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ABSTRACT

A two-dimensional, time dependent, numerical model of the

atmospheric boundary layer is formulated and used to investigate

various characteristics of air motion when a change occurs in the

roughness of the underlying surface. The model ass,umes a dry

adiabatic atmosphere and adiabatic changes of state, no dynamic

pressure effects due to flow accelerations and no vertical dis­

placement of the zero-velocity level at the lower boundary when a

discontinuity in surface roughness is encountered. Numerical

evaluation of all terms in the resulting equations shows little

change in the cOI!!Puted fields of velocity if an incompressible

atmosphere is assumed and horizontal miXing is neglected.

A conl[lUtational stability analysis is made which provides the

relationship between time-step and grid spacing necessary to insure

convergence of the numerical solution. For horizontally homogeneous

conditions, comparison of the numerical solutions with various

analytical solutions shows that the errors inherent in the

finite difference formulation can be reduced to any desirable level

by reducing the grid spacing, particularly near the lower boundary.

Computed quantities include the two-dimensional distributions

of horizontal velocity, vertical velocity and eddy shearing stress.

Increasing surface roughness causes a decrease in the horizontal

velocity near the lower boundary. This results in upward vertical

motion. For a prevailing geostrophic wind speed of 10 m/sec and

roughness parameters varying from 1 cm through 10 cm, maximum

vertical motion on the order of 5 em/sec is found over the roughness
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discontinuity at heights ranging from 50 to 100 meters. Vertical

velocities in excess of 0.1 em/sec are found several meters upstream

from the discontinuity and persist for severaJ. hundred meters down­

stream for the cases considered.

The co~utations also show that a nearly logarithmic wind

profile with associated constant shearing stress becomes established

throughout a layer which increases in depth with distance downwind

from the roughness discontinuity. The ratio of depth to downwind

distance of this layer lies between 1/50 and 1/100. Reestablish­

ment of the logarithmic profile does not imply equilibrium flow,

however. It is found that a fetch on the order of several kilometers

is necessar,y before the surface eddy stress differs by less than ten

percent from the finaJ. equilibrium values.

Excellent quantitative' agreement is found with Panofsky and

Townsend (1964), who employed data of Kutzbach (1961) to show that

their theor,y agreed with observations. Because of the inability of

the numerical model to consider zero-plane displacement and non­

neutral atmospheric stability, both of which are probably significant

and certainly present in the observations available from the Univer­

sity of Wisconsin, no further quantitative comparisons were made.

However, the general features of the computed velocity and stress

distributions agree ver,y well with resuJ.ts of stearns and Lettau

(1963), hence there is at least good qualitative agreement with

observations.

SUggestions are made for generalizing and improving the

numerical model.
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I. INTRODUCTION

At elevations well above the disturbing effects of the ea.rth IS

surface, the main forces which influence atmospheric motion are the

pressure, centrifugal and coriolis forces. The pressure force is

real and has its genesis in the non-uniform absorption and emission

of radiation by the earth-at.mosphere system, while the centrifugal

and coriolis forces are apparent forces arising from the curvature

of the flow and the rotation of the earth, respectively. When the

mean flow is steady, straight and horizontal, the horizontal

cOIII.Ponents of the pressure force and the coriolis force are in

balance. This balance of forces is referred to as the geostrophic

balance, and the associated wind is the geostrophic wind. It is

significant that in non-tropical latitudes, tne free atmosphere

frequently approaches a state of geostrO]?hic balance.

Eliminating vertical perturbations of the type which might

arise from thermaJ. convection, one would ex];lect geostrO]?hic balance

to be achieved when the magnitude of the surface induced frictional

force becomes negligibly small c~ared to the other forces which

affect the air motion. Under conditions of horizontally homogeneous

terrain and neutral atmospheric stability (Le., constant potential

temperature), most theoretical studies (T8\110r (1915), K8b1er (1933),

Ellison (1956), Lettau (1962), Blackaiiar (1962» place the height

at which the surface induced frictional force becomes negligible

near 1000 meters. The layer of air in which surface frictional

effects are significant has been called the "planetary boundary

layer" by Lettau (1939). Other terms commonly used to describe

this layer are "atmospheric boundary layer II and "friction layer".
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From these theoreticaJ. studies one finds that the height of

this boundary layer increases with increased surface friction,

however, only a small change in height is found for qUite large

variations in surface roughness and prevailing wind speed

(Blackadar (1962». Although far from conclusive, there is same

observational evidence to support this theoretical result (Dobson

(1914), Mildner (1932), Lettau (1950), Lettau and Davidson (1957),

Holzworth (1964».

All of the theoretical studies previously mentioned assume

that the flow is one dimensional; that is, steady state, horizontally

uniform flow over horizontally homogeneous terrain. Once the

functional for.m of the frictional force is specified, along with

upper and lower boundary conditions, it is possible to derive the

height variation of the horizontaJ. wind. Bounda.ry conditions

usually require the wind speed to be zero a.t the earth's surface

and approach the geostrophic value at high elevations. Two of the

more recent specifications of the frictional force are those of

Blacka.dar (1962) Which is based on a non-dimensional examination of

existing atmospheric data under neutraJ. atmospheric sta.bility, and.

Lettau (1961, 1962), which combines atmospheric and duct flow data.

Both developments yield essentially the same results.

Once the structure of the wind has been determined near the

earth's surface, it is possible to compute the shearing stress, and

hence, the flux of momentum between the earth and. the atmosphere.

This has been done for the entire northern hemisphere by Kung (1963)

using Lettau's boundary layer model. Kung empirically specified a.
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surface roughness parameter based on land use statistics at 360

locations and cc:m:r;puted the mean energy dissipation in the planetary

boundary layer at these locations by utilizing daily surface

pressure patterns for a ten-year period. Estimates of frictional

dissipation of energy have also been made over the British Isles

for a three-month period by Holopainen (1964) and over North

America for a six-month period by Kung (1966) by employing energy

balance techniques. Frictional dissipation of air now over a

forest has been investigated by Johnson (1965).

One of the reasons for the current interest in the mechanisms

of energy transfer in the atmosphere is related to the problems of

long range weather forecasting. By estimating the mean reservoir

of atmospheric mechanical energy and the global mean of energy

dissipation, Lettau (1959) has shmm that there is a renewal period

for kinetic energy of about three days. This would suggest that

any prediction scheme for periods greater than one or two days must

includ,~ a specification of tn.e momentum flux due to frictional

dissipation (Holopainen (1963)). A fairly precise knowledge of

both the spacial and temporal V'a't'1.'3.tions of the momentum flux would

seem necessary before accurate forecasts are possible for periods

in excess of a. vreek.

Variations in space and time of the flux of mass, momentum,

and heat are also of inq>ortance in llBny studies involving local,

or relatively small scale circulations. This problem is rarely

more than just mentioned in textbooks on boundary layer theory, that

by Laikhtman (1961) being a notable exception. Increased knowledge



4

of the physical and dynamical effect of horizontal inhomogeneities

in surface terrain is needed so that we might more accurately model

various atmospheric phenomena. For exaII!Ple, dynamical models of

the sea breeze (Estoque (1962», mountain-valley 'Winds (Orville

(1964)), air mass transformation (Asai (1965)), and wind drift of

ice floes (LaikhtInan (1961)), are but a few instances where the

effects of spacial variations in the lower bounda.ry conditions must

play a significant role in the resulting motions and energy

transformations.

Attempts have been made to examine the variation in momentum.

flu."'C due to spaciaJ. variations in surface roughness characteristics

by Elliott (1958), Taylor (1962), and Panofsky and Townsend (1964).

Although these studies were motivated pr:iIna.rily to determine the

representativeness of vertical gradient measurements taken over

sites of limited horizontal extent, the results, are, nevertheless,

just as pertinent in their application to the problems of the

atmospheric energy balance and local circulations. All three of these

studies have concentrated on the downwind variation of the momentum.

flux in a neutral atmosphere when an abrupt change occurs in zo'

a parameter Which characterizes the surface roughness. The problem

is treated as steady state, and particular attention is focused 0n

the development and down'Wind change in height of an internal

boundary layer. This internal boundary layer (or zone) separates

flow which is in equilibrium. with the upwind surface from that

which is approaching equilibrium. with the downwind surface.
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The assmqption basic to Elliott's development is that the

internal boundary layer is a surface which separates two equilibrium.

flows. Velocity is continuous at the interface, but the shearing

stress is necessarily discontinuous in his model. Panofsky and

Townsend generalize Elliott's model to allow for stress (through

the friction velocity) to vary continuously with height. In this

way, both velocity and stress can be made continuous at the inter­

face, an arrangement which appears physically more realistic. In

this case, the interface becomes a zone of transition separating

flow above, which has not "felt" the new surface, from flow below,

which is nearly in equilibrium with the new surface roughness.

Both Elliott, and Panofsky and Townsend predict large overcompensation

of the surface shearing stress when an abrupt change in roughness is

encountered, followed by gradual approach to the new equilibrium

vaJ.ue.

Taylor, on the other hand, uses wind tunnel observations of

Jacobs (1939) to argue that the leading edge of the transition zone

is nearly vertical and that the new surface stress is attained after

a relatively short fetch. Panofsky and Townsend, however, have

pointed out the scaling difficulties inherent in attempting to

relate wind tunnel observations to atmospheric phenomena. In

addition, they show that data presented by Taylor in support of

his model are not definitive, but can be used equaJ.ly well in

support of Elliott I s or their own model.

Observational programs at the University of Wisconsin by

Kutzbach (1961), stea.rns and Lettau (1963) and Stearns (1964) appear
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to support the results of Panofsky and Townsend. Kutzbach used an

array of inverted bushel baskets placed on a smooth frozen lake,

while stearns employed Christmas trees on the frozen lake as the

device for changing the surface roughness characteristics. Compari­

son with predicted and observed wind profiles is shown to be quite

good for flow over the bushel baskets (Panofsky and Townsend (1964».

