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HAWAI‘I AT MĀNOA IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE

DEGREE OF

DOCTOR OF PHILOSOPHY

IN

MATHEMATICS

August 2022

By

Kenneth Corea

Dissertation Committee:

Karl H. Dovermann
Erik Guentner

Thomas Hangelbroek
Danny Marfatia

Rufus Willett, Chairperson

Keywords: groupoids, continuous representations, weak containment, property (T)



Contents

1 Abstract 1

2 Introduction 2

3 Groupoids 4
3.1 Definition amd Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
3.2 Constructions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
3.3 Topological Groupoids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
3.4 G-Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
3.5 Haar Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

4 Unitary Representations 10
4.1 Continuous Banach Bundles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
4.2 Constructing Banach Bundles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
4.3 Continuous Unitary Representations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
4.4 Irreducibility and Schur’s lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

5 Positive Type Functions 18
5.1 Kernels of Positive Type . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
5.2 Positive Type Functions and the GNS Construction . . . . . . . . . . . . . . . . . . . . . 20
5.3 G(0)-Irreducible representations and ext(P1(G)) . . . . . . . . . . . . . . . . . . . . . . . . 23
5.4 Topologies on P1(G) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

6 Property (T) 29
6.1 Weak Containment and the Fell Topology . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
6.2 The Definition of Property (T) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
6.3 Convergence of Positive Type Functions and Property (T) . . . . . . . . . . . . . . . . . . 32

7 Property (T) and 1-Cohomology 34
7.1 Conditionally Negative Type Kernels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
7.2 Conditionally Negative Type Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
7.3 1-Cohomology and Property (FH) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
7.4 Delorme’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39



1 Abstract

We introduce two new topologies on the space of normalized positive type functions on a groupoid with

Haar system, the weak* topology and fiberwise compact convergence topology. We demonstrate these

topologies are equivalent when the groupoid is second countable and locally compact, thereby extending

Raikov’s theorem. Using the fiberwise compact convergence topology we introduce a notion of weak

contaiment of continuous unitary representations of a groupoid. We characterize weak containment

of the trivial representation with almost invariant sections which extends the idea of almost invariant

vectors in group representations. This weak containment naturally suggests a definition of property (T)

for groupoids which extends Kazhdan’s group property (T). We briefly explore this property and attempt

to generalize some of the classic results from the theory of groups.

1



2 Introduction

A Unitary representation of a topological group G is a continuous action of G on a complex Hilbert
space by unitary operators. Equivalently, a unitary representation is a pair (H, π) where H is a complex
Hilbert space and π : G → U(H) is a strongly continuous group homomorphism from G to the unitary
group of H. Unitary representations (or simply representations) have played a fundamental role in many
areas of mathematics in the past century. An important object in the study of the representation theory
of G is the (unitary) dual of G, denoted Ĝ, consisting of representations that form the “building blocks”
of any represention of G.

Let (H, π) be a representation of a topological group G, a subrepresentation of (H, π) is a closed
G-invariant subspace. Two representations (H, π) and (K, ρ) of G are unitarily equivalent, and write
π ∼= ρ, if there is a unitary equivariant map between H and K. A representation ρ (strongly) contains π,
and write π ⊂ ρ, if π is unitarily equivalent to a subrepresentation of ρ. For finite and compact groups
G the comparison of containment in some sense describes the representation theory of G. We say a rep-
resentation is irreducible if it contains no nontrivial subrepresentations; for example, the representation
(C, π0) where π0 is the trivial morphism, called trivial representation, is irreducible. If denote by Ĝ the
collection of equivalence classes of irreducible subrepresentations of G, then each representation π of a
compact group has a unique decomposition

π ∼=
⊕
ρ∈Ĝ

nρρ,

where nρ is a nonnegative integer.
However, if we relax the class of groups to locally compact groups, then strong containment is too rigid

and the comparison needs to be relaxed as well. The notion of weak containment of representations was
introduced by Godement and further developed by Fell in the mid 20th century. For a fixed representation
(H, π) and fixed ξ ∈ H the coefficient associated to (H, π) and ξ is the continuous function φ : G → C
given by φ(g) = 〈πgξ, ξ〉. We say ρ weakly contains π, and write π ≺ ρ, if any coefficient associated π can
be approximated uniformly on compact set in G by convex combinations of coeffiecients associated to ρ.
For locally compact groups strong always implies weak containment, and for compact groups strong and
weak containement are essentially the same.

A locally compact group that satisfies the property

∀π (π0 ≺ π ⇒ π0 ⊂ π), (1)

is said to have property (T). Property (T) was introduced by Kazhdan in his seminal 1967 paper, there

he introduces property (T) by the equivalent formulation of π0 being an isolated point in Ĝ. In this
paper Kazhdan was addressing a question in geometry posed by Zigler; specifically, Kazhdan was trying
attempting to demonstrate that particular classes of lattices were finitely generated. Kazhdan proved
the following:

• Any locally compact group with property (T) is compactly generated.

• A lattice Γ ⊂ G of a locally compact group G has property (T) if and only if G has property (T).

Therefore, to demonstrate a lattice Γ is finitely generated it suffices to show G has property (T). In
the decades that followed property (T) became an active area of research in mathematics, see [3] for
an excellent historical account and formal treatment of the major developments in the theory in the
half-century following Kazhdan’s 1967 paper.

Strong containement of the trivial representation can be characterized by the existence of a nonzero
invariant vector. Weak containment of the trivial representation can be characterized by the existence of
so called almost invariant vectors. Formally, we say a representation (H, π) has almost invariant vectors
if for every compact subset Q ⊂ G and ε > 0 there exists a unit vector ξ ∈ H such that

sup
g∈Q
‖πgξ − ξ‖ < ε.

Therefore, property (T) for a group G can be reformulated as: any representation of G that has almost
invariant vectors has an invariant vector.

In this thesis we attempt to extend Kazhdan’s property (T) to the class of groupoids. Succinctly, a
groupoid is a small category with inverses; we can think of groupoids as groups with a partially defined
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product. Two notable attempts at trying to extend property (T) to groupoids can be found in [1, 7]
Our approach is similar to [1] and we attempt to formulate property (T) for groupoids using a formula
similar to (1). Our approaches differ in the sense that we restrict our attention to continuous unitary
representations of groupoids (continuous Hilbert bundle equipped with a continuous groupoid action)
rather than representations on Borel Hilbert bundles, and our definitions of weak are different.

Strong containment of continuous groupoid representations has an identical definition to that of
group representations: an equivariant isomorphism from one bundle to a closed invariant subundle. Also,
the definition of weak containment can be translated and makes perfect sense for continuous groupoid
representations. However, since we are relaxing the class from groups to groupoids we feel that it is
natural to relax the definition of weak containment. We achieve this by simply changing the mode of
convergence of the coefficients to a topology that is similar, but weaker than the topology of uniform
convergence on compact set.

Chapter 2 gives an elementary presentation of groupoids and introduces the necessary constructions
that we will utilize throughout this paper. All of the content from chapter 2 was taken from [13, 15, 16],
and does not contain any original results.

Chapter 3 is dedicated to establishing some of the continuous Banach bundle theory and continuous
representation theory used in later sections. The general Banach bundle theory from the first two sections
was taken from [9]. The end of 3.2 is mostly original work with the exception of the introduction of
the Banach bundles Lp(G,λ); these bundles appear frequently in the literature, we do not know exactly
who introduced them first. The last two sections of chapter 3 is original work with a few exceptions.
The definition of continuous unitary representation is taken from [14] in what is referred to there as a
G-Hilbert bundle. And, the definition of G(0)-irreducibility is due to Bos [4]; there, Bos states Schur’s
lemma without proof.

We generalize much of the theory of positive type functions on groups to groupoids in chapter 4. The
first two sections are the treatment of the GNS construction as it appears in [14]. We include it as we
use part of the construction in a later result. Section 4.3 is original work adapted from [3, 2]. In 4.4
we introduce the fiberwise compact convergence topology, this topology is original and arose out of our
adaptation of the proof in [17] of the equivalence of the weak* topology and the topology of uniform
convergence on compact sets for normalized positive type functions on groups.

In the first section of chapter 5 we introduce our definition of weak containement of representations
using the fiberwise compact convergence topology as the mode of convergence of the coefficients. We also
characterize weak containment of the trivial representation with the notion of almost invariant sections
that we developed. To do this we followed a the argumend made in the appendix of [3]. In section 2
we give our definition of property (T). We generalize the proof in chapter 1 in [3] that compact groups
have Kazhdan’s propery (T) to demonstrate a certain class of groupoids has our property (T). Finally,
we end chapter 5 by adapting the proof in [11] that shows property (T) is equivalent to: a sequence
of normalized positive type functions converging uniformly on compact sets to 1G actually converges
uniformly. Lastly, chapter 6 is an adaptation of the argument in [3] to prove Delorme’s theorem.

Aknowledgements: I would like to thank my advisor for all his help and his endless patience throughout
this entire process. Also, a portion of this research was supported by the NSF.

Caveats

There are a few gaps in this thesis, these are proposition 5.19, and lemmas 6.3 and 7.19.

• Proposition 5.19 conjectures that P≤1(G) is closed in the weak* topology. This result is used once,
in proposition 6.3, and no results outside of section 6.1 are affected. The definition of property (T)
is influenced by this characterization, but does not depend on the result being true.

• Lemma 6.3 is missing one step. We conjecture that if a net ui → u and there is a norm constant
continuous invariant section ηi passing through each ui, then ηi(π(u)) → u. This lemma is used
once in lemma 6.3. This lemma works in the second countable case, which is the most important
case for how the theory is usually used. Also, no results outside of section 6.3 are affected.

• Lemma 7.19 conjectures that the pullback r∗E is a locally compact topological groupoid with Haar
system. This lemma is used once in lemma 7.20 and no other results outside of section 7.4 are
affected.

Each result is marked with a warning to remind the reader there is a gap there.
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3 Groupoids

In this section we demonstrate elementary results about groupoids establish notation we will use through-
out. Most of the results in this section were compiled from [13, 15, 16].

3.1 Definition amd Examples

Definition 3.1. Let G be a set and G(2) ⊂ G × G. We say G is a groupoid if it is equipped with a
product G(2) → G written (g, h) 7→ gh and an inversion G→ G written g 7→ g−1 satisfying the following
postulates:

(i) For any g ∈ G, (g, g−1) ∈ G(2) and (g−1)−1 = g.

(ii) If (g, h), (h, k) ∈ G(2), then (gh, k), (g, hk) ∈ G(2) and (gh)k = g(hk).

(iii) If (g, h) ∈ G(2), then g−1(gh) = h and (gh)h−1 = g.

We call G(2) the set of composable pairs. The set G(0) = {gg−1 : g ∈ G} is called the base space and
its elements are called units. The range and source maps are the functions r, s : G → G(0) defined by
r(g) = gg−1 and s(g) = g−1g.

Example 3.2 (Groups). Every group is a groupoid with base space a singleton. In fact, a groupoid is
a group exactly when the base space is a singleton.

Example 3.3 (Bundles). Let p : E → B be a surjection such that p−1(b) is a groupoid. Then E is a
groupoid by with fiberwise operations. The base space E(0) is the disjoint union of the bases in each
fiber. Similarly, the set composable pairs E(2) is the disjoint union of the composable pairs in each fiber.
For instance, the disjoint union of groups is a groupoid.

Example 3.4 (Pair Groupoid). Let X be any set, then we can give G = X ×X a groupoid stucture.
Inversion is defined as (x, y)−1 = (y, x). The composable pairs are G(2) = {((x, y), (y, z)) : x, y, z ∈ X}.
The product is defined as (x, y)(y, z) = (x, z). The range and source maps are given by r(x, y) = x and
s(x, y) = y

Example 3.5 (Equivalence Relations). Generalizing the above example, any equivalence relation is a
groupoid with the operations defined above.

Example 3.6 (Partial Injections). The set of partial injections from a set to itself is a groupoid with
the obvious operations. The map r is the usual range map, and s the usual domain of definition map.

Example 3.7 (Group Actions). Let Γ be a group acting on a set X. The set Γ × X can viewed as a
groupoid equipped with the set of composable elements {((γ, ηx), (η, x)) : x ∈ X, γ, η ∈ Γ} with product
given by (γ, ηx)(η, x) = (γη, x). Inverses are given by (γ, x)−1 = (γ−1, x). The units are identified with
X via x 7→ (e, x). The range and source maps are r(γ, x) = γx and s(γ, x) = x. We call this groupoid a
transformation groupoid and denote it by Γ nX.

Example 3.8. This example generalizes partial injections and transformation groupoids. Let X be a
Hausdorff space. A partial transformation on X is a homeomorphism between open subsets of X. The
composition of two partial transformations φ ◦ ψ is function composition were it makes sense, so the
homeomorphism

φ ◦ ψ : ψ−1(ranψ ∩ domφ)→ φ(ranψ ∩ domφ)

The inverse of a partial transformation is the usual inverse. Identity functions on open subsets are called
units. A pseudogroup of partial transformations on X is a set G of partial transformations that is stable
under the product and inverse. We say G is unital if it contains the identity on X. We denote by U the
set of all domains of elements of G We say x ∈ X is G-strongly fixed by φ ∈ G if there exists x ∈ U ∈ U
such that φ|U = 1U .

For a pseudogroup of partial transformations G over X we can construct the groupoid

G(G) = {(φ, x) ∈ G ×X : x ∈ dom(φ)}/ ∼,

where ∼ is the equivalence:

(φ, x) ∼ (ψ, x)⇔ φ(x) is G-strongly fixed by ψ ◦ φ−1.
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The inverse is given by [φ, x]−1 = [φ−1, φ(x)]. The product is given by [φ, ψ(x)][ψ, x] = [φ ◦ ψ, x]. The
set of units is can be identified with X. Indeed, [φ, x][φ−1, φ(x)] = [1U , x] where U is the domain of φ,
so the map x 7→ [1U , x] does it. The range and source maps are given by r[φ, x] = φ(x) and the range
s[φ, x] = x. For instance, if Γ is a subgroup of homeomorphisms on X, then G(Γ) = Γ oX.

Proposition 3.9. A groupoid is a small category with inverses.

The set of objects is G(0) and G is the set of arrows. If g : x → y is an arrow, then r(g) = y and
s(g) = x. The set of composable pairs is the pullback of G(0) across the range and source maps, that is,

G(2) = {(g, h) ∈ G×G : s(g) = r(h)}.

We can identify G(0) in G via x 7→ 1x. This characterization is often useful when trying “visualize”
properties of a groupoid. For instance, the following statements are easy to see with the category
definition and we leave its proof to the reader.

Lemma 3.10. Let G be a groupoid. Then

1. r(g)g = g = gs(g).

2. r(g−1) = s(g) and s(g−1) = r(g) for all g ∈ G. Moreover, g−1 is the unique element such that
gg−1 = r(g) (resp. g−1g = s(g)).

3. gh = g′h implies g = g′ and gh = gh′ implies h = h′.

4. G(2) = {(g, h) ∈ G×G : s(g) = r(h)}.

5. r(gh) = r(g) and s(gh) = s(h).

6. (gh)−1 = h−1g−1

7. r(x) = x = s(x) for all x ∈ G(0).

8. G(0) = {g ∈ G : g2 = g}.

3.2 Constructions

Definition 3.11. A subset H ⊂ G is a subgroupoid if it is a groupoid with the inherited operations.
Equivalently, a subcategory that is closed under inverses.

Example 3.12. The base space of any groupoid is a subgroupoid.

Example 3.13 (Reductions). Let U ⊂ G(0). Define

G|U := s−1(U) ∩ r−1(U).

We call the G|U the reduction of G by U and it is a subgroupoid of G. For a unit u we call Gu = r−1(u)
the range fiber of u and we call Gu = s−1(u) the source fiber of u. The set

G|u := Gu ∩Gu,

is called the isotropy group at u. The bundle

p :
⊔

u∈G(0)

G|u → G(0),

is a groupoid and is called the isotropy subgroupoid of G, and we denote it by Iso(G).

