SA1s

UNIVERSITY OF HAWAI! LIBRARY
THE IMPACT OF THE HORIZONTAL CORIOLIS COMPONENT ON

WAVES IN THE OCEAN

A THESIS SUBMITTED TO THE GRADUATE DIVISION OF THE
UNIVERSITY OF HAWAT'I IN PARTIAL FULFILLMENT
OF THE REQUIREMENTS FOR THE DEGREE OF

MASTER OF SCIENCE
IN
OCEANOGRAPHY
MAY 2003

By
Martin D. Guiles

Thesis Committee:

Peter Miiller - Chairperson
Doug Luther
Bo Qiu



ACKNOWLEDGMENTS

I would like to thank my advisor, Peter Miiller, for his enlightening assistance with

this work. Additional thanks to the Office of Naval Research for funding.

iii



ABSTRACT

The traditional approximation neglects the horizontal component of the Coriolis,
which has its justification in a scaling argument. However, this leaves the effect of
the neglected terms unquantified. This paper takes a step toward identifying some
of the errors associated with the approximation. On the mid-latitude f-plane we
find that the maximum error in the dispersion relation is approximately }% Another
effect introduced by the inclusion of the horizontal term is the modification of the
reflection laws for internal gravity waves. The critical frequency now depends on
slope orientation. An analysis for the equatorial 8-plane shows that the resulting
set of equations is inseparable and the hydrostatic approximation cannot be made.
The standard equatorial dispersion relation is recovered with no dependence on the

horizontal rotation term, and the meridional structure of the solutions is modified.
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1. INTRODUCQTION

Within the classic (" traditional”) set of approximations, the neglect of the hori-
zontal component of the Coriolis vector is lacking a full analysis of its implications
and justifications. The frequent and general argument for its use is a simple scaling.
The effect of making the approximation is not immediately apparent. A detailed
solution for an inviscid, incompressible, rotating fluid has been given by Needler and
LeBlond {1}. The single equation in pressure that they obtain is not separable, but
the factor of the mixed derivative is very small unless the frequency is close to iner-
tial and the stratification is weak. They conclude that “...the horizontal component
of the Earth’s rotation may be safely neglected everywhere, except for buoyancy
waves in weakly stratified deep layers.” This asserts rather robust justification for
the approximation, but they do not address a specific form for the error associated
with the approximation and they do not consider directly the equatorial S-plane.
The purpose in pursuing this investigation is to further construct qualitative and
quantitative assessments of the differences between the inclusion of the horizontal

Coriolis parameter in a given set of equations, and the neglecting of it. It can be



reaschably shown that in realistic oceanographic parameter spaces a significant error
occurs by making the traditional approximation.

Historically, there are two good reasons for the success of the approximation. The
focus of interest has centered around oceanographic cases where the vertical velocity
is much smaller than the horizontal velocities and the Brunt-Viisala frequency is
typically much larger than the frequency of rotation. However, there are regions of
interest where the approximation may not be the best choice. For instance Leblond

and Mysak state that the traditional approximation is valid for [2]

N? > (20)% cos(24) (1)

where N? is the Brunt-Viisila frequency,  is the earth’s rotation rate, and ¢ is the
latitude. Using a Garrett and Munk [10] best fit curve for the generalized oceanic
stratification, this inequality is only valid for the upper 3 km of the ocean. This
indicates that a large portion of the deep ocean falls outside of the traditional ap-
proximation. There is also the situation at the equator, where the earths rotation
vector is entirely in the local horizontal and the mid-latitude f-plane is not valid.

This leads naturally to the question of how the dynamics at the equator are modified.



We have shown that the meridional structure of the normal modes in the equatorial
waveguide will be modified by the inclusion of the parameter.

The central objective in this study is to identify the effect of neglecting the hor-
izontal Coriolis parameter in two different cases, the mid-latitude f-plane approxi-
mation, and the equatorial S-plane approximation. In both cases we will be looking
at geophysical fluids with constant stratification, N? = const.

On the f-plane, the maximum error in the dispersion relation will be identified,
as well as which parameters affect the maximum error. By examining the dispersion
relations, we can immediately see that stratification and latitude will be factors in
the difference. Assuming plane wave solutions, eilFE-ut), f-plane dispersion relations

are (where & is the dispersion relation including the horizontal parameter)

a,? — N2k§ + (-});&;y + sz).?. (2)

and
o= Mt Sk 3)
where
f=20sin(¢) f=20cos(¢) 20=10,F,f) (4)



and

kr=k 4k K =k +k+k (5)
In these two dispersion relations we can expect that the relative difference will be
greater when the first term on the right hand side, which is equivalent in each,
becomes less dominant. Also, near the equator, f — 0, which previous work has
shown that the traditional limits of the frequency for f-plane internal-gravity waves

is extended with the inclusion of the horizontal parameter [2, 3]. The extended

frequency range is
i S W< Wy wheredy < (|f|, |f~'|)0-'nadN < WypWub (6)

Of what importance are f, f, and N in the new frequency regime? The maximum
difference occurrs at a frequency close to f. This is valuable since the near-inertial
range is the most energetic for the internal wave field [4].

When switching to the equatorial S-plane approximation, we find that the form
of the meridional normal modes is not precisely the same. A single equation can
be constructed in the meridional velocity which closely resembles the classic equa-
torial development attributed to Matsuno [5], a good example of which is found in

Gill [6]. A streamfunction approach is taken by Moore [7], and a single equation is



also obtained. Moore’s solution limits the effect of the horizontal parameter to the
meridional structure. In our solution we recover the modification of the meridional
structure discovered by Moore. For higher order meridional modes the WKB ap-
proach is applied and it is shown that the f-plane dispersion relation is the leading

order behavior.



