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ABSTRACT

The present study was designed to develop procedures for estimating
genetic parameters in a quantitative trait and detecting association
between a quantitative trait and a genetic marker using a random sample
of individuals from the population. An exact distribution of phenotypic
values of a quantitative trait was used by which parameters such as
number of loci involved, gene frequency at each locus, additive and
dominant genotypic value, and the variance of envirommental effects
were estimated. When association between the quantitative trait and a
genetic marker occurred, an additional parameter for the degree of
linkage disequilibrium was introduced in the exact distribution. For
testing the validity and usefulness of the procedures, individual
phenotypic values were simulated by the computer with given parameters.
The number of loci involved in the quantitative trait was 2, 5, and 10,
and gene frequency at each locus was chosen at random. Three
heritability values were investigated; namely, 0.2, 0.5, and 0.8.

The genotypic values were then calculated by setting degree of the
dominance either to zero (no dominance) or one (complete dominance) .
The environmental effects were assumed to be normally distributed; how-
ever, the phenotypic distribution of the quantitative trait under
investigation was not specified. Five replicate runs were made for
most tests to allow variations in gene frequencies, each sample size
being set to 5000. Smaller samples of 100 and 500 individuals were

also tested.



Based on the log likelihood function values, good estimations
by the maximum likelihood method were obtained when heritability of the
guantitative trait was moderately high (hz»z_,S). When the heritability
value was low, the phenotypic distribution of the quantitative trait
was mainly determined by environmental effects and, therefore, was
expected to be normal by assumption. In this case, the method might
not give consistent estimates of genetic parameters. As the number of
loci increased, the phenotypic distribution would approach normal by
. the Central Limit Theorem; however, the procedure was still effective
for traits with high heritability.

Several cases for the association between one of the loci involved
in the quantitative trait and a genetic marker were considered, in-
cluding (1) complete independence (no linkage), (2) partial linkage,
and (3) complete linkage or identical locus. The approach employed was
mainly based on the distributions of phenotypic values. Data were
subgrouped by the genotypes of the marker locus resulting in several
phenotypic distributions, one for each genotype of the genetic marker.
When association occurred between a quantitative trait locus and a
genetic markexr locus, the subclass distributions would be expected to
be different from one another. The subsequent estimates of parameters
including the degree of linkage disequilibrium were then derived from
the exact distributions by the maximum likelihood method. The results
were generally good.

The present study using simulated data has clearly demonstrated
that by employing the distribution of phenotypic values of the quantita-

tive trait, it is possible to establish a genetic basis for the
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character from a random sample of individual data. When information on
other genetic markers is available, the association between the
guantitative trait and a genetic marker as measured by linkage disequili-
brium may be estimated. However, further research would be needed to
apply the procedures to real (non-simulated) data and to consider other
parameters such as genotype-environmental interactions and epistatic

effects in the phenotypic distribution.
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1. INTRODUCTION

Most studies and methodologic developments in the area of
quantitative genetics, particularly in mammals, have involved the use
of family data such as siblings, twins, and parent-offspring pairs, or
data of several generations such as from selection experiments. There
are several methods for estimating heritability of a trait, the number
of loci and the genotypic values. The estimation of heritability is
based on correlation or regression analysis of parent-offspring pairs,
and analysis of variance of siblings. The number of loci may be esti-
mated based on variances derived from data of more than one generation
in plants. However, it is not possible to estimate number of loci and
genotypic values in mammals because of unequal and unknown frequencies.

It is also known that the genetic basis for a given quantitative
trait may be demonstrated by showing an association between the trait
and a known genetic marker. However, methods available at present
for detecting such an association require family data. The collection
is usually time-consuming and sometimes difficult, particularly in man.
There is so far no method available for making genetic inferences about
a trait based on a random sample of individuals. The recent development
of an exact distribution for phenotypic values of a quantitative trait
in self-fertilized and random-mating populations, and computer simulation
techniques provide an opportunity to study a quantitative trait using
a random sample from a population. The exact distribution contains

genetic parameters such as the number of loci, gene frequencies and



genotypic values as well as the mean and the variance of environmental
effects. Therefore, this distribution gives much more information than
normal distribution which is frequently assumed. It is generally
observed that the distribution of phenotypic values of quantitative
traits are close to normal distribution, however, many depart from

the normal by being asymmetric or multimodal.

The applications of simulation techniques and statistical pro-
cedures on computer have been extensively used in many research areas.
It becomes feasible to generate data on a given model for testing
hypotheses and estimating parameters. It is particularly useful for
the exploratory study of a novel approach, the wvalidity of which
cannot be critically evaluated by using data of unknown parameters.

The present study was designed to apply the exact distribution of
phenotypic values for the estimation of parameters in quantitative
traits and to detect an association between a quantitative trait and

a genetic marker locus in a random sample of individuals.



2. REVIEW OF LITERATURE

Mendel suggested in 1865 that an occurrence of numerous heritable
grades of a single character might be due to multiple independent factors
(Wright, 1952). The theoretical basis for studying quantitative
characters began with Galton (1889) and Pearson (1898, 1904) who
introduced the metliod of regression and correlation. That the possi-
bility for the variation of a continuous trait such as human stature
might be determined by a large number of genes was questioned by
Bateson and Saunders (1902). Many subsequent experimental results
supported the multiple factor hypothesis (Nilsson-Ehle, 1909; East and
Hayes, 1911; East, 1916). Johannsen (1909) demonstrated the distinction
between variation due to genetic causes and environmental effects by
his pure line theory and introduced the terms genotype for genetic
causes and phenotype for the individual's appearance (Whitehouse, 1965).
An analysis of phenotypic variation in terms of genetic and environmental
contribution was examined by Weinberg (Wright, 1952). Fisher (1918)
showed that the total genetic variance could be divided into two
components—-the additive genetic variance and the dominance variance--
and developed the fundamental theory of quantitative genetics. A concept
of two kinds of genetic effect, namely major genes of large, specific
effect and polygenes of smaller, less specific effect was introduced
by Mather (1949). A continuous variation of phenotypic values was
explained by non-heritable agencies which could blur minor discontinuities
of expression of the character caused by the polygenes. The discontinuous

variation was explained by major genes. The variation of phenotypic



values caused by genotypes might be partly due to major gene differences
and partly to a polygenic system (Mather, 1949). This concept of major
gene hypothesis was tested (Morton, 1967; Elston and Campbell, 1970;
Elston and Stewart, 1971; Spence et al, 1973). A theoretical distribu-
tion of phenotypic values determined by two types of random variables
was derived by Tan and Chang (1972a). One was discrete nature associated
with segregation of genes and the other was continuous nature associated
with environmental effects which were assumed to be normally distributed.
This distribution was initially derived for self-fertilized populations
and extended for random mating populations (Tan, 1975). A complex
segregation analysis of quantitative traits under a model which includes
polygenes, a major locus, and environmental effects was considered by
Morton and MacLean (1974).

Castle (1921) suggested a formula for estimating the number of
genetic factors concerned in a quantitative character. Later, this
formula was corrected by Wright (1921) and became known as the Castle-
Wright formula. Several other methods of estimating the number of
loci were proposed ("Student," 1934; Robson, 1956; Wright, 1968;
O'Donald, 1871; Mather and Jinks, 1971). The formula for estimation
of the number of loci was derived by using the moment method requiring
several generations of experimental data. The formula did not give
an integer estimate of the number of loci which had to be an integer
a priori. Tan and Chang (1972a) proposed a method of estimating an
integer value of the number of loci using the exact distribution of

phenotypic values and the method of maximum likelihood. The method



of maximum likelihood was found to be more efficient than the moment
method (Kasal, 1933; Shenton, 1970; Tan and Chang, 1972b).

The whole issue of whether a characteristic is hereditary or
environmental is a question of how much of the variation in that
characteristic in that population is caused by differences in heredity
and how much is caused by differences in the environment (Lush, 1945).
The heritability was defined as the ratio of genetic variance to
phenotypic variance. Various methods of estimating the heritability
of a quantitative trait were developed and reviewed (Lush, 1945;

Wright, 1952; Falconer, 1960).

If the heritability of a trait is low, then the phenotypic expression
is mainly determined by environmental effects. Under the assumption of
normality, the phenotypic values can be approximated by normal distri-
bution regardless of the number of loci. When the heritability is high,
and particularly when the number of loci is large, the phenotypic
distribution also approaches normal by the Central Limit Theorem. If
the phenotypic distribution is not normal, transformation may be used
to convert the distribution to normal (Wright, 1952; Snedecor, 1956;
Sokal and Rohlf, 1969; Falconer, 1960; Armitage, 1973; Mather and Jinks,
1971). However, the meaning of parameters are changed by the transfor-
mation employed.

Since the genes involved in a quantitative character segregate,
the association between one of these genes and other loci must also be
considered. It becomes extremely difficult since individual genotypes

underlying the phenotypic values are unidentifiable. Evidence of



association between major genes and quantitative genes using a marker

to classify chromosomes was reported in plants by Sax (1923), Breese

and Mather (1957, 1960) and Thoday (1961, 1967). Methods of determining
genetic linkage by using human data of sib-pairs were investigated by
Penrose (1935, 1938, 1946); Brues (1950) extended these methods for
studying quantitative characters. These methods are based on the premise
that if two siblings receive the same chromosome from a parent, there

in an increased probability that the siblings will be phenotypically
alike. It involved the comparison of the average phenotypic value
differences squared between full sibs alike for the trait with the
differences squared between unlike full sibs. Disadvantages of the
sib-pair method were discussed by Lowry and Shultz (1959). An alterna-
tive method by the analysis of variance involves also the comparison of
the differences between full sibs of different blood group genotypes

and those between full sibs of the same genotype (Lowry and Shultz,
1959). It assumes a complete linkage between a locus affecting a
quantitative trait and the genetic marker locus. This technique
requires the very close linkage and a very large sample size (Neimann-
Sorensen and Robertson, 1961l). The assumption of complete linkage may
be unrealistic and a very large sample may not be feasible in practice.
Jayakar (197Q0) suggested a method for the detection and the estimation
of linkage between a qualitative marker gene and a locus with two alleles
influencing quantitative character. The method assumes that there is
only one locus affecting the quantitative character and involves the

pure environmental variance which is unknown and cannot be estimated.



Haseman and Elston (1972) provided a procedure for estimating linkage
between a known m—allele locus and a hypothetical two—-allele locus that
governs a quantitative trait by using the sib-pair method and the method
of regression with restrictions on the regression coefficient being non-
positive. The power of their method was found to be extremely low
(Robertson, 1973). Hill (1975) presented an approach for detecting and
estimating quantitative linkage based on sibship data. By using a
nested analysis of variance method, the null hypothesis of no linkage
was tested comparing the two expected mean squares, one within marker
genotype within sibship, and the other between genotypes within sibship.
Hill assumed normality for all the variables in the nested analysis
model which is not true in nature. A non-parametric test for the
detection of linkage between a quantitative trait and a mendelian
character was described by Smith (1975). It is not possible to detect
linkage unless the quantitative locus and the marker locus are very
closely linked, and it requires selection of informative families.
Lange, Spence and Frank (1976) applied the lod method (Morton, 1955)
to the detection of linkage between a quantitative trait and a
qualitative marker. It was a simulation study using the known linkage
between amy, and Duffy-loci and converting Amy,-locus to a quantitative
variation by adding a normal deviate with fixed mean and variance. The
simulation results were based on only one locus and small environmental
variance and it is unknown in the general situations.

All the methods reviewed above for studying quantitative characters
require a large amount of informative family data or data of several

generations. Such data are difficult to collect, particularly in man.



Since these methods are based on unrealistic assumptions or unknown
parameters, the application to real data may lead to misleading
conclusions. As yet, there is no simple method that can be applied to

a random sample of individuals from the population.



3. THEORIES AND APPLICATIONS

3.1 A Model for Quantitative Traits

According to Falconer (1960), quantitative traits are defined as
characters that exhibit continuous variation without natural discontin-
uities. This continuous variation is presumably due to the simultaneous
function of segregation of many genes affecting the character and the
superimposition of truly continuous variation arising from non-genetic
causes (environmental effects). A phenotypic value Y can be expressed
as ¥ =G + E, where G is the genotypic value and E the environmental
effects. The following assumptions are usually made:

(1) diploid genotype and two alleles at each locus,

(2} genotypic value being controlled by n-pairs of unlinked genes,

(3) same genotypic values for each locus,

(4) no epistatic effects among loci when n > 1,

(5) environmental effects being normally distributed,

(6) no genetic and environmental interactions,

(7) population at panmixia, and

(8) no selection at any locus.

Assumption (5) is expected to be satisfied by applying the Central Limit
Theorem if environmental effect is considered as a sum of many indepen-
dent various disturbances. Assumption (3) is based on the polygene
theory for quantitative genetics (Mather, 1949). Under the formula

Y =G + E, G and E are assumed to be uncorrelated, and the phenotypic

. . . . 2 .
variance o, is the sum of the genotypic variance cg and the environmental

2
y
2
e

variance ¢
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The following illustration was based on the model for a quantitative
trait controlled by one locus, Gl-locus, with two alleles, A; and Ay,
and environmental effects which were assumed to be normally distributed

with mean He and variance cg. This model is shown in Figure 3.1.1
G
|
G E
/
\Y

Figure 3.1.1 Model of a Phenotypic Value When n = 1.
Gp locus determines the genotypic value G.
Then G and the environmental effects, E,
determine the phenotypic value Y.

1

There will be three possible genotypes at the locus; namely, AlAl, AlAZ'
and A5A, with genotypic values a, d and -a, respectively. Let the gene
frequency of A; be p and the gene frequency of A, be glg =1 - p). The
probability that the genotypic value at G;-locus being a, d, and -a

is p2, 2pg, and gz, respectively.

P(G = a) = P(a,4;) = p?
P(G = d) = P(a;4,) = 2pg
P{(G =-a) = P(A)35) = g?

The degree of dominance at this locus is defined as the genotypic value
of 4,4, divided by the genotypic value of ARy x = _gq where x is the
degree of dominance. For example, when there is no dominance, x = O,

and the genotypic value of heterozygote A4, is at the mid-point between
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two homozygotes. When the genotypic value of A1A2 is the same as that

of AlA there is complete dominance, ¥ = 1. Similarly, when 0 < X < 1,

ll

Al-gene is partially dominant, and when X > 1, A ,-gene is overdominant.

1

. 2
The genotypic mean ug and genotypic variance Ug are:

2 2
ap” + 2dpq - aq

By =
=a(p - q) + 2dpg
= Ha t+ lg
oé = a2p2? + 2d%pg + a2g? - (ug)2

= a2(p2 + g2) + 2d%pg - a2(p - q)2 - 4adpg(p - q) - 4d?p3q?

2

= 2pg {d2 + a2 + 2ad(q - p) - d°pg}

2
= 2pq {a% + 2ad(g - p) + d“(1 - 2pq)}
= 2pq {a? + 2ad(q - p) + d2(p2 + g2)}
_ 2 2 2 2
= 2pq {a“ + 2ad(q - p) + d°(a - p)* + 2pqd“}

= 2pg {a + d(g - p)}? + 4d2p2g?

