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ABSTRACT

This work addresses the contrast problem in nuclear magnetic resonance as a Mayer problem in
optimal control. This is a problem motivated by improving the visible contrast in magnetic resonance
imaging, in which the magnetization of the nuclei of the substances imaged are first prepared by
being set to a particular configuration by an external magnetic field, the control. In particular we
examine the contrast problem by saturation, wherein the magnetization of the first substance is
set to zero. This system is modeled by a pair of Bloch equations representing the evolution of the
magnetization vectors of the nuclei of two different substances, both influenced by the same control
field.

The Pontryagin maximum principle is used to reduce the problem to the analysis of so-called
singular trajectories of the system, and we apply the tools of geometric optimal control. We explore
the exceptional singular trajectories in detail. In this case the singular control, which is generically
a feedback of the state and adjoint vectors of the Hamiltonian system, is a feedback of only the
state for this problem, characterizing exceptional singular trajectories as solutions of an ordinary
differential equation in the state variables.

We introduce the concept of feedback equivalent control systems and results concerning quadratic
differential equations, and compute a set of invariants for the quadratic approximation of exceptional
singular flow to distinguish the different cases occurring in physical experiments. Additionally,
Grobner bases are employed to make an algebraic-geometric classification of the equilibrium and

singular points of the exceptional dynamics.
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CHAPTER 1
INTRODUCTION

The central goal of this work is to analyze the contrast problem in nuclear magnetic resonance
imaging with the tools of geometric optimal control theory. In broad terms, the first step of the
imaging process is to set the atomic nuclei of two distinct substances being imaged to a particular
quantum state. The objective of the contrast problem is to optimize this preparatory step in terms

of maximizing the visual contrast between the substances when imaged.
Motivation

Since its introduction in the 1940s, nuclear magnetic resonance (NMR) has become an essential
tool in chemistry. Through interaction with a magnetic field, NMR allows the manipulation and
observation of nuclear spins, which correspond to the magnetization vector of the nucleus.

Applications include NMR spectroscopy, used to determine molecular structures; quantum com-
puting, where NMR is a promising avenue for the construction of a scalable quantum computer [55]
and the advancement of control technology enables sophisticated control fields so that complex
quantum algorithms may be implemented [30]; and magnetic resonance imaging (MRI), which is a
quotidian tool in medical diagnosis. Thus NMR is a standard tool in experimentation and appli-
cation of quantum control. On the other hand, it is well-suited for theoretical analysis due to the
existence of low-dimensional physical models with excellent accuracy in experimentation. This study
is therefore interesting as a practical application of geometric techniques in quantum control, and
a pragmatic motivation is that advancement of the problem can lead to improved medical imaging
techniques.

The focus of this work is a problem in MRI: the contrast imaging problem. In imaging, the
magnitude of a nucleus’ magnetization vector is used to assign its brightness on a gray scale: zero
magnetization appears as black, and a maximum magnetization appears as white. When imaging
a pair of heterogeneously mixed substances in MRI, one aspect of image quality is the distinction
between the two substances, e.g., white and gray cerebral matter in an MRI brain scan. By ma-
nipulation of nuclear spins through an external magnetic field, the means of control in this setting,
the objective is to separate the magnitudes of the magnetization vectors of the two substances as

much as possible, thereby maximizing the visual contrast between the two when imaged: the ideal



configuration would be to have each atomic nucleus of the first substance at zero magnetization,
and each of the second at maximum magnetization. Both substances are subjected to the same
external control fields but respond differently since they have different physical parameters. The
difference in physical parameters of the substances enables the separation of the magnetizations,
and the difficulty is posed by the fact that both are simultaneously controlled by with the same
signal.

In a laboratory setting, the experiment is set up as follows: the two substances are in separate
test tubes of diameter 5 mm and 8 mm, with the smaller test tube suspended inside the larger. A
horizontal cross-section is imaged. Figure shows an experimentally-produced image before and
after the contrast-producing control is applied [38]. Before the control is applied, both magnetiza-
tions are at the equilibrium, which has maximum modulus, and so both samples appear as white.
The control sets the first magnetization to zero (black), and the remaining magnetization of the

second substance gives the image its contrast.

rnm iyl

5 5

Figure 1.1: Result of a contrast imaging experiment. The image before the control is applied is
shown on the left, and the resulting image after the control is applied is shown on the right. At
rest, both are at equilibrium (white), so there is zero contrast. The control sets the inner sample to
zero magnetization (black), and the remaining magnetization of the outer sample gives the visual
contrast.

This particular formulation, in which the magnetization of the first substance has been set to
zero, or saturated, entirely removes the visual contribution of that substance and therefore reduces
the contrast problem to that of maximizing the magnetization of the second substance. This special

case of the contrast problem, the contrast problem by saturation, is the problem addressed in this



work.

Problem statement

The derivation and full detail of the physical model is given in Appendix [A] [41].
For a single substance, the magnetization vector of a nucleus is represented by ¢ = (z,y,2)”

belonging to the Bloch ball B := {q : |q| < 1}. Its dynamics are described by the Bloch equation,

T =—-Tx4+usz
i=f(gu,T) =14 g=-Ty—uz (1.1)

2=7(1—2) +uy — uax,

where the parameter pair (v, ") are physical constants (corresponding to relaxation times T} and 75,
see Appendix for the particular substance, and the control, u = (u1, u2), is the external magnetic
field which the nuclei are influenced by, which has bounded magnitude; here we set |u| < 1. The
point (0,0,1) is a globally attractive equilibrium point of the uncontrolled (v = 0) system, and as
such is taken as the initial state value. Notice that the controls u; and us act by rotation about the

x- and y-axes, respectively.

Remark 1. The parameters v and I of a substance are subject to the physical constraint 2I" > v > 0
[51]. With this constraint, the Bloch ball is invariant for the dynamics. We additionally assume that

~ > 0 (corresponding to finite relaxation times).

Since in the contrast problem we are concerned with the behavior of a pair of substances, we
now extend this notation. The two state variables are denoted ¢; and g2, with respective parameters

(71,T1) and (7y2,T'2). The system dynamics, simply two copies of (1.1f), are

q.l = f(CIhUa’YhFﬂ

(1.2)

qQ = f(quu’a ’7/27112)'
In this case, we write the state variable as ¢ = (q1,¢2). This abuse of notation will fol-
low the convention ¢ = (x,y,2)7 when only considering one spin particle, and ¢ = (q1,q2) =

((z1,y1,21), (T2, Y2, 22))T when considering two.



The system (|1.2)) can be split into drift and control vector fields and written as

¢ = Fo(q) + u1F1(q) + uaFa(q). (1.3)

We define B; and S; to be the closed unit ball and unit sphere in coordinate g;, respectively, and the
points N; and O; to be point (0,0,1) and the origin in coordinate g;, respectively. The state space
of the contrast problem is B := B; X B, and the boundary of this state space is By x S3U By X 5.
Further, we denote the north pole as N := N; x Ny and the origin O := O x Os.

The contrast problem falls in the domain of optimal control theory: we wish to find, among all
controls producing saturation of the first magnetization, a control that maximizes the magnitude of

the second magnetization. In this framework, the problem can be stated as follows.

Problem 2 (Contrast problem by saturation). Starting from the equilibrium point ¢(0) = N, reach
in a transfer time T, which can be fized or free, the final state q1(T) = Oy while minimizing J(u) =

—|q2(T)|?, subject to the dynamics (1.2) where u is a measurable function with bound |u| < 1.

A subcase of this problem is the single-input case, with us = 0. Here, the state is restricted to
the y;z;-planes, so the state coordinate is simply written ¢; = (y;, 2;). Although the general case is
treated, this work primarily deals with the single-input case. In this case we write simply as
¢ =F(q) +uG(q).

Remark 3. In experimentation, a magnetization is in fact measured by reading the magnitude of
its projection in the zy-plane (instead of ideally reading each of its coordinates). For the contrast
problem by saturation, this is irrelevant: after reaching a position satisfying the terminal state

condition, a final rotation can be made to place g2 in the zy-plane while leaving ¢; at O;.

Physical parameter values

We consider four sets of substance parameters representing substances used in an experimental
setting. A set of parameters is denoted A = ((71,T'1), (72,'2)). The values for a particular substance
are ¥ = 1/(Th1 - Wmax) and T' = 1/(T5 - wmax), where we take wmax = 32.3 for consistency with
experimentation [37] and other numerical work [12]. The parameter values for the four pairs of
substances are listed in Table [Tl

Notice that for parameter sets Ay. and Ay¢, both with water as the first spin, we have v; = I'y;

for parameter set Ag, we have 1 = 5. Various combinations of v and I" will commonly appear in



Table 1.1: Parameter values for the four experimental substances. The relaxation times 77 and 15
are given, and v = 1/(Ty - 32.3), T' = 1/(T» - 32.3) are written both as decimal values and as rational
numbers with a denominator common to the values in a parameter set. The first line of a given
parameter set gives the values y; and I'y, and the second line gives 75 and T's.

Parameter set substance T Ts 0 T
water 25 | 25 | 11 =94 ~0.0124 | Ty = g5 ~0.0124
e cerebrospinal fluid 20 | 03 | 72 = % ~ (0.0155 | I's = % ~ (0.1032
A deoxygenated blood | 1.35 | 0.05 | 2% ~0.0229 290 ~0.6192
oxygenated blood | 1.35 | 0.2 200 ~0.0229 1950 ~ 0.1548
A gray cerebral matter | 0.92 | 0.1 82699215903 ~ 0.0337 ggg}gg ~ 0.3096
v white cerebral matter | 0.78 | 0.09 83649510903 ~ (0.0397 ;gg?gg ~ (0.3440
water 25 | 2.5 395 ~ 0.0124 395 ~= 0.0124
At fat tissue 02 | 01 | 22 ~0.1548 100"~ 0.3096

later calculations, leading to the following definitions for ¢ = 1,2: §; = ~; — I';, n; = 2I'; — y;, and

Wi = 27; — I

Maximum principle

The Pontryagin Maximum Principle is the foundational result of optimal control theory. We give
its statement for the contrast problem here; a full discussion is available in Appendix [B]

We denote the target set of terminal constraints by N = {q € B : ¥(q) = 0} where ¥(q) = |q1]-
A given control u(-) yields a unique solution g(-) to (L.2)), and we call the pair (¢, u) an admissible

controlled trajectory. As defined in Problem [2| J(u) = —|g2(T)| is the cost functional to minimize.

Proposition 4 (Pontryagin Maximum Principle). Let u(-) be a control whose associated trajectory
q(+), both defined on [0,T], is optimal for the contrast problem. Denoting H(q,p,u) = (p, F(q) +
uG(q)) as the control Hamiltonian function, there exists p(-) : [0,T] — R* and a constant p° such

that for almost every t € [0, T,
(i) The pair (p°, p) is nonzero for all t € [0,T] (nontriviality condition)
(i) dq — A (g p o), 2= —%—g(q,p, u) (Hamiltonian dynamics)

at p dt

(iii) H(t,q,p,uw) = max, <1 H(t,q,p,v) for all t € [0,T] (maximization condition)



(iv) p(T) = pog—‘;(q(T)) + Zle o %‘i’i (q(T)), o = (01,...,0k), p° <0 (transversality condition)

Tuples (g, p, p°, u) which satisfy the Hamiltonian dynamics and maximization condition of Propo-
sition 4] are called extremal lifts and if they additionally satisfy the transversality condition and the
problem’s boundary conditions they are called BC-extremals. We commonly use the coordinate z to
denote an extremal lift. When p° and u are understood, we may omit them and just write z = (x, p).
An extremal lift is normal if p® # 0 and abnormal if p° = 0.

Since the dynamics are time-invariant, H as a function of ¢ along an extremal is constant and
furthermore if the final time is not fixed then H is zero along an extremal by the transversality
condition.

We also note that in this problem, the cost is defined only in terms of the final state value, and so
it is known as a Mayer problem in optimal control. For such a problem, we have that in an extremal,

p(t) # 0 for all ¢ € [0,T] by the nontriviality condition.

Optimal control computation in the single-input case

Let us now discuss the computation of an optimal control in the single-input contrast problem with
dynamics written as ¢ = F(¢) + uG(q). By the maximization condition of the maximum principle,
for an optimal control u(-) with associated trajectory ¢(-) we have that for all ¢ € [to,tf]

H(t,p", p(t), q(t), u(t)) = max H(t,p", p(t), q(t),v) = (p(t), Fq(t))) + max v(p(t), G(q(t)))

so in particular the maximization of H over v € [—1,1] amounts to maximizing just the quantity
v{p,G) and to this end we define the switching function ®(t) == (p(t), G(q(t))) and the switching
manifold ¥ = {(q,p) : (p,G(q)) = 0}. Clearly, if ®(¢) is nonzero, u(t) = sgn ®(t), i.e., u(t) = £1,
and if ®(t) = 0 this condition gives no immediate information about the value of u(¢). If this occurs
only at a point, i.e., ®(t) = 0 but ®(t) exists and is nonzero, then u(t) is defined everywhere on a
neighborhood of ¢ except at the point ¢, which is sufficient to define u on this interval. Aside from
situations where the the times ¢ such that ®(¢) = 0 accumulate, we call such a control bang-bang.
If however ®(t) = 0 on an interval, then we are in the so-called singular case and the value
of the control is found by the using fact that since ® is identically zero, all derivatives are also
zero. It can be shown (Lemma that the derivatives of ® are neatly captured by the Lie bracket:

d = (p,[F,G]) + ulp, [G,G)]) = (p,[F,G]). Hence, (p,G) and (p,[F,G]) are necessarily zero in the



singular case, leading us to define the singular manifold X' := {(q,p) : (p, G(q)) = {(p, [F, G] (¢)) = 0}.
In order to calculate the singular control, we use 0 = & = (p, [F,G]), and differentiating once
more gives 0 = & = (p, [F, [F, G]]) +u(p, [G, [F,G])). If (p,[G, [F,G]]) # 0, this gives the value of the

singular control us,

ug(t) = —7}. (1.4)

This is called a singular control of order 1, higher orders occurring when (p, [G, [F, G]]) is zero and

further differentiation is required to compute the value of w.

Singular flow in the single-input case

We denote the Hamiltonian vector field (p, F') (¢) as Hr(q). On Hamiltonian vector fields, we have
the Poisson bracket which, in coordinates, is {H1, Hz2} (¢,p) = (p, [F1, F2] (¢)).

In the single input case we can write the order one singular control value as

(1.5)

where D = {Hg,{Hp,Hg}} and D' = {Hp,{Hp, Hc}}. Denoting the extremal z = (q,p), asso-
ciated singular extremals are solutions of the Hamiltonian equation 2z = i s(z) constrained to the
set ¥ ={z: Hg = {Hp,Hg} = 0}, where H; := Hp + usHg. This defines a Hamiltonian vector
field on ¥\ {# : D = 0}. In this case we can desingularize us by the time reparameterization
ds = dt/D(z(t)), so that
restricted to .

Since the state is dimension four, the two relations Hg = 0 and {Hp, Hg} = 0 (implying that
p € ker(G, [F,G]), a rank two space off the collinear set of G and [F, G]), along with the fact that

p(+) is unique only up to a scalar factor reduce (1.5]) to the form

dq D'(q,()
7 = Pl -

where ( is a one-dimension, time-dependent parameter whose dynamics are deduced from the adjoint



equation.

If the final time is free then H = Hp +uH¢ is identically zero. Since in the singular case Hg = 0,
this leads to the additional constraint Hr = 0. This is called the exceptional case since it is intrinsic
to the system in the sense that it is an abnormal extremal of any system with these state dynamics,

regardless of cost. With this, we can eliminate the adjoint entirely.

Proposition 5. In the single-input contrast problem, the exceptional singular control is given by

we = 2@
° D(q)
where
D =det(F,G,[F,G],|G,[F,G]]) and D' =det(F,G,[F,G],[F,[F,G]), (1.6)

outside of {q : D(q) = 0}.

Proof. In the singular case, Hs = 0. Differentiating,

HG = <p7 [FvGD +u<p, [G>G]> =0= <p7 [F’GD =0

HG = <p7 [F7 [F7 GH> +u<pa [Gv [F7 G]]> = 0.

Also Hr = (p, F) = 0, so p is orthogonal to each of F', G, [F,G], and [F, [F,G]] + v |G, [F,G]]. By
the nontriviality condition of the maximum principle p is not identically zero, therefore these four
vectors must be linearly dependent, i.e., det(F, G, [F,G],[F,[F,G]] + u|[G, [F,G]]) = 0. Splitting
this, we have det(F, G, [F,G],[F,[F,G]]) + udet(F, G, [F,G],[G,[F,G]]) = 0, which completes the

proof. O

In the exceptional case we denote the vector field X¢, defined as

dg _
dt

which can be reparameterized by ds = dt/D(q(t)) giving the smooth vector field X¢ = DF — D'G.

Remark 6. Summarizing, we see that in the single-input contrast problem with free final time,
the singular extremals are necessarily exceptional singular extremals. In this case, the exceptional

singular control is defined only in terms of the state, which reduces the exceptional trajectories to



the flow of an ordinary differential equation in the state variables. Furthermore, the exceptional
singular extremals are extremals of any optimal control problem sharing the state dynamics of the

contrast problem, regardless of cost.

Previous and current results

An early application of optimal control theory to general NMR, pulse design was the gradient ascent
pulse engineering, GRAPE, algorithm [33]. It is a numerical approach based on the maximum
principle, operating in the spirit of steepest descent methods. The basic idea of this algorithm
is, given an initial guess of a control duration and value on this time interval, to calculate %—ZI to
iteratively update u(-) to improve the resulting cost. Flexibility is allowed in the cost functional to
combine state, duration, and energy penalties.

A step closer to the problem addressed here was the application of geometric methods in optimal
control to the control of a single spin particle, which will be discussed in more detail in §2.2] This
work resulted in a marked improvement over the existing heuristic techniques, and demonstrated
the efficacy of geometric optimal control and the key role of singular extremals in the NMR setting
[10,[15). A comparison of the GRAPE algorithm and the geometric methods in the saturation of a
single spin, along with experimental implementation, is given by Lapert, et al. [37].

In the contrast problem, recent numerical work has employed shooting and continuation methods,
implemented in the HAMPATH software [18] to obtain locally optimal solutions [12]. The basic idea of
this method is that, given a fixed control structure and boundary conditions, homotopy and simple
shooting methods are used to identify a singular arc satisfying the maximum principle. This is used
to initialize a multiple shooting method corresponding to a particular control structure along a path
of zeroes (of the function constraining the shooting) which converges to a local optimum. This work
is a thorough numerical treatment of the fixed-time, single-input contrast problem by saturation.

Ongoing work is done to frame the contrast problem in various numerical schemes for cross-
validation [11]. The first of these is a direct method implemented in the BOCoP toolbox [2]. This
approach transforms the infinite-dimensional optimal control problem into a finite-dimensional non-
linear optimization problem by discretization, and applying the optimization tools provided by

BocCoP to obtain solutions. The second method poses the optimal control problem as convex, finite-

dimensional relaxations in the form of linear matrix inequalities [39]. A feature of this method is



that it can establish lower bounds on the cost and so it can verify global optimality of solutions. Fi-
nally, the GRAPE algorithm has been applied to the contrast problem, accompanied by experimental
implementation [38].

A promising aspect of these various numerical implementations is that the obtained solutions
are comparable in performance. The numerical difference is negligible when compared to the loss of
accuracy in experimentation [36]. Given the good agreement of the results of these methods, they
can be evaluated by their performance in obtaining solutions. An effective combination in terms of
speed and precision is the use of BOCOP to obtain a first estimate, followed by HAMPATH, initialized

with this first estimate, to refine the control.

Synopsis

In Chapter 2] examine various properties of the contrast problem: geometric properties, which
include the set of points where the drift and control vector fields are collinear and the symmetry of
revolution of the problem; optimality conditions, which are derived from application of the maximum
principle; and the Lie algebra generated by the drift and control vector fields of the state dynamics.

In Chapter [3| we study exceptional case in detail. We first examine properties of the flow of
the exceptional singular dynamics. We then introduce the notion of feedback equivalence in control
systems and compute a set of partial invariatns with respect to parameter values. Finally we make
an algebraic-geometric classification of the singularities of the sets {¢ : D(q) = 0} and {¢q : D(q) =
D'(q) = 0}, where D and D’ are as in (L.6).

Notes

This work will follow the convention that the state variable xz will be used when stating general

results, and the state variable g will be used when discussing the contrast problem in particular.
Also note that the parameter variables v and I' and the related constants §, 1, and p (and

the subscripted versions of these) defined above will be used globally and uniquely to denote these

quantities.
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CHAPTER 2
OPTIMALITY CONDITIONS OF THE CONTRAST
PROBLEM BY SATURATION

In this chapter we analyze various properties of the contrast problem. In particular a major
goal of the analysis is to classify various properties of the system with respect to the four physical

parameters.
2.1 Preliminaries

We first restate the contrast problem by saturation, and detail the problem statement in the single-

input subcase.

2.1.1 Bi-input case
The bi-input case is the general statement of the problem as originally stated.

Problem 7 (Bi-input contrast problem by saturation). Starting from the equilibrium point ¢(0) =
N, reach in a transfer time T, which can be fized or free, the final state g1 (T) = O1 while minimizing

J(u) = —|q2(T)|?, subject to the dynamics (1.2)) where u is measurable and |u| < 1.

The Hamiltonian dynamics are

21 = -T2 +ugzy Pz, = I'1pz, + uaps,
1 =-Ty1 —urz1 Dy, = L'1py, —u1pz,
Z21=m(1—21) +uiyr — uszy Dzy = V1Pz T+ U1Dy, — U2Pz, 2.1)
To = —I'axo 4+ ug22 Pz, = LoDy, + u2ps,
Y2 = —Taya —u120 Py, = Lopy, —u1pz,
Z2 = 72(1 — 22) + u1y2 — u2m2 Pzy = V2Dzy + U1Py, — U2Dz,
The state dynamics can be written in the form
4= Fo(q) +u1Fi(q) + u2F>(q) (2.2)

where the drift Fjy and the control vector fields F; and Fy are given below.
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Listed here are the Lie brackets, up to length three, of the vector fields Fy, Fy, and F5. Since

the first three entries of each bracket contain only g1, 71, and I'; terms, the last three entries only

q2, V2, and I'y terms, and these sets of terms differ only by the subscript 1 or 2, we write only three

entries of each vector, e.g., Fy = (0, —z1,y1,0, —22,92)7 is written as F; = (0, —z;,v;)7.

