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ABSTRACT

Naturally occurring magnetic variations (2-30 cpd) observed by
an array of magnetometers on the island of Hawaii are used to compute
estimates of the complex and frequency dependent Z over H response
functions. These data contain information about the electrical
conductivity structure at depth in the mantle but are also strongly
affected by the conducting ocean. The lateral contrast in electrical
conductivity between the island-mass and sea-water produces large
amplitude spatial gradients in the observed Z variations. These
spatial distortions are related to a local horizontal deflection
pattern in electrical current which is induced over a large region
in the conducting ocean and which is coupled to the deep conductivity
by mutual induction., This mutual induction is accounted for in the
analysis of the Z over H response to estimate the deep conductivity
structure. The spatial distortions are studied by comparing the
response estimates between different observation sites. For each
site the response function defines a direction for H where the Z:H
coherence is maximized. This axis of principle induction is found
to be generally perpendicular to the coast at each station. When
rotated into their local direction of principle induction the response
functions for frequencies less than 30 cpd at each site are found to
relate to a reference site by a real and frequency independent
transfer parameter. This result is interpreted to indicate that the

ocean caused field distortions are essentially static for the lower
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frequencies. Except for a constant multiplier at the reference site
the spatial distortions are thus defined by the set of transfer
parameters for the different stations. The unknown reference site
parameter is determined simultaneously with the modeling of the
observed response to the deep conductivity structure. General
consistency is found between the estimated response and the theoreti-
cal response of the conductivity distribution determined by

J. C. Larsen (1975) for Oahu.
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1. INTRODUCTION

An array of 3-component recording magnetometers was placed
temporarily on the island of Hawaii to observe the time and spatial
variations of matural magnetic fields. Here we report on the
analysis of this data. The useful frequency range of this analysis
is from about 2 to 30 cycles-per-day (cpd). The point of this
investigation is to extract from the observed data the response
function that can be used to interpret the pattern of electrical
conductivity in the earth beneath Hawaii.

Time-varying magnetic fields originating from ionospheric
current sources induce electric currents in the conducting regions of
the earth and the oceans. Secondary magnetic fields resulting from
these induced currents add to the primary fields. The induced
currents themselves are internally affected by self-induction and
coupled by mutual induction. The relationships among the components
of the observed field reflect these electromagnetic interactions and
would be predictable if the electrical properties of the earth were
known. Conversely, a knowledge of the magnetic fields provides
information about the electrical properties of the earth. The
necessary physics is set up in Maxwell's equations and has been
applied to geophysical studies for over 80 years (Schuster, 1889,
Price, 1970).

Electromagnetic conductivity interpretations contribute to an
understanding of the temperature sensitive structure of the earth,

Tozer, 1959. The characteristically low conductivity of crystalline



materials which form the mantle at normal subcrustal temperatures
increases dramatically at temperatures of about 1000°C and higher,

Duba, Heard and Shock, 1974, Furthermore, a continuous fraction of

highly conducting rock melt, even if present in amounts of only a
few per cent, will alter the bulk electrical conductivity of a
region upwards by more than an order of magnitude, Waff, 1974.

Such relationships suggest that the nature of the zone of
decoupling between the earth's mobil lithosphere plates and the
deeper mantle may be better understood by considering its electrical
conductivity. A postulated mechanism for this decoupling is partial
melting in the seismic low velocity zone of the mantle at about

100 km depth beneath the oceans, Anderson, Sammis and Jordan, 1972,

If this is true a corresponding enhancement of electrical conductivity
is expected. Another geophysical problem which can be better under-
stood by integrating electrical conductivity interpretations with
other data is the nature of the upper mantle beneath mid-oceanic
islands. Mantle melting beneath volcanically active islands is not
disputed as its result is observed at the surface volcanic vents,
but the cause and extent of this melting is obscure.

The evidence and recent viewpoints regarding the origin of the

Hawaiian Islands has been reviewed by Jackson, Silver and Dalrymple,

1972, A probable source depth for the basaltic magma is 60 to over
100 km. This conclusion is based on studies of the seismic activity
associated with the recent eruptions, and also on studies of the

volume and petrology of the island masses. The lateral diameter of



the magma source region is suggested to be about 300 km based on
evidence of the surface distribution of volcanic vents. There is
little geophysical evidence constraining the physical state of this
source region; in particular, the volume and distribution of the
ambient melt fraction and the temperature in this region is unknown.
These parameters are required to develop an acceptable mechanism of
melting, and any indications of abnormalities or otherwise from
electrical conductivity interpretations would contribute to the
problem,

Contrary to the fairly well studied electrical conductivity
structure beneath large parts of the earth's continental regions, the
body of direct knowledge available about the electrical properties
beneath the ocean basins is largely limited to oceanic margins in a
few areas, Schmucker, 1973. A recent remedial contribution in this
regard is Larsen's (1975) electromagnetic investigation on Oahu
Island, Hawaii. One notable result from this work is that the
inferred electrical conductivity in the upper 300 km beneath the
Oahu region generally resembles the normal continental results
rather than the higher conductivity interpretations of the oceanic
marginal areas (see Schmucker, 1973). This conclusion was also
reached in a less exhaustive analysis of magnetic variation data
from Qahu which indicated no unusually high subcrustal conductivities,
Klein, 1972.

Equally important, in view of certain complicating relation-

ships between electromagnetic field components on islands (see
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below), Larsen, 1975, demonstrated how oceanic islands can be used
as platforms for deep conductivity sounding. The present work
supplements this result.

Oceanic-island magnetic fields are complicated by the fact that
they strongly reflect the distribution of induced currents in the
surrounding ocean. Seawater is one of the better electrically con-
ducting material found naturally in large mass, while an island
mass is essentially non-conducting. The island thus forms an
obstacle to the flow of concentrated electrical currents induced in
the seawater. The resulting distortion of the electric current
pattern causes a corresponding disturbance of the magnetic fields.

Earlier investigations of island magnetic fields verified the
existence of the disturbed magnetic field pattern and indicated its

source, Mason (1963a, b; 1964), Elvers and Perkins (1964), Klein and

Malahoff (1969). Other studies predicted the general pattern of
disturbance using numerical models based on the conductivity distri-
bution in the ocean as defined by bathymetric maps, Rogers (1966),
Sasai (1968). Such models were used as a means to account for the
disturbance fields and thus to estimate the magnetic effects of the
deep mantle, Sasai (1968), Honkura (1971, 1973a, b), Klein (1971,
1972), Honkura et al. (1974).

In terms of interpretating the deep conductivity structure,
these studies were not entirely satisfactory as the degree of coupling

between the disturbance fields and the underlying mantle was not

established by the models. The modeling assumption is that the
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disturbance field can be treated as static and that it is essentially
independent of mantle conductivity. Reasonable qualitative arguments
can be made for this assumption under certain conditions, but an
analytical basis for the assumption is not yet available. Until
models are developed that include frequency dependent effects, or
until there are firmer indications that such effects can be neglected
the modeling approach must be used cautiously.

Larsen (1975) presented an alternative to the direct modeling
of the disturbance fields as a means to account for the island
disturbances. He used magnetotelluric data on Oahu to define all
essential parameters of the disturbance field except one. This last
unknown was included as a parameter to be determined in the final
inversion of data which estimated the mantle conductivity by an
iterative technique.

Larsen's basic approach is used here and is shown to be appli-
cable to the amalysis of island magnetic fields. The strength of
this approach is that it derives from the data the principle
information necessary to determine when and if the disturbance
caused by the island can be reasonably separated from the mantle
effect. It also indicates the frequency range for which the modeling
approach might be valid and provides an empirical check on theoretical

models of the disturbance field.



2. THE NATURE OF MAGNETIC VARIATIONS ON ISLANDS

It is convenient to consider magnetic variations on islands in
2 parts which are distinguished by their scale length: (1) the
large scale magnetic response of the earth and ocean; and, (2) the
perturbation of this large scale response by local inhomogeneities
in the mantle and ocean. We refer to the second part as the locally
disturbed fields associated with the island. These two parts are
not generally independent because they can be coupled by mutual
induction. The extent of coupling depends on the scale length of
the local inhomogeneities and on the frequency of the fields. For
example, a local conductivity inhomogeneity located in a surface
layer is found to be negligibly coupled to deep conductors if its
size is less than the depth to the highly conducting mantle material
(Schmucker, 1971). 1In this case the local distortion pattern of
the electromagnetic fields caused by the surface anomaly can be
treated independently of the deep conductivity. The magnitude of
the distorted fields, however, will be controlled in part by deep
conductivity since it is related to the magnitude of the large scale
and deeply coupled induction phenomena.

