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ABSTRACT

Sensing is a critical application in most real-life scenarios. Collecting and predicting data of

large-scale dynamics quickly using very few sensors is a crucial problem in real-life applications.

As we navigate this landscape of sensor-based systems, this dissertation addresses the challenges,

intricacies, and details of various critical applications, starting with the pursuit of optimal coverage,

robust recovery from sensor loss, and exploring an area of non-uniform coverage importance. The

spotlight then shifts to dynamic compressed sensing to replace multiple static sensors with a single

mobile robot, examining its applications and extending its principles to multi-robot coordination,

exploring an unknown 
ow environment, and adaptive trajectory optimization to develop the low-

rank model of the 
ow.

Two �xed-wing unmanned aerial vehicle (UAV) area coverage algorithms are introduced in

Chapters 2 and 3, leveraging their endurance advantages for long-term and large-scale deploy-

ment. The homogeneous approach deploys a UAV 
eet using hexagon and square packing for

continuous coverage, producing resilience against simultaneous multiple node loss. The heteroge-

neous approach starts with uniform coverage of an arbitrarily shaped area and enables localized

and distributed recovery from multiple node failures. Chapter 4 introduces an algorithm that op-

timizes paths for a mobile robot exploring a target area with nonuniform importance, considering

power constraints and limited movement ability at each time step to maximize coverage and net

importance reward. While e�ective, these approaches have substantial data and communication

requirements and necessitate a large sensor 
eet size for the �rst two approaches.

The core of this thesis, the dynamic compressed sensing (DCS) algorithm, is then introduced

in Chapter 5. DCS is an extension of the well-established compressed sensing approach. Optimal

sensing locations are identi�ed using the 
uid 
ow �eld properties to guide the planning of an

optimal path for a sensor-equipped autonomous vehicle, replacing the conventional static sensors

for e�cient reconstruction performance using reduced sampling. The path aims for spatiotempo-

ral e�ciency, ensuring the vehicle is at crucial locations during the 
ow’s temporal cycle. The

algorithm uses proper orthogonal decomposition (POD) techniques on known target 
ow �elds to

evaluate dataset-speci�c POD bases, determining when to visit subsets of locations for minimal

error. Subsequently, an optimal path for fuel and time is devised for the vehicle to autonomously

visit these locations at speci�ed points in the 
ow cycle to capture the desired information.

The multi-agent coordination dynamic compressed sensing (MAC-DCS) to explore unknown

environments using a 
eet of mobile robots and develop the low-rank model of the 
ow is discussed

in Chapter 6. MAC-DCS compares various sensor deployment methods (random static, compressed

sensing static, passive drifters, and random straight shooting trajectories) and reconstruction tech-

niques (Gaussian process regression, data-based and true POD modes) for 
ow �eld estimation in

a double-gyre environment to study the e�ect of dividing the spatiotemporal sensing load amongst

v



the varying 
eet size of static sensors or mobile robots. The simulations are extended to a real-world

scale with measurement noise, and other practicalities, such as the e�ect of background 
ow, are

considered to assess the e�cacy of the MAC-DCS approach. This research o�ers a scalable solution

for dynamic environmental monitoring. This applies to various scenarios, including well-studied


ow �elds like ocean gyres and currents and less-explored phenomena such as lava 
ows, 
oods,

hurricanes, and more. MAC-DCS can signi�cantly enhance the capabilities of data-driven sensing

and modeling in 
uid dynamics and atmospheric science.

The preliminary results of a potential extension of this work, online dynamic compressed sensing

(Online DCS), are introduced in future work (Chapter 7). Online DCS is a dynamic 
ow �eld

sampling algorithm that employs static sensors and a mobile robot for collaborative measurements

for low-rank model development in an unknown 
ow environment. The static sensors provide

in�nite temporal resolution measurements, and the mobile robot enhances spatial coverage through

trajectories divided into �xed-interval segments, followed by an iterative predict-measure cycle.

After each segment, the collected data modi�es the low-rank 
ow model basis. The next robot

waypoint is determined, and the prediction cycle uses the low-rank basis to forecast 
ow maps

for the upcoming segment. Convergence is characterized by the narrowing progressive error, and

iterations are terminated at a speci�ed error threshold. The low-rank model identi�es the 
ow

behavior and potentially the underlying mathematical framework.

The key contributions of this dissertation work include (i) resilient coverage algorithms to recover

from simultaneous multiple node failures, (ii) optimal trajectory optimization for exploring an

area of non-uniform coverage importance, (iii) optimized sensing locations for the DCS algorithm,

prioritizing mobile robot visits over static sensors, (iv) time and energy optimal trajectory for

e�cient 
ow reconstruction, (v) MAC-DCS and Online DCS algorithms for developing the low-

rank model of an unknown 
ow, and crucially, (v) collaborative coordination of sensor 
eet for

enhanced e�ciency and application range.
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CHAPTER 1
INTRODUCTION

Over the last decade, unmanned aerial vehicles (UAVs) have rapidly evolved into valuable tools

with wide-ranging applications across various �elds, including environmental monitoring, disaster

relief, agriculture, defense, and scienti�c research. Their ability to autonomously navigate, collect

data, respond to hazardous and dynamic conditions and their cost-e�ective scalability make them

a critical asset for sensing, coverage, and surveillance tasks over vast and challenging terrains [1{6].

This is also true for other autonomous platforms and challenges, such as autonomous underwater

vehicles (AUVs) for the ocean and polar region explorations [7{10], satellite swarms and other

robotic platforms for earth and space exploration [11, 12]. They can also be implemented as

autonomous swarms for more sophisticated and demanding applications, such as exploring and

mapping an unknown dynamic environment [12{18]. Overall, these systems have opened up new

frontiers in how we explore and interact with vast and complex environments. However, signi�cant

challenges arise as they move from isolated missions to more sophisticated, multi-agent systems

operating in uncertain and dynamically changing environments. A few of the key challenges are (i)

ensuring reliable and e�cient coverage of large areas, (ii) maintaining resilience in the face of vehicle

failures or environmental uncertainties, and (iii) adapting to the speci�c needs of diverse operational

areas, especially when regions of interest vary in importance, and (iv) e�cient coordination for the

swarm applications.

This dissertation explores these challenges through the integration of three major research

thrusts: multi-agent coordination [19], resilient coverage and fault tolerance [20], and optimal path

planning [18, 21]. Each thrust addresses di�erent facets of the more signi�cant problem of ensuring

that UAV and AUV systems can autonomously manage complex, large-scale environments while

remaining adaptive, robust, and e�cient. The presented approaches discuss the adaptive packing

of available sensor 
eets over the target area, methods to recover from multiple node failures, and

trajectory optimization for coverage. Additionally, the work expands beyond static environments

to consider dynamic compressed sensing in spatiotemporally unsteady 
ow environments, an area

of critical importance for applications such as environmental monitoring, oceanography, and at-

mospheric sensing. Two data-driven optimization and modeling approaches have been discussed,

which use mobile and static sensor measurements in a dynamic 
ow environment to extract the

proper orthogonal decomposition (POD) basis of the 
ow data and use it to develop a low-rank

model of the 
ow [18]. Building upon the classical compressed sensing approach [22{24], these

proposed approaches discuss the trajectory optimization of the mobile sensors to reduce the sensor

density while working with an unknown 
ow.
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1.1 Structure of the dissertation

This dissertation is structured around these key contributions, detailed in individual chapters, each

of which addresses a speci�c aspect of the autonomous operation of mobile robot systems. The

structure allows the exploration of theoretical advancements and practical applications, backed by

extensive simulations and some real-world experiments, culminating in a comprehensive framework

for resilient, adaptable sensing systems. The structure of this dissertation re
ects the progression

from basic to more advanced multi-agent systems coordination strategies. The focus shifts from

static environments in the earlier chapters, which address fundamental coverage and fault tolerance

problems, to dynamic environments in the latter chapters, where the UAVs must contend with both

unsteady 
ow �elds and real-time decision-making under uncertainty. While each chapter addresses

distinct technical challenges, they are uni�ed by the central theme of enhancing multi-agent systems'

resilience, adaptability, and e�ciency in real-world missions. The progression from static coverage

(Chapter 2) to resilient heterogeneous systems (Chapter 3), to dynamic path planning (Chapter 4),

and �nally to mobile sensing in unsteady environments (Chapters 5 and 6), forms a narrative

that highlights the increasing complexity and adaptability of multi-agent systems. The solutions

developed throughout the dissertation can be applied to various domains, including environmental

monitoring, surveillance, agriculture, and disaster response. Furthermore, integrating dynamic

compressed sensing with path planning represents a novel interdisciplinary contribution, bridging

the gap between 
uid dynamics, optimization, and mobile robotics.

Chapters 2 and 3 present methodologies for coordinated coverage and fault tolerance of a �xed-

wing UAV 
eet. Coverage refers to the ability of UAVs to collectively monitor, sense, or survey an

environment such that the desired objectives (for example, detecting targets and mapping terrain)

are achieved. Complete area coverage is essential for many applications, such as environmental

monitoring, wildlife tracking, or border surveillance. In such cases, UAVs are required to e�ciently

distribute themselves across a region and cooperate to achieve their collective goal. While the

problem of coordinated area coverage is well-studied, several challenges remain. First, the coordi-

nation of �xed-wing UAVs, which are particularly useful for long-range missions due to their high

endurance and speed, presents unique di�culties because these vehicles cannot hover in place and

are often constrained by their 
ight dynamics. Second, ensuring that the UAV network is resilient

to faults caused by vehicle failures, communication losses, or environmental disturbances remains a

major obstacle in practice. Third, operational areas are often heterogeneous, with regions of vary-

ing importance or risk. To address these challenges, this dissertation proposes novel algorithms

that balance e�ciency, resilience, and adaptability in multi-UAV systems. These chapters address

this challenge by proposing fault-tolerant algorithms that allow UAVs to adapt to communication

failures or vehicle malfunctions. The algorithm emphasizes maintaining seamless coverage even

when one or more UAVs fail, ensuring robust mission completion. Chapter 2 investigates strategies

for coordinated coverage of large areas using �xed-wing UAVs. A critical consideration is ensur-
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ing fault tolerance, allowing the mission to continue even in the presence of UAV malfunctions or

communication failures. This chapter evaluates square and hexagon packing schemes for achieving

coordinated area coverage with a 
eet of �xed-wing UAVs. The central contribution is a fault-

tolerant algorithm that allows the 
eet to dynamically adjust to UAV failures while maintaining

consistent coverage of the mission area. The proposed solution leverages centralized communica-

tion and decision-making, ensuring scalability and robustness in practical deployments. Simulation

results demonstrate the ability of the UAVs to reallocate coverage responsibilities in the event of

failures, preventing mission disruption and ensuring continuous operation [19]. Similarly, Chap-

ter 3) builds on the principles of coordinated coverage and explores the use of heterogeneous UAVs,

where the UAVs are deployed at di�erent altitudes together to achieve resilient coverage|to use

the trade-o� between ground coverage and quality within acceptable bounds to execute the mission

objectives [20]. The chapter extends the applicability of the coordinated coverage to an arbitrarily

shaped target area and presents a localized recovery algorithm for resilient coverage, allowing the

system to continue operating even in the presence of UAV failures or signi�cant environmental

disturbances.

Following this, Chapter 4 addresses another critical challenge|path planning for optimal cover-

age of areas with non-uniform importance. One of the central challenges in UAV missions is ensuring

that areas with non-uniform importance (for example, disaster management, critical infrastructure,

ecological hotspots, search and rescue missions) receive adequate attention while still maintaining

overall coverage. For example, in disaster response applications, the UAVs must prioritize high-risk

zones, or in agriculture, where speci�c �elds may require more frequent monitoring. This chapter

introduces a novel path-planning algorithm that optimizes UAV trajectories to prioritize regions

with higher importance while minimizing coverage redundancy. The algorithm builds on graph the-

ory and optimization principles, dynamically adjusting UAV paths to account for environmental

changes and mission priorities. The research shows signi�cant improvements in coverage e�ciency,

ensuring that the most critical areas are given priority while still achieving mission objectives over

the entire area [21].

Extending the work into the domain of dynamic environments, Chapters 5 and 6 address the

challenge of sensing and modeling unsteady 
ow �elds using mobile robots, static sensors, or a

combination of both. In dynamic environments, such as those involving unsteady 
uid 
ows (for

example, ocean currents, wind patterns, or pollution plumes), traditional sensing approaches are

often ine�cient or insu�cient due to the time-varying nature of the phenomenon being observed. A

novel algorithm is proposed for sampling and predicting 
ow environments, providing a framework

that could be applied to various applications, from environmental monitoring to atmospheric data

collection. To improve the measurement e�ciency, the mobile sensor measurements are used along

with the true proper orthogonal decomposition (POD) modes to reconstruct the 
ow information

and optimize its trajectory through the compressed sensing locations as optimal waypoints. This
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approach intends to achieve reconstruction results that are on par with the static sensors in classical

compressed sensing, replacing the static sensors' cost and hassle with an autonomous mobile robot

with the desired sensor. Simulation results and experimental validation of the trajectory show the

real-world viability of this approach [18]. Chapter 6 discusses the details and challenges of the multi-

agent coordination (MAC-DCS) for modeling an unknown 
ow environment through a discussion

and simulation example. MAC-DCS compares various sensor deployment methods (random static,

compressed sensing static, passive drifters, and random straight shooting trajectories) and recon-

struction techniques (Gaussian process regression, data-based and true POD modes) for 
ow �eld

estimation in a double-gyre environment to study the e�ect of dividing the spatiotemporal sensing

load amongst the 
eet of robots and evaluate the computational e�ciency of the proposed algo-

rithm implementation. The ease of the algorithm implementation and the mission time/e�ciency

are directly a�ected by a number of collaborating robots. The simulations are then extended to a

real-world scale with measurement noise, and other practicalities, such as the e�ect of background


ow, are considered to assess the e�cacy of the MAC-DCS approach. This research o�ers a scal-

able solution for dynamic environmental monitoring. It can signi�cantly enhance the capabilities

of data-driven sensing and modeling in 
uid dynamics and atmospheric science. This chapter dis-

cusses the challenges of implementing such an algorithm in a chaotic physical 
ow environment,

where the sensor locations and density, frequency of the measurements, and their accuracy play a

crucial role and impose serious limitations on grid-based tools like POD modes. Given the objective

is to reduce the sensor density, it also discusses the dependencies on extrapolation techniques and

their e�ects on the accuracy of the POD modes. Various approaches, from data compilation and

POD coe�cient computation to making the �eld partially known, further underline the challenges

associated with this approach. Following this, a framework for online dynamic compressed sensing

is presented, where a combination of static sensors and mobile UAVs is used to build predictive

models of an unknown spatiotemporally varying �eld. The approach leverages the ability of mo-

bile robots to traverse the environment, collecting spatially distributed data, while static sensors

provide high-temporal-resolution measurements at �xed locations. The POD modes are extracted

from the measured (and extrapolated to the grid) data, and their coe�cients are computed using

the sensor measurements. Iterative predict-and-measure cycles over traversed segments are used to

improve the accuracy of the 
ow �eld reconstruction.

1.2 Contributions

The overarching theme of this dissertation is the development of resilient, e�cient, and adapt-

able strategies for multi-agent coverage and sensing. The contributions span theoretical algorithm

development, practical system design, and simulation-based validation, making a substantial con-

tribution to the �eld of autonomous systems. By addressing the challenges of fault tolerance,

heterogeneity, optimal path planning, and dynamic environments, this work provides a holistic
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framework that can be applied to a variety of UAV-based applications. The primary contributions

of this dissertation are summarized as follows:

ˆ Coordinated Coverage and Fault Tolerance (Chapter 2):This dissertation presents a scaleable

and robust centralized fault-tolerant algorithm for UAV coordination that ensures mission

continuity even in the presence of simultaneous multiple UAV failures.

ˆ Resilient Heterogeneous UAV Coverage (Chapter 3):It is extended to a framework for resilient

coverage using heterogeneous UAV 
eets, where the UAVs are 
own at di�erent altitudes to

collaborate to achieve mission objectives. A localized fault detection and recovery algorithm

over an arbitrarily shaped area is valuable for large-scale surveillance missions.

