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ABSTRACT

The cell analytical-numerical (CAN) method was developed and applied for the solution of one­

dimensional water flow and solute transport problems in the unsaturated zone. The flow

equation is characterized by a nonlinear governing equation. The CAN method is similar to

other numerical techniques in that it divides the domain into a number of computational

elements, each homogeneous in nature. It differs, however, by implementing a local analytical

solution within the element. The soil moisture flux (for the flow equation) or solute mass flux

(for the transport equation) is applied at the interface between two adjacent elements to define

an algebraic relationship between the values of pressure head or concentration, respectively, at

three neighboring points. Assembling these three-point equations provides a tridiagonal system

of equations that can be solved by the Thomas algorithm. The system describing the flow

problem is nonlinear in nature, and is solved iteratively within an implicit linearization scheme.

For water flow, the method is applied to a number of soil types and the results are compared to

Philip's semi-analytical solution and a numerical solution that is based on the finite-element

technique. The results indicate the method's high accuracy over a wide range of soil types.

However, an upstream weighting approach is needed for coarser soils, a process that may lead

to relatively large mass-balance errors. The high accuracy of the solute transport solutions is

demonstrated through comparison against available analytical solutions.
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INTRODUCTION

Brutsaert and EI-Kadi (1984) described the general approaches to modeling the flow in the

unsaturated zone. The flow is usually simulated by solving the Richards equation (1931) which

is nonlinear in nature. This equation is derived by combining the mass conservation equation

and Darcy's law, assuming that air effects and compressibility of both water and the solid

matrix are negligible. The equation can be written in a pressure-based form, a water-content

based form, or a mixed form (Celia, Bouloutas, and Zarba 1990).

The Richards equation for infiltration can be solved analytically through linearization (e.g.,

see Philip 1966). Semi-analytical solutions are also possible (e.g., see Philip 1957). The Philip

solution (1957) is in the form of an infinite series for which a numerical procedure is used to

estimate the equation coefficients. Numerical solu~ions via the finite-element and finite­

difference techniques are also readily available. Numerical difficulties can arise sometimes,

especially under heterogeneous conditions or for coarser materials that are characterized by

sharp wetting fronts. Havercamp et al. (1977) pointed out that solutions obtained by using

implicit finite difference schemes with implicit or explicit evaluation of hydraulic properties are

the most accurate. In 1982 van Genuchten compared a number of numerical solutions and

concluded that Hermitian finite-element formulation with the four- or five-point Lobatto

integration scheme was the most accurate. Milly (1988) and Celia, Ahuja, and Pinder (1987)

reported mass balance problems in the pressure-based form of the Richards equation. In a

previous paper, Milly (1985) presented a mass-conserving solution that modified the capacity

term to force a global mass balance. In a recent paper, Celia, Bouloutas, and Zarba (1990)

analyzed the accuracy of finite-difference and finite-element solutions for the three different

forms of the Richards equation. They concluded that solution of the pressure-based form is

inaccurate and poorly conserves mass. They also indicated that although the mixed form

conserves mass, accuracy is not automatically guaranteed. Finally, they showed that treatment

of the time-derivative is a critical factor in obtaining accurate results. They, along with Neuman

(1973) and Cooley (1983), recommended the use of a lumped form of the time matrix.

Solute transport in the unsaturated zone is usually modeled by solving the convection­

dispersion equation with source/sink terms that account for direct addition/removal of solute.

The equation can be derived by combining the equations for solute flow, storage, and

continuity (see, e.g., van Genuchten and Alves 1982). Analytical solutions of this equation

with the appropriate initial and boundary conditions are available for a number of cases under

the assumption of constant velocity and water content. However, for realistic cases numerical

techniques are also available (Yeh and Ward 1981; Voss 1984; and Wagenet and Hutson

1987). For a given unsaturated flow field and a known water content distribution, the equation
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is linear. Discussion of various aspects of numerical solutions and the difficulties related to the

case of mainly convective flow can be found in recent books and published papers by

Huyakom and Pinder (1983) and Elnawawy, Valoechi, and Ougouag (1990).