[Fo, F1] =

[[Fo, F1], Fo] =

[Fo, F2], Fo] =

it + 67 2

-z,
-y

Yi(1 — 2)

— 0;zi

—0;Y;

—07y:

—Vili —51'221‘
O [[FO)F2]7F2]:

K3

2.1.2 Single-input case

[[Fo, 1], 1] =

—2
Yi

—%i + 82

0i;

—26;y;
=i + 202

—2(51‘1‘1‘

—%i + 20:z;

Fy=

[F1, Fy] =

[Fo, 1], ] =

Zi

—T;

—Yi

X4

Yi0;

x;0;

([F1, Fy], Fy] = —F)

[[FlvFQ]aFl] =F

In the single-input case we have us = 0, implying that x; = 0 since z;(0) = 0. In this case we write

the state coordinate as ¢ = ((y1, 21), (y2, 22)) and the control as u.

The Hamiltonian dynamics are identical to (2.1)) with the z; and us removed,

= -y —uzn

Z1=7(1—2z1)+up

92 = —LIoyo — uzo

2o = v2(1 — 22) + uyo

pyl = Flth — UPz,
pzl = Y1Pz + upy1
pyz = F2py2 — UPz,

pZQ = Y2P2z, + UPys

(2.3)

and in the single-input case we denote the vector fields Fy and F; as F' and G respectively, so the

dynamics can be written ¢ = F'(¢) + uG(q).



As with the bi-input case, we write the vector field G = (—z1,y1, —22,92) as (—z;,y;). The Lie
brackets up to length three are

—Liyi —z i —0i%;
r= | o= . ra=|] ,
Yi(1 = 2) Yi —0;y;
(2.4)
—Yini — 03z 20,y
= | . and [G,[F,C] = Y
07 yi Vi — 2i0i2i

2.1.3 Collinear set

Here we define the collinear set of the single-input systemﬂ the set of points where the vector fields

F and G are collinear. This set is characterized by three relations,

Diyf =v121(1—21), Tays =v222(1 — 22), and Tiyizo = Doyozy,

i.e., a point in the collinear set lies on two ellipses in (y1,21)- and (ys, 22)-coordinates and satisfies

an additional compatibility relation. This is shown in Figure [2.1

>

~
o=
--— .- _———‘

©
—

5K~

=
> o
—

-
- N}
—

~

—*.O - -05 . E . 0‘.5 - 1/0

Figure 2.1: Collinear set, illustrated with parameters Ag,. The ellipses containing points in the
collinear set are shown, the ellipse in coordinates (y1, z1) is a dashed red line, the ellipse in coordinates
(y2, z2) is a solid blue line, and the (y1,21)- and (ya2, 22)-planes are overlaid. Two points of the

collinear set are shown, with matching markers between the two projections representing a point in
the set.

Intuitively, the points of the collinear set are equilibrium points of the state dynamics (2.3]) under
some fixed control value u = @, or conversely that a given constant @ € R yields an equilibrium point

(q1,@2) in this collinear set. It can be shown using a Lyapunov function that such an equilibrium

1The collinear set of the bi-input system is the set where Fy is collinear to a linear combination of F; and F,
which is a revolution of the collinear set in the single-input case about the z-axis.
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point is globally attractive and asymptotically stable.

Such geometric aspects as the collinear set were highly relevant in NMR applications before the
1960s since most applications used continuous-wave spectrometers [26],41]. Further significance of
the collinear set in NMR imaging is discussed in an article of Garon, Glaser, and Sugny [27].

For our problem, it can be used to give a lower bound on the achievable contrast in terms of the
parameter values.

A fixed u yields the equilibrium point (g1, G2), and the contrast (not a contrast by saturation)
can be evaluated at this point: it is the absolute value of the differences of the magnitudes of the
projections of ¢; and ¢» onto the y-axis. Recalling that a rotation may be performed to, in this case,
re-align the y-axis in order to maximize this value, this lower bound is found by finding among all
4 € R the value which maximizes this difference between the projections of ¢; and g, on some axisﬂ
This is illustrated for parameters Aq, in Figure[2.2] For these, the bound given by this calculation is

0.294, while a locally optimal solution to the contrast problem by saturation obtained by numerical

methods achieves a contrast of 0.466 [12].

-

~
-——

-i(.o““-o.s“‘ :““0.5““1/0

Figure 2.2: Maximum steady-state (non-saturation) contrast for parameter set Ag,. The control
value is @ = 0.081, with a corresponding contrast of 0.346. The axis upon which the contrast is

maximized is shown as the black arrow.
2.1.4 Optimal control structure

As described in the introduction, extremals are concatenations of bang and singular arcs (see

for more detail), and in the contrast problem we have the following result which in particular guides

numerical control optimization.

Lemma 8. In terms of number of concatenated arcs, the simplest BC-extremals of the contrast

2This axis is either parallel to the displacement vector g1 — gz, or orthogonal to the shorter of §; and Ga.
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problem are of the form bang-singular.

Proof. The initial point is an equilibrium of the singular dynamics (seen by direct computation of
ug by ), so the initial control is necessarily a bang, which can be set as u = +1 or u = —1 due
to symmetry. This initial bang arc does not generically meet the boundary condition ¢;(T") = O,
and a bang-bang sequence does not either. There exist BC-extremals of the form bang-singular (we
will see these in numerical examples), and therefore these are the simplest in terms of number of

concatenated arcs. O

2.2 The single-spin case

A limit case of the contrast problem by saturation with fixed final time T is when T approaches
Tin, the duration of a time-optimal transfer of the first spin from N; to O;. The time-minimal

transfer of a single spin has further significance, shown by the following proposition.

Proposition 9. The time-minimal solution of the transfer of the first spin from Ny to O1 can be

embedded as an abnormal extremal solution of the contrast problem by saturation.

Proof. Suppose that (g1, p1,u) is the extremal lift of the time-minimal solution of the transfer from
q1(0) = Ny to q1(Tmin) = O1 of a single spin. Let ¢2(0) = Ny and p2(0) = 0. The corresponding
extremal ¢ = (g1, ¢2) and p = (p1,p2), pi = (Py,, D= ), is a BC-extremal which satisfies the transver-
sality condition, since by the dynamics of p, given in , we clearly have ps = 0 and in particular

p2(Tmin) = 0, satisfying the transversality condition with p° = 0. O

Therefore the time-minimal transfer in the single-spin problem is of particular interest. In pre-
vious work the single-spin case was studied in detail, providing time- and energy-minimal solutions
to arbitrary points, in the integrable [15] and generic [10] cases. We now review the relevant results
of this work.

For the remainder of this section we will discuss only a single spin, so no subscripts will be
written. We additionally assume that 2I" > 3+, which holds for all experimental parameters except
water (for which T' = «), and also that 7 > 0, which holds for all experimental parameters. Since
the initial condition, ¢(0) = (0,0, 1), is on the z-axis of revolution of the system, the state can be
restricted to the yz-plane (x = 0) of B with the control restricted to u = u; (ug = 0), amounting to

a fixed orientation of the control field.
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Hence the state variable is ¢ = (y, z) and we write the dynamics as

q¢=F(q) +uG(q), (2.5)

where F' and G (and their Lie brackets) are as given in §2.1.2) with control bound |u| < 1. The

problem is then stated as follows.

Problem 10 (Single-spin transfer to origin). From the equilibrium point ¢(0) = (0,1), reach the
final state q(T) = (0,0) while minimizing the transfer time T, subject to the dynamics (2.5)) with

lul < 1.

We will see that the optimal control synthesis is a concatenation of bang and singular arcs, so let
us first examine the singular extremals of the system. These are found by setting & = d=0 (where
® is the switching function, defined in §B.4.2)), which is (p, G) = (p, [F, G]) = 0. By the nontriviality
condition of the maximum principle, 0 # p € ker(G, [F, G]), implying that det(G, [F, G]) = 0. Hence
singular arcs are contained in the set of points satisfying det(G, [F, G]) = 0, namely

—z -9z
det =y(20z —v) =0,

y 0y
where we recall that § = v — I'. Hence the singular arcs are the line y = 0 and the line z = z,,
zs = /28, where —1 < z5 < 0 by the assumption that 2I" > 3~.
As given in Chapter [1} we have that (p, [F, [F, G]] + us [G, [F, G]]) = 0, and similar to the deter-
mination of the singular manifold, we have det(G, [F, [F, G]] + us [G, [F, G]]) = 0. By multilinearity
of the determinant, this gives det(G, [F, [F, G]]) + us det(G, |G, [F, G]]) = 0 which provides the value

of the control as a function of the state:

. det(Gv [F’ [Fa G]]) _ my
det(G, (G, [F,Gl)) — 2802 — 22) 172

(2.6)

Us =

outside the set where det(G, [G, [F,G]]) = 0. Thus on the singular line y = 0, us = 0 and the

dynamics are

y=0, z=7(1-2)

which approaches the equilibrium N along the vertical axis. On the singular line z = /24, the
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control is us; = yn/2dy and the dynamics are

. &2y
y:_ry_462y’ Z:07
which satisfies sgn(y) = —sgn(y) due to the assumptions on the parameters v and T, so the flow is

toward the vertical axis along this horizontal line. As y — 0, |us| — oo so the control eventually
becomes inadmissible as the state moves inward.

In order to classify the time-optimality of the flow along a singular arc, we use the strengthened
Legendre—Clebsch condition, that (p, [G, [F, G]]) > 0 along a an optimal solution (see for more
detail), which can be given in terms of just the state in the two-dimensional case. Using the
relation between the determinant and the inner product of the columns of a matrix, the singular
case condition (p,G) = 0, and fact that (p, F') > 0 (by the assumption of a normal extremal), we
have that

sgn (p, [G,[F,G]]) = sgn(det(G,F) det(G, [G, [F, G]]))7

which for this case is

det(G, F) det(G, [G, [F,G]]) = —(T'y* + v2(z — 1)) (2(y — 262) + 26¢).

On the horizontal singular line this is —2I'6y* +~3 (1 — ;—5) y?, which is positive, and on the vertical
singular line it is v2%(1 — z)(7y — 262) which is positive for z > z,. Therefore singular extremals are
small-time minimizing on the horizontal singular line and on the vertical singular line for z > z,.

Further work is needed to give the full synthesis of an optimal control, but the above results
present the key factors of this synthesis. The locally-optimal trajectory is a concatenation of arcs
040p040,, where o denotes a bang arc with u = +1, o, denotes a singular arc along the horizontal
singular line, and o, denotes a singular arc along the vertical singular line.

The horizontal singular line cannot be followed to its intersection with the vertical singular line
due to the control bound, necessitating the bang arc joining o, and o,. This must be chosen
appropriately to ensure that the maximum principle is satisfied, leading to the following definition

[10].

Definition 11. A bridge between the horizontal and singular vertical lines is a bang arc such that

the singular-bang-singular concatenation is an optimal extremal.
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This synthesis is qualitatively shown in Figure 2.3

04

Figure 2.3: Synthesis of single-spin transfer to origin. From the initial point N, a bang arc oy is
followed to the intersection with the horizontal singular line, where the control becomes singular.
The trajectory follows the singular arc o, to the point P, one endpoint of the bridge connecting the
two singular arcs. A bang arc o4 is used to reach the vertical singular arc o, which is followed to
the origin.

2.2.1 Experimental result

The previously-used heuristic method for the transfer from N to O, known as inversion recovery, was
simply to apply a bang control to reach a point on the negative z-axis, followed by a zero control to
reach the origin, a bang-singular (BS) control structure. The above-described optimal control, with a
BSBS structure, gives a significant time decrease. This improvement depends on a set of parameter
values; for instance a decrease of 58% was achieved for a solution of HyO, D50, and deuterated
glycerol saturated with CuSOy (for which 77 = 740 ms and T3 = 60 ms) in experiments performed

by Lapert, et al. [37], which is illustrated versus the heuristic inversion recovery in Figure

2.3 Optimality conditions

In this section we give the first- and second-order optimality conditions as they apply to this type of
problem (control-affine, Mayer) in general, and give the conjugate point tests as they apply to the

single-input contrast problem.
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Figure 2.4: Top: Plot of the locally-optimal BSBS sequence, left half-plane (blue), and the inversion
recovery sequence, right half-plane (green) . The numerically-calculated trajectories are shown
as a solid line with the experimentally-measured trajectories shown as markers. Bottom: controls
corresponding to the BSBS sequence (blue) and inversion recovery sequence (green).

2.3.1 Geometric interpretation

Consider a general Mayer problem with terminal manifold M = {z : ¥(z) = 0}, cost J(u) =
@(ty,z(ty)), and denote a trajectory from initial point xy associated to the control u by z(-, o, u),
defined on [tg,ts]. The accessibility set at time ¢ from x¢ is defined as A(zo,t) = U,y 2(t, 70, ).
For a fixed cost k, we define the set My, := {x : ¥(z) = 0 and ¢(z) = k} to be a level set of the cost
in the terminal manifold.

By the maximum principle, if a control u* with associated trajectory z* is optimal, then z*(¢y)
belongs to the boundary of the accessibility set A(xzg,tr) and lies in the terminal manifold My, such
that &k is minimal. This is shown in Figure
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Figure 2.5: Optimal solution in a Mayer problem: x* lies on the boundary of the accessibility set
A(zg,tr) and terminal manifold M), with a minimal cost.

2.3.2 Classification of extremals

Denoting the canonical variable z = (z,p) and the switching surface X, we are interested in the

classification of extremals near the set X.

Single-input case

Here we have 3 := {z : Hg(z) = 0} with the switching function ®(t) = Hg(2(t)), where Hg = (p, G).
Define ¥/ := {2 : Hg(z) = {Hp,Hg} = 0} as the set containing singular extremals. As in we
denote o4 and o_ as bang arcs and o as a singular arc; a sequence o0y denotes a concatenation
of arcs (which can be bang or singular).

At an ordinary switching point a bang arc intersects, at time ¢, the set ¥ \ X', and such an
extremal is of the form o o_ if ®(t) < 0 and o_o if ®(t) > 0. On the other hand, the fold case is

characterized by a contact of order two of a bang arc with ¥. Recall that
b(t) = {Hp, {Hp, Ho}} + u{Ha, {Hp, Ho}}
and so we define

(.I.)i(t) = {HF’ {HF7HG}} + {HG7 {HF7HG}}7

with <i5+ corresponding to u = +1 and ®_ corresponding to u = —1.

Assuming that both &4 (t) # 0, there are three cases [7,[35].

i) Hyperbolic: () > 0and ®_(¢) < 0. In this case a connection with a singular arc satisfying
+
the strong generalized Legendre—Clebsch condition is possible, and extremal trajectories are

of the form oLos01 (where some arcs may be empty).
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(ii) Elliptic: ®, (t) < 0 and ®_(t) > 0. Every extremal curve has a finite number of switchings and
a connection with a singular extremal is not possible, therefore every extremal is bang-bang,

although there is no uniform bound on the number of switchings for all extremals.

(iit) Parabolic: &, (t)-®_(¢) > 0. In this case singular extremals do not satisfy the control bound,
and therefore the behavior near the switching point is bang-bang with at most two switchings.

The sequence is o,0_o, if &, (t) > 0 and o_oro_ if ®,(t) < 0 (where some arcs may be

empty).

These three cases are illustrated in Figure [2.6

N A Val

o_

(a) Hyperbolic (b) Elliptic (c¢) Parabolic

Figure 2.6: Behaviors of extremals in the fold case.

Bi-input case

The switching surface is the set ¥ := {z : Hy(z) = Hz(z) = 0}. Differentiating these relations, we

have

Hy = {Ho, H\} — us {Hy, Hs}

H2 = {HQ, HQ} + (VA1 {Hl, HQ} .

At an ordinary switching point, at most one of H, and H, are zero. Recalling the parameterization

of the control u; = H;/\/H? + H3 from we use polar coordinates H; = r cos and Hy = rsin 6.
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Then we can find the differential equation for r by differentiating r? = H? + H3,

2rr = 2H1Hl + 2H2H2

T = T COS 9({H0, Hl} — U9 {Hl, HQ}) + rsin 9({H0, Hg} + uy {Hl, H2})
__H _ M
VH} + H3 VH} + H3

7= {Hy, H1} cos8 + {Hy, Hy} sin@ — {Hy, Ho} sinf cos @ + {Hy, Hy} sinf cos 6

7= {Hy, H1}cos0 + {Hy, Ho} sin — {Hy,Hs}cosf + {Hy,H>}sin@

7= {Hy, H1}cos0 + {Hy, Ha} sin 0.
Similarly, we find the differential equation for § by noticing that

H{Hs =7cosf rsinf = risinf cos 0 — 20 sin? 6

Hng =rcosf rsfnﬂ = risin 6 cos 0 + 120 cos? 0

and so Hng — HlHQ = T297 glVng

. H,H,— H,H,
0=—"175—"
r
_ rcos O({Ho, Ha} +uy {Hy, Hy}) — rsin0({Ho, H1 } — ug {Hy, Ha})
2
~ cosO({Ho, Hy} + cos0 {Hy, Ho}) —sin0({Ho, Hi} —sin6 {H1, H>})
r
cos {Ho, Hg} —sinf {Ho, Hl} + {Hl, HQ}

r

With these we can evaluate the behavior of extremals intersecting X, i.e., such that r =60 = 0. A
non-smooth extremal consisting of a concatenation of two order zero extremal arcs meeting at ¥ can

be constructed if
(i) cos@{Hy, Hy} —sin0{Hy, H1} + {H1, H2} = 0 has two distinct solutions, 6y and 6, and
(ii) 7 = {Ho, H1} cos® + {Hy, H2} sin @ = 0 has opposite sign for 6y and 6.

A subcase, called a w-singularity, occurs when {Hy, Ho} = 0 and the first condition results in
tan® = {Hy, Ha} /{Ho, H1} so that 6; = 6y + m. The generic case and this special case are
illustrated in Figure
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Figure 2.7: Non-smooth extremal of order zero extremal arcs.

2.3.3 Conjugate point algorithms

Here we present the concept of a conjugate point in the control setting in local coordinates (more
detail is given in 7 and give conjugate point tests used for singular extremals of this problem
corresponding to the various sub-cases which depend on the number of inputs, whether the final
time is fixed, and whether the extremal is normal (conveniently collected by Bonnard, Caillau, and
Trélat [6]). In each case, conjugate point detection reduces to checking the rank of a particular test
matrix and so the calculation of conjugate points is well-suited to numerical methods, and is enabled

by the HAMPATH software package [18].

Definition 12. Let z = (z,p) be a reference trajectory of a Hamiltonian vector field H defined on
[0,T]. The variational equation

82 = dH (2(t))dz

is called the Jacobi equation. A Jacobi field J(t), a nontrivial solution dz = (dz, dp), is said to be

vertical at time ¢ if dx(t) = 0.

Definition 13. We define the exponential mapping for fixed 2(0) = zo as the mapping exp, :
(t,po) — m(2(t, z)) where z(-) is the solution of H with initial condition zo = (2o, po), and = is the
projection (z,p) — z. A time t. > 0 is said to be geometrically conjugate to zero if the exponential
mapping is not an immersion at ¢t = ¢, and the associated point z(t.) is said to be geometrically

conjugate to xg.

Theorem 14. Assume that the strong Legendre condition holds along z(-), and assume strong
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reqularity: that u is of corank one along every subinterval [t1,t2] C [0,T]. Then the first geometric
conjugate time is the first conjugate time along z(+), denoted t.. Therefore x(-) is locally optimal on

[0,t.), and if t > t., x(-) is not locally optimal on [0,t] in the L™ topology.

In particular, in the contrast problem a necessary optimality condition is the nonexistence of

conjugate points on each extremal subarc of order zero.

Bi-input case

The conjugate point test in this case is as follows. Consider the Jacobi fields dz; = (dg;, dp;),
i=1,...,n— 1 such that each d¢;(t9) = 0 and such that each dp;(t9) is orthogonal to p(ty). At a

conjugate time t., rank{dq (tc),...,dqn—-1(tc)} <n —1.

Single-input, non-exceptional case

The conjugate point test in this case is to consider (d¢;,0p;), ¢ = 1,2 a dimension two basis of the
vector space formed by the Jacobi fields such that each dg;(tg) € span{G(q(tp))} and such that
each 0p;(tp) is orthogonal to p(0). At a conjugate time t., rank{dq;(t.), qga2(tc), G(q(tc))} < 3, or

equivalently that the matrix

(6Q1(tc)7 5Q2(tc)a F(q(tC))7 G(Q(tc))’ [G7 [G’ F]](q(tc)))

is not of full rank.

Single-input, exceptional case In this case, the variational equation is reduced to %q =

6;2: (q(t))dq, where X¢ is the flow in the exceptional case. A single Jacobi field dg(-) is computed

with initial condition dq(0) = G(g(0)). The conjugate point test is dq(t) € span{F'(q(t)), G(q(t)) or

equivalently that the matrix

(0q(1), F(q(t), G(q(t)), G, ]G, Fl(a(t)))

is not of full rank.
The result for a sample trajectory initiated at the point (—1,0,—1,0) for the four sets of ex-
perimental parameters is shown in Figures [2.8 along with the corresponding smallest singular

value along the given reference curve.
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Figure 2.8: The exceptional singular trajectory for parameter set Ay, initiated at (—1,0,—1,0) and
the minimum singular value of the conjugate point test matrix along this trajectory. The conjugate
point is marked with a red x.
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Figure 2.9: The exceptional singular trajectory for parameter set Ag, initiated at (—1,0,—1,0) and
the minimum singular value of the conjugate point test matrix along this trajectory. The conjugate
point is marked with a red x.

