IMPLEMENTATION OF STRUCTURAL HEALTH MONITORING SYSTEM TO
INDIRECTLY RECOVER BUILDING AND BRIDGE DISPLACEMENTS

A DISSERTATION SUBMITTED TO THE GRADUATE DIVISION OF THE
UNIVERSITY OF HAWAI‘I AT MĀNOA IN PARTIAL FULFILLMENT OF THE
REQUIREMENTS FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY
IN
CIVIL ENGINEERING

MAY 2016

By
Michael S. Bell

Dissertation Committee:
David Ma, Chairperson
Adrian Archilla
Ian Robertson
Ronald Riggs
Reza Ghorbani

Keywords: Structural health monitoring, bridge deflections, recovering displacements, statespace, internal model, Kalman filter

ACKNOWLEDGEMENTS

This research was supported by the Hawaii Department of Transportation and the College
of Engineering at the University of Hawai’i at Mānoa. Such research would not be possible
without the financial and educational support provided by these entities. Their contribution to
this research will assist in the advancement of structural health monitoring technologies for the
entire engineering discipline.
I also want to acknowledge the support of my advisor, David Ma, for the duration of this
research. The guidance, support, and advice received from him were second to none. I have
learned so much under his leadership and will continue to advance the field of structural health
monitoring in the coming years by continuing the research outlined in this dissertation.
Last, but certainly not least, I want to thank my family for all of the support throughout
my academic career. My parents, Steve and Glenna Bell, made it possible for me to pursue my
dreams and advance the engineering field through my research. My wife, Kayla Bell, deserves a
lot of credit for putting up with my late night work sessions and the resulting frustrations. She
was always there for me during the ups and downs of my studies and I know I would not be
where I am today without her support.

I

ABSTRACT

An internal model based method is used to estimate the structural displacements
under ambient excitation using only acceleration measurements. Strain measurements are
incorporated to expand the method to single span concrete bridges subjected to moving
vehicle loads. The structural response is assumed to remain the linear range for the duration
of the loading. The excitation is assumed to be with zero mean and relatively broad
bandwidth such that at least one of the fundamental modes of the structure is excited and
dominates in the response. Using the structural modal parameters and partial knowledge of
the load, their respective internal models can be established. These internal models can then
be used to form an autonomous state-space representation of the system. It is shown that
structural displacements, velocities, and accelerations are the states of such a system, and it
is fully observable when the measured output contains structural accelerations only.
Reliable estimates of structural displacements are obtained using the standard Kalman
filtering technique. These displacement estimates can be used to determine the moment
demand and provide insight into whether this demand is exceeding the capacity of the
bridge. The effectiveness and robustness of the proposed method has been demonstrated
and evaluated via numerical simulations of an eight-story lumped mass model along with a
simply supported single span concrete bridge subjected to a moving traffic load. Experimental
data of a three-story frame excited by ground accelerations from an actual earthquake
record is also used. Lastly, field data from an inverted arch concrete bridge is analyzed as
proof of concept for deployment of a structural health monitoring system for the purpose of
displacement estimations.
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CHAPTER 1. INTRODUCTION

Displacement is one of the most important global characteristics of all structures
throughout both the construction and service phases. It is an essential parameter for estimating
the performance of a structure or serviceability of a bridge under dynamic loading. There are
many different types of sensors that have been confirmed through laboratory testing to accurately
measure the displacement of a structure. However, they are not strong candidates for field
deployment due to numerous shortcomings. The interferometer is commonly used to measure
small displacements and requires the use of a light source, detector and strategically placed
mirrors to measure the interference of waves and extract their characteristics (Lloret and Rostogi
2003). This type of approach is limited to applications where there is a direct line of sight
between all of the pieces of equipment. In the presence of obstacles, the wave path is heavily
dependent on the positioning of the mirrors and the length at which the waves can travel. The
former is not practical for long term applications, while the latter depends largely on atmospheric
conditions that cannot always be measured and taken into account. The dial gauge and linear
variable differential transducer (LVDT) are very effective at measuring displacement in
laboratory tests, but they are impractical for field tests due to their need for scaffolding to
provide support (Kim and Cho 2004, Park et al. 2007). The LVDT converts a linear
displacement into a proportional electric signal containing phase and amplitude information.
However, this requires a stable reference point from which to measure the linear displacement.
This can become troublesome in long term field applications due to weather and degradation
over time. As technology has improved, the use of the global positioning system (GPS) for
displacement measurement has grown in popularity (Roberts et al. 2012). The main drawback to
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using GPS to measure structural displacement is their relatively low sampling rate. In the event
of closely spaced modes, the GPS is unable to distinguish the individual modes. Therefore, other
sensors or pieces of equipment need to be used in parallel with GPS devices to obtain accurate
results.
All of the aforementioned sensors have been developed due to the difficulty in directly
measuring displacement in the field. In order to do so, an accurate and stable reference datum is
required, which is, in most cases, only temporarily available through scaffolding or suspended
cable (Yoneyama et al. 2007, Gindy et al. 2008). This approach is only valid in the short term
because the scaffolding cannot be permanently placed and a cable will sag over time. They are
also very expensive to install and extremely time consuming when it comes to setting them up in
the field. Both of these factors cause the overall cost of the project to increase. Due to these
shortcomings, methods have been developed to indirectly measure displacement. A common
method used in practice is to measure accelerations directly and apply integration to calculate the
velocities and displacements. However, it can be theoretically shown that small random errors in
the measured signals, also referred to as noise, are bound to grow through successive
integrations, which leads to significant distortions in the estimated profiles (Astrom 2006). Gindy
et al. (2008) introduced a post processing method in which a state-space analytical model is
constructed via a singular value decomposition based algorithm to generate an approximation of
the noise-free acceleration signal. By applying appropriate correction techniques, they are able to
remove the unexcited modes from the model and only apply double integration to the excited
mode shapes. However, they assume the model has a very narrow bandwidth over which the
modes can easily be determined. In most field applications, it is difficult to identify any
unexcited modes. As a result, it would be possible to discard a mode shape that significantly
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contributed to the response of the structure. This becomes more likely as the vehicle speeds
increase, which causes the accuracy of the estimated profile to decrease. In an attempt to
minimize the effects of noise, Smyth and Wu (2007) proposed a multi-rate Kalman Filtering
technique for the data fusion of displacement and acceleration response measurements. By using
displacement measurements along with measured accelerations, this technique has been proven
to filter and smooth noise contaminated measurements into accurate estimates. Displacement
measurements were captured using non-contact optical techniques or through the use of GPS
devices. These devices have very low sampling rates while accelerometers allow for very high
sampling rates. By fusing the two measurement types, the low frequency noise amplification of
the acceleration measurements and the high frequency noise amplification of the displacement
measurements can be avoided. However, the approach requires some implementation of direct
displacement measurements to fuse with the acceleration data, which limits its applicability in
field testing. More recently, a finite impulse response (FIR) filter based method was proposed
and implemented using shape functions, transfer functions, and finite element modeling on a
railway (Lee et al. 2010, Hong et al. 2013). The FIR filter is a filter whose response to any input
of finite length is of a fixed duration as it settles to zero. The main advantage of using this filter
is that it does not require any feedback, which circumvents the issue of compounding errors
through integration. However, it does lack accuracy and efficiency at low sampling frequencies
as the same recurring error is present in each time-step of the filter calculations. The filter was
also implemented on a wireless platform for reconstruction of structural displacements from
acceleration measurements (Park et al. 2013). Based on the findings from Ma et al. (2014),
accurate displacement estimates can be calculated using only acceleration measurements if
structural modal information is incorporated into the internal model of the structure. It has been
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demonstrated in structure types resembling that of a building under seismic excitations.
However, when applying this method to a bridge, its accuracy decreases dramatically due to the
transient nature of the bridge response when subjected to traffic loads. Such transient behavior
causes problems of convergence in a Kalman filter whose design is based entirely on
accelerations, which leads to inaccurate displacement estimates. These problems can be
eliminated if strain measurements are incorporated as an additional input into the Kalman filter
as they contain detailed characteristics of local deformations. This knowledge, coupled with the
global information of the structure’s acceleration, can provide detailed information on how the
components of the structure are impacting its overall performance. The relationship between
strain and displacement at the measured location allows the Kalman filter to produce much
improved estimates.
Velocity is another global characteristic of a structure, but it is rarely measured in the
field due to the difficulty in directly obtaining it. However, structural velocity is important
because it is one of the only variables that can be used to characterize the motion of a structure.
When modeling a structural system using state-space representation, velocity and displacement
are independent states of the system. The entire dynamics of a structure can be identified when
both of these states are known. This can be beneficial in various applications, such as the
classification of structural motion, identification of modal and structural parameters, and
monitoring in-service structural performance. One piece of equipment designed to measure
velocity is the laser doppler vibrometer (LDV). The laser is used to take vibration measurements
of a surface without physically contacting the surface. The laser is pointed at the surface of
interest and wave information is extracted from the light wave after it bounces off of the surface
being measured. The main advantage of this device is that it can be used to measure the velocity
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of a surface that is too difficult to physically reach to mount an accelerometer or other type of
sensor. A system of mirrors can be strategically placed to direct the laser beam to the surface of
interest without having to physically reach it. However, deployment of LDVs in the field is
impractical due to the delicacy in their equipment and wave properties, their prohibitively high
cost in relation to the project cost, and difficulties in mounting all of the necessary equipment.
Aside from the time-domain signals, the dynamics of a structure can be analyzed in the
modal domain. Such modal representation describes the structural motion from a different
perspective, usually in a more concise and abstract way with most of the information preserved.
A few examples of modal information include structural frequencies, mode shapes, and damping
ratios. The natural frequencies of a structure are dependent on the stiffness and mass and are
important to identify to ensure they do not coincide with the frequency of an applied loading as it
would result in resonance. The mode shapes provide information on the motion of the structure
under dynamic loading. This information can be combined with the frequency information to
identify the mode shape that dominates the response of the structure. This is critical when it
comes to designing a structure to withstand large ground excitations such as an earthquake.
Damping ratios are also very important in the event of an impulse load. The higher the damping
ratio, the more energy the structure will naturally dissipate during its response. However, too
large of a damping ratio will cause structural members to absorb too much energy and lead to
structural failure. Typical structures contain anywhere from two to ten percent damping.
Methods to extract this modal information from time-domain signals have gained increasing
popularity in both theory development and practical applications (Ewins 2000). Particularly of
interest for vibrations of civil infrastructures are methods for identifying these modal parameters
with output-only system techniques under ambient vibrations (Brincker et al. 2001). System
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identification was accomplished by implementing a Hilbert transform approach, short-time
Fourier transform, empirical modal decomposition, and wavelets on a multi-degree of freedom
system (Nagarajaiah and Basu 2009). One issue with using ambient vibrations to determine
modal properties is the lack of control in the signal-to-noise ratio, which causes uncertainty in
the accuracy of the estimated properties. Au and Zhang (2011) developed a method to minimize
this uncertainty by imposing a Euclidian norm constraint and modal assurance criterion. Their
method was validated by identifying six modes and their corresponding parameters on a
footbridge and a 300 meter tall building in Hong Kong. In another study, the modal parameters
of a high-rise slender structure, more than 400 meters high in its large scale model, were
identified using a subspace system identification based algorithm (Liu and Loh 2011).
The purpose of this research is to propose, develop, and demonstrate a new method for
determining structural displacement profiles using non-displacement measurements. The initial
study was focused on reconstructing the displacement profile of a building when subjected to
ground excitations using only acceleration measurements. An internal model is developed to
estimate the structure’s displacements and velocities from the measured accelerations at each
floor level. These measured values are first converted to modal domain to allow for in-depth
modal analysis. By using the mass and stiffness of the structure, the various periods at which it
resonates can be determined. Estimates are obtained via reconstruction of the structural modal
displacements and modal velocities, which allows for subsequent recovery of the time-domain
information using modal superimposition. By using the identified modal parameters, the internal
models for the structural modes and excitation can be established. An internal model captures the
inherent law of motion that is reflected in a deterministic signal, which allows the model to be
constructed based on the modal properties of the structure. These models can then be used to
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construct an autonomous system for every participating mode that closely mimics the modal
dynamics of the structure. The Kalman filtering technique is applied to the individual
autonomous systems to estimate the modal responses of every mode. The proposed method is
essentially an observer-based approach, and thus is suitable for real-time applications. The
measured accelerations can be used as an online performance index to monitor the accuracy of
the estimated structural displacements and velocities. By comparing the measured acceleration
values to the estimated values extracted from the Kalman filter, the error can be monitored to
ensure accuracy in the measured values, and thus, accuracy in the estimated displacements and
velocities. An eight-story lumped mass shear beam numerical model and a three-story frame
experimental model were chosen to demonstrate the method and verify its feasibility and
robustness through error analysis. The results of these simulations are compared to the known
measured values to validate the accuracy and precision of this method.
In order to expand the previous method to bridge structures, additional measurements
need to be included. As mentioned previously, the transient nature of the bridge’s response leads
to convergence issues with the Kalman filter when only considering acceleration measurements.
Due to strain’s relationship to displacement, this convergence problem can be avoided by
including strain measurements as an input into the Kalman filter. This additional input contains
localized information that is coupled with the global acceleration measurements to yield accurate
estimates. Using the structural modal parameters and partial knowledge of the moving vehicle
load, the internal models of the structure and the moving load can be established. These internal
models can then be used to form an autonomous state-space representation of the system. The
standard Kalman filtering technique is used to calculate a reliable estimate of the bridge’s
displacement profile when subjected to traffic loads. While the concept of taking advantage of
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partial knowledge of the structure and excitation does not prescribe any type of structure and
response, the study is limited to linear, elastic bridge behavior for the duration of the load. Cases
for which the fundamental frequency dominates the response of the structure were considered.
Initial testing was conducted via numerical simulation of a simply supported single span concrete
bridge subjected to a moving traffic load. Various loading scenarios were considered, which
included a single vehicle as well as multiple vehicles simultaneously traveling over the bridge
span. Variations in the vehicle speed and weight were also assessed to determine the effects each
had on the accuracy of the estimated response of the structure. A structural health monitoring
system was also deployed in the field on a bridge to gather actual field measurements. The
Kahoma Stream bridge spans a dry stream and was chosen by the Hawaii Department of
Transportation as part of a pilot project to be expanded to more bridges across all islands in the
future. It is an inverted arch, reinforced concrete, box girder design making it extremely unique.
Accelerometers were deployed on the exterior of the bents to record vibrations when subjected to
normal traffic loading.
This research can also have an impact on the load rating process by assisting in the
determination of a bridge’s load carrying capacity. It is no secret the infrastructure of the United
States is in dire need of repair as existing structures, particularly bridges, continue to degrade
over time. According to a government report, there are over 600,000 bridges across the entire
United States with an average age of 42 years. An estimated $76 billion of funding is needed in
order to repair or replace these structures so they meet today’s design and operational standards.
Additionally, 1 in 9 of these bridges is classified as being structurally deficient. This is a term
used to identify those bridges that have one or more structural defects requiring attention. This
status does not mean that collapse or some other form of catastrophic failure is imminent, but
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identifies the bridge as having issues that are affecting its structural performance. If they fail to
be addressed, the impact they have on the overall structural integrity of the bridge will continue
to increase, which could ultimately lead to the failure of one or more of its members. The most
common bridge type found in the United States has a span length of 100 feet or less. The
Concrete Reinforcing Steel Institute reports that 90% of the bridges fall into this category, while
two-thirds of them range from 20 to 60 feet in length.
The most impactful event to highlight our degrading infrastructure was the collapse of the
Interstate 35 bridge in Minneapolis, MN in 2007. In the aftermath, the government required all
states to evaluate and load rate their entire bridge network and report their findings by the end of
the year 2017. The load rating process requires the engineer to identify the geometry of the
bridge, calculate the capacity of the structural members, calculate dead and live loads, and
determine the rating factors based on simplified equations provided by AASHTO (American
Association of State Highway and Transportation Officials). The latter is heavily dependent on
visual inspection, which can be difficult, inconsistent, and unreliable. In most cases, visual
inspection is carried out on an annual or bi-annual basis. This leaves a large window of
opportunity for the structure to undergo significant defects that could deem it structurally
deficient. Even if governments had the ability to inspect bridges more frequently, the engineers
are often times limited to what they can see due to the geography of the site. Additionally, they
can only identify damage visible on the surface, when in reality, the most significant damage to a
structure is located beneath the surface. This makes it nearly impossible to locate with the naked
eye, thus requiring the use of some other detection method. Finite element models (FEM) have
been used in combination with a strain-based structural health monitoring system (SHM) to
determine bridge capacity when subjected to an unknown truck load (Seo et. al 2013). Another
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approach used diagnostic load testing, close range photogrammetry, and quick time virtual
reality to measure deflection and stiffness. A finite element model is then used to generate an
estimated response of the bridge during loading (Barr et. al 2006). The difficulty in using FEM is
that the bridge is constantly degrading over time, which causes the model to become less
reliable. Recalibration of the model needs to be done at regular intervals and can only be
accomplished through a diagnostic load test. Bell et al. (2013) proposed a combination of 3D
structural modeling, SHM, and non-destructive technology (NDT) to determine a bridge’s load
rating (Bell et. al 2013). The use of this technology is required from the beginning of the design
phase, which makes it a great approach for future projects, but limits its application to existing
structures.
The scope of this research focuses on the most common bridge type, the single span
concrete bridge. This particular style is very popular in rural areas with the older versions being
designed to accommodate only one lane of traffic. Typically, only one vehicle is able to pass
over the bridge at a time. The types of vehicles these bridges are expected to service can range
from a single passenger vehicle, to a large tractor trailer or even pieces of farm equipment.
Further research and field studies are needed in order to expand this research to other bridge
types and loading scenarios. The implementation of this method would allow Departments of
Transportation to monitor these single span bridges using a minimal number of accelerometers
and strain gages. The estimated displacement value would provide insight into whether the
bridge is performing adequately under normal loading conditions. In the event the displacement
is too close to or even exceeding the allowable limit, the decision can be made to lower the speed
limit or post a weight limit of passing vehicles in the vicinity of the bridge. The displacement
estimates can also provide insight into the weight of the vehicle causing the measured values.
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This would allow government agencies to identify vehicles carrying weight in excess of the
allowable amount. Lastly, the direct relationship between displacement and moment can be
utilized to determine the demand on the bridge resulting from the traffic load. This is a key factor
when calculating the rating factor that should be assigned to the bridge.
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CHAPTER 2. METHODOLOGY

2.1 RECOVERING DISPLACEMENT FROM ACCELERATION

The dynamic response of a linear structure subjected to an arbitrary excitation can be
approximated by superposition of a finite number of modal responses (Humar 1990) and is given
by the following relationship
𝒖 = 𝝋𝑦

(1)

where 𝝋 denotes an N-by-m modal matrix (N ≥ m) of the structure, in which N represents the
number of degrees of freedom of the structure and m is the number of modes that contribute
significantly to the structural response. The structural response in time and modal domain is
denoted using 𝒖 = [𝑢1

𝑢2

⋯ 𝑢𝑁 ]𝑇 and 𝒚 = [𝑦1

𝑦2

⋯

𝑦𝑁 ]𝑇 , respectively. In this

study, the structural response considered includes displacement, velocity, and acceleration.
Displacement and velocity are governed by the following relationships
𝒖𝑣 =

𝑑𝒖𝑑
𝑑𝑡

and 𝒚𝑣 =

𝑑𝒚𝑑
𝑑𝑡

(2)

where subscripts d and v refer to displacement and velocity, respectively.
Furthermore, displacement and velocity are defined relative to the location of the
structural base. Thus, in the case where the structural base is fixed during the course of
excitation, the following relationships are valid between acceleration and displacement

𝒖𝑎 =

𝑑 2 𝒖𝑑
𝑑𝑡 2

and 𝒚𝑎 =

𝑑2 𝒚𝑑
𝑑𝑡 2

where the subscript a refers to absolute acceleration. However, in the event of base excitation,
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(3)

such relationships are not valid. In this case, the structural acceleration is the combination of the
ground acceleration and the base excitation. If the base and ground are moving in the same
direction, the structural acceleration is additive, but if they are moving in opposite directions of
each other, the structural acceleration is reduced by the relative motion.
Consider the case of classical damping in which the modal responses are governed by the
following equation
𝑑 2 𝑦𝑖
𝑑𝑡 2

+ 2𝜉𝑖 𝜔𝑖

𝑑𝑦𝑖
𝑑𝑡

+ 𝜔𝑖2 𝑦𝑖 = 𝑃𝑖 (𝑡), 𝑖 = 1, 2, ⋯ , 𝑁

(4)

where 𝜉𝑖 is the damping ratio of the ith mode, 𝜔𝑖 is the natural frequency of the ith mode, 𝑦𝑖 is
the ith modal displacement, and 𝑃𝑖 (𝑡) represents the ith modal force divided by the ith modal
mass.
For every mode, a non-dimensional time variable can be defined such as 𝜏𝑖 = 𝜔𝑖 𝑡.
Substituting this into Eq. (4) transforms the equation into a non-dimensional form given by
𝑦̈ 𝑖 + 2𝜉𝑖 𝑦̇ 𝑖 + 𝑦𝑖 = 𝑄𝑖 (𝜏𝑖 )
where 𝑄𝑖 (𝜏𝑖 ) =

(5)

𝑃𝑖 (𝜏𝑖 )
𝜔𝑖2

. Here, the symbols (˙) and (¨) denote first and second derivatives of the

argument with respect to the non-dimensional time variable, 𝜏𝑖 . Applying the state-space
approach, Eq. (5) can be expressed in the following manner
𝒀̇𝑖 = 𝑨𝑖 𝒀𝑖 + 𝑩𝑖 𝑄𝑖 (𝜏𝑖 )

(6)

where the state vector of the ith mode is defined as 𝒀𝑖 = [𝑦𝑖

𝑦̇ 𝑖 ]𝑇 , the excitation location matrix

of the ith mode is 𝑩𝑖 = [0 1]𝑇 , and the state transition matrix of the ith mode is defined as

𝑨𝑖 = [

0
1
]
−1 −2𝜉𝑖
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(7)

Using the definition of the state vector, the modal acceleration of the ith mode, 𝑦𝑎𝑖 , can be
written as
𝒚𝑎𝑖 = 𝑪𝑖 𝒀𝑖 + 𝑫𝑖 𝑄𝑖 (𝜏𝑖 )

(8)

where 𝐶𝑖 = [−1 −2𝜉𝑖 ] and 𝐷𝑖 is dependent on the excitation. For most structures, including a
base-excited structure, 𝐷𝑖 = 0.
It is important to note that such a system can be represented using either a transfer
function or a state-space model. The transfer function and state-space approach are essentially
the same exact system, but they are expressed in different forms. Representing a system in statespace form is not a requirement, but does have its advantages as opposed to representing the
system with a high degree transfer function. Therefore, the state-space system was implemented
in this research for the following reasons:
1.