Numerical modeling of the perturbation for 2-dimensional surface
structures like islands is usually based on the assumption of
vanishingly small coupling effects between the mantle and the surface.
Another common assumption is that the perturbation can be modeled as

a static distortion of surface electric currents so that self-



induction is ignored. The qualitative justification for these
simplifications is based on a dimensional analysis of the equation
for electromagnetic induction in non-uniformly conducting thin
sheets (eq. 10, Section 3.3; and see Appendix I). The parameter
which describes the relative magnitude ratio of inductive effects
to static galvanic effects involves a product of the scale length
of the surface anomaly times the frequency of the electromagnetic
fields, Price, 1949. For small inhomogeneities and/or low frequencies
the assumption is taken to be valid. For Hawaii, it can be shown
that this term indicates that the static approach would be considered
valid for frequencies lower than about 10 cpd. ZLarsen (1975) finds
from data obtained on Oahu Island that frequency dependent inductive
effects become important for frequencies greater than about 6 cpd.
Figure 1 (left) shows a model of static electric currents as
they would be disturbed by the island of Hawaii. This model is
taken from the theoretical study described in Appendix I. The model
assumes a uniform current pattern at the boundaries of the region of
interest (located more than 5° from the edge of this figure). It is
possible to visualize the general character of the disturbed vertical
magnetic field by applying the right hand rule of thumb for
electromagnetics. Observe that the direction of the disturbed
vertical magnetic field will be opposed on opposite coasts of the
island. The vertical field will vanish somewhere in the interior of
the island producing a roughly antisymmetrical pattern as one

crosses the island.
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Figure 1. A model of electric current and magnetic field distortions around Hawaii Island. These
represent the static perturbation of a uniform current sheet (I,) by the bathymetry
around Hawaii Island. The contour bands of the electric stream” function (left) can be
interpreted as paths of equal current jintensity. The units are arbitrary. The
vertical magnetic field (right) is normalized as shown and is thus non-dimensional,
The points indicated on the island are observational stations.



Figure 1 (right) shows a model of the vertical magnetic induction
(Z = B,) as computed from the current distribution in Figure 1 (left).
The magnetic field is normalized to the magnetic permeability times
the magnitude of the uniform current intensity at the boundaries of
the region.

Figure 2 show examples of magnetograms obtained on Hawaii Island
at the stations marked on Figure 1. These illustrate the observed
data and reveal the actual pattern of magnetic induction. It can be
seen that the spatial disturbance predicted by the model agrees in
general with the data. The horizontal components (D, H: magnetic
east, north respectively) are reproduced from only one station
because they are generally similar between sites (see the data in
Appendix II for instance).

The induction pattern on Hawaii Island (Fig. 2) is typical of
data published from previous island studies, Mason (1963a, b;

1964); Sasai, (1968); Honkura, (1973); namely, (1) the variations in
the horizontal components are generally uniform across the island;
(2) the magnitude of shorter period vertical variations is enhanced
at near-coastal sites and decreases toward the interior; (3) the
near-coastal vertical variations exhibit approximately 180° phase
rotation on opposite sides of the island; and (4) the near-coastal
variations in the vertical component are generally coherent with
variations in that part of the horizontal component that is roughly

normal to the nearest deep bathymetric contours.
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3. THEORETICAL CONSIDERATIONS

3.1 The Governing Equations

Electromagnetic equations will be expressed in rationalized
mks units giving the fields as: i (volts/m), electric field;
B (webers/mz), magnetic induction, which will be termed 'magnetic
field"; and.j (amperes/mz), current density. The observed-ﬁ fields

will be expressed in the subsidiary units of gammas (1 ¥ = 1077

Webers/mz). The only material property of concern is the electrical
conductivity (&, mho/m) which is assumed to be isotropic. The
magnetic permeability 9“) will be given its constant free space
value (/“o = 4ar x 1077 Henry/m) which is appropriate for the bulk of
earth materials, Tozer, 1959.
. . twt
For slowly varying harmonic fields having an e time

dependence ( w= A#f , f is the frequency in Hertz), Maxwell's

equations are written as:

oxB = uF 8
vxE = w8 (2)

These, in conjunction with Ohm's law,

—) —
J = «E 3
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and the conservation of current in source free regions,
—
v-J = 0 %)

completely specify the electromagnetic fields in uniform regioms.
At the boundaries between differing regions the fields satisfy the
conditions of continuity for the normal B and J fields and the

-
tangential E field.

3.2 A Generalized Working Model

Figure 3 shows a geophysical concept of the earth. The island
is taken to be a non-conducting region in a thin layer which repre-
sents the ocean and its bottom sediments. This ocean layer is
allowed to have variable conductance, 7~ , near to the island, but is
given a uniform conductance 77 at distant points. The conductance

is defined as,

d
7 = s dz )
J

where d is the ocean depth including the sediments. Following
Larsen, 1975, the mean ocean depth far from the island d, = 4.7 km,
& of ocean water = 3.3 mho/m, & of sediments = 1 mho/m. The
thickness of the sediments is taken to be roughly 200 m. Thus
Ca; = 15,800 mho.
The mantle is defined to include all space beneath the sediments.

Its conductivity distribution is the primary unknown we seek. As a
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Oceanic layer with

conductance T(x,y) |

p= o everywhere ; 0:=0,2<0
Figure 3. The generalized conductivity model assumed in the

present analysis. The ocean is represented by a
thin sheet of non-uniform conductance ( 7 )

defined by the vertical integration of conductivity
through the ocean. The "mantle'" (shown as a layered
medium) is assumed laterally uniform in conduc-
tivity ( 6 ) and non-conducting to a depth (d;) of a
few tens of km below the ocean. The magnetic
permeability is everywhere constant (’/4 ﬁ/“o ).
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preliminary constraint, the mantle conductivity will be allowed to
vary only with depth, and the top few tens of km will be taken as
essentially non-conducting.

3.3 Some Relationships Describing Magnetic Variations on Mid-oceanic
Islands

The magnetic field components are expressed as

1

B = H + Z

where,

-—t
i

o= Xi + Y7

[ e )
and i, j, k are unit vectors in a right hand cartesian coordinate

system with & down.

The inducing fields are taken as uniform with respect to the
scale of the island. Therefore island magnetic fields can be
partitioned into the following two parts: (1) a uniform part, ﬁh,
which is associated with the external fields and their induction in
the far ocean and mantle, and (2) an irregular part,-ﬁi, which is
associated with the distortion of oceanic electric currents by the
island. 'E} will vanish at points distant from the island.

The vertically integrated electric current density in the ocean

will be described by the thin sheet counterpart of Ohm's law (eq. 3),

Price (1949), as:

- —
I = 7 E (amp /m) (6)



15

This is a valid approximation as long as the depth of the ocean
is a small fraction of its skin depth ( a./w/u. 6_)’/9_ , and
also a small fraction of the radius of electromagnetic influence
in the earth beneath the sea. A measure of this radius is the
inductive scale length of the underlying mantle, real (E,/7fw By),
where'§ and'E.are measured at the sea floor, Schmucker, 1973. It
should be noted that the ratio Ex/By (the "E over B response") at a
given point is a complex and frequency dependent function of deep
conductivity, Schmucker, 1973. For an isotropic, layered medium,
Ex/By = - Ey/Bx, and when these ratios are divided by fw the
resulting parameter (the "radius of induction'") has the units of
meters. For a uniform inducing field the real part of this parameter
roughly indicates the depth of penetration as well as the horizontal
distance of penetration of the electromagnetic fields observed at a
specified point (Schmucker, 1973).

The sheet current density'f'will also be partitioned into a
uniform part -fu and an irregular part ?i’ so that the B and -f fields
are given as:

+
(7)

+

B
T

i
B
| F(I!L

“

The thin sheet counterpart of eq. (1) is found by integrating

vertically from z = O to d, and applying the continuity conditions
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across the sheet which represents the ocean. This gives for the

-t =t
horizontal fields, Hj and Ij = (I.4, Iyi) written as column vectors:

(8)

— — o - =

0 - Fd) = uf ) T,

#.(0) if A1t o i
— —

where Hj(0) and Hj(d) are the horizontal fields just above and just

below the ocean layer respectively. 1I£f T} is the only electric

- ~
current we expect that H;(0) = -'ﬁi(du) because of symmetry, thus the

fields at the ocean surface are approximately given as:

— o -l -

Ao = /-‘i( ) I ©
R | o '

The thin sheet counterpart of eq. (2) is found by replacing E?
by its expression from eq. (6) and applying the field separations,

eq. (7), giving:

—_— R — B — ] f
oxL I + tw 8 = -wbh - VXL,
7~ T
3 3 - -4 . 3
By definition I, is constant and, far from the island, = G:L
h 7 1is constant. Thus, using the relation X ff =-{wB
where 77 c . s g v = L. _-th“
the above equation reduces to,
[ ;oA / =
X — 3 + w N - X 10
v 7_1', 1w B 1~ I, (10)
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Since Ti and T3: are also related by an integral according to
Biot-Savart's law (see Larsen, 1968), this equation (10) shows that

—— o )
either can be expressed in terms of I,. Thus, I, is considered as a

u
driving term in eq. (10) which determines the magnitude of the
current and magnetic field distortions. Eq. (10) can be used as a

basis to numerically model the irregular part of the island fields,

Price (1949); Rogers, 1966; Sasai, 1968; Bullard and Parker, 1970;

Honkura, 1973, (and see Appendix I).