2.4 Symmetry of revolution

We present two results that intuitively follow from the construction of the physical model. First, due
to the arbitrary alignment of the xy-plane, trajectories can be rotated about the z-axis to produce
an equivalent trajectory, and second, that while we can “mod out” one control for one spin due to
this symmetry, it is not generally possible to do this for the pair of spins. Let us make these notions
more precise.

The symmetry of revolution about the vertical axis can be directly seen by a change of coordinates
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Figure 2.10: The exceptional singular trajectory for parameter set A,y initiated at (—1,0, —1,0) and
the minimum singular value of the conjugate point test matrix along this trajectory. The trajectory
encounters the set D = 0N D’ # 0 before a conjugate point is reached, however the minimum
singular value is approaching zero as the control explodes.
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Figure 2.11: The exceptional singular trajectory for parameter set Ay initiated at (—1,0,—1,0) and
the minimum singular value of the conjugate point test matrix along this trajectory. The trajectory

encounters the set D = 0N D’ # 0 before a conjugate point is reached, however the minimum
singular value is approaching zero as the control explodes.

(X:,Y:,Z;) = Ro(xs,yi, 2:), for i = 1,2, where Ry is a rotation

X; =wz;cos0 —y;sinf
Y; = x;sin 0 + y; cos 0 (2.7)

Zi = Z;-

Lemma 15. Under the change of coordinates (2.7)), the dynamics of the (X;,Y;, Z;), i = 1,2, system
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is equivalent to the q-dynamics (2.1]) under the rotation of the control

v1 = up cosf —ussinf, vy = wuqsinf + ug cosb. (2.8)

Proof. We will show that i; and X; are equivalent, the others follow similarly.

X; = @; cosf — y;sin 6

= (—Tx; + ugz;) cos — (—T;y; — u12;)sind

(-T;X;cos0 —T;Y;sin 0 — vy Z; sin 6 + vo Z; cos ) cos 0

— (T X;sinf —T';Y; cos§ — v1 Z; cos 0 — vo Z; sin 0) sin 0

1 Xi +veZ;

Proposition 16.
(i) The Hamiltonian lift Hr(q,p) = (p, Re(q)) is a first integral along the optimal solutions.

(ii) There is a one-parameter family of optimal solutions, characterized by the rotations (2.7) and
(2.8) on the state and control.

Proof. As in §B.4] denote the true Hamiltonian by H,,. The first claim is due to Noether’s Theorem
in Hamiltonian form, which states that every continuous symmetry of a Hamiltonian system has a
corresponding conserved quantity. In particular, if {H,, Hg} = 0 then Hp is a first integral along

solutions of H, n- 1t can be verified by calculation that

O0HRr 0H,, O0HR OH,,
Hn,H = — frd 0
o, HrY = 55505 = 50 ap

The second statement follows from Lemma [15] O

This symmetry can be further explored with the use of spherical coordinates. Consider the

parameterization, for i = 1, 2,

xT; = p; sin ; cos ;
Y; = p; sin ; sin 0; (2.9)

Zi = pPi COS Q.
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The dynamics for the (p;, ¢;,0;) system is computed in a straightforward manner, for instance

pi = 5@} + 7 + 22) T2 (2mi3 + 2y9i + 22:;)
—Ti(z] +y?) + iz — %izf)
Vai+y+ 22
—T;(p? sin? p; cos? 0; + p? sin? p; sin® 0;) + yip; cos p; — Yip? cos? @;
Pi

i cosp; — pi(; cos® p; +I;).

Proceeding in this manner, we have

pi =i cos i — pi(Ti + &; cos” ;)

K3

$; = 0; sin ; cos p; — — uy sin6; + uq cosd; (2.10)

; = — cot ©i(u1 cos; + ugsinb;).

Notice here that, writing = = ((p1,¥1,61), (p2,92,02)) and & = Gy + u1G1 + uaGa, 01 and
f> appear only in the control vector fields G; and G3. Denoting the true Hamiltonian H, =

Hy + (H? + H3)Y?, H; = (p,G;), we calculate

HY + H3 = p2, + p3, + Pp, cotp1” + pj, cot® o
+ 2pg, po, cot 1 cot wa(cos b1 cos Bz + sin 01 sin bs)
+ 2pg, P, €Ot 1 (c0s 0 sin By — sin Oy cos b)
+ 2p.,, P, cot wa(sin By cos By — cos b1 sin By)
+ 2Py, Py, (cos 01 cos Oy + sin 6y sin §)
= pl, +P5, + 15, cot o1° + pj, cot® @y
+ 2(Pe, Py + Do, Do, COt 1 COt o) cos(0y — 02) (2.11)

+ 2(py, Po, €Ot P2 — Py Do, €Ot 1) sin(fr — b2)
which, in terms of the 6;, clearly only depends on the difference 6, — 6. This gives the idea for the
following proposition.

Proposition 17. Define ¢} = 01 and 05 = 61 — 0. Then 0 is a cyclic variable, i.e., py; is a first

integral of the extremal motion defined by ﬁn
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Proof. Making this substitution, we see that (2.11]) does not depend 67 and therefore pg; = — %I;ﬁ =
1
0. O

Hence, loosely speaking, we can “mod out” the angle in the x1y;-plane, 61, and maintain only
the difference 6; — 05, but we cannot eliminate 6, as well. We can, however make the following

observation concerning the single-input case (which we prove in rectangular coordinates).
Proposition 18. Extremals of the single-input case are extremals of the bi-input case.

Proof. Let ((y1, 21,Y2,22), (Pyy» P21 Pys» P=,)) be an extremal of the single-input case with control
u1(+). Adjoining z; =0, p,, =0, i = 1,2, to this extremal and us = 0 to the control, the resulting

extremal lift is a solution of the dynamics
@ = =Tz +uezi,  Po; = Uipe, + u2pe,,

and therefore is an extremal lift of the bi-input system. O

2.5 Generated Lie algebra

Here we identify the Lie algebra generated by the set of vector fields {Fy, Fi, Fo}. To enable this,
we lift the system onto the product G x G, where G is the semi-direct product of Lie groups
GL(3,R) x R® = Aff(3) , acting on the state space with the action (A, a)(q) = Aq + a. The Lie
bracket is computed by [(A4,a), (B,b)] = ([4, B], Ab — Ba), where [A, B] = AB — BA. We will first

determine the Lie algebra generated by these vector fields as restricted to a single spin.

2.5.1 Restriction to a single spin

Since we are dealing with a single spin, we omit subscripts on the state and parameter variables for

this subsection. The ¢ and j subscripts are valued in {1, 2, 3}.

Definition 19. Let {e;};=123 be the standard ordered basis of R3. Define E;; € R3*%3 to be the
matrix with the entry 1 at row 4, column j and 0 elsewhere, i.e., E;; = eiTej. Further, for i # j

define Cy; == Eyj — Ej;, Hyj = E;j + Ej;, and Ty = Ey — Ejj.
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Recall the following Lie brackets from §2.1.1] written as elements of Aff(3) as

FO = (diag (_F7 _F’ _’Y) ) (07 0’ ’Y)T) [F0> [Fla FOH = (_520327 (07 N, O>T))
Fy = (C32,03%1) [Fo, [F2, Fo]] = (-520137 (—’VU,O,O)T)
F2 = (C13,03><1) [Fh [FOa [Fla FOm = (03><3> (07 0,’777)T)

and denote Fy = (4, a), so A = (a;;) = diag(-T', -T', —).

Remark 20. Observe that

5 Fy + [Fo, [y, Fol) = (033, (0,97, 0)")

52F2 + [F()a [FQa FOH = <O3><33 (7’777703 O)T)

and therefore {[Fl, [Fo, [P’l7 Fo]H s 62F1 + [FQ, [Fl, Fo]] s 52F2 + [F(), [1'727 Foﬂ} forms a basis for RS since
7,1 # 0. Therefore the Lie algebra generated by {Fy, F1, F»} is the semi-direct product g x R? where
g is the Lie algebra generated by {A, Cs2,C13}, and our discussion is now reduced to determining

this g.
Lemma 21. The nontrivial spectrum of ad A is {0,0, 4,6, —d, —0}.

P?”OOf. Generally, [diag(al, ey Ckn), Ez]] = OliEi ; —OéjEij = (O[i —Olj)Eij, SO [A, EU] = (aii —ajj)Eij,
where the (a;; — a;;) take values in the set {0,6, —6}. We have [A, E3y] = —0E39, [A, Ea3] = dEss,
[A, B3] = 0FE13, [A, E31) = —0Fs;, and [A, Eay| = [A, E13] = 0. O

This lemma gives a direct method to compute ad A on the E;;, H;;, and T;; defined above,
e.g. [A,Cyj] = [A, Eij] — [A, Eji], which is because since we immediately see that the H;; and Tj;
appear in bracket computations. Indeed, we have that (ad’C A)E;j = (a;; — aj;)*E;; so it is clear
that repeatedly applying ad A to C;; will toggle between (a multiple of) C;; and H;;. Since A and
the T;; are diagonal, their brackets are zero. In Table we give the brackets of A and the Cj;,
H;j, and Tj;.

Proposition 22. The Lie algebra g generated by {A, C32,Ci3} is gl(3,R) if 6 # 0, and RI & s0(3)
if6=0.

Proof. This is essentially “proof by Table 2.1]”
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Table 2.1: Brackets of A, Cy;, H;;, and T;; computed in row, column order.

[, -] A Cs2 Ci3 Co1 H3o Hi3 Hy T30 Ti3 Ty
A —0Hs3> | 0H13 0 —0C39 | 0C13 0 0 0 0
Czz | 0H3o Ca1 —C13 2T3 | —Hoy His —Hso Hso 2H33
Ci3 | —0Hi3 | —Cx Cso Hy 2Tv3 | —Hszp | —Hi3 | —2Hy3 | —His
Ca1 0 C13 —C32 —Hi3 | Haz 2T 2H7 H —Ha
Hzy | 0C32 | —2T32 | —Ho Hi3 Co1 —Ci3 | —Cs2 Cs2 2Cs3
Hyz | —6C13 Hay —2T13 | —H3a | —Co C32 —C13 | —2C13 | —C3
Hy 0 —Hi3 Hzy | —2Ty Cizs | —Cso 2C9 Co1 —Co
T32 0 Hsa Hyz | —2Hy Cso Ciz | —2C2 0 0
Ti3 0 —Hszy | 2Hi3 | —Hyy | —C3p | 2013 | —Co 0 0

T2 0 —2H33 | His Ha —2C3 | Ci3 Co1 0 0

First suppose that § = 0, so that A = v/, implying that [4, B] = 0 for all B € M(3,R). Notice
that [Csq, C13] = Ca1, and in fact that the bracket of any two of these three C;; is (plus or minus)
the third one. We have that span{Css,C13,Co1} = s0(3), the set of skew-symmetric matrices.
Therefore the Lie algebra generated by {A, Csa, C13} is exactly span{ A4, Cs2, C13,C21} = RI ®so(3).
Intuitively, since § = 0 the brackets never escape the first 4 x 4 block of Table

Now suppose that § # 0. It is clear from Table that gI(3,R) 2 g 2
span{ A, Csa, C13,Ca1, Hsa, Hy3, Ho1, T52, T13, To1}. We will show that this span is in fact gl(3,R) by
showing that each E;; lies in the span.

For i # j, E;j = Cyj + H;j. For the Ey;, since A, T39, and T3 form a basis for diagonal matrices

we can form the E;; from these. In particular,

7(21—‘ —+ "Y)Ell = A — FTgQ — ("}/ —+ F)Tlg
—(2r +7)E2 = A+ (v + )T + I'T13

—(2T + ) B33 = A —T'T3o + I'T13.

O

In conclusion, by Remark and Proposition the Lie algebra generated by {Fy, F1, Fo} is
gl(3,R) x R? if § #£ 0 and (RI ®s0(3)) x R3 if § = 0.
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2.5.2 Lie algebra of the coupled system

In the coupled system, the crux of the matter is whether or not the actions of the two spins can be

decoupled or not. The F; are written as

FO = (dlag(Alv A2)7 (Oa 07 1, Oa 07 WZ)T)
Fy = (diag(C3s2,C32),06x1)

F5 = (diag(Ch3,C13), 06x1)

where A1 = diag(—Fl, —Fl, —’}/1) and A2 = diag(—FQ, —Fg, —’}/2).
As in the previous case, it can be shown that the basis elements of (03x3,03x3) X R® can each be
found in the Lie algebra generated by {Fp, F1, F»} for arbitrary physical parameters. For example,

a multiple of ((03x3,03x3),¢eq) is

Y1 [Fo, [F1, [F1, Foll] + [Fo, [Fo, [F1, [F1, Follll = ((03x3, 03x3), (72 — 71)72m2¢€6)

if 41 # 2, and is otherwise given by

n [Fa, [Fa, [Fy, [Fy, Foll]] 4 21 [Fy, [Fe, Fol] — [Fo, [F1, [F, Foll] = ((03x3,03x3), v2(n1 + m2)n266).

The others are found in a similar manner. Therefore the classification is again reduced to determining
the Lie algebra g generated by {diag(A1, Az), diag(Csz2, Cs2), diag(Ci3, C13)}.
Notice that

[diag(Cs2, C32), diag(C13, Ci3)] = diag(Ca1, Ca1)

so we will always have at least g D span{diag(A;, 43), diag(Cs2, Cs2), diag(C13, C13), diag(Ca1, Ca1)}.

We also have
[diag(Al, Ag), [diag(Al, AQ), diag(C?,g, 032)]] = diag(éf@n, 5%032) (212)

and with this in mind we make the following observations.

Remark 23. We have the following by Table and (2.12)).

o If 62 +# §2, we can construct diag(Csa,03x3) and diag(0sx3,C32) and similarly each of the
1 2
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diag(Cj, 03x3) and diag(03xs, Ci;). Otherwise the two spins cannot be decoupled.

o If 6; # 0, each of the H;; and Tj; can be generated for the first block matrix, and the Cy;, Hj,

and T;; generate sl(3,R) in this block, otherwise we have only the C;; generating so(3) in this
block. The same holds for 5 and the second block.

It is therefore clear that the determination of this Lie algebra depends on whether §2 = §3 or

not, and whether é; and J, are zero or not.

Proposition 24. The Lie algebra generated by {diag(A;, As), diag(Cse, Cs2), diag(Cis, C13)} is iso-

morphic to

(i) RA@so0(3) (dimension 3) if §1 = d2 =0,

(i) RA@sl(3,R) (dimension 9) if |61| = |d2| # 0,

(ii) RA@® (sl(3,R) @ s0(3)) (dimension 11) if 6 #0, 62 =0 (or §y = 0 and §2 # 0), or

(iv) RA® (sI(3,R) @ sl(3,R)) (dimension 17) if |01| and |62| are nonzero and distinct.

In particular the generated Lie algebra is never gl(3,R) x gl(3,R).

Proof. The four cases are deduced from Remark

(i)

(iii)

Suppose that §; = d = 0. Since d; = Jo, the two blocks are dependent and since §; = do = 0,
no elements with an H;; or 7;; block can be constructed. Therefore the algebra is spanned by

A and the diag(C;;, Ci;), i.e., it is isomorphic to RA & s0(3).

Suppose that |§;| = |d2| # 0. Since §; = d2, the two blocks are dependent and §; # 0, each of
diag(H,;, H;;) and diag(T;;,T;;) can be constructed. Therefore the algebra is spanned by A
and the diag(C;;, Cij), diag(H,j, H;;) and diag(7;;,T;;) elements, yielding RA & s((3, R).

Suppose that §; # 0, o = 0. The two blocks are decoupled but since do = 0, only the
C;; appear in the second block. Therefore the Lie algebra is spanned by A and each of the
diag(Cij,03x3), diag(H;j,03x3), diag(Ti;, 03x3) and diag(0s3xs3, C;;), giving an algebra isomor-
phic to RA & (sl(3,R) & s0(3)).

Suppose that [d1] and |d2] are nonzero and distinct. Then each of diag(Cij,03x3),

diag(03x3, Cij;), diag(H;j,03x3), diag(0sx3, Hi;), diag(Ti;,03x3), and diag(03x3,Tj;) can be
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generated. The Lie algebra generated is spanned by these elements and A, and is therefore

isomorphic to RA @ (s((3,R) @ sl(3,R)).
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CHAPTER 3
CLASSIFICATION OF THE SINGULAR FLOW: THE
EXCEPTIONAL CASE

In this chapter we examine the exceptional case in detail. Recall from its introduction in {I|that

in this case we have u¢ = —D’(q)/D(q) where
D = det(F,G,[F,G],[G,[F,G]]) and D'=det(F,G,|[F,G],|F,[F,G]),

which defines the singular control X¢ by ¢ = F'(¢q) — g((;)) G(q) off of the set S\ S’, where we recall

that S == {q: D(q) =0} and S" .= {q : D(¢q¢) = D’(q) = 0}. It can be reparameterized to give the

vector field X¢, defined as

¢=D(q)F(q) — D'(q9)G(q). (3.1)

Notably, the exceptional case reduces the control system to a time-invariant, ordinary differential
equation.

Remark 25. The objective of the classification is to distinguish properties of the flow with respect
to given physical parameters, e.g., equilibrium points and their attractivity. A particular object of

interest are the sets S and S’.

In this chapter we first investigate the equilibria of the exceptional flow, and in particular see that
this flow and its equilibria are nontrivial to classify. We then recall results of geometric invariant
theory, feedback classification of control systems, quadratic differential equations. These concepts are
then applied to the exceptional case of the contrast problem to identify invariants, used to distinguish
sets of physical parameters, and to identify other features of the system. Finally, we introduce
Grobner bases and use this tool to make an algebraic-geometric determination and classification of

the sets S and 5.

3.1 The exceptional low—equilbria and attractivity

Given the complexity of the flow, we use numerical simulations to identify equilibria and their
attractivity. The numerical method, implemented in HAMPATH, is as follows: each point in a

discretization of the state space B; X By is taken as an initial point of the exceptional flow X¢.
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The flow is integrated until either an equilibrium point is reached or the integration fails due to
contact with the set S\ .S’. Equilibrium points are detected by checking log;,(|¢n — ¢n—1]) along the
trajectory (the g, being the state values given by the numerical integration), and for our purposes we
define such a point as when this value falls below —10, corresponding to the default state tolerance
of the software.

Through this simulation, it is seen that three of the four set of experimental parameters, Ac,
Ado, and Ay, exhibit the same qualitative behavior—the exceptional flow is attracted to N. Let us
first discuss these three cases.

For parameter case Ay, 40401 points in By X Bg are taken as initial points. Of the resulting
trajectories, 19011 (about 47%) do not encounter a failure in integration (due to contact with
S\ S’) and reach the point N. A small sample of these trajectories is presented in Figure of
the remaining trajectories, the integration fails and it is verified in each case that this is due to
intersection with the set S\ S’. Clearly the sets S and S’ play an important role in the exceptional

flow, and they will examined in particular in §3.5]
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Figure 3.1: Exceptional trajectories reaching the equilibrium for parameters Ay.. Matching line
styles and colors correspond to the same trajectory.

For parameter cases Ago, and Ay the situation is qualitatively identical, so we briefly present the
quantitative differences. For Ago, 17969 of the 40401 trajectories (about 44%) reach N, shown in

Figure For Ays, 25714 of the 40401 trajectories (about 64%) reach N, shown in Figure

Remark 26. Another aspect of the overall imaging process is that the image is typically captured
several times to filter experimental noise, so after the contrast-producing control is applied the system

must be reset to the initial point of the next trial. This is currently achieved by simply allowing the
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Figure 3.2: Exceptional trajectories reaching the equilibrium for parameters Ag4,. Matching line
styles and colors correspond to the same trajectory.
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Figure 3.3: Exceptional trajectories reaching the equilibrium for parameters Ay¢. Matching line
styles and colors correspond to the same trajectory.

uncontrolled system to relax to the equilibrium, and an interesting problem is to identify the optimal
control to return the system to its initial point. Since in the three cases seen here the exceptional
flow is attracted to N, an obvious question is whether the exceptional control could play a role in
this problem. However, it can be observed that the exceptional flow reaches a neighborhood of N
more slowly than under the control u = 0, and so a strategy employing the exceptional singular

control would use it only up to a first conjugate point.

As mentioned, the situation differs for parameters Agy. In this case the simulations indicate
that there are two unstable attractors, which are symmetric about the z;-axes. These points are
(0.1648,0.4947,0.1685,0.5620) and (—0.1648,0.4947, —0.1685,0.5620). Trajectories are attracted to

one of these points and may remain in a neighborhood for some duration, but eventually depart and
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then approach either the same or the other attractor. In particular, the trajectories only reach a
numerically-detected equilibrium point in 27 of the 40401 cases, and in these cases further numerical
tests (performed by initiating new trajectories at these endpoints with higher state tolerance, and by
initiating new trajectories at neighboring points) show that these are not genuine equilibria of the
system (they simply toggle between the two attractors as other trajectories do). The vast majority
of the cases are instead terminated by intersection with S\ S’. Two sample trajectories are shown in

Figures [3.4] and These are representative of the general qualitative behavior of the trajectories.
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Figure 3.4: Exceptional trajectory for Agw. Trajectory is drawn between two unstable attractors.
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Figure 3.5: Exceptional trajectory for Agw. Trajectory is drawn between two unstable attractors.
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A continuation on parameter values

Clearly the behavior of the exceptional flow with respect to equilibrium points varies depending
on the given parameters. A natural question is how this property changes with respect changes in
parameter values. A straightforward numerical examination of this is to use a simple continuation
between parameters Ag,, and a parameter set with the “usual” (attracted to N) behavior. For
this, we perform the above simulations for a system with parameters (1 — a)Agw + aA where A €
{Awec, Ado, Aws} and « € [0,1]. In such a continuation, we see the same qualitative behavior for each
A € {Ayc, Ado, Awt}: as the parameters move from Ag,,, a pair of unstable attractors exists, which
move in location toward N (non-monotonically). At a particular step in the continuation, we have
that N is numerically identified as a stable attractor.

