UNIVERSITY OF HAWAI'l LIBRARY 9 [g

THREE ESSAYS IN ECONOMETRICS

A DISSERTATION SUBMITTED TO THE GRADUATE DIVISION
OF THE UNIVERSITY OF HAWAI‘'I IN PARTIAL FULFILLMENT
OF THE REQUIREMENTS FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY
IN
ECONOMICS

AUGUST 2008

Hu Che

Dissertation Commitiee
Eric Im, Chairperson
Lee-Jay Cho
James Moncur
Gerard Russo

Allison Conner



We certify that we have read this dissertation and that, in our opinion, it is satisfactory in

scope and quality as a dissertation for the Degree of Doctor of Philosophy in Economics.

Dissertation Committee

_,{;?,__,,_'97427

Chairperson

Mt s lren)

Jnes 5" Tlauesn
Sk
gy Chw




© Copyright 2008
by
Hu Che

iii



ACKNOWLEDGEMENTS

First and foremost, ] am immensely grateful to my advisor, Professor Eric Im, for
successful finish of my dissertation which was seemingly a mission impossible at the
outset. His insights, motivation, and stewardship were truly unusual and driving forces
behind the success of my dissertation and doctoral study.

[ am also grateful to the other members of the committee: Dr. Lee-Jay Cho, Dr.
James Moncur, Dr. Gerard Russo, and Dr. Allison Conner. I extend my sincerest thanks
to Dr. Lee-Jay Cho, for his insightful comments; to Dr. James Moncur, for his
willingness to help; to Dr. Gerard Russo, for his constructive critiques and suggestions; to
Dr. Allison Conner, for her willingness to serve as the outside member of the committee
and her continuous support throughout this project. Additionally, I would like to thank
Dr. Tam Vu for her willingness to stand by as a contingency committee member and for
extending helps on the applied economic aspect of the dissertation.

During my time as a graduate student I was fortunate to be supported by funding
from the East West Center and the University of Hawai‘i. Their financial support is
acknowledged with my special thanks, I thank my friends at the East West Center and the
University of Hawai‘i for their support and joy they gave me. I also want to thank my
colleagues and friends in Beijing for their support and friendship.

Last but not least, I want to thank my parents for their love and encouragement.

iv



ABSTRACT

This dissertation has three essays on econometrics. Essay one is about the gravity
model, which is one of the most popular applied econometric models in trade literature.
The existing theory predicts that the coefficients of the national income variables should
be unity. In the empirical application, either export or import flow are often used as the
dependent variable. However, their estimated coefficients are different from unity. This
essay shows that the conflicting results could be caused by misspecifications, which are
the results of improper choice of dependent variables and simultaneous equation bias.

Essay two considers an alternative cointegration test when the error term consists
of two independent components, a white noise and a random walk. Such a dual
composition of the error term is known as the adaptive regression model, which is a
special case of the stochastic parameter variation model. This essay develops alternative
test statistics and show they are distributed asymptotically as chi-square.

Essay three introduces the nested AR (1) model which synthesizes two types of
specifications of the residual term, the first-order autocorrelation and the adaptive
regression model. The nested AR(1) model introduced in this essay has never been
considered in econometric literature. In addition to exploring the theoretical properties of

this specification, this essay also derives the critical values of the test statistics.
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Essay One

Estimation Biases in the Gravity Model

1.1 Introduction

The gravity model is one of the most widely applied econometric models in the
trade literature. However, its application started without a formal economic theory, i.e.,
its theoretical foundation is still in making. As summarized by Anderson (2003),
“contrary to what is often stated, the empirical gravity equations do not have a theoretical
foundation." He was the first economist to lay some theoretical basis for the gravity
model.

Anderson (1979) started from a simple import demand function

mﬂ =blyp (1)

where m, denotes country j's import of commodity /, y, country j's income, and 5,

the proportion of country j's income spenton i.
Assume that each country is completely specialized in the production of its own

good, the requirement that income must equal sales implies that



»=5(Z,y,) )
Substitute the solution of (2) for 5, into (1),

my=yy, /Ly, 3)

Equation (3) provides a crude justification for the application of the gravity model.

In the empirical application of the gravity model, many researchers have used
either export or import flow as the dependent variable. Their estimates of the coefficients
for y, and y, are not only widely different from unity but also significantly different
from each other, which does not support Anderson's theory. This motivates this essay to
look into the econometric aspect of the gravity model with a focus on specification errors
and the estimation biases thereof,

This essay is organized as follows. Section 1.2 reviews the literature. Section 1.3
discusses possible misspecifications that could lead to biases. Section 1.4 presents the

estimation results. Section 1.5 is the simulation analysis. Section 1.6 concludes.

1.2 Literature Review

Gravity models are widely used in different areas of social sciences to describe

patterns of events such as tourism and migration. The gravity equation is borrowed from



Newton’s “Law of Universal Gravitation.” According to this equation, the attractive
force between two objects is determined by the masses and the distance between the two
objects.

The original gravity model in trade was introduced by Tinbergen (1962) and
P6yhtnen (1963). Tinbergen (1962) demonstrated that international trade flows could be
described by the gravity equation, in which distance can be used as a proxy for
transportation cost and dummy variables can be used to capture effects from special trade
arrangements and adjacent countries. Since then, the gravity model has become a
popular vehicle for empirical study.

The application of the gravity equation in the study of international trade seems to
be quite intuitive. A country’s export capability depends on the size of its economy, A
country’s import demand also depends on the size of its economy. It is expected that
trade flow between two large countries will be larger than frade flow between two smaller
countries, if all the other conditions are the same, At the same time, distance is a barrier
to trade. Some other vatiables such as tariffs, lack of infrastructure, are also barriers to

trade flows. Common languages, culture similarities, on the other hand, would be

expected to increase trade volumes between countries. Therefore, the D, component in

the gravity model is often augmented to include not only distance, but also a few other
variables that are expected to have an impact on trade flow.
Some economists tried to use different approaches to refine the theoretical

framework of the gravity model. As aforementioned, Anderson (1979) demonstrated that



the gravity model can be derived from the pure expenditure system. He showed that a
simple gravity model is a rearrangement of a Cobb-Douglas expenditure function. In his
model, each country is completely specialized in producing one good and there is no
transport cost. Cobb-Douglas preferences are identical among the countries so that the
fraction of income spent on country /s product is the same in all countries. Anderson
(1979) stated that the expenditure model provides the functional form and most of the
explanatory power of the gravity model.

Bergstrand (1985) assumed a monopolistic competition and product
differentiation regime in the theoretical foundation of the gravity model. It is shown that
the gravity equation can be derived from a partial equilibrium subsystem of a general
equilibrium trade model. Consumers are assumed to share the same constant elasticity of

substitution (CES) utility function

T
19, 1% !

U, =1l > X7 +X7 0 Lj=1,..,N, @

where X, and X ,represent the amount of s aggregate good and j’s domestically

produced good demanded by j °s consumers, y, = (¢, —1)/ u, with x, as the CES



between domestic and importable goods inj, @, = (o, —1)/ o, with o, as the CES among

importable goods in /.

The income constraint for expenditures in f is given by

" —
Y, =) B X, j+L,2,..N,j=1,..,N, (5)
kel
where 1—"-;, =F,1,C, / E;, with F,as the price of ks product in £’s currency sold in j’s
market, 7, as j°s tariff rate on &’s product plus one, C,, the transport cost for shipping &’s
product to f and calculated as c.i.f/f.0.b., and £, the spot exchange rate of /°s currenty in

terms of &’s currency.
The maximization of the utility function subject to the income constraint will

yield the aggregate import demand function

- = 1o, \MImay) %A = 1oy, \MO1-0) T4 mE
xp=vB (=BT 'x{[(%"”’)"’””] "+ }

I j=L.,N@i=j). (),

The profit maximization function for firms in country {is given by



N
IL,=) PX,~-WR, i=1..,N, )

k=t

where R, is ’s endowment of the single resource in a given year, W,is the unit value of
R denominated in i’s currency.
The internationally immobile resource R, is allocated according to the constant

elasticity of transformation (CET) joint production surface

1 P 14

N
R =31 xt +X5 by , i=L.N. @®

k=t
kej

where &, =(1+7,)/7,, with 7,as i’s CET between production for home market and
foreign markets, ¢, = (1+,}/ y,, with y,as P's CET for production among export markets,

Therefore, the aggregate export supply equation is

T -1
XS =Ypt [(E P )umr,)] o {[(E BT )1/(1+r,)]l+m o }

i,j=1.,N@i#Jj). ©



Bergstrand (1985) assumed that the market for the aggregate trade flow from

country /to country ; is small in comparison to the other markets and the utility and
production functions are identical across countries. Then the derived “generalized”

gravity equation is

P Xﬁ = }:(v-lif(sz}yj (r+l)l(r+v)Cg-6(r+l)I(r+a)
xj"y-ﬂ‘(?’-"l)f(f"'ﬂ’l E;‘(ﬂl)/(rw)
x(Z' Pd:"" )-(a-l)(r~r1)f(l+r)(r+a)

X(E'I_Jllg—c )(?'HIU‘-HV(I-O‘I?W)

. (n)(ler) (o-Df(rie)
J(Rr) ]

—iXl-or ~(rH)(r+0)
x[(E'I_",;")“ o )+le!—#] i (10)
where PX | is the trade flow value from ito .
Equation (10) will simplify to
PX, =(1/21"1)", an

whenC, =7, =1, P, =P, =g =y =n=w, ie, if there exist internationally perfect
substitutability of goods in production and consumption, perfect commodity arbitrage,

zero tariffs and transport costs, and exchange rates are normalized to unity.



Bergstrand (1989) further considered the factor endowment, income and per
capital income variables in the gravity model. It combined the Hechscher-Ohin model
and the monopolistically competitive model to derive a generalized gravity equation.
Deardorff (1998) established two different gravity models, one for “frictionless trade”
and the other for “impeded trade.” As its name would suggest, the “frictionless trade”
model assumes away all transportation costs and other trade barriers. The “impeded
trade” model reintroduces transport costs into the equation.

In its empirical application, the gravity model is often used to study how transport
costs and trade costs affect trade. Transport costs historically exerted a large influence
over international trade, even though its importance has been declining over time
(Estevadeordal et al, 2003). But transport costs can still be economically significant for
some manufacturing industries. The transport costs of Japan’s major manufacturing
firms accounted for 8.69 percent of their total sales value (Mori and Nishikimi 2002).
These firms also have to bear the time costs (interest costs) associated with the time spent
by goods in transit. In addition, lower transport costs facilitate trade in indirect manners,
e.g., more frequent travel across borders increase bilateral trade flows (Gould 1994). It is
therefore necessary to understand how transport costs are determined and how transport
costs affect trade.

