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ABSTRACT

The traditional approximation neglects the horizontal component of the Coriolis,

which has its justification in a scaling argument. However, this leaves the effect of

the neglected terms unquantified. This paper takes a step toward identifying some

of the errors associated with the approximation. On the mid-latitude i-plane we

find that the maximum error in the dispersion relation is approximately -k. Another

effect introduced by the inclusion of the horizontal term is the modification of the

reflection laws for internal gravity waves. The critical frequency now depends on

slope orientation. An analysis for the equatorial ,a-plane shows that the resulting

set of equations is inseparable and the hydrostatic approximation cannot be made.

The standard equatorial dispersion relation is recovered with no dependence on the

horizontal rotation term, and the meridional structure of the solutions is modified.
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1. INTRODUCTION

Within the classic (" traditional") set of approximations, the neglect of the hori-

zontal component of the Coriolis vector is lacking a full analysis of its implications

and justifications. The frequent and general argument for its use is a simple scaling.

The effect of making the approximation is not immediately apparent. A detailed

solution for an inviscid, incompressible, rotating fluid has been given by Needler and

LeBlond [1]. The single equation in pressure that they obtain is not separable, but

the factor of the mixed derivative is very small unless the frequency is close to iner-

tial and the stratification is weak. They conclude that "...the horizontal component

of the Earth's rotation may be safely neglected everywhere, except for buoyancy

waves in weakly stratified deep layers." This asserts rather robust justification for

the approximation, but they do not address a specific form for the error associated

with the approximation and they do not consider directly the equatorial ,a-plane.

The purpose in pursuing this investigation is to further construct qualitative and

quantitative assessments of the differences between the inclusion of the horizontal

Coriolis parameter in a given set of equations, and the neglecting of it. It can be
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reasonably shown that in realistic oceanographic parameter spaces a significant error

occurs by making the traditional approximation.

Historically, there are two good reasons for the success of the approximation. The

focus of interest has centered around oceanographic cases where the vertical velocity

is much smaller than the horizontal velocities and the Brunt-Viiisiilii frequency is

typically much larger than the frequency of rotation. However, there are regions of

interest where the approximation may not be the best choice. For instance Leblond

and Mysak state that the traditional approximation is valid for [2]

(1)

where N 2 is the Brunt-ViiisaIii frequency, n is the earth's rotation rate, and ¢ is the

latitude. Using a Garrett and Munk [10] best fit curve for the generalized oceanic

stratification, this inequality is only valid for the upper 3 km of the ocean. This

indicates that a large portion of the deep ocean falls outside of the traditional ap-

proximation. There is also the situation at the equator, where the earths rotation

vector is entirely in the local horizontal and the mid-latitude f-plane is not valid.

This leads naturally to the question of how the dynamics at the equator are modified.
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We have shown that the meridional structure of the normal modes in the equatorial

waveguide will be modified by the inclusion of the parameter.

The central objective in this study is to identify the effect of neglecting the hor-

izontal Coriolis parameter in two different cases, the mid-latitude I-plane approxi-

mation, and the equatorial j1-plane approximation. In both cases we will be looking

at geophysical fluids with constant stratification, N 2 = const.

On the I-plane, the maximum error in the dispersion relation will be identified,

as well as which parameters affect the maximum error. By examining the dispersion

relations, we can immediately see that stratification and latitude will be factors in

the difference. Assuming plane wave solutions, ei(k.x-wt), I-plane dispersion relations

are (where wis the dispersion relation including the horizontal parameter)

(2)

and

where

1= 2rlsin(q,) j = 2rlcos(q,) 20 = (0,1, J)

3
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and

(5)

In these two dispersion relations we can expect that the relative difference will be

greater when the first term on the right hand side, which is equivalent in each,

becomes less dominant. Also, near the equator, f --+ 0, which previous work has

shown that the traditional limits of the frequency for f-plane internal-gravity waves

is extended with the inclusion of the horizontal parameter [2, 3]. The extended

frequency range is

(6)

Of what importance are f, f, and N in the new frequency regime? The maximum

difference occurrs at a frequency close to f. This is valuable since the near-inertial

range is the most energetic for the internal wave field [4].

When switching to the equatorial ,a-plane approximation, we find that the form

of the meridional normal modes is not precisely the same. A single equation can

be constructed in the meridional velocity which closely resembles the classic equa-

torial development attributed to Matsuno [51, a good example of which is found in

Gill [6]. A streamfunction approach is taken by Moore [7], and a single equation is
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also obtained. Moore's solution limits the effect of the horizontal parameter to the

meridional structure. In our solution we recover the modification of the meridional

structure discovered by Moore. For higher order meridional modes the WKB ap-

proach is applied and it is shown that the I-plane dispersion relation is the leading

order behavior.
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2. MID-LATITUDE f-PLANE

In this section a comparison is made between the solution which neglects the

horizontal Coriolis and that which retains it. We can expect that as the equator is

approached, this comparison of solutions will not accurately represent the nature of

the difference due to the breakdown in the mid-latitude f-plane approximation and J

becoming maximal. Throughout this section reference will be made to two systems of

equations with two dispersion relations represented here by w for the traditional mid-

latitude f-plane and wfor the system including the horizontal rotation parameter.