In a recent study, Elnawawy, Valoechi, and Ougouag (1990) developed and implemented

the cell-analytical-numerical (CAN) method for solution of multidimensional groundwater solute

transport problems in the saturated zone, which are linear in nature. The CAN method is an

extension of the nodal methods developed in the nuclear engineering area for solving neutron

diffusion problems. A recent review of this class of methods is introduced in a paper by

Lawrence (1986). The CAN method incorporates the local analytical solutions into the

numerical solution of the partial differential equation. The CAN method reduces numerical

problems associated with traditional numerical techniques. In addition, its programming is

simpler and use is not as costly as other techniques, especially for multidimensional problems

(Elnawawy 1988). The CAN method has the potential for providing accurate solutions for

problems with point sources and sinks because such point singularities can be easily handled

by the local analytical solution. The technique has not been applied in the solution of nonlinear

problems in the groundwater area.

The study objective is the development and application of the CAN technique for the

solution of water flow and solute transport in the unsaturated zone. The technique is applied to

the formulation of water infiltration in a one-dimensional soil column. In addition, the one­

dimensional solute transport equation is formulated by the same technique and both equations

are solved simultaneously. The developed formulation is tested against available semi-analytical

and numerical solutions. Applications to hypothetical but realistic problems are also

demonstrated.

MATHEMATICAL FORMULATION
Infiltration

The one-dimensional form of the Richards equation is

~ [K(h) dh _ K(h)] = Cdh
dZ dZ dt (1)

in which K = K(h) is the hydraulic conductivity, h the pressure head, t the time, and z the

distance (positive downwards). The parameter C in equation (1) is known as moisture capacity

and is defined by

de
C=dh W
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For infiltration under ponding, the boundary and initial conditions are

h = hi
h = hs
h = hL

for all z
z = 0
z = L

t = 0
t > 0
t > 0

(3)

in which hj is the initial pressure head; hs and hL are the prescribed values of h at z =0 and z =
L, respectively; and L is the column length.

In addition to these boundary and initial conditions, the solution requires specification of

the functions h(e) and K(e). The functions to be used in the current fonnulation are those

provided by van Genuchten (1978):

Se = _8_-_e......r
8s - er

(4)

(5)

(6)

in which 8s and er are respectively the saturated and residual water content, Ks the saturated

hydraulic conductivity, and ex, n, and m the fitting parameters, with m related to n by

1
m = 1-;. (7)

To facilitate the solution by the CAN technique, use will be made of the Kirchhoff

transformation (Carslow and Jaeger 1959), which was also applied by Rubin (1966), Raats

and Gardner (1974), and Khanji, Vauclin, and Vachaud (1974). The transfonnation alleviates

stability problems caused by the existence of very high pressure gradients near the wetting

fronts in dry soils. The transformation defines a new variable u as

h

u = u(h) = f K(h) dh (8)
hmax

in which hmax is the upper bound of the pressure head in the domain. Following the steps

given in Rubin (1966), the governing equation (1) and boundary conditions (3) becomes

d2U dU au
dz2 - G(u) dZ = F(u) at (9)

h = u(hj) = Uj
h = u(hs) = Us
h = u(hd = UL

for all z
z = 0
z = L

t = 0
t > 0
t > 0

(10)

in which Uj, us, and UL are constants that are estimated from equation (8), with h =hj, hs, and

hL, respectively. The functions F(u) and G(u) are given by
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F(u)

and

C[h(u)]
= K[h(u)] (11)

1 dK(h)
G(u) = K(h) dl1

in which C(h) is given by equation (2).

Solute Transport

(12)

(13)

The equation for one-dimensional conservative solute transport in the unsaturated zone (e.g.,

van Genuchten and Alves 1982) can be expressed as

~ (SD dC ) _ d(SC)
dZ dZ - vc - dt

in which c is solute concentration, D the dispersion coefficient, and v the specific discharge

(Darcy's flux). Equation (13) requires specification of the boundary and initial conditions. For

this study, first type boundary conditions were used at z = 0 and Z = L. Hence, the boundary

and initial conditions are expressed as

c = Cj

c = Cs
C = CL

for all Z

Z = 0
Z = L

t = 0
t > 0
t > 0

(14)

(15)

in which Cj is the initial concentration, and Cs and CL are the prescribed values of c at z =0 and

z =L, respectively.

