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Abstract

Consider the free group on n generators, denoted Fn. Then Aut(Fn) is not a linear

group[9, Theorem 5], but one can construct many finite dimensional representations

using finite index characteristic subgroups of Fn. We use these types of representations

to distinguish consecutive terms in the Johnson filtration of Aut(Fn). This paper relates

the action described from the Johnson filtration to the homology of some subgroup

K ≤ Fn. These techniques can be used to separate specific types of subgroups B ≤

A ≤ Aut(Fn).
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Chapter. 1 Introduction

In this paper, we explore the representation theory of Aut(Fn) where Fn is the free group

on n generators for n > 2. There is not much known about Aut(Fn) and its representations

since it is not a linear group, finite group, nor a Lie group. We are able to construct a

representation for every finite index characteristic subgroup of Fn. We call them homological

representations. We build these representations with finite index characteristic subgroups

K ≤ Fn. As K is characteristic, Aut(Fn) acts on K. Furthermore, it will act on its

abelianization to give us a representation ρK [31]. It turns out that this action is linear and

hence gives us a representation.

We want to know how these representations distinguish properties about the nature of

Aut(Fn). In particular, given two subgroups

H ≤ G ≤ Aut(Fn)

can we find a homological representation ρK such that ρK(H) ̸= ρK(G). When their images

are not equal, we say ρK separates G from H.

This paper investigates separating consecutive terms in the Johnson filtration of Aut(Fn).

Let G1 = Fn and Gj be the j
th term in the lower central series of Fn. The Johnson Filtration

F := J1 ⊇ · · · ⊇ Ji ⊇ Ji+1 ⊇ · · ·

where

Ji = {f ∈ Aut(Fn) | f : G1/Gi+1 → Gi+1/Gi+2 is the identity}.

It is known that [Ji : Ji+1] = ∞[28]. On the other hand, Hadari[16, Theorem 1.5]

showed that for any homological representation ρ, one can show that [ρ(Ji) : ρ(Ji+1)] <∞.

In the same paper, Hadari also showed that, given a subgroup Jk in the filtration, there is a

homological representation ρ such that if you take ℓ to be large enough, then ρ(Jℓ) ⊊ ρ(Ji).

This paper looks to make this bound tighter. We do this by showing that for all i, there is

a homological representation such that [ρ(Ji) : ρ(Ji+1)] > 1.
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Remark 1.1 (Sketch of Proof of Main Theorem). Our family of representations describes

how Aut(Fn) acts on the homology of some finite index characteristic subgroup of K ≤ Fn.

First, we differentiate Ji from Ji+1. Note that for all f ∈ Ji, there is a w ∈ Gi+1 such that

f(x) = xw. This provides a map

τi : Ji → Hom(G1/G2, Gi+1/Gi+2)

called the Johnson homomorphism.

Further, if K is characteristic as above, then x−1f(x) ∈ K for x ∈ K. This gives an

Aut(Fn) action on H1(K;Z). We measure the action on homology with a cohomology class.

Given i, we find a homological representation ρK , a homology class x ∈ H1(K;Z), and a

cohomology class ψ such that

1. ψ(x−1g(x)) = 0 for all g ∈ Ji+1, and

2. ψ(x−1f(x)) ̸= 0 for some f ∈ Ji

This will show that Ji and Ji+1 have different images through ψ.

From here, we can separate any element f ∈ Ji from Ji+1 in some homological represen-

tation. Hence, for every submodule A ⊆ Ji/Ji+1, there is a homological representation ρK

such that A→ ρK(Ji)/ρK(Ji+1) is a nonzero map as GLn(Z)-modules.

Furthermore, this technique of separation shows that we can find separations of H ≤

G ≤ Ji when they produce different lattice types in Gi+1/Gi+2. These lattices come from

the Johnson homomorphism. Given G ≤ Ji, we can define

LG = ⟨x−1g(x) mod Gi+2|x ∈ Fn, g ∈ G⟩.

Further, if you fix an x ∈ G1/G2, we can define the lattice

Lx
G = {x−1g(x) mod Gi+2| g ∈ G}.

This paper shows that if either LH ⊊ LG or Lx
H ⊊ Lx

G, then we can find a homological

representation ρ that separates G from H.
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Chapter 2. Background

Basic Definitions and Theorems

Definition 2.1. Let X, Y ≤ G where G is any group. Define

[X, Y ] = ⟨x−1y−1xy | x ∈ X, y ∈ Y ⟩

as the commutator subgroup of X and Y .[7]

Definition 2.2. The lower central series of a group G is given by

G ▷ G1 ▷ G2 ▷ · · ·

where G0 = G and Gi+1 = [G,Gi].[5]

Definition 2.3. The upper central series of a group G is the sequence of subgroups

1 = Z0 ◁ Z1 ◁ · · · ◁ Zi ◁ · · ·

where each successive group is defined by: Zi = {x ∈ G | ∀y ∈ G : [x, y] ∈ Zi−1}, called the

ith center of G.[5]

Definition 2.4. We call Fn = ⟨a1, · · · , an⟩ the free group on n generators with no

nontrivial relations. The automorphism group on Fn is denoted

Aut(Fn) = {f ∈ End(Fn) | f is an isomorphism}.

Theorem 2.1. Let {a1, . . . , an} be an ordered basis of Fn, then Aut(Fn) is generated by

Nielsen transformations:

1. a1 7→ a2, a2 7→ a1, and aj 7→ aj for j > 2

2. ai 7→ ai+1 for i ∈ {1, . . . , n− 1} and an 7→ a1 simultaneously

3. a1 7→ a−1
1

4. a1 7→ a1a2 and aj 7→ aj for j > 1
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Definition 2.5. Let K ≤ G. K is a characteristic subgroup of G if f(K) = K for all

f ∈ Aut(G). [7]

Definition 2.6. Let K ≤ G. K is a verbal subgroup if it is generated by all possible

values in some set

V = {fi(xi1, . . . , ximi
) | xik ∈ Fn, i ∈ I, k ∈ {1, . . . ,mi}}

where fi(x
i
1, . . . , x

i
mi
) is a word in {xi1, . . . , ximi

} and its inverses. We denote K as V (Fn).[25]

Example. An example of a verbal subgroup of Fn is the commutator subgroup V (Fn) =

[Fn, Fn] where V = {x−1y−1xy | x, y ∈ Fn}. Note that for any f ∈ Aut(Fn) and x, y ∈ Fn,

f(x−1y−1xy) = f(x)−1f(y)−1f(x)f(y) ∈ V.

So, f(V (Fn)) ⊆ V (Fn) shows the commutator subgroup is characteristic in Fn.

Lemma 2.1. Every verbal subgroup of Fn is characteristic.

Proof. We must show that for any verbal subgroup V (Fn) and f ∈ Aut(Fn), f(V (Fn)) ⊆

V (Fn). Any element in V (Fn) is generated by a set of words

V = {fi(xi1, . . . , ximi
) | xik ∈ Fn, i ∈ I, k ∈ {1, . . . ,mi}}

where fi(x
i
1, . . . , x

i
mi
) is a word in {xi1, . . . , ximi

} and its inverses. So by properties of homo-

morphisms, for any f ∈ Aut(Fn), we can give a generating set for f(V (Fn)), given by

{f(fi(xi1, . . . , ximi
)) | xik ∈ Fn, i ∈ I, k ∈ {1, . . . ,mi}}

= {f(fi(xi1, . . . , ximi
)) | xik ∈ Fn, i ∈ I, k ∈ {1, . . . ,mi}}

= {(fi(f(xi1), . . . , f(ximi
)) | xik ∈ Fn, i ∈ I, k ∈ {1, . . . ,mi}}

⊆ V.
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Thus, f(V (Fn)) ⊆ V (Fn).

Definition 2.7. Let K ≤ Fn be a finite index characteristic subgroup. Then there is

a map ι : Aut(Fn) ↪→ Aut(K), and a natural map π : Aut(K) → Aut(K/[K,K]) ∼=

GL(H1(K;Z))[24]. We define the homological representation ρK : Aut(Fn) → GL(H1(K;Z))

as the composition ρK := π ◦ ι.[16][14]

Claim 2.1. rank(H1(K;Z)) <∞ for any finite index subgroup K ≤ Fn. So, GL(H1(K;Z)) ∼=

GLm(Z) for some m ∈ Z.

Proof. Let χ denote the Euler characteristic of a space. Recall that Fn
∼= π1(X, x0) where

X is the graph associated to the wedge of n circles. By the Galois correspondence[19], any

finite index subgroup K ≤ π1(X, x0) is associated to a connected finite cover of X. Let

K ≤ Fn be finite index with [Fn : K] = k, then it is associated to the fundamental group

of some cover X̃ → X. As the Euler characteristic of a space is multiplicative with respect

to index, and is also equal to the alternating sum of the ranks of its homology groups[3], we

have

χ(X̃) = kχ(X)

= k(1− n)

= rank(H0(X̃;Z))− rank(H1(X̃;Z))

= 1− rank(H1(X̃;Z)).

Thus, rank(H1(X̃;Z)) = 1− k(1− n) <∞.

