SEPARATING SUBGROUPS OF Aut(F,,) USING HOMOLOGICAL
REPRESENTATIONS

A DISSERTATION SUBMITTED TO THE GRADUATE DIVISION OF THE
UNIVERSITY OF HAWAI‘T AT MANOA IN PARTIAL FULFILLMENT OF THE
REQUIREMENTS FOR THE DEGREE OF

DOCTOR OF PHILOSOPHY
IN
MATHEMATICS

MAY 2025

By

Rico Vicente

Dissertation Committee:

Asaf Hadari, Chairperson
Daniel Erman Karl Dovermann
Sarah Post Nodari Sitchinava



Acknowledgements

First, I would like to thank Anne Furuta, Wendell Vicente, and Mark Furuta for raising
me throughout the years. Thank you Mom and Mark for showing unconditional love and
support. Thank you Dad for showing me how to work hard and constantly improve yourself.

Next, I would like to thank my grandparents Mario Dabu, Lourdes Dabu, Dominador
Villanueva and Amelia Villanueva. You all have shown me so much love throughout my
life. Thank you for all of the guidance and support that you’ve brought me through my
life. Thank you for providing for all of our relatives. You truly are all the backbones to our
families.

Next, I would like to thank Dr. Asaf Hadari. We both had a lot on our plate during
these five years, but we mustered up the strength to accomplish the task. Although you are
the smartest person that I know, you are the most humble person that I've met. 1 admire
how great an attitude you can maintain, even during difficult times. Thank you Dr. Hadari
for showing patience and kindness to me throughout our five-year journey.

Lastly, I would like to thank Christin Sum. You joined me on my Ph.D journey during
Covid, not knowing what the future held for you. Since we’ve moved here, I've grown into
my adult self. We've shared so many amazing experiences in the beautiful state of Hawaii.
Now, you are in your Ph.D program and doing amazingly. Thank you for putting trust in

me during such a stressful time in my life.

i



Abstract

Consider the free group on n generators, denoted F,,. Then Aut(F,,) is not a linear
group[9, Theorem 5], but one can construct many finite dimensional representations
using finite index characteristic subgroups of F,. We use these types of representations
to distinguish consecutive terms in the Johnson filtration of Aut(F,,). This paper relates
the action described from the Johnson filtration to the homology of some subgroup
K < F,,. These techniques can be used to separate specific types of subgroups B <
A < Aut(F,).
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Chapter. 1 Introduction

In this paper, we explore the representation theory of Aut(F,) where F,, is the free group
on n generators for n > 2. There is not much known about Aut(F,,) and its representations
since it is not a linear group, finite group, nor a Lie group. We are able to construct a
representation for every finite index characteristic subgroup of F},. We call them homological
representations. We build these representations with finite index characteristic subgroups
K < F,. As K is characteristic, Aut(F},) acts on K. Furthermore, it will act on its
abelianization to give us a representation pg[31]. It turns out that this action is linear and
hence gives us a representation.

We want to know how these representations distinguish properties about the nature of

Aut(F,). In particular, given two subgroups
H < G < Aut(F))

can we find a homological representation pgx such that px(H) # px(G). When their images
are not equal, we say pg separates G from H.
This paper investigates separating consecutive terms in the Johnson filtration of Aut(F},).

Let Gy = F,, and G, be the j™ term in the lower central series of F,. The Johnson Filtration
F=h220 2T+ 2

where

._71' = {f € Aut(Fn) | f : Gl/Gi+1 — GZ'+1/GZ'+2 is the ldentlty}

It is known that [J; : Ji+1] = 00[28]. On the other hand, Hadari[16, Theorem 1.5
showed that for any homological representation p, one can show that [p(J;) : p(Jiv1)] < 00.
In the same paper, Hadari also showed that, given a subgroup Jj in the filtration, there is a
homological representation p such that if you take ¢ to be large enough, then p(J,) C p(J;).
This paper looks to make this bound tighter. We do this by showing that for all ¢, there is
a homological representation such that [p(7;) : p(Jis1)] > 1.



Remark 1.1 (Sketch of Proof of Main Theorem). Our family of representations describes
how Aut(F,,) acts on the homology of some finite index characteristic subgroup of K < F,.
First, we differentiate J; from J;1. Note that for all f € J;, there is a w € G, such that

f(z) = zw. This provides a map

T Ji — Hom(Gl/G2, Gi+1/Gi+2>

called the Johnson homomorphism.
Further, if K is characteristic as above, then 27! f(z) € K for x € K. This gives an
Aut(F,) action on H;(K;Z). We measure the action on homology with a cohomology class.
Given 7, we find a homological representation pg, a homology class © € Hy(K;Z), and a

cohomology class 1 such that
1. Y(z7tg(z)) =0 for all g € Ji11, and

2. Y(z~ ' f(z)) # 0 for some f € J;

This will show that J; and J;,1 have different images through .
From here, we can separate any element f € J; from J;;; in some homological represen-
tation. Hence, for every submodule A C J;/J;.1, there is a homological representation px

such that A — pr(T;)/pr(Tiv1) is a nonzero map as GL,(Z)-modules.

Furthermore, this technique of separation shows that we can find separations of H <
G < J; when they produce different lattice types in G;11/G;yo. These lattices come from

the Johnson homomorphism. Given G < J;, we can define
Lg = {(z7 g(z) mod G|z € F,,, g € G).
Further, if you fix an = € G1/G3, we can define the lattice
LE = {27 'g(z) mod Gy,o| g € G}.

=

This paper shows that if either Ly C Lg or LF € LE, then we can find a homological

representation p that separates G from H.



Chapter 2. Background

Basic Definitions and Theorems

Definition 2.1. Let X,Y < G where G is any group. Define
(X,Y]=(z"'y ey |z € X,y €Y)

as the commutator subgroup of X and Y.[7]

Definition 2.2. The lower central series of a group G is given by
GGGy

where Gy = G and G4 = [G, G].[5]

Definition 2.3. The upper central series of a group G is the sequence of subgroups
1=2y <2y 4---<QZ; <---

where each successive group is defined by: Z; = {z € G |VYy € G : [z,y] € Z;_1}, called the

it" center of G.[5)

Definition 2.4. We call F,, = (ay,--- ,a,) the free group on n generators with no

nontrivial relations. The automorphism group on F;, is denoted
Aut(F,) = {f € End(F,) | f is an isomorphism}.

Theorem 2.1. Let {ay,...,a,} be an ordered basis of F,, then Aut(F,) is generated by
Nielsen transformations:

1. a1 = ag, ay — a1, and a; — a; for j > 2

2. a; > azyq fori€{l,....,n— 1} and a, — a; simultaneously
~1

3. a1~ a

4. a1+ araz and a; — a; for j >1



Definition 2.5. Let K < . K is a characteristic subgroup of G if f(K) = K for all
f € Aut(G). [7]

Definition 2.6. Let K < . K is a verbal subgroup if it is generated by all possible

values in some set
V={filz},...,a,) |z, € F, i€l ke{l,...,m}}

where fi(zi,..., 2}, ) is aword in {z},... 2%, } and its inverses. We denote K as V(F},).[25]

Example. An example of a verbal subgroup of F,, is the commutator subgroup V(F,) =

[F,, F,] where V = {z 'y oy | z,y € F,}. Note that for any f € Aut(F},) and =,y € F),,

flay ay) = f(@) 7 fy) (@) f(y) €V

So, f(V(F,)) C V(F,) shows the commutator subgroup is characteristic in F,.

Lemma 2.1. Every verbal subgroup of F,, is characteristic.