The analysis by stearns and Lettau of the momentum budget in the

vicinity of the roughness discontinuity is at least in qualitative

agreement with the prediction of Panofsky and Townsend.

The present development wlll attack the problem of air flow

over inhomogeneous terrain in a somewhat different and considerably

more general way than any of the preceding works. We shall retain

time as an independent variable and permit the occurrence of both

local and advective changes in the velocity field. Because the

roughness change represents a horizontal discontinuity, we shall

also retain those terms in the basic physical equations which

relate to horizontal mixing. The ass~tion basic to our model is

that the mixing length (defined and described in Chapter II) changes

abruptly, simultaneously with the change in roughness. When this

assumption is incorporated into the equations of motion and the

equation of continuity, then the horizontal and vertical fields of

velocity, and the associated momentum flux may be derived. Because

of the non-linear nature of the resulting partial differential

equations, we shall formulate finite-difference analogues to these

equations and solve the finite-difference equations by numerical

techniques.



II. MATHEMATICAL DEVELOPMENT

If we confine oU1'~elves to non-relativistic (Newtonian)

mechanics and assume no mass-energy conversions, the mathematical

statements of the basic physical conservation principles consist

of Newton's laws of motion, the equation of mass continuity and the

first law of themodynamics. We shall assume that the atmosphere

behaves as an ideal gas and that the only real forces acting on the

air are pressure, friction, and gravity. Since horizontal dimensions

to be considered are on the order of a few kilometers, the earth

may be assumed to be flat. In addition, we shall assume molecular

viscosity to be negligible compared with eddy viscosity (Sutton

(1953». The equations of motion on the rotating earth for mean

flow may then be written in component fom: (see Appendix for

definitions of sy:nbols)

(2.2)

The equation of continuity may be written:

(2.4)



and the first law of thermodynamics as:

where

(2.6) of = f R T

is the equation of state for an ideal gas.

The verticaJ. motion contribution through the coriolis term on

the right side of equation (2.1) is generaJ.ly negligible. If we

let f = 2!l· sin (lat) and write the horizontaJ. pressure force in

terms of geostrophic wind components, we have:

8

(2.8)

Assuming further that only adiabatic changes of state occur and

that the dependent variables u, v, and 1" are not functions

of y we have equations (2.7), (2.8), (2.4), (2.5) as:



(2.10) f (u. - u..) + ..!. (;;nyX + ~'l''t~)
,. ~ d'l( d-i:

9

(2.11) I !f. =
e clt

(2.12)

When the inertiaJ. terms of equation (2.3) are assumed to vanish, we

obtain the hydrostatic equation:

(2.13)

Although these inertial terms are not identically zero in our

development, they are, nevertheless, several orders of magnitude

. smaller than the hydrostatic terms. We shall assume (2.13) to be

an adequate representation of (2.3). Once the functional form of

the frictional stresses '1',:1. is specified, equations (2.6) and (2.9)

through (2.13) form a set of six equations in the six dependent

variables u, v , w , p, ~ , and T and three independent

variables x, z , and t •

We may combine equations (2.6), (2.11), (2.12), and (2.13) to

obtain an explicit equation for vertical velocity w • Elimination

of temperature from (2.6) and (2.12) gives the adiabatic relationship
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between pressure and density:

(2.14)
C!-k) . cQf

f ~t
= .l.!f..e ~t

where R/ep =X •

Substitution of (2.14) into (2.ll) gives, upon expe.nsion of the

total derivative:

Differentiating equation (2.15) with respect to z, substituting

the geostrophic wind relationships for the horizontal pressure

gradients and assuming hydrostatic equilibrium yields

which is the desired equation for vertical velocity. It· should be

noted that equation (2.16) is a diagnostic equation (time independent)

as compared to the prognostic form of equations (2.9) and (2.10) for

u and v.

If we now assume an environment with a dry adiabatic temperature

stratification, the thermodynamic variableo are restricted such

that once the horizontal pressure gradient (i.e., geostrophic wind),

potential temperature, and pressure at any single height are specified,

the spacial distributions of density, pressure, and temperature are
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completely specified. The percentage variation in the magnitude of

density, pressure or temperature is relatively small over the

entire surface of the earth, hence, a single set of representative

values as a function of height should suffice as far as the solution

of our system of equations is concerned. Spacial and teIII.Poral

variations in the horizontal pressure gradient do occur, however.

One could investigate the effect of these variations by appropriate

specification of the geostrophic wind. Thus, our system of equations

reduces to (essentially) the three equations (2.9), (2.10), and

(2.16) in three dependent variables u, v, and w and three

independent variables x, z, and t •

The precise form of the Wind distribution, however, cannot be

determined until some hypothesis concerning the distribution of

frictional (Reynold's) stress is introduced. According to Sutton

(195l), atte!I!Pts at formulating such a hypothesis began in 1877 with

Boussinesq who adopted the funda.mentaJ. ideas of the kinetic theory

of gases by expressing a virtual coefficient of eddy viscosity

defined in much the same way as the molecular counterpart. These

quantities were called "Austausch" (exchange) coefficients by Schmidt

in an extensive monograph on atmospheric boundary layer turbulence

published in 1925. In laminar flow the shearing stress is

where f" is the dynamic viscosity of the fluid.

By analogy, the Reynold's stress may be written:

-,.oJ I I"\. = - pu,ur ;;
lt~ \
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The quantity A~ is the exchange coefficient and corresponds to the

dynamic viscosity while the quantity Kz is called the eddy

viscosity (or eddy diffusivity) and corresponds to the kinematic

viscosity. We IDaiY' also write:

1'""
'dI.L

:. KI( ~ ~)(

1'~t. KlC~
"a'U"'

':: -d)('

'T~i' Ki. f
d"lT= -'d.:c

and substitution into (2.9) and (2.10) gives:

The relationship between the horizontal and vertical eddy

diffusivities is rather uncertain. A first approximation fre-

quently made in meteorology is that XX =Kz ' Examination of

observational data (Yamamoto and Shimanuki (1964)) suggests that

the ratio of the cross-wind to the vertical diffusivity under

neutral conditions is approximately 13. It has not been established,
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however, that this same ratio would be appropriate for the downwind

diffusivity, K.x. At this point in our development, we sba.ll not

make any restricting assumption concerning the relationship between

Kx and Kz • Instead, the effect on the mean flow of various Kx/Kz

ratios will be examined in Chapter VII.

It was quickly and widely recognized that, unlike the molecular

viscosity, the eddy viscosity is not a fluid constant. Instead, it

appeared to be not only a function of height, but also of the under­

lying surface roughness. In an attempt to improve the treatment

without entirely abandoning the molecular theory analogy, Prandtl

(1935) introduced the mixing-length hypothesis. The mixing-length

~ characterizes the local intensity of turbulent mixing at a given

point in the fluid and is analogous to the "mean free path II of

kinetic theory. Unlike the "mean free path", however, the mixing

length my be a function of position, mean velocity or other fluid

parameters.

Using this mixing-length concept it is possible to show

(Sutton (1953), p. 73) that the eddy viscosity may be written as the

product of the square of the mixing-length times the magnitude of

the vertical shear of the mean horizontal wind. In our notation

this appears as:

According to Sutton (1951), "The advantages to be gained by

such dissections are not inDnediately obvious, since the analysis
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gives no clue to possible variations of R. with any of the variables.

In practice, the introduction of the mixing-length has proved very

useful, since it has been found that only very simple assUJII.Ptions

regarding R are required to obtain a satisfactory mathematical

representation of many complex phenomena. II

One such attempt, by Rossby and Montgomery (1935), assumes a

two layer atmosphere where J.. = k (z + zo) in the lower layer. If

the shearing stress is supposed invariable with height through this

layer, then the assumed distribution of J.. gives the familiar

logarithmic wind profile

\1'2.

( u.:z. + '\J:l) = + ~o

~o

is called the friction velocity. This

profile is now 'Widely accepted as adequately describing the mean

wind distribution in the lower layers of the atmosphere under steady

state conditions, neutral stability and horizontal homogeneity

(Lumley and Panofsky (1964), Priestley (1959), Sutton (1953»). In

the upper layer, Rossby and Montgomery assumed i proportional to

(HI - Z) where HI is the top of the friction layer.

One disadvantage of the preceding approach is the necessity

to select, rather arbitrarily, where one stops using one expression

for 1. and begins to use the other. It would obviously be desirable

to have a single expression for the mixing-length Which could be

applied throughout the entire atmospheric boundary layer. Two such

eA.-pressions have been derived by Lettau (1961, 1962) and Blackadar

(1962).
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Lettau obtains his result by considering the anaJ.ogous flow

patterns between duct and atmospheric boundary layer flow. After

non-dimensionaJ.izing the governing equations, an expression for the

characteristic length scale of turbulence (mixing-length) is

obtained which is a function of distance from the boundary and the

type of flow (i.e., Whether duct or atmospheric flow). For

atmospheric flow, Lettau I s expression is:

/ ( ~ + ~ )5/'11f = k (:c + Co) [I -+ Ii \4 D

where H is defined as the lIscale height of the boundary J.aiyer ll
•

The quantity H is not prescribed but is a function of the· flow

conditions and must be obtained by integration of the equations of

motion. To do this, Lettau (1962) notes that a level of maximum

eddy viscosity must exist in the boundary layer, and hypothesizes

that this level: (a) occurs at one-half the "scale-height", and

(b) coincides with the level of maximum cross-isobar flow.

Blackaclar, on the other hand, employs physical intuition to

argue that 1 must change from the value as used by Rossby and

Montgomery near the earth I s surface, to a nearly constant value at

higher elevations. He assumes a form for 1 as given by:

(2.20)

where ~ represents the limiting value for 1. at high elevation.