The tilde is used for other variables as well to indicate that they are part ofthe more

complete system.

2.1. Dispersion Relations. The linearized vector equations we begin with are:

'Y·i1=O

(7)

(8)

(9)

In the above equations, i1 is the perturbation velocity, p corresponds to pressure, P

is the perturbation density, N 2 = - f;;8z Po is the Brunt-Vaisala frequency, Po is the
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reference density, and 0 is the local rotation vector of the earth. In the above set of

equations, we make the mid latitude I-plane approximation meaning the coefficients

are constant, we can assume a plane wave solution of the form ei(k.ii-wt), where k is

the wavenumber vector. The solution to the above system, assuming a plane wave

solution, yields a dispersion relation:

(10)

(11)

where kx , ky , k" are the zonal, meridional and vertical wavenumbers respectively.

Also k2 = k2 + k2 K 2 = K 2 + k2 and we have usedh x y' h Zl

20 = (0, j, J) 1= 2rlsin(¢) j = 2rlcos(¢) (12)

where ¢ corresponds to the latitude. The traditional approximation has the effect

of setting j = 0 in the above to yield

(13)

(14)

In the introduction it was stated that the limits for wextend beyond I and N. Figure

(1) shows this extension. Two dispersion curves are plotted for each dispersion

7
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FIGURE 1. Dispersion curves are shown for w(solid), and w (dotted).
The curves on the left represent the first vertical mode. The second set
of curves is for mode 20. The extended range of the wdispersion rela­
tion can be clearly seen. The constants used are latitude 30 degrees,
N = 10 fl, and kx = 1.04· 1O-4m-1•

relation; one for the first vertical mode, and a second with a higher mode. The

curve is shown for a fixed kx , as the essential differences between the two dispersion

relations are not sensitive to kx • This is due to the elliptic nature of the equations,

both having a common axis kx • Solutions for constant ware symmetric cones about

the kz axis (figure 2). Surfaces of constant whave some features different from the w

case. The solution is no longer horizontally symmetric. Additionally, as the range for

wextends beyond f and N, there are three features not present for the w case. For
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FIGURE 2. Surfaces of constant ware shown for three values w =
AN, .7N, 1.006N. As wexceeds N, the solutions forms cones as
shown centered about the k1l axis. At w= N, two planes are formed
intersecting at the k:c axis. The constants used are latitude 30 degrees
and N = 10 O.

w> N, constant surfaces are cones centered about the k1l axis. When w= N, two

planes are formed that intersect the kx axis. As w< f, the surfaces are still elliptic

cones, however, they are no longer centered on the kz axis. The axis of the cones of

constant wrotates about the kx axis. As wapproaches W'b, solutions can exist only

in the two quadrants given by ±k1l with =Fkz • An example of this surface and its

contours in (k1l , kz ) space can be seen in (figure 3), which shows this at a specific

latitude and stratification. An interesting point about this regime is the reflection

characteristics for the waves are distinctly different from waves of just slightly higher

9
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FIGURE 3. A surface of constant wis shown for the value w= .993 f.
The projection of the surface on to the ky , kz plane occupy the second
and fourth quadrants. The constants used are latitude 22 degrees and
N= IOn.

frequency. For instance, under bottom reflection, we can see from the figure that

available wavenumbers to reflect into have group velocities in the opposite direction.

To further explore the effect of retaining the horizontal Coriolis term we can also

look at the relative difference between the two dispersion relations. This is shown

(figure 4) for given values. Since there is a common axis of rotation for the wand

w about kx , the shape of the relative difference surface retains its features for a
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FIGURE 4. Relative difference between wand w. The constants used
are latitude 30 degrees, N = 10 n, and kx = 1.04· 1O-4m -l.

given fixed kx . We wish to find the maximum of the relative difference, and how the

maximum depends on the values of f and N. This is simpler if a change of variables

is made. We can represent the dispersion relation with new independent variables

by defining

(15)

where () is the angle the wavenumber vector makes with the horizontal and a is the

angle between the wavenumber vector and the rotation vector n (figure 5). The
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FIGURE 5. In this figure, two wavenumber vectors are shown, K1

and K 2• The respective angles that each make with the local vertical
rotation vector are indicated al and a2. The latitude is 4> and the
angle the wavenumber vector makes with the local horizon is ()

range of a and () is

11" 11"--<(}<­2 - - 2 (16)