CAN FORMULATION
Infiltration

The CAN fonnulation follows that developed by Elnawawy (1988) with appropriate changes to

account for nonlinearity of the Richards equation. Equation (9) is similar in shape to the solute

transport equation; hence, in principle, the same fonnulation can be used for both cases. As in

other numerical methods, the CAN technique breaks down the one-dimensional solution domain

into a number of homogeneous, disjointed line segments, (-am, +am), m = 1,... ,M, in which

M is the number of the segments (Fig. 1). The soil parameters are assumed to be constant

within each segment. The global boundaries of the domain coincide with the ends of the

adjacent segments.

Applying locally the transfonned equation (9) over a segment yields

_1_ d2u G(u) du _ S Z
F(u) dz2 - F(u) dz - ()
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I
Z=O

i = 1

f---------
-am I----------i

i = m element m

i = m' element m'

+am 1----------1

'---------..... Z = L

Figure 1. Discrete domain for cell-analytical-numerical method

in which

u - U
S(z) = M (16)

As shown in equation (16), the time derivative has been approximated by a first-order accurate

finite difference quotient in which U is the value of u at the old time-level and ~t is the time­

step size. The variables F(u) and G(u) are functions of the dependent variable u = u(h),

indicating nonlinearity of the equation. An implicit linearization technique is adopted in this

study. At the new iteration level, these functions are calculated as

- C(H)
F = K(H)

- 1 [dK(h)]
G = K(H) dh h=H

(17)

(18)

In equations (17) and (18), H is the weighted average of h over the element m, as calculated in

the previous iteration,

H = (Xl hmu + (X2 hmL (19)

in which (Xl and (X2 are weighting coefficients and hmu and hmL are respectively pressure heads

at the upper and lower boundaries of element m. An analytical solution of the resulting ordinary
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differential equation (15) can be written for each line segment as the sum of an elementary

solution and a particular integral. To evaluate the particular integral, it is assumed that the

function on the right-hand-side of the equation can be expanded in a polynomial, and that the

expansion is truncated after the second term. That is,

1 +a",

So = 2 JS(z) dz
am -a",

(20)

(21)

(22)

where So and SI are the zero- and first-order moments of S(z), they are defined respectively by

_ 3 +a",

S 1 = -2 JS(z) dz .
2am -a",

The analytical solution for the ordinary differential equation (15) can thus be written as

u(z) = Ae"A.z + B + S*(z)

where

A=G

-am ~ z ~ +am, m = 1, ... ,M (23)

(24)

The coefficients A and B in equation (23) are arbitrary constants of the elementary solution,

and S*(z) is the particular integral of S(z). The arbitrary constants, A and B, can be evaluated

in terms of u and S* at the segment boundaries, i.e., u(±am) and S*c±am), as

A = u(+am) - u(-am) - S*(+am) - S*(+am) (25)
e+A.am- e-A.am

B = e+A.amu(-am) - e-"A.amu(+am) - e+"A.amS*(-am) + e-"A.amS*(+am)
e+A.am_ e-"A.am

(26)

(27)

These expressions are then substituted back in equation (23), which is differentiated once and

evaluated at ±am. These expressions are then substituted in the equation for specific discharge

at the segment boundaries. By conserving the specific discharge at the interface between two

neighboring segments, a three-point equation results for u, the unknown variable where

Lmu(-am) + Rmm,u(+am) + Pm,u(+am,) =

K[h(+am)] - K[h(-am')] + (SoY~ + SlY:)m - (SoYa + SlY~)m'

(28)



Pm' =

7

(29)

Rmm , = L m + Pm' (30)

y ±
Om

(31)

± F [-ame+Aarn + e-Aarn 1 ]y = - + - .
1m G e+Aarn _ e-Aam A.

(32)

In equation (27), m and m' refer to any two adjacent elements (Fig. 1). Assembling the

equations for all segments results in a set of nonlinear tridiagonal matrix equations.

