CONVERGENT POSE AND TWIST ESTIMATION FOR VEL-DENIED MOBILE ROBOTS
BASED OM\ CASCADIN@®UAL-FRAME, MOTION RACKINGESTIMATOR

4 ( %3) 3

-@. /!

) .

35"-)44%$ 4/ 4(% '2!1$51 4% $)6)3)/.
0! 24)!, &5, &) ,EMEN®S BOR/TBE DEGREE DB61 5 ) 2

DOCTOR OF PHILOSOPHY
IN

MECHANICAL ENGINEERING

DECEMBERO019

By

Brennan E. Yamamoto

ThesisCommittee

A Zachary Trimble, Chairperson
Peter Berkelman
Reza Ghorbani
Zhuoyuan Song
Margo Edwards

/



i. Acknowledgements

It is difficult to express how privileged | amfor the opportunity to pursue a PhD ina
field of my passion under comfortable financial @cumstances, andalongside so many

awesomepeople. There are countless people tethank for their contribution sto my sucess.

First, thank you to myincredible advisor of seven years A Zachary Trimble to whom
| attribute most of my graduateschool successThank you for yourtime, expertise,patience,
honesty,willingness, dedication, patience, andlexibilit y? anddid | mention patience? How
you managed to transform a cold, confused, and uncertain undergrad like myself into
someone PhBcapable is a feat | will probably never fully appreciate. | could not have asked
for a more fitting advisor to oversee my graduate studyworking with you has truly been

honor.

Thank you to my thesis committee Peter Berkelman for directing much of my
exploration though the wonderful field of robotics; Margo Edwards,for providing our lab
with multiple key opportunities to explore maritime unmanned systens, and for shaping
much of my personal ideology towards the future of maritime systems in HawaiReza
Ghorhani, a longtime advisor, mentor, and friend(and serving on both my MS and PhD
committees!); and Zhuoyuan Songa superapproachalde mentor who is always eager to
assist with myresearch progress. Thank you also to Miguel Nunes and Ben Jones for their
willingness to serve on my committee(if not for unlucky circumstances outside of their

control).

Thank youto all the faculty menbers in the depariment of mechanical engineering,
and the wider College of Engineering forll the expertise, teachings, andupport you
provided methroughout my academiccareerat UH. In particular, | would like to thank Brian
Bingham, for originally sirring my interest in mobile robotics (and still managing to support
me even after leaving UH!);Song Choi, for supporting me over the pasten years be it

through ECUH, Kanaloa, scholastic robotics events, volunteer events, career events,

2



scholarship evédO O 8 OE A  IdIEs® Mavi& ®la, fér Isupporting much of my energy
harvesting research Mehrdad Nejhad for the many intersecting research projects over the
years; Miguel Nunes, for the teaching support and research advic&/ayne Shiroma a
longtime ethical mentor and friend; and Yi Zuo, for always enthusiastically providing words

of encouragementand honest advice.

Thank you to the college of engineering and mechanical engineeridgpartment staff
for their support over the years. In particular,| would like to thank Lewis Moore for all of
the improvements made to the mechanical engineering shops (anputting up with us
nocturnal students!); Jean Imada,dr your unwavering support of the CoE student body and
student organizations Charlene Sato and LaYuuin the CoE officeand Jamie Wong and Gail
Yamamoto in the CoE fiscal officégr being endlessly accommodating of meand Joanne Yee

and Shayna Yee for their excellent attentiveness and administrative support.

Thank you also to Rafael GaceBinclar and the UH Office of Innovation and
Commercialization/Office of Technology Transferfor working around my lastminute

research schedule to produce a provisional patent in time for my dissertation.

Thank you also to my fellow faculty and staff at Leewar€ommunity College for
giving me the opportunity to teach in while pursuing my degree In particular, 1 would like
to thank Jennifer McFatridge Bryson PadasdaoNicholas TakebayashiJennie Thompson,

and Teri-Ann Tsukenjofor supporting me for the shorttime | was there.

Thank you to the current and past undergraduatestudents who have donated blood,
sweat, and tears to team Kanaloa. | hope you were able to learn as much from me as | have
you. Thesestudentsare: Aricia Argyris, lleana Argyris, AmyBentz, Karla Cortez, Steven Cory,
Jonathan De Len, Raina Ann Duenas, Richard Eidswick, Nicole Clare Hortizuela, Michael
Huang, Kelan Ige, Christianne Izumigawa, Minshik Kang, Steven Kim, Paulo Lemus, Michael
Loui, Aaron Nagamine, Nathan Park, Kobe Tayldric Welton, Allison Wong, Darren Wong

Kai Jores, Thomas Moriyasu, Andrew Ngyuen, Johnny Pham, Ryan Roque, Russell Tolentino,

3



Chauncey TomPeter Agcanas, Jason Chan, Allan Ching, Ryan Ganiron, Peiyi Kwok, Cheyenne
Langamin, Benjamin Liang, Jordan Romallie Ronnie Soriano, Yoshio Yoshizumi, Qicheng
Zhou, Raymond Andrade, Paul Baessler, Kekoa Data, Blaine Furman, Hunter Garrett, Dominic
Gaspar, Danny Hongserena Kobayashi, Yong Cong Li, Charmaine Lum, Lisa Mahan, Kealoha
Moody, Kai OutlawSpruell, Dane 8bol, Daniel Truong,Jordan Dalessandrq Matthew
Bowers, Haley DeTure, Colin Lambert, Emily Pang, Paula Rae Penullar, Tyler Wilfahrt, Yuuma
Yamamotqg Alexandra Makaiau, Marisa Matsuo, Judy Phamd Mai Van Thank you also to
Mark Rongstad Anthony Sylveder Ill, andZhuoyuan Sondor advising the teamin various
capacities, and graduate studentBradley Beeksma, Michael Borusinski, Curran Meek,

Brenden Minei, Tyson SeteMook,and Ryan Theriotfor contributing in various capacities.

Thank you to all ofmy fellow RIP lab mates from throughout the yes: Daniel Wong
(M.S. 2014), Evan Akuna (B.S. 2015), Reika Arta (M.S. 2016), Laura Fitzpatrick (M.S. 2016),
Shane Brown (B.S. 2017), Tina Li (B.S. 2017), Aaron Nagamine (B.S. 2017), Allison Wong
(B.S. 2019),Grant Takara (M.S. 2018), and Kai Jones (M.Sndigate). Thank you for being
an awesome group of people to bounce ideagth , vent frustrations to, grab food with, and

being there to lend a helping hand.

Thank you tothe Applied Research Lab and th®©ffice of NavalResearch formost
directly funding my research. Thak you alsoto the ARCS3-oundation Honolulu Chapter, for
awarding me a researh scholarship 7 ceduring my PhD. Thank you dso to the following
companies and institutions for their suppat for team Kanaloa in various capacitiesthe
Associated Stucents & the University of Hawaii (ASUH), the Association for Unmanned
Vehicle Systems International(AUVS) and RobaoNation, the IEEE Hawaii ChapterMakai
Ocean EngineeringMarine Technology Soiety Hawaii Chapter, Mathworks, Nvidia, the UH
Student Activity and Program Fee Boar¢SAPFB) and Velodyne LiDAR

This paragraph is dedicated to thehundreds of classmates | have befended over
these past 11 yearsat UH. | regret that this list is too long, and | would risk too much

attempting to recount so many amazing peopleThank you for the struggle;the many alt

4



nighters, study-sessions,assignments projects exans, and whatever other shenanigans
engineering students find themselves in Without you, | likely would have lost interest in

engineering a very longime ago.

Thank you to my EMF friends, whose compatonship and camaraderie makes
everything | do worthwhile. Alexander Ching and Bryce Fukunagahanksfor being thebest

friends a guy could ask for.Let® keep makingcrazy EMF videos.

Finally, it is na without the unwavering love and support of my extended and
immediate family that this thesis could have been completedlulienne and Joelle, thank you
for always keeping me groundd, honest and humble, andjiving me something greater to
strive for. Mom and dad, thank you for your unending sacrifice (one which | too often take

for granted), positive moral compass, and constant confidence in me.



ii. Abstract

Advancements in micrefabrication and micro-electromechanial systems, increaed
market demand, and economies of scale have lowered the cost for global navigation satellite
system (GNSS) and inertial measurement unit (IMU) sensor systems to levels costevant
for average consumers. The combination of GNSS+IMahcprovide basic obot localization
information, but cannot measure linear velocity, which is essential for autonomousobile
robot operation. Unfortunately, linear velocity sensors like wheeled dometers, air speed,
optical flow, or doppler velocity log sensors are situakonally applicable and/or cost
prohibitive for many robot applications; these robots can be entitedOOAT -AAEGBAG 8
this work | propose a state estimation algorithm base@n a cascading, dualrame, motion-
tracking estimator that is capable of prowling accurate pose (positions) and twist
(velocities) estimates for velocity-denied robot platforms, by probabilistically estimating the
unobserved velocity state based on the me-varying information extracted from the
measured position and accelerationstates. Because this state estimator is based on a
kinematic, motion-tracking state-transition model, it does not require dynamical
information about the robot platform or the forces acting on it.| first demonstrate this state
estimator algorithm on simulated mobile robot data and then on real data collected froma
GNSS+IMU robot sensor systeml show that this state estimation algorithmconsistently
maintains a deadreckoning pose accuracy of pd& of the postinterpolated pose

measurements, and provides hidden a lineavelocity accuracy of pm/s.
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known ground truth, and the cyan dotconnected line represents the abolute linear velocity
(only in the w i w ilinear velocity states). The average velocity for this trial was p& & fi .
FICOOA v-Ad x Qubdivelsusm 6 counter-clockwise rectangle fast trial 1. The dashed
black line represents the known ground truth, the red circleconnected line represents GNSS
measurements, and the blue detonnected line represents the estimatopose output. The
average velocity for this trial was o® AT ......cccccvvviieiiiiiiiccceeeeeeeeeeeeee e eeccceee . 165
Figure 56: Robot body frame states plotted versus time for theounter-clockwise rectangle
fast trial 1. The red circleconnected line represents GNSS measurements, the blue -dot
connected line represents the estimatorpose output, and the cyan detonnected line
represents the absolute linear velocity (only in thew , w ilinear velocity states). The average
velocity for this trial was 08 QT ... eeeeeeesrereeeeeeeeeee e eeee LBO
Figure 57: Hybrid frame states plotted versus time for the countexclockwise rectangle fast
trial 1. The red circleconnected line represents GNSS measurements, the blue -dot
connected line represents the estimator pose output, the dashed black line represents the
known ground truth, and the cyan dotconnected line represents the absolute linear velogit
(only in the w i w ilinear velocity states). The average velocity for this trial was o® afi .
...167
&ECOOA -Alpg Taliversisw 0 counter-clockwise rectangle fast trial 2. The dashed

black line represents the known ground truth, the red circleconnected line represents GNSS
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measurements, and the blue dotonnected line represents the estimator pose output. The
average velocity for this trial was & AT ....cccccvviiiiiiiiiiiiecceeeeeeeeeee e ... 168
Figure 59: Robot body frame states plotted versus time for the countaockwise rectangle
fast trial 2. The red circleconnected line represents GNSS measurements, the blue -dot
connected line represents the estimatorpose output, and the cyan detonnected line
represents the absolute linear velocity (only in thew i w ilinear velocity states). The average
velocity for this trial was — Q& G F1 . ..ooooiiiieeiiiie e sieeeeeme e e e emmnesenee e sneeee e eneeeee LG9
Figure 60: Hybrid frame states plotted versus time for the counteclockwise rectangle fast
trial 2. The red circleconnected line represents GNSS measurements, the blue -dot
connected line represents the estimator pose outputhe dashed black line represents the
known ground truth, and the cyan dotconnected line represents the absolute linear velogit
(only in the w i w ilinear velocity states). The average velocity for this trial was ¢& a fi .
&ECOOA -A)p g laddelsisw &) counter-clockwise rectangle fast trial 3. The dashed
black line represents the known ground truth, the red circleconnected line represents GNSS
measurements, and the blue detonnected line represents the estimator pose output. The
average velocity forthis trial was  0® AT ....cccccvvviiiiiiiiiiiiecceeeeeeeeeeeeeee e emmcmmeeeee DL
Figure 62: Robot body frame states plotted versus time for the countalockwise rectangle
fast trial 3. The red circleconnected line represents GNSS measurements, the blue -dot
connected line represents the estimatorpose output, and the cyan detonnected line
represents the absolute linear velocity (only in thew | w ilinear velocity states). Tle average
velocity for this trial was 08 QT ..o eeeeeeenrereeeeeeee e e e s enee L 12
Figure 63: Hybrid frame states plotted versus time for the counteclockwise rectangle fast
trial 3. The red circleconnected line represents GNSS measurements, the blue -dot
connected line represents the estimator pose output, the dashed black line represents the
known ground truth, and the cyan dotconnected line represents the abolute linear velocity
(only in the w i w ilinear velocity states). The average velocity for this trial was o® afi .
173
FICOOA o¢Ad x Oubdvadsusw 0 clockwise rectangle slow trial 1. The dashed black

line represents the known ground truth, the red circleconnected line represents GNSS
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measurements, and the blue detonnected line represents the estimator pose oput. The
average velocity for this trial was p& AT ....ccccccvvvvvviiiiiiiiccceccceeee e svceeeenenn o L4
Figure 65: Robot body frame states plotted versus time for the clocksg rectangle slow trial
1. The red circleconnected line represents GNSS measurements, the blue-donnected line
represents the estimator pose output, andhe cyan dotconnected line represents the
absolute linear velocity (only in thew i w ilinear velocity states). The average velocity for
this trial Was P& QAT . .oooeiieiiii et ceeceeee e reensemmnss e e e st e s smmnnnnnne e e nseeeeees L DD,
Figure 66:Hybrid frame states plotted versus time for the clockwise rectangle slow trial 1.
The red circle-connected line represents GNSS measurements, the blue -dohnected line
represents the estimator pose output, the dashed black line represents the known gnoa
truth, and the cyan dotconnected line represents the absolute linear velocity (onlin the @ |
w ilinear velocity states). The average velocity for this trial was p& & 7fi ................. 176
SECOOA -ak ¢ 1clbtersBsw ) clockwise rectangle slow trial 2. The dashed black
line represents the known ground truth, the red circleconnected line represents GNSS
measurements, and théolue dot-connected line represents the estimator pose output. The
average velocity for this trial was p& AT .....ccccccvvviviiiiiiiiieeeeeeeeeeeeeeeeeee e e smmmcmeeeee LT
Figure 68: Robot body frame states plotted versus time for the clockwise rectangle slow trial
2. The red circleconnected line represents GNSS measurements, the blue-donhnected line
represents the estimator pose output, andhe cyan dotconnected line represents he
absolute linear velocity (only in thew | wilinear velocity states). The average velocity for
this trial Was P& A TT ..o eeeeeees s eeeeeeesr e e e e e e s snnnmmmmreeeeeeeeee e L 4G
Figure 69: Hybrid frame states plotted versus time for the clockwise rectangle slow trial 1.
The red circle-connected line represents GNSS measurements, the blue -dohnected line
represents the estimator pose output, the dashed black line representie known ground
truth, and the cyan dotconnected line represents the absolute linear velocity (onlin the @ |
w ilinear velocity states). The average velocity for this trial was p& & 7i ................. 179
&ECOOA -Aidg ToddersBsw 0) clockwise rectangle slow trial 3. The dashed black
line represents the known ground truth, the red circleconnected line represents GNSS
measurements, and the blue detonnected line represents the estimator pose output. The

average velocity for this tial was P& G .....cccccovveeeiiiiiiiieeeecce e smeeeeeeneeen. 180
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Figure 71: Robot body frame states plotted versus time for the clockwise rectangle slow trial
3. The red aicle-connected line represents GNSS measurements, the blue-donnected line
represents the estimator pose output, andhe cyan dotconnected line represents the
absolute linear velocity (only in thew | wilinear velocity states). The average velot for
this trial was P& G T ..o iceeeeeee e ecmmmnessrre e e e e e s e eeeennme e e e e e neens LB
Figure 72: Hybrid frame states pléted versus time for the clockwise rectangle slow trial 3.
The red circle-connected line represents GNSS measurements, the blue -dohnected line
represents the estimator pose output, the dashed black line represents the known ground
truth, and the cyandot-connected line represents the absolute linear velocity (onlin the @ |
w ilinear velocity states). The average velocity for this trial was p& & fi ................. 182
SECOOA -AbdTuddrsBsw @) clockwise rectangle fast trial 1. The dashed black
line represents the known ground truth, the red circleconnected line represents GNSS
measurements, and the blue detonnected Ine represents the estimator pose output. The
average velocity for this trial was €80 A Tl .....cccccvvvviiiiiiiiiiiecreeeeeeeeeeeeee e emmcceee . 183
Figure 74: Robot body frame stateplotted versus time for the clockwise rectangle fast trial
1. The red circleconnected line represents GNSS measurements, the blue-donnected line
represents the estimator pose output, andhe cyan dotconnected line represents the
absolute linear vebcity (only in the @i wilinear velocity states). The average velocity for
thistrial Was — QB0 G T1 . .ooiiiiiiiii et emmeeees e e e e e erba e e e ennmnnnnmeeeensnnnnn s LOZL
Figure 75: Hybrid frame states plotted versus time for the clockwise rectangle fast trial 1.
The red circle-connected line represents GNSS measurements, the blue -dohnected line
represents the estimator pose output, the dashed black line represents the knownaymd
truth, and the cyan dotconnected line represents the absolute linear velocity (onlin the @ |
w ilinear velocity states). The average velocity for this trial was ¢& a fi ................. 185
&SECOOA A d TubddrsBsw @) clockwise rectangle fast trial 2. The dashed black
line represents the known ground truth, the red circleconnected line represents GNSS
measurements, and lie blue dotconnected line represents the estimator pose output. The
average velocity for this trial was o® G ......cccoovveeiiiiiierreeeee e eeceeeeenenn. 186
Figure 77:Robot body frame states plotted versus time for the clockwise rectangle fast trial