The dispersion relation

w= w(a, (); N, 20)

is then

12
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And under the traditional approximation

w = w((}; N, f) (19)

(20)

2.1.1. Properties of the Change of Variable. It turns out that a and () are not entirely

independent. The geometrical constraint on the angles is shown in (figure 6). Three

surfaces of constant at, a2, and () are displayed. For a less than aI, there is no

solution. When a reaches aI, the cones intersect and a solution exists until a exceeds

a2. The resulting set of equations is then established for the bounding values of a

and ().

a = ±() =f <P

a = ±() + 7r =f <P

(21)

(22)

If <p is zero, the boundary has a symmetric diamond shape. As <p increases, the

boundary becomes trapezoidal with point symmetry. When <p = ~, two of the

solutions coincide at a = -(), and the other two solutions are constants a = 7r and

a = o. To find how the constraint gives the bounding values of w, we substitute (21)

13



20

FIGURE 6. The intersection of the two a cones with the cone created
by rotating the wavenumber vector about the local vertical shows the
limiting geometry in the relationship between a and () for a given
latitude.

into (18)

Setting the derivative equal to zero and solving for () produces

(23)

()(min,max) = tan-1 (~ (-B ± JB2 - 4) )

which gives the equation for the minimum

(N2 + P_j2)
B = -'----f""""='"}--'- (24)

and the maximum

14
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which for em"", results in a upper bound above N, and for emin , a lower bound below

f. Stated more succinctly:

Wlb < f(,p > 0); N < Wub (27)

2.2. Relative Error. To compare the dispersion relations, the relative difference

(Ll) is taken between the dispersion relations

(28)

which is

(29)

This equation in (a, e) space is shown in (figure 7). We can see that ife = ±7f/2, Ll

is a cos2 function in a. Subsequently, we can do the same in e, hence, derivatives of

Ll along linear cuts yield single max/min. Observing (figure 3), there are symmetric

maxima in the value of Ll that occur on the envelope for the equations a = e+ 7f +,p

and a = e-,p. Substituting the latter into (29) yields:

Ll = p + 2fftane
N2 + j2 tan2 e

Taking the derivative and solving for zero:

e= tan-1 (2~ (-j ± .jj2 + 4N2) )

15
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Relative Diference, N = sa
180~-------,~-------------=--------~

80804020o
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80
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160

FIGURE 7. The relative difference is shown within the envelope of
allowable wavenumber vectors

The two solutions of the derivative represent the maximum and minimum of the cut

in (a, 0) space. The root of the quadratic which is determined by the negative sign

does not yield an allowable value for a. Now the maximum relative difference can

be calculated with the corresponding value of w. Lines of constant Ll. are shown in

figure (8). Corresponding values of wj2rl are shown as well. This figure plots the

maximum as obtained above for reasonable N values across a latitude range. We

can simplify with
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Maximum Relative Difference
roI2Q = const shown
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FIGURE 8. Value of the maximum relative difference, Llmax , for given
stratification and latitude. The corresponding frequency of L:l.max is
indicated

when substituted into (29)

and introducing a new parameter Jl, = ~

17
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which leaves:

(35)
2

b.max = ff+i-.!.-+1-1
1"'

Looking at this relation (figure 9), we see that for the values of J.t < .1 the function

can be approximated b.max ~ J.t. When J.t is above that, b.max begins to increase

beyond the inverse relationship. This simplifies the matter of determining whether

or not f needs to be considered for a specific situation as the parameter J.t is easily

found. We can see that, as N increases, J.t decreases, and as f --+ 0, J.t --+ O. Thus b.

can be now shown to have its largest values when the frequency is close to inertial,

the stratification is weak, and exists in the lower latitudes.

2.3. Reflection. In assessing how the inclusion of the horizontal rotation affects the

dynamics of the internal wave solutions on the f -plane approximation, we look at a

simple aspect of reflection. Linear reflection off a sloping boundary is well established

for internal waves, and many observations have been made to support the theory,

a seminal reference being Eriksen [8]. We can construct a similar rule for solutions

including the horizontal parameter beginning with

u= Uei(k.x-wt) + C.c. (36)

18
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max

= 11

10'

FIGURE 9. The maximum relative difference, Llmax , as a function of
J.! = ~. The vertical line shows 1= N.

subject to no normal flow at the boundary

it'n=O

where the boundary is defined as

(37)

(38)

where '}'1 is the zonal slope and '}'2 the meridional slope. The normal is then explicitly

19
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Free solutions are a sum of the incoming and outgoing wave

(40)

The problem now reduces to the following:

(41)

(42)

(43)