2. MID-LATITUDE f-PLANE

In this section a comparison is made between the solution which neglects the
horizontal Coriolis and that which retains it. We can expect that as the equator is
approached, this comparison of solutions will not accurately represent the nature of
the difference due to the breakdown in the mid-latitude f-plane approximation and f
becoming maximal. Throughout this section reference will be made to two systems of
equations with two dispersion relations represented here by w for the traditional mid-
latitude f-plane and @ for the system including the horizontal rotation parameter.
The tilde is used for other variables as well to indicate that they are part of the more

complete system.

2.1. Dispersion Relations. The linearized vector equations we begin with are:

- 1

U+ 20 x i = ;—(—-Vp + pg) (7)
0

V.i=0 (8)

pe — (poN?[g)w =0 (9)

In the above equations, @ is the perturbation velocity, p corresponds to pressure, p

is the perturbation density, N? = — p-%—@ng is the Brunt-Vaisala frequency, g, is the

6



reference density, and () is the local rotation vector of the earth. In the above set of
equations, we make the mid latitude f-plane approximation meaning the coefficients
are constant, we can assume a plane wave solution of the form e#¥2-t where & is
the wavenumber vector. The solution to the above system, assuming a plane wave

solution, yields a dispersion relation:

@ = kg, ky, ks N, f, f) (10)

.o N2+ (Fhy+ fk.)°
=2 K;’ (11)

where kg, k,, k., are the zonal, meridional and vertical wavenumbers respectively.

Also ki = k2 + k2, K* = K7 + kZ, and we have used

21=(0,f,f) f=20sin(¢) f=20c0s(¢) (12)

where ¢ corresponds to the latitude. The traditional approximation has the effect

of setting f = 0 in the above to yield

w = w(ka, ky, kz3 N, f) (13)

2.2 2
W = Nk, ;;'2(ka) (14)

In the introduction it was stated that the limits for & extend beyond f and N. Figure

(1) shows this extension. Two dispersion curves are plotted for each dispersion

7
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Ficure 1. Dispersion curves are shown for & (solid), and w (dotted).
The curves on the left represent the first vertical mode. The second set,
of curves is for mode 20. The extended range of the & dispersion rela-
tion can be clearly seen. The constants used are latitude 30 degrees,
N =108, and k, = 1.04 - 10~*m~1.

relation; one for the first vertical mode, and a second with a higher mode. The
curve is shown for a fixed k,, as the essential differences between the two dispersion
relations are not sensitive to k;. This is due to the elliptic nature of the equations,
both having a common axis k,. Solutions for constant w are symmetric cones about
the k, axis (figure 2). Surfaces of constant @ have some features different from the w
case. The solution is no longer horizontally symmetric. Additionally, as the range for

@ extends beyond f and N, there are three features not present for the w case. For



FiGURE 2. Surfaces of constant & are shown for three values & =
AN, 7N, 1.006 N. As @ exceeds N, the solutions forms cones as
shown centered about the k, axis. At & = N, two planes are formed

intersecting at the k, axis. The constants used are latitude 30 degrees
and N =10 Q.

@ > N, constant surfaces are cones centered about the k, axis. When & = N, two
planes are formed that intersect the k, axis. As @ < f, the surfaces are still elliptic
cones, however, they are no longer centered on the k, axis. The axis of the cones of
constant @ rotates about the k, axis. As & approaches @y, solutions can exist only
in the two quadrants given by %k, with Fk,. An example of this surface and its
contours in (ky, k,) space can be seen in (figure 3), which shows this at a specific
latitude and stratification. An interesting point about this regime is the reflection

characteristics for the waves are distinctly different from waves of just slightly higher
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FIGURE 3. A surface of constant & is shown for the value & = .993 f.
The projection of the surface on to the k,, k, plane occupy the second
and fourth quadrants. The constants used are latitude 22 degrees and
N =105

frequency. For instance, under bottom reflection, we can see from the figure that

available wavenumbers to reflect into have group velocities in the opposite direction.

To further explore the effect of retaining the horizontal Coriolis term we can also
look at the relative difference between the two dispersion relations. This is shown
(figure 4) for given values. Since there is a common axis of rotation for the w and

@ about k., the shape of the relative difference surface retains its features for a

10
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FIGURE 4. Relative difference between @ and w. The constants used
are latitude 30 degrees, N = 10 (0, and k, = 1.04 - 10™*m~1.

given fixed k;. We wish to find the maximum of the relative difference, and how the
maximum depends on the values of f and N. This is simpler if a change of variables

is made. We can represent the dispersion relation with new independent variables

by defining
0=—k_'f'—_, and cosa = f-l‘If (15)
knl| K| Q]| K]

where 6 is the angle the wavenumber vector makes with the horizontal and « is the

angle between the wavenumber vector and the rotation vector 2 (figure 5). The

11
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FIGURE 5. In this figure, two wavenumber vectors are shown, K;
and K,. The respective angles that each make with the local vertical
rotation vector are indicated o; and ap. The latitude is ¢ and the
angle the wavenumber vector makes with the local horizon is 6

range of @ and @ is
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The dispersion relation

~

@ (o, 6; N, 2Q0)

Il
£

is then

@* = N%cos? 6 + (2Q)% cos® o

12

(16)

(17)

(18)



And under the traditional approximation

w=w(b;N, f) (19)

w? = N?cos® @ + f2sin’ @ (20)