By using d:i.mensionaJ. analysis techniques and available observational

data, he obtains the expression:

(2.21)
1/:1./

>. = o. ooo;t'1 ( u.~ + v,:J.) / -f
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Although their fundamental approach is qUite different, the

final results of both Blackadar and Lettau for atmospheric bOlll1dary

layer flow are very similar. Both have the mixing-length increasing

linearly with height near the earth·s surface and approaching a

constant, or nearly constant, value at higher levels. Observational

evidence is not sufficiently precise to show uneqUivocal preference

of one over the other. In the computations to be presented in later

sections of this paper, we shall use Blackadar's expression.

The system of equations which will be solved consists of

(2.16), (2.17), and (2.18) with Kz given by (?19), R. . given by

(2.20) along with (2.21) and Kx equal to some multiple of Kz •

Once the large scale features of the flow and the surface roughness

have been specified; that is, the latitude (giving f), the geo­

strophic wind" cOIlI.Ponents, and the di~tribution of zo' then

equations (2.16), (2.17), and (2.18) may be solved for the

velocities u, v , and w.



III. FINITE DIFFERENCE EQUATIONS AND BOUNDARY CONDITIONS

Analytic solutions to equations (2.16) through (2.21) can be

obtained in only a limited number of special, si.JIl.plified cases. The

complete equations are most easily "solved" by replacing these non-

linear, second order partial differential equations with an equivalent

set of linear, algebraic finite-difference equations. OUr primary·

interest lies in examining ~he details of the velocity distribution

near a discontinuity in surface roughness. Since, for com,putational

econOIlJiY', we wish to keep the total number of grid points as small

as possible, it seems logical to choose a finite-difference grid

which possesses a small mesh size near the discontinuity and

increases in size away from the discontinuity (both vertically and

horizontally) • This is accomplished if we transform the coordinates

x and z by defining:

and

1\

)( '5

"
~ -

a tJ 'l< + a..e.
, oVVl

all.

where x and z will assume only integer and half-integer values,

and the quantities a
l

, &2' b
l

, b2, and b
3

are adjustable constants.

The log-linear transformation on the vertical coordinate is, in

part, motivated by the expected form of the wind profile under

conditions of neutral atmospheric stability.

For the first derivative with respect to x we have:

d- =d)(
where
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The first and second derivatives with respect to z became:

where

and

where

It should be noted that Q. 1 is a function of the horizontal

coordinate, while lr,! and kS' depend on the vertical coordinate.

With the coordinate transformation equations (3.3) through

(3.5), the equations (2.16) through (2.19) became:
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~ f ~ a.3 ~u.

f -tr"a. .;}~

with 1 given by (2.20) and (2.21).

We my write equations (3.6) and 0.7) symbolically as

dl..l
- :: GU + HU + {='U
;)t

dV
- -= GV + HV + FY
dt

where the terms on the right of (3 .10) and (3.11) represent the

advective terms (GU and GV), the corio1is terms (HU and HV)

and the frictional terms (FU and FV) •

Thus,

GU ,. - a. u.. dl.l. lr W dUo
3 ~ i 'I d~

(3.12)

GV d'\T 1 w b!.- - a 3 l-l -
~x " ~i
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HU - f ( if - v t )

HV

FU

- t(UCl.-l.l)•

For the advective terms, (3.12), we shall use upstream

differencing; that is, for point jk (see grid below), if u > a

(i.e., in the direction of increasing x) we have:

T"~_-I_,"_"'_'__-,.:~~.ft;;;.+I -,j...',.It"1

Q. U. d~ .. (a. u.) u,jlt - l.lJ_' ~
~~)( ~... "

1'" A:X:

1j.,.-
<1\1

"",~-_I'_"_-' -L:~_.k_-I ....~iol •.!t-I

X •

since AX = I aver one grid distance. For u < a we would have

Complete expressions for au and GV giving all of the advection

possibilities are:
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fo,," l.l< 0 ) W > 0

to\" u.<o) 1Ai"< 0

For the conolis terms, (3.J.3), we have simply:

For the friction terms we shaD. use ordinary centered differenc-

ing, such that:
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and

The friction terms, (3.14), then become:

Forward time differencing Will be used so that the velocities

at time step n + 1 will be given in terms of time step n by:

For the special case of horizontal homogeneity, the a.dvective terms

are zero, and the frictional expressions contain only those ter.ms

involving Kz •
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The finite difference analog to equation (3.8) is obtained

by replacing the differential operations with centered differences.

This yields, after rearrangement and collection of terms:

which is in an implicit form suitable for solution by line iterative

techniques (Richtmeyer (1957), p. 101; Forsythe and Wasow (1960),

p. 104). For an incompressible atmosphere, all terms involving the

density in (3.23) would cancel.

The finite difference representation of (3.9), using centered

differences, is:

Equations (3.21), (3.22), (3.23), and (3.24) form the basic

set which is to be solved. A unique solution cannot be obtained,

however, until boundary conditions on the variables u, v , and w

a.re specified. We shall assume no-slip conditions to prevail at the
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horizontal, :iJlUlenetrable earth's surface, hence u =v =w = 0 at

z = o. For the upper boundary condition we require the wind to

become geostrophic at the highest grid point (selected near a height

of one kilometer). This gives u = Ug , v = vg , and w = 0 at

the upper boundary. It is also frequently convenient to orient the

x-axis such that vg =o. For the lateraJ. boundaries we require

the horizontal gradients of the horizontal velocity components and

also the vertical velocity to vanish.

The boundary conditions may be summarized as follows:

Upper boundary conditions:

, 1.T = v~ IJJ" = 0

Lateral boundary conditions:

d\J..
- ==dX

, uT = 0

Lower boundary conditions:

U,.: "\J = v= 0

If we also assume an adiabatic temperature stratification and

specify a value for pressure which is constant along the upper

bOundary, then the thermodynamic variables which appear in equation

(3.23) may be calculated.



IV. STABILITY ANALYSIS

Whatever the particular atmospheric model chosen, the determina-

tion of its future state is an initiaJ.-value problem. The state of

the atmosphere is specified at some initiaJ. time, to' A solution

exists for t ~ to , and is uniquely determined by the governing

equations together 'With the boundary conditions. However, when the

partiaJ. differentiaJ. equations are replaced by finite-difference

quotients, a certain error is incurred. If, when the march in time

is carried out for a fiXed mesh size, a component of the error is

a.m.Plified without bound, then the difference operator is said to

be unstable. Instability in this sense is independent of round-off

error, and is a property of the difference system as shown by

Courant, Friedrichs and Lewy (1928). The following stability

development will make liberal use of Richtmyer (1957).

Consider the linearized equations:

(4.1) dU - ~u. -fv 'd\<.. 'd\J. a'l \J.
+ U. - = + K ~~1dt ~)( ~:c ~:

(4.2) d'\T + U. !J! ++u. = dK . d'\J' +K d1."-
~t ~'l<. ~c d~ a~7.

These equations are s:l.milar in form to our basic equations for

horizontal motion (2.17) -and (2.18), but are sufficiently simplified

so that a reasonably complete stability analysis can be made. If

we take K to be a linear function of height (K =B (z + zo) )

'With B > 0 , then (4.1) and (4.2) become:



(4.4) dtT
dt

r 'd'lJ"" d'\f "d""..
= - 1" LA. - u. dX + B d-e + K d ~01.
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Using a forward time difference, upstream differencing on the

advection term and centered space differencing on the miXing terms

gives, after slight rearrangement:

(4.6)

Assuming we my represent the spacial distribution of the

velocities by trignonometric series and considering only a single

harmonic of this Fourier series representation we may write:

hence



which yields

or

Likewise

-'~""'i
UjlH = Lla. e

and

Substitution into (4.5) and (4.6) yields:

(4.7)

(4.8)

Recalling Euler I s formula for e:x;ponentiaJ.s:

- ..... AlC

e. :: C.Q'Q" ('WI A'JC. ) - l sAm t'WI b'JC.. )
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we may write

( I

Also

(4.10)

and

(4.11)

'( ~'VlA'! - L'\'\ Ac )- e - e :=
.l.

After substitution of (4.9) tbrov.eb (4.11), equations (4.7) and (4.8)

become:

We may write cow "nA'e -, ::. - :;).,. ~:I. ~ • In addition, it
at.

is convenient to define the quantities



(4.14)
~

g,A1: . oC ::
KA1: . Y: 'B A't- AX

,
(b.r)~

,
A~

"M t:..X

</>
IYI b. i::

fAte= . ,:
:;L ) - =t.

,

where all of the defined quantities a.re greater than or equal to

zero. Using (4.14), equations (4.12) and (4.13) may be written,

after collecting real and imaginary parts:

Now we define

(4.18)

Which gives

(4.20)

=

=

Dropping the subscripts and writing (4.19) and. (4.20) in



30

matrix form yields:

(4.21.) ( ~' ) = ( <r ... ,)'- - '1.) .( ~~ )
1) ~ <f"+Lf- '\1

The amplification matrix G is thus:

(4.22)

In order to explicitly state our stability criteria, we need

to know if G is a normal matrix. We determine this by evaluating

the products 00* and G*G vmere

* *is the tranpose of the conjugate of G. We find that 00 = G G

which is necessary and sufficient to insure that the matrix G is

normal.

For a normal amplification matrix, the von Neumann necessary

condition for stability is also sufficient (RichtnJiyer (1957), p. 61).

This condition may be written:

(4.23) I ~(q I ~ I + 0 (At)

where I ~(i.ll represents the absolute value of each of the i

eigenvalues of the amplification matrix G. The term 0 (t:."t)



is read "terms of first order in At" and permits "legit:iJna.te"

exponential growth (RichtIlliYer, p. 60-61).
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The eigenvalues of the matrix G may be found from the roots

of .the characteristic equation:

(4.24) det (G - >. I) = = Q

or
(~+ Lf"-~);1. '1:l+ = 0

Hence:
A(I) :: <s-+ i. (~ - -,)

A'1.) :: <J+ i(tA-+,,)
and

(4.25)

The von Neumann necessary and sufficient condition for stability

may then be written:

(4.26)

for cr , fA- ' and "1 ., 0 •

Expanding the._left side of (4.26) by using the definitions

(4.17) and (4.18) yields:

1Ia,

(4. 27) ~ , - ~~~:le - 4oe. ~:l cf>):l. + (V siM ;;t <I> - ~ sAM ~e ... ~)a1

~ \ -+ 0 (b.1:)
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We shall now investigate the requirements for stability as set

forth by equation (4.27) for a number of special cases.