The concept of transport costs is important for economic studies. However,

spatial issues were avoided by economists for a long time (Siebert 1969). According to



Krugman (19912, 1991b, 1995), mainstream economists neglected the economics of
space to avoid confronting the problem of market structure with increasing returns.

Trade costs are not limited to transport cost. Trade costs include transport costs
(both freight costs and time costs), policy barriers (tariffs and non-tariff barriers),
information costs, contract enforcement costs, costs associated with the use of different
currencies, legal and regulatory costs, and local distribution costs (wholesale and retail).
Anderson and Wincoop (2004) carried out a comprehensive survey of various aspects of
trade costs and concluded that trade costs are large. They asserted that trade barriers
dominate production costs, even though the latter have been the focus of most trade
theory. The pure international component of trade barriers, including transport costs and
border barriers but not local distribution margins, is estimated to be in the range of forty
to eighty percent for industrialized countries.

Hummels (1999) classified trade costs into three categories: explicit measured
costs (e.g., tariffs and freight rates), costs associated with common proxy variables such
as distance, sharing a language, sharing a border or being an island, and implied but
unmeasured trade costs, given by geographical position, cultural ties or political stability.
His results indicated that explicit measured costs were the most important component.

Differences in geographic location and access to water transportation can help to
explain differences in trade flows across countries. Baier and Bergstrand (2001) found
that falling transportation costs explain about eight percent of the average world trade
growth for several OECD countries since WWII. Raballand (2003) estimated the impact



of land-lockedness on trade for a panel database. Using a sample of 46 countries over a
five-year period and over 10,000 observations, he concluded that being landlocked would
reduce trade by more than eighty percent.

The negative impact of tfransport costs on trade is not limited to the landlocked
situation. Nicolini (2003) investigated regional trade flows between certain European
regions in a cross-section study and showed that physical distance reduces trading flows
while local transportation facilities as well as local demand increase them. Using data on
maritime and overland transport of products from the ceramic sector (tiles), Martinez-
Zarzoso et al. (2003) estimated a transport cost function to study the relationship between
transport costs and trade. Their results showed that higher transport costs significantly
reduce trade. Hummels (2001) suggested that, to some extent, import choices are made
in order to minimize transport costs.

Transport costs also depend on the weight, value, and consistency of goods.
Rauch (1999) divided production into homogeneous, near-homogeneous, and
differentiated goods. He showed that the insurance and freight costs as a percentage of
the total value are about twice as high for homogeneous and near-homogeneous goods
than for differentiated goods. Limao and Venables (2001) emphasized the role that
infrastructure plays in determining the cost of trade. A deterioration of infrastructure
from the median to the 75™ percentile of destinations raises transport costs by twelve
percent. At the same time, the elasticity of trade volume with respect fo transport costs is

large. A ten percent increase in transport costs reduces trade volume by twenty percent.
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Using transport costs data from five Latin-American countries, Martinez-Zarzoso
(2002) estimated a transportation cost function to explore the determinants of transport
costs and the relationship between trade and transport. He showed that importer and
exporter income variables have a positive influence in bilateral trade flows, while
distance and poor infrastructure notably increase transport costs. He estimated the trade
elasticity with respect to transport costs to be 2.29.

One main obstacle in these studies is the difficulties in obtaining reliable data.
There are direct and indirect methods for obtaining data. Obtaining data from industry
associations or shipping firms is direct acquisition. Limao and Venables (2001) obtained
quotes from shipping firms for a standard container shipped from Baltimore to various
destinations. Hummels (2001) used indices of ocean shipping from trade journals and
air-freight rates from survey data. Direct methods are not always feasible due to data
limitations and the large size of the resulting datasets.

Some countries and international oi‘ganizations provide data on trade flows that
allow detailed unit values to be constructed indirectly. For example, the U.S. Census
reports U.S. imports valued at f.0.b. and c.i.f. bases. Researchers can get a unit value
estimate of bilateral transport cost from this dataset. Hummels (2001) made use of this
method for data from the U.S.A., New Zealand and five Latin-American countries.
Harrigan (1993) and Baier and Bergstrand (2001) used the aggregate bilateral c.i.f./f.0.b.

ratios produced by the IMF. Since most importing countries report c.i.f. trade flows and

11



exporting countries report f.0.b. trade flows, transport costs can be estimated as the
difference of both flows for the same aggregate trade.

Limao and Venables (2001) provided a revised version of the transport costs
model. The authors showed that the transport costs for commodity %, shipped between

countries / and j, can be written as
TCy= F(X, X), v, &), (12)

where Xi and Xj are country-specific characteristics, e.g., geographical and infrastructure
measures; vyis a vector of characteristics relating to the shipping condition between §
andj , e.g., distance between trading countries, volume of imports that go trough a
particular route, and dummy variables for common language and common border; and &
represents unobservable variables.

A simplified transport cost function in the multiplicative form is

land,+ B Island Landlocked Landiocked Col
TC{}k = D;] eﬁlls i+ i+ i +Py i+ PsLanguage+ B Colony+&y, , (13)

where TCyt denotes freight ad-valorem rates, with / as the importer country,  the exporter
country and & the commodity. Dy denotes distance. Island: and Island; are dummy

variables that take the value of one when the importer or the exporter is an island, zero

12



otherwise, Landlocked:and Landlocked) are dummy variables used to describe if
importer and exporter are landlocked or not. Languagey takes the value of one when
countries i and j speak a common language, zero otherwise. Colony takes the value of
one if the trading countries had a colonial relationship. The error term is assumed to be
independently and identically distributed.

The general specification in log form is

InTC, =&, In D, + a,Island, + a,Island , + &, Land,

+a,Land, + a Lang + a,Conoly + ;. (14)

After a discussion of the determinants of transport costs, the question is then how
much transport costs affect trade volume, The gravity model is the main device that has
been used to link trade barriers to trade volume. In Limao and Venables (2001), the

volume of imports (exports) between pairs of countries, My, is a function of their incomes
{GDPs), transport costs and a set of dummies and can be expressed as

M, = BYPYPTCs,, (15)

where ¥; and ¥; represent GDPs of the exporting country and importing country

respectively, 7Cy measures the transport costs between the two countries, and gy is the

13



error term. Trade is expected to be positively related to economic mass and negatively
related to transport costs.

A log-linear transformation of equation (15) is

InM, = B, + B, In¥, + B, In¥, + B, InTC, +8,. (16)

Substituting equation (14) for transport cost, equation (16) becomes an augmented

gravity equation relating trade to distance and other variables,

InM, = f,+f,In¥,+ B, InY, + B,In D, + B,Island, + B, Island,

+pfLand, + B, Land, + f,Lang + B,Colony + ¢, a7

This is the typical econometric version of the gravity model in the existing trade
literature. Even though this model has been generally quite successful, the following

section will demonstrate that it may have misspecification problems due to several factors.

14



1.3 Misspecifications

The original gravity equation is
8y = Emm jdy-z s (18)

where & is the gravitation constant, m, and m, are mass of object / and object j, and
d, is the distance between them. The counterpart of the gravity equation in international

trade may be expressed as
a & a F
v =A(yy,) 114} = 4(p, ) 1143, (19)

where v, measures bilateral trade volume between countries / and 7, y, is the GDP of
country #, y, is the GDP of country j,and 4, are variables that measure trade-resisting
factors including geographical as well as non-geographical factors such as cultural and
legal dissimilarities.

A possible misspecification in the gravity model is the choice of the dependent
variable. In the original gravity equation, the force is bidirectional rather than
unidirectional and its primary determining factor is the product of two masses or

composite mass m;m, in Equation (18). To stay within this framework, the trade volume

15



as the dependent variable has to be bidirectional and the primary determining factor of
the trade volume has to be the product of the GDPs of the trading countries { and ;.

With this constraint in effect, the following bidirectional dependent variables for the
gravity model can be used:

Vy = %y 1y (20)

or

vy =(x,+m)/2, 21

where x, and m, measure country j's export to and import from country i,
respectively, Both v, and v, measure a two-way trade volume whereas eitherx, or m,

alone is a one-way trade volume measurement.
If the dependent variable in the data generating gravity model is indeed
bidirectional, then the use of a unidirectional variable, as usually practiced in empirical

studies, will result in inconsistent estimates of the coefficients for income variables.

16



A. Inconsistent Estimation Case I

Suppose the true underlying gravity model is:

k k
v, =A(y,yj)“’£lld£e v =Ay,“yj“hlllld§:e“, (22)

where by assumption u, ~ N(0, o?) and independent of y,, y,,and d, .

Assume that s =1 in Equation (22). Take log of Equation (22),
Infx, +In/m, =a, +alny, +alny, +7lnd, +u,. (23)

Let g, g,, x,, X,, and x, denote column vectors of N observations for ]n‘/};,

Inyfm, , Iny,, Iny,,and Ind,, respectively.

Equation (23) can be written as
gq,+q, =al+ax +ax, tyx+u, (24)
where £ =[11--1].

Further suppose that Equation (23) is misspecified as

17



x,=AySy ™ dje" =e®y iy dle" . (25)
Take log of Equation (25)

Inx, =a,+alny +a,Iny +ynd, +u,, (26)

and rewrite Equation (26) in observation vectors as

29, =@ l+ax +ax, +yx, +u. 27

“ For notational economy, define the following idempotent matrices

1121 = I’r —XI(X’I'XI)HI"?I” ﬂz = Ir "sz(f?z’)?z)-l 2, ’
where X, and X, defines X =(¢x, x, x,) with x, and x, excluded, respectively.
Then, by virtue of the Frisch-Vaugh Theorem (Greene, 1997, p. 246), the OLS

estimators of @, = @, =& can be expressed as

- -1 .
&1=(x1'M,x1) %' M,(2q)

18



= 2[(Jcl'f51,.vcI )"] x,'ﬂ?,q,]

2(x, ) X M (@0 +ax, +ax, +yx%,+u—q,)

-

- -1 -
&= (xz’szz ) xz'Mz (29,)
=2 T(xz'ﬂzxz )‘] x,'ﬂqu]

note that M,£=M,x, = Mx, =0 and M, =M,x,

Define
'M,x, x Mg
— hm.‘_xl_.l_., hm 1 2
G=pim=5=, &= N
' M 'M.
- hmx2 zxs, hmxz IQZ

=2|a+ (xz'sz, )Hl x, M- (a:,'Mch2

~ ' 1.
2[a+ Mlxl lelu"(lelxl) lel‘b:l’

=2 (szzxz) szz(a,£+ax,+ax2+7xs+““%):,

)“' xz'ﬂ 29> ] ’
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=M,x,=0.