Augmenting the resulting set of equations with the two equations describing the boundary

conditions provides a well-posed problem. An iterative solution of these algebraic equations is

efficiently performed via the Thomas algorithm. The iterative procedure adopted was that of

Neuman (1973). During the procedure, the transformation u(h) and h(u) was obtained

numerically from the relationship given by equation (8).

Solute Transport

The CAN formulation for equation (13) follows the same steps as for the infiltration equation.

The difference however is the linear nature of the solute transport equation; hence, no iterative

scheme is needed for the solution of the resulting tridiagonal system of equations. Following

the solution of the flow equation at a given time, the specific discharge v =v(h), the volumetric

water content e = e(h), and the dispersion coefficient D are calculated by using the weighted

average H of the computed pressure head. Hence, for a given pressure-head profile, the system

of equations is linear and can be solved directly.

APPLICATIONS
Infiltration

A number of soils of different types were chosen to test the CAN approach for solving the

infiltration problem. Table 1lists the parameters of such soils. Unless otherwise specified, the

initial and boundary conditions are as follows: hs =0, hi = -350, and hL = -350 em. The

results of the developed model will be compared with the finite-element model of van

Genuchten (1978), and the semi-analytical model of Philip (1957; see also El-Kadi 1987). The

finite-element model adopts a first-order continuous Hermitian approximation with a fully-
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TABLE 1. SOIL PARAMETERS USED FOR CELL-ANALYTICAL-NUMERICAL METHOD
TO SOLVE INFILTRATION PROBLEMS

WATER CONfENT FITTING SATURATED

SOIL Residual Saturated PARAMErERS HYDRAUCUC
SOIL TYPE St Ss a Tj

CONDUCITVITY
Ks

(-) (-) (I/em) (-) (em/day)

A clay loam 0.2 0.56 0.002 1.75 2.5

B* clay loam 0.2 0.54 0.008 1.80 25

C* loamy sand 0.17 0.47 0.010 2.00 75

D* loamy sand 0.15 0.45 0.0108 2.40 205

E* loamy sand 0.13 0.43 0.0115 2.91 327.8

*From van Genuehten (1978).

implicit time approximation. The Philip solution has been used by many researchers for

verification of numerical solutions (Milly 1982; Havercamp et al. 1977; and Magnuson, Baca,

and Sondrup 1990). The series solution converges up to a time that depends on the soil

properties. Philip (1969) estimated the maximum time of convergence by the relationship,

(
Ss )2tm = K 1 - K 2

in which Ss is sorptivity and Kl and K2 are the hydraulic conductivity corresponding to the

final and initial water content, respectively. This criterion was examined carefully during

verification of the numerical solutions.

A systematic way to estimate the appropriate size of the time step relevant to the size of the

spatial increment is always a difficult task. An iterative procedure has to be employed to

optimize the size of M. The similarity between equation (9) and the solute transport equation

can provide a guideline for choosing the size of .1t which minimizes numerical dispersion as a

source of errors. The Peclet- and Courant-number criteria can serve in this regard. From

equation (9), the Peelet and Courant number can be defined respectively as

Pe = G.1z

and

G .1t
Co = -­F .1z

(34)

(35)

In addition to visual comparison between solutions, relative root mean square (RMS) error was

used as the performance criterion. The RMS is estimated from
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9

(36)

in which aj and nj are respectively the semi-analytical and numerical solutions at a given

location i, and k is number of comparison points. As Magnuson, Baca, and Sondrup (1990)

indicate, the choice of accepted ranges of RMS is somewhat arbitrary. We will adopt these

authors' criteria, which are listed as follows:

Excellent RMS ~ 0.01

Good RMS ~ 0.05

Acceptable RMS ~ 0.10

Unacceptable RMS > 0.10

Every effort was made to maximize the accuracy of the numerical results through the choice of

the time and spatial descretization. The solution with the finite element (FE) model used time­

step sizes LH ranging from 0.IE-06 to 0.5E-Ol day and a uniform spatial mesh ~z of 1 em.