Ca,se 1

We take ~:: ~ '= 0 , DC.:f 0 which implies u= 0 and

K = constant (1.e. B =0). Equation (4.2'7) reduces to

(4.28)

Since

we could use as our stability criteria the equally valid, but more

restrictive expression:

(4.30) \\- L\oC~a.~\ + \"rt\ ~ , 4- o (b.t)

Although it is conceivable that this might be too restrictive to be

of value, we fir...... that, in general,

and expression (4.29) is very nearly an equality.

We may then combine 'Y(, =fAot with the o(At) term on the

right side of (4.30) with the result

\ I - Ii IX: ~2. ~ \ ~ \ + Q (At)



which is satisfied for all ¢ if :2.oc ~ \

from (4.14),
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or, substituting for d::o

This is the expected result for the solution of the linear diffusion

equation in one dimension with constant coefficients (RichtIlliY'er (1957),

p. 13).

Case 2

When ~ ~ 0 , aC. f. 0 , \l ':/. 0 expression (4.27) reduces to:

We will assume d:. constant as ~..t and ~ approach zero so

that (4.32) may be written (substituting for 4J and 'Yl ):

or
'/:1.

(4.33) [(1- LfoCsi.m.:l¢t-\o(~ ~2.~ -+ ~):l(~t):l.1 ~ \ + O(At)

To satisfy (4.33) we must at least require

which for all ~ results in the stability conditions as given by

(4.31). If (4.31) is satisfied vr.i.th the equality sign, and if M

is the IIBXimum with respect to l' of (~:t sM-t. ~¢ + of) 2.



then (4.33) becomes at worst:

-+ 0 (A1:)

Thus, (4.31) is seen to be not only a necessary condition for

stability but also a sufficient condition for both cases 1 and 2.

The importance of this result cannot be overestimated for it shows

that for a given independent variable, stability is determined by

the highest order terms in the finite difference approximation to

the partial differential equation. According to RichtIlliY'er (p. 98),

the presence of lower order terms might necessitate replacing

At ~ ••• with At ~ ••• , but no other changes should be

necessary. 'tole can then consider a general case in which 't .. 0 ,

Case 3

When 'd =0 , ~ =F 0 , and oC.:f:. 0 ex;pression (4.27)

reduces to:

I':l

(4.34) [{\ -;t~ sNt\a e - 4oe. ~~ep)4 4- (-~ siN. ~e + '\'l/1 ~ ,+ O(.b.t)

Subcase 3a

To satisfy (4.34) we must at least require

.-
This is satisfied for all e and <P if (~+;u,c.) ~ \ . •

SUbstituting for ae: and ~ from (4.14) yields:



Subcase 3b

U. ~t
AX +

35

Fer a given value 0f ~ , the sec0nd term in the brackets

of (4.34) has a. maximum value when s.im.~e = - \ , 'Which gives

• F0r the case When

we obtain:

We appr0ximate this by assuming which gives

This is satisfied if ~ ~ \ 0r

u. A.-t
~

AX

we have fr0m (4.34)

l-le approximate this by



The left side of (4.37) can be written:

''';L
[( 1 - ~ - 4Q():a. -+ ~:l1 ~ \ \- ~ - Lt ce I + \ ~ \

Stability should be insured, then, if \ \ - ~ - '!ce: \ + \ ~ I ~ \ -\0 0 (At)

If we "add" \ ~ \ into \ \ - ~ - &.\0(. \ we get \ \ - Lhc ,~ I + 0 ( A't)

'Which is satisfied by (4.31). If we "subtract" I ~ \ into

\ ,- ~ - lice:. t we have \ \ - :t ( ~ + ~cC.) \ ~ I + 0 (At) , which is

satisfied by (4.35). It would appear then, that (4.35) is necessary

and sufficient to insure stability.

We conclude that for the sim];>lified equation considered in this

.chapter the finite differencing scheme used will be computationally

stable if

<------

(~

throughout the region of integration. This is usually So good

approximation for the more general non-linear equation with variable

coefficients.



V. TRUNCATION ERROR Al'ID CONSISTENCY

The truncation error is defined as the difference between the

finite difference formulation and the differential equation. We

shall investigate the truncation error associated with the differen-

tial equation (4.3) and the corresponding finite difference analogue

equation (4.5). Consideration of the y component equation of

motion and its finite difference anaJ..og leads to an identica.l

result, thus only one component need be considered.

Assuming u(x, z, t) to be a function with continuous partiaJ.

derivatives, we may expand u in Taylor's series about j, k, and

n giving:

= \.to -+ Atf.du.).... + (At.)2.(d1~)1'A + .
\~t A :;t \ ~"t jk

. .

. . .

The trunca.tion error Etu] is the difference between equations

(4.5) and (4.3). Substituting the series expansions into (4.5)

results in

Elu.1 fr aU. Ai: d~lA. ) U.(~ _ ~ d~U. + _ ..• )= l\ ~t + if ~ 1:a + • . . 0 + ay. ~ ~ d '><~ 0

_O(dY:. + (b.~):I. i~u. + ) _K(~ + (0.:;):1. llfu.. + )
o d~ "3 ~ W ... 0 d:t::L \ ~ d ~~ ••• 0
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which reduces to

E[u] = (At ~ -I- • • .) _ U. (A~ d· u.. -1-. • • \
~! ~"ta ;1,. dX a J

((~~). d\A. ) (b.~t allU. )
- B\ -:rr- ~:'a + . •. - \< \.2. d~'1 +...

Thus, the truncation error may be written as

~E\:u1 = O(b.t) + Q(AX) -I- 0 (A.t.)

If the truncation error tends to zero uniformly as ~'X) I:::.':! ) At .... 0

then the difference equation is said to be a consistent approximation

to the differential equation. This is accomplished if Ai: ~ 0

as A.X --+ () and (1:::.i:.):1 - 0 , which implies a functional

relation of the form bot =.k(AX, (A'i:)~) • This is precisely

the form. found in the preceding section and given by equation (4.35)

or (4.38) as

or

Thus, we may conclude that the difference equation is a consistent

approximation to the differential equation. If we assume that our

initial value problem is properly posed, as defined by Richtmyer"



39

(p. 39-40 and p. 52d53), then the Lax equivalence theorem states

that ".•• for a properly posed initial-value problem and an

approximation satisfying the consistency condition, stability is

necessary and su~"~'icient for convergence." (RichtIlliY'er (1957), p. 78).

The derivations am. associated statements in this and the

preceding chapter are based on an examination of a set of linear

equations with constant coefficients. It has not been possible

to perform similar analyses with non-linear equations and. variable

coefficients. In practice, however, the stability and consistency

criteria as obtained from the linearized equations are used as a

first approxillla.tion to the' non-linear problem. Further refinement

of the stability criteria can be made by trial and error; however,

as found in our case, the final results frequently differ very

little from those obtained from the linearized equations.



VI. COMPARISON WITH KNOWN SOLUTIONS

.Analytical solutions to the differential equations which

describe the 'Wind structure in the atmospheric boundary layer can

be obtained only after a number of siDplifying assumptions are made.

The results, however, are of ~ortance to the current problem in

two ways: (a) within the limitations of the assumptions, they show

the general form of the boundary layer wind distribution which one

might expect, and (b) they provide a simple and effective way in

which to evaluate. the degree to which the exact solution of the

differential equations are duplicated by their finite difference

analogues.

It is necessary to assume hor~zontal homogeneity and steady

state. We shall also assume the geostrophic wind cOJqponents to be

constant with height. The equations of motion for two-dimensional

mean flow become:

(6.1)

(6.2)

of ('" - "\1"1-) +

~(u,-u.) +

The solution obtained from equations (6.1) and (6.2) is dependent

upon the height distribution of the eddy viscosity Kz • The two

cases which will be considered are: (a) constant Kz , and (b) Kz

a linear function of height.

The case of constant eddy viscosity in the atmospheric boundary

layer 'Was first investigated by Taylor (1915). If the x-axis is



oriented along the geostrophic wind, then (6.1) and (6.2) become

41

(6.3) = 0

(6.4)

,.

Multiplying (6.4) by i = ~, adding the result to (6.3), and

defining V a u + iv gives

For the boundary conditions

V=O on z=O

and lim V = ug""'00

The solution of (6.5) is

= 0

(6.6) u = l.l. ( \ - e. - ~ ~ ~ )
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The angle at any height betw'een the actual wind. and the geo-

strophic wind is given by

(6.8)

Using L 'Hopital's rule we find OC .... "1t' /Lf as z ~ o. The resulting

wind distribution given by (6.6) and (6.7) resembles the equiangular

spiral found by Ekman (1905) in his examination of similar problems

in the ocean, and. as a result, is frequently referred to as the

Ekman spiral solution to the bound.ary layer wind. distribution.