For subsets A,B ⊂ G define the following sets

A−1 = {g−1 : g ∈ A},

and
AB = {gh : g ∈ A, h ∈ B and (g, h) ∈ G(2)}.

If A = {g}, then we drop the brackets and write gB. Similarly for Ah. Observe gB = Gs(g) and
Ah = Gr(h).
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Definition 3.14. A subgroupoid H ⊂ G is wide if H(0) = G(0).

Example 3.15 (Quotients). Let H ⊂ G be a wide subgroupoid. It is not difficult to see the relation

g1 ∼ g2 :⇔ ∃h ∈ H, g1 = g2h,

is an equivalence relation. We denote the collection of equivalence classes by G/H, and we refer to it as
the collection of left cosets of H in G. The symbol [g] denotes the equivalence class of g. For groups,
the left cosets form a group when the subgroup is normal; for groupoids we have a similar criterion. The
left cosets G/H have a natural groupoid structure when for all g ∈ G,

gHg−1 ⊂ H.

A subgroupoid with this property is called normal. The composable pairs are

(G/H)(2) = {([g1], [g2]) : ∃h ∈ H, r(h) = s(g1) and s(h) = r(g2)}.

The set of units is
(G/H)(0) = {[u] : u ∈ G(0)}.

The product given by [g1][g2] = [g1hg2]. Inversion is given by [g]−1 = [g−1]. For instance, Iso(G) is
normal since for g ∈ G and h ∈ G|u we have ghg−1 ∈ G|r(g). Hence, G/Iso(G) is a groupoid.

Definition 3.16. A homomorphism of groupoids is a covariant functor between groupoids.

Remark. If ϕ : G→ H is a multiplicative map (where it makes sense), then it can be shown that ϕ is a
groupoid homomorphism. The converse is clearly true as well. So to check that a map is a homomorphism
it suffices to show it is multiplicative.

Example 3.17. If H is a normal wide subgroupoid of G, then the quotient map G → G/H is a
homomorphism.

Example 3.18 (The Equivalence Relation of a Groupoid). Let G be a groupoid. Then

R(G) = {(r(g), s(g)) : g ∈ G},

an equivalence relation on G(0). There is a natural surjective homomorphism G→ R(G)

g 7→ (r(g), s(g)).

Proposition 3.19. G/Iso(G) ∼= R(G).

Proof. Define the mapping [g] 7→ (r(g), s(g)). Suppose g1 = g2h where h ∈ Iso(G). Then r(g1) = r(g2),
and s(g1) = s(g2h) = s(h) = r(h) = s(g2). So the map is well defined. If (r(g1), s(g1)) = (r(g2), s(g2)),
then g1 = g2(g−12 g1) so that [g1] = [g2] and the map is injective. Surjectivity is clear. Next, suppose [g1]
and [g2] are composable, then g1 and g2 are composable, and we have

[g1][g2] = [g1g2] 7→ (r(g1g2), s(g1g2))

= (r(g1), s(g2))

= (r(g1), s(g1))(r(g2), s(g2)).

3.3 Topological Groupoids

Definition 3.20. A topological groupoid is a groupoid equipped with a topology for which the product
and inversion are continuous. The topology on the composable elements is the subspace product topology.

Remark. Immediately r and s are continuous as compositions of continuous maps.

Example 3.21. Any groupoid is a topological groupoid in the discrete topology.

Example 3.22. If Γ Hausdorff group acting on a Haurdorff space X, then G o X is a topological
groupoid in the product topology.
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Lemma 3.23. Let G be a topological groupoid. Then G(0) is closed if and only if G is Hausdorff.

Proof. Suppose G(0) is closed. To see that G is Hausforff we show that limits of convergent nets are
unique. Let gi be a net in G converging to g and h. Then, by continuity, we have g−1i gi → g−1h. Which
implies that g−1h ∈ G(0). So that g−1h = s(h), and, by uniqueness, g = h. Conversely, suppose that G
is Hausdorff and that xi is a net in G(0) converging to g ∈ G. Then, by continuity, xi = r(xi) → r(g).
Since the underlying space is Hausdorff, uniqueness of limits implies g = r(g) ∈ G(0),

Lemma 3.24. Let G be a groupoid equipped with a topology (not necessarily in which the operations are
continuous) where r and s are continuous, and where G(0) is Hausdorff. Then G(2) is closed.

Proof. The diagonal ∆ of G(0) is closed in G(0)×G(0). Now G(2) = (r× s)−1(∆) is closed by continuity.

Definition 3.25. A topological groupoid is étale if the range map is a local homeomorphism.

Example 3.26. A group is étale if and only if it is discrete.

Example 3.27. A transformation groupoid is Γ nX is étale if X is Hausdorff and if Γ is discrete. The
range is a local homeomorphism from {γ} ×X onto the set γ ·X.

Definition 3.28. An open subset of an étale groupoid is a bisection if the range and source maps restrict
to homeomorphisms on it.

Lemma 3.29. A Hausdorff étale groupoid has a countable base of bisections. In this case, the range and
source fibers, are discrete.

Proof. Pick a countable dense set gn. For each n pick neighborhoods bases Un,i and Vn,i for which r
and s restrict to homeomorphisms, respectively. The base Un,i ∩ Vn,i satisfies the claim. For g ∈ Gx
pick a bisection Ug containing it. Then Ug ∩Gx = {g} is open. An identical argument works for range
fibers.

Lemma 3.30. A Hausdorff étale groupoid G has an open set of units.

Proof. Deny. Let gi be a net in G \ G(0) converging to x ∈ G(0). Let Ux be a bisection containing x.
Since r(x) = x then the net gi is eventually in the neighborhood r(Ux) of x, a contradiction.

3.4 G-Spaces

Definition 3.31. Let G be a groupoid, let X be a set, and let rX : X → G(0) be a map. Let G ∗ X
denote the pullback of G(0) along rX and the source map, that is,

G ∗X = {(g, x) ∈ G×X : s(g) = rX(x)}.

A left action of G on X is a map G ∗X → X given by (g, x) 7→ g · x satisfying:

1. rX(x) · x = x for all x ∈ X, and

2. gh · x = g · (h · x) for all (g, h) ∈ G(2) and (h, x) ∈ G ∗X.

We call rX the moment map. An action is called transitive if for any x, y ∈ X there exists g ∈ G such
that g · x = y. An action is called free if g · x = x implies g = rX(x).

Definition 3.32. Let G be a topological groupoid acting on a topological space X. We say X is a G-
space, or that G acts continuously on X if the moment map is conitinuous and the action is continuous
from the relative product topology.

Example 3.33. Each groupoid acts on itself by left multiplication. The moment map is the usual range
map. If G is a topological groupoid, then it is a G-space.

Example 3.34. Each groupoid acts on its unit space as follows g · s(g) = r(g). Here the moment map
is the identity on G(0). For instance, equivalence relations act freely on their base space. When G is a
topological groupoid, G(0) is a G-space.
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Example 3.35. For a wide subgroupoid H ⊂ G we have a left action of G on the set of left cosets G/H
given by g · [g′] = [gg′]. The moment map is the usual range map rG/H([g]) = r(g).

Example 3.36. Let G be a groupoid acting on the left of X. We can define a transformation groupoid
GnX analogously to a transformation group.

Definition 3.37. A groupoid is called principal if the action on its base space is free. A groupoid is
called transitive if the action on its base space is transitive.

Proposition 3.38. Let G be a groupoid. Let R : G→ R(G) be the natural map R(g) = (r(g), s(g)).

1. G is principal if and only if R is injective.

2. G is transitive if and only if R is surjective.

Proof. Suppose G is principal and (r(g), s(g)) = (r(h), s(h)). Since gh−1 · s(g) = s(g), then gh−1 =
rG(0)(s(g)) = s(g). So g = h and the natural map is injective. Conversely, suppose the natural map is
injective and g · s(g) = s(g) = r(g). Injectivity implies g must be the unit s(g). This proves (1).

Suppose G is transitive. Let (x, y) ∈ R(G). Transitivity says there is g ∈ G with g · x = y, that is,
(r(g), s(g)) = (x, y). Conversely, suppose the natural map is surjective. Then R(G) is the pair groupoid
G(0) ×G(0) and the groupoid is transitive. This proves (2).

Definition 3.39. Let G be a locally compact Hausdorff groupoid acting on a locally compact Hausdorff
space X. We say the action is proper, or that the X is a proper G-space, if the map G∗X → X×X given
by (g, x) 7→ (gx, x) is proper. The groupoid is called proper if the action on its base space is proper.

Proposition 3.40. A groupoid is proper if and only if R is proper

Proof. Suppose the groupoid G is proper and let φ : G ∗ G(0) → G(0) × G(0) where φ(g, s(g)) =
(r(g), s(g)) = (r × s)(g). Let K ⊂ G(0) × G(0) be compact. Then φ−1(K) is compact and the im-
age of this set under the projection under the first coordinate is compact. Hence, the natural map is
proper. Conversely, suppose the natural map is proper and let K be as above. Put C = (r × s)−1(K).
Then

φ−1(K) = {(g, s(g)) : g ∈ C}
is a closed set in the compact set C × s(C), hence compact.

Definition 3.41. Suppose a groupoid G is acting on a set X. The orbit of x ∈ X is the set

G · x := {g · x : s(g) = rX(x)}.

Definition 3.42. Suppose G is a toplogical groupoid. We say G acts minimally on G(0), or G is minimal,
if there are no nontrivial closed invariant subsets of G(0).

Proposition 3.43. A groupoid G is minimal if and only if every orbit G · u is dense.

Proof. Suppose K ⊂ G(0) is a nontrivial closed invariant subset. That is, the range of any groupoid
element that can act onK must be contained inK. Pick an element u ∈ G\K and open set u ∈ U ⊂ G\K.
It follows G · x∩U is empty for any x ∈ K, so G · x is not dense. Conversely, suppose G · x is not dense.
Pick u ∈ G(0) and open set u ∈ U ⊂ G(0) such that no g ·x ∈ U . Then G · x is a closed invariant set.

Example 3.44. Groups and pair groupoids are are trivially minimal as the action on their base has a
single orbit. Group bundles are never minimal. A transformation groupoid is minimal if a single orbit
of the group action is dense.

3.5 Haar Systems

Let X be a locally compact Hausdorff space. A complex Radon measure µ on X is a Borel measure that
is finite on all compact sets, outer regular on all Borel sets, and inner regular on all open sets. In other
words, a Radon measure is the measure associated to the positive linear functional

µ(f) =

∫
X

fdµ,

guaranteed by the Riesz representation theorem (see for example [10] Theorem 7.2). Recall that the
support of a Radon measure µ is the closed set complementary to the largest of the open sets in X on
which the restriction of µ is null.

8



Definition 3.45. Let G be a locally compact Hausdorff groupoid. A Haar system on G is a family of
Radon measures λ = {λx : x ∈ G(0)} on G such that

(i) supp(λx) = Gx,

(ii) for all f ∈ Cc(G), the map

x 7→ λx(f) =

∫
G

f(g)dλx(g),

is continuous, and

(iii) for all f ∈ Cc(G) and g ∈ G, ∫
G

f(gh)dλs(g)(h) =

∫
G

f(h)dλr(g)(h).

Remark. Let M(G) denote the space of complex Radon measures on G equipped with the vague topology
[5] 1.1.9. Postulate (ii) is equivalent to the continuity of the map G(0) →M(G) where x 7→ λx.

Example 3.46. If G is a locally compact group then it admits a Haar measure µ. Then {µ} is a Haar
system for G.

Example 3.47. Let G be a locally compact group and X a locally compact G-space. Let µ be the Haar
measure on G and let δx be the point mass at x ∈ X. Then the family {µ× δx : x ∈ X} is a Haar system
on the transformation group GnX.

Proposition 3.48. Let G be a locally compact groupoid admitting a Haar system, then the range map
is open.

Proof. Let U ⊂ G be open. Let x ∈ r(U) and g ∈ Ux. Let V be an open set in G such that g ∈
V ⊂ V ⊂ U . Let f ∈ Cc(G)+ be such that f(g) = 1 and suppf ⊂ V . Then λx(f) > 0. Furthermore,
suppλ(f) ⊂ r(V ) ⊂ r(U). Since λ(f) is continuous, x is an interior point of r(U), hence, r(U) is open.
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4 Unitary Representations

The first two sections are general theory of continuous Banach bundles as it appears in [9]. We collect
them here for sake of completeness and the reader’s convenience as we will make repeated use of these
results. With this theory we construct the Lp-bundles Lp(G,λ) where 1 ≤ p <∞ for a second countable
locally compact groupoid G with Haar system λ. We define the dual space L1(G,λ)∗ of functionals
and define the weak* topology on it. Afterwards we introduce the notion of a continuous unitary
representation and we present some elementary representation theory we will require in later sections.

4.1 Continuous Banach Bundles

Definition 4.1. A (continuous) Banach bundle over a Hausdorff topological space X is a pair (E, π)
where E is a Hausdorff topological space and π : E → X is a continuous open surjection where each
fiber Ex = π−1(x) is a Banach space for each x ∈ X satisfying the following axioms:

(i) The map u 7→ ‖u‖ is continuous from E → R.

(ii) The map + : {(u, v) : π(u) = π(v)} → E is continuous.

(iii) For each λ ∈ C the map E → E given by u 7→ λu is continuous.

(iv) If x ∈ X and ui is a net such that ‖ui‖ → 0 and π(ui)→ x, then ui → 0x.

A section on E is a function f : X → E satisfying f(x) ∈ Ex for each x ∈ X. The space of continuous
setions will be denoted C(X,E).

Example 4.2. Let B be a Banach space. Let E = X × B and π(x, ξ) = x. For each fiber Ex put the
Banach space structure given by the mapping ξ 7→ (x, ξ). The sections on E are functions f : X → B.

Definition 4.3. A (continuous) Hilbert bundle is a Banach bundle where every fiber is a Hilbert space.

Proposition 4.4. Let E be a Hilbert bundle. The map {(u, v) : π(u) = π(v)} → C given by (u, v) 7→
〈u, v〉 is continuous.

Proof. This fact follows from the polarization identity and the first three axioms.

Definition 4.5. Let (E, π) and (E′, π′) be Banach bundles over X.

1. A bundle map is a function Φ : E → E′ satisfying:

(i) π = π′ ◦ Φ

(ii) For each x ∈ X, Φ(Ex) ⊂ E′x and the map Φx := Φ|Ex is linear.

2. A bundle map that satisfies ‖Φ(u)‖ = ‖u‖ it is said to be isometric.

3. A bundle morphism is a continuous bundle map.

4. A bundle isomorphism is a bundle morphism that is a homeomorphism.

Remark. We want to be very clear here in the distiction between a bundle map and a bundle morphism.
A bundle map is really just a family of linear operators between corresponding fibers and we introduce
it as a matter of convenience.

Definition 4.6. Let (E, π) be a Banach bundle over X and f : Y → X a continuous map. Let

f∗E = {(y, u) ∈ Y × E : u ∈ Ef(y)},

be equipped with the subspace product topology. The surjective continuous map ρ : Y × E → Y given
by ρ((y, u)) = y is open by the following proposition that gives a criterion for open maps. The pair
(f∗E, ρ) is called the pullback bundle by f .

Proposition 4.7 (Fell’s Criterion). Let f : Y → Z be a surjection between topological spaces. Then f
is open if and only if for all y ∈ Y and any net zi in Z converging to f(y), there exists a subnet zj and
net yj (on the same directed set) in Y such that

1. f(yj) = zj, and
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2. yj → y in Y .