The vertical component of Bj can be expressed as:

zZ, = apl, — bul, (11)

where a and b are position dependent parameters describing the
parts of Z; due to the distortion of the y,x components of TL
respectively. The permeability, W, is kept separate so that a and
b are nondimensional. These parameters are generally complex and
frequency dependent, however, if the inductive term (iu)?ﬂ) in
eq. (10) is of negligible magnitude these parameters will be real
and constant.

As a first order approximation of i& a numerical solution of
eq. (l0) was found using the static (w = 0) assumption. The
spatial parameters (a, b) were then found by numerically integrating
Biot-Savart's law over the disturbing current distribution,-f;. The
resulting spatial parameters are listed in the following section.

A description of the model is given in Appendix I.
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Since T = 0 within the boundaries of a non-conducting island,
_fi = - .fu according to eq. (7). Also, since Z; is roughly anti-
symmetrical across the island it is possible to choose a point at
the "inductive center' where Z; vanishes and where Z = Z,,. Letting
Z, and _I-I‘c represent the vertical and horizontal magnetic fields

—h
respectively at the inductive center, we can replace I; in eq. (9)

by - -fu and combine the result with eq. (7) to give:

o / — —
A = & ) 7 + H (12)
c -1 0/ "« “
We now relate the observable fields,—§ and —ﬁc, to the unknown
uniform fields. The response parameter, Q, we use to form this

relationship is a modification of the "E over B" response of the

uniform fields defined by,

QR = —/(47‘:(Ex“/):‘) = /4.(7‘;(5’“-//\'“) (13)

By the definition of our deep conductivity model, which assumes
horizontal uniformity and isotropy, we are justified in saying that

(E Xu) are simple rotations of (Eyu, Yu). Then, since

xu?

'f = TE > 9. (13) becomes
W u

- o -1 -1
wI = Q(/ , ) P (14)

- ——h
where I, and H, are considered as column vectors. Q is a nondimensional-

ized response of the earth at the ocean surface. This is the function
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we seek which will allow us to interpret the deep mantle conductivity
distribution. For a layered earth, Q has a known analytical expression,
Wait, 1970; Schmucker, 1971, which will allow a straight forward
modeling of the observed data.

Combining eqs. (14) and (11) gives:

2.

!

Q (aX + b7,) (15)

Combining eqs. (14) and (12) gives:

——d

T = L
H = (/+aQ)H (16)

c w

and combining eqs. (15) and (16) results in the final expression:

Z-z = g (ak + b)) an

[

where Z; is written fully as Z - Z, to point out the observables.

The function q is given by:

g = Q/ (/1 +%Q) (18)

We thus have an expression, eq. (17), relating the observable
island magnetic fields, Z and'ﬁ, the theoretical spatial parameters
a and b, which must be determined, and the unknown mantle response Q.
The latter is the primary function required to interpret the mantle
conductivity structure. Observe that the function, q, could be
defined as a modified mantle response without a loss of generality.
However, since Q is widely used and easier to visualize (the
normalized surface "E over B'"), it shall generally be discussed as

the primary unknown.
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For an array of k stations, there will be 2k + 1 functions of
frequency to be determined, (a,b) for each station, plus the unknown
Q. This is assuming that for certain ranges of frequency, Q is a
uniform function of frequency across the array. Initially, we shall
not assume frequency independent (a,b), but instead we will test
the data to see if such an assumption is valid for any frequency
interval. The next section will develop a method of analysis where
first we can reduce the number of unknown spatial parameters to
k + 1 by a suitable rotation of data at each site of the array.
Second, the data between stations will be related by a set of
coefficients determinable from the data, which will effectively
reduce the number of unknowns to two, one spatial parameter and Q.
Then it will be possible to transfer all of the data to a single
reference station and estimate a '"combined" island response. If the
array data are related by real and frequency independent coefficients
(functions of a,b) then we may separate the response Q from the

spatial parameter at the reference site.



21

4. THE METHOD OF ANALYSIS

4,1 Some Preliminary Reductions

Let X., Y. and Zji = Zix - Z, be complex Fourier spectra. X,
Y. and Z. will be field components at the inductive center of the
island. The subscript "k'" will represent data from the kth perimeter
station. This subscript will be deleted unless data combinations from
different sites are indicated.

Equation (17) is rewritten as:

Z,.=Tx+7;)'c+N (19)

X [

where, according to (17) and the model developed in the preceding

section we have:

= a T = b 20
A b N ) 0
T, and Ty are the initial island transfer spectra for each station k.

N is the uncorrelated '"moise" spectrum.

Ty and Ty are estimated by minimizing the mean squared noise
spectrum { NN*)» , Schmucker, 1970. The brackets indicate the
averaging operation over frequency and the asterisk designates the
complex conjugate. The resulting equations, including the expression

for the estimate of the squared residual E2 = { NN*D /<Zi Zi*> , are:

*
T = (szxsyg_szjsxﬂ) /D
(21)
7_; - (‘925 Sex T J.zx S’fy) /D

2 * o
E 1= (TS, + Ty Sz2y )/ 22
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where,

&
D = §, 8, — I35,

and the co-spectra terms, for instance S,y which is the cross
spectrum of Z; with X., are given by,

g, = <z x*)>

X

If a and b were specified, for instance by a theoretical model
study, the transfer spectra of eqs. (19) and (21) could be directly
converted to the mantle response, Q, using eqs. (17, 18). This
procedure would lead to estimates of Q for each perimeter site of the
island. It is preferable however, to proceed further with the data
analysis before calculating Q. The above approach implies 2k degrees
of freedom for possible model errors, resulting from the determination
of (a, b) for each of the k sites. This leeway for possible mis-
interpretations of the effect of the surface layer can be improved by

the following, which is similar to the approach taken by Larsen, 1975.

4.2 The Principle Axis of Induction

From the initial transfer spectra, egs. (19, 20), we find a
horizontal rotation angle €- which defines the azimuth of principle
induction for each station. This rotation angle will define that
component of the horizontal field variations which has maximum
coherence with Z;. For each site € is found by the maximizing

|} T |2 or the minimizing 1 T, 0 2 where T, and T, are
u v u v
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defined by the rotation:

(T“ ) _ ( cos & sin B T
- g 22)
7, - Sin & cos 6 ) ( T; ) (

+ a
I ngl
—(IT,I’—ITU*)cosae (23)

(TS + T, T ) sin 26

By using the trigonometric identity:

Y. -
(0+8§) cos(a0F9) @

Dcosae ¥ Ssinae

where,

P tan' ( S/0) (25)

"

| Tl 2 jis found to have a maximum defined when Cos(O+P) = ~|
Minimizing | T] 2 ina similar manner generates the same analytical

rotation angle, & . The desired result, estimated over frequency is:

¥* >
T = -Ldan ($hTy * BT ) + T ()
2 <IT 1> - IT4%) -
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The overhead bar, in general, will indicate an estimated value of a

parameter.

We point out that @ is ambiguous in the sense that © or

B -+ 180° are equivalent. This results from the fact that no account

is taken of the direction of Zi (up or down) in maximizing <| Tul 2> s

that is, the sign of T, is ignored. For example, suppose that ¢ )

given by the inverse tangent in eq. (26), is equal to " (identical

to—=% ), then from (26):
L 9 -3 T,

The convention used here is to select that @ which rotates the

horizontal field into a coordinate system where the component along

¥ is coherent with =Z, (up) . This puts the principle axis of

induction into agreement with the sense of direction defined for the

analogous "induction arrow', Everett and Hyndman, 1967.

A measure of the significance of D is the ellipticity "angle",

€ , defined by:

€ = tan' (F/I-F) @7

where,

ro= < l’:rlrm'n > / < / 7:. /m“¥> 28
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and,

= Ly
1-7;lnnin - ZL -C )
& = 1L +
Tlmax :L(T ™)
T =17;/“+1"rl
¢t = 1T M+ (T, TH?

4
+(T3Tx) +l7;l

—

If € is small then @ is well defined and it is justified to

compute the principle axis transfer spectrum, T

0’ which is defined by:

- 29)
Z--7;UC+N (

/

where,

4, = l\gcos-é +)£sin-6

The T, spectra are found by minimizing <{NN*) to give:

] = SI (30)
N u / u )
and the squared residual:

*
Ea = / — 7; JZ“ / J‘ZL
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The rotated spectra can be written in terms of the initial spectra by

using the equations:

o T g Cos T 4+ S,, Sin®
* == —

J‘u“ = J, cos & + d:” sin (31)
+ (5;3'* S, ) Sin 6 cos @

The spatial distortion of the magnetic field is now defined for

—

each site by the rotation angle € and a spatial parameter A, where:

7; A 9 (32)

When the axis of principle induction is well defined (small T;) we

have the following relationships between (a, b) and A, o ):

A = qros® + bsino
;3 tan' ( b/a)

(33)

4.3 The Combined Island Response Spectrum
Modified spatial parameters, Ry, which relate all data to a
reference station, are defined by:

T = R

(2]

T + N (34)
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where Ty is the primary axis transfer spectrum at the reference
site. Minimizing <'NN*) over frequency leads to the estimate:

- _ * a
Re = $Teke Tar? / CI7, 172 R

At this point, the spatial distortions of the magnetic field
Z-component are completely specified by the observables, i% and‘ik
for each perimeter station, and the theoretical parameter Aj at the
reference station. Thus, using the.ﬁk, all data can be transferred

to the reference site and combined to form an estimate of the island

response spectrum T,;. This new or combined T,; is defined by:

Z ik

|

36
RkT“, u‘z + N (36)

The combined estimate of Ty, is found by least squares as before giving:

KRS,

= 37)

T
<, Rkla> Suu

with the squared residual,

> |~ T, RS/ K8

In the above equations the co-spectra are associated with the components
Z;ix and U,. The summations are with respect to k. It fimally remairs
to find the spatial parameter, Aj, which with Ty will specify q by

eq. (32) and the mantle response Q (eq. 18). Q is given by:

|
@ = T,/ (A-ZTy) G®
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5. MAGNETIC VARTATIONS ON HAWAII ISLAND

5.1 Observational Data

Simultaneous 3-component magnetic field recordings in
geomagnetic coordinates were obtained at one centrally located and
4 perimeter stations on the Island of Hawaii (Fig. 1). The center
station was an "Askania' variograph, the coastal stations were
"Sokkisha' fluxgate magnetometers. The basic facts for each station
are listed in Table 1 of Appendix II.