The case when Kz is a linear function of height has been

treated by Ellison (1956). Following his development, we multiply

(6.1) by i = .r:r, aCid. the result to (6.2) and. define

W=: ug - u + i (v - vg) which gives:

For Kz = k ~ (z + zo) where k is von Karman's constant and. ~

the ~onstant) friction velocity, (6.9) becomes

(6.10)

Now let X -= [4-+ ( : + '2 co) 1 • Employing the transformation
~- ~~

equations



and

equation (6.10) reduces to

(6.11) 1+ -.
X

+ tV :. 0

This is of standard form (Jabnke and Emde (1945), p. 146) with

solution

where ~o (X (r) represents a linear combination of two

independent solutions to equation (6.11). If we write the solution

in ter.ms of Hankel functions of zero order and first and second kind

we have, where A and B are constants

(6.12)

Since X > 0 we know

Q.S X --. co

The upper boundary condition requires the wind to approach the

geostrophic value a.s r -4 OC) , hence B = 0 and we have from (6.12)
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H(O·l I V r-:-'l" )Representing \ A 'I l in terms of Bessel functions of

zero order and first and second kind

For smaJ.l arguments

J
o
(X rr) . \

i Yo (X V') . ~ L(~ + k X~{f' )

where ~::: 0.57722 is Euler's constant. The "Hankel function for

smaJ.l argument thus becomes

But

- ..L
.2

hence

For small X, (6.13) becomes

(6.15)



Near the surface '\r~ 0 (the x-axis is oriented in the direction

of the surface wind) and, for neutral atmospheric stability

which my be written

(6.16) U :.

Since ug and vg a.re not functions of X, and v:= 0 near the

earth's surface we find, by comparing coefficients of ~ X

in (6.15) and (6.16) that A = bT~/ ok , hence

(6.17)

Solving (6.17) for the magnitude of the geostrophic wind gives:

We may aJ.so write the generaJ. solution for W:

L1T u..= -4l

In a typicaJ. application of these equations (and the one that will

be considered here), values are given for the geostrophic wind and

surface roughness parameter. One can then compute 1l)E. from (6.18).

This allows X to be caJ.culated. It is then a. straightforward
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matte? of using tabulated values af Ho (X J"n (Jahnke and Emie,

(1945), p. 252) to determine W. ReaJ.. and :imaginary parts are then

separated to give the velocity c0IlI.Ponen-t.s u and v.

Ana.lyticaJ. s01utien& may alsa be abta.ined far the ca.se

4-__. ( "where K1 is cons li&Ut and 0 < 11" < 1 Maller

(1931), K&uer (1933), and Frost (1948». As in the preceding

derivatien, -the s01ution is in terms of Bessel functions, though in

this case, they are modified Bessel functiens ef the second kind \9of

<imler (1- yo)1(2- 11" ) • Kohler I s work is briefly summarized by SUtten

(1953), p. 243). Brunt (1920) bas also ebta.1ned a.na.lytic solutions

for the two ca.ses }i =2 and Y"::;; 4.

On the next few pa.ges, a.na.lytica.l solutiens will be given for

the constant Kz and. Kz = k ~ (z + ze) cases. HistGric&1

significance is a.ttached to the fG~r, 'While the latter is mere

physically signjficant. It is generally m.greed that under canditions

(!)f neutral atm0l~phere stability, Kz = k u... (z + za) is consistent

with the observed laga.rithmic wind prafile (Lumley and PanafsJ5¥

(1964».

The solution far constant eddy viscosity has been obtained :f'rGm

equations (6.6) and (6.7) a.ssuming f = 10-4 sec-l, Kz = 20000 ~ sec-1,

ug = 1000 emlsec and vg = o. The analytical solution is shG'Wll' fer

u and v cOIII.Pcment velacities in Figure 1. AlS0 shown in Figure 1

a.re numerical sa1utions obtained fr0JD. two different sets of grid

spacing. Numerical selutians were obtained by salving equa.tiens

(3.21) and (3.22) far horizentally h0!tlogeneGus ccmditiens and

2 -1Kz = censtant = 20000 em sec • III ene case, the first grid paint



47

NUMERICAL SOLUTION

o,
--r---~:- ~ y,

-..... 1.....~ J
ANALYTICAL SOLUTION ',~

u '- I
'f~\ ../---- v ..

,i/
/0/

: ~} (AZ). = 97cm .l/"
.¥

: ~} (AZ),=13.4meler~ .

/

102

-en
~

Q)-Q)'.. E-
.-:-
:::c
C)

l.LI
10:::c

1(1' '100 10'

WIND SPEED (meters/sec)

Fig. 1. Comparison of numericaJ. and analyticaJ.
solutions for Kz = 20000 cm2/ sec,
Ug =1000 em/sec and two vertical grid
spacings. "



above the lower boundary' is 97 em and in the other, 13.4. meters.

COIII.Pu:ta.tienaJ. stability by use ef equatian (4.38) is indica.ted fer

time steps of 0.2 and 15.0 secends, respectively. For the type af

problem under consideration, where the bounda.ry cenditi0ns a.re

constant, the se1ution obtained by numerical techniques will net be

a function of the init1a1 cenditielils. Hewever, the number of "time

steps required to cenverge te the sGl't:ltion will be affected. In

erder to minimize the number af time steps, the &nalyticaJ. solutieI'ls

were used as illitiaJ. conditiens fer the numerical c0~utatioBS.

Numerical integratiGn of (3 .. 21) and (3 .. 22) was perfermed for twe h0UI'S

(36,000 time steps) f<i>r the sma.1ler grid spacing and three heurs

(720 time steps) fer the larger spaciag.. The resulting numerical

s(j)luti0lls are seen to be in ge0d. agreement with the a.naJ.yticaJ.

solution both with regard to gelleraJ. shape of the prefl1e and

numerical veJ:ues. Over mast ef the prefl1e, the difference between

numerical and a.na.lytica.l solutiens is less tha.l:1 ten percent, and at

many levels, less than five percent.

We new censider the case were the eddy viscesity is a linear

functien of height. Equatien (6.18) yields a value (i)f ~ =36.83

cm/sec ,for ze = 1 em, f = 10-4 sec-1 and (ug
2 + vg

2) = 1000

em/sec. Tables 0f Hankel functiens (er (6.14) f0r small arguments)

gives the 8.ll8J.ytical se1utien shGWn in Figure 2. This, and all

ether solutieIlS to 'be presented ha.ve beell adjusted se that the x-axis

is oriented pa.rallel te the geestrQphic wiEd.

Figur-e 2 shGWs the effect at' vary1.llg the vertiea1 grid spacing.

Because Ci>f the lega.rithmia stru.cture Cllf the wind, one woold intuitively
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expect the distance between the lower grid points to be particularly

important. This is borne out in the three cases shown, where we see

the difference between the analytical and numericaJ. solutions

decreasing as we decrease the distance between the first two grid

points from. 13.4 meters to 97 cm and 10 cm. This general tendency

could also have been predicted qualitatively from equation (5.1).

The numericaJ. results are obtained by using the analytical solution

as initiaJ. input and integrating equations (3.21) and (3.22) for

one hour. As a check to determine whether one hour was sufficient

for the numerical scheme to converge to a steady solution, the case

of (A z) =13.4 meters was continued for two more hours. The
I

computed values for u and v changed by less than 5 cm/sec during

this two hour period, hence the one hour integration period was

deemed sufficient. The truncation error due to the time-stepping

interval was aJ.so investigated for this case. Time steps of 15

seconds a.nd one second gave velocities after one hour which agreed

within 0.4 cm/sec in u and 0.04 cm/sec in v.

In order to determine 'Whether e..ny significant bias in the

integration results is introduced by using the analytical solution

as initial input, one run was made Which used initial conditions

which differed significantly from the expected final solution,

especially in the lower levels. Initial values for v were about

one-fifth the analytical values up to k =7 and initial values

for u were approximately 100 em/sec smaller than the analytic

solution up to k =12. The height corresponding to various

k values are as given in Table 1., page 63. Although a longer
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integration time was required, the numerical solution converged to

the same values as before; a result which is consistent with the

Lax equivalence theorem mentioned in Chapter V and suggestive that

the numerical scheme is consistent and properly posed.

It is unfortunate that there is such a large difference between

the analytical and numerical solutions for the larger grid spacing.

In order to obtain computational results which are in rea.sonable

accord with theory, we a.re forced to choose a small grid spacing,

and hence, from equation (4.38), a small time increment to maintain

computational stability.

Figure 3 shows the analytical solution when K~= k UJ. (z + zo)

for the four roughness parameter values of 1, 2,5, and 10 cm. As

before ug =1000 em/sec, vg = 0 and f =10.4 sec·l • Also

shawn are the numeri'Cal results for the vertical grid spacing given

in Table 1 (see page 63). The magnitude of the difference between

the analytical and numerical solutions decreases with increasing

roughness. This is to be expected since the rougher surface is

assoclated with less curvature of the velocity profile in the lower

layers, and hence is more accurately represented by the finite

difference approximation. In all cases, the generaJ. shape of the

profile is duplicated very well.

The percentage difference between the analytical and numerical

solutions of Figure 3 is shown in Figure 4. As before, we use the

analytical solution as initial conditions and integrate (3.21) and

(3.22) for one hour. The largest percentage error of 12.1 percent
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is associated with the lowest computed grid point for zo = 1 em.

All other values lie within :t 8 percent of the analytical solution.

An estimate of the degree to which steady state conditions have

been achieved after the one hour integration period is indicated in

Figure 5. Here we show the change in time of the x-component

velocity over five minute periods. These curves are for a roughness

parameter of 1 em and selected elevations as indicated by the

height index k, but they are typical of all other values. Con-

vergence of the solution is apparent. From the curves presented

in Figure 5 it appears that reasonably complete convergence to steady

state conditions has been achieved after one hour.

We intend eventually to investigate the general character of the

air flow 'When a change occurs in the surface roughness parameter.

Thus, we should also look at how well the numerical scheme duplicates

the e.ne.lytical change in horizontal velocity for various changes in

roughness. If we consider only the x-component of velocity as

shown in Figure 3 and cOIII.Pute the difference in velocity at all

heights for k equal to 2 through 13 as given in Table 1, we

obtain the results shown in Figure 6. The velocity difference as

com,puted from the analytical solution is plotted against that from.

the numerical solution. Perfect agreement. would coincide with all
I ,

data points lying on the line which appears in this figure.

Reasonably good agreement is found between the analytical and

numerical values.

One final comparison will be made. A cOIlq)uter program. similar

to that described by Blackadar (1962) has been written and solved



55

Ug =1000 em/sec

Vo =0

20 =1.0 em

20
U
Q)

~
E 18

S

0
0 16-tt:
W
a.

w 14.-
~
z
:E 12

w
>- 10lJ..