Definition 2.8. An N -series {Ki}i∈Z+ of a group K is a descending filtration

K = K1 ⊇ K2 ⊇ · · ·

such that [Kn, Km] ⊆ Kn+m.[13, 1.1]

In this paper, we use two filtrations of groups that are N−series [13, 1.2].
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Commutator Properties and the Free Lie Algebra

This paper encounters many commutator subgroups and hence commutator elements. For

one, we look at the action of Aut(Fn) on K/[K,K] for some finite index characteristic

subgroup K. This paper also distinguishes subgroups based on how it sends elements of Fn

to elements in its lower central series. Since the lower central series of a group is a commutator

subgroup, we spend the first part of this section on commutators and commutator relations

in Fn.

Definition 2.9. Let G be a group then its commutator subgroup is defined as

[G,G] = ⟨x−1y−1xy|x, y ∈ G⟩.

Remark 2.1. The commutator subgroup has a special property with abelian groups. For

any group homomorphism φ : G → H where H is abelian, there exists a homomorphism

ψ : G/[G,G] → H such that ψ ◦ π = φ where π : G → G/[G,G] is the natural map. So, we

can conclude that if G/K is abelian, then [G,G] ⊆ K. [27]

Definition 2.10. Let G be a group and x, y ∈ G. Then we denote the commutator of x

and y by [x, y] = x−1y−1xy. [17]

Definition 2.11. We say an element x ∈ G of the form x = [x1, . . . , xn−1, xn], for some xi ∈

G for each i, is a simple commutator with the rule that [x1, . . . , xn−1, xn] = [[x1, . . . , xn−1], xn].

[17]

Definition 2.12. Let G be a group. We define G1 = G and

Gk = ⟨[x1, . . . , xk−1, xk] | xj ∈ G⟩.

This is an equivalent definition of the kth term in the lower central series of G.

Remark 2.2. This definition of Gk shows that it is a verbal subgroup of G.

Corollary 2.1. [17] Let G be a group and x, y, z ∈ G. Denote conjugation xy := y−1xy.

Then we have the following identities
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1. xy = x[x, y]

2. [x, yz] = [x, z][x, y]z = [x, z][x, y][x, y, z]

3. [xy, z] = [x, z]y[y, z] = [x, z][x, z, y][y, z]

4. [x, y−1, z]y[y, z−1, x]z[z, x−1, y]x = 1 (Hall-Witt Identity)

Lemma 2.2. Let G be a group. Let G1 = G and Gi+1 = [G,Gi] define its lower central

series. Then Gk/Gk+1 is abelian for all k.

Proof. By definition, Gk/Gk+1 = Gk/[G,Gk]. The relation that modding out by Gk+1 gives

us that everything in G commutes with Gk since, for all x ∈ G and y ∈ Gk, xyx
−1y−1 ∈ Gk+1.

So, in Gk/Gk+1, we have that ab = ba for all a, b ∈ Gk.

Remark 2.3. The first successive quotient in the lower central series of G is Gab = H1(G;Z).

Remark 2.4. The previous corollary and lemma show us how the commutator is linear in

each coordinate.

Definition 2.13. Let Fr = ⟨x1, . . . , xr⟩ be the free group on r generators. We define the

basic commutators of Fr inductively in the following way:

1. ci = xi for i = 1, . . . , r are the basic commutators of weight one, ω(xi) = 1.

2. Having defined the basic commutators of weight less than n, the basic commutators of

weight n are ck = [ci, cj], where

(a) ci and cj are basic and ω(ci) + ω(cj) = n, and

(b) ci > cj and if ci = [cs, ct], then cj ≥ ct.

3. The commutators of weight n follow those of weight less than n and are ordered ar-

bitrarily with respect to each other. Basic commutators will always be numbered so

that they are ordered by their subscripts.

Remark 2.5. These types of commutators of weight k act as a basis for Gk/Gk+1, hence the

name basic commutators. [17, Theorem 11.2.4]
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Theorem 2.2. (Basis Theorem) If Fn = ⟨x1, . . . , xn⟩ and c1, . . . , ct are basic commutators

where 1 ≤ ω(ci) ≤ k, and Gk is the kth term in the lower central series, then an arbitrary

element of f has a unique representation,

f = ce11 c
e2
2 · · · cett mod Gk+1.

The basic commutators of weight n form a basis for the free abelian group Gk/Gk+1.[17]

Lemma 2.3. Let G be a group where G1 = G and Gi+1 = [G,Gi]. If a group G = ⟨x1, . . . , xr⟩

is finitely generated, then Gk/Gk+1 is generated by simple commutators [y1, . . . , yk] where

yi ∈ {x1, . . . , xr}.

Proof. Suppose G = ⟨a1, . . . , ar⟩. We proceed with induction on k. For k = 1, we have that

G1 = G, so as G is generated by r elements, so will its quotients. Now assume the theorem

is true for k−1. By definition, Gk is generated by elements of the form [a1, . . . , ak] such that

ai ∈ G. Note that such an element [a1, . . . , ak] = [[a1, . . . , ak−1], ak] where [a1, . . . , ak−1] ∈

Gk−1. So by the induction step, [a1, . . . , ak−1] = uϵ11 · · ·uϵnn w where w ∈ Gk, u
′
is are simple

commutators in the generators of G, and ϵi = ±1. Then

[a1, . . . , ak] = [[a1, . . . , ak−1], ak]

= [uϵ11 · · ·uϵnn w, ak]

= [uϵ11 · · ·uϵnn , ak][u
ϵ1
1 · · ·uϵnn , ak, w][w, ak]

≡ [uϵ11 · · ·uϵnn , ak] mod Gk/Gk+1.

As G = ⟨x1, . . . , xr⟩, we have that ak = zη11 · · · zηmm where zi ∈ {x1, . . . , xr} and ηi = ±1.

Thus,

[uϵ11 · · ·uϵnn , ak] = [uϵ11 · · ·uϵnn , z
η1
1 · · · zηmm ]

≡
∏

(µ,λ)∈[n]×[m]

[uϵµµ , z
ηλ
λ ] mod Gk/Gk+1

≡
∏

(µ,λ)∈[n]×[m]

ϵµηλ[uµ, zλ] mod Gk/Gk+1.
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as each of the u′µs are simple commutators of length k − 1 written in the generators of g

and the zλ are taken to be the generators of G. We have shown that an arbitrary generator

in Gk can be described by a product of simple commutators written in the generators times

some element in Gk+1. Thus, Gk/Gk+1 is generated by at most rk elements. [17, Corollary

10.2.3]

Lemma 2.4. Let m and n be positive integers with Gn, Gm as the nth and mth term in the

lower central series. Then [Gm, Gn] ⊆ Gm+n.

Remark 2.6. The lemma is proven as the lower central series of a group are known to be

N -series[13].

Remark 2.7. This lemma shows how there is a graded structure with {Gm/Gm+1}m∈Z+ and

the commutator [ , ] bracket gives
⊕

m∈Z+

Gm/Gm+1 a Lie-Bracket structure.

Definition 2.14. Consider the lower central series of Fn given by G1 = Fn and Gi+1 =

[Fn, Gi]. Define the abelian groups gri(Fn) = Gi/Gi+1. Then Lazard defines

gr(Fn) =
⊕
i∈Z+

gri(Fn).[22]

Using Witt-Hall identities and the grading structure by given by [Gm, Gk] ⊆ Gm+k, it gives a

graded Lie-algebra structure over Z. The addition is induced from the group multiplication

and the Lie bracket is induced by the group commutator, restricts to bilinear maps

grm(Fn)× grk(Fn) → grm+k(Fn)[26, 3.1].

Definition 2.15. Let G be a group. Consider its lower central series defined by G1 = G

and Gi+1 = [G,Gi]. Then the associated graded Lie algebra of G is

gr(G) =
⊕
k≥1

grk(G) =
⊕
k≥1

(Gk/Gk+1).[26]

Lemma 2.5. [30, 2.6] The Lie bracket map [ , ] : gr1(G)⊗ grk(G) 7→ grk+1(G) is surjective.

It follows by induction on k that gr(G) is generated as a Lie algebra by its degree one piece.
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Proof. As Gk+1 = [G,Gk], we know that we know that it is generated by elements of the form

g−1[x, y]g where x, g ∈ G and y ∈ Gk. So, an arbitrary element in grk+1(G) = Gk+1/Gk+1 can

be written as
∑
i∈I

[xi, yi] where xi ∈ G and yi ∈ Gk. So, we can clearly map [ , ](
∑
i∈I

(xi⊗yi)) =∑
i∈I

[xi, yi] =
∑
i∈I

[xi, yi][26, 3.1]

Lemma 2.6. [26, 4.1] gr(G) is generated as a Lie algebra by gr1(G).

Proof. We proceed to show that gr1(G) generates grk(G). As gr1(G) generates itself, we have

satisfied the base case. Suppose for m < k, we have that grm(G) is generated by gr1(G).

But as [ , ] : gr1(G)⊗ grk−1(G) 7→ grk(G) is surjective and grk−1(G) is generated by degree

one parts, we also have that grk(G) is generated by degree one parts since the bilinear map

from above comes from the Lie bracket.

