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ABSTRACT

Contrastive learning learns input representation by pushing similar data together and pulling
dissimilar data away, along with data augmentation and pretext task construction. It enhances
the large model learning due to its ability to use a large amount of unlabeled data. It has been suc-
cessfully applied to large language models, pre-trained image models, and multimodal models. In
addition, contrastive learning learns a representation from modeling the explainable structure of
the latent space, which has a broad application in scientific discovery and interpretable Artificial
Intelligence (AI).

The primary focus of this thesis is to explore contrastive learning from a data construction
perspective in real-world problems to fill the gap between the principle of contrastive learning
and its application. The challenges, such as sampling bias and data quality, will largely affect
the representations learned by contrastive learning. This thesis analyzes the data construction
chanlledges and limitations in 1) the negative sampling of knowledge graph embedding (KGE),
2) high-quliaty preference data labeling of Large Language Models (LLMs) alignment, 3) data
augmentation in Non-linear dynamic system modeling, and 4) data properties in functions of
mesange RNA (mRNA) sequence. To solve the challenges 1), a hardness and structure-based
objective function was proposed by considering sampling bias in hard negative sampling. For
challenge 2), the similarity of response embedding is used to evaluate the quality of preference
pairs to mitigate the labeling error of humans when they face an ambiguous response pair. Chal-

lenge 3) is solved by systematically considering the physical system and contrastive learning. A



data augmentation strategy by partitioning the full sequence is used for learning the transition
matrix in the latent linear space. Challenge 4) is common to see in the biological domain due
to the high cost of lab experiments. Pre-trained model will advantage the limited dataset su-
pervised learning by learning general features from domain knowledge. A contrastive learning
based teacher-student framework is proposed for mRNA sequence learning by contrasting the
unmasked sequence and the hard-masked sequence.

By providing careful data construction or data sampling, contrastive learning will be boosted
to solve tasks in reality. For the KGE, the novel contrastive loss function learns the boundary
between negative samples and positive samples to improve the link prediction task in the knowl-
edge graph; For the LLM alignment, in the same labeling cost, the selected dissimilar responses
will improve the vanilla direct preference optimization (DPO) alignment; The data augmentation
with contrastive loss play crucial role to learn more accuracy dynamic system, which explained
by the learned the continiues eigenfunction; By considering the tearch-student framework with
hard-masked strategy, the pre-trained model achieve the state-of-the-art result by fine-tuning on
limited downstrame task data.

Overall, this thesis provides a broad data-driven contrastive learning methodology to enhance
representation learning in different domains. The methodology consists of a imprived objective
function in the face of data bias, a better data selection reducing labeling error, and proper data
augmentation for a particular application domain. This methodology improve the learning result

compare to traditional method.
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Introduction

0.1 Reprentation Learning

Representation learning is the process of automatically discovering useful features or repre-
sentations from raw data. By capturing the salient properties of the input data, the representa-
tion will be easier to learn particular tasks, such as classi cation, regression. Data serves as the
foundational resource for training models and plays a pivotal role in the development of repre-
sentation learning methodologies. Deep representation learning and large pre-trained language
models (LLMs) have particularly bene ted from the vast quantities of datasets generated by hu-
mans in the digital age. Supervised learning methods learn the representation directly based on
the task and create superb models to assist humans in an objective detection and recommendation
system. However, labeled datasets are very small compared to unlabeled data. E ectively har-
nessing large-scale unlabeled data o ers considerable potential forimproving model performance
and generalization. As long as the model size and data size increase, the learned embedding of
data will have very good generativity. This pre-trained model could be applied to the specic
tasks directly or by tuning with labeled datasets. Language pre-trained models[1, 2] and ver-
sion pre-trained models [3, 4] have served as foundation models to lead the Arti cial Generative
Intelligence (AGI).

Unlike labeled datasets that enable direct optimization of supervised objectives, unlabeled

data require alternative learning strategies to guide the representation toward meaningful struc-



ture [5]. Therefore, instead of de ning the objective function for the explicit targets, such as
image classi cation and language translation, we prefer to design more general objectives from
the unlabeled dataset itself. The objective always refers to the self-supervised learning (SSL) ob-
jective that designs the pretext task, such as using target words to predict the current neighbor
words in sentences. The pretext task objective is to extract the inherent knowledge from the data
and thus to obtain a representation that the machine can understand. Such representation is also
known as embedding, which represents the feature vector in the embedding space. However,
the objectives or pretext tasks might need to be carefully designed depending on what the nal
goal we would achieve. Otherwise, it may lead to suboptimal representations and bring harmful
biases. For example, pretraining a model on next-word prediction may not be optimal for tasks
requiring sentence-level understanding.

In general, obtaining the representation from the SSL can have two categories: predictive
and contrastive. The predictive SSL aims at predicting/reconstructing the missing information
from a part of the information or a corrupted version. In this paradigm, our pretest tasks are
easily over tted to the particular patterns raised from the intuitive and direct learning objective,
such as predicting missing image patches. While predictive SSL works well with sequence or
structured data, it might be limited by other data modalities and feature explanation. Instead
of reconstructing the input, contrastive learning focuses on learning feature representations by
identifying invariant and distinguishing factors within the signal itself. Contrastive learning
always needs a data augmentation strategy and negative sample construction without predicting
the target to help design the objective function. Unlike detailed feature descriptions, contrastive
learning embedding is always essentialized by some important and well-known features. The
rotated catimages or a green-haired catimage do not a ectit should be classi ed as a cat. Humans
make recognition and classi cations from the summarized experience and compress information.
Contrastive learning reaches the goal by pushing similar data together in the embedding space

and pulling the dissimilar data away.



0.2 Contrastive Presentation Learning

0.2.1 Distance Metric Learning

Contrastive learning is a machine learning technique that trains models to distinguish be-
tween similar and dissimilar data points with the contrastive objective. The earliest contrastive
loss from metric learning, which learns representation by optimizing the distance between di er-
entlabeled data with meaningful [6]. Early metric learning ideal, such as locally linear embedding
(LLE) [7], aims to solve the limitation of PCA mapping that is limited by the linear embedding
when mapping the high-dimensional representatiofi into low low-dimensional manifoldY .

LLE de nes the non-linear embedding method by representing similar points.

Given a set of inputsGe G+ """ «GwhereG 2 R®, a particular data point could be similar to

its neighbors in theX manifold. Conciselyg can be characterized by the linear combination of

data points from its neighbors. The loss function in terms of the coe cient is:

5 N
E= G Fg63j° 1)

8 <8

This adds up the squared distances between all the data points and their reconstructions. The

weights Fggsummarize the contribution of theth data point to the&h reconstruction in the

neighborhood. We assighgo= 0if G does not belong to the set of neighbors@f LLE expects

this characterization in the original data space to be equally valid for the embedding space, i.e.
0 0

-8 Fsog? (2)
8 9

where~g 2 R?,? Y 3, is the embedding in the representation space. Note that the weifhis
have already been learned frod while optimizing the coordinatesg Although the weights

Fggand vectors-gare computed by methods in linear algebra, the constraint that points are only

3



reconstructed from neighbors can result in highly nonlinear embeddings. While LLE gives an
important restriction on the weight computation, it does not compute an encoding function that
could map a new, unknown data point without recomputing the entire embedding and without
knowing its relationships to the training points.

To overcome this limitation, Dimensionality Reduction by Learning an Invariant Mapping
(DrLIM) [8] aims at nding a globally non-linear function that maps input patterns to an embed-
ding space, given neighborhood relationships between samples in input space. More concisely,
given a set of inputGe G+ ” " " G nd a parametric embedding functiod :R®! R?. After the
embedding function, the semantic similarity Ge G°, the distance in embedding space can ap-
proximate by the inputs for raw space, e.g. the Euclidean distancéGe G° = j5 'G® 5 Gj.

Thus, we hope the distance Ge G° becomes smaller i and & are deemed similar and

- 1Gr G° becomes larger iy and & are deemed dissimilar. Unlike conventional learning sys-
tems where the loss function is a sum over samples, the loss function here runs over pairs of
samples, i.e,

@)
L = 1 1Ge Qoo{ 1maxfOe < ’ 1@%0902. (3)
8 8

whereGe G° is the similar/positive pair which is constructed by prior information, such as the
G can be sampled from the neighbor point Gf ThelGe G is the dissimilar/negative pair that
is sampled from the out-of-neighbok is the margin that de nes a radius around. Dissimilar
pairs contribute to the loss function only if their distance is within this radius.

Let's consider the gradient to give an inherent analysis of the loss function. When we input
similar points,

=2 — (4)

n m
m, m,

The gradient direction is the same as tH%:—, so by updating using the gradient descent

method, we can obtain a lower loss function and smaller. When we input dissimilar points



and , smaller than<,
:11_, = < oTn—: 5)
The gradient direction is the opposite directioﬁﬁ;—, so by updating using the gradient
descent method, we can obtain a smaller loss function and larger
At this time, the contrastive loss is also well known with distance metric learning [6] that aims
to learn an embedding representation of the data that preserves the distance between similar data

points close and dissimilar data points far in the embedding space. To better tthe distance metric

learning goal that
i '@ 51'G%2,0 jj5 '@ 3G (6)

where 0 is a margin that is enforced between positive and negative pairs, gngj; is the L2
norm. The loss function is more intuitively de ned as triplet loss [9]
O . .. .. .
Lepsed 19 '@ 3 'G°%R.0 I '@ 3Gz (7)
8
where » Ysindicate the positive part. To improve the training e ciency, it is important to select
the di cult samples that violate the triplet constraint 6.
To avoid the dissimilar pair mining, [10] proposed Multi-class N-pair Loss Objective which

considering# 1negativefGe&Ge"""+( g, itis de ned as

O
Ly 1=logl, expls 1 51G° 15 1 5 1(G 000 (8)
8
The N-pair Loss eq. (8) changes the distance to the inner product due to the normalization of the

output vectorj5 '@j = 1. However, the# 1 negatives from other classes. Thus is hard to

guarantee in the unlabed dataset.



0.2.2 Noise Contrastive Learning

To explore the usage of unlabed dataset, mining the dissimilar (negative) samples makes it
more di cult to build similar (positive) data. Noise Contrastive Estimation (NCE) [11, 12], pro-
vides a fundamental idea for exploring the distribution of negative samples. While contrastive
loss function became a useful tool in representation learning, there is little analysis of why it
works so well. NCE is a method for estimating parameters of a statistical model. Unlike the
previous contrastive loss function aimed at learning the representation to re ect the distance of
similar or dissimilar data, NCE aims at learning the parametric data distribution using a paramet-
ric model. There are many ways to construct the parametric function to approximate the true data
distribution. One of methods is the energy-based model [13], which assumes data distribution

conditional on\ is proportional to an exponential transform of score functi&', i.e,

A1® | exp'B 130 (9)

where expR *@° can be called an unnormalized model which can be converted into the normal-
ized model, 1@ divided by the partition denominatof \° = exp'RB13°3Gi.e

exp'B 13°

?\lG): /] 1\ °

(10)

In practice, the partition function is expensive to calculate. NCE solves this problem by measuring
the ratio between the target distribution and a noise distribution by sampling”” "~ of a
random variable with pdf?-. Instead of maximizing the likelihood in terms of parameters, NCE
converts it to a binary classi cation problem: label thg from the target distribution as =1

and labekg from the noise distribution?- as = 0O, For a particuler sampl® from the mixture



datasetfGe"" "2~ """+~ (g, we have

A 1Dj =1°0=21> (11)

AWM =0°=21P (12)

where the prior probability is decided by the number of samples®@and~. ?1 = 1°=#1#

"Oand?t =(0°=" «1# " © Therefore, the posterior probabilities are

_ ?71De =1° 21D =107t =1° 210
A1 == = & . S (13)
21DP ?1D] =107t =10 ?21D] =0°? =0° P, axiDP
_ ?1De =(° ?210p =107t =1° a?1irr
Al =0D° = = = (14)

2P 7D] =171 =10, 71D =O°7 =P A ID, azlD

wherea =" «# (i.e,?1 = (P+?* = 1°9). Note that we can then model the ratio between the

target distribution and the noise distribution. We thus introduce the log-ratio

AP

VIDP =1n > iy (15)
To make it concise, the logistic function parameterizedaig given by
1
\ 0P (16)

"~ 1, aexp! D



Therefore, the log-likelihood of the parameters is

6
L# = 8In ?\ 1 = lngo s 11 80 In ?\ 1 = OjQO (17)
8. ~
O O
= In 1@, Inil 100 (18)
G ~

Driven by the modeling of the negative distribution in NCE, the NCE-based representation
learning could bene t from the theoretical guarantee and negative sampling without considering
class labels. [14] proposed InfoNCE loss, and it has become a common contrastive loss since its
successful application in NLP, image processing, and multimodal learning.

For the negative sample, there areegative tailsf G, gy, for each transformed positive pairs
1G+@. Thus, InfoNCE aims to correctly nd the positive tail fromaseti «G+"""+ Q. Sowe
can simplify it as model the probability o& is the positive point given the conditionaband a
set of sampld Gy G G+ " " "« @. Where the positive is sampled from the conditional distribution
?1&@ and the negative is 1ID sampled froftGP. The joint probability of tail& is the positive
givenGis )

O
219e@G G """ = NGE '@ (19)
&9

Thus, the predicted probability & is the positive point is

MGG G B = o r (20
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Like in NCE, we want to consider the ratio of probabili&%%. We use the function 1G» &
to evaluate the ratio. The energy-based functiofGe @ has a higher value itGe G is a positive
pair. For example, we can de ne it as

NGE

\1Gr @ = exp'y 1(_:90) 510/ ren

(24)

Note that energy-based function can be extended to more complex models sugh/¥#sr G =
expty 1(390) 6y13°.
Considering the labeled positivg (i.e.,9= 0) and the corresponding negative samples. The

contrastive loss is

\ @ o
eICH ' ;=1 \1G @
expty 1({?00) 51Q3° .
expRIGY §1G°, . exp'§1GY §1G°

(25)

L =55 = Egec 2:60@4Gg 216 109

(26)

= EgeG 2:ar@iGg 2160109}

Ideally, with large: , andfGg_, are drawn IID and independent & The negative loss will

be the lower bound of mutual information'!G; @, i.e.

1@;@ %logh:© L =5>4 (27)

0.2.3 Data Consideration of Contrastive Representation Learning

Regardless of the theoretical guarantee, applying InfoNCE loss 25 in real-world data requires
careful consideration in terms of the positive/negative construction and pretext task design. In
the computer vision domain, the positive samples are always obtained by augmentation tech-
niques such as color Itering and random cropping. [15] has shown that the composition of data
augmentations plays a critical role in de ning e ective predictive tasks to learn visual representa-

tions. In this framework, each sample is applied with two di erent data augmentation operations



6= @ andG = @, where® Esampled from the agumentation operatdr. After the

encoder5? © and projection functiong?! ° are applied to the augmentation input,

Ag = 51GP2% = 61N (28)

e = 5GPz = 61 (29)

TheRgis the embedding used for downstream tasks. However, the contrastive loss is applied on
the projected vector.

Given the# sample in a batch, there will b&# images after augmentation. The rest of
2#  1°will be regarded as negative, exclusive the positive pair.

expisimi Ay 2+

. | ) K
exptsimi2pzeq° | g# . exptsimi2pzg®eg°

L@e<r = log (30)
whereg is the temperature hyperparameter to a ect the contribution of hard negatives, the sim
is the cosine similarity.

To save the computation of these representations every time to get the negatives, [16] saves
the previous embedding into a memory batikand updates the at the particular instance entry
each computation round. However, only part of the instance could be updated in the memory
bank+. Momentum Contrast (MoCo)[17] design a momentum enco8erwhich is used to
calculate the embedding of negatives without back-propagation. The parametapdated by
the encoder of query,

\: <\:311 <0\@ (31)

Only the parameter$gare updated by back-propagation during the training.2 »01° to control
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the contribution of the query encoder.