2. The red circleconnected line represents GNSS measurements, the blue-donnected line
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represents the estimator pose output, andhe cyan dotconnected line representsthe
absolute linear velocity (only in thew | wilinear velocity states). The average velocity for
this trial Was — 08 A T1 ..o eeeeeees s ereeeeesr e e e e e e s snnesmmmneeeeeeeeee e LO Lo
Figure 78: Hybrid frame states plotted versus time for the clockwise rectangle fast trial 2.
The red circle-connected line represents GNSS measurements, the blue -dohnected line
represents the estimator pose output, the dashed black line representse known ground
truth, and the cyan dotconnected line represents the absolute linear velocity (onlin the @ |

w ilinear velocity states). The average velocity for this trial was o® & 7fi ................. 188
S&ECOOA HAibd Tcliddrshs @) clockwise rectangle fast trial 3. The dashed black
line represents the known ground truth, the red circleconnected line represents GNSS
measurements, and the blue detonnected line represents the estimator pose output. The
average velocity for this tial was Q& G T1 ....coovviveeiiiiiee e sceeeeeeee e s emeeeeene e 189
Figure 80: Robot body frame states plotted versus time for the clockwise rectangle fast trial
3. The red aicle-connected line represents GNSS measurements, the blue-donnected line
represents the estimator pose output, andhe cyan dotconnected line represents the
absolute linear velocity (only in thew | wilinear velocity states). The average veloti for
this trial was Q&) A TT ..o eereeeees v eeeeseesreeereeeeeeee e s snnssmmmeeeeeeeeee e LOQL
Figure 81: Hybrid frame states plotted versus time for the clockwise rectangle fast trial 3.
The red circle-connected line represents GNSS measurements, the blue -dohnected line
represents the estimator pose output, the dashed black line represents the known ground
truth, and the cyan dotconnected line represents the absolute linear velocityqnly in the @ |

w ilinear velocity states). The average velocity for this trial was ¢& a i ................ 191
Figure 82: Counterclockwise circular travel path. The diameter of the circle is 100 ft (30.48
m). Map data © 2018 Google. Reproduced with permission from Google Maps
Geoguidelines, 2019 [123].....ucieieeee e eeeeeeeeer e e e e s eeemeseens e e e e e e e e e e e emneeneens e eeeeee e 193,
S&ECOOA -4b ¢ Taldrsbs o @ counterclockwise circle slow trial 1. The dashed
black line represents the known ground truth, the red circleconnected line represents GNSS
measurements, and the blue detonnected line represents the estimator pose output. The

average velocity for this trial was P& AT ....cccccvveeeeiiiiiiiiiicceeeeeeee e eeeeeeeeeeen.... 194
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Figure 84: Robot body frame states plotted versus time for the counterclockwise circle slow
trial 1. The red circleconnected line represents GNSS measurements, the blue -dot
connected line represents the estimator pse output, and the cyan detonnected line
represents the absolute linear velocity (only in thew | w ilinear velocity states). The average
velocity for this trial was P& G F1 . ..ccooviiiieiiiiie e sieeeeemesee e sveesemmeesenee e sneeee e eneeeee 19D
Figure 85: Hybrid frame states plotted versus time for the counterclockwise circle slow trial
1. The red circleconnected line represents GNSS measurements, the blue-donhnected line
represents the estimator pose output, the dashed black lineepresents the known ground
truth, and the cyan dotconnected line represents the absolute linear velocity (ay in the @ |

w ilinear velocity states). The average velocity for this trial was p& & 7fi ................. 196
SECOOA -l o Tcadrsbs w @ counterclockwise circle slow trial 2. The dashed
black line represents the known ground truth, the red circleconnected line represats GNSS
measurements, and the blue detonnected line represents the estimator pose output. The
average velocity for this trial was p& AT .....cccccvvvviiiiiiiiiieereeeeeeeeeeeeeee e e e smmmcmeeee . 197
Figure 87: Robot body frame states plotted versus time for the counterclockwise circle slow
trial 2. The red circleconnected line represents GNSS measurements, the blue -dot
connected line represents the estimator pose oput, and the cyn dot-connected line
represents the absolute linear velocity (only in thew | w ilinear velocity states). The average
velocity for this trial was P& QT ..o eeeeeeesrerreeeeeeeeeee0eee LO8
Figure 88 Hybrid frame states plotted versus time for the counterclockwise circle slow trial
2. The red circle-connected line represents GNSS measurements, the blue-donnected line
represents the estimator pose output, the dashed black line represents the knowground
truth, and the cyan dotconnected line represents the absolute linear velocity (a@y in the @ |

w ilinear velocity states). The average velocity for this trial was p& afi ................. 199
SECOOA -Blg Tadddrsbs o @ counterclockwise circle slow trial 3. The dashed
black line represents the known ground truth, the red circleconnected line represents GNSS
measuremens, and the blue dotconnected line represents the estimator pose output. The
average velocity for this trial was p& G .....cccccveveeiiiiiiiieeeeee e emeeeeeeneeenn. 200
Figure 90: Robot body frame states plotted versus time for the counterclockwise circle slow

trial 3. The red circleconnected line represents GNSS measurements, the blue -dot
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connected line represents the estimator pose oput, and the cyan dotconnected lire
represents the absolute linear velocity (only in thew | w ilinear velocity states). The average
velocity for this trial was P& A1 ..o emeeeeeens e 201
Figure 91: Hybrid frame states plotted versus time for the counterclockwise circle slow trial
3. The red circle-connected line represents GNSS measurements, the blue-donnected line
represents the estimator pose output, the dashed bladikne represents the known ground
truth, and the cyan dotconnected line represents the absolute linear velocity (ay in the @ |

w ilinear velocity states). The average velocity for this trial was p& & fi ................. 202
&ECOOA -Bk ¢ TabveisiBw ) counterclockwise circle fast trial 1. The dashed black
line represents the known ground truth, the red circleconnected line epresents GNSS
measurements, and the blue detonnected line represents the estimator pose output. The
average velocity for this trial was & G T1 ...ooviieeiiie e cceerrecee e emeneeene . 203
Figure 93: Robot body frame states plotted versus time for the counterclockwise circle tas
trial 1. The red circleconnected line represents GNSS measurements, the blue -dot
connected line represents the estimator pose oput, and the cyan dotconnected line
represents the absolute linear velocity (only in thew | w ilinear velocity states). The average
velocity for this trial was — C&8 AT ..o reeeeeesr e 204
Figure 94: Hybrid frame states plotted versus time for the counterclockise circle fast trial

1. The red circleconnected line represents GNSS measurements, the blue-donnected line
represents the estimator pose output, the dashed black line represents the known ground
truth, and the cyan dotconnected line represents theabsolute linear velocity (only in the @ |

w ilinear velocity states). The average velocity for this trial was ¢& afi ................ 205
&ECOOA -AH g lalvefsi o &) counterclockwise circle fast trial 2. The dashed black
line represents the known ground truth, the red circleconnected line represents GNSS
measurements, and the blue detonnected line represents the estimator pse output. The
average velocity for this trial was & G ......cccoovveeiiiiiierreeee e ecmeeeeeeenn. 206
Figure 96: Robot body frame states plotted versus time for theoanterclockwise circle fast
trial 2. The red circleconnected line represents GNSS measurements, the blue -dot

connected line represents the estimator pose oput, and the cyan dotconnected line
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represents the absolute linear velocity (only in thew i ¢i linear velocity states). The average
velocity forthistrial was — C& AT ..o eeeeeeees e 207
Figure 97: Hybrid frame states plotted versus time for the counterclockwise circle fast trial
2. The red circle-connected line represents GNSS measurements, the blue-donhnected line
represents the estimator pose output, the dashed black line represents the knowground
truth, and the cyan dotconnected line represents the absolute linear velocity (ay in the @ |

w ilinear velocity states). The average velocity for this trial was ¢& & fi ................. 208
&ECOOA -BHl ¢ TadveisiBw ) counterclockwise circle fast trial 3. The dashed black
line represents the known ground truth, the red circleconnected line represents GNSS
measuremens, and the blue dotconnected line represents the estimator pose output. The
average velocity for this trial was & G T1 ...coovveeeiiiiee e cceereecee e emeeeeene 0. 209
Figure 99: Robot body frame states plotted versus time for the counterclockwise circle fast
trial 3. The red circleconnected line represents GNSS measurements, the blue -dot
connected line represents the estimator pose oput, and the cyan dotconnected lire
represents the absolute linear velocity (only in thew | w ilinear velocity states). The average
velocity for this trial was  C& AT ..o eeeeeeesreneeneeeeeeee e eeen 240
Figure 100: Hybrid frame states plotted versus time for the counterclockwise circle fast trial
3. The red circleconnected line represents GNSS measurements, the blue-donnected line
represents the estimator pose output, the dashed bladine represents the known ground
truth, and the cyan dotconnected line represents the absolute linear velocityqnly in the @ |

w ilinear velocity states). The average velocity for this trial was ¢& afi ................ 211
&ECOOA pnpg O311 x6 A O A O A ér veidAity $tep Fedponse datp 8 1 OF
and fitted first order step response curves for five trials. See legend for actual mean velocity
0, steady state velocity i, and time constantt... cermmmmeeennn 213
&ECOOA pngqg O- AAEORDt03. ommsai) mléaf,,\/,élocﬁyfstbpl reSgoisedata
and fitted first order step response curves for five trials. See legend for actual mean velocity
0, steady state velocity i, and time constantt... P 1 .
&ECOOA pmnod O&AOODO AOAOAQA OAIIAEOU c8w OI
and fitted first order step response curves for five trials. See legend for actual arevelocity

0, steady state velocity i, and time constantt.............cc.ovvviviiiccccccce e, 215
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Figure 104: Screenshot of estimator operation video. This @ plots the map framew davs.
W A (top left), the map frame[ a vs. time (bottom left), a forward camera feed (top righ),

and the robot frame velocity®@ PO T L WK VS, tIME..vvieiieiieecee e e 216.

vi. List of Abbreviations

AHRS is attitude, heading, reference system

GNSS is the Global Navigation Satellite System

IMU is the Inertial Measurement Unit

MARGIs magnetic, angular rate, and gravity

ROS is the Robot Operating System

SNAME is the Society of Naval Architects and Marine Engineers

vii. List of Symbols

0 is the state matrix of a linear dynamical system expressed in canonical stegpace form

wis the biasvector due to ocean current and unmodeled dynamicsrthe damping coefficient
of the robot

0 is the input matrix of a linear dynamical system expresskin canonical statespace form

@is the input matrix of a Kalman filter

‘Q ds the discrete time step

0 is the Coriolis matrix of the vehicleor the output matrix of a linear dynamical system
expressed in canonical statespace form

O is the hydrodynamic damping matrix of the vehicleor the map frame ¢-axis pointing
towards down in a north-eastdown system (only used in reference nomenclature)or
the feedthrough matrix of a linear dynamical system expressed in canonical statpace
form

'Ois the map framewraxis pointing towards true east in a northeastdown system (only used
in reference nomendature)

"Bis the statetransition matrix of a Kalman filter
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"Ois the generalized force of a robot thruster and/or acting on the robobr the state matrix
of a discretetime linear dynamical system expressed in canonical statgpace form

“Osliding covaiance gain or the input matrix of a discretetime linear dynamical system
expressed in canonical statespace form

"Ois the observation matrix of a Kalman filteror the output matrix of a discretetime linear
dynamical system expressed in canonical statspace form

“Gs the rotational moment of inertia of the robotoran identity matrix

Vis the feedthrough matrix of a discretetime linear dynamical system expressed in canonical
state-space form

0 is the hydrodynamic moment acting about the robot bodyframe waxis (only used in
reference nomenclature)

0 is the unit vector defining the axis of rotation of frame {B} with respect to frame {A} for

the angle-axis frame representation

a is the magnitude of the intermediate transition vectorbetween two reference states

& is the mass of the robot

0 is the mass/inertia matrix of the vehicle or the hydrodynamic moment acting about the
robot body frame w-axis (only used in reference nomenclature)

¢ is the number of measurements in a sequenad numbers over which to take he mean

0 is the hydrodynamic moment acting about the robot body framex-axis (only used in
reference nomenclature)orthe map framecwraxis pointing towards true northin a north-
eastdown system(only used in reference romenclature)

N is the angular \elocity about the robot body frame awaxis (only used in reference
nomenclature)

n is the angular velocity about the robot body framewaxis (only used in reference
nomenclature)

Wis the error covariance matrix of a Khman filter

(Pis the process noig covariance matrix of a Kalman filter

i is the angular velocity about the robot body frameg-axis (only used in reference
nomenclature)

‘YPis the measurement noise covariance matria Kalman filter
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‘Yis therotation matrix of frame {B} with respect to frame {A} for the rotation matrix frame

representation

ois time

0 is the linear velocity along the robot body framewaxis (only used in reference
nomenclature)

@ is the input vector of a Kalman filer or the input vector of a linear dynamical system
expressed in canonical statespace form

U is the linear velocity along the robot body framewaxis (only used in reference
nomenclature)

U @ is the variance of the variablen

0 is the linear velocty along the robot body frame ¢-axis (only used in reference
nomenclature)

wis the linear position along thewaxis, or a generalized state variable

wis the time derivative ofa i.e. the linear velocity along thex>axis

wis the time derivative o i i.e. the acceleration along theraxis

@ is the force component acting along the robot body framexaxis (only used in reference
nomenclature)

wis the linear position alongthe waxis

wis the time derivative ofw i.e. the linear vebcity along thewaxis

wis the time derivative ofw i.e. the linear acceleration along the>axis

is the force component acting along the robot body frame>axis (only used in reference
nomenclature)

ais the linear position along theg-axis

ais the time derivative ofq, i.e. the linear velocity along théraxis

ais the time derivative ofq, i.e. the linear acceleration along thé-axis

@is the measurement vector of a Kalan filter

Qis the force component acting along theobot body frame &-axis (only used in reference
nomenclature)

i is a generalized sequence of numbers

“Yis a generalizeskew-symmetric matrix
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30is the elapsed time

0y is the half life of an exponatial function

o is the time spentin the smoothing region of the adaptive sliding adaptive covariance
method

o] is the time spent in the scaling region of the adaptive sliding adaptive covariance
method

rRis the angular velocity vector of frame {B} with respect torame {A}
%.is the angular position about thewaxis
%.is the time derivative of% i.e. the Euler angular velocity about theyaxis
%.is the time derivative of%s i.e. the Euler angular eceleration about thewaxis
—is the angular positionabout the wraxis
—is the time derivative of—-i.e. the Euler angular velocity about theéraxis
—is the time derivative of—-i.e. the Euler angular acceleration about the-axis
—is the angle of rotation about U of frame {B} with respect to frame {A} for the angleaxis
representation
[ is the angular position about thed-axis
[ is the time derivative off , i.e. the Euler angular velocity about thé-axis; also identical to
the angular velocitym in two dimensions
[ is the time derivative off , i.e. the Euler angular acceleration about thizaxis
tis the vector of the controlling force input

T is the vector of the windinduced force

27



1. Introduction

O-1TAET A 01 AT OE A O drobotd offakideOof ribtion Gf Esfoasa plabfadnd |
within its environment. Advancedmobile robots must not only move, but alsosensetheir
motion to somedegree. The methodsemployed, andinformation extracted from a mobile
robot sensing systemwill vary significantly based on the desiredapplication; however, all
mobile robots propose sane answer to the question ofrobot localization;, what is my pose

(positions) and twist (velocities) relative to my surroundings?