Let us illustrate this in greater detail with the continuation from Agy to Ayws. As stated above,
the pair of unstable attractors in case Agy move non-monotonically in position to /N, which then

behaves as a stable attractor. These values are given in Table and are illustrated in Figure |3.6

Table 3.1: Attractors in continuation of Agy to Ayr. For a € [0,.65] a pair of unstable attractors
are identified, as listed. For o € [0.66,1], N = (0,1,0,1) is a stable attractor.

! attractive point(s)

0 | (£0.1648,0.4947,4+0.1685,0.5620)
0.1 | (£0.1646,0.4031,40.1919,0.5716)
0.2 | (£0.1671,0.3890, £0.2062, 0.6467)
0.3 | (£0.1718,0.3931,40.2100,0.7274)
0.4 | (£0.1789,0.4150, £0.2010, 0.8072)
0.5 | (£0.1888,0.4725,40.1741,0.8848)
0.6 | (£0.1901,0.6516,+0.1137,0.9600)
0.61 | (£0.1859,0.6889,+0.1037,0.9674)
0.62 | (£0.1786,0.7340,£0.0921,0.9747)
0.63 | (£0.1659,0.7894, +0.0783,0.9820)
0.64 | (£0.1426,0.8591, £0.0609,0.9894)
0.65 | (£0.0907,0.9491, +0.0345,0.9967)

0.66 (0,1,0,1)

1 (0,1,0,1)
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Figure 3.6: Attractors in continuation of Agy to Ayy, given in Table Matching colors and marker
styles correspond to the same point. As the continuation value « goes from 0 to 1, the marker colors
vary from red to blue. The pair of attractors converge to N.

3.2 Feedback classification

We first recall standard definitions of geometric invariant theory [22,|46] and of feedback classifi-
cation for single-input, control-affine systems |3|, then see the application of these concepts to the

exceptional case.

3.2.1 Definitions

Definition 27. Given a diffeomorphism ¢ and a vector field X, the pull-back of X, ¢* X, and the

push-forward of X, ¢, X, are vector fields defined as

WX =Ty loXoyp and p, X =TpoXop !

where T is the tangent map.

Lemma 28 (Pull-back and push-forward property of the Lie bracket [40,52]). The pull-back and

push-forward commute with the Lie bracket, i.e.,

©x [X, Y] = [0 X, 0.Y] and ¢" [X,Y] = [p" X, ¢"Y]

for vector fields X and Y .

Definition 29. Let E and F be real vector spaces, and let G be a group acting linearly on E and
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F. A homomorphism x : G — R\ {0} is called a character.

e A semi-invariant of weight x is a map A : F — R such that for all ¢ € G and = € FE,

Ag - z) = x(g)A(x).
e A semi-invariant is an invariant if xy = 1.

o A semi-covariant of weight x is a map A : F — F such that for all ¢ € G and =z € E,
Mg - z) = x(g)g - Mx).

e A semi-covariant is a covariant if x = 1.

Let the pair of vector fields (X,Y") be associated to the system & = X (x) + Y (z)u with € R"

and u € R™.

Definition 30. Two affine control systems (X,Y) and (X’,Y”’) are called feedback equivalent if
there exists a C* diffeomorphism v of R™ and a feedback v = a(x) + 8(x)u’, where « and 8 are C*°
and 3 is invertible such that X' = ¢*X + ¢*Y -« and Y/ = ¢*Y - 3.

The orbit of (X,Y) is the set of all affine control systems which are feedback equivalent to (X,Y).

We can see that if the above definition is satisfied, we have
=X+ YU = X Y a4+ Y BT (u—a) = ¢F X + ¢ Y,

and that (X,Y) and (X', Y’) are equivalent under a change of coordinates.
For linear, controllable systems the classification is given by the Brunovsky canonical form [16].

In the nonlinear case there are no such general results, however we find the following theorem useful.

Theorem 31 (B. Bonnard [3]). Let A be the map associating a system (X,Y) to the constrained
Hamiltonian differential equation I_fs defined by
0Hs . O0H,

— _ /
b=, =g (,p) €X'\ S

where ¥/ :={z: Hy = {Hx,Hy} =0} and S .= {2z : {Hy,{Hx,Hy}} = 0}. Define the action of
(o, B,0) €Y on (I_fs, 3') to be the sympletic change of coordinates

o1
or

o =ap(x), p=p
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and in particular the feedback acts trivially as a sympletic change of coordinates.

The following diagram is commutative:

A —2
| ]
A 2

where A is the set of pairs (X,Y) (with some nonsingularity assumptions). In other words, X is a

covariant.

3.2.2 Application to the exceptional case

Let 9 be a diffeomorphism of R™ which acts on a mapping o : R® — R by ¥)aa = a0 and on a
vector field X as X = ¢*X. We have the following lemma concerning the action of a feedback

(1, a, B) on the exceptional dynamics.

Lemma 32. Let D% = det(F, G, [F,G],[G,[F,G]]) and D'"%) = det(F, G, [F,G], [F,[F,G]]),
and let ¢, o, and 8 be as in Definition[30 We have that

(i) D(F+oG.3G) = gAp(RG),
(i) D'(F+eG.BG) — g3(p/(FG) L o DIFG)),
(iii) DW Y G (q) = det (6;/;%) DF9(y(q)), and
(iv) D' EV9) (g) = det (257 ) D'EO) (y(q)).
Proof. These are shown directly. Recall that [fX,gY] = fg[X,Y]+ f(X9)Y —g(Y f)X.

(i) To show that DF+eG.8G) — piDIFGE) e first notice that [F 4+ aG,pG] = [F,BG] +
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[aG, BG] = [F, BG], and that det(aG, G, -, ) = 0. Hence

DTGB = det(F + oG, BG, [F + oG, G, [BG, [F + oG, BG]))

= det(F, 8G, |F, BG], [BG, |F, BG]])

= det(F, 3G, B [F,G] + (FB)G, [8G, [F, BG]])

= det(F, BG, B[F, G|, [8G, |F, BG]])

= det(F, BG, B [F,G], [BG, B [F,G] + (FB)G])

= det(F, G, B[F,G],[BG, B[F,G]))

= det(F, 5G, B[F,G], 5% [G, [F.G]] + B(GB) [F,G] - B([F,G] B)G)
= det(F, BG, B [F, G, B [G, [F, G]])

= p*det(F,G,[F,G], |G, [F,G]).

(ii) The demonstration that D'(F+eG:8G) = g3(D'(F'G) 1 o D)) follows similarly,

DF+eGBC — det(F + oG, BG, [F + oG, BG),[F + oG, [F + oG, BG]])
= det(F, G, B [F,G],[F + aG, [F, BG]))
= det(F, BG, B [F,G], [F,[F, BG]]) + det(F, BG, B [F, G], [aG, [F, BG]])

= B*det(F, G, [F,G],[F,[F,G]]) + a8 det(F, G, [F,G], G, [F,G]]).

The final two points follow directly from the pull-back property of the Lie bracket (Lemma [28)),
which also shows that a similar statement can be made by replacing ¥* with v, and v with ¥~

We have that

DW ) — et (¢ F, "G, [ F, 9G], [v* G, [¢" F,¢*G)))

= det (Z/J*F, ¢*Ga 7/}* [F7 G] 711)* [Ga [Fa G]])

B o1 oyt op1 o1
_det< 5 i, 5 G, 9q [F, G, 9 [G7[F,G]]w>

= det (81”_1 (Fy, G, [F, G, |G, [F, G w)

Jq
oL
:det< 5 )det(Fw,Cw,[F,G]w, (G, [F,G]] )
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and identical steps show the statement for D’. O

From this, we deduce the following proposition, where the weights are associated to 8 and
det (82’[;—;1).
Proposition 33. We have the following covariants.
(i) The mapping (F,G) — X¢ is a covariant.
(i) The mapping (F,G) — X¢ is a semi-covariant.
(#ii) The mapping (F,G) — D is a semi-covariant.
(iv) The mapping (F,G) — D’ is a semi-covariant on the set {q: D(q) = D'(q)}.

Proof. The first claim is due to Theorem [BI} and the second claim follows from this since X¢ is a
multiple of X¢. The next assertion is by definition of a semi-covariant: in the notation as given in
Definition 29| the map ) is D, the weight x is 3%, and g is the feedback element (¢, , 3). Finally,

(iv) is a consequence of (iii). O

Geometric interpretation

The action of diffeomorphisms on X¢ can be used to classify the pairs (F, G) by the sets of physical
parameters, and by doing so we find invariants related to the properties of an optimal solution. In
particular the geometric interpretation of the invariants in connection with the above covariants is

the following.

e Invariant properties of the dynamical system X¢: equilibrium points, stability analysis, and

integrability of solutions.

e The set S = {¢q: D(¢q) = 0} contains the points where the singular control is undefined, while
S’ ={q: D(q) = D'(¢q) = 0} is the set where the singular control can cross the set .S, which

also characterizes the equilibria of X¢.

To study the invariants we will examine two physical invariants of the problem: the origin O
and the north pole N of the Bloch balls. The point O physically corresponds to saturation, and

N =((0,1),(0,1)) is the globally attractive, stable equilibrium of the uncontrolled system.

Lemma 34. The points O and N are equilibrium points of X, and the z;-axes are line solutions

along which the singular control u$ is zero, connecting the points O — N.
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Proof. The first claim is since at O the vector field G is zero (and so the matrix in the definition of

D and D’ has a zero column) so D(O) = D'(O) = 0, and likewise at N the vector field F is zero.
For the second part, consider a point ((0, 1), (0, z2)) with each z; € (0,1). Then D’ is zero since

F, [F,G], and [F,[F, G]] are linearly dependent, and it can be checked that D is almost everywhere

zero. Therefore u¢ is zero and the uncontrolled system is attracted to N along the z;-axes. O

The analysis of the dynamical system X at these two points is nontrivial, and to simplify the
calculations we take the guadratic approximations of X: at these points. Let us first recall results

on such systems.

3.2.3 Quadratic differential equations

Consider a quadratic differential equation in R"™,

dz; - i .
pra Z ajpTiTE, 1=1,...,n (3.2)

J k=1

such that a%y = aj ;, written as & = Q(x).
We have the following results [4]. The linear classification of such a Q(z) is analyzed by intro-

ducing the following.

Definition 35. Let (e;) be the canonical basis of R™ and endow R™ with the multiplication defined
by ej-ep =0, a§ w€i- The associated commutative algebra (in general non-associative) is denoted

by Q.

Two quadratic differential equations are (linearly) isomorphic if and only if their associated

algebras are isomorphic and the classification relies on the following.

Proposition 36. An algebra £ is a subalgebra of Q if and only if € is an invariant vector space for
the solutions of & = Q(x) and one can define the restriction of the equation to £. A subalgebra I of

Q is an ideal if and only if = Q(x) can be projected on the quotient Q/I.

Ray solutions

One-dimensional subalgebras are called ray solutions of @ = Q(z) [43]. They correspond to lines
Ro such that for all vy € Ru there exists p € R with Q(vg) = pvo, i.e., the velocity and state are

always collinear; the line is invariant under the dynamics. Each line contains two ray solutions, to

45



or from the origin. Geometrically, they correspond either to a line of non-isolated equilibrium points
if p =0, or otherwise to nontrivial ray solutions in which Ruv is a solution along which the dynamics
are reduced to 9o = y3 and ¢; = 0 for i = 1,...,n — 1 under some linear change of coordinates.

We introduce the differential equation on the sphere S"~! with dynamics © = Q(v) — (v, Q(v)) - v.
Ray solutions correspond to equilibrium points of this system, and eigenvalues and eigenspaces of
the linearization at an equilibrium point are obtained as follows, giving the role of ray solutions in

the classification problem.

Proposition 37. Let (yo,y1,---,Yn—1) be a linear change of coordinates such that a quadratic system
& = Q(x) takes the form

Jo = Xovg + %0(y) + O(y?)
(3.3)

¥ =yoBy + O(y*)
where Ryo is a ray, y = (Y1,---,Yn—1), and O(y) and O(y?) denote combinations of terms linear
and quadratic in y, respectively.
The eigenvalues of the linearization of Q™ , the projection defined by u; = y;/yo, i =1,...,n—1,
evaluated at the equilibrium point yo are Ay — Ag, ..., An—1 — Ag where {\1,..., A1} is the spectrum

of B.

Proof. Let (yo,y) be as in the form (3.3), which exists [43] Theorem 2], and without loss of generality
assume that B = (b;;) is in Jordan form and that the indices are such that b;; = X;, i =1,...,n—1.
Let w1,...,u,—1 be coordinates of the projection u; = y;/ug, ¢ = 1,...,n — 1. Then
. YiYo — YoYi
U = ——5——

i 2
Yo

i(@jjmwa+m¢0mV«m%+mmw+0@mm
a o

n—1 2 3
y00(y") + O(y
:Zbijyj*/\oyi* 00( )2 &)
j=1 Yo

and so in row 4 of the Jacobian evaluated at yo (i.e., y; =0fori=1,...,n—1), by — Ao =X\ — Xo
at column ¢, and is b;; elsewhere in the row.
Therefore %(yo) is a matrix in Jordan form with diagonal entries A\; — X\, so these are its

eigenvalues. O

The following lemma will be useful in later calculation.
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Lemma 38. Let & = Q(z) be a quadratic differential equation of the form (3.2)). Then for the
coordinate reparameterization v; = x;/x1, i = 2,...,n, and time reparameterization ds = x1dt, the

v-dynamics are
n

dUi o (i 1 ) )
ds — ajk ajk,’UZ ’U]'Uk;.

J,k=1

Proof. Computing,

jsi;vl - i’ll‘i
T = T o5
i

n i . _\n 1 ... .
Zj,k:l (ajk:cjka) Zj7k:1 (ajka:]xkxl)

2
L1

n T A R 1o i3
D k=1 (ajkv]vkxl) D k=1 (ajkvjvkvlzl)

2
L1

n
E 7 1
= (ajkvjvk — ajkvjvkvi) X1
k=1

and by the time reparameterization, we have the result. O

In order to apply this discussion, we define quadratic approximations at the points N and O.

Quadratic approximation at the north pole

We make a translation so that N is the origin of the coordinate system (z; — z; — 1). At N, the

lowest-order terms of X¢ are quadratic. Writing D and D’ as

D(q) = Do(q) + D1(q) + D2(q) + D3(q) + Da(q)

D'(q) = Dy(q) + Di(q) + D5(q) + D3(q) + Di(q),

where Dy, contains the terms of D of order k (likewise for D’). These are fully written in for

now we note that Dy(q) = D{(q) = D}(q) = 0. We define the homogeneous quadratic vector field

@Qn(q) = D1(9)F(q) — D3(9)G'(q)
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where

Dy = (I'y = Ta)[v2miz2 — y1m221]

Dy = (1 — Do) [yam (T2 — 01)y122 — 7am2 (T — 62)z192),

and F = (=191, =121, —2y1, —Y222)T is unaltered and G’ = (0, —1,0,—1)7 is a constant approx-
imation of G near N.

Clearly if I’y = I's or if 53 = n3 = 0 this system is trivial, so assume that these are not the
case. We further assume that each 7; are positive, which is the case for the physical parameters

(Table and simplifies the discussion.

Quadratic approximation at the origin

We define the Dj, and Dj, as in the preceding case, and again the lowest-order terms of X¢ at O are

quadratic, leading us to define the homogeneous quadratic vector field

Qo(q) = D2(q)F'(q) — D1 (9)G(q)

where

Dy = 2 uny? — viv2 (i + pa)y1ye + Yiuays +vimzt — yiye(m -+ n2) 2122 + Yinezs

and

D} = v175(n2 — m)y1 + ¥ive(m — n2)y2

(each of the Dy, and D}, will be given in §3.4). The vector F’ = (0,71,0,v2)7 is a constant approxi-

mation of F near O, and G = (—z1,y1, —22,%2)7 is unaltered.

Note that if n; = 12 we have D] = 0, a degenerate case. Therefore when working with this
system we assume that 77; # 72, and as before we assume 77,72 > 0.

Observe that in the quadratic approximations at N and O the roles of F' and G are exchanged in
terms of which is taken as constant, but the analysis cannot be similarly interchanged: F' is a stable
vector field while G is a rotation, and D and D’ are approximated distinctly by linear or quadratic

forms in the two cases.
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Let us now examine these two quadratic systems in detail, in particular to identify invariants of

the quadratic systems.

Remark 39. Since parameter sets A = (71,1'1,72,2) are unique only up to a scalar multiple, only

the ratios of eigenvalues calculated in Proposition [37] have invariant meaning.

3.3 Quadratic approximation at the north pole

In this section we investigate the quadratic system ) with the translated coordinates where N is
set to the origin, z; — z; — 1. Since this translation is uniform throughout this section, we do not
use a special mark for the translated coordinates, and recall from the introduction of @y that we
assume 'y # 'y and that 71,72 > 0.

The full expansions of D and D’ in these coordinates are now listed.

D = det(F, G, [F,G],[G,[F,G]))

_Flyl _(21 + 1) r, — 5121 2 — 51y1
—Y1721 Y1 —01y1 20121 —m
—Tayas  —(22+1) Tz —d220 22y

—Y222 Yo —d2Yo 20029 — 12

= Di(q) + D2(q) + Ds(q) + Da(q)

The Dy, are the homogeneous terms of order k of D:

Di(q) = Ty = T'1)[nim221 + v2m 22]

Dz(Q) = I‘1772(1—‘2 - 51)y% - 771772(F1 + F2)2!13/2 + 1—‘2771(F1 - 52)y§
+ [178 + 4772 + 4T172(T1 = Ta) + 71 (20am2 — 201 (72 + 2T'2)) ] 2129

+ 7281 + T2) 27 + yam (82 + T1)z3
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Ds3(q) = 201m2(71 +T1 + To)yrz1ye + 202m1 (72 + T2 + T'1)y1y220
+ (T =72l + 921 — 202) = 3720102 + 401 Ta (T2 — 61)) v
+ (7iT2 — 13 + 7271 (p2 — 2T1) — 371 0oLy 4 4001 (T — 02)) 2193
+ (M7 =271 = M72(T1 4 3T2) + 29201 (T1 — D) + 47 T2 (61 + T'2)) 272
+

7277 = 1175 — 7271(C2 + 301) + 271 T (T2 — T1) 4 49211 (02 + T1)) 2125

Dy(q) = 2[(71F§ +79iT2 + 72l + 93T — m72(T1 + T2) — Tila(v + 72)) (viys + 2123)
+ (Ve + 173 — 172l +T2) = TiTa(61 + 62)) (v525 + y327)

+2((TF = 11)82 + (I3 —13)d1) y1y2Z1Z2]

D' = det(F,G, |F,G],[F,[F,G])

~Tiy1 —(z1+1) Ty =629 -T2
—M21 Y1 —0191 oy
—Toys —(20+1) Tg— 0oz —T3— 06229

—Y222 Y2 —022 63y>

= D'(q) + Ds(q) + D3(q) + Di(q)
Likewise, D}, are the homogeneous terms of order k of D’:

Di(q) =0

Dj(q) = (1 — Do) [yami (T2 — 61)y122 — 1ma2(T'1 — 02)z192)
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Di(q) = T1na(61 — 02)(C2 — 01)yTy2 — Dami (61 — 62) (U1 — 02)y193
+272(01) (T3 — 63) y12122 + 27102 (I3 — 63) 22122

+71(72 — 2T2) (61 + 02) (81 + T2)y227 — Yo (61 + 62) (02 + T'1)y1 23

Diy(q) =2 (67 - 63) [F162y%y222 —Dob1y1y521 — V261912125 + 71523/22%22}

The quadratic approximation at N is

Qn(q) = D1(q)F(q) — D5(q)G’

where these components are

D, = (Fl - F2)[7277122 - 7177221]
Dy = (I'y = Ta)[yam (T2 — 01)y122 — 1m2(T'1 — d2)2192]
F = (-Tiy1, —v121, —Tay1, —y222)"

G' = (0,—-1,0,—1)T,

giving
Ym2[C1y1 + (62 — T1)ya]zr +v2m (T2 — 71)y122

QN(q) _ (F1 B Fz) 71(21%772 - 2272771)21 . (3.4)

yin2(v2 — T1)z1y2 + v2m[(T2 — 01)y1 — Cayol2e

72(21’71772 - 22’72771)22
3.3.1 Non-isolated equilibria

Lemma 40. The set of equilibrium points of (3.4)) is the union of two planes E1 and Fs,

Ey={q: 2 =2,=0}

Ey:={q: (T2 —01)y1 = (I't — d2)y2 and y1m221 = Y2mi 22}
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Proof. Computing the equilibria of (3.4) amounts to solving

Yin2[l1yr + (02 = F1)yelzr + v2m (P2 — y1)ya22 = 0 (3.5a)
zim(z1mn2 — z272m) =0 (3.5b)
Yin2(v2 = T'1)z1y2 + v2m (T2 — 01)yr — ayolze = 0 (3.5¢)
zv2(z1m1m2 — 2272m1) = 0. (3.5d)

Clearly (3.5b) and (3.5d)) imply that either z; = 2o =0 or D; = 0.
If z1 = 20 =0, @n(g) = 0, showing that F; is a set of equilibrium points.