ˆ Optimal Path Planning for Non-Uniform Coverage Importance (Chapter 4): This dissertation

also presents a path planning algorithm that prioritizes regions of higher importance and

penalizes revisits while ensuring e�ective coverage. The algorithm dynamically adapts to

changes in mission priorities, improving coverage e�ciency and resource allocation, and is

real-world applicable in crucial missions like disaster response and management, search and

rescue.

ˆ Dynamic Compressed Sensing for Unsteady Flows (Chapter 5):Another signi�cant contribu-

tion is a novel approach for sensing and modeling unsteady 
ow �elds using a mobile robot

instead of multiple static sensors. The proposed algorithm provides a time and energy-optimal

trajectory for e�cient 
ow reconstruction, and a scalable solution for dynamic environmental

monitoring.

ˆ Experimental Validation (Chapter 5): Experimental validation of a part of the above algo-

rithm highlights its real-world applicability. For a large-scale mission like ocean and space

exploration, it is bene�cial to use a mobile robot carrying the desired sensors instead of

deploying and maintaining multiple static sensors.

ˆ Multi-agent Cooperative Dynamic Compressed Sensing (Chapter 6):This extension of the

DCS approach is signi�cant because it helps identify an unknown 
ow environment with a

highly reduced sensor density with spatiotemporal division of sensing load. The simulation

results show a successful reconstruction of an unknown 
ow environment and its cost bene�ts

compared to the conventional static sensors to further highlight the e�cacy of this research.

ˆ Online Dynamic Compressed Sensing (Chapter 6):This part of the dissertation uses a multi-

agent coordination algorithm to build a low-rank model of an unknown 
ow environment on

the go, using a hybrid 
eet of static and mobile sensors.
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1.3 Publications

This work has culminated in the following published and in-preparation articles so far.

1. S. Shriwastav and Z. Song, \Coordinated Coverage and Fault Tolerance using Fixed Wing

Unmanned Aerial Vehicles", in Proceedings of the 2020 International Conference on Un-

manned Aircraft Systems (ICUAS'20), Athens, Greece, pp. 1231-1240, 2020.

2. S. Shriwastav and Z. Song, \Heterogeneous Fixed-Wing Aerial Vehicles for Resilient Cover-

age of an Area", in Proceedings of the 2021 AIAA SciTech Forum, Nashville, USA (Virtual),

pp. 1004, 2021.Awarded `Best Student Paper in Intelligent Systems'

3. G. Snyder, S. Shriwastav , D.M. Fogel and Z. Song, \Path Planning for Optimal Coverage

of Areas with Nonuniform Importance", in Proceedings of the 2022 AIAA SciTech Forum,

San Diego, USA, pp. 2546, 2022.

4. S. Shriwastav , G. Snyder and Z. Song, \Dynamic Compressed Sensing of Unsteady Flows

with a Mobile Robot", in Proceedings of the 2022 IEEE/RSJ International Conference on

Intelligent Robots and Systems (IROS 2022), Kyoto, Japan, pp. 11910-11915, 2022.

5. S. Shriwastav , F. Zhu, and Z. Song, \Multi-agent Cooperative Compressed Sensing for

Unknown Flow Environments", In preparation , Journal article { To be submitted to the

Proceedings of the Royal Society A (May - Jun 2025).
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CHAPTER 2
COORDINATED HOMOGENEOUS COVERAGE AND FAULT
TOLERANCE USING FIXED-WING UNMANNED AERIAL

VEHICLES

2.1 Introduction

The utilization of unmanned aerial vehicles (UAVs) for coverage and sensing applications is on

the rise, with their evolution in speed, endurance, ease of control, and autonomous 
eet operation

capabilities. UAVs can cover extensive grounds in a short time and provide remote access to

information from inaccessible and hazardous areas and environments. Coverage using �xed-wing

UAVs traditionally means 
ight cycles over an area through pre-speci�ed 
ight paths to collect

and relay the information to the base for processing. Even though rotor-type UAVs can provide

persistent coverage by hovering over an area, they are constrained by their endurance. Fixed-wing

UAVs consume signi�cantly less energy to remain airborne for a longer duration compared to their

rotor-type counterparts [25{27]. Their oftentimes large wing surface areas allow the installation of

solar panels that may further extend their endurance. Despite being suitable candidates for coverage

and sensing applications, �xed-wing UAVs' mobility is typically limited by their minimum cruise

speeds and loitering radii for persistent coverage, making the coordination of large �xed-wing UAV


eets challenging [9, 28]. This motivates the possibility of using �xed-wing UAV 
eets for long-term

and large-scale coverage sensing applications.

Coverage and sensing applications using UAVs (both �xed-wing and rotor-type) have been a

popular research topic with various theoretical and experimental results [21, 29, 30]. Moza�ari et

al. [31] uses an e�cient deployment of multiple UAVs acting as wireless base stations that provide

coverage was analyzed by the ground users. Following this, the downlink coverage probability for

UAVs was derived as a function of the altitude and the antenna gain. Next, using circle packing

theory, the 3-D locations of the UAVs were determined in a way that maximized the total coverage

area while maximizing the coverage lifetime of the UAVs. In [32], teams of �xed-wing micro-

aerial vehicles (MAVs) could provide a wide area coverage and relay data in the wireless ad-hoc

networks. The authors proposed a distributed control strategy that is based on the attraction and

repulsion between MAVs and relies only on local information. Xu et al. [33] presented an adaptation

of an optimal terrain coverage algorithm for an aerial application. The general strategy involves

computing a trajectory through a known environment with obstacles and ensures complete coverage

of the terrain while minimizing path repetition. The paper introduced a system that applies and

extends this generic algorithm to achieve automated terrain coverage using an aerial vehicle. Danoy

et al. [34] presented an online and distributed approach for bi-level 
ying ad-hoc networks, in which

the higher-level �xed-wing 
eet serves mainly as a communication bridge for the lower-level 
eets
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that conduct precise information sensing. Chen et al. [35] presented a self-organized, distributed

and autonomous approach for sensing coverage for multiple UAVs with an approach that takes into

account the reciprocity between neighboring UAVs to reduce the oscillation of their trajectories.

Nedjati et al. [36] presented a post-earthquake response system for rapid damage assessment. In

this system, multiple UAVs are deployed to collect images from an earthquake site and create

a response map for extracting useful information. Avellar et al. [37] presented an algorithm for

minimum-time coverage of ground areas using a group of UAVs equipped with image sensors by

modeling the area as a graph and solving a mixed integer linear programming problem. Coombes

et al. [38] addressed the need for an enhanced understanding of the wind e�ects on �xed-wing

aerial surveying, and used Boustrophedon paths based on sweep angle relative to the wind that

minimises the 
ight time. In [39], the algorithm took into account environmental factors and

aircraft dynamics. By decomposing the complex survey regions into many smaller arrangements,

Boustrophedon paths can be used to cover them. Ahmadzadeh et al. [40] presented an algorithm

for time-critical cooperative surveillance with a set of unmanned aerial platforms using an integer

programming (IP)-based strategy for feasible trajectories while incorporating the complexity and

coupling of the camera �elds of view and 
ight paths. Darbari et al. [41] presented a dynamic

path planning algorithm for a UAV surveying a cluttered urban landscape. Voronoi Tessellation of

the search space and identi�cation of key waypoints in the form of milestones lead to an e�cient

mapping of the region to be surveyed. The changes in the environment were handled e�ectively by

the decision process in the form of local or global planner. The application of 3D Dubin's curve

lead to smooth and dynamically feasible trajectories at runtime. In [42], the authors addressed

the generation of team 
ight plans and controllers that enable a heterogeneous team of UxVs (x:

A-Aerial, G-Ground) to maximize spatio-temporal coverage while satisfying hard constraints such

as collision avoidance and positional accuracy. Paull et al. [43] presented an algorithm where area

coverage with an on-board sensor was an important task for a UAV while maintaining an in-situ

coverage map based on its actual pose trajectory and making control decisions based on that map.

Savla et al. [44] studied a facility location problem for groups of Dubin's vehicles, non-holonomic

vehicles constrained to move along planar paths of bounded curvature, without reversing direction.

Given a compact region and a group of Dubin's vehicles, the coverage problem is to minimize the

worst-case traveling distance.

This work presents an algorithm for persistent coverage of an area by patrolling with a 
eet of

loitering �xed-wing UAVs at a pre-speci�ed altitude over the area. The loitering circles are packed

by inscribing over the packed squares or hexagons as shown in Figure 2.1. In this work, the circles

are packed for both the cases over a rectangular area only. The user is supposed to provide with

the number of available UAVs and the desired loitering altitude. It is desired to have enough UAVs

to be able to start at a minimum loitering circle, and have persistent coverage of the area at all

times. Based on the available UAV count, the algorithm formulates and solves an optimization
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problem to compute the centre location of the uniform loitering circles for the given altitude, by

maximizing the loitering radius. Following that, Dubin's path algorithm [44{46] is used to calculate

the deployment paths for the UAVs, from the base to the respective loiter circles over the area to

be covered. The paths also take the synchronization of UAVs into account, so that they loiter in

the same phase on their respective circles to maximize the e�ective coverage. The algorithm also

incorporates resilience and can handle a failure scenario of the simultaneous loss of multiple UAVs.

As this type of event could result in clusters of survivors unaware of each other's existence, the

need for a global planner arises. On detection of failure, the base deploys a \super-agent" that has

a large communication range and 
ies at a higher altitude to be able to communicate with all the

survivors. The super-agent counts the number of survivors, collects the overall area information,

and runs the location optimization algorithm again, to compute the new loiter locations and the

updated (larger) loiter radius for the survivors to resume full coverage. It then computes Dubin's

path for the UAVs to transit to their new loitering circles in a synchronized fashion. The UAVs

are then informed of their new locations, radius, and transition path before they travel to restore

full coverage. Although loitering at a larger radius might take away the persistence of coverage, it

is ensured that the area is still fully covered in the loitering cycle.

The major contributions of this work are as follows:

1. Given a su�cient number of �xed-wing UAVs for an area, the proposed algorithm ensures

persistent coverage during the loitering cycles;

2. The algorithm de�nes a simple optimization problem for the deployment of UAVs over a

rectangular area;

3. The presented algorithm provides coverage resilience by addressing the coverage recovery

problem in case of simultaneous multiple UAV failures;

4. With insu�cient numbers of UAVs after the failures, the algorithm ensures full coverage of

the area using available UAVs;

5. This work studies and compares the e�ciency of hexagon packing over square packing for a

given deployment scenario.

The remainder of the chapter is organized as follows: Section 2.2 presents the base concept and

de�nitions, Section 2.3 discusses the details of the proposed approach, and Section 2.4 presents the

simulation results and discussions. Finally, Section 2.5 lists some of the possible future work in this

domain and concludes the chapter.
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(a) (b)

Figure 2.1: Parameters for the proposed approach: E�cient packing for full coverage of the area by
deployment of synchronised homogeneous UAVs. The loiter circles and their instantaneous phase
and coverage footprint are shown for the two presented cases: (a) Square packing; (b) Hexagon
packing.

2.2 Background

The area to be covered by a UAV 
eet can be represented as a graph with the vertices representing

the locations of the agents (longitude and latitude). The deployed UAVs would represent a di�erent

set of nodesV0 as a sub-graphG0 = ( V0; E0), and the virtual edges (E0) between the neighboring

UAVs represent the active communication link.

2.2.1 De�nitions

We de�ne the following quantities to facilitate the presentation of the proposed method. Figure 2.1

summarizes these quantities graphically.

Field of view (FOV): The FOV is a physical property of the sensor being used by the UAV

and de�nes the coverage footprint based on the altitude of the platform. In Figure 2.1, The FOV

has been marked by� . Based on the sensor used, the sensing quality (q) can be de�ned asq / 1=h,

whereh is the loitering altitude of the UAV. This means that the coverage quality decreases linearly

as the altitude increases, and vice-versa.

Coverage radius ( r c): The coverage radius is the radius of the coverage footprint of the

on-board sensor, given the sensor FOV and the instantaneous height (h) of the vehicle. Coverage

radius is directly proportional to the loitering altitude and inversely proportional to the coverage

quality, for a given FOV. As seen from Figure 2.1, it is de�ned as

r c = h � tan �:

Loiter radius ( r l ): Any form of a �xed-wing vehicle has constraints on maneuverability and it

cannot stay stationary while it is airborne. Instead, it can 
y in a circle over the region of interest,
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called the loiter circle . The radius of that circle at a given instant is called the loiter radius. In

Figure 2.1, the loiter radius has been shown byr l .

The physical properties and cruising velocity of a �xed-wing UAV system de�ne the lowest value

of the loiter radius, called the minimum turning radius [45], given by,

rmin-turn =
v2

g
 max ;

where v 2 R2 is the horizontal vehicle velocity,  max denotes the maximum bank angle andg

denotes the gravitational acceleration. It is desired to haver l > r min-turn to be able to provide

coverage while causing less physical strain on the UAV.

Maximum loiter ( r l-max ): This is the maximum loiter radius at which the UAVs can 
y, while

maintaining full coverage of the area. For hexagon packing, it is given byr l-max � r c=(
p

3 � 1).

The UAVs can still loiter at circles with radius larger than r l-max if necessary at the cost of losing

full coverage of the desired area.

Communication radius ( r com ): Based on the on-board hardware, a UAV can connect to

every other UAV within a certain distance, called the communication range. Assuming an isotropic

antenna for uniform range, the radius of the coverage is called the communication radius. Its value

cannot be less than
p

2r l-max for square packing as the inter-center distance between the loitering

UAVs is
p

2r l . The minimum value for hexagon packing is
p

3r l-max . It is a di�erent entity from

the loitering radius ( r l) and the sensor coverage radius (r c). For any UAV k at position xk , its

neighborhood is de�ned as,

Nk
�= f x i 2 V0 j dist(xk ; x i ) � r comg:

Persistent coverage: It is de�ned as the state when each point in the area is guaranteed to be

covered by at least one of the loitering UAVs at every instance of time, throughout the operation

period. For hexagon packing, persistent coverage can be maintained ifr l � r c (see Figure 2.2), and

the side length of the packing square and hexagon for a given loitering altitude arer l=
p

2 and r l ,

respectively.

E�ective coverage ( E): It is de�ned as the total area covered by a loitering circle within the

boundaries of the area of interest, minus the overlap with the immediate neighbors. These overlaps

are purposefully introduced to allow the algorithm to cover every point (avoid coverage gaps) in

the desired coverage area. The e�ective coverage for UAV k is de�ned as,

Ek = (1 � f )�r 2
l �

X

i 2N k

As-i ;

where f is the fraction of the circle outside the area of interest andAs-i (see Figure 2.3) is its

overlap with the neighbor UAV i 2 N k .
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Figure 2.2: Illustration of persistent coverage in the case of hexagon packing, forr l = r c. Here,
the circles in red and grey are the loitering circles (radiusr l), and the blue dashed circles are the
instantaneous sensor coverage for each of the loitering circles. The instantaneous position (� = �= 3)
and heading of the UAVs are shown by arrows. It can be seen that the area under red circle is fully
covered at the given instant by UAVs 3, 4, 6 and 7, where UAV 4 is the one loitering over the red
circle. This applies to all other circles, as they are persistently covered by their own and neighbor
UAVs.

Full coverage: It is de�ned as the state when each point in the area is guaranteed to be

covered by at least one of the loitering UAVs at least once every loiter cycle during the operation.

For N UAVs deployed in the areaA, it is achieved when

A �
NX

i =1

E i :

This serves as the main objective of the presented work, where we adjust the radius of the loiter

circle for the available UAVs to achieve full coverage.

Phase synchronization: For a UAV loitering at an altitude, the phase has been de�ned in

this work as the angle at which they are. It has been shown in Figure 2.1 as� . We assume that

all the loitering UAVs have the same phase at every instant of time for maximum separation, and

hence the largest e�ective coverage.