(28)

(29)



~ -1 ~ - -1 -
. . X Mx . X Mu . x M x . x'Mq
mé@, =2{a+| pim 325 | pim B30 % | plim BN | iy BP0
plimea, =2{ax [p N )p N [p N p N H

=2(a-¢,/8)=a-(a-2£,/¢), (30)

-1 - )~ -1 y o~
pﬁmm_( pﬁmm] plim 222,
N

‘M
limg, =2{a+| plim2"2%
plime, =2{e [p N N N

=2(o;—;'4/;'3)a=a—(a—2§’4/g"3), (€2

note that w, is by assumption independent of all regressors, by the law of large numbers,

xz'ﬁzu=0_

pimATLE 0, piim
Unless @ =2¢,/¢,anda =2¢, /£, , which are unlikely, &, and &, are inconsistent

estimators of @ . Further, unless¢, /g, =¢, /4, , which is unlikely either,

plima, # plima, .
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B. Inconsistent Estimation Case I1

Suppose the data generating process for the gravity model is:

v, = A(yy,)d, € =e* (3,y,)7d, e . (32)
Take log of Equation (32),
In[(x,+m)/2|=a, +alny, +alny, +yind, +u,. (33)

With g, denoting the observation vector for]n[(xu +m,)/ 2] , the full model in

Equation (33) can be written as

= lt+ax +ax, +yx;+u.

Suppose Equation (33) is misspecified as

Xy, =Ay” yJ“’dge"” . (34)

take log of Equation (34),
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Inx,=a,+alny +a,Iny, +yind, +u, (35)
Equation (35) can be written as
2q, =al+ax +ox, +yx;tu. (36)

Define A as the column vector for observations A, = ln((l +m,/x,)/ 2), the OLS

estimators of @, and @, can be expressed as

(xlj—ﬂ % )_l x M,(2q,)

R
I

=(x'tt5, )_‘ % M, (g, - A)

=a+(xl'Mm )-l x]'ﬂ.u-(x.'ﬂ'«"m )_l X MA, @7

d, = ("'2'1“’If 2% )“] x, M,(29,)
= (=27, )Hl X, My(g,-4)

=“"‘(x2'ﬂzxz)-l xz'ﬂ?zu-(xz'ﬁzxz )-1 X MA. (38)
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Take probability limits of Equations (37) and (38),

~ -1 " Iy -1 -
Pﬁmc‘il:“”'[}"ﬁmx]ﬁ;lxl} pﬁm’_ﬁMlu _ (plimlelx'] plimx'M‘A

N N N
’ ™~ w ' 5™
=a—[pﬁmiﬂ:]—x’J pﬁmﬁ%aa-g"ﬁlég, (39)

Since sy, {5, &, and &3 most probably are finite, both @, and @, are
inconsistent estimators of & and the asymptotic biases are different. That
isplima, # plima, 2.

The asymptotic biases are reduced to zero only when there are pair-wise trade
balances, i.e., In((1+m, /x,}/2)=In(1)=0 forx, =m, sothat M,A=M,A=0 in

Equations (39) and (40), leading to &, =¢, =0 in Equations (39) and (40).
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C. Inconsistent Estimation Case III

In the gravity model where the dependent variable measures a unidirectional trade
volume, i.e., either export or import, there is classic simultaneous equation bias. The

function for country j 's import from country / can be written as
k

my =0y Twlre", @
J=l

where y; denotes the importing country's income, /¥, other determinants of county j's

import from country /.
The equation for country i's export to country f can be written as: (Houthakker

and Magee, 1969, Sawyer, 1997)

&
X, = ny H w?e"‘ s (42)

=l

where y, is the exporting country i's output (or income) and w, other determinants of

country i's exportto j. Assume that

u,~N(0,07), u,~N(O0,0}), Cov(u,u;)=0. 43)
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Multiply the corresponding sides of Equations (41) and (42), then reflect the

identitym, =x ,,

k

&
= xﬂ =0y y; ijﬁ I-L[ ij "™,

] Jol

take square root of both sides of Equation (44),

1/2 /2 12 12 2 ( ]!2
mg_xﬂ_(gﬂ) ar “1 Hwﬁ Hw¢1 bty

el el

which is the gravity model.

Take the log of both sides of Equation (45),

Inm, =lnx,=1/2In(6p) +e,/2lny, +a,/2ny,

K ®
¥ 9,12+ 39, 12nw, +(u, +u,)/2
7 7
k
=4, + 8 ny, +,821nyj+i¢,/21nw, +3°0, 12w, + .
] J

However, in Equation (46) both y, and y, are correlated with 4, due to the

identity:m, =x,,.

Equate log of Equations (41) and (42), and writeln y,andIn y, as
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k £
Iny, =x, +(a,/a,)ny, +$(¢jfa,)lnwj—2(¢/a;)lnw, +u,~u)l e,
{

k
Iny =x,+(a/a)ny, +i(¢, {a;)nw, -2(¢j/aj)lnwj +u-u) e, 47
1 ]

where x, =In(@/n7)"* and «, =In(7/6)"“.

It is clear from Equation (47) that E(y,Iny,)=-0 /@, # 0 and
E(u,lny)=-0; /a, #0. Therefore, the OLS estimators of §, and 4, in the gravity

model in Equation (46) are inconsistent.

14 Simulation Analysis

The previous section has shown that the identity of countryi's import from
country j with county j's export to country { could cause a serious simultaneous
equation bias. Furthermore, the coefficient estimates for the real GDPs of destination and
originating countries in the gravity model are expected to be only half of the value of
their counterparts in the export and import equations.

An interesting observation in trade literature is that the estimated coefficients for

real GDP variables in the gravity model are no less in magnitude and sometimes even

26



bigger than their counterparts in the import and export equations with statistical
significance. In this section, we specify data in import and export models and generate
the import and export variables with the import and export identity reflected. Then, we
demonstrate that the simultaneous equation biases indeed could generate the similar
results as observed in empirical studies.

In order to generate the data for simulation, we use real GDP and population data
for ten largest economies in the world in 2002 in terms of real GDP to generate the
stochastic import and export variables subject tom, =x,. Since we are dealing with the
bilateral gravity model, we can generate ,,C, x2!=90 bilateral import or export
observations.

Using SHAZAM software econometric package, we generated data for the import
and export variables subject to their equality based on 90 observations 10,000 times, each
time estimating the three equations (Appendix A). Table 1 shows the average
coefficients for the three equations, The ratios of the average coefficients to the
respective standard deviations are all greater than 2, which shows that the coefficient
estimates are in general statistically significant. Furthermore, the estimated coefficients
for the real GDPs in the gravity model are far greater than a half of their respective
counterparts in the import and export regression models. The computer simulation
results appear to provide a rather strong rationale for why the gravity model works and

why the real GDP variables of both destination and origination countries are observed to
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have as strong effects on the bilateral trade between the countries as when they appear

separately in import and export models.

Table 1. Averages of 10,000 Coefficient Estimates

Equation I: Import Equation
Coefficient Meas. . | standard Dev minimum ‘Maximum
Y 0.96301 0.39301 -0.56542 24351
pop, 31.873 0.19740 30.377 33.155
cons, -121.19 0.92402 -127.64 -114.65
Equation II: Export Equation
_Coefficient: | ~ Mean standard Dev | . minimum Maximum -
Y, = 2.2526 B 0.52499 0.29389 4.0424
pop; -4.1951 0.23306 -5.7495 -2.6510
cons, 12.358 7.0419 -11.992 40.821
Equation III: Gravity Model
Coefficient Memn standard Dev minimum Maximum
Y 0.94476 0.39890 -0.62111 2.4038
Y, 24303 0.26262 0.58634 42974
pop, 31.888 0.20052 30419 33.252
pop, -0.67167 0.21189 -2.0671 0.59840
cons -152.68 3577 -178.78 -127.62
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1.5 Conclusion

This essay explores some existing problems associated with the gravity model in
terms of estimation bias. In particular, this essay explains why the gravity model works
in general, i.c., why the impact of real GDPs of both importing and exporting countries in
the gravity model always matter, This phenomenon is caused by simultaneous equation
biases, which is further proved by the simulation results. Another issue may well be how

to eliminate those biases off the gravity model, which is beyond the scope of this essay.
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Appendix A

The Monte Carlo Programs
(Using the Shazam econometric package)

* GDP and population for ten largest economies of the world in 2002
were used to generate other variables for Monte Carlo experiments.

set ranseed=1000000
set noecho

sample 1 90
read vyl y2 pl p2
10383100 3993433 288.4 127.2
10383100 1984195  288.4 70.5
10383100 1566283  288.4 59.2
10383100 1431278 288.4 59.5
10383100 1266052  288.4 1280.4
10383100 1102437 288.4 57,7
10383100 714227 288.4 31.4
10383100 653075  288.4 40.9
10383100 637203  288.4 100.8
3993433 10383100 127.2 288.4
3993433 1284195 127.5 70.5
3993433 1566283 127.5 59.2
3993433 1431278 127.5 59.5
3993433 1266052 127.5 1280.4
3993433 1102437 127.5 57.7
3993433 714327 127.5 31.4
39923433 653075 127.5 40.9
3993433 637203 127.5 100.8
19684195 10383100 70.5 2688.4
1984195 3993433 70.5 127.5
1984195 1566283 70.5 59,2
1984195 1431278 70.5 59.5
1984195 1266052 70.5 1280.4
1984195 1102437 70.5 57.7
1984195 714327 70.5 31.4
1984195 653075 70.3 40.9
1984195 637203 70.5 100.8
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1566283
1566283
1566283
1566283
1566283
1566283
1566283
1566283
1566283

1431278
1431278
1431278
1431278
1431278
1431278
1431278
1431278
1431278

1266052
1266052
1266052
1266052
1266052
1266052
1266052
1266052
1266052

1102437
1102437
1102437
1102437
1102437
1102437
1102437
1102437
1102437

714327
714327
714327
714327
714327
714327
714327
714327
714327

653075

10383100
3993433
1984195
1431278
1266052
1102437

714327
653075
637203

10383100
3993433
1984195
1566283
1266053
1102437

714327
653075
637203

10383100
3993433
1984195
1560283
1431278
1102437

714327
653075
637203

10383100
3993433
1984195
1566283
1431278
1266052

714327
653075
637203

10383100
3993433
1984195
1566283
1431278
1266932
1102437

653075
637203

10383100

1280.4
1280.4
1280.4
1280.4
1280.4

57.7
57.7
57.7
57.7
57.7
57.7
57.7
57.7
57.7

31l.4
31.4
31.4
31.4
31.4
31.4
31.4
31.4
31.4

40.9

286.4
127.2
70.5
59.5
1280.4
57,7
31.4
40.9
100.8

288.4
127.2
70.5
59.2
280.4
57.7
31.4
40,9
100.8

288.4
127.2
70.5
59,2
59.5
57,7
31.4
40.9
100.8

288.4
127.2
70.5
59.2
59.5
1280.4
31.4
40.9
100.8

288,4
127.2
70.5
59.2
59.5
1280.4
57.7
40.9
100.8

288.4
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653075 3983433 40.9 127.2