= g2 2
=03 +0g

2
where Uy is the additive mean, Hg is the non-additive mean, 04 is the

additive variance, and Gg is the non-additive variance. The phenotypic

mean My and the phenotypic variance 05 can be expressed as:

py = Hg + He

2

9g

2 2
oy + 0%
In general, when the number of loci is n, the genotypic mean and

the variance become the sums of means and variances due to each locus

as shown by:



n
=
Mg TiZitgi

n n
=a ;u Py -gy) + 2di_§_l p;q;

2 2% 2

99 =i£1%;
-7 2 27 2,2
=2, 2py95la +dlg; - pp) )b+ 4d” 2 pie;

And the phenotypic mean and the variance are given as:

n
= I .+
uy i=1ug1 ue
= +
U Ue
2
“ = B o2 + o2
y i=1 91 e
= o2 + o
g
The model of a phenotypic value Y determined by n-loci, Gl’ Gz, G3, .

e e o o7 Gn’ and the environmental effects E is shown in Figure 3.1.2.

Figure 3.1.2 The Model of a Phenotypic Value

Y = G1 + G2 + G3 + . ... + Gn + E

12
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3.2 Distribution of Phenotypic Values

An exact distribution of the phenotypic values of quantitative

characters under random mating has been dexived (Tan, 1975). The

2

parameters of this distribution are the mean p, and the variance og

of environmental effects, genotypic values a and d, the number of loci n
and the gene frequencies p; for i = 1 to n. There will be 5 + n

parameters when the genotypic value is controlled by n-pair of genes.

3.2.1 Single Locus (n = 1)

Given n = 1, a phenotypic value Y4 follows the following

distribution:
1 2 -1 2
f(y.) = [p* exp{—= (y, - u, - a)“} +
7 Yana? 202 7 °
e e
2pq exp{—% (y, - u_ - d)?} +
202 7 ¢
Je
¢® exp (=L (v, - +a)? ]
202 7
where a = genotypic value of 2;4;

d = genotypic value of 24,4,
p = gene frequency of 4,

g = gene frequency of a,
U, = mean of environmental effects

0< = variance of environmental effects and

y . = phenotypic value of jth observation.
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There are three components in this distribution because of three possible
genotypes at the locus. These components are normally distributed with
mean g + a, Mg + d, and y, - a, and a common variance oé. The
phenotypic distribution is the mixture of three normal distributions

2

with mixing proportion p2, 2pg, g, respectively. The mean and the

variance of this distribution are:

My = a(p - g) + 2dpg + HUg
o2 = 2pqla + d(g - p)}° + 4d%p%¢® + o2

The distribution is a function of a, d, p, Ug and Ug.

3.2.2 Two Loci (n = 2)
Given n = 2, there will be nine possible genotypes. The
genotypic frequencies ¢;, and the phenotypic values m;, of these nine
genotypes are given in Table 3.2.2. The mean and the variance of

genotypic values are:

2 2
= ;- . + d R
Hg aigl(pl q;) 2 iglplqi
2 2 "
2 - . = pi)}° 2 2.2
oG J,;]_Zpiqi{a +d(g; - pg)}° + 4di__2_l p; q;
The distribution of phenotypic values becomes:
1 9 -1 2
f(y.,) = [.Z ¢.exp{——7 (v, - u_=-m, )4}]
J Vznoez 7=l "J 20, J € 17

The mean and the variance of this distribution are:



Table 3.2.2

15

The Genotypic Frequencies and Values for n = 2

Genotypic Genotypic
Genotype Frequency Value
¢ . m.
i i
2.2
AlAlBlBl plp2 2a
A;A1ByBy 2p:"[‘;>2q2 a +d
2,2
4141858, P193 0
2
414,818, 4p191P29 2d
2
A1A5B5B, 2plqlq2 d - a
ApA2B1B) Pg_qf 0
A2A2B1B) 2qip2q2 d - a
A,A,B,B 242 -2a
242828y g9,
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3.2.3 Generalization for n Loci (n > 1)
The notations for these distributions are defined as follows:

Aij = jth allele at the ith locus

p; = gene frequency of a gene A4 at ith locus

g; = gene frequency of the other gene Ao at ith locus

(g; = 1 - py)

i
G; = genotypic value at ith locus

G = izlci =G+ G+ Gyt .. .+ G

a = genotypic value of AilAil’ where 1 =1, 2, 3, . . ., I
d = genotypic value of AilAiZ' where i =1, 2, 3, . . .+ I
-a = genotypic value of AizAiZ’ where 1 =1, 2, 3, . « ./ R

Thus, the probability density function of G; is:

_ _ _ .2
P (Gi =a) =P (AilAil) = p;

P (G;

i=d =P (a,a.) = 2p;q;

P (G; = -a) = P (B;5A,,5) = qi

Let Wée) be the frequency of genotypes with u homozygotes

AlAl, v heterozygotes A r and n - u - v the other homozygotes AxAq,

1%2
where n is the number of loci. Then, this is the probability density
function of genotypic values with n loci. Values for n =1 and n = 2
are given in Table 3.2.3. When n = 1, Wég) is a point binomial
distribution (its phenotypic distribution was discussed earlier). Wég)
is a multinomial distribution if p; = p for i =1, 2, 3, . . . n.

Wég) = (3,) (pA¥ (2pg) V(g2 BTu~v

When gene frequencies are different, Wég) can be expressed as
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n a B Y3
(n) _ 2y * 3t gt
vl =2 I @) T ey @)

where ¥ is overall non-negative values of O Bi and v satisfying
n
= - = = : (1)
o + B + Yi = 1 for i =1 to n, iélai = u and iilsi = v. Since Wuv

is a probability density function,

n n-u
m) _
uéo vlowuv L

Computational formula for W(n)

uy was derived by Tan (1975) and it is given

in Appendix I.
Under the assumption of normality for the environmental effects,

the probability density function of environmental effects e is:

exp{ 'g

1
/3no§ Le

2
e

- - 2
f(ej) = (ej ng) <}

where y is the mean and gZ is the variance of environmental effects.
e

Given the genotype with u AilAil’ v AilAiZ and n-u~-v AiZAiz'
the mean of the genotypic values is:

ua + vd + (@~u-v) (- a)
and the frequency of this genotype is the proportion Wés). Therefore, the
probability density function of the phenotypic value (exact distribution)
is:

n n-u

_ (n) 1 1 2
flys) = ¢ I w exp{ (y. - p, —uva -vd + (n-u-vda)’}
7 wTovio wv o 0f 7 F

-]

This distribution approaches normal asymptotically as n becomes large.
The mean Uy and the variance 03 of this distribution are given below

and its derivations are given in Appendix II.



Table 3.2.3

Values of W(l) and W(2)
uv uv

When n = 1
1y - 2
W
00 g
O
(1) = 2
Wioo =P
When n = 2
Woo ¢§ qlqz
L(2) _ = 2p2 2
2) _ _
w3 = 45 = 4p1a1Pod;
Wig) = ¢g + 9g = 2P 0195 + 2aip,q,
(2) _ .22
Wil = ¢3 + 97 = pPig7 + Q%P%
(2) = - »2n2
wi3) = ¢, = p3p3

*¢i = frequency of the ith genotype given in
Table 3.2.2.
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n pe]
= . - L. p.qs
By = @8y (py - g;) *+2d.2) pigy top
n n
2 : 2 2 2 2, 2
= I - Z p.%.
Uy 32 ZPiqi{a + d(qi pi)} + 4d ioy p;a; + ag

These are well known equations given the model Y = ¢ + E with the
assumptions stated earlier. Therefore, it confirms that the exact
distribution is the distribution of phenotypic values with the given

model.

3.3 Models for Association Between a Quantitative Character Locus

and a Genetic Marker Locus

Three conditions for the association between one of the loci
involved in the quantitative trait, e.g. the nth locus Gpr and a
genetic marker locus, M-locus, may be considered; namely, (1) completely
independent loci, (2) partially linked loci,l and (3) completely linked
or identical loci. For convenience, the following assumptions were
made: (1) three distinguishable genotypes at M-locus are MM, Mm and
mm with genotypic frequencies of p;, 2pmqm and q; and (2) three

genotypes at Gn—locus are A,A;, A4, and A,4,, with genotypic frequencies

2 2 .
of Py 2pngn, and g, respectively.

3.3.1 Model-1l: Gn-locus and M-locus are Independent
This model includes the case in which linkage is at equilibrium
(repulsion counter balances coupling) but not detectable. The genotypic
values at G,-locus within three genotypes of M-locus are given in

Table 3.3.1.

1 For a condition in which two loci were loosely linked.
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Table 3.3.1

Genotypic Values at Gn—locus Under Model-1

MM Mm mm
P2 2, dn a2
AlAl pﬁ a a a
A1A2 2ann d d d
A2A2 qi —-a -a -a

Since the Gn—locus and the M-locus are independent, the three means and

variances are expected to be identical. The expected means, “ﬁM’ “&m’

2’

Mm and 02‘

e within each genotype

and “ém’ and the variances, 05& ; O

at M-locus can be computed from Table 3.3.1.

,
-

Wp = My = Ham = Pn = ) @ * 2P qpd

2.2

2. 2. . 2
Ouy = = oZn = 2ppa,{a + (g - py)d}” + 4phapd?

MM Mm mm

Taking into consideration the effects of other loci and environmental
disturbance for the gquantitative trait, the means UpMr Myme and Umm

and the variances UﬁM ' Gﬁm , and Gém become:

n
Vg = Mym = Mpm = 1Z1Mgi T Me
2 = 2 =‘ 2 = n 2 . + 2
O = um T Omm T 1219791 T %



3.3.2 Model-2: G,-locus and M-locus are partially linked
In random mating populations, the amount of linkage may be
measured by the degree of linkage disequilibrium between the two
loci, which is designated by D. For convenience, P, is the gene
frequency of Al-gene at Gn-locus, P, the gene frequency of M-gene at

M~locus, and f £ f21, and f the expected frequencies of

117 "127 22

A]_M, Aqm, AZM' and A2m gamete type, respectively. ThenD is measured
AM

by the difference between frequencies of coupling (E_'l_Tn:) and repulsion
2

Aim

(—)’—J‘— hases.

A2M P

D= f19f55 = f1f

The expected frequencies of gamete types can be expressed in terms of

D, p, and Pp

fll = pnpm + D
f19 = Pndp =~ P
f31 = dpPp = D

f220 =99y + D

The expected genotypic frequencies of 4344, AjA5, and AsA, at G -locus

within the three genotypes at M-locus are given in Table 3.3.2.



Table 3.3.2

Expected Genotypic Frequencies Under Model-2

MM Mm mm Total
aa £ 26, F £2 p2
11 11 11712 12 n

£ +
44, 281501 215127250 281597 2p, g,

2 2 2
A4, fa 2f50 %5, 32 a5
Total p2 2p, g g2 1

m m*m m

Under this model, the probability distributions for the three marker

genotypes myM, Mm, and mm are derived as follows:

n-1 n-l-u

%)

22

-1) 1
£ow)= L I 5t ——=
w0 uS0v=0 By ned
2
[ 13 -1
— exp{—z G, - ¥ -wa -vd + -l-u-vla - a)
pm (075 J e
4 121 - X
) exp{— (y, ~u_ ~wua - vd + a-l=u—vda - d) }
p g2 ~J e
m e
2

£
21 -
* Lo exp{zl @y - H, —ua -vd + @-1lu—v)a +a)2}]

2 2
Pm Ue
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n-1 n-l-u
£ gy = ¢ » w1
Mm =0 v=0 uv g2
o
e
2f. . fF
[1l712 exp{=L (y. - u_ - ua - vd + (n-l-u-v)a - a)2}
2 02 J e
qum e

S e P TP Y]

exp{:%-(y. -u_ -uya -vd

bi e
2P,9n Oe
+ (n-l1-u-v)a - d)2}
2f21f22 1
+ ——=Z expl—=(y, - pu. -ua - vd
2p_q c2 J e
m-m e
+ (n~l-u-v)a + a)2}]

n-1 n-l-u
I T w (1) 1

f ,
m ¥y w0 o Muv
e

£2 -
_12 exp{—l-(y. -Ju_ - ua-vd+ (n-l-u-v)a - a)?}
ql g2 J e
m e
2f
+ —2222 oxp{l (y. -4 - ua - vd
7 2 J e
m e
+ (n~l-u-v)a - d)°}
3, -1 2
+ =~ expl—= (y. - u -ua - vd + (n-l-u-v)a + a)<1}l
2 2 e
a, as

When the phenotypic distribution is normally distributed, the
following approximate distributions can be used for the above three

distributions.

2
£ (y.) = 1 __J_-_é_,[fll exp{_:l.(yj - - a)2}]

My~ J ¢2n02 P 202
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+ 2f F (=1 (g, - u - d)2}
2 fp PG Wy - -

£2 exp{=L (y. - u + a)z}]
21 P Y

+

- 2
£, (y,) = 2 1 [o2r, Ff _exp{—=L (y, - u - a)*}
Mm'~ 5 Vomo2 zpmqm 11712 5g2

-1 - 2
+ 26 f,, + 2f, f exp{zgg (yj u-dac<}

£ expl-—L (y -y +a)?}]

+ 2f 1
21 22 20

() =2 _1 [f]2_2 exp{;]é (y =-n- a)?}

Vano? q% 20 J

_l 2
+ £ i S S
2, F e:fp{202 (y; - n-ad }

2

f22

+

exp{—ZL (y. - u + a)2hl
202

These distributions are derived by assuming that the phenotypic values
due to the other n - 1 loci and the environmental effect are normally
distributed. Hence, the number of parameters reduce to six. These
parameters are the gene frequency of Al—gene at Gn-locus (pn), the
genotypic values (a and d), the degree of linkage disequilibrium (D),
and the mean (i) and the variance (02) of the normal distribution. by,
is the gene frequency of M-gene at M-locus and is known, and g, = l1-p,
and qm =1 - Ppe

Since fll' f12’ le, and f22 are frequencies, these values
range between 0 and 1, and the sum is equal to 1. Hence, there is an

upper and lower bound for the values of D.

Min(ppgy s 9pPm) 2. D 2 -Min(pppp + 9p9p)
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The degree of linkage disequilibrium may conveniently be
expressed as the ratio to the minimal value of two sets of the product of
gene frequencies.