Advancements in micrefabrication and micro-electromechanical systemsincreased
market demand, andeconomies of scale havikwered the cost for global navigation satellite
system (GNS$and inertial measurement unit IMU) sensorsystems to levels costelevant
for average consumers. Developing mbile robots that can convergently estimate pose
(position) and twist (twist) using only these two sensors is highly attractive for cost
sensitive autonomous mobile robots however, the combination of GNSS+IMU is incapable
of measuring linear velocity, whch is essential for autonomous robot operation.For this
reasonlcad 1 O1T AT OO0 Al Pl T UET ¢ OAKKIOE ORI Serizs AICGIODADOU O
operation is a relevant problembecauselinear velocity sensors like wheeled odometers, air
speed, optica flow, or doppler velocity log sensors are situationally applicabland/or cost
prohibitive ; if the robot linear velocity can be estimated using more universally available
position and acceleration sensors like GNSS and IMUs, a significant portion of ni@lbobots
stand to benefit There are many currentlyexisting well-documented and/or open-source
state estimationalgorithms (which will be discussed in detail in this work); however, these
systems require a generalized linear velocity sensorand will not work when velocity-
denied. In this work, | present a state estimatbn algorithm based on the discrete Kalman
filter, that is capable of convergently estimating the pose and twist of a velocity denied

mobile robot.

In chapter two of this work, | will desaibe the process ofstate estimationfor robot

localization, the arrent state-of-the-art, and elaborate on why the velocitydenied mobile
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robot problem is a relevant one. In the second section] describe the two most common
probabilistic state obsewersfor robot localization: the discrete Kalman filter and the partite
filter; and explain why | chose theKalman filter is more appropriate for this problem. In the
third section, | discuss the existing, well-documented/open-source solutions for state
estimation for mobile robots andidentify why these solutions are insufficient for the needs
of velocity-denied robot platforms. | then describe the Kalman filtering process, the quality
of the measurements our GNSS+IMU sensor system has access to, are d¢bnstant-
acceleration statetransition kinematic motion modell employ in this work. Finally,| will
discuss the fundamental problems that need to be addressed in a state estimation solution

that will convergently estimate pose and twist for a velocitydenied mobile robot.

In chapter three, | describe the revised state estimation algorithm for robot
localization based on a cascading, dudftame, motion-tracking state estimator, that is
capable of estimating posdpositions) and twist (velocities) for robot systems without a
linear velocity sensor. The novel contributions of this algorithmcan be categorized intdour

areas.

1 A discrete-time interpretation of the robot body reference frame. This allows us to
fuse position, velocity, and acceleratiosensor data in the robot body frame.

1 Adaptive covariance profiling for sensor quantization mitigation and improved
estimator prediction capability.

1 Unobservedlinear velocity estimation based on the movingmean forward-difference
of GNSS position datand trapezoidal method of accelerometer (IMU) data.

1 Cascading estimators in the robot body frame and then in the map framértually

eliminating error due to frame transformation.

In chapter four, | evaluate my revised state estimation algorithm agairst smulated
sensor data with a known ground truth. From this, | draw several key learnings.| then take
the same state estimation algorithm anduse it against real sensor data collected from a

moving platform. Using this datal show that the state esimation algorithm provides pose

29



predictions in between GNSS sensor updategith a mean error rangng from 0.4 to 1.2m
across all of the tested trials, and &énear velocity error between 0.1 to 0.8 m/s using the

corrective linear velocity open loop bias pedicted using simulated data.
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2. Existing state estimation algorithms for robot localization

2.1. The need for $ate estimation and sensor fusiorin robot localization

The practice of state estimation belongs to a much wider field &ayesianstatistics
[1], which can generally bedesaibed as the system for desebing the uncertainty of
knowledge using mathematical probabilities [2]. In state estimation, noiseprone
measurements are modeled asprobabilities that are mathematically coupled to other
probabilistic state variables that evolve in parallel over time.Instead of treating impeafect
measurements as directeflections of a state variable, probabilistic measurements increase
our confidence(or certainty) in astate variable. We can further improve our confidence in
a state variable by combining these probabilistic measurementsith adynamical modelthat
can predict the next state variable based on its past stateShroughout this paper, Irefer to
the mathematical tool that catulates theprobabilistic system statesas astate observe, and
EOO 1006P0OOO E 8 A8 O Bésbraré ddrhknites TFinallyA WihérOefnpldyihg a
state observer to provide state estimates using information frommultiple sensors

simultaneously,| call this sensor fusion

To better understand sensor fusion andhe benefits it provides Mitchell [3] describes

multiple ways sensor fusion can improve the measurement process:

1 Representation. Thestate estimate after fusionis described at an improved level or
granularity over the original data set.

1 Certaintyand accuracy The probability distribution i @ and the standard deviation
, Of the state estimateafter fusion is improved overthe original data set.

1 Completeness. The state estimate after fusion describes information in a wathat

allows for a more complete vew on the environmentthan the ariginal data set does.
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Sensor fusion systems can also be classified by thewetrology, i.e. how the data from

multiple sensors is aggregated Boudjemaa and Forbe$4] classify sensor fusionmetrology

by:

9 Fusion across sensord-usinginformation from multiple sensors measuring the same
guantity.

1 Fusion across attributes Fusing information from multiple sensors measuring
different quantitie s associated with the same experimental situation.

1 Fusion across domains Fusing information from multiple sensors measuring the
samequantity, but over different ranges or domains.

1 Fusion across time Fusing current information with historical information (from an

earlier measuremeny).

Durrant-Whyte [5] describe a similar classification of sensor fusion systems based on their

configuration.

1 Competitive information occurs when multiple sensors supply information in the
same location and degres of freedom.

1 Complementary information occurs when multiple sensos supply different
information about the same geometric feature in different degrees of freedom.

1 Cooperativeinformation occurs when one sensor relies on another for information

prior to observation.

From these descriptions, it is easy to see why semsfusion is valuable; a weH
implemented state estimator offers improved measuremenperformance andcan provide
information that would otherwise be unavailable from the unfused sensoputputs alone.
Unsurprisingly, sensor fusion for robot localization & a highlystudied problem in mobile
robotics [6]. In this work, | employ an improved sensor fusion algorithm for robot
localization that is designed to estimate pose (positions) and twist (velocitiesusing only a

low cost GNSS and IMU sensor systerBecause the GNSS+IMU sensor system is incapable
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of directly measuring linear velocity, most mobile robots require a generated linear
velocity sensor for full state estimation; however, linear velocity sensors are natpplicable
and/ or too costprohibitive for many mobile robot applications. Inthe improved algorithm,
| extract the probability distribution (estimate) of the linear velocity states based only on

sensor data from related states

In order to validate the improvements of our improved state estimation algorithm]|
must first establish the attributesAT A DA O &I O Al Ksthte ésuationa@ithih AOAT 6
for robot localization. That said, it is difficult to claim that the performance of an algorithm
isareasonablelOCAT AOAT 6 OAPOAOCAT GAGET T h AI O A AEAx OAA

f The full sensor fusionGlgorithm®éhas many steps, andavith variables that vary for
eachapplication. This makes it challenging to claim that any form of this algorithm is
generally applicable to all, or even general cases.

1 Accessible scientific literature is largely focused on the theotieal aspects of filtering
and signal processing.This information is an important part of this work; however, |
are also concerned about the applicatiorand performance of these theoretical
concepts to practical mobile robot platforms. Due to the nature of scientific
publication, papers that discuss the application of alreadyetted theoretical
processes are fewand rarely discuss the detail necessarp fully reproduce their
system.

1 Based on the state-estimation performance of commercially-available inertial
navigation systems it is possible that solutions to the challenges describedhave
already beencommercially addressed however,the majority of these solutions are
OAT-ARBAAG DOl POEAOAOU AT BecaibeAhesk AyStéBE AT A O
combine multiple technologies eg. differential GNSS, redime kinematic (RTK) and
precise pointpositioning (PPP),multiple GNSS sensors, and onboard sensor fusiah
is impossible to comprehensively understand the contributive beefits of each

technology without access to the underlying source code driving these systems.
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For these reasonsit can be difficult to justify academicresearch effort into improved
methods of filtering for lower-cost, more primitive sensor solutions however, there are a
few reasonsscientific study is essential. Firstly, improvement to proprietary solutions are
limited only to the small group of individuals who can access the souramde. Secondly,
researchers are forced to assume that blackoxed sdutions are performing operations
based on the claims of the manufacturer As previously noted when analyzing systems that
employ multiple technologies, it is impossible to understandhe contributive benefits of
each individual technology Thirdly, each example mobile rdot can have significantly
different operational requirements; with a black-boxed system, advanced users lose the
ability to make any modifications to the underlying system operation to better fit their
application. Some examples of usd modifications to fit operational requirements could be
manually varying sensor covariances to account for environmental noise; making the system
robust to loss of sensors (e.g. going into a tunnethanging measurement domains, ei¢.
tweaking an estimation system to provide more smoothing at the cost of accuracy, or vice
versa.

In this chapter, | aim to characterizethis OCAT AOAT 6 OOAOA AOOEI AOI
robot localization; this will allowme to identify the shortcomings in this algorithm if used
with a velocity-denied sensor system like a GNSS+IMU. In secti@®, | discuss the two
preeminent probabilistic state observers for robot localization: the Kalman filter and particle
filter. In section2.3, I scrutinize open-source/well-documented state estimation algorihms
on known robot platforms; this will tell us: (1) how state estimation algorithms are currently
performed, (2) the variance in algorithms that are currently employed, and (3) the
limitations/sho rtcomings of current state estimation algorithms, so thatmprovements can
be proposed. In sectiorR.4, | describe the iterative Kalman filter, which is the underlying
statistical state observer employed for most state esmation algorithms for robot
localization. In section2.5, | discuss the expected precision and refresh rate specifications
of the low-cost GNSS and IMU sensors thHawill employ in this work. In section2.6, | discuss
the constant-acceleration statetransition model, the kinematic motion modelemployed by

most gate observersfor state prediction. Finally in section2.7,1 summarize my findings by
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outlining the major shortcomings in the current robot localization state estimabrs for a

velocity-denied mobile robot using onlya GNSS+IMU sensor system.

2.2. The Kdman filter and patrticle filter state observers

The probabilistic state observer is anathematical tool whose goal is to estimate the
probability distribution of system state variables based on a statéransition dynamical
function, and measurements relagdd to the state variables; it isthe most important
componentin the full state estimation algorithm. Many statistical modeling techniquesire
available to solvethese types of probabilistic timeseries filtering problems; as described in
the seminal 1999 paper by Rowas et al. [7], many common statistical techniques for
multidimensional time series modelhg can be seen as variants of the same underlying
unsupervised learning model These similar processes include principal component
analysis, mixtures of gaussian clusts, vector quantization, independent component
analysis, Kalman filter models, and hiden Markov models. Specifically for the task of mobile
robot localization, the two most studied state observers are the Kalman filter and its
extended and unscentedrariants [8]z[13], and nonparametric Markov chain filters, which
are typically classified into gridtbased[14]z[16], topology-based[17], [18], and particle
based Markov chain filters [19]z[23]. Generally speaking, the Kalman filter approach to
robot localization describes the robot position and sensor readigs as unimodal Gaussian
distributions, which is robust and computationally cheap; howeer, the Kalman filter is
incapable of representing multtmodal (nonlinear) probability distributions, and generally
requires that the starting location of the robot isknown [6], [21], [24]. Subsequent
evolutions of the Kalman filter, such as the extendef 0], [11] and unscented[12], [13]
Kalman fiter are capable to employing nonlinear statdransition equations and
measurements, but still fundamentally propagate aingle Gaussian probability distribution
per state variable limiting its representational power. The non-parametric filter approach
to robot localization describes theprobability distribution of the OT AT 08 O OOO0OI1 O1
environment; in grid-based approaches, thélter calculates theprobability distribution over

a grid of possible positionsin the environment; in topology-based approates the filter
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calculates theprobability distribution for all sensed features in the environmentand in
particle-based approaches, thélter calculates the probability distribution for a randomly-

drawn set of samples in the environmen{6] .

While non-parametric filter approaches to the robot localization prdlem are
relatively recent, the particle-based nonparametric filter has emerged as the preeminent
method for probabilistic robot localization in applications where the starting location of the
robot is unknown and extrinsic sensor information extracted from the environment are the
primary source of information. This extrinsic sensor data isypically in the form of laser
scans sonar,and/or feature extradion from vision, i.e. GNS8enied applications. This filter
is generally referred to as thepartic/e filter. Despite the many strengths of the particle filter,
its philosophy of defining the probability distribution of the surrounding environment,
rather than the distribution of the robot make it less relevant for the fusion ofintrinsic
sensors like he GNSS and IMU, whicimeasure the internal state variables of the robot.
Therefore, for sensor fusion of GNSS and IM&¢nsors,the Kalman filter was seleted as the

state observer for this work.

In the next section, | will review known open source andor well -documented state
estimators. Becausel am focusing on systems employing Kalman filtebased state
observers,| will omit known systems employing particle filter -based state observersl will

then return to a detailedexplanation of the Kalman flter in a later section.

2.3. A survey of isting open-source or well-documentedstate estimation algorithms
for robot localization

In this section,l will scrutinize existing examples obpen-source or welkdocumented
state estimabrs for robot localization, specifically for poseandtwist estimation on robot

platforms. These example state estimation algorithms can take multiple fora

1 Documentedstate estimation algorithm of a working robot example
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1 Opensource state estimation software forcompatible micro-controllers and/or
micro-processorsfor known robot systems

1 Pure software packages that require the user tonanually interop into their own
compatible hardware systems

1 Proposed models that could be used in a state estimator

To keep the search relevantor the problem statement in this work, | narrowed the search
to state estimation algorithms that extract the probability distribution of pose (positions)
and twist (velocities) of a robot using a Kalman filter. I am particularly interested in the
sensors used by the robot, and how the stat&ransition equations incorporate data from
these sensors (if applicable). This information will be relevant in later sectionsThe state

estimation algorithms analyzed in thissectionare:

i State estimation softwae packages
o ArduPilot [25], a family of open source flight control software. ArduPilot
controllers include the ArduPilot Copter[26] for helicopter and multicopter
systems, the ArduPilot Plang27] for fixed wing aircraft, and ArduPilot Rover
for ground vehicles and boatg28] .
A ArduPilot GitHub repository [29]
A ArduPilot documentation [30]
A ArduPilot state estimation documentation[31]z[33]
o NavLab[34], a generic tool for robot navigation. Maintained by the Forsvarets
Forskningsinstitutt (Norwegian Defense Researclkstablishment).
A Navlab introduction paper[35]
o OpenSourceSensorFusion [36], an opensource sensor fusion/state
estimation software for MEMS chips. Maintained by the MEMS Industry group.
A OpenSourceSensorFusion Kalman filter documentation [37]
o OpenIMUI[38], the sensor fusion/state estimation software for ACEINNA IMU
systems. Maintaned by ACEINNA.
A OpenIMU GitHub repository[39]
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A OpenIMU documentation40]
A OpenIMU state estimation documentatiorf41]
o PX41[42] flight control software, an open source flight control software.
Maintained by Dronecode Project Inc.
A PX4 GitHub repository{43]
A PX4 developer documentatiorf44]
A PX4 state estimation documentatiorj45], [46]
A PXA4 user guide documentatiofi47]
0 ROS robot_localization nod¢48], a sensor fusion/state estimation software
package for the robot operating system. Maintained by Tom Moore.
A robot_localization GitHub repository[49]
A robot_localization introduction paper [50]
A robot_localization documentation[51]
1 Surfacevehicle Kalman filter-based estimators
0 Alam et al. surface vehiclg52]
o Dhariwal et al. surface vehiclg53]
o Papadopoulos et al. surface vehicl®4]
0 Subramanian et al. surface vehiclg5]
1 Underwater vehicle Kalman filter-based estimators
0 Bozorg et 4. underwater vehicle[56]
Ferreira et al. MARES underwater vehicl¢57]
Gadreet al. underwater vehicle[58]
Karras et al. underwater vehicle[59]

Loebis et al. autonomous underwater vehiclg0]

o O O o o

Petillot et al. underwater vehicle[61]
0 Sabet et al. autonomous underwater vehiclg2]
1 Wheeledvehicle Kdman filter-based estimators
0 Bayramogluet al. two-wheel corridor robot [63]
o0 Jetto et al. twewheel robot [64]

o Kiriy et al. golf course lawn mower robo{65]
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o Kwon etal. two-wheel robot [66], [67]
0 Lee et al. twewheel robot [68]

o0 Messom et al. twewheel ball-tracking robot [69]

2.3.1. State estimation software packages

ArduPilot is an opensource autopilot software, intended to run on specific (open
source) sensor+microcontroller platforms. There are software variants for fixed wing
aircraft, multicopter drones, wheeled ground vehicles, and boats. It has excellent
documentation [30], access to source codR9], and is actively maintaned at the time of
writing. The state estimation algorithm is documented on this webpagi1], and the code
deriving the state equations can be found on this webpag3]. The state estimation
algorithm is based on an extended Kalman filter, and fuses information from an
accelerometer, rate gyroscope, magnetometer/compass, GNSS/GPS, airspeed, barometric
pressure measurements optical flow, and laser rangefinders. The statgansition model is
a kinematic motion model based on the derivative changes in each state. Not all sensors are
required for the system to operate; however, a linear velocity sensor is necessary to correc
the linear velocity state estimates, i.e. this state estimation algorithm wilhot provide a

reasonable linear velocity estimate for a velocitydenied robot.

