4 via







































−W12−

−W13−
...

−W1n−

−W23−
...

−Wn−1n−







































(4.36)

i.e. the n(n−1)
2 rows correspond to a choice from the set {O,P, T, PT,C}, which yields

the four columns of zeros and ones. The matrix W correspond to a unique global travel

strategy q ∈ Q and encodes the zero and nonzero structure of the matrices LSu , LEu , LSv ,

and LEv . For example, consider again the scenario above when initially at times before

some τ ′0 the n = 5 regions were all open (O), but subsequently due to severe infection in

region 1, regions 2 through 5 switched to enforcing a vaccine passport (P) policy towards

it at τ1. The corresponding matrices W (τ ′0),W (τ1) ∈ {0, 1}10×4 are given by

W (τ ′0) =



























































1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1



























































and W (τ1) =



























































0 0 1 1

0 0 1 1

0 0 1 1

0 0 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1


























































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where one should note that the first four rows W12,W13,W14, and W15 changed from the

open (O) policy (1, 1, 1, 1) to the vaccine passport (P) policy (0, 0, 1, 1).

An edge exists between two discrete states in Q if their strategies are sufficiently similar

i.e. if we can imagine going somewhat gradually from one to the other. So to go from a

discrete state at time τ ′k, W (τ ′k), to a new discrete state at time τk+1, W (τk+1), we require

∥Wij(τ
′
k)−Wij(τk+1)∥ ≤ 2 for all

(

n
2

)

possible {i, j} pairs. This is because it is not sufficient

to impose the global condition ∥W (τ ′k)−W (τk+1)∥ ≤ 2 ·
(

n
k

)

= n(n− 1) since, for example,

we could have n = 3 and think that the strategies W (τ ′k) = [(1, 1, 1, 1); (1, 1, 1, 1); (1, 1, 1, 1)]

and W (τk+1) = [(0, 0, 1, 0); (0, 0, 1, 0); (1, 1, 1, 1)] are sufficiently similar after calculating

∥W (τ ′k) − W (τk+1)∥ = 6 ≤ 3(3 − 1), however, the physical meaning here is that region

1 switched from an open (O) policy towards regions 2 and 3 to a strict (S) policy

towards regions 2 and 3, without going through either vax pass (P) or testing (T) as

we shall require, and indicated clearly in Figure 4.2. Indeed, this counterexample is

made evident by the fact that ∥W23(τ
′
k) − W23(τk+1)∥ = 0 ≤ 2 but on the other hand,

∥W12(τ
′
k)−W12(τk+1)∥ = ∥W13(τ

′
k)−W13(τk+1)∥ = 3 > 2, which we will not allow.

4.1.5 SEIR Model’s Guard Condition and Reset Map

We require the guard condition Grd(·) : E → 2R
8n
≥0 to encode when we can potentially switch

between discrete states. Suppose the discrete state is at q0 ∈ Q. If at some point in time,

t, the continuous state y(t) reaches the guard Grd(q0, q) ⊆ R
8n
≥0 for some edge (q0, q) ∈ E,

then the discrete state q0 may change to the discrete state q. In the general theory of hybrid

systems, we could simultaneously allow for the continuous state y(t) to be reset to some

value in Res(q0, q, y) ⊆ R
8n
≥0, however, in this particular application we do not need a reset,

and so we take the reset map to be the identity map i.e. Res(·, y) = y regardless of the

edge from E that we plug in. We also wish to remove any ambiguity in the guard condition.

Therefore we construct Grd(·) : E → 2R
8n
≥0 below such that one and only one transition is

made eligible, and furthermore we assume that the transition is always taken.
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Because we desire travel policies that are necessarily symmetric, the guard condition will

take both the relative number of infected in region i and the relative number of infected

in another region j ̸= i into account. It makes further sense that these decisions must be

independent of the sign of the difference between these relative values. The simple option

we implement here is to make travel policy decisions based on

Du
ij(t) := max

{

Iui (t)

Ni(t)
,
Iuj (t)

Nj(t)

}

and Dv
ij(t) := max

{

Ivi (t)

Ni(t)
,
Ivj (t)