Within that range, the value of ~t was adjusted to restrict the number of iterations to 10. The

total length of the column was taken as 100 cm. For Soil B, an identical solution was obtained

for a column of 150 cm and ~z of 0.5 cm (a total of 300 elements). The longer column was

used to eliminate any effect the lower boundary might have on the results, a situation that

violates the assumption of a semi-infinite column, which is pertinent to the Philip solution. The

CAN method used a coarser but nonuniform mesh of 68 elements with sizes that ranged

between 1.0 cm and 2.5 em. The time-step size ranged between 0.5E-03 and 0.0014 day.

Within that range, the Courant number criterion was used to put an upper limit on the value of

~t. The Peclet number was always small, on the order of 10-2. On the other hand, the results

were sensitive to the value of the Courant number. For coarse materials, good accuracy was

possible in the range of 40 to 160. Starting from a specified value of LH, the solution is

advanced while both an expansion factor and an upper limit for ~t can be specified. Note that G

and F (and possibly ~z) change spatially, and hence the maximum G/(F~z) should be used in

the calculation of ~t.

Figure 2 illustrates the water content profile at different times for Soil A, as obtained from

various models. The values of the RMS for the chosen times are shown in Table 2. A good

match can be seen between the numerical and semi-analytical solutions. For Soils B, C, D, and

E, which are relatively coarse materials, the accuracy of the two numerical solutions declines,

with the saturation fronts always ahead of those obtained by the semi-analytical solution. An

upstream weighting for these soils was used to improve on the accuracy of the CAN solution

(see eq. 19). Table 3 lists the values of the weighting coefficients Cl1 and Cl2 for all soils
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• Philip
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WATER CONTENT

NOTE: Simulation times 0.05, 0.1, 0.15, 0.2, and 0.25 day.

Figure 2. Wetting fronts at different times for Soil A estimated by
CAN and finite-element methods and semi-analytical
solution of Philip (1957)

TABLE 2. RELATIVE ROOT MEAN SQUARE ERRORS FOR DIFFERENT SOILS ESTIMATED BY
CELL-ANALYTICAL-NUMERICAL (CAN) AND FINITE ELEMENT (FE) METHODS

SOlLA SOILB SOlLC SOlLD SOlLE
TIME* (Fig. 2) (Fig. 3) (Fig. 4) (Fig. 5) (Fig. 6)

CAN FE CAN FE CAN FE CAN FE CAN FE

tl 0.002 0.002 0.005 0.028 0.038 0.095 0.050 0.239 0.356 0.389

t2 0.002 0.005 0.006 0.052 0.047 0.103 0.062 0.276 0.076 0.410

13 0.001 0.002 0.013 0.053 0.036 0.119 0.115 0.291 0.087 0.428

14 0.002 0.006 0.024 0.069 0.018 0.146 0.091 0.307 0.157 0.448

t5 0.002 0.003 0.Q18 0.153 0.045 0.299 0.288 0.421

*Refer to respective figure caption for values of simulation times.



TABLE 3. VALUES OF WEIGHTING PARA­
METERS FOR DIFFERENT SOILS

WEIGHTING COEFHCIENf
SOIL* Downstream Upstream

al a2

*A, B == clay loam; C. D, E == loamy sand.

A

B

C

D

E

0.05

0.35

0.25

0.05

-0.1

0.5

0.65

0.75

0.95

1.1
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considered. For Soil E, which is

extremely coarse, a negative value of -0.1

was needed for 0.1, indicating that for an

element i, an extrapolated value of H

between i + 1 and i + 2 is needed. For

soils of finer textures, the weights reach

asymptotically an equal value of 0.5, and

hence the arithmetic mean can be used.

Both the geometric and harmonic means

were tried with the CAN solution but no

universal value was applicable to all soil

types. The use of the upstream or upwind weighting approach was recommended by Crichlow

(1977, p. 112). He stated that the use of the harmonic mean can lead to erroneous fluxes when

a sharp contrast in head gradients exists, which is certainly the case here. The upstream

weighting approach has been adopted in solving the solute transport equation to overcome the

difficulties arising under mainly convective flow where sharp fronts exist (see, e.g., Huyakorn

and Pinder 1983).