653075 1984195 40.9 70.5
653075 1566283 40.9 59.2
653075 1431278 40.9 59.5
653075 1266952 40.2 1280.4
653075 1102437 40.9 57.7
653075 714327 40,9 31.4
653075 637203 40.9 100.8
637203 103831 100.8 288.4
637203 3923433 100.8 127.2
637203 1984195 100.8 70.5
637203 1566283 100.8 59.2
637203 1431278 100.8 59.5
637203 1266952 100.8 1280.4
637203 1102437 100.8 57.7
637203 714327 100.8 31.4
637203 653075 100.8 40.9

geny lyl=log{yl}
genr lyZ=lcog(y2)
genr lpl=log(pl)
genr lp2=log{p2)

genl t=10000

dim bolsl 3 t
dim bols2 3 t
dim bols3 5 t

do #=1, t

genr rl=nor(0,1)
genr rZ2=nor{0,4)

*lm=4+lyl+,1*pl+rl=2+.2*1ly2~-.1*1p2 + r2=EX

genr lyl=-2+,2%1ly2-.1*%1p2-.1*%1pl+r2-ri
genr ly2=(2+1lyl+,1%*1pl+.1%1p2+ rl-r2)/.2
genr lm=4+1lyl+.l*pl+rl

ols 1m 1yl 1pl / coef=bolsl:#

ols lm 1ly2 lp2 /coef=bols2:4

ols 1m 1yl 1ly2 1lpl 1lp2 /coef=bols3:#

endo
matrix belsl=bolsl’

matrix bols2=bols2'
matrix bols3=bols3"'
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sample 1 ¢

stat bolsl / mean=meanbl
stat bols2 /mean=meanb?
stat bols3 /mean=meanb3

sample 1 11
print meanbl meanb2 meanb3

stop
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Essay Two

An Alternative Approach to the Co-integration Test

2.1. Introduction

Over the last quarter of a century, the cointegration test has become an essential

part of the time series analysis. Consider a times series model

yt=xtﬂ+g[, (I)

where both y, and x, are unit root processes.
If g is1(0), y, and x, are cointegrated. Under cointegration, it will be

counterproductive if the difference of Equation (1) is used in estimating £

Ay, = Ax, B+ As, . )

This method will lose the long-run relationship between y, and x,. In order to

prevent this loss, the error correction technique was introduced, and has been
theoretically refined by others.
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The test for cointegration is a necessary first step in estimating time series models,
The current approach to cointegration is to test whether or not the residual term g, is
1(0) based on Dicky and Fuller (1979, 1981),

Let B be the OLS estimator of £ in Equation (1). Then,
8 =y,-x8, 3)
where £, is the estimated residual. The unit root test for £, can be carried out using the

standard unit root test framework for time series variables developed by Dickey and

Fuller
Ag, =a,+ 06, +v,. 0))

The significance of the OLS estimate of & in Equation (4), which implies
cointegration, can be tested based on the critical values computed, e.g., by Davidson and
MacKinnon (1993).

However, the error term in Equation (1) may consist of two independent
components, a white noise and a random walk. Such a dual composition of the error term
is a possible realization of the residual, and indeed is a special case (known as the

adaptive regression model) of the stochastic parameter variation model in econometrics
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literature. If the true realization of the residual is dual, then the Dickey-Fuller unit root
test framework in Equation (4) will be a misspecification, rendering the test results
invalid.

This essay is organized as follows. Section 2.2 is the literature review. Section
2.3 introduces the adaptive regression model. Section 2.4 explores the range and

distribution of g . Section 2.5 offers an alternative cointegration test. Section 2.6 is the

simulation analysis. The last section concludes.

2.2, Literature Review

One important aspect of time series models is the methodology through which the
stochastic process is incorporated into the model. In a typical stochastic process, it is
assumed that each y, y,,....Y; in the series is a random value from a probability

distribution. The representation of this randomness is the core of the modeling. The
predicting power of the model depends on how the probability distribution function is
specified. Since it is generally impossible to specify this function completely, a
simplified model is often used in its place to approximate the actual distribution.

It is not always justifiable to assume that the process is stationary. A process is
stationary if it is invariant with respect to time. If the process changes over time, it is

nonstationary. According to Kennedy (1992), for a long time, econometricians simply
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assumed that economic data are stationary. They were primarily concerned about issues
such as autocorrelated errors and simultaneity. However, the nonstationarity could cause
many problems in data analysis because of the stochastic nature of a series.

A random walk process is an example of such stochastic model. Pindyck and
Rubinfeld (1998) offered a straightforward and useful illustration of this process, in

which y, is determined by

Y=Y té, (%)

where E(s,)=0and E(s,5,)=0when f#5.

The expected values for y in the following periods will be

V=V ==Yy =y ©)

However, the error variance and the standard error of forecast will increase with the
forecast period/ and the error variance becomes lo,”.

Many macroeconomic variables follow random walk, e.g., consumption follows a
random walk. Hall (1978) was the first author to state that consumer nondurable goods

follow an autoregressive process of order one, an AR(1). In his famous random walk

model, he predicted that the dependent variable in the current period depends on its past
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value and a stochastic error term. If the lagged dependent variable has a unit root, then
the process is nonstationary.

Mankiw (1982) applied Hall’s framework to durable goods, which has a
depreciation rate less than one, Based on the foundation of Hall (1978)’s optimization
framework, he showed consumer durables expenditures display an ARMA(1,1) process.
The empirical results give Mankiw an autoregressive process, an AR(1), instead. This
implies that data analysis yields a random walk process for durable expenditure as well.

Hansen and Singleton (1983) showed that nondurable goods in log-linear form
also follow a random walk. Mankiw (1985) employed a Taylor series approximation to
obtain a log linear model for consumer durables as a function of consumer nondurables.
He points out that if the log of consumer nondurables follows a random walk as shown in
Hansen and Singleton (1983), then the log of consumer durables also follows a random
walk. Romer (2001) analyzed the stock of consumer durables and concluded that the

stock of consumer durables follows a random walk.

In the random walk model, if upward or downward trend is taken into
consideration, then we will get what is called a random walk with drift. It is represented
by:

yx=y:-1+d+3t° )
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In this case, for d > 0, both the forecasts and the standard error of forecast will increase
with /.,

On the other hand, if the stochastic process is
V=8, 8)

and ¢, is an independently distributed random variable with zero mean, this process is
referred to as white noise. The forecast will be y,,, =0.

Time series analysts use differencing methods to deal with the stationarity
problem. Box and Jenkins (1970) proposed what would become known as the ARIMA
(p,d,q) or "Auto-Regressive Integrated Moving Average” models. In this model, p is the
number of autoregressive terms, d is the number of nonseasonal differences, and g is the
number of lagged forecast errors in the prediction equation (moving average terms). The
lags of the differenced series and lags of the forecast errors are added to the model
specification to remove autocorrelation problems from the forecast errors. Through
differencing and logging, the series become stationarized. Random-walk models,
random-trend models, and autoregressive models are all special cases of ARIMA models.

The Box-Jenkins process creates a new data series, ¥, and

JAET VAT N AR B AT R - 2R %)
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where the £ are independently and identically distributed normal errors with zero mean.

The methodology used in the single variable Box-Jenkins model can also be
extended to multivariate Box-Jenkins model, where ARIMA process is chosen for an
entire vector of variables. On the other hand, the structural econometric time series
approach (SEMTSA) is based on the theory that multivariate time series processes are
generalizations of the dynamic structural equation econometric models. Despite the fact
that ARIMA models out-forecast the traditional method, many econometricians do not
want to give up their traditional structural modeling since the ARIMA models do not
explain how the economy works.

The error-correction model (ECM) is a major step forward for the

econometricians. A simple example of this model can be expressed as

Y=B+Bx X+ By +&, (10

where y and x are expressed in logarithms. Since economic theory demands that
y and x will grow at the same rate in the long run, we can sety, =y, ,,and x, =x,,. It
can be derived that £ + 8, + B, =1.

We can also get

Ay, = By + BAY, +(B, -1V, — X)) + 5, 1n



which is the ECM expression with the error-correction term. If the level variables
yand x are indeed integrated of order one, (y,, —x,_,)is integrated of order zero.

If the series if not stationary, the Box-Jenkins is not valid. However, Box and .
Jenkins used differencing to remove any nonstationarity. Econometricians
underestimated the detrimental effect of nonstationarity until it is proven that traditional
t and DW statistics will not work with nonstationary data. Through a Monte Carlo
experiment, Granger and Newbold (1974) discovered that conventional significance test
tends to accept a spurious relationship when researchers fail to consider the existence of
stochastic trends in time series data. Phillips (1986) provided a rigorous proof for their
discoveries.

In the last few decades, researchers have considered different types of regression
and different types of data generating process. Many researchers focused on the linear
specification. The most prominent ones include the driftless random walks in Granger
and Newbold (1974) and Phillips (1986), two independent random walks with non-zero
drifts in Entorf (1997), 1(2) processes in Haldrup (1994), nonstationary
fractionally integrated processes in Marmol (1998), and stochastic unit root processes in
Granger and Swanson (1997).

Some researchers also considered the possibility of spurious nonlinear

relationship, such as Lee et al. (2005). Using both finite sample and large sample, their
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paper showed that spurious nonlinear regressions can occur in nonlinear estimation where
two independent random walks are used.

Phillips (1986, 1987) is a pioneer in the establishment of asymptotic theory for
regressions with stochastic trends. Phillips and Durlauf (1986) extended this approach to
the multivariate setting. The asymptotic methods provided by these authors have served
as main tool to derive most of the limit results in the context of unit root nonstationarity.

Instead of being satisfied with just removing trends by differencing in univariate
time series modeling, researchers turned to focus on the autoregressive (AR) unit roots
and the development of statistical procedures to detect them. Dickey and Fuller (1979)
and Fuller (1976) were among the first in developing the most popular tests for unit roots.
They tabulated special critical values for the ¢ statistics in the unit root test. Guilkey and
Schmidt (1989) and Schmidt (1990) also tabulated these special critical values for
different sample sizes and special cases.

In the error-correction models mentioned above, if the level data are I(1), the
ECM equation will not generate the right results. Only if the combination of these level
data are I(0), ECM equation will not generate spurious results. Kennedy (1992)
recommended the following methodology for econometricians. First, find out the order
of integration of the raw data series by using unit root tests. Second, run cointegration

regression and test for cointegration by using unit root tests. Third, use an ECM if

cointegration is accepted.
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However, none of the existing paper has studied the cointegration test statistics in
the context of the adaptive regression model. Since the Dickey-Fuller unit root test
framework will not function in such a specification, the test results are invalid. Therefore,

this paper will attempt to develop new test statistics for the adaptive regression model.

2.3. Adaptive Regression Model

Cooley and Prescott (1976) introduced a stochastic parameter variation model:

Y. =z, (12)
where
e =al +u,, a3
in which

T+l
TN IR (14)

sexp4l
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where v, ~N(0,0,°X,) and 4, ~N(0,0,>%,). That is, the error term is subject to two

independent innovation processes, one is a unit root process and the other is a stationary
process.