Nj(t)

}

. (4.37)

Intuitively, we look at the numbers of symptomatic infected I and not the asymptomatic

infected E, since they would be even less likely to show up in any type of publicly reported

data. Furthermore, we look only at the relative level of infected. Since a larger region

could have a much larger population of infected without cause for concern, this value

should be normalized. Consider thresholds that we might potentially reach for these values,

0 < ϕu
1 < ϕu

2 < 1 and 0 < ϕv
1 < ϕv

2 < 1, respectively. Suppose we say the values above are

“good” if they fall within [0, ϕ
(∗)
1 ], “bad” if they fall within [ϕ

(∗)
2 , 1], and “okay” if they are

somewhere in the middle, (ϕ
(∗)
1 , ϕ

(∗)
2 ). Recall an edge exists in E if ∥Wij(τ

′
k)−Wij(τk+1)∥ ≤ 2

for all
(

n
2

)

possible {i, j} pairs. Assume that this holds. Then for an {i, j} pair, if the values

Du
ij and Dv

ij are both good, taking our new strategy to be open, Wij(τk+1) = O makes sense.

On the other hand, if the values are both bad, then taking a closed strategy, Wij(τk+1) = C

makes sense. If both values are okay, then we take the strict policy Wij(τk+1) = PT . If the

valueDu
ij is okay, but the value ofD

v
ij is good, then we use vaccine passports, Wij(τk+1) = P .

Lastly, if the value of Du
ij is good, but the value of Dv

ij is ok, then we implement testing,

Wij(τk+1) = T . We illustrate these inequalities in Figure 4.3 below, assuming that we have

thresholds ϕu
1 = 0.1, ϕu

2 = 0.2 and double for vaccinated individuals, ϕv
1 = 0.2 and ϕv

2 = 0.4.

Topologically, the green box is closed and corresponds to the open (O) policy. The red

region is also topologically closed and corresponds to the closed (C) policy. The orange box

is topologically open and corresponds to the strict (PT) policy. The yellow box above the

green is neither topologically open nor closed, as it contains its sides, but not its top or
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bottom, and corresponds to the testing (T) policy. Similarly the yellow box to the right

is neither open nor closed, contains its top and bottom but not its sides, and corresponds

to the vaccine passport (P) policy. In the simulations these values are taken to be much

smaller, but here are chosen to clearly view the figure.

0 0.1 0.2 1
0

0.2

0.4

1

Du
ij

D
v ij

Figure 4.3: Travel Policy between Regions i and j is decided by the values of Du
ij and Dv

ij :
Green = O, Yellow Bottom Right = P, Yellow Top Left = T, Orange = PT, Red = C.

4.2 Simulations of Disease Spread Utilizing the Hybrid

Automaton

In this section we include a set of simulations to illustrate the functionality of our hybrid

automaton model. The goal is not to recreate an especially realistic real world scenario,

nor to fit any existing data, rather it is a proof of concept to demonstrate the feasibility

of our model for computing at a scale of the global population, more than 8 billion people

as of November 15, 2022 (1). Furthermore, we highlight the automated travel restriction

strategies as determined by the guard conditions. The model has been coded in MATLAB

R2022b. When timing the code, we repeat the procedure some number of times (specified

case by case below) and take the average. This is done in an attempt to reach a more
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accurate value, since variance or random noise can cause fluctuations in the time required

to finish a single run, particularly operating on the outdated hardware being used, a 2015

MacBook Pro.

4.2.1 Computation Time Depending on Population and Number of

Regions

Here we analyze the computational time required to numerically integrate the Equations

4.25-4.32 as we vary the total population N and the number of regions n. The difficulty

in implementing naively the formalism of a hybrid automaton comes from the fact that

the guard conditions potentially introduce discontinuities in the continuous dynamics.

Although there is no reset map involved in our particular application here, and so the

continuous state variables themselves do not ever change discontinuously, their derivatives

do experience discontinuities in the form of the discrete changes happening to the matrices

LSu , LEu , LSv , and LEv , as they are impacted by the travel restrictions, triggered by the

guard conditions that depend on the values of Du
ij(t) and Dv

ij(t) defined in Equation 4.37.