It allows for a convenient and compact way to model and analyze a complex
system with multiple input and output variables. If the number of inputs are
given as 𝑝 and the number of outputs as 𝑞, a total of 𝑞 ∗ 𝑝 Laplace transforms
would otherwise be required. As the degrees of freedom in the system increase,
the system of equations becomes extremely difficult to work with.

2.

It allows for the effect of initial conditions when applicable. They are built into
the state-space matrices and can easily be adjusted without having to recalculate all of the transfer functions.

3.

It allows for easy adjustment of the output of the system. The desired output
can be changed by simply adjusting the contents of the 𝑪 matrix as defined in
Eq. (8). If the only interest is generating displacement estimates, then the 𝑪
matrix can be defined as 𝑪 = [1
14

0 ⋯

0𝑛 ], where 𝑛 represents the length

of the state vector 𝒀𝑖 . Similar adjustments can be made for other state-variable
output scenarios.
4.

The output of the system is a time-domain solution that eliminates the need to
convert between domains.

5.

This matrix modeling is very efficient from a computational standpoint for
computer implementation. Analyzing a high degree transfer function can take a
very long time whereas the state-space approach is limited to matrix math.

6.

Any changes in the parameters, including adjustments to the noise level, are
able to be completed in a simple fashion.

7.

System model includes the internal state variables.

2.1.1 Observer Design in Modal Domain

In the case where structural accelerations, 𝑢𝑎 , are measured and the structural modal
properties are known, the modal accelerations can be obtained by applying the following
relationship
𝑦𝑎 = 𝝋−1 𝒖𝑎

(9)

Note that in the case where 𝑁 > 𝑚, i.e. there are more degrees of freedom than modes, a pseudo
inverse can be used to obtain the response in modal domain. Using the absolute acceleration
decomposed in modal domain, the modal displacement and modal velocity for every mode can
be estimated with a properly designed observer as
̂̇ 𝑖 = (𝑨𝑖 − 𝑳𝑖 𝑪𝑖 )𝒀
̂ 𝑖 + 𝑩𝑖 𝑄𝑖 (𝜏𝑖 ) + 𝑳𝑖 𝑦𝑎𝑖
𝒀
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(10)

̂ 𝑖 = [𝑦̂𝑖
where 𝒀

𝑦̂̇𝑖 ]𝑇 is the estimated state vector for the ith mode, in which 𝑦̂𝑖 denotes the

estimated displacement for the ith mode, 𝑦̂̇𝑖 represents the estimated velocity for the ith mode,
and 𝑳𝑖 is the observer gain, which can be determined using various techniques (Ȧstrӧm and
Murray 2008).
It is noted that the error of the estimated values depend on the accuracy of the modal
properties and modal acceleration measurements. In this study, it is assumed that the modal
properties of the structure are identified within reasonable error and there are a sufficient number
of structural acceleration measurements, i.e. 𝑁 ≥ 𝑚, thus, the modal acceleration can be
obtained using Eq. (9). In the following section, the internal model concept is explained as to
how it can be used to incorporate the modal excitation into the system properties.

2.1.2 Observer Design Using Internal Model of Excitation

2.1.2.1 Internal Model

It is known that a mathematical model may be constructed to represent the inherent law
of motion or evolution reflected in a deterministic signal. This model is often referred to as an
internal model (Matausek and Stipanovic 1998; Xu and Yang 1999; Xu 2001). This means the
internal model allows for the creation of a new model that does not require complete knowledge
of the loading parameters. Instead, the model is built on the modal properties of the structure. For
a continuous, deterministic signal, 𝑥(𝑡), the internal model equation can be written as
𝛬(𝐷)𝑥(𝑡) = 0
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(11)

where 𝛬(𝐷) represents the internal model polynomial such that 𝛬(𝐷) = 𝐷𝑛 + 𝛼𝑛−1 𝐷𝑛−1 + ⋯ +
𝑑

𝛼2 𝐷2 + 𝛼1 𝐷 + 𝛼0 , in which 𝑛 is the order of the model, 𝐷 = 𝑑𝑡 is a differential operator, and
𝛼0 , 𝛼1 , ⋯ , 𝛼𝑛 are constant coefficients. For an excitation with zero mean, a possible form of the
internal model polynomial may be chosen and written in factored form as
𝐷 = (𝑠 2 + 𝜔12 )(𝑠 2 + 𝜔22 ) ⋯ (𝑠 2 + 𝜔𝑛2 )

(12)

where 𝜔𝑖 represents the natural frequency of the ith mode and 𝑠 is a Laplace variable. If the first
mode dominates the response of the structure, then only 𝜔1 needs to be considered. Note that
among these frequencies, only those that are close to the natural frequencies of the structure
contribute significantly to the structural response, whereas those further away, even at higher
energy levels, do not have much influence on the response. Thus, the natural frequencies of the
structure can be used as a guide to the construction of the internal model polynomial.
If the structural excitation is deterministic and the complete information of it can be
obtained, it is possible to construct the internal model for the modal excitation for every mode
such that
𝛬𝑃𝑖 (𝐷𝜏𝑖 )𝑄𝑖 (𝜏𝑖 ) = 0

(13)
𝑛

where the internal model polynomial for the ith mode is given by 𝛬𝑃𝑖 (𝐷𝜏𝑖 ) = 𝐷𝜏𝑖𝑖 +
𝑛 −1

𝛼𝑛−1 𝐷𝜏𝑖𝑖

+ ⋯ + 𝛼2 𝐷𝜏2𝑖 + 𝛼1 𝐷𝜏𝑖 + 𝛼0 , in which 𝑛𝑖 denotes the order of the internal model.

𝑑

𝐷𝜏𝑖 = 𝑑𝜏 denotes differentiation with respect to the non-dimensional time variable.
𝑖

Using the internal model given by Eq. (13), Eq. (5) can be rewritten in an augmented form as

𝛬𝑃𝑖 (𝐷𝜏𝑖 )𝛬𝑆𝑖 (𝐷𝜏𝑖 )𝑦𝑖 = 0
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(14)

where 𝛬𝑆𝑖 = 𝐷𝜏2𝑖 + 2𝜉𝑖 𝐷𝜏𝑖 + 1 denotes the internal model polynomial of the ith structural mode.
Augmentation is the process of appending additional dynamics to the existing model,
thus increasing the dimension of the state vector. An augmented form of the state-space model is
one that converts both the measured and noise dynamics of the structure into a single state-space
system. The Kalman filter, along with other model based algorithms, assumes disturbances in the
system are noisy and with zero mean. However, this is not always the case in practical
applications. Therefore, the augmented model includes the disturbance, or noise, in its
framework without altering the filtering context, i.e. the Kalman filter. The noise is assumed to
act on the augmented states, which in turn, act on the original model states (Mä der 2010).
For the case of ambient structural excitations, if the excitations can be treated as the
sample functions of a random process, each sample function may be independently analyzed as a
deterministic signal. As long as the frequency-domain properties of the random process do not
vary dramatically, it is possible to use one internal model to represent its sample functions. As a
result, the above analysis is still valid for ambient vibrations such as earthquakes.

2.1.2.2 Observer Design

The internal model polynomial concept outlined by Eq. (12) can be applied to the
equation of motion defined by Eq. (4) to remove the signal dependence from the right hand side
of the equation. Using Eq. (14), an augmented state-space model of the ith mode can be written
as
𝒀̇𝑖,𝑎𝑣𝑔 = 𝑨𝑖,𝑎𝑣𝑔 𝒀𝑖,𝑎𝑣𝑔
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(15)

where the augmented state vector is defined as 𝒀̇𝑖,𝑎𝑣𝑔 = [𝑦
𝑖

(𝑛𝑖 −1) 𝑇

𝑦̇ 𝑖

𝑦̈ 𝑖

⋯

𝑦⏞𝑖 ] and the state

transition matrix is defined in a canonical form as

𝑨𝑖,𝑎𝑣𝑔

0
0
= ⋮
0
[−𝛽0

1
0
⋱
⋯
−𝛽1

0
1
⋱
0
−𝛽2

⋯
⋱
⋱
0
⋯

0
⋮
0
1
−𝛽𝑛𝑖 +1 ]

(16)

where coefficients 𝛽𝑗 , 𝑗 = 0, 1, 2, ⋯ , 𝑛𝑖 + 1 are determined from the internal model polynomials,
i.e. 𝛬𝑃𝑖 (𝐷𝜏𝑖 ) and 𝛬𝑆𝑖 (𝐷𝜏𝑖 ). Note that as the dynamics of the excitation are included in the system
equation, the augmented system becomes an autonomous one. An autonomous system is one that
does not require any inputs, thus highlighting another advantage of converting the system into
augmented form.
The absolute structural acceleration can be written in the standard state-space form as
𝑦𝑎𝑖 = 𝑪𝑖,𝑎𝑣𝑔 𝒀𝑖,𝑎𝑣𝑔
where 𝑪𝑖,𝑎𝑣𝑔 = [0

0 1

0 ⋯

(17)

0] for a case involving a fixed base, i.e. the excitation does

not include a component related to the motion of the base. In the case of base-excitation,
𝑪𝑖,𝑎𝑣𝑔 = [−1 −2𝜉𝑖

0 0 ⋯

0]. The pair (𝑨𝑖,𝑎𝑣𝑔 , 𝑪𝑖,𝑎𝑣𝑔 ) is observable, meaning the

current state of the system at any finite time can be determined using only the output. In other
words, knowing any output trajectory provides enough information to predict the initial state of
the system. Therefore, the following observer can be constructed to estimate the states of the
augmented system
̂̇ 𝑖,𝑎𝑣𝑔 = (𝑨𝑖,𝑎𝑣𝑔 − 𝑳𝑖,𝑎𝑣𝑔 𝑪𝑖,𝑎𝑣𝑔 )𝒀
̂ 𝑖,𝑎𝑣𝑔 + 𝑳𝑖,𝑎𝑣𝑔 𝑦𝑎𝑖
𝒀
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(18)

̂ 𝑖,𝑎𝑣𝑔 = [𝑦̂𝑖
where 𝒀

𝑦̂̇𝑖

𝑦̂̈𝑖

⋯]𝑇 is the estimated state vector of the augmented system, in

which 𝑦̂𝑖 is the estimated ith modal displacement, 𝑦̂̇𝑖 is the estimated ith modal velocity, 𝑦̂̈𝑖 is the
estimated ith modal acceleration, and 𝑳𝑖,𝑎𝑣𝑔 is the observer gain.
In practice, ambient excitations applied to a structure are generally periodic in nature, and
thus can be expressed using Fourier Series (Tolstov 1976). In the event of a non-periodic load,
alternate methods would need to be used to formulate an expression. For an excitation with zero
mean, a possible form of the internal model may be chosen as
𝛬𝑃𝑖 (𝐷𝜏𝑖 ) = (𝐷𝜏2𝑖 + 𝑟12 )(𝐷𝜏2𝑖 + 𝑟22 ) ⋯ (𝐷𝜏2𝑖 + 𝑟𝑝2 )
where 𝑟𝑗 =

̅𝑗
𝜔
𝜔𝑖

(19)

, 𝑗 = 1, 2, ⋯ , 𝑝, in which 𝜔
̅1 < 𝜔
̅2 < ⋯ < 𝜔
̅𝑝 are the lowest 𝑝 dominant

frequencies of the excitation. As mentioned previously, only those frequencies close to the
natural frequencies of the structure contribute significantly to the structural response. Therefore,
the natural frequencies of the structure can be used as a guide to the construction of the internal
model for the excitation, especially for applications where such modal properties of the
excitation are not available as a priori. For every mode, the normalized frequencies in the
internal model can be selected as
𝑟𝑖𝑗 = 1 ± 𝜂𝑖𝑗 , 𝑗 = 1, 2, ⋯ , 𝑞

(20)

where subscript 𝑖 refers to the ith mode and the distribution of the normalized frequencies 𝑟𝑗 is
symmetrical about the normalized structural natural frequency. Symbol 𝜂𝑖𝑗 denotes the spacing
between the frequencies and 2𝑞 is the number of total frequencies. For structures with low
damping levels, the half-power-bandwidth of every mode is 2𝜉𝑖 , which is given from the
relationship between quality and viscous damping.
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2.1.2 Error Estimation

The internal model of the excitation for the ith mode as defined in Eq. (19) takes the
following general form
𝛬𝑃𝑖 (𝐷𝜏𝑖 ) = ∏𝑗⌊𝐷𝜏2𝑖 + (1 − 𝜂𝑗 )2 ⌋ ⌊𝐷𝜏2𝑖 + (1 + 𝜂𝑗 )2 ⌋

(21)

where ∏ is the product operator. For real world applications, there are always some random
errors and bias in the measured values and the identified modal parameters. It is difficult to
identify the exact levels of these dynamic and measurement noises. However, as mentioned
previously, this unavoidable noise can be directly integrated into the model. By using the internal
model and the structural modal equation, the following augmented state-space representation of
the system can be obtained
𝒀̇𝑖,𝑎𝑣𝑔 = 𝑨𝑖,𝑎𝑣𝑔 𝒀𝑖,𝑎𝑣𝑔 + 𝑩𝑖,𝑎𝑣𝑔 𝑅𝑄𝑖

(22)

𝑦𝑎𝑖 = 𝑪𝑖,𝑎𝑣𝑔 𝒀𝑖,𝑎𝑣𝑔 + 𝑣𝑖
where 𝑅𝑄𝑖 denotes the residual modal excitation resulting from the internal model, 𝑣𝑖 the
measurement noise for the ith mode, and 𝑩𝑖,𝑎𝑣𝑔 = [0 0

⋯ 0

1]𝑇 denotes the location of

the excitation in the augmented system. By forming this system, the dynamic and measurement
noises are included in the model, and thus, are rejected largely through filtering.
The estimation error of an observer designed in the form of Eq. (18) can be written as
𝒆̇ 𝑖,𝑎𝑣𝑔 = (𝑨𝑖,𝑎𝑣𝑔 − 𝑳𝑖,𝑎𝑣𝑔 𝑪𝑖,𝑎𝑣𝑔 )𝒆̂𝑖,𝑎𝑣𝑔 + 𝑩𝑖,𝑎𝑣𝑔 𝑅𝑄𝑖 + 𝑳𝑖,𝑎𝑣𝑔 𝑣𝑖
̂ 𝑖,𝑎𝑣𝑔 . Note that the measurement noise, 𝑣𝑖 ,
where the error is defined as 𝒆̇ 𝑖,𝑎𝑣𝑔 = 𝒀𝑖,𝑎𝑣𝑔 − 𝒀
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(23)

includes the hardware noises introduced directly by the measuring instruments as well as error
generated from data processing, i.e. modal expansion. When the mode shapes of dominant
modes are identified with reasonable accuracy, the effect of such error may be negligible. This
can typically be accomplished by deploying a well distributed sensor network on the structure. If
the sensors are not properly distributed, the dominating mode shape could be incorrectly
identified or completely missed. In the case where the dominant modes of the excitation are well
captured in the internal model shown in Eq. (21), the residual modal excitation, 𝑅𝑄𝑖 , is
insignificant. Eq. (22) takes the same form as the standard Kalman filtering problem, where an
optimal observer gain can be obtained (Kalman 1960) when the levels of noises are known. It is
noted that when the excitation is with nonzero mean, the residual modal excitation, 𝑅𝑄𝑖 , will
include a static component, which will generate a static error in the final estimation. If the static
component of the excitation is known, the associated error can be minimized by explicitly
incorporating it into the Kalman filter through augmentation. If it is unknown whether or not the
excitation is with nonzero mean, the static error cannot be effectively reduced in the filtering
process. As a result, the estimated structural response will deviate from the actual values by
some unknown static errors. Compensation for such errors in real time requires further in-depth
investigation, which is not included in this study.
In order to judge the feasibility and robustness of the proposed method with these
uncertainties, the estimation errors between the theoretical deflections under various vehicle
loads and measurement noises are studied and compared. The noises are added by using the term
“noise level” defined as the root mean square (RMS) ratio between the added noise and the
noise-free time series. Further details and results will be discussed in the next chapter.
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2.2 RECOVERING DISPLACEMENT FROM ACCELERATION AND STRAIN

2.2.1 Simply Supported Bridge Derivation

Consider a single span simply supported reinforced concrete bridge as shown in Figure 1
below. The density and elastic modulus of the concrete are 𝜌 and 𝐸𝐼, respectively. The bridge
has a clear span of length 𝐿. The width and height of the concrete slab deck’s cross section are 𝑏
and ℎ, respectively. In order to simulate a moving vehicle, the bridge is loaded by a truck with a
weight of 𝐹 and traveling at a uniform speed of 𝑉. The accelerometers and strain gauges are
located at L/4, L/2, and 5L/6 of the bridge span. These gauge locations represent one of many
possible location combinations when it comes to capturing the mode shapes that contribute
significantly to the structural response. Using this particular sensor layout requires a limited
number of sensors, which can be used to determine the corresponding deflection and velocity
profiles resulting from the moving load.
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Figure 1. Single span simply supported bridge under moving load
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The equation of motion for this simply supported bridge subjected to a moving load
(Smith 1988) can be written as

𝑚

𝜕 2 𝑢(𝑥,𝑡)
𝜕𝑡 2

+𝑐

𝜕𝑢(𝑥,𝑡)
𝜕𝑡

𝐿

+ 𝐸𝐼 ∗ 𝑢(𝑥, 𝑡) = 𝑞(𝑥, 𝑡), 𝑥 ∈ [0, 𝐿], 𝑡 ∈ [0, 𝑉]

(24)

where 𝑢(𝑥, 𝑡) is the time-varying profile of the bridge deflection in the y-direction as illustrated
in Figure 1, 𝑚 and 𝑐 are the mass and viscous damping coefficients per unit length, respectively,
such that 𝑚 = 𝜌𝑏ℎ. The axial distribution function of all vertical loads is represented by 𝑞(𝑥, 𝑡)
and is defined as
𝐹

𝐿

𝑞(𝑥, 𝑡) = 𝑚𝑔 + 𝐿 𝛿(𝑥 − 𝑉𝑡), 𝑥 ∈ [0, 𝐿], 𝑡 ∈ [0, 𝑉]

(25)

where 𝑔 is the acceleration of gravity and 𝛿(𝑥 − 𝑉𝑡) is a Dirac function occurring at 𝑥 = 𝑉𝑡 that
accounts for the moving vehicle load.
According to the Euler-Bernoulli beam theory, deflection calculations can be used to
determine the load-carrying characteristics of the bridge under static loading conditions. The
bridge, as shown in Figure 1, is assumed to be subjected to vertical loads only, which means the
successive derivatives of the deflection profile result in the following equation for the internal
bending moment

𝑀(𝑥, 𝑡) = −𝐸𝐼 ∗

𝑑2 𝑢(𝑥,𝑡)
𝑑𝑥 2

(26)

This means the moment demand at any location along the length of the bridge can be calculated
with the deployment of a properly distributed sensor network. This is an extremely important
piece of information when it comes to calculating the load rating of a bridge and whether or not
the bridge has the capacity to carry a certain load.
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Additionally, the reading of the strain gauge installed at a distance “x” from the origin
may be expressed by

𝜀(𝑥, 𝑡) = 𝐾𝑒

𝜕2 [𝑢(𝑥,𝑡)]

(27)

𝜕𝑥 2

where 𝐾𝑒 is a proportional constant related to the distance from the neutral axis to the location of
the strain gauge. As the height of the cross-section increases, 𝐾𝑒 also increases. Utilizing the
modal analysis approach, the vertical deflection profile can be approximately expressed in the
modal domain as
𝜋

𝐿

𝑢(𝑥, 𝑡) ≈ 𝑢𝑠 (𝑥) + ∑𝑛𝑖=1 𝑌𝑖 (𝑡) sin(𝑖 𝐿 𝑥) , 𝑥 ∈ [0, 𝐿], 𝑡 ∈ [0, 𝑉]