Super-agent: This is an agent with enhanced communication and computation capability,

which is used as a global planner in case of simultaneous multiple node failures.
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2.2.2 Assumptions

The following assumptions are made to simplify the analysis:

1. The UAVs are homogeneous, that is, they have the same size, weight, minimum turn radius,

communication and sensing capabilities;

2. The cruising velocity is constant and uniform for all the UAVs;

3. The UAVs always 
y at the same altitude speci�ed by the user, even with reduced 
eet size;

4. Each UAV knows its location at any point in time;

5. The UAVs are automatically able to communicate with any other UAV within its communi-

cation range (r com).

These assumptions are for ease of analysis and initial veri�cation of the proposed approach.

Homogeneous UAVs allow for simpler calculations because of the same dynamics. The algorithm

can focus on other application aspects because of this assumption. The algorithm can be adapted for

heterogeneous UAVs in future. The altitude is kept constant to keep the coverage quality constant

as for instance, the sensing quality of a sensor (for example, camera) is directly proportional to

the altitude of the UAV platform. Changing the altitude will give a rise to the need of a new

analysis metric as the coverage quality would change. Also, the UAVs are often equipped with

e�cient inertial measurement unit (IMU) and global positioning system (GPS) sensors for accurate

location, altitude and orientation information (accurate to few centimeters). For real life situations,

the assumptions like same cruising velocity, always synchronized phase, lag-free communication

may pose obstacles like collisions and data package drops. Relaxing these assumptions will serve to

make the algorithm more suited to practical applications, versatile, and scalable, which is among

the future scope of this work.

2.3 Proposed Approach

The details of the proposed approach are presented in this section. Figure 2.1 shows the basic set

up for the approach. In Figure 2.1(a), the UAV is shown loitering at an altitude h over a square

packed area, along the loiter circle with radiusr l with instantaneous coverage footprint marked by

r c. The sensor FOV for the given altitude has been marked by� . Figure 2.1(b) shows the equivalent

setup and parameters for the hexagonal packing. The proposed algorithm deploys the UAV 
eet

over the area with either of those packing methods and handles the cases of simultaneous multiple

UAV failures, as summarized in Algorithm 1. The upper bound on the run time of this algorithm

is O(N ), for a network of N UAVs. The details of the approach have been discussed below.
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2.3.1 Initial Deployment

This phase of the algorithm deals with the initial deployment of the UAVs in the area, based

on the available UAV count and loitering altitude, by using location optimization technique to

calculate the loiter radius and the locations. It is preferred to have su�cient number of UAVs to

be able to deploy them at the smaller loiter radius (r l � r c), to have persistent coverage and some

redundancy to recover from node failures. This phase starts with the user providing the parameters

(area information and the UAV count) and terminates when the UAVs are deployed in the area.

The two proposed packing methods, and the location optimization are discussed below.

Square Packing

In this case, the homogeneous loitering circles of the radius (r l) calculated based on the available

UAV count inscribe the squares with side length
p

2r l packed in the area. This case is uniform and

thus has the same number of squares in all rows. If a full square leaves some area uncovered near the

boundary in either of the X- and Y-directions, an additional square is placed which lies fractionally

outside the desired area. This fractionally inside square is assigned to one UAV to have full coverage.

The packing starts with the center for the �rst square being placed at (r l � cos(�= 4); r l � sin(�= 4)),

and then other centres are placed at distance
p

2r l distance in X-direction. For the remaining rows,

the X-coordinates of the �rst row can be copied while adding
p

2r l to the Y-coordinate in each step

in Y-direction till the rectangle boundary is covered. This is visualised in Figure 2.4(a). The values

of this overlap and other parameters for the hexagon packing approach are listed in Table 2.1. Since

the inter-center distance is less than hexagon packing for this method, the inter-circle overlaps are

larger and hence the resultant minimum e�ective area is less compared to the hexagon packing

approach.

Hexagon Packing

In this case, the area is packed with uniform hexagons with the side length equal to the loitering

radius (r l) calculated by solving the following optimization problem. The loitering circles inscribe

these hexagons and have uniform radius. As shown in Figure 2.3(b) and listed in Table 2.1, the

inter-center distances between two neighboring uniform hexagons are
p

3r l and 3r l=2 in the X-

and Y- directions, respectively. This case is not uniform like square packing and the number

of UAVs alternates between two values for alternate rows, even for a rectangular area, as seen in

Figure 2.4(a). The placement of an additional UAV for a fractionally uncovered area is done here as

well, in both directions, as required. The packing starts from one of the vertices of the rectangular

area, which is chosen as the origin. The �rst center is placed at a distance (r l �cos(�= 6); r l �sin(�= 6))

from the origin and then placed along the X-direction at distances
p

3r l . For the second row, the

center starts at the line x = 0 for the rectangle boundary at the height 3r l=2 from the �rst row,

14



Figure 2.3: Measurement parameters and overlap between two neighbouring loitering circles for (a)
Square packing, (b) Hexagon packing. Here,L is the length of the side of the inscribed polygon,
X c and Yc are the distances between the adjacent centers in X- and Y- directions respectively,� o

is the sector overlap angle,As (shaded in brown) is the overlap area with a neighbor, andr l is the
loiter radius.

and then continued along the X-direction similarly. These two rows are then alternately distance

mapped, till the Y-direction boundary is covered. This can be visualised in Figure 2.4(a). The

aim of this approach is to achieve full coverage while minimizing the overlap between the loitering

circles of neighboring UAVs. The additional circular sector for each hexagon (marked in solid in

Figure2.3(b)) is half of the overlap area with the neighboring circle in that direction. The values

of this overlap and other parameters for the hexagon packing approach are listed in Table 2.1.
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Table 2.1: Comparison of parameters between hexagon and square packing; (see Figure 2.3).

Parameter Square packing Hexagon packing
L r l

p
2 r l

X c
p

2r l
p

3r l

Yc
p

2r l 3r l=2
� o �= 2 �= 3
As (� � 2)r 2

l =4 (� � 3)r 2
l =6

E (4 � � )r 2
l (6 � � )r 2

l

Location Optimization for Hexagon Packing

Even though it is desirable to start with enough UAVs to deploy with a radius smaller than r c, this

might not always be possible. In addition, as the simultaneous multiple node failure scenario occurs,

the remaining UAVs will lose the persistent coverage and loiter at larger radius for full coverage,

covering each point in the area at a time interval of 2�r l=v. To achieve this, an optimization

problem is formulated and solved for each failure scenario. This optimization is also necessary for

the initial deployment if the UAV count is not enough to 
y at r l � r c. This optimization uses the

available number of UAVs (N ), X-limit of the rectangular area ( X area), Y-limit of the area ( Yarea)

as inputs and provides the radius value (r l) and number of UAVs to be deployed in X-direction

rows and Y-direction columns, nx and ny respectively. An initial guess is to be provided for the

desired output parameters, which will be re�ned over iterations. The optimization terminates if

the optimal value of r l is obtained for the given set of input parameters. IfX = [ r l nx ny ]T is the

desired output vector and � = [ � 1 � 2 � 3]T is the tuning parameter, the optimization problem can

be formulated as follows:

minimize
r l

� 1

r 2
l

;

subject to
p

3(nx � 1) � X area �
p

3nx ;

3r
2

(ny � 1) � Yarea �
3r
2

ny ;

nx + ny + b
ny

2
c = N:

The 
oor operator, b�c, is used to accommodate the possible di�erence in the number of UAVs in

alternate rows. The initial deployment for square packing is a relatively simpler problem as the

number of UAVs to be deployed in each row is the same, and the total count is simplynx � ny since

we focus on the e�ciency of the hexagon packing over the square packing, so the details of initial

deployment for square packing will not be discussed separately.

It can be noted from the above discussion and Table 2.1 on the two presented packing approaches

that hexagon packing has less overlap, and hence higher minimum e�ective area, by a margin of

2r 2
l . This shows that hexagon packing is more e�ective and requires less number of UAVs to cover
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Algorithm 1 Hexagon packing: Deployment and recovery

/* Initial Deployment */
Input: N; X area, and Yarea

Output: Loiter radius and center coordinates of packing hexagons in the area
1: X = [ r l ; nx ; ny ]T , desired output vector

Solve Optimization problem in Section. 2.3.1
2: Get the desired vector values
3: Plot a �rst row center at ( r l � cos(�= 6); r l � sin(�= 6))
4: Plot second row center atx = 0, and 3r l=2 above �rst row
5: while New Center < X area do
6: Plot centers in X-direction for both rows
7: while Rows count < Yarea=ny do
8: Distance map Row-1 & 2 alternately in Y-direction
9: Find Dubin's path to each loiter circle from current location (Base, for initial deployment)

10: Deploy �xed-wing UAVs at given altitude h
/* Failure Detection */

11: if dist (i; j ) �
p

3r l then
12: UAV i and UAV j are connected
13: if UAV i cannot connect to UAVj 8 i 2 N j then
14: UAV j dropped out

15: Base receives the failure message
/* Failure Handling (Recovery) */

16: Base deploys the super-agent
17: Super-agent compilesNnew and the location information
18: if Nnew > 0 then
19: Repeat lines 1 to 2 for calculatingr l-new for Nnew

20: if r l-new � r c then
21: Repeat lines 3 to 10 for calculating new centers
22: else
23: Recovery not possible
24: if New centers calculatedthen
25: Find Dubin's path to each new loiter circle
26: Move UAVs and full coverage restored
27: else
28: Recovery failed
29: Repeat lines 11 to 28 for every failure instance

the same area for the same loiter radius (see Figure 2.4). Since most of the steps and computations

are similar for both the approaches except for the numbers, the rest of the discussion in this chapter

will be based on hexagon packing approach.
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(a) (b)

Figure 2.4: Simulation results to show how the hexagon packing is e�cient compared to the square
packing, and requires less number of UAVs for the same value of loiter radius over the same area:
(a) Hexagonal packing (b) Square packing. The instantaneous phase and direction of the loitering
UAVs are shown by black arrowheads in both cases.

Deploying the UAVs

After the centres of the loiter circles for the given number of nodes and the loiter radius for the

given altitude are available, Dubin's path algorithm [44{46] can be used to calculate the deployment

paths for the UAVs from the base to the respective loiter circles over the area. The UAVs then get

deployed and loiter over the area, providing full coverage.

2.3.2 Failure Detection

There are many possible reasons for systems like these to fail. Failures could occur due to external

impacts (e.g., blast), UAV instrument failure, power source failure, or many other possible reasons.

The UAV is considered `unrecoverable' after the failure. Failure detection is a local phenomenon,

when one or more agents suddenly drop out of operation. The immediate neighbors detect the

absence of their neighbor and pass the failure message to the base. In case no agent directly

connected to the base survives, the base detects the failure by itself. In square and hexagon

packing, a UAV can be connected to up to four and six other UAVs, respectively, forr l � r com.

This number can be larger if the communication range is larger, depending on the application. If

a UAV drops out, all other UAVs directly connected to it detect the failure. Based on the active

communication link, each UAV maintains a list of the neighbors' state with all `1's. For instance,

in hexagon packing, if a UAV drops out, its neighbors change the respective label to '0', indicating

its failure. That is, for UAV k with six neighbors in the hexagon packing,N state
k = [1 ; 1; 1; 1; 1; 1],

for neighbors Nk = [ Nk1; Nk2; Nk3; Nk4; Nk5; Nk6] means all-active neighbors and operations.

18



If neighbor Nk3 drops out, the list is updated to N state
k = [1 ; 1; 0; 1; 1; 1]. For a simultaneous

multiple node loss scenario that leaves survivor clusters over the area, the UAVs at the border of

the cluster who have lost their immediate neighbor detect the mass failure. However, these clusters

are unaware of any other survivor clusters over the area, so a locally distributed recovery process is

not feasible. This leads to the need for a global planner, which is served by the super-agent. The

recovery process after the multiple node failures will be discussed next.

2.3.3 Failure Handling (Recovery)

The most important objective of the proposed algorithm is to provide the full coverage. It is

intuitive that the UAVs have to 
y on larger loiter circles to restore the coverage, but the trade o�

is that the system loses the persistent coverage if it cannot deploy UAVs to loiter atr l � r c. As the

UAVs start loitering at r l > r c, it can guarantee that each underlying point gets covered at least

once in a loiter cycle. When the number of available UAVs is not enough for persistent coverage,

the algorithm shifts its objective to obtain full coverage using the available UAVs.

As discussed previously, there is a need for a global planner for recovery in this case since

there is a possibility with no information on survivors available on a global scale. The base thus

deploys a super-agent after the failure detection, which is capable of communicating at a larger

range. The super-agent 
ies into the area at a higher altitude, and receives the information on all

possible survivor clusters spread all over the area. Once this phase is over, it is solely responsible for

generating the optimal recovery decision, e�cient in terms of recovery time and distance travelled.

As summarized in Algorithm 1, it �rst counts the survivor UAVs and then compiles the information.

If no UAV has survived in the area, the recovery fails and the super-agent returns to the base. Next

step is to check if there are enough survivor UAVs to recover the full area, given the constraint

on the coverage footprint radius for the loiter altitude. The algorithm does not consider 
ying at

a higher altitude to keep the coverage quality constant. Based on the number of survivorsNnew

and available information on area boundary X area and Yarea, it then performs the optimization

discussed in Section 2.3.1 to calculate the new loiter radius,r l-new . If r l-new � r c for the given

altitude, persistent coverage can be restored, and ifr c < r l-new � (
p

3 � 1)r c, the algorithm is able

to restore full coverage. Otherwise, the super-agent noti�es the base of the de�cit and it is up to

the base to resupply UAVs, lose coverage and continue, or terminate the operation. Ifr l-new is in

the permissible range, it now computes the centers of the new loitering circles with a larger radius.

The super-agent then computes their paths to the new loiter circles using Dubin's path algorithm,

with an additional consideration of collision avoidance and phase synchronisation in the new set

up. The survivor UAVs are then informed of their new assignment and the super-agent returns

to the base with a 'recovery successful' message. The UAVs then break out of their current loiter

circles, follow the calculated Dubin's paths, and start loitering at the new assigned locations, to

fully restore the coverage.
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(a) (b) (c)

Figure 2.5: Simulation of the proposed approach for fault tolerance after simultaneous multiple
agent drop out to maintain full coverage: (a) Initial deployed network with full coverage; (b)
Simultaneous multiple node loss over the deployment area resulting in clusters; (c) Recovery of full
coverage by re-optimizing the loiter circles' location and the loiter radius based on the number of
survivors over the network. The instantaneous phase and direction of the loitering UAVs are shown
by black arrowheads in each case.

If the area is too large for a super-agent to communicate and navigate, and thus poses com-

putational burden on the super-agent, the algorithm can be modi�ed to deploy more than one

super-agent with pre-de�ned area jurisdictions. These super-agents can then collect the informa-

tion from respective sub-areas and coordinate among themselves to restore the full coverage using

the survivor UAVs. This is beyond the scope of the presented work.

In this approach, all the survivor UAVs have to break o� from their current loiter circles to

trace a Dubin's path to the loiter circle of a larger radius at the same altitude, and join in at the

prescribed point and phase. This can be achieved by controlling the break-o� point, the join-in

point, and the headings at both points. Typically, Dubin's paths are created as a combination of

circular sections and straight lines, with an aim to minimize the travel time and distance. The

motion of the UAV is constrained to six options: straight, left turn, right turn, helix left turn,

helix right turn, and no motion. The equations of motion and the generation of Dubin's paths

are well-explored topics of the existing literature [44{46]. For multiple UAVs, the most important

consideration is not to have more than one UAV at a point during the transit. The paths are thus

calculated for individual UAVs, ensuring that they do not collide with any other UAVs.

2.4 Simulation Results

To verify the applicability, the proposed algorithm was applied to various area sizes, while control-

ling the number of UAVs and loiter circle radius. Major simulation results, along with parametric

comparisons are discussed below.
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Table 2.2: Parameters used in the simulation case shown in Figures 2.5 and 2.7. The bottom half
of the table shows the data for Figure 2.5 for the sample application of the algorithm.