Proof. Let f : Y → Z be an open surjection. Let zi be net directed by I converging to f(y). Let N(y) be
the neighborhood system of y. Form the directed set J = {(i, U) : i ∈ I, U ∈ N(y)}, where the relation
on J is given by

(i, U) ≤ (i′, U ′) :⇔ i ≤ i′, U ′ ⊂ U.
Define the map m : J → I by the following rule: for each j = (i, U) choose m(j) ≥ i and zm(j) ∈ f(U).
Now for each j = (i, U) ∈ J choose yj ∈ U such that f(yj) = zm(j). Then the nets yj and zm(j) satisfy
the claim.

Conversely, suppose f : Y → Z is a surjection satisfying the hypothesis. Suppose U ⊂ Y is open,
but f(U) is not open. Let z be a point in ∂f(U) ∩ f(U), and let f(y) = z. Then there is a net zi in the
complement of f(U) converging to z. Passing to a subnet if necessary obtain a net yi in Y converging
to y with f(yi) = zi. Then the net yi is eventually in U , but then zi = f(yi) ∈ f(U) for large i, a
contradiction.

Definition 4.8. A Banach subbundle K ⊂ E is a closed subset making (K,π|K) a Banach bundle.

Example 4.9. Let K be a subbundle of the Hilbert bundle E. Define the set

K⊥ =
⋃
x∈X

K⊥x .

Let ui be a net in K⊥ converging to u. Let v ∈ Kπ(u). Then as π(ui)→ π(u) = π(v) Fell’s criterion says
we can pass to a subnet ui and there is a net vi ∈ K indexed by the same set such that π(vi) = π(ui)
and vi → v. Then 〈u, v〉 = limi〈ui, vi〉 = 0. So K⊥ is closed. Moreoever, it is easily seen to be a Hilbert
bundle. We call K⊥ the orthogonal complement of K.

Proposition 4.10. The scalar multiplication map C× E → E given by (λ, u) 7→ λu is continuous.

Proof. Let (λi, ui)→ (λ, u). By continuity of the bundle map π(λiui − λui) = π(ui)→ π(u). By axiom
(i), ‖λiui − λui‖ = |λi − λ|‖ui‖ → 0. By axiom (iv), (λi − λ)ui → 0π(u). By axiom (iii), λui → λu.
Therefore,

0π(u) = lim
i

(λi − λ)ui = lim
i
λiui − lim

i
λui. = lim

i
λiui − λu.

Proposition 4.11. The subspace topology of each fiber on a Banach bundle is the norm topology on that
fiber.

Proof. Let ui be a net in Ex converging to u ∈ Ex in the topology of E. By axioms (i) and (ii)
‖ui − u‖ → 0. Conversely, if ui is a net in Ex converging to u ∈ Ex in norm, and ‖ui − u‖ converges to
0, then axiom (iv) implies ui − u converges to 0x.

Proposition 4.12. Let ui be a net in E indexed by I and let u ∈ E be such that π(ui)→ π(u). Suppose
that for each ε > 0 there exists a net vi indexed by I and an element v ∈ E such that

1. vi → v,

2. π(ui) = π(vi) for each i,

3. ‖u− v‖ < ε ,

4. ‖ui − vi‖ < ε eventually.

Then ui → u.

Proof. Since π is open by Fell’s criterion we can pass to a subnet ui and find for each i an element ti ∈ E
such that π(ti) = π(ui) and ti → u. For ε > 0 let vi be as in the hypothesis. Then by axioms (i) and (ii)
together wih (3)

lim
i
‖ti − vi‖ = ‖u− v‖ < ε.

So ‖ti − vi‖ < ε for large enough i. Then (4) implies

‖ti − ui‖ ≤ ‖ti − vi‖+ ‖vi − ui‖ < 2ε.

Axiom (iv) then says ti − ui → 0π(u). Hence, ui → u.
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Corollary 4.13. Let fi be a net of continuous sections converging uniformly on X to f , then f is
continuous.

Proposition 4.14. If ξ ∈ C(X,E) and λ ∈ C(X), then λξ ∈ C(X,E).

Proof. Let xi → x in X. Then

‖λ(xi)ξ(xi)− λ(x)ξ(x)‖ ≤ ‖λ(xi)ξ(xi)− λ(x)ξ(xi)‖+ ‖λ(x)ξ(xi)− λ(x)ξ(x)‖
= |λ(xi)− λ(x)|‖ξ(xi)‖+ ‖λ(x)ξ(xi)− λ(x)ξ(x)‖

The left term converges to 0 by axiom (ii) and the right term converges to zero by proposition 4.10.

Definition 4.15. If for each u ∈ E there exists a section ξ ∈ C(X,E) such that ξ(π(u)) = u, then we
say E has enough continuous sections.

Proposition 4.16 ([9] C17). A Banach bundle over a locally compact base space has enough continuous
sections.

Definition 4.17. A bundle morphism Φ : E → E′ is uniformly bounded if there is a constant C such
that ‖Φ(u)‖ ≤ C‖u‖ for all u ∈ E.

Proposition 4.18. Let (E, π) and (E′, π′) be two Banach bundles over X. Let Φ : E → E′ be uniformly
bounded bundle map. Suppose F ⊂ C(X,E) is a set satisfyiing:

1. {f(x) : f ∈ F} is total in Ex for each x ∈ X.

2. Φ ◦ f ∈ C(X,E′) for all f ∈ F .

Then Φ is continuous.

Proof. Axioms (ii) and (iii) allow us to replace F by its linear span. Suppose ui → u in E and ‖Φ(u)‖ ≤
C‖u‖ for all u ∈ E. Let ε > 0 and pick f ∈ F such that ‖u − f(π(u))‖ < εC−1. Since the mapping
v 7→ ‖v − f(π(v))‖ is continuous then

‖ui − f(π(ui))‖ <
ε

C
,

for large enough i. By uniform boundedness for such i we have

‖Φ(ui)− Φ(f(π(ui)))‖ < ε,

and
‖Φ(u)− Φ(f(π(u)))‖ < ε.

Now apply proposition 4.12 to get Φ(ui)→ Φ(u).

Proposition 4.19. Let (E, π) and (E′, π′) be two Banach bundles over the same Hausdorff space X.
Let Φ : E → E′ be a bundle morphism such that there is a constant C such that ‖Φ(u)‖ ≥ C‖u‖ for all
u ∈ E. Then Φ−1 : Φ(E)→ E is continuous.

Proof. The lower bound condition on says Φ has trivial kernel in each fiber and so Φ is injective. Let
ui be a net in E and let u ∈ E such that Φ(ui) → Φ(u) in E′. Then π(ui) → π(u). By proposition 4.7
we can pass to a subnet of ui and find a net ci such that ci → u and π(ci) = π(ui). Then since Φ is
continuous Φ(ci)→ Φ(u). So

π′(Φ(ui)) = π(ui) = π(ci) = π′(Φ(ci)).

So that
‖Φ(ui)− Φ(ci)‖ → 0.

By the lower bound hypothesis
‖ui − ci‖ → 0,

hence
ui − ci → 0π(u).

Then ui → u.
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Proposition 4.20. Let X be locally compact. Let F be a linear subspace of C(X,E) such that:

1. If ξ ∈ F and λ ∈ C(X), then λξ ∈ F .

2. The set {ξ(x) : ξ ∈ F} is dense in Ex for each x ∈ X.

Then F is dense in C(X,E) in the topology of uniform convergence on compact sets.

Proof. Let K ⊂ X be compact and let ε > 0. Let η ∈ C(X,E). For each x ∈ X choose a section ξx ∈ F
such that

‖ξ′x(x)− η(x)‖ < ε

By continuity, for each x ∈ X choose a neighborhood Ux so that for all y ∈ Ux,

‖ξx(y)− η(y)‖ < ε.

Select a partition of unity λx subordinate to Ux. Obtain a finite cover U1, . . . , Un for K. Then

‖ξi(x)− η(x)‖ < ε

for all x ∈ Ui. Define the section in ξ ∈ F ,

ξ(x) =

n∑
i=1

λi(x)ξi(x).

Then for x ∈ K we have

‖ξ(x)− η(x)‖ ≤
n∑
i=1

λi(x)‖ξi(x)− η(x)‖

<

n∑
i=1

λi(x)ε

= ε

4.2 Constructing Banach Bundles

Theorem 4.21. Let A be an untopologized set and ρ : A → X a surjection. Suppose Ax = ρ−1(x) is a
Banach space for each x ∈ X. Suppose F is a complex linear space of sections such that

1. x 7→ ‖f(x)‖ is continuous for each f ∈ F .

2. {f(x) : f ∈ F} is dense in Ax for each x ∈ X.

Then there is a unique topology on A making (A, ρ) a Banach bundle over X with F ⊂ C(X,A) and
enough continuous sections.

Proof. First we demonstrate existence. Define the family of sets

W (f, U, ε) = {u ∈ A : ρ(u) ∈ U, ‖u− f(ρ(u))‖ < ε},

where f ∈ F , U ⊂ X open, and ε > 0. We claim this family forms a basis for a topology. Let
u ∈W (f, U, ε) ∩W (g, V, δ). Let x = ρ(u). Pick ε′ and δ′ so that

‖u− f(x)‖ < ε′ < ε and ‖u− g(x)‖ < δ′ < δ.

Let σ = 1
2 min{ε− ε′, δ − δ′} Pick h ∈ F so that ‖u− h(x)‖ < σ. Then

‖h(x)− f(x)‖ ≤ ‖h(x)− u‖+ ‖u− f(x)‖ < σ + ε′

‖h(x)− g(x)‖ ≤ ‖h(x)− u‖+ ‖u− g(x)‖ < σ + δ′

The functions ‖h − f‖ and ‖h − g‖ are continuous by (1). So by the above inequalities we can find a
neighborhood Z of x with Z ⊂ U ∩ V such that

‖h(y)− f(y)‖ < σ + ε′ and ‖h(y)− g(y)‖ < σ + δ′
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on Z. We claim
u ∈W (h, Z, σ) ⊂W (f, U, ε) ∩W (g, V, δ).

First note u ∈W (h, Z, σ) by assumption. Let t ∈W (h, Z, σ) and put y = ρ(t). Then y ∈ Z ⊂ U and

‖t− f(y)‖ ≤ ‖t− h(y)‖+ ‖h(y)− f(y)‖ < σ + σ + ε′ < ε

So t ∈W (f, U, ε); similarly t ∈W (g, V, δ). This proves the claim.
The map ρ : A → X is continuous. Indeed, let ui → u in A and let U ⊂ X be a neighborhood of

ρ(u). Fix ε > 0 and f ∈ F , then the net ui is eventually in W (f, U, ε), that is ρ(ui) is eventually in U .
Observe ρ(W (f, U, ε)) = U so ρ is open. And evidently ρ is surjective.

Next we demonstrate (A, ρ) satisfies axioms (i)-(iv). Let u ∈ A, x = ρ(u), ε > 0 and pick a section
f ∈ F such that ‖u− f(x)‖ < ε/3. Since ‖f‖ is continuous there is a neighborhood U of x such that

|‖f(x)‖ − ‖f(y)‖| < ε

3
,

for all y ∈ U . Let p ∈W (f, U, ε/3) and y = ρ(p), then

|‖p‖ − ‖u‖| ≤ ‖p− f(y)‖+ ‖u− f(x)‖+ |‖f(x)‖ − ‖f(y)‖| < ε.

This proves (i). Let x ∈ X and u, v ∈ Ax. Suppose u+ v ∈W (f, U, ε). Choose ε′ so that

‖u+ v − f(x)‖ < ε′ < ε.

Put δ = 1
4 (ε− ε′) and choose g, h ∈ F so that

‖u− g(x)‖ < δ and ‖v − h(x)‖ < δ.

Then
‖g(x) + h(x)− f(x)‖ ≤ ‖u− g(x)‖+ ‖v − h(x)‖+ ‖u+ v − f(x)‖ < 2δ + ε′.

Since ‖g + h− f‖ is continuous at x then there exists a neighborhood V ⊂ U of x so that

‖g(y) + h(y)− f(y)‖ < 2δ + ε′

for all y ∈ V . The W (g, V, δ) and W (h, V, δ) are neighborhoods of u and v respectively. Suppose
p ∈W (g, V, δ) and q ∈W (h, V, δ) with ρ(p) = ρ(q) = y ∈ V . Then

‖p+ q − f(y)‖ ≤ ‖p− g(y)‖+ ‖q − h(y)‖+ ‖p+ q − f(y)‖ < 4δ + ε′ = ε.

So that p+ q ∈ W (f, U, ε). Hence (ii) holds. Next, we prove (iii). Let λ ∈ C be nonzero and let u ∈ A.
Fix a neighborhood W (f, U, ε) of λu. Then for p ∈W (f/|λ|, U, ε/|λ|) we have

‖λp− λf(ρ(p))‖ = |λ|‖p− 1

|λ|
f(ρ(p))‖ < ε.

Hence λp ∈ W (f, U, ε) which shows (iii). Suppose ui is a net in A such that ‖ui‖ → 0 and ρ(ui) → x.
Fix a neighborhood W (f, U, ε) of 0x. Choose ε′ so that ‖f(x)‖ < ε′ < ε. Since ρ(ui) is eventually in U
we have ‖f(ρ(ui)‖ < ε′ and ‖ui‖ < ε− ε′ for large i. Hence, ui is eventually in W (f, U, ε) and ui → 0x.
This proves (iv).

Next we demonstrate F ⊂ C(X,A). Let f ∈ F . then for a neighborhood W (g, U, ε) of A we have

f−1(W (g, U, ε)) = {x ∈ X : f(x) ∈W (g, U, ε)}
= {x ∈ U : ‖f(x)− g(x)‖ < ε}.

The above set is open as ‖f − g‖ is continuous.
Finally, we demonstrate uniqueness. Suppose such a topology τ exists for A, then a net ui converges

to u in A with resepect to τ if and only if ρ(ui) → ρ(u) and for each f ∈ F , ‖ui − f(ρ(ui))‖ →
‖u− f(ρ(u))‖

Definition 4.22. Let {Ex : x ∈ X} be a family of Banach spaces. A complex linear space of sections
F ⊂ Πx∈XEx satisfying the conditions of the above theorem is called a fundamental family over X. The
Banach bundle E constructed in the above theorem is called the Banach bundle with fundamental family
F .
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Example 4.23. Let (Ei, πi) be a family of Hilbert bundles indexed by I over a locally compact Hausdorff
space X. For each x ∈ X let Ex = ⊕i∈IEix. Let E be the disjoint union E = tx∈XEx and π : E → X
be the map π(x, u) = x. Each section in C(X,Ei) is a section on E. Let F be the linear span of the
sections C(X,Ei) as i ranges over I. This space satisfies the conditions of the previous theorem so there
is a unique topology making (E, π) into a Hilbert bundle over X. This bundle is called the direct sum
of the Ei and we denote it by ⊕

i∈I
Ei := E.

Proposition 4.24. Supppose K ⊂ E is a closed subbundle. Then E is isometrically isomorphic to
K ⊕K⊥. Moreover, the bundle map P : E → K where Px is the orthogonal projection onto Kx for each
x ∈ X is continuous.

Proof. The bundle map Φ : K ⊕K⊥ → E given by Φx(u1, u2) = u1 + u2 is a uniformly bounded bundle
morphism. The linear span of the sections over K and K⊥ satisfies the hypothesis of proposition 4.18,
hence is continuous. The inverse is continuous by proposition 4.19. The projection bundle morphism is
continuous by similar reasoning.

Example 4.25. Given a Banach bundle E over a locally compact base space we can recover a base for
the topology of the bundle via its continuous sections. Construct the Banach bundle E′ = tx∈XEx with
fundamental family F = C(X,E). Define the bijective isometric (hence, uniformly bounded) bundle
map Φ : E → E′ by Φ(u) = u. By proposition 4.18 and 4.19 Φ is a homeomorphism, hence, Φ is an
isometric isomorphism.