Yo 4
L">> = |Ogi, explq)k g (32)

g0 EXPQ) ker QP

The denominator sum is over one positive andnegative samples. Whewgis the query signal,
k- is the positive example, ankkis the encoder samples.

However, there is no upper bound on mutual information. The numeraaxp15lG’°51G 0o
will increase to an extremely large value to minimize the loss function. It can be avoided by
normalizing the output of5! °[15]. In this case, the positive pairs will be pulled together, and
the negative pairs will be pushed away in the embedding unit hypersphere space. The numerical

part 15:@"51G % will have the same e ect of

Lo;86== Eig.8ii5'@  5'G °jj (33)

since5'@ and 5'G © are normlaized. However, we will obtain a trivial solution &to produce
identical and constant output vectors. This induced ttalapse problem [18]. INnfoNCE loss [14]
is commonly used to prevent collapse by introducing a large amount of negatives.

Zbontar et al. [19] introduced the redundancy reduction method BARLOW TWINS to measure
the cross-correlation matrix between the embeddings of two identical networks fed with two
augmentations of a batch of samples. The cross-correlation matrix is computed between the
outputsZ1eZ? of the two identical networks along the batch dimension. Whétdas size %
where is the batch size anélis the output dimension. The cross-correlation matrix is de ned
as 12

Sy 9
By trying to equate the diagonal elements of the cross-correlation matrix to 1, the embedding

becomes invariant to the distortions applied. The redundancy reduction term, by trying to equate
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the o -diagonal elements of the cross-correlation matrix to 0, decorrelates the di erent vector
components of the embedding. VICReg (Variance-Invariance-Covariance Regularization)[20] ex-
tends BARLOW TWINS by adding the variance along the feature dimension. Encourages the
variance inside the batch to be equal to a constant along each dimension.

To save the negative sampling and also avoid collapse, BYOL[21] claims to achieve contrastive
learning without using negative samples. The networks encode the pairs of data (e.g., two aug-
mentation images) with di erent parameters but the same architecture, teacher, and student. The
parametetb of the teacher model will be updated by the experiential moving average (EMA) from
the parametek of the student model. Additionally, it changes a similar measurement by adding
an additional predictor (a neural network) to the encoder with paraméteo predict the output
from the encoder with parameteb, with the MSE loss. The EMA parameter was updated, and
the additional prediction gives a more exible space for the two encoders to produce di erent
embeddings, preventing dimensional collapse. [22] concludes that the asymmetry of the learning
update, “stop-gradient’, is critical to preventing trivial solutions. DINO[23] centering and sharp-
ening of the teacher output to avoid collapse without the predictor. Data2vec [24] extends this
student-teacher model for di erent modalities.

As previous work showed, it is non-trivial to adapt contrastive learning to real-world prob-
lems. Inthis thesis, we will consider the negative sampling, data construction, data augmentation,
and pretext design with domain knowledge for boosting the contrastive learning to di erent ap-

proaches.

1 Without the human label, the dissimilar data are more di cult to de ne due to the bias
from sampling. Ideally, we could obtain all other data as dissimilar data/negatives, exclu-
sive the augmentation of itself. However, it is hard to guarantee that all other data are
negative. How to sample the negatives e ciently with the correct label is the key problem
to maximize the capability of contrastive learning. In knowledge graph embedding (KGE),

we improved the standard InfoNCE loss by considering the high-quality negatives. We pro-
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posed a Hardness and Structure aware (HaSa) loss function to decrease the infect of bias
in the negative sampling. The new HaSa loss outperforms the vanilla InfoNCE loss on the

link prediction task in KGE.

A curated data construction is necessary to build a high-quality representation space and
model. The label dataset might have a label error, which a ects the learning process. We in-
vestigate how a high-quality preference dataset will improve the LLMs' alignment. We im-
proved the Direct Preference Optimization (DPO) method, which contrasts non-preferred
and preferred answers for LLMs alignment by considering the annotation error when ask-
ing humans to label the answer preference given the query. We proposed an embedding-
based response pair selection method to have fewer ambiguous pairs to ask people to label.
Without adding extra annotation cost, our method shows an e cient data selection strat-

egy to improve the DPO.

The data augmentation does not generalize across domains. Proper data augmentation to
produce the positive pair is necessary to capture the distinguished features. We applied
contrastive learning with augmentation on data-driven dynamic system modeling. In a
nonlinear dynamic system, the Koopman operator is an in nite linear operator to converts

a nonlinear dynamic system to a linear one. The existing data-driven Koopman opera-
tor approximation method has poor performance take into both long-term prediction and
interpretability. We proposed the Contrastive Koopman Neural Network for learning the
Koopman embedding by contrastive sub-trajectories that split from the same trajectory.
Our method shows the advantage that using contrastive learning on the continuous value

domain.

Considering the properties of the application domain and data modality will advance the
representation learning. Using auxiliary knowledge to design the pretext task for con-

trastive learning would extract more meaningful features. In biological data, obtaining
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labeled data is very expensive. The pre-trained embedding model is necessary to learn
to capture the features hidden in large, unlabeled biological data. To learn the contextual

embedding from the whole mRNA sequence, we proposed mRAN2vec advanced by the
teacher-student method, by contrasting the unmasked mRNA sequence and important re-
gions masked mRNA sequence. mRNA2vec shows the state-of-the-art result in predicting

the mRNA translation e ciency and expression leave.

This thesis will be separated into 6 chapters. The Introduction chapter introduced the moti-
vation and literature review of contrastive learning. The rst chapter 1 will present contrastive
Knowledge Graph Embedding (KGE) work. A new contrastive loss function has been proposed
to consider the bias of negative sampling in KGE contrastive representation learning. The second
chapter 2 will demonstrate the work of using a less ambiguous dataset to directly align LLMs
would improve the LLMs' performance. The third chapter 3 will present the work of the con-
trastive Koopman neural network, which is a data-driven method to approximate the Koopman
operator using contrastive learning. The fourth chapter 4 will demonstrate the work of mMRNA
embedding with the teacher-student contrastive model on the limited biological dataset. The fth

chapter 5 is the conclusion.
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1 Hardness and Structure-Aware
Contrastive Knowledge Graph

Embedding

This chapter is a extend of the published paper:
Honggen Zhang, June Zhang, Igor MolybdgaSa: Hardness and Structure-Aware Contrastive

Knowledge Graph EmbeddiRgoceedings of the ACM Web Conference 2024

Abstract

To resolve the challenges in terms of the negative sampling in contrastive learning, we con-
sider a contrastive learning approach to knowledge graph embedding (KGE) via InfoNCE. For
KGE, e cient learning relies on augmenting the training data with negative triples. However,
most KGE works overlook the bias from generating the negative triples false negative triples
(factual triples missing from the knowledge graph). We argue that generating high-quality (i.e.,
hard) negative triples might lead to an increase in false negative triples. To mitigate the impact
of false negative triples during the generation of hard negative triples, we propose the Hardness

and Structure-awareHaSa) contrastive KGE method, which alleviates the e ect of false nega-
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tive triples while generating the hard negative triples. Experiments show that HaSa improves the
performance of INfoNCE-based KGE approaches and achieves state-of-the-art results in several
metrics for WN18RR datasets and competitive results for FB15k-237 datasets compared to classic

and pre-trained LM-based KGE methods.

1.1 Introduction

A knowledge graph (KG) is a structured representation of factual descriptions of entities and
relationships. Formally, a knowledge graph is de ned as a triple datalfase *E*R*T° where
E andR are the entity set and relationship set, add = f1 e A«€j+C2 E+* A2 Rgis the triple set,
where is the head entityCis the tail entity andAis the relationship. Each triplé « A« €captures
a fact, for example@bama, born in, Honolulu ).

Knowledge graph embedding (KGE), also known as knowledge representation learning (KRL),
aims to learn a deterministic embedding functi&@h °© that maps the , A andCto a lower dimen-
sional spacé! ° = e 2 R3 5% = gy 2 R3, and5!C = ec 2 R® [25, 26]; some KGE methods
may mapAto a separate space from the entities. KGE can be used in many applications such as
guestion-answering [27, 28] and drug discovery [29]. An important downstream application is
knowledge graph completion (also called link prediction problem): given a quéryby combin-
ing a head entity and relationshipA the goal is to infer the corresponding tail entitgfrom a set
of candidate entities. For example, given the quedbéma, bornin), link prediction algorithms
are trained to correctly predict the corresponding tail entityonolulu .

Recently, contrastive learning, a self-supervised learning method, has shown good perfor-
mance for embedding problems in computer vision [15, 17], natural language processing [30],
and knowledge graph embedding [31 33]. Contrastive learning augments the training data by
creating new data samples. How new data are generated depends on what kind of data we want to

embed. In KGE, a givapositive triplerom the knowledge grapht «A«€2 T, can be augmented
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by replacing the original tailCwith another tail entity C such that the new triplet «¢A«C° 8 T .
This creates aegative tripleWe can generate multiple negative triples for each positive triple in
T . InfoNCE[14] is a popular loss function in contrastive learning.

Exhaustively generating all possible negative triples for training is expensive (i.e., replace
Cby all other entities inE). Instead, we only generate negative tails. Simple InfoNCE[14]
samples negative tails from a distribution independent of the query. While this approach is sim-
ple to implement, it was shown that higher-quality negative samples, calietf-adversariabr
hard negative samples, lead to better performance [34, 35]. Hard InfoNCE samples negative tails
from a distribution that depends (semantically and lexicographically) on the query embedding.
For example,New York, location adjoining, New Caledonia ) and (New York, location ad-
joining, Avatar Movie ) are both negative triples in a knowledge graph. Howevéev York,
location adjoining, New Caledonia ) is more useful thanNew York, location adjoining,
Avatar Movie ) for learning a meaningful embedding. Thus, we expect that the former triple
would be harder than the latter one with respect to the majority of standard metrics used in
natural language processing.

Empirical studies show that hard negative triples need to be generated carefully since they
tend to befalse negative triplesvhich are negative triples that are factual. False negative triples
should be inT but are not due to the incompleteness of the knowledge graph. False negative
triples will cause the augmented training set to be biased and have a negative e ect on learning
the embedding function.

In this paper, we modify INfoNCE loss for KGE to alleviate the e ect of false negative triples
while still keeping the advantage of hard negatives. For a particular quer®°®, we generate a
hard negative tailC, using the same sampling distribution as Hard InfoNCE (this accounts for
the query embedding). We weigh the resultant hard negative tripleA« C°, by the probability
that it is not a false negative triple. We approximate this probability by utilizing the shortest

path length between andC in the knowledge graph structure. We call our method Hard-
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ness and Structure-aware (HaSa) contrastive KGE. Figure 3.1 in App&fidixes an overview

of our method. Furthermore, we also boost the HaSa by considering an augmented loss term
(HaSa+). Our experiments using Wn18RR and FB15k-237 datasets show that HaSa is better than
the InfoNCE-based method without considering false negative triples. More broadly, HaSa and
HaSa+ methods perform on par with the wide range of comparable state-of-the-art solutions for

KGE. In summary, our contributions are as follows:

1. Using WN18RR and FB15k-237, we empirically show that Hard InfoNCE, which samples
C from a distribution that depends on the query embedding, generates much more false
negative triples than Simple InfoNCE. We discover that hard negative triples with smaller
shortest path lengths (betweenandC in the knowledge graph structure) are more likely

to be false negative triples.

2. We propose HaSa, which weighs hard negative triples by the probability that they are false
negative triples. This reduces the e ect of false negative triples on the loss calculation.
Experiments show that HaSa has enhanced link prediction results compared to Simple In-

foNCE and Hard InfoNCE.

3. We test HaSa and HaSa+ methods on the WN18RR and FB15k-237 datasets. The experimen-
tal results in link prediction tasks are on par with comparable state-of-the-art KGE methods:
both classic methods such as RotatE [36], ComplexE [37] and pre-trained language-based

methods such as StAR [38], LASS [39].

1.2 Related Work

Knowledge graph embedding is often used for knowledge graph completion. KGE methods
need to be trained on the negative triples to di erentiate from the original positive triples. Early

works such as [40 42] employed triplet loss, setting a marginal distance between positive and
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negative triples. Trouillon et al. [37], Xu and Li [43], and Cao et al. [44] used negative log-
likelihood while Dettmers et al. [45], Yao, Mao, and Luo [46], and Chao et al. [47] used cross-
entropy loss. More recent works such as Sun et al. [36] and Shen et al. [39] used negative sampling
loss proposed by [48], which is similar to noise contrastive estimation (NCE) [12]. More recently,
INfoNCE loss [14] has shown signi cant improvements in contrastive learning, leading to the
proposal of several KGE methods based on InfoNCE loss[31 33, 49].

Some recent works have focused on improving KGE by improving how negative triples are
generated. For instance, Sun et al. [36] and Cai and Wang [50] assigned a probability to each
negative triple based on its plausibility in the current embedding space to improve the training
e ciency. Calculating the probability for each negative triple is expensive during the training. To
save the computation, Madushanka and Ichise [51] and Zhang et al. [52] stored the high-quality
negative triples in the cache and updated it during the training. In addition to the embedding
space, Wang et al. [38] and Ahrabian et al. [53] explored the construction of negative triples
based on graph topology.

In addition to exploring the method of generating negative triples, other works used the tex-
tual information with pre-trained language models (PLMs) to enhance the link prediction result.
Inspired by the BERT, Yao, Mao, and Luo [46] leveraged textual information from the knowledge
graph to propose KG-BERT. Other than BERT, Saxena, Kochsiek, and Gemulla [54] and Wang et
al. [55] explored the di erent pre-trained language models (PLMs) to enhance the advantage of
textual information in KG. More recently, structural information from the KGs has used to gen-
erate higher-quality negative samples in PLM-based methods[31, 38, 39]. In particular, SImKGC
[31] focused on the link prediction problem but without nding the embedding for the relation.
Wang, Liu, and Sheng [32] introduced a temperature constant in the contrastive loss to control
the hardness of negative triples. However, previous research did not analyze the e ectiveness of
hard negatives and neglected the issue of false negative triples.

Our work is also related to the role of negatives aontrastive learning , a self-supervised
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learning method that has shown impressive results in many di erent applications. The quality of
negative samples plays a crucial role in the e ectiveness of contrastive learning. Previous studies
[35, 56, 57] have demonstrated that using hard negatives can enhance contrastive learning results.
Other approaches [58, 59] have modi ed the InfoNCE loss to address the issue of false negative
samples in image classi cation. Recently, some methods replaced negative samples by using

momentum update [21] or stop-gradient [22].

1.3 Background: Simple InfoNCE Loss

INfoNCE loss [14] has been used to learn optimal embedding for audio, images, and natural
language tasks. It has since been adopted for KGE [32, 33].

For a given triple in the KGl+A+€ 2 T, we will sample independent and identically
distributed negative tailsCg» 9= 1+ """ from the negative sample distributio® *C, which does
not depend on andC This will make negative triples:* e A+g°. Let5'G° = g denote the
embedding of the negative tad,.

The InfoNCE loss adopted to KGE is

0 expl}e)AeCO #

L =55= log .
1eAe@2T exple)AeCo s 91 exple)A eCO

. (1.1)

wheree, is the query embedding obtained with an aggregation functéie ©: R® R3! R®
such that6t5 % 500 = Ble g = e5 2 R3. We follow the setting of INfoNCE[14] to use the
gated recurrent unit (GRU) neural network to model the aggregation functén °.

By minimizingL =55 we aim to learn5! © and6? ° such that the query and its corresponding
positive tail are mapped to vectors (in the embedding space) that are close together. In contrast,
the query and the negative tails are mapped to vectors that are far apart.