D* = D when D > O
Min(p dm, InPu)

D* = D when D < 0

The maximum value of D* becomes 1 and its minimum value is -1. When
D = 0, D*¥ is also equal to 0 and this model reduces to Model-l.
The means for the Gn—locus, u&M, “ﬁm’ and “ém’ and variances,

cﬁ&, 02”7, and c%é at G ~locus within marker genotypes are:

. - 1 2 )
L ——2-—-(afll + 2dfllf21 ale)
Pm
. _ 1 _
uMm = (2afllf12 + 2df11f22 + 2df12f21 2af21f22)
2Pnm
. 1 2 g2
Hom = —5— (af12 + 2df12f22 afy,)
qm
2. _ 1 2.2 2 2 a2
Oy = —— @°F7y + 207£), £, + a%fy)) - (i)
Pm
2. _ _1 2 2 2 2
GMm = (2a fllfl2 + 2d fllf22 + 2d f12f21 + 2a f21f22)
2pp9
-2
(W)
2, _ 1 2.2 2 2.2 (e 12
o = ——qz (a f12 + 2d f12f22 +a“f5, ) (M)
m

Therefore, the phenotypic means Ypmpr Hyme and W and the variances,

cﬁM, Gﬁm, and cém, are:
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n-1
= 2z +ps o+
P T og=1 Vg T Puy T He
n-1
= L + U+
UMm i=1 Ugi UMm ue
n-1
= L +u° o+
Mam = 1= Mg, M e
2 5 oo 2 2
- I -
gs = 6% +0<" + a0
MM i=1 93 MM e
n-1 2
o2 = ,Z 2 +0%" +o
Mm  i=1 g; Mm e
n-1 5
62 = I g% 4 g°" + g
mm i=1 9; mm e

3.3.3 Model-3: Gn—locus and M-locus are Completely Linked or
Identical Loci

In this model, Gn-locus and M-locus are either very closely
linked or identical so that the genotypic value due to Gn—locus is
dependent upon the genotype of M-locus. This also means that the gene
frequencies at M-locus and Gn—locus are the same. This is a special
case of Model-2 with the value of p equal to its maximum or its minimum
value and p, = Pp- The genotypic values at Gn—locus are given in

Table 3.3.3.
Table 3.3.3

Genotypic Values at Gn-locus Under Model-3

MM Mm mm
2
Pn  2Pan a2
AlAl Py a - -
AlA2 2pnqn - d -
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The expected means, Muyys MWpme and pﬁm of genotypic values at G,-locus
are a, d and -a, respectively. The variances within subclasses are
zero. Therefore, the phenotypic means of subclass also differ by

a, d, and -a, and the variances are the same,

n-1

Vaw T Ry Vgi T2t Ve
n—-1

Mum = 1B Hgr Tt M
n-1

W = ;E) Hgi ~ @ * Mg

Probability distributions of these subclasses are:

n-1 n-l-u (n-1) 1 1
£f,o(s.) = I w5 exp {—= . - - va - vd
Im(bj) u=0 VEO uv p { (yj ue

2
2ﬂde 206

2
- (n-1-u-=-wva-+a)l

n-1 n-l-u 1
j) = ugo ng Wég'l)_____.exp {_Z% (gj~ Mg —ua - vd
2noe 20,

Eum (¥

- (n-1-u-va+d?}

n-1 n-l-u
W(n-l) 1

- uéo v=0 uv

|
™

-1
exp{—E (gj M, ~ ua vd

fhun(yj)
2nce 20

e

- (n-1-u-v)a - a)2}

3.4 Investigations of Phenotypic Distributions

The phenotypic distribution is the probability distribution of the
phenotypes, thus taking into consideration both genetic segregation and

environmental disturbances. Considering different genotypes as centers
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with normal environmental disturbances superimposed upon them, the
phenotypic distribution is a mixture of normal distributions. The

, VA

s . . (n) ;
mixing proportion is Wﬁv for a genotype with u A, llAiz’

11Ail
and (n - u- v) AizAiz' which is a function of the gene frequencies.

When we are dealing with a quantitative trait, we can only measure
phenotypic values and study the phenotypic distributions. The phenotypic
distributions cannot be normal in general, especially when n is small.
Also, the phenotypic distribution depends on simultaneous effect of all
the parameter values (the number of loci n, gene frequencies p; for

i =1 to n, genotypic values a and d, and the mean Har and the variance

cg, of the environmental disturbances).

Phenotypic distributions as a mixture of three distributions each

2

with means a, d and -a, and the variance Oe

were investigated. It was
assumed that: a gquantitative trait was controlled by one locus with
two alleles (Al and Az); and the environmental effects were normally
distributed. The following sets of parameter values were employed. In

all cases, the mean My’ and the variance c;, of phenotypic distribution

were set to be constants.

2

(1) p= .5, A" = .8, and x =0
(2) p=.5 h’=.2, andx =0
(3) p=.5, h2 = ,8, and x =1
(4) p=.8, k%= .8, and x =0

2
Assuming My = 0 and ay = 1, for a given set of heritability (b2), degree

of dominance (x¥) and gene frequency (p), values a, d, Ue and 02 were

calculated as:
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a = — h
/E;q {1 +x(g~-p)}e+ 4x2p1427
d = ax

where Hg = alp - q) + 2dpgq

2 _ 2,2 - 2
e cy cyh oy

He = By = Hg
@ -hn% =1-n12

Q
]

The phenotypic distributions as affected by heritability, degree of
dominance, and gene frequency were investigated by assuming n= 1. A
total of twenty-seven sets of parameters each with three different values
was considered.

(1) Heritability: h2 = .2, .5 and .8

(2) Degree of dominance: x = 0, .5and 1

(3) Gene frequency: p = .1, .3 and .5
Assuming n = 2, h2 = .5 and x = 0, effects of different pairs of gene
frequency on the phenotypic distribution were studied by considering
three pairs of gene frequencies: pg = .2 and py, = .8, p; = pp = .5, and
p; = py = .8. The effects of number of loci on the phenotypic distribution
were also investigated by comparing different number of loci, n = 1,

5 and 10, holding other parameter constants (h2 = .8, x =0, and p; = .5

for i =1 ton).

3.5 Generation of Test Data

Given the following parameters: mean of phenotypic wvalues, ug = 0;

variance of phenotypic values, 05

= 1; heritability of the trait, h°%;
number of loci, n; degree of dominance, x; degree of linkage disequili-~

brium, D*; gene frequency of M-gene at M-locus, p, = .5; and sample
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size, N, phenotypic values of N individuals were simulated based on the
models discussed previously. The values chosen for h?, n, x, D*¥ and N
are given in Table 3.5. Parameters a, d, and p; for 1 = 1 to n, Rar

2
and o Were computed as:

h
a =
/e 2, .23 2
L , - z
i=1 2piql{l + x(qi pi)} + x io1 (2piqi)
d = ax
n n
= Z -
Mg =@k (y - ay) + 4% 2pyqy
P o=Hd =-U_ = -
e y g g
2_ g2 2p2 - 2
0¢ =02 -02p2 =1 -p
y y

The derivation of these formulas is given in Appendix III. Five indepen-
dent runs for given set of parameter values were made to allow variations
in gene frequencies. A flow chart of generation of sample data is given

in Figure 3.5.

3.6 Estimation of Parameters Using Phenotypic Measurements Only

The procedure used was outlined as follows:

(1) Scale the data of individual phenotypes to find the maximum
and minimum values.

(2) Construct a freguency distribution table using equal intervals
between the two extreme values.

(3) Compute cumulative frequency distribution for testing
normality by the Kolomogrov-Smirnov one-sample test (Siegel, 1956).
If the distribution was not significantly different from normal

distribution, the estimation of parameters was not continued for most



Table 3.5

Parameter Values for h2, n, x, D*¥ and N

Data h2 n X D* N
Set
1 .8 2 0 0 5000
2 .5 2 0 0 5000
3 .2 2 0 0 5000
4 .8 2 1 0 5000
5 .8 5 0 0 5000
6 .8 10 0 0 5000
7 .8 2 0 0 500
8 .8 2 0 0 100
9 .8 2 0 .5 5000
10 .5 2 0 .5 5000
11 .2 2 ) .5 5000
12 .8 2 1 .5 5000
13 .8 5 0 .5 5000
14 .8 10 0 .5 5000
15 .8 2 0 .5 500
16 .8 2 0 .5 100
17 .8 2 0 1 5000
18 .5 2 0 1 5000
19 .2 2 0 1 5000
20 .8 2 1 1 5000
21 .8 5 0 1 5000
22 .8 10 0 1 5000
23 .8 2 0 1 500
24 .8 2 0 1 100

31
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Generate a uniform random

deviate, rj(O j_rj < 1) for j=1ton

li=s+1 |

Generate Pj for

j=11ton

Compute

Assign

genotypic value Gi

Generate a random normal deviate,

2
for Ei N(ue, oe)

L
Compute phenotype

1

. = .+ ,
Y GJ. E.1

No

2
a, d, ]Jer Ue

Figure 3.5 Generation

for a Set of Sample Data
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cases so that the number of computations was reduced.

{4) Compute the sample phenotypic mean, ﬁy, and phenotypic variance,

G2, as:
g X 1 NN
=_-_ z £
Py Ny F=1 953
2 1 ~ N2
g = — L - f
N ] (yJ uy) 3

where yj = the mid-point phenotypic value of jth interval, fﬁ = its

frequency, NN = the total number of intervals and ¥ = the total number
of individual measurements.
(5) Find the initial values for parameter estimation.
i) Degree of dominance, x: select 0 for codominant system
and 1 for complete dominance.
ii) Heritability, h?: choose .2, .5, .6, .7 and .8.
iii) Number of loci, n: select 1, 2, 3, 4, and 5.
~2

(6) Compute genetic variance ¢4, and environmental variance Oa

g

with given h2 and 32 calculated from the sample.

y
Gg L
~D2 - ~2 _ ~9
Og = Oy 9
(7) set gene frequency p; for i =1, 2, . . . n based on random

deviates between zero and one by the congruential generation method
{MacLaren and Marsaglia, 1965; Naylor et al, 1966; Downham and Roberts,
1967; Lewis et al, 1969).

(8) Estimate genotypic values a and d, the mean of genotypic

values ﬁg, and the mean of environmental effects Hgr as:
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o
a= 7
//h , B
iLy 2p;a;Il + x(g; - P} + x oy (2piqi)2
d = ;x
~ An An
g = a.i, (p; = gi) t diél 2p;q;
He = Hy ~ Hg

(9) Compute log likelihood function value, Log ijlm' for each

set of selected initial values xj’ nps hf, where xj = the jth value of
degree of dominance, e.g. xq =0, Xy = 1; n, = the kth value of number
of loci, e.g. n = 2, ny = 4, ny = 6, n, = 8; h? = the 1th heritability
value selected, e.g. h% = .2, hg = .5, h§ = .8, and Gm = the mth vectoxr

Ofn

, gene frequencies for m = 1 to 10.

NN
log Likim = iél log L(yi)fi

where
nk nk-u
(nk) 1 1

Lly;) = 15 Lo W exp{—
u v uv /21T0'e2 202

(y; - ﬁe - au - dv + (nk—u-v)é)2}

(10) Compare the log likelihood function values for all selected
sets of initial values and choose the set with the maximum log likelihood
function value.

(11) Estimate parameters by the method of maximum likelihood with
the best set of initial values obtained in Step (9). A subroutine
package for the maximum likelihood estimation, MAXLIK (Kaplan and Elston,
1972) was used. Since all data were simulated with known parameters in

the present study, this step was used only for illustration.
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3.7 Estimation of Parameters Using Phenotypic Measurements and Genetic

Marker Genotype Information

The method of estimating the degree of linkage disequilibrium, D,
was similar to the one discussed above for estimating parameters from
phenotypic measurements only., However, the probability distributions
for the three genetic marker genotype classes discussed in Section 3.3.2
were used instead of overall phenotypic distribution discussed in
Section 3.2.

(1) Classify data into subclasses according to the marker genotypes
MM ~, Mm- and mm-class) and construct three frequency distribution
tables using the same intervals.

(2) Compute cumulative frequency distribution for each subclass
and compare these distributions pairwise by the Kolomogrov-Smirnov two-
sample test (Siegel, 1956). If M-locus and G,-locus were independent,
the three sample distributions would be expected to be identical,
inasmuch as they showed only random deviations; therefore, testing and
estimation would not be continued. On the other hand, if they were not
independent, these three distributions of phenotypic values should be
different. However, when the significant difference was found only by
one pair of distributions, the estimation was not continued since this
difference might be due to chance.

(3) Compute the expected means of the three subclasses ﬁi'

i=1, 2, 3, and the variances 3?, i=1, 2, 3, as:
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. , W
= = I N
My T W R Yitij
~2 1 W ~ 12
g, = I . = W)L,
1 N;-1 j=1 Wi = ¥y

ij

where gy~ the mid-point phenotypic value of the jth interval and fij

= the ijth frequency, N. = the ith subclass sample size, and NN = the

i
total number of intervals.

(4) Compute gene frequency (pm) at genetic marker locus by:

bp= ———

2N

where N, and N, are the total number of samples in MM and Mm-class,

1 2

respectively.

(5) Select gene frequency of A, gene at Gn-locus, ;n’ (;n = .1,

1

<2, - +« <, .9) and other (n - 1) gene frequencies as outlined in Section
3.6. The gene frequency of Al, (;n) can be selected from the estimates
obtained. Since the locus associated with M-locus is unknown, all the
values (ﬁi for i = 1 to n) must be considered as a possible value for ﬁn.

(6) Solve for D given in and other parameter estimates. The
derivation is given in Appendix IV.

(7) Compute the log likelihood function value for each set of
initial values and select the set with the maximum likelihood function
value. This set provides the estimates of the degree of linkage

disequilibrium (5) and the gene frequency of 2, at G,-locus (;n).

(8) calculate D* as:
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b
D* = ——————— when D >0
Min(ppdnm, 9nPp!
~ 5 ~
D* = when D < 0

Min(p. P, 99y

Computer programs for simulating data sets and estimating parameters

were written in FORTRAN. Most of the numerical computations were done

by using IBM 370/158 at the University of Hawaii,
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4, INTERPRETATION OF RESULTS

4.1 Distribution of Phenotypic Values

The phenotypic distribution for a trait withn =1, P = .5,
A% = .8 and x = 0 is shown in Figure 4.1.1. This distribution was tri-
modal and symmetric about its mean. Because of p= .5 and x = 0,
symmetry of the phenotypic distribution was expected as the genotypic

frequencies and genotypic values were:

Genotype AlAl A1A2 A4,
Genotypic
Frequency .25 .5 .25
Genotypic

Value a 0 -a

Since heritability of the trait was high (h2 = .8), the phenotypic
variation was mainly determined by the genotypic values. When the

number of locus was one (n = 1), heritability was .2 (h2 = .2) and there
was no dominance (x = 0),the phenotypic distribution was unimodal and
close to a normal distribution (Figure 4.1.2). This distribution was
also symmetric as gene frequency was .5 and x = 0 was assumed. Since
heritability was low (h? = ,2), the environmental effects which were
assumed to be normally distributed became dominant in determining the
phenotypic distribution. Under complete dominance (x = 1), the genotypic

values for AlAl and AlA2 were identical.
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Genotype A_A A A A A

11 "172 22
Genotypic
Frequency .75 .25
Genotypic
Value a -a

The phenotypic distribution was bimodal and asymmetric as shown in
Figure 4.1.3. When gene frequency deviated from .5 (p = .8), the
phenotypic values gave a non-symmetric distribution due to different
frequencies of three genotypes assuming the degree of dominance was

zero (x = 0).

Genotype AlAl AlA2 ANA,
Genotypic
Frequency .64 .32 .04
Genotypic

Value a 0 -a

Figure 4.1l.4 shows a distribution with p= .8 and % = .8 in which
expected frequency for genotypes AlAl, A1A2 and A2A2 were .64, .32 and
.04, respectively, giving a trimodality.

The above examples demonstrated that gene frequency, heritability
and degree of dominance did affect the phenotypic distribution of a
quantitative trait. These three factors of phenotypic variations were
further investigated by comparing distributions with various combinations
of parameter values. The values considered were: .2, .5 and .8 for the
heritability; .0, .5 and 1 for the degree of dominance; and .1, .3, and

.5 for gene frequency. A total of twenty-seven distributions (Figure

4.1.5 through Figure 4.1.13) were compared. It was assumed that the
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phenotypic mean was one and the variance was unity. The expected
frequencies of the three genotypes, AlAl’ A1A2 and A2A2 as well as the
mean of environmental effects (ue), genotypic values (a and d), and
coefficients of skewness (Al) and kurtosis (12) of each distribution
are shown in Table 4.1.1. When heritability of a quantitative trait
was low (hz = ,2), the exact distribution of phenotypic values was
almost normal regardless of parameter values for the gene frequency and
the degree of dominance (Figure 4.1.5 to 4.1.7). This was expected since
80 percent of phenotypic variation was due to environmental effects
which were assumed to be normally distributed. Given a model

P =G + E and assumptions stated in 3.1, the phenotypic variance 05

was the sum of the genetic variance cg and the variance of environmental

effects qg.