Lemma 2.7. If Gab is finitely generated, then the groups grk(G) are also finitely generated[26].

Definition 2.16. A free Lie algebra, denoted Lie(X), on a set X is a pair (F, i) where F

is a lie algebra and i : X → F is a function with the following universal mapping property:

Whenever ℓ is a Lie algebra and φ : X → ℓ is a function, then there is a unique Lie algebra

homomorphism φ̃ such that the diagram

X F

ℓ

i

φ
φ̃

commutes.[26, 3.1]

Claim 2.2. Let FX be a free group on a set X. Consider Lie(X). It is known due to Hall,

Magnus, and Witt that the cannonical map X → gr1(FX) induces an isomorphism of graded

Lie algebras, where Lie(X)
φ̃−→ gr(FX).[30]

Claim 2.3. If X is finite then, rank(grk(FX)) =
1
k

∑
d|k
µ(d)|X| kd [Theorem 11.22][17].

Remark 2.8. The claim above tells us how many basic commutators of weight k there are in

Fn.
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Nilpotent Groups

Definition 2.17. We say that G is nilpotent if its lower central series terminates to the

identity group after finitely many steps. In other words, there is some n ∈ Z+ such that

Gn = {e}.

Similarly, one can equivalently say that G is nilpotent if it has an upper central series

terminating in the whole group after a finite number of steps. In other words, there is a j

such that

1 = Z0 ◁ Z1 ◁ · · · ◁ Zj = G

in its upper central series. [7]

Lemma 2.8. If G is a finite p-group, then G is nilpotent.

Proof. [7] If G is a p-group, then Lagrange’s theorem tells us that so is G/Zi where Zi is

the ith center of G for every i. As all p-groups have nontrivial center, we would have that

Z(G/Zi) is a non-trivial p−group. So, this shows that if Zi ̸= G, then Zi ⊊ Zi+1 where

Zi ̸= Zi+1. Also, as Zj ≤ G for every j, |Zj| = pkj . As kj < kj+1 until the sequence stabilizes

and |G| = pk, we know there is a j such that kj = k. This finishes the proof.

Lemma 2.9. If N = N1 and Nj+1 = [N,Nj] where

N1 ▷ · · · ▷ Ni = 1,

then Ni−1 ≤ Z(N).

Proof. Suppose N is a nilpotent group with lower central series of length i. Then Ni =

[N,Ni−1] = 1. This means, that for all x ∈ N and y ∈ Ni−1, we get x−1y−1xy = 1. Thus,

xy = yx for all x ∈ N and y ∈ Ni−1. It follows that Ni ≤ Z(N).

Definition 2.18. We say a group G is nil-c if every commutator of the form [a1, . . . , ac] = 1

for any aj ∈ G and 1 ≤ j ≤ c.[17, 10.3]

Lemma 2.10. If G has nil-c, then every subgroup and factor of G has nil-c.

12



Proof. Suppose G has nil-c. Then every commutator [a1, . . . , ac] = 1 where ai ∈ G. So, if

H ≤ G, then [b1, . . . , bc] = 1 where bi ∈ H ≤ G. Also, for any normal subgroup N ◁ G, we

have that

[d1, . . . , dc] = [d1, . . . , dc]

= 1.[17]

Definition 2.19. If G is nil-c, but not nil-(c+ 1), then G is nilpotent of degree c.

Remark 2.9. Given Gj ≤ Fn as the jth element in the lower central series, we can construct

Fn/Gj which is a finitely generated group that is nil-j[18].

Lemma 2.11. If N is a finitely generated nilpotent group where every element is of finite

order, then N is finite.

Proof. Suppose N is nilpotent with lower central series

N = N1 ▷ N2 ▷ · · · ▷ Ni = {e}

such that xp = 1 for all x ∈ N \ {e}. Since N is a finitely generated group, its successive

quotients in its lower central series is a finitely generated abelian group. So, Nj/Nj+1 is a

finitely generated abelian group for each 1 ≤ j ≤ i. As every element is torsion, there is no

free part in Nj/Nj+1. Thus, Nj/Nj+1
∼=

m⊕
i=1

Z/pkiZ = mj. It follows that [Nj : Nj+1] = mj <

∞ for each 1 ≤ j ≤ i− 1, so,

|N | = [N : {e}]

=
i−1∏
j=1

[Nj : Nj+1]

=
i−1∏
j=1

mj

<∞
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proving the lemma.

Definition 2.20. Let j, p ∈ Z+. We define the verbal subgroup of Fn to be

Kj,p = Vj,p(Fn)

where Vj,p = {xp1, [x1, . . . , xj]|x1, . . . , xj ∈ Fn}.

Corollary 2.2. Kj,p ≤ Fn is a verbal, finite index subgroup for j, p > 1.

Proof. Let j, p > 1. Then it is a verbal by definition. It is finite index because every simple

commutator of length j would vanish in Fn/Kj,p. In other words, Fn/Kj,p is nil-j. Also, as

xp ∈ Kj,p for all x ∈ Fn, every element in Fn/Kj,p is of finite order. Thus, [Fn : Kj,p] <∞.

Remark 2.10. So, we can construct a homological representation ρKj,p
for all j, p > 2.

Definition 2.21. We say a group G is Noetherian if every subgroup is finitely generated.

Definition 2.22. We say a group G is a finitely generated nilpotent group if the

following equivalent conditions hold:

1. G is finitely generated and nilpotent.

2. G is Noetherian and nilpotent.

3. G is nilpotent and its abelianization is finitely generated.

The Johnson Filtration

Remark 2.11. We mainly focus on separating consecutive terms in the Johnson filtration of

Aut(Fn). Define G1 = Fn and Gj is the jth term in the lower central series of Fn. Then

G2 = [Fn, Fn] is the commutator subgroup of Fn. We then can define the Torelli subgroup

of Aut(Fn) denoted

I = {f ∈ Aut(Fn)|f∗ : G1/G2 → G1/G2 is the identity}.

14



This subgroup is special because the maps that define the Torelli group [11] are the maps

that act trivially on the homology of the wedge of n circles.The action on homology and the

Torelli group provide us with a short exact sequence

1 → I → Aut(Fn) → GLn(Z) → 1.[12, 1.0.1].

Further, we can define the kth Torelli group

Jk = ker(Aut(Fn) → Aut(Fn/Gk+1))[29].

These groups give us a filtration given by

· · · ⊆ Ji+1 ⊆ Ji ⊆ · · · ⊆ J1 = I ⊆ Aut(Fn).[8]

There are three main facts to know about the Johnson Filtration:

1. I/Ji is a finitely generated nilpotent group for i ≥ 1.

2. Ji/Ji+1 is abelian for i ≥ 1.

3. Ji/Ji+1 is an Aut(Fn)/I-module for i ≥ 1.[16]

As I/Ji+1 is a finitely generated nilpotent group, it is Noetherian. So, we have that

Ji/Ji+1 is a finitely generated abelian group. In fact, it is known that the Johnson filtration

is an N -series[13, 1.2].

For any f ∈ Ji and x ∈ G1, the definition of Ji gives us that f(x) = xw for some w ∈

Gi+1. So, x
−1f(x) = x−1xw = w ∈ Gi+1. This action defines the kth Johnson homomorphism

τk : Jk → Hom(G1/G2, Gi+1/Gi+2)

where

τk(f)(x) = x−1f(x) mod Gi+2.[6]
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This homomorphism characterizes elements in Ji/Ji+1 by how it sends elements of x ∈

G1/G2 to elements in Gi+1/Gi+2 by way of x−1f(x) ∈ Gi+1. Since basic commutators of

weight (i + 1) serves as a basis for Gi+1/Gi+2, we use projections onto their coordinates to

help us define cohomology classes in some cover.

The Johnson homomorphism is surjective for k = 1 [1] and Jk+1 = ker τk. In τk, its

kernel represents elements g ∈ Jk such that x−1g(x) ∈ Gi+2 for all x ∈ Fn.

When attempting to separate Ji from Ji+1, we encapture the action of how elements of

Ji send elements in G1/G2 to elements in Gi+1/Gi+2 in the homology of some cover K with

a cohomology class ψ ∈ H1(K;Z).
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Chapter 3. Results

A Representation Theoretic Approach to Separation

Remark 3.1. There is a representation theoretic way to show that we can separate I from J2

using some finite index cover K[16, Proposition 3.1]. Consider the chain of normal subgroups

J2 ≤ I ≤ Aut(Fn). So, I/J2 is a group and Aut(Fn) acts on I/J2 by conjugation. As I/J2

is abelian, I acts trivially on I/J2
∼=
∧3H, where H := H1

(
n∨

i=1

S1;Z
)

and
∧3 is the third

exterior product. [2, 2] Thus, by the universal mapping property of group homomorphisms,

Aut(Fn)/I ∼= GLn(Z)[4] acts on I/J2. So, now we can see I/J2 as an irreducible GLn(Z)-

module.

Let K ≤ Fn be a finite index characteristic subgroup. Then [Fn : K] = m. Consider the

group homomorphism π : I/J2 → ρK(I)/ρK(J2).