2.1.1. Properties of the Change of Variable. It turns out that « and 6 are not entirely
independent. The geometrical constraint on the angles is shown in (figure 6). Three
surfaces of constant a;,as, and 6 are displayed. For « less than «;, there is no
solution. When « reaches a;, the cones intersect and a solution exists until a exceeds
ay. The resulting set of equations is then established for the bounding values of «

and 6.

a=20F¢ (21)

a=x0+71F¢ (22)

If ¢ is zero, the boundary has a symmetric diamond shape. As ¢ increases, the

boundary becomes trapezoidal with point symmetry. When ¢ =

E)

, two of the
solutions coincide at @ = —#, and the other two solutions are constants o = 7 and

a = 0. To find how the constraint gives the bounding values of @, we substitute (21)

13
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FIGURE 6. The intersection of the two o cones with the cone created
by rotating the wavenumber vector about the local vertical shows the
limiting geometry in the relationship between a and 6 for a given
latitude.

into (18)
@ = (N? + f?) cos® 0 + 2f f cos(6) sin(f) + f2sin?(h) (23)

Setting the derivative equal to zero and solving for § produces

Q(Min,maz) = tan—l (% ('—B + \/BT—_4)) B (N2 + f‘zv —_ f2) (24)

ff
which gives the equation for the minimum
@ = /N2 082 Opmin + (202)2 082 (Onin — ¢) (25)
and the maximum
@up = /N2 €082 Oz + (292)2 €052 (0maz — B) (26)

14



which for 8,,,, results in a upper bound above N, and for 6,,;,, & lower bound below

f. Stated more succinctly:

Wi < f(¢ > 0); N < wy (27)

2.2. Relative Error. To compare the dispersion relations, the relative difference

(A) is taken between the dispersion relations

(28)
which is

A (292 cos? o — f2sin® @
~ NZcos?f + f2sin® 6

(29)

This equation in (a, 8) space is shown in (figure 7). We can see that if 6 = £7/2, A
is a cos? function in a. Subsequently, we can do the same in §, hence, derivatives of
A along linear cuts yield single max/min. Observing (figure 3}, there are symmetric
maxima in the value of A that occur on the envelope for the equations « =+ 7+ ¢

and a = 8 — ¢. Substituting the latter into (29) yields:

_ 2+ 2fftane

A= N2+ f2tan®4

(30)

Taking the derivative and solving for zero:

f = tan~" (% (—f:l:\/f2+4N2>) (31)

15
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FiGURE 7. The relative difference is shown within the envelope of
allowable wavenumber vectors

The two solutions of the derivative represent the maximum and minimum of the cut
in (,#) space. The root of the quadratic which is determined by the negative sign
does not yield an allowable value for a. Now the maximum relative difference can
be calculated with the corresponding value of w. Lines of constant A are shown in
figure (8). Corresponding values of w/2$ are shown as well. This figure plots the
maximum as obtained above for reasonable N values across a latitude range. We

can simplify with

16



Maximum Relative Difference
/28 = const shown

%
45+ *‘% .

Latitude

Fi1GURE 8. Value of the maximum relative difference, Apmqz, for given
stratification and latitude. The corresponding frequency of A, is
indicated

ftan(8) =

(—f+ v+ 4N2) (32)

(S0 el

when substituted into (29)

fyv f2P+4N2
Aoz = N (33)
2N2 + 1f2 — 174/ f2 + 4N?
and introducing a new parameter y = -I{,—
1+ 55
Amgs = ——— (34)
wtam gyl



which leaves:

2
Amaw - T — (35)

Ve tl-1

Looking at this relation (figure 9), we see that for the values of 4 < .1 the function
can be approximated A,,,; =~ p. When p is above that, Ay, begins to increase
beyond the inverse relationship. This simplifies the matter of determining whether
or not f needs to be considered for a specific situation as the parameter 4 is easily
found. We can see that, as IV increases, u decreases, and as f — 0, 4~ 0. Thus A
can be now shown to have its largest values when the frequency is close to inertial,

the stratification is weak, and exists in the lower latitudes.

2.3. Reflection. In assessing how the inclusion of the horizontal rotation affects the
dynamics of the internal wave solutions on the f-plane approximation, we look at a
simple aspect of reflection. Linear reflection off a sloping boundary is well established
for internal waves, and many observations have been made to support the theory,
a seminal reference being Eriksen [8]. We can construct a similar rule for solutions

including the horizontal parameter beginning with

i = UelkT-01) 4 o0 (36)

18



FIGURE 9. The maximum relative difference, Ay, a8 a function of
= 3{; The vertical line shows f = N.

subject to no normal flow at the boundary

£y
2
il

o

(37)

where the boundary is defined as

2 =Y+ Yy (38)

where +, is the zonal slope and <y, the meridional slope. The normal is then explicitly

1

———-71, 7 1 39
Vs ESu .

19
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Free solutions are a sum of the incoming and outgoing wave
[~nU(Ks) — 1V (k) + W (k)] e 7o (40)
+[_71U(Er) - ’72V(Er) + W(Er)]ei(ér.i_a(gr)t) =0

The problem now reduces to the following;:

ka:,i + 71]‘“':;,@ = k:r,r +m kz,r (41)
ky,i + 72kz,z' = ky,'r + 72]5:,7' (42)
o (k:) = o(k,) (43)

Solving this system for &, ,
(135% + 110" — 2w f f —&* + fOEL, (44)
-2 ((km,i + Y1kz i) No? — (kyi + Yeke ) (Ff — 7252)) kor
+ (21 ke ks + 'ﬁki,i)a 2+ 2ok ikys + Vo kfz,i)a 2
where we have defined ¢ = N? — &? and 6% = N? + f? — 2 for efficiency. We

can now look at the leading coeflicient of the quadratic which defines the critical

frequency

2 NOR+B) - 2nff+

45
H+73+1 (45)

20
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T

FIGURE 10. The critical frequency is shown for reflection including
the horizontal rotation parameter as a function of meridional and total
slope. The frequency “’—ﬁfﬁ is below the local inertial for a wide range
of allowable slopes. The shaded region delineates not allowable slopes.
The constants used are latitude 20 degrees and N = 5 Q.

which we can express using I'? = 72 + 72 as

o? = N2F2—2’Ysz+f2
I'2+1

(46)

The modification in the reflection can be seen in figure (10), where for a range of

meridional and total slopes the critical frequency is below f. In the limit v,

we recover the traditional expression of the critical frequency. As <y, increases, the

critical frequency decreases everywhere, and most rapidly for small total slopes.