Assuming thatthe joint distribution oBa*ecege " " & canbe factored é8'eace® o3 7? 'eg’
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[14] showed that the INfoNCE loss gives a lower bound on the mutual information betvegers
That is, by minimizing InfoNCE loss in KGE, we are maximizing the mutual information between
guery and corresponding tail embeddingea; e®. Aitchison [60] also showed that the infoNCE
objective is equal (up to a constant) to the log Bayesian model evidence.

To explicitly account for the negative sample distribution, we can formulate the InfoNCE loss

as

L (8<214_=5>= )
° log X, . (1.2)
LeAC2T expléA %0 5 EC ? 1@ )B)(pléAeCO:I/4 .

where? 1C is the negative sample distribution. We can assume that

p #He
?21C00=1L— (1.3)
®2Ei0c2 #we

whereEjgco E is the subset consisting of entities in the training batChgc, T , and#Cis
the number of time<Coccurs as a tail entity inl;oco. The negative tails sampled frofm 1C are
considered simple because they are generated independently from the query.

To see the relationship between the original InNfoNCE loss (1.1) and (1.2) proposed in [14],
consider samples of negative taifiG gfrom ? C and the approximation

~

O
Ec - 1@>>exp1e)AeC°1/4 1 exple)AeCo"

1

1.4 InfoNCE Loss with Hard Negative Triples

In practice, KGE algorithms often use heuristics to generate hard negative triples to maximize

performance. Hard negatives triples amarderto distinguish from the triples in the KG than
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arbitrarily generated negative samples. One way to generate hard negative triples is to sample the
tail entity from a negative sample distribution that also considers the context. Therefore, instead
of the simple frequency-based distribution as in (1.3), we want the negative sample distribution
to be? 1Gen°.
INfoNCE loss with hard negative triples becomes
o i expte, e #

L =55 0a3= lo

g |
LeAeC2T expléAeCf) s o1 E%? 1Gen® )E)(pléAeCOl/4

” (1.4)

With the hard negative triple, theL -5 oa3 l0ss will not be a lower bound on the mutual
information anymore. We showed that it gives a lower bound on the Kullback Leibler divergence
between the joint distributionte sce® and?1e+e:° (see proposition 1 6.1 for detail).

We will generate hard negative triples by giving higher preference to the tail entities whose
embeddings are close to the context embeddmg, Similar to RotatE [36] and KBGAN [50], we

use the following negative sample distribution:

expte, e

1eAe®2Ti0c2 expldAeOCO

? 1Ge,° = § (1.5)

where Tipc2 T . At the beginning of the learning process, we do not know the embedding
and aggregation functions. Therefore, we initialieg *ec e using representations from an NLP
pretrain model (e.g. Sentence-Bert [61]).

With  samples of negative tailsCggfrom ? 1Gen°,

Eq 7 1gescYeXpie Y4 1 expe, ec”” (1.6)

o1
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Figure 1.1: Number of false negative triples generated using SimpléC® and Hard? 1Gea° methods.

1.4.1 Hard Negative Triples may be False Negative Triples

Reference [58] discussed the possibilityfalse negativeamples, which are negative samples
that (inadvertently) share the same class label as the original data. It was argued that they would
hurt the downstream task.

In KGE, false negative triples will hurt embedding. The false negative tail embedding should
be close to the query embedding (since the triple is factually true), but it's instead pulled away
from the query embedding by the gradient update during the training process (See the analysis
in Remark 1 6.2).

First, we will see that using (1.5) to generate negative tails results in more false negative
triples than using (1.3). We considered two benchmark knowledge graph datasets: WN18RR[45]
and FB15k-237[62]. We randomly removed 30% of the triples in the training. We call the set of
removed triplesTmissingand the set of triples that we retaifiietain.

For every triplet « A« €in Tetain, We Will generate negative triples by sampling the negative
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tail, C, from 1)? 1C, as de ned in (1.3), 2} 1Gea®, as de ned in (1.5). If the negative triple,
L+ A+ can be found inTmissing then it is factual and is dalse negative tripleOtherwise, it is
considered drue negative triple

Note that the number of negative triples,, depends on the batch size. For each triple
LeAe€2 Tigco, We generate = 2%Tioc2® 1negative triples.

Figure 1.1 shows the total number of false negative triples we obtained for WN18RR and
FB15K-237 when we consider di erent batch sizes. We can see that the hard negative sample dis-
tribution ? 1Gea° produces far more false negatives than the simple negative sample distribution

? 1C.

1.4.2 Shortest Path Length Distinguishes True and False Negative

Triples

Unless we consult an external source, we do not know with certainty if a negative triple
L« A is factual (true negative tripe) or not (false negative triple). However, we found that we
can (approximately) di erentiate between true and false negative triples using the knowledge
graph structure [38, 53].

Consider an unweighted, undirected graghinduced by the triples in the knowledge graph.
The nodes ofG represent the entities, and the edges represent relations.3Let”® denote the
shortest path length from a node representing the head entityto another node representing
the tail entity, G in G.

Figure 1.2 shows the histogram 8f « C for true and false negative triples generated by hard
negative sampling fron? 1Gea°. In both WN18RR and FB15k-237, the false negative triples tend
to have smalleB?! « C than true negative triples. We will leverage this observation to mitigate
the impact of false negative triples.

By explicitly accounting for hard negative triples and minimizing (1.4), we can ensure that
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WN18RR FB15k-237
Figure 1.2: Histogram of shortest path lengtl3* « C between head entityCand tail entity Cfor true and
false hard negative triples
the joint embedding of a triple in the KG and negative triples are distributed di erently. Exper-
imental results in Section 1.6.1 also show that InfoNCE loss with hard negative (1.4) has better

link prediction performance than InfoNCE with simple negatives (1.2).

1.5 Hardness and Structure-aware (HaSa) Contrastive

KGE

As we showed in the previous section, hard negative triples may be false negative triples,
which degrades embedding performance. Chuang et al. [58] proposed the debiased contrastive
loss, which accounts for false negative samples.

We can similarly modify the InfoNCE loss with hard negatives by considering a latent variable

labeling triples as factual or non-factual: 2 ffactnonfacig. The ideal hard negative sample
distribution should be? 1Geae = nonfacP instead of? 1Gea°.

We use the graph structure information of the knowledge graph to Iter the false negative
triples out of the hard negative triples obtained with (1.5). We call this the hardness and structure-

aware (HaSa) loss function
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(b)

Figure 1.3: The overview of the HaSa method. (a)The upper part of the figure shows the positive triple
feed into the model which outputs the query embedding and tail embedding. Based on the query, we will
generate the hard negatives and false negatives. (b) The lower part of the figure details the method we use
to generate the negative samples. The false negative samples from the 2-hub neighborhood of the given
head. The hard negatives will be selected from the entity set based on the possibility given the query. We
also extend the negative set using the entities from the batch
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O I expe, e .
0g
LA@2T expe e, E. , 1Ggen - —nonfack "EXPe , € ¥4

(1.7)

Since we can not know if a negative triple is factual, we can not directly sample the negative

sample distribution as before. Using the Law of Total Expectation, we see that

Ec 7 Ges - nonfact "BXP€, &%

1 g
l_gEC ? 1C]eA°>’3Xple>Aecol/4 1 gEC 2 1qu.=facto»exple)Aeco% (1.8)

whereg = ?t = factiea®and1l g = ?' = nonfacfea® are hyperparameters that we will
learn set via ablation study (see Section 1.6.4). We use the RHS of equation (1.8) instead of the
LHS because it is easier for us to sample negative tail entities that have higfepe = fact
than ? 1Gea* = nonfacP. This is because the support 8f 1Geps = fact is smaller than
? 1Gea* = nonfac®.

We can approximate the expectation in the rst term on the right-hand side of (1.8) using the
hard negative sample distribution (1.5). The second term of equation 1.8 requires samples from

? 1geae = fact®, which we model as
? 1Geas =facl/ expte,efUlGen% (1.9)

whereU'Ge A ° depends on the shortest pa8t « A° in G.
LetN1! © be the set of nodes i whose shortest path length from a head nodes one.
By de nition, these nodes would be the set of tail nodes of Let N,! © be the set of nodes

whose shortest path length from a head nodas two; these nodes may be head or tail nodes.
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We constructU to be

%—l L] i [ ]
UlQeal = IN1* ©},jN 2t ©] f31-C 1 2

(1.10)
_EO- otherwis€

As we showed in Section 1.4.2, the shortest path length can distinguish between true and false

negative triples. The second expectation of (1.8) can be approximated via importance sampling.

Ec 7 ige,. <fack EXP-€, 6V (1.11)
_ ? 1Gepe = facl
_EC U:I'QEA0 exple)AeCO Ulquo (1'12)
? 1gepe =factt
*BEs uigene GiGeno (1.13)
O  exp2e,e;°
= (1.14)
<=1 <=1 expléAeQ ©
wheree; are the embedding of the Monte Carlo sampled from U'Gea°.
With  sampledCgfrom (1.5) and samplesB gfrom U'Gea°,
Eg 2 1Qepe =nonfact)”ex|ole)AeC°1/4
1 O exp2e,5:Go0 O  expl2e, 5!
i A% g~ [ SPEORT (1.15)

1 expléAslg 00 1 g <=1 I ; =1 expléA 51& 00

1.5.1 Improved HaSa: HaSa+

We can make one additional modi cation to the HaSa loss to improve performance. Thus
far, for a given query (head & relationship) from tripfee A« €2 T, we have discussed di erent
methods to generate negative tailsC so that the generated negative triplés A« C° are useful
for learning a good knowledge graph embedding. Similarly, we can consider keeping the tail

entity, G and generating negative queries, *A, so that the negative triples <A+Ccan also

28



Algorithm 1: An algorithm of HaSa
Input : Batch of tripleTioc2, g, graph structureG,current encodeb.
Output: The lossL o .
1 Extract entity batchE;gco from Tipco;
for 1eAeCin Tygcp do
2 e =hHt 0
ey = 5140;
ec= 5'C;
ec = 6le «e0;
E oa3 = HardNegativdec, E, 5);
fG9=Eioc2[E oasf@;
fB, g= Sampling neighbour nodes based on the distributidhjec° (equation 1.10);
Pos = exﬁ)e‘ce&;
Neg :ﬁ q elxple)cecf;
FalseNeg 5+ g exple.ey’;
NegHasa = 1TlgoNeg gFalseNe®;
CalculateL oo * *A+Efor each tripleL o ' *A+*€= Po2!Pos, NegHas§
end i
3L o0 = 1ea@Te, L o PeAE

Algorithm 2: HardNegative

Input : Entity setE, ec, current encodeb

Output: Eoas
1 Filter the E to get rid of positive tails corresponding based on training dataset;
2 for 4in E do

| glece® =€ 54

end

3 Sorted thed based on the value aflece £ and extractE gas;

be utilized training. This sort of augmented contrastive loss has been used in computer vision
literature [15].

A disadvantage of considering negative queries is that the support of the negative sample
distribution? 1« A°%isjEj jRj, which can be prohibitively large. Therefore, we only consider

the simple negative sample distribution for the negative queries.
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Algorithm 3: An algorithm of HaSa+

Input : Batch of tripleTipc2, g, graph structureG,current encodeb.
Output: The lossL (o | -

1 Extract entity batChElocz from Tioco;

2 Extract query sef <A gfrom Tigco;
for 1eAe€Cin Tigc2do

3 e =51 o

ex = 514;

ec= 5'C;

ec = 6'e *ex;

E oa3 = HardNegativdec, E, 5);

fG 9= Eioc2[ E oazf@;

fB, g= Sampling neighbour nodes based on the distributidhjec° (equation 1.10);

Pos = ex?e)cec";

Neg :ﬁ g elxple)CeQO;

FalseNeg -]-#J B EXple e’

NegHasai: 1TlgoNeg gFalseNef;

NegHR = ., exp‘e-e.o;

CalculateL oo A +AeEfor each triple
L o0  1*A*C=Po2!Pos, NegHas&, Pos'Pos, NegHR ;
end i

4Loo, = 12T, L oo, *AE
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The nal modi cation to the InfoNCE loss is

L oo, = (1.16)
0 e , expie, ef .
0g- I
LoA«€2T «exple)AeCO . e1Bg 2 1ge,. :nonfacP”exF)le)Aecol/i
ex enl a
log® precen :

I
«eXpléCer . o1 E A 2100 »explécel A°901/i|

The algorithm for HaSa+ can be found in 4.

1.6 Experiments

Dataset: We considered on two dataset FB15k-237[62] and WN18RR[45]. FB15k-237 has a
larger average node degree than WN18RR, as shown in Table 1.1. Following [31, 45], we augment

the set of given triples « A« Cwith 1Ce /A °, whereA is thereverse_relation

Table 1.1: Dataset

JEj | IR} | I Training] | I Tvaiidl | JTesd | avg degree
WN18RR | 40,943 11 | 86,835 | 3034 | 3134 3.2
FB15k-237 14,541 237| 272,115| 17,535 20,466 81

Experiment Setting

Metric: To evaluate the e ectiveness of our method in KGE, we apply it to the link prediction
task, which involves predicting the true tails or true head entities in a KG. To evaluate the link
prediction results, we use the Mean Rank (MR) of correct entities, Mean Reciprocal Rank (MRR),
and Hits at N (Hit@N).

Training process: 1) We built the embedding functiorf? °, using pre-trained LMs with an
additional neural network (a linear layer, a Layer normalization, and a dropout layer with proba-

bility 0”1 of an element to be zeroed) to reduce the embedding dimensi@rrtd 106500y for low
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dimension and high dimension. For the pre-trained LMs, we use BERT-base and sentence-BERT
[61](both pre-trained LMs have embedding space dimension of 768). BERT-base is commonly
used in the knowledge graph embedding [31, 39]. Sentence-BERT [61] has better performance
on sentence prediction and phrase similarity tasks.

2) We follow the setting of INfoONCE loss [14] to make the aggregation functé® a gated
recurrent unit (GRU) neural network.

3) Optimization is done using PyTorch AdamW with learning rae 10 ° and parameter
penaltyl 10 4. The training batch size i§locoj = 641282563 The number, , of negative
triples per each input triplet « A« €depends on the batch siz@ocoj ( = 5YTioco)® D).

For each input triple, we can generate negative triples by replacing the positive tail entity with
the other entities in the batch. In addition, for each input triple, we also selected the3toardest
negatives by computing the hard negative sample distribution (equation 1.5). Figure 1.3(b) shows
the negative sample generation details. All experiments are performed on 2 NVIDIA Tesla v100

GPUs and are implemented in Python using the PyTorch framework.

1.6.1 Comparing HaSa with Simple InfoNCE and Hard InfoNCE

We compared the performance of HaSa loss (1.7) with Simple InfoNCE (1.2) and Hard InfoNCE
loss (1.4) on WN18RR and FB15K-237. Table 1.2 shows the link prediction accurat@eftechs
for WN18RR and afteb epochs for FB15K-237.

1) Hard InfoNCE can signi cantly enhance the performance of the Simple InfoNCE in terms
of the Hit@1 metric, as it compels the algorithm to select the negative triple that is harder to
classify. This observation is consistent with the research that applies contrastive learning with
hard negatives in image processing.

2) By considering the false negative triple, HaSa has better performance than Hard InfoNCE
across various metrics for both WN18RR and FB15k-237. In Hit@1 and MRR, HaSa demonstrates

signi cant improvements compared to the Simple InfoNCE.
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(a) MRR and Hit@1 for 10 epoch (WN18RR).

(b) MRR and Hit@1 for 5 epoch (FB15k-237).

Figure 1.4: Comparing the Simple InfoNCE loss and the Hard InfoNCE loss
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Figures 1.4(a) and 1.4(b) show the changes in MRR and Hit@1 scores over the training epochs.
For WN18RR, we observe that the performance of Hard InfoNCE and Simple InfoNCE initially
appears similar. However, as training progresses, the Hard InfoNCE loss function (1.4) gradually
outperforms the Simple InfoNCE loss function (1.2).