Proof. We must show that for any verbal subgroup V(F,) and f € Aut(F,), f(V(F,)) C
V(F,). Any element in V(F,,) is generated by a set of words

V={filz},....,a},) |« € F, i€l ke{l,...,m}}

where fi(zf,... 2}, ) is a word in {z},..., 2, } and its inverses. So by properties of homo-

» Lmy,

morphisms, for any f € Aut(F),), we can give a generating set for f(V(F,)), given by

{f(fi(a, ..., a0) |z, € By, i €1, ke {l,...,m;}}

={f(filz},....al,)) 2y € Fy, i€, ke{l,...,m}}
={(fi(f(@), .., f(z,)) |2, € By i€ I, ke {l,...,m}}
cV.



Thus, f(V(F,)) C V(F,). n

Definition 2.7. Let K < F, be a finite index characteristic subgroup. Then there is

Il

a map ¢ : Aut(F,) — Aut(K), and a natural map = : Aut(K) — Aut(K/[K, K])
GL(H,(K;Z))[24]. We define the homological representation px : Aut(F,,) - GL(H,(K;Z))

as the composition pg := 7 o ¢.[16][14]

Claim 2.1. rank(H,(K;Z)) < oo for any finite index subgroup K < F,,. So, GL(H,(K;Z)) =
GLW(Z) for some m € 7.

Proof. Let x denote the Euler characteristic of a space. Recall that F,, = 7 (X, z¢) where
X is the graph associated to the wedge of n circles. By the Galois correspondence[19], any
finite index subgroup K < (X, x) is associated to a connected finite cover of X. Let
K < F, be finite index with [F), : K| = k, then it is associated to the fundamental group
of some cover X — X. As the Euler characteristic of a space is multiplicative with respect

to index, and is also equal to the alternating sum of the ranks of its homology groups|3], we

have
X(X) = kx(X)
=k(1l—n)
= rank(Ho(X;Z)) — rank(H,(X; Z))
— 1 —rank(H,(X; Z)).
Thus, rank(H,(X;Z)) =1 — k(1 — n) < . =

Definition 2.8. An N-series {K;};cz+ of a group K is a descending filtration

K=K 2KyD---
such that [K,,, K] C Kyim-[13,1.1]

In this paper, we use two filtrations of groups that are N —series [13, 1.2].



Commutator Properties and the Free Lie Algebra

This paper encounters many commutator subgroups and hence commutator elements. For
one, we look at the action of Aut(F,) on K/[K, K| for some finite index characteristic
subgroup K. This paper also distinguishes subgroups based on how it sends elements of F,
to elements in its lower central series. Since the lower central series of a group is a commutator

subgroup, we spend the first part of this section on commutators and commutator relations

in F,.

Definition 2.9. Let G be a group then its commutator subgroup is defined as

[G,G] = (z7 'y ay|z,y € G).

Remark 2.1. The commutator subgroup has a special property with abelian groups. For
any group homomorphism ¢ : G — H where H is abelian, there exists a homomorphism
¥ : G/|G,G] — H such that ) o™ = ¢ where 7 : G — G/[G, G| is the natural map. So, we
can conclude that if G/K is abelian, then [G,G] C K. [27]

Definition 2.10. Let G be a group and =,y € G. Then we denote the commutator of z
and y by [z,y] = 2~y xy. [17]

Definition 2.11. We say an element x € G of the form = = [xq, ..., 2, 1, z,], for some x; €
G for each i, is a simple commutator with the rule that [xy,..., 2z, 1,2, = [[x1, ..., Ta_1], T,].
[17]

Definition 2.12. Let G be a group. We define G; = GG and

G}c = <[{L’17 PN ,l’k_l,l’k] | X S G>

This is an equivalent definition of the k™ term in the lower central series of G.
Remark 2.2. This definition of G shows that it is a verbal subgroup of G.

Corollary 2.1. [17] Let G be a group and x,y,z € G. Denote conjugation x¥ = y txy.

Then we have the following identities



1. 2% = zlz, y]

2. [y yz] = [, 2w,y = [, 2]z, gl y, 2]

3. vy, 2] = [z, 2]ly, 2] = [x, 2][2, 2, ][y, 2]

4. oy 2y, 27 )Pz, 27y = 1 (Hall-Witt Identity)

Lemma 2.2. Let G be a group. Let Gy = G and G,y = |G, G define its lower central

series. Then Gy /Gy is abelian for all k.

Proof. By definition, G/Gr1 = Gi /|G, Gg]. The relation that modding out by Gy gives
us that everything in G' commutes with G}, since, for allz € G and y € Gy, zyz~'y~' € Gyt
So, in G/Gry1, we have that ab = ba for all a,b € Gy. m
Remark 2.3. The first successive quotient in the lower central series of G is G* = H,(G;Z).
Remark 2.4. The previous corollary and lemma show us how the commutator is linear in

each coordinate.

Definition 2.13. Let F, = (x1,...,x,) be the free group on r generators. We define the

basic commutators of F, inductively in the following way:
1. ¢; =x; for i = 1,...,r are the basic commutators of weight one, w(x;) = 1.

2. Having defined the basic commutators of weight less than n, the basic commutators of
weight n are ¢, = [¢;, ¢;], where
(a) ¢; and ¢; are basic and w(c¢;) + w(c;) = n, and
(b) ¢ > ¢; and if ¢; = [cg, ¢, then ¢; > ¢;.
3. The commutators of weight n follow those of weight less than n and are ordered ar-

bitrarily with respect to each other. Basic commutators will always be numbered so

that they are ordered by their subscripts.

Remark 2.5. These types of commutators of weight k act as a basis for G /Gyy1, hence the

name basic commutators. [17, Theorem 11.2.4]



Theorem 2.2. (Basis Theorem) If F,, = (x1,...,x,) and c1,...,¢ are basic commutators
where 1 < w(¢;) < k, and Gy, is the k" term in the lower central series, then an arbitrary

element of f has a unique representation,

f=ct'cs? -t mod Giy.

The basic commutators of weight n form a basis for the free abelian group Gy /Gyi1.[17]

Lemma 2.3. Let G be a group where Gy = G and Gy = |G, G;). If a group G = (xq, ..., z,)
is finitely generated, then Gy/Gry1 is generated by simple commutators [y1,...,yx] where

yi € {x1,..., 2}

Proof. Suppose G' = (ay, . ..,a,). We proceed with induction on k. For k = 1, we have that

G, = G, so as G is generated by r elements, so will its quotients. Now assume the theorem

is true for k — 1. By definition, Gy, is generated by elements of the form [a4, ..., ax] such that
a; € G. Note that such an element [ay,...,a;] = [[a1,...,ax_1], ax] where [a1,... ax_1] €
Gr_1. So by the induction step, [a1,...,a5_1] = uf* -+ - uSw where w € Gy, u;s are simple

commutators in the generators of GG, and ¢, = +1. Then

lai, ... a5 = [[a1,. .., ax-1], ag]
= [l
= [uil o U:Lnﬂ ak] [uil T u;n7 Qy, w] [wv ak]
= [ui' - u ar]  mod Gi/Grar.
As G = (x1,...,x,), we have that ay = 2" --- 2" where z; € {1,...,2,} and n;, = £1.
Thus,
- ) = [, 2 2]
= H [ugr, 23] mod Gi/Gria
(w,A)€E[n]x [m]
= H eun,\[uu, ZA] mod Gk/Gk—H-
(1, A)€E[n]x [m]



!/

as each of the u,

s are simple commutators of length £ — 1 written in the generators of g
and the z, are taken to be the generators of G. We have shown that an arbitrary generator
in G can be described by a product of simple commutators written in the generators times
some element in Gj,;. Thus, Gy/Gp,1 is generated by at most r* elements. [17, Corollary

10.2.3] n

Lemma 2.4. Let m and n be positive integers with G, Gy, as the n'® and m'™ term in the

lower central series. Then [Gp,, Gn] C Gpin.

Remark 2.6. The lemma is proven as the lower central series of a group are known to be

N-series|[13].