21
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FIGURE 11. The upper panel shows &.rit as a function of ,, the
meridional slope, and latitude. The traditional critical frequency is
fixed at 2 ). There is a clear difference that is centered at 45 deg.
and increases with meridional slope. The second panel has a fixed
latitude of 45 deg. and varies the traditional critical frequency. In
this instance @ decreases with increasing meridional slope, but the
effect is diminished with increasing we.

To see how the traditional critical frequency is modified we can separate the &g

equation

. 2% f f
G =\ weis — r241

(47)

The critical frequency as a function of the traditional critical frequency is shown in

figure (11). We have set the zonal slope to zero. It is clear that the critical frequency

22



is lowered for increased meridional slope. The greatest difference occurs for latitude

45 deg. The effect is diminished for greater traditional critical frequency.

2.4. Implications. We find that the dispersion relation is modified for the system
that retains the horizontal rotation component. For a given k the maximum relative

difference in the frequency squared is given by

_ i
A‘mu::: - ~ N (48)

which can be substantial when the stratification is weak. The reflection laws are

modified, and the critical frequency is now a function of the slope orientation. Its

representation in terms of the traditional critical frequency is

2vaf
Wi — 1+12 (49)

Werit =

23



3. EQUATORIAL f-PLANE

The f-plane approximation is not valid near the equator, and mathematically
changes when f = 0. Historically, this was extended with a Taylor series approxi-
mation of f, and is called the equatorial 3-plane approximation. Near the equator
the S-plane approximation expands the available number of waves and introduces
additional structure to the solutions of the system of equations we are interested in.
This added complexity is multiplied by the inclusion of the horizontal component of
the Coriolis vector. One immediate effect is that we can no longer make the standard
hydrostatic approximation, the reason being that the inclusion of fw term in the
zonal momentum balance would conflict with energy conservation. Another signifi-
cant impact is that the equations are no longer separable into vertical and horizontal

eigenvalue problems.

3.1. Non-Hydrostatic Solution. To begin, we look at a non-hydrostatic solution
to the standard set of equations which have been linearized about a state of rest. The

derivation is presented in the Appendix. In this initial step f = 0. The horizontal

¥l

eigenvalue problem is (with P =

iwl + fV = 8,P (50)

24



iwV — fU = 8,P (51)

8,U + 8,V = iweP (52)

and the vertical problem:

1

* )

A+eA=0 (63)

The horizontal problem is similar to the familiar shallow water equations, and exactly

1

so if € = . To examine ¢ more closely, assume that NV is not a function of z and

use vertical normal mode solutions e**+?. This results in:

k2
V-

€= (54)

Asw — N, e will become very large. This is consistent with the wave speed (c), going
to zero in the classic problem. If w exceeds N, then € < 0 which implies evanescent
solutions. If the hydrostatic approximation is made, the effect in this system is
to set w = 0 in (54). This operation, which we will term the ‘quasi-hydrostatic
approximation’ for systems similar to this one, is herein defined by w = 0 when it
appears in addition/subtraction with N for N >» w. Returning to the horizontal

problem, and making the equatorial beta~plane approximation where

20

f=By fo=20 =" (55)

25



we assume zonal solutions e*=, now the equations reduce to:
V" + (ew2 — k- ﬁk — 8%y 2) V=0 (56)
This is a Hermite equation as in the classical case:
Vi+ A~V =0, Vo0asy— too (57)

For this equation we have well known solutions for A = 2n + 1 where n > 0. Our

solution is now
V = 272 H (B erp(— B PP [ 2)cos (kyx — wh) (58)

with a the dispersion relation:

w? — k2 - ’Bjx = (2n + 1)ef (59)

Combining the results of the vertical and horizontal equations gives

w?k? ﬁk

N2 _wz T

I =t

— (24— =0 (60)

3.2. Solution Including Horizontal Coriolis. When f is not set to zero, it results
in a set of equations similar to the horizontal equations, however, the system is not

separable. After some manipulation:

. 2 szw
?,wc-f—2—U+ fV+ ( = ik ) = () (61)
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fU—-iwV +P =0

( kzw+ikm)U+V’—iweP=0

P
were we have introduced the simplifications

ks

0_2:(N2_w2) 5.2:(N2+f2__w2) E"’;i =

By the process of cross elimination, (61) and (63) become

. flaw w2k?
waEV-F( o2 —ka V"‘l" ki—m =0

fhaw e W\
(02 +zk,,)fv w5V + (K~ ) P =0

which can be arranged as

W fk;j’v _ Fhw — iky0®

_ !
U= 0'2DK O'BDK v
F(fhw + thoo?) we?
= — 14 V
P 2Dy + gDy

(64)

(67)

(68)

where the common denominator for U and P is the Kelvin wave dispersion relation,

represented here by:

w2k?
Dy (w, kg k) = k2 — N2 o2

(69)

In the standard S-plane, a first order Taylor expansion is used, but we can solve the

equations in general at first, and make the approximation later. In this more general
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assumption, we consider f to be constant in the domain. This formalism is nseful for
considering the variation in f as a potential, and could be extended to higher orders

if necessary. Now we take the derivative of the pressure equation (where f' = f—%).

a2 ; g2 " F L 2
P W8 F(fkyw + ikeo )V’— F{(fk.w + thyo?)