Two magnetically disturbed times (of 24 and 52 hour duration)
and a 288 hour magnetically quiet time were selected for analysis.
Data for the shorter events were available from all sites. These
data were sampled at 4-minute intervals and by taking sequential
10-minute means for the 24 and 52 hour data sets respectively. The
longer quiet time data, analyzed only for the central and southern
stations, was sampled by taking sequential hourly means. -

In the preliminary reduction, the time series were modified by
eliminating the "drift" trends and rotating the components of each
data set to geographic coordinates (x, north; y, east; z, down).

For all time series except the x-component of the 288-hour data set,
the drift correction was taken as linear and was based on the means
of the first and last 10% of the series. The 288-hour x-component
was modified by removing a 3rd degree polynomial curve fitted to the
midnight values by the method of least squares. This non-linear
trend was due to the recovery phase of a geomagnetic storm which

occurred just prior to the sampling interval, The reduced time series

are illustrated in Appendix II.
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The time series were finally modified by a cosine fading function
to minimize the errors in any remaining end truncations and were then
transformed to the complex frequency domain by numerical Fourier

series analysis.

5.2 Sources of Error

The Askania variograph at the center site had an internal
Helmhotz coil system for periodic field calibrations and was used
as the standard to define the variation amplitudes (in gammas, § ).
This instrument was calibrated against the standard magnetometers at
Honolulu Observatory. The absolute amplitude error is estimated at
roughly 3%.

Relative calibration factors between different instruments were
obtained during a run of all instruments at the same site. From these
tests the estimated error between instruments is about 3%. Digitizing
errors are about * 0.2 mm which results in additional scatter of
about = 1 ¥ since the instrument sensitivities were 2 to 4 ¥ /mm.

Further sources of discrepancy are drift in the instruments and
temperature variations. These are difficult to estimate as long
period instrument intercomparisons were not made. The former is
probably linear and is believed adequately accounted for by the
preliminary corrections to the time series. Temperature effects are
negligible at the variograph station as the variograph was internally
heated and temperature compensated. At the coastal sites these effects
are expected to contribute to the uncorrelated residuals (in the range

of 1 to 4 cpd) in the frequency domain analysis.
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All of the above contribute to an estimated total error of about
107%. Timing errors are insignificant as field checks at 3-7 day
intervals located discrepancies which were subsequently corrected

prior to digitizing.

5.3 The Estimated Parameters of the Spatial Distortions

The inductive center of the island is taken as station C in
Figure 1. This site was chosen on the basis of a pre=-survey
numerical model, Rikitake et al. (1969), which indicated that the
static spatial parameters at this site were vanishingly small.
Subsequent observations showed that oscillations in the vertical
component of the magnetic field were conspicuously absent at this
site for periods less than a few hours (see Fig. 2 and the data in
Appendix II).

Cross-spectral estimates were made over frequency intervals of
1, 6, and 12 cycles/day (cpd) for the 188, 52 and 24 hour data sets
respectively. Each estimate was independent with about 25 degrees of
freedom. These cross spectra and the initial transfer spectra,
eqs. (19-21), for the two shorter data sets were combined into a
single set for each site. The long data set was considered separately
as it was available only for one perimeter site.

The residuals (E) of the initial transfer spectra, eq. (21), were
taken as a measure of the significance of each harmonic estimate and
used as weighting factors in the summations for the estimates of the

principle axis of induction, eq. (26). The weighting factor for each



Table 1. Calculated and Theoretical Parameters of the Island Spatial Distortion

The theoretical parameters are predicted based on finite-difference modeling of static perturba-

tions (see the text and Appendix I).

Calculated Theoretical
SITE af EY € T R 6 i, b Ry

(cpd) ! real imag 5}

S 1-30 1759 + 11 90 14 1.0 0.0 - 167° - .63, .14 1.0
36-60 1790 £ 7 70 11 1.0 0.0 --
66-156 177° + 9 10° .15 1.0 0.0 --

N 6-30 - 40 4+ 7 7° .10 .57 008 .06 279 .22, .11 - .39
36-60 - 9% + 13 7© 11 .54 .04 .13
66-156 89 + 13 16° .23 .52 .03 .12

E 6-30 950 + 2 59 .08 .58 .02 .06 980 - .065, .47 .75
36-60 96° + 8 40 .06 .53 .13 .13
66-156 96° + 12 220° .29 47 .15 .21

W 6-30 2340 + 5 13° .19 .51 .01 .05 205° - .29, - .135 - .50
36-60 237° + 8 60 .10 .54 .02 .10
66-156 23490 + 13 11° .16 48 .12 .23

Definition of the parameters.

The equations refer to the main text.

Af: Frequency interval of the estimates.

9 : Principle axis of induction relative to geographic north with rms error, 6"

€ : "Ellipticity" associated with ;) , eq. 27,

T: Ratio of transfer spectra along the minimum to the maximum axis' of induction, eq. 28.

Ims error, 5'2 s eq. 35, 42, 43,

a,b: Theoretical spatial parameters, eq. 17, 20, 33.

Ri: Ratio of transfer spectra at site K = (N,E,W) to spectra at site K = S with the

T¢
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harmonic j is specified as:

p-
W, (/- E) (39)

The principle axis of induction ( © ) at each site was estimated
over the frequency bands 1-30, 36-60 and 66-156 cpd. These results

with the respective rms errors,

Ya. (40)

$ = <wm(e -8

I

and estimated measures of ellipticity, € and ¥ (eqs. 27, 28), are
listed in Table 1. These azimuths are well defined (small E ) and
appear to be generally frequency independent over the frequency range
of the data at each site.

The © for the lowest frequency range at each site was used as
the rotation angle in estimating the principle axis transfer spectra,
Tuks €4. (29). This selection was based on the consideration of
possible frequency dependent characteristics (although not shown
in 5 ) and the larger estimated errors at higher frequencies.

The residuals associated with T, were used as weighting

factors, as

W, = (I-E)(I-E) 41)

for the weighted least squares estimation of the modified spatial

parameters, given as in eq. (34) by:

Rk = 7“*/ 7:1 (42)
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The south station data (S) was taken as a reference station for

Ta1e

The resulting Ry with their weighted rms errors,

§, = <w k.- RI1*>

[}
/. (43)

are given in Table 1. ﬁk is seen to be generally real and constant
with frequency. The variations in the real part of Ek’ and especially
the increased imaginary part of E& with frequency are suspected to be
indicative of the true behavior of the fields. However, these changes
are not significant compared to the errors, and the primary conclusion
from this data is that the spatial distortion on Hawaii island is
predominantly phase and frequency independent up to 30 cpd.

The fundamental results are summarized on Figure 4. The arrow
at each site indicates the principle axis of induction; its length is
specified by the magnitude of Re §k (Re = real part) for the 1-30 cpd
data. The orthogonal axis at each site is proportional to r(Re ﬁk),

where, recalling eq. (28),

F = < |7;lnﬂn > // < l7:lrhax >

and thus indicates the observed ellipticity of the fields. This
representation is similar to the "induction arrow'" of Parkinson,

(1959) and Everett and Hyndman (1967), and the ''vectored" principle

axis points to the region containing the main concentration of source
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21° —21°
N N
20° B —20°
19°— ~{19°
& 0 Bathymeltry in km
1
156°'W 155°
Figure 4. Observed induction arrows on Hawaii Island. These arrows

represent the direction of maximum coherency between vertical
(2) and horizontal (H) magnetic fluctuations. The length of
the arrows are proportional to the amplitude Z/HIl. The
"ellipticity'" of the fields (interpreted as the relative
uncertainty in the direction) is indicated by the bars ortho-
gonal to the arrows.
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currents for Z,,. It is evident that on Hawaii these regions are
associated with the deep bathymetry surrounding the island.

Plots of the rotated spectral estimates T, (eq. 29), are

presented in Appendix II.