Lemma 3.1. [16, 3.1 Claims 1 and 2] Let K ≤ Fn = ⟨a1, . . . , an⟩ be some finite index sub-

group. Then there is a non identity element f ∈ (I \ J2) ∩ kerπ.

Proof. Letm = [Fn : K]. Then for each generator ai, we know that ami ∈ K form = [Fn : K].

Consider the automorphism f ∈ Aut(Fn) that sends a1 7→ a1[a
m
2 , a

m
3 ] and fixes the other

generators. To show this is in the kernel of π, we will show ρK(f) = I. As f fixes all of

the other generators in Fn besides a1 and f(a1) = a1[a
m
2 , a

m
3 ] = a1 mod [K,K]. We know

f acts trivially on H1(K;Z) since ami ∈ K for all generators. So, f ∈ ker(ρK). Clearly, we

know f ∈ I since f(ai) = ai in Fn/[Fn, Fn]. As a
−1
1 f(a1) = [am2 , a

m
3 ] ∈ L0 \ L1, we have that

f /∈ J2

Theorem 3.1. [16, 3.1] Let K ≤ Fn be a finite index, characteristic subgroup. Then

[ρK(I) : ρK(J2)] <∞.

Proof. Recall that I/J2 is in irreducible GLn(Z)-module and f ̸= 0 in I/J2. So, its GLn(Z)-

orbit is a finite index subspace. Since the action of GLn(Z) ∼= Aut(Fn)/I on I/J2 is given

by the action of conjugation where g · h = g−1hg for any g ∈ Aut(Fn)/I and h ∈ I/J2.
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So, the whole GLn(Z)-orbit of f is in the kernel of π since the kernel is a normal subgroup.

This orbit is finite index in I/J because I/J2 ⊗Q is irreducible. Thus, a nonzero GLn(Z)

submodule of I/J2 with coefficients in Z would be a finite index subgroup of I/J2. So,

kerπ is finite index. By surjectivity of π and first isomorphism theorem, |ρK(I)/ρK(J2)| is

finite.

So, what this shows is that for any finite index subgroup K ≤ Fn one can show [ρK(I) :

ρK(J2)] <∞. This is surprising since [I : J2] = ∞. The reason that we cannot extend this

idea for Ji/Ji+1 is because Ji/Ji+1 is not an irreducible QGLn(Z)-module.

Theorem 3.2. Let ρ : Aut(Fn) → GL(H1(K)) be some homological representation where

K ≤ Fn is a characteristic subgroup for n ≥ 3. Then [ρ(I) : ρ(Jk)] is finite.

The theorem is proven by the following lemma as I/Jk is a finitely generated nilpotent

group.

Lemma 3.2. Let N be a finitely generated nilpotent group. Let H ≤ N be a normal subgroup

whose image has finite index in N/[N,N ]. Then, [N : H] <∞.[16,Lemma 3.2]

Proof. Denote Ni as the i
th term in the lower central series of N . Let {a1, . . . , am} ∈ N be a

set of elements that project to a free generating set of N/[N,N ]. For elements g1, . . . , gk ∈ N

denote [g1, . . . , gk] as the repeated commutator [g1, [g2, . . . , gk]]. Then the following two facts

are standard:

1. The group Ni/Ni+1 is an abelian group generated by the images of all elements of the

form [x1, . . . , xi] where each xj ∈ {a1, . . . , am}.

2. The map N i → Ni/Ni+1 given by (x1, . . . , xi) 7→ [x1, . . . , xi] is a homomorphism is

each coordinate.[16, Lemma 3.2]

We now proceed by induction on the length of the lower central series of N . The lemma is

obviously true for N abelian. Suppose it is true for G with a lower central series of length

i. Let N have a lower central series of length i + 1. The multilinearity of the repeated

commutator, together with our inductive hypothesis gives that [Ni : Ni ∩H] <∞.
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Given any x ∈ N , the inductive hypothesis gives that there is a number ℓ such that the

image of xℓ in N/Ni is contained in the image of H in this group. This means that there

is a y such that yℓ ∈ H and x−1y ∈ Ni by taking some lift of x̄ not equal to x. Write

x = yh. Since [Ni : Ni ∩ K] < ∞, there is an m such that hm ∈ H. As N has a lower

central series of length i+1, this shows Ni is central in N . Since Ni is central in N , we have

that (yh)ℓm = (yℓ)m(hm)ℓ ∈ H. A finitely generated nilpotent group of bounded exponent

is finite, which concludes the proof. [16, Lemma 3.2]

Proof of Theorem 3.2. Using the lemma above, let N = I/Jr and H = (ker ρK ∩ I)/Jr.

Consider the surjective map given by

I/Jr
ρ−→ ρK(I)/ρK(Jr).

First isomorphism theorem shows that (I/Jr)/K ∼= ρK(I)/ρK(Jr). So, if we show that

[N : H] < ∞, then we show [ρK(I) : ρK(Jr)] < ∞. It is known that N/[N,N ] = I/J [21,

Theorem 6.1]. Recall that K = (ker ρK ∩I)/Jr, so its image in N/[N,N ] is (ker ρK ∩I)/J1

due to the natural map from I/Jr → I/J . We showed in the separation of I from J that the

index of [N/[N,N ] : K̄] < ∞. This satisfies the criterion for the lemma, thus [N : K] < ∞.

Hence, [ρK(I) : ρK(Jr)] < ∞. Thus, as [ρK(I) : ρK(Jk+1)] = [ρK(I) : ρK(Jk)][ρK(Jk) :

ρK(Jk+1)] <∞ and [ρK(I) : ρK(Jk)] <∞. It follows that [ρK(Jk) : ρK(Jk+1)] <∞.

The theorem above shows that there exists a separation of finite index, now we show that

the index need not be 1 in the following theorem.

Theorem 3.3. [16,Theorem 1.7] Let I ⊇ J1 ⊇ J2 ⊇ · · · be the Johnson filtration of

Aut(Fn) for n > 2. Then there exists a homological representation ρ with the following prop-

erty: for any k ≥ 0, there is a number N ≥ k such that if j > N , then [ρ(Jk) : ρ(Jj)] > 1.

Proof. Consider Fn as the fundamental group of the wedge of n circles for n > 2. Pick an

odd prime p. Let K = ker(Fn → H1(Fn;Z/pZ)). For any positive integer m, let Lm ≤ K

be defined by Lm = ker(K → H1(K,Z/pmZ)). Let ρ be the homological representation

corresponding to the cover given by the subgroup K.
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Since K is characteristic in Fn and Lm is characteristic in K, we get that Lm is normal in

K. By construction we have that Fn/K and K/Lm are p-groups, thus Fn/Lm is a p-group.

This shows that Fn/Lm is nilpotent for any m.

Denote d(m) as the degree of nilpotence of Fn/Lm. By definition, the group Id(m) acts

trivially on Fn/Lm. As H1(K,Z/pmZ) ∼= K/Lm ≤ Fn/Lm, it implies that Id(m) acts trivially

on H1(K;Z/pmZ). This means that the elements of ρ(Id(m)) are in the pm- congruence

subgroup of GL(H1(K,Z)).

Fix k ≥ 0. Then there is a g ∈ Ik and i > 0 such that ρ(g) is not in the pi-congruence

subgroup of GL(H1(K;Z)). This is because ρ(g) has only finitely many entries in its matrix.

So, just take pi larger than any entry in its matrix. This implies that ρ(Ik) ̸= ρ(Ij) for every

j > d(i) as ρ(Ij) ≤ ρ(Id(i)) is in the pi congruence subgroup of GL(H1(K,Z)) for all such

j.

We do a little better in this paper by showing that [ρK(Ji) : ρK(Ji+1)] > 1 for all i for

some homological representation ρK .

We now show that I acts trivially on Ji/Ji+1. Let g ∈ I and f ∈ Ji. We can see the

action of I on Ji/Ji+1 by taking an arbitrary x ∈ Fn and we show that g−1fg(x) = f(x)

modulo Gi+2. Let x ∈ Fn. Then by definition, we have that f(x) = xw for some w ∈ Gi+1

and g(x) = xc for some c ∈ G2. For this set up, consider the following lemma.

Lemma 3.3. If f ∈ Ji and c ∈ G2, then f(c) = c mod Gi+2.

Proof. Consider c =
∏
[xi, yi] where xi, yi ∈ G1 = Fn, then

f(c) = f
(∏

[xi, yi]
)

=
∏

[f(xi), f(yi)]

=
∏

[xiwi, f(yi)] wi ∈ Gi+1.
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Considering its image modulo Gi+2, we get that each factor

[xiwi, f(yi)] = w−1
i x−1

i f(yi)
−1xiwif(yi) mod Gi+2

= x−1
i f(yi)

−1xif(yi)w
−1
i wi mod Gi+2 as Gi+1 is central in G/Gi+2

= [xi, f(yi)] mod Gi+2.

Similarly, as f(yi) = yivi where vi ∈ Gi+1 we get that

[xi, f(yi)] = [xi, yivi]

= [xi, yi] mod Gi+2.

We need one more lemma to show that I acts trivially on Ji/Ji+1 by conjugation.