Hence the numerical integration must be stopped and then restarted each time a guard

condition is reached, which naturally slows down the speed of the computation. The values

for the corresponding thresholds are significantly less than are shown above in Figure 4.3,

taken to be (ϕu
1 , ϕ

u
2) = (0.01, 0.02) for unvaccinated individuals and (ϕv

1, ϕ
v
2) = (0.025, 0.05)

for vaccinated. This is due to the fact that even a lesser level of infection is considered more

alarming for unvaccinated individuals than for vaccinated individuals, since we assume the

vaccine has the effect of minimizing the severe impact of symptomatic infection on an

individual’s health.

For all simulations we use a step size of 0.01. Fortunately, MATLAB provides

automatically built in with many of its ordinary differential equation solvers the ability

to include an option called ‘ODE Event Location’, which is precisely what we need to

efficiently stop, catalog, and restart the numerical integration process each time a guard

condition is met. As per MATLAB recommendations (29), the solver ode45 was used as
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a first choice. However, it is difficult to analyze if the Equations 4.25-4.32 are considered

stiff, as the dynamical rules themselves may change dramatically in a short amount of time,

for example if a region is open (O) with respect to all others, but due to severe infection

rapidly switches to vax pass (P) and then closed (C). In order to test the functionality of the

code, we check the number of perceived guard conditions being met over a 5 year simulation

with n = 6 regions. Parameter values and initial conditions were those shown subsequently

in Table 4.3 and Equation 4.4. Indeed, there seems to be an immediate issue with the

implementation if the number of guard conditions varies greatly between solvers since, as

we explained in Section 4.1.5, we intentionally made our hybrid model deterministic, despite

not needing to within the general hybrid automaton framework. The results of 5 different

MATLAB ODE solvers are shown in Table 4.1.

MATLAB solver Number of Guard Conditions Detected

ode45 82

ode113 64

ode23 63

ode23s 54

ode15s 80

Table 4.1: The choice of a particular ODE solver impacting a numerical solution may be
unavoidable, but here we are particularly alarmed if the choice severely effects the detection
of guard conditions since we specifically designed them to be deterministic.

By troubleshooting the issues displayed in Table 4.1 and printing out detection times

to the screen, we determined the issue was with no one particular solver, but rather the

tolerances and step sizes involved. Indeed, many MATLAB solvers do not necessarily

require a step size to be defined, rather they are adaptive in that they can take smaller

steps when it is necessary for accuracy, or when it is not, taking larger steps to speed up the

calculation. Perhaps then it was unwise to force the step size 0.01, but it simplified the code

in other ways, such as plotting outputs. More investigating would need to be done. What

became clear was that the detection made at the previous iteration was occasionally then

triggering a detection at the start of the next iteration, but without stopping the process of

integration i.e. one guard detection was being counted twice with precision defined between
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two subsequent steps. The solution we took was to throw out two guard conditions of the

same type that were met in less time than the step size squared, 0.012 = 0.0001. The

subsequent results are shown below in Table 4.2, for the same experiment as in Table 4.1,

and extending the same experiment even longer from 5 years to 8. We conclude that this

is a reasonable fix, although getting to the issue of why precisely these phantom detections

were made is of interest for future work.

MATLAB solver # GCs Detected (5 yrs) # GCs Detected (8 yrs)

ode45 51 68

ode113 51 68

ode23 51 68

ode23s 51 68

ode15s 51 68

Table 4.2: The number of guard condition detections per solver became fixed after throwing
out detections of the same kind that were made very close in time.

Varying the Global Population N

First we test the computation time required to numerically integrate the single region

SEIR model given by Equations 4.8-4.15 from t = 0 to t = 1095 i.e. over a three year

timeline, chosen as such because, without mitigation measures or a more sophisticated model

that includes the possibility of reinfection, the most critical dynamics between interacting

compartments will play out relatively quickly given our choice of parameters. Already after

three years, solutions tend towards a steady state consisting of only disease free individuals,

as seen in Figure 4.5. In this simulation, the discussion in Section 4.2.1 about guard

conditions does not yet apply, as these are not yet incorporated into the model since we

have no travelers between different regions. The chosen parameter values are shown in

Table 4.3.