5.4 The Estimated Response Spectrum

The real parts of §k were used to combine the data from all
sites into a single set (Eul) referenced to site S according to
eq. (37). These island response estimates for the two combined
shorter data sets are computed over independent 6 cpd intervals with
about 100 degrees of freedom each. The long data set from site S
provided 2 additional estimates centered on 2 and 5 cpd with about
75 degrees of freedom each., Because of the larger errors in the
estimated ik for the higher frequency data (greater than 30 cpd) and
the possibility that the assumption of real ik may not be valid at
these higher frequencies only those estimates having frequencies less
than or equal to 30 cpd are considered in the interpretative analysis.

The data (E;l) with frequencies up to 54 cpd are listed in
Table 2., A third degree polynomial was fitted to these data using
log £ (cpd) as the independent variable. The rms error of the
polynomial, assuming a circular error in the complex plane, was 0.11.
This agrees with the mean of the estimated errors in Table 2 (0.14),
and + 107% to 157 is considered to be an overall estimate of the data

consistency.
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Combined Island Transfer Spectrum

The mean root mean square (rms) discrepancy in the data (1-30 cpd)
The rms error in the polynomial approximation is .11.

is .1l4.

Estimated Transfer Spectra 3rd Degree
T 5 Polynomial Approximation
u
1 rms
(cpd) real imag error real imag
2.04 .207 .326 .27 .218 - .326
5.04 .639 .376 .18 .580 - .38%
6.00 .625 .378 .04 .640 - .376
12.25 .751 .329 .14 .852 - .296
18.00 1.031 .196 .07 .947 - .231
24,25 .901 .219 .18 1.012 - .175
30.00 1.203 .002 A1 1.054 - .134
36.25 1.061 .194 .22 1.089 - .0973
42.00 1.146 .033 .28 1.114 - .0691
48.00 1.037 .189 .26 1.136 - .0431
54.00 1.192 .084 .21 1.154 - .0228
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5.5 Models of the Mantle Conductivity
The estimates of the island response spectra (2-30 cpd)

referenced to station S (Table 2) are the basic data used for
comparison to models of the mantle conductivity response. In the
coordinate system (u,v) where u is along the axis of principle
induction at site S, the island response T is related to an island
distortion parameter A and the mantle response Q (defined in eqs. 13,

14) by the equations:

T = A 7/ (32)

v

Neither A nor Q are knowm.

R/ (/+3LQ) (18)

Here we estimafe A simultaneously with the modeling of Q.
Selected conductivity distributions for a horizontally layered
mantle are used to compute a theoretical response Q. This is used
in eqs. (18, 32) to estimate the best A (in the least-squared-residual
sense) that fits qq to T. When minimizing the weighted sum of

squares,

WI7 = Ag, 1) 44)
with respect to A the estimate is given by

A = KwTgly / <wlgd®) 45)
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The summations are over the frequencies (1-30 cpd) listed in Table 2.
The estimated errors in T, 8j’ also listed in Table 2, are used in

weighting factors as
N
Wt : — .
4 ( / S:I ) (46)

It was concluded in Section 5.3 that A is real (phase independent)
within the errors of the data. Thus we have defined the discrepancy
between the model (including both A and Q¢) as:

Yo
(WlT-%ReAia> @7

v
||

In all models we assume an isotropic mantle and an essentially
uniform inducing field (spatial wave-number of 1076 m-l) that has'E
tangentially polarized with respect to the earth's surface (TE mode).
Wait's (1970) algorithm (see also Schmuckér, 1971) is used to compute
Q¢ at the sea floor. The observations are roughly in the plane of
the sea surface so QE is continued upward to the sea surface to find

Q; by using the relationship (Larsen, 1975)

¢ = —Qt/(/+ Q) 48)

The conductivity model L1 (Larsen, 1975), interpretated for the
mantle beneath the island of Oahu (300 km northwest of the island of
Hawaii) was logically the first conductivity distribution to be

tested against the present data. Larsen derived this model by the
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inversion of electromagnetic data in the frequency range of 0.1 to
6 cpd. The consistency of his data as indicated by extremely low
error estimates is remarkable, and the model derived (listed in
Table 3 of this paper) is unusual in that it has a well resolved
anomalously high conductivity at about 300 km depth.

The A (eq. 45) found using model Ll is (.831, .110) for the real
and imaginary parts respectively. The model discrepancy, D (eq. 47)
was .192. A second modeling was run using a "modified" L1 model
where the conductivity anomaly (1.581 mho/m) was replaced by a
conductivity of .27, Here A and D were found to be only slightly
modified, (.834, .111) and .194 respectively. A comparison of the
responses Q; between the L1 and Ll modified models demonstrated that
no significant differences could be observed for frequencies above
10 cpd.

The theoretical island response T, obtained using eq. (32) with
Qe (from model L1) and A = .831 is plotted along with the present
data in Figure 5. The fit is reasonably good for frequencies below
10 cpd, but for the higher frequencies the imaginary part of response
of the Ll model differs noticeably from the present data.

Observe also that the imaginary part of A (approximately 0.1)
is quite large and that the discrepancy D is larger than the mean
estimated error in the data (.14, see section 5.4). The conclusion
is that the present data may require a slightly different conductivity

in the shallower layers than model LI.
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Table 3. Model L1 (Larsen, 1975)

Layer Layer thickness Conductivity

(km) mho/m

0 (thin-sheet) (Gudu = 15,800 mho)

1 65 .077

2 108 .093

3 154 .097

4 50 1.581

5 150 .270

6 121 .589

7 infinite 1.014
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Figure 5. The frequency response of the magnetic field
fluctuations on Hawaii Island. The estimated
island response (Tul = 72/H) referenced to the
direction of principle induction at site §
(see text) is indicated for the various
frequencies with error-bars having twice the
root-mean-square discrepancy computed for
each estimate, The solid line is the theore-
tical response calculated on the basis of
model L1 (Larsen, 1975, see Fig. 7 and
Table 3). The dotted line is the theoretical
response calculated on the basis of model 3
(Fig. 7).
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For further modeling, the response of a constrained set of
models (Fig. 6) having 1 to 3 "overburden' layers above 327 km was
compared to the data. Model L1 was retained as the conductivity
distribution below 327 km. A total of 1360 model responses were
generated and tested against the data.

The models having smaller errors of fit, D, showed generally
lower conductivity at depths above about 300 km than model Ll. Three
illustrative models are shown in Figure 7. These examples are the
best fitting homogeneous overburden (model 1), the best fitting
3-layer overburden (model 3), and the most conductive 2-layer
overburden which has a modeling error, D < .140 (model 2). A total
of 21 different models within the set of Figure 6 showed an error,

D < .140, which corresponds to the estimated mean error in the data
(Table 2). The smallest D in this set was .137. In general, the
magnitude of D decreased as the imaginary part of A decreased. This
result is expected since D was computed using the theoretical
response, T, based on the real part of A (eq. 47).

The estimated spatial parameters, A (real, imaginary), are
(.561, .012), (.620, .048) and (.590, .037) for the models 1, 2 and
3 respectively. These values are in good agreement with the
predicted value of .64 (real), see Table 1 and eq. (33), for site S.

The theoretical response for the best 3-layer overburden
model (3) is plotted in Figure 5 against the data and the response
of model L1. The improved fit of model 3 compared to model Ll is

apparent, especially in the higher frequency range of the spectrum.
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A. SINGLE LAYER OVERBURDEN
d] =0

-009 < oy = o, < 1.6 mho/m

dy = 327 km
v model L1
B.TWO-LAYER OVERBURDEN
d'l =0
.009 < o, = 0; £0.16
d2 = (33, 58, 103, 184) km
Oy <0y =03 21.6
+ d3 = 327 km
v model L1
C.THREE-LAYER OVERBURDEN
.009 < o1 = 04 < 0.16
dp = (33, 58, 103) km
o] < 02 = 0] < 0.90
dy = (58, 103, 184) km > dp
o, ¥ 0, = 0. £0.90
2’ 3 dy = 327 kn
v
Y model L1

Figure 6. Conductivity models evaluated against the observational
data. In all models tested the substrata below 327 knm
consisted of layers 4-7 of model L1 (Larsen, 1975, see
Table 3). The overburden consisted of an '"oceanic"
sheet (conductance 15800 mho) underlain by 1 to 3
layers having interface depths and conductivities
constrained as indicated here. The allowable
conductivities, G ;, were .009, .016, .028, .051,

.090, ,160, .280, .510, .900, 1.600 mho/m.
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Figure 7. 'Best Fitting" conductivity-depth profiles. The 3 models

shown (exclusive of Ll1) are illustrative of those with
relatively small errors of fit (see text). Model L1
(Larsen, 1975) is shown for comparison. The modeling is
suggestive of a lower conductivity above about 180 km depth
than model L1. Model 3 had the smallest error of fit of
all models tested. Model 2 is the most conductive model
having an error of fit less than 0.14 (typical of the data
error, see text)., Observe that there is virtually no
definition of the minimum conductivity limit (e.g. model 1
is the least conductive model tested).
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It is emphasized that model L1 was derived from data in the
frequency spectrum of 0.1 to 6.0 cpd, thus the overlap between
Larsen's (1975) data and the present data is only from 2 to 6 cpd.
The agreement of the present data with the response of model Ll in
this frequency range means that there is no evidence for a deep
(greater than 300 km) conductivity inhomogeneity between Oahu Island
and the island of Hawaii. The only evident difference between the
present data and the L1 response is found in the frequency range of
10-30 cpd. These higher frequency data can define the shallower
conductivity (100-200 km) better than Larsen's data, but they serve
primarily as a means to supplement model L1 rather than indicating
a difference in conductivity between Oahu and the island of Hawaii.