Lemma 3.4. If g ∈ I and w ∈ Gm for m > 1, then g(w) = w mod Gm+1

Proof. We do this by induction. Recall that Gm is generated by simple commutators of

length m. So, we just need to show that g(w) = w mod Gm+1 when w ∈ Gm is a simple

commutator of length m for any g ∈ I. Consider the base case where m = 2. Let g ∈ I and

let x, y ∈ G1. Then g(x) = xc and g(y) = yd for some c, d ∈ G2 because g ∈ I. So,

g ([x, y]) = [g(x), g(y)]

= [xc, yd]

= [xc, d][xc, y][xc, y, d] by Corollary 2.1

= [x, d][x, d, c][c, d][x, y][x, y, c][c, y][xc, y, d] by Corollary 2.1

By lemma 2.4, we have that [x, d], [x, d, c], [c, d], [x, y, c], [c, y], [xc, y, d] ∈ G3, so

g ([x, y]) = [x, d][x, d, c][c, d][x, y][x, y, c][c, y][xc, y, d] by Corollary 2.1

= [x, y] mod G3
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proving the base case to be true. For the induction step, suppose for k < i, we have that

g(w) = w mod Gk+1 when w ∈ Gk for all g ∈ I. As Gi is generated by simple commutators

of length i, we need the claim to be true for simple commutators of length i. So, consider

the simple commutator [u, v] where u ∈ G1 and v ∈ Gi−1. Then g(u) = uw and g(v) = vz

where w ∈ G2 and z ∈ Gi by the induction step. So,

g ([u, v]) = [uw, vz]

= [uw, z][uw, v][uw, y, z] by Corollary 2.1

= ([u, z][u, z, w][w, z])([u, v][u, v, w][w, v])[uw, y, z] by Corollary 2.1.

By lemma 2.4, we have that [u, z], [u, z, w], [w, z], [u, v, w], [w, v], [uw, y, z] ∈ Gi+1. Thus,

g ([u, v]) = ([u, z][u, z, w][w, z])([u, v][u, v, w][w, v])[uw, y, z]

= [u, v] mod Gi+1

proving the induction step.

Corollary 3.1. Let G be a group with lower central series

G = G1 ▷ G2 ▷ · · ·

and Johnson filtration

I = J1 ▷ J2 ▷ · · ·

Then I acts on Ji/Ji+1 trivially by conjugation.

Proof. Let g ∈ I and f ∈ Ji. Let g ∈ I and f ∈ Ji. We can see the action by conjugation of

I on Ji/Ji+1 by taking an arbitrary x ∈ Fn and showing that g−1fg(x) = f(x) modulo Gi+2.

Let x ∈ Fn. Then by definition, we have that f(x) = xw for some w ∈ Gi+1 and g(x) = xc

for some c ∈ G2. Note by properties of inverse functions, we have that f−1(xw) = x and
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g−1(xc) = x. Thus f−1(x) = xf−1(w−1) and g−1(x) = xg−1(c−1). So,

g−1fg(x) = g−1f(xc)

= g−1(xwf(c))

= g−1(xwc) mod Gi+2 by Lemma 3.3

= g−1(xcw) mod Gi+2 as Gi+1 is central in G/Gi+1

= g−1(xc)g−1(w) mod Gi+2

= xw mod Gi+2 by Lemma 3.4 and g−1g(x) = x

= f(x) mod Gi+2

proving the corollary.

Corollary 3.2. Let {Ji}i∈Z+ be the Johnson Filtration for Fn for n > 2. Then Ji/Ji+1 is a

GLn(Z)−module.

Proof. We have that Ji/Ji+1 is an Aut(Fn)−module. So, as I ≤ Aut(Fn) acts trivially on

Ji/Ji+1, then Ji/Ji+1is a GLn(Z)−module as Aut(Fn)/I ∼= GLn(Z).

Remark 3.2. There is a similar theory when replacing Aut(Fn) with the mapping class group

[10][23] of a surface S, denoted Mod(S). To construct homological representations, you can

take finite index subgroups of π1(S, x0)[15]. They are closely related as the extended mapping

class group Mod±(S) ∼= Out(π1(S)). When working with Mod(S), one can still construct

the Johnson filtration and homological representations[20].

Existence Theorem

Remark 3.3. In this section, we show that we can separate Ji from Ji+1 with some homo-

logical representation ρK . We look more at the action on homology to show that we have a

separation instead of taking a module theory approach. Recall that, for each i, the ith John-

son homomorphism for Aut(Fn) looked at how the element of Aut(Fn) mapped x ∈ Fn/G2

to an element x−1f(x) mod Gi+2.
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On the other hand, let K ≤ Fn be a finite index characteristic subgroup K ≤ Fn. Then

for y ∈ K, we can look at y−1f(y) for any f ∈ Aut(Fn). This is precicely ρK(f)(y) − y =

(ρK(f)− I)y ∈ H1(K;Z).

Remark 3.4 (Proof sketch of Existence Lemma.). For each i, we can choose the cover K,

the map f ∈ Ji \ Ji+1, and a cohomology class ψ such that for some x ∈ K we can show

ψ(x−1f(x)) ̸= 0 and ψ(x−1g(x)) = 0 for all g ∈ Ji+1. Since the Johnson homomorphism

characterizes Ji/Ji+1 by how sends elements in the homology of Fn to basic commutators of

weight i + 1, we want to use this measurement of Ji/Ji+1 to create a cohomology class of

H1(K;Z).

Remark 3.5. This paper uses subgroups of the following form to build homological represen-

tations.

Remark 3.6. When separating Ji from Ji+1, we use a cohomology class ψ : H1(Ki+1,p;Z) →

Z/p2Z for some positive integer p ∈ Z+. The following lemma assures us that the cohomology

class that we created is well defined since H1(Ki+1,p;Z) ∼= Ki+1,p/[Ki+1,p, Ki+1,p].

Lemma 3.5. Let j, p > 1 and k ∈ Z+. Let Kj,p be the verbal subgroup of Fn. Then for k < j

(Kj,p ∩Gk)/Gk+1 ⊆ p(Gk/Gk+1).

Proof. Consider such an a ∈ Gk ∩ Kj,p. Consider its image ā ∈ Fn/Gk+1. As a ∈ Kj,p,

we can express ā is generated by pth powers in Fn/Gk+1. As Gk/Gk+1 has a basis of basic

commutators of weight k, we can describe ā as pth powers of commutators of weight k. So,

in Fn/Gk+1, we have ā =
∏
i∈I
api where ai is a basic commutator.

Lemma 3.6. Let p ∈ Z+. (([Kj,p, Kj,p] ∩Gj)/Gj+1) ⊆ p2(Gj/Gj+1).

Proof. Elements in [Kj,p, Kj,p] ∩ Gj are generated by elements of the form [a, b] where a ∈

Gk ∩Kj,p and b ∈ Gm ∩Kj,p where k +m ≥ j. This is because [Gk, Gm] ⊆ Gj and Gℓ ⊆ Gj
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if ℓ ≥ k. Thus,

ā =
∏
i∈I

cpi where ci is a basic commutator of weight k

=
∑
i∈I

pci

= p
∑
i∈I

ci.

Similarly, as b ∈ Gm ∩Kj,p, we have that

ā =
∏
t∈T

dpt where dt is a basic commutator of weight m

=
∑
t∈T

pdt

= p
∑
t∈T

dt.

Thus, in [Kj,p, Kj,p] ∩Gj/Gj+1

[a, b] = [ā, b̄]

=

[
p
∑
i∈I

ci, p
∑
t∈T

dt

]

= p2

[∑
i∈I

ci,
∑
t∈T

dt

]
∈ p2(Gj/Gj+1).

So, as the image every generator of [Kj,p, Kj,p]∩Gj in Gj/Gj+1 is contained in p2(Gj/Gj+1),

we have that ([Kj,p, Kj,p] ∩Gj) /Gj+1 ⊆ p2(Gj/Gj+1).

Theorem 3.4 (Existence Theorem). For all i > 0, there is an f ∈ Ji, a cover K, and

a mod p2 cohomology class ψ : H1(K;Z) → Z/p2Z for some prime p such that for some

x ∈ H1(K;Z), we have that ψ(x−1f(x)) ̸= 0, but ψ(x−1g(x)) = 0 for all g ∈ Ji+1.

This proposition will be proven by the following lemmas.

Lemma 3.7. If Kj,p ≤ Fn is the verbal subgroup generated by the same set of words deter-

mined by pth powers along with the words in the jth term in the lower central series of Fn,
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then it is a finite index characteristic cover.

Proof. Note that Kj,p is characteristic since it is a verbal subgroup. It is finite index in Fn

since Fn/Kj,p would be nil-j where every non-identity element is of finite order.

This next lemma shows how to construct our desired cohomology class.

Lemma 3.8. There is a homomorphism ψ : H1(Kj,p;Z) → Z/p2Z such that Gj+1 ⊆ kerψ

and ψ(Kj,p ∩Gj) ̸= 0.