We average the computation time required over 15 trials. We vary the total population

size from N = 1, 000, 000 to N = 8, 041, 000, 000, which is approximately the current

world population. We increase the population in each iteration by 40, 000, 000, for a
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total of 201 data points. The initial population distribution is chosen in each case to

start without any vaccinated individuals, but we add vaccinated individuals throughout

via the parameter θ. We start out with 99% of the population susceptible, 1
2% of

the population exposed, and 1
2% of the population infected, i.e. we have initial values

[Su(0), Eu(0), Iu(0), Ru(0), Sv(0), Ev(0), Iv(0), Rv(0)]T = N [0.99, 0.005, 0.005, 0, 0, 0, 0, 0]T .

The results of timing the computation are shown in Figure 4.4. The outcome of the final

simulation for N = 8, 041, 000, 000 is also shown in Figure 4.5.

Parameter Value

B 8.041× 109

θ 4.0× 10−3

βu 1.0× 10−12 · B
N

βv 5.0× 10−13 · B
N

ζu 1.0× 10−11 · B
N

ζv 5.0× 10−12 · B
N

ϵu 2.0× 10−3

ϵv 1.0× 10−3

γu 5.0× 10−3

γv 1.0× 10−2

Table 4.3: Parameter Values for Varying the Global Population N . We assume
asymptomatic infected individuals are 10 times less infectious to the susceptible population
as compared to symptomatic infected individuals, seen in the differences between β(∗)

and ζ(∗). We assume the vaccinated individuals have twice the protection compared to
unvaccinated individuals, half the rate of infectiousness and half the rate of developing
symptoms, and double the recovery rate, as seen in the differences between (∗)u and (∗)v.

We conclude that the computational cost due to varying the total population N is

negligible in the single region case, as the best linear fit shown in Figure 4.4 only indicates,

on average, an increase of roughly 0.05 seconds to vary from a population of N = 1, 000, 000

to a population of N = 8, 041, 000, 000.
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Figure 4.4: Computation Time Varying N = 1, 000, 000 to N = 8, 041, 000, 000.

Next we we test the computation time required to numerically integrate the hybrid

model given by Equations 4.16-4.23 for a world with n = 6 regions. Once again, we

vary the world population from N = 1, 000, 000 to N = 8, 041, 000, 000, increasing

the population by 40, 000, 000 each time, and we integrate over a three year timeline.

Since the hybrid model incorporates the automated travel restrictions, now the guard

conditions do come into play, and we must repeatedly stop and restart the numerical

integration process each time a guard condition is satisfied. Hence we anticipate a

longer computation time as compared to the single region n = 1 scenario above. We

again average the computation time over 15 trials. The initial population distributions

are chosen in the same way, with 99% of the regional populations susceptible, 1
2%

exposed, and 1
2% infected, i.e. [Su

i (0), E
u
i (0), I

u
i (0), R

u
i (0), S

v
i (0), E

v
i (0), I

v
i (0), R

v
i (0)]

T =

Ni(0)[0.99, 0.005, 0.005, 0, 0, 0, 0, 0]
T . Notice now however, the subscript i referring to the

region number, and the explicit time dependence in the initial regional population Ni(0),

since Ni(t) will in general vary in this case. We split up the total population N into the six
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Figure 4.5: Timeline for each of the 8 SEIR compartments for a single region with
N = 8, 041, 000, 000 people. After about two years, the two susceptible compartments have
almost vanished, while the exposed and infected compartments are gradually decreasing, as
the recovered are increasing more rapidly. In particular the vaccinated recovered is growing
fastest, because in this simulation the value of θ = 4.0 × 10−3 was such that 65% of the
population was vaccinated after two years.

initial regional populations:

[N1(0), N2(0), N3(0), N4(0), N5(0), N6(0)]
T =

N [0.0448, 0.0755, 0.1211, 0.1837, 0.2576, 0.3173]T .