Navlabis a closedsource state estimation software. Despite its closgource nature
there is enough information in[35] AAOA OE AET @nderlyind ,al§oAtbn@ that it
warrants consideration. Navlab includes multiple software components (simalion, real
time estimation, and data post processing), and has vetted rewalorld performance. Its
discussion of the state estimation algorithm doesot include the statetransition equations
of the Kalman filter, but it does describe the required sensors These include an
accelerometer, rate gyroscope, magnetometer/compass, and generalized position, velocity,
and depth/altitude measurements. Subsegent Navlab publications related to state
estimation and navigation primarily discuss orientation estimatia for inertial navigation

systems[70], and the various methods of measuring heading/orientatiofi71]. The need for
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a generalized velocity sensor indicates that Nawb is not designed for pose and twist

estimation for a velocity-denied robot.

In addition, the NavLab introduction paper [35] identifies the problem of sensor
guantization, which occurs when employing multiple digital sensors that update at varying
OAOAOS AEEO | ATEZEZAOOO AO EAOA OEOI pdating ET  OE.
sensor(s) produces an update; this can be particularly detrimental to filter performance if
the state-transition equations rely on discrete differentiation of the estimator output. In
[35], the hard jumps in the estimator outputs were removed by employing a pogtrocessing
optimal smoothing filter; however, this filter cannot be implemented in real time. The

problem of realtime sensor quantization mitigation is discussedr depth on our work.

OpenSourceSensorFusionis a state estimation software, intended to run on specific
IMU platforms; it has excellent documentaon, and easy access to source cofgg], though
its last update was in 2015, making it less frequently updated than some of the other
algorithms analyzed in this work. This particular state estimation algorithm is designed only
for fusion of IMU sensos (accelerometer, rate gyroscope, magnetometer) for estimating
angular positions and velocities; therefore it isnot a full robot localization solution on its
I x18 4AEEO DPOT AAOGOR 1 £OAT AAITTAA 1T AcT AGEAR Al
heeAET ¢ OAZAOAT AA OUOOGAIh T O O! (236 AOOEI AGEI I
filtering algorithm in [72], and is generally considered to be a solved problem. The majority
of commercial IMU systems on the market today employ a similaubt -in AHRS/MARG state
estimator built in. Documentation on the opemsource sensor fusion Kalman filter

implementation can be found in[37].
For further reading on AHRS/MARG state estimators, this application repoft3] of

the well-documented, commerciallyavailable-off-the-shelf (COTS) MSP430F5xx AHRS

system by Texas Instruments details the application of a very similar system to hardware.
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OpeniMUis an open-source state estimation software, intended to run on specific
(open-source) sensor+microcontroller platforms; it has excellent documentation[40], easy
access to source codg39], and is actively maintained at the time of writing. The state
estimation algorithm is documented on this webpage[41]; it fuses sensor data from an
accelelometer, rate gyroscope, magnetometer, GNSS/GPS, and a generalized velocity sensor
for velocity measurements. The statéransition model is a kinematic motion model based
on the derivative changes in each state. Similar to other state estimation algoritlsm
scrutinized, not all sensors are required for the system to operate; however, a linear velocity
sensor is necessary to correct the linear velocity state estimates, i.e. this state estimation

algorithm will not provide a reasonable linear velocity estimae for a velocity-denied robot.

PX4is an opensource autopilot software, intended to run on specific (opefrsource)
sensor+microcontroller platforms; it has good documentation[44], [47], easy access to
source code[43], and is actively maintained at the time of writing. The state estimation
algorithm is documented on this webpage[45], as well as additional details on this
repository [46]. PX4 fuses information from an IMU (accelemeter, rate gyroscope,
magnetometer), height sensor (barometric pressure and/or GNSS/GPS), GNSS/GPS,
rangefinder, airspeed, optical flow, and external vision sensor. The stati@nsition model is
a kinematic motion model based on the derivative changes wach state. Similar to other
state estimation algorithms scrutinized, not all sensors are required for the system to
operate; however, a linear velocity sensor is necessary to correct the linear velocity state
estimates, i.e. this state estimation algarihm will not provide a reasonable linear velocity
estimate for a velocity-denied robot.

00T AT O 1 1 iA A stdfeUAti®&ibnl sdftware node/package that runs on the
robot operating system (ROS) metabperating system. It has good documentatiofbl], easy
to access source codpl9], and is actively maintained at the time of writing. Details about
the state estimation aforithm are not well-documented; however, this 2016 papei{50]
outlines the general operating, and performance of the robot localization node.

robot_localization fuses sensor data from position data from a GNSS, orientation data from a
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IMU, and linear velocity data from a generalized velocity sensor (rotary encoder odometry
data from a wheeled robot, and optical flow data from a lovaltitude drone were cited
examples). At the time of publication of50] (2016), robot_localization does not utilize
sensor data from the accelerometer, although this is expected future functionality. Similar
to other state estimation algorithms scrutinized, not all sensorsra required for the system
to operate; however, a linear velocity sensor is necessary to correct the linear velocity state
estimates, i.e. this state estimation algorithm will not provide a reasonable linear velocity

estimate for a velocitydenied robot.

2.3.2. Surface vehicle Kalman filtethased estimators

Alam et al.[52] describes a state estimation algorithm based on the extended Kalman
filter for a high speedsurfaceand aerialvehicle. The state-transition model is a kinematic
motion model based on the fusion of a GNSS and IMU sensor. The problem statement of this
paper is similar to our work, as theirgoal is to extract position and velocity using only a GNSS
and IMU sensor; however, this work measures velocity from the direct output of the GNSS
sensor. Because lowcost GNSSsensors operating insingle point precision (SHP) mode
calculate velocity by directly differentiating two consecutive positions, this velocity
measurement is very poor, i.emeter-per-secondlevel of accuracy[74]. Their sensor fusion
positioning system has a RMSE accuracy of 6.4m, as compared to a reference-Baged
GNSS positioning systemlt is unclear what GNS velaity system was employed and the
paper explicitly states that thevelocity performance was not ultimately evaluated against

any known ground truth.

Dhariwal et al. [53] describes a state estimation algorithm based on the extended
Kalman filter for a surface vehicle. Thetate-transition model is a dynamicmodel basedon
the vehicle mass Coriolis, centripetal, damping, buoyancy and gravitational forcéhe state
transition model fuses sensor data from a GNSS, IMU, and open loop velocity data based on
straight-line testing of commanded inputs, equivalent thruster force, and conversion

efficiency parameters. Tentative conclusions suggest waypoint accuracy of approximately 2
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m, which is very close to the GNSS/GPS precision. This demonstrates very high dependence
on position measurements from the GNSS. The accuracy of the linear velocity state estimates

was not presented.

Subramanian et al. surface vehiclfb5] describes a state estimation algorithm based
on the extended Kalman filte for a surface vehicle. The purpose of this vehicle is to visually
track features on the shoreline ging an omnidirectional camera; these features are located
relative to the vehicle pose. The stat&ransition model is a kinematic motion model based
on the fusion of a GNSS, IMU, doppler velocity log, and visually tracked features in the
environment from the camera. They found that their vision tracking method is reliable in a
river environment but has trouble in environments with strong reflecting ripples. Objective

analysis of the robot estimator localization performance was not presented.

2.3.3. Underwater vehicle Kalman filter-based estimators

Bozorg et al.[56] describes a state estimation algorithm based on the extended and
unscented Kalman filter for an underwater vehicles. The statgansition model is a
kinematic motion model based on the fusion of an inertial navigation system ardbppler
velocity log in simulation. They found that the extended Kalman filter outperformed the

unscented Kalman filter on simulated data of an NPS AUNUnderwater vehicle.

Ferreira et al. [57] describes a state estimation algorithm based on the extended
Kalman filter and the particlefilter for the MARES underwater vehiclethe performance of
the two state observer methods are then compared. The statexnsition model is a dynamic
model based on the vehicle mass, Coriolis, drag, gravity, and thruster forces. It fuses sensor
data from a magnetometer, rate gyroscopes, depth sensor, and two long baseline acoustic
beacons for positioning. They found thathe particle filter is a promising estimator that does
not make assumptions about the system noise; however, the number of particleust be
large to ensure robustness; they frequently experience divergence in their particle filter

estimates. Converselthe extended Kalman filter requires that assumptions about the noise
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are made, and requires initialization, but is generally more robst and less exigent in terms

of computational requirements.

Gadreet al.[58] describes a state estimation algorithm based on the extended Kalman
filter for an underwater vehicle. The statetransition model is a kinematic motion model
based on the fusion of amagnetometer, depth sensg open loop velocity measurement based
on propeller velocity, and position based on an acoustic pulse. They found that the system
was fully observable for all trajectories except for those that are segments of straight lines

that pass through the origin(the location of the acoustic beacon).

Karras et al.[59] describes a state estimation algorithm based on the Kalmédiiter
for an underwater vehicle. The statdransition model is a kinematic motion model based on
the fusion of an IMU and a lasebased vision system that consists of two underwater laser
pointers and a single CCD camera mounted on the ROV. They fothmt the laserbased
vision system corrects the unbounded position error of the IMU, even after long periods of

time where no measurenents were taken.

Loebis et al.[60] describes a state estimation algorithmbased on the extended
Kalman filter with adaptive covariance tuning using fuzzy logic for an underwater vehicle.
The stte-transition model is a kinematic motion model based on the fusion of an IMU
periodic GPS (when the vehicle surfaces). They founbat the adaptive covariance tuning

based on fuzzy logic improved the estimation accuracy of the extended Kalman filter.

Petillot et al. [61] describes a stée estimation algorithm based on the Kalman filter
for an underwater vehicle. The statdéransition model is a kinematic motion modelbased
on the fusion of an IMU and forwarefacing multi-beam sonar for 2D obstacle avoidance,
mapping via constructive sold geometry, and extraction of the dynamics of features in the
surrounding environment. They demonstrated their algorithm on real soar data in a real

trial, finding that their system generates very smooth paths, can handle complex and
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changing workspaces and can be used for improved motion estimation using the tracking

module for sonar servoing, and simultaneous localization and mapug.

Sabet et al[62] describes a process for moreccurately estimating the hydrodynamic
coefficients of an underwater vehicle. These coefficients can be used to build the equations
of motion of a statetransition model for the pose estimation of an underwater vehicleThis
dynamical model is highly detailed, including threedimensiona coefficients for crossflow
drag, added mass, added mass crogsm, added mass crosgerm and fin lift, rolling
resistance, body ad fin lift and Munk moment, body lift force and fin lift, fin lift force, fin lift
moment, propeller thrust, and propellertorque. These equations of motion were then used
as statetransition equations for extended and unscented Kalman filters. They fodrthat the
unscented Kalman filter is faster and more accurate than the extended Kalman filter for their

state-transition equations.

2.3.4. Wheeledvehicle Kalman filter-based estimators

Bayramogluet al.[63] describes a state estimation algorithm based on the extended
Kalman filter for a differential-drive two-wheel robot. The statetransition model is a
kinematic motion model based on the fusion of incremental measurements from wheel
encoders and visual odmetry data from a camera based on a vanishing point analysis in a
corridor. Their system demonstrated localization accuracy of o @ afor path segments

pTIA .

Jetto et al.[64] describes a state estimation algorithm based on theDAAADOE OA S
extended Kalman filter for a dfferential -drive two-wheel robot. The statetransition model
is a kinematic motion model based on the fusion of incremental measurements from wheel
encoders and extrinsigoroximity sonar sensors. In this system, the noise covariances of the
extended Kaman filter are varied as the robot moves through the environment. They found
that an adaptive algorithm of this nature shows promise for preventing filter divergence over

time.
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Kiriy et al. [65] describes a state estimation algorithm based on the extended Kalman
filter for a differential -drive three-wheel robot intended for lawn moving on golf courses.
The statetransition model is a kinematic motion model based on the fusion of incremental
measurements from wheel encoders, a fibeoptic rate gyroscope, and machine vision from
a camera. This systemdemonstrated an average cartesian error of 0.352 m with a 0.296 m

standard deviation, relative to a ground truth trajectory.

Kwon et al.[66], [67] describes a state estimation algorithm based on the extended
Kalman filter for a differential-drive two-wheel robot. The statetransition model is a
kinematic motion model based on the fusion of incremental measurements from wheel
encoders andbi OEOET T AAOA £OI 1T AT OETAITTO '036
ultrasonic transducers in the ceiling, and two ultrasonic receivers positioned on the robot.
They found that the estimator proved to be promising for indoor mobile robot localizatio,

even with environmental disturbance such as an uneven floor, doorsill, and other obstacles.

Lee et al[68] describes a state estimation algorithm based on the extended Kalman
filter for a differential -drive two-wheel robot. The statetransition model is a kinematic
motion model based on the fusion of incremental measurements from wheel encoders and
one or more optical flow sensors. Because wheel encoders and optical flow are both
incremental sensor systems (it lacks a correcting absolute or extrinsic sensor systerkdi
GNSS, vision, laser scans, etc.) the purpose of this work is to improve the aacyr of
intermediate position and velocity estimates over a standalone wheel encoder systent.hey
found that the fusion of the optical flow sensors gives better estimatethan when dead

reckoning.

Messom et al[69] describes a state estimation algothm based on the Kalman filter
for a differential-drive two-wheel robot. The statetransition model is a kinematic motion
model based on the fusion of incremental measurements from wheel encoders and visual

data from a camera. In this particular applicabn, the state estimator tracks, and localizes
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off of the position of a stationary lall using the camera. Thisystem demonstrated improved
ball tracking and interception rate and was successfully deployed in the 2002 Singapore
Robotics Games and 2002 FIRRobot World Soccer Competition.

2.3.5. Summarizing existing state estimatiorestimators for robot localization

There are two important takeaways from our survey of existing state estimation
algorithms. Firstly, state observer statetransition models are basel on akinematic motion
model or a dynamical model based on the dynamics of the robavith a heavy preference on
the former. This is somewhat surprising, isce Kalman filters aretypically thought of as
dynamic state estimators, i.e. integrating theplant dynamics to predict the state of the
system at a forward point in time. In these kinematic motion models, the statetransition

equations follow the form given in equation(1).