(28)

where us (x) is the deflection at location “x” due to the static distributed load, 𝑛 is the number of
dominant mode shapes, and 𝑌𝑖 (𝑡) is the time-varying amplitude of the ith mode shape. For the
2𝐹

case of a simply supported bridge as shown in Figure 1, 𝑌𝑖 (𝑡) = 𝑚𝐿. Inserting Eq. (28) into Eq.
(24) leads to the following differential equation
2𝐹
𝐿
𝑌𝑖̈ (𝑡) + 2𝜉𝑖 𝜔𝑖 𝑌𝑖̇ (𝑡) + 𝜔𝑖2 𝑌𝑖 (𝑡) = 𝑚𝐿 sin(𝑖𝛺𝑡) , 𝑖 = 1,2, … , 𝑛; 𝑡 ∈ [0, 𝑉]

where 𝛺 =

𝜋𝑉
𝐿

(29)

,

𝑘

𝜔𝑖 ≈ 𝑖𝜔1 , 𝜔1 = √𝑚

(30)

and
𝑐

𝜉𝑖 = 2𝜔
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𝑖

(31)

is the viscous damping ratio for the ith mode shape. It has been discovered that modes higher
than the first may be neglected without serious loss of accuracy when calculating the deflections
of bridges subjected to moving loads (Biggs et. al 1959). Therefore, only the first mode needs to
be considered when calculating the deflection profile. Applying this simplification to the
resultant deflection amplitude means 𝑌𝑖 (𝑡) ≈ 𝑌1 (𝑡). Substitution of this relationship into Eqs.
(28) and (29) results in the following simplified equation:
𝜋

𝑢(𝑥, 𝑡) ≈ 𝑢̆(𝑥) + 𝑌(𝑡) sin ( 𝐿 𝑥)

(32)

The reading of the strain gauge installed at location “x” can also be simplified and approximated
by the following equation

𝜀(𝑥, 𝑡) = 𝐾𝜀

𝜕2 [𝑢(𝑥,𝑡)]
𝜕𝑥 2

≈ 𝐾𝜀 [

̆(𝑥)
𝑑2 𝑢
𝑑𝑥 2

𝜋 2

− ( 𝐿 ) 𝜑 𝑌(𝑡)]

(33)

where 𝜑 represents the mode shape of the structure. In practice, the partial derivative in the
square bracket can be removed from the reading of a strain gauge through zero-adjusting
manipulation. By removing this term, the actual reading of the strain gauge can be simplified
down to
𝜋 2

𝜀𝑟 (𝑥, 𝑡) = −𝐾𝜀 (𝐿 ) 𝜑 𝑌(𝑡)

(34)

2.2.2 State-Space Formulation

As mentioned previously, the state-space approach has many advantages in comparison
to other techniques. By applying its formulation, Eq. (29) may be rewritten in the following
format
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2𝐹
0
𝑌̇(𝑡) = 𝑨 𝑌(𝑡) + 𝑩 𝑚𝐿 sin(𝛺𝑡) , 𝑌(0) = [ ]
0

(35a)

which can also be written in expanded matrix form as
𝑌̇(𝑡)
0
[
]=[
−𝜔12
𝑌̈(𝑡)

𝑌(𝑡)
𝑌(0)
1
0
0 2𝐹
] [ ̇ ] + [ ] 𝑚𝐿 sin(𝛺𝑡) , [ ̇
]=[ ]
−2𝜉1 𝜔1 𝑌(𝑡)
0
1
𝑌(0)

(35b)

Suppose there are 𝑛1 accelerometers and 𝑛2 strain gauges, respectively, located at 𝑥𝑎𝑗 ∈
(0, 𝐿), 𝑗 = 1,2, … , 𝑛1 and 𝑥𝜀𝑗 ∈ (0, 𝐿), 𝑗 = 1,2, … , 𝑛2 within the span of the bridge. Mode shapes
are often times defined using a periodic function, with the most common function being a
sinusoidal relationship. The function’s frequency can easily be modified to fit any degree of
mode shape for a single span simply supported bridge. Therefore, if the sinusoidal function is
𝜋

chosen, the mode shape is 𝜑 = sin( 𝐿 𝑥) and the following observations for acceleration can be
obtained by
𝜋
2𝐹
𝑎(𝑥𝑎𝑗 , 𝑡) = 𝑌̈(𝑡) sin (𝐿 𝑥𝑎𝑗 ) , 𝑌̈(𝑡) = −𝜔12 𝑌(𝑡) − 2𝜉1 𝜔1 𝑌̇(𝑡) + 𝑚𝐿 sin(𝛺𝑡) , 𝑗 = 1,2, … , 𝑛1 (36)

Similarly, the following observations for strain can be obtained by
𝜋 2

𝜋

𝜀𝑟 (𝑥𝜀𝑗 , 𝑡) = −𝐾𝜀 (𝐿 ) sin ( 𝐿 𝑥𝜀𝑗 ) 𝑌(𝑡) , 𝑗 = 1,2, … , 𝑛1

(37)

As a result, the observation equation is
2𝐹

𝜆(𝑡) = 𝑪 Ϛ(𝑡) + 𝑫 𝑚𝐿 sin(𝛺𝑡)
which can also be represented in expanded matrix form as
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(38a)

𝑎(𝑥𝑎1 , 𝑡)
𝑎(𝑥𝑎2 , 𝑡)
⋮
𝑎(𝑥𝑎,𝑛1 , 𝑡)

𝜋
𝐿
𝜋
2
−𝜔1 sin ( 𝑥𝑎2 )
𝐿

𝜋
𝐿
𝜋
−2𝜉1 𝜔1 sin ( 𝑥𝑎2 )
𝐿

−𝜔12 sin ( 𝑥𝑎1 )

−2𝜉1 𝜔1 sin ( 𝑥𝑎1 )

⋮
𝜋
2
−𝜔1 sin ( 𝐿 𝑥𝑎,𝑛1 )

⋮
𝜋
−2𝜉1 𝜔1 sin ( 𝐿 𝑥𝑎,𝑛2 )

——— = ——————
𝜋 2
𝜋
𝜀𝑟 (𝑥𝜀1 , 𝑡)
−𝐾𝜀 ( 𝐿 ) sin ( 𝐿 𝑥𝜀1 )
𝜀𝑟 (𝑥𝜀2 , 𝑡)
𝜋 2
𝜋
⋮
−𝐾𝜀 ( ) sin ( 𝑥𝜀2 )
𝐿
𝐿
[𝜀𝑟 (𝑥𝜀,𝑛2 , 𝑡)]
⋮
𝜋 2

1
1
⋮
1
— — — — — — [𝑌(𝑡)] + — 2𝐹 sin(𝛺𝑡)
𝑚𝐿
𝑌̇(𝑡)
0
0
0
⋮
0
[0]
⋮

𝜋

[−𝐾𝜀 ( 𝐿 ) sin ( 𝐿 𝑥𝜀,𝑛2 )

0

(38b)

]

The right-hand side of Eq. (29) is a periodic function with an angular frequency of Ω. The
internal model polynomial of the load can be calculated from the velocity of the moving vehicle
and the length of the bridge as referenced in Section 2.1.2.1. An augmented state-space model of
the ith mode can be constructed in accordance with Eqs. (15) and (17). By using the observer
defined in Eq. (18), the modal displacement and modal velocity for every mode of the bridge
response can be estimated. It is possible to determine the coefficients of the state transition
matrix, as defined by Eq. (16), through successive derivatives. Applying this approach to Eq.
(29) and taking the first derivative yields
⃛𝑖 + 2𝜉𝑖 𝜔𝑖 𝑌𝑖̈ + 𝜔𝑖2 𝑌𝑖̇ = 2𝐹Ω cos(Ω𝑡)
𝑌
𝑚𝐿

(39a)

Taking the second derivative results in the following equation
2
⃛𝑖 + 𝜔𝑖2 𝑌𝑖̈ = −2𝐹Ω sin(Ω𝑡)
𝑌𝑖̈ + 2𝜉𝑖 𝜔𝑖 𝑌
𝑚𝐿

(39b)

Multiplying Eq. (29) by Ω2 gives
Ω2 𝑌𝑖̈ + 2𝜉𝑖 𝜔𝑖 Ω2 𝑌𝑖̇ + 𝜔𝑖2 Ω2 𝑌𝑖 =
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2𝐹Ω2
𝑚𝐿

sin(Ω𝑡)

(40)

Adding Eqs. (39b) and (40) together produces
⃛𝑖 + (𝜔𝑖2 + Ω2 )𝑌𝑖̈ + 2𝜉𝑖 𝜔𝑖 Ω2 𝑌𝑖̇ + 𝜔𝑖2 Ω2 𝑌𝑖 = 0
𝑌𝑖̈ + 2𝜉𝑖 𝜔𝑖 𝑌

(41)

As the dynamics of the loading are included in the system equation, the augmented system
becomes an autonomous one due to the signal being removed from the right hand side of the
equation. Therefore, the coefficients from Eq. (16) are defined from Eq. (41) as
𝛽𝑗 = [−𝜔𝑖2 Ω2

−2𝜉𝑖 𝜔𝑖 Ω2
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−(𝜔𝑖2 + Ω2 ) −2𝜉𝑖 𝜔𝑖 ]

(42)

CHAPTER 3. NUMERICAL & EXPERIMENTAL RESULTS

3.1 UTILIZING ONLY ACCELERATION MEASUREMENTS

In this section, results from two illustrative examples are presented to demonstrate the
effectiveness of the proposed approach. The examples comprise numerical and experimental
studies of building-type structures subjected to seismic excitations. A general sketch of the two
models is shown in Figure 2. In both examples, accelerations of all floor levels are used as the
only measurements to reconstruct the displacements and velocities relative to the base. The N-S
ground acceleration record of the 1940 El Centro earthquake was used to obtain the results in
both examples. The base of the structure was assumed to be fixed in the ground.

Figure 2. Sketch of shear beam lumped mass models
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3.1.1 Eight-Story Numerical Model

The first structure considered was an eight-story lumped mass shear beam model (Yang
1982; Spencer et al. 1994; Ma et al. 2008). The mass, stiffness, and damping coefficient for each
floor level were assumed to be 𝑚 = 3.456 𝑥 105 kg, 𝑘 = 3.404 𝑥 108 N/m and 𝑐 = 4.0 𝑥 106
N∙s/m, respectively. The first three natural frequencies of the model are 1.05, 3.11, and 5.06 Hz,
respectively. These frequencies correspond to damping ratios of 3.0%, 8.9%, and 14.5%,
respectively. A complete listing of frequencies and damping ratios is shown in Table 1.
According to the Nyquist-Shannon sampling theorem, the sampling frequency should be at least
two times greater than the highest frequency in the signal to avoid loss of useful information.
Fulfilling this requirement ensures all relevant information is captured from the continuous
signal in the discrete sequence. This allows for accurate reconstruction of the continuous signal
from the discrete sample. In this example, accelerations, velocities, and displacements of all
floors were measured at a sampling rate of 50 Hz. This fulfills the Nyquist-Shannon sampling
theorem while also allowing for a high density of sample points for plotting purposes. The
measurements were contaminated with 20% noise to simulate an extreme case one might
experience in the field.
Table 1. Structural parameters for eight-story model
Mode Shape
1
2
3
4
5
6
7
8
Number
Natural Frequencies 1.0484 3.1096 5.0649 6.8476 8.3972 9.6609 10.5955 11.1694
Damping Ratios
0.0299 0.0887 0.1445 0.1954 0.2396 0.2757 0.3023 0.3187
Complete analysis of the spectra of the structure’s acceleration, velocity, and
displacement responses were carried out using MATLAB’s SPTool. A screen shot of the fast
fourier transform spectrum estimate for the top floor acceleration response is shown in Figure 3.
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A summary of this analysis of the spectra of the excitation and the structural responses is shown
in Figure 4. Only the first, middle, and top floors are shown for acceleration and displacement.
Other floor levels yielded similar results and were omitted from the plot for clarity. The ground
excitation has a relatively broad bandwidth that allows for the identification of all significant
mode shapes. The spectra of the displacement responses are shown in the lower three plots on
Figure 4. The three plots at the top of the graph represent the spectra responses for acceleration.
Based on this analysis, it is clear that only the first structural mode contributed significantly to
the structural displacements, while higher modes participated slightly more at the lower floor
levels. These higher modes, however, had a much higher impact on the acceleration response for
all floor levels, with the highest impact being on the first floor. Since the accelerations were
assumed to be measured in this study, only the dominant mode shape was needed to obtain a
good estimation of the displacement and velocity responses. As a result, the internal model was
constructed using only the first structural mode. The first four mode shapes of the response are
shown in Figure 5. As the half-power-bandwidth of the first mode was approximately 0.06 Hz,
the frequency spacing of 𝜂11 = 0.1 was used in accordance with the definition outlined in Eq.
(20). A Kalman filter was designed using the measurement noise level of 20%. The variance of
the residual modal excitation, 𝑅𝑄𝑖 , was assumed to be 0.01 in the filter design. MATLAB and
Simulink were used to generate the true structural response and the estimated values. Please refer
to Appendix A for the MATLAB coding used for calculations. The Simulink models can be
found in Appendix B.
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Figure 3. Spectra of top floor acceleration response for El Centro

Figure 4. Spectra of excitation and structural responses for El Centro
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Figure 5. First four mode shapes of lumped mass model
The displacement responses for all of the floors are presented in Figures 6 through 13.
The true response is plotted against the estimated response for the entire loading period. A
zoomed in window is also included on each graph for the time period from 5 to 10 seconds. This
window was chosen as it captured the peak displacement values for all floor levels. It is clear the
estimated response follows the actual measurements very closely for all floor levels. The
estimated values do slightly miss the peak values at some of the floor levels, but the error is less
than 6% in all cases. A comparison of the peak displacement values for the estimated and true
responses is shown in Table 2. After analyzing the graphs and tables, it can be concluded that the
method produces accurate displacement estimates over the course of the entire excitation period.
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Figure 6. Estimated displacement of the first floor

Figure 7. Estimated displacement of the second floor
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Figure 8. Estimated displacement of the third floor

Figure 9. Estimated displacement of the fourth floor
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Figure 10. Estimated displacement of the fifth floor

Figure 11. Estimated displacement of the sixth floor
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Figure 12. Estimated displacement of the seventh floor

Figure 13. Estimated displacement of the top floor
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Table 2. Error of peak displacement estimates
Floor Level Actual Displacement (m) Estimated Displacement (m)
1
0.0036
0.0037
2
0.0070
0.0073
3
0.0101
0.0107
4
0.0130
0.0137
5
0.0154
0.0162
6
0.0174
0.0181
7
0.0188
0.0195
8
0.0196
0.0202

|Difference|
2.78%
4.29%
5.94%
5.38%
5.19%
4.02%
3.72%
3.06%

In a similar fashion, the velocity profile for each floor was estimated. Velocity and
displacement each contain key information when it comes to analyzing the performance of a
structure. Therefore, it is important to be able to estimate both parameters in an accurate fashion.
The measured and estimated velocity responses are shown in Figures 14 through 21 for each of
the eight floor levels. The estimated response for the velocity is not quite as accurate as it was for
the displacement, but it still follows the true response closely for the duration of the loading
period. In general, the estimated response tends to over-predict the velocity, with the largest gap
occurring during the peak response of the structure. In all cases, this maximum over-estimation
occurred around the seven second mark of the response. However, despite this characteristic, the
method still yields accurate results when capturing the peak velocity during the response. A
summary of the errors in capturing the peak velocity values for all floor levels is presented in
Table 3. The error is less than 10% for every floor level, with the estimates becoming more
accurate at the higher floor levels.
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Figure 14. Estimated velocity of the first floor

Figure 15. Estimated velocity of the second floor
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Figure 16. Estimated velocity of the third floor

Figure 17. Estimated velocity of the fourth floor
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Figure 18. Estimated velocity of the fifth floor

Figure 19. Estimated velocity of the sixth floor
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Figure 20. Estimated velocity of the seventh floor

Figure 21. Estimated velocity of the top floor
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Table 3. Error of peak velocity estimates
Floor Level Actual Velocity (m/s) Estimated Velocity (m/s)
1
0.0255
0.0274
2
0.0494
0.0539
3
0.0715
0.0785
4
0.0919
0.1004
5
0.1104
0.1190
6
0.1261
0.1335
7
0.1376
0.1434
8
0.1440
0.1485

|Difference|
7.45%
9.11%
9.79%
9.25%
7.79%
5.87%
4.22%
3.13%

The velocity and displacement results provide good evidence that the proposed method
estimated the peak/trough values accurately for all floor levels. The maximum errors in the
response for the peak/trough displacements and velocities are shown in Table 4. The largest error
was less than 10% for all floor levels and both parameters with the only exception being the
velocity of the first floor. An important trend to notice is that the errors in the estimates decrease
as the magnitude of the measurements increases. The velocity and displacement measurements at
the first floor have the lowest magnitude, which results in the largest error. The most precise
results occurred at the top floor level where the magnitude of the response was the greatest. This
is due to the fact that the Kalman filter has increased difficulty deciphering noise from the actual
measurements when the magnitude of the response is very small. In addition, the lower floor
levels are more heavily impacted by the higher frequencies as shown in the response spectra.
However, damage is most likely to occur in the event a large response is generated by the
structure. Therefore, the method will produce adequate results in the event of a large excitation
or loading occurrence.
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Table 4. Maximum error of velocity and displacement estimates
Floor
Actual Vel.
Est. Vel.
Actual Displ.
|Diff.|
Level
(m/s)
(m/s)
(m)
1
0.0197
0.0217
0.0035
10.59%
2
0.0391
0.0427
0.0069
9.34%
3
0.0572
0.0622
0.0101
8.81%
4
0.0731
0.0797
0.0130
9.03%
5
0.0864
0.0944
0.0154
9.28%
6
0.0971
0.1058
0.0174
8.95%
7
0.1052
0.1137
0.0188
8.08%
8
0.1096
0.1177
0.0195
7.39%

Est. Displ.
(m)
0.0037
0.0073
0.0107
0.0137
0.0162
0.0182
0.0195
0.0202

|Diff.|
6.73%
6.13%
5.75%
5.48%
4.93%
4.37%
3.83%
3.59%

The acceleration response of the structure was assumed to be measured by accelerometers
at each floor level. For comparison and validation purposes, the estimated acceleration response
was calculated for all floor levels. The true response was contaminated with the same noise level
that was used to estimate the velocity and displacements, which was then used to calculate the
estimated acceleration response. Figures 22 through 29 provide a comparison of the measured
value to the estimated response. The high number of oscillations associated with a structure’s
acceleration makes it challenging to accurately estimate every fluctuation in the response.
Despite this difficulty, the method still produces an estimated response that closely resembles the
true response, especially for the higher floor levels. The maximum error throughout the entire
excitation for each floor level is shown in Table 5. The magnitude of the error is large for the
lower floor levels due to the estimated value under-calculating the acceleration during the peak
response occurring between six and seven seconds. This under-estimation improves at the higher
floor levels. For the first floor level, the estimated response is unable to capture the spikes in the
true response due to its close proximity to the base where the excitation is located. The higher
mode shapes have a big impact on the response of the lower floors, which is evident in the
measured response. As the true response settles, the estimated response does a much better job of
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capturing the actual response. This same behavior is seen in the second and third floor levels, but
on a lower scale. As the spikes in the peak acceleration become less frequent and abrupt, the
estimated response improves in accuracy. This is highlighted by the improved precision and
accuracy of the estimates for the higher floor levels, especially at the top floor where the
response is less jumpy and the estimates are the most accurate.

Figure 22. Estimated acceleration of the first floor
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Figure 23. Estimated acceleration of the second floor

Figure 24. Estimated acceleration of the third floor
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Figure 25. Estimated acceleration of the fourth floor

Figure 26. Estimated acceleration of the fifth floor
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Figure 27. Estimated acceleration of the sixth floor

Figure 28. Estimated acceleration of the seventh floor
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Figure 29. Estimated acceleration of the top floor
Table 5. Maximum error of acceleration estimates
Floor Level Actual Acceleration (m/s2) Estimated Acceleration (m/s2)
1
0.3366
0.1344
2
0.4676
0.2642
3
0.5649
0.3851
4
0.6224
0.4928
5
0.6552
0.5837
6
-0.7711
-0.7999
7
-0.9011
-0.8595
8
-0.9736
-0.8898

|Difference|
60.07%
43.50%
31.83%
20.82%
10.91%
3.73%
4.62%
8.61%

Similar to the traditional observer-based estimation/filtering techniques, the accuracy of
the proposed method in real-world applications can only be checked or monitored using system
outputs, which are the actual measured accelerations compared with the filtered values in this
study. The estimated accelerations for the first and top floor levels were obtained by using only
the first mode and by using each of the first three modes. These plots are shown for the first and
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top floor in Figures 30 and 31, respectively. As discussed previously, higher modes contribute to
accelerations at significantly higher levels compared to their impact on the displacements and
velocities. This is especially true at the lower floor levels as depicted in Figure 30. The estimated
response when incorporating three modes is much more accurate than the estimates generated by
only using the first mode. However, as the floor level increases, the impact of using modes
higher than the first is minimized. This behavior is illustrated in Figure 31 as the estimated
responses for the first mode and the first three modes are nearly identical. A detailed comparison
of the magnitude of the error at the peak acceleration response for the inclusion of the first mode
and the first three modes is shown in Table 6. The magnitude of the error is significantly less
when using the first three modes as opposed to only the first mode, but this only holds true for
the lower floor levels. The results are very similar for floors five and higher, which follows the
trends depicted in Figures 30 and 31. Despite the high errors in estimating the accelerations at
low floor levels, it is still sufficient to only use the first mode when recovering displacements
and velocities. This is evident by the accuracy of the estimated displacement and velocity results
shown earlier. Therefore, in real-world applications, relatively large errors in system output
(accelerations) comparison are permitted due to their negligent impact on the estimated
displacement and velocity profiles.
Note that in this example, the highest excited frequency was associated with the third
mode at a frequency of 5.06 Hz. Simulations were conducted with different sampling frequencies
to determine how they might affect the estimates. The results showed no noticeable changes in
accuracy when the measurements were sampled at frequencies ranging from 20 Hz to 500 Hz.
Once the sampling frequency dropped below 20 Hz, errors started to creep into the results. These
errors became relatively large as the sampling frequency approached 10 Hz as it is fairly close to

51

two times the frequency of the third mode. The extent of these errors continued to increase as the
sampling frequency was further reduced. As in many civil engineering applications, the
structural response is dominated by relatively low frequencies that typically do not exceed 20
Hz. Therefore, a sampling frequency ranging from 50 to 100 Hz should be sufficient in most
applications.