2 2 2

oy = og T 0g
As heritability (h2 = ,5) increased, the deviation of phenotypic
distribution from normality was observed (Figure 4.1.8 to 4.1.10). The
deviations of degree of dominance (x) from zero and gene frequency (p)
from .5 caused asymmetry of the distribution and changed the height of the
distribution. The departure from normality was measured by coefficients
of skewness and kurtosis. Since these coefficients were expected to be
zero for a normal distribution, the deviation from zero indicated the
degree of non-normality. The formula for the coefficients of skewness
and kurtosis are given in Appendix V. When the heritability of a trait
was high (h2 = .8), genotypic distribution was observed on the

phenotypic distribution since the higher the heritability, the more
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weight the genetic effects were imposed on the phenotypic expression
than the environmental effects (Figure 4.1.11 to 4.1.13). Three modes
were apparent when the degree of dominance was zero (X = 0) and only two
were observed when x > .5. The proportions of these modes and asymmetry
of distribution were expected since these were the function of genotypic
frequencies and genotypic values. By studying these twenty-seven
distributions, the following observations were made:

(1) when the heritability was high, more than one mode presented
in the phenotypic distribution was observable.

(2) When the gene frequency was .5 and the degree of dominance
was zero, the distribution was symmetric.

(3) The deviation of gene frequency from .5 caused asymmetry
of distribution.

(4) The deviation of degree of dominance from zero also caused
asymmetry of distribution.

The phenotypic distributions for traits with frequency pairs (n=2)
py = -2 and p, = .8, p; = p, = .5 and p; = p, = .8 are shown in Figure
4.1.14. Wwhen P1 =Py = .5, the distribution was almost normal; when
py = .2 and py = .8, the distribution was symmetrical but it was
leptokurtic; and when p1 = p2 = .8, the distribution was asymmetric, due
basically to the asymmetry of gene frequencies. The expected genotypic
frequencies and genotypic values given these three pairs of gene
frequencies are shown in Table 4.1. 2.

The phenotypic distributions for traits with the number of loci

2

n=1,5, and 10 assuming p, = .5, R“ = .8, and x = 0, are shown in
P



42
Figure 4.1.15. It appeared that, when the number of loci increased, the
phenotypic distribution approached normal. Since a phenotype was a sum
of random variables, the results were expected by the applications of

the Central Limit Theorem.
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Table 4.1.1

Parameter Values for Exact Distribution

Parameters Genotypic Frequency
2
h X P ue a d Al Az AlAl A1A2 A2A
.2 .0 .1 .843 1.054 .0 .168 .102 .01 .18 .81
.2 .0 .3 .276 .690 .0 .05 -.024 .09 .42 .49
.2 .0 .5 .0 .632 .0 .0 -.040 .25 .50 .25
2 «5 .1 .528 .744 .372 . 144 .026 .01 .18 .81
.2 .5 .3 . 105 .555 277 .005 -.073 .09 .42 .49
.2 .5 .5 -.149 .596 .298 -.079 -.032 .25 .50 .25
.2 1.0 .1 .353 .569 .569 .141 .019 .01 .18 .81
.2 1.0 .3 -.008 . 447 447 -.003 -.079 .09 .42 .49
.2 1.0 .5 -.258 .516 .516 -.103 -.026 .25 .50 .25
.5 .0 .1 1.333 1.666 .0 .666 .638 .01 .18 .81
.5 .0 .3 .436 1.091 .0 .218 -.154 .09 .42 .49
.5 .0 .5 .0 1.0 .0 .0 -.250 .25 .50 .25

89



Table 4.1.1--Continued

Parameters Genotypic Frequency
2
h X a d A A A A A A a A
P He 1 2 11 172 272
.5 .5 .1 .835 1.177 .588 .569 .165 .01 .18 .81
.5 .5 .3 .166 .877 .438 .019 -.461 .09 .42 .49
.5 .5 .5 -.235 .942 .471 -.314 -.203 .25 .50 .25
.5 1.0 .1 .558 .901 .901 .558 <124 .01 .18 .81
.5 1.0 .3 -.014 .707 .707 -.014 -.499 .09 .42 .49
.5 1.0 .5 -.408 .816 .816 -.408 -.166 .25 .50 .25
.8 .0 .1 1.686 2.108 .0 1.349 1.635 .01 .18 .81
.8 .0 .3 .552 1.380 .0 .441 -.396 .09 .42 .49
.8 .0 .5 .0 1.264 .0 .0 -.640 .25 .50 .25
.8 .5 .1 1.057 1.488 .744  1.152 .424 .01 .18 .81
.8 .5 .3 .210 1.110 .555 .040 ~-1.180 .09 .42 .49
.8 .5 .5 ~.298 1.192 .596 -.636 -.521 .25 .50 .25
.8 1.0 .1 .706 1.139 1.139 1.130 .318 .01 .18 .81
.8 1.0 .3 -.017 .894 .894 -.028 -1.278 .09 .42 .49
.8 1.0 .5 -.516 1.032 1.032 -.826 -.426 .25 .50 .25

6S
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Table 4.1.2

Genotypic Values and Genotypic Frequencies

Genotype Genotypic Genotypic Frequency
Value pl=p2=.5 pl=.2, p2=.8 p1=p2=.8

A,4,B,B] 2a .0625 .0256 .4096
A147B18,

a .25 .2176 .4096
414,818y
441858,
a,4,BB, 0 .375 .5136 .1536
AA5818
a;4,8,8,

-a .25 .2176 .0256
A,A.B B,
AABB -2a .0625 .0256 .0016

2222
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4.2 Descriptive Statistics of Simulated Data

A total of one hundred-twenty samples were generated for twenty-
four sets of given values of parameters, heritability (h2), degree of
dominance (x), number of loci (n), gene frequencies (p; for i = 1 to n),
degree of linkage disequilibrium (D*) and sample size (N). There were
five samples in each set and each sample was generated in different
gene frequencies based on random deviates between zero and one. The
parameter values for h2, x, n, D¥ and N of each set were described in
Table 3.5. The sample mean ﬁy, sample variance 55, gene frequencies p;
for i = 1 to n, minimum and maximum values (Ymi and Ymax) and the results
of the normality test for each sample are given in Table 4.2.1. Since
the parameters of the phenotypic mean and the variance were zero and
unity respectively for data simulation, sample statistics showed good
agreement. Figure 4.2.1 shows examples of phenotypic distributions as
observed from generated data (the first samples of data set 1 to 8).

As it was observed in theoretical distributions (4.1), when the
parameter value of heritability was low (data 4~1) and the number of loci
was large (data 5-1 and data 6-1), distributions were close to normal.
The data 2-1 was skewed and multimodal as x = 1 was assumed. The
coefficients of skewness (Al) and kurtosis (AZ) for the eight sample

distributions were:

1-1 -.083 -.295
2-1 .606 -.221
3-1 .167 -.067
4-1 .010 -.045
5-1 -.053 -.138
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Data Al Az

6-1 -.133 -.11l6
7-1 -.102 -.565
8-1 .004 -.219

Sample variations of distributions are shown in Figure 4.2.2 (five
samples of data set 1l). These variations were due only to random
environmental effects and different pairs of gene frequencies which were

chosen at random.



Table 4.2.1

Descriptive Statistics

>

Data Sample uy 05 Ymin Ymax Non- .
Set normality
1 1 .74 .46 .002 1.017 -3.356 2.693
2 .63 .51 -.012 .986 -3.175 2.911
3 .14 .45 -.002 .990 -2.788 3.751
4 .45 .38 .013 1.010 -2.774 3.283 *k
5 .26 .12 .004 .979 -2.232 4.448 *%
2 1 .11 .04 .024 .989 -2.119 3.820 * %
2 .24 .61 -.012 1.040 -3.270 2.354 **k
3 .27 .12 -.012 1.000 ~-2.387 3.144 *k
4 .85 .70 -.001 1.004 -6.225 1.895 *%
5 .61 .29 .014 .954 -3.508 2.275 *%
3 1 .06 .35 -.029 .972 -3.337 3.606
2 JA1 .25 -.002 1.021 -3.164 4,069 *
3 .03 .27 -.020 1.007 -2.627 3.835 *
4 .43 .19 -.003 .974 -3.379 3.426
5 .52 .71 .007 .981 -3.865 3.192
4 1 .06 .35 -.023 . 986 -3.725 3.315
2 .99 .99 .007 .990 -4.807 3.325 *%
3 .05 .77 .018 .959 -4.037 3.004
4. .36 .37 -.01le6 .985 -3.959 3.824
5 .43 .50 .016 .994 -3.212 3.367

€9



Table 4.2.1--Continued

Data Sample p. U a2 . Y Non-
Set F 1 y J min max normality
5 1 .15 .67 .61 .64 .31 -.000 1.028 -3.869 3.102
2 .81 .44 .26 .64 .44 -.030 .992 -3.709 3.242
3 .55 .54 .26 .72 .94 -.003 .971 -3.658 3.726
4 .78 .73 .33 .40 .43 -.015 .999 -3.809 3.293
5 .38 .48 .45 .38 .21 -.01l6 1.004 =-3.377 3.907
6 1 .66 .98 .92 .67 .73 -.003 .978 -3.715 3.181
.39 .74 .85 .48 .17
2 .59 .83 .67 .53 .17 .020 1.026 -3.694 3.563
.21 .69 .19 .92 .80
3 .12 .91 .36 .96 .46 -.003 1.041 -3.564 3.519
.10 .45 .80 .73 .19
4 .66 .98 .94 .75 .06 -.006 1.027 ~4.,023 3.293
.55 .78 .74 .33 .35
5 .78 .16 .95 .19 .63 -.020 1.013 -3.116 3.524
.02 .42 .33 .15 .90
7 1 .56 .91 -.040 . 984 -2.876 2.154
2 .94 .10 .043 . 907 -2.809 3.314 *k
3 .39 .62 .023 1.046 -2.,951 2.749
4 17 .35 .027 .961 -1.859 2.882
5 .94 .02 -.016 .995 ~3.146 3.337 *%

¥o



Table 4.2.1--Continued

>

Data Sample uy 05 Yﬁin Yhax Non~- .
Set normality
8 1 .06 .87 .007 .995 -2.372 2.495
2 .52 .21 177 .772 -2.159 2.287
3 .42 .03 .074 1.032 -2.022 2.618
4 .49 .95 .097 1.144 -2.346 2.204
5 .24 .43 -.157 .893 -2.017 2.280
9 1 .29 .08 -.024 .984 -2.571 4.313 *
2 .11 .73 -.007 1.000 -3.091 3.521 **
3 .46 .19 .034 1.001 -2.490 3.585
4 .94 .72 .01l 1.001 -4.572 2.312 *k
5 .83 .39 -.021 1.029 ~-3.426 3.027
10 1 .01 .50 .002 .991 -2.946 3.355 *%
2 .66 .13 -.010 .991 -3.327 2.751 *k
3 .77 .36 .004 1.009 -3.741 2.214 *%
4 .38 .84 -.019 1.007 -4.420 2.357 *k
5 .51 .19 .003 .980 -2.816 2.772 *%
11 1 .08 .55 -.014 .992 -3.371 3.568
2 .29 .31 -.008 .986 -3.230 3.516
3 .98 .11 .013 .974 -3.966 3.955 **
4 .88 .01 ~-.004 .953 -4.223 3.052 *%
5 .87 .89 .0l6 1.016 -4.,353 3.172 *%

S9



Table 4.2.l1l--Continued

Data Sample pi uy dy Yﬁin Yﬁax Non- .
Set normality
12 1 .08 .55 -.012 .988 -3.559 3.407
2 .50 .83 -.001 1.011 ~3.663 3.649
3 .47 .6l -.011 . 987 ~3.353 3.266
4 .95 .41 -.015 1.000 -3.667 3.068
5 .70 .80 .006 .981 -3.503 3.259
13 1 13 .61 .31 .67 .82 .008 .967 -3.429 3.242
2 .36 .34 .40 .65 .28 .015 .999 -3.357 3.450
3 .45 .52 .39 .82 .80 .019 1.000 -3.425 3.267
4 .96 .50 .19 .63 .21 -.023 . 999 -3.273 4.134
5 .19 .34 .23 .26 .18 -.020 .979 -2.815 3.423 *%
14 1 .80 .88 .17 .57 .59 .008 .998 ~-3.541 3.310
.87 .96 .42 .40 .37
2 .32 .18 .83 .09 .70 .012 1.01le -3.377 3.755
.34 .00 .87 .27 .79
3 .81 .17 .33 .79 .40 -.010 1.010 -3.257 3.787
.09 .65 .09 .47 .61
4 .89 .23 .85 .26 .65 -.020 1.016 -3.804 4.061
.51 .28 .13 .17 .15
5 .30 .03 .11 .70 .08 ~-.009 .993 -3.314 4.090
.08 .86 .50 .72 .47
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Table 4.2.1--Continued

Data Sample H a2 Yy . Y Non-
Set v g mLn max normality
15 1 .85 .10 -.027 1.077 -2.974 3.232
2 .51 .35 .078 .927 -2.382 2.931
3 .82 .88 -.031 1.039 -4.966 1.958 *%
4 .79 .29 -.099 .884 -3.285 2.683
5 .66 .85 .080 .967 -3.057 2.475
16 1 .05 .20 .072 <969 -1.572 3.742
2 .36 .31 ~.042 .950 -2.029 2.279
3 .69 .48 .052 1.100 -3.145 2.147
4 .30 .01 .014 .823 -1.599 2.294
5 .38 .11 .079 1.151 -2.113 2.517
17 1 .50 .08 ~.010 1.011 -2.520 3.791
2 .50 .84 .031 .977 -3.781 2.711 *
3 .50 .21 .014 .990 -2.850 3.540
4 .50 .46 .011 .996 -3.409 3.104
5 .50 .79 .009 .970 =3.576 2.791
18 1 .50 .69 -.002 1.033 -3.980 2.146 *%
2 .50 .76 ~-.006 .998 -4.071 1.961 **
3 .50 .74 .000 .987 -3.778 2.209 *%
4 .50 .10 -.004 1.003 -2.710 2.749 *%
5 .50 .78 .000 .982 -4.022 2.136 *%

L9



Table 4.2.l1--Continued

Data Sample pi uy 65 Yoin Yinax Non- '
Set normality
19 1 .50 .55 -.032 1.007 -3.434 3.289
2 .50 .80 -.005 .982 -3.253 3.322
3 .50 .24 .020 .999 -3.190 4.171
4 .50 .15 -.010 1.034 -3.116 3.951
5 .50 .95 .007 l1.001 -3.971 3.243
20 1 .50 .55 -.026 .999 -3.588 3.309
2 .50 .51 -.000 .974 -3.649 3.524
3 .50 .16 .017 .990 -3.108 3.521
4 .50 .46 -.005 .998 ~-3.497 3.365
5 .50 .60 .013 .987 -3.556 3.443
21 1 .50 .61 .31 .67 .82 .009 1.038 -3.463 3.410
2 .50 .29 .30 .87 .23 .007 .973 -3.367 3.685
3 .50 .03 .30 .63 .78 .001 1.020 -3.302 3.620
4 .50 .05 .36 .69 .19 .011 .986 ~3.040 3.733
5 .50 .73 .41 .79 .46 -.005 .966 -3.123 3.393
22 1 .50 .92 .73 .74 .48 .001 .988 -3.865 3.545
.70 .54 .33 .23 .30
2 .50 .72 .91 .97 .79 -.010 971 -3.272 3.926
.20 .58 .58 .57 .52
3 .50 .57 .99 .61 .42 .002 .989 -3.564 3.750
.53 .91 .03 .59 .19
4 .50 .73 .01 .47 .03 -.013 .993 -3.594 3.329
.77 .06 .58 .55 .76
5 .50 .62 .45 .83 .02 .003 1.038 -3.965 3.725
.75 .70 .93 .35 .67
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Table 4.2.1--Continued