[ ® otQo

Where
® isthe state attimeQ p (1)
® is the state at timeQ
w is the derivative of the state
'Q as the discretetime step

Equation(1) AAT AA ET OAOPOAOAR picén b dddibied Dyithe@ibte O OE |
time "Qsummed with its motion (the product of its derivative and the discrete time stepd 8

There are minor differences from robot to robot, particularly when the kinematicframe
transformations are folded into the sate-transition equations; however, the motion model
consistently follows this intuitive form. The philosophy of the kinematic motion modekan

be descibed as predicting the positions and velocitiesof the robot based on thebased on

integrating its pastmotion based on an assumption of constant acceleratiofor this reason,

this kinematic motion model is often called theOAT 1T OOAT O AtAtdtlahsficd A OET 1 6
model [31], [41], [45], [69], [75], [76] .
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A dynamic statetransition model contains information about the dynamic constants
of the system, e.g. inertia, drag, external forces, etc. These stansition equations are
given the input forces tothe system at each point in time, and the equations can be integrated
to solve for the resulting velocities and accelerations. He work by Fassen in[77] suggests
the candidate twodimensional model for estimation of velocities usig only position and

heading measurements irequation (2).

0 6w O YT @ Q z ¥

Where
0 is the mass/inertia matrix of the vehicle
0 is the Corbplis matrix of the vehicle
‘Ois the hydrodynamic damping matrix of the vehicle (2)
‘Yis the measurement noise covariance
wbias vector due to ocean currents and unmodeled dynamics
tis the vector of the ontrolling force input
T is the vector of wind-induced force

There are advantages to disadvantages to the kinematmotion model like the one
given in equation(1) and a dynamic modellike the one given in equation(2). A kinematic
motion model allows the stak obsener to estimate the robot stateswithout information
about the dynamics of the robot or the surrounding environment. This has the advantage of
a single estimabr universally working for all robot systems, regardless of the size and
dynamics of therobot system. The disadvantage of the kinematic motion model is inherent
in its assumption of constant acceleration; because the stateansition equation does not
OAEA OEA AT T O0OIT1TETC &£ OAA ETI DOOAEKE Olp&stA@A T OT
estimation without absolute and/or extrinsic position measurement) performance. By
contrast, a dynamic model will demonstrate improved state estimation performance, but
requires that the dynamic properties of the system are precisely characterized fdine robot
at each time step.Robot systems equipped with absolute and/or extrinsic position sensors
like GNSS, visual feature tracking, laser scans, etan bound thear absolute position error,
and thus, do notrequire maximum dead reckoning performance Fa these cases, the

universality and easeof-implementation of a kinematic motion model are generally
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preferred. In cases where robot systems are expected to dead reckon for extended periods
of time, such as underwater and GNS&:nied applications, a fullycharacterized dynamical
model will significantly improve estimator performance. Thusly, | will be using a state
transition model based on the kinematic motion model given in equatiofl). This will be

described in detail in secion 2.6.

The second important takeaway from our survey of existing state estimation
algorithm is the need for ageneralized linear velocity sensorfor both pose and twist
estimation. When employing an absolute or extrinsic pogion sensor to bound the error of
the position state, smooth position state estimation performance in between position
measurement updates requireslinear velocity sensor; however, linear velocity sensors like
wheel enmders, air speed, optical flow, odoppler velocity log sensors are only situationally
applicable andor cost prohibitive. In two fringe examples, Dhariwal et a[53] and Gadreet
al. [58] attempted to solve this problem byapproximating the linear velocity state based on
the open loop control inputs to the underwater thrusters. In both cases, the accuracy of the
final velocity estimate was not evaluated; however, one can assume that theseea loop
methods are inferior to atrue physical sensor Thisreinforces the need for a statestimation
algorithm that is capable of convergent poseand twist estimation for robots without a

physicallinear velocity sensor.

2.4. The discrete Kalman filter

The discrete Kalman filter is an ierative linear filtering and prediction process
proposed in 1960[8] that falls under a wider family of Bayesian ifters [78]. Rather than
treating measurements as direct reflections their respective state, the Kalman filter treats
each measurement as a contribution to a joint probability distribution. The Kalman filter
consists of two steps; the firstprediction step takes state estimates from the préous
iteration, and inputs them into its state-transition dynamical model to predict the state of
the current iteration; the secondupdatestep takes the predicted states, and compares them

against state measurements sing a weighted average, with more wight given to whichever
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value has less covariance (more certainty). The weighted average of each state becomes the
pose estimate of the Kalman filter, which is then used as the input to the prediction step of

the nextfilter iteration.

The first step ofthe Kalman filter is referred to as thepredict step. In this stepthe
Kalman filter calculates a state vector estimateorediction @ by evaluating the state

transition matrix "®and input matrix ®using the stake vectorfrom the previous iteration @

and the inputs from the current iteration ® . The Kalman filter also calculates the error
covariance matrix prediction ®  using the error covariance matrix from the previous

iteration B, the statetransition matrix "® and process noise covariance matri® . The

predict step equations are given irequations(3) and (4), respectively.

® W  Fo

Where

@ is the state vectorestimate prediction. It describes the prediction of the
state vector estimate after consideringts internal state-transition model, but
does not consider any measured data. ltis& p vector, where¢ is the
number of states.

"Bis the statetransition matrix . It describes the equationsf-motion (or
dynamical equations) of the system in maix form. Itisa € ¢ matrix,
where ¢ is the number of states.

® is the state vectorat time 'Q In most cases, this is the state vector estimate (3)
OPAAOGA EOI I OEA DPOAOGEI OO EOAOAOQEIT I
previous final estimate after considering its internal statetransition model
and the measured data. Itis& p vector, where¢ is the number of states.

@is the input matrix. It describes the inputs to the equation®f-motion (or
dynamical equations) of the systenmin matrix form. Itisa &€ & matrix,
where & is the number of input states.

® is the input vector. It desribes the inputs to the equationsof-motion for each
iteration of the Kalman filter. Itisa & p vector, whered is the number of
input states.
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Where

¥ istheerror covariancematrix prediction. 1t describes the variance
(certainty) of the state vector estimate predictionafter considering its
internal state-transition model, but does not consider any measured data. It
isa & € matrix, where £ is the number ofstates.

"Bis the statetransition matrix . It describes the equationsf-motion (or
dynamical equations) of the system in matrix form. Itis& £ matrix,
where ¢ is the number of states. (4)

® is the error covariance matrix at time 'Q In most cass, this is the error
covariance matrix update from the previous iteration, which describes the
variance (certainty) of the state vector estimate update aér considering its
internal state-transition model and the measured data. Itis& & matrix,
where ¢ is the number of states.

(P is the process noise covariance matrix. It describes the variance
(uncertainty) of each component in the statetransition model in matrix
form. Itisa & & matrix, where € is the number of states.

The second step of the Kalman filter is referred to as thepdatestep. In this step, the
filter calculates the Kalman gain matrix,®, which is a matrix that describes theweighted
average of the variance between theerror covariance matrix prediction ® , and the
measurement noise covariance matriX? , while taking into account theobservability matrix
(P . The Kalman filter then calculates a state vector estimatgodafe@ , using theKalman
gain matrix P and observability matrix "® to weight the state vector estimateprediction

@e against the measurement® . Finally, the Kalman filter calculates an error covariance
matrix u,oa’avz‘ef))s basedon the Kalman gain matrix(® , observability matrix '® , and error

covariance matrix prediction e . The Kalman gain matrix, state vector estimate update,
and error covariance matrix update equations are given in equationg5),(6), and (7),

respectively.
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Where

P is the Kalman gain matrix It describes he relative variance (certainty)
between the internal statetransition model and the measured data. Itis a
£ & matrix, where ¢ is the number of states.

»® s theerror covariancematrix prediction. It describes the variance
(certainty) of the state vedor estimate prediction after considering its (5)
internal state-transition model, but does not consider any measured data. It
isa & € matrix, where ¢ is the number of states.

"® is the observation matrix. It describes the observability of eacétate in
matrix form. Itisa &€ €& matrix, where ¢ is the number of states.

‘P is the measurement noise covariance matrix. It describes the variance
(uncertainty) of each measuremat in matrix form. Itisa &€ €& matrix,
where ¢ is the number of states.

® @2 P ® Oae

Where
® s the state vectorestimate update y O AAOAOEAAO OE?Z
final estimate after considering its internal statetransition model and the
measured data. Itisaé p vector, where¢ is the number of states.

@ee s the state vectorestimate prediction calculated inthe predict step of the

Kalman filter. It describes the prediction of the state vector estimatafter

considering its internal state-transition model, but does not consider any

measured data. Itisa¢ p vector, where¢ is the number of states. (6)
(P is the Kalman gain matrix It describes the relative variance (certainty)

between the internal state-transition model and the measured data. Itis a

¢ & matrix, where ¢ is the number of states.
@ is the measurement input vector. It describeshte measurements of each state

for that iteration of the Kalman filter. ltisa& p vector, where¢ is the

number of states.

"® is the observation matrix. It describes the observability of each state in
matrix form. Itisa € & matrix, where ¢ is the number of states.
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Where

® s theerror covariance matrix ypdate It describes the variance (certainty)
of the state vector estimate update after considering its internal state
transition model and the measured data. Itis& & matrix, where € is the
number of states.

Gee is theerror covariancematrix prediction calculated in the predict step of
the Kalman filter. It describes the variance (certainty) of the state vector (7)
estimate prediction after considering its internal statetransition model, but
does not consider any measured data. Itisa €& matrix, where ¢ is the
number of states.

(P is the Kalman gain matrix It describes the relative variance (certainty)
between the internal state-transition model and the measureddata. Itis a

¢ & matrix, where € is the number of states.

"® is the observation matrix. It describes the observability of each state in

matrix form. Itisa € & matrix, where ¢ is the number of states

Note that this is the condensed, or sometimes calledi D

EEI OAOs8 &1 O OEA &£O01 1 h OTIi
The state vector@ in equation (6) is taken as the most current state estimate, and

the error covariance matrix ® in equation (7) is taken as the most current error

covariance matrix for that iteration of the Kalman filter. At the next iteration@® becomes

®,and?®® becomesl?, and the cycle continues.

2.5. Measurements

The GNSS+IMUsensor system focused on in this work give only limited state
information. In this section, | will discuss the quality of the measurements thabne can
expect from a relatively lowcost GNSS and IMU sensdrampatrticularly interested in sensor
precision (variance) and refresh rate as these qgantities are crucially important when
dedgning a state estimator. To do thid, survey the specifications ofseverallow cost GNSS
and IMU sensors, and select reasonable values for variance and refresh rate. Typical low
cost GNSS sensors are listed frable 1, and typical low-cost IMU sensors are listed imable
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2. Note that neither of these Tables are intended to be a comprehensive study of sensor
capabilities, rather, it is a starting point for understanding the measurement covariances of

the relevant states.

Table 1: Typical Low-Cost GNSS Sensors

GPS Sensor Cost Approx. Variance Refresh Rate
NEGMS8P[79] $199.95[80] 25m 1 Hz
Copernicus Il DIP[81] $75.95[82] 2.5m 1Hz
EM-506 [83] $39.95[84] 25m 1 Hz
LS20031[85] $69.95[86] 3m 1 Hz
FGPMMOPAGHB7] $39.95[88] 3m 1 Hz

Note that GNSS sensorsan output a linear velocity measuremen; however, for low-cost
GNSS sensors operating in single point precision (SPP) mode, the linear velocity is calculated
by differentiating two consecutive positions which results inmeter-per-secondlevel of
accuracyat the refresh rate of the sensor which is generally not useful faavigation [74] .
Higher cost GNSS systems capable of cardgnase mesurement, anda means ofcarrier-
phase ambiguityresolution (through a variety of methods) are capable of more accurate
linear velocity measurement[89]; however, these systems ar@ot low-cost and still a very

active research ared77].

Table 2: Typical LowCost IMU Sensors

MU Cost Rate Gyroscope Accelerometer AHRS (magnetome.ter &
Sensor rate gyroscope fusion)
Approx. Refresh Approx. Refresh Approx. Refresh
Variance Variance Rate Variance Rate
MPU- $39.95 o )
9250 [90] [91] 5°/s 250 Hz 0.58 m/s 500 Hz
BNOO080 $34.95 o 5 o
[92] 93] 3.1°s 1000 Hz 0.3m/s 500 Hz 4.5 100 Hz
UM7[94] $1[g§]'95 255 Hz 255 Hz 5° 255 Hz
VMU931 $99.00
[96] [97] 1000 Hz 1000 Hz 1000 Hz

For IMU sensors, it is common practicerof to list the precision of each individual
sensor, as these valkes can vary quite significantly. In particular, the magnetometer
measures the surrounding magnetic field, this infonation is then often internally fused to

other measurements to estimate angular position. The variance in sensor quality, estimation
54



algorithm, and other facts can make direct comparisons between IMU sensors difficult. The
information on Table 2 is only listed if it is explicitly stated in the respective sensor

datasheet.

Table 3 takes the information from Table 1 and Table 2 in the context of thenine
possible states of a rbot in two dimensions: three degreesof-freedom cfufi  for position,
velocity, and acceleration.Because these values will be used to simulate the performance of

the Kalman filter, care was taken to choose conservative values.

Table 3: Typical of State Measurements from a LofZost GNSS+IMU Sensor System

State Measuring Sensor Approx. Variance Refresh Rate
linear position, @ GNSS 25m 1 Hz
linear position, & GNSS 25m 1 Hz

angular position,[ IMU AHRS 5° 20 Hz
linear velocity, ® Unmeasured
linear velocity, ® Unmeasured

angular velocity,[ IMU Rate Gyroscope 5°/s 20 Hz

linear acceleration,®

IMU Accelerometer

0.6 m/s?

20 Hz

linear acceleration,w

IMU Accelerometer

0.6 m/s?

20 Hz

Unmeasured

angular accelerationf

2.6. The constantacceleration statetransition model

The purpose of the stateransition model, ® is used in the predict step of the Kalman
filter, i.e. equations(6) and (7). It takesthe state estimate fromthe previous iteration of the
Kalman filter @ ¢, andpredicts its next state@ s . In the following update step of the
Kalman filter, this state prediction is then weighted against state measurementsto form an
improved state ypdate An accurate state prediction is important, as it can serve two
different functions in a Kalman filter: (1) if no measurement is availablethe state prediction
is the only quantity informing the state estimate, and (2) ifa measurement is availablgethe
weighting the probabilistic state prediction against the probabilistic state measurement will

help filter noisy values in the state measurement
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The previously-mentioned constant-acceleration stae-transition model is the most
commonly cited model in opensource sensor fusion implementationg69], [75], [76]. It is

basedon the general form the Taylor series expansion given in equatiof8).

e 06 MMhdtow @ Qdtw & Q dtw @ e
PA cA oA

QO o O (8)
EA

In the constantacceleration statetransition model, it is common tomake three assumptions.
First, the expansion function directly predicts the state variable, i.e’Q®d @ Second, the
state-transition model operates in the Kalman filter discrete-time domain, i.e."Q 0

"Q'Q, with time step ‘Q 0 Third, the higher order terms of the Taylor series expansion can be
neglected for simplicity. With these assmptions, equation(8) can be rewritten for a single
state variablewin equation (1) given previously in section2.3.5. Equation(1) is expresses

the state variablewas the full state vector@in equation (9).