Example 4.26. Let X and Y be locally compact spaces and let f : Y → X be a continuous surjection.
Let E = tx∈XEx be a Banach bundle with fundamental family F . For g ∈ Cc(Y ) and ξ ∈ F put

(g ⊗ ξ)(y) = g(y)ξf(y).

then
Cc(Y )⊗ F = {(g ⊗ ξ)(y) : g ∈ Cc(Y ), ξ ∈ F}

is a fundamental family for the family (f∗E)y = {y}×Ef(y) (which identifies with Ef(y)) where y ranges
over Y . The set is dense in Ef(y) since F is a fundamental family, and clearly the map

y 7→ ‖(g ⊗ ξ)(y)‖ = |g(y)|‖ξf(y)‖

is continuous.

Example 4.27. Let 1 ≤ p < ∞. Let G be a locally compact second countable groupoid with Haar
system λ. Put

Lp(G,λ) =
⊔

x∈G(0)

Lp(λx).

For each f ∈ Cc(G) define the section f̃ : G(0) → Lp(G,λ) by f̃(x) = f |Gx. The map x 7→ ‖f̃(x)‖p is

continuous by virtue of the continuity of the Haar system. The set {f̃(x) : f ∈ Cc(G)} is dense in Lp(λx)

by Tietze extension. Hence, Lp(G,λ) is a Banach bundle with fundamental family {f̃ : f ∈ Cc(G)}. In
the case p = 2 we get a Hilbert bundle.

Definition 4.28. Let E be a Banach bundle over a locally compact base space. A functional on E is
a bundle morphism E → X × C. The complex linear space of all functionals is denoted E∗. The weak*
topology on E∗ is the locally convex topology generated by the subbasis

V (φ, f, ε) = {ψ ∈ E∗ : |φ(f)− ψ(f)| < ε},

where φ ∈ E∗, ε > 0 and f ∈ E.

Proposition 4.29. Let E be a Banach bundle. A net φi → φ in the weak* topology if and only if
φi(f)→ φ(f) for all f ∈ E.

Theorem 4.30 (Banach-Alaoglu). Let E be a Banach bundle. Then the set

B = {φ ∈ E∗ : ‖φx‖ ≤ 1 for all x ∈ X},

is compact in the weak* topology.

15



Proof. Let Cx be the unit ball in E∗x. By the Banach-Alaoglu theorem each Cx is compact in the
σ(E∗x, Ex)-weak* topology. Then Tychonoff’s theorem tells us the product space C = Πx∈XCx is com-
pact. The map B → C given by φ 7→ (φx)x∈X is a homeomorphism onto its image. Finally, B is closed
in the compact set C, hence, is compact.

4.3 Continuous Unitary Representations

Definition 4.31. Let G be a topological groupoid. A continuous unitary representation, or simply a
representation, is a pair (E,L) where E is continuous Hilbert bundle equipped with a continuous action
G ∗ E → E where (g, u) 7→ Lgu and such that Lg : Es(g) → Er(g) is a linear isometry for all g ∈ G.

Example 4.32 (Trivial Representations). Every trivial Hilbert bundle with trivial action is a represen-
tation. We denote by L0 the special 1-dimensional case.

Example 4.33 (Left Regular Representation). Let G be a locally compact second countable groupoid
with Haar system and set E = L2(G,λ). Define the linear maps Lg : Es(g) → Er(g) by

Lgξ(h) = ξ(g−1h).

Each Lg is an isometry by invariance of the Haar system.

Definition 4.34. Let (E,L) be a representation and let K ⊂ E be a G-invariant subbundle. We obtain
a new representation (K,LK) where LKg = Lg|Ks(g) for each g ∈ G. We call (K,LK) a subrepresentation
of (E,L).

Proposition 4.35. Let (E,L) be a representation with subrepresentation K ⊂ E. Then K⊥ is a
subrepresentation.

Proof. For each g ∈ G, u ∈ K⊥ and v ∈ K we have 〈Lgu, v〉 = 〈u, L−1g v〉 = 0.

Definition 4.36. Let (E1, L1) and (E2, L2) be two representations of a locally compact groupoid G.

1. A bundle map Φ : E1 → E2 intertwines or is equivariant if L1 and L2 if Φr(g)Lg = L′gΦs(g) for all
g ∈ G. The collection of intertwining morphisms is denoted c(L1, L2), and c(L1) when L2 = L1.

2. The representations (E1, L1) and (E2, L2) are unitarily equivalent if there is an isometric isomor-
phism Φ ∈ c(L1, L2), here Φ is called a unitary equivalence.

3. The representation (E1, L1) is (strongly) contained in (E2, L2) if it is equivalent to a subrepresen-
tation of (E2, L2). Here we write L1 ⊂ L2.

Definition 4.37. Let E be a continuous Banach bundle over X. A section ξ : X → E is unital if
‖ξx‖ = 1 for all x ∈ X. The collection of continuous unital sections is denoted C1(X,E).

Definition 4.38. Let (E,L) be a representation of a topological groupoid G. A section ξ : G(0) → E is
invariant if Lgξs(g) = ξr(g) for all g ∈ G.

Proposition 4.39. A continuous unitary representation on G contains L0 if and only if there exists a
continuous unital invariant section.

Proof. Let (E,L) be a continuous unitary representation containing the trivial (G(0) × C, L0). Then
there is a subrepresentation K ⊂ E and unitary equivalence Φ : G(0) × C → K. The continuous unital
section η ∈ C(G(0),K) defined by ηx = Φx(1) is invariant. Indeed,

Lgηs(g) = LgΦs(g)(1) = Φr(g)L0(g)(1) = Φr(g)(1) = ηr(g).

Conversely, suppose η is a continuous unital invariant section on E. Define the uniformly bounded bundle
map Φ : G(0) × C → E by Φ(x, λ) = ληx. We claim the collection C(G(0)) satisfies the hypothesis of
proposition 4.18. The collection {f(x) : f ∈ C(G(0))} is clearly total in C. Moreover, if f ∈ C(G(0))
then Φ(f(x)) = f(x)ηx is continuous by proposition 4.14. Hence, Φ is an isometric isomorphism onto its
image. Also, observe the bundle map intertwines

LgΦs(g)(λ) = Lgληs(g) = ληr(g) = Φr(g)L0(g)(λ).

Hence, (E,L) contains the trivial.
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4.4 Irreducibility and Schur’s lemma

Definition 4.40. Let (Ei, Li) be a family of representations indexed by I. Let E = ⊕iEi. The direct
sum of the representations (Ei, Li) is the representation (E,L) where L is given by

Lg
⊕
i

ξi =
⊕
i

Ligξi.

We can view each (Ei, Li) as a subrepresentation of (E,L). We sometimes write L = ⊕iLi.

Definition 4.41. A representation (E,L) of a groupoid G is decomposable if it is equivalent to the direct
sum of two nontrivial representations. A representation is indecomposable if it is not decomposable.

Example 4.42. If (E,L) is a representation with nontrivial subrepresentation K. Then L decomposes

as L = LK ⊕ LK⊥ .

Definition 4.43. A representation of a locally compact groupoid is reducible if there exists a nontrivial
subrepresentation. A representation of is irreducible if it is not reducible.

Example 4.44. The trivial representation L0 of a group bundle over a discrete space is reducible.

Proposition 4.45. Let (E,L) be a representation and let K ⊂ E be subbundle. Then K is a subrepre-
sentation if and only if the projection map P : E → K intertwines L.

Proof. Let Q : E → K⊥ be the projection on the orthogonal complement. Then

Lgu = LgPu+ LgQu.

If K is G-invariant, then K⊥ is G-invariant by proposition 4.35. So LgPu ∈ K and LgQu ∈ K⊥, and
the above is the orthogonal decomposition of Lgu. Then PLgu = LgPu. Conversely, if u ∈ K, then
Lgu = LgPu = PLgu ∈ K.

Definition 4.46 ([4] 3.2). A representation is G(0)-reducible if the restriction of the representation to
some isotropy group is reducible. A representation is G(0)-irreducible if it is not G(0)-reducible.

Proposition 4.47. Every irreducible representation is G(0)-irreducible.

Proof. clear.

Example 4.48. The trivial representation on each groupoid is G(0)-irreducible.

Lemma 4.49 (Schur’s lemma). Let (E,L) be a G(0)-irreducible representation. If Φ : E → E an
eqiuivariant bundle map, then Φ = λI where λ : G(0) → C is a scalar function and I is the identity
morphism.

Proof. For each x ∈ G(0) let ResxL denote the restriction of the representation to the isotropy group
G|x. Then the unitary group representation ResxL on G|x is irreducible and the operator Φx : Ex → Ex
intertwines ResxL. By Schur’s lemma for groups Φx = λxIx where λx ∈ C and Ix is the identity operator
on Ex.
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5 Positive Type Functions

Much of the theory of positive type functions extends from groups to groupoids. We review the GNS
construction as it appears in [14]. Following that we extend various results of positive type functions on
groups from [3] and [2] to the groupoid setting. Finally, we extend the classic result of Raikov on the
equivalence of various topologies on normalized positive type functions.

5.1 Kernels of Positive Type

Let X be a locally compact Hausdorff space. Denote by Mc(X) the linear space of compactly supported
complex Radon measures. For α ∈Mc(X) and f ∈ C(X) we have

α(f) =

∫
X

fdα.

The conjugate measure α∗ is given by

α∗(f) = α(f).

The product of two measures α⊗ β is given by

(α⊗ β)(F ) =

∫∫
F (x, y)dα(x)dβ(y),

where F ∈ C(X × X). The weak topology on Mc(X) is the locally convex topology defined by the
seminorms

pf (α) = |α(f)|,

where f ∈ Cc(G).

Definition 5.1. A complex valued function φ : X ×X → C is called a kernel. A kernel φ : X ×X → C
is positive type if for all n ∈ N∗ and all x1, . . . , xn ∈ X the n × n matrix (φ(xi, xj)) is positive definite.
Equivalently, for any n ∈ N∗, and c1, . . . , cn ∈ C, and any x1, . . . , xn ∈ X

n∑
i,j

cicjφ(xi, xj) ≥ 0.

Proposition 5.2. Let φ : X ×X → C be a kernel of positive type on X, then for all x, y ∈ X we have

1. φ(x, y) = φ(y, x), and

2. |φ(x, y)|2 ≤ φ(x, x)φ(y, y).

Proof. The matrix [
φ(x, x) φ(x, y)
φ(y, x) φ(y, y)

]
is positive definite. Hence, it is hermitian with positive diagonal values and

φ(x, x)φ(y, y)− φ(y, x)φ(x, y) ≥ 0.

Theorem 5.3 ([14] 2.1). Let X be a locally compact Hausdorff space and let φ : X × X → C be a
continuous kernel of positive type. Then

1. There exists a Hilbert space H and a continuous map ξ : X → H such that for all x, y ∈ X

φ(x, y) = 〈ξ(x), ξ(y)〉

2. The linear span of {ξ(x) : x ∈ X} is dense in H.

Moreover, the pair (H, ξ) is unique in the sense that if (H′, ξ′) is another such pair, there exists a unitary
map U : H → H′ such that ξ′ = U ◦ ξ.
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Proof. Define the function Φ : Mc(X)×Mc(X)→ C by

Φ(α, β) = (α∗ ⊗ β)(φ).

Then

Φ(α+ λβ, γ) = ((α+ λβ)∗ ⊗ γ)(φ)

= (α∗ + (λβ)∗)⊗ γ)(φ)

= ((α∗ ⊗ γ) + ((λβ)∗ ⊗ γ))(φ)

= (α∗ ⊗ γ)(φ) + (λβ)∗ ⊗ γ)(φ)

= Φ(α, γ) + λΦ(β, γ).

Similarly
Φ(α, β + λγ) = Φ(α, β) + λΦ(α, γ),

so Φ is a sesquilinear form. Suppose α =
∑n
i=1 λiδxi has finite support, then

Φ(α, α) =
∑
i,j

λiλjΦ(δxi , δxj ) =
∑
i,j

λiλjφ(xi, xj) ≥ 0.

By continuity of Φ and density of the finitely supported measures in the weak topology Φ(α, α) ≥ 0 for
all α ∈Mc(X). Then Φ is a pre-inner product. Obtain a Hilbert space H and linear map ι : Mc(X)→ H
such that

〈ι(α), ι(β)〉 = (α∗ ⊗ β)(φ).

Define the map ξ : X → H by ξ(x) = ι(δx). Continuity follows from the continuity of the right hand
side of the equality

‖ξ(x)− ξ(y)‖2 = φ(x, x)− 2Re(φ(x, y)) + φ(y, y).

More generally, for any α, β ∈Mc(X) we have

‖ι(β)− ι(α)‖2 = (β∗ ⊗ β)(φ)− 2Re((α∗ ⊗ β)(φ)) + (α∗ ⊗ α)(φ).

If E is weakly dense in Mc(X), then the above equality gives the totality of ι(E) in H. For instance, if
E is the set of finitely supported measures on X. Alternatively, let µ be a fixed positive Radon measure
with support X, the set

E = {fµ : f ∈ Cc(G)},

has total image. To see uniqueness, let V and V ′ be the linear spans of ξ(X) and ξ′(X) respectively.
The mapping

V 7→ V ′;
∑
i

λiξ(xi) 7→
∑
i

λiξ
′(xi)

extends to an invertible linear isometry.

Corollary 5.4. Let φ : X ×X → C be a continuous kernel. The following are equivalent:

1. φ is positive type.

2. For all finitely supported measures α ∈Mc(X),

(α∗ ⊗ α)(φ) ≥ 0.

3. There exists a positive Radon measure µ with full support such that for all f ∈ Cc(X),

((fµ)∗ ⊗ (fµ))(φ) ≥ 0.

4. For all α ∈Mc(X),
(α∗ ⊗ α)(φ) ≥ 0.

5. There exists a Hilbert space H and map ξ : X → H such that

φ(x, y) = 〈ξ(x), ξ(y)〉
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Proof. It is not difficult to see (2), (3), (4) are equivalent. From the above proof (1) implies (2), and (4)
implies (5). And it is not difficult to see that (5) implies (1).

Proposition 5.5. Let φ and ψ be kernels of positive type on X. Then the kernels φ, tφ for each t ≥ 0,
φψ, and φ + ψ are kernels of positive type. Moreover, the collection of positive type functions is closed
under pointwise convergence.

Proof. This is evident from the defintion.

5.2 Positive Type Functions and the GNS Construction

Definition 5.6. Let G be a groupoid. A complex valued function φ : G → C is positive type if for all
x ∈ G(0) the kernel φx : Gx × Gx → C defined by φx(g, h) = φ(g−1h) is positive type. That is, for all
x ∈ G(0), for all n ∈ N, for all c1, . . . , cn ∈ C and all g1, . . . , gn ∈ Gx we have

n∑
i,j

cicjφ(g−1i gj) ≥ 0.

We denote by P(G) the collection of continuous positive type functions on G.

Proposition 5.7. Let (E,L) be a continuous representation of a locally compact groupoid G and let
ξ ∈ C(G(0), E), then the function φ : G→ C given by

φ(g) = 〈ξr(g), Lgξs(g)〉

is a continuous function of positive type.

Proof. Let n ∈ N, x ∈ G(0), c1, . . . , cn ∈ C, and g1, . . . , gn ∈ Gx. Then

n∑
i,j

cicjφ(g−1i gj) = ‖
n∑
i=1

ciLgiξs(gi)‖
2 ≥ 0.

Continuity follows from the composition of continuous functions.

Theorem 5.8 ([14] 2.4). Let φ : G→ C be a continuous function. Then the following are equivalent:

1. φ is positive type.

2. For all f ∈ Cc(G) and all x ∈ G(0),∫∫
φ(g−1h)f(g)f(h)dλx(g)dλx(h) ≥ 0.

3. There exists a continuous unitary representation (E,L) and a continuous section ξ ∈ C(G(0), E)
such that

φ(g) = 〈ξr(g), Lgξs(g)〉.