Solving this system for kz,r

(44)

where we have defined a 2 = N 2
- (;;2 and ij2 = N 2 + J2 - (;;2 for efficiency. We

can now look at the leading coefficient of the quadratic which defines the critical

frequency

(45)

20
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FIGURE 10. The critical frequency is shown for reflection including
the horizontal rotation parameter as a function of meridional and total
slope. The frequency Wet is below the local inertial for a wide range
of allowable slopes. The shaded region delineates not allowable slopes.
The constants used are latitude 20 degrees and N = 5 n.

which we can express using r 2 = /~ + /~ as

(46)

The modification in the reflection can be seen in figure (10), where for a range of

meridional and total slopes the critical frequency is below f. In the limit /2 = 0

we recover the traditional expression of the critical frequency. As /2 increases, the

critical frequency decreases everywhere, and most rapidly for small total slopes.
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FIGURE 11. The upper panel shows wcrit as a function of 12, the
meridional slope, and latitude. The traditional critical frequency is
fixed at 2 n. There is a clear difference that is centered at 45 deg.
and increases with meridional slope. The second panel has a fixed
latitude of 45 deg. and varies the traditional critical frequency. In
this instance Wcrit decreases with increasing meridional slope, but the
effect is diminished with increasing Wcrit.

To see how the traditional critical frequency is modified we can separate the Wcrit

equation

W= (47)

The critical frequency as a function of the traditional critical frequency is shown in

figure (11). We have set the zonal slope to zero. It is clear that the critical frequency

22



is lowered for increased meridional slope. The greatest difference occurs for latitude

45 deg. The effect is diminished for greater traditional critical frequency.

2.4. Implications. We find that the dispersion relation is modified for the system

that retains the horizontal rotation component. For a given k the maximum relative

difference in the frequency squared is given by

~max =
2 j

J41'2 + 1 - 1 "" N
(48)

which can be substantial when the stratification is weak. The reflection laws are

modified, and the critical frequency is now a function of the slope orientation. Its

representation in terms of the traditional critical frequency is

Wcrit =
2 2,211w - -:-,-::..:,:",
crit 1 + r2

23
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3. EQUATORIAL ,a-PLANE

The I-plane approximation is not valid near the equator, and mathematically

changes when I = O. Historically, this was extended with a Taylor series approxi-

mation of I, and is called the equatorial ,a-plane approximation. Near the equator

the ,a-plane approximation expands the available number of waves and introduces

additional structure to the solutions of the system of equations we are interested in.

This added complexity is multiplied by the inclusion of the horizontal component of

the Coriolis vector. One immediate effect is that we can no longer make the standard

hydrostatic approximation, the reason being that the inclusion of jw term in the

zonal momentum balance would conflict with energy conservation. Another signifi-

cant impact is that the equations are no longer separable into vertical and horizontal

eigenvalue problems.

3.1. Non-Hydrostatic Solution. To begin, we look at a non-hydrostatic solution

to the standard set of equations which have been linearized about a state of rest. The

derivation is presented in the Appendix. In this initial step I = O. The horizontal

eigenvalue problem is (with P = E..)
Po

iwU + IV = oxP

24
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and the vertical problem:

iwV - IU = ayp

1
az (N2 _ w2)azA + EA = 0

(51)

(52)

(53)

The horizontal problem is similar to the familiar shallow water equations, and exactly

so if E = c~. To examine E more closely, assume that N is not a function of z and

use vertical normal mode solutions eik,z. This results in:

(54)

As w --+ N, E will become very large. This is consistent with the wave speed (c), going

to zero in the classic problem. If w exceeds N, then E < 0 which implies evanescent

solutions. If the hydrostatic approximation is made, the effect in this system is

to set w = 0 in (54). This operation, which we will term the 'quasi-hydrostatic

approximation' for systems similar to this one, is herein defined by w = 0 when it

appears in addition/subtraction with N for N »w. Returning to the horizontal

problem, and making the equatorial beta-plane approximation where

I = {3y Io = 20,

25
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we assume zonal solutions eik" now the equations reduce to:

This is a Hermite equation as in the classical case:

V" + (A - y2)V = 0, V --+ 0 as y --+ ±oo

(56)

(57)

For this equation we have well known solutions for A = 2n + 1 where n > O. Our

solution is now

(58)

with a the dispersion relation:

(59)

Combining the results of the vertical and horizontal equations gives

(60)

3.2. Solution Including Horizontal Coriolis. When Jis not set to zero, it results

in a set of equations similar to the horizontal equations, however, the system is not

separable. After some manipulation:

2 (- )
. a fkzW .
~w a2U + fV + -----;;2 - zkx P = 0

26

(61)



fU - iwV + pI = a

(
fkzW .) I·--;;:2 + zkx U +v - ZWEP = a

were we have introduced the simplifications

(62)

(63)

_ k~
E=-

0-2
(64)

By the process of cross elimination, (61) and (63) become

which can be arranged as

(65)

(66)

(67)

(68)

where the common denominator for U and P is the Kelvin wave dispersion relation,

represented here by:

(69)

In the standard ,a-plane, a first order Taylor expansion is used, but we can solve the

equations in general at first, and make the approximation later. In this more general

27



assumption, we consider f to be constant in the domain. This formalism is useful for

considering the variation in I as a potential, and could be extended to higher orders

if necessary. Now we take the derivative of the pressure equation (where l' = ~).