0::
W
> 80

w
C)

z 6
«
:t:
u
>- 4
t:
u
9 2
w
>

10 20 30
TIME

40 50
(minutes)

60

Fig. 5. Convergence of numerical solution for
Kz = k ~ (z + zo) as shown by change
in the x-component velocity with time
at various grid heights k.



56

•

•

>- 60 'x~
I- :0/u x

9 • x·o• . 0'40 • /w>. • ¥ .p • ~ Zo = I t02, I to 5, I to IOem·~.lo~ • ~Zo =2t05, 2 to IOem,
w -;JOx

~Zo = 5 to 10emC). . ~ 0•z ~'6<t
:I: 0 ..
(.)

0 20 40 60 80 100 120 140

CHANGE IN VELOCITY
FROM NUMERICAL SOLUTION (em/sec)

-oQ)

~
E
s 160
zo
t­
3 140 .
oen
<t 120
(.)

t-

~IOO<tz
<t

~ 80
o
~
LL

Fig. 6. Sca.tter diagram of velocity change due to
change in roughness parameter for a.na.lyticaJ.
and numerical solutions for Kz =k Uje.
(z + zo).



57

by Mapanao (1966). Results for Ug = 1000 em/sec, vg = 0 ,

f = 10-4 sec-l , an adiabatic, barotropic atmosphere and Zo = 1

and 10 cm are shown in Figure 7 by the solid lines. Our numerical

solutions use Mapanao I s values as initial input; the results after

integrating (3.21) and (3.22) fnr one hour are seen to agree with

the initial input in much the same way as the preceding solutions

involving Hankel functions. The general shape of the profiJ.es is

duplicated very well and both the actual values of velocity and the

change in velocity resulting from changing roughness is reproduced

reasonably well.

The friction velocity-and surface cross-isobar wind angle are

shown in Figures 8 and 9. The curves in both of these figures are

taken from Blacka.da.r (1962). The friction velocity for the Hankel

function solutions is obtained from (6.18). For the numerical

solutions it is cOJJq)uted from the wind profile between the first

and second grid points above the surface. We can anticipate good

agreement since we know the friction velocity is related to the

slope of the wind versus height, and from previous figures we have

already seen that the sJ.~e predicted by theory is duplicated quite

well by the numeri~al solution. In fact, essentially the same value

for friction velocity is obtained by using any combination of the

first five grid points ab()'!,re the surface. Since, for a given

roughness, the total discretization error for each of the lower

grid points is about the same, there is little error in the slope.

Only if we use the surface value of u = v = 0 , which has no

error associated with it, do we encounter a change in slope, hence
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change in friction velocity and the associated surface stress.

Because of the direction of the truncation error we are led to an

overestimate of the slope, hence an underestimate of the friction

velocity when using the surface grid p,?int. The amount of under­

estimate decreases with increasing surface .roughness, a result

consistent with earlier statements concerning errors in the determina-
..,,

tion of the vTind velocity.

The cross-isobar angle made by the surface wind is shown to be

reproduced very well by the numerical solutions in Figure 9. Both

the magnitude and variation of the values for different roughness

conditions show excellent agreement.

All of the numerical results obtained in this chapter are

for horizontally homogeneous conditions. For this condition,

reasonably good agreement between analytical and numerical solutions

was found when a small grid spacing in the lower levels i'laS used.

The author knows of no anaJ.ytical solutions for a horizontally

inhomogeneOus lower boundary, hence a cOIII.Parison with numerical

solutions for this case is not possible. It is anticipated that,

because of the considerably smaller magnitudes of the horizontal

velocity gradients (as shown in the next section) as cOJlI.Pared with

the vertical gradients, the inclusion of a discontinuity in rough-

ness parameter would not significantly alter the conclusions of

this chapter. It seems reasonable to assume that the computational

errors associated with the finite difference approximation as

determined from the ~receding analysis for horizontally homogeneous

conditions will be of the same magnitude for non-homogeneous conditions.



VII. COMPUTATIONAL RESULTS FOR TWO-DmENSIONA,L FLOW OVER
INHOMOGENEOUS TERRAIN

The two-dimensional distributions of horizontal velocity,

vertical velocity and eddy sheari.w stress were determined by
....

solving the finite-difference analogs to equations (3.6) through

(3.9) on a 14 by 25 grid. The vertical and horizontal grid spacings

are shown in Table I, and were c0lll.Puted from equations (3.1) and

(3.2) with al = 2.0, a2 =771.0, bl =0.8, b2 = 4.0 and

b3 =0.00005. Co~onent geostrophic wind velocities of

ug = 1000 cm/sec and vg =° were used along with a constant

potential temperature of 300<>:K: throughout the grid array and a

pressure of 900 mb along the upper boundary. On the lower boundary

u = v = w = 0 and along the upper boundary, u = ug and v = 'VT = O.

Lateral boundary conditions were w = 0 and no horizontal gradients

of the horizontal velocities.

Computations were performed for the following roughness

changes: (a) 1 to 10 em, (b) 5 to 1 cm, (c) 2 to 1 em, (d) 1 to

2 em, and (e) 1 to 7.39 em. One value of the roughness parameter

was assigned to j values from one through twelve and the other to

j equaJ. thirteen through twenty-five. Initial conditions for the

velocity cODI.Ponents were obtained by integrating an equivaJ.ent set

of equations for horizontally homogeneous conditions for one hour.

These sim,pler equations used Mapanao I s solutions for starting values

as described in the preceding chapter. The results for various

roughness parameter values are shown in Table II.



TABLE I. HEIGHT ABOVE TEE ZERO-VELOCITY LEVEL FOR THE HEIGHT TIIDEX

k, .AND DISTANCE FROM THE ROUGHNESS DISCONTINUITY FOR THE

HORIZONTAL INDEX j.

k z (meters) j x (meters) j x (meters)

1 0.0 1 -3100. 13 2.5

2 0.0995 2 -1877. 14 7.5

3 0.446 3 -1135. 15 15.8

4 1.643 4 - 684. 16 29.3

5 5.689 5 - 411. 17 51.8

6 18.43 6 - 245. 18 88.7

7 52.16 7 - 144.6 19 149.6

8 119.6 8 - 83.7 20 250.1

9 221.1 9 .. 46.8 21 416.

10 348.4 10 .. 24.3 22 689.

11 492.9 II - 10.7 23 1140.

12 648.9 12 2.5 24 1882.

13 812.9 25 3105.

14 982.5



TABLE n. HORIZQ:NTAL VELOCITY COMPONENTS WHICH WERE USED AS

INITIAL CONDITIONS FOR THE TWO-DJl.1ENSIONAL NUMBRICAL

MODEL COMPUTATIONS.

Zo =1 em Z = 2 em z = 5 em Zo = 10 em0 0

k (em/sec) (em/sec) (em/sec) (em/sec)

1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

2 155·3 61.9 127.8 54.5 84.8 39.6 54.2 27·7

3 260.5 103.7 229.4 97.6 177·7 82.7 133.8 68.2

4 357.4 141.7 325.9 138.2 273.6 126.8 226.3 114.8

5 453.8 178.3 422.6 177.6 372.1 170.9 324.9 163.2

6 554.8 213·1 524.4 215.4 476.6 213.8 430.8 211.1

7 667.5 242.4 638.4 247.7 594.2 251.6 550·7 254.4

8 794.4 254.2 767.4 262.2 728.5 271.3 688.9 279·5

9 919·3 232.2 896.2 241.3 864.5 254.2 830.8 265.8

10 1013.5 172.8 996.8 181.5 974.5 195·3 949.0 207.7

11 1053.6 93.6 1047.8 100.2 1037.6 112.1 1023.5 123·1

12 1039·2 28.4 1045.4 28.3 1048.0 34.3 1047.7 40.7

13 1005·7 2.3 1010·3 1.3 1015.6 0.1 1020·7 - 1.0

14 1000.0 0.0 1000.0 0.0 1000.0 0.0 1000.0 0.0



In section A of this chapter, case (a) is used to determine

the relative order of magnitude of the various terms in the equations.

T"ne com,putational results for cases (b), (c) and (d) are presented

in detail in section B, while in section C, case (e) is used to

com,pare our results with those of Panofsky and Townsend (1964).

A. Evaluation of Individual Terms

In Chapter VI, it was found that in order to keep the trunca­

tion error within acceptable limits we must have a rather small

grid spacing in the vertical near the lower boundarY of the region

of integration. The results of the stability analysis in Chapter IV

showed that snail grid spacing generally necessitates small time

stepping in order to maintain computational stability. It becomes

pertinent, then, not only because of scientific relevance, but also

because of ccmputer economics, to investigate the order of magnitude

of the various terms in equations (3.6), (3.7), and (3.8) before

any extensive computations are performed. In particular, we shall

examine the horizontal eddy diffusivity term which appears in (3.6)

and (3.7), and the terms involving the density which a.re present in

(3.8). The relative mangitudes of these terms are determined by

solving the finite-difference analogs to equations (3.6) through

(3.9) for a roughness change from 1 cm to 10 cm.

The importance of the horizontal eddy diff'usivity term was

evaluated by performing computations for the three cases ISc = 0,

Kx = Kz' and ISc =5'Kz• Comparison of the velocity fields for the
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two extreme cases showed a. maximum difference in horizontal

velocity of less than 1 em/sec. This difference is very smaJJ. when

compared to the magnitude of the velocities as shown in Table II.

Maximum vertical velocities differed by approximately ten percent;

however, the basic pattern of vertical motion 'Was unchanged. It

would appear that our computational results are not significantly

affected by the horizontal eddy diffusivity term, hence, it 'Will be

eliminated from the computations presented in the remainder of this

paper.