Figure 30. Mode comparison of estimated acceleration of the first floor
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Figure 31. Mode comparison of estimated acceleration of the top floor
Table 6. Error in acceleration estimates based on number of modes
Floor
Actual Accel.
Estimated Accel. Estimated Accel. |Diff.|
2
2
Level
(m/s )
1st Mode (m/s )
1st 3 Modes (m/s2)
1
0.3366
0.1344
0.2451
60.07%
2
0.4676
0.2642
0.4380
43.50%
3
0.5649
0.3851
0.5522
31.83%
4
0.6224
0.4928
0.5963
20.82%
5
0.6552
0.5837
0.6015
10.91%
6
-0.7711
-0.7999
-0.8090
3.73%
7
-0.9011
-0.8595
-0.9579
4.62%
8
-0.9736
-0.8898
-1.0450
8.61%

|Diff.|
27.18%
6.33%
2.25%
4.19%
8.20%
4.92%
6.30%
7.33%

The correlation coefficients were also calculated using the entire time histories of the
results for the displacements, velocities, and accelerations using the relationship given by
𝜌 = 𝜎𝑥𝑦 /(𝜎𝑥 𝜎𝑦 ) (Rahman 1968). These ratios identify how closely related the estimates are to
the actual response. A summary of the correlation coefficients for each parameter is shown in
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Table 7. It was found that the correlation coefficients increased with higher floor levels. The
lowest and highest values for displacements were found to be 95.87% and 99.28% for the first
and top floor, respectively. The correlation coefficients for velocities were slightly smaller,
ranging from 91.78% for the first floor to 95.18% for the top floor. As for acceleration, the
bottom floor level was the lowest at 48.79%. If higher mode shapes were included in the
estimation of the accelerations, the correlation coefficients would be much higher for the lower
floor levels. However, as mentioned earlier, the error in the low floor levels does not cause a
decrease in accuracy of the velocity and displacement estimates. Starting at the third floor and
higher the correlation exceeds 90% and hits a high of 99.04% at the sixth floor.
Table 7. Correlation coefficients for each parameter
Floor Level
1
2
3
4
Displacement 0.9587 0.9879 0.9897 0.9911
Velocity
0.9178 0.9267 0.9352 0.9425
Acceleration 0.4879 0.7856 0.8989 0.9536

5
0.9920
0.9477
0.9815

6
0.9925
0.9506
0.9904

7
0.9928
0.9517
0.9855

8
0.9928
0.9518
0.9778

Another interesting parameter to look at is the inter-story drift ratio between each floor
level. The accuracy of this ratio is directly tied to that of the displacement estimates. However, it
is important to calculate inter-story drift precisely as it is one of the main parameters that can
cause structural damage. Often times a structure can withstand quite a bit of displacement as long
as the relative displacement between floors is not too large. If this relative displacement becomes
too big, it can cause catastrophic damage to a structure. A plot of the estimated and actual interstory drift between the seventh and eighth floors is shown in Figure 32. As expected, the
estimated inter-story drift closely follows the true inter-story drift due to the fact their respective
displacement estimates were very accurate. This is a beneficial outcome as the method is able to
produce accurate inter-story drift estimates at the locations where the displacement values are the
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largest. A breakdown of the error in estimating the peak inter-story drift between each successive
floor level is shown in Table 8. Due to the small displacement values, slight discrepancies
between the actual and estimated values result in a significant error from a percentage
standpoint. However, for high displacement values, the large percentage difference in the
estimated value would decrease considerably. Despite this sensitivity, the error in the estimated
drift is less than 6% between nearly every pair of floors.

Figure 32. Inter-story drift between the seventh and eighth floor levels
Table 8. Error comparison of inter-story drift between successive floor levels
Floor Level Actual Inter-story Drift (m) Estimated Inter-story Drift (m)
1-2
3.40E-03
3.60E-03
2-3
3.10E-03
3.40E-03
3-4
2.90E-03
3.00E-03
4-5
2.40E-03
2.50E-03
5-6
2.00E-03
1.90E-03
6-7
1.40E-03
1.40E-03
7-8
8.00E-04
7.00E-04
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|Difference|
5.88%
9.68%
3.45%
4.17%
5.00%
0.00%
12.50%

It is interesting to note that the estimates are not sensitive to the accuracy of the identified
modal damping ratio. In this example, the actual damping ratio was 3% and it was used in the
calculation of the estimates. In order to demonstrate the resiliency of the method to identification
errors in the modal damping ratio, additional simulations were conducted with damping ratios
ranging from 1% to 8%. This array of damping ratios was chosen as it covered a range
representing up to a 200% identification error. Such significant discrepancies from the true
damping ratio only introduced very slight, unnoticeable changes in the estimated responses. This
robustness to damping ratios is beneficial in practice as they are more difficult to identify with
the same level of accuracy as the natural frequencies when using ambient vibration
measurements.

3.1.2 Three-Story Scaled Building Model

In addition to the numerically analyzed eight-story structure, an experimental three-story
scaled building model was analyzed. The floors were identically built with depth, width, and
height dimensions of 0.314 m x 0.386 m x 0.401m, respectively. The floor masses for the first,
second, and third floors were 6.67 kg, 6.64 kg, and 5.03 kg, respectively. Using structural
deflections under static loads, the inter-story stiffness coefficients were experimentally
determined to be 31.47 N/mm, 34.07 N/mm, and 27.95 N/mm for the first, second, and top floor,
respectively. The corresponding modal parameters, i.e. frequency, mode shape, and modal
damping, were identified using frequency domain decomposition (Brincker et al. 2001). Using a
shear beam lumped mass model, the natural frequencies were theoretically determined to be 5.10
Hz, 14.19 Hz, and 20.41 Hz, respectively. The N-S component of the ground accelerations of the
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1979 El Centro earthquake was scaled so that the peak value was approximately 0.8g. This was
then applied as the excitation to the base and the corresponding structural accelerations were
measured at all three floors. The displacements of the three floors were also measured relative to
a fixed reference using LVDTs. These displacement measurements were then used for
determining the accuracy of the estimated response. Both accelerations and displacements were
measured at a sampling frequency of 100 Hz based on the Nyquist-Shannon sampling theorem to
avoid loss of useful information.
The spectrum of the accelerations at all floors is shown in Figure 33. Based on this
frequency response, it is clear that all three modes played a significant role in the structural
response. Using frequency domain decomposition, the dominant frequencies were identified as
4.79 Hz, 15.19 Hz, and 21.63 Hz, respectively. The plot of the singular value decomposition is
shown in Figure 34. The three dominate frequencies are clearly identified on the plot. The
identified mode shapes are shown in Figure 35. Using the measured floor masses and stiffness
coefficients, the modal assurance criterion (MAC) (Allemang 1980; Allemang and Brown 1982)
of the identified mode shapes was calculated to be 0.9958, 0.9756, and 0.9418 for the first,
second, and third mode, respectively. This signifies the estimated mode shapes are close to the
true mode shapes of the structure.
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Figure 33. Frequency content of accelerations at all floors

Figure 34. Singular value decomposition of frequencies
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Figure 35. Identified mode shapes of the structure
The proposed method was applied to the measured accelerations with the same
parameters of the Kalman filter as those used in the numerical example from section 3.1.1. Once
again, the damping ratios played an insignificant role in the estimation process, thus, the results
obtained using a fixed damping ratio of 0.05 for all three modes are presented herein. The
estimated acceleration responses for all three floor levels are shown in Figures 36 through 38.
These estimates were calculated using all three mode shapes as each of them was adequately
excited during the structure’s response. The estimated acceleration responses closely follow the
measured values for each of the floor levels. The accuracy is slightly lower at the bottom and top
floors due to the estimates missing the peaks. Details of the error between the estimated values
and the measured values are shown in Table 9. Although the error is higher at the first floor, it is
much less than 10% while the upper two floor levels do not exceed 5%. This provides proof that
the estimated structural parameters are accurate enough to recover the actual measurements.
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Figure 36. Estimated acceleration response for the first floor

Figure 37. Estimated acceleration response for the second floor
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Figure 38. Estimated acceleration response for the third floor
Table 9. Error of peak acceleration measurements for all three floors
Floor Level Actual Acceleration (m/s2) Estimated Acceleration (m/s2)
1
0.1368
0.1465
2
0.1511
0.1515
3
0.2149
0.2053

|Difference|
7.09%
0.26%
4.47%

The acceleration response was also estimated using only the first mode to demonstrate
the importance of including all of the meaningfully excited modes in the estimation process.
Figures 39 through 41 compare the estimated responses calculated using only the first mode to
the actual acceleration measurements. The second floor estimates are fairly accurate, but they
under-estimate and over-estimate the peaks and troughs of the first and third floor levels,
respectively. A summary of the error in capturing the peak acceleration using only the first mode
is shown in Table 10. When compared to the results from Table 9, the error is extremely high.
This highlights the importance of identifying all of the mode shapes that meaningfully participate
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in the structural response. If any of these mode shapes are excluded, the analysis process will
yield inaccurate results with very high errors.

Figure 39. Estimated acceleration response for the first floor using first mode only
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Figure 40. Estimated acceleration response for the second floor using first mode only

Figure 41. Estimated acceleration response for the third floor using first mode only
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Table 10. Error of peak acceleration measurements using only first mode
Floor Level Actual Acceleration (m/s2) Estimated Acceleration (m/s2)
1
0.1368
0.1625
2
0.1511
0.1113
3
0.2149
0.0558

|Difference|
18.79%
26.34%
74.05%

The same method was used to calculate the estimated displacement response of the three
floor levels using the measured acceleration values. All three of the excited mode shapes were
used in the estimation process. The comparisons of these estimates to the measured displacement
values are shown in Figures 42 through 44. The estimated response follows the general shape of
the measured response for all three floor levels. However, there are minor discrepancies
throughout the response between the estimated and true values. This is due to the errors
introduced when identifying modal parameters through frequency domain decomposition.
Despite these differences, the method still produces adequate displacement estimates that closely
resemble the true response for the duration of the excitation. The errors in capturing the peak
displacement values are provided in Table 11. The method does miss the peak and trough values
at various times during the response, but performed extremely well at capturing the absolute
maximum displacement. The error for all three floor levels is less than 10% while the error for
the first floor is less than 5%. This is a very good indication that the method provides a useful
way to determine a structure’s displacement when only using acceleration measurements.
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Figure 42. Estimated displacement response for the first floor

Figure 43. Estimated displacement response for the second floor
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Figure 44. Estimated displacement response for the third floor
Table 11. Error of peak displacement measurements using all three modes
Floor Level Actual Displacement (m) Estimated Displacement (m)
1
0.001662
0.001714
2
0.002250
0.002123
3
0.002511
0.002307

|Difference|
3.13%
5.64%
8.12%

The correlation coefficients were calculated for the acceleration and displacement
estimates when using all three modes versus using just the first mode. The values are shown in
Table 12. Similar to the results depicted in the figures, the estimated values are more heavily
correlated to the true measurements when all three modes are included in the estimation method.
The correlation is higher for the acceleration measurements with the most accurate occurring at
the top floor. The correlation for the displacement response followed a similar pattern. It
exceeded 90% for all three floor levels with the highest correlation occurring at the top floor.
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Table 12. Correlation coefficients of estimates
Floor Level
1
2
Acceleration - 3 Modes
0.9592 0.9935
Acceleration - 1 Mode
0.8577 0.9465
Displacement - 3 Modes 0.9489 0.9530
Displacement - 1 Mode
0.6794 0.7385

3
0.9965
0.7146
0.9669
0.7592

Although it is important to have accurate displacement measurements, an equally
important calculation is the inter-story drift ratio between relative floor levels for reasons
mentioned previously. The interesting thing to note in this example is that the inter-story drift
estimates are very close to the measured values. The drift between floors one and two is shown
in Figure 45 while the drift between floors two and three is shown in Figure 46. The
displacement estimates were very accurate for all three floor levels. As a result, the relative
displacement estimates also yielded accurate results for both sets of floor levels. This holds true
for the entire time duration and is especially true during the peak loading period. The zoomed in
portion of the graph from five to ten seconds shows how close the estimated inter-story drift is to
the measured value from the experiment.
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Figure 45. Estimated inter-story drift between floors one and two

Figure 46. Estimated inter-story drift between floors two and three
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Although the experiment did not measure the velocity of the response, the estimated
profiles for floors one through three are shown in Figures 47 through 49. As expected, the
velocity is the highest at the top floor and the lowest at the first floor. The peak velocities were
43.9 mm/s, 55.2 mm/s, and 66.8 mm/s for the first, second, and top floor, respectively.

Figure 47. Estimated velocity of the first floor
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Figure 48. Estimated velocity of the second floor

Figure 49. Estimated velocity of the third floor
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Note that in this example, the highest excited frequency was associated with the third
mode at 21.63 Hz. The simulated results showed no noticeable changes in accuracy when the
measurements were sampled at rates ranging from 50 to 500 Hz. Errors did start to appear when
the sampling frequency approached 40 Hz and lower. This value is close to twice the frequency
contained in the third mode, which definitely played a role in the structure’s response. Therefore,
if it is not captured the estimates would decrease in accuracy.

3.2 UTILIZING ACCELERATION AND STRAIN MEASUREMENTS ON BRIDGES

In this section, the results from a simply supported single span concrete bridge are
presented to demonstrate the effectiveness of the proposed method when it comes to recovering
the structure’s displacements. The examples comprise numerical studies of the bridge subjected
to numerous variations of traffic loads. The geometry of the bridge is identical to what is shown
in Figure 1. Accelerations and strains are used as the only measurements to reconstruct the
bridge deflections relative to its unexcited state. Numerous combinations of vehicle speed and
mass were tested. All results and graphs represent those associated with the sensor located at
mid-span as it represents the location of the maximum response.

3.2.1 Single Moving Vehicle Load

Two bridge lengths were analyzed to provide results for both short and long span bridge
designs. The long span bridge had a span length of 50 m with a width of 15 m. The short span
bridge was given a span length of 20 m and a width of the 5 m. The density and stiffness of both
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bridges were ρ = 2500 kg/m3 and EI = 3.65*1010 N/m2, respectively. The viscous damping
ratio was chosen to be ξi = 0.01. Various vehicle speed and mass combinations were considered
to demonstrate the effectiveness of the proposed method under numerous loading conditions.
Vehicle speeds of 4 m/s, 10 m/s, and 25 m/s were used to represent a slow, average, and fastmoving vehicle. Vehicle masses of 20 kN, 100 kN, and 500 kN were used to represent a light,
average, and heavy-weight vehicle. The accelerometers and strain gauges were located at L/4,
L/2, and 5L/6 of the bridge span. The measurements were contaminated with 20% noise. A
Kalman filter was designed using this established measurement noise level. The variance of the
residual modal excitation, 𝑅𝑄𝑖 , was assumed to be 5E-6 in the filter design.
The observer was designed using the exact mode shape of the bridge. In practice, it may
be difficult to obtain the exact mode shape of the structure without conducting a load test in the
field. These tests can be very expensive, time consuming, and interrupt the daily traffic flow. In
order to demonstrate the robustness and accuracy of the proposed method, an estimate of the
mode shape is also used for comparison purposes. This estimate is a polynomial based function
related to the real-time response of the structure. Four cases were considered and will be
referenced herein as follows: Case 1 – Actual displacements using the actual mode shape; Case 2
– Estimated displacements from acceleration and strain measurements using the actual mode
shape; Case 3 – Estimated displacements from acceleration and strain measurements using an
estimated mode shape; Case 4 – Estimated displacements from only acceleration measurements
using the actual mode shape.
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3.2.1.1 Long Span Bridge

This bridge was chosen to represent the type of structure you would find on a high traffic
road with a width to simulate multiple lanes of traffic. The natural frequency of the model is 1.19
Hz, which corresponds to a damping ratio of 1.0%. According to the Nyquist-Shannon sampling
theorem, the sampling frequency should be at least double the highest excited frequency in the
signal to avoid loss of useful information. As a result, the acceleration measurements at each
location were measured at a sampling frequency of 50 Hz. This is well above the minimum
required, but was chosen for smoothness when generating the corresponding plots.
The two measurement combinations considered were acceleration only and a
combination of acceleration and strain. Acceleration only was used to demonstrate the improved
accuracy of the method when adding strain measurements compared to conventional techniques
that only utilize accelerometers. The estimated displacement profiles for a single vehicle with a
speed of 4 m/s are shown in Figures 50 through 52 for masses of 20 kN, 100 kN, and 500 kN,
respectively. A time window of 12.5 seconds was chosen as it represents the duration in which
the vehicle is traveling over the bridge span. Figures 53 through 55 show the estimated profiles
for the same masses, but for a vehicle with a speed of 10 m/s. A time window of five seconds
was chosen for these figures as it also represents the time required for the vehicle to travel over
the bridge span. Similarly, Figures 56 through 58 show the estimated displacement responses for
a vehicle at the three various masses that is traveling with a speed of 25 m/s. A time window of
five seconds was shown for this vehicle to depict the convergence of Case 4 after the vehicle has
exited the bridge span. In general, the estimated response was fairly independent of the vehicle
speed. This was the case whether the true or estimated mode shape was used to generate the
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displacement estimates. The vehicle weight had the most impact on the accuracy of the estimates
as the error was much less for heavier vehicles. Again, this was the case for both the true and
estimated mode shapes. There wasn’t much difference in the error between the true and
estimated mode shape in all loading scenarios, which is very beneficial for reasons mentioned
earlier. Case 2 did produce better results with the error never exceeding 1%, but this is to be
expected given the use of the true mode shape. The error for Case 3 was less than 2% for all
scenarios except for the slow moving light weight vehicle where the error was almost 8%. When
only using acceleration measurements, the estimated results contained extremely large errors in
relation to the true displacement responses. The errors were larger for faster moving vehicles due
to the higher frequencies they excite in the structure’s response. As the vehicle weight increased,
the corresponding error decreased. For the faster vehicles, the shape of the estimated response
resembled the true displacement response, but was unable to correctly capture the peaks and
troughs. A complete summary of the error in capturing the peak displacement response for all
loading scenarios and estimation cases is shown in Table 13.
Another interesting thing to note is the time lapse in convergence of the estimated
displacements when only using acceleration measurements. The estimated response initially
contained extremely large errors, but as time passed the response slowly converged to the true
response. This time lapse was the worst for the slow moving light weight vehicle, but improved
with increasing vehicle speed and weight. As a result, reasonable estimates can still be obtained
when the vehicle is very heavy and moving at a high rate of speed. However, by incorporating
strain measurements, this time lapse of convergence is completely removed from the estimated
response. This provides a very practical approach to accurately capture the displacement profile
of a bridge for numerous combinations of vehicle speed and weight.
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Figure 50. Displacement profile at mid-span for V=4 and F=20

Figure 51. Displacement profile at mid-span for V=4 and F=100
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Figure 52. Displacement profile at mid-span for V=4 and F=500

Figure 53. Displacement profile at mid-span for V=10 and F=20
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Figure 54. Displacement profile at mid-span for V=10 and F=100

Figure 55. Displacement profile at mid-span for V=10 and F=500
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Figure 56. Displacement profile at mid-span for V=25 and F=20

Figure 57. Displacement profile at mid-span for V=25 and F=100
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Figure 58. Displacement profile at mid-span for V=25 and F=500
Table 13. Error in peak displacement calculations for all cases – long span
Vehicle Vehicle
Case 1 Case 2 Case 3 Case 4
Speed Weight
|Diff 2-1| |Diff 3-1|
(mm)
(mm)
(mm)
(mm)
(m/s)
(kN)
20
1.414
1.413
1.523
1.790
0.07%
7.71%
4
100
7.170
7.170
7.222
6.803
0.00%
0.73%
500
36.800 36.790 36.780 34.180
0.03%
0.05%
20
1.442
1.433
1.468
1.029
0.62%
1.80%
100
7.538
7.536
7.588
6.116
0.03%
0.66%
10
500
38.940 38.940 38.920 34.480
0.00%
0.05%
20
1.530
1.525
1.527
0.957
0.33%
0.20%
25
100
7.828
7.831
7.813
5.277
0.04%
0.19%
500
59.250 59.270 59.210 53.700
0.03%
0.07%
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|Diff 4-1|
26.59%
5.12%
7.12%
28.64%
18.86%
11.45%
37.48%
32.59%
9.37%

3.2.1.2 Short Span Bridge

This bridge was chosen to represent the type of structure you would find on a low traffic
road with a width simulating a single lane bridge. The natural frequency of the model is 2.35 Hz,
which corresponds to a damping ratio of 1.0%. As was the case in the long span example, the
acceleration measurements at each location were measured at a sampling frequency of 50 Hz.
The same three vehicle speeds were used, but heavier vehicle weights were implemented due to
the shortness of the clear span. Light weight vehicles generate a negligible response on a short
span structure due to the small amount of time the vehicle is traveling over the span. In order to
generate large enough results for comparative reasons, vehicle weights were increased to 100
kN, 500 kN, and 750 kN, respectively.
The displacements were estimated for the same four cases defined previously. The plots
for the various vehicle speed and weight combinations are shown in Figures 59 through 67. The
error in capturing the peak displacement for each case and every loading scenario is summarized
in Table 14. Similar to the long span example, the estimated response when only using
acceleration measurements has a time lapse early in the vehicle loading before it starts to
converge to the true response. This initial error is larger for the slower light weight vehicles, but
improves as the vehicle speed and weight increase. Figure 67 shows the respone for the fastest
and heaviest case. The plot for Case 4 represents using only acceleration and it can be seen that
the estimated response closely follows the response from the other three cases. However, the
error is still too large to validate the sole use of acceleration measurements. It is difficult to
distinguish the difference between noise and displacements for lighter weight vehicles, which
explains why the results are better for heavier vehicles. By incorporating strain measurements
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into the calculation of the displacement profile, the results are drastically improved as the
magnitude of the error does not exceed 2% for any scenario.