Proof. We continue using notation from theorem 5.3. Condition (2) can be written: for all f ∈ Cc(G)
and all x ∈ G(0) one has

((fλx)∗ ⊗ (fλx))(φ) ≥ 0.

Hence, (1) and (2) are equivalent by corollary 5.4. If (3) holds, then proposition 5.7 says φ is positive
type; so (1) holds. It remains to see (1) implies (3).

Suppose φ : G → C is a continuous function of positive type. For each x ∈ G(0) the kernel φx is
positive type. The GNS construction on each φx gives us a Hilbert space Ex and a continuous function
ξx : Gx → Ex such that for g, h ∈ Gx we have

φx(g, h) = 〈ξx(g), ξx(h)〉.
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Moreover, each set Vx = {ξx(g) ∈ Ex : g ∈ Gx} has dense linear span in Ex. Now for any g ∈ G, any
c1, . . . , cn ∈ C, and any h1, . . . , hn ∈ Gs(g) we have

‖
n∑
i

ciξr(g)(ghi)‖2 =

n∑
i,j

cicj〈ξr(g)(ghi), ξr(g)(ghj)〉

=

n∑
i,j

cicjφ((ghi)
−1(ghj))

=

n∑
i,j

cicjφ(h−1i hj)

=

n∑
i,j

cicj〈ξs(g)(hi), ξs(g)(hj)〉

= ‖
n∑
i

ciξs(g)(hi)‖2

So the mapping Vs(g) → Vr(g) given by

n∑
i=1

ciξs(g)(hi) 7→
n∑
i=1

ciξr(g)(ghi)

extends to a linear isometry Lg : Es(g) → Er(g). Let E be the disjoint union E = tx∈G(0)Ex. Define the

section ξ : G(0) → E by ξx = ξx(x). Then

φ(g) = φ(r(g)g)

= φr(g)(r(g), g)

= 〈ξr(g)(r(g)), ξr(g)(g)〉
= 〈ξr(g), Lgξs(g)〉.

For each f ∈ Cc(G) define the section ι(fλ) : G(0) → E by

ι(fλ)(x) =

∫
ξx(g)f(g)dλx(g).

Define the complex linear space F = {ι(fλ) : f ∈ Cc(G)}. We claim F is a fundamental family for E.
First the map

x 7→ ‖ι(fλ)(x)‖2 =

∫∫
φ(g−1h)f(g)f(h)dλx(g)dλx(h)

is continuous by continuity of the Haar system. So the map x 7→ ‖ι(fλ)(x)‖ is continuous. Since each
λx has support Gx, by construction, the collection ι(fλ)(x) is total in Ex. Hence, E is a Hilbert bundle.
We claim the section ξ is continuous. Let W (ι(fλ), U, ε) be a neighborhood of ξx. Note the mapping
G(0) → R≥0 given by

y 7→ ‖ξy − ι(fλ)(y)‖2 = φ(y)− 2Re

∫
φ(g)f(g)dλy(g) + ‖ι(fλ)(y)‖2

is continuous. So we can pick a neighborhood V so that ξy ∈W (ι(fλ), U, ε) for y ∈ V . It remains to see
that the action of map G ∗ E → E is continuous. To that end we demonstrate that the map between
the pullback bundles Φ : s∗E → r∗E given by Φ(g, u) = (g, Lgu) is continuous. It is clear that Φ is a
uniformly bounded bundle map. By proposition 4.18 it suffices to see Φ◦η for each η in the fundamental
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family Cc(G)⊗ F . Let η = g ⊗ ι(fλ) with f, g ∈ Cc(G). Then

Φ(η(γ)) = Φ(g(γ)ι(fλ)s(γ))

= g(γ)Lγι(fλ)(s(γ))

=

∫
Lγξs(γ)(h)g(γ)f(h)dλs(γ)(h)

=

∫
Lγhξs(h)g(γ)f(h)dλs(γ)(h)

=

∫
Lhξs(h)g(γ)f(γ−1h)dλr(γ)(h)

=

∫
ξr(h)(h)g(γ)f(γ−1h)dλr(γ)(h).

This section is continuous as it is of the form g ⊗ ι(Fλ), with g, F ∈ Cc(G), which is a fundamental
section of r∗E.

Lemma 5.9 ([14] 2.6). Let (E,L) be a representation of a locally compact groupoid G with Haar system.
Let ξ ∈ C(G, r∗E) have compact support. Then the section λ(ξ) : G(0) → E given by

λ(ξ)(x) =

∫
ξ(g)dλx(g)

is continuous.

Proof. Let f ⊗ ξ with f ∈ Cc(G) and ξ ∈ C(X,E) be a fundamental section. Then the section

λ(f ⊗ ξ)(x) =

∫
f(g)ξr(g)dλ

x(g),

is continuous. Indeed, let W (f, U, ε) be a neighborhood of λ(f ⊗ ξ)(x). The function

y 7→ ‖λ(f ⊗ ξ)(y)− f(y)‖2

is continuous by continuity of the Haar system. So there is a neighborhod V mapping into W (f, U, ε).
The result now follows from proposition 4.20.

Definition 5.10. A representation (E,L) of a groupoid G is cyclic if there is a section ξ : G(0) → E
such that the linear span of the set {Lgξs(g) : g ∈ Gx} is dense in Ex for each x ∈ X. In this case we
call the section ξ a cyclic section.

Theorem 5.11 ([14] 2.5). Let G be a locally compact groupoid with Haar system. Let φ be a continuous
function of positive type on G. Then there exists a continuous unitary representation (E,L) and a cyclic
section ξ ∈ C(G(0), E) such that

φ(g) = 〈ξr(g), Lgξs(g)〉,
The pair (E, ξ) is unique, in the sense that if (E′, ξ′) is another solution, there is a unitary equivalence
Φ : E → E′ such that ξ′ = Φ ◦ ξ.

Proof. Existence follows from the theorem 5.8. By construction, for each x ∈ G(0), Lgξs(g) = ξx(g) for all
g ∈ Gx. So the set {ex(g) : g ∈ Gx} is total by the GNS construction of the kernel. Suppose (E′, L′, ξ′)
is another such pair. By theorem 5.3 there is a unique unitary map Φx : Ex → E′x such that ξ′x = Φxξx
for all x ∈ G(0). By definition,

LgΦs(g)ξs(g) = Lgξ
′
s(g) = ξ′r(g)(g) = Φr(g)ξr(g)(g) = Φr(g)Lgξs(g).

By proposition 4.18 it suffices to check Φ ◦ (f ⊗ ι(gλ)) is continuous for all g, f ∈ Cc(G). Observe,

Φ((f ⊗ ι(gλ))(x)) =

∫
f(h)Φ(ξx)dλx(h)

=

∫
f(h)ξ′xdλ

x(h)

=

∫
f(h)L′hξ

′
s(h)dλ

x(h)
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The map h 7→ f(h)L′hξ
′
s(h) is a continuous section with compact support of the pullback bundle r∗E.

Continuity of Φ ◦ (f ⊗ ι(gλ)) follows by the previous lemma.

Definition 5.12. The triple (E,L, ξ) in the from the above theorem is called the GNS-triple associated
to the positive type function φ, and we will denote it (Eφ, Lφ, ξφ).

Lemma 5.13. Let φ ∈ P(G). For g, h ∈ Gx we have:

1. φ(g) = φ(g−1).

2. |φ(g)|2 ≤ φ(r(g))φ(s(g)).

3. |φ(g)− φ(h)|2 ≤ φ(r(g)) + φ(s(g))− 2Reφ(g−1h))

Proof. The first two are consequences of proposition 5.2. Let φ ∈ P(G) and let (E,L, ξ) be the GNS-triple
associated to φ. Then

|φ(g)− φ(h)|2 = |〈ξr(g), Lgξs(g) − Lhξs(h)〉|2

≤ ‖Lgξs(g) − Lhξs(h)‖2

= ‖Lh−1gξs(g) − ξs(h)‖2

≤ φ(s(g)) + φ(s(h))− 2Reφ(h−1g)

= φ(s(g)) + φ(s(h))− 2Reφ(g−1h).

Corollary 5.14. Let R(G) denote the space of all cyclic representations modulo equivalence. There is
a bijective correspondence P(G)→ R(G) given by

φ 7→ [Eφ, Lφ, ξφ],

with inverse
[E,L, ξ] 7→ (g 7→ 〈ξr(g), Lgξs(g)〉).

5.3 G(0)-Irreducible representations and ext(P1(G))

Proposition 5.15. Let G be a locally compact groupoid with Haar system. Let B ⊂ P(G) be a bounded
subset, that is |φ(x)| ≤M for all φ ∈ B and x ∈ G(0). The assignment B → L1(G,λ)∗ given by

φ 7→ (f 7→ φ(f) := λπ(f)(φf)),

is well-defined injection.

Proof. It is clear these are bundle maps. The assumption that B is bounded tells us the functionals are
uniformly bounded. Finally, for each f ∈ Cc(G) the section φ ◦ f̃ is continuous by continuity of the Haar
system. Thus, by proposition 4.18 each φ is a functional. Injectivity is not difficult to see.

Remark. For a bounded positive type function φ and f ∈ L1(λx) we will not use the notation φ(f),
instead we will use the traditional pairing notation

〈φ, f〉x =

∫
φfdλx.

Definition 5.16. A positive type function φ is normalized if φ(x) = 1 for all x ∈ G(0). Define the
following collections

P1(G) = {φ ∈ P(G) : φ(x) = 1 for all x ∈ G(0)}
P≤1(G) = {φ ∈ P(G) : φ(x) ≤ 1 for all x ∈ G(0)}.

Definition 5.17. View P1(G) as a subset of L1(G,λ)∗. Let ext(P1(G)) denote the collection of extreme
points of the functions P1(G), that is, those φ such that if φ = (1 − λ)φ1 + λφ2 where φ1, φ2 ∈ P1(G)
and 0 ≤ λ ≤ 1, then φ = φ1 or φ = φ2. The members of P1(G) are called pure positive type functions.
Similarly define ext(P≤1(G)).
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Proposition 5.18. ext(P1(G)) ⊂ ext(P≤1(G)).

Proof. This follows from the fact that the only extreme points of the unit interval are zero and one.

Proposition 5.19. The set P≤1(G) is compact in the weak* topology.

Warning : There is a gap here. The limit point φ can be interpreted as a function on G,
however we havent established the continuity of φ. This is necessary in order to invoke the
characterization of a positive type functions.

Proof. By 5.15 and 4.30 it suffices to check P≤1(G) is closed. Suppose φi is a net in P≤1(G) converging
weak* to a functional φ. Let f ∈ Cc(G) and for each g ∈ G define the function fg ∈ Cc(G

s(g)) by
fg(h) = f(gh). By a theorem 5.8 (2) and a change of variables for each f ∈ Cc(G) we have

0 ≤
∫
φi(g

−1h)f(g)f(h)dλx(g)dλx(h) =

∫
f(g)〈φi, fg〉s(g)dλx(g)

Taking a limit gives

0 ≤
∫
φ(g−1h)f(g)f(h)dλx(g)dλx(h)

Hence, φ is positive type by 5.8. The limit φ also satisfies φ(g) ≤ 1 for all g ∈ G.

The following line of argumentation is an adaptation of [2] 1.B.11 and 1.B.12.

Definition 5.20. For functions φ, ψ ∈ P(G) write ψ ≤ φ if φ− ψ ∈ P(G).

Definition 5.21. A bundle map T : E → E is positive if Tx ≥ 0 for all x ∈ X, and we write T ≥ 0. For
bundle maps T, S : E → E we write S ≤ T if T − S ≥ 0.

Definition 5.22. Let φ ∈ P(G). For a positive intertwining bundle map T : Eφ → Eφ define the
auxiliary function φT : G→ C by the rule

φT (g) = 〈ξr(g), LgTξs(g)〉 = 〈T 1/2ξr(g), LgT
1/2ξs(g)〉.

Let Z(φ) be the collection of maps T : Eφ → Eφ satisfying the following criteria:

• T is an intertwining bundle map,

• 0 ≤ T ≤ I,

• φT ∈ P(G).

This collection is nonempty as I is in.

Lemma 5.23. Let φ ∈ P(G). There is a bijective correspondence between Z(φ) and the functions
ψ ∈ P(G) with ψ ≤ φ given by T 7→ φT .

Proof. Let S, T ∈ Z(φ) be maps such that φS = φT . Then for all g ∈ Gx,

〈Tξφx , Lφg ξ
φ
s(g)〉 = 〈Sξφx , Lφg ξ

φ
s(g)〉.

Since ξφ is cyclic the sections Sξφ and Tξφ are equal. Moreover, since T and S are intertwiners then for
all g ∈ G

TLφg ξ
φ
s(g) = SLφg ξ

φ
s(g).

Hence, S = T and the map is injective.
Next, suppose ψ ≤ φ. For each x ∈ G(0) let Φψx and Φφx be the associated sesquilinear forms on

Mc(G
x) from theorem 5.3. Then for α, β ∈Mc(G

x) we have

|Φψx (α, β)|2 ≤ Φψx (α, α)Φψx (β, β) ≤ Φφx(α, α)Φφx(β, β) = ‖ιφx(α)‖Eφx ‖ι
φ
x(β)‖Eφx

So Φψx induces a positive sesquilinear form on Eφx given by

(ιφx(α), ιφx(β)) 7→ Φψx (α, β).
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Then there exists a positive operator Tx ∈ B(Eφx ) with 0 ≤ Tx ≤ Ix satisfying

Φψx (α, β) = 〈Txιφx(α), ιφx(β)〉

Hence, for g, h ∈ Gx,
ψ(g−1h) = Φx(δg, δh) = 〈TxLφg ξ

φ
s(g), L

φ
hξ
φ
s(h)〉

We claim the induced bundle map T : Eφ → Eφ is equivariant. For g, h ∈ Gx and j ∈ Gs(h) we have

〈Tr(h)LφhL
φ
j ξ
φ
s(j), L

φ
g ξ
φ
s(g)〉 = ψ((hj)−1g)

= ψ(j−1(h−1g))

= 〈Tr(j)Lφj ξ
φ
s(j), L

φ
h−1L

φ
g ξ
φ
s(g)〉

= 〈LφhTs(h)L
φ
j ξ
φ
s(j), L

φ
g ξ
φ
s(g)〉

Since ξφ is cyclic, T is equivariant. It follows that φT = ψ and the mapping is surjective.

Theorem 5.24. Let G be a locally compact groupoid and let φ ∈ P1(G). If (Eφ, Lφ, ξφ) is G(0)-
irreducible, then φ ∈ ext(P1(G)).

Proof. Let φ1, φ2 ∈ P1(G) and 0 ≤ t ≤ 1 be such that φ = tφ1 + (1 − t)φ2. Since φi ≤ φ by the
previous lemma there exist maps Ti ∈ Z(φ) such that φi = φTi . By Schur’s lemma there exist functions
λi : G(0) → C such that Ti = λiI. Then for each x ∈ G(0) we have

1 = φi(x) = φTi(x) = λi(x)φ(x) = λi(x).

So that Ti = I, and, φ is pure.

5.4 Topologies on P1(G)

In this section we extend Raikov’s theorem (see for example [8] 13.5), by extending an argument of the
same result by Yoshizawa [17]. The fiberwise compact convergencie (f.c.c.) topology on P(G) is the
topology generated by the subbasis

U(φ0, ε, Q, x) = {φ ∈ P(G) : |φ(g)− φ0(g)| < ε on Q},

Where ε > 0, x ∈ G(0) and Q ⊂ Gx is compact. The weak* topology on P(G) is the topology generated
by the subasis

V (φ0, ε, f, x) = {φ ∈ P(G) : |〈φ− φ0, f〉x| < ε},

where ε > 0, x ∈ G(0), and f ∈ L1(λx).

Theorem 5.25. The topology of fiberwise compact convergence is finer than weak* topology on P1(G).