We interpret these modeling results to indicate an upper limit
of about .02 mho/m in the mantle conductivity from 100-180 km depth
beneath the region of Hawaii Island. From about 180 to 300 km the
maximum conductive is indicated to be about 0.2 mho/m. The best
fitting 3-layer model suggests a rise in conductivity at about
100 km, but considering the resolution of the data as indicated by
the conductivity range between the equally well fitting models 1 and
2, this result is not given much credance.

The least conductive model in the set tested, model 1, fits
the data as well as more conductive models up to the conductivity
maximums discussed above. Thus we can not place a lower bound on
the possible conductivity in the region above 300 km depth. Some

supplementary models showed that the modeling error remains essentially



constant and low ( < .14) as the upper mantle is given vanishing

small conductivity.
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6. SUMMARY AND DISCUSSION

The analysis of island magnetic variations must account for a
spatially non-uniform, ocean-induced signal as well as the mantle
response. One means of accounting for the ocean-induced part is to
predict it by numerical modeling. Larsen (1975) presented an
alternative approach in which the ocean-induced field distortions
are modeled as part of the overall response of the earth. Larsen
used electric field data, but the method was adopted here for
magnetic data. The theoretical basis of this approach which was

developed in Sections 3 and 4 (eq. 32) is the equation:
z/H = Aq (49)
I}

where Z; is the disturbed vertical magnetic field and H is the
observed horizontal field oriented in the direction of the principle
azimuth of induction (i.e. the direction of that component of the
horizontal field having maximum coherence with Zi)‘ The parameter A
describes the amplitude of the ocean induced distortions of the
fields, and q is essentially the electromagnetic response of the
mantle. If A, which varies with location, is found to be real and
frequency independent, and if q, which is complex and frequency
dependent, can be supposed to be constant in the region of observa-
tions, then the two parameters can be separated. The data provide
indications if the necessary conditions are met.

In applying eq. (49) it is necessary to estimate Z;, the dis-

turbed vertical magnetic field. The total observed vertical field is
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Z = 2; + 2, where Z; is the undisturbed field. A first approximation
would be to take Z, as zero, since the amplitude of Z, is proportiomal
to the spatial wavenumber of the inducing field which is expected to
be small for mid-latitude sites. Here, we instead assumed Z, to be
represented by observations at the island center, which is probably a
better approximation because Z; tends to vanish in the central region
of the island.

The primary approximations implicit in eq. (49) are that,

(1) the electromagnetic response of the ocean is adequately
represented by a thin sheet model, and that, (2) the electromagnetic
disturbances due to the island are not significantly modified by
electromagnetic coupling with the deep conducting regions of the earth.
The first condition was discussed in Section 3.3. The essential

point is that the electromagnetic continuity conditions must be
approximately valid vertically across the ocean. This condition

limits the highest frequencies that can be used in the analysis to
something like 20 to 50 cpd depending on the deep electrical
conductivity conditions (Klein, 1972).

The second condition is associated with the largest uncertainty.
Qualitatively, we expect that the disturbed fields will be attenuated
vertically (z) as exp(- |2%z/Al ), where A is a horizontal scale
length associated with the disturbed fields, hence with the anomalous
bathymetry. This relationship should insure that mutual induction
would be small if )\ is less than the depth to highly conducting

material. Schmucker (1971) demonstrated that this is the case for
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a 2-dimensional conductivity inhomogeneity in a thin sheet above a
conducting mantle by considering the Fourier transform spectra of
the fields. It seems that a similar analysis for a more general thin
sheet conductivity distribution should arrive at a similar result,

In the present study a well defined principle axis of induction
was found for all near-coastal sites. The principle axis, at all
sites was approximately normal to the deep bathymetric contours
suggesting that the source of Z; is indeed the sea and that Z; is not
appreciable affected by local conductivity inhomogeneities in the
crust or mantle. This conclusion is strengthened in the frequency
range lower than 30 cpd by the verification of phase and frequency
independent ratios of Z;/H between sites. These results imply that
A is constant at a given site and that q is uniform over the array
of stations so that the mantle can be approximated as an isotropic
layered medium in this frequency range.

The above results allow us to transfer the data from the various
sites to a reference station and thus estimate a single island
response spectrum, Zi/H. This combination of data strengthens our
confidence in the final Z;/H estimate and also has the advantage of
reducing the unknown quantities to one A parameter at the reference
station and the mantle response spectrum q.

It is observed that the ratios of Z;/H between sites and the
axis of principle induction (ﬁk and @ in Table 1) can be used to
evaluate a numerical model of the island caused field distortions.

A theoretical static model of the island distortions was computed
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in this study (Appendix I). The theoretical parameters derived are
listed in Table 1 with the estimated parameters derived from the
data. The discrepancies between the model results and the data are
generally larger than the estimated errors in the data. Only sites
South and East compare favorably. 1In the final analysis, the parameter
A estimated for the station South was indeed in quite satisfactory
agreement with the theoretically predicted value. It is interesting
that the data from the sites furthest from the complications of
bathymetry of the more western islands of the Hawaiian chain
produced estimates of the spatial parameter in closest agreement with
the theoretically predicted values. This suggests that the model of
the northwestern extension of the Hawaiian Islands may not have been
an adequate representation of actual bathymetry (but see Appendix I).
These results indicate that theoretical modeling of island magnetic
fields must be handled with caution whenever there exists complicated
bathymetry on a large scale.

The results of the conductivity modeling show that the present
data agree well with Larsen's (1975) model Ll for frequencies up to
about 10 c¢pd. These are the frequencies which overlap between the
present data and the Oahu data which Larsen used to interpret model
Ll. The response function for these low frequencies is influenced
primarily by induction in the deep mantle, therefore deep conductivi-
ties interpreted with the present data are expected to similar to
those which were interpreted for Oahu. To improve the agreement
between the present data and the theoretical response for frequencies

higher than 10 cpd, model L1 was modified only in the upper 327 km.
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The improved models show that the present data requires a
lower conductivity above about 180 km depth than model Ll. The
maximum conductivity acceptable in this depth range is about .02 mho/m
compared to about 0.1 for model Ll. A poorly defined additional
decrease in conductivity is suggested above about 100 km. The
highest conductivity acceptable from about 180 km to 300 km depth is
about 0.2 mho/m which is not significantly different from the value
of about 0.1 mho/m in model L1.

Although the data put the above mentioned upper bounds on the
permissible conductivity structure above 300 km depth, it is found
that conductivities are not constrained by a lower bound. This
ambiguity with regard to the interpretation of low conductivity is a
characteristic of electromagnetic induction studies using noisy and
incomplete data. Electromagnetic response functions show increasingly
poorer resolution as the structure becomes less conductive, and the
problem is worsened when a highly conductive layer (like the ocean)
overlies the structure, Schmucker, 1970. Data having greater
precision and spanning a larger frequency range is required to
alleviate this situation,

Since the required modifications of model L1 primarily affect
that part of the response spectrum which has higher frequencies than
were used to derive model L1, there is no evidence of a major
conductivity inhomogeneity between Oahu and the island of Hawaii.

It should be noted that the present data are insensitive to

conductivity inhomogeneities having a scale length less than that of
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the island of Hawaii ( @5 100 km). The interpretation of the mantle
response depends on the parameter A and the phase dependent relation-
ships of the observed ratio of 2 to H, or equivalently, on the
relationships between electric currents in the conducting ocean
which induce Z; and the total H. The oceanic electric currents are
expected to be strongly influenced by the resistive island mass,
but only weakly distorted by effects of mutual induction with small
scale inhomogeneities in mantle conductivity. The conductivity models
obtained should therefore be considered as regional averages over a
lateral scale of a few hundreds of kilometers. It is therefore not
unusual that the present data reflects a conductivity distribution
quite similar to that beneath Oahu, lLarsen (1975), which is about
300 km northwest. This is true even if one expects smaller scale
conductivity anomalies associated with the present volcanism on the
island of Hawaii.

The present data in conjunction with experimental data on rock
conductivity relationships is able to put rough constraints on the
source region for the Hawaiian magma. The spatial distribution of
volcanic vents in the Hawaiian Islands suggests a source region of
something like 300 km in diameter, Jackson et al. (1972). Jackson
et al. (1972) suggest a depth to this source region of about 60 to
100 km. The present data indicate a conductivity at this depth of
about .016 mho/m or less. Ignoring pressure effects on conductivity,
which seem to be small and using the data on conductivity-temperature

relationships for olivine, Duba, Heard, and Shock (1974) this
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conductivity implies a maximum temperature of about 1500°C for a
crystalline-olivine model. If we assume instead a temperature of
about 1200°C, the data implies a maximum melt fraction of about 1%.