Figure 59. Displacement profile at mid-span for V=4 and F=100
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Figure 60. Displacement profile at mid-span for V=4 and F=500

Figure 61. Displacement profile at mid-span for V=4 and F=750
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Figure 62. Displacement profile at mid-span for V=10 and F=100

Figure 63. Displacement profile at mid-span for V=10 and F=500
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Figure 64. Displacement profile at mid-span for V=10 and F=750

Figure 65. Displacement profile at mid-span for V=25 and F=100
84

Figure 66. Displacement profile at mid-span for V=25 and F=500

Figure 67. Displacement profile at mid-span for V=25 and F=750
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Table 14. Error in peak displacement calculations for all cases – short span
Vehicle Vehicle
Case 1 Case 2 Case 3 Case 4
Speed Weight
|Diff 2-1| |Diff 3-1| |Diff 4-1|
(mm)
(mm)
(mm)
(mm)
(m/s)
(kN)
100
0.452
0.451
0.453
0.011
0.09%
0.15%
97.53%
4
500
2.284
2.284
2.291
1.280
0.00%
0.31%
43.96%
750
3.461
3.460
3.477
2.143
0.03%
0.46%
38.08%
100
0.458
0.458
0.458
0.089
0.02%
0.07%
80.64%
10
500
2.355
2.356
2.357
1.387
0.04%
0.08%
41.10%
750
3.668
3.665
3.669
2.204
0.08%
0.03%
39.91%
100
0.483
0.481
0.480
0.090
0.41%
0.56%
81.42%
25
500
2.606
2.605
2.64
2.556
0.04%
1.30%
1.92%
750
-4.225
-4.233
-4.167
-3.75
0.19%
1.37%
11.24%

3.2.2 Multiple Vehicle Load

In this section, the single vehicle case analyzed in section 3.2.1 is expanded to include
cases in which multiple vehicles are traveling over the bridge at the same time. Acceleration and
strain measurements are collected and used to reconstruct the bridge deflections relative to its
unexcited state. As seen from the previous section, using only acceleration measurements yields
erroneous results. These inaccuracies only increased for the multiple vehicle cases so they have
been excluded from the results to allow for easier clarity when interpreting the outcomes. Three
cases were analyzed in this section and will be referenced herein according to the following
definitions: Case 1 – Actual displacements using the actual mode shape; Case 2 – Estimated
displacements from acceleration and strain measurements using the actual mode shape; Case 3 –
Estimated displacements from acceleration and strain measurements using an estimated mode
shape. The properties and parameters of the bridge are identical to those previously shown in
Figure 1 and defined in section 3.2.1.1. Spacing between subsequent vehicles was randomized
using a uniform probability distribution [20,24] (m).
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The time duration of loading was chosen to be 15 seconds, thus allowing for at least five
vehicles to pass over the bridge in every loading scenario. Various loading combinations were
considered that included cases where all of the vehicles had the same speed and weight, the same
speed with different weights, and the same weight with different speeds. Lastly, a scenario in
which all of the vehicles had varying weights and speeds was also considered. By including all
of these loading scenarios, the impact of vehicle speed and weight is able to be analyzed. This
analysis is used to demonstrate the broad applicability and usefulness of the displacement
estimation process.

3.2.2.1 Constant vehicle speeds and weights

The first loading combination considered was for all of the vehicles to have the same
weight and to be traveling at the same speed. Vehicle speeds of 4 m/s, 10 m/s, and 15 m/s were
considered along with weights of 20 kN, 100 kN, and 125 kN. Figures 68 through 76 show the
entire displacement response for all three cases under each loading arrangement. Table 15
provides a summary of the displacement results and the magnitude of the error for each case at
7.5 seconds. This time stamp was chosen as it represented half of the loading duration and a time
at which multiple vehicles were simultaneously traveling over the clear span of the bridge.
The estimated response was more accurate for heavier vehicles due to the fact that they
produce larger displacements. This makes it easier for the Kalman filter to distinguish between
the displacement measurements and noise. In the case of the lightest vehicle, the estimated
response oscillates back and forth between over-estimating and under-estimating the true
response. However, these oscillations are reduced before divergence occurs, which still allows
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for the estimates to follow the same behavior as the true response. The improvement in the
smoothness of the estimated response is identified when comparing Figure 68 to Figure 69. The
results for the heavier vehicle in Figure 69 still contain oscillations, but they are much smaller
and do a better job of mirroring the true response.
Vehicle speed also played a role in the accuracy of the estimated response. The error was
much less for slow traveling vehicles than it was for the fast moving vehicles. This trend is
identifiable in the plots and the table. The error is the lowest for the slow moving vehicle and the
highest for the fast moving vehicle. This could be explained by the frequency of the load as it is
higher for faster moving vehicles, which makes it more difficult to identify when contaminated
with noise.
In general, the estimated displacement responses improve in accuracy with increasing
vehicle weight and decreasing vehicle speed. It is important to note that the estimated profiles
resemble an average of the true response by trending through the middle of the peaks and
troughs. Although this causes some discrepancies in the peak and trough values, the overall
shape of the estimated response is a very good representation of the true behavior of the bridge.
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Figure 68. Displacement profile at mid-span for V=4 and F=20

Figure 69. Displacement profile at mid-span for V=4 and F=100
89

Figure 70. Displacement profile at mid-span for V=4 and F=125

Figure 71. Displacement profile at mid-span for V=10 and F=20
90

Figure 72. Displacement profile at mid-span for V=10 and F=100

Figure 73. Displacement profile at mid-span for V=10 and F=125
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Figure 74. Displacement profile at mid-span for V=15 and F=20

Figure 75. Displacement profile at mid-span for V=15 and F=100
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Figure 76. Displacement profile at mid-span for V=15 and F=125
Table 15. Error in displacement values at 7.5 seconds for constant speed and weight
Vehicle
Vehicle
Case 1
Case 2
Case 3
|Diff 2-1| |Diff 3-1|
Speed (m/s) Weight (kN)
(mm)
(mm)
(mm)
20
1.981
1.951
1.883
1.51%
4.95%
100
9.606
9.353
9.348
2.63%
2.69%
4
125
12.400
12.250
12.220
1.21%
1.45%
20
2.115
1.924
2.232
9.03%
5.53%
10
100
10.710
10.280
10.060
4.01%
6.07%
125
13.070
13.450
12.950
2.91%
0.92%
20
1.580
1.773
2.135
12.22%
35.13%
15
100
7.600
9.570
9.243
25.92%
21.62%
125
10.770
12.550
11.930
16.53%
10.77%

93

3.2.2.2 Constant vehicle weights and varying speeds

The next loading combination considered was for all of the vehicles to have the same
weight, but for them to be traveling at different speeds. The purpose of this scenario was to
determine if varying vehicle speeds would adversely affect the estimated response. The vehicle
weights considered were again selected to be 20 kN, 100 kN, and 125 kN. The first vector of
vehicle speeds was 5, 10, 5, 5, 15, 10, 5, 15, and 10 m/s, while the second vector was 10, 5, 15,
10, 5, 5, 10, 15, and 10 m/s. Figures 77 through 82 show the entire displacement response for all
three cases under each loading scenario. Table 16 provides a summary of the displacement
results and the magnitude of the error for all cases at 7.5 seconds. Similar to the pattern
discovered in Table 15, the estimated responses become more accurate as the weight of the
vehicles increase. The error is less than 10% for all six loading combinations. When strictly
looking at Case 2, the error is less than 5% for most of the loading scenarios. As expected, Case
2 produces slightly more accurate results than Case 3, but using the estimated mode shape still
yields accurate results. It is important to note that there can be a large error at a certain time
stamp while still producing a precise overall response. A similar oscillation pattern in the
estimated response as originally identified in section 3.2.2.1 is noticeable for the 20 kN vehicle.
As the duration of the loading increases, the oscillations damp out and converge to the true
response. For the heavier weight vehicles, these oscillations are reduced and the estimates more
closely resemble the true response for the entire time interval. As a result, the implemented
method still performs very well under varying vehicle speeds for all three vehicle weights. As
mentioned before, the estimated profiles resemble an average of the true response by trending
through the middle of the peaks and troughs. Although this causes some discrepancies in the
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peak and trough values, the overall shape of the estimated response is a very good representation
of the true behavior of the bridge under these loading conditions.

Figure 77. Displacement profile at mid-span for V=[varying speeds #1] and F=20
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Figure 78. Displacement profile at mid-span for V=[varying speeds #1] and F=100

Figure 79. Displacement profile at mid-span for V=[varying speeds #1] and F=125
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Figure 80. Displacement profile at mid-span for V=[varying speeds #2] and F=20

Figure 81. Displacement profile at mid-span for V=[varying speeds #2] and F=100
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Figure 82. Displacement profile at mid-span for V=[varying speeds #2] and F=125
Table 16. Error in displacement values at 7.5 seconds for same weight and varying speed
Vehicle
Vehicle
Case 1
Case 2
Case 3
|Diff 2-1| |Diff 3-1|
Speeds (m/s) Weight (kN)
(mm)
(mm)
(mm)
20
1.609
1.578
1.702
1.93%
5.78%
[5 10 5 5 15 10
100
8.924
8.268
8.070
7.35%
9.57%
5 15 10]
125
11.100
10.450
10.050
5.86%
9.46%
20
2.712
2.587
2.473
4.61%
8.81%
[10 5 15 10 5 5
100
13.240
13.380
13.320
1.06%
0.60%
10 15 10]
125
15.980
16.770
16.640
4.94%
4.13%

3.2.2.3 Constant vehicle speeds and varying weights

The next loading scenario considered was for all of the vehicles to be traveling at the
same speed, but have different weights. The purpose of this load scenario was to determine if the
proposed method could still perform adequately when subjected to varying vehicle weights. The
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vehicle speeds considered were 4 m/s, 10 m/s, and 15 m/s. The first vector of weights used was
20, 50, 100, 20, 100, 125, 50, 100, and 125 kN, the second vector of weights used was 50, 125,
100, 20, 100, 50, 75, 100, and 125 kN, and the third vector of weights used was 100, 20, 50, 100,
125, 50, 100, 20, and 100 kN. For the vehicles traveling at 15 m/s, two additional weights had to
be added to each weight vector as more vehicles were able to travel over the span in the same
amount of time. The additional weights used were 20 kN and 50 kN.
The results for the error calculations at 7.5 seconds for all of the loading scenarios
considered are shown in Table 17. Regardless of the vehicles’ speed, the estimated responses
provide very good results when compared to the actual displacement values. The error for nearly
every scenario is less than 5%, with the exception of a few where the error was over 20%. These
large error cases were a result of the true response having large peaks and troughs. The estimated
profiles resemble more of an average that cuts these peaks and troughs in half. As a result, errors
are present in the estimates of these peak and trough values while the overall profile still follows
the same shape as the true response. The complete displacement profiles for every loading
situation considered are shown in Figures 83 through 91. The best results were seen with the
slower moving vehicles. This corresponds with the results discussed in section 3.2.2.1 for the
constant vehicle speed and weight cases. As the vehicle speed increases in this case, the true
displacement response begins to develop large oscillations that are not captured in the estimated
responses. This may be due to the higher frequency loadings associated with faster moving
vehicle speeds.
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Figure 83. Displacement profile at mid-span for V=4 and F=[varying weights #1]

Figure 84. Displacement profile at mid-span for V=10 and F=[varying weights #1]
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Figure 85. Displacement profile at mid-span for V=15 and F=[varying weights #1]

Figure 86. Displacement profile at mid-span for V=4 and F=[varying weights #2]
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Figure 87. Displacement profile at mid-span for V=10 and F=[varying weights #2]

Figure 88. Displacement profile at mid-span for V=15 and F=[varying weights #2]
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Figure 89. Displacement profile at mid-span for V=4 and F=[varying weights #3]

Figure 90. Displacement profile at mid-span for V=10 and F=[varying weights #3]
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Figure 91. Displacement profile at mid-span for V=15 and F=[varying weights #3]
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Table 17. Error in displacement values at 7.5 seconds for same speed and varying weight
Vehicle
Case 1 Case 2 Case 3
Vehicle Weights (kN)
|Diff 2-1| |Diff 3-1|
Speed (m/s)
(mm) (mm)
(mm)
[20 50 100 20 100 125
3.225
3.153
3.146
2.23%
2.45%
50 100 125]
4

10

15

[50 125 100 20 100 50
75 100 125]

7.469

7.575

7.538

1.42%

0.92%

[100 20 50 100 125 50
100 20 100]

7.600

7.547

7.533

0.70%

0.88%

[20 50 100 20 100 125
50 100 125]

6.845

6.922

6.874

1.12%

0.42%

[50 125 100 20 100 50
75 100 125]

7.080

7.483

8.584

5.69%

21.24%

[100 20 50 100 125 50
100 20 100]

7.343

7.310

7.310

0.45%

0.45%

[20 50 100 20 100 125
50 100 125 20 50]

8.865

8.652

8.592

2.40%

3.08%

[50 125 100 20 100 50
75 100 125 20 50]

7.785

7.481

7.332

3.90%

5.82%

[100 20 50 100 125 50
100 20 100 20 50]

10.860

11.330

11.250

4.33%

3.59%

3.2.2.4 Varying vehicle speeds and weights

The last loading scenario considered was for each vehicle to have a different speed and
weight than the previous vehicle. By including this combination of loads, the method is able to
demonstrate its complete ability to adapt to any type of traveling vehicle load in real time. The
vehicle speed vectors were the same as those previously defined in section 3.2.2.2. The vehicle
weight vectors were the same as those previously defined in section 3.2.2.3. The errors in
capturing the displacement at 7.5 seconds for all six vehicle speed and weight vector
combinations are shown in Table 18. As the results indicate, the proposed method performs very

105

well under these various loading combinations. The full displacement response for 15 seconds is
shown in Figures 92 through 97 for each loading combination considered.
For speed vector one, the best results were seen with weight vector three. The estimated
response closely followed the true response for the entire time stamp. The corresponding error
from Table 19 was less than 3% for Case 2 and less than 6% for Case 3. The error was greater
than 10% for weight vectors one and two due to the heavy oscillations that were generated after
the five second mark. The estimated responses resembled a smooth trend line through the middle
of these oscillations, which resulted in the increased error in capturing the peak and trough
values. Despite these errors, the general shapes of the estimated responses closely follow those of
the true responses. As expected, Case 2 was more accurate than Case 3 for all three weight
vectors, but Case 3 still performed adequately from an estimation standpoint.
Similar results were generated from speed vector two. The estimated responses closely
followed the true responses for the first half of the loading period. However, midway through the
loading process, heavy oscillations were generated in the true responses that failed to be captured
by the estimates. Over the last half of these responses, the estimates were unable to capture the
peaks and troughs, resulting in errors in excess of 10%. Despite these errors, the general shapes
of the estimates were close to the true responses. As seen in Table 18, the error is 3% or less for
all three loading combinations, which reflects the accuracy during the first half of the loading
cycle. Therefore, the use of acceleration and strain measurements proves to be a viable approach
for determining the displacement profile under several types of loading arrangements.
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Figure 92. Displacement profile at mid-span for V=[speeds #1] and F=[weights #1]

Figure 93. Displacement profile at mid-span for V=[speeds #1] and F=[weights #2]
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Figure 94. Displacement profile at mid-span for V=[speeds #1] and F=[weights #3]

Figure 95. Displacement profile at mid-span for V=[speeds #2] and F=[weights #1]
108

Figure 96. Displacement profile at mid-span for V=[speeds #2] and F=[weights #2]

Figure 97. Displacement profile at mid-span for V=[speeds #2] and F=[weights #3]
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Table 18. Error in displacement values at 7.5 seconds for varying speed and weight
Vehicle
Vehicle
Case 1
Case 2
Case 3
|Diff 2-1|
Speeds (m/s) Weights (kN)
(mm)
(mm)
(mm)
[20 50 100 20
100 125 50
4.667
4.171
4.131
10.63%
100 125]
[50 125 100 20
[5 10 5 5 15
100 50 75 100
6.488
5.706
5.608
12.05%
10 5 15 10]
125]
[100 20 50 100
125 50 100 20
6.879
6.693
6.497
2.70%
100]
[20 50 100 20
100 125 50
9.843
9.585
9.574
2.62%
100 125]
[50 125 100 20
[10 5 15 10 5
100 50 75 100
14.490
14.300
14.270
1.31%
5 10 15 10]
125]
[100 20 50 100
125 50 100 20
5.020
5.174
4.922
3.07%
100]

|Diff 3-1|
11.48%

13.56%

5.55%

2.73%

1.52%

1.95%

3.3 USEFULNESS OF DISPLACEMENT FOR CONTROLLING BRIDGE RESPONSE

The method presented in section 3.2 can be further analyzed to demonstrate its usefulness
when it comes to assessing the serviceability of a bridge. The same single span bridge used in
previous sections was analyzed in both the short span and long span versions. This example
comprises a numerical study of the bridge subjected to a single moving vehicle load using the
same approach that was outlined in section 3.2.2.1. By monitoring the bridge with
accelerometers and strain gauges and applying the proposed method, it is possible to monitor the
displacement of the bridge and manage its response by controlling vehicle weight and speed.
Numerous combinations of vehicle speed and weights were tested and analyzed to determine
how changes in these parameters impacted the overall response of the bridge. All results
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represent those associated with the sensor located at mid-span as that is the location of the peak
displacement for this bridge type. Vehicle speeds of 4 m/s, 10 m/s, 25 m/s and 30 m/s were used
to represent a widespread range of speeds the bridge could be subjected to in the field. Vehicle
weights of 400 kN, 500 kN, 625 kN, and 750 kN were used to represent a wide variety the bridge
may be required to carry. Vehicles with weights lower than these generated negligible
displacements when traveling over the bridge and were disregarded as they did not present an
imminent threat to its load carry capacity.