Remark 2.7. This lemma shows how there is a graded structure with {G,,/Gp11}mez+ and

the commutator |, | bracket gives @ G,,/Gmi1 a Lie-Bracket structure.
meZ+

Definition 2.14. Consider the lower central series of F,, given by G; = F,, and G;41 =
[F.., G;]. Define the abelian groups gr;(F,,) = G;/G;11. Then Lazard defines

gr(Fn) = €D ari(Fa).[22]

i€ZT

Using Witt-Hall identities and the grading structure by given by [G,,, Gk] C Gk, it gives a
graded Lie-algebra structure over Z. The addition is induced from the group multiplication

and the Lie bracket is induced by the group commutator, restricts to bilinear maps
g, (Fn) x gry,(F) — gty (F)[26, 3.1].

Definition 2.15. Let G be a group. Consider its lower central series defined by G; = G
and G411 = [G, G;]. Then the associated graded Lie algebra of G is

gr(G) = P g (G) = P (Gr/GCrs)-[26]

k>1 k>1

Lemma 2.5. [30,2.6] The Lie bracket map [, | : gr(G) @ gry(G) — gri 1 (G) is surjective.
It follows by induction on k that gr(G) is generated as a Lie algebra by its degree one piece.

10



Proof. As Giy1 = |G, G|, we know that we know that it is generated by elements of the form
g 'z, ylg where x, g € G and y € Gy. So, an arbitrary element in gr;, {(G) = Gj41/Gr11 can
be written as Z[a:z, y;] where x; € G and y; € Gy. So, we can clearly map |, ](Z(ﬁ@@)) =

iel icl
Z[l’_i, i) = Z[xiayi][267 3.1] u
iel iel

Lemma 2.6. [20,4.1] gr(G) is generated as a Lie algebra by gr (G).

Proof. We proceed to show that gr, (G) generates gr; (G). As gr,(G) generates itself, we have
satisfied the base case. Suppose for m < k, we have that gr,,(G) is generated by gr,(G).
But as [, | : gr;(G) ® gri_1(G) — gr,(G) is surjective and gr,_,(G) is generated by degree
one parts, we also have that gr,(G) is generated by degree one parts since the bilinear map

from above comes from the Lie bracket. [ ]
Lemma 2.7. If G* is finitely generated, then the groups gr,(G) are also finitely generated[26].

Definition 2.16. A free Lie algebra, denoted Lie(X), on a set X is a pair (F,i) where F’
is a lie algebra and 7 : X — F'is a function with the following universal mapping property:
Whenever ¢ is a Lie algebra and ¢ : X — ¢ is a function, then there is a unique Lie algebra

homomorphism ¢ such that the diagram

commutes.[26, 3.1]

Claim 2.2. Let Fx be a free group on a set X. Consider Lie(X). It is known due to Hall,
Magnus, and Witt that the cannonical map X — gry(Fx) induces an isomorphism of graded
Lie algebras, where Lie(X) 4 gr(Fx).[30]

Claim 2.3. If X is finite then, rank(gr,(Fx)) = %Z,u(d)|X|§[Theorem 11.22)[17).
dlk

Remark 2.8. The claim above tells us how many basic commutators of weight k there are in

E,.

11



Nilpotent Groups

Definition 2.17. We say that G is nilpotent if its lower central series terminates to the

identity group after finitely many steps. In other words, there is some n € Z* such that

G, = {e}.

Similarly, one can equivalently say that G is nilpotent if it has an upper central series
terminating in the whole group after a finite number of steps. In other words, there is a j
such that

1=Zy <Zy 4--- 14; =G

in its upper central series. [7]
Lemma 2.8. If G is a finite p-group, then G is nilpotent.

Proof. [7] If G is a p-group, then Lagrange’s theorem tells us that so is G/Z; where Z; is
the i center of G for every i. As all p-groups have nontrivial center, we would have that
Z(G/Z;) is a non-trivial p—group. So, this shows that if Z; # G, then Z; C Z;,; where
Zi # Ziv1. Also, as Z; < G for every j, | Z;| = p¥. As k; < k;11 until the sequence stabilizes
and |G| = p*, we know there is a j such that k; = k. This finishes the proof. n

Lemma 2.9. If N = Ny and N;+1 = [N, N;] where

Nll>"'\>Ni:]_,
then Ni—l S Z(N)

Proof. Suppose N is a nilpotent group with lower central series of length i. Then N; =
[N, N;_1] = 1. This means, that for all z € N and y € N;_;, we get z 7'y tzy = 1. Thus,
xy =yz for all z € N and y € N;_;. It follows that V; < Z(N). [ |

Definition 2.18. We say a group G is nil-c if every commutator of the form [a;,...,a.] =1

for any a; € G and 1 < j < ¢.[17, 10.3]

Lemma 2.10. If G has nil-c, then every subgroup and factor of G has nil-c.

12



Proof. Suppose G has nil-c. Then every commutator [ay,...,a.] = 1 where a; € G. So, if
H < @, then [by,...,b] = 1 where b; € H < G. Also, for any normal subgroup N < G, we
have that

Definition 2.19. If G is nil-¢, but not nil-(¢ 4+ 1), then G is nilpotent of degree c.

Remark 2.9. Given G; < F), as the jth element in the lower central series, we can construct

F,/G; which is a finitely generated group that is nil-;[18].

Lemma 2.11. If N is a finitely generated nilpotent group where every element is of finite

order, then N 1is finite.

Proof. Suppose N is nilpotent with lower central series
N=Ny > Nyp>--->N; ={e}

such that 2?7 = 1 for all z € N \ {e}. Since N is a finitely generated group, its successive

quotients in its lower central series is a finitely generated abelian group. So, N;/N,.; is a

finitely generated abelian group for each 1 < j <. As every element is torsion, there is no

free part in N;/N;;+1. Thus, N;/N; = é Z/p"7Z = m;. Tt follows that [N; : Njyi] =m; <
i=1

oo for each 1 < j <i—1, so,

N = [V: {e}
T M)

“TIm

J=1

< 00

13



proving the lemma. [ ]

Definition 2.20. Let j,p € Z". We define the verbal subgroup of F;, to be
Kj7p = ‘/J,P(Fn)

where V;, = {af, [z1,...,z;]|x1, ..., x; € F,}.
Corollary 2.2. K, < F, is a verbal, finite index subgroup for j,p > 1.

Proof. Let j,p > 1. Then it is a verbal by definition. It is finite index because every simple
commutator of length j would vanish in F,/Kj,. In other words, F,/Kj, is nil-j. Also, as

2P € K, for all x € F,,, every element in F},/ K, is of finite order. Thus, [F,, : K;,] <oco. =
Remark 2.10. So, we can construct a homological representation pg, , for all j,p > 2.
Definition 2.21. We say a group G is Noetherian if every subgroup is finitely generated.

Definition 2.22. We say a group G is a finitely generated nilpotent group if the

following equivalent conditions hold:
1. G is finitely generated and nilpotent.
2. G is Noetherian and nilpotent.

3. G is nilpotent and its abelianization is finitely generated.

The Johnson Filtration

Remark 2.11. We mainly focus on separating consecutive terms in the Johnson filtration of
Aut(F,). Define G; = F, and G, is the j™ term in the lower central series of F,,. Then
Gy = [F,, F,,] is the commutator subgroup of F,,. We then can define the Torelli subgroup
of Aut(F},) denoted

I =Af€Aut(F,)|fc: G1/G2 — G1/G; is the identity}.

14



This subgroup is special because the maps that define the Torelli group [11] are the maps
that act trivially on the homology of the wedge of n circles. The action on homology and the

Torelli group provide us with a short exact sequence
1 -7 — Aut(F,) — GL,(Z) — 1.[12,1.0.1].
Further, we can define the k** Torelli group
T = ker(Aut(F,) — Aut(F,/Gry1))[29].