X area (m) 500
Yarea (m) 650
r l-max (m) 100
r l (m) [50 60 70 80 90]

Number of Initial Nodes 35 (r l = 70)
Number of Lost Nodes 18 (� 50%)
Number of Survivors 17
r l-new (m) 96.22

2.4.1 Application on an area

The simulation was carried out for various scenarios by changing area dimensions, initial number of

UAVs and initial loiter radius ( r l). Table 2.2 lists the simulation parameters for Figure 2.5, which

shows the case forr l = 70 metres. In these �gures, the deployment area has been marked by a

black rectangle, and each red circle represents the loiter path for a �xed-wing UAV. As shown in

Figure 2.5(a), the area is initially covered by UAVs loitering at r l , providing full coverage. It is to

be noted that the algorithm implies additional UAVs to be deployed, even for a small fraction of the

uncovered desired area, to ful�ll its primary objective of full coverage. In Figure 2.5(b), a random

simultaneous multiple node loss scenario was applied. This scenario randomly chose and wiped

out over half of the UAVs from the area, resulting in two survivor clusters. It can be seen from

the �gure that the cluster of two UAVs would not have any information about the larger cluster

and vice-versa. For lack of the global information, neither of them are able to make an optimal

redeployment decision. On detection of this failure event, the base deploys a super-agent (not shown

in the picture) that 
ies to the centre of the area, loiters around there and collects the information of

both the survivor clusters. Following that, it solves the optimization for ( Nnew = 17; X area; Yarea)

and calculatesr l-new to be 96.22 metres. Asr l-new is still less than the r l-max value for the given set

up, the super-agent decides that the coverage can be fully recovered. It then calculates the centres

for the 17 new loiter circles with this new r l-new to fully cover the area, assigns one survivor UAV to

each of them, and passes on the decision to the individuals. The super-agent also computes Dubin's

path for each of the survivor UAVs to their new loiter locations, while keeping collision avoidance

and phase synchronization in account. The role of the super-agent ends there. The survivor UAVs

then follow their respective paths to move to the new locations and restore the coverage. The

updated loiter circles with the fully restored coverage are shown in Figure 2.5(c).

Figure 2.6 shows a sample Dubin's path for the transition of a UAV, to provide an insight into

how it is applied. The UAV breaks o� from the blue loiter circle at the point marked in green,

and traces the path in the solid red curve to reach the green loiter circle, joining in at the point

marked in red. The instantaneous headings are shown in the �gure. The UAV then loiters in the
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Figure 2.6: Illustration of the transition path for a UAV while transiting to a new assigned loiter
circle (from blue to green), using Dubin's path algorithm. The black arrowheads denote the in-
stantaneous 
ight direction.

green circle. It is to be noted that the path length for multiple UAVs will be di�erent, to maintain

phase synchronisation after moving to the new location.

2.4.2 Comparison

We compare the initial deployment results of the square and the hexagon packing. Figures 2.4(a)

and (b) show the initial deployment plot for r l = 70 metres over the same area, which is marked as

a black rectangle. Each circle represents the loiter path for a UAV. Both approaches successfully

pack the area, but hexagon packing uses a smaller number of UAVs (35) compared to the square

packing (42). This is mostly due to the extent of overlap between the neighboring loiter circles. It is

visibly apparent that the inter-circle overlap is higher in the square packing approach, reducing its

minimum e�ective coverage, which causes it to deploy more UAVs. This is in agreement with the

theoretical analysis in Section 2.3-A and Table 2.1. Adding a layer to this comparison, Figure 2.7

presents the equivalent result for multiple values ofr l . It can be seen that the square packing

deploys a larger number of circles for all values ofr l . However, the di�erence narrows down for

the larger radii while deploying over the same area, which is mostly due to the decreasing number

of circles and hence overlaps, and also due to nearing the largest coverage radius without losing

coverage. It can be concluded that hexagon packing is e�cient compared to square packing.

Figure 2.8 presents the plot of loss fraction against loiter radius, for di�erent values of initial

loiter radius, that is, the portion of initially deployed nodes each case can lose and maintain the

persistent coverage, or still fully recover, before starting to lose coverage. Figure 2.8(a) and (b)

present the simulation results and ideal case, respectively. Unlike the simulation case, the ideal
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Figure 2.7: Comparison of the number of initially deployed UAVs over the same area for square
and hexagon packing for di�erent loiter radius values.

case considers no overlap. In both plots, curves for each starting loiter radius have been marked

in various colors and labeled. The magenta line shows the point where the UAV network loses

persistent coverage ability (r l = r c), and the black line shows the maximum allowed loiter radius

(r l-max ) for the given altitude. It is basically the cut o� point as the UAVs start to lose coverage

of the internal area of their loiter circle beyond that value of r l-max . To start with a certain radius

value means that there is enough number of UAVs available to be deployed to fully cover the desired

area at that particular value of r l . As seen in the �gure, for example, when the initial deployment

starts at r l = 70 metres (purple line in Figure 2.8(a)), the UAVs have to start loitering at newly

assigned circles with radius 73.81 meters after losing 10% of the initially deployed UAVs, and they

cannot continue persistent coverage. The full coverage can still be restored. The simulation results

are still satisfactory compared to the ideal case, as the cut o� values for loss fraction to start losing

coverage are in the close vicinity of the ideal case values. The inconsistencies in the simulation

curves are caused by the fraction of loiter circles that appear outside the boundaries, and need to

be rounded to the next full circle. One interesting fact to note is that the network can fully recover

the coverage even after a loss of over 70% of the initial deployed nodes, for the starting radius

r l = 50 metres at the given altitude.

2.5 Conclusions

Using �xed-wing UAV for sensing and coverage applications is an evolving �eld, with the complexity

and extent of application being on the rise. This chapter presents an approach to deploy a 
eet

of UAVs over an area to achieve full coverage at all times for the long term, while using the

minimum number of UAVs. Two approaches for packing the area were discussed and compared:
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(a) (b)

Figure 2.8: Comparison of the proposed approach performance with the ideal case scenario (no
overlap, boundaries exact multiple of the radius value) in terms of change in loiter radius caused
by the fraction of nodes lost, for various values of initial loiter radius: (a) Proposed approach (b)
Ideal case. The �gures show ther l values for which the network will lose its persistent and full
coverage abilities.

square packing and hexagon packing, and hexagon packing proved to be superior because of less

inter-circle overlap within the area between the neighbors. The initial deployment implements

the proposed approaches and solves an optimization problem for the optimal loitering radius for a

given number of UAVs. The algorithm also incorporates resilience in the UAV network, which can

recover from simultaneous node loss to fully recover the coverage. The proposed recovery approach

considers a scenario of isolated clusters of survivors and utilizes an external super-agent to make

the recovery decision, which involves relocating the survivors to new optimized locations at the

same altitude, and making them loiter at a larger radius to fully recover the area with the reduced


eet size. Simulation results have been presented to verify the applicability of the approach and

show its e�cacy.

This work has several future directions, including the experimental veri�cation of the proposed

algorithm, considering practical scenarios such as collision avoidance, asynchronous phase, commu-

nication lag, and more. The constraint on the shape of the deployment area can be lifted, making

it more suited to real-life geographical applications. Another research direction is to make the al-

gorithm adaptive for heterogeneous UAVs and to introduce weights on the deployment area based

on the importance of coverage information.
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CHAPTER 3
HETEROGENEOUS FIXED-WING AERIAL VEHICLES FOR

RESILIENT COVERAGE OF AN AREA

3.1 Introduction

Unmanned aerial vehicles (UAVs) are e�ective and e�cient tools for coverage and sensing ap-

plications. Among various types of vehicles, �xed-wing UAVs are mostly used for mapping and

surveillance by sweeping through an area for data collection and then returning to a base for the

processing of the data. On the other hand, the rotor-type (e.g., quadcopters or hexacopters) can be

used for persistent coverage and sensing scenarios. However, the biggest limitation of rotor systems

is their endurance, as they have constraints on their payload and hence the power source they can

carry. Compared to rotor vehicles, �xed-wing UAVs consume less energy to achieve and sustain

mobility and are able to maintain airborne for longer duration [25{27]. Their often large wing sur-

face areas allow installation of solar panels that may further extend their 
ight time. Fixed-wing

UAVs are suitable candidates for sensing and coverage. However, �xed-wing UAVs' mobility is

typically limited by their minimum cruise speeds and loitering circles, making the coordination of

UAV 
eets challenging [9, 28].

Multi-UAV coverage is a well-researched area and boasts various methods for using �xed-wing

UAVs for various applications that involve coverage control or optimization. Fixed-wing UAVs

are traditionally used for 
y-by coverage, and the problem addressed can mostly be categorised

as e�cient path planning. These approaches take into account the characteristics, dynamics, and

properties of the vehicles and the environment to improve e�ciency. Chen et al. [47] reviewed

the existing coverage algorithms in UAV networks, and classi�ed those algorithms into di�erent

groups according to factors considered, like coverage ability, mobility, lifetime, connectivity, and

obstacles. Schleich et al. [48] proposed a decentralized and localized algorithm to control the

mobility of multiple UAVs, that is, a 
eet, which o�ers various advantages compared to the single

UAV scenario, such as longer mission duration, bigger mission area, or the load balancing of the

mission payload. The network connectivity was maintained via a tree-based overlay network, of

which the root was the base station of the mission, and was created by predicting the future

positions of one-hop neighbours. Wei et al. [49] addressed the capacity and delay of the UAV

network with n UAVs that are intended to monitor a three-dimensional environment, such as air

pollution, toxic gas leakage, etc. They derived the capacity and delay scaling laws of a UAV network

with mobility and pattern information. In [32], teams of �xed-wing micro-aerial vehicles (MAVs)

could provide a wide area coverage and relay data in the wireless ad-hoc networks. The authors

proposed a distributed control strategy that is based on the attraction and repulsion between

MAVs and relies only on local information. In [42], the authors addressed the generation of team
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ight plans and controllers that enable a heterogeneous team of UxVs (x: A-Aerial, G-Ground) to

maximize the spatio-temporal coverage while satisfying hard constraints such as collision avoidance

and positional accuracy. Danoy et al. [34] presented an online and distributed approach for bi-level


ying ad-hoc networks, in which the higher-level �xed-wing 
eet serves mainly as a communication

bridge for the lower-level 
eets that conduct precise information sensing. In [19], full coverage of

a desired rectangular area was maintained using homogeneous �xed-wing aerial vehicles loitering

on a given altitude, using both square and hexagon packing. In the case of multiple UAV failures,

the algorithm restored full coverage by modifying the loitering locations and a new homogeneous

radius of the remaining UAVs at the same altitude. Savla et. al [44] studied a facility location

problem for groups of Dubin's vehicles, non-holonomic vehicles constrained to move along planar

paths of bounded curvature, without reversing direction. Given a compact region and a group of

Dubin's vehicles, the coverage problem is to minimize the worst-case traveling distance.

This work presents an approach to use complete, and potentially persistent coverage of an

arbitrary area using the minimum number of �xed-wing UAVs, while discussing the resilience

aspect of the deployed UAV network over agent failures. The proposed algorithm de�nes a multi-

level square packing over the given area of arbitrary shape, and uses a patrolling 
eet of �xed-wing

UAVs in pre-speci�ed loiter circles over the squares for obtaining full coverage. The UAVs at a given

altitude level have homogeneous coverage and are synchronized in their motion while on the same

level; it is thus called level-homogeneous deployment. The algorithm also incorporates resilience,

that is, when one or more sub-square neighbors of a UAV fail, it is eligible to transit to the super

square and loiter at the respective circle at the higher altitude. The choice of the UAV to transit

to the super-square is based on its e�ective coverage, and the transition is made using Dubin's

path algorithm [44{46]. The proposed algorithm relies on the reference literature for obtaining the

near-optimal length of Dubin's path, and uses the well-researched method to obtain synchronized

transit and thus synchronized motion at the higher level. It is a distributed and scalable approach,

as the detection of failure and the handling of coverage recovery are localized processes. As all the

communication and decision-making are limited within the immediate super-square, the proposed

approach reduces the communication load of the network. Various arbitrary areas and failure

scenarios were tested to verify the applicability and e�cacy of the proposed approach in terms

of e�cient coverage and fault tolerance. This method is also scalable in terms of area size, and

adaptive for various boundaries as well as the physical and mechanical limitations of the vehicles.

We introduce distributed coverage resilience in the coordination algorithm, which de�nes that

in case of failure of their super-square neighbors, a UAV breaks o� from loitering at the sub-square

level and traces a short path using Dubin's path algorithm [44{46] to move to and loiter at the

parent-square level. The proposed algorithm relies on the reference literature for obtaining the near-

optimal length of Dubin's path, as this is not the focus of this work. As all the communication and

decision making are limited within the immediate super-square, the proposed approach reduces the
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communication load of the network. The proposed method also focuses on covering an arbitrary

shaped area using level-homogeneous squares of di�erent sizes at di�erent altitude levels. This, in

itself, is an interesting outcome as the arbitrary area is fully covered while minimizing the overlap

between the coverage footprints of the neighboring UAVs. Various arbitrary areas and failure

scenarios were tested to verify the applicability and e�cacy of the proposed approach in terms

of e�cient coverage and fault tolerance. This method is also scalable in terms of area size, and

adaptive for various boundaries as well as the physical and mechanical limitations of the vehicles.

The major contributions of this work are as follows:

1. The proposed algorithm ensures full coverage of the desired area using a 
eet of �xed-wing

UAVs, 
ying at di�erent altitudes;

2. The proposed method also focuses on covering an area of arbitrary geometric shape using

level-homogeneous squares of di�erent sizes at di�erent altitude levels. It can also handle no-

deployment zones within the area. This, in itself, is an interesting outcome as the arbitrary

area is fully covered while minimizing the overlap between the coverage footprints of the

neighboring UAVs;

3. The presented algorithm provides coverage resilience by addressing the coverage recovery

problem in case of simultaneous multiple UAV failures, to still maintain full coverage with

reduced resources;

4. It is a distributed and scalable approach. As the recovery decision is local, the maintenance

e�ort is reduced.

The remainder of the chapter is organized as follows: Section 3.2 presents the preliminaries and

assumptions, Section 3.3 discusses the details of the proposed approach, and Section 3.4 presents

the simulation results and discussions. Finally, Section 3.5 lists some of the possible future work

and conclusions.

3.2 Background

The area to be covered by the UAV 
eet can be represented as a graph with the vertices representing

the longitude and latitude. The deployed UAVs would represent a subset of the graph nodesV0 as

a sub-graph G0 = ( V0; E0), and the edges between the neighboring UAVs (E0) represent the active

communication link.

3.2.1 Assumptions

The following assumptions are made to simplify the analysis without the loss of generality:
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Figure 3.1: Parameters for the proposed approach: Level-homogeneous UAV deployment. The
loiter circles and their instantaneous coverage footprint for two UAVs at di�erent altitudes are
shown.

1. The UAVs are homogeneous, that is, they have the same size, weight, minimum turn radius,

and communication and sensing capabilities;

2. The cruising velocity is constant and uniform for all the UAVs;

3. Each UAV knows its location at any point in time;

4. The UAVs are automatically able to communicate with any other UAV within its communi-

cation range (r com), and the communication is isotropic, that is, they can communicate across

the altitude levels.

3.2.2 De�nitions

The following are the key introductory concepts for the presentation of the proposed method [19].

These quantities have been graphically summarized in Figure 3.1.

Altitude level ( hi ): The altitude level represents the height from all the permitted height values

in the square packing, where the subscripti represents the instantaneous altitude level, andhi 2

f h1; : : : ; hng, for the n pre-speci�ed altitude levels. In this work, we have limited the levels to

n = 4 to maintain acceptable quality of coverage. In Figure 3.1,h1 and h2 represent two sequential

altitude levels. As all the UAVs show similar behavior (e.g., loiter radius, velocity, etc.) on a given

level, this approach islevel-homogeneous.
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Field of view (FOV): The FOV is a physical property of the sensor being used by the UAV and

de�nes the coverage footprint based on the altitude of the platform. In Figure 3.1, the FOV has

been marked by� . Based on the sense used, the sensing quality (q) can be de�ned asqi / 1=hi ,

which means that the coverage quality decreases linearly as the altitude increases, and vice-versa.