In the case of FB15K-237, Hard InfoNCE consistently performs better than Simple InfoNCE.
Although HaSa initially performs similarly to Hard InfoNCE during the rst training epoch, it

outperforms Hard InfoNCE as the training process continues.

1.6.2 Comparing HaSa and HaSa+ to State-of-the-Art KGE models

We compared HaSa and HaSa+ methods to eleven other KGE methods: seven classic KGE
methods that do not use pre-trained LMs 1) Transk [40], 2) RotateE [36], 3) DisMult [42], 4)
ComplexE [37], 5) KBGAN [50], 6) PairRE [47], 7) DualE [44] and four KGE methods that use
pre-trained LMs 8) KGT5[54] 9) KG-BERT[46], 10) StAR [38] with BERT-base, 11) LASS [39] with
BERT-base. Table 1.3 shows the results for WN18RR and FB15K-237. We have the following

observations:

~ For the WN18RR dataset, HaSa+ achieved the best MRR, Hit@3, and Hit@10 results com-
pared to all KGE methods; HaSa also achieves competitive result. It has the best perfor-

mance on MRR compared to other KGE methods.

In the metrics MR and MRR, pre-trained LM-based methods perform better than classic
methods, possibly because PLMs provide information that helps avoid extremely poor link

predictions. However, the performance of existing PLMs for Hit@1 is not good.

Compared to other pre-trained LM-based methods, HaSa and HaSa+ have better accuracy
on MRR and Hit@3. HaSa+ boosts the HaSa by considering an additional loss term, which
makes HaSa see more negative triples. For HaSa+, using BERT as the backbone achieves

better results compared to using Sentence-BERT.

36



We also compare HaSa and HaSa+ with SImMKGE as shown in Appé&dibhe details are
provided in the appendix to highlight that, unlike compared to KGE methods, SImKGE only

identi es entity embeddings and not relation embeddings.

For the FB15K-237 dataset, HaSa and HaSa+ are comparable to state-of-the-art methods but
are outperformed by DualE, a classic KGE method that does not use PLMs. However, our
methods achieve the best result among the pre-trained LM-based methods. HaSa has the
second-best result on the MRR and Hit@1. HaSa+ o ers improvements only in the Hit@10
metric and does not signi cantly enhance HaSa overall. The di erent backbones have a

slight e ect on all metrics on FB15K-237.

One possible explanation for the performance di erences lies in the distinct graph structures,
denoted a5, of WN18RR and FB15K-237. For instance, the average degree of WNIBRis
contrast to81for FB15K-237. Consequently, the importance of di erent graph features may vary

between the two KGs.

1.6.3 Visualizing Embedding Space

We projected the HaSa embedding of positive and negative tails into 2-dimensional space
using t-SNE, as shown in Figure 1.5. For WN18RR, we have two queudsan, reverse of
instance hypernym ) and (rade, member of domain usage ). For FB15k-237, we have two
gueries: fock music , music genre artists ) and {talian , reverse of Im language ).

Given a query, we observed that the positive tail embeddings are clustered together, and the
negative tail embeddings are clustered together. This is consistent with the goal of contrastive
learning. For WN18RR, we tend to see two dominant clusters, one for positive tails and one for
negative tails. FB15k-237 has many smaller clusters for both positive and negative tails scattered
in the embedding space. Table 1.3 shows that the link prediction result is better on the WN18RR

dataset than on FB15k-237. We reason that this is because HaSa can learn an embedding space
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t-SNE visualization of WN18RR

t-SNE visualization of FB15k-237

Figure 1.5: The 2D visualization of positive and negative tails.

for WN18RR that has more regularity (i.e., less scattered clusters) than FB15k-237.

1.6.4 Effect of Hyperparameter g

As noted previously, for both HaSa and HaSa+, the implementation relies on an approximation
of ?1; = factjeo°, which is the distribution of the indicator variable representing the sampled tail
being a fact, conditioned on the embedding of the query. This probability is not accessible since
the KG is incomplete. Therefore, we treated it as a constant hyperparantetérg Y 1. We
conduct a simple ablation to show how HaSa performance dependg ionFigure 1.6 and 1.7.

Wheng = 0, HaSa is the same as the Hard InfoNCE loss (1.4). We tested various valges of
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Figure 1.6: MRR and Hit@10 for di erentg (WN18RR).

Figure 1.7: MRR and Hit@10 for di erentg (FB15K-237).

fli4 0624 0514 0454 0414 0324 03yandfx4 0514 0454 0414 03 for
WN18RR and FB15K-237, respectively. For WN18RR, as shown in Figure 1.6, the model has the
best performance on MRR and Hit@10 whgrs 24 05 For FB15K-237, as shown in Figure 1.7,

the model has a better performance on MRR and Hit@10 wipenl4 04

1.6.4.1 Effect of Pre-trained LMs

To assess the impact of di erent pre-trained LMs on HaSa, we used both BERT-base and
Sentence-BERT for initialization. Table 1.4 presents the results for the WN18RR dataset. Utiliz-
ing BERT-base yields superior link prediction performance, while Sentence-BERT demonstrates
better initialization for training. During the early stages of the training process, Sentence-BERT
outperforms BERT-base, as illustrated in Figure 1.8.

For the FB15K-237 dataset, using Sentence-BERT as the initialization method produces bet-
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Dataset WN18RR

Dataset FB15k-237

Figure 1.8: Using the BERT-base and Sentence BERT as the embedding initialization of HaSa

Table 1.4: Experimental results on WN18RR with di erent pre-trained LMs.

: WN18RR
Pre-trained LMs  -uesTHi@T | Hit@3 | At@10
HaSa-Sentence-BERT0.452| 0.351 0.501 0.650
HaSa-BERT 0.463| 0.357 0.518 0.666

ter results compared to the BERT-base, as shown in Table 1.5. Sentence-BERT's ne-tuning on

sentence prediction tasks enhances its performance relative to BERT-base when tasked with cal-

culating similarities between sentences or short phrases.

1.6.4.2 Effectof 3 and

We considered both low embedding dimensioBs< 10Q and high embedding dimensions

(3 = 500 to compare the link prediction results on the WN18RR dataset. Each dimension had

three di erent batch size settingsjTioco] = f64128256). We trained each model for only 10

epochs over 7 hours. As shown in Table 1.6, high-dimensional embeddings consistently outper-

formed low-dimensional embeddings. We also observed that with more negative triples, high-

dimensional embeddings showed signi cant improvements compared to low-dimensional em-

Table 1.5: Experimental results FB15K-237 with di erent pre-trained LMs.

. EB15Kk-237
Pre-trained LMs e THit@T | Ht@3 | A@10
HaSa-Sentence-BERT0.300| 0.220 | 0.317 | 0.468
HaSa-BERT | 0.2506 0.178 | 0.2757| 0.383
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Table 1.6: Experimental results on WN18RR with di erent embedding dimensions and training batch
sizes.

batch size] MR# | MRR | Hit@1" | Hit@3' | Hit@10
d=100
64 | 138] 0.319] 0.224 | 0.350 | 0.500
128 | 158 | 0.378| 0.281 | 0.411 | 0.570
256 | 117 | 0.423| 0.308 | 0.481 | 0.637
d=500
64 | 151 0.313] 0.207 | 0.353 | 0.518
128 | 145| 0.403| 0.304 | 0.452 | 0.588
256 | 123 | 0.452| 0.351 | 0.501 | 0.650

beddings.

Note that the number of negative triples depends on the batch sizes 5'jTigco)® 1. As
shown in Table 1.6, the larger the batch size, the better the link prediction results. There is a
large improvement from batch size 64 to 128. From batch size 128 to 256, the improvement is also
signi cant but less than the improvement from batch size 64 to 128. This is easy to understand
since there are diminishing returns when the number of negatives increases. Thus, generating
higher-quality negatives is more important than signi cantly increasing the number of negative

triples.

1.7 Conclusion

In this paper, we showed that we might obtain false negative triples when we generate hard
negative triples. We noticed that a false negative triple has a smaller shortest path length between
the head entity and the tail entity in the knowledge graph. Thus, we proposed the Hardness and
Structure-aware (HaSa) contrastive KGE method, which accounts for the false negative triples
while generating the hard negative triples. We improved HaSa with HaSa+ by considering an
augmented loss term. Experiments show that HaSa and HaSa+ achieve competitive results on

WN18RR and FB15K-237 across several metrics.
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For future work, we aim to explore the potential of augmented contrastive loss further (the
heuristic we used for HaSa+). In terms of false negative tails, we will investigate graph metrics
other than the shortest path length. The distribution of false negative tails can also be better

approximated with additional information from large language models (LLM).
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2 Less Ambiguous Pair selection for

LLM Alignment

This chapter is a reprint of the papers:
Honggen Zhang, Xufeng Zhao, Ilgor Molybog, June ZhaR§;AL: Response Embedding-based
Alignment for LLMsarXiv preprint arXiv:2409.17169 2024 Submitted to IJCAI 2025 Causal

Learning for Recommendation Systems.

Abstract

To explore the strategy to construct high-qaulity training data within the o -policy setting, we
consider the preference data construction for the large language alignment. Aligning large lan-
guage models (LLMs) to human preferences is a crucial step in building helpful and safe Al tools,
which usually involve training on supervised datasets. Popular algorithms such as Direct Pref-
erence Optimization (DPO) rely on pairs of Al-generated responses ranked according to human
annotation. The response pair annotation process might bring human bias. Building a correct
preference dataset is the costly part of the alignment pipeline. To improve annotation e ciency
and quality in the LLMs alignment, we propose RERlespons&ambedding-basedlignment for
LLMs, a strategy for constructing a high-quality training dataset that focuses on acquiring the

less ambiguous preference pairs for labeling out of a set of response candidates. Our selection
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process is based on the similarity of embedding responses independently of prompts, which guar-
antees the selection process in an o -policy setting, avoiding adaptively measuring the similarity
during the training. Experimental results on real-world dataset SHP2 and synthetic HH-RLHF
benchmarks indicate that choosing dissimilar response pairs enhances the direct alignment of
LLMs while reducing inherited labeling errors. The model aligned with dissimilar response pairs
obtained a better margin and win rate on the dialogue task. Our ndings suggest that focusing
on distinct pairs can reduce the label error and improve LLM alignment e ciency, saving up to

65%o0f annotators' work.

2.1 Introduction

Large Language Models (LLMs), empowered by the enormous pre-trained dataset from the
Internet, show the power to generate answers to various questions and solutions to challenging
tasks. However, they might generate undesirable content that is useless or even harmful to hu-
mans [63, 64]. Additional training steps are required to optimize LLMs and align their responses
with human preferences. For that purpose, Reinforcement learning from human feedback (RLHF)
Ouyang et al. [64] and Christiano et al. [65] is proposed, which consists of estimating the human
preference reward model from response preference data and steering LLM parameters using a
popular reinforcement learning algorithm of proximal policy optimization [66]. RLHF requires
extensive computational resources and is prone to training instabilities.

Recently, direct alignment from the preference approach, which does not explicitly learn the
reward model, has emerged as an alternative to RLHF [67 71]. Direct Preference Optimization
(DPO) [71, 72] is a milestone method. It formulates the problem of learning human preferences
through netuning LLM with implicit reward model using a static datas&® = f~8.~8.%1’
whereGis the&h prompt,~3~ are the corresponding preferred and rejected responses. DPO

requires the explicit preference signal from an annotator to label the response pair. However,
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constructing high-qualityD , which highly agrees with human preference, is a challenge. Exist-
ing human labeled has incorrect and ambiguous preferences pairs (30%-40%) [64, 73 75]. Some
DPO variations, such as Contrastive Post-training [70], RPO [68] were proposed to augnent
using Al as labelers but might generate low-quality pairs. Some other DPO variation methods[76,
77] actively choose better samples using additional annotators at the cost of increased computa-
tions. Unlike such methods to use Al as an additional labeler to augment the dataset or adaptively
select, we construct a high-quality preference dataset without adding extra annotation computa-
tion resources in the o -policy setting.

This paper proposes a novel method for enhancing DPO learning with e cient and less am-
biguous preference data construction (see Fig. 3.1). We suggest constructing a valuable unan-
notated sub-dataseft- 5 » Ggi., from large annotated responsdsie~%  +~ di; generated
by Al or scripted from the Internet. After constructing the valuable unannotated sub-dataset
with REAL, we can ask humans to label it, achieving a high-quality preference dataset
f~4*4° G, with less ambiguous labeling. We only train DPO on the most informative sub-
set of response pairs. Inspired by works in contrastive learning[15], we connect the usefulness
of response pairs to the semantic similarity (described as cosine similarity) between their repre-
sentations in the embedding space. While most similar negative pairs will boost the contrastive
learning to learn a better embedding for the images or sentences, it might generate more false
negative pairs without accessing the complete knowledge of labeling [58, 78], which might hurt
learning performance. On the other hand, dissimilar pairs can be preferred for the DPO owing to
smaller noise in the labels under the assumption that ~ .

However, the sentence embedding pfompt+response might vary during training. It will
take REAL to the on-policy setting, which would result in expensive re-calculation of similarity.
Regardless of therompt , we observed the distribution of similarity between independeat
sponsekeep invariant during the training, i.e. if sif- 1t°”~ 1t°° we have sim~- 1t 1°"~ 1t

1°°, where the boldface is the embedding of response
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We test our method on the real-world dataset SHP2, which contains multiple responses per
prompt. We want to extract a high-quality pait~p ~5 © to label fromf~3s 2=+~ g. In addition
to considering the most similar and most dissimilar pairs of responses in the response embedding
space, we implemented an approach that splits the responses into two clusters in the embedding
space and selects centroids of the clusters as the centroid pairs. Given three response pairs for
each prompt, the centroid pair is close to dissimilar pairs (the most dissimilar or random pair) and
demonstrates the best performance according to our experimental results. We extend our method
to the HH-RLHF dataset by ranking the data tuples according to the similarity of the response
pair. It shows that dissimilar pairs empirically construct the best dataset for alignment when
compared on several metrics to randomly selected or similar pairs due to the higher agreement

with human preference.

1. We highlight the overlooked importance of sentence embeddings in LLM training: The
model learning can be enhanced by investigating the sentence embeddings and integrating

this information into the ne-tuning process.

2. We introduce less ambiguous response pair construction strategies to acquire high-quality

data without adding extract annotation e ort.

3. We maintain an o ine dataset construction setting by the novel observation of the distri-

bution of similarity between independent responses, keeping invariant during the training.

4. Our experiments demonstrate that dissimilar pairs in the embedding space align better with

human preferences than random or similar pairs, owing to reduced errors in the label.

2.2 Related Work

Direct Alignment of Language Models: Despite RLHF's e ectiveness in aligning language

models (LMs) with human values, its complexity and resource demands have spurred the explo-
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Figure 2.1: Comparison between vanilla DPO and REAL. Le : The DPO data construction and training
process. Right: The REAL method. For each prompt, multiple responses will be generated. We extract the
embeddings of the response based on the LLM to select the high-quality pair. We only need to label the
less ambiguous pair and feed it into the DPO alignment.

ration of alternatives. Sequence Likelihood Calibration (SLiC)[67] is a DAP method to directly
encourage the LLMs to output a positive response and penalize the negative response. Chain of
Hindsight (CoH) [79] is equivalent to learning a conditional policy. DPO [71] directly optimizes
LMs using a preference-based loss function to enhance training stability in comparison to tradi-
tional RLHF. DPO with Dynami¥ [80] introduced a framework that dynamically calibraté&&at

the batch level, informed by the underlying preference data. Existing work [72] identi ed that
DPO is susceptible to over tting and introduced Identity Preference Optimization (IPO) as a so-
lution to this issue. Zeng et al. [81] noticed that the generative diversity of LLM deteriorated, and
the KL divergence grew faster for less preferred responses compared with preferred responses,
and they proposed token-level DPO (TDPO) to enhance the regulation of KL divergence.