(70)

and substitute for U and pI in (62):

Before proceeding further, we can look at the difference between this equation and

a concurrent equation for the I-plane in which we have not assumed a plane wave

in the meridional structure. The I-plane dispersion relation including the horizontal

Coriolis parameter is

(72)

and by back transforming ky (iky = Oy), the resulting equation is

(73)

where the term that differs from (71) is

(74)
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This term is recognizable as one of the f3 terms in the classic equatorial dispersion

relation. If we look equation at (71) in this form

V" + i2fQV' + (if'Q + (w
2

~./2) k; _ ~: (k; + !'kx
)) V = 0 (75)

a a w

where:

Q= jkz

0-2

We can now make the the substitution

V(y) = e-iQF iJ;(y)

which has been determined by

where

F'(y) = f(y)

The result of this substitution is:

(76)

(77)

(78)

(79)

(80)

This is similar in for to the traditional f3-plane equation. At this point it is interesting

to note that transformation of the equation results in an oscillatory structure in the

29



meridional for all reasonable forms of f =P o. Consider the equatorial beta-plane

approximation where 10 = 20, and (j is now (j2 = N 2+ jg_w2 . In this approximation

we have

(81)

hence

(82)

Again we see a familiar Hermite equation with solutions

(83)

where

(84)

and the solution for V is

(85)

where the dispersion relation is

(86)
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which reduces to the dispersion relation for the equatorial non-hydrostatic j3-plane.

(87)

This result has been found by Moore [7]. To reiterate, the substantive result of

including the horizontal component of the Coriolis vector in the equatorial j3-plane

approximation is a phase change in the solution and a modified scaling. The disper-

sion relation remains the same as the classic equatorial solution.

3.3. Low Meridional Modes.

3.3.1. Low Frequency Meridional Structure. We can compare the phase and scaling

changes to the classic solution beginning with the mathematical meridional envelope

function which has no x, z dependence

A(y, k., Wj N, /3, J) = R{e

which can be expressed

(88)

(89)

At this point it is instructive to make the quasi-hydrostatic approximation which is

appropriate in this regime. Since we are neglecting W under the given conditions, j

will also be neglected by the same argument, i.e. when it occurs in conjunction with
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N.

(90)

The half-width of the Gaussian

(91)

is the equatorial radius of deformation, where the third term is the modal form. Now

we find the location of the first zero of A

{fI{:27r f§2Ha - -
mod - jf3k

z
- njf3

and take the ratio

(92)

(93)

If this ratio is less than one, the effect of the cosine term is dominated by the

Gaussian. For all systems, under this set of approximations where N » j, the

modification to the equatorial Gaussian envelope will be very small (figure 12). The

difference here depends on the same parameter {t = ~ as does the relative difference

between the f -plane dispersion relations. With the Gaussian domination expressed in

this way, the dependence on kz has been removed leaving all vertical modes similarly

affected.
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FIGURE 12. The meridional envelope A is plotted against the the
oscillating part of A. Indicated also is the equatorial radius of de­
formation a, and the first zero of the cosine, amado This is for the
quasi-hydrostatic case with N = 40 !l and vertical mode number one.

A similar construction can be made without the quasi-hydrostatic approximation.

The deformation radius is now

and the zero of the cosine

a= Va~:zl

~
amod = VTffk.
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The ratio is now

_a _ fT
amod V~ (96)

The physical meridional structure is not separable. Therefore, the meridional

structure function above does not have a strictly physical meaning. We need to

look at actual solutions in three dimensional space. The solution to the meridional

velocity field is

v(x, y, z, t) = R {~ F(y, n)ei(k,x+k,z-wt) }

taking the real part

For x, Z = 0, n = 0, the solution is

_Plk,h'~ (-;3]kZy2 )v = e • 2 cos - wt
&2 2

(97)

(98)

(99)

In figure (13) the resulting propagation is illustrated. The propagation in the

meridional direction has its amplitude attenuated by the Gaussian term according

to the ratio defined in 96. The interesting figure occurs when f, N, and ware of the

same order of magnitude. Lines of constant phase are given by

(
;3]y2)

canst. = kxx + kz z - a2 :2
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FIGURE 13. The meridional velocity is shown for five sequential time
values. Indicated also is the equivalent non-hydrostatic equatorial ra­
dius of deformation a and the first zero of the cosine, amado The plot
shown is for x = 0, Z = 0, n = 0, W = 2 n, N = 2.2 nand kz = s:m'

The resulting quadratic phase surface highlights the non-separable nature of the

system, and as a consequence, does not allow for vertical normal modes.