Proof. Let L = ker(Gj → H1(Kj,p;Z)). Then as H1(Kj,p;Z) ∼= Kj,p/[Kj,p, Kj,p], the image

of L in Gj/Gj+1 is contained in p2(Gj/Gj+1). So, we can consider the map

Gj/[Kj,p, Kj,p] → (Gj/[Kj,p, Kj,p])/Gj+1 → Z/p2Z⊗Gj/Gj+1,

call it γ which is natural and well-defined as the image of [Kj,p, Kj,p] ∩ Gj in Gj/Gj+1 is

contained in p2(Gj/Gj+1). This set of maps clearly has Gj+1 in its kernel. As H1(Kj,p) is a

vector module and we defined a map on a subset of its parts that satisfy all linear relations,

we can extend our function from Gj/[Kj,p, Kj,p] to all of Kj,p/[Kj,p, Kj,p] ∼= H1(Kj,p,Z), call

it γ. Consider a basis of Gj/Gj+1 consisting of basic commutators. Let v ∈ Gj/Gj+1 be a

basic commutator and define pv : Z/p2Z ⊗ Gj/Gj+1 → Z/p2Z as the projection on to the

basis element corresponding to v. Then our desired map ψ := pv ◦ γ will map v 7→ 1 which

is nonzero.

The next claim is to construct an easy way to look at the action of x−1f(x) for f ∈ Ji

and x ∈ H1(K;Z) in some cover finite K ≤ Fn.

Claim 3.1. If x, y ∈ G for some group G, then

x−j(xy)j =

j−1∏
k=0

xk−(j−1)yx(j−1)−k

for all j > 1.
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Proof. We proof the claim by induction. For j = 2 it is true that

x−2(xy)2 = (x−1yx)y

=
1∏

k=0

xk−(j−1)yx(j−1)−k.

Now suppose that for n, it holds that x−n(xy)n =
n−1∏
j=1

xj−(n−1)yx(n−1)−j for all x, y ∈ G.

Then for x, y ∈ G, note that

x−(n+1)(xy)n+1 = x−1(x−n(xy)n)(xy)

= x−1

(
n−1∏
j=0

xj−(n−1)yx(n−1)−j

)
xy

=

(
x−1

(
n−1∏
j=0

xj−(n−1)yx(n−1)−j

)
x

)
y

=

(
n∏

j=1

xj−(n−1)yx(n−1)−j

)
y

=
n∏

j=0

xj−(n−1)yx(n−1)−j.

Lemma 3.9. Given γ : H1(Kj,p,Z) → Z/p2Z⊗Gj/Gj+1 as above, then there is a projection

pv : Z/p2Z ⊗ Gj/Gj+1 → Z/p2Z on to some vector v ∈ Z/p2Z ⊗ Gj/Gj+1 and an f ∈ Jj−1

such that (pv ◦ γ)(a−p
1 f(ap1)) ̸= 0.

Proof. Let v ∈ Gj/Gj+1 be a basic commutator. Let f ∈ Jj−1 be that automorphism

defined where a1 7→ a1v and all other generators are fixed. Also, define projection pv :
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Z/p2Z⊗Gj/Gj+1 → Z/p2Z. Note that in Kj,p

a−p
1 f(ap1) = a−p

1 (a1v)
p

=

p−1∏
i=0

a
i−(p−1)
1 va

(p−1)−i
1

=

p−1∏
i=0

v[v, a
(p−1)−i
1 ].

So, for ψ = pv ◦ γ

ψ
(
a−p
1 f(ap1)

)
= ψ

(
p−1∏
i=0

v[v, a
(p−1)−i
1 ]

)

=

p−1∑
i=0

ψ(v)ψ
(
[v, a

(p−1)−i
1 ]

)
=

p−1∑
i=0

ψ(v)

= p

̸= 0.

Lemma 3.10. If ψ = pv ◦ γ as above, then, for all g ∈ Jj, we have that ψ(a−p
1 g(ap1)) = 0.

Proof. Let g ∈ Jj. Recall that as g ∈ Jj, we know that g acts trivially on Fn/Gj+1, so

g(a1) = a1w for some w ∈ Gj+1. Thus, in Kj+1,p we have that in Kj+1,p

a−p
1 g(ap1) = a−p

1 (a1w)
p

=

p−1∏
i=0

a
i−(p−1)
1 wa

(p−1)−i
1

=

p−1∏
i=0

w[w, a
(p−1)−i
1 ].
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So, for ψ = pv ◦ γ

ψ
(
a−p
1 g(ap1)

)
= ψ

(
p−1∏
i=0

w
[
w, a

(p−1)−i
1

])

=

p−1∑
i=0

ψ(w)ψ
(
[w, ai1]

)
=

p−1∑
i=0

ψ(w)

=

p−1∑
i=0

0

= 0.

These last two lemmas show that we have separated Jj from Jj+1 with ρKj+1,p
.

Separation Theorem

In this section, we extend the ideas from the Existence Theorem to show that for all f ∈

Ji \ Ji+1, there is a finite index characteristic K ≤ Fn such that ρK(f) /∈ ρK(Ji+1).

Theorem 3.5 (Separation Theorem). Fix i > 0. For all f ∈ Ji \ Ji+1, there is a cover

K and a mod p2 cohomology class ψ : H1(K;Z) → Z/p2Z for some prime p such that for

some x ∈ H1(K;Z), we have that ψ(x−1f(x)) ̸= 0, but ψ(x−1g(x)) = 0 for all g ∈ Ji+1.

Proof. Note that as f ∈ Ji\Ji+1, then it must map some ai 7→ aiw for some w ∈ Gi+1\Gi+2.

Thus, the image of w in Gi+1/Gi+2 is nonzero. As basic commutators of weight i+ 1 act as

a basis for Gi+1/Gi+2, we have that

w =

rank(Gi+1/Gi+1)∑
m=1

biui

where bi ∈ Z and ui is a basic commutator. Define ℓ = max
1≤i≤rank(Gi+1/Gi+2)

|bi| and call the basic

commutator, of weight i+1, c. Let p > max{ℓ, len(w)}, where len : Fn → Z≥0 is word length,

be some prime. We want to be larger than ℓ and len(w) in order for w to be completely seen
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in the homology of the cover that we construct. Now consider the cover given by Ki+1,p ≤ Fn

as the verbal subgroup generated by the same words as pth powers of Fn and the i+1th term

in the lower central series. Now, construct γ : H1(Ki+1,p;Z) → (Z/p2Z)⊗Gi+1/Gi+2 similarly

to how we created γ to show the existence of a separation. Now post compose this with the

projection of pc : Z/p2Z⊗ (Gi+1/Gi+1) → Z/p2Z. Again, define ψ = (pc ◦ γ). Recall that

a−p
1 f(ap1) = a−p

1 (a1w)
p

=

p−1∏
i=0

a
i−(p−1)
1 wa

(p−1)−i
1

=

p−1∏
i=0

w[w, a
(p−1)−i
1 ].

So,

ψ
(
a−p
1 f(ap1)

)
= ψ

(
p−1∏
i=0

w
[
w, a

(p−1)−i
1

])

=

p−1∑
i=0

ψ(xj)ψ
(
[w, ai1]

)
=

p−1∑
i=0

ψ(w)

=

p−1∑
i=0

ℓ

= pℓ

< p2

Thus, ψ
(
a−p
1 f(ap1)

)
̸= 0. As shown before, for all g ∈ Ji+1, it is true ψ

(
a−p
1 g(ap1)

)
= 0. This

provides us with our separation.
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Example. Let f ∈ J2 \ J3 ⊆ Aut(F3) where

a1 7→ a1[[a3a
2
2a

−7
3 , a2], a

5
3]

a2 7→ a2[a
13
3 , [a

−1
1 , a−1

3 ]][[a3, a1], [a
7
1a3, a3]]

a3 7→ a3[[a
2
1a2, a

4
2], a

3
1].

then a−1
2 f(a2) = −13[[a1, a3], a3] mod G4 written in the basis of basic commutators of weight

3. So, as len([a133 , [a
−1
1 , a−1

3 ]][[a3, a1], [a
7
1a3, a3]]) = 78, we can choose the prime 97. Then, for

ψ = p[[a1,a3],a3] ◦ γ where p[[a1,a3],a3] : G3/G4 ⊗ Z/972Z → Z/972Z is the projection on to the

basis element [a1, a3], a3] and γ : H1(K3,97;Z) → G3/G4⊗Z/972Z is defined as in lemma 3.8.

Then

ψ(a−97
2 f(a972 )) = ψ(a−97

2 f(a2)
97)

= ψ(a−97
2 (a2[a

13
3 , [a

−1
1 , a−1

3 ]][[a3, a1], [a
7
1a3, a3]])

97)

= ψ

(
96∏
j=0

[a133 , [a
−1
1 , a−1

3 ]][[a3, a1], [a
7
1a3, a3]][[a

13
3 , [a

−1
1 , a−1

3 ]][[a3, a1], [a
7
1a3, a3]], a

96−j
2 ]

)

=
96∑
j=0

ψ
(
[a133 , [a

−1
1 , a−1

3 ]][[a3, a1], [a
7
1a3, a3]]

)
+ ψ([[a133 , [a

−1
1 , a−1

3 ]][a3, a1], [a
7
1a3, a3]], a

j
2])

=
96∑
j=0

ψ
(
[a133 , [a

−1
1 , a−1

3 ]][[a3, a1], [a
7
1a3, a3]]

)
+ 0

=
96∑
j=0

ψ
(
[a133 , [a

−1
1 , a−1

3 ]]
)
+ ψ

(
[[a3, a1], [a

7
1a3, a3]]

)
=

96∑
j=0

ψ
(
[a133 , [a

−1
1 , a−1

3 ]]
)

= 97(97− 13) mod 972.