Phase synchronization: For a UAV loitering at a given altitude level, the phase has been de�ned

in this chapter as the angle at which they are. It has been shown in Figure 3.1 as� . We assume

that the motion is synchronized, that is, all the loitering UAVs have the same phase at every instant

of time for maximum separation, and hence the largest e�ective coverage.

Loiter radius ( r l ): Any form of a �xed-wing vehicle has constraints on maneuverability, and it

cannot stay stationary while it is airborne. Instead, it can 
y in a circle over the region of interest,

called the loiter circle . The radius of that circle at a given instant is called the loiter radius. In

Figure 3.1, the loiter radius for two di�erent altitude levels has been shown by the radii rL1 and

rL2 .

The physical properties and cruising velocity of a �xed-wing UAV system de�ne the lowest value

of the loiter radius, called the minimum turning radius [45], given by

rmin-turn =
v2

g
 max ;

where v 2 R2 is the horizontal vehicle velocity,  max denotes the maximum bank angle andg

denotes the gravitational acceleration. It is desired to haver l > r min-turn to be able to provide

coverage while causing less physical strain on the UAV.

Minimum loiter ( r l-min ): In the proposed approach, this is the loiter radius value chosen for

each altitude. Ideally, r l > r min-turn is better to reduce the physical wearing of the UAV in the

long term, but the case ofr l-min = rmin-turn results in the densest packing (minimum overlap) and

the side length of the packing square isamin = r l-min =
p

2. The radii at the higher 
ight levels are

multiples of this value.

Coverage radius ( r c): The coverage radius is the radius of the coverage footprint given the FOV

and the instantaneous height(h) of the vehicle. As seen from Figure 3.1, it is de�ned as

r c = h � tan �:

Communication radius ( r com ): Based on the on-board hardware, a UAV can connect to every

other UAV within a certain distance, called the communication range. Assuming an isotropic

antenna for uniform range, the radius of the coverage is called the communication radius. Its value

cannot be less than
p

2r l-max , wherer l-max is the loitering radius of the circle at the highest assigned

level. It is a di�erent entity from the loitering radius ( r l) and the sensor coverage radius (r c). For
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any UAV k at position xk , its neighborhood is de�ned as

Nk
�= f x i 2 V0 j dist(xk ; x i ) � r comg;

where dist(xk ; x i ) represents the euclidean distance between the nodesxk and x i .

Sub- and super-square: This represents the footprint squares for a particular altitude level. In

Figure 3.1, a1 and a2 are the side lengths of two di�erent squares, for altitude levelsh1 and h2

respectively. Here,a2 represents the sub-square fora1, and a1 represents the super-square fora2,

where a2 = 2a1. When the UAV moves to a higher altitude level, it moves to the immediate

super-square, and vice versa. The process of moving the UAV from one altitude level to another is

called level transition.

E�ective coverage ( E): It is de�ned as the total area covered by a loitering circle within the

boundaries of the area of interest, minus the overlap with the immediate neighbors. These overlaps

are purposefully introduced to allow the algorithm to cover every point (avoid coverage gaps) in

the desired coverage area. The e�ective coverage for UAV k is de�ned as,

Ek = (1 � f )�r 2
l �

X

i 2N k

Aov-i ;

where f is the fraction of the circle outside the area of interest andAov-i is its overlap with the

neighbor UAV i 2 N k .

Full coverage: It is de�ned as the state when each point in the area is guaranteed to be covered

by at least one of the loitering UAVs at least once every loiter cycle during the operation. ForN

UAVs deployed in the areaA, it is achieved when

A �
NX

i =1

E i :

This serves as the main objective of the presented work, where we adjust the radius of the loiter

circle for the available UAVs to achieve full coverage.

3.3 Proposed Approach

This section discusses the details of the proposed approach, that is, how the level-homogeneous

coverage is managed. The inputs from the end-user to the proposed approach is the coordinates of

the vertices of the area to be covered by the UAV 
eet, and the minimum loiter radius (r l-min ) of the

vehicles. Based on these inputs, the algorithm starts by calculating the initial count of the nodes

to be deployed and the locations on the initial (lowest) altitude level (h1), which corresponds to the

r l-min , as de�ned. This process intrinsically marks the super-squares for di�erent altitude levels as
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this is a top-down approach. After the initial deployment, the UAVs loiter around their respective

circle at h1. On failure of one or more agents in a sub-square, the failure handling mechanism is

locally triggered and executed. Algorithm 2 summarizes the working of the proposed approach.

The details of these processes have been discussed below.

3.3.1 Initial Deployment

This step employs a top-down approach for deciding upon the centres of the packing squares, but it

is derived from r l-min to allow steps in altitude level and homogeneity in each of those levels. This

results in r l1 = r l-min , r l2 = 2 r l1 , and so on. This approach is limited to at most four altitude

levels as the coverage quality at theh4 level (based onr l4 ) is down to (1=8)th of that of the initially

deployedh1 level (based onr l1 ), which can be summarized as

r l i = 2 i � 1r l-min , for i 2 f 1; 2; 3; 4g:

The deployment is carried out by bounding the area by a large square (r sq = 16r l-min ) and then

bisecting the squares and narrowing down tor l-min . If X area and Yarea are the arrays for X � and

Y � coordinates of the area boundary vertices, a polygon surfaceParea is created as the region of

interest, which is then used to check and classify if the squares at each altitude level lie inside

or outside the desired coverage area with arbitrary geometry. We calculate the vertices of the

aforementioned bounding square as follows

MIN sq = min(min( X area); min(Yarea)) ;

MAX sq = 16r l-min + MIN sq:

After the desired area is bounded by this square, it is bisected along both axes into four equal

sub-squares. This process is continued till we reach the base level (levelh1). Following this, the

list of squares on each level lying insideParea is created. The proposed algorithm uses a method

that checks if any of the vertices of the squares in consideration lie insideParea. If not, that square

is discarded from the list. As for level h1, this list gives the details and the count of the UAVs

required to start with. This can be seen in Figure 3.2. Out of the �ve sample h1 squares over

the desired area, squaresS2; S3; S4; and S5 have 2, 4, 1, and 3 vertices insideParea, respectively,

and they are listed as UAV deployment locations. SquareS1 is completely outside Parea, and is

discarded from the list. This is the last step for centralized planning after listing the deployment

squares, where each UAV is given its center point to loiter at levelh1, and the UAVs 
y to the

respective loiter circles by tracing the de�ned Dubin's path so as to keep them synchronized, by

loitering in the same phase (shown in Figure 3.1) at the same altitude level for any instance time

instance. This synchronization improves the instantaneous adequate coverage by minimizing the

overlap at that instant [19].

31



Figure 3.2: Illustration of how the algorithm classi�es the squares during initial deployment. The
black polygon marks the deployment boundary, and the brown squares are the packed sample
squares.

3.3.2 Failure Detection

Failure detection is a local phenomenon when one or more agents suddenly drop out of operation.

This could occur due to external impacts (e.g., blast), UAV instrument failure, power source failure

or many other possible reasons, and the UAV is considered `non-recoverable' after the drop-out.

As the UAVs are in communication with their super-square neighbors and with at least one other

level-homogeneous sub-square UAV in a neighboring super-square, at least two super-squares detect

the failure. Based on the active communication links, each UAV maintains a list of the neighbors'

state with all `1's. If a UAV drops out, its neighbors change the respective label to a zero, referring

to `dropped out'. That is, for a UAV k with four neighbors, N state
k = [1 ; 1; 1; 1], for neighbors

Nk = [ Nk1; Nk2; Nk3; Nk4] in all-active operation. If neighbor Nk3 drops out, the list is updated as

N state
k = [1 ; 1; 0; 1]. Furthermore, if Nk4 moves to a higher altitude level to restore coverage, it is

updated to N state
k = [1 ; 1; 0; 2], denoting that it is loitering at the super-square radius on a higher

altitude level, but is still online and connected. As the proposed failure handling approach tends to

send one of the sub-square neighbors of the dropped-out UAV to a higher altitude level, the decision

making is local and distributed within a super-square. If all four members of a super-square drop

out, the neighboring super squares get involved in the decision-making for restoring coverage. This

will be discussed in detail below.

3.3.3 Failure Handling

When a failure and is detected, the algorithm aims to restore the coverage at the cost of the sensing

quality of the coverage. It is intuitive that 
ying at a higher altitude level increases the coverage
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Figure 3.3: Transition of a UAV between two altitude levels through Dubin's path. The �gure
shows the transition path, start level, goal level, and the instantaneous headings are shown by
arrows.

area, but decreases the quality. If the loiter radius is scaled along with the altitude level, it adds

to the coverage time as well. Coverage time is the duration after which a point gets covered by a

loitering UAV in every loiter cycle.

The proposed algorithm can solve the cases of single, simultaneous multiple, clustered, and

spread out node failures e�ciently as it uses a distributed approach where the failure detection and

recovery decision making is limited to the minimum possible number of neighbors in the failure

area. For failure of less than three sub-square loitering UAVs, the decision-making is limited within

that super-square to minimize recovery time. The nearest sub-square survivor UAV (in terms of

phase, to minimize the transfer path length and time) breaks from its loiter circle to move to the

super-square loitering at a higher altitude level, as explained in the following paragraph. If only

one of the four sub-square UAVs has survived, it moves to a higher altitude level by default. In

a more complicated loss scenario, there could be no sub-square survivors in a super-square, for

all four having dropped out, or the super-square being at the edge of the boundary, and thus no

backups for coverage restoration. In this case, the neighboring super-squares will �ll in as they have

also detected the occurrence and the extent of the failure. Aiming for the shortest transfer path

based on phase and heading, the two chosen sub-square UAVs from a neighbouring super-squares

break from their loiter circles and trace Dubin's path to the higher altitude loitering circles, one
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Algorithm 2 Level-homogeneous deployment and recovery

/* Initial Deployment */
Input: r l-min ; X area and Yarea

1: Bounding square =
MIN sq = min(min( X area); min(Yarea))
MAX sq = 16r l-min + MIN sq

2: Plot the boundary square and bisect it on both axes
3: while Side length, a >

p
2r l-min do

4: Repeat steps 1 - 2
5: Find Dubin's path to each loiter circle from the base
6: Deploy �xed-wing UAVs at h1

/* Failure Detection */
7: if dist (x; y) �

p
2r l-max then

8: UAV x and UAV y are connected
9: if UAV x cannot connect to UAVy 8x 2 N y then

10: UAV y dropped out

/* Failure handling (Recovery) */
11: if Nnew � 4 then (Here, h4, requiring 4 UAVs, is the highest allowed level before which quality

gets compromised)
12: for each dropped-out nodedo
13: if No survivors in Ny-sub-sq then
14: Neighbor super-sq lends one for recovery
15: x1 for recovering SuperSq ofy and x2 to cover de�cit of lending SuperSq
16: Calculate Dubin's path for x1 and x2 to respective loiter circles
17: Deploy UAV x1 and UAV x2 at h2

18: else
19: Pick recovery UAVx 2 Ny-sub-sq

20: Calculate Dubin's path for UAV x for SuperSq loiter circle
21: Deploy UAV x at h2

22: Full coverage restored
23: else
24: Full recovery not possible
25: Repeat Steps 12{22 for every level failure

each for their own and the failed neighboring super-square. It is worth mentioning again that the

loitering motions after moving to the higher altitude level have to be synchronised in phase as well,

as the proposed approach solves for `level-homogeneous' and it improves the e�ective coverage at

that level.

3.3.4 Dubin's Path

The recovery UAV has to break o� from its current loiter circle at some point to trace a Dubin's

path to the loiter circle of a larger radius at a higher altitude level and join in at a prescribed point,
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Table 3.1: Parameters used in the simulation case shown in Figure 3.4.

X area (m) [100, 50, 100, 200, 275, 475, 550, 650, 700, 700, 875, 875, 1075,
1075, 1250, 1250, 1075, 1075, 875, 875, 700, 700, 650, 475, 475, 420,
330, 275, 275, 100]

Yarea (m) [1000, 500, 200, 150, 100, 100, 150, 200, 400, 100, 100, 350, 350, 100,
100, 1000, 1000, 650, 650, 1000, 1000, 600, 1000, 1000, 350, 300,
300, 350, 1000, 1000]

Loiter radius (m) 80
Bounding Square (m2) 1330� 980
Number of Initial Nodes 109
Number of Lost Nodes 19
FOV 45�

to maintain synchronization. This can be achieved by controlling the break-o� point, the join-in

point, and the headings at both points, and the motion of the UAV. Typically, Dubin's paths are

created as combinations of circular sections and straight lines, with an aim to minimize the travel

time and distance. In 3D cases like this, these can form helical structures while moving to a higher

or lower altitude level based on the height di�erence. The motion of the UAV is constrained into

six options: straight (S), left turn (L), right turn (R), helix left turn (Hl), helix right turn (Hr), and

no motion (N). The equations of motion and the generation of Dubin's paths have been followed

from [44{46]. There could be cases when some of these motion combinations might be physically

restricted for the UAVs (e.g. LSLN). An example for Dubin's path transition of a UAV is shown

in Figure 3.3. The starting and �nal (goal) altitude levels and loitering circles have been shown,

along with the path with a minimum turning radius of 80 metres. The instantaneous headings and

positions of the UAV have been marked by arrows. It can be seen that the path is de�ned by RSRN

motion and the start (break o�), the goal (join-in) and the transition (motion change) positions

have been marked. For multiple UAVs, the path lengths and the join-in point are to be controlled

to achieve and maintain synchronization.

3.4 Simulation Results

The proposed algorithm was applied to various arbitrary-shaped areas, while varying the minimum

loiter radius ( r l-min ), to verify its applicability. Simulation results for one such area and r l-min setup

have been shown in Figure 3.4. To show that the algorithm works perfectly for di�cult non-convex

area shapes (and to be a bit geeky), the area shape has been made to look like UH, which stands

for University of Hawai'i, in this case. The parameters used for the simulation have been listed in

Table 3.1. The arbitrary geometric area boundary has been shown as the black polygon. The value

of FOV of the sensor has been taken to be 45� and this results in the coverage radius equal to the
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(a) (b)

(c) (d)

Figure 3.4: Simulation of the proposed approach for resilient coverage after agent drop outs to
maintain full coverage: (a) Initial deployed network with minimum loiter radii; (b) Simultaneous
multiple node loss spread over the area; (c) Full coverage recovery by deploying sub-square neighbors
(blue) of the dropped-out nodes (brown) at a higher altitude level, with larger loiter radii; (d) Final
network layout with di�erent sized loiter circles at di�erent altitude levels.

altitude level and
r c1

r c2
=

h1

h2
:

Figure 3.4(a) shows the initial deployed UAV network at altitude level h1 with loiter radius

r l-min . The packing squares (shown in dashed grey lines) are inscribed by the respective loitering

circles (shown in red), where each circle represents the path for a UAV. It can be seen that the

area is fully covered using the least number of loitering UAVs while skipping the undesired areas.

In Figure 3.4(b), a random node loss scenario is applied, which results in node dropouts spread-
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Figure 3.5: Transition of multiple UAVs between two levels through Dubin's path to recover the
full coverage from a simultaneous multiple node loss scenario shown in Figure 3.4. The headings
of the UAVs during the transit have been marked by arrows.

ing across the area (marked by solid brown squares). Ten of the super-squares have lost one

sub-square node each, three of them have lost two each, and one of them has lost three sub-square

nodes. The gray shaded squares represent still active UAVs after the dropout, which are loitering

on circles inscribing those squares. The circles have not been shown to make the plot less crowded.

These failed nodes, each being considered a sub-square, belong to various super-squares across the

area. At this point, the algorithm aims to resolve the issue locally and restore the coverage by

sending some of the sub-square nodes from the super-squares that have lost members to altitude

level h2.