A stochastic variation model where the intercept alone is subject to permanent and
transitory variations is referred to as the adaptive regression model in Cooley and
Prescott (1973a, 1973b, 1976):

(74
Y =Z,@, =(l x')[au]

2
=a, + X,

=0 gy X0 + 4

=z B+4,, (15)
where
pefens ). iz
T+l -
y,=u,-—2v,eu,+v,, an
sat+l
in which
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Cov(p,, 1} = o [Min(T —i +1,T - j +1)]+ 6}

=0” (y Min(T-i+L,T - j+1) + (1-7)),

where

y=Z8+u,

where

ﬂ - N (0’ 029(7))9

Q) =yo’Q+(1~pa’ly,
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[T T-1 2 1]
T-1 T-1 2
0= P 23
2 .21
|1 1 1]
The log likelihood function for y can be written as
InL =-Zlndr—2 |00 -=1x (7~ XB) Q0Y' - XB). 24)
The ML estimators of # and o are respectively
B=xQm ' Xy XQpry'y, (25)
_-XByouy'y-XB)
5= T . 26)

Substitute # and s’ into Equation (24), the log likelihood function concentrated

iny can be written as:

L) = Const -1 (7,7,) -5 Inf027). @7
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For analytical ease, €(y) is diagonalized by premultiplying C to y=Z8+ u
where C is such that CC'=C'C =1, and C'QC =D. C is the matrix whose columns are

the characteristic vectors of Q, and D is the diagonal matrix of characteristic roots of Q.

D=[d,],
IS S I -t+])
4=’ O T (28)

For economies of notations, Cy, CX , and Cu are writtenas y, X ,and z

respectively. Then
g ~ N, o’A(), (29)
A@)=yD+(-PI, =y(D-L)+1,, 30
[d, 0 0 0]
0 4, 0 :
D={: 0 0 G1)
0 v dp, 0
(0 - - 0 dp]
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The concentrated ML function for y can be written as

1) = Const - 1051, - A, (32)
where

AP =7D+0-, (33)
and

B=X A XY XAy,

£(r7,) =L —Xﬁ)“(;ff)-](y‘x a, (34)

The maximum likelihood 7, g, can be found by searching over the interval
0 < ¥ <1to maximize Equation (32).

Cooley/Prescott (1976) show that

z;_:hglg=n, ;;_;h?s’(y,y,,) =02, (35)
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2.4, Range and Skewed Distribution of g

The range of yis finite, and so isg . Referring back to Equation (24), we see that
the log likelihood function is defined only for positive definite A =[(d, - 1)y +1].
Therefore, the necessary and sufficient condition for the positive definiteness is

(d,~Dy+1>0 forall ¢, or

-1 1
ye(i"—_f’ d,.—lJE(y"” P N

The range for gis

-1 1
- ' ’ 3
gE(dl_l dr_l]'a(g 8ir) 37
with
-1 -~ 1 4
limg_=lim = [im =0, limg,, =lim~——=—.
T Sm Tood —] T T? 7o B Tood -1 3
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The limits in Equation (37) are consistent with the asymptotic variance of g as

derived in Im (1990, 1992)

timwe) =~ 17,(4-3)[VA-37, + 7. (8)

which is the analytical version of the variance of ML estimator of y, which stems from
the information matrix for Equation (24) as derived by Cooley and Prescott (1971,

1973),

2

=V ﬁ -7, . 39
wg)=Var(NT(g-7,))= i3 ]2 [ ; (39)
T5\@ l)r.,+l TS (d,-y,+1
The sample counterpart of v(g) may be written as
#g)=+{g4-30)]" [V#-3g + Ve | - (40)

The implication of Equation (40) is that the asymptotic domain for g is [0,4/3]
whereas Equation (37) implies that the small sample range for g includes a negative
portion though it degenerates as the sample size increases. In light of Equations (37) and

(40), the distributions of g under y, =0 and y, =1 can be depicted qualitatively as
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Figure 1. Range and Skewed Distribution of g

In the framework of the adaptive regression model, there are three distinct
possibilities with respect toy, (0 < y, 1) in Equation (20). If , =1, # in Equation (20)
Tepresents a unit root process so that there is no cointegration between y, and x,.

Ify, =0, u represents a stationary process which implies a cointegration between y,

andx,. If0<y, <1, x contains both stationary and nonstationary processes.
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The significance of the analytical expression in Equation (38) is that the variance
of g is zero, which violates the conditions in the Central Limit Theorem, therefore the
probability distribution of g is non-normal. Han (1997) computationally confirmed the
non-normality of g. However, an exact distribution formula for g has not been
introduced in econometric literature. The following section will introduce analytical test

statistics for H,:y,=0and H,:y,=1.

2.5. Alternative Test Statistics

The first order condition for maximizing

I(}')=const—%lnsz(y,ya)—%lnpt(yﬂ 41)
can be written as

- Ts:(?’ya) l -1 -
L,(y)——am—zTr(A(y) A,)=0, (42)
where
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B=(XAG) ' XY XAGYy,
2 ._% -XBYA AN r-X ).
From Equation (42) follows

U-XBYA@)'A Ay 0-XB)
(-XPN' (y-XP)IT

Tr(A(g)'A,). (43)

Take probability limit of both sides of Equation (43),

Tr(A(plimg)'A, A(plim g) " AR,))
Tr(A(plimg) ' A(x,))/ T

=Tr(A(plimg)”' A A(plimg)™). (44)
If plim(g) =y, in Equation (44), both sides of Equation (44) are reduced to

St
d -1y, +1’

=l

which satisfies the first-order condition for maximizing Equation (41).
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Since L,,(¥) <0 (See Appendix B for proof), g is a unique consistent estimator

ofy,.
Now define a new statisticg :
_O=XBYAG,)'~XP) 4
¢(g’ya) (J}—Xﬁ)'A-l(y—Xﬁ)/T * ( S)
Equation (45) can be written in terms of scalars as
) o p
Z l‘ﬂ Z_—f
- =l (d 1)7a+1 = =1 (d l)?o.l'l 46
AL Z P (46)
T d-Dg+l T4(d -Dg+1
Since
plimg=y,,
ﬁlz - [(dc —1)}’ a +l]6"2 =g? ( £ ~ N(O, 0.2)’

@ -Dy,+1 ™= (d-Dy,+1
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. [ 1E Th 1 L[ -y, +1]8 L
2 L

ol (d[ _l)yc +1 Unae T t=l

Equation (46) can be written asymptotically as

T 6.2
Asy(¢)=26—’, ~ 2XD).

=]

Therefore,

G-XBYA@)'0-XB) *
W-XBYNE)Y ' O-XDIT 7.

Mg’yo) b

The exact distribution function (Hoel et al., 1971, p. 130) for ¢ is

r_
(/2 e

r=J 4

Plpsx)=1 - x>0,
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@ in Equation (50) can be used as a test statistic for any hypothesized value of

¥, (0s 7, £1), including testing whether ¥, =0 (co-integration) or 7, =1 (unit root).

Under H,: y, =0,

G-XBANO-XB) . -XBYy-XB)

P XN G-XBIT - G-XPY A —XP)IT

and under H,: y, =1,

U-XBA)' -XB) __(-XByD'»r-Xp)
-XBYA -XPIT (y-XBYN'(y-XB)IT

p(g, )=

Note that 7*(T) ~ N(T.,27),

gy, )-T
z==22o .~ N(O,1).
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In the adaptive regression model, the residual is a random walk ify, =1, whereas
it is white noise if y, =0 so that the regressors and regressand are cointegrated. Figure 1
shows that the ML estimator of y, is not distributed as normal under H,: y, =0. The
analytical probability distribution for g under y, =0 is unknown.

The new test statistic is shown to be distributed asymptotically as chi-square with
degrees of freedom 7' — %4 ~1 where % accounts for estimated regression coefficients

including the constant term and 1 is forg. For any given g, the test statistics under the
alternative hypotheses are different: @(1) # ¢(0) . Further, if the null hypotheses are false,
the probability limits of both statistics are greater than7" (See Appendix C for proof),
which implies that the probability distributions are farther to the right of those when the
null hypotheses are true. Hence, depending on the location of @(0) and ¢(1) relative

to 72 (T), statistical inference can be made on whethery, =0,y, =1, 0<y, <1,0r

inconclusive, as summarized in Table 2 below

Table 2. Statistical Inference

Possible Case Configuration of the test statistics Inference
I @(0) < 2, (T) < p(D) 7,=0
II o) < 22, (T) < p(0) o =1
m Ziea(T) < 0(0), () 0<y, <1
v @(0), o) < 77, (T) inconclusive

Note: « is the significance level.
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2.6. Simulation Analysis

The maximum likelihood estimator of the instability parameter y, is not normally
distributed. In addition, under the mull ¥, =0, the ML estimator of y, converges to
7, =0 with the order of O(T?). Therefore, we expect that the normalized Chi-squares do

not degenerate to zero or explode as T increase. This section will show how the

normalized Chi-squares statistic for g , the ML estimator of ¥, , behaves under
H,:y,=0. To make it as simple as possible without loss of generality, we generated the
dependent variable as N(0,1) process under 7, =0. Hence, the normalized Chi-square

test statistic can be expressed as

y'D(glr,=0)"y _ o
12 _ yy/T , (54)
v2df vadf

where g denotes y such that

2)zIl) =Cons—%]nsz(y)—%|l)(y)] Y. (55)
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We iterated the data generation and grid search for g over y e[-1/(d, -1),1] 100
times for different sample sizesdf [1,100] (Appendix E). Since the lower bound for g

rapidly approach 0 from below,  was increased at an increasing rate as it approaches.
Table 3 shows how the critical points for four different levels of cumulative probabilities
vary as the degrees of freedom increase given the number of iteration at 100. There is no
sign for either convergence to zero or divergence to infinity, which implies that the
critical points are finite.

A

Though 98% confidence level of the statistic defined by [ 4,, 4y, | is a bit

volatile, 95% confidence level defined by [2_0,,2_,5] is relatively stable. There may be

two reasons for this observation. First, the left tail of the probability distribution is
extremely thin so that the left-hand critical point is extremely sensitive to a slight shift of
the probability mass either to the left or to the right. Second, the number of iterations is
rather small. This appears to be apparent from Table 4 which shows more stable critical
points for N=1000 for a selected number of sample sizes.