3.3.1 Long Span Bridge Deflection Assessment

This example consisted of a bridge with a span length of 50 m and a width of 15 m.
These dimensions were chosen to represent those bridges with span lengths on the upper end of
what is typically seen in a single span bridge. Using the accelerometer and strain gage layout
outlined earlier in Figure 1, the resulting peak displacements were calculated at mid-span. The
first case considered involved keeping the vehicle weight constant while analyzing the impact of
the reduction of the vehicle’s speed. Weights of 500 kN and 750 kN were used as they represent
a vehicle similar to a tractor trailer that would put a large demand on the structure and generate
reasonably large displacements. Table 19 shows the results for these two weights and the impact
that lowering the vehicle speeds had on the peak displacement. The peak displacement imposed
by a 500 kN vehicle can be cut in half by dropping the speed limit by 20 m/s. However,
additional reduction in speed does not have a large impact on further reduction of the peak
displacement. Similar results were discovered for the heavier, 750 kN vehicle. A drop of only 5
m/s in speed reduced the peak displacement by more than forty percent. Reduction of more than
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sixty percent can be accomplished by dropping the speed 20 m/s. Further reduction in speed
below the 10 m/s mark had minimal impact on the peak displacement as it dropped less than ten
percent for both vehicle types.
Table 19. Impact of reduction in speed on peak displacement for long span
Vehicle Vehicle
Peak
Peak
Reduction in Peak
Reduction in Peak
Weight
Speed Displacement Rotation Displacement from
Displacement
(kN)
(m/s)
(mm)
(°)
Previous Velocity
from 30 m/s
30
77.15
0.1768
25
59.25
0.1358
23.20%
23.20%
500
10
38.94
0.0892
34.28%
49.53%
4
36.81
0.0844
5.47%
52.29%
30
161.40
0.3699
25
91.70
0.2102
43.18%
43.18%
750
10
62.66
0.1436
31.67%
61.18%
4
57.31
0.1313
8.54%
64.49%
The second case considered was used to determine the impact of the vehicle’s weight on
the peak displacement of the bridge. Vehicles of different weights were analyzed at the same
speed and the corresponding results are shown in Table 20. Percent reduction in peak
displacement was calculated from subsequent weight levels as well as from the heaviest vehicle
with a weight of 750 kN. When looking at the slowest velocity, 4 m/s, incremental drops in
vehicle weight by 100 kN to 125 kN lead to approximately a twenty percent drop in peak
displacement. By decreasing the weight from 750 kN to 400 kN, it is possible to reduce the peak
displacement by nearly fifty percent. Similar results were found in the case of vehicles traveling
at 10 m/s. For the faster moving vehicles, the drop in vehicle weight had a large impact on the
reduction in peak displacement. For vehicles traveling at 25 m/s, the first incremental drop in
weight resulted in less than a ten percent reduction in peak displacement. However, subsequent
weight drops produced displacement reductions in excess of twenty percent. The ultimate
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reduction from the heaviest to lightest vehicles still remained around fifty percent, which is
similar to the results associated with the two slower speeds. Lastly, the weight reductions had the
biggest impact for the vehicles traveling at 30 m/s, or similar to highway speed. The incremental
drops in vehicle weight were positively correlated with the percentage drop in peak
displacement. The first drop in weight caused approximately a thirty percent reduction in peak
displacement, while the next two weight drops decreased peak displacement by more than thirty
percent. The ultimate reduction in peak displacement between the heaviest and lightest vehicles
was nearly seventy percent. Regulating vehicle speed and weight both prove to be an effective
method when it comes to controlling the peak response of the bridge.
Table 20. Impact of reduction in weight on peak displacement for long span
Vehicle Vehicle
Peak
Peak
Reduction in Peak Reduction in Peak
Speed Weight Displacement Rotation Displacement from Displacement from
(m/s)
(kN)
(mm)
(°)
Previous Weight
750 kN
750
57.31
0.1313
625
47.11
0.1080
17.80%
17.80%
4
500
36.81
0.0844
21.86%
35.77%
400
29.75
0.0682
19.18%
48.09%
750
62.66
0.1436
625
48.95
0.1122
21.88%
21.88%
10
500
38.94
0.0892
20.45%
37.86%
400
32.37
0.0742
16.87%
48.34%
750
91.70
0.2102
625
83.61
0.1916
8.82%
8.82%
25
500
59.25
0.1358
29.14%
35.39%
400
45.92
0.1052
22.50%
49.92%
750
161.40
0.3699
625
114.30
0.2620
29.18%
29.18%
30
500
77.15
0.1768
32.50%
52.20%
400
48.55
0.1113
37.07%
69.92%
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3.3.2 Short Span Bridge Deflection Assessment

This example consisted of a bridge with a span length of 20 m and a width of 5 m. These
dimensions were chosen to represent those bridges with short span lengths and while being only
wide enough to accommodate a single lane of traffic. Table 21 shows the results for the two
vehicle speeds and how the peak displacement is reduced with lowering the vehicle speed.
Similar trends were seen as those from the previous example in section 3.3.1. Initially, vehicles
weighing 500 kN and 750 kN each were analyzed to determine how the decrease in speed
impacted the peak displacement of the bridge. Reducing the speed of the 500 kN vehicle from 30
m/s to 4 m/s reduced the peak displacement by nearly twenty percent. However, none of the
incremental speed reductions reduced the peak displacement by more than ten percent. The
ultimate reduction in peak displacement for the 750 kN vehicle was more than twenty percent.
Reducing the speed from 25 m/s to 10 m/s caused the largest incremental drop in peak
displacement of thirteen percent.
Table 21. Impact of reduction in speed on peak displacement for short span
Vehicle Vehicle
Peak
Peak
Reduction in Peak
Reduction in Peak
Weight
Speed Displacement Rotation Displacement from Displacement from
(kN)
(m/s)
(mm)
(°)
Previous Velocity
30 m/s
30
2.79
0.0160
25
2.61
0.0150
6.45%
6.45%
500
10
2.36
0.0135
9.58%
15.41%
4
2.28
0.0131
3.39%
18.28%
30
4.52
0.0259
25
4.23
0.0242
6.42%
6.42%
750
10
3.67
0.0210
13.24%
18.81%
4
3.46
0.0198
5.72%
23.45%

Table 22 shows the reduction in peak displacement caused by reducing the weight of the
vehicle while holding the vehicle speed constant. Similar to the results reported in Table 20,
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incremental weight reductions of 100 kN to 125 kN corresponded to a reduction in peak
displacement of approximately twenty percent for every vehicle speed considered. The ultimate
reduction in peak displacement from the heaviest to lightest weights was approximately fifty
percent for each of the vehicle speeds. These numbers were slightly bigger for vehicles traveling
at 30 m/s. Although controlling vehicle speed proves to be an effective method in reducing peak
displacement for the short span bridge, the vehicle weight has the biggest impact. Controlling the
weight of the vehicles traveling over a bridge can have nearly twice the effect as regulating the
vehicle speed.
Table 22. Impact of reduction in weight on peak displacement for short span
Vehicle Vehicle
Peak
Peak
Reduction in Peak Reduction in Peak
Speed
Weight Displacement Rotation Displacement from
Displacement
(m/s)
(kN)
(mm)
(°)
Previous Weight
from 750 kN
750
3.46
0.0198
625
2.87
0.0164
17.05%
17.05%
4
500
2.28
0.0131
20.56%
34.10%
400
1.82
0.0104
20.18%
47.40%
750
3.67
0.0210
625
3.02
0.0173
17.71%
17.71%
10
500
2.36
0.0135
21.85%
35.69%
400
1.91
0.0109
19.07%
47.96%
750
4.23
0.0242
625
3.30
0.0189
21.99%
21.99%
25
500
2.61
0.0150
20.91%
38.30%
400
2.07
0.0119
20.69%
51.06%
750
4.52
0.0259
625
3.56
0.0204
21.24%
21.24%
30
500
2.79
0.0160
21.63%
38.27%
400
1.95
0.0112
30.11%
56.86%

115

CHAPTER 4. PRACTICAL APPLICATION

4.1 KAHOMA STREAM BRIDGE PROJECT

In order to demonstrate the field application of the method implemented in sections
3.2 and 3.3, a structural health monitoring system was installed on a newly constructed
bridge. The bridge is a reinforced concrete inverse arch design that spans the Kahoma
Stream, which is used to direct the flow of rain water from the mountains into the ocean. It
is located in Lahaina, HI on the island of Maui and is part of the Lahaina Bypass, which
was recently constructed in 2010. Its design was chosen so as not to obstruct the views for
the surrounding residents and tourists. A complete side view of the bridge is shown in
Figure 98. There are seven bents along the span of the bridge to provide vertical support
between the deck and arch. Figure 99 provides a view from under the deck looking at the
bents. Each bent contains five vertical columns to link the deck to the arch. Lastly, a plan
view from the original drawings provided by the Hawaii Department of Transportation
(HDOT) is shown in Figure 100. Due to its unique design, the bridge only has a single span
with a clear span length of approximately 358 ft. The width of the deck is 56 ft and can
accommodate four lanes of traffic.
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Figure 98. Kahoma Stream bridge profile view

Figure 99. Kahoma Stream bridge bents from under deck
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Figure 100. Plan view drawings of Kahoma Stream bridge

4.1.1 Structural Properties

The characteristics of the bridge make it a perfect candidate for monitoring purposes
given the single span design, rigid body motion, and the fact that its displacement is
predominately in the vertical direction. The bridge has a lot of possible mode shape
combinations, but with the focus being vertical displacement, the primary mode shapes of
concern are related to vertical oscillation. The first two of these mode shapes correspond to a
frequency of 1.11 Hz and 2.23 Hz, respectively. Figure 101 provides a pictorial representation of
the first mode shape as generated from a finite element model by HDOT. As one can see, the
first mode shape follows that of a sinusoidal function with a period of 2𝜋. The second vertical
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mode shape is shown in Figure 102. It also follows that of a sinusoidal function, but with a
period of 1.25𝜋. The collected acceleration measurements will be used in section 4.1.3 to
determine the estimated frequencies and mode shapes of the bridge.

Figure 101. First vertical oscillation mode shape of Kahoma Stream bridge

Figure 102. Second vertical oscillation mode shape of Kahoma Stream bridge

119

4.1.2 Structural Health Monitoring System

The deployment of the wireless structural health monitoring system was divided into
two separate phases. Phase one included the installation of all wireless transmission
equipment and accelerometers, while phase two will include the attachment of the strain
gauges. The strain gauges will be attached to the bents in a similar format as the
accelerometers in order to capture strain at the top and bottom of each bent location. Due to
the lower cost of the strain gauges, a denser network will be deployed to thoroughly cover
the bridge surface. At the time of this paper, phase one has been completed, while phase
two is scheduled to take place at a future date. Therefore, the results reported herein are
only related to phase one of the project, which allows for limited analysis. Phase two will
be completed in the future in order to apply the displacement estimation algorithm by using
a combination of the acceleration and strain measurements. Such future work will fully
validate the displacement estimation method.
A wireless system was selected over a hard-wired system for numerous reasons.
They are much easier to install given the absence of wires, conduit, and countless pieces of
electronic equipment. They allow for more flexibility on the placement of sensors as long
as they remain within range of the wireless signal. This was one of the main reasons for
choosing such a system in this particular case. Given the geographical site of the bridge, it
would be very difficult to implement a hard-wired system without negatively impacting the
aesthetic appeal of the bridge. There was also no readily available power source to hook
into that would be able to support the entire system. There are some drawbacks to using a
wireless system such as the need for an alternate power source (solar, wind, etc.), a data
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cloud for storage, and a reliable signal for data transmission. However, with solar power
readily available on the island of Maui, solar panels were chosen as the power source for
the system. The locations of the sensors were close enough to maintain a strong signal with
the transmission devices. Given all of these factors, the wireless system was the ideal
choice to use on this project.

4.1.2.1 Accelerometer Layout

One of the first things needing addressed was the layout of the sensors. Knowing the
vertical mode shapes of the bridge allowed for the sensors to be placed in optimal positions
for capturing the largest response. Figure 103 provides the layout of accelerometers on both
the Mauka and Makai facing sides. The sensors were placed at the top and bottom of the
bents to capture the acceleration of the deck and arch simultaneously. The Mauka facing
side had accelerometers placed on bent numbers three through seven, while the Makai
facing side had accelerometers placed on bent numbers one through five. The east to west
traffic flow travels along the Mauka lanes, while the west to east traffic flows along the
Makai lanes. Therefore, this layout was chosen to capture the vehicles entering the span of
the structure from their respective traffic lanes. This would provide a complete acceleration
response from the moment the vehicle entered the bridge with respect to the first bent it
traveled over.
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Figure 103. Accelerometer layout and bent numbers

4.1.2.2 Equipment

Various pieces of equipment are required to successfully deploy a wireless structural
health monitoring system. The network consists of sensors, a wireless router, cloud storage,
and a power source. The accelerometers used were the G-Link-LXRS nodes produced by
MicroStrain. Their range is +/- 2g, have a maximum sampling rate of 4096 Hz, and they
contain an internal temperature sensor. A picture of the node is shown in Figure 104. As
displayed in the picture, the size of the accelerometer is only 40 mm, which makes it
convenient for installation purposes.
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Figure 104. G-Link-LXRS wireless accelerometer node
The wireless router selected was the Netgear MBR1515 4G LTE. It provides high
speed mobile broadband access at any time and from any location. Wireless service was
provided by Verizon due to the strength in their coverage in the vicinity of the bridge.
Cloud storage was also purchased through Verizon to store the accelerometer data and
provide remote accessibility to the computers located on campus.
The accelerometers communicate with the WSDA-Base-101 Analog Output Base
Station shown in Figure 105. The base station connects to the wireless network and
transmits the data to the storage cloud. MicroStrain’s Node Commander software is used to
connect to the WSDA-Base-101 and configure the individual G-Link-LXRS nodes. The
settings of each accelerometer can be customized to optimize their performance.
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Figure 105. WSDA-Base-101 analog output base station
Solar panels were used to power the individual accelerometers as well as the WSDA
and router. The small solar panels used to power the accelerometers had a 1.5W power
output with a voltage capacity of 6V. Field tests were conducted and it was determined that
these small solar panels are able to re-charge a completely drained accelerometer in less
than five hours of continuous sunlight. Each accelerometer is able to operate in low power
mode for up to five days without any sunlight. These characteristics make it very unlikely
that an accelerometer would go offline for an extended period of time. A larger panel was
required for the WSDA and router due to their higher power consumption rates. Therefore,
a 160W solar panel with an 18.5V maximum voltage was chosen to provide sufficient recharging power. Figure 106 shows the large panel after being installed on the side of the
bridge. It was tilted at the optimal angle for sunlight absorption at the latitude and longitude
of the bridge location.
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Figure 106. Main solar panel installed on the bridge
Lastly, it was important to protect the equipment from environmental hazards such
as wind, rain, temperature, and insects, among other things. Non-metallic enclosures were
used to house the accelerometers. In order to attach the enclosures in a rigid manner to the
bridge, they were first mounted to a thick piece of stainless steel. The backs of the nonmetallic enclosures were removed and the accelerometers were screwed directly into the
stainless steel. These stainless steel plates were then sealed and attached directly to the
concrete surface using a “tripod” approach. Doing so ensured the accelerometer and plate
performed in a rigid manner, thus maintaining the accuracy of the acceleration
measurements. The lids of these enclosures were modified with angled brackets to which
the small solar panels were attached. Figure 107 provides a look at the inside of the
enclosure with the accelerometer in place. Figure 108 shows one of the final enclosures
mounted to the bridge’s face.
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Figure 107. Inside of accelerometer enclosure

Figure 108. Accelerometer enclosure mounted to bridge
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The main battery was placed in a large enclosure under the center of the bridge deck.
Both of the base stations and the router were also placed in separate enclosures under the deck of
the bridge. One base station was located on the Mauka side while the other was on the Makai
side. Each of the base stations communicated with the ten accelerometers mounted on their
respective sides. This improved the communication quality and signal strength between the base
stations and corresponding accelerometers. In order to strengthen the wireless signal, external
antennas were attached to the base stations. All wires were run through protective conduit on the
underside of the deck. The final layout after installation of the wireless equipment and main
battery supply is shown in Figure 109. A close-up picture of the enclosure housing one of the
base stations, the wireless router, and antenna is shown in Figure 110.

Figure 109. Final layout of wireless equipment and battery supply
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Figure 110. Base station, router, and antenna setup

4.1.3 Field data and results

After completing the installation process, MicroStrain’s NodeCommander software
was used to connect to each node. Once a connection was established with the node, its
settings were able to be configured and the node was made active to begin taking
measurements. The sampling rate was set at 8 Hz to allow for smooth curves when plotting
the acceleration measurements. Acceleration measurements were collected onsite for two
hundred continuous minutes at five different sensor locations. The details of the five
sensors used and their location on the bridge are given in Table 23. Three of the sensors
were located on the Makai side with the other two being on the Mauka side. The sensors
positioned around mid-span were the focus of the data collection as they were located
where the peak response was generated. During the sampling time the bridge was subjected
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to numerous variations of traffic loads. This included a few instances with only one vehicle
traveling over the span as well as numerous vehicles driving in both directions over the
bridge at the same time. The posted speed limit is 45 miles per hour, but there were
instances where vehicles were traveling slower and faster than this speed. The vehicle types
passing over the bridge span ranged from small two-door cars to two-trailer dump trucks
hauling full loads of rocks.
Table 23. Sensor locations used for acceleration data collection
Node
33046
33047
33049
33051
33054

Bent #
4
4
5
3
6

Top/Bottom
Top
Bottom
Bottom
Bottom
Bottom

Mauka/Makai
Makai
Makai
Makai
Mauka
Mauka

Span Location
L/2
L/2
5L/8
3L/8
6L/8

Acceleration measurements are shown in Figures 111 through 120 for the five
sensors described in the previous table. A one hundred second window of measurements
was selected to display the smoothness of the response captured and includes the peak
acceleration measured during the two hundred minute sampling period. In addition, a
zoomed in ten second window that includes the peak acceleration is included. The response
for Node 33046 is shown in Figures 111 and 112. The peak acceleration captured during
the loading period was 1.01 g’s. Figures 113 and 114 provide the response for Node 33047,
which had a peak acceleration of 0.99 g’s. Node 33049’s measurements are displayed in
Figures 115 and 116 with a peak response of 0.99 g’s. The response from Node 33051 is
depicted in Figures 117 and 118, which had a peak acceleration of 1.00 g’s. Lastly, Figures
119 and 120 show the response for Node 33054, which had a corresponding peak
acceleration of 1.00 g’s. In general, the peak acceleration during the entire sampling period
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was right around 1.00 g for all sensors regardless of the loading scenario. The node located
at the top of bent number four measured the largest peak acceleration for the entire
sampling period. This was expected due to the sensor being located at mid-span, just below
the deck of the bridge.
The acceleration data collected through this initial test is of appropriate quality to
use in the displacement estimation process. However, until phase two of the project is
completed, these measurements are not sufficient on their own to calculate accurate
displacement estimates. The strain gauges will provide the additional information required
to calculate an estimated displacement profile of the bridge. This process will be completed
at a future time.

Figure 111. Acceleration measurements from node 33046 for 100 seconds

130

Figure 112. Acceleration measurements from node 33046 for 10 seconds

Figure 113. Acceleration measurements from node 33047 for 100 seconds
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Figure 114. Acceleration measurements from node 33047 for 10 seconds

Figure 115. Acceleration measurements from node 33049 for 100 seconds
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Figure 116. Acceleration measurements from node 33049 for 10 seconds

Figure 117. Acceleration measurements from node 33051 for 100 seconds
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Figure 118. Acceleration measurements from node 33051 for 10 seconds

Figure 119. Acceleration measurements from node 33054 for 100 seconds
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Figure 120. Acceleration measurements from node 33054 for 10 seconds
These acceleration measurements were also used to estimate the spectral response of
the bridge. This response was then used to identify the natural frequencies of the bridge
based on the measured acceleration values at each sensor location. Figures 121 through 125
show the spectral response for each of the five nodes. The modal covariance method was
applied to each of the signals through the signal processing toolbox in MATLAB and the
corresponding peaks were identified. Table 24 provides the estimated frequencies of the
first four mode shapes for each set of sensor data along with the corresponding
identification error of the first two frequencies. This error is based on the true frequencies
identified in section 4.1.1 by HDOT through their finite element model. The identification
error is only calculated for the first two frequencies due to the lack of information on higher
mode shapes from HDOT’s analysis. All five of the acceleration measurement vectors
contained distinct frequencies within their responses. The error in the identification of the
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first two frequencies was the most accurate for the accelerometers mounted at bent number
four. This is due to the fact they are located at mid-span where the largest response is
generated. As the accelerometer locations moved further away from mid-span, the error in
determining the modal frequencies increased. The acceleration measurements from the
sensor at the top of bent number four resulted in the most accurate frequency estimates with
an error of 3.6% and 4.5% for the first two modes, respectively. The error was very similar
for the sensor located at the bottom of bent number four, but with a slightly higher error in
identifying the second frequency. The results from the sensors located at bent numbers
three and five were nearly identical with errors of 8.1% and 15.7% for the first two modes,
respectively. Their results are very similar due to the symmetry in their location in
reference to mid-span. Lastly, the sensor located at bent number six generated the largest
error in frequency identification with 21.6% and 12.6% for the first two modes,
respectively. These results identify a pattern of increasing error as the accelerometer
location moves further from mid-span. This is caused by the reduction in height of each
bent, which reduces the acceleration response and increases the noise contained in the
measurements.
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Figure 121. Frequency response spectra of accelerations from node 33046

Figure 122. Frequency response spectra of accelerations from node 33047
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Figure 123. Frequency response spectra of accelerations from node 33049

Figure 124. Frequency response spectra of accelerations from node 33051
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Figure 125. Frequency response spectra of accelerations from node 33054
Table 24. Frequency estimates of first four modes and corresponding error
Node
Freq. 1 (Hz) |Error| Freq. 2 (Hz) |Error| Freq. 3 (Hz)
33046
1.15
3.6%
2.13
4.5%
3.05
33047
1.15
3.6%
2.10
5.8%
3.05
33049
1.02
8.1%
1.88
15.7%
2.72
33051
1.02
8.1%
1.88
15.7%
2.71
33054
1.35
21.6%
2.51
12.6%
3.16

Freq. 4 (Hz)
3.99
3.99
3.59
3.57
4.00

Frequency domain decomposition was applied to determine an estimate of the first two
mode shapes from the measured acceleration values. A comparison of the actual and estimated
mode shapes across the length of the bridge span is shown in Figure 126. The true mode shapes
follow a smooth sinusoidal function similar to what was shown in section 4.1.1 from the finite
element model provided by HDOT. While the estimated mode shapes do not exactly resemble
the actual mode shapes, they do closely follow the same shape and behavior. The estimate of the
first mode adequately captures the up-down-up behavior of the first vertical mode. Similarly, the
139

estimate of the second mode successfully captures the down-up-down-up behavior of the second
vertical mode. Based on the successful identification of the bridge’s frequencies and mode
shapes, the acceleration measurements collected by the sensors are of sufficient quality for
analysis purposes. This is a strong indication that phase one of the deployment of the structural
health monitoring system has been effectively completed.