Evaluation of the terms in the vertical velocity equation (2.16)

show that the terms involving the second derivative of w and the

cross-derivative of u are at least two to three orders of

magnitude greater than any of the remaining terms. It 'Was also

found that these smaller terms have varying algebraic signs, and.

hence, exhibit a decided tendency to cancel one another. We are thus

led, numerically, to conclude that adequate computational accuracy

should be obtained by considering the decidedly s:l.mpler equation:

=-

which is recognized as the derivative with respect to z of the

equation of continuity for two-diJnensional, incompressible flow.

That this equation should be adequate for describing most atmospheric

flow has also been shown by Prandtl and Tietjens «1934), pp. 224-232).



The computational results which are to be presented in the

remainder of this paper will be obtained from equation (3.21) and

(3.22) with the frictional terms given by the vertical eddy viscosity

terms only, and a simplified version of (3.23) which appears as:

(7.1)

= l-(~) (u.. + LA. - U - \.t. )e ~l\ jolt. J+llt+1 j.., ~·I J~, fr.-I J-I -+'

B. Computed Fields of Velocity and Eddy Shearing stress

As air passes over a discontinuity in surface roughness, one

would intuitively expect to first notice reactions to this change in

the lowest layers, with progressive changes at higher levels as the

entire atmospheric bouna.aXy layer eventually readjusts to new

equilibrium conditions. Our intuition is substantiated by Figure 10

where the solid curves represent the change in em/sec in the

magnitude of the horizontal velocity vector associated with a change

in the roughness parameter from 5 to 1 em. The dot-dash curve in

Figure 10 represents the location where the velocity has increased

by two-tenths of one percent over the upstream equilibrium value.

It is seen that a change in the horizontal velocity takes place

upstream from the roughness discontinuity. In the lower levels the

curve representing (AV/ V ) =0.002 is nearly ten meters upwind
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from the discontinuity for the case shown in Figure 10. Sjm;Jar

upwind effects have been measured in field observations by stearns

and Lettau (1963).

Once the change in the horizontal velocity has been determined

from the prognostic equations (3.21) and (3.22), the vertical

velocity can be ca.lculated from the diagnostic equation (7.1).

Figure 11 shows the vertical motion associated with the change in

horizontal velocity depicted in Figure 10. The maximum downward

velocity of 6.7 em/sec is locatecl above the thirteenth horizontal

grid point (2.5 meters downstream. from the discontinuity) and the

eighth vertical grid point (120 meter height). Downward. motion

continues to persist downstream. from the change in roughness, but the

magnitude of the vertical velocity decreases markedly as we move

away from the 1Jnmediate vicinity of the discontinuity. It is

interesting to note that there is a definite upstream. effect on the

vertical velocity, a factor directly related to the upstream. changes

in the horizontal velocity mentioned earlier. In addition, there

exists in the lower levels and downstream. from the discontinuity, a

region where the vertical motion has practically vanished. This

region of negligibly small vertical motion is increasing in depth

with increasing distance from the discontinuity.

The eddy shearing stress was discussed briefly in Chapter II.

The component stresses which arise from the vertical variation of

the horizontal wind were written as

.,
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with the total eddy shearing stress being the vector sum of these

two components. It should be noted that the above eddy shearing

stress represents the flux of momentum across a horizontal plane

due to velocity fluctuations (Sutton (1953), Pl'. 65).

Because the earth's surface is not horizontally homogeneous,

except, occassionally, aver large bodies of water, the flux of

momentum from atmosphere to earth is not uniform. The boundary

layer wind profile must repeatedly readjust to changing surface

conditions. The effect of these horizontal inhomogeneities on field

observation programs, local circulations, and the atmospheric energy

balance was discussed in Chapter I. We are now in a position to

examine the manner in which the momentum flux varies as a result of

a change in surface roughness, and the time (or distance) required

for new equilibrium conditions to be established.

The results obtained by cOIlI.Puting the stress vector from the

components given in equation (7.2) for a roughness change from 5 to

1 cm are shown in Figure 12. The curves representing upstream and

downstream equilibrium, steady state conditions are labeled with

- 00 and + 00 ,respectively. other curves are labeled with j

values and correspond to downwind distances of 2.5, 15.8, 51.8, and

416 meters from the discontinuity for j equal to 13, 15, 17, and

21, respectively (see Table I).

Consideration of equations (7.2), (2.19), and (2.20) shows that

the eddy stress is a function of surface roughness and vertical

shear of the horizontal wind. For flow from rough to smooth terrain,

the change in surface roughness would decrease the eddy stress. In
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the lower layers it is apparent from Figure 7 that the equilibrium

velocity shear is smaD.er over a rough surface than CNer a smooth

surface. We have aJ.ready seen from Figure 10 that the horizontal ve­

locity approaches the new equilibrium value monotonically. Hence,

for flow from rough to smooth terrain the low level velocity shear

will be much too smaJ.l near the discontinuity, and will increase

monotonically downstream as the velocity approaches new equilibrium

flow conditions over the smoother surface.

These expectations are verified when we examine Figure 12.

The character of the low level momentum flux changes markedly when

the change in roughness is encountered. Instead of baJ.anced flow

with constant eddy stress in the lower layers, we find the momentum

flux increasing with height for j = 13. This inq>lies convergence

of the downward flux of horizontal momentum, and, in order for the

total momentum to be conserved, results in increasing horizontaJ.

velocities. The velocity increase has already been shown in

Figure 10. In order to have conservation of mass, the horizontal

accelerations are accoDq'lanied by downward motion as shown in Figure

11. The verticaJ. motion thus contributes to the downward flux of

horizontal momentum and the reestablishment of equilibrium flow

conditions.

The rPJDs1ning curves in Figure 12 show that a logarithmic wind

profile (characterized by constant eddy stress) is gradually

established in the lower portions of the boundary layer. This

corresponds very closely to the region shown in Figure 11 where the



magnitude of the vertical velocity becomes less than 0.1 em/sec.

The ratio of the height to downwind distance from the discontinuity

for this region is between 1/50 and 1/100. It appears that a fetch

of considerable extent is necessary before c~lete equilibrium is

achieved. Extrapolation of the eddy stress as c~uted for the

lowest layer suggests a fetch of at least five kilometers in order

to reach ninety percent of the final equilibrium value. It is rarely

possible to satisfy such an upwind fetch requirement in the atmosphere,

hence we might conclude that many low level wind profile observations

are taken under quasi-equilibrium conditions. The observed profile

may be logarithmic, but the eddy shearing stress (or friction

velocity) might not yet have reached its equilibrium value.

Two additonal examples of the computed field of vertical motion

are shown in Figure 13. In this figure, the dashed lines are

associated with the downward motion which results from a roughness

change from 2 to 1 em while the solid lines correspond to the upward

motion resulting from a roughness change from 1 to 2 em. The

magnitude of the maximum value of the vertical motion is approximately

2.2 em/sec in both cases. The horizontal position of the IIBXimum is

the same as in the preceding 5 to 1 em roughness case, but the height

is near 52 meters, which is one grid distance below the preceding

case.

The main difference between the dashed and solid curves is the

slightly sma.ller absolute values associated with the downward motion

at low levels near the discontinuity. This difference appears to be

attributable to the manner in 'tmich the shear of the horizontal
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velocity changes in these two cases, and the"r-esulting effect of the

velocity shear on the eddy diffusivity (see equation (2.19». As

we pass from smooth to rough terrain, the velocity shear becomes

extremely large, resulting in an excessively large eddy stress near

the lower boundary. The resulting effect on the horizontal velocity

is to slow it down rapidly resulting in large positive vertical

motion. For flow from rough to smooth terrain, the shear and stress

are smaller, resulting in comparatively slower changes in the

horizontal velocity and somewhat smaJ.J.er vertical velocities.

The variation of eddy shearing stress for roughness changes

from 2 to 1 cm and 1 to 2 cm is shown in Figures 14 and 15, res­

pectively. The main point of interest in these figures is that flow

from smooth to rough terrain results in an approximately twenty per­

cent larger change in surface stress than the same change from rough

to smooth terrain. Since the magnitude of the roughness change is

the same, the explanation must lie in the differing character of the

wind shear for the two cases. For the type of flow considered, the

wind shear can cause the surface stress to become extremely large

for flow from smooth to rough terrain. On the other hand, flow from

a rough to a smooth surface is associated with a stress which has a

bounded min:imum value of zero. Over any finite interval this resUlts

in a somewhat larger change in stress for flow from smooth to rough

terrain, as compared with rough to smooth flow. It is, in fact, a

type of hysteresis effect which lTOuld result in a larger net

momentum flux than one might expect from a siIqple examination of

surface terrain.
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C. Comparison 'With other Studies

Panofsky and Townsend (1964), in an e..xtension of Elliott's

(1958) work, employ classical boundary layer techniques to study the

downwind variation in height of an interface (or zone) which

separates flow in equilibrium with the upwind surface roughness from

that approaching equilibrium with the downwind roughness. By

neglecting the coriolis term and assuming incompressible flO1v, no

net vertical displacement of the streamlines down'Wind of the dis­

continuity, and linear variation with height of the friction velocity

such that no discontinuity in stress occurs at the interface,

Panofsky and Townsend derive an expression for interface height as

a function of downwind distance for various roughness changes.

Results for three particular values of roughness change as presented

in their article are shown by dashed lines in Figure 16. In this

and the next figure, ze!, is the u'pstream and z~ the downstream

roughness parameter.

Some difficulty is encountered when we attempt to cOlI!Pare our

results with those of Panofsky and Townsend. Because of the exist­

ence of verticaJ. motions and the nature of our assumption concerning

the step-change in mixing-length, the field of horizontal motion is

modified to some extent throughout the boundary layer as soon as the

change in roughness takes place. However, if we define a 0.2 percent

change in the horizontal velocity vector as representing a significant

change, then we obtain the curves shown as solid lines in Figure 16.

These curves are obtained by a.naJ.ysis of the horizontal velocity

fields associated with the roughness changes of 5 to 1 cm, 2 to 1 cm,
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and 1 to 2 cm described in the preceding section of this

chapter.