As the sample size increases, the probability distribution becomes smoother as we

compare Figure 2 for N=500 and Figure 3 for N=1000.
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Table 3. Standardized Chi-square Statistic under H,: y, =0 for N=100

-

N

~

- d.f=T-1 Ao Aos s Ao
1 24002 24749 1.1676 1.2020
2 -1.0552 -.65464 98418 99133
3 -1.5397 - 78278 97037 1.0022
4 -2.0826 ~.96939 96359 99787
5 -1.7275 -1.0023 94475 97375
6 ~-1.6684 -.80666 91797 93649
7 ~-1,9689 -1.3750 90738 91929
8 -2.0270 -1.2851 87473 89792
9 -2.5792 -1.4024 86549 838297
10 -1.7177 -1.4617 84532 87416
11 -1.8641 -1.3698 80886 83927
12 -2.1817 -1.3955 81569 82377
13 -2.7833 -1.8229 77760 80978
14 -1.8412 -2.5086 76812 82284
15 -2.2974 -1.0667 1.4969 1.5218
16 -2.9443 -1,3281 1.4984 1.5404
17 -2.7149 - 47232 1.4921 1.5208
18 -3.3839 -2.6918 1.4768 1.5007
19 -4.5198 -2.3675 71986 75221
20 -3.5897 -2.2141 70722 74744
21 -3.5508 -2.6931 71086 73653
22 -4.2210 2.0110 71058 74092
23 -4.0934 -2.7636 71848 73207
24 -4.3122 -3.2394 71667 73088
25 =5.6975 -3.0717 70894 74212
26 -3.3661 -2.4563 69059 71143
27 -6.2107 -3.5570 69626 71411
28 ~4,2483 -2.8791 68762 .70938
29 -7.0863 -2.9826 69953 70585
30 -4.436 -2.6497 68528 J1773
40 -5,1424 -2,9114 1.4195 1.4240
50 -6.0404 -1.8810 1.4569 1.4619
60 -3.5740 -2.2375 94597 97006
70 -4.9472 -2.0290 1.0519 1.0771
80 «3.37155 -1.9366 1.2253 1.2393
90 -2.517 -1.7428 1.2787 1.3936
100 -2.3559 -1.6330 1.3490 1.4679




Table 4. Standardized Chi-square Statistic under H,: y, =0 for N=1000

F

~

7 ~df -j;m As Aos iy
10 -3.045 -1.7882 81910 86954
20 -4.5643 -2.5931 70297 74625
30 -4.9939 -2.7770 68393 71160
40 -6.3215 -2.8601 69730 70637
50 ~6,1159 -2.7336 .73043 73336
60 -6.1410 -2,7514 92966 97006
70 -6.5161 -2.5631 1.0869 1.1339
80 -5.6485 -2.6065 1.2113 1.2664
90 -7.3762 -2.5915 1.2883 1.3839
100 -6.5169 -2.6465 1.3467 1.4418

Density Estimate
0-9 L] ] ] L] ¥ ¥ L}
0.8 }
0.7 }
@
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g
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-8 -7 -6 1

Figure 2. Probability Distribution for 500 Iterations with df=100
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Density Estimate
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0.5

0.4 .
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0-1 B N

~12 -10 -8 -6 -4 -2 0 2
Figure 3. Probability Distribution for 1000 Iterations with df=100

As the sample size increases, 1 — A in probability distribution, Therefore, the
standardized Chi-squares distribution in Table 5 can be used for testing H,: , =0 asan
approximation for large sample cases. The advantage of using the standardized Chi-
squares are in two-fold: (1) it converges to the standard normal distribution though the
convergence is very slow as the sample size increases (as can be seen in Table 5); (2) its

values are finite instead of increasing as the degrees of freedom increase.
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Table S, Critical Values for Standardized Chi-Squares Statisties

df. Ao Ags Ags A
1 -0.70697 -0.704278 2.008183 3.981011
2 -0.99000 -0.948500 1.995000 3.605000
3 -1.17780 -1.081041 1.963674 3.388461
4 -1.30921 -1.162837 1.941008 3.288047
5 -1.40595 -1.217477 1.928989 3.193900
6 -1.48033 -1.258624 1.905256 3.117691
7 -1.53943 -1.290872 1.897555 3.073504
8 -1.58750 -1.317500 1.875000 3.025000
9 -1.62870 -1.336432 1.862048 2.993419
10 -1.66364 ~1.355057 1.855936 2.951610
11 ~1.69495 -1.370881 1.854846 2.920850
12 -1.72077 -1.381920 1.837117 2.898563
13 -1.74347 -1.394386 1.843492 2.882907
14 -1.76509 -1.404138 1.833128 2.853632
15 -1.78375 -1.413124 1.825742 2.848157
16 -1.80136 -1.421285 1.820800 2.828427
17 -1.81617 -1.428583 1.817885 2.812577
18 -1.83167 -1.435000 1.816667 2.800000
19 -1.84446 -1.443771 1.800658 2.790208
20 -1.85626 -1.438836 1.802498 2.782804
21 -1.86707 -1.450451 1.805349 2.762030
22 -1.87842 -1.462330 1.793993 2.758829
23 -1.88726 -1.459675 1.798792 2.742420
24 -1.89082 -1.472243 1.789786 2.742414
25 -1.90919 -1.470782 1.796051 2.729432
26 -1.91372 -1.469956 1.788908 2.718031
27 -1.91877 ~-1.469694 1.782684 2.721653
28 -1.92428 -1.483300 1.777287 2.712702
29 -1.93021 -1.483763 1.785767 2.704913
30 -1.93649 -1.484644 1.781572 2.698178
40 ~1.99010 -1.509346 1.766494 2.649741
50 -2.03000 -1.520000 1.750000 2.620000
60 -2.05396 -1.533623 1.743583 2.592553
70 -2.07908 -1.546632 1.732566 2.535463
80 -2.09501 -1.549516 1.739253 2.529822
90 -2,10190 -1.557794 1.714319 2.534210
100 -2.11423 -1.562706 1.697056 2.545584
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2.7. Conclusion

This essay added some theoretical rigor to the exiting analysis of the adaptive
regression model, and introduced a new approach for testing the statistical significance of
the instability parameter. The test statistic herein introduced is a new approach in the
sense that it is not directly based on ML estimator of the instability parameter. Rather, it
is a residual based statistic to avoid the problems associated with the direct approach. As
theoretically expected, the test statistic tends towards the standardized Chi-square as the
sample size and iteration number increase. A refined table for critical values may be a
useful reference for the significance test in small sample cases. If the sample size is

sufficiently large, the standardized Chi-square table shown in this essay can be used,
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Appendix B

The first-order condition for maximizing L(y)is

T (A"A,A"ss’) 1 da N
L? -—E tr(A"‘gg’) —-Etr(A lAr) =0,

Note that

[r(A"A,A7%0)] =-20[A'A AN A5,

t

L 1 =2 (AA, AN A Jor (Aes' )+ [1r (A7A A7) |

v = 3 [r(aes]
+ %#(A"A,A"'A,).
Substitute Equation (B1) into Equation (B2),
, . _Tr(a'aaans) 1 [tr (A"A,,z\r'sz;')J2
” ir(Aes') 2| w(A's)
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plim(Z,)

Tor(A"AA'AAN'e)

tr(Ass’) 27

1

= (A AN, )L (A, ) ]

2T

%#(A"A,A"'A,)-[%tr(A"A,)T:I
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rarlr (a8, Jrgr(aaaA,).

K [ d-1 1& d-1 J’
ol —_— <0
T2\ @ —Dy+l T4 -Dy+l

(B3)
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Appendix C

?(0)= 'h-d_‘&z ,

T

TS (d -)g+1

so that

T
plime(0) =Y '[(d, -1z, +1]

tal

L PP _IT-1
=12 -D+T ===

If ¥, =1 is false, then

YA

~ d
¢(1)=1T" —

* t

T =l (d: -l)g"'l

so that
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. L(d -y +1
plimp(t)= Y =41 ‘3" e
i=} K

T T
=7,2.0-d"+Y.d  =-Ty,+2T=TQ-y,) 2 T, (C2)

=1 =l

T
note that ) d;"' = 2T as shown in Appendix D.

=l
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Appendix D

r
Proof for im 3 ;! =2T .

tasl

=]

R 1Y
imYd ' =limy| ———
fm 4, ’"‘“Z(2+2°03¢J

T 1 -1
= lim
?‘-w;z.,:(4cos2¢J

=4;i_n;;icosz¢

i=l

A i)

2T +1

=1

Since

ag=20-#D) _ 7
2T+1  2T+1

then,
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ol L of A(T—t+1) 1 §?
” Eglm[ Tl ) ﬂM(’)g pad

‘7%2:”-1

hmZoo ¢

e

2T 2 T —.Z'_
7 ¢d¢—_[—]—' 2 s

4

note from Dwight (formula 858.2, p. 214) that

. cos® gdg =
Hence,

=l

hmZd" =40 = 4(T] 2T
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Appendix E

The Monte Carlo Programs

(Using the Shazam econometric package)

L

SET RANSEED=1000000
GEN1 N=100

GENL T=20

genl f£d=T-1

GEN1 S=T

set nodoecho

*

DIMUNI1
DIMWN 1
DIM ST N 1

DIMQ T T

*(l) generate matrix Q
Do #=1,T

DO %=1, T

GEN1 QIJ=MIN (%, %)
Matrix Q(#,%)=QIJ
ENDO

ENDO

*end of (1)

matrix D=eigval (Q)
matrix h=-1/(D(1,1)-1)

DO $=1, N
sample 1 T
GENR y=NOR(0,1)

* Initializating values
genl MLF =-999%0

genl mltst=-99699

genl mlr=-9999%

*

Do ! =1, s
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genl r=h+exp(=(l/sqrt(s))*(s-1}))
matrix OM=r*Q +(l-r)*Iden(T)

matrix s2=(Y'Inv(OM)*Y} /T

matrix LF=-T*log(s2)/2-log(DET (OM)}/2
matrix tl=y'inv(OM}*y

matrix t2oy'*y/T

matrix tr=tl/t2
matrix tst= sqrt(t)*(tr-£d)/sqrt(2*fd)

IF (LF .GT. MLF)mlr=r
IF (LF .GT. MLF)mltst=tst
If {LF .GT. MLF)MLF=LF

ENDO
matrix U{$) = mlr

matrix ST ($)=-mltst
matrix W($)=MLF

ENDO
print U W ST
sample 1 N

sort ST /desc

NONPFAR ST /DENSITY predict=dl GRAPH
distrib ST / cdf=cdf

graph dl mltst / line
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Essay Three
Nested AR (1) Disturbance Model

3.1. Introduction

Nested model has been gaining popularity in econometric studies. Greene (2006)
gives an introduction of the nested models. In econometrics, a model can be written as a
special case of another mode. In this case, the two models are nested, in which some
restrictions are imposed on the parameters of one model.

In nested AR(1) disturbance model, there are two types of simple specifications of
the residual term, one is the first-order autocorrelation and the other the adaptive
regression model. This essay synthesizes these two types of residual specifications,
which may better represent the actual realization of the residual.