These groups give us a filtration given by

o C i CHC- ST =T CAu(F,).[§
There are three main facts to know about the Johnson Filtration:
1. Z/J; is a finitely generated nilpotent group for ¢ > 1.
2. J;/Jit1 is abelian for i > 1.
3. Ji/Jit1 is an Aut(F),)/Z-module for i > 1.[16]

As T/J;11 is a finitely generated nilpotent group, it is Noetherian. So, we have that
J:/ Jix1 is a finitely generated abelian group. In fact, it is known that the Johnson filtration
is an N-series[13, 1.2].

For any f € J; and = € Gy, the definition of J; gives us that f(z) = xw for some w €

Gis1. So, 27 f(x) = 27 'aw = w € G441 This action defines the £ Johnson homomorphism
Tk - jk — Hom(Gl/Gg, Gi+1/Gi+2)

where

7(f)(@) = 27" f(2) mod Gi.[6]

15



This homomorphism characterizes elements in J;/J;+1 by how it sends elements of = €
G1/Gs to elements in G;y1/Giio by way of 27! f(z) € G;41. Since basic commutators of
weight (i + 1) serves as a basis for G;11/G;i12, we use projections onto their coordinates to
help us define cohomology classes in some cover.

The Johnson homomorphism is surjective for & = 1 [1] and Jpy1 = ker 7. In 7y, its
kernel represents elements g € J such that x7g(z) € G, for all x € F),.

When attempting to separate J; from J;,1, we encapture the action of how elements of
J: send elements in G /G5 to elements in G;11/G;,2 in the homology of some cover K with

a cohomology class ¢ € HY(K;Z).

16



Chapter 3. Results

A Representation Theoretic Approach to Separation

Remark 3.1. There is a representation theoretic way to show that we can separate Z from 7,
using some finite index cover K [16, Proposition 3.1]. Consider the chain of normal subgroups
Jo < T < Aut(F,). So, Z/J> is a group and Aut(F,) acts on Z/J, by conjugation. As Z/7,
is abelian, Z acts trivially on Z/7, = A* H, where H := H, (\n/ St Z> and A® is the third

=1
exterior product. [2, 2] Thus, by the universal mapping property of group homomorphisms,

Aut(F,)/Z = GL,(Z)[4] acts on Z/J,. So, now we can see Z/J> as an irreducible GL,,(Z)-

module.

Let K < F), be a finite index characteristic subgroup. Then [F}, : K| = m. Consider the

group homomorphism 7 : Z/Jo — px(Z)/px(T2).

Lemma 3.1. [16,3.1 Claims 1 and 2] Let K < F,, = (ay,...,a,) be some finite indezx sub-

group. Then there is a non identity element f € (Z \ Jo) Nkerr.

Proof. Let m = [F,, : K]. Then for each generator a;, we know that a* € K form = [F,, : K.
Consider the automorphism f € Aut(F),) that sends a; — a1[al’, a}'] and fixes the other
generators. To show this is in the kernel of 7, we will show px(f) = I. As f fixes all of
the other generators in F), besides a; and f(a1) = ai[a}’, a¥’] = a; mod [K, K]. We know
f acts trivially on Hy(K;Z) since a* € K for all generators. So, f € ker(pg). Clearly, we
know f € Z since f(a;) = @ in F,/[F,, F,). As a7’ f(ay) = [aF, a'] € Lo \ L1, we have that
f & m

Theorem 3.1. [16,3.1] Let K < F,, be a finite index, characteristic subgroup. Then

pr(Z) : pr(T2)] < oo.

Proof. Recall that Z/J, is in irreducible GL,(Z)-module and f # 0 in Z/J. So, its GL,,(Z)-
orbit is a finite index subspace. Since the action of GL,(Z) = Aut(F,)/Z on Z/J, is given
by the action of conjugation where §-h = g~1hg for any § € Aut(F,)/Z and h € Z/Js.
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So, the whole GL,,(Z)-orbit of f is in the kernel of 7 since the kernel is a normal subgroup.
This orbit is finite index in Z/J because Z/J, ® Q is irreducible. Thus, a nonzero GL,,(Z)
submodule of Z/J, with coefficients in Z would be a finite index subgroup of Z/J. So,
ker 7 is finite index. By surjectivity of 7 and first isomorphism theorem, |px(Z)/px(J2)| is

finite. ]

So, what this shows is that for any finite index subgroup K < F,, one can show [px(Z) :
pr(J2)] < co. This is surprising since [Z : J5] = co. The reason that we cannot extend this

idea for J;/J;41 is because J;/J;11 is not an irreducible QGL,,(Z)-module.

Theorem 3.2. Let p : Aut(F,) — GL(H,(K)) be some homological representation where
K < F, is a characteristic subgroup for n > 3. Then [p(Z) : p(Jx)] is finite.

The theorem is proven by the following lemma as Z/Jj is a finitely generated nilpotent

group.

Lemma 3.2. Let N be a finitely generated nilpotent group. Let H < N be a normal subgroup
whose image has finite index in N/[N, N]. Then, [N : H| < 00.[16, Lemma 3.2]

Proof. Denote N; as the i*" term in the lower central series of N. Let {ai,...,a,} € N be a
set of elements that project to a free generating set of N/[N, N]. For elements gq,...,9x € N
denote [gy, . .., gx] as the repeated commutator [gq, g2, - - ., gx]]. Then the following two facts

are standard:

1. The group N;/N;.; is an abelian group generated by the images of all elements of the

form [z1,...,x;] where each z; € {ay,...,an}.

2. The map N* — N;/N;,; given by (x1,...,7;) = [x1,...,7;] is a homomorphism is

each coordinate.[16, Lemma 3.2]

We now proceed by induction on the length of the lower central series of N. The lemma is
obviously true for N abelian. Suppose it is true for G with a lower central series of length
1. Let N have a lower central series of length ¢ + 1. The multilinearity of the repeated

commutator, together with our inductive hypothesis gives that [N; : N; N H| < oo.
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Given any x € N, the inductive hypothesis gives that there is a number ¢ such that the
image of z‘ in N/N; is contained in the image of H in this group. This means that there
is a y such that y* € H and 'y € N, by taking some lift of Z not equal to z. Write
x = yh. Since [N; : N; N K] < oo, there is an m such that A € H. As N has a lower
central series of length ¢+ 1, this shows NV; is central in N. Since N; is central in N, we have
that (yh)™ = (y©)™(h™)* € H. A finitely generated nilpotent group of bounded exponent

is finite, which concludes the proof. [16, Lemma 3.2] n

Proof of Theorem 3.2. Using the lemma above, let N = Z/7, and H = (ker px N Z)/T,.

Consider the surjective map given by

Z/Jr  px(D)/px(Tr)-

First isomorphism theorem shows that (Z/J,)/K = pk(Z)/pr(J.). So, if we show that
[N : H| < oo, then we show [px(Z) : px(T,)] < co. It is known that N/[N,N| =Z/J|21,
Theorem 6.1]. Recall that K = (ker px NZ)/J,, so its image in N/[N, N] is (ker px NZ)/ T
due to the natural map from I/J, — I/J. We showed in the separation of Z from J that the

index of [N/[N, N]: K] < oco. This satisfies the criterion for the lemma, thus [V : K] < co.
Hence, [pxc(T) : pie(J,)] < oo, Thus, as [px(@) * pre(Tirn)] = Iox(@) * prc(T)llow (i) -
pr(Tes1)] < 00 and [px(Z) : pr(Tx)] < oo. It follows that [pr(Tk) : pr(Tks1)] < oc. n

The theorem above shows that there exists a separation of finite index, now we show that

the index need not be 1 in the following theorem.