Note that 97(97− 13) ̸= 0 mod 972. As ψ(a−97
2 g(a972 )) = 0 for all g ∈ J3, we have provided

a separation for f from J3.

Corollary 3.3. For A ≤ Ji/Ji+1 an irreducible submodule, there is a K ≤ Fn finite index

characteristic subgroup such that the map A → ρK(Ji)/ρK(Ji+1) is a nontrivial, Aut(Fn)
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equivariant map.

Proof. Since the previous lemma shows a separation for every element in Ji/Ji+1, we can

choose a representative of fA ∈ A for every irreducible submodule A ≤ Ji/Ji+1. This fA

will correspond to some characteristic cover constructed similarly to the lemma above. This

will give us our separation.

Lemma 3.11. Given A ⊆ Ji \ Ji+1 irreducible GLn(Z)−submodule and q ∈ Z, there exists

a homological representation ρK : Aut(Fn) → GL(H1(K);Z) such that ρK(A) ̸= 0 for the

GLn(Z)-invariant map ρK : Ji/Ji+1 ⊗ Z/qtZ → ρK(Ji)/ρK(Ji+1)⊗ Z/qtZ.

Proof. Suppose f ∈ Ji \ Ji+1 and q ∈ Z+ prime. Then there is a generator ak 7→ akw where

w ∈ Gi+1 \ Gi+2. So, the image of w, denoted by w̄, in Gi+1/Gi+2 is nonzero. Recall that

basic commutators serve as a basis for Gi+1/Gi+2. So, there is a basic commutator, call

it x, with the largest coefficient in absolute value, call it r. Now define m = qt such that

qt−1 < b < qt where b = max{r, len(w)}. To construct a cover, we now consider the verbal

subgroup, denoted by Ki+1,m ≤ Fn, generated from the words of mth powers and the (i+1)th

term in the lower central series of Fn. We again can construct a map γ : H1(Ki+1,m) →

Z/m2Z ⊗ Gi+1/Gi+2 when we showed the existence of a separation. And we again post-

compose this homomorphism with the projection px : Z/m2Z⊗ (Gi+1/Gi+2) → Z/m2Z that

reads off the x-coordinate mod m2. Thus, ψ = px ◦ γ : Ki+1,m/[Ki+1,m, Ki+1,m] → Z/m2Z

is well-defined as ([Ki+1,m, Ki+1,m] ∩ Gi+1)/Gi+2 ⊆ m2(Gi+1/Gi+2). Also, we have that

ψ(Gi+2) ∈ kerψ. Thus, as

a−m
k f(amk ) = a−m

k (akw)
m

=
m−1∏
i=0

a
i−(m−1)
k wa

(m−1)−i
k

=
m−1∏
i=0

w[w, a
(m−1)−i
k ].
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So,

ψ
(
a−m
k f(amk )

)
= ψ

(
m−1∏
i=0

w
[
w, a

(m−1)−i
k

])

=
m−1∑
i=0

ψ(w)ψ
([
w, a

(m−1)−i
k

])
=

m−1∑
i=0

ψ(w)

=
m−1∑
i=0

r

= mr

< m2

shows us that ψ
(
a−m
k f(amk )

)
̸= 0. Let g ∈ Ji+1, then g sends ak 7→ akv for some v ∈ Gi+2.

Thus,

ψ
(
a−m
k g(amk )

)
= ψ

(
m−1∏
i=0

v[v, aik]

)

=
m−1∑
i=0

ψ(v)ψ
(
[v, aik]

)
=

m−1∑
i=0

ψ(v)

=
m−1∑
i=0

0

= 0.

So, as f ∈ Ji acts on ak differently than every element in Ji+1. So, as ρK shows how Aut(Fn)

acts on homology, we get that ρK(f) /∈ ρK(Ji+1).
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Further Results

This section looks to use the techniques used to prove the Separation theorem in order

to separate other types of subgroups of Aut(Fn). We focus on separating subgroups of

B ≤ A ≤ Ji. There is a way of measuring subgroups of Ji by looking at specific lattices of

Gi+1/Gi+2.

Next, we define the following abelian group corresponding to a subgroup H ≤ Ji.

Definition 3.1. Let H ≤ Ji. Then define the group

LH = ⟨u ∈ Gi+1/Gi+2 | u = f(x)x−1 mod Gi+2 for some x ∈ Fn and f ∈ H⟩.

So, τK(f)(x) reads off how many of each simple commutator is in the element x−1f(x) mod

Gi+2.

Remark 3.7. This measures what vectors are shown through the Johnson homomorphism

τi. Note LJi
= Gi+1/Gi+2 and LJi+1

= 0. So, these give bounds on the measurement. We

will use the fact that if 0 ⊆ LB ⊊ LA ⊆ Gi+1/Gi+1, then as finitely generated Z−modules,

Ann(LA) ⊊ Ann(LB).

Theorem 3.6. Given B ≤ A ≤ Ji such that LB ⊊ LA, then there is a homological represen-

tation ρK : Aut(Fn) → GL(H1(K;Z)) such that ρK(B) ⊊ ρK(A).

Proof. Suppose that LB ⊊ LA, then there is an f ∈ A and x ∈ Fn such that f(x)x−1 ̸=

g(y)y−1 for all y ∈ Fn and g ∈ B. As LB ≤ LA are finitely generated abelian groups, we

know that LA/LB
∼= Zr ⊕

m⊕
j=1

Z/pkjj Z. Recall that Gi+1/Gi+2 is a finitely generated free

abelian group with the basic commutators of Fn of weight i + 1 acting as a basis. Denote

the basic commutators of weight i+ 1 as {uj}rank(Gi+1/Gi+2)
j=1 . So we can describe

LB =
〈∑

ajuj|r1, . . . , rk
〉

and

LA =
〈∑

ajuj|s1, . . . , sℓ
〉
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where r1, . . . , rk and s1, . . . , sℓ are relations on the aj’s. We prove this theorem in two cases.

One where LA/LB has torsion and the other being when LA/LB has no torsion.

Case I: Suppose that LA/LB has no torsion. Then there is a u ∈ LA such that it does

not satisfy some linear relation in Z. So, we know there is an f ∈ A and x ∈ Fn and

u ∈ Gi+1 where f(x) = xu such that u = x−1f(x) ̸= y−1g(y) mod Gi+2 for any y ∈ Fn and

g ∈ B. As u /∈ LB, there is a relation on the coefficients with respect to the basis of basic

commutators of weight i+1 of LB that u does not satisfy, say rm =
rank(Gi+1/Gi+2)∑

j=1

ajuj. Define

quj
: Gi+1/Gi+2 → Z as the projection on the uj coordinate in Z. Then for each m, define

qrm =
rank(Gi+1/Gi+2)∑

j=1

ajquj
. Then qm(u) ̸= 0. Now choose any prime p > max{len(u), |qrm(u)|}

and consider the cover Ki+1,p. Consider γ : H1(Ki+1,p;Z) → Z/p2Z⊗ (Gi+1/Gi+2). Consider

prm =
rank(Gi+1/Gi+2)∑

j=1

ajpuj
where puk

: Z/p2Z⊗ Gi+1/Gi+2 → Z/p2Z is the projection on the

uk coordinate as in lemma 3.8. Consider Ki+1,p ≤ Fn. Then x
p ∈ H1(Ki+1,p;Z) and

x−pf(xp) = x−p(xu)p

=

p−1∏
j=0

u[u, x(p−1)−j].

So, for ψ = prm ◦ γ

ψ(x−pf(xp)) = ψ

(
p−1∏
j=0

u[u, xp−1−j]

)

=

p−1∑
j=0

ψ(u) + ψ ([u, xp−1−j])

=

p−1∑
j=0

qrm(u)

= pqrm(u)

< p2

̸= 0 mod p2.

Further, for g ∈ B we have that, g(x) = xv for some v ∈ LB. So, given ψ = prm ◦ γ note
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that

ψ(x−pg(xp)) = ψ

(
p−1∏
j=0

v[v, xp−1−j]

)

=

p−1∑
j=0

ψ(v) + ψ ([ v, xp−1−j])

=

p−1∑
j=0

0

= 0

since every element of LB satisfies the linear relation rm. This gives us a separation.