Proof. Let φ0 ∈ P1(G), x ∈ G(0), f ∈ L1(λx), and ε > 0. Pick a compact set Q ⊂ Gx so that∫
G\Q
|f(g)|dλx(g) ≤ ε/4.

We claim U(φ0, ε(2λ
x(|f |))−1, Q, x) does it. If φ ∈ U then

|〈φ− φ0, f〉x| ≤
ε

2λx(|f |)

∫
Q

|f(g)|dλx(g)d+

∫
G\Q
|(φ− φ0)(g)||f(g)|dλx(g)

≤ ε

2
+ 2

∫
G\Q
|f(g)|dλx(g)

≤ ε.

Hence, U ⊂ V (φ0, ε, f, x).

For f ∈ Cc(G) and φ ∈ P(G) define the auxiliary function φf : G→ C by

φf (g) =

∫ ∫
φ(s−1gt)f(s)f(t)dλr(g)(s)dλs(g)(t).
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Lemma 5.26. Let x ∈ G(0). Let B ⊂ P(G) be a set such that {φ(x) : φ ∈ B} is bounded. Let f ∈ Cc(G).
Then for any ε > 0 there is a neighborhood W ⊂ G|x of x such that for every g ∈W we have

|φf (g)− φf (x)| < ε.

Proof. Let M = sup{φ(x) : φ ∈ B}. Then for any φ ∈ B and g ∈ G|x we have

|φf (g)− φf (x)| = |
∫ ∫

φ(s−1gt)f(s)f(t)dλx(s)dλx(t)−
∫ ∫

φ(s−1t)f(s)f(t)dλx(s)dλx(t)|

= |
∫ ∫

φ(s−1t)f(gs)f(t)dλx(s)dλx(t)−
∫ ∫

φ(s−1t)f(s)f(t)dλx(s)dλx(t)|

≤
∫ ∫

|φ(s−1t)f(t)||f(gs)− f(s)|dλx(s)dλx(t)

≤Mλx(|f |)
∫
|f(gs)− f(s)|dλx(s).

The function G|x → L1(λx) defined by g 7→ (s 7→ f(gs)) is continuous for each f ∈ Cc(G). Continuity
at x allows us to pick an open set W ⊂ G|x such that∫

|f(gs)− f(s)|dλx(s) <
ε

Mλx(|f |)

for all g ∈W .

Fix x ∈ G(0) and a compact subset W ⊂ G|x such that λx(W ) > 0. Let 1W ∈ L1(λx) be the
characteristic function of W . Let dW (g) = 1W (g)/λx(W ). Now define the continuous function χW ∈
L1(λx) by

χW (g) = d∗W ∗ dW (g) =

∫
dW (h)dW (hg)dλr(g)(h).

Since Gx is closed and G is second countable by Tietze extension we can extend χW to a continuous
function χ̃W : G→ C. Choose a compactly supported function g ∈ Cc(G) such that g is identically one
on W . Now put fW = χ̃W g. We have demonstrated the following.

Lemma 5.27. Let G be a second countable locally compact group with Haar system. With x and fW as
above.

1. fW ∈ Cc(G).

2. fW |Gx is supported on W .

3. λx(|fW |) = 1.

4. 〈φ, fW 〉x ≥ 0 for every φ ∈ P1(G).

Lemma 5.28. Let φ0 ∈ P1(G), x ∈ G(0), and let ε > 0. Then there is a neighborhood V (φ0, x) and
f ∈ Cc(G) such that if φ ∈ V implies

|φf (g)− φ(g)| < ε

on G|x.

Proof. Construct f as in 5.27 so that

〈φ0, f〉x =

∫
φ0(g)f(g)dλx(g) > 1−

( ε
4

)2
.

We claim V (φ0, (ε/4)2, f |Gx, x) satisfies the claim. If φ ∈ V , then by the above inequality we get

〈φ, f〉x > 1− ε2

8
. (2)
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Now for g ∈ G|x we have

|φf (g)− φ(g)| = |
∫ ∫

φ(s−1gt)f(s)f(t)dλx(s)dλx(t)−
∫ ∫

φ(g)f(s)f(t)dλx(s)dλx(t)|

≤
∫ ∫

{|φ(s−1gt)− φ(s−1g)|+ |φ(s−1g)− φ(g)|}f(s)f(t)dλx(s)dλx(t)

=

∫ ∫
|φ(s−1gt)− φ(s−1g)|f(s)f(t)dλx(s)dλx(t) +

∫ ∫
|φ(s−1g)− φ(g)|f(s)f(t)dλx(s)dλx(t)

=: I1 + I2

By 5.13 and 5.27

I1 ≤
∫ √

2− 2Reφ(t)f(t)dλx(t).

Cauchy-Schwarz then implies∫ √
2− 2Reφ(t)f(t)dλx(t) ≤

∫
f(t)dλx(t) ·

(∫
2f(t)(1− Reφ(t))dλx(t)

)1/2

.

Then by 5.27 and inequality (2) we get∫
f(t)dλx(t) ·

(∫
2f(t)(1− Reφ(t))dλx(t)

)1/2

≤
√

2

(
1−

∫
f(t)φ(t)dλx(t)

)1/2

<
ε

2
.

On the other hand, 5.13 and 5.27 for the second term we have

I2 ≤
∫ √

2− 2Reφ(gsg−1)f(s)dλx(s)

≤
∫ √

2− 2Reφ(s)f(s)dλx(s)

Now apply the same estimates as above to get the desired result.

Theorem 5.29. The weak* topology on P1(G) is finer than the fiberwise compact convergence topology.

Proof. Fix φ0 ∈ P1(G), ε > 0, x ∈ G(0), and Q ⊂ Gx compact. By lemma 5.28 for every a ∈ Gx there
exists Va(φ0, s(a)) and a fa ∈ Cc(G) such that

|φfa(g)− φ(g)| < ε

27 · 3

on G|s(a). By lemma 5.26 for each a ∈ Gx there exists a neighborhood Wa(s(a)) such that

|φfa(g)− φfa(s(a))| < ε

27 · 3
on Wa. So that

|φ(g)− 1| < ε

27

whenever g ∈Wa and φ ∈ Va. From 5.13 it follows that

|φ(a)− φ(ag)| < ε

8
.

Hence,

|φ(g)− φ(h)| < ε

4
(3)

for g, h ∈ aWa. Let Qx be covered by the finite union of akWak for k = 1, . . . , n. Put xk = s(ak) and
Wk = Wak . Define the functions fk ∈ L1(λx) by

fk(g) =
1Wk

(a−1k g)

λxk(Wk)
.
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Let
V ′ =

⋂
k

Vak ∩ V (φ0,
ε

2
, f1, . . . , fn, x).

Assume otherwise V ′ is not contained in U(φ0, ε, Q, x). Then there exists φε ∈ V and gε ∈ Qx such that

|φ0(gε)− φε(gε)| ≥ ε.

Then from (3) it must be that

|φ0(g)− φε(g)| > ε

2

on some akWk. However this means

|〈φ0 − φε, fk〉x| >
ε

2
,

a contradiction, therefore, V ′ ⊂ U .
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6 Property (T)

6.1 Weak Containment and the Fell Topology

Definition 6.1. Let (E1, L1) and (E2, L2)) be two representations of G of the second countable locally
compact groupoid G. We say L1 is weakly contained in L2, and write L1 ≺ L2, if every normalized
function of positive type associated to L1 can be approximated fiberwise on compact sets by convex
combinations of normalized functions of positive type associated to L1. In symbols, for every ξ ∈
C1(G(0), E1), for every x ∈ G(0), for every compact Q ⊂ Gx, and every ε > 0, there exist η1, . . . , ηn ∈
C1(G(0), E2) such that for all g ∈ Q

|〈ξr(g), L1
gξs(g)〉 −

n∑
i=1

ti〈ηir(g), L
2
gη
i
s(g)〉| < ε.

where t1, . . . , tn are nonnegative reals with
∑n
i=1 ti = 1.

Proposition 6.2 ([6] V.7.8). If X is a locally convex vector space, C ⊂ X a compact convex subset and
A ⊂ C such that C = conv(A), then ext(C) ⊂ cl(A).

The following is argument adaptation of [3] F.1.4.

Proposition 6.3. Let (E1, L1) and (E2, L2) be representations of G. Suppose L1 ≺ L2 and L1 is G(0)-
irreducible. Let ξ ∈ C1(G(0), E1). Then the function φ(g) = 〈ξr(g), L1

gξs(g)〉 can be approximated fiberwise
on compact sets on G by normalized positive type functions associated to L2.

Proof. Let A ⊂ P1(G) be the collection of of normalized positive type functions associated to L2. Let
C be the closed convex hull of A with respect to the weak* topology on L1(G,λ)∗. Then C is compact
convex and by theorem 4.30. By assumption φ ∈ C. On the other hand, since L1 is G(0)-irreducible
φ is an extreme point P≤1(G) by 5.24 and 5.18. Since P≤1(G) is closed 5.19, then φ is an extreme
point of C. Then by the previous proposition φ is in the weak* closure of A. By the extension of the
Raikov-Yoshizawa theorem 5.29 φ is in the f.c.c closure of A.

Definition 6.4. Let (E,L) be a representation of a topological groupoid G.

1. Let Q ⊂ G and ε > 0. A section ξ ∈ C1(G(0), E) is (Q, ε)-invariant if

sup
g∈Q
‖Lgξs(g) − ξr(g)‖ < ε.

2. The representation (E,L) has almost invariant sections if it has (Q, ε)-invariant section ξ ∈
C1(G(0), E) for every x ∈ G(0), for every compact set Q ⊂ Gx, and every ε > 0.

Proposition 6.5. Let G be a second countable locally compact groupoid and let (E,L) be a representation.
The following are equivalent:

1. L0 ≺ L.

2. There is a net φi ∈ P1(G) of functions associated to L such that φi converges f.c.c. to 1G.

3. There is a net ξi ∈ C1(G(0), E) such that the net of functions g 7→ ‖Lgξis(g)− ξ
i
r(g)‖ converges f.c.c.

to 0.

4. (E,L) has almost invariant sections.

Remark. Given a representation and a unital section ξ ∈ C(G(0), E) some useful estimates we will make
frequent use of in the sequel are

‖Lgξs(g) − ξr(g)‖2 = 2(1− Re〈ξr(g), Lgξs(g)〉) ≤ 2|1− 〈ξr(g), Lgξs(g)〉|
|1− 〈ξr(g), Lgξs(g)〉| = 2(1− Re〈ξr(g), Lgξs(g)〉) ≤ ‖Lgξs(g) − ξr(g)‖2.
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Proof. (1) ⇒ (2) Let I be the a neighborhood filter of 1G in the f.c.c. topology ordered by inclusion.
By proposition 6.3 for each U ∈ I we can pick φU ∈ U associated to L. Hence, φU is a net of positive
type functions associated to L converging to 1G f.c.c. (2) ⇒ (3) follows from the remark. (3) ⇒ (4)
is obvious. (4) ⇒ (1). Let x ∈ G(0), Q ⊂ Gx, and ε > 0. Let ξ ∈ C1(G(0), E) be a (Q,

√
ε)-invariant

section. Then, by the remark above,

sup
g∈Q
|1− 〈ξr(g), Lgξs(g)〉| ≤ sup

g∈Q
‖Lgξs(g) − ξr(g)‖2 < ε.

Hence, L0 ≺ L.

Definition 6.6. Let R be a fixed collection of representations of a locally compact groupoid G. Let
L ∈ R, let φ be a normalized function of positive type associated to L, let x ∈ G(0), let Q ⊂ Gx be
compact, and let ε > 0, define the collection W (L, φ,Q, ε, x) as the subset of representations L′ ∈ R
satisfying the following property: there exists a function ψ which is a convex combination of normalized
functions of positive type associated to L′ such that

sup
g∈Q
|φ(g)− ψ(g)| < ε.

The Fell topology is the topology on R with subbasis W (L, φ,Q, ε, x).

Proposition 6.7. Let G be a locally compact groupoid and let (E,L) be a representation. Then the
following are equivalent:

1. L0 ≺ L.

2. L0 ∈ {L}.

Proof. This follows directly from the definitions.

6.2 The Definition of Property (T)

Definition 6.8. Let G be a topological groupoid.

1. A subset Q ⊂ G is a Kazhdan set if there is ε > 0 with the following property: every representation
(E,L) that has a (Qx, ε)-invariant section ξ ∈ C1(G(0), E) for each x ∈ G(0) admits an invariant
section η ∈ C1(G(0), E).

2. In this case the number ε is called a Kazhdan constant for G and Q. The pair (Q, ε) is called a
Kazhdan pair.

3. A topological groupoid G has property (T) if it admits a fiberwise compact (that is, a subset Q ⊂ G
such that Qx is compact for each x ∈ G(0)) Kazhdan set.

Example 6.9. A group has group property (T) if and only if it has groupoid property (T).

Proposition 6.10. Let G be a topological groupoid. The following are equivalent:

1. G has property (T).

2. Any representation of G that has almost invariant sections, has a continuous unital invariant
section.

Proof. Suppose G does not have property (T). For every pair (Q, ε), with Q fiberwise compact and
ε > 0, there is a representation LQ,ε that has a (Qx, ε)-invariant sections for each x ∈ G(0), but has no
continuous unital invariant sections. Then the representation

L =
⊕
Q,ε

LQ,ε

has almost invariant sections, but no continuous unital invariant section.
Conversely, suppose (E,L) has almost invariant sections, but no continuous unital invariant section.

Let (Q, ε) be a Kazhdain pair. Then L has a (Qx, ε)-invariant section for each x ∈ G(0). But then (E,L)
admits a continuous invariant section, a contradiction.
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Corollary 6.11. Let G be a locally compact second countable groupoid. Then the following are equivalent:

1. G has property (T).

2. L0 ≺ L implies L0 ⊂ L.

3. L0 ∈ {L} implies L0 ⊂ L.

Proof. This follows from 4.39. 6.5, 6.7. and 6.10.

The remainder of this section we dedicate to showing that second countable fiberwise compact tran-
sitive groupoid with open range and source maps has property (T) following the traditional line of
argumentation which uses the fact that every bounded subset of a Hilbert space has a minimal element
(see for instance [3] 1.1.5).

Lemma 6.12. Let (E,L) be a representation of a second countable locally compact transitive groupoid
with open range and source maps. If there exists a unit x ∈ G(0) and G|x-invariant vector u ∈ Ex. Then
the section η : G(0) → E defined by

ηs(g) = Lg−1u,

where g ∈ Gx is a continuous invariant section.

Proof. First we show η is a well-defined section. Suppose g, h ∈ Gx have the same source, then Lhg−1u =
u implies ηs(g) = ηs(g). Next we show η is invariant. Let g ∈ G and choose h ∈ Gxs(g), then

Lgηs(g) = Lgηs(h) = Lgh−1u = L(hg−1)−1u = ηs(hg−1) = ηr(g).

Next, let g ∈ Gx and let y = s(g). Let yi be a net converging to y. A consequence of the Mackey-
Glimm-Ramsay dichotomy [16] 2.32 implies s|Gx is open. Using Fell’s criterion, by passing to a subnet
if necessary, obtain a net gi ∈ Gx so that gi → g. Then by continuity of the action

ηyi = ηs(gi) = Lg−1
i
u→ Lg−1u = ηy.

So η is continuous.

Lemma 6.13 ([12] 2.12). Let (E,L) be a representation of a second countable locally compact transitive
groupoid G with open range map and source map, and let δ > 0. If ξ ∈ C1(G(0), E) is (Gx, δ)-invariant,
then there is a continuous invariant section η with ‖η − ξ‖ ≤ δ on G(0).