3.3.2. Solutions for U and P. By taking the solution for V and using (67,68), we

arrive at equations for U and P
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(102)

where

and we have used:

Hn+l = 2yHn - 2nHn_1 H~ = 2nHn- 1

(103)

(104)

The common factor G in both equations becomes infinite for w = N and when

3.3.3. Kelvin Wave n = -1. Returning to (61-63), we set V = 0:

iW(l+ P )u=-( jkzw _ikx)p
(N2 - w2) pO(N2 - w2) Po

jU = _~pl
Po

where the dispersion relation is
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This is exactly the result that would be obtained by using the substitution of € for

c\ in the standard Kelvin wave dispersion relation. Solving for U

(
w if) 1 1U+ --- -U =0
kx kz (3y

with solution

U = exp _(3y2_
2(w/k - x - if/kz )

which can be expanded

U -(3kx (1 ifkx) 2=exp-- +-- y
2w wkz

(110)

(111)

(112)

in which the sign of kx must be such that the Gaussian solution does not increase

exponentially. This eliminates the westward propagating waves as in the standard

Kelvin wave. We can see that there is an oscillatory part of the meridional structure.

3.3.4. Yanai Wave n = O. For the case of n = 0, the dispersion relation is:

From this we can remove a factor of w+~ leaving

(113)

(114)

which has a direct analogue in the dispersion relation for the shallow water Yanai

wave.
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3.4. High Meridional Modes.

3.4.1. WKB solution. A solution to the single equation in V(y) can be generated

using the WKB method. The details are presented in the appendix. The resulting

solution is

-i (";(2n+ I)"; !f.fJl'/2y+elk. y2_ 1 (!f.fJ,1/2)3/2 y3 )
V(y) = e • 2t2 6v'(2.+1)· (115)

We can verify this solution for the case j = 0 as n gets large. The effective meridional

wavenumber is

(116)

If we use this in place of ky in the I-plane dispersion relation (with 1'= 0) we have

EW
2

- k~ = (2n + 1).j€1'I (117)

which is clearly the traditional equatorial ,B-plane dispersion relation without the

I'Ikx term. Now consider the case for Ji 0 and n large. The meridional wavenumber

IS

(118)
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We can now equate the two meridional wavenumbers through the respective disper-

sion relations and get

(119)

Or expressed as the relative difference

(120)

3.4.2. Relating the I-plane Meridional Wavenumbers. We can compose the I-plane

dispersion relationships in the same way to relate the meridional wavenumbers like

this

(121)

with solution

(122)

which can be approximated as (taking the root that yields a positive ky )

We can substitute from the dispersion relation

a k
.jw2 _ j2 h
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which yields

where

k
cos<p = ..!!..

kh

(125)

(126)

is the expression for the angle between the meridional wavenumber and the horizontal

wavenumber. We now have an expression for the relative difference

(127)

3.5. Conclusions. Unlike the I-plane, the dispersion relation is unmodified in com-

parison to the traditional approximation. The meridional normal mode structure is

modified in the following way; the deformation radius is decreased, and oscillatory

tails are introduced. These oscillations can be dramatic for ~ ~ 0(1). The insepa-

rable nature of the system does not allow for vertical normal modes.
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4. SOLUTION IN A ZONAL CHANNEL ON THE I-PLANE

It is important to solve the channel problem on the I-plane in order to relate the

I-plane with the equatorial l3-plane. The meridional structure that arises in the

l3-plane solution goes to zero as y ---+ 00. This is similar to modes in a channel, so it

is interesting to see the result for the channel case including the horizontal rotation

parameter. We begin with an equation that assumes the I-plane approximation and

plane wave solution ei(k.x+k,z-wt). The equation comes from the linearized set of

equations and retains the horizontal Coriolis term, but this term is assumed to be

constant as with the f -plane.

We want to solve this according to boundary conditions that are

v = 0 where y= ±Yo

We can determine a characteristic equation

which has solutions
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If we set A1,2 = 0, the result does not contain any dependence on 1. This is akin to

letting ky = °in the plane wave solution with no boundary. The general solution to

equation (128) is

(132)

Applying the B.C. y = ±Yo

(133)

which yields a non-trivial solution if the determinant of the matrix is zero

(134)

leading to

and

(135)

i Yo
n = ±o, 1,2... (136)

We can now substitute for A1,2 from equation (131)
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where

7rn
K,n =-

2yo

This dispersion relation can be expressed as

(138)

(139)

which is equivalent to the j-plane dispersion relation for the case when j = 0 and

when

(140)

expressed in frequency

(141)

From (139) it is clear that setting K,n = 0 does not remove the dependence on

the horizontal Coriolis term. This is in contrast to the plane wave case without

boundaries. By prescribing Yo to satisfy (140), we remove the dependence on 1.