Figures 3, 4, 5, and 6 show respectively the results for Soils B, C, D, and E; Table 2 lists

the values of the RMS. For Soils Band C, a good match between the CAN and semi-analytical

results can be seen with RMS less than 0.05 for all times. For Soil D, the results are acceptable

with RMS less than 0.1. For Soil E, the results are in the unacceptable range with RMS that

exceeds 0.1. Note however that the FE model was less accurate in this case.

To study the universality of the coefficients regarding the hydraulic conditions, two runs

were performed for Soil B with different initial conditions hi of -250, and -100 em. The results

were accurate for these cases with RMS less than 0.01. A column of length 170 em with Soil D

was also simulated to test the universality of the coefficients for a longer column. Good accu­

racy resulted at simulation times less than 0.1 day, with RMS less than 0.1. The accuracy,

however, was lower at a simulation time of 0.1 day, with RMS of 0.16. It should be noted

however that, according to equation (31), the Philip solution is valid only for a time less than

about 0.1 day. (The respective values for Ss, K1, K2 for this soil are 63 cm/dayO.s, 205

em/day, and 0.04 em/day.) Such a limit on the time can explain the higher value of RMS at the

simulation time of 0.1 day.

A plot of 0.1 (the downstream-weighting coefficient) versus the saturated hydraulic

conductivity is shown in Figure 7. A straight line can fit the relationship with a correlation

coefficient of 0.96. Although the range of soil types as well as hydraulic conditions is not

inclusive, such graph can provide approximate values for the weighting coefficients.
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NOTE: Simulation times 0.1, 0.2, 0.3, and 0.4 day.

Figure 3. Wetting fronts at different times for Soil B estimated by
CAN and finite-element methods and semi-analytical
solution of Philip (1957)
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Figure 4. Wetting fronts at different times for Soil C estimated by
CAN and finite-element methods and semi-analytical
solution of Philip (1957)
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Figure 5. Wetting fronts at different times for Soil D estimated by
CAN and finite-element methods and semi-analytical
solution of Philip (1957)
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solution of Philip (1957)
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Figure 7. Plot of downstream weighting coefficient (x, vs. saturated
hydraulic conductivity (symbols). The straight line is a
regression line.

Table 4 lists the percent mass errors for all soils, as obtained from the CAN and FE

methods. The error is estimated as the difference between the cumulative volume of water as

calculated by integrating surface flux rates, and the cumulative volume as calculated by

integrating water content profile. The mass balance error for these soils based on the CAN

solution is higher, with values less than 10% for all cases, except at small times for Soil E.

Although the use of upstream weighting improves the accuracy, it introduces mass balance

errors. The mass error in the FE solution for soils A, B, and C is less than about 2%, which is

small and is certainly acceptable. The errors for Soil D and E are much larger, however, and

fall in the unacceptable range.

To support our contention that the numerical inaccuracies reported here are due to soil type,

a finite-difference model was also tested for all soil types (the results are not shown here). The

model adopts an implicit finite-difference approximation and an explicit linearization-approach,

similar to the approach described by Havercamp et al. (1977). Comparable accuracy to the

finite-element model was obtained for Soils A, B, and C. On the other hand, the predicted

fronts for soils D and E were very far off, with large mass-balance errors.

As an illustration, the CAN approach was applied to a case of heterogeneous (layered) soil

profile. The soil column consisted of a sequence of layers that are represented by soils A, B,

and C. The respective thickness of these layers is 6, 73, and 21 cm. The profile represents a

pretillage situation, where a small layer exists at the surface represented by Soil A. A second
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TABLE 4. PERCENT MASS BALANCE ERRORS FOR DIFFERENT SOILS
ESTIMATED BY CAN AND FE METHODS

SOIL A SOlLB SOILC SOILD SOILE
TIME* (Fig. 2) (Fig. 3) (Fig. 4) (Fig. 5) (Fig. 6)

CAN FE CAN FE CAN FE CAN FE CAN FE

II 5.11 0.07 10.0 0.21 2.8 1.81 6.5 40.86 39.7 24.4

l2 5.04 0.10 10.0 0.16 6.9 1.78 4.4 34.41 1l.5 16.6

l3 4.86 0.12 8.5 0.17 7.4 1.81 6.7 32.99 1.2 13.7

1.4 4.66 0.13 7.4 0.18 6.3 1.85 5.7 32.72 0.14 12.1

ls 4.46 0.15 5.6 1.88 4.0 32.88 2.3 ILl

*Rcfer to respective figure caption for values of simulation times.

run was performed with Soil A replaced by Soil B, simulating the condition after tillage.