Figure 126. Comparison of real and estimated mode shapes
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CHAPTER 5. CONCLUSIONS & FUTURE WORK

5.1 BUILDING TYPE STRUCTURES

A method has been proposed and validated for structural displacement and velocity
estimation using only acceleration measurements. When the structural modes are adequately
excited, an internal model of the excitation can be established while requiring limited modal
information of the structure. Only the modes that contribute significantly to the structural
response need to be sufficiently excited. This still holds true even if the structure’s response is
dominated by the first mode. The acceleration measurements are converted into the modal
domain by using an estimate of the mode shapes that contributed to the structural response. The
internal model is then used to obtain an autonomous dynamic system for which the states can be
accurately estimated using the standard filtering and observer technique. It is noted that the
outlined method does not require precise identification of all of the modal parameters. Only
partial knowledge of the structural modal parameters, such as that of the dominating modal
frequencies and mode shapes, is required. Discrepancies in the dominant frequencies of the
structure are compensated for by the spectrum of the internal model, while errors in structural
modal damping and modes are treated as system noise. This system noise is rejected largely by
filtering, i.e. the Kalman filter in this study. As a result, complete knowledge of the structural
properties of the building is no longer needed to get an estimate of its behavior under ambient
excitations. Displacement and velocity estimates are then recovered through superposition of the
finite number of modal responses that were initially converted into the modal domain.
In order to demonstrate the effectiveness of this method, a numerical example of an
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eight-story, lumped mass shear beam model of a building structure was subjected to seismic
excitations and analyzed. It has been shown that under a real earthquake loading, the structural
displacement and velocity profiles can be reconstructed accurately with only the information of
the first structural mode. The error in capturing the peak displacement was less than 6% for all
floor levels, with only a 3.06% error at the top floor level where the displacement was the
largest. This is a good indication of the usefulness of this method by having such a small error at
the most critical floor level of the structure. There was some loss in accuracy when looking at the
velocity estimates, but the error was still less than 10% for all floor levels. Similar to the
displacement results, the estimates were most accurate at the higher floor levels where the
velocity was the greatest. This is another strong indication of the method’s validity by being able
to estimate velocity with less than 5% error at the top two floor levels.
The accuracy of the estimation can be monitored using the acceleration measurements
compared with the filtered ones from the algorithm. Accelerations, particularly at lower floors,
contain significant amounts of energy at higher modes. This may cause large errors to exist in the
filtered accelerations at lower levels if such higher modes are not included in the analysis
process. While these errors do not indicate poor estimation accuracy, it may be beneficial to use
a few of the higher modes in real-world applications to ensure a relatively uniform performance
in acceleration filtering. In such a case, the estimation accuracy can be reliably deducted from
the errors in the filtered accelerations. This behavior was analyzed in the eight-story example by
comparing acceleration estimates when using only the first mode as compared to using each of
the first three modes. As expected, the error in the estimates was much lower when incorporating
the second and third modes into the analysis process. The only floor level with significant errors
when using the first three modes was the first floor, while every other floor level contained less
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than a 10% error. The error was much larger when using only the first mode as it exceeded 10%
at the first five floor levels. However, as mentioned previously, the increased errors in the
estimated acceleration when using only the first mode had no impact on the accuracy of the
estimated velocity and displacement. Therefore, it is still acceptable to only consider the first
mode of the structure’s response when estimating the displacement.
It is important to note the accuracy of the estimates was independent of the modal
damping ratio. A range of damping ratios was considered that represented up to a 200%
identification error in the true damping ratio. Despite this large identification error, the estimated
displacement and velocity results remained unchanged. This is an extremely beneficial
characteristic of the proposed method as damping ratios are often unknown and difficult to
estimate in field applications. Such robustness of this method to damping ratios removes the
need to precisely identify them prior to analyzing a structure.
The numerical study provided proof of concept and approach, but in order to fully
validate the proposed method, an experimental analysis needed to be completed. A three-story
scaled building model was excited by a scaled ground acceleration record from a real earthquake
while the acceleration and displacement were measured at each floor level. The collected data
was used to compare to the estimated responses generated by this method. The frequency content
of the accelerations makes it clear that three modes were adequately excited and contributed to
the response of the structure. As a result, the error in estimating the accelerations is extremely
large when using only the first mode as compared to using all three modes. This follows the
same results that were found from the eight-story numerical example when it comes to
estimating the acceleration measurements. The increased error that occurs when using only the
first mode carries over into the displacement estimates, but the size of the error is not as high as
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it was for the acceleration estimates. When using all three modes in the displacement estimates,
the error in the peak displacement was less than 9% for all three floor levels. This error does
increase when only one mode is used in the estimation process due to the fact that three modes
were excited by the excitation. Despite this error in the displacement when only using the first
mode, the inter-story drift calculations are nearly identical whether one mode or all three modes
are used in the estimation process. This is important to note as the ratio between floor responses
is consistent for both cases. As a result, inter-story drift can be accurately estimated regardless of
the number of modes that are included in the estimation process.
In summary, this method yields accurate displacement estimates for a building type
structure by using only acceleration measurements. Accurate results can be obtained by using an
estimate of each mode that contributes significantly to the structural response. In the event the
fundamental frequency dominates the response, only the first mode shape needs to be
considered. Even if the estimated frequencies and mode shapes include some identification error,
the impact of this error on the accuracy of the estimated displacements is minimal. This is a
valuable characteristic of the proposed method as it removes the need to have precise estimates
of the structure’s modal properties. Only rough estimates are required prior to analyzing the
collected acceleration measurements. Similarly, the method largely rejects errors in the
identification of the modal damping ratios. Despite identification errors of up to 200%, the
accuracy of the estimated displacements is not affected. This is another important characteristic
of the proposed method as it is very difficult to accurately determine the damping ratios of a
structure in the field.
In order to fully test the robustness and feasibility of the use of this method, a field test
will be planned and carried out on a full scale slender multi-story structure. Accelerometers will

144

be placed at each floor level to capture the structure’s response. A temporary reference datum
could be used to measure the true response of the structure for comparison purposes. Digital
spectral photography could also be used to visually capture the true displacement of the
structure. By including such a field test in my future work, the proposed method would be further
validated to allow for its use in more real life situations moving forward. By simply placing
accelerometers, one can determine in real time whether the structure is exceeding its critical
displacement and velocity limits, which is especially critical in seismic environments.

5.2 BRIDGES SUBJECTED TO MOVING VEHICLE LOADS

A method has been proposed for structural displacement estimation using a combination
of acceleration and strain measurements. When only using acceleration measurements, it is
difficult to obtain a good estimate of the response due to the time lapse of convergence in the
Kalman filter. However, the incorporation of strain measurements eliminates this time lapse,
which allows for a much more accurate estimation of the displacement profile. Numerical
examples of a simply supported single span concrete bridge subjected to various combinations of
moving vehicle loads have been presented to demonstrate the effectiveness of the outlined
method. It has been shown that under various moving vehicle loads, the structural displacement
profile can be accurately reconstructed using only the information of the first structural mode.
This remains true even if multiple modes are excited due to the fact that the first fundamental
frequency dominates the bridge response. Four cases were used in the estimation process to
demonstrate the impact of acceleration measurements, strain measurements, and mode shapes.
The four cases considered followed the subsequent definitions: Case 1 – Actual displacements

145

using the actual mode shape; Case 2 – Estimated displacements from acceleration and strain
measurements using the actual mode shape; Case 3 – Estimated displacements from acceleration
and strain measurements using an estimated mode shape; Case 4 – Estimated displacements from
only acceleration measurements using the actual mode shape. Short and long span bridges were
also used to determine the effects of the bridge’s geometry on the estimates.
Initially, the response generated from a single moving vehicle load was studied and
analyzed. Vehicle speeds of 4 m/s, 10 m/s, and 25 m/s were used to represent a broad range of
speeds. Vehicle weights of 20 kN, 100 kN, and 500 kN were selected to represent a variety of
vehicle types traveling over the bridge. In general, vehicle speed had minimal effect on the
accuracy of the estimated displacement response when acceleration and strain measurements
were used together. This held true whether the true or estimated mode shape was used. There
were slight improvements in the accuracy of the displacement with increasing vehicle speed for
Case 3, which used the estimated mode shape. When using acceleration only, the error in the
estimates decreased with increasing vehicle speed. However, the error was still very large and
unsuccessful at capturing the peak displacement. The vehicle weight had the most impact on the
accuracy of the estimates as the error decreased with increasing vehicle weight. This held true for
the estimated response generated for Cases 2, 3, and 4. The largest impact was seen in Case 4,
which only used acceleration measurements. However, the entire displacement profile for Case 4
is not accurate enough in all loading scenarios to support the sole use of acceleration
measurements. By including strain measurements in the estimation process, the accuracy of the
displacement estimates improve tremendously and follow the behavior of the true response for
the duration of the loading period. Case 2 does provide slightly more accurate results than Case
3, but the difference is negligible for engineering purposes. This is an important characteristic to

146

note as it eliminates the need to know the exact mode shape of the structure to generate accurate
displacement estimates. General knowledge of the fundamental mode shape is adequate for
analysis purposes, which could be very beneficial in field applications. Lastly, the results were
similar for both the long span and short span bridge geometries. The only results impacted by the
length of the span were related to Case 4. The error was much larger in the case of the short span
bridge when using only acceleration measurements as compared to the long span example. For
the long span, the shape of the estimated response resembled the true displacement, but it was
still unable to correctly capture the peaks and troughs. For the short span, the time lapse of
convergence increased significantly. This is caused by the difference in fundamental frequencies
of the bridges as the short span structure is more sensitive to short period vibrations. These
higher frequencies cause large errors when using only acceleration measurements. However,
these errors dramatically decrease by including strain measurements resulting in errors of less
than 1% for nearly every scenario considered.
In order to expand the application of the proposed method, various combinations of
multiple vehicle loadings were considered. In general, the accuracy of the estimated
displacements decreased with increasing vehicle speed as the errors reached double digits for the
fast moving vehicles. The estimated response contained heavy oscillations early in the loading
period for the faster moving vehicles. As time passed, these oscillations damped out resulting in
a smoother plot resembling that of the actual response. Similar to the single vehicle case, as the
vehicle weight increased the estimated displacements became more accurate as the frequency
and magnitude of the oscillations decreased. This is a direct result of heavier vehicles causing
larger displacements in the bridge, thus making it easier for the Kalman filter to distinguish
between the acceleration measurements and noise. It is important to note the estimated response
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provides an average of the true response by cutting through the middle of the peaks and troughs.
Although this characteristic does introduce some errors in capturing the exact values of these
peaks and troughs, it still provides a good estimate of the overall displacement response of the
bridge. This same behavior was seen in all of the speed and weight combinations analyzed. For
nearly every loading arrangement, the error in capturing the peak displacement was less than
10%. This is a very strong display of the method’s ability to sufficiently capture the displacement
profile of the bridge under various combinations of vehicle loads. The fact it is able to handle all
types of weight and speed combinations is an intriguing sign of its potential usefulness and
practicality in field applications.
Another important characteristic of the proposed method is that it does not require precise
identification of all of the modal parameters. Only partial knowledge of the structural modal
parameters and vehicle load, such as that of the dominating modal frequency and vehicle weight
and speed, is needed. Discrepancies in the dominant frequency of the structure are compensated
for by the spectrum of the internal model, while errors in structural modal damping and mode
shapes are treated as system noise and mainly rejected by the Kalman filter. The proposed
method lays the foundation for further research and exploration of its applicability in the field.
When considering the results from numerical simulations, it is very clear the proposed method
has the potential to be expanded to the real time monitoring of actual bridges. Future studies will
be carried out to expand this method to include truss bridges as they represent a large population
of aging bridge structures.
The Kahoma Stream bridge project is currently in progress with a goal of further
validating this method through experimental results. Phase one has been completed, which
included the deployment and installation of all wireless communication equipment and
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accelerometers. Acceleration measurements were collected and analyzed for quality. The
measurements were used for estimation of the bridge’s modal parameters including mode shapes
and frequencies. The identification error of the first modal frequency was less than 5% when
using the data collected by the sensors located at mid-span. This small error is a good indication
that the quality of the measurements being collected is sufficient for analysis purposes. Upon the
completion of phase two of the project, strain gauges will have been mounted to the bridge
surface at numerous locations. This will allow for the inclusion of strain measurements in the
displacement estimation process. The actual displacement response of the bridge will need to be
temporarily measured during the loading process for comparison purposes. This can be
accomplished through the placement of a reference datum, digital spectral photography or some
other method. The bridge will need to be temporarily shut down to control the vehicle weight
and speed traveling over the bridge. Doing so will fully validate the displacement estimation
approach.
Another future project has been planned by HDOT to test and expand this method to steel
bridges. This will be a newly constructed bridge on the Big Island of Hawai’i. Accelerometers
and strain gauges will be attached to the formwork of the concrete deck. This will allow them to
be embedded in the concrete, which will improve measurement accuracy by reducing noise and
environmental impacts. Using the embedment approach also eliminates the need to place the
sensors in enclosures as well as any aesthetic impact on the structure. Another form of sensor is
also going to be included in this project. Weigh-In-Motion is a sensing technology that utilizes
piezoelectric sensors installed directly in the pavement. These sensors are located in the path of
the vehicle and measure the vertical dynamic tire force of the moving vehicle (Zhang et al.
2008). As a result, calculations can be conducted to determine vehicle information including
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lane and direction of travel, vehicle class and speed, wheel and axle weight, and axle spacing
(Prozzi and Hong 2007). Because the speed and weight of the vehicles will be known, the
displacement response can be estimated using the acceleration and strain measurements. By
including the weigh-in-motion technology, load rating procedures that currently require lane
closures and traffic disruptions can be avoided. This future study has the potential to provide the
ability to continuously determine the operational load rating of a bridge under real time vehicle
loads.

5.2.1 Controlling Bridge Response

The proposed method of displacement estimation for bridge structures has the ability to
affect how bridge repairs are prioritized and whether structurally deficient bridges are posted for
speed or weight. The same short and long span bridges were analyzed via numerical simulation
to demonstrate how the displacement demand, or moment demand, on the bridge can be
controlled through vehicle speed and weight. In the case of the long span bridge, peak
displacements could be reduced by more than fifty percent by imposing lower speed or vehicle
weight limits. The largest gains were realized in the first 50-65% reduction in the vehicle speed.
Reducing the vehicle speed further had minimal impact on further reduction of the peak
displacement. The impacts of reducing vehicle weight did not appear to have a decreasing effect.
Every time the vehicle weight was decreased by roughly 100 kN, the peak displacement was
reduced by approximately an additional 20%. This percent reduction was even higher for the
faster moving vehicles. Regardless, both tactics yielded similar results, which would permit
government officials to determine the best approach based on the location, geography, and traffic
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demands of the bridge. Similar results were discovered for the short span bridge example when it
comes to the effects of vehicle weight. However, the reduction in vehicle speed had a smaller
effect on reducing the peak displacement for the short span bridge as compared to the long span
bridge. The peak displacement could only be reduced by a maximum of approximately 20% by
controlling vehicle speed as compared to more than 50% in the long span case.
The information contained in this study is very promising for the entire engineering field.
By using acceleration and strain measurements it is possible to monitor the bridge’s peak
displacement on a continuous basis, which allows government agencies to determine if a bridge’s
displacement is exceeding its design limit. If so, this method can provide the framework on how
to temporarily decrease the peak displacement the bridge experiences by reducing the speed limit
over the bridge or posting a weight capacity sign. In doing so, government officials can prioritize
their funding and repair or replace those bridges whose displacement response is beyond control
through one of these methods. The future study of the new bridge on the Big Island mentioned in
the previous section will provide field results tied to controlling the bridge response. By
incorporating accelerometers, strain gauges, and weigh-in-motion technology, the displacement
response will be estimated. Tests can be conducted to determine the impact vehicle speed and/or
weight on the displacement response and load rating of the bridge. The results can then be used
to determine the posted weight capacity and speed limit of vehicles traveling over the bridge to
ensure a safe load rating of the structure.
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APPENDIX A: MATLAB CODES

Eight story numerical model Script
%Calculate true and estimated structural response of lumped mass model
%Michael Bell - University of Hawaii at Mānoa
n_story = 8; %Number of stories in the building
n_modes = 3; %Number of modes used in the estimate
noisep = 0.20; %Noise level in measurements
dt = 0.02; %Sampling rate in simulation
wp = 0.1; %Frequency shift in the internal model
n_wp = 1; %Number of frequencies in the internal model
RN = 5.8e-4; %Noise level for Kalman filter design
QN = 1e-2; %Noise level for Kalman filter design
BaseExc = 1; %Base excitation
%------------STRUCTURAL MODEL-------------------%
m = 345600*ones(1,n_story); %mass of each floor
k = 4.404e8*ones(1,n_story); %stiffness of each floor
c = 4e6*ones(1,n_story); %damping of each floor
M = diag(m); %mass matrix
K = bandstructmatrix(k); %stiffness matrix constructed using function
Cdmp = bandstructmatrix(c); %damping matrix constructed using function
[eigvect, eigvalsq] = eig(K,M); %mode shapes and frequencies
Omegas = diag(sqrt(eigvalsq)); %omega for each frequency
%------------STATE-SPACE MODEL--------------------%
A = [zeros(n_story) eye(n_story);-inv(M)*K -inv(M)*Cdmp];
B = [zeros(n_story,1);-ones(n_story,1)];
[rowsB,colsB]=size(B);
C = [eye(2*n_story);A(n_story+1:end,:)];
[rowsC,colsC]=size(C);
D = zeros(rowsC,colsB);
[wn,z] = damp(ss(A,B,C,D)); %theoretical omegas and damping ratios
xis = z(1:2:end);
%-----------STRUCTURAL RESPONSE-------------------%
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sim('StructResp.mdl',[0,Excitation(end,1)]); %define “Excitation” in workspace (i.e. El Centro
ground acceleration)
display('Structural response generated');
%u is the structural response generated by the excitation input
u_d = u(:,1:n_story); %displacement
u_v = u(:,n_story+1:2*n_story); %velocity
u_a = u(:,2*n_story+1:end); %absolute acceleration
measClean = u_a; %noise free acceleration
%------------NOISE IN MEASUREMENTS----------------%
noisetmp = sqrt(mse(u_a)); %mean squared error of u_a
noisevar = (noisep*noisetmp)^2;
RN=noisevar; %noise covariance
sim('Measnoiseadded.mdl',t);
display('Noise added to measurements')
%------------MODAL DECOMPOSITION----------------%
modesall = eigvect; %complete modal matrix
modesred = eigvect(:,1:n_modes); %First a few modes - reduced modal matrix
y_a = (pinv(modesred)*meas_noise')'; %Measured acceleration in modal domain - Using MoorePenrose pseudoinverse and contaminating with noise
y_d = (pinv(modesred)*u_d')'; %displacement in modal domain
y_v = (pinv(modesred)*u_v')'; %velocity in modal domain
y_al = (inv(modesall)*meas_noise')';
y_dl = (inv(modesall)*u_d')';
y_vl = (inv(modesall)*u_v')';
%-------------OBSERVER DESIGN--------------------------%
LambdaS=[];
for j = 1:n_modes
%stacking LambdaS on top of each other for each iteration
LambdaS = [LambdaS;1 2*xis(j) 1]; %Internal model of structure
end
for jj = 1:n_modes
polytmp = [];
for q = -n_wp:1:n_wp %number of frequencies in internal model
polytmp = [polytmp;1 0 (1-q*wp)^2];
end
poly = 1;
for qq = 1:2*n_wp;
poly = conv(poly,polytmp(qq,:)); %convolution (multiplication of polynomials) with
coefficients as the elements of each vector input
153