However, as a depends on the frequency, we will have only one fixed frequency

of wave that is unaffected by the horizontal parameter for a given channel width.
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Equation (137) is a quadratic in w2

(W2)2 - (N2+ P)(~~ + 1) + /2 ~2 +N2;2) w
2

k2 2 k2
+(N

2+ p)N2 K2 + (N
2+P? i'2 + N

2/ 2;2 = 0
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5. LINEARIZED SPHERICAL SYSTEM

The realistic and nseful approximations which have extended our understanding

of the equator do have areas that can be refined. Specifically, in the low meridional

wavenumber region, some of the results are physically unsatisfactory.

5.1. Linearized Spherical Equation. The set of equations we start with is

OtU - 211sinOv + 211 cos Ow =

OtV + 211 sin Ou = _ oop
Po

POTO cos 0
(143)

(144)

!:l n ozp g
UtW - 2"cosOu = -- --P

Po Po

I I
Ou¢ + Ooo(v cos 0) + W z = 0

TO cos TO cos

Pt + wpz = 0

(145)

(146)

(147)

By using the familiar steps of substituting (147) into (145) and using the result in

(146) and (143) to eliminate wand P, additionally assuming a time dependence of

e-iw , we can reduce the above to (with P = P)
Po

. a-2 (o¢ iWioz )
-~w-U-fV+ +-~ P=O

a2 TO cos 0 a2

fU - iwV + Po = 0
TO
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(
0", iW10z ) 1 iw

-"--;::B - -2- U + BOO (V COS B) + 2 Pzz = 0
ro cos (J ro cos (J

We can now proceed to cross eliminate U and P to get

(150)

(
0""" _ w

2
0zz ) U = iwIozzV _ ( 0", + iw10z) 00 (V cos B) (151)

rs cos2 B (J2 (J2 ro cos B (J2 ro cos B

(
0",,,, _ w

2
0zz ) P = ( 0", _ iw10z) IV _ iwij2 00 (V cos B) (152)

~~B ~ ~~B ~ ~~~

In these two equations the common coefficient is now B dependent and is not the

exact Kelvin wave dispersion relation as in the locally plane case. After taking the

y derivative of the pressure equation a single equation in V is now obtained.

Solutions of this equation are beyond the scope of this document, however we can

comment on some of the features illuminated by the derivation. One of the first

observations is that the coefficient for the P and U equations which in the ,6-plane
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derivation involved the Kelvin wave dispersion relation no longer does so. This is

consistent with previous work by Longuet-Higgins [ll] where they noted that there

was no direct Kelvin wave for the Laplace tidal equations in spherical form, but that

a solution of the eigenvalue problem was essentially Kelvin like. We believe that

there could be additional interesting representations of the low mode wave solutions

present in this system.
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6. SUMMARY

The horizontal component of the earths rotation has a significant role in the dy-

namics of oceanic motions in specific regimes. We have shown that for buoyancy

frequencies of the same order as the horizontal rotation significant errors are intro-

duced by making the traditional approximation. The errors are not confined to the

dispersion relation, but also affect dynamics such as the reflection properties. We

find that the reflection of low frequency waves is significantly anisotropic. For mo-

tions in the equatorial region the horizontal component of rotation is found to change

the meridional structure of the normal mode solutions. These solutions now have

oscillatory components. We are no longer able to construct vertical normal modes

as well. All of these phenomena are subject to the ratio of the respective forcings

of buoyancy and rotation. In general we can predict that when the buoyancy and

rotation are of the same order, a consideration should be made for the horizontal

component.
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7. REFERENCE TABLES

TABLE 1. Dispersion Relation Representations

Dependant
(kx , ky , kz ; N, f, J) (a, B; N, f,!) (KI, 1\;2, K3; N, WUb, Wlb)Variable

w2 N 2k&+f2k; N 2 cos2 (B) + F sin2(B)K'

N'k[+(iky+fk.)' N 2 cos2(B) + (20)2 cos2(a)
N2 2+ 2 2+ 2 2

{;;2 Xl Wub l'b 2 W1b X: 3

K' ,,2
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TABLE 2. Group Velocity Representations

Dependant (w, kx , ky , kz ; N, j, j) (w, k., 'P; N, j,j) (k:}, "'2, K:3; N, Wub, Wlb)Variable

C9X
k.(N'-w') (N'-w')'/'(w' -1')'/'