Case II: Suppose LA/LB has torsion. Then there is a u ∈ LA whose coefficients with

respect to basis {uj} does not satisfy some relation defining LB, say rm =
rank(Gi+1/Gi+2)∑

j=1

aj

modulo k for some k ∈ Z+. Then, for prm : Z/k2Z ⊗ Gi+1/Gi+2 → Z/k2Z, we know that

prm(u) /∈ ⟨k⟩. Consider the cover Ki+1,k and cohomology class ψ = prm ◦ γ : H1(Ki+1,k;Z) →

Z/k2Z for γ : H1(Ki+1,k;Z) → Z/k2Z ⊗ Gi+1/Gi+2 defined as in case I and lemma 3.8. By

definition of u ∈ LA, we know there is an x ∈ Fn such that f(x) = xw where w = u mod Gi+2.

So,

ψ(x−mf(xk)) = ψ(x−k(xw)k)

= ψ

(
k−1∏
j=0

w[w, xk−1−j]

)

=
k−1∑
j=0

ψ(w) + ψ([w, xk−1−j])

=
k−1∑
j=0

ψ(u) + 0

= kqrm(u)

̸= 0 mod k2.

But for any g ∈ B, we know that x−kg(xk) satisfies rm modulo Gi+2. So, we have shown a

separation.
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Example. Suppose B ≤ A ≤ J2 such that B/J3
∼= 4(J2/J3) and A/J3

∼= 2(J2/J3). Then

LA/LB
∼= Z/2Z ⊗ J2/J3. Consider f ∈ J2 such that

a1 7→ a1[[a2, a3], a4]

ai 7→ ai for 2 ≤ i ≤ 4.

Then consider the basis of basic commutator {ci} of G3/G4 and we can define

LA =
〈∑

aici | ai = 0 mod 2
〉

and

LB =
〈∑

aici | ai = 0 mod 4
〉
.

Note that LB ≤ 4(G3/G4) and LA ≤ 2(G3/G4). Note that f shows us that 2[[a2, a3], a4] ∈

LA /∈ LB.

Consider the cover K3,4 ≤ Fn. We build the cohomology class for the relation p[[a2,a3],a4] :

Z/16Z ⊗ (G3/G4) → Z/16Z as the projection onto the [[a2, a3], a4] coordinate. So, we can

build the cohomology class ψ = p[[a2,a3],a4] ◦ γ where γ : H1(K3,4,Z) → Z/16Z ⊗ (G3/G4) is

defined as throughout the paper. Then

ψ
(
a−4
1 f 2(a41)

)
= p[[a2,a3],a4]

(
a−4
1 f 2(a41)

)
= p[[a2,a3],a4]

(
3∏

j=0

aj−3
1 [[a2, a3], a4]

2a3−j
1

)

=
3∑

j=0

p[[a2,a3],a4](2[[a2, a3], a4] + [[[a2, a3], a4], a
j
1])

=
3∑

j=0

p[[a2,a3],a4](2[[a2, a3], a4])

= 8

̸= 0 mod 16.

Since LB ⊆ 4(G3/G4), we know that a−4
1 g(a41) ∈ 16(G3/G4) for all g ∈ B. Thus, ψ(a−4

1 g(a41)) =
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0 for all g ∈ B. This provides us with a separation.

This method can be further extended to separate B ≤ A ≤ Ji using a different type of

lattice in Gi+1/Gi+2.

Definition 3.2. Consider Fn for n > 2 with lower central series {Gj}j∈Z+ . Let x ∈ G1/G2.

Then for a subgroup A ≤ Ji we can define the lattice

Lx
A = {x−1f(x) mod Gi+2 | f ∈ A}.

Proposition 3.1. Consider Fn for n > 2 with lower central series {Gj}j∈Z+. Let x ∈ G1/G2.

Then for a subgroup A ≤ Ji, L
x
A ≤ Gi+1/Gi+2 is a subgroup.

Proof. The identity automorphism shows that 0 ∈ Gi+1/Gi+2. Now for the second part of

the subgroup criterion, let u, v ∈ Lx
A. Then there is an f, g ∈ A such that u = x−1f(x) and

v = x−1f(x). So,

x−1(g ◦ f ∈)(x) = τi(g ◦ f−1)(x)

= τi(f
−1)(x) + τi(g)(x)

= v − u ∈ Lx
A.

Lemma 3.12. Let x ∈ G1/G2 and A ≤ Ji. For p > 1, we have that

Lxp

A = pLx
A.

Proof. Let f ∈ A ≤ Ji, then for x ∈ G1/G2, there is a u ∈ Gi+1

x−pf(xp) = pu mod Gi+2

= p(x−1f(x)) mod Gi+2
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Theorem 3.7. Consider Ji ≤ Aut(Fn) with the lower central series of Fn given by {Gj}j∈Z+.

Then if there is an x ∈ G1/G2 and subgroups B ≤ A ≤ Ji such that

Lx
B ⊊ Lx

A,

then there is a homological representation ρK such that ρK(B) ̸= ρK(A).

Proof. Suppose there is an x ∈ G1/G2 and subgroups B ≤ A ≤ Ji such that

Lx
B ⊊ Lx

A,

then Lx
A/L

x
B
∼= Zr ⊕

⊕
j∈Z+

Z/pkjj Z is nonzero. Also, using the basis of basic commutators {ci}

we can describe

Lx
A =

〈∑
aici | r1, · · · , rm

〉
and

Lx
B =

〈∑
aici | r1, · · · , rk

〉
where m ≤ k and each rj is a relation of the a′ℓs either in Z or Z/njZ. We can again split

this proof into two cases.

Case I: Suppose there is no torsion in LA/LB. Then, there is a u ∈ Gi+1/Gi+2 and f ∈ A

such that u = x−1f(x) and all of its powers are not in LB. So, the coefficients defining u

in the basic commutator basis does not satisfy some relation rj =
∑
nℓaℓ in Z coefficients.

Consider qrj : Gi+1/Gi+2 → Z as in the previous result. By assumption on u, we know that

qrj(u) ̸= 0. So, define p > max{len(u), |qrj(u)|} a prime. Then we can define the mod p2

projection to the relation rj as in the previous theorem prj : Gi+1/Gi+2 ⊗ Z/p2Z. Consider

the cover Ki+1,p. Then we define γ : H1(Ki+1,p;Z) → Gi+1/Gi+2 ⊗ Z/p2Z as in lemma 3.8.
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Then for ψ = prj ◦ γ

ψ(x−pf(xp)) = ψ(pu)

= pψ(u)

= p|qrj(u)|

̸= 0 mod p2.

So, as every x−1b(x) mod Gi+2 satisfies rj for all b ∈ B, we know that ψ(x−pg(xp)) = 0. So,

we have shown the separation in this case.

Case II: Suppose Lx
A/L

x
B has torsion. Then there is a mod k relation rj that defines B an

f ∈ A that x−1f(x) mod Gi+2 does not satisfy. Then, for prj : Z/k2Z⊗ Gi+1/Gi+2 → Z/k2Z

as in theorem 3.6, we know that prj(u) /∈ ⟨k⟩. Consider the cover Ki+1,k and cohomology

class ψ = prj ◦γ : H1(Ki+1,k;Z) → Z/k2Z for γ : H1(Ki+1,k;Z) → Z/k2Z⊗Gi+1/Gi+2 defined

as in case I and lemma 3.8. By definition of u ∈ LA, we know there is an x ∈ Fn such that

f(x) = xw where w = u mod Gi+2. So,

ψ(x−kf(xk)) = ψ(x−k(xw)k)

= ψ

(
k−1∏
j=0

w[w, xj]

)

=
k−1∑
j=0

ψ(w) + ψ([w, xj])

=
k−1∑
j=0

ψ(u) + 0

= kqrj(u)

̸= 0 mod k2.

But for any g ∈ B, we know that x−kg(xk) satisfies rj modulo Gi+2. So, we have shown a

separation.

Example. Consider for I ⊆ Aut(F3) and x = c. Then suppose A ∼= 2(I/J ) and B ≤ A
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such that

Lx
B = ⟨(8z + 6y)[a, b] + (2y)[a, c] + 4z[b, c] | z, y ∈ Z⟩.

Then we can define

LB = ⟨u[a, b] + v[a, c] + w[b, c] | v ≡ 0 mod 2, w ≡ 0 mod 4, u− 3v − 2w = 0⟩

and LA
∼= 2(G2/G3). So, we need to find a f ∈ A such that x−1f(x) has coefficients in the

basic commutators of weight 2 that satisfy that does not satisfy u− 3v − 2w = 0. Consider

f ∈ I that sends

a 7→ a

b 7→ b

c 7→ c[a, b].

Then f ◦f ∈ (A\B). Thus, 2[a, b] ∈ Lx
A \Lx

B. So, define the relation r(u, v, w) = u−3v−2w

and the cover K2,7. Define p[a,b]−3[a,c]−2[b,c] : G2/G3⊗Z/49Z → Z/49Z and γ : H1(K2,7;Z) →

G2/G3 ⊗ Z/49Z as in the proof. Then we have a cohomology class ψ = p[a,b]−3[a,c]−2[b,c] ◦ γ.

So,

ψ
(
c−7(f ◦ f)(c7)

)
= p[a,b]−3[a,c]−2[b,c]

(
6∏

j=0

cj−6[a, b]2c6−j

)

= 14

̸= 0 mod 49.

As the relation defined by r is satisfied by all elements in Lx
B, we have provided a separation.
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