Data Quality for Direct Alignment  Without the on-policy setting to adaptively generate
responses in RLHF, DPO needs more curated and diverse static datasets to overcome the drawback
of easy to over tted in a speci c domain. PRO Song et al. [68] proposed preference ranking
with listwise preference datasets, which could directly implement alignment in the netuning
process. However, netuning was constrained by the limitations of available data. Contrastive

Post-training [70] tries to build more datasets using other LLMs to advance the training process of
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DPO without considering the mistakes. Recently, similar to active learning to select samples based
on current models [82], there exist works using Al as an annotator to monitor the quantity of data
pairs for each training step[76, 83], despite the cost being still expensive and the labeling quality.
Yu et al. [77] use LLMs to design a re nement function, which estimates the quality of positive
and negative responses. LESS [84] is an optimizer-aware and practically e cient algorithm to
estimate data in uences on gradient similarity search for instruction data selection. However, this
data selection is online, so it needs more computation. Recently, Llama3 [85] has been boosted
by Itering similar samples in the post-training stage, while it didn't report the technical details
and rigorous analysis. However, none of the above methods considers the inherent mistake when

annotating or labeling the preference pair when they augment the dataset.

2.3 Background: Direct Language Model Alignment

LLM alignment refers to training a language model to assign a higher probability to a prompt-
response paitGe<with a higher human preference rewards~ An estimationAof the reward is
used in practice. Itis imperative to ensure that for a given prongpthe estimated rewaréiGe <
is close to the true reward g-for each response. The problem of learning the best estimator for

the reward function can be formulated as
A= arg nl‘inEl(;Mép R »ALGeLl ! G~021/4 (21)

whereR is the dataset consisting of the prom@@ responses, and oracle reward valuéss-

The human feedback rarely comes in the form of the true reward samplgs~+52. Since
the true reward' g-is unknown, ranking or pairwise comparison of responses is more common
to estimate the reward. In the pairwise comparison case, there are two sample respbnses®

that correspond to a single prompgd Here,~ and~ are the preferred and non-preferred re-
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sponses, respectively, as de ned by human subjects providing a binary preference to label them
IALG+~° | AlG+~°°"This method of labeling does not explicitly require access to the true re-
ward function' g~ Alignment can still be performed by applying the RLHF algorithm using
binary human preference data. RLHF is expensive and unstable to train. Recently, methods for
direct alignment from preferences have emerged to replace the RLHF when aligning the LLMs.
Direct Preference Optimization (DPO) [71] optimizes the pol@yirectly with supervised loss,
without relying on the explicit reward model and subsequently reinforcement learning. It works
with a static dataseD = fGe~°~ gk, sampled from the distribution of human preferences to
estimate the human preference mod8t: ~ j@ =f AG*~° AlG+~°°the which represent

by Bradley-Terry model.

Thus, the loss function is de ned as
L = Ege.- log?~ ~ @ (2.2)

In the DPO, the preference model~  ~ j@ is directly related to the parameterized policy
¢\ and reference policges. Instead of training an explicit reward model, DPO suggests recon-

structing an implicit reward model from the aligned LLIM= Vlog cCT\ef

Cy\ 1~ JG)
L = we logf Vlog———— 2.
ppo= Eg 09 09 Cror~ | (2.3)
C\ 1~ JG)
Vliog ————
gCref1~ G

wheref is the logistic function andV is hyper-parameter. hello fa

In contrast to RLHF, which requires the generation of new responses for on-policy training,
DPO's performance will be largely a ected by the data size and annotation quality. As the size
of D increases?!~  ~ j& converges to the true distribution of human preferences[72].

However, obtaining the high-qualityp from human preferences is expensive, and it is easier to
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produce incorrect labeling~ ~ 9. While some additional human relabeling and checking
methods were used, there is still a gap with the general human agreement [74, 75]. Constructing

high-quality human preference data is crucial for the DPO LLM alignment.

2.4 Method

We propose automated identi cation of high-quality response pairs from unlabeled data to
reduce the error in the labeling and improve the performance of the aligned model. Since DPO
lossL ppo (EQ. 2.3) is estimated based on the static empirical preference ddtaset ~ ©, this
raises the question of how to build the empirical datageto better represent the true distribution
of human preference.

Given the promptG which is usually written by human experts, we generate a response pair
1~e~=0 and label it with manual labor or Al help. As a result, we will obtain the preference pair
1~.«~0% "The DPO training algorithm assumes that we have access to the preferences through a
datasetD = fGe~°~ g, Sampled from the true human preference distributiGn, where# is
the data size. Without knowin@ , the human-labeled pairs might have a low agreement with
the true preference of the entire human population, i®.1~y ~jG° Y ? 1~;  ~jGP. This
label error could be caused by the preference of a particular annotator. The label errors a ect the
quality of the data, thus the alignment.

Constructing a less ambiguous and high-quality dataBematters for learning the true hu-
man preference signal without in ating the size dd . Generating responses for a prompt using
a large language model is a relatively cheap operation. Generating several responses and then
picking a better-quality pair out of them may lead to a datag2tthat better represents the true

human preference distributiof? .
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2.4.1 Pair Selection

In representation learning, as the representation of extracted features, embedding similarity
is commonly used to measure the data quality [15] and sentence similarity [78, 86]. SLIiC [69]
selects responses that are highly correlated with the golden staneardiven by a human an-
notator. However, a target golden responseneeds extra e ort to label and will limit the model
to generate new responses better than

In our dataset construction, the response pair does not depend on any golden-standard
making the selection process fully automatable. In this paper, we suggest building the preference
datasetD = f~e~*Gdi, from the -responses datasétie~2 *~*Gdi, by selecting and
labeling a single response pair per prom@out of , possible response combinations.

To select the one pair from,, pairs, we hypothesize that the value of a response pair for the
alignment process is connected to the semantic similarity between the responses, which can be
measured through their embeddings. The selection problem faces a trade-o . On the one hand,
learning from similar contrastive examples is deemed to be more useful in establishing a precise
decision boundary. On the other hand, such similar responses may o er less informative learning
resources, as they risk being non-representative outliers. They are also less obvious for a human
to label correctly, and thus, selecting them is more likely to resultin a labeling error. Our work, at
its core, aims to understand the implications of this trade-o for building a high-quality dataset
D"

Encoder-based models, such as BERT [1], de ne embeddings using the output of a special
classi cation token (e.g., [CLS]) or by applying a pooling operation over the hidden states of all
tokens. Similarly, for decoder-based LLMs, we use a pooling operation over their last hidden
states to obtain embeddings [87].

Denoting the last hidden statdl 2 R* '  of the base model, wherg is the batch or

data size, is the sequence length, and is the hidden dimension. To get an embedding of
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the sequences in the batch, we averdgeacross the sequence dimensibn Formally, the8th

sequence of the batch will have adimensional embedding

10
~8=

Ng... (2.4)
=1

Note that we calculate the embeddings of the responses independently of their corresponding
promptsG, i.e., the response is passed to the model without any context when embeddings are
being constructed. We nd empirically that this method is more suitable for achieving the goal
of selecting high-quality data o -policy regardless of modeling changes (Section 4.2). We use the
common metric of normalized inner product between sequence embedqﬁéﬁ%j-also known
as the cosine similaritgos~je~; °, to measure semantic similarity between sequences.

By applying the cosine distance in the embedding space between response pairs, we arrive at

several data selection strategies.
1. We de ne the most similar response pair ahard pair, which is di cult to di erentiate
in the embedding space.
Yr?ard = f~p5-Gor (2.5)
where,
;o< = arg r&axcoshgwg" (2.6)
For8~§- ~ 2 f~Je~2e"""e~g 9< :, given the particular prompG

2. We consider the most dissimilar pair to build tleasy pair. The easy response pairs are

obviously di erentiated by the base LLMs. It is de ned as:
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Ygasy: f~‘;8° ~§ < Gor (2.7)

where

;o< = arg @incoshgwgo- (2.8)

3. Furthermore, we consider a way to balance the bene ts of selecting the most similar and the
most distinct responses by developing a method to select the most representative response
pair. For that, the responsdsz*” " " «s-gthat correspond to a particular prom@igare being
split into two clusters 1 and » using the K-means algorithm in the space of response

embeddings. Let's denote the centers of the clusterand , asu; anduy”

We de ne thecentroid pairs by selecting responses closest to the clusters' centers.
Y centroids = f'“é’ ~§ - Gor (2.9)
where

~p=argminjj~z  Uij]
~v82 1
< _ - - < 2
~ =arg minjig  Ugjj’e
.._8 2 2

Note that once the embeddings are normalized, minimizing the Euclidean distgage

u1jj? is equivalent to maximizing the cosine similarityost~gu:°.

We also build therandom baselineY 2 which is sampled from the same distribution as

random

the standard recipe suggests (a single response pair per prompt) and remains free from biases

introduced by prior knowledge. To do that, we sele¢g | = 1~1+~2° uniformly from the ,
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possible response pairs.

After we automatically selected the particular pair frony possible response combinations,
human e ort will be paid to label them. The human labeler will choose the preferengeand
the non-preference; based on the givelig given f~p~5 *Gg. Thus, we will obtain alignment
sub-dataset® : D hard, D easy D centroids @ndD random We use them within the DPO procedure to

align LLMs.

2.4.2 Consistent Responses Embedding Over Training

DPO-based LLMs alignment method provides the bene t of avoiding the reward model and
generating on-policy responses when compared to RLHF. The o -policy setting will make the
training process e ective. While the embedding space might vary during the training, to keep the
0 -policy setting, we investigate the distribution of cosine similarity during the DPO netuning
process.

Throughout the DPO process, our goal is to increase the di erence between the ratios of

" TS (4 o'~ @
conditional probabilities;, +—z and 5

The parameterized conditional probability 1~j&

is changing throughout training. Thus, the embedding of a joint strif@« <2 changes as well. As
shown in the upper part of Figure 2.2(a), the components of the joint string embed#ig?
obviously change during DPO netuning. The characteristics of the response pairs will change
throughout DPO alignment, which implies that the selection and hard/easy labeling have to be
done many times throughout the training process.

Alternatively, we only focus on the embedding of the response stringAs shown in the
lower part of Figure 2.2(a), the response embedding changes slightly during the DPO process.
This is likely because the internal representation has been formed throughout the pre-training
stage with a large document corpus.

Thus, we further calculate the cosine similarity of some batch of response pairs covering

DPO netuning. As shown in Figure 2.2(b), the distribution of cosine similarity between two
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(a) The first 20 components of the embeddirfg) The response pair similaritycos~g~3 °

of the joint string »x”~¥{top) and the first 20changes over the DPO training process (20 pairs
components of the embedding (bo om), ob- of responses on 6 checkpoints)

tained using 6 di erent DPO checkpoints.

Figure 2.2: Sentence embedding and similarity change over the training process

independent responses does not change throughout training. This empirical observation that
response embeddings stay consistent throughout the DPO netuning is crucial since we can select

responses before netuning in the o -policy setting.

2.5 Experiments

2.5.1 Dataset

For the experiments, we usBHP2 [88] datasetf~3e~3" " "+z+ Gl ,, which contains 4.8M
prompts and response pairs. Both prompts and responses are collected from social media posts
such as Reddit. Each response has a score, which is calculated from the number of positive and
negative votes. To show that our results are not dataset-speci ¢, we also consider the standard
LLM alignment datasets withidnthropic HH-RLHF : helpfulness base and harmlessness base
[73]. They follow the classic data setting cbf~é-~8-%1 and consist of 43k and 44k prompts

and corresponding response pairs, generated primarily by proprietary language models trained
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by Anthropic and not released to the public. Appendix 6.5 describes more data details.

2.5.2 Experiment setting

(b) Evaluate the response using
GPT4 by comparing to the reference

(a) Margins and Loss on the SHP2 test dataset
model

Figure 2.3: (a) Margins and Loss on the SHP2 Test Dataset, b) Evaluation of Responses Using GPT-4
Compared to the reference model.

Three di erent sizes of base LLMs (Phil.5 [89], Pythia2.8B [90], Llama2 7B [91]) are aligned
with DPO using the di erently selected subdata. All experiments were run on 4 NVIDIA A100
GPUs for one epoch to prevent over tting. For more technical details, see appendix 6.7. To
evaluate the checkpoints on the test datafat; over the alignment process. Following [77, 84],
we employ loss and margins as the target metrics and use the implicit reward score extracted
from the model to calculate them. Given a prom@and the corresponding chosen and rejected

responses: and~ <the margins are de ned as

O
Margins= - - AGe~° AGe~° (2.10)
testl ...
And the DPO loss is de ned as
¢]
Loss= ——— logf IVAGe~0 VAGs~000 (2.11)
|Dtest] Gomon

, Where the implicit rewardA'Ge 2 s calculated from the reference and aligned models probability

¢ ~j@

- We use both margins and loss to analyze the DPO results with a high
ref'~jG

outputs asAtGe2 =

degree of con dence.
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2.5.3 Experiment on SHP2

We usedSHP2Reddit folder, where each prompt is a Reddit post with a question/instruction,
and the responses are the top-level comments for that post. After clearing, each prompt has three
responses, i.ef-e~2e3 Ggf,. We use Eq. 2.5, Eq. 2.7, Eq. 2.9 to constructliaed , easy,
and centroid sub-dataset, respectively. When= 3, centroid sub-dataset is the mix dataset

of easy and random . The details of the experiment setting can be found in Appendix 6.7.

Table 2.1: Learning Margins on SHP2 dataset.

Centroid Easy Random Hard
Phil5 1.41 1.22 1.18 0.78
Pythia 2.54 2.33 2.23 1.88
Llama2 3.65 3.28 3.18 2.85

2.5.3.1 Results

First, we netune the base model based on the training split of the SHP2 dataset. Due to the
large dataset, we randomly selebt3 data (with di erent random seeds) from the whole training
data to do the SFT. Using the SFT model as the reference, we conduct the DPO alignment with
four selected subsets of response pairs.

As shown in Fig. 2.3(a), thénard has smaller margins and larger losses compared to others.
Both Easy and Centroid checkpoints show good results compared to the baseline Random. By
mixing easy and random , centroid obtained a better result on margins than Easy as shown
in Table 2.1.

To evaluate the aligned models, we randomly sel®&@®prompts from the SHP2 test split and
generate the responses using ve versions of the checkpoints: Sfahdom , hard , easy,
and centroid . We use AlpacaEval-GPT4 to judge the relative alignment of the test responses
to human preferences. Speci cally, we directly compare the responses of such checkpoints to the

responses of the SFT reference model to calculate the win rate depicted in Fig. 2céfityoid
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has the best Win rate, and Easy has the biggest Loss rate. This experiment provides evidence
that using centroid and easy data to train the model by DPO will lead to a safer and helpful

generated model. Table A3 (in Appendix 6.8) shows the generative responses.

(a) Evaluate margins

(b) Evaluate loss

Figure 2.4: Result of evaluating margins and loss on di erent models

Table 2.2: Win Rate of the aligned model when compared against the reference supervised finetuned
model.90%margin of error is0"0074

Harmlessness | Helpfulness
Sub-set  Phi-1.3B Pythia-2.8B  Llama2-7B Phi-1.3B Pythia-2.8B  Llama2-7B
Win" Lose# Win" Lose# win" Lose#[ Win" Lose# Win" Lose# win" Lose#
Random 054 046 064 036 067 03371 029 0.71 026 0.76 0.24
Hard 053 047 065 032 066 O0B#€.72 028 066 034 078 0.21
Easy 055 045 069 030 0.72 028 0.76 0.24 0.72 0.27 0.80 0.19

2.5.4 Experiment on Anthropic HH-RLHF

Additionally, we explore the e ect of a similar/dissimilar pair for the standard alignment

dataset. Anthropic HH-RLHF datasets consist of one response pair for each promptéi.%- %1’

58



after removing the labels. We sort all dafaie - Ggf; by descending based on the cosine simi-
larity cos~3+~2° to obtain the sorted dataseé® sort = f~Le & Gofy; Thus, theD sort is sorted from
the hardest (most similar) pair to the easiest (least similar) pair. We dengyg = f~g* 8° Cé,gg:'f
andD easy= f~é~ ~§- G—’@:#-z, , as the rst half and the second half dD sort respectively.