WK2 wlk.I(N' 1')'/' cos 'P

C9y
ky(N'-w') (N'-w')'/'(w'-I')'/' .

wK' wlk.I(N'-1')'/' sm 'P

C9z
-k,(w' -I') _ (w' -I')(N'-w')

wK' wk,(N' 1')

C9X1
(N'-w')k. K.dN2_w2)

WK2 WK2

C9X,
(N'+ f'-w')k y+I fk, Kz(N2-w;,J

wK2 w~'

C9X3
Ifk.-(w'- I')k. -K.3(W2 -W[b)

WK2 w~,
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TABLE 3. Dispersion Relations and Eigenfunctions for Standard Approximations

Approx. 1=0 1#0

Mid-lattitude 2 N 2 k2 +J2 k2 w2 _ N'kl+Uk.+fk,)'W - h z
- K' - K'

f - plane
ei(kX-wt) ei(kX-wt)

f - plane in w2 _ N2k~+f2k; j2(k2 _ f'~;) = w2K2 _ N 2k2 - Fk2
- K' yn if h z

a Channel
ei(k:I!x+kyny+kt"z-wt) ei(kxx+kyny+kt"z-wt)

Equatorial EW2 - k~ - @o,;z = (2n + l),8ovt EW2 - k~ - @o,;z = (2n + l),8ovt
,8 - plane

1/J = .-'Jf H (Y)ei(kzx+k,z-wt)
-(1+*:r):i','-

1/J -' " H (:V)ei(kzx+k,z-wt)2Ti72 n - 2n/2 n

Y = ,j,8E1/ 2y Y = J-.-U-,8f1/2y
8zgma
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8. ApPENDIX

8.1. Separability. Beginning with the set of equations described in the text

- p g
OtW - fu = -0.- --P

Po Po

u'" +vy +Wz = 0

Pt + wpz = 0

(154)

(155)

(156)

(157)

(158)

The first requirement to enable separability into a horizontal and vertical set of

equations is to set! = O. If we take the time derivative of (156), and substitute

equation (158), we can eliminate P

p gp
OttW = -Otz- + -w

Po Po

Considering solutions with a time dependence of e-iwt and using the relation

we have

(N2 - w2)w = iWoz~
Po
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In this equation we can see that the effect of making the hydrostatic approximation

is (N2 - W2) ---t N2. If we let p = l'.-, we have four equations in four unknowns:
po

iwu - fv + 8xp = 0

iwv + fu + 8yp = 0

tW
w - (N2 _ w2 ) 8zp = 0

Now we choose an ansatz of the form:

u = A(z)U(x, y)

v = A(z)V(x, y)

p = A(z)P(x, y)

w = iwB(z)P(x, y)

equations (164) and (165) become

1
B(z) - N2 _ W28zA(z) = 0
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separating this

which leaves

ozB(z) = -fA(z)

Now we can substitute into (169) to get the vertical equation:

And the corresponding horizontal equations:

iwU - fV + oxP = 0

iwV + fU +OyP = 0

(170)

(171)

(172)

(173)

(174)

(175)

8.2. Equatorial WKB Aproximation. We begin with the equatorial equation for

v

·81•• 2
V(y) = e-'2a'J""Y 1,IJ(Y)

1,IJ" + ((2n + 1) - y 2 )1,IJ = 0
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where

(2n + 1) = _1_(EW2 _ e _ !3ok",)
(JoVE '" w

(179)

The equation is in Hermite form in order to relate the meridional dependence between

this solution and the solution for a channel on the J-plane. We now do a WKB

expansion following the formalism of Bender and Orszag (1978). The equation for

1/J can be writen in Schrodinger form

IJ,z1/J" - Q(Y)1/J = 0

where

1
f.t = .,j2n + 1

and

We now substitute an exponential power series of the form

which is valid as {) ---+ O. The result of the substitution is

2 2 2 2
f.t 8'2 f.t 8'8' f.t 8" Q (Y)
{)2 0+801+80+"'=
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The dominant balance is

(185)

which implies that 0 is proportional to J.L, for convienence set 0 = J.L. By comparing

powers of J.L we get a sequence of equations for 8m

m-l

28b8:-" + S:;'_1 + L SjS~_j = 0 n 2: 2
j=1

(186)

(187)

(188)

The solution of the first two equations in the series combine to form the leading

order WKB solution

We now replace Q in the first solution

(190)

and expand the roots

(191)
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Since the integration point is arbitrary, if we neglect the higher order terms and

chose a = V6 the result is
p,

neglecting terms O(J12) and setting Cl = -1

using this solution in (176) with our definition of Y

-i(V(2n+lJV'i-!3,,/2y+4!# y2 1 ('i-!3"I,)S/2yS)V(y) = e (J 26 6y'<2n+l) (J
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