Theorem 3.3. [16, Theorem 1.7) Let T 2 J 2 Jo 2 --- be the Johnson filtration of
Aut(F,) forn > 2. Then there ezists a homological representation p with the following prop-
erty: for any k > 0, there is a number N > k such that if j > N, then [p(J) : p(J;)] > 1.

Proof. Consider F,, as the fundamental group of the wedge of n circles for n > 2. Pick an
odd prime p. Let K = ker(F,, — Hy(F,;Z/pZ)). For any positive integer m, let L,, < K
be defined by L,, = ker(K — H;(K,Z/p™Z)). Let p be the homological representation

corresponding to the cover given by the subgroup K.
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Since K is characteristic in F), and L,, is characteristic in K, we get that L,, is normal in
K. By construction we have that F, /K and K/L,, are p-groups, thus F,,/L,, is a p-group.
This shows that F,,/L,, is nilpotent for any m.

Denote d(m) as the degree of nilpotence of F,/L,,. By definition, the group Zy,) acts
trivially on F,,/Ly,. As Hy(K,Z/p"Z) = K /Ly, < F,/Ly, it implies that Z;,) acts trivially
on Hy(K;Z/p™Z). This means that the elements of p(Zy,)) are in the p™- congruence
subgroup of GL(H,(K,Z)).

Fix k > 0. Then there is a g € Z; and i > 0 such that p(g) is not in the p’-congruence
subgroup of GL(H;(K;Z)). This is because p(g) has only finitely many entries in its matrix.
So, just take p’ larger than any entry in its matrix. This implies that p(Zy) # p(I;) for every
J > d(i) as p(Z;) < p(I4)) is in the p’ congruence subgroup of GL(H;(K,Z)) for all such
7. [

We do a little better in this paper by showing that [px(J;) : px(Jit1)] > 1 for all i for
some homological representation pg.

We now show that Z acts trivially on J;/Ji+1. Let g € I and f € J;. We can see the

action of Z on J;/J;4+1 by taking an arbitrary = € F,, and we show that ¢~ fg(z) = f(z)
modulo G;,5. Let z € F,,. Then by definition, we have that f(x) = zw for some w € G4

and g(x) = xc for some ¢ € G,. For this set up, consider the following lemma.
Lemma 3.3. If f € J; and c € Go, then f(c) = ¢ mod Gys.

Proof. Consider ¢ = [[[z;, y;] where z;,y; € G1 = F),, then

= [[1f @), f(w:)]
= [[[zw:, fw:)]  wi € Giga.
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Considering its image modulo G;,2, we get that each factor

[z, f(y:)] = wi tay f(yi) " aaws f (y;) mod Gy
= x;lf(yl)_lxzf(yz)wflwz mod Gi+2 as Gi+1 is central in G/Gi_l,_Q

= [z, f(y;)] mod Gy 2.

Similarly, as f(y;) = y;v; where v; € G;;; we get that

(i, f(yi)] = [zi, yavi]

= [ﬂfz,?/z] mod Gi+2-

We need one more lemma to show that Z acts trivially on J;/J;+1 by conjugation.
Lemma 3.4. If g € Z and w € G,, for m > 1, then g(w) = w mod G, 11

Proof. We do this by induction. Recall that G, is generated by simple commutators of
length m. So, we just need to show that g(w) = w mod G,,11 when w € G,, is a simple
commutator of length m for any g € Z. Consider the base case where m = 2. Let g € Z and

let z,y € G. Then g(z) = zc and g(y) = yd for some ¢,d € G5 because g € Z. So,

g ([z,9]) = lg(z), 9(y)]
= [e, yd]
= [ze, d][ze, y][xe,y,d] by Corollary 2.1

= [z, dl[z, d, ][c, d][z,y][z,y, c][c, y][xc, y, d] by Corollary 2.1
By lemma 2.4, we have that [x,d], [z, d, c|,[c,d], [z, y, ], [c,y], [xe,y,d] € G3, so
9 ([z.y)) = [z, dl[z,d, c][c,d][z,y][z,y, c][c, y][xc, y, d] by Corollary 2.1

= [z,y] mod G3
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proving the base case to be true. For the induction step, suppose for k£ < i, we have that
g(w) = wmod Gy, when w € Gy, for all g € I. As G; is generated by simple commutators
of length i, we need the claim to be true for simple commutators of length 7. So, consider
the simple commutator [u,v] where u € Gy and v € G;_;. Then g(u) = vw and g(v) = vz

where w € G5 and z € (G; by the induction step. So,

9 ([u,v]) = [uw, vz]
= [uw, z|[uw, v][uw, y, z] by Corollary 2.1

= ([u, z][u, z, w][w, 2])([u, v][u, v, w]|[w,v])[uw, y, z] by Corollary 2.1.

By lemma 2.4, we have that [u, z], [u, z, w], [w, 2], [u, v, w], [w, v], [uw, y, 2] € Gi11. Thus,

9 ([u, v]) = ([, 2w, 2, w][w, 2])([u, v][u, v, w]lw, v]) [uw, y, 2]
= [u,v] mod G,
proving the induction step. [ ]

Corollary 3.1. Let G be a group with lower central series

G=G>Gy>---

and Johnson filtration
T = jl > \72 > .-

Then T acts on J;/ Ji1 trivially by conjugation.

Proof. Let g€ Z and f € J;. Let g € Z and f € J;. We can see the action by conjugation of

7 on J;/ Ji+1 by taking an arbitrary « € F,, and showing that ¢~ fg(z) = f(z) modulo G;».
Let « € F,,. Then by definition, we have that f(z) = zw for some w € G;;; and g(z) = xc

for some ¢ € G5. Note by properties of inverse functions, we have that f~!'(zw) = z and
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g ' (zc) =x. Thus f~Hz) =2zf ' (w™) and g7 (z) = zg (¢ !). So,

97" f(xc)

(zwf(c))

'(zwe) mod Gyio by Lemma 3.3
(
(

s
—
~
=
&
Il

1

9

g

zew) mod Gipe as Gy is central in G/Gyqq

gl

1

g Hzc)g H(w) mod Gy

= 2w mod Gy by Lemma 3.4 and g 'g(z) =
= f(z) mod G,y

proving the corollary. [ ]

Corollary 3.2. Let {J;}icz+ be the Johnson Filtration for F,, for n > 2. Then J;/Ji+1 1S a
GL,(Z)—module.

Proof. We have that J;/J;11 is an Aut(F,)—module. So, as Z < Aut(F},) acts trivially on
J: | Jix1, then J;/ Jivqis a GL,(Z)—module as Aut(F,)/Z = GL,(Z). u

Remark 3.2. There is a similar theory when replacing Aut(F},) with the mapping class group
[10][23] of a surface S, denoted Mod(S). To construct homological representations, you can
take finite index subgroups of (.S, zo)[15]. They are closely related as the extended mapping
class group Mod®(S) = Out(m;(S)). When working with Mod(S), one can still construct

the Johnson filtration and homological representations|20].

Existence Theorem

Remark 3.3. In this section, we show that we can separate J; from J;,; with some homo-
logical representation px. We look more at the action on homology to show that we have a
separation instead of taking a module theory approach. Recall that, for each i, the i** John-
son homomorphism for Aut(F},) looked at how the element of Aut(F;,) mapped x € F,,/G;

to an element 7! f(z) mod Gy, .
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On the other hand, let K < F, be a finite index characteristic subgroup K < F;,. Then
for y € K, we can look at y~!f(y) for any f € Aut(F,). This is precicely px(f)(y) —y =
(px(f) — Dy € Hi(K; Z).

Remark 3.4 (Proof sketch of Existence Lemma.). For each i, we can choose the cover K,
the map f € J; \ Jitr1, and a cohomology class ¢ such that for some x € K we can show
Yz f(x)) # 0 and Y(z71g(x)) = 0 for all g € J;;1. Since the Johnson homomorphism
characterizes J;/J;11 by how sends elements in the homology of F,, to basic commutators of

weight ¢ + 1, we want to use this measurement of J;/ ;.1 to create a cohomology class of

Hi(K:7).