(4.38)

We have N =
∑6

i=1Ni(0) as desired. The six values in Equation 4.38 were generated in

the following way. First, using the MATLAB function normrnd, six random numbers were

drawn from the normal distribution with mean zero and standard deviation one. Second,

we take the absolute value of the random numbers and sum them. Lastly divide each by the

sum so that the new sum is one as desired. We use this strategy again subsequently when

we vary the number of regions n while leaving the total population N fixed. The parameter

values are again those chosen in Table 4.3, except that the multipliers on the β(∗) and ζ(∗)

parameters are normalized by region i.e. we scale them each by B
Ni(0)

instead of B
N
. The
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results of timing the computation are shown in Figure 4.6. Again, we conclude that the

computational cost due to varying the total population N is negligible in the hybrid model,

as the best linear fit shown in Figure 4.6 only indicates, on average, an increase of less than

0.05 seconds to vary N = 1, 000, 000 to a population of N = 8, 041, 000, 000. However, it

is notable that the average speed as compared to the single region model has increased by

about 0.3 seconds, a seemingly small change, but one that will become dramatically more

pronounced as the number of regions n is increased.

Figure 4.6: Computation Time for a 6 region hybrid model with population distributions as
in equation 4.38, and varying the total population N = 1, 000, 000 to N = 8, 041, 000, 000.

Varying the Number of Regions n

Now we test the computation time required to numerically integrate the hybrid model

given by Equations 4.16-4.23 for a world with N = 8, 000, 000, 000 people (just short of

the current global population) as we vary the number of regions from n = 3 to n = 303

(the United Nations recognizes 195 countries worldwide). As indicated in the previous

section, the dependence of the equations on n contributes greatly to the computation time

required. To decrease the computation time we integrated over two years instead of three,
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and similarly, we average the computation time over 5 trials. Yet again, we take initial

population distributions in the same way, with 99% of the regional populations susceptible,

1
2% exposed, and 1

2% infected, and we use the parameter values in Table 4.3, except that

the multipliers on the β(∗) and ζ(∗) parameters are normalized by region i.e. we scale them

each by B
Ni(0)

instead of B
N
. The results of timing the computation are shown in Figure 4.7.

Figure 4.7: Computation Time for N = 8, 000, 000, 000 people distributed randomly in n
regions varying from n = 3 to n = 303. The n = 303 region model took an average of 18.4
seconds.

Summary

We conclude that a global model is feasible with the simplified set of equations we are using.

Using 195 regions corresponding to countries recognized by the United Nations will take on

average 7.4 seconds per simulation. This is fast compared to, for instance, an agent based

model that will take hours to simulate the state of California alone. There are thousands

of international airports, and so we hope to run the computation further in future work.
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4.2.2 Simulations to the Scale of the World and Role of Guard Conditions

As of April 27, 2023, the approximate populations of the regions of Oceania, North America,

South America (which here includes all Latin American countries and the Caribbean),

Europe, Africa and Asia are respectively given in the following Table 4.4.

Region Population (in billions of people)

Oceania 0.044269933

NA 0.375354514

SA 0.670749456

EUR 0.748917951

AFR 1.436940535

Asia 4.755014648

Table 4.4: World Populations by the Billion

We label these n = 6 regions as [N1(0), N2(0), N3(0), N4(0), N5(0), N6(0)]
T and we have

in total N =
∑6

i=1Ni(0) = 8, 031, 247, 037 people in our model at the scale of the world.

We would like to see the impact of the automated travel restrictions in simulations of

hypothetical situations taking place over seven years. What if the largest region, Asia,

is initially five times as infected (relatively) as the other five regions? How does this

scenario compare to the same scenario where no travel restrictions are imposed i.e. all

regions remain open (O) throughout the seven years? We call these scenarios 1 and 2 in

the Figures below. We take initially in Asia, the “very infected” region, 0.95% exposed,

and 0.95% infected, which is just below the critical ϕu
1 = 0.01 threshold. In that case

for j = 6 (Asia) we will have [Su
j (0), E

u
j (0), I

u
j (0), R

u
j (0), S

v
j (0), E

v
j (0), I

v
j (0), R

v
j (0)]

T =

Nj(0)[0.981, 0.0095, 0.0095, 0, 0, 0, 0, 0]
T . Then in the remaining 5 take 0.19% exposed,

and 0.19% infected yielding [Su
i (0), E

u
i (0), I

u
i (0), R

u
i (0), S

v
i (0), E

v
i (0), I

v
i (0), R

v
i (0)]

T =

Ni(0)[0.9962, 0.0019, 0.0019, 0, 0, 0, 0, 0]
T . The parameters are again those in Table 4.3.