DK0'2 DKO'2 DKO'2

1% (70)

and substitute for U and P’ in (62):

FV" +i2f Fk V' + (z FFh W — R — 0?2+ L j)) V=0 (1)

Before proceeding further, we can look at the difference between this equation and
a concurrent equation for the f-plane in which we have not assumed a plane wave
in the meridional structure. The f-plane dispersion relation including the horizontal

Coriolis parameter is
K% — Nk — (fky + fk,)P =0 (72)
and by back transforming k, (iky, = 8,), the resulting equation is
GV +i2f fl, V' + (if' f, + (w? — fAOE2 — G2E2)V =0 (73)

where the term that differs from (71) is

f'ke

W

0_2

(74)
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This term is recognizable as one of the § terms in the classic equatorial dispersion

relation. If we look equation at (71) in this form

V"+z‘2fQV’+(zfQ+( fz)k2~—(k2 ff ))V_—,o (75)
where:
.
Q=12 (76)

We can now make the the substitution

V(y) = e y(y) (77)
which has been determined by
-3 I3 21 _ ,—~iQF (78)
where
Fiy) = f(y) (79)

Y+ ”2——2-(1!;:%’”—}‘”’E —0—2”f2 Y =0 80)
W FEET T, 52° B (
This is similar in for to the traditional S-plane equation. At this point it is interesting

to note that transformation of the equation results in an oscillatory structure in the
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meridional for all reasonable forms of f # 0. Consider the equatorial beta-plane
approximation where f; = 262, and & is now 32 = N2+ f2—w?. In this approximation

we have

f'=8 and f*=p%° (81)

hence

o+ (@ - oz 2 - Zae )y - (52
Again we see a familiar Hermite equation with solutions
¥(Y) = 27" Ha(¥) exp(~1*/2) (83)
where
Y= \/3800% (84)

and the solution for V is

V() = e U() (85)
where the dispersion relation is
2 k2 2 ka: -
at— TR TPk T 1)6E (86)
G Fiw o
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which reduces to the dispersion relation for the equatorial non-hydrostatic S-plane.

6(-02 _ k,2 _ ﬁﬂkm
T w

= (2n + 1)Bp/e (87)

This result has been found by Moore [7]. To reiterate, the substantive result of
including the horizontal component of the Coriolis vector in the equatorial S-plane
approximation is a phase change in the solution and a modified scaling. The disper-

sion relation remains the same as the classic equatorial solution.
3.3. Low Meridional Modes.

3.3.1. Low Frequency Meridional Structure. We can compare the phase and scaling
changes to the classic solution beginning with the mathematical meridional envelope

function which has no z, 2 dependence
~ w43 f 2 2
Ay, b0 N, B, ) = Rle” 500 ) (88)

which can be expressed

—Bfk ¢
5 2

_ﬁkzﬂyg_?

A=e "5 cos (89)

At this point it is instructive to make the quasi-hydrostatic approximation which is

appropriate in this regime. Since we are neglecting w under the given conditions, f

will also be neglected by the same argument, i.e. when it occurs in conjunction with
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; il 42 X%
Ay, ks N, 5, ) = & 04 cos TR0 (90)

The half-width of the Gaussian

N NH
a:\/ﬁlkzl =\/ﬁ &)

is the equatorial radius of deformation, where the third term is the modal form. Now

we find the location of the first zero of A

N3xg NH
mod — = = = - (92
o \/fﬂkz \/ nfd %2

and take the ratio

iV C
If this ratio is less than one, the effect of the cosine term is dominated by the
Gaussian. For all systems, under this set of approximations where N > f, the
modification to the equatorial Gaussian envelope will be very small (figure 12). The
difference here depends on the same parameter 4 = }% as does the relative difference
between the f-plane dispersion relations. With the Gaussian domination expressed in

this way, the dependence on £, has been removed leaving all vertical modes similarly

affected.
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FIGURE 12. The meridional envelope A is plotted against the the
oscillating part of A. Indicated also is the equatorial radius of de-
formation a, and the first zero of the cosine, @meq- This is for the
quasi-hydrostatic case with N = 40 £ and vertical mode number one.

A similar construction can be made without the quasi-hydrostatic approximation.

The deformation radius is now

&2
a= 94
Bl (94)
and the zero of the cosine
ar
Aomad = 5 — 95
mod f ﬁ kz ( )



The ratio is now

a__./d
Qmod B \/; (96)

The physical meridional structure is not separable. Therefore, the meridional
structure function above does not have a strictly physical meaning. We need to
look at actual solutions in three dimensional space. The solution to the meridional

velocity field is

o0
’U(l‘, Y, Z, t) =R {z F(y, n)ei(kzw+kzz-—ut)} (97)

n
taking the real part
n el y® - f 2
v= E‘EHn(y)e——'—zlﬁz 3 cos(—igcfE + kp + kpz — wi) (98)

For z,z = 0, n = 0, the solution is

_ e —Bfk:
v=ge @ 2cos( =2 E—wt (99)

In figure (13) the resulting propagation is illustrated. The propagation in the
meridional direction has its amplitude attenuated by the Gaussian term according
to the ratio defined in 96. The interesting figure occurs when f, N, and w are of the

same order of magnitude. Lines of constant phase are given by

522

7.2
const. = k,z + k, (z b1 y_) (100)
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y(m) x10°

F1GURE 13. The meridional velocity is shown for five sequential time
values. Indicated also is the equivalent non-hydrostatic equatorial ra-
dius of deformation ¢ and the first zero of the cosine, a;,.g. The plot

shownisfor:c:O,z:O,n=0,w=2Q,N:E.ZQandkzzﬁnf.