® ® ot

Where
@ is the state vector attimeQ p (9)
® is the state vector at timeQ

® is the derivative of the state vector at timeQ
@ is the time step for iteration 'Q

If the robot area-of-operation can be approximated as twalimensional,there aretwo
linear degreesof-freedom ofto and a sirgle rotational degree of freedonT . For robot
localization with a GNSS and IMU sensdram interested in estimating the robot position,
velocity, and acceleration.Expanding equation(9) with the full set of state variables resilts

in equation (10).
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is the linear position of the robot
is the angular position of the robot
is the linear velocity of the robot
is the linear velocity of the robot
is the angular velocity of the robot

is the linear acceleration of the robot
is the linear acceleration of the robot

is the angular acceleration of the robot
‘Q as the discrete time step

(10)

Each state in the model given in equatior{10) requires knowledge of its past

derivative. This is not a problem for the position and velocity stas (which require velocity

and acceleration, respectively), but the acceleration state reges an estimate of the third
EOAOEOAR OI 1 AGEI AO AAI 1 ATAis sGe BariadlE&idr@ithér 1 O Ol

measured, nor estimated, the predictiorof this acceleration state in this form will not work

AAO

however, theinertial forces of mostrobot systems are much larger than the forces that put
i ETO1T 11T OEITA

leave the accekration terms constant This assumption of constant acceleratiomives this

OEA

model

T A~ v e A

its name, OEA OA-AAAAAR OA Girsitioda maddh. A Ths is shown in

equation (11).
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Equation (11) is written more conveniently in matrix form in equation (12).
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Equation (12) takes the state vector at timeQ and multiplies it by a statetransition

matrix to predictthe state vector at time’Q p without the need for information about inputs

to the system. It is common for robot state estimators to incorporate kinematic transforms

that convert state variables from one reference frame to anothee.g. a measurement taken

with respect to the robot body frame to an equivalent measurement wh respect to the local

map frame, or viceversa. This transform introduces sines and cosines into the state

transition matrix, making equations of motion nonlhear; however, this transformation can

also be performed on the measurements before or after éstatetransition prediction,

which will preserve the linearity of the statetransition matrix. In fact, it behooves the filter

designer to perform these trangormations outside of the statetransition equations, asl will

discuss in detail in sectior3.1.
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2.7. Shortcomings ofexisting state estimation algorithms for velocitydenied mobile

robots

The goal of this chapter was to describA OCAT AOAT &6 &I Oif 1T £ OEA
estimation algorithm used for existing robot platforms. In section 2.1, | described the
importance of state estimation and sensor fusion for the task of robot localizatiorn section
2.2, | discussed the two preeminent probabilistic state observer methods for robot
localization: the Kalman filter and the norparametric particle filter. | learned that the
particle filter models the probability distrib ution of the surrounding environment, whereas
the Kdman filter models the probability distribution of the robot using a unimodal Gaussian
distribution. The particle filter has demonstrated promising results for robot localization in
unstructured environments; however, it is more applicable to extrinsic sesors that measure
properties of the surrounding environment, e.g. vision, laser scans, sonar, etc. Tow-cost
GNSS and IMU sensors used in our wodirectly measure robot state variables, which is
more appropriate for the Kalman filter approach. Therefore, in section2.3, | scrutinized
open-source/well-documented state estimation algorithmsbased on the Kalman filterfor

known robot platforms. From thisanalysis | learned two important points:

1 If maximizing dead reckoningestimation performance is a priority, a statetransition
model based on a dynamical model of the robot and environmental variables is
necessary. If employing absolute and/or extrinsic sensorghat can reliably bound
absolute pose measurement error, a stateansition model based on a kinematic
motion model is more universally applicabé and easier to implement. For this
reason,l usea kinematic motion modelin my improved state estimation agorithm.

1 Nearly all existing state estimation algorithms require a generalized linear velocity
sensor for smooth position estimation performance between position measurement
updates; however, linear velocity sensors like wheel encoders, air speed, optifiaw,
or doppler velocity log sensors are only situationally applicable and/or cost

prohibitive. This reinforces the need for a state estimation algorithm that is capable
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of convergent poseandtwist estimation for robots without a physical linear velodty

Sensor.

In section 2.4, | discussed the operationof the discrete Kalman filter, the state observer at
the heart of many state estimation algorithms Then in sections 2.5, | described the
measurementsgenerally available to a GNSS+IMU sensor system. Finally, in sectd®, |
discussed theconstant-acceleration statetransition kinematic motion-tracking model used

in many state estimators for robot localization

This concludes our analysis of the underlying operation and performance of existing
state estimation algorithms. The goal of subsequent chapters in this work will b@ropose
animproved state estimation algorithmthat will convergently estimate pose and wist for a
velocity-denied mobile robot using only a GNSS+IMU sensor system. This improved state

estimation algorithm will need to address the shortcomings outlined in this chapter
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3. Animproved state estimation algorithm based ora cascading, duaframe,
motion-tracking estimator

In this chapter,| describe our improvedstate estimation algorithm for pose and twist
estimation for a velocity-denied robot using only a GNSS+IMU sensor ggsn. This improved
state estimator is based on a discrete Kalman filter witla statetransition model based on
the kinematic motion model presented in equatior(3). This state estimator solves four core

challengeswhich are discussed in detail in the following sections. Thegre:

1 A discretetime interpretation of the robot body reference frame.Sensor data from
the GNSS (linear position) is measured relative to the map frame, but sensor data
from the IMU (angular position, linear velocity, and linear acceleration) is measured
relative to the robot body frame. To fuse these states properly, théinear position
data from the GNSS should be converted to the robot body frame; however, existing
reference frame nomenclature does not define linear position states in the robot body
reference frame, as these stat do not typically have an immediate phsical
interpretation. In section 3.1, | describe a discretetime interpretation of the robot
body frame state vector that will allow us to define the state variablesecessary to
fuse data from the GNSS and IMU in the robot body frame.

1 Adaptive covariance profiling for sensor quantization mitigation and improved
estimator prediction capability. As shown in Table 3, the GNSS and IMU have
significantly different update rates, this is problematic, as the filter designer needs to
decide how to incorporate measurements into the state estimation algorithm in
between sensor updates. nl section3.2, | describe my implementation of covariance
profiling, which involves varying the relative measurement noise covariance of the
state measurements to rdect the decaying accuracy of a measurement as time
Al ADPOAO OET AA | EHs® &Waridnde QiOfilinG B SMdotA gimps in the
estimator output in response to new measurements (quantizationand/or increase

our estimate accu racy.
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1 Unobserved linea velocity estimation based on the movingmean forward-difference
of GNSS position data, and trapezoidal method of accelerometer (IMU) datén
section 3.3 | discuss how our state estimation algorithm creates a pseudo
measurement of the hidden linear velocity state. Because the Kalman filter treats
measurements as probabilities rather than direct reflections of statd,can construct
a linear velocity estimate basedn the knowledge that linear velocity is related to
linear position by its derivative and that linear velocity is related to linear
acceleration by its integral. Using the discretéime interpretation of the robot frame
discussed in section3.1, | take the forward-difference (discrete derivative) of the
linear position data from the GNSS, and the trapezoidal method (discrete integral) of
the linear acceleration data from the IMU t@enerate a linear velocity measurement,
which is then fused into the Kalman filter with an appropriate measurement
covariance.

1 The ascading dualrame estimator in the robot body frame and then in the map
frame. As discussed in sectior8.1, the sensor measurements are fused in the robot
frame, which requires that the GNSS measurements are transformed from the map
frame to the robot body frame. That said, for robot localizatiomost applications
require that pose (positions) is ultimately measured with respect tothe map frame.
This would require that the pose output from the robot frame estimator be
transformed back to the map frame; however, because each frame transformation
propagates error into the state estimate proportional to the error in the angular
position state estimate this double transformation of GNSS linear position data from
the map frame to the robot body and then back to the map framie not ideal. In
section 3.4 | discussa solution to this problem which employs two cascading state
estimators. The first state estimator referencethe robot body frame, andfuses the
transformed GNSS measurement with the IMU measurements generate a robot
body frame twist estimate. Tle linear velocity twist estimate is then fused with the
original (non-transformed) GNSS linear position estimate in a second estimator

referencing the map framefor the pose states, and the robot body fram#r the twist
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states This cascading state estimation aethod circumvents all but a single frame

transformation, maximizing the accuracy of the final state estimate.

Finally, in section 3.5, | present the full, improved state estimation algorithm
combining all of theconcepts disaissed in this. I call this algorithm the cascading dualframe

motion-tracking state estimator for velocity-denied robot localization

3.1. A discretetime interpretation of the robot body reference frame

In robot localization, | am interested in tracking the positions, velocities, and
accelerations of one or more robot systems. To do this,is convenient to assign reference
frames to reference points in the areaof-operation of the robot. A reference frameonsists
of a coordinate system and a state veatdahat standardizes measurementswith respect to
that frame. The reference frame youdefine will change depending on the robot type, and its
area-of-operation, and its intended purpose some examples of reference frames include

spherical frames fixed to E&rth, spherical frames that rotate with Earth, cartesian frames

fixed to a point on he surface of Earth, cartesian frames that are fixed to a point on the robot

body frame, cartesian frames that are fixed to a sensor or actuator, etc. Fbe problem
statement outlined in this work, | assumeOEAO OEA AAAAIT A OA GienicanO
be safely neglected77], [98], and the areaof-operation of the robot can be approximated as
a cartesian coordinate system. Under this common assumption ségssign two reference

frames, themapand robot bodyframe.

3.1.1. The map and robot body frame coordinate systems

The coordinate systems fothe map and robot body reference frameare illustrated

in Figure 1.
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Figure 1: Map frame(left) and robot body frame (right) coordinate systems

The map frame is an inertial reference frame that is fixed to a reference location on
Earth. It has a righthanded cartesian coordinate system oriented asreast,w-north, ¢-up,
as recommended by the standard units of measurement in REP 1[®®]. The map frame is
an inertial reference frame, because the reference frame undergoes negligible accelerations
(aslAOOOI A OEA AAAAI AOAOGET 1T AOA e théney AfspedaD OE G O
relativity states that the laws of physics are equivalent for all truly inertial reference fames,
therefore, the map frameorigin is typically located based on convenienceyften a ground
station, a known location on planet Earth, or theposition where the robot first begins

collecting data.

The robot body frame is a noninertial reference frame that is rigidly fixed to the
origin of the robot; this origin could be the center of gravity/mass, center of buoyancy, center
of flotation, or a kinematic center of the robot. The robbbody frame is a righthanded
cartesian coordinate system oriented asvoforward, wleft, d-up, as recommended by the

standard units of measurement in REP 10399]. This reference frame is nosnertial
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reference frame, because theobot undergoes nonnegligible accelerationsas it traverses

the environment.

3.1.2. The map and robot body frame state vector

In three-dimensions, a body has three linear degreesf-freedom, and three rotational
degreesof-freedom; thusly, | can represent the linear position and angular position of the
robot using a@ p state vector following the form ofufoi®ei-A . Repreenting linear
position in three-dimensions is straightforward, because linear translations are
commutative, i.e. the order in which the translations occur do not affect the outcome. This

is demonstrated inFigure 2.

Az A translate Az translate Az translate
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Figure 2: Translation of a body 1m alongd 1m along and then 1m alongd (top); and
translation of a body 1m alongg, 1m alongw and 1m alonga(bottom). These two different
translation orderings result in the same final position because linear translations are
commutative.

Unlike linear transformations, angular rotations are noacommutative, i.e. the order in which

rotations occur will affect the final rotated position. This is demonstrated inFigure 3.
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Figure 3: Rotation of a body 30° abouiy 30° aboutwy and then 30° about) (top); and a
rotation of a body 30° about¢, 30° aboutwy and then 30° aboutd (bottom). These two
different rotation orderings result in a different final orientation because angular rotations
are non-commutative.

Because rotaions in three-dimensions are norcommutative, defining the orientation
of a body using three equivalent rotations about the cartesian coordinate axesften called
0%0O1 AO AT Cl1 A& isodypvalidl @ Ak Grded & iEller angle rotaibns is pre
spedfied; there are 12 possible orderings of Euler angles in a cartesian coordinate system,
referenced either to the fixed or moving axis system of the body, for a total of 24 valid Euler
angle orderings [100]. This order ambiguity makes Euler angles morehallenging to
implement, particularly when compared to other rotation representation methods like
rotation matrices, angleaxis representation, and quaternions[99]. Despite this, the
mathematics for converting between the various representation methods is generally well
understood; this has resulted in Euler angles persisting as a common means of defining the
angular rotation of a bodyfixed coordinate ystem as a state vector, especially in maritime
applications [77], [98], [99]. Following this convention,|l describe orientation using the
fixed-w o ardered Euler angle representation in our threedimensional state vector, and
convert to rotation matrices and/or other rotation representation formats as it is

66



mathematically appropriate to do so, i.e. any Euler angle vector representation may be
assumed toemploy the fixed-w w ardering throughout this work. The mathematics for
converting between fixedo wEuler angles, rotation matrices, and angtaxis representation

is presentedin Appendix 6.1.

Given the map fame and robot frame coordinate systems outlined in the previous
section, and the assumption of fixedo & Euler angle representation,l can assign a state
vector describing the positions (pose),velocities (twist), and accelerations of the robot
relative to each frame. The map frame state vector is denoted By , and expresses the
positions, velocities, and accelerations of the robot with respect to the map frame coordinate
system. The robot lody frame state vector is denotedby @, and exypresses the positions,
velocities, and accelerations of the robot with respect to the robot body frame coordinate

system. The@ and@ state vectors aredescribed inTable4.

Table4: Map Fame and Robot Body Frame State Vector Components

Map Frame State Vector Robot Body Frame State Vector
w = linear position along @ axis @ = linear position along @ axis
& = linear position along & axis w = linear position along w axis
I,P(f) & = linear position along & axis I,P(f) & = linear position along ¢ axis
W T > w D S
""d %o = & wfixed Euler angle abouiw |’|Jd %o = w wfixed Euler angle aboutw
l’rt; axis l’@ axis
> /00 N B 7 » /00 \ ’. v
v — = » wfixed Euler angle aboutd 'y —= w wfixed Euler angle aboutw
',:E axis Y axis
l’r(b [ = o wiixed Euler angle aboutx l’lfxb [ = » wfixed Euler angle about
L axis L axis
170 . ; ; . ; Lrw N . L
Cra w = linear velocity along @ axis ra w = linear velocity along @ axis
® %o @ = linear velocity along @ axis ® %o ® = linear velocity along w axis
Ly : . ; : : r . : . s
r— a =linear velocity along & axis r— a = linear velocity along & axis
¥ %o = time derivative of %o r'f %o = time derivative of %o
[P . - Uro . -
o — =time derivative of — B — = time derivative of —
e 1Fw
Uy [ =time derivative of [ Py [ =time derivative of [
Lk ® = linear acceleration alongc Lk o . . o
| axis 1 w = linear acceleration alongw axis
l\r_ w = linear acceleration alongw U’— . . .
o : ur w = linear acceleration alongw axis
axis
& = linear acceleration alonga L . L
: ) : a = linear acceleration alonga axis
axis i :
%o = time derivative of %o %o = time derivative of %o
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— = time derivative of — —= time derivative of —

[ =time derivative of [ = time derivative of[

This interpretation of the map and robot body frame is very straightforward, but
mathematically problematic: because tte robot body frame is fixed to the robot, the robot
cannot have a position relative to the robot body framat that same point in time,.e. ®
mw T it Th— T . By extension, the successive velocity and
acceleraion derivatives of the robot in the robot body frame must also be zero, since a time
varying position must be zero if the position is constantly zeroBecuse all the robot body
frame state vector components constantly evaluate to zero, this interpretatioof the robot
body frame is clearly not useful!l refer to this problem as thezero-state robot body frame

problem.

3.1.3. WPEOOEIT C 1 IsbldtidnAdthe fetnStdtdrabot body frame problem

To circumvent the zerostate robot body frame problem, exgting nomenclature is
very strategic in its definition of the robot body frame state vector components. The general
solution is to omit the position compaents of the robot in the robot frame while keeping the
velocity and acceleration components. Elimiating the position components creates a
mathematical degeneracy between the state vector derivatives (a zero and/or constant
position cannot have a norzero velocity derivative); however, this degeneracy is addressed
in the nomenclature described by Fossermy describing the robot body frame velocity
components with respect to the map frame, but expressed in the body franjé7], i.e. the
velocities do not strictly exist in the robot body frame, but the velocities do exist in the map

frame, and can be expressed in the robot body frame coordinate system.

For clarity, the state vector component nmenclature defined by SNAMH98] is
shown in Table 5, and the nomenclature later defined by Fossejr7] is shown in Table 6.
The frame names and their respective state vector component definitions are reproduced as
faithfully as possible in context. To illustrate which state vector components are omitted

from the SNAME and Fossen nomenclature, they are written in the same form as ganeral
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components were omitted.