Assumed values for the weighting coefficients (Xl and (Xz were taken as 0.4 and 0.6,

respectively, for both cases. The results of the two runs are shown, respectively, in Figures 8

and 9. In the first case, and as should be expected, the infiltration process is controlled by the

top layer with the front confined to the upper part of the soil column after 0.25 day. In contrast,

the front is much deeper in the second case. No fluctuations appeared in the solution.

However, due to the large contrast in material properties for Soil A and Soil B, a relatively

large mass error resulted for the first case (up to 15% at small times).

Solute Transport

To verify the CAN formulation, two runs were performed for a saturated soil column of a

length 100 em, with a constant velocity. An analytical solution exists for this case. The

common parameters for the two cases are vie = 0.1 crn/day,!iZ = 10 em, and !it = 10 day. The

value of the dispersion coefficient D was taken as 1 cmz/day for the first case and 0.1 cmz/day

for the second. Hence the Peelet number for the two cases is respectively 1 and 10. The

specified boundaries at Z= 0 and Z= 100 were set at 10 ppm and 0, respectively. Figures 10

and 11 illustrate, respectively, the solutions after 200 days for the two cases. Excellent match

between numerical and analytical solutions can be seen, even for the second case where the

Peelet number is higher than 1.

As an illustration, the CAN technique is applied to Soil A and B. The results are shown

respectively in Figures 12 and 13. Because the accuracy of the solute transport module depends

to a great extent on the accuracy of the flow module, and because we demonstrated above the

accuracy of the CAN approach is solving the transport equation, we felt comparison with other

numerical codes to be unnecessary.
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Figure 8. Wetting fronts at different times for three-layer stratified
soil: Soil A (6 em), Soil B (73 em) and Soil C (21 em)
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Figure 9. Wetting fronts at different times for two-layer stratified soil:
Soil B (79 em) and Soil C (21 em)
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Figure 1O. Solution for solute transport in a saturated soil column
at time of 200 days, as compared to the analytical
solution of Ogata and Banks (1961), peclet number
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Figure 11. Solution for solute transport in a saturated soil column
at time of 200 days, as compared to the analytical
solution of Ogata and Banks (1961). peclet number
equals 10.0
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Figure 13. Solute transport solutions at different times for Soil B
as estimated by CAN method
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SUMMARY AND CONCLUSIONS

This study has developed and applied the CAN method for the analysis of one dimensional flow

and transport in the unsaturated zone. To solve the coupled flow and transport equations, the

Richards equation is transformed via the Kirchhoff transformation to facilitate the CAN

formulation. The resulting solutions were free from oscillations even for coarser materials

which are characterized by a sharp wetting or concentration front. The similarity in shape

between the transformed flow equation and the solute transport equation suggested the use of

the Courant number criterion in the selection of the size of the time step. This similarity also

expedites the programming effort in the simultaneous solution of water flow and solute

transport.

The solutions for the transport equation, which is linear in nature, are highly accurate. For

flow problems, which is nonlinear in nature, the method is accurate and mass conserving for

finer soils. Upstream weighting is necessary, however, to reach a higher accuracy for coarser

materials. The use of upstream weighting increases the mass balance error. A comparison with

other numerical approaches indicates that these inaccuracies are not unique to the CAN

approach; they are instead the result of the nature of the mathematical formulation of the

unsaturated flow equation for coarser soils. A future study will develop a multi-dimensional

CAN formulation for the untransformed, mixed-form of the Richards equation, which recent

studies have indicated its ability to conserve mass balance. A future publication will assess the

relative efficiency and accuracy of the CAN formulation for the transformed and the

untransformed form of the Richards equation.
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