Data Sample p M a2 Y . Y Non-
i max
Set t y J mn normality
23 1 .50 .91 .026 .969 -2.376 2.482
2 .50 .92 ~-.049 1.029 -2.729 2.712
3 .50 .20 .013 .981 -2.519 3.186
4 .50 .08 -.008 1.008 -2.379 2.866
5 .50 .11 -.009 1.065 -2.690 3.575
24 1 .65 .89 -.039 1.123 -3.332 1.949
2 .66 .54 .191 1.094 -2.703 2.464
3 .18 .24 .020 1.061 -1.550 3.111 *
4 .05 .19 -.202 .888 -1.527 3.158 *%
5 .42 .33 -.029 1.009 -2.073 2.937
* significant at p = .05 level
** gignificant at p = .01 level
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4.3 Estimation of Genetic Parameters Based on Phenotypic Values Only

Thirty-three of one hundred-twenty samples were found to be signifi-
cantly different from normal distribution. Departure from normality
occurred when the degree of dominance was assumed to be one (x = 1) as
it was shown in data sets 2, 10 and 18. The results were expected since
the degree of dominance was one of the factors which caused non-normality
of phenotypic distribution. All but one of the sample distributions were
not significantly different from normal when n = 5 and 10 (data sets
5, 6, 13, 14, 21, 22). These results were also expected as the exact
distribution of phenotypic values approached normal when the number of
loci became large by the Central Limit Theorem. When the heritability
was assumed to be low (h2 = _,2), most of the distributions were normal
(data sets 4, 12, and 20), whereas, when the heritability was higher
(h? > 5), the deviation of phenotypic distribution from normality was
random nature (data sets 1, 3, 9, 11, 17 and 19). Since x = 0 was
assumed for these data sets, the deviation from normality was due to
random combination of gene frequencies. Also, when the sample size was
small (N < 500), the results of the normality test were not consistent.
Assuming these samples were real and the parameters were unknown, a search
for the best initial values was undertaken. The initial values for
heritability (ﬁ?), number of loci (5); the degree of dominance (§),
genotypic value (é), and gene frequencies (ii for i =1 to n), for each
sample are shown in Table 4.3.1. The best initial values chosen were
generally in good agreement with parameter values for all samples in a

data set when heritability was high and the sample size was large. As
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heritability of the trait became lower and the sample size became
smaller, the results were not consistent. However, present results
indicated that it is now possible to estimate an integer value of
number of loci as well as genotypic values and heritability of a
quantitative trait from a random sample of phenotypic values. It was
not possible before since the exact distribution of phenotypic values
was unknown and methods available were not applicable to such data.
Sample 4 of data set 1 (data 1-4) was selected from the samples
which were not normally distributed to illustrate the method for
searching for the best combination of initial values and obtaining the
best estimates of parameters by the method of maximum likelihood. The
histogram of frequency distribution is shown in Figure 4.3. A given set
of parameters, h2, x, n, and ten trial runs of gene freguencies (pi for
i =1 ton), log likelihood function values (log L) were computed and
the run with maximum log L among ten was selected. This process was
continued for all combinations of heritability values (h2 = .5, .6, .7,
.8, and .9), degree of dominance (¥ = 0 and 1) and number of loci
(n =1, 2, 3, and 4). The log L values are shown in Table 4.3.2. A
total of four hundred log L values obtained by different combinations of
hz, x, n, and p; (for i = 1 to n) were compared and log L = -7109.000
was found to be maximum. Therefore, it was concluded that the combina-
tion of parameters which gave this log I, value to be the best set of

initial values (3 = .864, d = 0, j_ = .413, G5 = .303, & = 2, py = .376,

and p, = .392). It should be noted that:



74

A2 = 1.010 = .303 = 7 where 5; = 1.010

1.010
and ¥ = 0 - 0. The best initial values were used to obtain the
.864

maximum likelihood estimates (ML estimates) of parameters. The parameter
values as well as initial values, ML estimates and its standard errors

of the estimates given n = 2 were:

Parameter Initial ML Standard
Value Value Estimates Error

a .909 .864 .851 .001
d .0 .0 .019 . 040
Hea .304 .413 .358 .009
o2 .2 .303 .313 -.000
pi .452 .376 .380 -.000
po .380 .392 .404 -.000

Since this was a simulated sample data, the relative closeness of
estimates to the parameter values indicated the effectiveness of the
estimation procedure proposed. Assuming these were real data, the
results could be interpreted as:

(1) The sample fits the distribution with ML estimates as its
parameters;

(2) The estimate of heritability was h® = .690;

(3) The number of loci was estimated as n = 2; and

(4) The degree of dominance was x = .022.

Consistency of results was examined by repeating the process of
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finding best initial values. Three samples were selected for this purpose:
sample 1 of data set 1 (data 1-1); sample 4 of data set 1 (data 1-4);

and sample 1 of data set 4 (data 4-1). The parameter values of
heritability for data 1-1 and data 1-4 was .8; however, the phenotypic
distribution of data 1l-1 was not significantly different and the dis-
tribution of data 1-4 was significantly different from normal distribu-
tion. The heritability value for data 4-1 was assumed to be .2. Five
sets of the best initial values for each of the three samples which were
obtained independently are shown in Table 4.3.3. Consistent and good
results were obtained for both data 1-1 and data 1-4; however, the

results of data 4-1 initial values were not consistent, and deviate
significantly from parameter values. Therefore, when the heritability of
a trait was high, the probability of obtaining good initial values was
much higher than when the heritability of the trait was low. This

implied that when initial values of parameters were needed for a trait
with unknown heritability, it was important to repeat the process to find
out whether or not the results were consistent. If it was consistent, the
results could be used to get a better estimate by the maximum likelihood

method.
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Initial Values
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Data R " .
Set Sample n a A x ﬁi
1 1 2 .871 .7 0 .51 .67
2 3 .783 .8 0 .74 .67 .36
3 2 .931 .8 0] .42 .30
4 2 .864 .7 0 .37 .39
5 2 l.101 .8 0 .25 .15
2 1 1 1.573 .8 Q .20
2 3 .659 .8 1 .29 .70 .57
3 1 1.291 .8 0 .40
4 3 1.375 .8 1 .82 .72 .90
5 3 .738 .8 1 .27 .72 .82
3 1 3 .748 .7 0 .21 .53 .25
2 3 .950 .7 0 .18 .00 .38
3 4 .758 .6 0 .13 .20 .03 .30
4 4 .813 .8 0 .83 .98 .35 .28
5 1 .904 .4 0 .60
4 1 3 .582 .5 0 .39 .52 .60
2 1 1.285 .3 0 .90
3 3 .689 .5 0 .84 .81 .33
4 1 .554 .1 4] .80
5 2 .714 .5 0 .38 .47
5 1 5 .699 .9 0 .83 .71 .77 .23 .44
2 3 .804 .8 o] .79 .28 .51
3 6 .675 .6 0 .94 .08 .05 .55 .82
.93
4 5 .643 .7 0 .31 .46 .93 .38 .91
5 4 .606 .6 0] .24 .24 .27 .47



Table 4.3.1l-~Continued
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Data n R n R R
Set Sample n a h2 x b;
6 1 10 .493 .9 0 .16 .83 .54 .73 .68
.78 .78 .63 .51 .94
2 9 .527 .9 0 .57 .53 .05 .10 .53
.71 .41 .87 .29
3 9 .633 .9 0 .56 .01 .01 .96 .64
A5 .12 .34 .96
4 10 .581 .8 0 .42 .78 .85 .07 .68
.86 .98 .10 .82 .97
5 8 .591 .9 0 .43 .66 .13 .53 .02
.29 .61 .99
7 1 2 1.040 .8 0 .59 .85
2 1 1.587 .5 0 .10
3 4 .795 .9 0 .61 .98 .38 .49
4 2 1.003 .8 0 .20 .32
5 2 2.744 .8 0 .96 .01
8 1 4 .830 .9 0 .00 .54 .27 .71
2 4 .685 .9 0 .60 .22 .89 .38
3 2 1.084 .8 0 .40 .12
4 1 1.353 .8 0 .50
5 2 .983 .8 0 .13 .51
9 1 3 1.071 .7 0 .08 .14 .11
2 2 1.040 .8 Q .71 .20
3 2 .875 .7 0 .42 .30
4 2 1.239 .8 0 .93 .72
5 2 .931 .7 0 .76 .38
10 1 1 .961 .7 1 .50
2 4 . 845 .8 1l .88 .10 .65 .00
3 4 .790 .8 1 .96 .40 .74 .81
4 3 .894 .8 1 .89 .91 .38
5 3 .628 .7 1 .20 .46 .98
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Data . . 2
Set Sample n a h x ﬁi
11 1 1 .909 .4 0 .40
2 1 .969 .4 0 .30
3 1 1.471 .4 0 .10
4 1 1.455 .4 0 .90
5 1 1.503 .4 0] .90
12 1 1 .769 .3 0] .50
2 2 .475 .2 0 .71 .58
3 1 .785 .3 0] .60
4 2 .710 .5 Q .55 .53
5 2 .738 .5 0 .53 .72
13 1 6 .616 .9 0] .46 .51 .84 .46 .17
.85
2 5 .609 .9 0 .52 .51 .37 .64 .48
3 4 .682 .8 0 .44 .58 .51 .86
4 4 .697 .6 0] .32 .15 .94 .31
5 4 .714 .8 0 .10 .37 .28 .37
14 1 7 .687 .9 0 .02 .78 .47 .46 .86
.98 .15
2 8 .658 .9 0] .36 .52 .07 .45 .02
.03 .00 .73
3 9 .560 .7 0 .78 .13 .76 .23 .02
.02 .88 .10 .61
4 7 .626 .9 0 .53 .76 .31 .98 .09
.70 .30
5 7 .517 .5 o .11 .72 .10 .15 .97
.44 .84
15 1 2 1.284 .8 0 .80 .11
2 2 .866 .7 0 .24 .56
3 2 1.402 .5 0 .95 .90
4 2 .957 .6 0] .19 .84
5 1 1.347 .6 0] .80
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Data . " . R R
Set Sample n a n? X p;
le 1 3 .912 .9 4] .28 .28 .13
2 1 1.177 7 0 .40
3 1 1.748 .5 0 .90
4 1 1.171 .8 0 .40
5 1 1.385 .7 0 .30
17 i 2 1.113 .8 0 .45 .08
2 2 . 969 .7 0 .58 .85
3 2 .913 .8 0 .33 .50
4 2 .955 .8 0 .28 .63
5 4 .861 7 0 .49 .90 .00 .86
18 1 1 1.607 .8 0 .80
2 2 .943 .8 1 .45 .86
3 3 .882 .8 1 .49 .74 .00
4 2 .756 .8 1 .09 .46
5 2 .921 .8 1 .54 .72
19 1 1 .793 .3 0 .60
2 3 .804 .8 0 .76 .24 .58
3 4 .675 .7 0 .44 .09 .51 .24
4 4 .688 .8 0 .45 .23 .26 .52
5 3 .816 .7 0 .58 .9 .53
20 1 2 .385 .1 0 .80 .76
2 1 .764 .3 ] .50
3 2 .679 .4 0 .62 .26
4 1 .645 .2 0 .40
5 1 .888 .4 0 .50
21 1 6 .608 .8 0 .63 .89 .56 .62 .69
.12
2 7 .577 .9 0 .67 .21 .21 .34 .15
.49 .81
3 4 .802 .8 0 .89 .69 .09 .38
4 5 .627 .8 0 .13 .62 .52 .48 .18
5 5 .644 .9 0 .30 .72 .65 .35 .24



Table 4.3.l1l--Continued
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Data R R o R R
Set Sample n a h x p;
22 1 10 .517 .9 0 .61 .49 .46 .03 .99
.33 .82 .91 .6l .72
2 8 .613 .9 0 .28 .92 .98 .61 .84
.55 .66 .03
3 8 .523 .9 0 .47 .28 .44 .11 .70
.16 .65 .47
4 7 .685 .9 4] .78 .47 .46 .86 .98
J15 .02
5 7 .690 .9 Q .84 .20 .14 .86 .93
.78 .31
23 1 1 l.164 .7 0 .50
2 2 .923 .8 0 .62 .45
3 1 1.183 .6 0 .30
4 3 .788 .9 0 .44 .40 .41
5 3 .966 .8 0 .30 .01 .34
24 1 2 1.158 .9 0 L1 .77
2 3 1.427 .7 0 .01 .99 .79
3 1 1.523 .7 0 .20
4 1 1.858 .7 0 .10
5 2 .970 .8 0 .40 .24




Table 4.3.2

log Likelihood Function Values (log-L)

(Data 1-4)
log L
2
h
n x =20 x =1
1l .5 ~7112,695 -7118.738
.6 -7112.273 -7182.378
.7 -~7138.988 -7400.175
.8 -7269.179 -8081.636
.9 -8253.750 -11141.089
2 .5 -7120.253 ~-7113.558
.6 -7117.277 -7138.347
.7 -7109.000%* -7146.460
.8 -7112.984 -7315.019
.9 -7366.218 -8953.316
3 .5 -7123.117 -7124.941
.6 -7121.718 -7151.792
.7 -7117.847 -7161.3%94
.8 -7116.492 -7231.027
.9 -7145.421 -7450.875
4 .5 -7127.433 ~7130.089°
.6 -7127.515 =7131.402
.7 -7121.148 -7141.417
.8 -7114.773 -7133.523
.9 -7122.753 -7259.511

* the largest log L value



Results of Consistency Test

Table 4.3.3

>

Data Run a d ﬁ G2 h2 X n ﬁ. ML
e e 1
Number

1-1 1 .871 0 ~.334 .305 .7 0 2 .51 .67 -7130.976

2 .924 0 -.295 .203 .8 0 2 .50 .67 -7125.644

3 1.004 0 -.487 .203 .8 0 2 .80 .43 ~7131.308

4 .923 0 -.222 .203 .8 0 2 .64 .47 -7125.933

5 .920 0 -.109 .203 .8 0 2 .43 .62 -7131.066
(Parameters: .955 0 -.410 .2 .8 0 2 .74  .46)

1-4 1 .882 0 .539 .303 .7 0 2 .32 .38 =7110.367

2 .920 0 .406 .202 .8 0 2 .41 .37 ~-7103.796

3 .905 0 -.616 .202 .8 0 3 .98 .52 .34 -7110.441

4 .970 0 .434 .202 .8 0 2 .23 .54 -7108.234

5 .925 0 .316 .202 .8 0 2 .50 .33 -7103.359
(Parameters: .909 0 .304 .2 .8 0 2 .45 .38)

4-1 1 . 767 0 ~.010 .493 .5 0 2 .29 .69 ~7086.898

2 .889 0 -.028 .394 .6 0 2 .25 .75 -7086.777

3 .648 0 -.294 .394 .6 0 4 .91 .25 .33 .70 -7086.902

4 .686 0 -.128 .394 .6 0 3 .38 .80 .38 ~7086.921

5 .909 0 -.512 .295 .7 0 3 .95 .63 .17 ~7086.312
(Parameters: .586 0 .676 .8 .2 0 2 .06 .35)

Z8
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4.4 Estimation of Parameters Using Genetic Marker Information

Presented in Table 4.4.1 are: thrce subclass means (ﬁl, ﬁz’ ﬁ3),
variances G%l 82’ 3%) , sample sizes (Nl, N2, N3) , minimum and maximum
values of subclasses, the expected gene freguency of Aj-gene (p,) at
Gn-locus, and observed gene frequency of M-gene (ﬁm) at M-locus. The
twenty~four data sets were divided into three subclasses: D* = 0
for data sets 1 to 8; p* = .5 for data sets 9 to 16, and D* = 1 for
data sets 17 to 24. The nth locus (Gn—locus) was arbitrarily named
among n loci to be the locus associated with the marker locus. When
Dp* = 0, there was no association; when p* = .5, there was partial
linkage; when p* = 1, there was complete linkage and p, = pp were
assumed a priori to the generation of data sets. Results of the
association test are given in Table 4.4.2. All except one of the data
sets 1 to 6 showed no significant difference between three subclasses.
These results were expected since the simulation parameter for D* was
zero for these data sets. Although p* = 0, data sets 7 and 8 indicated
some significant differences between subclasses, presumably due to the
small sample sizes (500 and 100) of the data sets. Expected differences
between subclasses were noted in most of data sets 9 to 14 and all of
data sets 17 to 23. Association of quantitative trait and marker
genotypes was not detected when the sample size was small; for example,
when ¥ = 500 and 100, as in data sets 15 and 16 (D* = .5), or when
N = 100, as in data set 24 (p* = 1). One sample from each data set
was chosen and its frequency and cumulative frequency distributions

were plotted (Figure 4.4.1 to Figure 4.4.24). Distributions of three
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subclasses were almost identical whenD* = 0, as was expected. As the
value of D* departed from zero, the differences between distributions
increased due to the degree of linkage disequilibrium. When two or
three pairs of subclass distributions were significantly different,
the method of estimation for the degree of disequilibrium was employed.