The resulting quadratic phase surface highlights the non-separable nature of the

system, and as a consequence, does not allow for vertical normal modes.

3.3.2. Solutions for U and P. By taking the solution for V and using (67,68), we

arrive at equations for U and P

U = G(iwkX (&)™ + ik,o? — f},kzw)%ﬂm(y)

+G(iwk2(€)™Y? — ikyo® + fokow)nHu_1(Y) (101)
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P = G((fokaw + ike®) () + iw&z)%HnH(J))

+G((Fokaw + ko) (€)7V? — iwd® nH,_1 (D) (102)

where

2—11/261/2(&') 1/4ei(k,m—wt)e_y2/2

6= e Y=gy (103

and we have used:

Ho,1=2yH, - 2nH, . H, =2nH,, (104)

The common factor G in both equations becomes infinite for w = N and when

212
2 w kz
ke = NZZ o) (105)
3.3.3. Kelvin Wave n = —1. Returning to {61-63), we set V = 0:
. 7 B Fhaw ke
iw (1 + V2 — ) U= V=% o P (106)
]' !
fU = —BEP (107)
_ fwk, _ ik, w
(zk;c oy ) U= ot (108)
where the dispersion relation is
N2k2
e 1)
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This is exactly the result that would be obtained by using the substitution of € for

c% in the standard Kelvin wave dispersion relation. Solving for U

w zf 1
(kx k,-,) By (110)
with solution
a2
U =exp Py (111)
2w/k—x—if/k,)
which can be expanded
_ﬁkm %fkm P
= 1
U=exp 5, ( + F, Yy (112)

in which the sign of k, must be such that the Gaussian solution does not increase
exponentially. This eliminates the westward propagating waves as in the standard

Kelvin wave. We can see that there is an oscillatory part of the meridional structure.

3.3.4. Yanai Wave n = 0. For the case of n = (, the dispersion relation is:
e’ — w(k:+ BvVe) — Bk, =0 (113)
From this we can remove a factor of w + f,% leaving
wi/e —wky — =0 (114)

which has a direct analogue in the dispersion relation for the shallow water Yanai

wave.
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3.4. High Meridional Modes.

3.4.1. WKB solution. A solution to the single equation in V{y) can be generated
using the WKB method. The details are presented in the appendix. The resulting

solution is

. = JSNIRY V11
Viy) = eﬂ(m §AE By — e (866/7) y3) (115)

We can verify this solution for the case f = 0 as n gets large. The effective meridional

wavenumber is

kyn = /(20 + 1) B2 (116)

If we use this in place of &, in the f-plane dispersion relation (with f = () we have
ew? — kX = (2n 4+ DVeB (117)

which is clearly the traditional equatorial g-plane dispersion relation without the
Bk, term. Now consider the case for f # 0 and n large. The meridional wavenumber

is

P

kyn = \/ (2n + 1)6%9/2 (118)
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We can now equate the two meridional wavenumbers through the respective disper-

sion relations and get

I 2 _ 2
ﬂzgr_ __Ii# (119)
kyn @ N2 f2 2

Or expressed as the relative difference

k2 }‘{",2 2
7~ / : (120)

2y . _yn —
A(kyn) - kgn - N2 +j‘.'2 —(.Uz

3.4.2. Relating the f-plane Meridional Wavenumbers. We can compose the f-plane

dispersion relationships in the same way to relate the meridional wavenumbers like

this
k2 + %ﬁ—ky - —;—zkz = (121)
with solution
ky = f;;”; (—1 +4/1+ ;—f;;%k; (122)

which can be approximated as (taking the root that yields a positive fcy)

o (123)

We can substitute from the dispersion relation

k, = —\/T:_T—Fkh (124)
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which yields

ky s —ff—cos(go)ky (125)
where
k
cosp = - (126)
ks,

is the expression for the angle between the meridional wavenumber and the horizontal

wavenumber. We now have an expression for the relative difference

A(k,) =1 — cos(y) T wJ; J:/wz — (127)

3.5. Conclusions. Unlike the f-plane, the dispersion relation is unmodified in com-
parison to the traditional approximation. The meridional normal mode structure is
modified in the following way; the deformation radius is decreased, and oscillatory

tails are introduced. These oscillations can be dramatic for {7 ~ O(1). The insepa-

rable nature of the system does not allow for vertical normal modes.
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4. SOLUTION IN A ZONAL CHANNEL ON THE f-PLANE

It is important to solve the channel problem on the f-plane in order to relate the
f-plane with the equatorial S-plane. The meridional structure that arises in the
3-plane solution goes to zero as y — co. This is similar to modes in a channel, so it
is interesting to see the result for the channel case including the horizontal rotation
parameter. We begin with an equation that assumes the f-plane approximation and
plane wave solution e¥s®tk:#=w)  The equation comes from the linearized set of
equations and retains the horizontal Coriolis term, but this term is assumed to be

constant as with the f-plane.
FVT+i2f fk, V' + (W — FKE - ®k2) V =0 | (128)
We want to solve this according to boundary conditions that are
V =0 where y =y, (129)
We can determine a characteristic equation
FA +i2f flo )+ (WP — FR2 ~0%K2) =0 (130)

which has solutions

yo= -2 Lo fppu o - ok - o) (13)