Proof. Let C be the closed convex hull of {Lgξs(g) ∈ Ex : g ∈ Gx}. Let ηx be the unique element of
minimal norm in C. For g1, . . . , gn ∈ Gx and constants t1, . . . , tn ∈ [0, 1] such that t1 + · · ·+ tn = 1 we
have

‖
n∑
i=1

ti(Lgiξs(gi) − ξr(gi))‖ ≤
n∑
i=1

ti‖Lgiξs(gi) − ξr(gi)‖ ≤ δ.

Hence, ‖ζ − ξx‖ ≤ δ for ζ ∈ C. Since ηx is G|x-invariant its orbit is continuous invariant by the previous
lemma.

Proposition 6.14. Second countable locally compact fiberwise compact transitive groupoids with open
range and source maps have property (T).

Proof. Let x ∈ G(0) and suppose ξ ∈ C(G(0), E) is a (Gx,
√

2)-invariant section. Using the previous
lemma obtain an invariant section η. We claim η is nowhere zero, it suffices to see ηx is not zero. Set

ε =
√

2− sup
g∈Gx

‖Lgξs(g) − ξx‖.

Then
2(1− Re〈ξx, Lgξs(g)〉) = ‖Lgξs(g) − ξx‖2 ≤ (

√
2− ε)2.

So that

Re〈ξx, Lgξs(g)〉 ≥
ε(2
√

2− ε)
2

> 0.

In particular for ζ ∈ C

Re〈ξx, ζ〉 ≥
ε(2
√

2− ε)
2

> 0.

So (G,
√

2) is a Kazhdan pair.
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Proposition 6.15. If G is a locally compact groupoid with property (T) then the following condition
holds: If any representation that has a (Q, ε)-invatiant vector for every compact subset Q ⊂ G and ε > 0,
then the representation has a unital continuous invariant section.

Proof. This is obvious.

Definition 6.16. We call the property above weak property (T).

6.3 Convergence of Positive Type Functions and Property (T)

For locally compact σ-compact groups property (T) is equivalent to any sequence of positive type func-
tions coverging on compact sets to 1G actually converging uniformly. In this section we demonstrate a
similar for the class of second countable locally compact transitive groupoids with open range and source
maps, throughout this section let G be such a groupoid. We follow an identical line of argumentation as
in [11] 5.a.11.

Lemma 6.17. Let (E,L) be a representation of G. If there is a ξ ∈ C1(G(0), E) and ε > 0 such that
Re〈ξr(g), Lgξs(g)〉 ≥ ε on G, then the representation has a nonzero continuous invariant section.

Proof. Fix x ∈ G(0). The set A = {Lgξs(g) ∈ Ex : g ∈ Gx} is bounded, nonempty, G|x-invariant set. Let
ηx ∈ Ex be the unique center of A. Obtain η as in lemma 6.12. For g ∈ Gx we have

‖εξx − Lgξs(g)‖2 = ε2 + 1− 2εRe〈ξr(g), Lgξs(g)〉 ≤ 1− ε2.

So there is a ball centered on a nonzero vector which contains A of radius smaller than 1. Hence, η is
nowhere zero.

Lemma 6.18. Let (E,L) be a representation of G. Let I denote the collection of continuous invariant
sections on E. Then the set

E0 =
⋃
η∈I

im(η),

is a closed invariant subbundle.

Warning: There is a gap here. The fact that ηi(x) → u is proved for second countable
bundles, not in general.

Proof. Let ui be a net in E0 converging to u ∈ E. Let x = π(u). For each i let ηi ∈ I be a section
passing through ui. Observe that if ηi(x)→ u, then u is G|x-invariant by continuity of the representation.
Now apply lemma 6.12 and obtain continuous invariant section passing through u, so E0 is closed, and
obviously invariant.

So it suffices to demonstrate ηi(x)→ u in Ex. By hypothesis and [16] 2.32 the map s|Gx is open for
each x ∈ G(0). For every compact K ⊂ G(0) there exists a compact subset K ′ ⊂ Gx such that K ⊂ s(K ′).
Indeed, cover Gx by relatively compact open sets Ui for i ∈ I. Relabeling if necessary obtain a finite
subcover s(U1), . . . , s(Un), then the following set works

K ′ =

n⋃
i=1

Ui.

Our next claim is that if xn → x in G(0), then after passing to a subsequence if necessary there exists a
sequence gn ∈ Gx such that s(gn) = xn and gn → x. The set {xn : n ∈ N} ∪ {x} is compact and hence
is contained in s(K ′) for some compact subset K ′ ⊂ Gx. By Fell’s criterion by passing to a subnet if
necessary obtain a sequence hn ∈ Gx such that s(gn) = xn and hn converges to some h ∈ Gx. Since s is
continous we must have h ∈ G|x. Then the sequence gn = h−1hn satisfies the claim. Suppose un → u.
Let xn = π(un) and let gn be as above. Then by continuity and invariance

ηn(xn) = Lgnun → Lxu = u.

Lemma 6.19. Suppose G has property (T) with Kazhdan set Q. Let 0 < δ ≤ 2. There is ε > 0 with
the following property: for any representation (E,L) with (Qx, ε)-invariant sections ξ ∈ C1(G(0), E) for
each x ∈ G(0) we can find a continuous unital invariant section η ∈ C1(G(0), E) such that ‖η − ξ‖ < δ
on G(0). In particular, ‖cL(ξ)‖ < 2δ on G.
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Proof. Let (Q,α) be a Kazhdan pair. Let ε = αδ/2. Let (E,L) be a representation with a unital (Qx, ε)-
invariant section ξ : G(0) → E. Since G is has property (T) there are continuous invariant sections;
in particular, the bundle E0 from lemma is nontrivial. Put E1 = (E0)⊥. Write ξ = ξ0 + ξ1 where
ξi ∈ C(G(0), Ei). If ξ1 is the zero section, then there is nothing to show. Otherwise, since ξ is unital and
ξ0 is norm constant, ξ1 is nowhere zero. Consider the section ξ1/‖ξ1‖. This section is a (Qx, α)-invariant
for the subrepresentation E1. Since E1 has no invariant sections we must have ε/‖ξ1‖ > α, hence,
1 ≥ δ/2 > ‖ξ1‖. Therefore ξ0 is nonzero. Put η = ξ0/‖ξ0‖. Then we have for any u ∈ G(0),

‖ηu − ξu‖ ≤ ‖ηu − ξ0u‖+ ‖ξ0u − ξu‖ = 1− ‖ξ0u‖+ ‖ξu − ξ0u‖
≤ 2‖ξu − ξ0u‖ = 2‖ξ1u‖ < δ.

Finally,
‖Lgξs(g) − ξr(g)‖ ≤ ‖Lgξs(g) − Lgηs(g)‖+ ‖ηr(g) − ξr(g)‖ < 2δ.

Theorem 6.20. The following are equivalent.

1. G has property (T).

2. Any net φi ∈ P1(G) converging f.c.c to 1G converges uniformly to 1G.

Proof. Suppose G has property (T) and let φi → 1G f.c.c. in P1(G). For each i let (Ei, Li, ξi) be the
GNS construction of φi. Let x ∈ G(0) and Q ⊂ Gx compact. Let ε and δ be as in lemma 6.19. Then for
large enough i we have

‖ξir(g) − L
iξis(g)‖ =

√
2|1− φi(g)|1/2 < ε

on Q. So the representations (Ei, Li) have (Qx, ε)- invariant sections for large enough i. By lemma 6.19
there is for each i an invariant section ηi ∈ C1(G(0), Ei) such that ‖ηi − ξi‖ < δ on G(0). It follows that

sup
g∈G
|1− φi(g)| < 2δ.

Conversely, suppose (E,L) weakly contains the trivial. Let I be a neighborhood filter of 1G in the f.c.c.
topology on P1(G). For each U ∈ I pick φU ∈ U . Then φU → 1G f.c.c. By hypothesis φU → 1G
uniformly. It follows from lemma 6.17 that (E,L) has a continuous unital invariant section.
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7 Property (T) and 1-Cohomology

7.1 Conditionally Negative Type Kernels

Definition 7.1. Let X be a set. A function ψ : X ×X → R is conditionally negative type if

(i) ψ(x, x) = 0 for all x ∈ X,

(ii) ψ(x, y) = ψ(y, x) for all x, y ∈ X, and

(iii) For all n ∈ N∗, for all c1, . . . , cn ∈ R such that
∑n
i=1 ci = 0, and for all x1, . . . , xn ∈ X,∑

i,j

cicjψ(xi, xj) ≤ 0.

Proposition 7.2. Let X be a topological space.

1. The set of all conditionally negative type kernels form a convex cone.

2. The collection of conditionally negative type kernels is closed under pointwise convergence.

3. Let φ be a kernel of positve type on X, Then the map (x, y) 7→ φ(x, x) − φ(x, y) is a kernel
conditionally of negative type.

Proposition 7.3 ([14] 2.8). Let X be a locally compact Hausdorff space. Let ψ : X × X → R be a
continuous function such that ψ(x, x) = 0 for all X ∈ X and ψ(x, y) = ψ(y, x) for all x, y ∈ X. Then
the following are equivalent:

1. ψ is conditionally negative type.

2. If µ is a positive Radon measure with full support, then for every f ∈ Cc(X,R) with µ(f) = 0 we
have ∫∫

ψ(x, y)f(x)f(y)dµ(x)dµ(y) ≤ 0,

3. for α ∈Mc(X,R) such that α(X) = 0, one has∫∫
ψ(x, y)dα(x)dα(y) ≤ 0.

Proof. Let M0
c (X,R) = {α ∈ Mc(X,R) : α(X) = 0}. Let E ⊂ Mc(X,R) be the subspace of finitely

supported measures, or the subspace of measures of the form fµ with f ∈ Cc(X,R). Then E∩M0
c (X,R)

is dense in Mc(X,R) in the weak topology.

Theorem 7.4 ([14] 2.9). Let X be a locally compact Hausdorff space. Let ψ : X×X → R be a continuous
function conditionally of negative type. Then there exists a real affine Hilbert space E and a continuous
function ξ : X → E such that

1. ψ(x, y) = ‖ξ(x)− ξ(y)‖2 for all x, y ∈ X,

2. E is the closed affine subspace generated by ξ(X).

The pair (E, ξ) is unique in the sense that if (E′, ξ′) is another pair satisfying the above criteria, then
there exists a unique affine isometry U : E → E′ such that ξ′ = Uξ.

Proof. Let
M1
c (X,R) = {α ∈Mc(X,R) : α(X) = 1}.

Define the pre-inner product on M0
c (X,R) and a quasi-metric on M1

c (X,R) by

M0
c (X,R)→ R; (α, β) 7→ −(α⊗ β)(

ψ

2
)

M1
c (X,R)→ R; (α, β) 7→ −((α− β)⊗ (α− β))1/2(

ψ

2
)
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Let ~E be the Hilbert space obtained by separating and completing M0
c (X,R). The separation and

completion of M1
c (X,R) is an affine real Hilbert space with ~E as its associated Hilbert space. Denote by

ι : M1
c (X,R) → E the canonical map. It is an affine map having the canonical map ~ι : M0

c (X,R) → ~E
as its associated linear map. For α, β ∈M0

c (X,R) we have

〈~ι(α),~ι(β)〉 = −(α⊗ β)(
ψ

2
).

For α, β ∈M1
c (X,R) we have

‖ι(α)− ι(β)‖2 = −1

2

∫∫
ψ(x, y)dα(x)dα(y) +

∫∫
ψ(x, y)dα(x)dβ(y)− 1

2

∫∫
ψ(x, y)dβ(x)dβ(y).

Define ξ : X → E by ξ(x) = δx. Then

‖ξ(x)− ξ(y)‖2 = ψ(x, y),

so ξ is continuous. Next, let E ⊂ Mc(X,R) be the space of finitely supported measure. Then E1 =
E ∩M1

c (X,R) is dense in M1
c (X,R). Hence, ι(E1) is dense in E. The space ι(E1) is precisely the affine

subspace generated by ξ(X), which proves (1). Now we demonstrate uniqueness. The maps ξ and ξ′

extend to unique affine maps j : E1 → E and j′ : E1 → E′ such that

j

(
n∑
i=1

λiδxi

)
=

n∑
i=1

λiξ(xi),

for all n ∈ N∗, all x1, . . . , xn ∈ X, and all λ1, . . . , λn ∈ R with
∑
i λi = 1. For all α, β ∈ E1 we have

‖j(α)− j(β)‖ = ‖j′(α)− j′(β)‖.

Hence, there is an isometry U : j(E1) → j′(E1). This isometry in turn extends to an isometry E →
E′.

Lemma 7.5 ([3] C.3.1). Let X be a locally compact Huasdorff space, and let ψ : X × X → R be a
continuous kernel with, ψ(x, x) = 0 and ψ(x, y) = ψ(y, x) for all x, y ∈ X. Fix x0 ∈ X, and define

φ(x, y) = ψ(x, x0) + ψ(y, x0)− ψ(x, y).

Then ψ is conditionally negative type if and only if φ is positive type.

Proof. Suppose φ is positive type. Then for all n ∈ N∗, x1, . . . , xn ∈ X, and c1, . . . , cn ∈ R with∑n
i=1 ci = 0,

0 ≤
∑
i,j

cicjφ(xi, xj) = −
∑
i,j

cicjψ(xi, xj).

Conversely, suppose ψ is conditionally negative type. Let (E, ξ) be the pair in theorem 7.4. Then

φ(x, y) = ψ(x, x0) + ψ(y, x0)− ψ(x, y)

= ‖ξ(x)− ξ(x0)‖2 + ‖ξ(y)− ξ(x0)‖2 − ‖ξ(x)− ξ(y)‖2

= 2〈ξ(x)− ξ(x0), ξ(y)− ξ(x0)〉.

Then for all x1, . . . , xn ∈ X and c1, . . . , cn ∈ R,∑
i,j

cicjφ(xi, xj) = 2‖
∑
i

ci(ξ(xi)− ξ(x0))‖2 ≥ 0.

By symmetry of ψ deduce that for x1, . . . , xn ∈ X and complex numbers c1, . . . , cn ∈ C that∑
i,j

cicjφ(xi, xj) ≥ 0.

Hence, φ is positive type.
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Theorem 7.6 (Schönberg). Let X be a locally compact Huasdorff space, and let ψ : X ×X → R be a
continuous kernel with, ψ(x, x) = 0 and ψ(x, y) = ψ(y, x) for all x, y ∈ X. The following are equivalent:

1. ψ is conditionally negative type,

2. exp(−tψ) is positive type for each t ≥ 0.

Proof. Suppose exp(−tψ) is positive type. Then

ψ = lim
t→0

1− exp(−tψ)

t

is negative type by 7.2. Conversely, suppose ψ is negative type. By proposition 7.2 it suffices to
demonstrate exp(−ψ) is positive type. Fix x0 ∈ X, then

φ(x, y) = ψ(x, x0) + ψ(y, x0)− ψ(x, y)

is positive type by the previous lemma. Observe,

exp(−ψ(x, y)) = exp(φ(x, y)) exp(−ψ(x, x0)) exp(−ψ(y, x0)).

The function exp(φ) is positive type by proposition 5.2. Morover, the kernel

(x, y) 7→ exp(−ψ(x, x0)) exp(−ψ(y, x0)),

is positive type; indeed for all x1, . . . , xn ∈ X and c1, . . . , cn ∈ C we have

∑
i,j

cicj exp(−ψ(xi, x0)) exp(−ψ(xj , x0)) =

∣∣∣∣∣∑
i

exp(−ψ(xi, x0))

∣∣∣∣∣
2

≥ 0.

Since positive type kernels is closed under pointwise products 5.2 the kernel exp(−ψ) is positive type.

7.2 Conditionally Negative Type Functions

Definition 7.7. Let G be a groupoid. A function ψ : G → R is conditionally negative type if for all
x ∈ G(0) the kernel ψx : Gx ×Gx → R given by ψx(g, h) = ψ(g−1h) is conditionally negative type. That
is

(i) ψ(x) = 0 for all x ∈ G(0),

(ii) ψ(g−1) = ψ(g) for all g ∈ G, and

(iii) for all n ∈ N∗, all x ∈ G(0), all g1, . . . , gn ∈ Gx, and all c1, . . . , cn ∈ R such that
∑n
i=1 ci = 0,

n∑
i,j

cicjψ(g−1i gj) ≤ 0.