After the algorithm is applied, the resolved network has been shown in Figure 3.4(c). The lost

nodes have been shown in solid light brown, and the chosen recovery UAVs have been shown in

solid blue. The new trajectories for the recovery UAVs are the loiter circles inscribing the blue

squares shown in the �gure. It can be seen that each super-square that had lost one or more of its

sub-square nodes chose one survivor sub-square node and sent it to the altitude levelh2 to loiter at

radius r l2 = 2 r l-min . The new loiter circles for the active nodes have been shown in Figure 3.4(d).
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Figure 3.5 shows how all the assigned UAVs move from a lower altitude level (h1= 80 metres

in this case) to a higher one (h2= 160 metres) using Dubin's paths. The desired coverage area

has been shown in black. The start positions are on the lower loiter circles (shown in brown) of

radius r l1 = r l-min and the point where they join are on the larger loiter circles (shown in blue)

r l2 = 2 r l-min . The gray circles at the lower levelh1 do not go under the transition and continue

loitering at the same level. The e�ect of the turn radius constraint can be seen in the plot. In

cases where these circles are far apart in height, the UAVs trace helical paths to get to the target

loitering circle at a higher or a lower altitude. All the assigned sub-square loiter UAVs move to

altitude level h2 for synchronised loitering and coverage, and this completes the recovery process.

3.5 Conclusion

This chapter presents an approach to deploy and maintain a network of �xed-wing unmanned

aerial vehicles for persistent coverage over an area. This is to exploit the superiority of �xed-wing

vehicles over traditionally used rotor-type vehicles in terms of endurance, making them better

suited for long-term and large-scale deployment problems. The initial locations for deployment

over an arbitrary geometric area are generated by adaptive square packing, and failures of nodes

are handled by 
ying at di�erent altitude levels as required. This is a distributed approach for

failure detection and handling, and is scalable for various area sizes. It can also adapt to di�cult

deployment area geometry and vehicles with various speci�cations. Simulation results show that

the algorithm applies to all arbitrary-shaped areas and can also be implemented by various UAVs

with diverse physical properties and constraints.

A future research direction for this work is the experimental veri�cation of the proposed al-

gorithm, using standard mini-UAV platforms, by varying 
eet size and minimum loiter radius.

Another research direction is to modify the algorithm to implement it with heterogeneous UAVs


ying at the same altitude level, and to introduce the weights based on coverage information im-

portance within the deployment area.
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CHAPTER 4
PATH PLANNING FOR OPTIMAL COVERAGE OF AREAS

WITH NONUNIFORM IMPORTANCE

4.1 Introduction

Over the last century, the Hawai`i Volcanic Observatory (HVO) has developed volcano-monitoring

systems and networks to record and document activities at Hawaiian volcanoes. The existing

infrastructure includes over a hundred �eld stations with instruments that record and measure

earthquakes, ground movement, volcanic gases, sound waves, lava advancement, magma volume

below ground, and visual changes in eruptive activities. Satellite data have been used to detect

changes in ground elevation and surface temperature, which can indicate lava or other eruptive

activities, however direct line-of-sight is often interrupted with cloud cover and volcanic haze.

Without satellite coverage, the large surface area of Hawai`i island presents issues for remote sensing,

therefore implementation of autonomous unmanned aerial vehicles (UAVs) may prove invaluable

for HVO. Given the size of commercially available UAVs, power restrictions limit the total surface

area that a single platform may observe. Therefore, an optimization scheme must be implemented

to determine the most e�ective battery con�guration of UAVs for a speci�c environment and the

optimal path for that speci�c UAV to take based on this con�guration.

Path planning algorithms for UAV systems have been considered for a variety of applications,

though a majority examine the problem of reaching the greatest number of targets while expend-

ing minimal energy or time [50{52]. Voronoi diagrams have been traditionally implemented for

graphical methods [53{55], while spline generation and single-objective genetic algorithms are be-

coming commonplace for both online and o�ine operations [56, 57]. The means by which the cost

of a system is represented varies considerably; for example, Borto� [53] considers both a two-step

optimization algorithm that �rst explores graphical search methods and secondly generates an equi-

librium path solution for a Lagrangian mechanical system composed of virtual forces. Combinations

of graphical and mechanical approaches provide a means of reducing a solution search area prior

to processing higher-order system dynamics.

In general, path planning has been used to achieve UAV interaction with speci�c targets or to

maximize coverage over a speci�c area of uniform importance. A natural succession is to maximize

coverage over a given area, within which some known locations are assigned higher importance

than others. Topological approaches have been investigated by Li et al. [58] that address energy

maps for UAV paths along variable topological terrain. This approach considers energy-optimal

area coverage under the speci�c dynamics of the UAV, but does not consider the possibility of a

performance index being nonuniform along identical topological levels, that is, regions of greater

importance to data collection. The problem that arises for nonuniform area preference, discussed
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Figure 4.1: An example volcanic survey area (Hawai`i Island), with the overlaid coverage importance
distribution (Red: High, Yellow: Medium and Green: Low)

by Mittal and Deb [59], is the normalization of the objective function under the in
uence of a

weight vector. This consideration implies that a topological map should be generated for each

performance index considered, as well as the weight vector at every iteration.

This work intends to explore the coverage optimization problem where power limitation and

distribution of nonuniform coverage importance are considered. An optimization problem will be

formulated and solved for a UAV deployed over the area, with an objective to maximize the area

covered, energy utilization and accumulated coverage importance. The major contributions of the

proposed algorithm are: (i) Optimized coverage of an area for given power for a UAV by maximizing

the coverage and minimizing the return energy, (ii) Trade-o� between coverage of the new area and

net information gain by attempting to cover areas of higher coverage importance while penalizing

revisits, (iii) simple yet e�ective coverage algorithm readily applicable to real-world applications.

The remainder of the chapter has been organized as follows. Section 4.2 de�nes and sets up

the problem, and Section 4.3 discusses the optimization problem formulation and the proposed

approach. Preliminary results and analysis are discussed in Section 4.5, and Section 4.6 lists the

conclusions and some future research directions.

4.2 Problem De�nition

Considering the problem of monitoring volcanic activities with a UAV, we wish to maximize the

observation productivity by varying its battery capacity as well as its 
ight path design. Observation

productivity is de�ned as the norm of a performance index encoding the area coverage, the number
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Figure 4.2: Coverage importance distribution grid overlaid on the desired coverage area. An exam-
ple trajectory to maximize coverage and net area information gain with a UAV starting from and
returning to the base is also shown.

of waypoints, and the unspent energy upon return. The problem does not consider real-time path

planning but rather a prescribed 
ight plan. To best solve our problem, we need the UAV to

maximize its surveyed area while covering more important areas and best utilize its limited power

before returning to the base station.

We assume that the coverage importance map (See Figure 4.1) is available for trajectory plan-

ning. The problem is then set up by de�ning a grid over the target area using the area boundary

information. The grid is then created at the spacing l in both directions of the area, and the

undesired coverage locations outside the area are then identi�ed and assigned with the lowest im-

portance weights. An example where the coverage importance map is overlaid on top of the area

map is shown in Figure 4.2. The optimal path planning is carried out as discussed in the following

section.

4.3 Proposed Approach

The proposed approach to maximize the coverage over a volcanic area and net coverage information

gain is outlined in Algorithm 3, and the path planning logic is shown in Figure 4.3. The boundary

information of the area is used to create a grid over it, and the coverage information importance

map is overlaid. The UAV starts at a prescribed base station (xbase; ybase) as shown by a white

square in Figure 4.2, and it has the knowledge of the overall grid, its own battery level, and the
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cost to move in each possible direction on the grid. For this work, we assume that the cost to

move is same in each direction. The algorithm also maintains the history of the visited locations

to discount the trajectories containing repetitions. However, we do not prohibit revisits since they

may be necessary as part of the shortest return path to the base due to battery level or physical map

constraints. The coverage of new areas thus competes with the net coverage information gain and

the battery utilization in the optimization problem. At each time step, the UAV lists the candidate

locations to move, all of which arel units away. During this process, the UAV keeps a record of

the cells covered and keeps track of its battery level relative to its current distance from the base.

The UAV is programmed to initiate the return to the base when the battery level is critical for

a safe return from its present position while still attempting to maximize its total coverage on its

safe return.

When the UAV starts up it will �rst determine a target area to reach by weighing the reward

for reaching an area based on its importance, as well as by a temporary reward map. The weight

map corresponds to the importance of a speci�c cell. The reward map will be repeatedly generated

as seen in Figure 4.3, where the value of each cell is determined by the importance weight of the

cell and penalized by its distance relative to the UAV's current position as well as whether the cell

has been previously visited. Once a reward map is generated, the UAV will calculate the shortest

path to the target cell of the highest reward using Dijkstra's algorithm [60], where the edge length

is the reward of the cell. While this does not necessarily yield the shortest path to each following

target point, it will generate the shortest path that yields a positive reward and maximize the

accumulated reward along this path, provided it has unspent energy to do so. Once the path to the

target cell is calculated, it will then calculate the shortest return path to the base using Dijkstra's

algorithm [60] and Bellman-Ford algorithm [61{63] from the candidate target position by choosing

the shortest path to the base, without possibly revisiting cells to maximize the total reward. The

UAV proceeds to the next exploration step only if the remaining battery level exceeds the threshold

requirement for the calculated shortest path to the base. This is repeated at every new location to

fully use the available power.

Figure 4.4 illustrates how the algorithm would navigate a map of pseudo-randomly distributed

cells with weights of high, medium, low, and zero values marked in red, yellow, green, and blue,

respectively. The white cell denotes the base location where the UAV starts its path planning

and ultimately must return to. The white dots show the target waypoint with the highest ex-

pected reward calculated from a dynamic weight map that the algorithm maintains based on the

importance of the cells, their distances from the UAV, and if it has previously visited. As seen in

Figure 4.4(b), the next trajectory is more a�ected by the distance to the target rather than the

energy expense due to the large di�erence in the anticipated reward of the cells the path covers.

Despite this, the optimal path will take into account the reward of visiting more important cells

against the cost of moving to an additional cell. Trajectories in these circumstances can be altered
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Figure 4.3: Flowchart for the proposed optimal path planning algorithm.

by adjusting the penalties of revisiting a cell. The black arrows denote the outgoing trajectory

from each cell, and the blue arrows denote what the algorithm deems to be the shortest path of

return with the maximum reward based on the current remaining power. These shortest paths with

maximum reward are calculated at every target, as shown in the �gure. These return trajectories

are determined using Dijkstra's algorithm depending on whether a possible trajectory passes over

a visited space, as the assigned penalties provide a higher penalty. Finally, Figure 4.4(c) shows the

complete exploration and return trajectory for the UAV for the example setup as the algorithm

has determined a path that consumes all the remaining power from that waypoint.

4.4 Formulating the Optimization Problem

In this work, we formulate an optimization problem that is comprised of three objectives. The

performance indices for the proposed approach are total coverage (J1), unspent energy (J2), and

the net coverage importance gain (J3). To maximize the coverage,J1, we have the cost term:

J1 = l2
nX

i =1

� i (M i ); (4.1)

where i 2 f 1; : : : ; ng is the waypoint index, l is size of the cell,M i , (x i ; yi ) is the cell occupied by

waypoint i , and � i is a Boolean function that equals 0 when waypointi has been accounted for and

1 otherwise. Since the mission planning is centralized, it will take into account the paths of all the
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(a) (b) (c)

Figure 4.4: Illustration of the development of the path planning algorithm. The red, yellow, green,
and blue cells denote the highest, medium, low, and lowest rewards for covering the respective
areas, respectively. The white cell denotes the base location, and the white dots show the next
location of the highest importance that the algorithm targets based on the reward values of the
cells and their current distance from the UAV. The outgoing and the return trajectories have been
shown in black and blue, respectively. The �gure shows (a) a randomized weight map, (b) the �ve
next highest importance locations, their outgoing and respective instantaneous return trajectories,
and (c) the �nal trajectory.

participating UAVs to keep track of the covered points and, hence, avoid overlap.

To minimize remaining energy upon return, the second cost term may be stated as

J2 = Bstart �
mX

j =1

B target ;j � B �nal (4.2)

where Bstart is the initial battery level at deployment, j 2 f 1; : : : ; mg where j is the current target,

B target is the energy cost to move to the target from the current cell andB �nal is the cost of

returning to base from the �nal target waypoint. J2 keeps a check on the total energy left during

the trajectory planning so as to use the available power to the maximum while trying to cover

as many new cells as possible. It also keeps track of the power left at a given waypoint to make

sure the UAV has enough power left during its return to visit the maximum possible uncovered

waypoints instead of having to trace a shorter return path and overlap with the already covered

points.

To maximize the allotted waypoint values to favor the covered area to speci�c targets, we will

add the following cost term:

J3 = l2
nX

i =1


 i (M i )� i (M i ): (4.3)

Along with other variables explained in J1, 
 i is the function relating to the reward for the cell
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Algorithm 3 Optimal Coverage of Area with Nonuniform Importance

Input: Area grid, cell indices (M ), coverage importance weight map (
 (M )), base coordinates
(xbase; ybase), cell size (l), starting battery level ( Bstart ), critical battery level ( Bmin )
Output: Optimal trajectory M i (i = 1 ; 2; : : : ; n)
Notations:

� D = Grid matrix listing for visited ( � = 1) and not visited ( � = 0)
� B i = Current battery level
� Bmin = Critical battery level required to return to base from current position
� B target ;j = Energy cost to move to target, j
� Wi = Generated reward map from current location

1: Initialize reward map W1

2: Start at ( xbase; ybase)
3: i = 1
4: while B i > 0 do
5: Update Wi for available options whereWi = 
 (M i ) � k M k � M i k 8 k 6= i
6: M i +1 = M �

i +1 , argmin
M i +1

Wi (
 (M i +1 )) . (4.1), (4.3)

7: Update Wi (�) with D i

8: Calculate to path to ( xbase; ybase) from 
 (M i )
9: Calculate Bmin

10: if B i > B target ;j + Bmin ;j then
11: Move to M �

i via path generated in Line 6

12: i ++
13: Return to base using path generated in Line 8 fromM i � 1

at M i ; the higher value of which means the point is expected to cover some crucial information

and it is bene�cial to visit it. This term is unique from J1 in that if needed, we can increase the

weights of visiting new locations to counter higher weighted reward cells.J3 allows us to minimize

the coverage importance gain and dictates the likely order of the area coverage. The resulting cost

function for the resulting minimization problem becomes,

Jtotal = � � 1J1 + � 2J2 � � 3J3; (4.4)

where � 1; � 2 and � 3 are the tunable weights imposed onJ1, J2 and J3 respectively.

4.5 Simulation Results

We present the simulation results that show a series of trajectories chosen by Algorithm 3 in

Figure 4.5 and 4.6. The trajectory consists of two segments: the optimal exploration segment

from the base and then the optimal return segment to the base. The intermediate targets are

chosen by comparing the number of cells that need to be visited to reach the position against
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(a) [xbase; ybase] = [7 ; 6], Bstart = 50; J2 = 4 (b) [xbase; ybase] = [7 ; 6], Bstart = 25; J2 = 3

(c) [xbase; ybase] = [13; 8], Bstart = 50; J2 = 2 (d) [xbase; ybase] = [13; 8], Bstart = 25; J2 = 1

Figure 4.5: Application of the proposed algorithm on a multivariate Gaussian distribution map for
di�erent initial locations and battery capacities. The red, yellow, green, and blue cells denote the
highest, medium, low, and lowest coverage importance, respectively. The white cell denotes the
base location, and the white dots show the next instantaneous location of the highest importance.
The black line denotes the outgoing trajectory, the purple line denotes the shortest-path return
trajectory, and the arrowheads denote the directions.
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the values assigned to the color of the cell and the penalty of revisiting a cell. The simulation

uses a 15� 15 grid and creates two di�erent types of importance maps with nonuniform rewards,

as discussed below. The trajectories were also generated on multiple maps by varying the base

locations and battery capacities for performance analysis.