We randomly select 50% of the tuples from the entire Anthropic HH-RLHF as thedom
baseline dataset. Theandom dataset represents the data distribution that would be the default
for a state-of-the-art alignment system. The details of the experiment setting can be found in

Appendix 6.7.

2.5.4.1 Results

We supervised netuned (SFT) the base model using the chosen response from the training
split of the entire dataset to get the,er. Then we usehard and easy and random sub-sets
to align the SFT modetd s using the DPO procedure.

We depict the dynamics of the loss on the test dataset throughout training in Fig. 2.4(b) and
margin in Fig. 2.4(a). For both HH-harmlessness and HH-helpfulness datasets, training on the

easy sub-set results in better values of the Loss and Margins than training on taedom and

hard sub-sets. On the contrary, alignment on théard subset hurts the performance when
compared to the baseline trained on theandom subset. The dashed line in Fig. 2.4(a) demon-
strates sample e ciency of the alignment on the easy subset when compared to thedom
subset baseline. The proposed approach of adaptive data selection save28pam 65%0f la-
beling data e orts.

We also compare the nal checkpoints with the Win Rate evaluation metric. We analyze win
rates using GPT-4 to judge the responses of an aligned model against the responses of the SFT
reference model before alignment. In this experiment, we u$@€of the prompts sampled from
the test subsets of the Harmlessness and Helpfulness datasets. In this experiment, there were

100sample pairs, and the standard error ranged fréfi42to 0'045 resulting in a90%margin of
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error of 00074

We use the AlpacaEval-GPT2] framework to assess the judgment of the responses. The
prompt supplied to the judge model is demonstrated in Appendix 6.8. It was constructed to rank
the responses according to human preferences into more preferred, less preferred, and a tie. The
results of the comparison are shown in Table 2.2. The best results are provided in bold font. For
both data evaluations, the response generated from the model aligned oretsy has a higher
win rate and a lower loss rate than the other two models. Thwrd response examples could
hurt the performance, as evident from the Win Rate numbers as well. These results are consistent

with the conclusions made from the loss and margin metrics.

Figure 2.5: The percentage of response pairs labeled by GPT4 in the same way as they were initially
labeled within Anthropic-HH.

2.5.5 Discussion: Errors in the labeling

We further interpret the superiority of the easy subset for alignment purposes. The reason
for the superior quality of the easy alignment subset might be the decreased frequency of erro-
neous and biased data points within the training dataset. In the dataset, we assume that the cho-
sen response: will be more preferred by the human than the rejected resporseso~  ~ .

However, we might have made a mistake: indeed, the ~ . In contrastive learning, such

ILicensed under the Apache License, Version 2.0
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data points would be called false negatives [78]. We randomly sele@@@response pairs from

easy and hard sub-sets sorted using the embeddings from all three base models. We formed
a baseline by randomly choosirZp0pairs from the Helpfulness and Harmlessness datasets. The
GPT4 was used to re-label the pairs into chosen and rejected responses. In Figure 2.5, we plot
the proportion of response pairs that were assigned the same labels as the ones recorded in the
original dataset. Thehard subset, which consists of more similar response pairs, evidently also
contains more response pairs where the ranking is unclear, resulting in more incorrect pairs than
the random and easy subsets. Similarly, theeasy subset contains more con dently ranked

pairs and fewer erroneous response labels, which results in a higher dataset qualigs-has

more con dence that sample from optimal preference distributidnthan D gaz. It is consistent
with the research that Iters similar samples such as Llama3 [85] and the observation that hard
will bring more false negatives in contrastive learning[78]. For LLM alignment, the e ect of false

hard examples is so drastic that it negates the positive e ect of hard examples.

2.6 Conclusion

This paper investigates a data selection method for DPO alignment in the embedding space.
By considering the cosine similarity of response pairs independent of prompt variations, we pro-
pose a high-quality and least ambiguous data selection strategy. Our ndings suggest that dis-
similar response pairs more e ectively align LLMs with human preferences. In contrast, highly
similar response pairs are more prone to label noise, which can negatively impact DPO align-
ment. We evaluated our approach in both the real-world dataset SHP2 and the synthetic dataset

HH-RLHF, demonstrating its e ectiveness. It can extend to online-DPO.
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3 Contastive Koopamn Neural

Network for Dynamic System

This chapter is a reprint of the paper:
Honggen Zhang, Zhaolin Ren, Na Li, and June Zhang Contrastive Koopman Neural Network,

preparing to submit to SIAM Journal on Applied Dynamical Systems

abstract

To understand the contrastive learning in the continuous data sequence, we investigate the
application of contrastive learning on dynamic system. The Koopman operator is a principled
linear embedding method of modeling nonlinear dynamics. By converging to a linear system,
we can solve model estimation, state prediction, and control problems in linear dynamic theory.
However, the Koopman operator aims at an in nite embedding space, and approximating the
nite embedding space is a crucial problem in Koopman embedding. It is critical to approximate
the Koopman operator accurately under the interpretable. We propose a contrastive Koopman
embedding, a data-driven method that contrasts di erent trajectories to learn the Koopman linear
representation. We applied our method to three di erent systems: Pendulum, Fluid Flow, and

Mountain-Car. Experiments show that contrastive Koopman embedding achieves state-of-the-
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art results in long-term prediction. Based on the embedding space, we analyze that the adaptive
transition matrix re ects the continuous spectrum, and the contrastive loss boosts the Koopman

embedding by penalizing the value of the transition matrix in a linear system.

3.1 Introduction

Dynamical equations give us a principled way of understanding how the system's state changes
over time.

Given the autonomous discrete-time dynamical system

Xg1 = LIXOe (3.1)

whereL : X ! X is a deterministic mapping from the current state to the next state, an#l X
is a state variable representing the dynamic state of the system. For many real-world systems, the
governing equations are unknown, making traditional analysis impossible must be estimated

from (potentially noisy) state variables over a nite time perioklgex1*” " "x) . This is particularly
challenging wherL is a nonlinear map.

The Koopman operator [93] is an in nite-dimensional linear operator used to represent non-
linear dynamical systems within linear systems, helping us understand the behaviors of complex
systems. Although it provides an attractive analytical tool, a nite-dimensional approximation
of the Koopman operator is complicated in practice [94 96].

From a data-driven perspective, we hope to obtain a nite approximation of the Koopman op-
erator from data. Previous data-driven research, such as dynamic mode decomposition (DMD)[95],
and extended DMD (EDMD)[97], provides numerical schemes to identify global independent

modes that best t the data using a handcrafted transform or basis of the original state. Deep

neural network (DNN)-based methods [98 104] automatically learn the transform or basis from
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data.

The classic data-driven approaches achieved success in short-term prediction and were suit-
able for weakly nonlinear dynamical systems. They are exible in nding a nite representation
space to approximate the Koopman operator, but nding a global linear representation is still a
challenge in strongly nonlinear systems, especially when aiming for long-term predictions. As we
increase the representation dimension by extending the number of neurons and depth, we might
achieve a better nite representation of the Koopman operator. However, it is easy to over t the
linear representation [99].

Instead of nding a global linear representation, state-dependent [103, 105] Koopman repre-
sentations achieve better long-term prediction. However, state-dependent Koopman approaches
lose the appealing properties of the Koopman operator in modeling long-term patterns. There
are no analytical solutions or behavioral characteristics after transformation into a linear rep-
resentation. To interpret the embedding space, they require prior physical information about
the speci ¢ system and a large amount of data for training. Providing more general data-driven
Koopman research remains a challenge for handling various unknown systems while preserving
model interpretability.

Thus, we are interested in learning from observations of states over a nite time period,
Xo*X1*” " "%y , to understand the physical system. While prediction accuracy is important, the goal
of learning dynamical systems is to understahdand how it characterizes the behavior/physics
of the underlying system. It is often necessary to (potentially) trade o prediction accuracy for
more interpretable (i.e., linear) approximations.

In this paper, we propose a data-driven method, Contrastive Koopman Neural Network, to
learn Koopman linear dynamical representations that balance interpretability and predictive per-
formance. Similar to state-wise Koopman approximation methods, our transition matrix varies.
Without requiring prior physical information, we use contrastive learning [14], a self-supervised

learning method, by augmenting input data with positive and negative pairs. For example, the
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transition matrices from the rst half and second half sub-trajectories are regarded as positive
pairs. The variation in the transition matrix is relatively determined by the "distance" between
two sub-trajectories. In this case, we do not need to learn each individual state. The transi-
tion matrix is globally xed for each input sub-trajectory. Using the sub-trajectories as inputs,
this Contrastive Koopman Neural Network learns both the linear representation and the sub-
trajectory-dependent transition matrix simultaneously.

To investigate the e ects of the Contrastive Koopman Neural Network on prediction tasks,
we applied the method to several nonlinear systems. The results demonstrate that our method
outperforms other DNN-based Koopman operator approaches. At the same time, the learned
representation of the Contrastive Koopman Neural Network yields meaningful interpretations in
terms of physical quantities.

The paper is organized as follows: In section 3.2, we introduce Koopman operator theory
and review data-driven approximation methods. In section 3.3, we present the basic idea of con-
trastive learning. In section 3.4, we state the problem and present our method, the Contrastive
Koopman Neural Network. In section 3.5, we demonstrate our prediction results on three di erent
nonlinear dynamical systems, showing that it outperforms other baseline methods. In section 3.6,
we further analyze our model from an interpretability perspective and investigate the role of con-
trastive loss in the learning process. In section 3.7, we present additional data and metric settings

for comparison from a data-driven perspective.

3.2 Koopman Operator theory

3.2.1 Koopman Operator

The Koopman theory provides a principled method for describing any dynamical system sat-

isfying (3.1) with a linear operator. Instead of considering the evolution of the ste¢@ X, the
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Koopman operator acts on the space of measurement functions ¥véretM denote the space
of measurement functions, whete 2 M is a function fromX ! C.

The Koopman operatoK is a linear operator inM even when the state dynamids are
nonlinear [106]. It de nes an in nite-dimensional linear operatd : M ! M, which acts on
an observabl& x° for anyk 2 M .

Kk =k L” (3.2)

Speci cally, given the current stateg
Kkix® =k L2x&" (3.3)
Recalling Eq. (3.1), wheke Lx® =k xc 1°, substituting the right-hand side gives:
kxc 1° = Kk 2x¢®” (3.4)

In particular, the eigenfunctions of the Koopman operator are a set of special measurements
that evolve linearly over time. An eigenfunction of the Koopman operator, with corresponding

eigenvalue , satis es the relationship:

For the measurement functioriss!x®, it can be decomposed as the combination of eigenfunc-

tions, i.e. B
€]
kg'x® = B.i . x& (3.5)

c=1

whereB. is the project okgon the: th eigenfunction., i.e¥ kgi. | = kg!s% . 1s°3s.
Although theoretically sound, itis generally not possible to led€nor its eigen-decomposition

exactly from data; this is especially challenging when the Koopman operator has a continuous
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spectrum [107].

3.2.2 Finite-dimensional Koopman Approximation

A lot of research e orts have focused on learning nite-dimensional approximations of the
Koopman operator [100, 102, 105] by only considering a nite number of measurement func-
tions X = sk1lx® """ ekIxPY: A nite-dimensional representation is crucial to learning

nonlinear dynamical systems from data.

De nition 3.1. A nite ?-dimensionallinear representation * <Q°ofL in M is linear such
that
K = Lix; 1°= x; °=Q x;° (3.6)

whereQ isthe? ? transition matrix.

In terms of the eigenfunctions, we decompose the measurement functions by nite eigen-

functions:
1
itxey .
3 9
1x:© = " = i gtx®vg (3.7)
g1
212
Wherevgare theKoopman modes, which serve as the coe cients in the combination of eigen-
functions. Often, it is possible to approximate this expansion as a truncated sum of only a few
dominant terms. In this way, we want a nonlinear dynamical system satisfying (3.1) to propagate
into the next step in the nite representation space:
G
Xg1°= FX® =K °x&® 1 IXOV e (3.8)
=1

Where the relevant dynamics of the Koopman operator can be captured by theé? ssgenvalues,

eigenfunctions, and eigenmodes.
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Proposition 3.2. Let! «Q of L be an?-dimensional representation of the non-linear system
such that xc1° = Q :x¢&, the eigenvalues @, _ois the eigenvalues & and the associated

eigenfunction oK are given by

wherewg is the eigenvector 6F .

We can see that the nite-dimensional approximation of the measurement functions can be
interpreted to be a nite-dimensional approximation of the Koopman operalor Thus, we want

to approximate the nonlinear dynamics of (3.1) by a linear dynamical system
Xg1° =K 1x®e (3.10)

where : X! R? are some nonlinear embedding functions (typically characterized by neural
networks). Note that ikgis a Koopman eigenfunctiong, thenQ is a diagonal matrix with entries
corresponding to the Koopman eigenvalugs

By learning andQ from data, we hope to 1) approximate a dynamical system with a non-
linear mapping functionL by a linear mapping functionQ while still maintaining reasonable
prediction accuracy over long time periods; and 2) gain more understanding of the system by
learning a nite set of Koopman eigenvalues, eigenfunctions, and mdclg&yvegg;r Classic
approaches such as EDMD assume that a sifgglegill be a suitable approximation foK . How-
ever, the learned nite-dimensional operat@ often gives poor results, particularly if the system

has a continuous spectrum [105].
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3.2.3 Data-driven Koopman Approximation

The data-driven approach approximates the Koopman operator using a nite-dimensional
representation. Speci cally, we aim to identify a nite set of observablesind a transition ma-
trix Q to jointly approximate the Koopman operator. Some methods, such as DMD-type approx-
imations of the Koopman operator, rely on predetermined basis functiorf4 06]. Once suitable
basis functions are selected, the matri®) can be estimated via linear regression on the data.

Dynamic Mode Decomposition (DMD) [95] and Extended DMD (EDMD) [97] provide nu-
merical schemes for identifying globally independent modes that best t the linear regression
task. These dominant modes are valuable for understanding the behavior of nonlinear dynamical
systems and for reconstructing the original data. For example, in uid ow systems, the rst

dominant mode often captures a temporally invariant feature.

3.2.3.1 Dynamic Mode Decomposition

Given the two snapshots of the state of a systeéf?

% (3.11)

wherexcis = dimensional observable vector. DMD seeks the bes using regression to nd
the solution,i.e.

QA (3.13)
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The solution to this equation is

Q=argmin k@ Q7 ki=" Y (3.14)

where” Y is the pseudo-inverse df , which obtained by*Y =\ [ once we have the SVD of
AN =[ \ ,where denotes complex-conjugate transpose.

This best- tted transition matrixQ can be regarded as the approximation of the Koopman
operator in the case df 1x° = x. However, we noticed that the matrix of) is hard to obtain
once we have a large. In the case of a very high-dimensional space, DMD is only interested in
A Atransition matrix @ which represents the dynamics within the reduced subspace. Thus, we

project the original transition matrixQ to the the subspace spanned py

Q=[aQl[A (3.15)

which is decided by the rstAeigenvectors of using the singular value decomposition.

By substituting the 3.14, we have

Q=[a" 4 A" (3.16)

In analogy to the Koopman mode, we are interested in the eigenvecto€s @he DMD modes

=1/ 10/ 227" " $5°), which are de ned as

Q = (3.17)

From the smalle@, we can reconstruct the eigenvectorsSince we have known the small€}p,
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the eigenvector ofY can be obtained by

Q] =] (3.18)

The high-dimensional approximation of the eigenvectors@fcan be obtained by projecting

back to the original space.

=[A (3.19)

The DMD modeg gapproximate the Koopman modegg the DMD eigenvaluesgapproximate
the corresponding Koopman eigenvalues, and the DMD mode amplitdgdepproximate the

Koopman eigenfunctionsgevaluated at the initial condition.