Otherwise, we necessarily have D; = 0 which is characterized by 171221 = Y2m122. Substituting

this relation into (3.5a)) and (3.5c|), these both become
Yin2z1 [(T2 = 01)yr — (' — d2)y2] =0

which is satisfied by z; = 0 (falling under the previous case) or (I's — d1)y1 = (I'1 — d2)ya. O

To employ Proposition we find the eigenvalues of Q7 (the projection of Qn on S3) at F;

and F5. At a point of Fj,

0 ym2(Tiy1 + (62 —T1)y2) 0 my2(T2 —71)m
P 0 0 0 0
8*@|z1:zz:0 = (I —T9)
9 0 Y1m2(v2 — T'1)ye 0 mye((T2 —d1)y1 — Tay2)
0 0 0 0

which has all zero eigenvalues. At a point of Fs the situation is less degenerate. Consider the change

of coordinates ¢ = Pz, where

Ty — 6o 0 0 0
0 0 0

p_ Y2
I'y — 4y 0 1 0

0 mne 0 1

so that F is identified to the plane z3 = x4 = 0. Under this change of coordinates we have

& = Dy(Pz)P"'FPz — Dy(Pz)P~'G’
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—1
and the linearization on Fs, L := W\%:u:o, is

0 0 —Y172M1 7222 —my2(v1 — 2)z1
0 0 0 —Y1Y2M1 T2
L= —Ty)
0 0 —mvamme(yr —v2)z2 —my2(01 —T2)(y1 + 1 — 2 — o)y
0 0 0 Y1yvemnz(v1 — y2)T2

and the eigenvalues of L are (0,0, 8, —3), where

B =v17v2mn2(T'1 — Ta) (11 — y2)z2. (3.6)

By construction, lines the the x;xo-plane are lines of non-isolated equilibria, so we can use the xo-
axis for the parameterization on S3, u; = x; /x5 with i = 1,3,4, and the resulting system, with the

time reparameterization ds = xodt, is

I(Ty —62) —To(T2— 6 T,—-T
i = (' — T2)vamiug K 1Ty = %) 2(I'z = 31) +W1> up +(12)u3:|
2TMn Y2 —m
y T9(T'y —389) —T1(T'y =4
a3 = (I'y — T2)yem l71772(72—71)u3+u3u4< 2(I' 2—711( 2 — 1) +F1+F2)

(3.7)

L ) e |

Y2 — 71

g = (T'y — T2)yvemua [yin2(y1 — v2) + (71 — 72)ud]

(unless v1; = 72, which will be addressed below).

Remark 41. The work of Remizov [48] analyzes non-isolated equilibria, in particular giving a theorem
to find an invariant two-dimensional foliation for systems of this form. In the case of (3.7)), it can
be checked that the coefficients do not meet the assumptions of the relevant theorem, and therefore

it cannot be applied. The analysis of the integrability of the system is nontrivial.

Theorem 42 (A. O. Remizov [48] Theorem 2]). Consider a system of the form

T= A+ a1x2 + asxy + a3y2 + aqrz +asyz + - -+
U= —\y + b1z + boxy + b3y® + baxz + byyz + - - -

zZ= n2? + 2y + Y3y® + 4wz + Yz + -

53



If ay + b5 # 0 and 2 # 0 then the system is foliated by a family of invariant surfaces U = const,

where U is diffeomorphic to xy — 22.

Although we cannot apply this result, we note that uy can be integrated in (3.7)), hence the
analysis in the general case amounts to integrating a time-dependent, two-dimensional system. In
the special case 41 = 72, which is the case for parameter set Aqo (the blood case), the system can

be fully integrated and so this merits additional attention.

Special case v; = 72

In the case 1 = 72, all eigenvalues are zero (5 in (3.6) is zero) and (3.7) is simply

Uy = (T = To)mm [(62 — T1)naug + Tougua]
a3 = (1 = T2)yaim (T — Po)urug + (71 — P2)uguy] (3.8)

Uy =0

and so uy is constant and the first two equations form a linear system which can be directly solved.
The behavior depends on the constant value of ug4, call it c.

Inserting the physical parameters Ag,, (3.8]) is

U1 3 2.00c —2.79 uUq
~ 10~ (3.9)
Us 6.0lc¢ —1.71c U3

which has eigenvalues /0.000148¢ %+ /(3.44¢2 — 16.7¢)10-6. Since 21, 22 € [—2,0] and ¢ = Zm—n,
¢ € [-0.287,00). Thus the classification of the phase portraits of (3.8) depends on values of ¢ in this

range, and this classification is given in Lemma [43] and is illustrated in Figure [3.7]

Lemma 43. In the system (3.9)) with eigenvalues Ay and A_, the value of ¢ produces the following

behaviors.
(i) For c € [—0.287,0) U (4.89,00), A and A_ have opposite sign. The origin is a saddle.

(ii) For ¢ € (0,4.87), the eigenvalues are complex with a positive real part. The origin is an

unstable focus.

(i1i) For ¢ € [4.87,4.89), both eigenvalues are positive Ay > A_ > 0. The origin is an unstable

node.
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Figure 3.7: Classification of the flow of Q7 for the blood parameters (Lemma.

3.3.2 Ray solutions
To compute the ray solutions of @y, we first make the following observations.
Lemma 44. There are no nontrivial ray solutions contained in the set {q : D1(q) = 0}.

Proof. Suppose that D;(q) = 0. Then a ray solution satisfies

Dé (1707 1=O)T = P(thhyz,Zz)T,

by which we have 0 = pz; = pzs. Since p # 0, we must have z; = 2o = 0. Then D} = (T} —
Do) [yemi (T2 —61)y122 —y1m2(I'1 —d2)21y2] = 0 as well, and similarly 0 = py1 = py2 = y1 = y2 = 0.

So there are no nontrivial ray solutions contained in this set. O

Corollary 45. There are no nontrivial ray solutions on which zy = zo = 0.

With the above facts in mind, we search for nontrivial ray solutions. By definition, a ray solution

of the quadratic system satisfies

Dy —T1 D1y = pys (3.10a)
—mD1z1 = pz (3.10b)
Dy —TaD1ys = pys (3.10c)
—y2 D122 = pzo (3.10d)

Since for a nontrivial ray solution at least one z; is nonzero, we consider the cases where one is

nonzero or not separately.

Case 1. If z; = 0 and 2z # 0, then by (3.10d)), —D17v222 = pz2, so p = —D17s.
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Case 1.

Case 2.

The remaining relations are found in (3.10a)) and (3.10c]), which with this p are

Diyi(y2 =T1)+ Dy =0 (3.11a)
Diyz(y2 —T2) + Dy =0 (3.11b)

which first gives that
Y2(v2 = T'2) = y1(y2 — I'). (3.12)

Now there are several sub-cases.
(la) If 99 — Ty # 0 # 2 — I'; (i.e., these are both nonzero) and one of y; = 0, then
y1 =y2 = 21 = 0 and 25 is free.

(Ib) If 49 — Ty # 0 # 45 — I'; and the y; are nonzero, then by (3.11a) we have a relation

on the parameters: I'y = 1 — 7.
(1c) If v9 — T’y = 0 (for instance with water), then y; = 0 and ys is free.

(1d) If o — Ty = 0, then yo = 0 and by (3.11b)), D5 = 0. Then since 2z # 0, y; = 0, falling
under case (1fa)).

(le) It both 79 — 'y = 9 — 'y =0, then I'y = ', a contradiction.

If z; # 0 and 29 = 0, the result is symmetric to the previous case.

If 21 # 0 # 2o, (3.10b) and (3.10d) are —Di1v121 = pz1 and —D1y229 = pzs. Therefore,

necessarily 71 = 2 (which is the case for the blood parameters), and then p = —D17,

where v = v, = vs.

Using this, (3.10a]) and (3.10c]) are

Dyyi(y—T1)+ Dy =0
(3.13)

Dyys(y —=T2) + Dy =0

yielding y1 (7 — '1) = yo(y — T'2). Again, there are sub-cases.

(2a) If y —T'1 # 0 # v —T'3 and one of the y; is zero, then y; = yo = 0 and the z; are free.

(2b) fy—T # 0 # v—T5 and the y; are nonzero, substituting y; (y—T'1) = y2(y—T'2) into
(3.13]), we have a relation between z; and zo which simplifies to I'1 517221 = ['202m1 22.
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(2¢) If y —=T1 =0 and v — T's # 0 then y» = 0 and the remaining variables are free. A

symmetric statement can be made with the indices swapped.

(2d) If y = T’y = — T's = 0 the parameters are degenerate.
These results are summarized in the following proposition.
Proposition 46. There are ten classes of ray solutions of Q.

(1a) The zy-azis is a ray solution (for any set of parameters).

(1b) With the parameter relation Ty = 1 — 72, there exist ray solutions in the set {q : z1 =

0, y2(y2 —I'2) = y1(v2 — 1)}
(1c) With the parameter relation vo = D', there exist ray solutions in the ysze-plane.

(1a’) The z1-azis is a ray solution.

(1b’) With the parameter relation Ty = 72 — 71, there exist ray solutions in the set {q : z2 =

0, y1(m —T1) =w2(nn —T'2)}
(1¢’) With the parameter relation v1 = 'y, there exist ray solutions in the yyz1-plane.
(2a) With the parameter relation 1 = 2, there exist ray solutions in the z1z2-plane.

(2b) With the parameter relation y1 = 7o, there exist ray solutions in the plane {q : y1(y —T'1) =

y2(y —T'2), 21T161m2 = 2220271 }.
(2¢) With the parameter relation v1 = I'y = s, there exist ray solutions in the set {q : yo = 0}.

(2¢’) With the parameter relation y1 = o = I's, there exist ray solutions in the set {q : y1 = 0}.

Several of these rays rely on specific configurations of parameters, some experimentally relevant
and some not. For example, solutions (1c) and (2a) occur in the given parameter sets (water and

blood, respectively) while (2¢) is rather restrictive and is not interesting from the physical standpoint.

The z,-axis ray

Investigating the ray (la), we use coordinates (xg,z1,%2,23) = (22,¥1,21,y2) and the system in

these coordinates in the form of Proposition [37]is

. 2
xO:)\Ox0+...

T =x9Bx+---
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where x = (21,22, 73). The values are \g = —v27;(I'; — I'y) and

Yo (T2 — 1) 0 0
B =(I'1 = TIy) 0 —Y17Y2m 0
Yo (g — 61) 0 —v2l'om

where the eigenvalues of B are

M =72 —7)T1—T2), A=-—-y72m@1—T2), A3=—yln@ —T2).

In light of Proposition [37} the differences o; = \; — A, ¢ = 1,2,3, are

o1 =y2m(ye + T2 —y)(T'1 =T2), o2 =9mye—n)T1—-T2), o3=9md1—-T2), (3.14)

and recalling Remark we calculate the ratios of these, I; = 0;/01, ¢ = 2,3, which are

. -T
I = Y2—N I, — Y2 2

_ R A Bk ) 2 3.15
Yo +T2—m ? Y2 +T2—m ( )

In the four sets of parameters these invariants, shown in Table [3.2] are distinct, giving the following

result.
Theorem 47. We have the following results related to the invariant values.

(i) The eigenvalues of the linearized system correspond to the z9-awis ray solution projected on S*

are o1, o2, and o3, given in (3.14).
(i) Iy and Iy are two independent, rational invariants, given in ([3.15)).

(iii) Computing along the z1-axis amounts to an exchange of indices (giving values I] and 1), and
allows us to define four rational invariants. A choice of three of them separates the generic

flows in the feedback classification problem.

Proof. The only claim not justified above is that a choice of three of the invariants separates generic
orbits in the feedback classification. This is due to the fact that each orbit contains an element
(F, @) which is determined by the set of parameters A = (v1,1'1,72,'2). Therefore an orbit can be
identified to such a set A, which, as previously stated, is unique only up to a scalar factor and is

therefore characterized by three invariants. O
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Table 3.2: Invariant values for the four sets of parameters.

Awe Ado Agy Ayt

X | 270x1077 | =296 x 107 | 3.17x 107° 8.82 x 107°
M| —1.58 %1076 | 1.71x1073 | =248 x107* | —1.69 x 10~*
do | 216 x 1077 | =297 x107* | 2.69 x 107° 7.06 x 1076
A3 | 1.80x107% | —2.00x 1073 | 2.75 x 10~* 1.76 x 1074
o1 | —1.85x107% | 2.00x 1073 | —2.80 x 10™* | —2.58 x 104
oy | —5.39 x 1078 0 —4.83x 1076 | —8.11 x 107°
o3 | 1.53x107% | —1.71x1073 | 243 x 1074 8.82 x 107°
I 0.0291 0 0.0173 0.315

I —0.825 —0.852 —0.869 —0.342

I -1/3 0 —0.020 1.095

1 0 —0.963 —0.909 0

Remark 48. Here we have computed a set of invariants corresponding to the quadratic terms of the
dynamics. We therefore have a set of partial invariants of the exceptional dynamics since it is a

necessary condition that for two systems to be feedback equivalent, their quadratic terms must be

equivalent.

3.4 Quadratic approximation at the origin

In this section we investigate the quadratic system QQo. Recall from its introduction that in this

case we assume that 77 # 12 and 11,72 > 0.

We now list the full expansions of D and D’.

D = det(F, G, [F,G],[G,[F,G]])

Ty -2 M-z 2011
Cm=z1) =011 M — 201z

—Taya  —22 72— 222 202y
V2(1—22) w2 —02y2 Y2 — 20220

= D1(q) + D2(q) + D5(q) + Da(q)
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The Dy, are the homogeneous terms of order k of D:

Di(q) =0

Da(q) = vamyi — mv2(pn + p2)yrye + Yikeys + ¥amzi — nye(m + m)aze + 1inez

D3(q) = 26172(m1 + Tt + p2)y1y2z1 + 27102 (1 + 72 + T2)y1y222
+ 7 (372T2 = 295 — T3 + (T2 — 492) + T1(272 + T2)) y321
+72 (P1(72 = T1 +T2) = 297 + 7 (301 — 492+ 202)) yi 22
+ 72 (BT +72 +T2) = 7f = 201 (T + po)) 2722

+ 71 (11(72 — 4T2) — 73 + 3722 — 213 + Ty (72 + 2T'3)) 2125

Dy(q) = 2[(T172(T1 + 62) + 7iT2 — 71(6202 + T1 (72 + I'2))) 453
+ (7772 + T1l2(T1 — 82) + 711 (7202 — T1(72 + T2))) ¥327
+ (V2 + T2 (T — 62) + 71 (202 — Ti(v2 + T2))) 5 23
+ (F172(T1 + 62) +77T2 — 71(62T2 + i (72 + T2))) 2723

— 26102(71 + 1 472 4+ D2)y19221 22

D' =det(F,G,[F,G],[F,[F,G])

Ty —z1 m—6zr —nm — 0tz
 m=z) =011 63y
—Doya —z2 Y2 — 0222 —7am2 — 0320
Yol —22)  yo —02Y2 03y2

— D}(q) + Dj(q) + Dj(q) + Di(q)
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Likewise, D}, are the homogeneous terms of order k of D’:

Di(q) = n1v3(m2 — m)y1 + viv2(m — n2)y2

Dj(q) =772 (273 — 272(2T2 + pua) + (T2 + 271 — 3T1) (T2 — 61)) y122

+ 772 (297 = 21201 + p2) + (1 + 292 — 302) (1 — 82)) 2192

Diy(q) = vive (297 + 30% — 2102 — 02 + 1 (72 — 501 — T'a)) y123
—T172 (7F +T7 = T172 — 295 — 71(2T1 + m2) 4 2011 + 5721 — 3T3) 7w
— 7172 (V7 +T7 — 298 = Tume — 71201 — 72) + 5722 — 3T5) y227
+ 712 (297 + 307 4+ 2T162 — 05 — v (511 + 62)) y1y3

+ 20172 (5% — 2’}/3 + 4yl — F%) Yy12122 + 27162 (4’)/11—‘1 — 2’)/% — F% + 5%) Y2122

D}(q) =2 (63 — 63) [T162yiy222 — 612019521 + 11029221 22 — 8172y12123 ]

Thus Qo is

Qo(q) = Da(q)F'(q) — D1(9)G(q)

where

Do =3yt — viv2(pn + p2)yaye + vipeys + v3mas — yive(m + m2)z122 + vinez3
D} =95 (n2 — m)yr + ¥iv2(m — n2)ye
F/ = (0771307’72)T

G = (—21,y1,—22,212)T-

Asin we assume that 71,72 > 0 and 1, # n2. Note that the p; may have any sign (and each
occurs in the given physical parameters—for water it is positive, for fat tissue it is zero, and it is

negative for the remaining substances).
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3.4.1 Non-isolated equilibria

Calculating the set {q : Qo(q) = 0} amounts to solving

1Dz — Diy1 =0 (3.16a)
Dz =0 (3.16h)
v2Dy — Diyys =0 (3.16¢)
Dlz = 0. (3.164)

Lemma 49. There are no equilibria with D} # 0.

Proof. Suppose that D}(q) # 0 for some ¢ = (y1, 21, ¥y2,22). Then by (3.16b) and (3.16d]) we have
that z; = zo = 0. With this, (3.16a)) is

N (Vapayt — M2 + p2)yiye + vipeys) — (173 (2 — m)yr +viv2(m — n2)y2)yr =0

which can be solved for y; in terms of yo. Doing the same for (3.16c]), we have another pair of
solutions for y; in terms of y5, and the only values satisfying both pairs of solutions are y; = y2 = 0,

which would imply that D} = 0. O

Define the linear change of coordinates

w1 = y172(n2 — 1) (Y291 — 71Y2)

1
(72#11/1 - “/1#2y2)

To= ————
M72(n2 — M) (3.17)

T3 = Y221 — Y172

Ty = 7Y2M121 — Y1272

In these coordinates, D} and D5 have the normal forms D} = x1 and Dy = z129 + 2324.

Proposition 50. In coordinates (3.17)), the set of equilibria of Qo is the set

{z:21=0and (z3=0 orz4 =0)}.

Proof. Let zg € {z : Qo(z) = 0}. By Lemma [49] 21 = 0. It then remains to satisfy 1 Da(z) =

vaDa(x0) = 0, therefore Do(xg) = 0, which gives that 3 =0 or 24 = 0. O
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We therefore have that non-isolated equilbria of Qo lie in two planes, Fy == {z : 1 = 23 = 0}

and Ey = {z: 21 = x4 = 0}.

Theorem 51. The eigenvalues of the linearized system on the planes Ey and Ey are as follows.
(i) On E; the eigenvalues are zero.
(i) On Ey the eigenvalues are given by {0,0, X\, —X\) where A = ~y1y2(m — n2)x3.

Proof. We have

Y172 (772 - 771)I1$3
((paim2—pomy)zs+(ue—p1)ws) ey

QO(x) — 71’72(7712—772)2

zy
Y172 (M —n2)?

f(=)
773 (p1—p2)?(n1—n2)

where f(z) is a rather long polynomial.

By calculation, the eigenvalues of 85270 |y =z5=0 are {0,0,0,0} and the eigenvalues of ag—mo |y =24 =0
are {0,0,7172(m — 12)23, —7y172(m — 12)23}- O
3.4.2 Ray solutions

Proposition 52. There are no nontrivial ray solutions of Qo.

Proof. A nontrivial ray is a solution of

Diz1 = pyi (3.18a)
71Dz — Diy1 = pz1 (3.18D)
Dizo = pys (3.18¢)
v2D2 — Diyz = p22 (3.18d)

with p # 0.
First assume that y; # 0. Then by (3.18a), D} and z; are both nonzero, giving the value
p = D!z /y1. Using this value in (3.18¢|), we have

/
171
D11222 =

Yo = Y122 = 22Y2. (319)
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Substituting this p into (3.18b)) gives

DI
y1D2 — D/1y1 = 11

21, (320)

and notice that if Dy = 0 then —y? = 2%, a contradiction, so Dy is nonzero as well. Also from (3.20)),

since zj is nonzero we have
! /
Dlzl o ’leQ — Dlyl

Y1 21

Substituting p into (3.18d)) gives vo Dy — Djys = (D}21/y1)22, and with (3.21)) this gives

(3.21)

YoDoz1 — D'1y2z1 =v1Dozy — D'lyle

and using y1z2 = 222 from , this is 9 Doz1 = y1Doz9 = 7221 = 7122 (again using D] # 0
and Do # 0). However the relations 921 = 7129 and y120 = z1y2 together imply that D} = 0, a
contradiction.

Next assume that y; = 0. Then from , Dy =0o0rz =0. If D} =0 and z; # 0, then
first note that Dy # 0, otherwise D] = Dy = 0 would give p = 0 Now, gives the value

p = v1Da/z1. Substituting this into (3.18d)), we have
m122D2 = y221D2 = Y122 = Y221.

However, D} = 0 and 7,29 = 7221 give that Dy = 0, a contradiction. In the case z; = 0, (3.18b))
is simply v1Dy = 0, so Dy = 0. Then multiplying (3.18¢c|) by 22 and (3.18d) by y2, we have
—Diy3 = pysza = D}22. Since D) # 0 (again, this would be D} = Dy = 0), —y5 = 23, a

contradiction. O

3.5 Algebraic geometric classification

Grobner bases are an effective tool for determining properties of ideals of polynomial rings, and in
particular can assist in computing the zero locus of such an ideal. We will introduce Grébner bases
and employ them to make the algebraic-geometric classification of the surfaces S := {q : D(¢q) = 0}
and S" .= {q: D(q) = D'(q) = 0}, which as stated in contain respectively the points where

the singular control explodes and where the singular control can cross S.
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In this section we use the coordinate translation of where N is set to the origin.

3.5.1 Grobner bases

We recall the following standard material [21}[23]/24]. We will, just below, define F to be a given
set of polynomials, I to be the ideal generated by F, and G to be the Grobner basis of I. To avoid

restatement, we let these meanings of F, I, and G persist for the remainder of this subsection.

Definition 53. Let R denote the ring of polynomials in n variables 1, ..., x, with real coefficients,

R=TR[zy,...,2,]. Let F ={f1,..., fm} be a set of polynomials, f; € R. The ideal I generated by
F, I=(f1, -, fm) 18

I= {Zpifi D Di €R}~

i=1
Definition 54. Denote a term of a polynomial by a[]z;", @ € R. The multidegree of this term is
(r1,7r9,...75), i.e., an ordered list of the powers of z; in the term. Given a lexicographic ordering
Tgy = Thy = -+ > T, of x1,...,2,, the leading term of f € R, LT(f), is the term of highest degree

with respect to the ordering.