Importantly, one final parameter is the assumed amount of travel at a given moment.
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We take from some online estimates six million people flying at a given time, out of

a total population of roughly eight billion people yields 6×106

8×109
= 0.00075 i.e. we shall

assume 0.00075 =
∑

j ̸=iwij for i = 1 through i = 5. However as noted in Section 4.1.1,

in order to balance incoming and outgoing travelers via Equations 4.5-4.7, we have that

0.0003598 =
∑5

j=1w6j in Asia. There are several results worth mentioning about the

scenario 1 with travel restrictions. The entire world travel is closed (C) by day 326. It takes

until day 1352 for any regions to open back up to strict (PT) between Oceania and North

America. By day 1721, all regions are open (O) to each other except everyone is still closed

to Asia. By day 1853, full worldwide travel is restored to all regions. We summarize our

other findings below.

1. Susceptible vs. Exposed: By comparing Figures 4.8 and 4.9, we see they are nearly

identical, except that the difference between Asia and the other five regions is more

exaggerated with travel restrictions. This is because populations are not allowed to

mix as much, and so the virus is somewhat kept in Asia in that sense.

Figure 4.8: Normalized Susceptible vs. Normalized Exposed with Automated Travel
Restrictions
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Figure 4.9: Normalized Susceptible vs. Normalized Exposed with No Travel Restrictions

2. Susceptible vs. Infected: Likewise comparing Figures 4.10 and 4.11 Asia actually had

more infected with travel restrictions, but it is hard to see how much.

Figure 4.10: Normalized Susceptible vs. Normalized Infected with Automated Travel
Restrictions
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Figure 4.11: Normalized Susceptible vs. Normalized Infected with No Travel Restrictions

3. Exposed vs. Infected: Comparing Figures 4.12 and 4.13, staying open stratifies the

curves of the 5 smaller regions and shows noticeably more infected e.g. Africa’s orange

curve falls short of 0.1 relative infected with travel restrictions, but exceeds this in

the open scenario. Remember 1% of Africa is more than 14 million people.

Figure 4.12: Normalized Exposed vs. Normalized Infected with Automated Travel
Restrictions
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Figure 4.13: Normalized Exposed vs. Normalized Infected with No Travel Restrictions

Comparison of Scenario 1 and 2

Figures 4.14 - 4.16 further make clear these findings. In Figure 4.14 we see the peak number

of total normalized infected in the world is noticeably less in the travel restriction curve

shown in blue as compared to the orange curve without travel restrictions. The small

gap corresponds to about 16, 037, 175 additional people infected at the peak if no travel

restrictions are imposed. Another benefit is that the peak is delayed by nearly nine days.

However, in Figure 4.15 we actually see the opposite. Asia experienced a greater peak

by implementing travel restrictions. The gap corresponds to about 7, 526, 067 additional

people infected by not just staying open. The reason is that since we assume an initial

balance of incoming and outgoing travelers in the model, a mixing with populations that

are less infected would be beneficial. There is not a major payoff in terms of time difference,

as the greater peak with travel restrictions occurs only a week earlier. Figure 4.16 shows a

decidedly greater peak in relative infected in Africa by staying open and not implementing

restrictions, corresponding to 6, 150, 493 people. Indeed if some percentage of infected get

severely ill and require hospitalization, just 1% of this difference is more than sixty thousand

people. Quite importantly, there is also nearly a 37 day delay in when the peak occurs.
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The extra month could be incredibly important in preparing additional medical facilities or

waiting for supplies to arrive.

Figure 4.14: Comparison of Normalized Infected in the World. There are more than 16
million more infected at the peak without travel restrictions.