This is derived from the relationship (Waff, 1974):

P, = /50 6/ 6, (50)

where ¢L, is the per cent melt having a conductivity 65’(3.2 mho/m
for tholeiitic basalt at 1200°C, Waff, 1974) and & is the bulk
conductivity of the mantle material. These values are to be considered
as regional averages over an area having roughly the size of the

source region postulated by Jackson et al. (1972).

Thus the present data provides no evidence for a large region
( #300 km in diameter) having a significant continuous melt fraction.
It may be that zones of concentrated ambient melting or high
temperatures are more localized spots in the general source area
which are not resolveable using the present data.

The implied melt fraction, & 1%, seems to be more representative
of that suggested for the seismic low velocity zone beneath the
lithosphere, Anderson et al. (1972). It is possible that the
suggested rise in conductivity at about 100 km correlates with the
lower boundary of the lithosphere plate. The resolution of the
present data, however, is too poor to conclude anything of certainty

about this.
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A more definite result of the present study is that the upper
200 km beneath the region of Hawaii Island has a lower mean conduc=-
tivity than that generally interpreted beneath the oceanic side of
continental margins off Peru, California and Japan, Schmucker, 1973.
This upper mantle conductivity beneath Hawaii, which seems to be
more similar to the normal continental interior regions rather than
the tectonically active margins, is indicated both by this study and
by Larsen's result (1975). Local perturbations in the upper mantle
conductivity structure beneath Hawaii, if present, are more likely to
increase the mean conductivity interpretation, rather than decrease
it, so the upper 200 km in the mid-oceanic mantle surrounding the
Hawaiian volcanic region may be of even lower conductivity than

obtained here.
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7. CONCLUSIONS

A. The differences in the magnetic field variations at various
points on the island of Hawail are attributed to the induction of
electric currents in the sea. This is evidenced by the result that
the vertical field variations are correlated with horizontal
variations on a well defined azimuth that points to the nearest deep
ocean. Furthermore, the frequency spectrum of the vertical magnetic
variations between sites are related by a real and frequency
independent scaling parameter (for frequencies from 2 to 3 cpd).

B. The similarity in the trends of the frequency spectrum of the
Z:H response between sites indicates that the main internal part of
signal is related to a common deep origin. The fact that those
spectrum trends are not strongly dependent on azimuth in the
frequency range 2-30 cpd indicates that the mantle can be modeled as
an isotropic, laterally uniform conductor to a first approximation.

C. The mantle conductivity found beneath Oahu by Larsen (1975)
is consistent with the present data over the lower frequencies in
the present data where the two data sets overlap. This is taken to
indicate that the deep mantle (300 km and deeper) affects the
electromagnetic response similarly on both Oahu Island and the island
of Hawaii. 1In utilizing higher frequmncies in the present analysis
the model of larsen (1975) could be refined to show lower conductivities
above about 180 km depth. The maximum conductivity to this depth is

indicated to be about 0.02 mho/m.
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The present data did not constrain the lower bound on electrical
conductivity in the upper 180 km of the mantle beneath Hawaii. 1In
this regard it is important that additional electromagnetic studies
be attempted in Hawaii and elsewhere in the oceanic areas with
emphasis on obtaining a response spectrum over a wider frequency
range and with greater precision. Larsen (1975), in analyzing long
term data on Oahu, demonstrated that high resolution conductivity
interpretations for the deep mantle are possible in the low frequency
range (< 6 cpd). Such studies extended to the higher frequencies
will help to better resolve the shallower mantle conductivities.

D. Larsen's (1975) analysis, supplemented by the present work,
demonstrates that theoretical numerical modeling is not always necessary
to account for the electromagnetic field distortions present on oceanic
islands. Such modeling helps to understand the nature of the surface
induction effects, but it is difficult to predict in this way the
correct magnitudes of the parameters of distortion. The analysis of
the data as presented here and by Larsen (1975) provides direct
estimates of the parameters of the field distortion, and in addition
indicates which part of the response spectrum can be considered in the
interpretation of deep conductivity by using a layered model of the
mantle.

That part of spectrum which we use for interpretation is presently
limited to the frequency range where the surface distortions seem
essentially static and uncoupled with the deep conductivity. The

problem of frequency dependent mutual coupling between the disturbing
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fields and the deeper mantle fields remain poorly understood. This
is an area where further theoretical investigations will help to
clarify the situation. Thin sheet modeling along the lines employed
here (Appendix I) but retaining the induction term is one approach.
An alternative track is the 2-dimensional Fourier transform method
suggested by Schmucker's (1971) work on thin-sheet conductivity
anomalies above a conducting substratum.

We note that the method of analysis used here should be
applicable to other regions where electromagnetic fields are
appreciably influenced by surface conductivity inhomogeneities. It
seems, for instance, that magnetotelluric and geomagnetic variation
data on continents, Schmucker (1970, 1971, 1973) are often affected
by shallow sedimentary structures in a way that could be accounted

for by the present analysis rather than by theoretical modeling.
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APPENDIX I
A MODEL OF ELECTRIC CURRENT AND MAGNETIC

FIELD DISTORTIONS FOR HAWAII ISLAND

I.1 Theoretical Equations
The basic concepts and assumptions in the thin sheet model of
magnetic fluctuations above oceanic island regions are given in

Section 3. The starting point here is: (eq. 10, Section 3),

b

VX,Ofi + (wB = -ve x I,

!

—

Observe that the fields are partitioned into a uniform part, I,»
-
B,, which are assumed spatially constant, and into an island
. - - . , .
disturbance part, I, Bj which is assumed to vanish at the outer
-
boundaries of the island region. I is the thin sheet current
-

density, B is the magnetic induction (we designate the vertical
component as Z) and P is the inverse of the thin-sheet conductance.

—d

I is non-divergent and its vertical component is zero so we can

define an electric stream potential 794-’9 as,

—

zZ = —? x o(¢g +¥) (1.1)

) - -
¢ and [0 correspond respectively to I; and I, with k being the

unit vector normal to the thin sheet, If the rectangular coordinates
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— -
are oriented so I, = Iy j, the equation (1.1) combines with the

first equation above (Price, 1949) to give:

Q7,39 4 2/, 3% ; 9e o¥ 1.2
dx(‘aéT +dy(’pag)'mzi Ix X e

Biot-Savart's law combined with the stream potential of eq. (1.1)

(Larsen, 1968), gives for Zj,

(0 % — ’ ’
Z,-(x;fhz) =%ff Z—-J(ﬁi)- K dvdy (1.3)

where,

i
1}
c—‘b
|~
Q_
N\

Al
\

= (x-xNT7 + (g-y'); +
(z-2) k

d is the mean oceanic depth of the region being modeled. As it
stands, eq. (l.3) ignores mantle effects resulting from mutual
coupling between the ocean and deep conductivity; however, it is
straightforward to generalize this equation to include the effect
of a perfectly conducting mantle (Larsen, 1968).

In the present computations the induction term ({w Zi) in
eq. (1.2) is ignored altogether. This is equivalent to the zeroeth

order approximation ( 9% > Zi( ?Z )) for low frequencies, and
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corresponds to the static case. For instance, we can write (Price,

1949),

= .- 1.
4 g +XP + < @ + (1.4)

where oC is the coefficient of the integral expression of Z; in
eq. (1.2). The coefficient o can be nondimensionalized to the form

of

oC = ZLU/IL7' L (1.5)

where 7"; is the mean conductance of the deep ocean and L is a

scale length associated with the gradients in P - Equation (1l.4)

is valid for small & (Price, 1949) and the zeroeth order approxima-
tion is expected to be representative of the solution when eC << 1,
For Hawaii we might typically take 7; = 15800 mho and L = 100 km,
in which case the zeroeth approximation should be adequate for
frequencies less than about 8 cpd. Larsen (1975) finds complications
in electromagnetic data from Oahu Island for frequencies above about
6 cpd. The present data (Section 5) did not discern problems
related to frequency effects below about 30 cpd. Part of the
difference may not be real as Larsen worked with remarkably small
error tolerances compared to the present data. It can be noted
however, that magnetic variations on QOahu exhibit a more complicated

behavior than those on Hawaii Island (Rlein, 1972).
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1.2 Finite Difference Computations
We desire to satisfy eq. (1.2), without the tw Zy term, at all
points on an N X N square net having equidistant grid intervals L.
Figure I-1 shows the grid convention. For notational convenience

the nodal locations about (j, k) are designated as:

N=(j-1, k)
S=(3i+1, k)
E=(j,k+1)
W=(j,k-1)
0=1(13, k)

Using half~-interval central differences based on Taylor series

expansions of‘ja and yﬂ about each node "0" we express eq. (1.2)

as

X4 14 Y4 o
(f&)ﬂ/a— (fg;)s/a.+ (Fa-:;)E/a— ('oag)W/a.