Definition 7.8. Given a Hilbert bundle ~E over G(0), an affine Hilbert bundle is a topological bundle
E → G(0) on which ~E acts on the right freely, transitively and properly. That is, we have an action map

E ∗ ~E → E; (u,~a)→ u+ ~a.

such that the map
E ∗ ~E → E ∗ E; (u,~a)→ (u, u+ ~a)

is a homeomorphism. A G-affine Hilbert bundle is an affine Hilbert bundle endowed with a continuous
action G ∗ E → E such that each g ∈ G defines an affine isometry αg : Es(g) → Er(g). Denote by
Lg : Es(g) → Er(g) the associated linear isometric action.

Proposition 7.9. Let E be a G-affine real Hilbert bundle and ξ ∈ C(G(0), E). Then the function

ψ(g) = ‖ξr(g) − αgξs(g)‖2

is conditionally of negative type.
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Proof. Postulates (i) and (ii) are clearly satisfied. Next let n ∈ N∗, let x ∈ G(0), let g1, . . . , gn ∈ Gx and
c1, . . . , cn ∈ R with

∑n
i=1 ci = 0 , then

n∑
i,j

cicjψ(g−1i gj) =

n∑
i,j

cicj‖αgiξs(gi) − αgjξs(gj)‖
2

= −2‖
n∑
i

ciαgiξs(gi)‖
2 ≤ 0.

The function ψ is continuous as a composition of continuous functions.

Theorem 7.10 ([14] 2.14). Let G be a locally compact groupoid with Haar system and let ψ be a
conditionally negative type function on G. Then there exists a G-affine real Hilbert bundle E such that

1. for all g ∈ G, ψ(g) = ‖αg0s(g)‖2, and

2. for all x ∈ G(0), the affine span of {αg0s(g) ∈ Ex : g ∈ Gx} is dense.

The pair (E,α) is unique in the sense that if (E′, α′) is another pair, then there exists an isomorphism
of G-affine real Hilbert bundles.

Theorem 7.11 (Schönberg). Let G be a locally compact Hausdorff groupoid. Let ψ : G → R be a
continuous function with ψ(x) = 0 on G(0) and ψ(g) = ψ(g−1) on G. Then the following are equivalent:

1. ψ is conditionally negative type.

2. The function exp(−tψ) is positive type for all t ≥ 0.

Proof. This follows from the definition of a conditionally negative type function and Schönberg’s theorem
for conditionally negative type kernels.

7.3 1-Cohomology and Property (FH)

Lemma 7.12. Let (E,L) be a representation and α : G→ Iso(E). Then the following are equivalent:

1. α is an affine isometric action with linear part L.

2. There is a continuous section b : G→ r∗E satisfying the relation

bgh = Lgbh + bg

and such that
αgξ = Lgξ + bg

for all (g, h) ∈ G(2) and ξ ∈ Es(g).

Definition 7.13. A section ξ ∈ C(G(0), E) is invariant by α if αgξs(g) = ξr(g).

Definition 7.14. A groupoid G has property (FH) if every affine isometric action on a real Hilbert
bundle has a continuous invariant section.

Definition 7.15. Let (E,L) be a representation of G on a real Hilbert bundle.

1. A 1-cocycle with respect to L is a continuous section b : G→ r∗E satisfying

bgh = Lgbh + bg,

for all g, h ∈ G(2).

2. A 1-coboundary with respect to L is a 1-cocycle b : G → r∗E where there exists a continuous
section ξ : G(0) → E such that

bg = Lgξs(g) − ξr(g),

for all g ∈ G.
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3. Denote by Z1(G,L) the vector space of 1-cocycles with respect to L. Denote by B1(G,L) the
vector space of 1-coboundaries with respect to L. We call the quotient vector space

H1(G,L) = Z1(G,L)/B1(G,L)

the first cohomology group with coefficients in L.

4. The affine isometric action associated to to a cocycle b ∈ Z1(G,L) is the action of G on E defined
by

αgξ = Lgξ + bg,

where g ∈ G and ξ ∈ Es(g).

Proposition 7.16. Let (E,L) be a representation of G on a real Hilbert bundle. Let b ∈ Z1(G,L) with
associated affine isomtetric action α. Then the following are equivalent:

1. b ∈ B1(G,L).

2. α has an invariant section.

3. There is η ∈ C(G(0), E) such that αgξ = Lg(ξ + ηs(g))− ηr(g) for all g ∈ G and ξ ∈ Es(g).

Proof. (1) implies (2). Suppose b is a couboundary. Let ξ : G(0) → E be a continuous section such that
bg = Lgξs(g) − ξr(g). Then

αgζ = Lg(ζ + ξs(g))− ξr(g)

for all g ∈ G, ζ ∈ Es(g). Then the section ζ : G(0) → E given by ζx = −ξx is invariant.

(2) implies (3). Let −ξ : G(0) → E be an invariant section for α. Then

bg = αg(−ξs(g) − Lg(−ξs(g))) = Lgξs(g) − ξr(g)

for all g ∈ G. So
αgζ = Lg(ζ + ξs(g))− ξr(g)

for all ζ ∈ Es(g) and g ∈ G.

(3) implies (1). If there is a section ζ : G(0) → E satisfying (3), then

bg = Lgηs(g) − ηr(g),

and b is a coboundary.

Corollary 7.17. The following are equivalent:

1. G has property (FH).

2. H1(G,L) = 0 for every orthogonal representation of G.

Proposition 7.18. Let (E,L) be a representation of a transitive groupoid with open range map and
source map on a real Hilbert bundle. Let b ∈ Z1(G,L) with associated affine isometric action α. Then
the following are equivalent.

1. b ∈ B1(G,L).

2. ‖b(G)‖ is bounded.

3. ‖α(Gx)ξ‖ is bounded for all x ∈ G(0) and all ξ ∈ Ex.

4. ‖α(Gx)ξ‖ is bounded for some x ∈ G(0) and some ξ ∈ Ex.

5. α has a continuous invariant section.

Proof. Parts (1) and (5) are equivalent by the previous proposition. Implications (2) ⇒ (3) ⇒ (4) ⇐
(5) are obvious. First we show (4) ⇒ (2). Suppose ξ ∈ Ex has a bounded orbit, say ‖αhξ‖ < M for all
h ∈ Gx. Then by the reverse triangle inequality

M > ‖αhξ‖ ≥ |‖ξ‖ − ‖b(h)‖|.
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This implies that b is bounded on Gx. Say ‖b(h)‖ < D. Now let g ∈ G and choose h ∈ Gs(g)x . Then by
the cocycle relation and the reverse triangle inequality once more

D > ‖b(gh)‖ ≥ |‖b(h)‖ − ‖b(g)‖|.

From this inequality (2) follows. Finally, we demonstrate (2)⇒ (5). Suppose b is bounded. Fix x ∈ G(0),
then the set Bx = {b(g) ∈ Ex : g ∈ Gx} is bounded and has a unique center ηx. We claim the vector ηx
is G|x-invariant. Let g ∈ G|x then for b(h) ∈ Bx we have

αgb(h) = Lgb(h) + b(g) = b(gh) ∈ Bx.

so that α(G|x)Bx ⊂ Bx. The converse inclusion is clear, so that α(G|x)Bx = Bx. Then the center ηx
is G|x-invariant. Through similar argumentation as in 6.12. we get an continuous invariant section for
α.

7.4 Delorme’s Theorem

We attempt to extend the line of argumentation from chapter 2 in [3] .

Lemma 7.19. Let G be a locally compact groupoid with Haar system λ and let (E,L) be a representation
of G. Then the pullback bundle r∗E is a locally compact groupoid with Haar system.

Warning: There is a gap here. We need the groupoid r∗E to be locally compact groupoid
with Haar system in order to perform a GNS construction on a positive type function on r∗E.
There are a few problems here:

• By redefining the topology of E to be discrete (as it is below) makes r∗E locally compact,
but the product on r∗E may not be continuous.

• Keeping the original topology makes the product continuous, but r∗E may not be locally
compact.

Proof. Define the product
(g, ξ)(h, η) = (gh, Lgη + ξ),

where (g, h) ∈ G(2), ξ ∈ Gr(g), and η ∈ Gr(h). The base space of r∗E can be identified with G(0) and
(r∗E)x = Gx×Ex. Each (g, ξ) ∈ r∗E has inverse (g−1,−Lg−1ξ). View E as a discrete bundle of abelian

groups over G(0) and equip r∗E with the subspace topology of G×E. The Haar system for r∗E is given
by

µx(f) =
∑
ξ∈E

∫
G

f(g, ξ)dλx(g),

where f ∈ Cc(r∗E).

Lemma 7.20. Let (E,L) be a representation over a real Hilbert bundle of a locally compact groupoid
with Haar system λ. Let b ∈ Z1(G,L), and let α denote the affine isometric action of G associated to
L and b. For each t > 0 there exists a representation (Et, Lt) and a bundle morphism Φ from E to the
unit ball bundle of Et such that

1. 〈Φt(u),Φt(v)〉 = exp(−t‖u− v‖2) for all x ∈ G(0) and all u, v ∈ Ex.

2. LtgΦ
t
s(g)(u) = Φtr(g)(αgu)

3. For each x ∈ G(0) the span of Φtx(Ex) is dense in Etx.

The pair (Et, Lt) is unique up to isomorphism. Furthermore, if G is transitive, then

4 If un ∈ E is an unbounded sequence, then 〈Φt(un), f(π(un))〉 → 0 for each bounded section f ∈
C(G(0), Et).

5 The action α has an invariant section if and only if Lt has an invariant section.
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Proof. Define the representation (E,Λ) of the semi-direct product r∗E by

Λ(g, ξ) = Lg.

Define a 1-cocyle B : r∗E → r∗E by
B(g, ξ) = bg + ξ

Let Ψ : r∗E → R be the corresponding function conditionally of negative type on r∗E.

Ψ(g, ξ) = ‖B(g, ξ)‖2.

By Schoenberg exp(−tΨ) is a positive type function on r∗E. Let (Et,Λt, ξt) be the unitary GNS-triple
associated to exp(−tΨ). Then

exp(−tΨ(g, ξ)) = 〈Λt(g,ξ)ξ
t
s(g), ξ

t
r(g)〉

Let (Et, Lt) be the unitary representation of G obtained by restricting Λt to G. Define Φt : E → Et by

Φt(x, ξ) = Λt(x, ξ)ξtx.

This map is continuous. Then for ξ, η ∈ Ex we have

〈Φt(ξ),Φt(η)〉 = 〈Λt(x,ξ)ξ
t
x,Λ

t
(x,η)ξ

t
x〉

= 〈Λt(x,−η)Λ
t
(x,ξ)ξ

t
x, ξ

t
x〉

= 〈Λt(x,ξ−η)ξ
t
x, ξ

t
x〉

= exp(−tΨ)(x, ξ − η)

= exp(−t‖ξ − η‖2).

This proves (1). Next,

〈Φt(bg), Ltgξts(g)〉 = 〈Λt(r(g),bg)ξ
t
r(g),Λ

t
(g,0r(g))

ξts(g)〉

= 〈Λt(g−1,Lg−1bg)
ξtr(g), ξ

t
s(g)〉

= 〈Λt(g−1,−bg−1 )
ξtr(g), ξ

t
s(g)〉

= exp(−tΨ)(g−1,−bg−1) = 1.

By the equality case of the Cauchy-Schwartz inequality we have

Φt(bg) = Ltgξ
t
s(g)

for all g ∈ G. Hence, for any g ∈ G and ξ ∈ Es(g) we have

LtgΦ
t(ξ) = Λt(g,0r(g))Λ

t
(s(g),ξ)ξ

t
s(g)

= Λt(g,Lgξ)ξ
t
s(g)

= Λt(r(g),Lgξ)Λ
t
(g,0r(g))

ξts(g)

= Λt(r(g),Lgξ)L
t
gξ
t
s(g)

= Λt(r(g),Lgξ)Φ
t(bg)

= Λt(r(g),Lgξ)Λ
t
(r(g),bg)

ξtr(g)

= Λt(r(g),Lgξ+bg)ξ
t
r(g)

= Φt(αgξ).

This proves (2). Then

Λt(g,ξ)ξ
t
s(g) = Λt(r(g),ξ)Λ

t
(g,0r(g))

ξts(g)

= Λt(r(g),ξ)L
t
gξ
t
s(g)

= Λt(r(g),ξ)Φ
t(bg)

= Λt(r(g),ξ)Λ
t
(r(g),bg)

ξtr(g)

= Λt(r(g),bg+ξ)ξ
t
r(g)

= Φt(bg + ξ).
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Since ξt is cyclic, then the linear span of Φt(Ex) is dense in Etx which completes (3). Uniqueness
follows from the uniqueness of the GNS construction. Now let un ∈ E be an unbounded sequence, set
xn = π(un), and let f ∈ C(G(0), E) be a bounded section. Then

〈Φt(un),Φt(f(xn))〉 = exp(−t‖ξn − f(xn)‖2)→ 0.

Since the span of Φt(Ex) is dense (4) follows. Suppose α has an invariant section η ∈ C(G(0), E). Then
Φt(η) ∈ C(G(0), E) is an invariant section for Lt by (2),

LtgΦ
t
s(g)(ηs(g)) = Φtr(g)(αgηs(g)) = Φtr(g)(ηr(g)).

Conversely, suppose that α has no invariant sections. Then all orbits of α are unbounded by 7.18 Let
ζ ∈ C(G(0), Et) be an invariant section of Lt; we claim ζ is zero. Let ξ ∈ C(G(0), E) be any section. Let
gi be a sequence in Gx such that ‖αgiξx‖ → ∞. Then by (4) the sequence

〈Φtr(gi)(αgiξx), ηr(gi)〉 → 0.

Hence, for each x ∈ G(0) we have

〈Φx(ξx), ζx〉 = lim
i
〈Φtx(ξx), Lt

g−1
i

Ltgiζx〉

= lim
i
〈LtgiΦ

t
x(ξx), ζr(gi)〉

= lim
i
〈Φtr(gi)(αgiξx), ζr(gi)〉

= 0.

Proposition 7.21. Let α be an affine isometric action of a locally compact transitive groupoid G with
open range and source maps. For t > 0 Let (Φt, Et, Lt) be the triple associated to α as above. If tn → 0,
then

⊕
n L

tn has a (Q, ε)-invariant section for each compact subset Q ⊂ G and ε > 0.

Proof. Let L =
⊕

n L
tn , and let ξn = Φtn(0) ∈ C(G(0), Etn). Then by (1) and (2) of lemma 7.20 each

ξn is unital and

‖Ltng ξns(g) − ξ
n
r(g)‖

2 = ‖Φtn(αg(0))− Φtn(0)‖2

= 2(1− exp(−tn‖αg(0)‖2)).

Since tn → 0 the above sequence converges uniformly on compacta. It follows that L has a continuous
unital (Q, ε)-invariant section for each pair (Q, ε).

Theorem 7.22. Let G be a locally compact transitive groupoid with open range and source maps. If G
has weak property (T), then G has property (FH).

Proof. Suppose G does not have property (FH). Then there exists an affine isometric action of G on a
real Hilert bundle without continuous invariant sections. For each n > 0 let (Φ1/n, E1/n, L1/n) be the
Hilbert bundle constructed in lemma 7.20. Let

L =
⊕
n

L1/n.

Then lemma 7.21 says L1/n has no continuous invariant sections. Hence, L has no continuous invariant
sections. Therefore, G does not have weak property (T).

Corollary 7.23. With G as above, if G has property (T), then it has property (FH).
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