Remark 3.5. This paper uses subgroups of the following form to build homological represen-

tations.

Remark 3.6. When separating J; from J; 41, we use a cohomology class ¢ : Hy(K;11,;Z) —
7./ p*Z for some positive integer p € ZT. The following lemma assures us that the cohomology

class that we created is well defined since Hy (K11, Z) = Kiv1,p/[Kiv1p, Kit1p)-

Lemma 3.5. Let j,p > 1 and k € Z". Let K;,, be the verbal subgroup of F,,. Then for k < j
(Kjp NGr)/Grir € p(Gr/Grs)-

Proof. Consider such an a € Gy N K;,. Consider its image a € F,,/Gy+1. As a € Kj,,
we can express a is generated by p* powers in F},/Gry1. As Gi/Gry1 has a basis of basic
commutators of weight k, we can describe @ as p™* powers of commutators of weight k. So,

in F,/Gj+1, we have a = [] af where a; is a basic commutator. ]
i€l

Lemma 3.6. Let pE 7. (([ij, Kj,p] N Gj)/Gj+1) - pQ(Gj/GjJrl).

Proof. Elements in [K;,, K;,] N G; are generated by elements of the form [a, b] where a €
Gy N K, and b € G,, N K;,, where k +m > j. This is because [Gy, G,,] C G; and G, C G,
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if £ > k. Thus,

l
!
:1‘
X

° where ¢; is a basic commutator of weight &

Similarly, as b € G,,, N K}, we have that

2Py

Thus in [KJP,K ]ﬂGj/GjH

[a,b] = [a,b]

- [pza,pza]

el teT

=p’ [Z G, th] € p*(Gy/G).

el teT

So, as the image every generator of [K;,, K;,]NG; in G;/G;41 is contained in p?(G;/Gj41),

we have that ([K;,, K;,] N G;) /Gjv1 C p*(G;/Gji1).

Theorem 3.4 (Existence Theorem). For all ¢ > 0, there is an f € J;, a cover K, and

a mod p* cohomology class ¢ : H(K;Z) — Z/p*Z for some prime p such that for some
r € Hi(K;Z), we have that y(x=' f(x)) # 0, but Y(z 7 g(x)) =0 for all g € Ti11.

This proposition will be proven by the following lemmas.

Lemma 3.7. If K;, < F,, is the verbal subgroup generated by the same set of words deter-

mined by p™ powers along with the words in the ;™ term in the lower central series of F,,
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then it is a finite index characteristic cover.

Proof. Note that K, is characteristic since it is a verbal subgroup. It is finite index in F,

since F},/ K, would be nil-j where every non-identity element is of finite order. [ ]
This next lemma shows how to construct our desired cohomology class.

Lemma 3.8. There is a homomorphism v : Hy(K;,;Z) — Z/p*Z such that G411 C kerp
and Y(K;, N G;) # 0.

Proof. Let L = ker(G; — Hy(Kj,;Z)). Then as Hi(K;,;Z) = K;,/[Kjp, K;,|, the image

7P 2.0

of L in Gj/G,1 is contained in p*(G;/G,41). So, we can consider the map
G/ [Kjp, Kjp) = (G (K, Kp)) [ Giin = LIP°L® G/ G,

call it 7 which is natural and well-defined as the image of [Kj,, K;,] N G, in G;/Gj41 is
contained in p?(G,;/G;11). This set of maps clearly has G, in its kernel. As H(Kj,) is a
vector module and we defined a map on a subset of its parts that satisfy all linear relations,
we can extend our function from G,/[Kj,, K;,| to all of K;,/[K;,, K;,] = Hi(Kj,,Z), call
it 7. Consider a basis of Gj/G,41 consisting of basic commutators. Let v € G;/G;11 be a
basic commutator and define p, : Z/p*Z ® G;/G;11 — Z/p*Z as the projection on to the
basis element corresponding to v. Then our desired map ¢ := p, oy will map v — 1 which

1S nonzero. ]

The next claim is to construct an easy way to look at the action of 7! f(x) for f € J;

and x € Hy(K;Z) in some cover finite K < F,.

Claim 3.1. If x,y € G for some group G, then
j—1
277 (a:y)j _ kaf(jfl)yx(jfl)*k

k=0

for all j > 1.
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Proof. We proof the claim by induction. For 7 = 2 it is true that

Tay) = (2 ya)y

n—1

Now suppose that for n, it holds that x™"(zy)” = [[ 27~ Vyz=Y=7 for all z,y € G.
j=1

Then for x,y € GG, note that

a” D @y = a7 (@ ()" (2y)

I
/\ /\
oL
Il |
(e —
8
K:
:
C
<
[ 3]
: £}
L
T
S
N~
5]
~__—
<

Lemma 3.9. Gien v : Hi(K;,,Z) = Z/p*Z & G;/G,+1 as above, then there is a projection
po: Z)p*Z @ G; /G — ZJp*Z on to some vector v € Z[p*Z @ G;/Git1 and an f € Tj—4
such that (p, o v)(ay” f(a)) # 0.

Proof. Let v € Gj/Gj11 be a basic commutator. Let f € J;_; be that automorphism

defined where a; — a;v and all other generators are fixed. Also, define projection p, :
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Z/p*Z ® G;/Gj41 — Z/p*Z. Note that in K,

a,"f(a}) = a;"(a1v)”

p—1
_ i—(p—-1),  (p—1)—i
= H a, va1
= H v|v al

So, for ¢ = p, oy

Lemma 3.10. If ¢ = p, oy as above, then, for all g € J;, we have that (a;"g(al)) = 0.

Proof. Let g € J;. Recall that as g € J;, we know that g acts trivially on F,/G,41, so

g(a1) = ayw for some w € Gj41. Thus, in K1, we have that in K4,

a;"g(ay) = a; " (arw)”

_ H azl—(p—l)wagp—l)—z
= Hw w a1 .
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So, for ¢ = p, oy

These last two lemmas show that we have separated J; from J;,1 with pg,, .

Separation Theorem

In this section, we extend the ideas from the Existence Theorem to show that for all f €

Ji \ Ji+1, there is a finite index characteristic K < F,, such that px(f) ¢ pr(Tit1)-

Theorem 3.5 (Separation Theorem). Fiz i > 0. For all f € J; \ Jit1, there is a cover
K and a mod p* cohomology class v : Hi(K;Z) — Z/p*Z for some prime p such that for
some x € Hi(K;Z), we have that (z~ ' f(x)) # 0, but (z 7 g(x)) =0 for all g € Tiy1.

Proof. Note that as f € J;\ Ji+1, then it must map some a; — a;w for some w € G;11\ G2
Thus, the image of w in G;11/G;;2 is nonzero. As basic commutators of weight i + 1 act as

a basis for G;11/G;y0, we have that

rank(Git1/Giv1)

m=1

where b; € Z and u; is a basic commutator. Define ¢ = max |b;| and call the basic
1<i<rank(Git+1/Gi+2)
commutator, of weight i+1, c. Let p > max{/,len(w)}, where len : F,, — Z=° is word length,

be some prime. We want to be larger than ¢ and len(w) in order for w to be completely seen
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in the homology of the cover that we construct. Now consider the cover given by K; i, < F,
as the verbal subgroup generated by the same words as p'* powers of F,, and the i + 1*" term
in the lower central series. Now, construct 7y : Hy(K;11,;Z) — (Z/p*Z)2G;41/Gi1o similarly
to how we created v to show the existence of a separation. Now post compose this with the

projection of p, : Z/p*Z @ (Gi11/Giv1) — Z/p*Z. Again, define ¢ = (p. o 7). Recall that

a,”f(af) = a;"(a1w)?
p—1

— H a%f(pfl)wagpfl)*i
i=0

p—1 '
= Hw[w,a(pfl)ﬂ].