If we set A; 2 = 0, the result does not contain any dependence on f . This is akin to
letting £, = 0 in the plane wave solution with no boundary. The general solution to

equation (128) is
V = AeMY + BeM¥ (132)
Applying the B.C. y = £y,
[ i ] [ : ] - [ . J (133)

which yields a non-trivial solution if the determinant of the matrix is zero

eM=r2lyo _ (a~Mwo — (134)
leading to
sin (—-—(Al ; AQ)yo) =0 (135)
and
M=) _ 012 (136)
2 Yo

We can now substitute for A, from equation (131)

2 o?(w? — k2 + fow?k? — 5%0%k2
2=

2 (137)
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where

™
Kp = 2—:{;'; (138)
This dispersion relation can be expressed as
2
P~ L) = @ - PR - (- )2 2) (139)

which is equivalent to the f-plane dispersion relation for the case when f = 0 and

when
K2 = k2 (140)
expressed in frequency
2 2, 2k
W= N+ - f (141)

From (139) it is clear that setting x, = 0 does not remove the dependence on
the horizontal Coriolis term. This is in contrast to the plane wave case without
boundaries. By prescribing yo to satisfy (140), we remove the dependence on f

However, as & depends on the frequency, we will have only one fixed frequency

of wave that is unaffected by the horizontal parameter for a given channel width.

43



Equation (137) is a quadratic in w?

@ = (P PGS+ + P 4 N2 o
g

k: .
+(N2+f2)N2 (N2+f)2 —|—N2 2K2

ok =0 (142)
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5. LINEARIZED SPHERICAL SYSTEM

The realistic and useful approximations which have extended our understanding
of the equator do have areas that can be refined. Specifically, in the low meridional

wavenumber region, some of the results are physically unsatisfactory.

5.1. Linearized Spherical Equation. The set of equations we start with is

Oy ~ 202sin Qv + 2Q cos fw = __ O (143)
DoTpcos B
By + 22 sin fu = — P (144)
Fo

dhp g
dyw — 22 cosbu = ——=— — =p (145)

Po P
L Ug + ! Op(veost) +w, =0 (146)

rocos® © ' rocos@ ' =

pr+wp, =0 (147)

By using the familiar steps of substituting (147) into (145} and using the result in

{(146) and (143) to eliminate w and g, additionally assuming a time dependence of

e, we can reduce the above to (with P = %
—w—sU - fV pP= 148
Zwo*"‘U ! +(rgcost9+ g2 0 (148)
fU -V + =g (149)
0
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( O _iwf a")U+ L ae(vcose)+gp,,z=o (150)

rocosf o2 70 COS

We can now proceed to cross eliminate U and P to get

2 ; i f
( Bps W azz) o Wiy, ( % Wfaz) Op (V' cos ) (151)

73 cos? 0 o2 o2 70 COS o2 ro cosd

T2 cos® O o roCOs @ o2 rq cos fo?

25 o F 52
( O w 2zz) pP= ( By zwfaz) fV — e Op(V cos ) (152)
In these two equations the common coefficient is now € dependent and is not the

exact Kelvin wave dispersion relation as in the locally plane case. After taking the

y derivative of the pressure equation a single equation in V is now obtained.

1-2sind _40%cosfsin® 142 sinfcos b,
-2 — + 2 —
cosf 2 2

sin 8020, ) 9.V
(]

" “cos 00204 — wirE cos? 68,,)

N [—492 sin? @ 1 ri(w? + 407 sin® 0)9,, N ro42? sin? 8028,

OpgV + (

g2 " cos?f G2 o
if30’28¢ Tu4925z 023¢¢, 1 ( 1202 sin2 9046¢¢¢
wa? cos § a2 d2cos?l (0204 — wors cos? 89,,) wo? cos? &
402 sin? B0 roBpe: . SIN(B) 20204,
_ 2 —
2 = 2= )] V=0 (153)

Solutions of this equation are beyond the scope of this document, however we can
comment on some of the features illuminated by the derivation. One of the first

observations is that the coefficient for the P and U equations which in the S-plane
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derivation involved the Kelvin wave dispersion relation no longer does so. This is
consistent with previous work by Longuet-Higgins [11} where they noted that there
was no direct Kelvin wave for the Laplace tidal equations in spherical form, but that
a solution of the eigenvalue problem was essentially Kelvin like. We believe that
there could be additional interesting representations of the low mode wave solutions

present in this system.
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6. SUMMARY

The horizontal component of the earths rotation has a significant role in the dy-
namics of oceanic motions in specific regimes. We have shown that for buoyancy
frequencies of the same order as the horizontal rotation significant errors are intro-
duced by making the traditional approximation. The errors are not confined to the
dispersion relation, but also affect dynamics such as the reflection properties. We
find that the reflection of low frequency waves is significantly anisotropic. For mo-
tions in the equatorial region the horizontal component of rotation is found to change
the meridional structure of the normal maode solutions. These solutions now have
oscillatory components. We are no longer able to construct vertical normal modes
as well. All of these phenomena are subject to the ratio of the respective forcings
of buoyancy and rotation. In general we can predict that when the buoyancy and
rotation are of the same order, a consideration should be made for the horizontal

component.
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7. REFERENCE TABLES

TABLE 1. Dispersion Relation Representations

D dant - -
;gi?abc;: (kfm kya kz; N1 f: f) (Of, 61' N: fa f) (f‘ﬂ], Ky K35 N: thyb, wtb)
w? N—%%:g’ﬂi N? cos?(6) + f?sin®(0)
o2 N2E§f(f(k2y+sz)2 N2 cos?(8) + (2)2 cos?(c) N%f+wi K +wh 53