X: =  lqgte= (3.20)
o1

where

b= Yx, (3.21)

Thus, we can forward the state to the next state by only accessing the DMD mode. DMD is good
at modeling linear data or weakly non-linear data. In the discrete-time case, the time interval

betweenx, andx, should be small enough to approximate the linear change.

3.2.3.2 Extend Dynamic Mode Decomposition

As a variant of DMD, Extend Dynamic Mode Decomposition (EDMD) extends the original
state variables into higher dimensions by embedding, so it can handle more complex systems. To
extend the dimension of state variables, the dictionary-based method manually de nes a dictio-
nary, such as a polynomial, to de ne the basis of extended observables. The basis can be regarded

as the approbation of the nite functionk& of the Koopman operator. Ideally, we hope the basis
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function will span the Koopman-invariant subspace, but this is hard to guarantee.
Denote a set of basis = fkiekoe " ” " ¢kg. We project the stat& into embedding-c= x® 2

R?. We seek the best- t linear matrixQ in terms of the embedding such that

Q = argminjj® Q_jj3 (3.22)

where

- (3.23)

~ (3.24)

Analogous to the measurement function decomposition in the nite-dimensional case (eq. (3.7)
and section 6.1), the eigenfunction can be expressed as a decomposition over a set of handcrafted
basis functions.

G
>Ix® = hkgix@= ) 1x® (3.25)

81
Wherebg3 is the left eigenvalue of = .B¥. The right eigenvectors are the EDMD modes, similar
to DMD modes.

We can de ne the handcrafted basis (e.g., monomial basis) to extend the basis set. However,
EDMD su ers from over tting with an increasing number of basis functions [99]. We can use
Sparse identi cation of nonlinear dynamics (SINDy) regression [108], selecting only the few basis

functions or the regularization on the transition matrix [94].
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3.2.3.3 Deep Neural Network-based Koopman Representation

Recently, researchers have been exploring the approach of automatically discovering the
Koopman invariant subspace using data. This data-driven method involves representing the fun-
damental observation functions through deep neural networks [105]. DNN-based approaches
obtained successful results on the short-term prediction and were suitable for the weak nonlin-
ear dynamic system. Itis exible in nding the nite representation space to approximate the
Koopman operator, but nding the global linear representation is still a challenge when we have
a strong nonlinear dynamic system, especially when we intend to make long-term predictions.

s J.

Givenmultiple observed trajectoriesf,xg)g)-x1 3<)1 & 1@1, from a system that satis es Eq. (3.1),

the observation functions will be learned by the encoder-decoder architecture:
1. Encoder network, : R°! R?,toimplicitly learn the nonlinear embedding function

2. Decoder network, :R?! R such at ! to implicitly learn the inverse mapping

function so that we can recover the original system states

By training the encoder-decoder neural networks, we will obtain more exible observable
functions than EDMD. Given the pairs 6f * ©, the transition matrixQ can be approximated
by EDMD regression or analytical solution [103, 109] following the equation 3.14.

To reconstruct the data from embedding space, instead of a decoder network, some works
concatenate the original state variables in the representation space as wel [100, 110] to make it
easy to map from th& 1x® to x¢

Instead of regression, we might use a one-layer linear network to represent the Koopman Op-
erator matrix parametrized [100] to nd the global linear property. However, for the strongly
non-linear dynamic system, [94, 105] set an auxiliary neural network to learn point-wiged
based on the current state, i.e.

1Xc 1° = KIX® X" (3.26)
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Liu et al. [103] sets the segmented window to learn a segment-wise transition matrix. The
varying transition matrix can make good forecasts of future states, but to achieve that, they either

need the prior physical information or a large amount of data to train.

3.3 Contrastive Representation Learning

Representation learning is a highly active eld in learning an encoder (neural network) that
produces the optimal representation of given data with the aim of improving downstream learn-
ing tasks such as image classi cation [15], image-to-text [3]. Representation can always be
learned in a generative approach or a discriminative (contrastive) approach. Generative methods
use loss functions that usually aim to structure the learned representatiomrsome way such that
arandom sample& from a pointin the representation space will still generate a meaningful point
in the original data space; structure is usually provided in a probabilistic sense (i.e., the posterior
distribution of the representatior?1zjx° should similar to a standard multivariate Gaussian).

Contrastive methods, on the other hand, do not consider the generative ability of representa-
tion as the most important property of an encoding function. Instead, it aims to provide structure
to the representation, such that the similar points can be gathered in the representation space.
i.e. ?tlabelzgz’. The contrastive learning is related to data augmentation. A given data set is
augmented by creating positive and negative pairs of data. For example, an iraayel its ro-
tated imagex; will be consider as positive paitxsx;°. On the other hand, any other image from
the training setxg 9< 8forms a negative pair withxg. Therefore, a good embedding function for
the images should also give high accuracy for this simple binary classi cation problem.

The speci ¢ type of data augmentation and how to de ne positive and negative pairs make
contrastive loss very useful in di erent applications. The data augmentation strategy is depen-
dent on the speci c pretext task and downstream task. For the rotated image detection down-

stream task, we cannot use a 90-degree rotated image as the positive argument of the input image.
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However, for the image classi cation task, we can use rotation, grayscale, or cropping to make
positive augmentation. Recently, some papers also focused on the negative sample selection [35,
111] to improve the learning e ect of contrastive loss.

With the augmented data positive pai&G ) and negative pairGG ). In the case of knowing
%; = 1jG+ & and%; = 0jG+ ", the loss function can be de ned as the cross entropy loss [48].
Instead of calculating the conditional probability, triplet loss [40] tries to set a margin distance
between the metri@1G+ & and31G+ &, for example31G+ & = |j5!@ 51G %jjp, where5! °is
the embedding function.

From the perspective of two views of the same inputs should keep common information, [14]
proposed InfoNCE loss and provided a theoretical analysis. It has become a common contrastive

loss since its successful application in NLP [30], image processing [15], and multimodal learn-

ing [3].

exp5:@ 51G °

{ 3.27
exp5i@ 51G°, g ,p exp5i@) 51G,° (3.27)

L:5># = Iog

whereD is the negative samples set. In other words, contrastive learning should extract mean-
ingful and consistent representations from similar data augmentations of input data. Thus, for
the dataGand the auguemnted dat& , minimmizing theL =554 IS a way to increasing the

mutual information G G ° betweenGandG, i.e.
1IGG°%3%log L =5># (3.28)

However, there is no upper bound on mutual information. The numeraaxp151G’°51G 0o
will increase to an extremely large value to minimize the loss function. It can be avoided by
normalizing the output of5! °[15]. In this case, the positive pairs will be pulled together, and

the negative pairs will be pushed away in the embedding unit hypersphere space. The numerical
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part 15:@"51G °° will have the same e ect of
L 0:86== Ei.5ij5'@ 5!G °jj (3.29)

since 51 and 51G ° are normlaized. However, we will obtain a trivial solution & to pro-
duce identical and constant output vectors. This induced tiolapse problem [18]. Contrastive
learning is commonly used to prevent collapse by introducing a large number of negatives.
Contrastive learning will take advantage of data-driven problems without considering large
labeled data. By attracting the positive pairs closer and pulling the negative pairs away, it can
learn the invariant and common features among similar data. By constructing similar and dis-
similar data, it ts categorical data such as words and images. Each word and image can be
regarded as a self-category. However, few studies applied it to modeling continuous numerical
data such as dynamic systems. Tinemerical value in the dynamic system data has its physical

meaning. Measurement of the scale of the numerical value is also important.

3.4 Method: Contrastive Koopman Neural Network

In this section, we will introduce the proposed contrastive Koopman neural network to learn

the Koopman embedding.

3.4.1 Problem Statement

8

We are givertt independent, equal duration trajectorie§ "’ " " 5™ "g, whereS® = fx3ex5e " X5 19

is the simple state during a particular time peridd and x?: 2 R is the state of the system at
time Cin the &h trajectory, from a deterministic, nonlinear, dynamical system.
Instead of approaching the global nite linear representation, we considsub-trajectory-

dependent transition matrix for the nite linear representation from a data-driven perspective.
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Figure 3.1: The diagram of contrastive Koopman neural network: from the le to right, we have the
three parts: Separating trajectory evenly to build the sub-trajectory pairs for the inputs; Implementing
the Koopman operator approximation in the embedding space; Constructing the decoder to convert the

observable back to the original state.

Given a full trajectoryfxo* " " X2 10,

we want to approximate (3.1) by
Ixg 1© = K1 1xgo0 1xe (3.30)

18 0= Kt 1800 1xfo, (3.31)

whereg 2 fO+1e2e"""¢) 1gand> 2 f)e) , 1s) A 277”9  1grepresent the two param-
eterised transition matrix. AndC= 0=1¢"""¢) 1, B=)e) , 1+"""8) 1. Thus, we allow the
transition matrix to remain invariant during a sub-trajectory. Between the di erent trajectories,
the transition matrices are allowed to change. While we allow the transition matrix to change

between two sub-trajectories from the same full trajectory, we still hope they would be similar
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to each other, other than the sub-trajectory from a di erent full trajectory. i.e.
jjK? 1Xgoo K1 1X§oo”‘ jj K2 1X8°° K1 1X300jj (3.32)

By achieving this objective, we force the system to capture the invariance features of the transi-
tion matrix during 2 automatically. Out of the trajectory or time period , the transition matrix

prefers to be distinct from each other.

3.4.2 Contrastive Koopman Embeeding

By pulling the transition matrixkK® 1xg°°andK® 1x8°° together and pushingc* 1x5°°and
K1 1xoo away, we will achieve the objective describe in (3.61).

Formally, we will partition the&h trajectory into two (equal duration) segments. The rst
segment will beS5,,= fxge"" %3 ;gand the second segment will lBp= fxe""%5 19 We
can then design the pretest task of using part of the input trajectory to predict the transition
matrix of another part of the input trajectory.

we proposed aontrastive Koopman neural network to learn the embedding function

and the transition matrixQ simultaneously, depending on the particular sub-trajectory. Thus,

we consider our contrastive Koopman neural network with three networks, as shown in 3.1:

1. Encoder network, : R°! R?,to implicitly learn the nonlinear embedding function

2. Decoder network, :R?! R such at ! to implicitly learn the inverse mapping

function so that we can recover the original system states

3. Finite-dimensional Koopman network: : R ! R? ?, whose input is an output of the

encoder, x4° and outputis the nite-dimension linear operator! 1x4°°

To simplify notation, we will denote the transition matrix learned froi®$, ,as Q8,,and he

oy . 8 8
transition matrix learned fromSg, asQgpa
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Given data from ?7), our goal is the learnt « «+° the parameters of these networks by

minimizing the following loss
e eK=argmin . «L.g=, L a4z L 7a43 L 25>=caosc (3.33)

where L .g5 L aq2 L 2a43 andL 2>-caogte the linear dynamic loss in the embedding space, the
encoder-decoder reconstruct loss, the K-step prediction loss, and the contrastive loss as shown

in the following.

1. Contrastive loss : From the data itself, we hope to de ne the self-supervig@dtest task
to help the model learn a better interpretable Koopman representation and avoid over t-
ting. Ideally, the transition matrixG remains constant within the same trajectory. Conse-
guently, for distinct trajectories, distinct transition matrices will be applicable, re ecting
the trajectory-speci ¢ nature. Thus, we can design the pretest task of using the part of the

input trajectory to predict the transition matrix of another part of the input trajectory.

Thus, we regard the pairQ§A4Q§Dg from the same trajectory ® as apositive pair and

(Q§A4QBQD 2, 9< Bas anegative pair . Note that we can have up t§ 1 negative pairs.

The proposed contrastive loss is

G expt jj Qas Qp2if*°
L >=cnos® Iog it 08 8 o0ji20 i ii OB 9 oii20
&1 expJ] Qas Qgpall®.  o«seXP' )] Qas Qgpall

(3.34)

wherejj jj isthe matrix norm, such as the Frobenius norm (More norms are analyzed in

the experiments part), an§9are the indices of trajectories in the dataset.

2. Linear loss: To learn the Koopman linear representatidn «Q°, in the embedding space,

we can utilize the transition matrixQ to map the current embedding state to the subsequent
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embedding state utilizing the Koopman theory.

G D1 1
Lg== * jiQas X® X%,  iiQ¥ps X&  X¢°i° (3.35)
&1 GO0 G)

. Prediction loss : Our goal is to predict the future state, so we have the prediction loss given
the current state to predict the next state w.r.t the original space. We combine the linear

loss and the reconstruction loss to drive the K-steps prediction loss

& &
Lona= 1 ) Qa8 g x5, i Qg b X i (3.36)
&1 :=1
We considerthe =1) 1°step prediction in the loss to advance the long-term prediction
of the model. Note that there is no overlap between the sub-trajectory from tinie) and
the sub-trajectory fromtimg , 1to 2 to follow the assumptions that all input trajectories

are 11D sampled.

. Encoder-Decoder Loss This loss ensures that the encoder is capable of accurately map-

ping back from the embedding space to the original physical state variables:

& D1
L aqz= it ox&@o x§ise (3.37)
81 GO0

wherejj jj is the L2 norm. A smallL a4owould force the encoding network, , and the

decoding network, , to approximate inverses of one another.

In contrast to almost invariant eigenfunction and the eigenvalues which are almost equial to

the error between g 1will induce a continuous shifting. For the complex eigenvalug= 0, 18

the major shifting on0 will induce the growth or decay of the associated mode, and the major

shifting on 1 will induce the frequency of oscillation of the associated mode.
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S8y o=/ 1y (3.38)

3.5 EXxperiments

3.5.1 Experiment Setting

In this section, we will compare contrastive the Koopman embedding with the previous ap-
proaches on long-term prediction. The contrastive neural network is employed to model the
encoder , decoder , (both constructed by the two hidden layers following the Relu function,
and one fully connected layer), transition matrix netwot#k(consist of one hidden layer following
Relu activate function, and one full connected layer). We set the embedding space dimension as
? = =, which matches the input space dimension. The output of the additional networkill
have a dimension oP2. In order to apply it to the loss function, this output is reshaped into a

? ? matrix format.

3.5.2 Dataset

We evaluate our method on three dynamic systems,

a.1l Pendulum : We simulate the pendulum to obtain the data based on the non-linear system,

SQ_

3c 2 (339)
3G .

3¢ SnG

We sample5 andG from the range» 31+3"1Yand » 2¢2%as the initial condition. Setting
gravity 6 = 1 and Length of the pendulurh = 1'0 We restrict the energy0'’s! G5 , 6! 11
co$G°° Y 199 The simulation step i©04from 0to 404 Each trajectory will havel02
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points,i.e.2 = 102 We useB000trajectories for training.

a.2 Noise-Pendulum : for each point of trajectory, we added Gaussian nolé&™ = Of =

001° to every data point.

b.1 Fluid Flow : Considering the nonlinear uid ow past a circular cylinder at Reynolds num-

ber10Q The drafting rate is = Q"L

3G _. »

3" G G 016G (3.40)
3G _ . .

—3C—Q, & 016G

3G _ .

2c- 10G G G (3.41)

We sample the initial conditiorz from the range» 1"121"1%G from the range» 171¢1"1%4
and G from the range»>»2'42/4 The simulation step i904 from 0 to 804 with 16000

trajectories. For any trajectory beyond th& = 25, we will discard it.

b.2 Noise-Fluid Flow , each point of trajectory, we added Gaussian ndi¢g = 0f = 001°

to every data point.

c.1 Mountain Car , the trajectory is generated based on OpenAl gymnasium. We sample

13000trajectories.

c.2 Noise-Mountain Car , each point of trajectory, we added Gaussian noiég = Of =
0'01° to the position state and added Gaussian noisg = 0f = 0'00P to the velocity

State.