Table5: Inertial Fixed Axes Frame and Body Frame State Vector Components Defined by

SNAME[98]

CEOAT EI

4 A Avedtor p h

Fixed Axes Frame State Vector

Body Frame State Vector

@ = linear position along @ axis;® is
the fixed longitudinal axis, in a fixed
direction in a horizontal plane,
considered as the forward direction
@ = linear position along w axis;w is
the fixed transverse axis, perpendicular
to @ in a horizontal plane, directed to
starboard

& = linear position along & axis;q is
the fixed vertical axis,directed
downwards

%= angle of roll or heel; the angle from
the vertical axt -plane to the principal
plane of symmetryw @gpositive in the
positive sense of rotation about thex

axis

—= angle of pitch or trim; the angle of

elevation of thecraxis; i.e. the angle

between U dand the horizontal plane

@ W, positive in the sense of rotation
from the & to the craxis

[ =angle of yaw; the angle from the
vertical plane & @ to the vertical plane
A & positive in the positivesense of
rotation about thed axis

map frame linear velocity alongo not
explicitly defined

map frame linear velocity alongn not
explicitly defined

map frame linear velocity alongx not
explicitly defined

%= time derivative of %o

—= time derivative of —

body frame linear position alongw axis
not explicitly defined, wis the
longitudinal axis of body (aftto-fore)

body frame linear position alongw axis
not explicitly defined, wis the
transverse axis of body (portto-
starboard)

body frame linear position along axis
not explicitly defined, & is the normal
axis of body (topto-bottom/deck -to-
keel)

boady frame angular position abouty
not explicitly defined

body frame angular position aboutd
not explicitly defined

body frame angular position about
not explicitly defined

0 = component in the wcoordinate
system of the linear velocity of the
origin of the body axes relative to the

fluid

U = component in the wcoordinate
system of the linear velocity of the
origin of the body axes relative to the

fluid

0 = component in the & coordinate
system of the linear velocity of the
origin of the body axes réative to the
fluid

1 = angular velocity component
relative to body axisay angular velocity
of roll

] = angular velocity component
relative to body axisay angular velocity
of roll
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[ =time derivative of [

map frame linear acceleation along®
not explicitly defined

map frame linear acceleration along
not explicitly defined

map frame linear acceleration along
not explicitly defined

time derivative of%onot explicitly
defined

time derivative of—not explicitly
defined

time derivative off not explicitly
defined

i = angular velocity component
relative to body axisd; angular velocity
of roll

&= hydrodymamic force components
relative to longitudinal body frame @
axis

®= hydrodymamic force components
relative to lateral body frame waxis

&= hydrodymamic force components
relative to normal body framed axis

U = hydrodynamic moment
component relative to rolling body
frame waxis

0 = hydrodynamic moment
component relative to pitching body
frame waxis

0 = hydrodyn amic moment
component relative to yawing body

frame & axis

Table6: Inertial NED (North-EastDown) Frame and BODY Frame State Vector
Components Defined by Fossejr7]

NED Frame State Vector

BODY Frame State Vector

N = linear position along waxis; wis the
fixed axis pointing towards true North

‘O= linear position along waxis; wis the
fixed axis pointing towards East.

‘O = linear position along the ¢ axis; & is
the fixed axis pointing down.

%= Euler angle betweenw(in NED
frame) and @ (in BODY frame)

—= Euler angle betweenw(in NED
frame) and @ (in BODY frame)

[ = Euler angle betweend (in NED
frame) and a (in BODY frame)

0 = time derivative of 0

‘O= time derivative of O

‘O = time derivative of O

body frame linear position alongw not
explicitly defined, @ is the longitudinal
axis of the craft body (directed from aft

to fore)

boady frame linear position alongw not
explicitly defined: &y is the transversal
axis of the craft body (directed to
starboard)

body frame linear position alongd not

explicitly defined, & is the normal axis

of the craftbody (directed from top to
bottom)

boady frame angular position abouty
not explicitly defined

body frame angular position abouts
not explicitly defined

body frame angular position abouty
not explicitly defined

0 = linear velocity of the origin point of
the body frame alongaw with respect to
the NED frame expressed in the BODY

frame.

U = linear velocity of the origin point of

the body frame alongw with respect to

the NED frame expressed in thBODY
frame.

0 = linear velocity of the origin point
of the body frame alongd with respect
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%= time derivative of %o

—= time derivative of —

[ =time derivative of [

map frame linear acceleration along
not explicitly defined

map frame linear acceleration along
not explicitly defined

map frame linear acceleration along
not explicitly defined

time derivative of%onot explicitly
defined

time derivative of—not explicitly
defined

time derivative off not explicitly
defined

to the NED frameexpressed in the
BODY frame.

f = angular velocity of the BODY frame
about ® with respect to the NED
frame, expressed in the BODY frame

r = angular velocity of the BODY frame
about & with respect to the NED
frame, expressed in the BODY frame

i = angular velocity of the BODY frame
about & with respect to the NED
frame, expressed in the BODY frame

&= force with line of action through
the origin point of the body frame
alongw , expessed in the BODY frame

&= force with line of action through
the origin point of the body frame
alongw , expressed in the BODY frame

&= force with line of action through
the origin point of the body frame
alonga , expressed in the BODY frame

0 = moment about the origin point of
the body frame aboutw , expressed in
the BODY frame

0 = moment about the origin point of
the body frame aboutw , expressed in
the BODY frame

0 = moment about the origin point of
the body frame aboutd , expressed in
the BODYframe

Firstly, the SNAME and Fossen nomenclatures are fundamentally similar, despite
using slightly different variable names. One minor difference between the two
nomenclatures is that the Fossen nomelature defines linear and angular velocity terms in
the map frame 0 HOROMek-A , whereas the SNAME nomenclature only defines angular
velocity terms in the map frame %A . Itis not explicitly stated why the map frame linear
velocity terms were omitted from the SNAME nomenclature; however, it is esonable to
assume that they were omitted because they are generally not useful, and not as an
indication that they do not exist. Note that the purpose of both the SNAME and Fossen
nomenclatures are to define a practical means of describing the motion afbody through a
fluid, not to describe all possible state vector components and transformations of a

generalized mechanical system.
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Secondly, both the SNAME and Fossen nomenclauefine their robot body frame
accelerations in terms of forces and momes ) M) A |, rather than of accelerations
AT A AT ¢cOl AO AAAAI AOAOEIT 1 Os8 . AXxOT 160 OAATTA
acceleration field will impart a force equato the mass times the acceleration fieldD & @
In the SNAME and Foss derivations of equations of motion, their respective acceleration

components follow the intuitive dot notation ohoh) Mh ; therefore, the forces

O D ) can be assumed to describe the same general phenomena as

~ ~

o ho i eeh—h in our general nomenclature inTable 4.

Thirdly, both SNAME and Fossen employ a NorBastDown coordinate system in
their versions of the map frame (fixed axes and NED frame in the SNAME and Fossen
nomenclature, respectively), whereasl use an EasiNorth-Up coordinate system. These

coordinate systems are illustrated in Figure 4.

Zli? (L[p)
A i/jm
x_(north) C) v, (north)
pl” 91”
v v, (east) x (east)
m 0 g[)”,

z (down)

Figure 4: North-EastDown (left) versus EastNorth-Up (right)

Because NorthEastDown and EastNorth-Up are both righthanded coordinate systems,
they are equivalent coordinate system represntations. North-EastDown is popular for
maritime systems, wtere surface and underwater vehicles are common; however, East

North-Up is recommended by REP 10®9], and is the representatiorused in this work.
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Lastly, and most importantly, both SNAME and Fossen nomenclatures omit the
position terms in their equivalent robot body frame. In addition, both nomenclatures
employ Eulerangle representation in the map frame, and angular velocity representan in
the robot body frame; these two forms of orientation representation require a fairly complex
transformation to convert between (described in appendix 6.2), in addition to any
translation and orientation transformationtha®O [ AU Al OAAAU A@GEOOS )

—_—)

should be noted that the angular body velocity vectar » AMA  cannot be integrated

directly to obtain actual angular coordinates. This is due to the factthat] 1 'Q Tloes not

have any immediate physical interpretation; however, the vectorg %t does
OAPOAOGAT O POT PAO ¢ AleAne Argiauvkldcityi thie @BoEHody Gahn@8 6 h  E
cannot be integrated because this quantity has no physical interpretation, but the Euler angle

time derivatives in the map frame can. Ifwere to take the ntegrals of the twist terms in the

robot body framA Al 1 1 1T xET ¢ &1 OOAT 80 111 AT Al AOOAR E(
_0Qb vQBh vQh QB QL i Qo For most applications involving describing the

motion of a body though a fluid, the SNAME and Fossen nomenclatures are sufficient;
however, defining only position and velocityin the map frame, and velocity and force in the

robot body frame,while employing different orientation representations in each framedoes

not lend itself well for the purposes of state estimation and sensor fusion. In sendoision,

| need the flexibility to position, velocity, and acceleration data from sensors in the map and

robot body frames, and often in different discrete time domains. This necessitates a state

vector nomenclature that (1) that defines state vector corponents for position, velocity, and
accelerdion, (2) employs a consistent orientation specification for both reference frames,

and (3) addresses the zerestate robot body frame problem described earlier.

3.1.4. Thetwo-dimensional discretetime reference frame

As discussed previously, it is impossile for a robot to have a norzero position (and
velocity and acceleration by extension) in a robot body frame fixed to its own origiat that
same point in time(what | AAT 1 O&adle rabdd Bodyi frame probld 6 N ET x AOAOh

statementis not necessally true for a robot pose defined with respect to a coordinate frame
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from a previous point in time. When working in discrete-time, we can conveniently define
the position of the robotat time "Qwith respect to the robot body frame coordinate system

attime™Q p. This is illustrated in two dimensions inFigure 5.

Vo

A

my

M1

E \ \E\ kX
: — >

M1 My

Figure 5: Example two-dimensional map frame, and robot frame coordinate systems in
discrete-time.

At time "Qthe change in robot body framestates are measured \ith respect to the coordinate
system at time™Q p. Summing (integrating) these change in positions over time allows us
to collect a time history of position and velocity; this can then be used to calculate sucessive
derivatives as desred. A discrete-time integrator for approximating the state vector in the

robot frame and map frameequation (13).
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where

® is the robot body frame state vector at timéQ

w is the linear position of the robot, measured along the robot body frame
coordinate systemw  axis (13)

w is the linear position of the robot, measured along the robot body frame
coordinate systemw  axis

[ is the angular position of the robot, measured about the robot body
frame coordinate systemd  axis

w is the linear velocity of the robot, measured along the robot body frame
coordinate system®  axis

w is the linear velocity of the robot, measured along the robot body frame
coordinate systemw  axis

[ is the angular velocity d the robot, measured about the robot body frame
coordinate systemg  axis

w is the linear acceleration of the robot, measured along the robot body
frame coordinate systemw  axis

w is the linear acceleration of the robot, measured ahg the robot body
frame coordinate systemw  axis

[ is the angular acceleration of the robot, measured about the robot body
frame coordinate systemd  axis

‘Q a@s the discrete time step

In equation (13), the product of the finite time sep ‘Q cand the derivative of the
respective state takes on small, but finite valuess the robot moves through spag; summing
(integrating) these values to the previous state vector component results in the
approximation of the robot motion over time. Convesely, when Q & T, the product of Q 0

and the derivative of the respective state evaluatsto zero, i.e. no changin each state vector
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component for all time. Equation (13) confirms the zero-state robot body frame problem
where all states are constantly zereavhen measured withrespect to the currenttime robot
body frame; and demonstrates that the discretdime interpretation of the robot body frame
can approximate robot motion by referencing the robot body frame coordinate sfem at
discrete-time 'Q p. This discrete-time interpretation of the robot frame allows us to relate
the position, velocity, and acceleration states of the robot with respect to the robot body
frame to each other using a set of ordinary differential equationsBecause the sesor fusion
process utilizes real(discrete) sensor data and a discrete observer (a discrete Kalman filter
in our case), this discretetime robot frame approximation is very appropriate for our
purposes. Equation (13) is simplified for two dimensions; however, the same conclusions

extend to the threedimensional discretetime state vector proposed inTable 4.

Additionally, while the inertial map frame does not demonstrate the same zerstate
frame problem present in the robot body frame, there is still value in defining the map frame
in discrete-time. This is because fusing information from diérent frames (which will occur
in our GNSS+IMU sensor system), it is convenient to evaluate the state vectorshath
reference frames in the same discretéime domain. The discretetime interpretation of the

map frame is given in equatior(14).
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where
@ is the map frame state vector at timeQ

w is the linear position of the robot, measured along the map frame
coordinate systeme  axis (14)

w is the linear position of the robot, measured along the map frame
coordinate systemcw axis

[ isthe angular position of the robot, measured about the map frame
coordinate systemd axis

w is the linear velocity of the robotmeasured along the map frame
coordinate systemw axis

w is the linear velocity of the robot, measured along the map frame
coordinate systemcw axis

[ is the angular velocity ofthe robot, measuredabout the map frame
coordinate systema axis

w is the linear acceleration of the robot, measured along the map frame
coordinate systemw axis

w is the linear acceleration of the robotmeasured along the map frame
coordinate systemw  axis

[ is the angular acceleration of the robot, measured about the map frame
coordinate systema axis

‘Q a@s the discrete time step

One should also note that in twedimensions, the specificabn of angular orientation
and its successive derivatives is significantly simplified, since only a single rotation axis
exists (the noncommutative property of rotations discussed inFigure 3 does not matter

when only a single roational degreeof-freedom existy, i.e. agular velocity [ is exactly
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equal to the time derivative of the angular positior— [ . If this same process were followed

in three-dimensions, relating threedimensional angular orientation representations to their
respective threedimensional angular velociy representations will need to follow the

process outlined inappendix6.2.

Another non-intuitive side-effect of the discretetime robot body frame in two
dimensions is related to the angular position, velocity, and accelerat of the robot. The
linear positions in the map frame (v , w ) differ from the linear positions in the robot frame (v, w)
because the linear positions of the robot with respect to the robot body frame are coupled to the
angle of the robot with respect to the map frame; however, the angul@ositon is not coupled to any
other state vector component. Therefore, any change in angular position in the discratme map
frame is identical to a change in angular position in the discretéme robot frame. /f the map frame
and robot frame can be asumed to opeate in the same discretetime domain, and the angular state
vector components in the map frame are initialized to the same value, then they will be equivalent
for all discrete-time, i.e[ [ andf [ for all time provided thatT [ . Not that this
does notmean that the angular state vector components in the map frameiust be equal to the
angular state vector components in the robot frame, ratr that they canbe conveniently assumed to

be equal iff [

3.1.5. Transforming posebetween discretetime map and robot bodyframes

During the state estimation process| need the ability to convert a pose
transformation in the map frame,to a pose transformation in the robot body frame, and vice
versa. In our context, a posetransformation consists of a pose vector at timeQ p,
© ho h , and pose vector at timéQ whd i . An example pose tranfrmation

is shown inFigure 6.
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Figure6: lllustrated pose transformation. The map frame coordinate system is lmved black,
and the robot body frames are colored blue.

When converting a pose transfomation from the map frame to the robotbody frame,

| aim to solve the problem outlined in equation(15).
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Given:
W
map frame pose at timéQ p: @
[
W
map frame pose at timéQ ®
[

@ (15)
robot body frame pose at timeQ p: @
[

Solving for:
W
robot body frame pose at timeQ ©
[

First, | solve for the transition vector between the two map frame states,, Ecq, FLQ ;?% . This

is calculated in equation(16).

(16)

| can then calculate the magnituded, and direction,[ , of the transition vector, which are
shared betweenthe map and robot body frame pose transition representations. This is given

in equation (17).

a W )
) I8 o ) - i (17)
v OAl —m— AOAbc w w
L w w

| can then calculate the transition vector between the two robot body frame stase

o EQFL,Q ;?4 . This is calculated in equatior§18).
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o AT 1 ia
w OFET 7 ta (18)

Finally, the robot body frame components can be calculated from equati¢d9).

W W W (19)

When converting a pose transformation from the robot body frame to the map frame,

| aim to solve the problem outlined in(20).

Given:
W
robot body frame pose at time’Q p: @
[
W
robot body frame pose at time’Q ©
[
W
map frame pose at timeQ p: @
]

(20)

Solving fa:
()
map frame pose at timeQ @
:

First, | solve for the transition vector between the two rdot body frame states, - qu FL,Q p%; .

This is calculated in equation(21).

(21)
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| can then calculate the magnituded, and direction,[ , of the transition vector, which are
shared betweenthe map and robot body frame pose transition representations. This is given

in equation (22).

AU A ‘ (22)

| can then calculate the transition vector between the two map frame states, wa ﬁQ ;E% :

This is calculated in equation(23).

w A0 1 i«

® Ogl 71 fta (23)
Finally, the map frame components can be calculated fro(24).