end
LambdaP{jj} = poly; %Internal model of excitation
LambdaPS{jj} = conv(LambdaS(jj,:),LambdaP{jj}); %Internal model of system
[Ai{jj},Bi{jj},Ci{jj},Di{jj}] = mytf2abcd(1,LambdaPS{jj},xis(jj));
Cout{jj} = [eye(3),zeros(3,length(Ci{jj})-3)]; %C matrix for estimation
Dout{jj} = zeros(size(Cout{jj},1),1);
Gi{jj} = Bi{jj};Gi{jj}(end)=1;
Syskalman = ss(Ai{jj},[Bi{jj},Gi{jj}],Ci{jj},[Di{jj},Di{jj}]);
[Kest,Lk,Pk] = kalman(syskalman,QN,RN); %Observer design - process and measurement
noise covariance data are input as QN & RN
Li{jj}=Lk;
end
%-------------STATE ESTIMATION-------------------------%
ydvaest = [];
for i = 1:n_modes
ts = t.*omegas(i); %stretch time
y_astretch = y_a(:,i)./(omegas(i)^2); %normalize acceleration due to time stretch
sim('StateEstimate.mdl',ts); %modal states recovery
Yest_orgtime = ([1 0 0;0 omegas(i) 0; 0 0 omegas(i)^2]*Yeststrech')';%modal states in
unstreched time
Ydvaest = [ydvaest,Yest_orgtime];
end
%-------------DISPLACEMENT AND VELOCITY IN TIME DOMAIN---------%
ydest = ydvaest(:,1:3:end); %modal displacement
yvest = ydvaest(:,2:3:end); %modal velocity
ud_est = (modesred*ydest')'; %displacement estimation in time domain
uv_est = (modesred*yvest')'; %velocity estimation in time domain
if BaseExc == 1
yaest = [];
for pp = 1:n_modes
yaest = [yaest,-omegas(pp)^2*ydest(:,pp)-2*xis(pp)*omegas(pp)*yvest(:,pp)];
end
else
yaest = ydvaest(:,3:3:end);
end
uaest = (modesred*yaest')'; %acceleration estimation in time domain
display('Simulation complete!');
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Eight-story numerical model functions used in script file
%Stiffness and Damping matrix construction
function K = bandstructmatrix(k);
n = length(k);
Ktmp = diag(k);
kshift = [k(2:n),0];
Ksh = diag(kshift); %Takes care of the diagonal
ktmp2 = k(2:end); len=length(ktmp2);
Ktmpr = -diag(ktmp2);
Ktmprow = [zeros(len,1),Ktmpr];
Ktmpup = [Ktmprow;zeros(1,len+1)]; %Takes care of the upper triangle
Ktmplowr = [Ktmpr,zeros(len,1)];
Ktmplow = [zeros(1,len+1);Ktmplowr]; %Takes care of the lower triangle
K = Ktmp+Ksh+Ktmplow+Ktmpup;
%Convert from transfer function into state-space representation
function [a,b,c,d] = mytf2abcd(num,den,xi)
[at,bt,ct,dt] = tf2ss(num,den); %Transfers parameters of transfer function into equivalent statespace matrices
systmp = ss(at,bt,ct,dt);
syscan = canon(systmp,'companion'); %Controllable from first input; characteristic polynomial
in rightmost column of matrix A
[~,colsa] = size(at);
a = syscan.a';
b = zeros(colsa,1);
ctmp = zeros(1,colsa);
ctmp(1:2) = [-1 -2*xi];
c = ctmp;d = 0;
Three-story experimental model frequency domain decomposition
%-----FREQUENCY DOMAIN DECOMPOSITION PROGRAM-----%
% This program identifies the natural frequencies and mode shapes
% David T. Ma & Michael S. Bell, University of Hawaii, Manoa
% May 2, 2013
clear all
load('BestElCentro.mat');
ymeasured = detrend(acc(:,2:4)); % define measurements (for 3 story scaled building model)
t = acc(:,1); % time vector
fs = 100; % sampling frequency
NFFT = 4096; % number of FFT
channel = 1:3; % number of channels i.e. number of floors
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shift = 50; % number of points on one side of the peak
G0 = zeros((NFFT/2+1),length(channel)^2);
j2 = 0;
for i = 1:length(channel)
for j = 1:length(channel)
j2 = j2+1;
[Pff2,f1] = cpsd(ymeasured(:,channel(i)),ymeasured(:,channel(j)),NFFT,NFFT/4,NFFT,fs);
G0(:,j2) = Pff2;
end
end
G = zeros(length(channel),length(channel));
for i = 1:(NFFT/2+1)
for i2 = 1:length(channel)
G(i2,:) = G0(i,((i2-1)*length(channel)+1):((i2-1)*length(channel)+length(channel)));
end
[U,S,V] = svd(G); % singular value decomposition
UU(((i-1)*length(channel)+1):((i-1)*length(channel)+length(channel)),:) = U;
SS(((i-1)*length(channel)+1):((i-1)*length(channel)+length(channel)),:) = S;
end
for i = 1:length(channel)
for j = 1:(NFFT/2+1)
SS0(j,i) = SS(((j-1)*length(channel)+i),i);
end
end
for i = 1:length(channel)
for j = 1:(NFFT/2+1)
SS1(j,i) = 20*log10(SS0(j,i));
end
end
figure % plot singular value frequencies for identification of modes
subplot(211)
plot(f1(1:2000)',SS1(1:2000,:))
title('Singular value'),xlabel('Hz')
subplot(212)
plot(1:2000,SS1(1:2000,:))
title('Singular value')
index = input('Enter the number of frequencies -- -1 = stop: ') % enter location of first peak
index0 = index-shift; % lower frequency from peak
index1 = index+shift; % upper frequency from peak
ii = 0;
while index>0
ii = ii+1;
index1 = index+shift;
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[l,index2] = max(SS1((index0+1):index1,1)); % locate frequency peak
frequency(ii,1) = f1(index2+index0);
shape1 =
UU(((index2+index0)*length(channel)+1):((index2+index0)*length(channel)+length(channel)),:
);
shape2 = shape1;
shape3((((ii-1)*size(channel,2)+1):((ii-1)*size(channel,2)+size(channel,2))),:) = shape2;
index = input('Enter the number of cutting off -- -1 = stop: ') % enter location of second peak
index0 = index-shift;
end
for i = 1:ii
shape(:,i) = shape3((((i-1)*size(channel,2)+1):((i-1)*size(channel,2)+size(channel,2))),1);
end
for i = 1:ii
for j = 1:size(shape,1)
shape(j,i) = sign(real(shape(j,i)))*abs(shape(j,i));
end
end
frequency % displays fundamental frequencies for each mode
shape % displays all mode shapes
Three-story experimental model estimate script
%Calculate estimated responses
%Michael Bell - Univeristy of Hawaii at Manoa
load('Elcentro2.mat'); %load El Centro ground motion for estimation comparison
load('BestElCentro.mat'); %load experimental results (acceleration and displacement
measurements)
Excitation = elcentro2;
n_story = 3; %Three-story building
n_modes = 3; %First three modes are used
Fs = 100; %Sampling Frequency
noisep = 0.20; %Noise level
dt = 0.02; %Sample rate in simulation
wp = 0.1; %Frequency shift in internal model
n_wp = 3; %Number of frequencies in internal model
xis = [.05 .05 .05]; %damping ratios
RN = 5.8e-4; %Noise level for Kalman filter design
QN = 1e-2; %Noise level for Kalman filter design
BaseExc = 1; %Base excitation
%------------MODAL DECOMPOSITION----------------%
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modesall = shape; %complete modal matrix
modesred = shape(:,1:n_modes);
y_a = (pinv(modesred)*ymeasured')';
y_al = (pinv(modesall)*ymeasured')';
%-------------OBSERVER DESIGN--------------------------%
LambdaS=[];
for j = 1:n_modes
%stacking LambdaS ontop of eachother for each iteration
LambdaS = [LambdaS;1 2*xis(j) 1]; %Internal model of structure
end
for jj = 1:n_modes
polytmp = [];
for q = -n_wp:1:n_wp %number of frequencies in internal model
polytmp = [polytmp;1 0 (1-q*wp)^2];
end
poly = 1;
for qq = 1:2*n_wp;
poly = conv(poly,polytmp(qq,:)); %convolution (multiplication of polynomials) with
coefficients as the elements of each vector input
end
LambdaP{jj} = poly; %Internal model of excitation
LambdaPS{jj} = conv(LambdaS(jj,:),LambdaP{jj}); %Internal model of system
[Ai{jj},Bi{jj},Ci{jj},Di{jj}] = mytf2abcd(1,LambdaPS{jj},xis(jj));
Cout{jj} = [eye(3),zeros(3,length(Ci{jj})-3)]; %C matrix for estimation
Dout{jj} = zeros(size(Cout{jj},1),1);
Gi{jj} = Bi{jj};Gi{jj}(end)=1;
syskalman = ss(Ai{jj},[Bi{jj},Gi{jj}],Ci{jj},[Di{jj},Di{jj}]);
[Kest,Lk,Pk] = kalman(syskalman,QN,RN); %Observer design - process and measurement
noise covariance data is inputed as QN & RN
Li{jj} = Lk;
end
%-------------STATE ESTIMATION-------------------------%
ydvaest = [];
omegas = frequency*2*pi();
t = [1/Fs:1/Fs:(length(ymeasured(:,1)))/Fs]';
for i = 1:n_modes
ts = t.*omegas(i); %stretch time
y_astretch = y_a(:,i)./(omegas(i)^2); %normalize acceleration due to time stretch
sim('StateEstimate.mdl',ts); %modal states recovery
Yest_orgtime = ([1 0 0;0 omegas(i) 0; 0 0 omegas(i)^2]*Yeststrech')'; %modal states in
unstreched time
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ydvaest = [ydvaest,Yest_orgtime];
end
%-------------DISPLACEMENT AND VELOCITY IN TIME DOMAIN---------%
ydest = ydvaest(:,1:3:end); %modal displacement
yvest = ydvaest(:,2:3:end); %modal velocity
ud_est = (modesred*ydest')'; %displacement estimation in time domain
uv_est = (modesred*yvest')'; %velocity estimation in time domain
if BaseExc == 1
yaest = [];
for pp = 1:n_modes
yaest = [yaest,-omegas(pp)^2*ydest(:,pp)-2*xis(pp)*omegas(pp)*yvest(:,pp)];
end
else
yaest = ydvaest(:,3:3:end);
end
uaest = (modesred*yaest')'; %acceleration estimation in time domain
display('Simulation complete!');
Single Vehicle Loading script
% Recovering Bridge Deflections from Acceleration and Strain Measurements
% Single Vehicle Loading
% Michael Bell & David Ma
% University of Hawaii at Manoa
% Department of Civil & Environmental Engineering
clc
clear all
nmodes=1; %number of participating modes
ro=2500; %(kg/m^3) density of concrete
EI=3.65E10; %(N/m^2) modulus of elasticity for concrete
vd1=0.01; % viscous damping ratio for mode 1
L=50; %(m) length of bridge span
b=15; %(m) width of beam
h=0.9; %(m) height of beam
F=100000; %(N) force of truck
m=F/9.81; %(kg) mass of truck
V=10; %(m/s) uniform speed of truck
Ke=h/2; %distance from neutral axis to location of strain gauge
noisep=0.20; %Noise level
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dt=0.02; %Sample rate in simulation
wp=0.1; %Frequency shift in internal model
n_wp=1; %Number of frequencies in internal model
RN=5e-6; %Noise level for Kalman filter design
QN=1; %Noise level for Kalman filter design
loc=[L/4 L/2 5*L/6]; % location of gages
k=EI*((pi/L)^4); %stiffness
omega1=sqrt(k/m); %omega of first mode
freq1=omega1/(2*pi); %frequency of first mode
ohm1=pi*V/L; %angular frequency
if nmodes>1
omega=zeros(1:nmodes); %compile omega vector for more nmodes > 1
omega(1)=omega1;
for i=2:nmodes
omega(i)=i*omega1;
end
ohm=zeros(1:nmodes); %compile ohm vector for more nmodes > 1
ohm(1)=ohm1;
for i=2:nmodes
ohm(i)=i*ohm1;
end
end
%----------STATE-SPACE MODEL----------%
A=[0 1;-omega1^2 -2*vd1*omega1];
B=[0;1];
C=zeros(2*length(loc),2);
for i=1:length(loc)
C(i,:)=[(-omega1^2)*sin((pi/L)*loc(i)) -2*vd1*omega1*sin((pi/L)*loc(i))];
C(i+length(loc),:)=[-Ke*((pi/L)^2)*sin((pi/L)*loc(i)) 0];
end
D=zeros(2*length(loc),1);
D(1:length(loc))=1;
[wn,z]=damp(ss(A,B,C,D));
xis=z(1:2:end);
%----------STRUCTURE RESPONSE----------%
syskal=ss(A,B,C,D);
[Kk,Lk,Pk]=kalman(syskal,QN,RN.*eye(6));
Dob=zeros(6,7);
Dob(1:3,1)=1;
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%----------AUGMENTED STATE-SPACE----------%
Aa=zeros(4,4); %setup augmented ss by differentiation
Aa(1:3,2:4)=eye(3,3);
Aa(4,1)=-(omega1^2)*(ohm1^2);
Aa(4,2)=-2*vd1*omega1*(ohm1^2);
Aa(4,3)=-((omega1^2)+(ohm1^2));
Aa(4,4)=-2*vd1*omega1;
Ba=[0;0;0;1];
Ca=[0 0 1 0];
Da=0;
syskala=ss(Aa,Ba,Ca,Da);
[Kka,Lka,Pka]=kalman(syskala,QN,RN);
Aaob=[Aa-Lka*Ca];
Baob=[Ba Lka];
Caob=Ca;
Daob=zeros(1,2);
sim('observeraugment')
%-----Only Using Acceleration Measurements-----%
%Compare Displacement Measurements
C=[C(1:3,:);1 0;1 0;1 0];
Ca=[0 0 1 0]; %augmented vectors are y y_dot y_dbl_dot y_trpl_dot
syskala=ss(Aa,Ba,Ca,Da);
[Kka,Lka,Pka]=kalman(syskala,QN,RN);
Aaob=[Aa-Lka*Ca];
Baob=[Ba Lka];
Caob=[1 0 0 0];
Daob=zeros(1,2);
sim('obsaugacconly')
%-----Using Both Acceleration & Strain Measurements-----%
C=zeros(2*length(loc),2);
for i=1:length(loc)
C(i,:)=[(-omega1^2)*sin((pi/L)*loc(i)) -2*vd1*omega1*sin((pi/L)*loc(i))];
C(i+length(loc),:)=[-Ke*((pi/L)^2)*sin((pi/L)*loc(i)) 0];
end
Ca=[0 0 1 0;C(5,1) 0 0 0]; %augmented vectors are y y_dot y_dbl_dot y_trpl_dot
Da=[0;0];
syskala=ss(Aa,Ba,Ca,Da);
[Kka,Lka,Pka]=kalman(syskala,QN,RN.*eye(2));
Aaob=[Aa-Lka*Ca];
Baob=[Ba Lka];
Caob=[0 0 1 0];
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Daob=zeros(1,3);
C=[C(1:3,:);1 0;1 0;1 0]; %need to generate structural displacement for comparison
Caob=[1 0 0 0];
sim('obsaugboth')
%Establish estimated mode shape by fitting polynomial to displacement response
fitco=polyfit(tstr,respstrucstr(:,5),2); %coefficients of polynomial estimating first mode
modeest=polyval(fitco,tstr); %polynomial of first mode
fitcoder1=polyder(fitco); %coefficients of 1st derivative
fitcoder2=polyder(fitcoder1); %coefficients of 2nd derivative
estrealmode=respostr(:,1);
%Re-run simulink model to generate displacement estimate using estimated
%mode shape
C=zeros(2*length(loc),2);
for i=1:length(loc)
C(i,:)=[(-omega1^2)*polyval(fitco,loc(i)) -2*vd1*omega1*polyval(fitco,loc(i))];
C(i+length(loc),:)=[-Ke*polyval(fitcoder2,loc(i)) 0];
end
Ca=[0 0 1 0;C(5,1) 0 0 0]; %augmented vectors are y y_dot y_dbl_dot y_trpl_dot
Da=[0;0];
syskala=ss(Aa,Ba,Ca,Da);
[Kka,Lka,Pka]=kalman(syskala,QN,RN.*eye(2));
Aaob=[Aa-Lka*Ca];
Baob=[Ba Lka];
Caob=[0 0 1 0];
Daob=zeros(1,3);
C=[C(1:3,:);1 0;1 0;1 0]; %need to generate structural displacement for comparison
Caob=[1 0 0 0];
sim('obsaugboth')
Additional coding for multiple vehicles with varying speeds and weights
%----------GENERATE MULTIPLE VEHICLE DISPLACEMENT PROFILE----------%
%[tmulti,dispmulti,accmulti]=multiplevehicleloading(m,F,V,L,vd1,EI); %multiple vehicles at
same speeds and same weights
%V=[10 5 15 10 5 5 10 15 10]; %speeds of vehicles - case 1
%V=[5 10 5 5 15 10 5 15 10]; %speeds of vehicles - case 2
%[tmulti,dispmulti,accmulti]=multiplevehicleloadingvariousspeeds(m,F,V,L,vd1,EI); %multiple
vehicles at various speeds with constant mass
F=[100000 20000 50000 100000 125000 50000 100000 20000 100000 50000 25000]; %forces
of vehicles - case 1
%F=[50000 125000 100000 20000 100000 50000 75000 100000 125000 20000 50000]; %forces
of vehicles - case 2
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%F=[20000 50000 100000 20000 100000 125000 50000 100000 125000 20000 50000]; %forces
of vehicles - case 3
[tmulti,dispmulti,accmulti]=multiplevehicleloadingvariousmasses(m,F,V,L,vd1,EI); %multiple
vehicles at various masses with constant speed
%[tmulti,dispmulti,accmulti]=multiplevehicleloadingvariousspeedmass(m,F,V,L,vd1,EI);
%multiple vehicles at varying mass and speed combinations
%[tmulti,dispmulti,accmulti]=loadratingexample(m,[63609.57 62719.92 65388.86],V,L,vd1,EI);
Multiple vehicle displacement response function
function [tmulti,dispmulti,accmulti]=multiplevehicleloading(m,F,V,L,vd1,EI)
%Calculate displacement response of multiple vehicles
%m=vector with mass of each vehicle
%F=vector with weight of each vehicle
%V=vector with speed of each vehicle
%L=length of bridge
%vd1=damping ratio of bridge
%EI=stiffness of bridge material
total_time=15; %duration of loading in seconds
t=0:0.02:total_time; %time vector
td=L/V;
for i=1:1
for k=1:length(t)
acce_total(i,k)=0;
end
end
for i=1:1 %number of modes
M(i)=m*L/2; %modal mass
K(i)=(i*pi)^4*EI/(2*L^3); %modal stiffness
wn(i)=i*(pi/L)^2*sqrt(EI/m); %natural frequencies
w(i)=i*pi/td; %applied force frequencies
fi(i)=sin(i*pi/2);%x=L/2
sys(i)=tf([0 0 1],[1 2*vd1*wn(i) (wn(i))^2]); %transfer function
j=1;
td1(1)=0;
total_td=0;
while(total_td<=total_time)
total_td=total_td+td1(j);
for k=1:length(t)
if(t(k)>=total_td && t(k)<=total_td+td)
acce(i,j,k)=F*sin(i*pi*(t(k)-total_td)/td)/M(i);%i for mode, j for jth force, k for time
else
acce(i,j,k)=0;
end
acce_total(i,k)=acce_total(i,k)+acce(i,j,k);
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end
j=j+1;
td1(j)=(20+4*rand)/V(j-1); %random spacing between vehicles
end
y1(i,:)=lsim(sys(i),acce_total(i,:),t);
y(i,:)=fi(i)*y1(i,:); %convert back into time domain
end
tmulti=t';
dispmulti=y(1,:); %only using first mode for calculations
dispmulti=dispmulti';
accmulti=acce_total(1,:);
accmulti=accmulti';
%--Construct frequency response plot--%
Fs=1/.02; %sampling frequency
T=.02; %sample time
dim=size(dispmulti);
LNG=dim(1); % length of signal
tfft=(0:LNG-1)*T; % time vector
NFFT=2^nextpow2(LNG); % next power of 2 from length of y
Y=fft(dispmulti,NFFT)/LNG;
f=Fs/2*linspace(0,1,NFFT/2+1);
%Plot single-sided amplitude spectrum
% figure(100)
% plot(f,2*abs(Y(1:NFFT/2+1)))
% title('Single-Sided Amplitude Spectrum of y(t)')
% xlabel('Frequency (Hz)')
% ylabel('|Y(f)|')
end
Load rating displacement response function
function [tmulti,dispmulti,accmulti]=loadratingexample(m,F,V,L,vd1,EI)
%Calculate displacement response of multiple vehicles
%m=mass per unit length of bridge
%F=weight of each vehicle
%V=speed of each vehicle
%L=length of bridge (50m)
%vd1=damping ratio of bridge
%EI=stiffness of bridge material
%based on boom truck dimensions, axle locations and weights
%3 individual masses simulatng a boom truck loading traveling at 5mph
%speed=5mph=2.2352 m/s
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%mass1=14,300lbs=6486.37089kg=63609.57N
%mass2=14,100lbs=6395.65241kg=62719.92N
%mass3=14,700lbs=6667.80783kg=65388.86N
%space 1-2=17'11"=5.461m
%space 2-3=4'5.5"=1.359m
%time1=22.37s for front axle to reach end of bridge
%time2=24.81s for front of back axle to reach end of bridge
%time3=25.42s for back of back axle to reach end of bridge
%total_time=25.42s allows entire truck to pass over span (12 seconds in the
%case of L=20 and b=5)
total_time=26;
t=0:0.02:total_time;
td=L/V;
spacing=[0 5.461 1.359 50000 500000];
for i=1:1
for k=1:length(t)
acce_total(i,k)=0;
end
end
for i=1:1
M=m*L/2;
K(i)=(i*pi)^4*EI/(2*L^3);
wn=i*(pi/L)^2*sqrt(EI/m); %natural frequencies
w(i)=i*pi/td; %applied force frequencies
fi(i)=sin(i*pi/2);%x=L/2
sys(i)=tf([0 0 1],[1 2*vd1*wn(i) (wn(i))^2]);
j=1;
td1(1)=0;
total_td=0;
while(total_td<=total_time)
total_td=total_td+td1(j);
for k=1:length(t)
if(t(k)>=total_td && t(k)<=total_td+td)
acce(i,j,k)=F(j)*sin(i*pi*(t(k)-total_td)/td)/M(i);%i for mode, j for jth force, k for time.
else
acce(i,j,k)=0;
end
acce_total(i,k)=acce_total(i,k)+acce(i,j,k);
end
j=j+1;
td1(j)=spacing(j)/V; % spacing between vehicles
end
y1(i,:)=lsim(sys(i),acce_total(i,:),t);
y(i,:)=fi(i)*y1(i,:);
end
tmulti=t';
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dispmulti=y(1,:);%+y(2,:)+y(3,:);
dispmulti=dispmulti';
accmulti=acce_total(1,:);
accmulti=accmulti';
Fs=1/.02; % Sampling frequency
T=.02; % Sample time
dim=size(dispmulti);
LNG=dim(1); % Length of signal
tfft=(0:LNG-1)*T; % Time vector
NFFT=2^nextpow2(LNG); % Next power of 2 from length of y
Y=fft(dispmulti,NFFT)/LNG;
f=Fs/2*linspace(0,1,NFFT/2+1);
%Plot single-sided amplitude spectrum
% figure(100)
% plot(f,2*abs(Y(1:NFFT/2+1)))
% title('Single-Sided Amplitude Spectrum of y(t)')
% xlabel('Frequency (Hz)')
% ylabel('|Y(f)|')
end
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APPENDIX B: SIMULINK MODELS

Eight-story numerical model structural response

Eight-story numerical model adding noise to measurements

Modal states recovery for eight and three-story models
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Augmented state-space system for single moving vehicle load

Augmented state-space system for multiple moving vehicle loads
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