1=0

So,

Thus, ¢ (a;”f(a})) # 0. As shown before, for all g € J;41, it is true ¢ (a;g(a})) = 0. This

provides us with our separation. [ ]
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Example. Let f € Jy\ J3 C Aut(F3) where
ay = ay [[a?)agag?a aQ]v ag]

a —> Qg [ail’)gv [a1_17 agl]][[a?n a’l]a [GIGJ& a3]]

as > as|[atay, a3), a).

then a, ' f(as) = —13[[ay, as], as] mod G4 written in the basis of basic commutators of weight
3. So, as len([ai?, [ay", a3']][[as, a1], [a]as, as]]) = 78, we can choose the prime 97. Then, for
Y = Difar,as),as] © 7 WheTe Piia; as)as] © G3/Ga ® Z/IT*Z — Z/9T°Z is the projection on to the
basis element [ay, a3, as] and v : Hy(K397;Z) — G3/G4R7Z/9T*Z is defined as in lemma 3.8.

Then

W(az" f(ay") = v(ay” f(az)™)

= (a3 (azlaz’, a1, a57]][[as, a1, [alas, as]])"™")

- (H[“?’ o, a5 lfas, @] lafas, ] o}, o, o ] [fas, @] [afa, as]) az“]>

7=0

= Zw a3 ) al ) @ H[[a?nal] [a1a37a3]]) +¢(Ha3 7[a117a3 1]][a3,a1], [aza?na?)“’

—Zw (03, [ai" a5 ])[[as, au). [alas, as]]) + 0
- Z¢ a3 ) al ;a3 H) + ([[ag,CH], [azag,ag]])
—Zw af?, [a*,a5"))
= 97(97 — 13) mod 97°.

Note that 97(97 — 13) # 0 mod 972. As v¥(a;""g(ad")) = 0 for all g € Js, we have provided

a separation for f from Js.

Corollary 3.3. For A < J;/Jix1 an irreducible submodule, there is a K < F, finite index

characteristic subgroup such that the map A — pr(T;)/pr(Tit1) is a nontrivial, Aut(F,)
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equivariant map.

Proof. Since the previous lemma shows a separation for every element in 7;/J;11, we can
choose a representative of f4 € A for every irreducible submodule A < 7;/J;41. This fa
will correspond to some characteristic cover constructed similarly to the lemma above. This

will give us our separation. [ ]

Lemma 3.11. Given A C J; \ Jis1 irreducible GL,(Z)—submodule and q € 7, there exists
a homological representation px : Aut(F,) — GL(H,(K);Z) such that pr(A) # 0 for the
GL,(Z)-invariant map pr : J;/ Tix1 @ Z/q'Z — px(T5) /o (Tiv1) @ Z/¢'Z.

Proof. Suppose [ € J; \ Jix1 and g € Z* prime. Then there is a generator a; — ayw where
w € Giyq \ Giyo. So, the image of w, denoted by w, in G;11/G;i12 is nonzero. Recall that
basic commutators serve as a basis for G;11/Gi12. So, there is a basic commutator, call
it x, with the largest coefficient in absolute value, call it r. Now define m = ¢' such that
¢! < b < ¢" where b = max{r,len(w)}. To construct a cover, we now consider the verbal
subgroup, denoted by K; 1., < F,, generated from the words of m™ powers and the (i +1)™"
term in the lower central series of F,,. We again can construct a map v : Hy(Kip1m) —
Z)m*Z @ Gi11/Gire when we showed the existence of a separation. And we again post-
compose this homomorphism with the projection p, : Z/m*Z @ (Gi11/Gire) — Z/m?Z that
reads off the z-coordinate mod m?. Thus, ¥ = p, 07 : Kiy1m/[Kiv1m, Kiv1im] = Z/m*Z
is well-defined as ([K;i1.m, Kiv1m] N Giz1)/Giva € m?(Giy1/Gira). Also, we have that
(Giy2) € kerp. Thus, as

_ H a/;’;(mfl) al(ﬁmfl)fi
1=0
m—1

_ w[w’ aém—l)—Z]
=0
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So,

shows us that ¢ (a,;mf(azn)) # 0. Let g € J;11, then g sends a; — axv for some v € Gj,2.
Thus,

So, as f € J; acts on ay, differently than every element in J; ;1. So, as px shows how Aut(F,)

acts on homology, we get that px(f) ¢ pr(Jiy1)- n
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Further Results

This section looks to use the techniques used to prove the Separation theorem in order
to separate other types of subgroups of Aut(F,). We focus on separating subgroups of
B < A < J;. There is a way of measuring subgroups of J; by looking at specific lattices of
Giy1/Giga.

Next, we define the following abelian group corresponding to a subgroup H < J;.

Definition 3.1. Let H < J;. Then define the group
Ly = (u€Giy1/Gio|u= f(x)r ' mod Gy, for some x € F, and f € H).

So, 7k (f)(z) reads off how many of each simple commutator is in the element 7! f(z) mod

Gito.

Remark 3.7. This measures what vectors are shown through the Johnson homomorphism
7;. Note Ly, = Giy1/Giy2 and Ly, = 0. So, these give bounds on the measurement. We
will use the fact that if 0 C Ly € L4 € G,41/Gi41, then as finitely generated Z—modules,
Ann(L4) € Ann(Lp).

Theorem 3.6. Given B < A < J; such that Lg C Ly, then there is a homological represen-
tation py : Aut(F,) — GL(H,(K;Z)) such that px(B) € pr(A).

Proof. Suppose that Lgp C Ly, then there is an f € A and x € F), such that f(z)z™! #
g(y)y=! for all y € F, and g € B. As Lg < L, are finitely generated abelian groups, we
know that La/Lp = Z" @ éré Z/pij. Recall that G;11/G;yo is a finitely generated free
abelian group with the basic:éommutators of F, of weight ¢ + 1 acting as a basis. Denote
rank(Git1/Gita

the basic commutators of weight i + 1 as {u;},

Lp= <Z ajuilry, ... ,Tk>

). So we can describe

and

Ly= <Z aju;lsy, ... ,Sg>
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where r1,...,7r; and si,..., sg are relations on the a;’s. We prove this theorem in two cases.
One where L,4/Lpg has torsion and the other being when L 4/Lp has no torsion.

Case I: Suppose that L,/Lp has no torsion. Then there is a u € L, such that it does
not satisfy some linear relation in Z. So, we know there is an f € A and z € F,, and
u € Giy1 where f(z) = zu such that u = 27! f(x) # y~'g(y) mod G; 5 for any y € F,, and
g € B. Asu ¢ Lp, there is a relation on the coefficients with respect to the basis of basic
commutators of weight i+ 1 of Lg that u does not satisfy, say r,, = rank(Gzi/Gm) a;uj. Define
Gu; : Giy1/Giy2 — Z as the projection on the u; coordinate in Z. Thejn:1f0r each m, define

rank(Giy1/Gita)
qr,, = > a;qu;- Then g, (u) # 0. Now choose any prime p > max{len(u), |g.,, (v)|}
and conside]r_’éhe cover K;;1,. Consider v : Hy(K;11;Z) = Z/p*Z @ (Gy1+1/Giy2). Consider
Pr, = rank(Gf/Gi+2) a;pu, where py, : Z/p*Z @ Giy1/Giys — L/p*Z is the projection on the
Uy, coordinazczlas in lemma 3.8. Consider K, < F,. Then 2? € H;(K;41,;Z) and

P f(a?) = x_p(w)”
H ulu, zP~D-

SO7 for 1/} :prrn O’Y

W(z P f(aP)) (HUUIPIJ>

= 3 () + 4 ([, a7 1)

=0
p—1
=0

= pgy,, (u)
< p?