A total of sixty samples were selected. When the phenotypic distribution
was not normal, the exact distributions were used. The degree of

linkage disequilibrium QS) was calculated by using means of subclasses
(ﬁMM' ﬁmm, and ﬁmm)’ genotypic values (32 and d), mean of environmental
effects (ﬁe) and the number of loci (5). These estimates were obtained
by the method discussed in Section 3.6. Then, the gene frequency of
A;-gene at Gn—locus was selected from ﬁi for i = 1 to n and the remaining
gene frequencies were considered as estimates of Ei for i =1 to (n - 1).
When the total phenotypic distribution was normal, approximate distribu-
tions were used. B was computed by assuming n = 1. The mean (ﬁ) and

the variance (82) of normal distribution were estimated as:

T Hy T Hgn
l\2= ~2 _ ~2
a Sy ~ 9gn
where ﬁy = mean of phenotypic values, g; = variance of phenotypic values,
ﬁ = mean of genotypic values at G, _-locus, and 82 = variance of
gn n gn
. ~ A2 .
genotypic values at Gp~locus. Ugn and Ign were computed as follows:

Hgn = (Pn - qn)a + ZPHQnd

A2 - 2A ~ (A + (A _ ~ )3)2 + (2,\ ~ &)2

dgn pnqn a qn pn pnqn

a and & were the estimates of genotypic values obtained by the method

described in Section 3.6; pn(qn =1 - pn) was selected from p; for



86

~

i =1 ton. Therefore, q2 included the variance of environmental effects
and the variance due to the other (n - 1) loci. Both the exact
distributions and approximate distributions were given in Section 3.6.

A log likelihood function value of each sample was computed for
all possible én values. Then a set of estimates with maximum log
likelihood function value was selected for each sample. A summary of
estimates for D, D* and p, is shown in Table 4.4.3. Some estimates
for the samples among data sets 9 to 14 did not agree with parameter
values, particularly samples 2, 3, and 4 of data set 10. This presumably
was due to values of estimates used to calculate ﬁ, D* and ﬁn’ since
initial values of these estimates were different from parameter values
(Table 4.3.1). For example, the parameter value of the number of loci
for data set 10 was 2, whereas estimates were 4, 4, and 3 for data
10-2, 10-3 and 10-4, respectively. However, the estimates were in good
agreement with parameter values for data sets 17 to 23. This indicated
that when there was a complete linkage between a quantitative trait
locus and a genetic marker, the probability of detecting this linkage
and obtaining good estimates was high.

Sample 2 of data set 9 (Data 9-2) was chosen to demonstrate an
example of a complete procedure for testing the association and
estimation of the degree of linkage disequilibrium between one of the
loci in a quantitative trait and a genetic marker locus. Frequency and
cumulative frequency distributions of the subclasses were plotted
(Figure 4.4.25). Three subclass sample distributions were found to

be significantly different by the Kolomogrov-Smirnov two-sample test.
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This difference was also obvious in the plots of the three cumulative
frequency distributions. Since the sample phenotypic distribution of
Data 9-2 (sample 2 of data set 9) was significantly different from
the normal distribution (Table 4.4.2), the exact distributions were
used for the next procedure. The gene frequency of M-gene at M-locus
was estimated as:

_ 2(1235) + 2543 _
2(5000)

.501

where 1235, 2543 and 5000 were the sample sizes of MM-class, Mm-class
and total, respectively. Initial values for a, 3, ﬁe’ 32, and n were

obtained by the method derived in Section 3.6. These values were:

2

e = .200 and n = 2. The initial value

a=1.040, & = 0, g = .163, &

for the gene frequency of A.-~gene at Gn—locus (ﬁn) was selected from

1
.20 and .71, where .20 and .71 were the best initial values obtained

from the phenotypic distribution. The means of subclasses for MM, Mm,
and mm-class were ,107, -.001 and -.134, respectively. The values of

5, 5* and log likelihood function value (log L) were computed for En

= .20 and Bn = .71. The maximum log L was observed when ﬁn = .2 and

51 = .6. Therefore, ;n = .2 was assumed as the estimate of gene
frequency at G, -locus. 5* = ,292 and D = .029 were obtained. Since

the expected value of p* was .5 and D was .027, the relative closeness

of the parameter values and the estimate indicated that the procedure
proposed was effective in estimating the degree of linkage disequilibrium

and the gene frequency at Gn—locus. If this were real data, the results

could be interpreted as:
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(1) Data 9-2 fit the distribution with the estimates shown above;

(2) the linkage disequilibrium value between one of the quanti-
tative trait loci and the genetic marker locus was estimated as .029;

(3) the gene frequency at Gn—locus was estimated as .20. Since
D =.029, p, = .20, and 5, = .501, D* = .292.

The efficiency of the method was lower when the degree of linkage
disequilibrium (D*) was .5 than when D* = 1., However, the overall
results of simulation studies indicated that some useful information
could be obtained when genetic marker data as well as phenotypic values
of individuals from a random mating population were available, such as:

(L) detecting association between a quantitative trait and a
genetic marker; and

(2) estimating the degree of linkage disequilibrium and gene
frequency of a quantitative trait locus associated with the genetic
marker when the association was detected.

There was no need to assume that a quantitative trait was controlled
only by a single locus nor a complete linkage between a gquantitative
trait locus and a genetic marker locus. All the parameters of exact
distributions or approximate distributions could be estimated by the

method of maximum likelihood.
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Table 4.4.1

Statistics of Subclasses

~ "2

Data subclass “g cy N Yﬁin Y Pn pm

1-1 MM .037 .989 1164 -2.932 2.612 .746 .490
Mm -.010 .995 2579 -3.022 2.626
mm -.005 1.087 1257 -3.356 2.693

1-2 MM .001 1.008 1286 -3.154 2.911 .636 .499
Mm -.002 .989 2421 - =3.175 2.903
mm -.045 .955 1293 -3.070 2.413

1-3 MM -.013 971 1337 -2.588 3.048 .140 .512
Mm .017 . 996 2452 -2.788 3.393
mm -.032 .998 1211 -2.490 3.751

1-4 MM -.024 .968 1214 -2.508 2.781 .452 .498
Mm .049 1.017 2559 -2.727 3.283
mm -.022 1.031 1227 -2.774 3.232

1-5 MM .015 .959 1165 -2.232 4.035 . 264 .485
Mm -.014 .975 2526 -2.229 4.448
mm .031 1.004 1309 -1.990 3.842

2-1 MM .043 1.010 1198 -2.119 3.674 <177 .492
Mm .008 .987 2524 -2.096 3.820
mm .037 .973 1278 -1.990 3.229

2-2 MM -.011 1.035 1234 -2.776 2.280 .247 .499
Mm .007 1.035 2522 ~3.004 2.354
mm -.053 1.052 1244 -3.270 2.288

2-3 MM -.030 1.010 1235 -2.241 3.144 .278 .495
Mm .003 1.006 2481 ~2.387 2.763
mn -.026 .977 1284 -2.233 2.830

2-4 MM -.011 1.051 1254 -6.225 1.566 .852 .501
Mm -.003 1.012 2502 -5.469 1.895
mm .012 .938 1244 -5.152 1.873

2-5 MM .008 .931 1266 -3.508 2.275 .610 .500
Mm .018 . 965 2470 -3.447 2.164

mm .010 .955 1264 ~3.440 2.174



Tahle 4.4.1~-Continued
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2

Data Subclass py 'y Yoin Y P, Pn

3-1 MM -.034 1.005 1245 -3.337 3.026 .065 .496
Mm -.021 .972 2470 -2.840 3.252
mm -.039 .937 1285 -2.613 3.606

3-2 MM .015 .965 1251 -2.519 3.442 117 .499
Mm -.017 1.045 2490 -3.164 4.069
mm .008 l.028 1259 -2.801 3.703

3-3 MM -.024 1.041 1249 -2.577 3.549 .039 .497
Mm .032 1.013 2477 -2.627 3.695
mm .039 .959 1274 -2.431 3.835

3-4 MM -.031 .939 1236 -2.918 3.366 .433 .497
Mm .012 1.010 2498 -3.379 3.426
mm -.010 .936 1266 -3.062 2,954

3-5 MM -.022 1.004 1205 -3.234 2.605 .524 .493
Mm .010 .958 2525 -3.003 3.192
mm .028 1.004 1270 -3.865 2.683

4-1 MM -.035 .995 1245 -3.725 3.151 .065 .496
Mm ~.022 1.003 2470 -3.298 3.315
mm -.015 .943 1285 -2.809 3.299

4-2 MM .017 .960 1248 -4.,799 2.914 .994 .498
Mm -.006 1.000 2492 ~4.807 3.163
mm .026 1.000 1260 -4.339 3.325

4-3 MM -.020 .935 1238 ~3.309 2.859 .054 .495
Mm .027 .977 2482 -4.037 2.943
mm .039 .942 1280 -2.738 3.004

4-4 MM -.022 .978 1242 -3.492 3.455 .362 497
Mm -.010 .996 2493 -3.959 3.824
mm ~-.023 .971 1265 -3.115 3.416

4-5 MM .008 .939 1199 -2.745 3.033 .436 .492
Mm .013 .999 2525 -3.011 3.253
mm .029 1.034 1276 -3.212 3.367
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Data Subclass Hy oy N Ynin Yﬁax Pn Py
5-1 MM .Q09 1.041 1220 -3.869 2.756 .157 .494
Mm .028 1.035 2508 -3.073 3.102
mm -.067 .996 1272 -3.287 2.797
5-2 MM -.012 .966 1244 -3.144 3.242 .819 .502
Mm -.018 1.003 2541 -3.541 3.055
mm -.072 .995 1215 -3.709 2.924
5-3 MM -.033 1.000 1256 -3.658 2.916 .553 .507
Mm +003 .973 2562 -3.223 3.726
mm .013 .933 1182 -3.604 2.707
5-4 MM .002 1.002 1274 -3.438 3.293 .784 .501
Mm -.034 .992 2470 -3.707 3.078
mm .005 1.010 1256 -3.809 3.054
5~5 MM -.041 1.057 1242 -3.377 3.617 .383 .498
Mm -.008 .991 2500 -2.775 3.741
mm -.009 .975 1258 -2.819 3.907
6-1 MM .042 .963 1269 -3.715 2.747 .664 .500
Mm -.006 .973 2468 -3.160 3.181
mm -.044 .998 1263 ~3.339 2.999
6-2 MM -.001 .996 1237 -2.658 3.503 .591 .498
Mm .049 1.056 2514 ~3.431 3.563
mm -.013 .994 1249 -3.694 3.136
6-3 MM .008 .991 1264 -2.728 3.519 .125 .503
Mm -.022 1.080 2510 -3.564 3.472
mm .021 1.012 1226 -3.430 2.864
6-4 MM .003 1.040 1312 ~3.314 2.901 .665 .510
Mm -.003 1.017 2485 ~4.023 3.293
mm -.021 1.034 1203 -3.679 2.631
6-5 MM .005 .994 1243 -2.980 3.524 .783 .495
Mm -.017 1.008 2465 -3.116 2.966
mm -.051 1.039 1292 -2.932 3.029
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Data Subclass Hy oy N Yoin Ynax Pp Pp

7-1 MM .520 .744 116 -1.666 2.040 .563 .487
Mm -.095 .820 255 -2.719 2.148
mm -.437 1.078 129 -2.876 2.154

7-2 MM .023 .501 120 -1.885 2.042 .942 .511
Mm .068 1.044 271 -2.809 3.314
mm -.Q00 1.009 109 -2.111 2.165

7-3 MM .389 .894 117 -2.633 2.614 .394 .494
Mm .043 1.025 260 -2.321 2.749
mm -.366 .955 123 -2.951 2.149

7-4 MM .115 1.142 131 -1.837 2.688 .175 .507
Mm -.010 .968 245 -1.747 2.882
ram .011 .745 124 -1.859 2.244

7-5 MM .180 .616 130 -2.315 2.841 .940 .494
Mm -.028 .974 234 -3.112 3.318
mm -.186 1.327 136 -3.146 3.337

8-1 MM .042 1.308 22 -2.164 2.002 .067 .495
Mm -.001 .944 55 -2.372 2.495
mm -.006 .816 23 -1.884 1.310

8-2 MM .208 .758 29 -1.778 1.951 .526 .495
Mm -.197 . 848 41 -2.159 2.287
mm -.522 .419 30 -1.823 .935

8-3 MM .498 -804 29 -1.870 2.618 .423 .520
Mm .052 .999 46 ~-2.002 2.414
mm -.376 .945 25 -1.985 1.818

g-4 MM .750 .713 30 -1.083 1.911 .499 .550
Mm .050 .872 50 ~1.964 2.204
mm -.765 l1.081 20 ~-2.346 2.064

8-5 MM .092 .947 19 -1.930 1.614 .249 .450
Mm -.047 .985 52 -1.634 2.280

mm -.518 .500 29 -2.017 .887
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Data Subclass “g cy N Ymin Y P, pm

9-1 MM .345 1.083 1253 -2.396 4,313 . 296 .498
Mm -.038 .927 2479 -2.571 3.672
mm -.360 .749 1268 -2.065 3.353

9-2 MM .107 1.096 1235 -2.880 3.347 .110 .501
Mm -.001 1.013 2543 -3.091 3.521
mm -.134 .847 1222 -3.029 2.505

9-3 MM . 466 .942 1312 -2.454 3.276 .464 .507
Mm .023 .874 2452 -2.490 3.585
mm -.403 .925 1236 ~-2.466 3.286

9-4 MM .106 .886 1181 -2.925 2.032 .943 .493
Mm .002 1.014 2575 -3.652 2.312
am -.061 1.070 1244 -4.572 2.064

9-5 MM .128 .887 1253 -3.032 3.027 .837 .503
Mm -.023 1.020 2526 -3.426 2.970
mm -.171 1.147 1221 -3.269 2,766

10-1 MM .037 1.090 1297 -2.828 3.305 .018 .507
Mm -.022 .973 2480 -2.946 3.153
mm .015 .918 1223 -2.651 3.355

10-2 MM .130 .721 1271 -2.867 2.538 .662 .500
Mm .053 .938 2464 -3.314 2.751
mm -.276 1.266 1265 -3.327 2.578