The adaptive regression model is a model where only intercept is subject to

transitory and permanent changes,

Y=o, +x8, 1

where
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o =vy,+tu, )]

in which v,and u, respectively represent mutually independent permanent and transitory

changes with

v, ~ N(0,6%),u, ~ N(0,67), and Cov(v,,u,)=0. 3)

Once v, occurs, it remains permanently. The stochastic intercept term can be

written as

T+l
@ =0y~ Z v, +y,. (4)

a4l

Substitute Equation (4) into Equation (1) and rewrite Equation (1) in term of e,

yr = aT+I + xrﬂ +I“r » (5)

where the residual term g, is
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I+l
ﬂr == Z vs +ul *
satel

Normalize the variances of the two innovation series,

ol =yo?, o} =(1-y)o’, where 6* =07 + 02

and write

Cov(p, 1)=&’ [y Min(T +1~i, T+1-J) + A-p)]. (hi=12,...T)

This sharply contrasts with the autocorrelated residual model

yi=xp+u,

where

u, =pu,_ +¢, |p|<lands, ~N(0,0?)

so that the residual is a stationary process. And
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E[u,]=0 forall s,

2
a&‘
el an

i
1-p*

Var[u,] =

Cov[u,,u,]= &

This essay is organized as follows. Section 3.2 is the literature review, Section
3.3 introduces nested autocorrelation, Section 3.4 diagonalizes Q(y, o). Section 3.5

develops the maximum likelihood estimation. Section 3.6 discusses the information
matrix and the Cramer-Rao Lower Bounds. Section 3.7 is the simulation analysis.

Section 3.8 concludes.

3.2. Literature Review

An autoregressive process of order p can be written as

yr = ¢lyr-l +¢2yt—2 +"'+¢py:-p +5+8: (12)
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The autocorrelation problem was discussed in Hamilton (1994). Consider the residual

term y, where

M =—Ply, TE,. (13)

With & denoting a column vector for #, (¢t =1,2,...,7"), where the autocorrelation
coefficient | p| <1and the spherical disturbance &, is Gaussian white noise with variance

o, then all the off-diagonal elements of the variance-covariance matrix of the

disturbance term can be expressed in terms of p

¥ 1 p p2 pT-]-‘
o | P 1 :
Ey=—=5| 1 ' 2 |=c%. (14)
1-p°| 1,
p ses p 1 P
] prt o p 1]

The GLS estimates are obtained by regressing y\1-p° on x+1-p* and
¥, =Py on x,—px,_fort=23,...T.

Cooley and Prescott (1976) introduced a stochastic parameter variation model. Its
error term is subject to two independent innovation processes, one is a unit root process

and the other is a stationary process. In this stochastic variation model, the intercept alone
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is subject to permanent and transitory variations. It is referred to as the adaptive
regression model in Cooley and Prescott (1973a, 1973b, 1976).

McCabe et al. (2003) discussed the persistence element of the autoregression
process. A persistent series contains a permanent component, in which the impact of a
shock will continue indefinitely. A transitory series contains only a transitory component,
in which the impact of a shock will dissipate over time,

There are three kinds of standard measures for persistence. First, the long-run
impulse response function measures the impact of a shock on the level of a time series.
Second, the long-run variance ratio function measures how much the permanent
component in the series will cause to the variation in the first differenced time series.
Third, the long-run autocorrelation function measures the correlation between two
periods of the time series that are infinitely far apart. An integrated I{d) model is
nonpersistent if d is less than unity and persistent if it is equal to one. Brockwell and
Davis (1991) and Baillie (1996) suggested that a decay in both the impulse response and
autocorrelation functions indicate a lack of persistence for stationary fractional models,
where d <0.5.

Cramer (1961) provided a useful decomposition of both stationary or
nonstationary time series, which is a generalization of the decomposition of Wold (1938)
for stationary time series. In his approach, a nondeterministic series is described in terms
of a linear process, where the coefficients are uncorrelated with zero mean and possibly

different variance, but may depend on time and the disturbances. Tjestheim (1976)
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extended Cramer’s non-deterministic process to define a time-varying range, Melard
(1985) also made use of this tool to describe the stochastic processes.

McCabe et al. (2003) investigated five models in the time domain, The first
model is the output of a time invariant linear filter of a white noise process, i.e., the
covariance stationary linear process. This model includes both I(0) models and stationary
I(d) models, when d < 0.5. The second is an undiscounted sum of a white noise process
that is infroduced as a random walk. It is also a special case of an I(1) model. The third
model is the nonstationary fractionally integrated noise model, where d is in the range 0.5
<d< 1. It is a nonstationary I{d) model.

The fourth model comprises of a multiplicative combination of a random walk
and a white noise process, together with an additive error, i.e., the stochastically
integrated model (Harris et al., 2002). It is also a special case of a nonlinear state space
model with a nonstationary process. The last one is a recursive combination of a random
walk and a white noise process, i.e., the stochastic unit root model (McCabe and
Tremayne, 1995, Leybourne et al., 1996, and Granger and Swanson, 1997). Thisisalsoa
nonstationary model.

The fractionally integrated model has been employed to describe a series with
very long-run decay. For example, the fractionally integrated white noise model is written

as

(1-L)y, =¢,, (15)
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where L is the lag operator, d is the fractionally integrated factor. If |d] <-;-, this series

will have an infinite moving-average component.

McCabe et al. (2003) focuses on the persistence component of the various models
extended from the general representation of Cramer (1961). They found that all of these
measures of persistence may generate ambiguous results. Except in the linear process
and nonstationary fractionally integrated noise specifications, the results from the other
three models indicated a lack of persistence.

Kim (2000) and Kim et al. (2002} introduced a residual-based ratio test based on
the changes in persistence in a time series, in which there exists a shift from stochastic
stationarity, I(0), to difference stationarity, I(1). Kim (2000) presented a time-series

process in which y, is formed as the sum of a deterministic component, d, (e.g., an

intercept), and a short memory component

¥y, =d +g,t=12,.T (16)
Kim (2000) considered two alternatives: first, that y, displays a shift from I(0) to

I(1) behavior, and secondly that there is a shift from I(1) to I{0) behavior. Kim et al.

(2002) proposed tests constructed using the sequence of ratio for the null hypothesis that

¥, is a constant I(0) process against an I(0)-I(1) shift at some unknown point.
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Leybournea and Taylor (2004) extended Kim et al. (2002)’s methodology of the
residual-based ratio tests using a non-parametric approach. They used Monte Carlo
simulation to compare the power properties of the non-parametrically modified ratio-
based tests and the corresponding unmodified tests for a finite-sample size, They
investigated ARMA(1,1) process in a time series.

The ARMA(1,1) process can be derived from many dynamic optimization
framework. For example, the first order condition for a consumption model with the

stock of consumer durables, K;, can be written as an Euler equation

EU'(K,.)=AU'(K,). an

Assuming an additive error term, we then obtain;

U' (K )=AU' (K, )+t (18)

After several algebraic manipulations, we obtain the optimal capital stock of
durable goods as

Kr+l =dy+4a K, +U,, (19)
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where both a, and a, are constant.

Additionally the equation for the accumulation of consumer durables can be

written as:

K,=(1-9)K,+C,, 20)

where Cy+ is the consumer durable expenditure at period 7 +1and &the rate of
depreciation,
Combining the above three equations, we obtain an ARMAC(1,1) process for

consumer durables expenditures:

Cu=0a+a,C, +u,, ~(1-8)u,.. 21)

The autoregressive process of order one relates to the consumer durable
expenditures in period fto that in period #+1. And the moving average of order one
component relates to the residual of period to that in period ¢ +1 as well.

In Leybournea and Taylor (2004), they investigated the ARMAC(1,1) process by
performing 40,000 Monte Carlo replications. The results showed that the unmodified

ratio-based statistics yield tests that can be very different for different sample sizes. Most

89



of the size improvements are obtained simply by setting the truncation parameter m=0 in
the variance estimators,

None of the existing papers have tried to specify the residual term as the
combination of the first-order autocorrelation and the adaptive regression process. This
combination, however, may better represent the actual realization of the residual. The

following sections will derive the properties of this residual specification.

3.3. Nested Autocorrelation

In this section, it is assumed that the transitory component in Equation (2) is
autocorrelated as in Equation (9). Then, Equation (5) can be written as
yt = tz'I’-&-I + xrﬂ + aur * (22)
where the residual term 4, is

T+l

H ="—Z v, +pu,, +E,. (23)

s+l

With 4 denoting a column vector for 4, {t =1,2,....T"),
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=0’Q(y, p) -

T T-1
T-1 T-1
2
11
T-1 2
T-1 o i
P2
o 2 2
1 eee aee

As shown in Table 6, the nested AR (1) disturbance model allows for five

possible situations.
Table 6. Nested AR (1) Disturbance Model
Case b 4 P Residual Composition
)| 0 0 White noise

I 0 |p|<1 | First-order autocorrelation

m O<y<«l 0 Fractional random walk
Fractional random walk

v 0<y<l Ip l <1 and the first-order autocorrelation

v 1 0 Random walk
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3.4. Diagonalization of (y, p)

Q(y, p) can be diagonalized in two steps. First, for Equation (22)

Ve =0 — PV

=ar,(l- P+ (x: -px, )B+u—pp  +8,,

from which follows

z, =4,

= (Ax! —prt-l)ﬂ'l'vr PV tE—E,E W,ﬁ'l"f,

Eu?lﬂ+§.

Then, with £ denoting the column vector foré, (¢ =1,2,...,77),

Z=E(L)

25)

(26)



1+9° -p 0 - O 2 -1 0 « 0

-p 1+p* H -1 2 .
=c’(7] © o |+0-nlo . T 0
: 14+pt —p P w2 -1
0 . 0 —p 13/ 0 - 0 -1 2
(0 —y+2 —pp+y-1 0 0 ]
-wpt+y-1 p’-y+2 ° E E
=02 0 ... ..‘ '.0 0
: : ot -y+2 —pp+y-1
| 0 w0 —ppry-l gty a2
=a’T(y, p). 27
Write Equation (26) in matrices,
z=Wh+¢. (28)

There exists C such that CC’' =C'C = I,. and C'QC = A where A denotes the

diagonal matrix consisting of eigenvalues of I'(y, p). The eigenvalues for the type of

matrix as ['(y, p) can be analytically expressed as (Bellman, 1960, p. 215)

AW)=yp* -y -2+420p-y+DCOS(p1), (t=1,2,...,T") 29
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where

p=n /T +1).