As an example, let f(x,y) = 23+5xy. The multidegree of the term 23 is (3, 0) and the multidegree

of xy is (1,1). With the lexicographic ordering = = y, LT(f) = 3, while with the ordering y >~ z,

LT(f) = zy.

Definition 55. Given a lexicographic ordering of x1, ..., x,, the Grobner basis for an ideal I C R
is a finite set of generators {gi,...,gx} for I whose leading terms generate the ideal of all leading

terms in I. That is, {g1,..., gk} is such that I = (¢1,...,gx) and LT(I) = (LT(¢1),...,LT(gx)).

For an arbitrary ideal in R, its Grobner basis exists and can be computed by an algorithm
initially given by Bruno Buchberger in his Ph.D. thesis [17]. There have been improvements to
the algorithm, and it is a standard tool in modern computer algebra systems. It is important to
note that this algorithm (and its improvements) has large upper bounds on space and running time

requirements.

Definition 56. The zero locus of a set of polynomials F, Z(F), is the set of points on where all
functions in F simultaneously vanish, i.e., Z(F) = {a € R" : f(a) =0 for all f € F}. We note that

Z is an algebraic variety.
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Lemma 57. If (a1,...,a,) € Z(F), then we have that for every f € I, f(a1,...,an) = 0. Further-

more if G = {g1,...,9k} is any set generating I, Z(G) = Z(F).

Remark 58. By Hilbert’s Nullstellensatiz, Z(F) is empty if and only if G = {1}.

Grobner bases can be employed to find the zero locus of an ideal in the spirit of Gauss-Jordan
elimination. The idea is to find some element of I which is a polynomial of only one variable,
say, fn(zy), then the solution the solution a, of f,(x,) = 0 is the last coordinate of a solution
(a1y...,ay) € Z(I). The next step is to find an element f,_; which is a polynomial of only z,, and
Zn—1, and the solution of f,,—1(z,—1,a,) = 0 is coordinate a,_;. If this process can be iterated for
each x;, the full solution is constructed. This notion gives rise to elimination theory.

The additional condition concerning leading terms in the definition of the Grébner basis shows
that the choice of lexicographic order determines which basis is given by an algorithm. This allows for
flexibility when solving Z(I) by elimination since the bases corresponding to the different orderings

can each be inspected in terms of elimination.

Basis construction algorithm

In the following Grébner basis calculations, we use a construction and factorization algorithm men-
tioned in a work of Jacquemard and Teixeira [29] (and elsewhere [2528,/45]). The idea of this
algorithm is, given a basis G where some element, say, g; is a product of squarefree factors, g; = p-q,
the basis is split into two, with g; replaced by each of these factors. That is, we decompose G into
Gi={g1,--.,9j-1,0,9j+1,---,9x} and Go = {g1,...,9j-1,¢, Gj+1, - - -, gx }. This process is repeated
where possible, resulting in a set of polynomial ideals and a Grébner basis is computed for each
ideal of this set. In this way, a large part of the complexity of computing a Grébner basis can be
bypassed, and in particular the basis can be computed in cases where a straightforward attempt to

compute a Grobner basis fails due to machine memory constraints.

3.5.2 Analysis of the set S

Here we determine the set S, and in particular we are interested singularities of this set, i.e., points
g such that D(q) = 0 and VD(q) = 0. To analyze the singularities of S we define I to be the
ideal generated by the set of polynomials {D,VD}, and the singularities are Z(I). For each set

of parameters we compute a Grobner basis with lexicographic ordering y1 > y2 > 21 > 29. For
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the computations, parameter values taken as rational numbers (so that the basis computation is
performed with rational coefficients), but we present the resulting bases with coefficients written in

decimal for the sake of readability.

Lemma 59. The functions D and the Grébner basis G of the ideal generated by {D,VD} are as
follows.

Aye: Water and cerebrospinal fluid.

D = 0.000243995z1 (21 + 0.88) + 0.00019058(2; + 0.588235) (21 + 1.14118)y3
+0.000431608(21 — 0.0463456) (21 + 0.870333) 22 — (0.000273275 + 0.00028474925 )y, Y2
+ (0.00019058y35 + 0.00019058 (=22 + 1.08824) (22 + 1.17647)) y7

+0.00019058(z; — 0.0882353) (2, + 0.858824)22

G = {(27372 + 3256) (17512 4 1628) (22 + 1), —2819112% — 295592 + 3390z; — 580893z,

Yo (175120 + 1628) , 1598y + (273725 + 3256) (20 + 1), 1695y, — 4841y}
Ago: Deoxygenated blood and oxygenated blood.

D = 0.138817(z; + 0.986897) (21 + 1.0315)y2 + 0.00635023 (2, + 1.05049) (21 + 1.94049)z,
— (0.269681 + 21 (0.272433 + 0.25785125) + 0.25545825)y1 12
— 0.00290223(2; + 1.05195)21 + 0.00989171 (21 + 1.04938) (21 + 1.30864)23

+ (0.00989171y32 + 0.138817(25 + 0.931034) (25 + 1.0315)) y?

G = {18824.8 + 93893.22, + 186780.222 + 185197.225 + 91522.925 + 18034.025 + 3.677822;,
(2122 + 25) (22 + 1) (507.284 + 2097.4425 + 3243.4525 + 2223.1825 + 569.8925) ,
(56989011325 + 222317857425 + 324344988023 + 209743725025 + 507284375) ya,
2.882y5 — (2122 + 25) (22 + 1) (545.998 + 1731.8125 + 1820.6523 + 634.09523)

2.73707y; + (473.001 + 1404.87z5 + 1378.9423 + 448.06123) ys}
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Agw: Gray and white cerebral matter.

D = 0.001484662 (21 + 0.505495) + 0.122044(z, + 0.957663)(z1 + 1.058)y3
+0.000521754(z; — 3.75468)(21 + 0.408111)25 — 0.0000404056(z, — 0.186613)(21 + 16.3125)22
— (0.248111 + 2 (0.2441692 + 0.245892) + 0.24706522)y1 2

+ (0.122044 (22 + 0.954276) (22 + 1.0684) — 0.0000404056y5 ) y7

G = {(2602922 + 29302) (22 + 1) (2.342 + 9.38622 + 14.09723 + 9.40325 + 2.35023) ,
5702.97 + 1.156872; 4 27870.25 + 54421.52% + 53069.725 + 25844.925 + 5028.5525,
7.484y3 — (2602925 + 29302) (22 + 1) (2.405 + 6.89022 + 6.56025 + 2.07823) ,
2.061y; + (1740.3 + 5193.8425 + 5155.6125 + 1703.8123) o,

(2.342 + 9.38625 + 14.09725 + 9.402z5 + 2.35023) yo}
Awe: Water and fat tissue.

D = 0.00207726(z, — 0.289688)(z1 + 0.946831) 25 — 11 92(0.00185173 + 0.0018279925)
+0.0017805121 (21 + 0.96) + 0.000593502y2 (21 + 1)(z1 + 1.08)

+0.000593502 (21 — 0.5)(21 4 0.92)25 + v7 (v3 + (22 + 1.5) (22 + 2))]

G = {(T1zg + 144) (7325 + 72) (22 + 1), — 1554922 — 24240 + 1900z, — 416892,

Yo (7320 + 72) ,4y2 + (Tlzy + 144) (20 + 1), 475y1 — T3y}

With these bases, we can compute the singular points of S.

Lemma 60. For any set of parameters, O = (0, —1,0,—1) is a singular point. The remaining roots

are given below for each parameter set, where e € {1,—1} in the conjugate pairs.

Aye: Water and cerebrospinal fluid.
(0,1.035,0,—1.189)  (outside the Bloch ball)
(e0.505¢,—0.236,€0.177i, —0.930)
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Ado: Deoxygenated blood and oxygenated blood.
(0,—1.039,0,—1.190)  (inside the Bloch ball)
(e0.0480%, —0.979, € 0.2324, 0.870)
(€0.004897, —1.033, € 0.06374, 1.098)
(€0.03714, —0.981, € 0.08234, —0.918)
(€0.03874,—0.990, €0.1247, —1.014)
Agw: Gray and white cerebral matter.
(0,-1.117,0,—1.126)  (inside the Bloch ball)
(€0.03094, —1.081, € 0.0308¢, —1.090)
(€0.05624, —0.966, € 0.06404, —0.963)
(0.0180 + €0.1164, —0.978 — 0.02214,0.0177 4 €0.1254, —0.974 — 0.02197)
(—0.0180 + €0.116¢, —0.978 + 0.02214, —0.0177 + € 0.125¢, —0.974 + 0.02194)
Awe: Water and fat tissue.
(0,1.920,0,—2.028)  (outside the Bloch ball)
(€0.0774,—0.922, €0.5037, —0.986)
These roots are represented in Figure [3.8|

2c 2r

(a) First spin, Sy1Rz1-plane (b) Second spin, SyaRz2-plane
Figure 3.8: The roots of {D,VD} in the translated system (see Lemma , projected onto the
Sy;Rz;-plane. Since the roots are in conjugate pairs, only the right half-plane is shown. The roots

corresponding to parameters Awe, Ado, Agw, and Ay are respectively shown in red, green, blue, and
black.

3.5.3 Analysis of the surface S’

To determine the set S’ we employ the algorithm described in §3.5.1l This gives an algorithmic

decomposition of algebraic varieties, each of them being described by a Grobmner basis. Observe
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that the number of algebraic varieties in this decomposition depends upon the chosen lexicographic
order. Furthermore, here we are interested only in surfaces and so we select only those algebraic
varieties of Hilbert dimension 2. In each of our parameter cases, we obtain exactly two varieties of
dimension 2.

Our discussion proceeds as follows: we examine the singularities of S” with respect to the first set
of parameters, Ay, and then give general results on the singularities of S’, illustrated by parameters
Aye, but which apply to each set of parameters. We then restate the results for the other experimental

cases.

Case 1, parameter set Ay.: water and cerebrospinal fluid.

In this case, the decomposition algorithm results in 18 Grébner bases with lexicographic ordering
Y1 = Y2 = 22 = 21, two of which correspond to varieties of Hilbert dimension 2. We denote these

two parameterized surfaces by &; and &;, which are rational expressions in terms of ys, 25.

Lemma 61. The varieties of Hilbert dimension 2 of the set S’ for the set of parameters Ay, are

given by the parameterized surfaces & and &o:

_ 2ri(y2,22)

& = Y1 = 501 (v2.22)
2 — T2(y2,22)
L= pilys,22)

and
_12(3425+37)(1940y3 —21923 — 26422 )y
52 — = Pz(yz,zz)
_ 5(5123—340y3+6022 ) (1940y3 —21923 —26425)
1= p2(y2,22)
where

r1(ys, 22) = (2698288382215 — 553646461325 — 2062777584323

+3667613456y2 — 2536995265225 — 10283489920) 2,

o (Yo, z2) = 118282440222y2 — 15708826225 + 1849056680y5 — 61651763125

+ 2940213172202 — 80083872022 + 182550896013 — 34383360022,
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p1(y2, 20) = 567818992425y3 + 2317540708253 + 3345625840y5 — 3143396356y, — 178033363625

— 892462171625 — 1667988960925 — 137737916802 — 4240614400,

and

p2(y2, 22) =2890000y; + 6502525 + 15300025 + 9000027 — 70053622y5 — 6576962012 + 197136y3.

The following lemma shows that these two parameterizations are well-defined on the open Bloch

ball.
Lemma 62. Points of S such that p1(ya, 22) = 0 or pa(y2,22) = 0 are outside the open Bloch ball.

Proof. We first compute a Grébner basis of the set {D, D', p1} and see that it is a one-dimensional
algebraic variety V7. To check the intersection of p; with the boundary Sy, we compute the Grobner
basis of {D, D’ ps,s1}, where s; == y? + (1 + 21)? — 1 is the polynomial of S, with lexicographic
order y2 > 22 > yl > z1, and there are no real solutions in By x By. To check the intersection
of p; with the boundary S, we likewise compute a Grobner basis of {D, D', pa, s2} (with s as the
polynomial of Sy) with lexicographic order y; = 21 > y2 > 29, which has no real roots. Therefore,
the components of V; do not enter the open Bloch ball.

Carrying out the same process for ps, we have that again the basis of {D,D’,pa} is a one-
dimensional variety, V5. The only root when adding the boundary polynomials to the basis is
N = ((0,0),(0,0)), on the boundary of By x By. This zero of psy is isolated ps (p2 has a constant
sign around N). Hence, in this case we again have that the components of V2 do not enter the open

Bloch ball. O

—_

Singularities of the set S’. We denote the singular set of S by = = {q : D(q) =
D'(q) = 0,VD(q) = VD'(q) = 0}. To compute it, we consider the ideal generated by the set
{D,D’, My,..., Mg} where M;,i = 1,...,6, are the minors of the matrix (VDT,VD'T). The

71



Grobner basis of this ideal with lexicographic order y; = yo > 29 > 21 is

{1600.1112; — 9.25525 + 4912.95127 25 + 4388.97327 20 + 4837.109z 25 + 5458.33421 23 + 21.27123
+ 1453.4442% 4 25.79925 + 55.43725 + 516.25525 21 + 443.27925 2% + 2418.89627 25 + 2734.898z; 23,
— 5453921 — 10.86429 — 49.65527 — 151.88421 20 — 10.85725 — 128.53827 25 — 125.2752 23
+63.918y2 — 1.51725 — 104.04427 23 + 100.311y32; — 30.36721 25 + 38.44027y3 — 26.0752% 23,
457.5152) — 29.487 2y + 1454.2112, 25 — 22.61922 + 1763.02321 25 + 153.451y3
+9.44625 + 130.454y2 21 + 953.38121 25 + 6.45525 + 190.93025 21 + 139.545y3,
9.758y1 — 9.465yy — 7638.245y521 — 2652.303z§y221 —9752.3212129Y2
+2909.641 2y + 2373.07225y, — 16344.017y5 — 10754.129y5 21,
29.209z1 + 1.16925 4 75.61021 25 + 61.2022; 22 — 22.612y3 2,

— 7.651y5 — 1.01623 + 15.402z0y5 — 1.64823 + 15.3382123 }

(exact values truncated).
Computing a Grobner basis with lexicographic ordering yo > 22 > y1 > 21, the first polynomial

of this basis yields a condition on (yi, z1):

p=, = 3293877500y — 295973340527 + 391873162527 — 413531428221 + 1305015625y
+ 245954172528 + 9047296725y 27 + 8212960950y 21 + 11756194875y 2}
+ 11756194875y2 27 + 7830093750y 21 + 522006250047 29 4 3918731625¢¢ 2,
+ 5220062500y¢ 27 — 132975515225 + 7519135700y 21 + 4559402295y 23

+ 6286025680227 + 347415200042 21 + 130501562525 — 122100000y

The zero set of this relation is shown in Figure|3.9(a)l Likewise, by computing a Grébner basis with

lexicographic order on y; > 21 > Y2 > 22 we obtain a relation on (ya, 22):

=, = 50949255 25 — 362042438 223 + 263510200 y5 + 183816495 23

— 859505788 23y + 218825640 22 — 491434592 y2 + 85958400 25.
The zero set of this relation is shown in Figure |3.9(b)|
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Definition 63. In our coordinates, O = (0,—1,0,—1) and N = (0,0,0,0). We define the point
Q # O such that D(Q2) = D'(Q) = 0 and VD(Q2) = 0, and the point ' # N such that D(Q) =
D'(§Y)=0and VD'(V) = 0.

Lemma 64. The set = is a dimension-one algebraic wvariety, invariant by the involution
(y1, 21, Y2, 22) — (=1, 21, —Y2,22). Its intersection with By X By is the union of two connected

arcs, =p and Zpr.

Proof. By direct computation, the Hilbert dimension of = variety is 1. Moreover, at O (respectively
) the degree of the projection (y1,ys, 21, 22) — (Y2, 22) is 1. So there are two arcs (see Figure
in R%. Let Zp denote the connected component passing by O and by Zp/ the connected component
whose (Y2, 22)-projection to is the closed component (see Figure . Observe that it is not
possible to algebraically separate =p and Zp/. We denote by Q_, Q4 the points of = crossing the
boundary S5 (see Figure . The coordinates of Q' are (0, —%, , —%), which lies in By x Bs.
This is the case for all points of the arc [, ;) (respectively [2,Q_)). Moving away from O on

Ep the coordinates (yz, z2) remain in By provided (y1,z1) remains in By. Thus Zp N By x R? C

Bl X BQ. O

=
i
=

0.5 1

-0.5

22 T

D

-5

e

(a) Projection on (y1,21) (b) Projection on (y2, 22)

Figure 3.9: Projections of the singular set = of the set S’ for parameter set Ay, shown in red. The
boundary S; is shown in blue, and S5 is shown in green.

General results

As previously noted, the points N and O are such that D(N) = D'(N) = 0 and D(O) = D'(O) =

The singularities of S’ of highest complexity are restricted to the plane y; = y2 = 0.
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N
-0.57

2 ]

-1.54 Q

‘ 05 0 05
y2

Figure 3.10: Projection on (ys, z2) of the singular set Z of the set S’ for parameter set Ay, shown in
red, and the points N, Q_, and Q, representing the intersection of = and S; are shown as a black
o, as labeled. The boundary S5 is shown in green. For reference, the points O and Q' are shown as
a blue .

Figure 3.11: Singularity 24, D =0 in red, D’ = 0 in blue, S; in yellow

Figure 3.12: Singularity €', projection on zp = =38 D =0 in red, D’ = 0 in blue
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Lemma 65. Assume that

(FQ + 51)(F1 + (52)((51 — 52) #0 (322)

and

217 — 205 + 97 —y2v1 — 301y + 302y #0
(3.23)

Yoy1 — 21% — 37el't + 3T2y2 + 211" — ’Y; # 0.

Then singularities on y; = yo = 0 consist of four points: N, O, Q, and €, defined by

B m(l2 —T'1)
0= 0, =5 5 ,
2T — 29Ty + 97 — 271 — 301 + 3Tem

(0 n2(l2 —T'1) ))
"yoy1 — 2T — 37Ty + 3092 + 209 — 72

and

, ' =T F1Jr52> < F2+51>>
o = 0, o, .
d2 — 01 (< Iy + 01 'y + 02

Moreover, D (and not D) is singular at O and Q, and D’ (and not D) is singular at N and Q.

Proof. We consider the system Z(D, D', M, ..., Mg) where M;, i =1,...,6, are the minors of the
matrix (VDT VD'T), where we substitute y; = y2 = 0. We get a system Sgilnzyzzo. We factor
the polynomials in this system, and construct the set of all the systems corresponding to factors of
polynomials in S;’f;yz:o. We then compute a Grébner basis for each system and cancel redundant
bases, resulting in four systems. One is associated to the solution z; = zo = 0, which corresponds to
N, at the boundary of the Bloch ball. Provided that holds, the second system has a unique
solution which corresponds to the point €’ whose coordinates are given in the statement. The third
system has one solution, z; = 29 = —1, which corresponds to O. Provided that holds, the last
system has a unique solution which corresponds to the point €2 whose coordinates are given in the

statement. A simple check shows that O and 2 are singular points of D = 0 (and not of D’ = 0),

while N and Q' are singular points of D’ = 0 (and not of D = 0). O

We have the following local models at these points.
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Lemma 66. At N, D and D’ correspond to the local models

D = —(Ty = T1) [v1m221 — v2m122]

D' = —(T1 = To)m(2T2(Ty — v2 +T2) — ¥2)y221 + (T'1 — T2)2 (201 (T1 — 1 + L) — 71)y1 2.

Lemma 67. At O, D and D’ correspond to the local models (with v; = z; +1):

D = (v2v1 =71 v2) (20271 — 2710202 —y1 0172 + 20172 Ty)
+ (21 —71Y2) Qyaveys —y2Tov1 — 2917271 +y172T1)

D' = yv2(my2 — v2y1) (m — n2)

For the first set of parameters, projections of the singularity at O are represented in Fig. [3.13]

-0.5

] 4

(a) Projection on z2 = —1 (b) Projection on (y1,y2)

Figure 3.13: Singularity at O for parameter set Ay.. The set S is in red and {¢ : D'(¢) = 0} is in
blue.

Lemma 68. The local models of D and D' at Q are (with v; = z; — 2;(Q2))

D = dv(vy,v9) + dy(y1, y2)

D' = )‘y(amyl + O‘yzy2)
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where

(207 — 202l + 97 — 7271 — 3T + 3F2’71)2 N2Y507
(v271 — 2T'% — 3721y + 3Ty, + 22T — ’73)2
(v271 — 2I% — 372L1 + 8T27n + 20Ty — 43)  mnfe3
(207 — 250 +9f — v271 — 301 + 3F271)2

dv(vy,v9) =

— my2(m — n2)vav1,

(37% — 30171 + 721 — 3Ty + 2T9m1) v3mn2(d2 — 61)y3

dy(y1,y2) =
(7271 — 213 — 3720y + 3T272 + 27T —43)°
(82 — 01)yen (3TF — 42l'y — 3T1y1 — 315 + Tayn + 3T27%2) Y21
r

(3ToTy — 2991y — 313 + 3T9v2 — Dayt) vEmmz (02 — 61)y3

(2IF — 2090 +97 — 2y — 3T + 3P2W1)2 7

\ = mn2(T1 — T2)% (81 + 62) (62 — 61) (71 — 72 — 21 + 2T2) 172
y s

,,12
r= (207 = 2031 4+ 97 — 927 — 301y + 302m1) (Y271 — 2I'5 — 3721 + 30972 + 2050 — 73)

oy, =72 (2] — 20911 + 97 — 7271 — 301y + 302m)
and
oy, = (205 — 2I' T2 + 73 — 1172 — 30272 + 30172) -

Lemma 69. The local models of D and D' at Q' are, with v; = z; — z;(Q'),

Iy —T9)(01 +6 — 12)2y17
D :( (;1 " ;Z§2E52 _2257;21(5177_‘2_)112;22 [2v1 (01 + Iy)? — yi02(Ty + 52)2]

2m10173(61 + T2)%v1 yoy1 (01 — Ta)(61 + 52)112] "

D' =(T'; —Ty) {

(62 —61)(T'1 +82)? 6y — 61
Yo (02 = T'1)(01 +62)vr 2m2(T2 — y2) (' + 52)2’7%112}
S (T -T -
(T = T2) [ 5y — 01 (01 + T2)2(35 — 01) b2
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Remark 70. In these results for general sets of parameter values, we have defined the points N, O,
Q, and €/, and given local models at each of these points. So in particular the general discussion is
lacking the parameterizations £; and & and the characterization of Z that were given in the study

of parameter set Ay.. Thus these remain to be determined for the other parameter sets.