49




TABLE 2. Group Velocity Representations

Dependant = =
Vﬁriable (wrk:rfkya k.; N, f, f) (w,kz; @; N, f, f) (""31:"32: K3, N, wub,wlb)
Ex NI 2 N2_,2 3/2¢,,2 _ f2y1/2
Gyiﬂ {w[{iw { w|ji|}(N2(ff2){/2) cos
k £N2_w2) (N2—w2)3/2(w2—f2)1/2 .
ng wKE wlkzl(Nﬁ_fz)llz S1n KP
_kngﬂ_f?l _ (w2_f22(N2_w2)
ng wk? wkz(N2—f%)
A N2k (N?—w?)
Cg:]:l : G'JI?E) = WK
C (N2 4§20y + £ e ra (N2 —uly)
922 GR? w2
1o £ ihy—(@%— 1)k, —s3(w?—wi)
4T3 WK wr?
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TABLE 3. Dispersion Relations and Eigenfunctions for Standard Approximations

Approx.

|

F=0

f#0

Mid-lattitude

W = N

2 _ N2R24(Fky+1ke)?
wW* = e

= h s
f — plane
t(RE—wt) gilkE—wt)
2 -
f —Cpfane in w? = N—ﬂ’%fﬁ FrEL fzkz) =w?K? — N2kE — f2k2
a Channel
ei(k,,;r:+kyny+k,z—wt) ei(kx:c+k:yny+kzz-wt)
Equatorial ~ k2 - Bk — (21 +1)Bp/E w? — k2 — Bk = (20 4 1)By /€
B ~ plane
s'yzz Hkprthzz—wt) _(H%ﬂf i(kn Tk £
Qp:_zTﬁ'Hn(y)e » 22— ,(p _2;7_2__, ) 2Ttk 23—

Beiry

V= /5508y
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8. APPENDIX

8.1. Separability. Beginning with the set of equations described in the text

Bu— fu+ fw=—-8,2 (154)
Fa
_ P
at’U + fTL = -—@,— (155)
o
Byw — fu = —622 - -Eip (156)
Po Mo
Uy + vy +w, =0 (157)
P+ wd, =0 (158)

The first requirement to enable separability into a horizontal and vertical set of
equations is to set f = 0. If we take the time derivative of (156), and substitute

equation (158), we can eliminate p

auw - —atz'p— + %w (159)
Po o

— gt

Considering solutions with a time dependence of e=** and using the relation

N2 = 2P (160)
Po
we have
(N? — P)w = iwd, (161)

[¢]
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In this equation we can see that the effect of making the hydrostatic approximation

is (N? — w?) — N%. If we let p = 2, we have four equations in four unknowns:

iwu— fu+0p=0

iwv + fu+Op=0

tw
w - m@,p— 0

Opu+ 0 v+ dw =0
Now we choose an ansatz of the form:
u = A(z)U(z,y)
v=A(2)V{(z,vy)

p= A(z)P(z,y)

w = iwB(z) P(z,y)

equations (164) and {165) become

1

O A(2)U + 8,A(2)V + iwd,B(z)P =0
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(162)

(163)

(164)

(165)

(166)

(167)

(168)

(169)



separating this

&GU+OV _ 8,B(z) _
wP  Alz)

which leaves

3. B(2) = —€A(2)

Now we can substitute into (169) to get the vertical equation:

1

)

0, A+eA=0
And the corresponding horizontal equations:

iwl — fV +8,P =0
iwV + fU+8,P =0

O U + 8,V —iweP =0

(170)

(171)

(172)

(173)

(174)

(175)

8.2. Equatorial WKB Aproximation. We begin with the equatorial equation for

Vv
Viy) = e B ()
Y= gﬁEI/ 2y

P+ ((2n+1)- Y =0
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where

1 (sz _ kz _ .BOk:a-

(271-I-1):B0\/E »

) (179)

The equation is in Hermite form in order to relate the meridional dependence between
this solution and the solution for a channel on the f-plane. We now do a WKB
expansion following the formalism of Bender and Orszag (1978). The equation for

1 can be writen in Schrodinger form

"~ QY)Y =0 (180)
where
— (181
#= ven+1 )
and
Q) = —(1 - p*V% (182)

We now substitute an exponential power series of the form
(V) m ef Emmo 075 (D) (183)

which is valid as § — 0. The result of the substitution is

2 2
. 2
ad 2+_‘LL

2
525 T =3 SoS1+ =50+ . = Q) (184)

)
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The dominant balance is
12 o
LSE = Q) (185)

which implies that ¢ is proportional to 4, for convienence set § = p. By comparing

powers of y we get a sequence of equations for Sy,

3t = Q) (186)

2558t + S5 =0 (187)
m—1

25,80, + Sy 1+ > 858, ;=0 n>2 (188)
=1

The solution of the first two equations in the series combine to form the leading

order WKB solution
BY) m Q@ AI)er AV 4 qri (e Va0 (189)
We now replace ¢ in the first solution
) T -

and expand the roots

2 . 2
D) % —er(l + 4 hot)es 4500 (191)
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Since the integration point is arbitrary, if we neglect the higher order terms and

chose a = —? the result is
Hz i #2y3
W) & —en(1 + L 07)enHO 5 (192)
neglecting terms O(y?) and setting ¢; = —1

P(V) e 08 (193)

using this solution in (176) with our definition of Y

V(y) = i (Ve T - s (5001) ') (194)
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