Figure 4.15: Comparison of Normalized Infected in Asia
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Figure 4.16: Comparison of Normalized Infected in Africa

All of the other four smaller regions not shown have the same exact relative curves

as Africa in 4.16, since they had the same homogeneous populations and disease spread

parameters. Therefore the globally optimal strategy is to close off travel to and from Asia

just short of 11 months, even though this is worse for them in the short term. However,

notice that both sets of curves flip eventually. In Asia, by the end of seven years, the

open strategy ends up being on top with more infected. The opposite is true in Africa

with more infected on the first day of the seventh year by having implemented the travel

restrictions. However we know that flattening the curve was the general goal of most regions

that implemented travel restrictions during the COVID-19 pandemic. In conclusion, the

travel restrictions were a successful mitigation strategy in this scenario. They flattened the

curve in the five smaller regions and also worldwide. They delayed the peak infection in

these regions by more than a month.
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4.2.3 Guard Conditions

Interestingly, the pair of smaller regions 1−Oceania and 2−North America had to change

the policy between themselves at least as much as any other pair of regions in Scenario 1

above. The result is shown below in Figure 4.17. One can see the color changes from forest

green, to periwinkle, to brown relatively quickly, reflecting changes in policy from strict

(PT), to vax pass (P), to open (O). These two changes occurred on days 1662 and 1719,

nearly a two month span which is relatively realistic in the sense that there is no lower

bound on how fast the changes can happen, a shortcoming of the model.

These (Du
ij , D

v
ij) curves are interesting to study in general. They are always continuous,

but do not need to be differentiable i.e. can have kinks and corners, or even be self

intersecting, for example in Figure 4.18 generated for a simulation with different parameters

and initial populations. The difficulty in numerically implementing the guard condition

methodology described in Section 4.1.5 cannot be overstated. All of the events that the

MATLAB ODE Event Location option take in must be described in terms of a simple

equality, for example Du
12 − ϕu

1 = 0. Fortunately the detection through zero can be

made in either direction i.e. crossing from positive to negative or vice versa. This helps

simplify the implementation somewhat, but it is still not enough to completely specify

the guard conditions. The curve passing through the different colored regions in Figure

4.17 corresponds to actual changes in travel policy that should be made, whereas the color

changes in the curve itself are numerical instances of the a simple equality being met and

the integration stopping. Therefore these must be further probed for whether or not they

warrant an actual change in travel policy. Indeed, one can see in Figure 4.17 that every

time the background color changes, so does the color of the curve, but not the other way

around. Precisely, a color change to the curve occurs if any of Du
12−ϕu

1 , D
u
12−ϕu

2 , D
v
12−ϕv

1,

or Dv
12 − ϕv

2 equals zero. This can happen with no change of policy needed like e.g. green

to black, black to pink, and pink to yellow in Figure 4.17.
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Figure 4.17: Guard Conditions met for Oceania and North American travel policy changes
in Scenario 1. Changes in the background color correspond to guard conditions, as in Figure
4.1.5.

Figure 4.18: (Du
ij , D

v
ij) curves are always continuous, but do not need to be differentiable

i.e. can have kinks and corners, or even be self intersecting.
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This concludes the simulations and the discussion of the hybrid SEIR model. We

demonstrated that a simplified model of disease spread can still be a potentially useful

tool when supplemented with the hybrid system, as we were able to run simulations with a

global population. Furthermore, we were able to automate the travel restrictions in a way

that allowed us to draw conclusions about how regions working together could potentially

help each other and lesson the impact of disease.
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Chapter 5

Conclusion

In this dissertation we used a combination of dynamical systems and graph theoretic

concepts to properly introduce a framework for applications with a common characteristic,

namely, local dynamical systems that are coupled by a set of rules described via an

interaction network between them. Furthermore, we used the hybrid system framework

to describe discrete changes that could occur within the network, specifically ones triggered

by the continuous dynamics reaching the so-called guard conditions of a hybrid automaton.

The primary focus of the presented work was to illustrate how the framework can apply

to two seemingly very different problems: multi-agent systems of autonomous vehicles and

mitigation of global disease spread via travel restrictions.