It is encouraging to note that the general tendency of both

sets of curves is similar. Not only does the depth of the disturbed.

layer increase neaxly lineaxly with distance downwind, but the depth

at a given downwind distance increases as the logarithm of the ratio

of the upwind to downwind roughness parameter increases (i.e., as

we go from increasingly rough to smooth underlying terrain). Most

of the apparent discrepancy between the two sets of curves in

Figure 16 is probably related to the lack of uniqueness in the

definition of the interface. However, for small x, some of the

difference must also be related to the omission of any upstream

effect by Panofsky and Townsend.

Figure 17 compares our computations of the downwind variation

of the vertical profile of the horizontal wind with those of

Panofsky and Townsend. The solid curves are taken from. their

article, the one labeled with - co representing up~tream

equilibrium conditions. The downstream frictLon velocity is repre-

"sented by ~. Solid dots represent results from. our numerical

computations for a roughness change from 1.0 to 7.39 cm. All other

boundary conditions were the same in these computations as those

used in the preceding section. Numerical agreement is seen to be

remarkably good, giving further credence to our earlier speculation

that the interface differences as shown in Figure 16 are related.

primarily to a matter of definition.
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Onishi (1966) has written a computer program similar to ours,

but for steady-state conditions. He also essentially duplicated

these curves of Panofsky and. Townsend. The only perceptible

difference between their results was in the upper portion of each

curve where Onishi t s cOJIqlutations indicated a more aSY1ll.Ptotic

approach· to upstream equilibrium conditions. Onishi has also

considered a dynamic pressure force resulting from the sudden change

in horizontal velocity near the roughness discontinuity. His

results suggest that for large changes in roughness, the character

of t)l~ air flow near the roughness change is horizontally smoothed

by these local pressure gradients. This results in a larger up­

stream effect and smaller maximum. vertical velocities. For the

roughness and distance values which we are considering, this

pressure force would be a second order effect. However, if one were

to examine the air structure within a few tens of centimeters in the

horizontal, such a pressure term would need to be retained in the

governing equations. This effect could be IR rticularly important if

the height of the lower boundary changes at the discontinuity (i.e.,

zero-plane displacement).

Panofsky and Townsend used data obtained by the University of

Wisconsin and reported by Kutzbach (1961) to show good agreement

between their theory and observations. The conformity between our

computations and the results of Panofsky and Townsend shown by

Figure 17 'WOuld suggest that Kutzbach I s observations would also

agree with our results. Further quantitative comparison with

available observations would be of questionable validity. Our
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numerical model is not sufficiently general to allow for zero-

plane displacement and non-neutraJ. atmospheric stability, both of

which are probably significant and certainly present in the Univer­

sity of Wisconsin observations. However, stearns and Lettau (1963)

have cOIqputed the fields of vertical motion and eddy shearing stress

from measurtd horizontaJ. velocities for flow from ice to a Christmas

tree forest. Their results show good qualitative agreement with our

computations. More exact comparison will need to await further

genel"8J.ization of our numerical model, and more observations over a

wider range of atreospheric conditioD.s.



VIII. SUMMARY AND CONCLUSIONS

The fundamental purpose of this study was to formulate a two­

dimensional, time dependent numericaJ. model of the atmospheric

boundary layer and to use this model to investigate various charac­

teristics of air motion when a change occurs in the roughness of the

underlYing surface. The model assumes adiabatic stratification, dry

adiabatic changes of state, no horizontal mixing, incompressible

flow, no dynamic pressure effects due to flow accelerations and no

vertical displacement of the zero-velocity level at the lower bound­

ary when the roughness change occurs.

A computational stability analysis was nade which provided the

relationship between time-step and grid spacing which must be

satisfied to obtain convergence of the numericaJ. solution. For hori­

zontally homogeneous conditions, comparison of the numericaJ. solutions

with various analytical solutions showed that the errors inherent

in the finite difference formulation can be reduced to any desirable

level by reducing the grid spacing, particularly near the lower

boundary.

COIqputed quantities included the two-d.imendonaJ. distribution

of horizontal velocity, vertical velocity, and eddy shearing stress.

Maximum vertical velocities were found above the discontinuity at a

height on the order of 50 meters for a roughness change from 1 to 2

cm (and 2 to 1 em) increasing to about 100 meters for a change from

5 to 1 cm. The magnitude of the vertical motion is approximately

2 cm/sec for the former and 7 cm/sec for the latter cases. VerticaJ.

velocities in excess of 0.1 em/sec are found several meters upstream
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from the discontinuity and persist for severaJ. hundred meters down.-

stream for the cases considered.

The computations also show that a nearly logarithmic wind pro-

file with associated constant shearing stress becomes established

throughout a layer of increasing depth as we move downstream from

the roughness discontinuity. The ratio of the depth of this constant

stress layer to the distance downwind from the discontinuity was

found to be between l/ryJ and 1/100. Reestablishment of the logarith-

mc profile does not imply equilibrium flow, however. Fetches on

the order of several kilometers appear to be necessary before sur-

face eddy stress values differ by less than ten percent from their

final equilibrium values. The theoretical concept of eqUilibrium

boundary layer flow probably rarely occurs in nature.

Quantitative comparison of our computations with Panofsky and

Townsend (1964) showed excellent agreement. In addition, Panofsky

and Townsend employed selected observational data of Kutzbach (1961)

to show that their theory was consistent with observations. Lack

of generality in our numerical model suggested that any further

quantitative comparison with observations from the University of

Wisconsin group would be of questionable validity. Of especial

concern is our current inability to aJ~ow for zero-plane displace-

ment and non-neutral atmospheric stability stratifications, both of

which are probably signi:t'ica:nt and certainly present in the Wisconsin

observations (see,. :£'01' ex;mpl'e, Stearns and Lettau (1963». It
I

should be noted, however, that the general features of the cOIqputed

velocity and stress distributions agree very well with results

"
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presented by stearns and Lettau, hence we at least have good

qualitative agreement with observations.

In spite of the ability of the current numerical model to

reproduce, both quantitatively or qualitatively, many of the

observed features of air flow over a surface roughness dis­

continuity, it does possess several shortcomings. Perhaps most

apparent is the lack of generality. Now that the basic theoretical

framework has been established, only a moderat~ amount of additional

work should be required to provide for zero-plane displacement, a

large scale pressure gradient which varies with height, and some

provision for non-neutral atmospheric stability stratifications.

The resulting model could then more readily be compared with exist­

ing and future observationaJ. data.

Further investigation is also required to determine more

explicitly the influence of local dynamically produced pressure

gradients on the resulting airflow in the vicinity of discontinuities

in the lmTer boundary. In addition, a search for numericaJ. or

mathematical techniques which would reduce the truncation error

a.ssociated with the finite difference formw.a.tion might prove

rewarding. It is anticipated that future research by the author and

others will :ilII.Prove and extend the results of this study.



APPENDIX

Given below are the nathematical and physical quantities

which were not defined explicitly in the text, or about which

there may be some ambiguity. Notation derived from the English

alphabet is presented first in alphabetical order, followed by

Greek and mathematical symbols.

A

A(z)

B

Cp

d

g

I

i

(i)

j, k

k

(!at)

m, n

A constant of integration in chapter VI.

A quantity Which is a function of the coordinate z.

Represents the constant rate of change of eddy viscosity

with height in chapter IV; a constant of integration in

chapter VI.

Specific heat capacity of air at constant pressure.

Total differential operator.

Acceleration of gravity.

Identity (or unit) matrix.

Square root of minus one.

Used as a superscript to denote the ith eigenvalue.

Integer values used as subscripts to denote the finite

difference grid position of the horizontal and vertical

coordinates, respectively.

von Karman's constant (assumed equal to 0.4).

Latitude.

Used to denote integer grid unit values of the horizontal

and vertical coordinates respectively. S:Lmilar in mean­

ing to the j, k subscripts above.



n

p

q

R

T

t

u, v, w

Used 8.S a superscript to denote time step and confined

to velocity components u and v plus equations

(3.21) and (3.22).

Atmospheric pressure.

Heat (per unit mass).

Gas constant for dry air.

Temperature (in degrees Kelvin).

Time.

Velocity components in the x, y, and z directions,

respectively.

Geostrophic velocity cOJII.Ponents in the x and y directions,

respectively. Related to the large scale atmospheric

pressure distribution by

Mean, unperturbed velocity in the x direction.-u

l.l =_ ..l... d~
J H ch~

, 1J.:' = -' .It
~ H d'J(

u (x,z)

u " w'

v

x, y, z

x-component velocity as a function of x and z coordinates.

Ed~ velocities (fluct'uations from the mean) in the x

and. z direc'liions, respectively.

x component velocities determined from analytical and

numerical solutions, respectively.

Magnitude of the horizontal velocity vector.

In equations (2.1), (2.2), and (2.3) these.are coordinate

directions positive toward the east, north and upward,

respectively. After two-dimensional ass:uJlIption is made



(beginning with eq. (2.9) x may have any horizontal

orientation.

Roughness parameter.

Zo', ZOIl Roughness parameter upstream and downstream from a

rougbness discontinuity, respectively.

oC A parameter used in chapter IV and defined by equation

(4.14); also used in chapter VI to denote cross-

isobar wind angle.

A parameter used in chapter IV and defined by equation

(4.i4); also used in chapter VI to denote Euler's

constant.

A

(~ z)
I

Finite difference operator.

Difference between two roughness parameter values.

Finite distance between lower boundary and first grid

point in vertical direction.

The ith eigenvalue.

The limiting value for mixing-length at high elevations

and defined by equation (2.21).

r Atmospheric density.

"\" Eddy stress with first subscript denoting direction
I:l.

of stress and second subscript indicating plane (perpendi­

cular to coordinate axis denoted 'by second subscript) on

Which stress is acting.

'Yo SUrface value of eddy shearing stress •

..0.. Angular velocity of the earth.

d Partial differential operator.
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