10-3 MM .081 . 900 1242 -3.416 2.085 .770 .497
Mm .023 .972 2488 -3.656 2.214
mm -.107 1.172 1270 -3.741 1.901

10~-4 MM .284 .749 1210 ~-3.586 2.075 .385 .493
Mm .058 .997 2517 -4,128 2.357
mm -.462 .977 1273 -4.420 1.974

10-5 MM .251 .787 1254 -2.690 2.538 .511 .502
Mm .076 .867 2514 -2.770 2.772
mm -.398 1.171 1232 -2.816 2.677
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Data Subclass Hy cy N Yoin Yoax Pn Pn
11-1 MM .057 1.073 1220 -3.371 3.568 .087 .492
Mm -.019 .992 2486 -3.180 3.525
mm -.071 .909 1294 -3.003 2.973
11-2 MM . 205 1.003 1226 -2.827 3.170 .294 .492
Mm .00l .952 2477 -3.230 3.516
mm -.228 .943 1297 -2.851 3.029
11-3 MM .000 .943 1249 -3.966 3.427 .987 .501
Mm .022 .997 2521 -3.332 3.955
mm .Q06 .956 1230 -3.739 3.316
11-4 MM .149 .743 1248 -2.761 2.991 .886 .500
Mm .017 .947 2511 -3.912 3.052
mm -.203 1.111 1241 -4.223 2.928
11-5 MM .169 .904 1216 -3.332 2.776 .874 .498
Mm .001 1.003 2553 -4.353 3.172
mm -.105 1.116 1231 -4.026 2.721
12-1 MM .039 1.043 1220 -3.559 3.407 .087 .492
Mm -.021 .972 2486 ~-3.317 3.237
mm -.041 .961 1294 -3.093 3.314
12-2 MM .250 .945 1215 -2.866 3.130 .504 .494
Mm .009 .998 2510 -3.663 3.649
mm -.263 .970 1275 ~3.345 3.372
12-3 MM .202 .936 1205 -2.916 3.266 .473 .489
Mm -.008 .974 2484 ~2.986 3.183
mm -.212 .977 1311 -3.353 3.197
12-4 MM .013 . 966 1277 -3.161 2.808 .950 .506
Mm .001 .967 2513 -3.306 3.068
mm -.082 1.099 1210 -3.667 3.018
12-5 MM .168 .943 1230 -2.753 3.185 .701 .496
Mm -.007 .985 2505 -3.315 2.760
mm -.121 .966 1265 -3.503 3.259
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Data Subclass ﬁy 3; N Ymin Yonax b, P

13-1 MM .115 1.005 1257 -3.020 3.206 .138 .501
Mm -.004 .964 2500 -3.221 3.242
mm -.074 .915 1243 -3.429 2.940

13-2 MM .205 1.004 1273 -2.825 3.283 .363 .500
Mm .006 1.021 2461 -3.357 3.089
mm -.157 .886 1266 -2.849 3.450

13-3 MM .254 1.001 1268 -2.778 3.157 .450 .501
Mm .050 .946 2474 ~3.425 3.267
mm -.277 .962 1258 -3.16l 2.752

13-4 MM -.020 1.003 1223 =2.955 3.961 .963 .499
Mm -.003 1.017 2545 -3.273 4.134
mm -.067 .956 1232 =3.057 3.112

13-5 MM .089 1.028 1265 ~2.635 3.250 .197 . 497
Mm -.019 .963 2444 =2.637 3.423
mm -.130 .937 1291 -2.815 3.276

14-1 MM .109 . 995 1297 -2.868 2.961 .802 .508
Mm .011 .974 2490 =3.271 3.310
mm -.103 1.026 1213 ~3.541 2.970

14-2 MM -169 1.067 1235 -3.377 3.755 .326 .495
Mm .021 .998 2484 =3.154 3.1¢91
mm ~-.157 .947 1281 -3.085 3.340

14-3 MM 124 .949 1221 -3.257 3.031 .813 .493
Mm -.027 .982 2497 -3.218 3.787
mm -.106 1.096 1282 ~3.195 3.485

l4-4 MM .0l8 .945 1237 -3.144 2.755 .897 .497
Mm ~.006 1.020 2504 -3.191 4.061
mm -.088 1.071 1259 ~3.804 3.514

14-5 MM .160 .983 1179 -3.021 3.655 .306 -485
Mm .0l1 1.013 2497 -3.314 4.090
mm -.202 .899 1324 -3.037 2.677
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15-1 MM .016 .936 101 -1.905 3.165 .856 .464
Mm -.018 .999 262 -2.370 3.108
mm -.074 1.326 137 -2.974 3.232
15-2 MM .056 .989 123 -1.903 2.675 .518 .510
Mm .116 .942 264 -2.153 2.931
mm .012 .816 113 -2.382 2.512
15-3 MM -.050 1.237 126 -3.908 1.958 .821 .507
Mm .032 .940 255 -4 .966 1.775
mm -~.147 1.020 119 -2.389 1.669
15-4 MM -.002 .818 135 -2.373 2.683 .797 .51l6
Mm -.065 .938 246 -3.285 2.318
mm -.280 .801 119 -~2.461 2.332
15-5 MM .066 .995 125 -2.838 2.092 .663 .482
Mm .059 .858 232 -2.531 2.250
mm .125 1.117 143 -3.057 2.475
le-1 MM .218 1.547 19 -1.337 3.742 .054 .470
Mm .182 .898 56 ~-1.572 2.453
mm -.284 .520 25 -1.315 1.813
l6-2 MM -.050 .728 19 -1.600 1.619 .361 .480
Mm .006 1.076 58 ~2.029 2.279
mm -.160 .794 23 -1.587 1.381
16-3 MM .369 .518 18 ~1.190 2.147 .685 .430
Mm -.265 1.251 50 -3.145 2.005
mm .372 .873 32 -1.783 2.071
l16-4 MM -.059 .682 25 ~1.514 1.036 .300 .485
Mm .025 .953 47 -1.599 2.294
mm .063 .724 28 -1.338 1.733
16-5 MM .073 1.134 22 -1.810 1.391 .385 .475
Mm .168 1.494 51 -2.113 2.517
mm ~.084 .476 27 -1.231 1.186
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17-1 MM 1.115 .381 1212 -.641 3.791 .500 .494
Mm .009 .403 2518 ~1.503 2.524
mm  -1.125 .362 1270 -2.520 1.448
17-2 MM 1.031 .467 1278 -1.931 2.711 .500 .503
Mm .024 .478 2479 -2.598 1.707
mm -.983 .436 1243 -3.781 .889
17-3 MM .953 .539 1319 -.792 3.540 .500 511
Mm -.004 .504 2479 =1.908 2.330
mm -.975 .541 1202 -2.850 1.561
17-4 MM .878 .616 1265 -1.195 3.104 .500 .500
Mm .027 .593 2479 -2.175 2.381
mm ~-.894 .595 1256 ~3.409 1.112
17-5 MM .992 .513 1211 -1.889 2.791 .500 .494
Mm .023 .497 2523 -2.744 1.867
mm -.957 .491 1266 -3.576 1.008
18-1 MM .449 -452 1263 -2.462 1.966 .500 .502
Mm .423 -453 2497 -2.616 2.146
mm  -1.318 .491 1240 ~-3.980 .306
18-2 MM .455 .360 1230 -2.263 1.896 .500 .495
Mm .456 .384 2490 -2.425 1.961
mm  ~-1.353 .371 1280 -4.071 .214
18-3 MM . 447 .397 1269 -2.129 1.928 .500 .503
Mm .428 .412 2499 -2.604 2.209
mm  -1.330 .411 1232 ~3.778 .174
18-4 MM .384 .551 1255 -1.018 2.749 .500 .497
Mm .382 .585 2468 -1.354 2.733
mm -1.132 .547 1277 -2.710 1.227
18-5 MM .460 .315 1233 ~2.267 1.953 .500 .497
Mm .463 .360 2508 -2.235 2.136
mm  -1.372 .356 1259 -4.022 .037
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lo-1 MM .685 .731 1259 -2.134 3.289 .500 .493
Mm -.035 .752 2418 -2.791 2.785
mm =-.710 .784 1323 -3.434 2.227
19-2 MM .755 .712 1224 -2.705 3.322 .500 .497
Mm .005 .705 2524 -2.911 2.506
mm -.770 .653 1252 -3.253 1.906
19-3 MM .785 .723 1317 -1.947 4.171 .500 .509
Mm -.016 .695 2456 -2.469 3.110
mm -.725 .716 1227 -3.190 2.005
19-4 MM .831 .661 1285 -1.660 3.951 .500 .501
Mm ~-.019 .694 2443 -3.049 3.551
mm -.842 .656 1272 -3.116 1.762
lo-5 MM .931 .563 1233 -1.685 3.243 .500 .498
Mm .017 .572 2521 -2.313 2.400
mm -.929 .579 1246 -3.971 1.415
20-1 MM .415 .871 1259 -2.654 3.309 .500 .493
Mm -.030 .910 2418 -3.051 3.120
mm -.439 .927 1323 -3.588 2.862
20-2 MM .418 .879 1233 -2.776 3.409 500 .497
Mm -.003 .892 2513 -3.209 3.524
mm -.407 .896 1254 -3.649 2.585
20-3 MM .491 .862 1201 -2.657 3.521 .500 .508
Mm .0l0 .873 2503 -3.007 2.850
mm -.474 .887 1206 -3.108 2.657
20-4 MM .430 .914 1277 -2.263 3.365 .500 .503
Mm .001 .886 2476 -3.311 3.057
mm -.464 .903 1247 -3.497 2.450
20-5 MM .480 .902 1220 -2.540 3.443 .500 .500
Mm -.001 .877 2565 -2.846 2.836
mm -.422 .896 1215 ~-3.556 2.612
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Data Subclass y y ay Y in Yoax p, Pn

21-1 MM .662 .788 1281 -2.643 3.410 .500 .503
Mm -.007 .840 2475 -3.311 3.043
mm ~-.628 .840 1244 ~3.463 1.824

21-2 MM .635 .740 1243 -2.030 3.685 .500 .498
Mm .01l .773 2497 -2.669 3.037
mm -.619 .818 1260 ~3.367 2.562

21-3 MM .687 .811 1248 -2.130 3.620 .500 .499
Mm .001 .760 2496 -3.056 3.546
mm -.678 .812 1256 -3.302 3.186

21-4 MM .654 .755 1287 -1.755 3.630 .500 .507
Mm .006 .775 2496 -3.040 3.733
mm -.659 .776 1217 ~2.923 2.397

21-5 MM .578 .867 1235 -2.705 3.393 .500 .495
Mm .014 .756 2482 -2.896 3.161
mm -.608 .775 1283 -3.123 2.057

22-1 MM .454 .877 1317 -2.584 3.545 .500 .507
Mm -.000 .883 2439 -2.871 2.733
mm -.475 .868 1244 -3.865 2.324

22-2 MM .451 .890 1238 -2.618 3.926 .500 .496
Mm -.006 .849 2484 =3.272 2.704
mm ~.465 .874 1278 -3.180 2.331

22-3 MM .503 .895 1237 -2.476 3.750 .500 .502
Mm -.017 .869 2549 -3.196 3.137
mm -.466 .860 1214 -~3.564 2.291

22-4 MM .467 .848 1223 ~2.179 3.329 .500 .497
Mm .005 .893 2531 -3.594 2.917
mm -.525 .847 1246 -3.531 2.148

22-5 MM .478 .968 1248 -2.790 3.725 .500 .499
Mm .Q05 .915 2497 -3.255 3.169
mm -.473 .898 1255 =3.965 2.737
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Data Subclass Hy ag N Ypin Ymax Pn P,

23-1 MM 1.178 .420 127 -1.035 2.482 .500 .508
Mm -.028 .327 254 -1.761 1.264
mm -1.084 .264 119 ~-2.376 -.051

23-2 MM 1.074 .424 123 -.663 2.712 .500 .475
Mm .026 .439 229 -2.729 1.404
mm -1.102 .278 .48 -2.657 .015

23-3 MM 1.019 .504 125 -.522 3.186 .500 .502
Mm .002 .506 252 -1.395 2.340
mm -.983 .415 123 -2.519 1.303

23-4 MM 1.123 .384 108 -.229 2.866 .500 .485
Mm .057 .42Q 269 -1.383 2.614
mm  -1.148 .409 123 -2.379 .507

23-5 MM 1.057 .444 139 -.237 3.575 .500 .526
Mm =-.057 .421 248 -1.422 2.429
mm -1.214 .384 113 =2.690 1.115

24-1 MM .089 1.571 22 -2.530 1.509 .500 .510
Mm -.083 .801 58 -2.718 1.949
Tam -.052 1.542 20 -3.332 1.725

24-2 MM .127 .917 24 -1.834 1l.614 .500 .530
Mm .201 1.126 58 -2.703 2.464
mm .244 1.218 18 -1.770 2.219

24-3 MM -.199 .585 20 ~-1.250 1.492 .500 .445
Mm .130 1.392 49 -1.550 3.111
mm -.012 .793 31 -1.462 1.936

24-4 MM -.035 .853 23 -1.032 2.251 .500 .475
Mm -.098 1.087 49 =1.279 3.158
mm ~.519 .425 28 ~1.527 1.287

24-5 MM -.000 .892 31 -1.744 2.762 .500 .560
Mm .030 .932 50 -1.986 2.937
rmm -.232 1.349 19 -2.073 1.997
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Table 4.4.2

Results of Association Test

Data D12 Dl3 D23 Data D12 D13 D23

1-1 8-1

1-2 * 8-2 *

1-3 8-3 *%

1_4 8_4 * % * % *

1-5 8-5 *

2-1 9-1 *% *k *&

2-2 9-2 * *k * %

2-3 9-3 * % *% dx

2-4 9-4 * **

2=-5 9=5 * % %* % *%

3-1 10-1

3-2 10-2 *k *%

3-3 10-3 *% *

3_4 10_4 * % k% * %

3_5 10_5 * % *% *%

4-1 11-1 *

4_2 11_2 * % * % % %

4-3 11-3

4_4 11_4 * % * % * %

4_5 11_5 * % *%

5-1 12-1

5_2 12_2 * % * % k%

5-3 12-=-3 * % * % * %

5-4 12-4

5-5 12-5 * % * % *

6-1 13-1 * *%

6_2 13_2 * % * % * %

6_3 13_3 * %k * % * %k

6-4 13~4

6-5 13-5 * k% *%k

7-1 *% *% * % 14-1 * * % % %

;:g " " . 14_2 * * % *%
14_3 *% *% *

7-4 14-4 *

7=-5 14-5 *% *k *%
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Dat

atd Dy, D3 Dj3 Data Dy, D13 Dy3
15-1 20-1 *k *% * %
15-2 20-2 *% *k * %
15-3 20-3 *% *% **
15~-4 20-4 &% * % * %k
15-5 20-5 *% *% *k
le-1 21-1 * % * % * %k
1l6-2 21-2 *% *% * %
l6-3 * 21-3 *% * % *%
l6-4 21-4 *k *k *%
16~-5 21-5 * % *%k *%
17_]_ * % *k * %k 22_1 * & * % * %
17-2 H*x * % * % 22-2 * % *% *%
17_3 **% * % * % 22_3 * % * % k%
17_4 * % * % * % 22_4 * % * % * %
17-5 * %k **k * %k 22-5 * % * % *k
18-1 **k * % 23-1 * % *% *k
18-2 * % * % 23_2 * % * % * %
18-3 * % * % 23-3 * % %* % * %
18-4 *k *k 23-4 %% *% *%
18_5 *% %* % 23_5 * % k% *%
19_1 £33 * % * % 24_1
19-2 * % *% * % 24_2
19-3 *k *k * % 24-3
19-4 Fok *% * % 24-4