With regard to the multi-agent systems, we illustrated how a fairly straightforward set

of locally defined “nearest-neighbor” laws could achieve global coordination and achieve

complicated maneuvers without planning in advance, such as rendezvous and moving

formations. The dynamical assumptions and the network assumptions needed to achieve

these maneuvers may in practice be too restrictive, but on the other hand, the ability

to precisely analyze what goes into the algorithms is a desirable characteristic to have at

the starting point of tackling a task as difficult as managing a fleet of autonomous vehicles

without a human operator. We also described how the hybrid dynamics and discrete changes

to the network could work to this end, with the protocols switching automatically by treating

the vehicles’ perceived set of connections as guard conditions. Further work needs to be
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done to seamlessly connect the actual local dynamics of various vehicles to the cooperation

protocols which exploit an idealized network of communications. Once this is done, one can

aim for the final goal of incorporating a real world network with potential imperfections.

We demonstrated a global model at the scale of the world’s population was

computationally feasible, even when incorporating the notion of automated travel

restrictions. Making such a model that incorporates available data from the real world would

be very challenging since during the COVID-19 pandemic, there was not a global protocol

in place for coordinating travel restrictions. It could be seen as one of the conclusions

of this dissertation, that in order to create a global model for disease spread, the need

of homogeneous data collection and public sharing is necessary and desirable. There are

multiples ways to improve upon the epidemiological application in this dissertation. First,

the local compartmental models could be made more complex, for instance by distinguishing

types of individuals at different levels of risk like health care workers, students, etc. however,

it is not clear if these alterations would have a significant impact on the global travel

restriction strategies. Second, we could imagine travel restrictions not to be symmetrical

between two regions i.e. using a graph Laplacian whose symmetry is broken not just by

the weights, but by the existence of nonzero and zero entries. This was actually the case

at some points during the pandemic, for instance, between the United States and Japan.

Third, for the guard conditions, vaccination rates themselves could be used in addition to

relative levels of infection. Indeed, a lower vaccination rate should be associated with a

lower threshold of infections for travel restrictions, since the disease will presumably spread

faster in that region. The model could also impose that guard conditions cannot occur

unless a minimal time duration has elapsed, because changing strategies too often confuses

the population and could be detrimental to compliance. In practice this implementation is

straightforward in simulations, but it is not naturally described with the most basic hybrid

automaton structure.

It is also non-trivial to conceptualize the idea of a global steady state within the hybrid

dynamics, although it is the case in our model that all regions will eventually reach a disease

107



free equilibrium and open travel strategies due to the fact that protection by vaccines does

not fade and re-infections are not accounted for in the model. While it is not difficult to

add those characteristics in the local SEIR models, it is unclear precisely how to analyze

the evolution of the global dynamical systems due to the existence of the discrete events.

Beyond the examples treated in this dissertation, there is much left to be analyzed in terms

of the framework itself. Development on hybrid systems is still somewhat in its infancy,

with much of the initial introduction in the 1990s, see (30; 31). In (9; 10; 7) the authors are

still generalizing notions from dynamical systems to hybrid automaton, such as equilibrium

and stability. As mentioned above, it would be interesting to see how those notions apply

to the systems considered in this dissertation. In addition they also introduce the idea

of a controlled hybrid system in which a controller is introduced to steer the system to

desired states. It is a nontrivial extension of the theory as the control can have discrete and

continuous components. Once the notion of control is well defined, we could potentially

cast our problems as optimization problems in order to reach some desired guard conditions

faster, or minimize a global cost. For instance, the epidemiological hybrid automaton

could attempt to minimize the number of global infections accumulated throughout all

the regions over a specific period of times, or to reach an endemic equilibrium (assuming we

subsequently include vaccine fading and re-infection in the model) as quickly as possible.

Not every instance of a “hybrid system” mentioned in epidemiological applications is using

the formalism here. In other places it is often the case that this means some blend of

compartmental models with agent based, or continuous dynamics with the addition of

a stochastic component, for example (8). Finally, note that hybrid dynamical systems

are different from the concept of graph dynamical systems that can also be found in the

literature (32; 36).
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