3.5.3 Baselines

We have ve baseline methods to compare with our methods. As shown in Table 3.1, The

methodsDMD andEDMD were implemented using the Deeptime package [LIXEDMD were

82



implemented based on Deep-EDMD [99], which employs neural networks to replace hand-crafted
basis functionsD-KUC [100] places the raw observations into the embedding space to avoid the
need for a decoder, which is used to convert the embedding space back to the original space. The
varying transition matrix will relax the global linear dynamic constrainDeepKoopman [105]

has a transition matrix that depends on each input state.

Table 3.1: Checklist of di erent methods.

Methods Encoder Decoder Q parameterized Regularization
DMD [112] 7 7 7 7
EDMD [112] 7 7 7 7

D-EDMD [99] 3 3 7 3
D-KUC [100] 3 7 7 7
DeepKoopman [105] 3 3 3 3
C-Koopman (ours) 3 3 3 3

3.5.3.1 K-step Prediction

The primary objective is to predict future states accurately. We assess all methods for K-

step predictions using. »a43 Which measures the Root Mean Squared Error (RMSE) between the

prediction and true state values

RMSE= —— ji 11Q8ag e x8jj3 (3.42)
81 :=1

. One-step prediction, involving predicting the next state based on the current true state, is rel-
atively straightforward. However, multi-step prediction presents challenges as errors can accu-
mulate, a ecting the accuracy of long-term predictions. As illustrated in g. 3.2, the multi-step
prediction errors are signi cantly larger than those of one-step predictions.

As indicated in table 4.4, our Contrastive Koopman embedding method outperforms other
baselines consistently in long-term predictions in all free-noise dynamic systems. See g. 3.3, the

prediction on 50 steps for the pendulum system. After adding noise, our method still beat the
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Figure 3.2: The K-step prediction error of three di erent systems. The lower panel shows the K-step
prediction on the noise dataset.

other method on the Pendulum and Mountain Car dynamic systems but the Fluid Flow system.
The DeepKoopman has the best result in the case of the Noise-Fluid Flow system. DeepKoopman
and C-Koopman are transition matrix varying methods; varying the transition matrix would
boost the performance when we make multi-step predictions.

Di erent from DeepKoopman, whose transition matrix depends on each state and is manually
designed the forms, Contrastive Koopman relaxes it on the trajectory-dependent. So the linear
dynamic properties are still kept, given the initial condition. As shown in g. 3.2, our method's
performance is better than DeepKoopman on most of the steps K. However, the DeepKoopman

iS more robust in the noise case.
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() DMD prediction of I:,enduluml(Ltj)r)nEDMD prediction of Pendufl(jZnD—EDMD prediction of Pendu-

(d) DKUZ prediction of Pendu{e) DeepKoopman prediction off) C-Koopman prediction of Pen-
lum Pendulum dulum

Figure 3.3: Long-term Predicting Error on 50 steps for Pendulum system

Table 3.2: Experimental results on long-term prediction on RMSE. For the Pendulum and Pendulum Noise
tasks, we predict up to the 50th step. For the Fluid Flow and Fluid Flow Noise tasks, our predictions extend
to the 100th step. For the Mountain Car and Mountain Car Noise tasks, we predict up to the 50th step.

Methods Pendulum Flow Car Pendulum Flow Car
Without Noise With Noise
DMDJ[112] 0.2348 0.2322 0.9941 0.2182 0.2180 0.9776
EDMD [112] 0.2315 0.2033 0.1343 0.2152 0.1901 0.1360
D-EDMD [99] 1.5586 0.9249 0.7664 1.4248 0.9252 0.7680
DKUZ [100] 0.1315 0.5883 0.5861 0.1260 0.5869 1.0781

DeepKoopman[105] 0.1011 0.0460 0.2398 0.1010.0530 0.3574
C-Koopman (ours)  0.0193 0.0423 0.1360 0.0692 0.0976 0.1371
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3.6 Analysis

3.6.1 Trajectory-Wise Transition Matrix Reflects the Continuous

Spectrum

Furthermore, it is crucial to analyze the approximated linear representation in the Koopman
embedding space. This analysis provides deeper insights into the system's dynamics and high-
lights the advantages of our method. In our examples, both the pendulum and mountain car
systems exhibit oscillatory behavior, while the uid ow system demonstrates a stable limit cy-
cle in the plane oG G. This system behavior corresponds to a marginally stable mode in a
linear dynamical system, associated with the eigenvglug = 1.

In practice, however, we can only approximate this eigenvalug ag 1 due to variations
in the input of speci ¢ sub-trajectories and the inherent nonlinearity of the dynamic system. For
instance, di erent pendulum trajectories exhibit slightly varying frequencies, which manifest as
small shifts in the value of_gj. Similarly, in the uid ow system, deviations inj_gj re ect the
distance of the current state from the limit cycle.

To analyze the evolving features of the system, we examine the corresponding eigenfunctions
I otx°. Eigenfunctions enable us to represent nonlinear behavior within a linear framework. In
principle, if we achieve an exact linear approximation with eigenvajug = 1, the eigenfunction
remains invariant, as stated in Proposition 3.3. Therefore, eigenfunctions serve as valuable tools
for assessing the invariance properties along a trajectory, determinetitbyx4°°. Additionally,

they help capture patterns across multiple trajectories governed by di erent transition matrices.

Proposition 3.3. Let! «71g°° denote a trajectory-dependent linear representation. If there exists
an eigenvalug g = 1, then the corresponding eigenfunctigix® represents a conserved quantity

or an invariant distribution associated with the trajectory dynamics.

86



Proof.In the Koopman embedding space, the linear dynamic is:
1Xt, lo - /\lgO 1Xt° (3.43)

The left eigenvectowjZ and eigenfunction g corresponding the eigenvalugyis given by

VjZ/\ 1g° = _9VJZ (344)
i gtx(© = vjZ 1x,0 (3.45)
For the next step
[ 91Xt= 10 :VjZ 1Xt, 10 (346)
=ij" 190 1x,° (3.47)
= of X¢° (3.48)

when thej_g¢ = 1, the norm ofi ¢'x{° will be a invariant measurement independent of time.f

For a strong nonlinear dynamic system, a continuous spectrum is more often observed due
to the shifting of the eigenvalues. In our assumption, the contrastive loss will capture this shift
by allowing the transition matrix to vary across di erent trajectories. At the same time, the two
conjunct sub-trajectories will keep as close as possible. We will analyze the eigenfuniction
associated with the ¢ 1, which captures the invariant features as shown in g. 3.9.

For conservative systems such as the pendulum and mountaini eaexhibits continuous
variation across di erent trajectories, as shown in gs. 3.4(a) and 3.4(c), corresponding to fre-
guency shifting. From the same trajectory plots in gs. 3.4(d) and 3.4(§)iaintains almost

consistent values over time, i.@.g'X® 1 o'X¢ 1°, Which re ects energy conservation.
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((;3|J:1€ eigenfunction of the pen(-b) The eigenfunction of ﬂuidgz The eigenfunction feature of

flow

(d)_The eigenfunction of 8 trajec(-e) The eigenfunction of a singl
tories of the pendulum

trajectory of fluid flow

Q) The eigenfunction of 8 trajec-
tories of car

Figure 3.4: Eigenfunction over the trajectory for di erent systems

For non-conservative systems such as uid ow, we observe that the continuous variation
persists across the plane spanned@®y G in the 3-D visualization ( g. 3.4(b)). To examine the
eigenfunction over a long-term trajectory, we simulate a trajectory of length 2,500 (compared
to the training trajectory of length 102), as shown in g. 3.4(e). The consistent features remain
within closely relatedG G or over particular periods. However, as the gap between the two
planes increases, the change in the eigenfunction progressively becomes larger.

Furthermore, as shown in g. 3.5, the color is the eigenvalugirom di erent initial points
in the raw space. g. 3.5(a) and g. 3.5(b) explain the dominant change of the real part or the
imaginary part of the complex eigenvalue. From g. 3.5(a), we can see there is no growth or decay
for the pendulum. From Figure g. 3.5(b), we can see there is continuous frequency shifting for

the pendulum. This observation has consistent analysis from the analytical solution of the period
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(a) The real part of the eigenvalue (b) The imaginary part of the eigenvalue

Figure 3.5: Eigenvalue of di erent initial states on pendulum

) , which is implemented by the elliptical integral depending on the initial angle of the pendulum,

and also the previous research [105].

3.6.2 Contrastive Loss Is More Than Regularization

Let's focus on the e ect of contrastive loss in the embedding space. In this case, the nite-
dimensional nite-dimensional linear representation ' «Q° has the x embedding function
. We will analyze the loss of a single trajectofx1*x2* " " "x) °. To make is concise ,after ap-

plying the encoder , we have embedding-1e~2*" " "+) ° to construct thegh single trajectory

loss with linear and contrastive loss terms. Note that

1. We only consider the linear dynamic loss because the x of the encodés not a ected
by the decoder . In this case, itis only a ected by the transition matrix in the embedding

space.

2. We eliminated the negative part from the analysis since it is used to prevent the trivial

solution or collapse in the contrastive learning.
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Therefore, we have a single trajectory loss in the embedding space.

01 D1
Les=s& JiQazc ~Cils,  1iQepsc ~guij5. i Qas Qepidi’ (3.49)
G0 S

The rsttwo terms of L gg=¢.8.49 are the residual sum of squares (RSS) in terms of the transition

matrix. Write
1
(M= jjQazc ~&4il (3.50)
G0
1
'(( BP3= jiQepsc ~g1ij3 (3.51)
G)
We thus have,
Leg=s.# "(( A% '(( BP° jj Bas Qo0 (3.52)
='(C A BPR  QBadi® L 1T QBpd® 2 Y QasQepsi (3.53)

It can be written as RSS with ridge regression form when the penalty hyperparametei

~

' ?2A4 ' 2A4 e ~?A4:2 ' O .. 9A4. 0::2
(( pgaer '(C A% jQ7MPP ="(( 1, _  jiQ""%e0jj5 (3.54)

1 BD5 1 - ~BD5:2 1 O :\BD3J.,.0;i2
(( pgaer (Cy 1, JIQ%PTP="(().1, _  JiQ®PHe0jj3 (3.55)

Denote the'(( agzs4="(( 25564 "(( Z@gmthus the loss functiorl gg=s.£9. (3.49) consist the

ridge regression, the positive pair inner product term.
L gs=6:7 '(( asses 2Y Q7A4QPP3 (3.56)
The lossL gg=g: provides regularization for the linear regression. More than that, the positive
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pair inner product term alignment two transition matrices to similar [113, 114]. Cauchy-Schwartz
inequliaty provides the upper boungQ?A4j?jjQBP%j2. Minimizing lossL gg=6£9. (3.56) need us
to increase the similarity betwee®?%and QBP° We hypothesize that providing additional sim-
ilarity measurement information will boost the learning process rather than the regularization.
We will show the results in the experiment section to verify our hypothesis.

We also consider the InfoKoopman loss function. The single trajectory loss will be

Les=s. (™% "(( °°° ¥ Q™4Q (3.57)

Compared to the eq. (3.49), the loss eq. (3.57) excludes the L2 regularization terms.

3.6.2.1 Experiments Result

To assess the impact of the contrastive loss on the Koopman embedding results, we remove

the contrastive loss from our loss function eq. (3.33). Thus, The loss function will be simpli ed as

Lug - =Lig=, L asa Ll 2ns4 (3.58)

, Which can be regarded as trajectory-dependent EDMD. The transition matrix will be learned by a
neural network given the initial condition in the embedding space. We also give the regularization
loss

Lug » + =L.g=, L asg L 2asa, _jjQjj3 (3.59)

to compare the regularization with contrastive loss.

We also replace thé 2--coptith the INfONCE loss eq. (3.27), i.e.

L =5>>>7<0==L 8=, L asg L 2as4, UL =55# (3.60)
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Like NN-EDMD-REG eq. (3.59), we add the constant vhlteeadjust the learning process.

Table 3.3: Experimental results on long-term prediction on RMSE.

Methods Pendulum Fuild Flow Mountain Car
NN-EDMD eq. (3.58) 0.0201 0.1675 0.1448
NN-EDMD-REG eq. (3.59) 0.0199 0.1586 0.1327
InfoKoopman eq. (3.60) 0.0203 0.0551 0.2792
C-Koopman 0.0193 0.0423 0.1360

table 3.3 shows the prediction errors on the test data. The Contrastive Koopman embedding
results are better than the non-contrastive loss eq. (3.58). The regularization eq. (3.59) can boost
the prediction result, but we need to be careful to select the hyperparametevwe make ex-
periments to select the hyperparameter from= f0°00020"00050"0020"01g to get the result of
NN-EDMD-REG in the table 3.3. The model selection is ine cient compared to using the con-
trastive loss. Contrastive loss avoids too small a too-small transition matrix using the negative

terms while minimizing the transition matrix.

(a) Pendulum (b) Fluid Flow

Figure 3.6: Non-contrastive vs contrastive: Prediction loss on validating dataset over the training process.
The contrastive loss (C-Kooman) plays a be er role than the L2 regularization (NN-EDMD-REG)

To further analyze the di erence between L2 regularization and contrastive loss, g. 3.6 shows
the learning process of NN-EDMD, C-Koopman, and NN-EDMD-REG. On the validation dataset,
the contrastive loss speeds up the convergence of the prediction loss. Pushing the positive pair
transition matrix closer is helpful for the learning process. The regularization can also boost

e ciency in some sense, but still has a gap with C-Koopman.
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In the case without regularization and contrastive loss function eq. (3.34), we extend the base
model NN-EDMD eg. (3.58) by the InfoNCE loss,i.e., InNfoKoopman eq. (3.60), as shown in table 3.3.
The learning result of InfoKoopmanJ(= 0.1)) will be degraded compared to the base model NN-
EDMD eq. (3.58). For the Fluid Flow system, the InfoKoopman improves the prediction result
compared to the NN-EDMD, but the result becomes worse for the Pendulum and Mountain Car.
We notice that the constant valud of InfoKoopman eq. (3.60) should be smaller tdaatherwise,
the prediction loss on the validation dataset is very large, as shown in the section 3.6.2.1. The
loss InfoKoopman eq. (3.60) is hard to learn since thelosg >4 is so large that it becomes the

dominant loss of InfoKoopman eq. (3.60), as shown in g. 3.7(b) and g. 3.7(c).

(a) Learning process with C¢b) Learning process witlfc) Learning process with
Koopman. L 554 .U=01 L -5-¢ U=1

3.7 Ablation Study

3.7.1 The Result Affected by Time Interval

To further understand the training data e ect for our method. We change the dumping rate
of the 3-D uid ow system = = 0'050"1:0"2¢0’5. As we increase the dumping rate, the trajectory
will have a faster change over time. As shown in the Figure. When the dumping rate becomes
large, the rapid change will make the two sub-trajectories have less similarity than the system

with a small dumping rate. This will increase the gap betweg@ft 1x§°° Kt 1x800jj. However,
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Figure 3.8: The simulation of d ient 3-D fluid flow system withF = 005 0"10"2:05.

due to the contrastive ideal,
ijl 1XSOO K1 1X§°°jj ” K1 1XSoo K1 1X3°°jj (3.61)

The related gap is still small compared to the sub-sequences from di erent trajectories. We can
increase the batch size to limit the e ect from the false negative pairs (i.e., trajed@aryd 9from
the same initialization). The continuous spectrum is also observed as the dumping rate changes,
as shown in the g. 3.9 and the lower part of g. 3.10 . Our contrative method would be stable
for modeling the inherited feature regardless of the damping rate changes.

The increase in the dumping rate will a ect the accuracy of the prediction due to rapid
changes. We can adjust it by narrowing the time steps (time slot from 0.02 to 0.01) to observe
more predictable, simple points. When= 05, we change the simple range and the time slot.

from 0-0'02004 " " "4'02to 0-0'015003 " " "8015and»0'01+002 " " "2'01 As the time interval
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