Figure 4.5 presents optimal trajectory planning on a map with cell coverage importance values

following a multivariate Gaussian distribution. For (a) and (b), the base is at [ xbase; ybase] = [7 ; 6]

with battery capacities 50 and 25 respectively, and for (c) and (d), the base is at [13; 8] with the

same battery capacities. This map is relatively simple, and the trajectories in all the sub-�gures of

Figure 4.5 use the available battery capacity to get to the higher reward locations and explore them

e�ciently before covering the areas of lower importance, which is shown by the black lines. The

optimal return path (purple lines) is calculated at each of the intermediate white dots (omitted to

avoid cluttering), and the algorithm keeps exploring until it reaches the critical battery level and

�nally returns to the base through the shortest path of the highest reward from that particular cell

as shown in the �gures.

Similarly, Figure 4.6 shows the performance of the proposed algorithm on a relatively com-

plicated and real-life inspired map of (exaggerated) volcano 
ows on the island of Hawai`i. The

coverage importance map is de�ned and overlaid on a square grid over the map of the island of

Hawai`i as explained in Figure 4.2. For (a) and (b), the base is at [xbase; ybase] = [7 ; 6], which

corresponds to the peak of Mauna Loa, with battery capacities 50 and 25, respectively, and for (c)

and (d), the base is at [13; 8], which corresponds to the general location of the city of Hilo, with

the same battery capacities. Even for this complicated map, the trajectories in all the sub-�gures

of Figure 4.6 e�ciently perform the exploration of the higher-importance areas before covering

the areas of lower importance (shown by the black trajectory). The proposed algorithm generally

performs well for both the maps as the UAV is always able to return to base and chooses a route

that maximizes reward and minimizes revisiting penalties. The minimization of unspent energy

varies depending on the geometry of the cells of high reward and the path taken thus far.

In Figure 4.7, we varied the starting battery capacities for all the maps and initial location

scenarios in Figures 4.5 and 4.6 to analyze the reward performance of the proposed algorithm. Since

the Hawai`i island map has cells of higher importance, the total accumulated reward has higher

values for both base locations. The overall performance is similar for the di�erent initial locations

and initial battery capacities, which shows that the trajectories generated are fairly consistent and

optimal. The di�erences between the two probability maps are most likely due to the clustering

of the high-importance cells in the Gaussian map. This is ultimately the result of only looking

one step forward when determining a target and a respective return path. As we can see in

Figure 4.5(c), if there was additional energy, the next immediate step would cause the trajectory to

circumnavigate the visited cells, which is also shown in Gaussian Map (Base-2) plot of Figure 4.7,

where there was not enough energy to reach the next target waypoint after the 30-energy run until
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(a) [xbase; ybase] = [7 ; 6], Bstart = 50; J2 = 0 (b) [xbase; ybase] = [7 ; 6], Bstart = 25; J2 = 5

(c) [xbase; ybase] = [13; 8], Bstart = 50; J2 = 6 (d) [xbase; ybase] = [13; 8], Bstart = 25; J2 = 3

Figure 4.6: Application of the proposed algorithm on the Hawai`i island map in Figure 4.2 for
di�erent initial locations and battery capacities. The red, yellow, green, and blue cells denote the
highest, medium, lowest, and zero coverage importance, respectively. The white cell denotes the
base location, and the white dots show the next instantaneous location of the highest importance.
The black line denotes the outgoing trajectory, the purple line denotes the shortest-path return
trajectory, and the arrowheads denote the directions.
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Figure 4.7: Comparison of the trajectory performance in terms of the total reward collected for
the maps and base locations seen in Figs 4.5 and 4.6 with by varying the initial battery capacities
(Bstart = 20; 30; 40; 50; 60). The cell importance scores are set as 0; 1; 10 and 100 (blue, green,
yellow, and red), and the penalty for revisiting a trial was � 100 and an additional penalty of � 1
for each unspent energy tile. Base 1 and Base 2 for both maps correspond to the initial locations
[7; 6] and [13; 8], respectively.

50-energy was provided. The 40-energy trial repeated the trajectory for the 30-energy trial and

took the penalty. The trajectory planning and reward performance results are in agreement with

the algorithm expectations and show its applicability for a range of maps and scenarios.

4.6 Conclusion

In this work, we presented an algorithm that �nds the optimal paths through a survey area with

nonuniform importance to maximize the coverage and net coverage importance reward for a given

initial battery capacity. The UAV navigates through the area along dynamically generated trajecto-

ries based on coverage importance while avoiding the visited locations to maximize the exploration

gain, but is constrained by the minimum power to return to the base. Further research will include

a dynamic targeting system that takes into account the weights of all possible points that can be

visited between targets, as well as linking the trajectories that the UAV uses to the optimal energy

required for the speci�c con�guration and the total battery power allowance. Coordination of UAVs

for the exploration of a large area will allow the division of the sensing workload for an optimal

mission coordination algorithm. The e�ect of the wind (static and dynamic) over the deployment

area on trajectory optimization is another crucial extension.
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CHAPTER 5
DYNAMIC COMPRESSED SENSING OF UNSTEADY FLOWS

WITH A MOBILE ROBOT

5.1 Introduction

Environmental sensing is an important problem with a wide range of applications, ranging from

long-term observations like climate change monitoring and agricultural automation to short-term

use cases such as disaster management and civil surveillance. The ability to generate and interpret

data from a large environment promptly using very few sensors would save time and resources

in many real-life applications. For applications such as marine observatories [64{66] and disaster

information gathering, time and operational cost are critical considerations. It is necessary to

be able to understand the environmental properties e�ciently with limited resources. However,

large-scale environmental sensing often leads to high demands for data collection due to the large

dimensionalities of the target signals. Fortunately, most meaningful signals, such as images and

audio, are inherently very sparse (containing mostly zeros or small values) when transformed in

another domain (e.g., Fourier, wavelet, discrete cosine transform) [23, 24]. As a result, reconstruc-

tion of the original signal is often possible with sparsely sampled data. Most of those \zeros" can

be ruled out, which means that a very small portion of the original data is retained, containing the

information of the entire signal. Compressed sensing avoids unnecessary measurements by taking

a very small sample of randomized measurements and reconstructing the overall information e�-

ciently. The primary performance metric is reconstruction e�ciency, which measures how well the

reconstructed signal matches the original.

Compressed sensing aims to minimize the number of sensing samples while retaining the recon-

struction quality. Most related research in this relatively young �eld with vast applications builds

on the pioneer works presented in [22{24, 67, 68]. E�cient sensing and reconstruction of complex

environments can be achieved by placing optimal static sensors [69, 70] or collaborative mobile

sensing using distributed robotic networks to perform spatial sampling and mapping [71{76]. Clark

et al. [69] presented a pivoted QR-based greedy algorithm to place sensors for reconstruction with

a cost constraint on sensor locations. Manohar et al. [70] presented an extension of the multi-

resolution dynamic mode decomposition (mrDMD) as a principled framework for understanding

the optimal placement of sensors in complex spatial environments and/or networked con�gurations.

Brunton et al. [77] presented an approach to classify between data classes using optimal sensors

designed from substantially subsampled data, which informs the feature-based classi�cation. Salam

and Hsieh [71] presented an approach leveraging the dynamics to determine the adaptive sampling

and estimation process using mobile robots. Zhang and Vorobeychik [76] proposed a generalized

cost-bene�t (GCB) greedy mobile robotic sensing algorithm for making select sensor measure-
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Figure 5.1: Illustration of dynamic compressed sensing for 
ow mapping with a mobile robot.
The dots represent the critical sensing locations determined by a conventional compressed sensing
algorithm. To collect the 
ow information, an optimal trajectory with the shown starting location
(square) and the destination (triangle) can be chosen for the robot to traverse through the critical
sensing locations as waypoints.

ments to make predictions about an infeasible location in the environment. Weiss [78] discussed

the mathematical framework, discussion, and examples of POD and its use in 
uid dynamics and

aerodynamics. This work uses POD modes to compute the reconstruction error for the subset

sensing locations and the mobile sensor trajectories. Sparse representation in a library of examples

with historical 
ow-�eld data, with tools like POD, was used to develop methods for 
ow-�eld

reconstruction in [79{81].

This chapter presents the concept of dynamic compressed sensing (DCS), which is motivated

by the question: \Why place the static sensors if persistent coverage of those sensing locations

is not needed?". DCS is based on the hypothesis that dynamic measurements made at the right

location and time are su�cient for 
ow reconstruction. Thus, instead of deploying static sensors

at those locations, fewer robots can be deployed to visit the optimal sensing waypoints along an

optimal trajectory to collect the sensing data. Furthermore, these systems can be used to explore

and identify environmental dynamics with little or no prior knowledge about the environment. An

example application scenario is shown in Figure 5.1, where an autonomous underwater vehicle is

deployed to traverse through a set of optimal sensing waypoints for data collection along a cost-

e�cient trajectory for 
ow �eld mapping. The trajectory can be optimized for speci�c objectives

such as the minimization of time, actuation energy, or reconstruction error.

Trajectory generation and optimization in strong background 
ows is another well-researched

topic. For instance, Inanc et al. [82] presented an approach for optimal path planning of autonomous

underwater vehicles by studying the global 
ow geometry via dynamical systems methods. Senatore

et al. [83] presented an algorithm for a vehicle to track a Lagrangian coherence structure (LCS),

considering this a time-dependent boundary-following problem. Lolla et al. [84] proposed a partial

di�erential equation-based methodology that predicts the time-optimal paths of autonomous vehi-

cles in a dynamic 
ow. Hsieh et al. [85] presented a navigation strategy for a team of mobile sensing
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agents in a stochastic geophysical 
uid environment using nonlinear dynamical systems tools and

the LCS. Ataei and Youse�-Koma [86] presented an algorithm that generates three-dimensional

optimal paths o�ine for waypoint guidance of a miniature AUV.

The proposed approach extends and combines compressed sensing and trajectory optimization

to formulate a solution to large-scale 
ow sensing problems, with a focus on demonstrating the

feasibility of DCS and assuming prior knowledge about the 
ow �eld (e.g., historical observation

data or model simulation) is available to allow the extraction of its POD modes. An iterative com-

pressed sensing algorithm identi�es a small set of optimal sensing locations by minimizing the 
ow

reconstruction error using only 
ow observation at these sensing locations. A trajectory optimiza-

tion algorithm then uses these sensing locations as waypoints to generate an optimal trajectory for

a mobile sensor. The objective is to further minimize the reconstruction error by taking measure-

ments along the entire trajectory, the overall energy cost, and the total time along the trajectory.

The major contributions of this work are (i) the use of a mobile sensor to perform compressed

sensing instead of multiple static sensors to reconstruct a periodic unsteady 
ow �eld, (ii) opti-

mal trajectory generation for POD-based 
ow �eld reconstruction, and (iii) emulated experimental

demonstration using an indoor robotic system.

5.2 Background

The proposed DCS method for 
ow �eld sensing consists of two stages: (i) waypoint generation

using compressed sensing and (ii) trajectory optimization for POD-based 
ow reconstruction. This

section brie
y overviews the fundamentals of compressed sensing and proper orthogonal decompo-

sition.

5.2.1 Compressed Sensing

Compressed sensing, as the name suggests, is a method to reduce the number of sensors compared

to a full-scale sensor deployment while still e�ciently reconstructing a signal. Compressed sensing

theory asserts that, under certain conditions, one can recover the signals with far fewer samples

than required by the Nyquist{Shannon sampling theorem [22]. Mathematically, compressed sensing

�nds the coe�cients of a large sparse vector that is consistent with the highly reduced, randomly

sampled measurements and then uses the equivalency of that sparse vector to invert it to recover

the original signal using an appropriate transform basis [24]. This approach is primarily based on

the assumption that the signals under consideration are inherently sparse and compressible, which

is almost always the case for most natural signals. Compressed sensing is particularly useful in

applications like medical imaging (for example, MRI), sensor networks, and signal compression,

where acquiring full data is costly or time-consuming, enabling faster and more e�cient data

acquisition with minimal loss of information.
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(a) (b)

Figure 5.2: The set-up of the compressed sensing of a signal of lengthn using a subsample of length
m (m << n ) using random Gaussian measurement matrixC and discrete cosine transform matrix
	: (a) y = C	 s, where s represents theK � sparse representation for the signalx = 	 s in the
transform domain with K = 4, (b) Reorganized into y = � s, where � = C	 is the sensing matrix,
and the four columns corresponding to nonzerosi have been highlighted. The measurement vector
y is a linear combination of these four columns. (Figure adapted from Baraniuk [24])

Let us consider the case where data from a large set ofn possible measuring locations is

represented by the data vector x 2 Rn . This data vector can be represented in an alternate

transform domain using a universal transform basis 	 2 Rn� n and a vector s as x = 	 s. Here,

vector s 2 Rn is k-sparse since it containsk (k � n) non-zero elements for the data inx in the

transformed domain. The data representationsx and s are equivalent and can be transformed back

and forth using 	. The objective of compressed sensing is to �nd x (full-sized signal) using a highly

reduced measurement subsety 2 Rm , where k < m � n, such that

y = Cx = C	 s: (5.1)

Here C 2 Rm� n is the measurement matrix, which essentially acts as a data mask for 	s to excite

its columns and generate the sparse vectors that is most consistent with the measurement vector

y (see Figure 5.2). The matrix C is usually chosen to be a random matrix (e.g., random delta

impulses, random Gaussian, Bernoulli) to excite most columns of 	 for better reconstruction. For

e�cient reconstruction, the number of measurements has to be higher thank, which is given by

m / O (k log(n=k)). Also, since k < m � n, the problem is under-determined, and there are

in�nitely many possible solutions for s that would be consistent with y . The objective is to obtain

the sparsests through the following optimization problem:

ŝ = argmin
s

jj sjj1 s.t. jjC	 s � y jj2 = 0 : (5.2)

In the case where measurement noise,� , is present, the optimization constraint becomesjjC	 s �
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(a)

(b)

Figure 5.3: Characteristics of norms [87], (a) The minimum-norm point on a line in di�erent norms.
The blue line represents the solution set of an under-determined system of equations, and the red
curves represent the minimum-norm level sets that intersect this blue line for di�erent norms, (b)
For `1, the minimum-norm solution also corresponds to the sparsest solution, with only one. In the
`2 and higher norms, the minimum-norm solution is not sparse but has all coordinates active.

y jj2 < � . It is to be noted that the optimization problem intends to minimize the `1-norm of s,

which tends to intersect the solution space of the under-determined problems like this at sparse

solutions. This promotes the sparsity of s, which is crucial for the optimality of the subsampled

sensing location set. On the other hand, thè 2-norm can generate the lowest reconstruction error,

which is the ideal requirement, but it keeps all the coe�cients in s active by spreading the error,

which is not desirable for sparsity (see Figure 5.3). Also,̀ 0-norm simply counts the non-zero

coe�cients by de�nition and is used to measure sparsity, but it makes the resulting optimization

problem non-convex because it involves combinatorial optimization. Thè 1-norm is often used as

a convex relaxation of the`0-norm.

5.2.2 Proper Orthogonal Decomposition (POD)

Proper Orthogonal Decomposition (POD) is a mathematical technique used to reduce the dimen-

sionality of complex systems by identifying the most signi�cant modes, or patterns, in the data.

It works by decomposing a dataset (often from 
uid dynamics, structural analysis, or image pro-

cessing) into orthogonal modes based on the variance of the data, enabling e�cient representation
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of the system with fewer variables. The dominant modes capture the largest energy content of the

system, making it useful for simplifying simulations, extracting key features, and reducing compu-

tational costs. POD is widely applied in areas like turbulence analysis, model reduction, and data

compression.

In this work, the POD modes are used to reconstruct the 
ow �eld and quantify the reconstruc-

tion error. They can be obtained from existing 
ow models or historical data of the target area,

which is assumed to be available to extract these modes. One of the major objectives of POD is

to decompose the vector �eld representing 
uid motion into a set of deterministic functions (POD

modes) with di�erent time and length scales that each capture a portion of the total kinetic energy

of the 
ow, with a goal to provide some inside about the organization and composition of the 
ow

[78].