19-5 **k *% * % 24-5
D12 = difference between MM—-class and Mm-class
Dl3 = difference between MM-class and mm-class
Dy3 = difference between Mm—-class and mm-class

* = gignificant at p = .05 level

** = gignificant at p = .01 level
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Data D D* P, Data D 5* Py
7-1 .115 .576 .590 18-1 .100 1.000 .800
7-3 .118 .479 .490 18-3 .137 .565 .490
18-4 .045 1.000 .090
8-4 .138 .615 .500 18-5 .137 .600 .540
9-1 .055 1.000 .110 19-1 .197 1.000 .600
9-2 .029 .292 .200 19-2 .208 1.000 .580
9-3 .124 .600 .420 19-3 .249 1.000 .510
9-4 .Qaleée 122 .720 19-4 .240 1.000 .520
9-5 .040 .333 .760 19-5 .234 1.000 .530
10-2 .000 .000 .100 20-1 .118 1.000 .760
10-3 .000 .000 .810 20-2 .135 .542 .500
10-4 .000 .000 .910 20-3 .177 1.000 .620
10-5 .087 .461 .380 20-4 173 .873 .400
20-5 .127 .508 .500
11-2 .055 .367 .300
11-4 .030 .605 .900 21-1 .221 1.000 .560
11-5 .022 .458 .900 21-2 .245 1.000 -490
21-3 .190 1.000 .380
12-2 .135 .652 .580 21-4 .243 1.000 .520
12-3 .066 .337 .600 21-5 .176 1.000 .350
12-5 .049 .353 .720
22-1 .197 1.000 .610
13-1 .038 .168 .460 22-2 .186 1.000 .550
13-2 .074 .402 .370 22-3 .231 .991 .470
13-3 .097 .444 .440 22-4 .181 .767 .470
13-5 .038 .207 .370 22-5 .155 1.000 .310
14-1 .038 .167 .470 23-1 .243 .988 .500
l4-2 .062 .341 .360 23-2 .236 1.000 .450
14-3 .051 .867 .880 23-3 .149 1.000 .300
14-5 .Q77 1.000 .150 23-4 .226 1.000 .440
23-5 .16l 1.000 .340
17-1 .227 1.000 .450
17-2 .211 1.000 .580
17-3 .244 1.000 .500
17-4 .185 1.000 .630
17-5 .247 1.000 .490
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Figure 4.4.1 Subclass Distributions (data 1-1)
Parameters: uy=0, 0§=1, h2=.8, x=0, n=2, N=5000, D*=0
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Subclass Distributions (data 2-1)

1, h2=.8, x=1, n=2, N=5000, D*=0Q
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Figure 4.4.3 Subclass Distributions (data 3-1)
Parameters: uy=0, 05=l, h2=.5, x=0, n=2, N=5000, D*=0Q
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Figure 4.4.4 Subclass Distributions (data 4-1)

Parameters: uy=0, 05=l, h2=.2, x=0, n=2, N=5000, D*=0
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Figure 4.4.5 Subclass Distributions (data 5-1)
Parameters: u,=0, G§=l, h2=.8, x=0, n=5, N=5000, D*=0
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Figure 4.4.6 Subclass Distributions (data 6-1)
Parameters: uy=0, 03=l, h2=.8, x=0, n=10, N=5000, D*=0
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Figure 4.4.7 Subclass Distributions (data 7-1)
Parameters: uy=0, 05=1, h?=.8, x=0, n=2, N=500, D*=0
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Figure 4.4.8 Subclass Distributions (data 8-1)
Parameters: uy=0, c§=l, h2=.8, x=0, n=2, N=100, D*=0



FREQUENCY DISTRIBUTION

CUMULATIVE DISTRIBUTION

O MM-class
A Mm-class
+ mm-class

[=]
o~
C; I
z
L.
O- N
©.s,0 ) 0.0 5.0
Y-PHENOTYPE
e
z
W
(=]
2 &
©.5.0 0.0 5.0
Y-PHENOTYPE

Figure 4.4.9 Subclass Distributions {(data 9-1)
Parameters: uy=0, c§=1, h2=.8, x=0, n=2, N=5000, D*=.5

112



FREQUENCY DISTRIBUTION

CUMULATIVE DISTRIBUTION

113

O MM-class
A& Mm-class
4+ mm-class

[1¢]
o~
o
£
w
q 9 o 4
5.9 0.0 ] 5.0
Y-PHENOTYPE
Q.
£
[’
O' —_—
©.5.0 0.0 5.0
Y-PHENATYPE

Figure 4.4.10 Subclass Distributions (data 10-1)
Parameters: u,=0, c§=1, h2=.8, x=1, n=2, N=5000, D*=.5
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Figure 4.4.11 Subclass Distributions (data 11-1)
Parameters: uy=0, 0§=1, h2=.5, x=0, n=2, N=5000, D*=_5
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Figure 4.4.12 Subclass Distributions (data 12-1)
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Parameters: uy=0, 05=l, h2=.2, x=0, n=2, N=5000, D*=.5



FREQUENCY DISTRIBUTION

CUMULATIVE OISTRIBUTION

F

F(Y)

116

O MM-class
A Mm-class
4+ mm-class

=]
e
2 " .
“-s5.0 0.0 5.0
Y-PHENGTYPE
Q.
o
> PN ; \ -
©.5.0 0.0 5.0
Y-PHENOTYPE
Figure 4.4.13 Subclass gistributions (data 13-1)
Parameters: ug=0, U§=l, h®=.8, x=0, n=5, N=5000, D*=.5
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Figure 4.4.14 Subclass Distributions {(data 14-1)

Parameters: uy=0, o§=l, h2=.8, x=0, n=10, N=5000, D*=.5
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Figure 4.4.15 Subclass Distributions (data 15-1)

Parameters: uy=0, 0§=l, h2=.8, x=0, n=2, N=500, D*=.5
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Figure 4.4.16 Subclass Distributions (data 16-1)
Parameters: uy=0, c§=1, h2=.8, x=0, n=2, N=100, D*=.5
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Figure 4.4.17 Subclass Distributions (data 17-1)
Parameters: u =0, 02=1, h2=.8, x=0, n=2, N=5000, D*=1
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Figure 4.4.18 Subclass Bistributions (data 18-1)
Parameters:  11,=0, 02=1, h°=.8, x=1, n=2, N=5000, D*=1
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Figure 4.4.19 Subglass Distributions (data 19-1)
Parameters: uy=0, °y=l’ h2=.5, x=0, n=2, N=5000, D*=1
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Figure 4.4.20 Subclass Distributions (data 20-1)
Parameters: =0, o§=l, h%=.2, x=0, n=2, N=5000, D*=1
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Figure 4.4.21 Subclass Distributions (data 21-1)
Parameters: uy=0, O;=l, h2=.8, x=0, n=5, N=5000, D*=1
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Figure 4.4.22 Subglass Distributions (data 22-1)
Parameters: u,=0, o,.=1, h"=.8, x=0, n=10, N=5000, D*=1
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Figure 4.4.23 Subglass 8istributions (data 23-1)
Parameters: uy=0, cy=l, h®=.8, x=0, n=2, N=500, D*=1
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Figure 4.4.24 Subclass Distributions (data 24-1)
Parameters: uy=0, 05=l, h2=.8, x=0, n=2, N=100, D*=1
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Figure 4.4.25 Subclass Distributions (data 9-2)
Parameters: uy=0, 0§=l, h2=.8, x=0, n=2, N=5000, D*=.5
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4.5 General Discussion

A model for quantitative traits employed in the present study
had several advantages over other models discussed by others. The
advantages were:

(1) gene frequency at each locus was not assumed to be the same;

(2) additive or dominant genetic effects were considered; and

(3) the distribution of phenotypic values was not assumed to be
normally distributed.
Although some assumptions made in Section 3.1 may not hold for certain
data, it was necessary in order to investigate a phenotypic distribution
of quantitative traits at a basic level. In future studies, factors
such as genetic-environmental interactions, epistatic effects among loci
concerned with a quantitative trait and multiple alleles at each locus,
should be added into the phenotypic distribution discussed in this study.

The results of simulation studies have shown that it was possible to
establish a genetic basis for the character from a random sample of
individual data. Since the phenotypic distribution was a function of
genotypic values, number of loci, gene frequencies, and mean and variance
of environmental effects, these parameters were possible to estimate.
In the first phase of this study, the method of maximum likelihood was
employed by using an arbitrary set of initial values for obtaining the
maximum likelihood estimates. However, it was found that in obtaining
estimates, the results of maximum likelihood c¢stimation depended upon
the initial values. An attempt was made to solve for unknown parameters

by using higher moments but this failed to give a good set of initial



130

values. Another procedure which is called the Powell-Fletsher search
procedure has been suggested by Professor H. D'angelo (Tan, 1976,
Personal Communication). This method is independent of initial values
and hence, will be applied to this problem in the future. The Powell-
Fletsher method is an alternative approach to obtain maximum likelihood
value. It was an advantage of simulation study that the results of
estimation were examined by comparing with the parameter values. The
results were good and consistent when the heritability of a trait was
high. The disagreements of some estimates with parameter values were
presumably due to: random errors associated with the generation of
data set; smaller sample sizes; and larger effects of environment on
the trait.

The methods of detecting association between a quantitative trait
and a genetic marker and the estimation of the degree of linkage
disequilibrium employed also had advantages over the methods proposed
by others. Apart from the advantages for the model of quantitative
traits mentioned above, there wefe other advantages such as:

(1) family data were unnecessary; and

(2) assumption of complete linkage between a gquantitative locus
and a genetic marker locus was not needed.

Such factors as epistatic effects between a quantitative locus and a
genetic marker can be considered by introducing these parameters into
the subclass distributions.

Although genetic information can be obtained from a random sample

by using the exact distributions of phenotypic wvalues, the present
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procedure should be used in conjunction with other analytic methods in
quantitative genetics when additional information from family data is
available. The model would be more realistic when other parameters

such as genetic-environment interactions and epistatic effects are

taken into consideration.
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Appendix I

Computational Formula for Wﬁg)
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Appendix II

Mean and Variance of Exact Distribution

n n-u

(n) 1 1 2
fy) =z I W ———exp{~-— (y-u_-au-dv+an-u-v)}
u=0 v=0 W fors2 202 ©

e e

Let z=y - &

Where A = Mg +au+dv -a(n-u - v)

My = Ely) = [_, yf(y) dy
n n-u
(n) ,o 1 -1 2
= I I W J (z + 4) exp(—= z )d
= — u - z
u=0 v=o "Wy - fora? 202
n n-u ()
= ugo Eo . (0 + a)
n n-u
= 5 oz w™ o+ (Qu-n+via+ vd)
u=0 y=0 uv e
non-u oo n n-u ()
= n -— n
U *+ augo vgowuv (2u n+v) + duzo onWﬁV v
n n-u
[z zw® <13

u=0 v=0 uv

= ue + a E(2u - n + v) +d E(v)

n n
2
= U +ai§1(2pi -1+ 2piqi) + digl 2piqi

[ n 2
E(2u) = 2 E(u) = 2i£l p;
n
E(-n) = -n = igl -1
n
E(v) = iél Zpiqi _J



134

n n
= Hg + aigl(pi - qi) + 2di£lpiqi
=He Ty *t Mg
= Mg ¥t lig
n n-u n n-u
2 (n) (n) 2
{Ew 1 = +ai 3w Qu-n+v)y+dsx T wvy
7 {pe u=0 v=0 uv ( ) u=0 v=0 W J
, B n-u () 5 n n-u .,
= uz + a“{ ¢ I W (2u - n + v)}° + dz{ T L W( )V}
e u=0 v=0 uv u=(Q v=0 uv
oAt (n) noAT (n)
+ 2ug augo vgowﬁv (2u = n +v) + 2ug duéo Véowuv v
n n-u n n-u (n)
+2ad{ ¢ ¢ w® (2u~-~n+w)r{r zw''v}
u=0 y=Q uv u=0 v=0 uv
2 o 2
E(y™) =J__y f(y dy

R ) 2 2, 1 1.2
= I LW I (2% + 2az + a%) exp(——— z7)dz
u=0 v=0 WV  -e ;2wci ? 202 )

e
n n-u
(n) 2 2
= Z L W g” + 0+ A
u=0 v=0 uv ( e )
2 SR 1)) 2
=0, + uéo vgowuv (ue + (2u - n + v)a + vd)
n n-u n n-u
n
=+l +als ™ Qu-n+wl+alz gay2
e e U=Q v=0 uvy u=0 v=0 uv
707U (a) nonl )
+ 2 z W 2u - + + d LW
ue auzo VEO av (2u n v) 2ue UEO v=0 uv v
n—
n u (n)

+ 2ad & I W (2u - n + Vv
u=0 v=0 uv



3%

135

= E(yz) - {E(y)}2

n n-u () n n-u (n) 5
=a2 + a%[ x T w (2u - n + V)2 -{z I W (2u - n+wv)} ]
e u=Q v=0 uv u=p v=0 uv
n n-u n n-u
2 (n) 2 (n) 42
+ z R4 -
d [u=0 V=0 uv v {u-E' VEOWIJV V} ]

n n-u (n)

+ 2adf I I w (2u - n + v)v
u=0 v=0 uv

n n-u (n) n n-=u (n)
- -n +
{ugo Véowﬁv (2u - n +v)} {ugo oo uy v}]
= 02 + Var {Qu - n + v)a + dv}
= cz + Var (2ua) + Var{(a + d)v} + 2Cov {2ua, (a + d)v}
2
= og + da®var(u) + (a + d)° var(v) + da(a + d)Cov (u, v)
n n n
_ 2 2 2 2 2 _ _ 3
=0 + 4a iglpiqi + (a + d) i£l2piqi(l 2piqi) 8a(a + d)iglpiqi
174 =z .
ar(u) = .I,p.g;
n
= 2 (1 - .
Var (v) ;Z p.q; ( 2p;q;)
n 2 n 3
Cov(u,v) = = L,p; 2P 9, = -2i§lpiqi
2 2 2 4 22 3
=Ce*a L 4p; - 4p; + 2p;q; - 4p;q; - 8py9;)
+ 4dad g ( 2 22 2 3 ) + d2 g 1 2 2 )
ad I (p;a; - 2P;q; - 2P;9; priy p;q;) (2p.9;
2, 217 a 23 2
=o_ +a iEIZPigi + 4adi£lpiqi g; - p;) +d i§l2piqi(pi = qi)
n
2 2
+d;z (2piay)



+

n

n

2 2 22
ingPiqi{a +d(g; - p;)} + 4d iglpiqi
2
og_ + O'd
2
g
g
Hg + Hg
n n
aigl(pi -4q;) * 2dj_..§.1piqi T Mg

52
g
pel

B
1=]1

2
+0’e

n
2 2 2
2Piq1{a + d(qi - Pl)} + 4d2_i_§_lpiqi + g

2
e

136



137

Appendix IIT
Estimation of a and d given 03, x and p; for i =1 ton
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Appendix IV
Initial Estimate of Degree of Dominance (D)
Let the probability density function of phenotypic values be:
2
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Appendix V

Coefficients of Skewness and Kurtosis

Let Al and 12 be the coefficients of skewness and kurtosis,

respectively. Then:
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where n is the number of loci, p; is the gene frequency of Ail' a is the

2

genotypic value of AilAil’ d is the genotypic value of A r and og

ilAiz

is the variance of environmental effects.
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