£ 0 mod p?.

Further, for ¢ € B we have that, g(x) = zv for some v € Lg. So, given ¢ = p, o~ note
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that

since every element of Lpg satisfies the linear relation r,,. This gives us a separation.

Case II: Suppose Ls/Lp has torsion. Then there is a u € L, whose coefficients with
rank(Gi4+1/Gi+2)
respect to basis {u;} does not satisfy some relation defining Lg, say r, = > a;
j=1
modulo k for some k € ZT. Then, for p,, : Z/k*Z @ Giy1/Giy2 — Z/K*Z, we know that

Pr, (u) ¢ (k). Consider the cover K, and cohomology class ¢ = p,, o : Hi(Kij14;Z) —
ZK*7 for v : H(Kiy14;Z) — ZJK*Z @ Giy1/Giyo defined as in case I and lemma 3.8. By
definition of u € L 4, we know there is an « € F), such that f(z) = 2w where w = u mod G 5.

So,

I

=

=
+
=}

But for any ¢ € B, we know that z *g(2*) satisfies r,,, modulo G;,2. So, we have shown a
y 9 g +

separation. n

36



Example. Suppose B < A < J; such that B/J3 =2 4(J,/J3) and A/ T3 = 2(J2/T3). Then
La/Lp =7/27 @ J2/Js. Consider f € Jy such that

ar — ay[[ag, as], a4

a; — a; for 2 <4 <4,

Then consider the basis of basic commutator {¢;} of G3/G4 and we can define

L= <Zaici | a; = 0 mod 2>

and

Ly = <Zaici | a; = 0 mod 4> .
Note that Lp < 4(G3/G4) and La < 2(G3/G4). Note that f shows us that 2[[ag, as], as] €
Lad Lg.

Consider the cover K34 < F,,. We build the cohomology class for the relation pjja,,a5],a4] :
ZJ16Z @ (G3/G4) — Z/16Z as the projection onto the [[as, as], as] coordinate. So, we can
build the cohomology class ¥ = Djia,.a5],a0) © ¥ Where v : Hy(K34,Z) — Z/16Z @ (G3/Gy) is
defined as throughout the paper. Then

(0 (a174f2(a411)) = Pllaz,as3],a4] (a174f2<afll))

3
= Pllaz,as),a4] (H ajl_g[[a% as), a4]2a?_]>

j=0

Pllas.as).as) (2[[a2, as], as] + [[[az, as], au], af])

NE

0

ECH
w |l

Dllas.as),aq) (2[[a2, as], a4])

<.
I
o

I
o0

# (0 mod 16.

Since Lp C 4(G3/Gy), we know that a;*g(a?) € 16(G3/Gy) for all g € B. Thus, ¢(a; *g(a?)) =
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0 for all g € B. This provides us with a separation.

This method can be further extended to separate B < A < J; using a different type of
lattice in Gi11/Giyo.

Definition 3.2. Consider F,, for n > 2 with lower central series {G;};cz+. Let € G1/G>.

Then for a subgroup A < 7; we can define the lattice

L% = {a7'f(x) mod Giyo | f € A}.
Proposition 3.1. Consider F,, for n > 2 with lower central series {G,}jez+. Letx € G1/Gs.
Then for a subgroup A < J;, LY < Giy1/Gite is a subgroup.

Proof. The identity automorphism shows that 0 € G;11/G;yo. Now for the second part of
the subgroup criterion, let u,v € L%. Then there is an f,g € A such that u = 7! f(z) and
v=ux"'f(x). So,

v (go fe)(x) =Tilgo fH)(z)
=7n(f7)(x) + m(9)(x)

=v—ué€ L.

[
Lemma 3.12. Let z € G1/Go and A < J;. For p > 1, we have that
LY = pL%.
Proof. Let f € A< J;, then for x € G1/Gs, there is a u € G
x P f(2P) = pumod G 19
= p(z~ " f(z)) mod Giys
[
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Theorem 3.7. Consider J; < Aut(F,) with the lower central series of F,, given by {G,}jez+.
Then if there is an x € G1/Gy and subgroups B < A < J; such that

Lp & L,

then there is a homological representation px such that px(B) # pr(A).

Proof. Suppose there is an x € G1/G4 and subgroups B < A < J; such that
B & L,

then LY /L3, =77 & @ Z/ p?j Z is nonzero. Also, using the basis of basic commutators {c;}
JEZT
we can describe

Ly = <Zaici RETERE ﬂ”m>
and

xT
LB:<§ @i0i|7“17"' ﬂ“k>

where m < k and each r; is a relation of the ajs either in Z or Z/ n;Z. We can again split
this proof into two cases.

Case I: Suppose there is no torsion in L4/Lg. Then, thereisau € G;41/Gi0and f € A
such that u = 271 f(z) and all of its powers are not in Lp. So, the coefficients defining u
in the basic commutator basis does not satisfy some relation r; = > nya, in Z coefficients.
Consider g, : G /Giia — Z as in the previous result. By assumption on u, we know that
qr,(u) # 0. So, define p > max{len(u), |g.,(u)|} a prime. Then we can define the mod p?
projection to the relation r; as in the previous theorem p,, : Giy1/Giys ® Z/ p?Z. Consider

the cover K;;1,. Then we define v : Hy(Ki1;Z) = Gip1/Giro @ Z/p*Z as in lemma 3.8.
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Then for ¢ = p,, o7y

Yz P f(a?)) = Y (pu)
= pih(u)
= plar, (u)|
£ 0 mod p°.

So, as every x'b(x) mod G5 satisfies r; for all b € B, we know that ¢ (z Pg(z?)) = 0. So,
we have shown the separation in this case.

Case II: Suppose L% /L% has torsion. Then there is a mod k relation r; that defines B an
f € Athat 27! f(x) mod G4y does not satisfy. Then, for p, : Z/K*Z® Giy1/Gipy — L/K*ZL
as in theorem 3.6, we know that p,,(u) ¢ (k). Consider the cover K;.1; and cohomology
class ¢ = p,, 07y + Hy (K14, 2) = Z/k*Z for v : H{(K;114;2) — Z/k*Z®Gy11/Giqo defined
as in case | and lemma 3.8. By definition of u € L4, we know there is an x € F}, such that

f(z) = zw where w = u mod G;;2. So,

I
=
S
+
=)

But for any g € B, we know that x %g(z") satisfies r; modulo G;;2. So, we have shown a

separation. n

Example. Consider for Z C Aut(F3) and = ¢. Then suppose A = 2(Z/J) and B < A
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such that
L = ((82 4 6y)[a, b] + (2y)[a, c] + 4z[b,c] | z,y € Z).

Then we can define
L = (ufa,b] + v[a,c] + w[b,c| | v =0mod 2, w=0mod 4, u—3v— 2w =0)

and Ly = 2(G5/G3). So, we need to find a f € A such that ! f(x) has coefficients in the
basic commutators of weight 2 that satisfy that does not satisfy u — 3v — 2w = 0. Consider

f € T that sends

at— a
b—b

¢ — cla,bl.

Then fof € (A\ B). Thus, 2[a,b] € L%\ L%. So, define the relation r(u, v, w) = u—3v—2w
and the cover Ky 7. Define pjqp)—sja,q—2ppq : Go/Gs @ Z/497 — Z /497 and v : H(Ky7;Z) —
Gy/G3 ® Z/49Z as in the proof. Then we have a cohomology class ¢ = P 5—3[a,q—2[b. © V-
So,

6
(0 (0_7(f o f)(07)) = Pla,b]—3[a,c]—2[b,c] (H A a, b]QCG_j)

§=0
=14

= 0 mod 49.

As the relation defined by r is satisfied by all elements in L%, we have provided a separation.
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