Let us denote the 2D position by x = ( x; y), velocity by u = ( u; v), and time by t. For a 
ow

velocity vector �eld u0(x ; t), where u0 2 Rn is the centered 
ow velocity given by u � �u with �u

being the temporal mean, POD (with r � n modes) is performed as

u0(x ; t) �
rX

k=1

ak (t)� k (x): (5.3)

Here, � k (x) are the POD modes andak (t) are their modulating time coe�cients. These modes can

be obtained by performing singular value decomposition (SVD) of the data matrixX 2 Rm� n . Al-

ternately, they can be obtained by eigenvalue decomposition of the covariance ofX . The covariance

matrix X c and its eigen decomposition are

X c =
1

n � 1
XX T and X cV = V � ; (5.4)

where � 2 Rm� m is a diagonal matrix with the eigenvalues� i as the diagonal terms andV 2 Rm� m

is the matrix of eigenvectors. The POD modes can be calculated as� i v i , where� i and v i are the i -th

eigenvalue and eigenvector, respectively. As the data is sparse, very few of these modes constitute

the majority of the 
ow �eld's total energy, hence most of the information of the data matrix. The

temporal behavior of the modes can be obtained by

M T = V T X; (5.5)

which can be used to check the energy level of each mode at a given time instant while considering

a sensing location's contribution to reconstruction. Each location contributes to the energy of

each mode in some capacity at every instant, and that is what provides for the reconstruction

e�ciency. For a time series data matrix X , where each row contains the full-time series data at a

given location, the coe�cients of POD modes are time-dependent, re
ecting the time-dependency

of unsteady 
ow �elds. The POD modes are natural coordinates inherent to the 
ow �eld that
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allow for sparse representations and reconstruction. These modes will also be used to calculate the

reconstruction errors in Section 5.3-A and Section 5.3-B.

5.3 Proposed Approach

The proposed DCS-based 
ow sensing algorithm can be divided into two stages. In the �rst stage,

the user de�nes a compressed sensing algorithm selects an optimal set of sensing locations over the

area while minimizing the reconstruction error using only measurements at these locations. The

total number of sensing location can be prescribed or automatically decided by the optimization

through thresholding. In the second stage, a trajectory generation and optimization algorithm

then generates an optimal trajectory passing through those sensing locations as waypoints while

minimizing the total actuation energy, the total travel time, and 
ow reconstruction error, as

discussed below, and summarized in Algorithm 4.

5.3.1 Dynamic Compressed Sensing (DCS)

The selection of optimal sensing locations using compressed sensing is governed by (5.1) and (5.2),

as discussed in Section 5.2-A. Each column of the data matrixX 2 Rm� n represents a time snapshot

of the entire 
ow �eld. The left singular matrix from SVD of X is used as the transform basis 	,

that is, 	 = U. A randomized measurement matrixC is used to �nd the optimal set of subsampled

sensing locations,̂s, using (5.2). The sparse vector̂s is then sorted, and the locations corresponding

to the m largest entries in ŝ. Since a randomized measurement matrix is used,̂s is only optimized

for an instance of the measurement matrix. In other words,ŝ is tailored to the particular version

of C that was used during the optimization. SinceC is random, di�erent random realizations of C

could result in slightly di�erent ^s. An iterative step is added to further optimize among a prescribed

number of multiple ŝ solutions obtained from di�erent random instances of the measurement matrix,

and the one with the best reconstruction performance is chosen. For reconstruction usingN1 sensor

locations, the approximated measurement at a sensing locationx i ; i 2 [1; 2; : : : ; N1] using N2 POD

modes� k ; k 2 [1; 2; : : : ; N2] is given by

û i =
N2X

k=1

ak (t)� k (x i ): (5.6)

The net 
ow reconstruction error for the sensor subsety ,

ey = jj û � u � jj2; (5.7)

can then be minimized, whereu � is the true 
ow velocity, which is used in (5.6) to calculate the

POD mode coe�cients ( ak (t)). The approximated 
ow velocity values for the grid, û, are then
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Algorithm 4 Dynamic Compressed Sensing of Flow Fields

Require: Flow data (X 2 Rn� t ), waypoint count ( m), number of waypoint trials ( c1), number
of trajectory trials ( c2), starting location ( g1), goal location (g2), and maximum vehicle speed
(� max )

Ensure: Waypoint set (y � ) and optimal trajectory ( z� )

/* Calculate POD modes */
1: Calculate covariance of data and eigen-decompose . (5.4)
2: POD mode for i -th location, � i = � i v i

/* Selection of optimal waypoints */
3: Get 	 = U from the SVD of X (X = U� V � )
4: for i in c1 waypoint set trials do
5: Generate random measurement matrixC 2 Rm� n

6: Calculate the optimal sparse vector (̂s) . (5.2)
7: Sort ŝ and pick m sensing locations (y i )
8: Calculate reconstruction error (ei ) . (5.6), (5.7)

9: Get f y � jey � = min( ei ) 8 i 2 f 1; 2: : : c1gg

/* Trajectory optimization */
10: for j in c2 trajectory trials do
11: Randomize the waypoint sequence,y �  y �

j
12: Add start and goal locations, y �

j = [ g1; y �
j ; g2]

13: De�ne optimization cost function ( J j ) . (5.8) - (5.11)
14: Solve optimization problem for z�

j . (5.12)

15: Get f z� jez� = min( J j (z�
j )) 8 j 2 f 1; 2: : : c2gg

calculated usingak (t) and the corresponding POD modes (5.6).

Once the reconstruction errors for all the trials are obtained, the waypoint set corresponding

to the smallest reconstruction error is chosen as the optimal solution,y � , for the most e�ective

reconstruction. The core idea of DCS is to de�ne an optimal trajectory for the mobile robot

through these locations as waypoints instead of placing static sensors. The measurements taken

along the entire trajectory are used for the reconstruction of the 
ow.

5.3.2 Trajectory Optimization

Trajectory planning takes into account the minimization of the 
ow reconstruction error, energy

cost, and time. The planned piece-wise continuous spline trajectory enforces the robot to traverse

through all the designated waypoints smoothly. The state vector of the optimization problem is

de�ned as p = [ xT ; t]T , such that, p(t i ) = [ x(t i ); y(t i )]. The set of m optimal sensing locations

(waypoints) is de�ned as y � = [ pT
1 ; pT

2 ; : : : ; pT
m ]T . Equality constraints are used to enforce the

trajectory passing through all waypoints, and the end locationsg = [ x; y]T , and its setup is shown

in Figure 5.4. After the segments between the consecutive waypoints are de�ned, the last time
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Figure 5.4: Illustration of a sample trajectory setup for optimization. The square, triangle, star,
and dot markers denote the starting location (g1), the goal location (g2), the optimal waypoints to
be visited in a prescribed sequence (y �

k ), and the trajectory time instants ( z(t i )), respectively. The
trajectory (including g1 and g2) is divided into ( m + 1) segments of equal time intervals. Thei -th
time step of the k-th segment is denoted ast (k)

i .

step of each segment of the trajectoryz has to coincide with the corresponding waypoint, that is,

z(t (k)
end) = y �

k ; k 2 1; 2; : : : ; m, where t (k)
i is the i -th time step of the k-th segment. Similarly, the

trajectory's �rst and last time steps have to coincide with g1 and g2, respectively.

The cost function of trajectory optimization minimizes the 
ow reconstruction error ( E ), ac-

tuation energy (F ), and the total time ( D). For a candidate trajectory z with a total of T time

steps, at each time stept i , i 2 [0; : : : ; T ], the 
ow reconstruction error is calculated as

e(t i ) = jj û(x(t i ); t i ) � u � (x(t i ); t i )jj2
2: (5.8)

This is done in following steps: (i) Using the POD modes represented on a mesh grid to interpolate

the modes values atx(t i ), (ii) solving (5.6) for coe�cients ak (t i ), and (iii) calculating the approxi-

mate measurements atx(t i ) using the approximated POD modes. The error is then accumulated

and averaged over the entire trajectory as

E =
1
T

TX

i =0

e(t i ): (5.9)

The relative velocity between the robot and the background 
ow in the deployed environment

provides the kinetic energy required for the robot to move, which is accumulated over the trajectory

to arrive at a net energy (fuel) cost term,

F =
TX

i =0

[� (t i ) � u � (x(t i ); t i )]
2 ; (5.10)

where � (t i ) is the velocity of the vehicle at time t i . The overall cost function for trajectory opti-

mization is given by

J = � 1D + � 2E + � 3F; (5.11)

where � 1; � 2, and � 3 are tunable weighting constants andD = t f . The optimal trajectory, z� , can
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be found by solving

argmin
z

J s.t.

2

6
6
6
6
6
6
4

z(t (k)
end) = y �

k ; k 2 1; 2; : : : ; m

z(t0) = g1; z(t f ) = g2

j� j � � max

t i < t i +1

xmin � x � xmax

3

7
7
7
7
7
7
5

: (5.12)

This is summarized in Algorithm 4.

5.4 Simulation Results

This section presents the simulation results for the application of the proposed approach on a pe-

riodic double-gyre 
ow environment, which is inherently unsteady, making the optimization highly

non-linear and challenging [88]. The results present the details and the performance of the com-

pressed sensing algorithm for the selection of optimal waypoints, generation, and implementation

of an optimal trajectory through those waypoints, and a comparison between the performance of

the system with the number of prescribed waypoints as the variable and the components of the

optimization function costs (reconstruction error, energy and total time taken) as the metric.

The double-gyre is an unsteady 
ow �eld well studied in the 
uid community for chaotic mix-

ing and material transport. It resembles real-world 
ow phenomena often found in atmospheric

and oceanic 
ow environments and bears an analytical expression, making it an ideal benchmark

environment to test path planning algorithms in 
ow �elds [9, 89, 90]. It is de�ned by the stream

function,

 = A sin (�f (x; t )) sin ( �y ); (5.13)

over the domain [0; 2] � [0; 1], where

f (x; t ) = a(t)x2 + b(t)x;

a(t) = � sin (!t );

b(t) = 1 � 2� sin (!t );

(5.14)

The velocity �eld is given by

u = �
d 
dy

= � �A sin (�f (x)) cos (�y );

v =
d 
dx

= �A cos (�f (x)) sin ( �y )
df
dx

;
(5.15)

where A determines the magnitude of the velocity vectors, !
2� is the frequency of oscillation, and
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Figure 5.5: Reconstruction errors for the compressed sensing-based unique waypoint sets (20 trials
of �ve waypoints). The sub-images highlight four waypoint sets that show the non-uniqueness of
the reconstruction performance, of which set A produces the highest reconstruction error, and sets
B and C have intermediate values. Set D produces the least error and is chosen as the waypoint set
for trajectory optimization. The background vector �eld in each sub-image shows velocity vectors
at t = 0.

� is approximately the magnitude of the periodic oscillations. The value of� determines the time

dependency of the 
ow: the 
ow is time-independent for � = 0, and the gyres expand and contract

periodically in the x-direction, conversely with the rectangle enclosing the gyres remaining invariant

for � 6= 0.

The results present the details and the performance of the compressed sensing algorithm for the

selection of optimal waypoints, generation, and implementation of an optimal trajectory through

those waypoints, and a comparison between the performance of the system with the number of

prescribed waypoints as the variable and the components of the optimization function costs (re-

construction error, energy and total time taken) as the metric.

5.4.1 Compressed Sensing and Trajectory Optimization

The �rst component of the proposed approach is to choose a highly reduced subset of sensing

locations for the e�ective reconstruction of a large area of interest using compressed sensing. The

reconstruction error is de�ned in terms of the POD modes of the 
ow environment, which is

implemented on a double-gyre 
ow �eld with nx = 50 and ny = 25 (x lim = 2 ; ylim = 1 ; t lim =

20 with �t = 0 :01). Using the fact that the selection of locations is randomized and not a unique
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Figure 5.6: DCS in an unsteady physical 
ow: The mobile robot navigates through the compressed
sensing-based waypoints in the periodic double-gyre 
ow environment (T = 2001) using an optimal
trajectory to collect data for reconstruction while minimizing the reconstruction error, energy cost,
and total time taken. The square, triangle, and red dots denote the start and end locations and
the waypoints, respectively. The parameter weights are equal (� 1 = � 2 = � 3).

global solution, an example of the iterative selection of �ve waypoints has been shown in Figure 5.5,

where the best of twenty trials for the waypoint set is selected as the optimal subset for the following

step, the optimal trajectory generation. It is to be noted that each of these waypoint sets is near-

optimal and has high reconstruction e�ciency (very small reconstruction error). Four sample

waypoint sets (A, B, C, and D) have been shown in the sub-images to show the non-uniqueness of

the reconstruction performance, and the one with the best reconstruction performance of the lot is

chosen as the optimal solution.

In the next step, an optimal trajectory is generated through the chosen optimal waypoints

(waypoints D) with a pre-speci�ed starting and goal location as shown in Figure 5.6, with an ob-

jective to minimize the reconstruction error, the energy cost, and the total time taken. Thefmincon

function in MATLAB is used to generate a continuous fourth-order spline-based trajectory with

parameters velocity limits � min = 0 ; � max = 0 :7 and � t = 0 :1. The algorithm also computes and

compares the trajectories between the various shu�ed sequences of the chosen optimal waypoint

set, and the order of the waypoint sequence from the starting to the goal location for this sim-

ulation example has been marked in the �gure. The mathematical formulation of the selection

of an optimal sequence to visit a chosen set of waypoints is beyond the scope of this work. The

generated trajectory successfully optimizes the energy cost using the background 
ow, with the

accumulated costs of reconstruction error = 0.1156, energy cost = 110.3, and time cost = 6.07

seconds. The reconstruction error and the energy cost values have not been normalized for the

overall grid. The reconstruction example for an instant with the �rst measurement ( t = 1) of this

trajectory has been shown in Fig 5.7, where (a), (b), and (c) show the original reference double-gyre


ow map, measurement-based reconstruction and the di�erence between (a) and (b), respectively,

which shows a very e�cient reconstruction. However, the relatively high reconstruction error at
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(a) (b)

(c)

Figure 5.7: Reconstruction performance through the trajectory measurements: (a) Reference
double-gyre 
ow map (u-component) at t = 251, (b) reconstructed 
ow at the same instant, and
(c) di�erence between the reference and reconstructed 
ow.


ow transitions is a direct result of physical and mathematical challenges. The physical nature of


ow transitions introduces nonlinearities and discontinuities that are di�cult to model and recon-

struct accurately using traditional techniques. Accurate reconstruction of 
ow transitions is critical

because these areas drive essential ocean processes like mixing, heat transfer, and nutrient cycling.

Sparse sampling and the limitations of reconstruction methods amplify errors in regions where the


ow direction changes sharply. For corrective measures, the sensing strategies can be improved by

identifying 
ow transitions as critical zones for error.

5.4.2 Performance Evaluation

The proposed algorithm was implemented on a range of waypoint set sizes (1� 10) to check its

robustness and compare performance as the waypoint size changes. Ten unique sets of waypoints

were generated for every waypoint size, and each was shu�ed seven times to generate various

trajectories through the same set of waypoints. This resulted in a total of 70 unique trajectories,

and the performance metric was averaged, which has been shown in Figure 5.8 along with the 1-�

values for each metric.

The average accumulated reconstruction error performance for each waypoint size is shown in

Figure 5.8(a). The reconstruction is e�cient but comparatively worse with only one waypoint, as

the measurements for those cases would not be enough for e�ective reconstruction. The performance
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(a) (b)

(c)

Figure 5.8: Performance evaluation of the proposed trajectory optimization algorithm for waypoint
set sizes (1� 10): (a) Accumulated reconstruction error, (b) accumulated energy cost, and (c) total
time taken for the trajectory. The plots show the average and 1-� values over 70 test trajectory
cases for each waypoint size (10 unique sets of waypoints� 7 shu�ed sequence for each set).

improves with the increasing number of waypoints but soon reaches the point of diminishing returns.

These are consistent with the energy cost performance shown in Figure 5.8(b). The algorithm does

not need to force the equality constraints to meet the control requirements for fewer waypoints, and

the trajectory is mainly driven by the background 
ow. As the number of waypoints increases, the

overall energy cost increases due to the control e�ort combined with the relatively longer length

of the trajectories. Finally, the time taken for a trajectory through a given number of waypoints

under the in
uence of a background 
ow should intuitively increase with the increase in the number
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