Case 2, parameter set Ay,: deoxygenated blood and oxygenated blood.

As in the previous case, we compute two Hilbert dimension 2 components, giving two ideals. One
corresponds to a parameterized (rational parameterization) surface. The other one is hybrid: we
have a rational parameterization of yo and 2o is a root of a degree-3 polynomial. The parameters

are (y1,21).

The first solution is

_ 4y1(52z1+53)(3537yf—77z$—81z1)
51 — Y2 = p1(y1,21)
(7727 -353Ty; +8121 ) (2187y; —12727 13121 )
%2 = pl(ylyzl)

where

p1(y1,21) = 303372y% — 320598y727 — 39798y3 2 + 7499223y + 1028727 + 2140627 + 1113527,

The second solution, which is implicit, is

_ y1(713224675) (53492421 20452452421 +57213522+562383)
Y2 = p2(z1,22)

§a =
p3(227y1,21) =0

where

pa(21, 22) = 379608525 + 7099282812 25 — 38329362y2 25 + 343071450222,

+ 73449247521 — 42974550y7 + 35448875027 + 36648625529
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and

p3(2z2,y1,21) = (1.990 + 5.86523 + 9.77422 + 7.2132; + 3.576y3
+2.630y727 + 1.31527 + 1.315y} + 6.145y72,) 25
+ (4122 + 7.774y? + 18.88027 + 14.4652; + 5.220y7 27
+12.815y7 21 + 10.84923 + 4174y} + 2.31227) 22
+ (2.135 + 5.010y2 + 3.6242% + 2.728y? 22 + 7.563y% 2,
+ 7.68127 + 0.565z21 + 6.75721 + 4.398y7) 22
—0.5042; + 0.900y32; — 1.36823 4 1.539y]

+0.816y% — 1.43827 + 0.141y32? — 0.4332]

(exact values truncated).
We now state a lemma analogous to Lemma for this parameter set, but with a different
outcome: in this case the parameterization is not necessarily well-defined everywhere on the interior

of the Bloch ball.

Lemma 71. The parameterizations &1 and & are well-defined on the Bloch ball outside of a

dimension-two component.

Proof. Tt can be calculated that p;(y1,21) = 0 has a dimension one component, call it « in the

interior of By, shown in Figure

Similarly, there exists a dimension two component of ps(y1, 21, 22) = 0, call it 8, which contains
points in the interior of B. It is shown for 2o = —1 in Figure |3.14(b)|
Therefore points outside of the union of « and 3, are such that the parameterizations £; and &

are well-defined. O

The singularities of the set S’ are shown in Figure As in the previous case we can find the
projection of = onto the planes (y1, z1) and (ya, 22) by taking the first polynomial in a Grébner basis

computed with lexicographic ordering yo > 29 > y1 = 22 and y; > 21 > ya > 29, respectively, giving
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(a) Component « in the interior of (b) Component S evaluated at
Bl~ zo = —1.

Figure 3.14: Components of pi(y1,21) = 0 and pa(y1, 21,22) = 0 in the interior of the Bloch ball

(see Lemma [71)).

p=, and p=,, which are

p=, = 6333858325 + 18859556388y7 2% — 489162865670y 21 — 1571527612476y5 2%
+ 1514530578375y% + 32974724527 + 100848610981y 27 — 2135046331105y 2}
— 3161644898481y 21 + 68649503828 + 2156772791567 21 — 3486867163282y 27
— 1585737098064y5 + 71441272227 + 230575302603y3 25 — 2525538658241y 2

+ 37163665127 + 123215976114%2 22 — 684551333700y + 7731030525 + 2632889745012 2
and

p=, = — 368515392025 + 1199340926688y3 25 — 5355374141192y3 25
— 1293574040982y/5 22 + 2689478841123y5 — 1901300134427
+ 6262846071232y3 25 — 24321413612872y5 25 — 3700202945904yS 2o
— 3916042572825 + 13090933982464y2 25 — 41163229421176y3 22
— 2372013535050y5 — 4025099904025 4 13690278319680y3 25
— 30820082607800y43 20 — 2064689113625 + 7162536314400y3 22

— 8623206000000y4 — 422847040025 4 1499688000000y3 5.

The full Grébner basis with ordering yo > 2o > y1 > 29 contains nine polynomials, the first being

p=,. The following four are in variables y;, 21, and z3, and the final four are in variables y1, 21, Yo,
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and zs.

2

w2

(a) Projection on (y1,21) (b) Projection on (y2, 22)

Figure 3.15: Projections of the singular set = of the set S’ for parameter set Ag, in the yszo-plane,
shown in red. The boundary S; is shown in blue, and S5 is shown in green.

Case 3, parameter set Agy: gray and white cerebral matter.

As in the previous case, we arrive at two solutions, one of which is implicit. The first solution is

8970y (8221 +87) (45527 +23021+38134y7 )
Y2 =

& = P1(y1,21)
1= P 2 | o¢ afgn2 X 2 ar, 2 | k-
13(45527 +23021 +38134y7 ) (22678y; +5043527 45336021 )

p1(y1,21)

Z9 =

where

p1(y1, 21) = 4286726660y 27 + 34123906760y 2 + 31231207800y

— 10522637356y] — 12432227521 — 1083323002} + 2454560027 .

The second solution is

_ 2y1(66725+637)(2038885312521 452271683121 —4036817425+280342101)
52 _ Y2 = p2(Y1,21,22)

p3(y1,21,22) =0

where

pa(y1, 21, 22) = 353676077664 + 6905462053497 — 2082719912y + 1030622173763

— 1830023888y 25 4 2053810565422221 + 2701572764662027 — 510803754242,
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and

p3(y1, 21, 22) = (6.021 — 54.3382; — 52.613y7 + 9.887z] + 166.860z}
+ 87.42227 + 257.076y5 21 + 9.887y{ + 19.775y7 27 ) 23
+ (168.5822; — 83.381 + 1010.042y7 21 + 320.758y7
—165.409y7 27 — 100.859z7 + 1130.20327 + 804.82527 + 31.942y1) 23
+ (288.661 + 34.284y} + 2052.742z7 — 709.4222] + 1476.8792
+407.119y7 21 — 794.008y7 27 + 361.409y7 + 182.419z7 ) 25
—270.9662; — 2005.47123 — 989.2402] + 7.366%2

—1296.26027 — 589.567y32% + 12.221y1 — 307.260y% 2,

(exact values truncated).
We now state a lemma similar to Lemma [71] for this parameter set, with a qualitatively similar

result.

Lemma 72. The parameterizations & and & are well-defined on the Bloch ball outside of a

dimension-two component.

Proof. As in the previous parameter case, there exists a dimension one component of py (y1,21) =0
in the interior of By, let us again denote it a, shown in Figure

Similarly, there is a dimension two component 5 of pa(y1,21,22) = 0 which contains points in
the interior of B, g is shown for zo = —1 in Figure

Therefore points outside of the union of « and 3, are such that the parameterizations £; and &

are well-defined. O

Although we have shown that the parameterizations & and & are not well-defined everywhere
on B, they are well-defined off of the components o and 3 as identified here.

The singularities of the set S’ are shown in Figure Note that in this case the relatively
small difference between the pairs of physical parameters yields figures that are very similar visually,

but are not identical.
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(a) Component « in the interior of (b) Component S evaluated at
Bl~ zo = —1.

Figure 3.16: Components of pi(y1,21) = 0 and pa(y1, 21,22) = 0 in the interior of the Bloch ball

(see Lemma [72)).

(a) Projection on (y1,21) (b) Projection on (y2, 22)

Figure 3.17: Projections of the singular set Z of the set S’ for parameter set Agy, shown in red. The
boundary S7 is shown in blue, and S5 is shown in green.

Case 4, parameter set Ays: water and fat tissue.

As in the previous cases, we compute two Hilbert dimension 2 components, giving solutions £; and

§2a
. 2(3+222) (2323 +4822—54y3 ) y2
£ = Y1 = 51842342 749522242 — 250054 — 362 — 62523 — 250023 — 250023
. 25(2323+4825—54y3 ) (23 +222—2y3 )
F1 = 2484222 +49522212 — 250053 —36y3 — 62525 — 250023 — 250023

and
_ 50y (25y5 +2527 42421 )
o = Y2 = 125097 —625yT —1250y727 —1250y% 21 —62527 — 125023 — 62127
o 2(25y7 +2527 +2721 ) (2595 +2525 +2421)
2 = 125097 —625y7—1250y222—1250y221 —62522 — 125025 —62122

The following lemma shows that these two parameterizations are well-defined on the open Bloch

ball.

83



Lemma 73. Let p; be the denominator in the parameterization &1, and ps be the denominator in

&. Points of S’ such that p1(y2,22) = 0 or pa(y2,22) = 0 are outside the open Bloch ball.

Proof. We follow the same reasoning as the proof of Lemma For p1, the basis of {D,D’,p1} is
a one-dimensional variety V3. When separately adding the boundary polynomials of S; and Sy to
the basis, we find no solutions in the Bloch ball.

Next, for p, we again see that the basis of {D, D’ pa} is a one-dimensional variety V5. Separately
adding the boundary polynomials of S; and S5 to the basis, we have only the solution ((0,0), (0,0))
in the closed Bloch ball. This zero of ps lies on the line z5 = 0 of zeroes of ps, so this component is

tangent to the Bloch ball. Therefore the components of V5 do not enter the open Bloch ball. O

The singularities of the set S’ are shown in Figure [3.18

-1 -0.5 0 05 1
2

-2

(a) Projection on (y1,21) (b) Projection on (y2, 22)

Figure 3.18: Projections of the singular set Z of the set S’ for parameter set Ayg, shown in red. The
boundary S7 is shown in blue, and S5 is shown in green.

3.6 Classification

As a conclusion we present in Figure [3.19| partial results about the phase portrait of the vector field
X¢. Those results are valid only for the quadratic approximation near the north pole and the origin.
A first step in the analysis of the equilibrium points of X¢ is presented in where we analyze
the problem of parameterizing this set using Grébner basis. Additional feedback invariants related
to optimality properties of the singular arcs are described in Connected work is ongoing on
the analysis of the singular flow in the bi-input case where both the amplitude and the phase of the

radio-frequency field are controlled.
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Figure 3.19: Partial phase portrait of the vector field X¢.
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CHAPTER 4
CONCLUSION

In this work we have primarily dealt with the single-input contrast problem by saturation, in

particular studying the exceptional case of the singular dynamics.

In Chapter 2] we identified geometric properties and optimality conditions of the problem, giving

an overview of the methods used in the analysis of a problem of this type, and preliminary results

on the structure of optimal solutions.

In Chapter [3] we saw a detailed study of the exceptional case: properties of the flow of the

dynamics, the calculation of a set of feedback invariants, and an algebraic-geometric classification

of the singularities of the sets S and S’. In general, identifying equilibria of nonlinear system is

nontrivial, and this classification was completed for the four cases of physical parameters.

Future work on the contrast problem can proceed in several directions.

The bi-input case, where singular extremals are as described in §2.3.2l It is a natural con-
jecture that improved contrast can be achieved in this more general case, but even numerical

simulations become more complex.

The contrast problem, not necessarily by saturation, can be examined with similar tools,
although without the convenient boundary conditions of saturation. For numerical work on this
case, extremals of the contrast problem by saturation can be used to initialize the optimization

schemes. Notably, the exceptional singular extremals are extremals of such a system.
The classification of the singular extremals in the general (not necessarily exceptional) case.

As mentioned in the overall imaging process consists of capturing the image several times
for noise reduction, and this is heuristically reset by letting the uncontrolled system relax to
equilibrium. In this case, the return trip is significantly longer in duration than the forward,
contrast-producing trip. Thus, an interesting question is the time-minimal transfer from an
arbitrary point to the north pole (or some other steady state, i.e. a point in the collinear set,
§2.1.3). In the single-spin case, much of the analysis given in can be employed and the
optimal control synthesis is straightforward. In the two-spin, single-input case the analysis is

more complex.
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APPENDIX A
PHYSICAL MODEL

The following description aims to briefly give an explanation of the physical model employed,
enough to convey the basic idea of how the system behaves under no external influence, and how it
can be controlled. Full details of this model are given in standard texts on NMR [26}[41].

The nucleus of an atom has two related properties which enable NMR techniques: magnetism
and spin. A nucleus’ magnetism interacts with magnetic fields, yet is weak and has negligible effect
on the atom. The nuclear spin is an intangible quality which also has negligible effect on the atom.
NMR techniques are used to manipulate and observe these qualities to yield information about a
molecule’s structure, motion, and chemical reactions without essentially altering these properties.

The model describes the time evolution of the net magnetic moment of a sampled substance under
two magnetic fields. First let us understand the behavior of the magnetization of single nucleus in
a single magnetic field.

The magnetic moment of a nucleus is represented by a vector p = (piz, iy, 1=)7 € R3. This
is collinear with the spin polarization of the nucleus, so although the model is of the magnetic
moment, we refer to the spin interchangeably. Under the influence of a sufficiently strong magnetic
field B € R3, the direction of which we set to be the z-axis of the coordinate system, the energy
of the nucleus is — (u, B). The magnetic field causes precession, which is the rotation of y around
the magnetic field at a constant angle which depends only on the initial spin polarization, forming
the cone precession illustrated in Figure The frequency of this precession (called the Larmor
frequency) is proportional to the strength of the field B and the gyromagnetic ratio of the nucleus.
In NMR, this frequency is on the order of megahertz.

Additionally, small fluctuating fields from the thermal environment cause perturbations in the
cone precession, so that p “wanders” about. This wandering is not random—it is biased toward a
state of lower energy, and since this is — (i, B), this means that u tends to alignment with 5.

The net magnetic moment, M = (MI,My,MZ)T7 is the sum of the magnetic moments in a
sample. The net magnetization undergoes precession, and due to the “wandering” of individual
moments, the net moment experiences longitudinal relaxation to alignment with B. Additionally,
the individual moments experience dephasing relative to each other such that the next ry-component

of M decays with no net energy loss, called transverse relaxation. For protons in human tissue, the
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Figure A.1: Cone precession of a nuclear magnetic moment p about a magnetic field B.

time scale of relaxation is on the order of seconds. The initial value of M, under no influence of a
magnetic field, is zero (it is the sum of randomly aligned vectors). Upon exposure to an external
magnetic field, the net magnetization is initially zero then aligns with and grows along the z-axis due
to relaxation. The units of M are normalized so that the thermal equilibrium is M.y = (0,0, nT.

Now let us examine the behavior of the net magnetization in the case of an NMR experiment.
There are two orthogonal magnetic fields: By, a strong, constant, and persistent field along the z-
axis, and B (t), a weaker, time-varying, and temporarily-activated field lying in the zy-plane. Thus
M will experience precession and relaxation with respect to the magnetic field By + B1(t). Since M
will always precess about By, we use a rotating frame for the coordinate system. We will assume
that this frame rotates about the z-axis at the same frequency as the precession about By (i.e., the
resonance offset is zero), so that the precession in this frame is stationary. Therefore only precession
about B1, when it is active, is accounted for in the model. Secondly, since B; is weaker than By
and the effects of relaxation are already minor compared to precession, we neglect relaxation with
respect to B, and only model relaxation to alignment with Bj.

Therefore our physical model of the net magnetization accounts for two behaviors: rotation due

to By (t) and relaxation to the equilibrium (0, 0, 1) due to By. This is described by the Bloch equation,
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which we will use for our mathematical model of the physical system:

dM.
dt’” =w,M, — M, /T
dM,
dty = —w, M, — M, /T
dM,
prat —wy My +w, My — (M, —1)/Ty

where w, = wsing, wy, = wcos¢, and w and ¢ are respectively the magnitude and angle in the
M, M,-plane of B1(t). The magnitude is bounded by |w| < Wax.

We will now abandon the usual notation for magnetization vector and relaxation times in favor of
the coordinates (z,y,2)T = (M, M,, M,)T, parameters v = 27/(T} * Wmax) and T' = 27/(Ts - Wmax ),
and v = (ug,u2), 4 = W/wWmax. We view u as the control since it is the means of influencing the

system in NMR. Then the Bloch equation is

T=-Tx4+ usz
i=flg,u,7,I) =2 y=-Ty—uz (A1)

2=7(1—2) 4+ uy — usgx.

As noted in the introduction (Remark , the parameters v and T" of a substance are subject to the
physical constraint 2I" > v > 0 [51]. With this constraint, the Bloch ball |¢| < 1 is invariant for the
dynamics. We additionally assume that v > 0 (corresponding to finite relaxation times).

The system ([A.1]) is control-affine, i.e., it be split into drift and control vector fields as

q = Fo(q) +u1F1(q) + uali(q)

—TI'z 0 z (A.2)

= —Ty +ur | —z | tu2| 0

(1 —2) Y —x

The qualitative behavior of these vector fields is illustrated in Figure [A:2] and its projection on the

yz-plane for various strengths of the control u; is shown in Figure [A23]
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Figure A.2: Behavior of the components of the Bloch equation (A.2). The drift vector field Fy is
shown in the ball, and the rotation produced by the controls u; and us about the y- and z-axes,

respectively, is shown about the axes.

(b) u1 on the order of v, T’ (¢) u1 >~,T

(a) up =0

Figure A.3: Behavior of Bloch equation (A.1) in the yz-plane for various values of uy, with us = 0.
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APPENDIX B
OPTIMAL CONTROL THEORY

Optimal control theory is an area of applied mathematics that was born out of application to
physical problems, namely rocket guidance, in the 1950s and has since developed into a mature field
with a rich framework. Although the subject has a fairly recent development, it traces a classical
lineage. We will review a concise history from the calculus of variations to optimal control, and
introduce optimal control theory. This material is well-established and covered in introductory

texts [42}50].
B.1 Calculus of variations

Optimal control theory traces its origin to the calculus of variations, an area which arose from the

brachystochrone problem posed by Johann Bernoulli in the Acta Eruditorum, 1696:

Datis in plano verticali duobus punctis A & B, assignare Mobili M viam AM B, per quam
gravitate sua descendens, & moveri incipiens a puncto A, brevissimo tempore perveniat

ad alterum punctum B.

Paraphrased in English, this is to find the path AM B down which a movable point M must, by
virtue of its weight, fall from A to B in the shortest possible time. This was accompanied with
a flourishing challenge, and it attracted the responses of great mathematicians of the day: Jacob
Bernoulli, 'Hopital, Leibniz, Newton, and Tschirnhaus. This problem was a turning points since a
geometric solution was not clear, and new techniques needed to be used. With the recently-developed
tools of calculus, this problem was solved and its method of solution led to the development of
the calculus of variationsﬂ The brachystochrone problem is an example of the so-called “simplest

problem” in calculus of variations, which we now state.

Problem 74 (Simplest problem in the calculus of variations). Given L € C*(R*" ™' R) and zg,zf €
R"™, minimize

J(z) = / "L w(), i) dt

to

among all x € C*([to, tf],R™) with z(ty) = xo and z(ty) = xy.

1The brachystochrone and other problems that are now seen as calculus of variations problems were considered
even by the ancient Greeks, but were not solved in this framework (if at all). We take the viewpoint that calculus of
variations was born when these problems were solved in this manner.
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If the state € R?, this is briefly stated as finding a plane curve z(-) from a point z to a point
xy which is optimal in the sense that it minimizes J. Generalizations can be made, and in particular
we will see two of these: first, if 2(¢f) lies on a curve and second, if the cost contains a non-integral
term.

Seeded by the brachystochrone problem, other problems and generalizations were studied and
the calculus of variations saw development over the next few hundred years, and the sum of these
developments very nearly brings us to optimal control theory. We list those relevant results with
historical context here. For a more complete historical perspective, an excellent overview is given
by Sussmann and Willems [54], and a complete picture is treated in introductory texts [42,/50].

Recall from finite-dimensional optimization that if * is a local minimum of a function f : R” — R
(assume that z* is in the interior of the domain of f), we have several conditions for optimality. A
first-order necessary condition for optimality is that V f(z*) = 0. A second-order necessary condition
is that the Hessian matrix of f is positive semidefinite, i.e., V2f(z*) > 0. The second-order condition
can be strengthened, giving the second-order sufficient condition for optimality, that if V f(z*) =0
and V2 f(x*) > 0 then z* is a strict local minimum of f. Generalizing these concepts to the infinite-
dimensional optimization of calculus of variations are the notions of the first and second variations
of J.

A norm is needed in order to determine a local minimum z(-) of J. We will consider two norms:
for z € C°([to, tf],R™), the 0-norm is [|zlo = max,cp, ;) [#(t)| and for = € C'([to,tf],R™), the
L-norm is [|z||; = max,e(y,¢,) [(t)| + max,eqyy¢,) [#(t)]. An extremum with respect to the 0-norm
is called a strong extremum, and extremum with respect to the 1-norm is called a weak extremum.
These are so-called since if z is a strong extremum it is necessarily a weak extremum (an e-ball with

respect to the 1-norm is contained in an e-ball with respect to the 0-norm).

(CV 1) A first-order necessary condition for a weak extremum is found by calculating the first
variation of J and setting it equal to zero. This is captured by the Euler—Lagrange equation.