(1.6)

= Iu((aN/a— faf/a)

where I, = asa/ax and the quantity L'1 on both sides of the
equation is cancelled out. The subscripts refer to the point where
a quantity is evaluated, for instance, the subscript 'N/2" indicates
that the quantity specified is evaluated at the half-interval point
between "0O" and '"N" (see Fig. I-1). By taking the half-interval

central differences of the operators on the left-hand side of the



62

r S,n

n-2,n

Figure I.1l. The grid convention for finite difference calculations.
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above equation and approximating the quantities /OP/& s

p=N, S, E, W, by ( /7, + A )/2 we find (Sasai, 1968):

(R-R,) + RN¢N + Rs¢s
+ R# RS, - RY, =0

(1.7

where

& otlo, PENSEW

R = P 4P +P+00 * 4fs

and where the intensity of Iu is defined as L1 amps. Equation (1.7)
is the finite difference approximation to eq. (l.2) that we use to
calculate ¢ . We will apply an iterative over-relaxation technique
to find ¢j,k that satisfies eq. (1.7) at all nodes of our grid.
The boundary values of ¢J,/< are constant (assumed zero) and the
initial internal values of ¢J,k are arbitrary. Eq. (1.7) at any

time in the iterative process, say the kth iteration, is equal to some

ck)

residual, €° . The next iteration modifies ¢J,I< to
(k)
Ck+1) k) €
= w — (1.8
4 91; + R )

where W is a relaxation parameter, 1 €« W € 2, Forsythe and Wasow,

1960, p. 239. The new residual is then

e = eM(iw) (1.9

o
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The modification of 9% can be shown to affect the residuals

at the adjoining nodes in the following way:

(k)
(k+!) (k) €
e, = € +W .-R£ , p=MNSEW  (1.10

Iterations continue until q& K are sufficiently small. The
3
process is illustrated in the flow chart on Figure II-2. Here

k)

RES = €, , ITER =k, RO=R, PO =W €

o /R. The maximum residual

in the net (RMAX) is used to evaluate €h;k > SMALL is the preset
desired value for RMAX. Iterations are stopped at the iteration
ITERMAX if problems in convergence are encountered and RMAX does not

go to SMALL.

I.3 Computation of the Vertical Magnetic Field

Assume that ?&)k is known at all nodes of the net described
above. The approximation is made that V’GEBk is constant within a
square of side L centered on each node; then eq. (1.3) can be written

as

s vh« g
P d P (1.11)

L

Z. =

/

Sh

where the summation is over all squares, P except the origin where
—— -
Z; is being calculated. Gp is the K term for each node p in eq. (1.3)

and is given by:

- K PR
— 1,12
(%; = - dx Cffj ( )



INITIALIZE
PHI(J,K), RO(J,K), RN(J,K)
RS(J,K), RW(J,K), RE(J,K)

RES (J,K)
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ITER = 0
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RMAX = 0
ITER = ITER + 1

v

DO2J=2,N-1
DO2K=2,N-1

* RES(J,K)/RO(J,K) |

v

EX

=

A PHI(J,K) = PHI(J,K) + PO
L RES(J,K) = RES(J,K) - PO * RO(J,K)
RES(J-1,K) = RES(J-1,K) - PO * RN(J,K)
RES(J+1,K) = RES(J+1,K) - PO * RS(J,K)
RES(J,K-1) = RES(J,K-1) - PO * RW(J,K)
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{A = ABS [RES(J,K)) |

NO STOP

YES

NO "
<+— 1TER ] TTERMAX

Figure I.2. A flow chart of the finite difference
procedure. The variables are defined in

the text.
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Observe from eq. (1.3) that we need to consider only Gy and Gy where
for instance (at z = 0 where the limits of integration are deleted)

Gy is given by:

- (X"‘X’) - P
G —f e ST dx’ dy (1.13)

where

R = (=X 4+ (y-¢)>

Gy is found by interchanging (x - x') for (y -~ y'). By a change the

variables in eq. (1.13) followed by a Taylor series expansion of the

integrand, we find approximately,

u-tf. vty

u ud®
6 = S (i ) dede 10
) u+t/a v+‘-/a.((u *v7) 2(um+v7)

where

x - x’

[\

u

v y- 5'

The condition d2/R2 << 1 is assumed in (l1.14)., The integrals (1.14)
have a closed form, thus Gy and Gy can be straightforwardly calculated

for each node and inserted into the summation of equation (1.11).
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1.4 Modeling Results for Hawaii

The numerical model of the static electromagnetic fields about
Hawaii was developed in two stages. First, a coarse grid (L = 12',
approximately 21.5 km) solution was obtained in the region
(152°36'W, 16°N) to (161°36'W, 25°N). Second, a finer grid solution
(L = 4', approximately 7.16 km) was found in the region (153°48'w, 18°N)
to (156°48'W, 21°N). The coarse grid area is roughly centered on the
southeastern Hawaiian Islands from the island of Hawaii northwest to
the island of Kauai (the most western island in Figure I.3). The
fine grid covered the island of Hawaii.

The larger sampling area allowed an approximate solution for the
distortions of the electric stream potential caused by the regional
features of the Hawaiian Ridge. This regional solution then formed
the boundary conditions for the calculation of the fields in the
smaller area.

The thin sheet conductance model was based on the ocean depths
at the nodes of the grid. These depths were initially digitized
directly from a contoured bathymetric chart of the area. 1In order to
obtain a convergent regional solution of the finite difference
equations it was necessary to smooth the oceanic depths. Considerable
modification of bathymetry was required on the northwestern extension
of the Hawaiian Ridge where it intersects the boundary of the model
area. The ridge topography was leveled off to the mean ocean depth
at the boundary and allowed to slowly reach its true values at about

160° west latitude. Similar but less significant modifications were
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made on the topography for all boundaries. The generalized bathymetric
model in the central region of interest is shown in Figure I-3. The
depths of this figure are normalized by a mean boundary depth of
4720 m so that this map may be interpreted as a normalized conductance
map of the thin sheet model. In the regional calculation the parts
of the islands above sea-level were given a normalized conductance
of 0.02.

The regional approximation was computed for two orthogonal
components of a driving electric current field, qu'f (north-south)
and Iuy.? (east-west). This allows the determination of the
distortions relating to any E; by linearly combining the two computed
distortions.

The local distortions, computed on a finer grid and using the
regional distortions as boundary conditions, are essentially a
refinement of the regional solution. The normalized island conductance
in the local computations was set at 0.004,

Figure I-4 shows the final ( ?—f-j" ) on a regional scale for
the Hawaii Ridge. Figure I-5 shows the same function in greater
detail near Hawaii Island. The electric current flow in these
figures parallels the streamlines. The intervals between streamlines
represents equal but arbitrary current intensities. The computed
vertical magnetic fields are also presented in Figure II-5. The
magnitudes of these patterns are normalized to /uqu. These are

essentially contour maps of the spatial parameters (a, b) defined
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Figure I.5 (and Fig. 1, main text).
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A model of electric current and magnetic field distortions for Hawaii Island. The
units of the electric stream function (left) and the units of the corresponding
magnetic field (right) are normalized to the intensity of the uniform current far
from the island. The corresponding model for an orthogonally directed driving
function 1s presented in Figure 1 in the main text.
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by eq. 11, Section 3:

/

z= pu(al, —- 61,)

Values for these parameters at the observation sites of this study

are listed in Table 1, Section 5.3.
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APPENDIX II

OBSERVED TIME SERIES AND RESPONSE SPECTRAL ESTIMATES

The basic facts of each of the observation stations are listed
in Table II.1. The reduced time-series (Section 5.1) which were
analyzed in this report are illustrated in Figures II.1-3. Figure
IT.4 illustrates the principle axis spectral estimates of the
transfer function T and their associated residuals for each site
(Section 4.2, especially eq. 30). The subscript "k'' indicates the
observation site (k = 8, N, W, E for sites South, North, West, East
respectively). The angle r:3 (Section 4.2, eq. 26) is the estimated
geographic azimuth of the principle axis of induction for the
frequency range below 30 cpd (Table I, Section 5.3). The © listed
on Figure II.4 are rotated 180° from those in Table I for the purpose

of retaining a positive upward axis (Tyk) in the graphs.



Table TI.1.

Description of the Geomagnetic Observation Sites
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Installation

Station, Date Longitude Latitude Elev.| Distance
Instument 1968~-1969 West North Dec. (m) (km)
C-Center Dec. 5-May 17 | 155°31.8'| 19°45.3"' 12°25' | 1980 | 40 - 60
(Variograph)
E-East Nov. 1-May 17 | 155° 4.9'| 19°42.2°' 10° 6’ 43 3
(Fluxgate)

S-South Nov. 5-May 19 | 155°35.4'| 19°38' 11°11' 208 4
(Fluxgate)
W-West Nov. 5-May 18| 155°52.9'| 19°27.3' 9°34" 372 5
(Fluxgate)
N-North Nov. 2-May 16| 155°34.2'{ 20° 7.2' 13° 7 232 1
(Fluxgate)

Definition of the parameters:

Dec.:

Elev.:

Distance:

Magnetic declination at each site, East.

The elevation from sea level for each site.

The distance of each site from the coast.
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Figure II.4. The transfer spectral estimates for each station. The spectra in
these figures are rotated to the direction of the estimated azimuth

of principle induction (®) for each of the stations S, N, W, E
(respectively in Figures I1I.4a, b, ¢, d). The spectra and

asgociated residuals for each of the 3 data sets analyzed (Fig. II.1-3)
are combined,
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