Premultiply C to Equation (28),

5aCz=CWB+CE=WA+£&, 30)
so that
E(E&)=0’A=0’Diag[An)]. (+=12,..,T") (31)

3.5. Maximum Likelihood Estimation

Define 7' =T -2. Define 6 =(4', yx’)', w:(az,x’)', and «=(7, p)',the

likelihood function in logarithm for Equation (30) then can be written as

L(B,o ,?,P)=-—m(zﬂ)~—1n0 ~57 (2 WBYA.pY' (E-W ). (32)
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The first and second derivatives of Equation (32) are as follows

L, s%=%W’A"(§—W’ﬁ), (33.1)

L= aé:z,{‘ =-2£ i +2;4 (G- BYA" G- B), (332)

L s%=2+._2(5-Wﬁ)'A"A,A"'(E-Wﬁ), (33.3)

L ea‘];;;‘=2+‘_2(2—H7ﬂ)'A"ApA"(§—Wﬂ), (33.4)
FiL__ 1

AW (33.5)

L
% = omef 20

dln L 1

e s 1B
L”’EW —?WA EZ-Wp), (33.6)

Ol _ -glff"f\"f\rﬁ" G-W8), (33.7)
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oinL | - P

&L T | P prp
LG,GJEIE(O_T)Z=‘2?“;?(2-W}9)AI(Z“W/9):

FInL 1 . i, actx a5 1P
Ly = AN A N e
L _ 1 e r i acip acia A-1les g
Ly === G- B [ A A A AA NG ),
FInL 1 . o s o
o T ociy = 25" E-WBYA AN (Z-W P),
#inlL 1

wp oc’op T 207 (E-Wﬁ ) 'A-IApA-l ¢ ”Wﬂ )s

LOmL_ 1.
»  9Bp  20°

—WBY[ 28 AAA AT - AN AT (- ),

where

9

(33.8)

(33.9

(33.10)

(33.11)

(33.12)

(33.13)

(33.14)



A = Diag[ ()] = Diag[ yp* -y +2+2Q2pp -7 +1)COS($1) |, (33.15)

A, = Diag[ M), | =2y Diag[ p+COS(9)] = 2y Diag [ A1) ] (33.16)
A, = Diag[ A(t), | = Diag| p* -1+ 2(p-1)COS(¢t) ], (33.17)
A,, =A,, = Diag[ A@t),, | = Diag[2p+2COS(4)]. (33.18)

From Equations (33.1) and (33.2),

b=(W'AWY'W'Az,

(E-WbYA™(Z-Wh). (34)

Substitute »# and s* into Equation (21), the likelihood function concentrated

iny becomes:
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L, =Const - -’g-ln s —%ln|A(y, P)- (35)

Two dimensional search for ML estimators of ¥ and p can be carried out using
L, rather than .. Once y and p that maximize I are obtained, the estimation of £ and
o’ follows from & and s° in Equation (34), #thus obtained can be shown to be a
consistent estimators of &, , the true #, and asymptotically identical to & which

maximizes the original likelihood function in Equation (32).

3.6. Information Matrix and the Cramer-Rao Lower Bounds

The maximum likelihood estimation is asymptotically efficient. Its variance can
be estimated by the use of an estimate of the Cramer-Rao lower bound. Define
I:w =L, (é) where @ denote the parameter # which satisfies the first-order condition,
ie, L, (6) =0. Then, since plim(8) = 8, , the probability limit of each element of f.m, can
be derived, with the subscript o signifying that parameters inside each expression with
the subscript are all replaced with their respective true values,

1

o7 W'A,'W), (36.1)

Pﬁm(ip,r):
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plim(L, ;)= plim(L,)= plim(L,,) =0, (36.2)

plim(f',a,a)=--é-%, (36.3)
plim(f,)=- 2;02 Tr(A™A ), (36.4)
pﬁm(i,;p)=-2‘+:rr(A"‘A,),,, (36.5)
plim(Z,)=-Tr[A"AA7A, |, (36.6)
plim(L,)=-Tr[ A"AAA, -y A", (36.7)
plim(L,)=-Tr[ A, A"AA, -A7A, ] . (36.8)

Based on the information matrix, the Cramer-Rao lower bounds for the variances

of 7 and p can be found from

Cont é)z[ CovEﬂ)A Cov(ﬂ:;ﬁ‘r):l
Cov(y,B) Cov(y)



=-1(8,)"

-1

plim(Lﬁ ') plim(Lﬂy,.)
P lim(Lw:) plim(LW,)

-1

plim(L ﬂﬁ') 0
0 phm(LW,)

= -

=— . @37

From Equation (37) readily follows:

Var(¢?) Cov(é*,k)
Cov(6%,8)  Cov(k)

Cov(p) = [

(3%

__ Plim(«t,z,z) P]im(i,z‘-) "
plim(Z_.) plim(Z,)| "

Use the formula for partitioned matrix (Greene, 1997, p.33),
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Var(7) Cov{i'.ﬁ)]

C""(’E’{Cov(ﬁ,?) Var(p)

=[-—p]jm(f,m,.)+plim(f,m,,);:v]im(f.ﬂ,,‘,,,)"plim(ﬁa,,‘,):lm1 (39
where
o . [plimi,) plin(,) o [ om0
im(L, )= R4 Rag» im(L ,)= . . 40
PR Lﬁm(L,,,) plim(Lm)} Phmle) [plim(L ) 0

Substitute Equation (40) into Equation (39), reflect Equations (36.3) to (36.8),
then execute the inversion on Equation (39), variances of the ML likelihood estimators of

y, and p, are obtained as

- - - 1 - 2
Tr(AAAA), - 7,TP(A ‘),-ﬁ['nm ‘A ]
|Cov(e?)|

Var(y)= . 41)

101



Tr(A™AAA,), - 4;,

[Cov()]

[Tr(A7A), |

Var(p)= (42)

*

or in terms of scalar

- 2 -~ 2
2 o[, 1 1 A,
V“U)-|wa~,)|[2§[ 240) J 2w @D (Zl 70 ] J > @

o1 [&A,Y 1 (&, Y
Ve O)= v {,Z.:[ A(t)) T [; ) ) ] @)

where A7), A() ,» and A(#), are as defined in Equations (33.15) to (33.17).
From Equations (43) and (44), it is obvious that under the null

hypothesis H, : 7, =0, Var(y) =0, which violates the Central Limit Theorem, therefore
the distribution of 7 is non-normal regardless of p. On the other hand,

underH,: p, =0 Var(p)=0, Var(p)#0 and finite for all p, therefore 5 has a normal

distribution for all|p,| <1.
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3.7. Simulation Analysis

To demonstrate its applicability in empirical research, we have written a SHAZAM
program (Appendix F) to estimate ML parameter vector (¥, p) and the significance test
statistic. Using the program, we iterated the data generation and subsequent estimation
for different sample sizes and iteration numbers producing the results summarized in
Table 7 and Table 8. The critical values of the statistic based on ML estimates of (¥, o)
are finite and tend to increase in stability and become gradually more symmetric around
zero tending towards the standard normal probability distribution as the sample size (T)
and the number of iterations (N) increase. More refined versions of Table 7 can be

produced for reference in carrying out the test for null hypothesis #,: y,=0; p, =0.

Table 7. Standardized Chi-square Statistic under#,: y,=0; p, =0 for N=100

A - A A

d.f=T-2. -3:61 ) . ;t:os "'.95 o '1'99
10 -1.5559 - 77625 1.5718 1.5914
20 -2.7473 -1.4757 1.4442 1.4749
30 -6.1537 -3.0715 1.4267 1.4470
40 -3.9821 -2.9151 1.4231 1.4309
50 -3.7546 -1.8050 1.4738 1.4774
60 -4.6115 -1.88.76 1.6508 1.7162
70 -4.2016 -1.8632 1.5613 1.5829
80 -4.0370 -1.9380 1.5056 1.5162
90 -4.1520 -1.8462 1.5236 1.5703
100 -4.3840 -1.9050 1.5087 1.5274
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Table 8. Standardized Chi-square Statistic under #,: 7, =0; p, =0 for N=1000

| 'ﬂ:,-f—'T-l ’im j:os o | ‘i.os : ' j's;
10 -3.0942 -1.2583 1.5738 1.6220
20 -3.2685 -1.5273 1.5074 1.5478
30 ~4.3714 -1.9532 1.4725 1.5206
40 -5.0227 -1,8645 1.4569 1.4943
50 -4.2631 -1.6520 1.4971 1.4857
60 -3.5246 -1.7024 1.6255 1.5982
70 -3.7625 -1,7534 1.5564 1.4194
80 -3.9437 -1.8068 1.5396 1.5037
%0 -3.8264 -1.7603 1.5471 1.4625
100 -3.9825 -1.8214 1.5538 1.4869

3.8. Conclusion

The nested AR (1) model introduced and discussed in this essay has never been
considered elsewhere in econometric literature. This essay provides a theoretical
framework and what appears to be a very promising statistic for testing whether adaptive
and autoregressive processes coexist in the residual term. The adaptive process herein
discussed deals with the unit root process in all possible fractions. Ignoring even a small
fraction of unit root process may lead to seriously incorrect statistical inferences as the

sample size increases.
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Appendix F

The Monte Carlo Programs
(Using the Shazam econometric package)

SET RANSEED=1000000
GEN1 N=100

GEN1 T=40

genl df=T-2

GEN1 C=T

GEN1 A=T

k]

DIMUNI1

DIM VN1

PIM S N1

PDIMQTT

¥ (1} generate matrix Q

DO #=1,T

DO %=1,T

GEN1 QIJ=MIN(#,%)
Matriz Q(#,%)=QLJ
ENDO

ENDC

*end of (1)

matrix D=eigval {Q)
genl h=-1/({D(1,1)-1)

* (2) Generate Matrix P

Do #=1, T

DIM P# T T

genl rho= l- exp(-1/sqgrt(T)*({T-#))
DO %=1,T

Do $=10T

genl pij=rho**abs(%-$)

matrix P#(%,$)=pij

endo

endo

endo
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* end (2)

DC #=1, N

sample 1 T
GENR y=NOR (0,1}

* Initlalizating values
genl mlrho=-92999999
genl mlr=-99299299

genl mlst=-29999%99
genl MLF =-99999%9

L 4
Do %=1,A

genl r=h+exp(-1/sqrt{t)*(C-%))

DO $=1, C
genl rho= 1- (1/T)*$

matrix M=r*Q + ((l-x)/(l-rho**2))*pP§
matrix s2=(Y'Inv{M)*Y)/T
matrix LF=-T*log(s2)/2-log(DET(M))/2

matrix tl=y'inv{M)*y

matrix t2=y'+*y/T

matrix tr=tl/t2

matrix st= sgrt(t)*(tr-df}/sqrt(2*df)

IF (LF .GT. MLF} mlrho=rho
IF (LF .GT. MLF) mlr=r

IF (LF .GT. MLF) mlst=st
If (LF .GT. MLF)MLF=LF

ENDO
ENDO

matrix U{#) = mlr
matrix V{#)=mlrho
matrix S{#)=mlst
ENDO

print U Vv 8§
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sample 1 N

sort 8 /desc

NONPAR & /DENSITY predict=dl GRAPH
distrib & / cdf=cdf

graph dl mlst / range line
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