If (-) is a local minimum then the Euler-Lagrange equation,

d oL . OL

S (bat), (1) = 52 ({0, 3(0), (B.1)

is satisfied for all ¢ € [to,ts]. Solutions to (B.l) are candidates as local extrema, and are

called extremals.
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(CV 2)

(CV 3)

(CV 4)

This relation was found by Euler in 1740, and the proof was improved upon by Lagrange in

1755.

In the case of a variable endpoint, an additional first-order necessary condition for a weak
extremum is the transversality condition. If the final condition is, instead of z(ty) = xy,

that (tg,z(t)) satisfies ¢(ts,z(ts)) = 0 where ¢ € C', then

[y oy (dy | dL Oy
“[Lax‘ai(dﬁcuaggﬂ

(trm(ts)a(ty))
the transversality condition, must be satisfied.
A second-order necessary condition for a weak minimum is found by computing the second

variation and requiring that it is non-negative along a local minimum z(-), resulting in the

Legendre condition. If x(-) is a local minimum then it satisfies the Legendre condition:

‘gz% (t,x(t),2(t)) > 0 for all t € [to,tf]. If this quantity is strictly positive, then x(-) satisfies

the strong Legendre condition.
Legendre gave this in 1786, and incorrectly thought that the strong version was a sufficient
condition. In 1797 Lagrange found a flaw with this assumption, and in 1837 Jacobi rectified

the situation with the missing piece: the conjugate point condition, introduced next.

For a calculus of variations problem with a more general cost of the form J =
f;tof L(t, z(t),z(t))dt + p(tr,xz(ty)), the analog to Legendre condition was given by Cleb-
sch in 1858 [19].

The strong Legendre condition is pointwise, and so this is a local condition. It is possible to
construct counterexamples of an extremal z(-) that satisfies this local condition everywhere,
yet is not optimal, therefore in addition to the strong Legendre condition, some global
aspect of the solution must be considered. This is captured by the notion of a conjugate
point. These are found by defining Jacobi’s equation, denoted v, which is an accessory first-
order differential equation defined by L and the candidate extremal. A point conjugate to
the initial point is a root of Jacobi’s equation with initial condition v(tg) = 0, v'(tg) = 1.
With this, the second-order sufficient condition for optimality is that an extremal z(-) is a
strict minimum if it satisfies the strong Legendre condition and there are no points conjugate

to to on the interval [to,tf].
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(CV 5)

(CV 6)

In 1835, Hamilton proposed an alternate formalism by defining p = g—é(t,x,ﬁv) and the
Hamiltonian

H(t,xz,&,p) = (p, &) — L(t,x,2).

The coordinates x, p are called the canonical variables, and Hamilton’s canonical equations
are

t=— and p=-——,

dp ox

where the first is by definition of H and the second is by the Euler-Lagrange equation:

Op doL . oL ; OH ;
B o) = St d) = (1),

Thus in the canonical coordinates, the Euler—Lagrange has a simple formulation in the sense
that the partial differential equation (B.1]) is now a pair of first-order ordinary differential

equations. We make two observations about H: first, by definition we have that

oH = oL _,
PTG T

and second, if neither & nor L are time-dependent, then H is constant along extremals.

The previous conditions apply to weak minima of J. It is obviously desirable to consider a
wider class (not necessarily C!) of functions to minimize over, and to find strong minima. A
natural step is to consider continuous, piecewise-C! functions. We call the points at which &
is discontinuous corner points. In this case, it can be seen that the Euler-Lagrange equation
(in integral form) remains a necessary condition, and additionally the Weierstrafi-Erdmann
corner conditions (given by Weierstrafl in 1865 but not published, and independently pub-
lished by Erdmann in 1877) must hold: g—é and j;% — L must be continuous at each corner

point of = (note that these are p and H in the Hamiltonian formalism).

A final result concerning piecewise-C! strong minima is given by the Weierstral excess
function, a necessary condition given in 1879. This states that if z(-) is a strong minimum
then

E(t,ﬂ?,i‘,y) 20
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at every non-corner point of x and all y € R, where

B(t,2,5,y) = L(t,,9) — Lt.2,) — (y ) 51 (

t,x, ).
In the Hamiltonian formalism this is
E(@%@?J) = H(t,x,js,p) - H(tvxayvp) > 0

for all y € R, i.e., that H is maximized pointwise by & along an extremal.

B.2 Optimal control problem statement

Let us now see the advancement from a problem in calculus of variations to optimal control theory.
The main distinguishing feature is that the derivative # is replaced by a control u, which has greater
freedom in the way that it influences the system. In particular, in the following discussion note the

role of the Hamiltonian formalism in enabling this transition.

Definition 75. A control system consists of a state space X C R™ which is a smooth manifold, a
control set U C R™ | a class U of admissible controls which are measurable and almost everywhere
take values in U, and a dynamics f: R x X x U — TX. We assume that f is continuous in (¢, x, u),

differentiable in x, and that each partial % is continuous in (¢, z,u).

Definition 76. Let u(-) € U be defined on a time interval [to,t¢], and let (-) be the unique solution
to & = f(t,z,u(t)) with interval of definition (¢1,t2) 3 to. Then z(-) is the trajectory associated to

the control u, and the pair (x,u) is called an admissible controlled trajectory.

Remark 77. Since a control u(-) € U produces the associated trajectory z(-) through integration,
two controls have the same associated trajectory if they differ only on a set of measure zero, and we

can say that two such controls are equivalent.

Definition 78. We denote the target set of terminal constraints by N = {(t,z) e Rx X : U(t,z) =
0}, where ¥ = (¢q,- - ,%x) is continuously differentiable and the gradients of the 1; are linearly

independent on N.
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Definition 79. The objective or cost functional, J, to minimize is

JW%:/fwa@ﬂMDﬁ+w@ﬁﬂWD

to

where the Lagrangian L is continuous in (¢, z, u), differentiable in z, and % is continuous in (¢, x, u)
and the penalty term ¢ is continuously differentiable. Optimal control problems with a cost of this
form are known as Bolza problems, and are known as Lagrangian or Mayer problems if ¢ = 0 or

L = 0, respectively.
With these definitions in hand, we can define an optimal control problem.

Problem 80 (Optimal control problem). Among all admissible controlled trajectories (z,u) defined

on [to,ty] such that (ty,z(ty)) € N, find one that minimizes the cost J(u).

Notice that if an optimal control problem is Lagrangian and if # = u, the problem is in fact the
basic calculus of variations problem previously stated. Therefore the calculus of variations can be

seen as a special case of optimal control theory.

B.3 Pontryagin maximum principle

The central result of optimal control theory, the Pontryagin maximum principle, was given in 1957

by a group of Russian mathematicians headed by Lev Pontryagin [47].

Proposition 81 (Pontryagin maximum principle). Let (x*, u*) be an admissible controlled trajectory
of Problem which is optimal. Then there exist a constant p° < 0 and p : [to, tf] = R"™ (an adjoint

vector) such that the following conditions are satisfied.
(i) Nontriviality of multipliers. The pair (p°, p(t)) # 0 for all t € [to, ty].
(i) Hamiltonian dynamics. The dynamics of p is given by

0H

P= "%

where H is the control Hamiltonian function, defined as

H(t,p°,p(t), 2(t), u(t)) = (p(t), f(t, x(t), u(t)) + p"L(t, 2(t), u(?)).
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(tii) Mazimization condition. For almost every t € [to,tf],

H (8,00, p(t), " (1), (6) = mase(t, p°, (), 2* (8) )

w) Transversality condition. At the final time t we have
( ) ) fs
(1i Poﬁpta p posaz) L N.

Definition 82. A tuple (x,u, p, p®) satisfying the first three conditions of the maximum principle is
called an extremal lift (or simply extremal), and if it additionally satisfies the boundary conditions
of the problem and transversality condition of the maximum principle it is a BC-eztremal. We
commonly use the coordinate z to denote an extremal lift. When p° and u are understood, we may

omit them and just write z = (x,p). An extremal lift is normal if p° # 0 and abnormal if p° = 0.

That optimal control is a generalization of calculus of variations is clear, and this relationship is
also seen in the maximum principle which generalizes the necessary conditions (CV[I)) and (CV]2),
uses the Hamilton formalism as in (CVff)), and contains the maximization condition (CVf). We
will see the role of the (CV3) and (CVH) in where the Legendre-Clebsch condition and the
definition of a conjugate point are stated in the control setting.

Remark 83. If L and f are time-invariant, H as a function of ¢ along an extremal is constant since

dH

& = 0. If furthermore ¢ and W are time-invariant (and therefore the final time cannot be fixed),

then H is zero along an extremal by the transversality condition.

Remark 84. In a time-optimal control problem, we have H = (p, f) + p° since L = 1, which is
identically zero along an extremal by the previous remark. If p(t) = 0 for some ¢, then p° = 0 as
well, violating the nontriviality condition of the maximum principle. Therefore, in a time-optimal

control problem p(t) # 0 for all ¢ € [to,tf].
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B.4 Optimal control computation

Let us now discuss the computation of an optimal control in a particular setting: assume that the

dynamics is autonomous (time-invariant) and control-affine, i.e., that

m

&= f(z,u) = Fo(x) + Y u;Fi(x) (B.2)

i=1

for some continuously differentiable vector fields F;, ¢ = 0...m, that the control is bounded—
for simplicity we will assume |u| < M = 1, and that the integral cost L is constant. This setting
encompasses many optimal control problems: the control-affine, autonomous dynamics and bounded
control are common in applications, and the assumption on L includes Mayer-type problems (L = 0)

and time-optimal problems (L = 1).

B.4.1 Definitions

Definition 85. Given a fixed initial point xy and a final time T, the end-point mapping, denoted
E*0T of a system & = f(x,u) is the mapping u +— x(xq, T, u) where z(zg, T,u) is the solution of

the system with initial point x( associated to the control u € U at time ¢.

If U is endowed with the L> topology, then the mapping E%°T is smooth. Furthermore, if z(-)
is the trajectory associated to a smooth control w : [0,T] — U, then u can be smoothly extended to
@ :[0,T +¢] — U, where ¢ > 0 is fixed.

Definition 86. Given a Hamiltonian function H(z,p), we denote the Hamiltonian vector field on

—

T*X by H, where

— OH OH

When the control u(-) can be calculated as a feedback control in terms of z and p (discussed

below), its expression can be inserted into H to define the true Hamiltonian H,., yielding I_{),« in the

natural way.

Definition 87. Let z(t,29) denote the trajectory of a true Hamiltonian H, such that 2(0,z0) =
20 = (w0, po). The exponential map, exp,, ,(po), is the map po — (¢, o, po) where x(t, xo,po) is the

state components of the true Hamiltonian flow from the initial point zy at time ¢.
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Definition 88. In the single-input case m = 1, if a control is valued in the set {—1,+1} and there
are only finitely many changes, called switchings, between these values then the control is called

bang-bang.

Definition 89. Relaxing the control bound, a control u : [tg,ts] = R™, u € L>([to,ts]) is called

singular on [to, ts] if the Fréchet derivative of E*0'' is not of full rank.

Remark 90. Given a system of the form (B.2)), we denote the Hamiltonian vector fields H;(z,p) =

(p, F;(x)), i =1...m. Similarly, we denote Hx = (p, X) for some vector field X.

Definition 91. Given a Hamiltonian H (g, p), we denote the Hamiltonian vector field on T*M by

-
H, where

— OH OH
A= ()

Definition 92. The Lie bracket of two differentiable vector fields X and Y is the operator [X,Y] =
XY — YX. In coordinates, this is

[X,Y](2) = 5 - X(2) - G5 - Y (2).

Definition 93. Given two Hamiltonian vector fields H; and Hs, the Poisson bracket, {Hy, Ha}, is

defined as {Hy, Hy} = dH; (ﬁ;) In coordinates, this is {Hy, Ha} (x,p) = (p, [F1, F2] (x)).

B.4.2 Single-input case

In the single-input case, i.e. m = 1, we write the vector fields as F' = Fy and G = Fj, thus the
dynamics is £ = F' + uG. By the maximization condition of the maximum principle, for an optimal
control u(-) with associated trajectory z(-) we have that for all ¢ € [to, /]

H(t,p" p(t), (1), u(t)) = max H(t, p", p(t), ¢(t), v)

= wmax ((p(0), F(a(t)) + vG(a(0)) + p°L{t,2(0),u()))

= (p(t), F(z(t))) + p"L(t, x(t), u(t)) + maxv{p(t), G(x(t)))

so in particular the maximization of H over v € U amounts to maximizing just the quantity v(p, G)
and to this end we define the switching function ®(t) = (p(t), G(x(t))). Clearly, if ®(t) is nonzero,

u(t) = sgn ®(¢), i.e., u(t) = £1, and if ®(¢) = 0 this condition gives no immediate information about
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the value of u(t). If this occurs only at a point, i.e., ®(t) = 0 but ®(t) exists and is nonzero, then
u(t) is defined everywhere on a neighborhood of ¢ except at the point ¢, and by Remark [77] this is
sufficient to define u on this interval. Aside from situations where the the times ¢ such that ®(t) =0
accumulate, the control is bang-bang.

If however ®(¢) = 0 on an interval, then we are in the singular case and the above straightforward
observation does not define the value of the control. Fortunately, further relations are found by the

fact that since ® is identically zero, all derivatives are also zero, i.e. dk—q’(t) = 0 for all ¢ in this

9 dtk
interval and k € Z*. This first derivative is
d®
== (%.G)+ (%)
=G G+(p. 55 %)
0
_8(<p,F+5;G>+p L) G+ (p 2 (F 4 uG))
= <p’8x G>7u<p’8x G>+<p’%§ F>+u<p’8gr G>
:<p,8G F— G>+u<p,8G G- 65~G>.

Although the last term is zero we include it since recalling Definition we see that the previous
computation is neatly captured by the Lie bracket: & = (p, [F,G]) +u(p, [G,G]) = (p, [F,G]). More

generally, the above steps guide the proof of the following lemma [53].

Lemma 94. If X is a differentiable vector field and p is a solution to the adjoint equation, then

& p, X) = (p, [, X)) + ulp, [, X]).

We are now equipped to calculate the singular control. As above, 0 = & = (p,[F,G]), and

differentiating once more shows that
0=0= (p, [F’ [Fv G]]> + u(p, [G, [F, G]Dv (B.3)

and if (p, [G, [F,G]]) # 0, this gives the value of the singular control us,



This is called a singular control of order 1, higher orders occurring when (p, [G, [F, G]]) is zero and
further differentiation is required to compute the value of u. When doing so, it is immediately seen
that only even-numbered derivations give relations on the control. A control defined by the (2n)th
is called an order n singular control. We omit further discussion of higher-order cases (or other more
pathological situations) for two reasons: first, this work employs only order 1 singular controls and
second, singular extremals are generically of order 1 |7]. Using Definition the value of a order 1
singular control is expressed as
{Hr,{Hr,Hc}}

Us = “Ho {Hr Holl (B.4)

Remark 95. The properties “bang-bang” or “singular” are properties of an extremal lift since they
depend on the state and adjoint vectors. We commonly refer to the state and control of such an

extremal lift as, e.g., a singular trajectory (or arc) and control.

B.4.3 Bi-input case

In the case where the number of controls is 2, the system is written as
T = Fo(x) + ulFl(;v) + UQFQ(.”L'),

with |u| < 1. By the maximization condition of the maximum principle, uiH; + usHs is to be
maximized among |u| < 1, i.e., u must be of maximum magnitude and collinear with the vector
(Hl, HQ), SO

H, Hy

U = —————, Uy =

g = ——
VH? + H3' VH? + H3
is a parameterization of the control outside the switching surface 3, ¥ = {z : H; = Hy = 0}.

Substituting this value of u into H gives the true Hamiltonian H,,
H, = Ho + (Hf + H3)'"?,

the smooth solutions of which are extremals of order zero.
Defining the system with extended state coordinate (z, &) and control v by u; = sin a, us = cos «,

and & = v, we have the following result [5}/14].

Proposition 96. (i) Extremal controls of order zero correspond to the singularities of the end-
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point map E*T :u € L®[to, tf] {|u| = 1} = x(T, z0,u), i.e., restricting the controls to the

unit sphere S*.

(ii) Extremal curves of order zero are projections on the x-space of smooth singular trajectories of

the end-point mapping of the extended system v — (z(t,v, zo, ag), a(t, v, zg, ag)).

B.5 Second-order conditions

To complete our general discussion of optimal control theory, we state the generalizations of (CV|3)
and (CVH). The Legendre-Clebsch condition is standard [1,[7,34], and the relation of conjugate
points to optimal control is now well-established |1}/6,/14,/49]. In this section we relax the constraints

on the domain of control values, U = R™.

Definition 97. Consider a trajectory z(-) associated to the control u defined on [0, 7] with x(0) =

xo, and write the objective cost for this control as J(T,u).

o If T is fixed, z(-) is said to be locally optimal in the L* topology if it is optimal in a neigh-

borhood of u in the L topology.

e IfT'is fixed, z(-) is said to be locally optimal in the C° topology if it is optimal in a neighborhood

of x(-) in the CY topology.

e If T is not fixed, x(-) is said to be locally optimal in the L topology if for every neighborhood
V of w in L>®([0,T + ¢],U), every 7 € R such that |7| < e, and every v € V such that
E(zo, T + 7,v) = E(x0, T, u), we have that J(T + 7,v) > J(T,u).

e If T is not fixed, x(-) is locally optimal in the C° topology if for every neighborhood Y in M of
x(+), every 7 € R such that |7] < e, and every y(-) € Y associated to a control v on [0,T + 7]

satisfying y(0) = z¢ and y(T + 7) = =(T"), we have that J(T + 7,v) > J(T, u).

Remark 98. If x(-) is the globally optimal solution trajectory, then it is clearly locally optimal in
the C° topology, and since this includes all neighboring trajectories (even those not associated to a

neighboring control), this implies that it is locally optimal in the L as well.
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B.5.1 Legendre—Clebsch condition

Proposition 99. Let (z,u) be an admissible controlled trajectory defined on [to,ts]. If x(-) is
optimal in the L topology then the Legendre—Clebsch condition,
0’H

W(ér?papoau)(vav) < 0 Vove Rm?

holds along every extremal lift (z,p,p°, u) of z(-).
If the strong Legendre—Clebsch condition, that there exists o > 0 such that

0’H

W(xal%poau)(vav) < —(1||’U||2 Vv e Rm? (B5)

holds, then x(-) is locally optimal in the L™ topology on [0,e]| for some e > 0. If the extremal is

normal (p° < 0) then x(-) is locally optimal in the C° topology for some & > 0.

For a control-affine system, %QTIQJ = 0 and this theorem provides no classification. In this case the
higher-order maximum principle is used to derive the generalized Legendre—Clebsch condition [34],

stated here as it applies to the problem assumptions used in

Proposition 100 (generalized Legendre—Clebsch condition). If (x,u) is a extremal which minimizes

J and u is singular on an interval [t1,t2] C [to,ts], then there exists an adjoint p such that
(p(t), [G,[F,G))(z(t))) = 0 for all t € [t1,1a],

and we say that the extremal lift (x, p,u) satisfies the generalized Legendre—Clebsch condition. If this
value is strictly positive on this interval, the extremal lift satisfies the strong generalized Legendre—

Clebsch condition.

B.5.2 Conjugate points

We will define the concept of a conjugate point in the control setting, with the central result that the
first conjugate point of an extremal solution is the point at which an extremal is no longer locally
optimal. The discussion here of conjugate points follows the presentation of Bonnard, Caillau, and
Trélat [6]. Let z = (x,u,p,p°) be a reference extremal lift defined on a time interval [0,7]. We say

that u is corank one if the derivative of the end-point mapping with respect to u is of codimension
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one, and in this case we say that the extremal is of corank one as well.

Definition 101. We denote by @, t € [0, 7], the intrinsic second-order derivative of the end-point
mapping with respect to u. The first conjugate point along an extremal is the supremum of times ¢

such that @ is positive definite.

Theorem 102. Suppose that z(-) is of corank one, and let t. be the first conjugate time along this

extremal.

(i) If the (generalized) strong Legendre—Clebsch condition holds along z(-), then x(-) is locally
optimal in the L™ topology on [0,t.). If moreover the extremal lift is normal (p° < 0), then

x(-) is locally optimal in the C° topology on [0,t.).

(i) If the control is of corank one on every subinterval [t1,t2] C [0,T], then z(-) is not locally

optimal in the L topology on [0,t] for all t > t..

Definition 103. Let H be a Hamiltonian vector field on T*M and let z(+) be a trajectory of H

defined on [to,tf], i.e. 2(t) = ﬁ(z(t)) for ¢ € [to,t7]. The differential equation

— —>

52(t) = dH (=(t))6(t)

is called the Jacobi equation along z(-).

Definition 104. A Jacobi field 6z(-) = (6x(-),dp(-)) is a nontrivial solution of the Jacobi equation
along z(-). It is said to be vertical at time t when dz(t) = 0. A time ¢. is geometrically conjugate if
there exists a Jacobi field that is vertical at times ¢y and t., and in this case we say that the point

x(te) is geometrically conjugate to x(to).

Proposition 105. Let (v,po) = 2(0), Lo = T; R", and L; = expt(ﬁ)(Lo). Then Lt is a
Lagrangian submanifold of T*R™ whose tangent space is spanned by Jacobi fields initiated at Lg.
Moreover, x(t.) is geometrically conjugate to xo if and only if the mapping exp, (xo,-) is not an

immmersion at pg.

Theorem 106. Assume that the strong Legendre condition holds along z(-), and assume strong
reqularity: that u is of corank one along every subinterval [t1,t2] C [0,T]. Then the first geometric

conjugate time is the first conjugate time along z(-), denoted t.. Therefore x(-) is locally optimal on
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[0,t.) in the L> topology (in the C° topology if p° < 0), and if t > t., z(-) is not locally optimal on

[0,t] in the L™ topology.

Proposition [105] provides a way of constructing an algorithm for the detection of geometric

conjugate points, and Theorem [I06]shows that under proper assumptions these are conjugate times.
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