W W W

® ® ® (24)

3.1.6. Concluding remaks

In this section,| defined the coordinate systems for the inertial map framedyeast,wr
north, ¢-up) and the nortinertial robot body frame (wforward, wleft, g-up) for robot
localization. | then defined a generalized state vector that defineslaear position, velocity,
and acceleration along each axis, and a rotational position, velocity, and acceleration about
each axis for both the map frame and robot body framim Table 4. Ddining the position
states and all of is derivatives is necessary foffusion of sensor data acrosslerivatives;

however, this frame definition is problematic for the robot body frame, whose position state
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vector components evaluate to of zero for all coimuous-time, because the robot body frara
moves with the robot. To address this probleml, propose an alternative definition of the
robot body frame state vector in discretetime. In discretetime, the position of the robot at
time "Qis located relativeto the coordinate system of the robot titime 'Q p; this allows the
discrete-time robot body frame to approximate the non-zero positions, velocities, and
accelerations of the robot relative to its own coordinate system These approximations
increase in a&curacy as the discrete time step decrsas. This discretdime definition of the
robot body frame is now more useful for state estimation and sensor fusion and can be
defined alongside the conventional (continuougime) definitions of the robot body frame
proposed by SNAME [1] and Fossen [2) Table5 and Table 6, respectively. | also described
the framework for converting pose transformations in the map frame to equivalent pose

transformations in the robot frame, and viceversa.

3.2. Sliding adaptive covariance profiling for sensor guantization mitigation and

improved estimator prediction capability

The digital nature of computerinterpreted sensors results in signal quantization,
since all sensor systems have a finiteesolution and refresh rade. These measurements,
xEEAE AAT AA AAGEGDEDBA A6 hibdeGsdhtly@datadid® Abservability
for the state observerdue to their discrete nature[101]. Sensor quartization is an important
consideration for the performance of the Kalman filter, which typically computer-
implemented, andincrements quickly enough that it can be approximated as @ntinuous-
time observer relative to the sensor update ratg102]. If implemented improperly the
Kalman filter AAT A A iQofEivdrdondiderdce that the state is stationary even though
the state /s changing, but the sensor ivetween update inervals and does not sense the
change Whenthe sensor updates and reflecta quantized change in state, thKalman filter
AAl EAOGAO OEAO OEA AEAT CA 1T AAOOOAA i1 Oike OADEA]

estimator quality. This is demonstratedm Figure 7.
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Figure 7: The effect of unmitigated sensor quantization on the output of an estimator
updating more quickly than the sensor data The simulated ground truth is sbwn as a black
dashed line the simulated 1 Hz GNSS data is shown as red asterisks, and the estimator output
is showan as a green solid line. Note the stairstdike estimator quality.

For state-transition models that make predictions based on a derivatie component of past
signals (e.g. the constantacceleration statetransition model described in the previous

section), sensorquantization is detrimental to sensor performance
The most primitive quantization mitigation method involves synchronizing the

update rate of the Kalman fiter to match the update rate of the measuring sensor. This

method of sensor updatk synchronizationis demonstrated in Figure 8.
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Figure 8: The effect of sensor update synchronization on the output of agstimator. The
simulated ground truth is shown as a black dashed line, the simulated 1 Hz GNSS data is
shown as red asterisks, and the estimator output ishr®wn as a green solid line. Note the
improvement over the stairstep-like estimator quality in Figure 7.

Sensor update synchronizatiorensures that no redundant measugments are input to the
Kalman filter, which eliminates all quantization effects however, this method is only
applicable when:(1) the user does not require stée estimatesfaster than the sensor rate
and (2) only a single sensor rate is employenh the system. For observer systems employing
sensors with fastand uniform update rates, sensor update synchronization is effectijd 03] ;
however, for mobile robot platforms with employing slow-updating GNSS systems in real

time, this method isextremely limiting.

Another method of quantization mitigation, that | will call update limitin g, limits the
update cycles of the Kalman filterto only occur when the sener produces an update In
update limiting, if the sensor updatesiuring the time step of a Kalman filter update, then the
Kalman filter proceeds as normal, generating a statgrediction based on the last state
estimate, collecting a statemeasurementfrom the sensor, andweighing those values and
their covariances to produce aesulting state estimate. If the Kalman filter updates without
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a sensorupdate, then the Kalman filter only generates a state prediction, which is treated as
the state estimate forthat iteration. This allows the Kalman filter to update more quickly
than the sensor rate without utilizing redundant sensor measurements. This general
observation process was first documented inthe 1992 paper [104], and has received
considerable subsequent attention due toits relevancy to multiple fields of research, and
difficulty of characterizing the input conditions for which a generalized observer converges
[102], [105]z[107]. Assumingthe observability of the discrete sensor inputis sufficient for
convergencean update limiting Kalman filter canproduce estimatesmore quickly than the
sensor update rae; however, the method is still limited to a single sensor ratelf multipl e
sensors are employed in a system, update limiting can be applied to the fastest sensor in the
system, resulting in quantization on the slower sensor(s), or updates can be limited the
slowest sensor, resulting in ignoring data from the faster sensor(s) For systems with
significantly different update rates between sensors, as is the casetlmee GNSS+IMUsensor

systememployed in our work, neither of these solutions are ideal.

In update limiting, the Kalman filter only calculates an update step if the sensor
produced a measurement for that iteration.l can apply this same concept to multiple sensor
rates by designing the Kalman filter to always calculate predicand update steps, butwhen
measurements are not presentthe diagonal entries of the measurement noise covariance
matrix (which represent the variance of the state measuremenf78]) are driven to be
arbitrarily large, effectively removing the effect of the measurements on the state estimate.
This technique, calledcovariance profiling, operates on the same concept as update limiting,
but it allows the filter designer to vary the weighted contribution from the measurements on
a per-sensor basis, i.e. individual sensors can contribute updates toglsystemstate estimate
as they produce updates. This concept hdmeen visited by a few researchers in various
contexts. In[108], covariance profilingwas usedto suppress quantization from optical shaft
encodersalongside other sensor sources; shaft encoders in partiad are challenging, as
they produce non-uniform quantized stepsas a function of angular velocityIn [64], a similar
algorithm was employed, adaptively varying the covariance of a wheelegdbot wit h wheel

encoders to prevent filter divergence.In [60], [109], [110], afuzzy logc controller was used
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to adaptively change the covariance matrices inesponse to unstable measurementsin [7],

OEEO OAT O1I O NOAT OEUAOQETT bDOT Al Al xAO OOAAOGAA
and interference problems, and notedspecifically that the problemE O OOQOUPEAAI T U 1
AAAOAOOAA ET 1 ETAAO AUT Al EAAIT . [@Qthén(pdposes thet AT | Al
EAAAOCOHAMOEATI T U AAADPOEOA 1T AOAOOAOGEIT 11 EOA6R x

different statistics in different parts of the state/observation space,rather than being

described by a single matrix

There is also a significant body of work in estimation ofle/ayed or out-of-sequence,
sensor measurements, i.e. when various sensors are employed with significantly varying
latencies; failure to compensatefor these delays results in the estimator fusing data from
dissimilar time increments [111]z[114]. The general approach to address sensorethy is to
take an estimator hat has the desired performance for delay free measurements, and modify
update step such that it compares the delayed measurement with its corresponding
backward time-shifted estimate[113]. The estimation of delayed sensor measurements is
not discussed in detail in this work; however, the problem of delayed sensor measurements
is highly relevant for practical sensor deployments. Theolution to both problems ae
similar: use the predictupdate nature of the Kalman filter to fuse sensor data on a psensor

basis.

In our work, | implement asliding adaptive covariance profilingmethod based onthe
time elapsed since the most recent updatel OO | AOET AE @O0 OABRGDHD OAODPAA
anA OO1I EAET ¢c6 AAAADOOA OEA EOT AGEI 1T AAEETEIT C OF

function. Itisal T @iecewise function. It is described in equation(25).
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Where (25)
“Ois the sliding covariance gain
O is the desired maximum covariance gain, typicallp 1t
30is the time elapsed since the last sensor update
0 7 is the half life of the exponential function

m 30 O is the smoothing region
0 30 0 0 is the scaling region
0 30is the rejected region

Because covariances arrelative weights, it is more mathematically appropriate to scale the
covariance based on a logarithmic function. In our casechosel 1 ,@s it is much more
intuitive to select a half life (the time that the exponential functiortakes to reduce tohalf of

its initial value) to define the rate of exponential decay.

Region one of equation(25) is the smoothing region; in this region, the adaptie
function scales the covariance gain from its maximum valu® to one, i.eit scales from the
least confidence to the most confidence. Region two is tlsealingregion; in this region, the
adaptive function scales the covariance gain from one back up O, i.e. from the most
confidence to the least conflence. Region thre is the rejectedregion; in this region, the
function remains constant atfO (its least confidence state)i.e. the covariance gain is so large
that the measurement is not takeninto account. Thefilter designer must provide four

variables. These ee listed in equation(26).
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"0 is the maximum covariance gainor the point at which we consider the
measurements to no longer be consideredO  p Ttis used by default,
which is applicable to most cass.

0 is the length of time spent in the smoothing region; it is convenient to
express this as a fundbn of the sensor time stepQ pas it will scale the
smoothing time based on how quickly the sensor updates m U
‘Q @s used by default.

0 is the length of time spent in the scaling region; it is convenient to express (26)
this asa function of the sensor time stepQ pas it will scale the smoothing
time based on how quickly the sensor updateso T 1'Q ds used by
default.

0 ¢ is the half life of the exponential decay; it is convenient to express this as a
function of the respectived and o time steps, as it will scale the half
life based on the total lengthof the region. 0y T@®t0 ando ¢
™to  are used by default.

Equation (25) using the default variables in equatior(26) is plotted for a one second sensor

update in Figure 9.

%x10* Sliding Adaptive Covariance Gain

covariance gain [ |
wh

—smoothing region: 0 to 0.15
scaling region: 0.15 to 0.25
—rejected region: 0.25 to dt

0 —t | L J
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

time [s]

Figure 9: Example slding adaptive covariance gain for a one second sensor update interval.
0,0 (region one), 0 (region two), and 0y can be varied to change how far of a
range the covariance scales over and how quickly it decays.
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The sliding adaptive covariance gainQn equation (25) should be calculated for each
sensor at each discretdime iteration of the Kalman filter. Then, multiplying "Oby its
respective row in themeasurement noisematrix "? from equation (5) will return arevised
covariance that is appropriately scaled based on the time elapsednse the last sensor

update. This is given in equation(27).

Y Y iO
Y O T T T T T LIS T m .
o N ]
0T Y O T T T L T T LS
[ T m YO s s T Tt T T
1Tt m T Y 'O T T 1S L m i
P Y L1t s s m YO T Tt T T 1
U Tt T T m YO m T m "
:: T m i i i n YO m T :: (27)
TR T T T T L1 m YO LS
u T Tt It It It Tt T m Y Oy
Where
7 is the revised measurement noise covariance matrix incorporating the

sliding adaptive covariance gain
Y is the measurement noise covariance matrix
"Bis the sliding adaptive covariance gain vector

Increasing the length of region one by increasing will OOPPOAOO OEODI POHG
estimator output in real time, but comes at the cost of introducing a lag into the estimator
output. Additionally, increasing the length of regiortwo by increasing 0 will increase
OEA AOOEI AOT 08 O mdasuterisntifdk la fodgerpeiiod. Oepeding on the

predictive ability of the state-transition model, this may be desirable or undesirable.

&ET AT T UR 11T OA OEAO 11 Aecdvariancepfotidyfop sedhiig O1 EAE
0 and o to zero. In this case, the adaptive covariance gai@ p when a sensor
produces an update, andO "O  p m(arbitrarily large, and therefore not considered) for

all other discrete time. Ths is still an adaptive covariance behavior, as theagh changes with
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measurement is either considered entirely, or rejected. In our workl employ sliding

adaptive covariance profiling for the GNSS sensor states using thefdalt values in equation

(26), and|l employ binary adaptive covariance profiling for the IMU sensor states. This is
because the GNSS updates slowly and is weighted heavily, which produces strong
guantization artifacts in the estimator; conversely, the IMU produces updates very quickly,

SO quantization smoothing is not necessary.

3.3. Unobserved linear velocity estimation based on the movinghean forward-
difference of GNSS position data, and trapezoidal method of accelerometer (IMU)

data.

In a velocity-denied robot employing the constantaccelgation state-transition
model given in equation thelinear velocity states do not have measurements to correct their
prediction. An accurate linear velocity state is important for predicting e linear position
states and it is usefufor higher level robot control. Consider the constanticceleration state

transition model given in equation(11); it is listed at equation(28) below for convenience.
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Where (28)

is the linear position of the robot

is the linear position of the robot

is the angular position of the robot

is the linear velocity of the robot

is the linear velocity of the robot

is the angular velocity of the robot

is the linear acceleration of the robot

is the linear acceleration of the robot

[ is the angular acceleration of the robot
‘Q as the discrete time step

ee 'e¢g '&¢€

Equation (28) demonstrates that the pose and twist state predictions,
w o b m W ” are calculated by summing the last state with its
derivative times the time step,Q 6. Due to the variance sum la115], the \ariance of a
probability distribution always increases when summed wth successive independent
variances. Therefore, without measurements, to correct prediction errors, equatior(28)
will increase without bound. From this, one mg conclude that the lack of a linear velocity
sensor may be a debilitating limitation; however, the GNSS+IMU sensor still gives us
conditionally probabilistic information that improves our confidence in the linear velocity
state. First, linear velocity isrelated to linear position based on its derivative, whib is
measured by theGNSSsensor;and second, linear velocity is related to linear acceleration
based on its integral, whichs measured by the IMU sensor To maximize our use of available
information in our algorithm, | use both pieces of information to produce a pseudo
measurement of linear velocity. Because this measurement comes from discr¢i@me data,

| will calculate the derivative of the GNSS linear position data using the forwamifference
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method, and | will calculate the integral of the IMU linear acceleration data using the

trapezoidal-method.

3.3.1. Forward-difference of incremental moving mean of linear position measurements

for linear velocity approximation

In this sub-section| describethe process forapproximating linear velocity by taking
the forward-difference (discrete derivative) of the linear position measurements from the
GNSS sensorOne drawback of the forwarddifference methodis the its high sensitivity to
noisy data The poof for this sensitivity is shown in appendix 6.3. Because of this, it is
important to first smooth the linear position data, to reduceabrupt jumps due to noise | do
this using an incremental moving mean.| then take the forward-difference of the next
incremental moving mean from the previous incremental moving mean to get the
approximate derivative of the linear position data. The algelic manipulations to
accomplish thesesequential taskscan be symbolically evaluated for arrive at a single,

convenientlinear position measurementequation.

First consider a sequence ofensor measurementsi, given in equation(29).

i Qi Fi P8 (29)

The classic definition ofthe mean of sequence is given in equation(30).

(30)
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Equation (30) is valid for taking mean of theentire sequenceof numbers; however,] am only
interested in taking the mean ofthe last¢ valuesof a sequencel assignan indexing variable

“®o the sequence, and define the mean of the lastalues in a sequence using equatiaf8l).

™| O

(31)

Where
ir o is the mean of the last valuesin a the sequenceé, from indexQ

‘(s the index of the most current (last) value in the sequence
¢ is the number of values in the sequence over which to take the mean

Equation (31) could be implemented in a filtering algorithm as-is; however, it is
computationally cheaper to calculate the moving mean in an incremental fashion, as it

requires fewer variables tokeep in memory for each iteration In an incremental meanl, use

the mean from the previous 'Q p iteration, ori [ o , to calculate the mean from
the current iteration, i[ o . This requires thatl re-write equation (31) shown in
equation (32).
. p .
ir o 3 l
p .
- | l 1
3
E eir o i i
& (32)
ir o 2
3
Where
ir o Is the mean of the last values in a the sequencg, from index'Q
ir 0 is the mean from the previous iteration

‘(s the index of the most current (last) value in the sequence
£ is the number of values in the sequence over which toka the mean
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| have naw established a means for taking an incremental moving mean of datdhe
goal in this section is to takehe discrete derivative of ouh T T x O Olindai pbsitidnA 6
measurements. Thereare multiple methods of discrete diferentiation; for a stream of
discrete data, the forwarddifference method works well. It is basedon the definition of the

derivative, which isgiven in equation(33).

.5 20w Q "Qw
Qw | E -
0 Q

(33)

In the discrete-time domain, time is described by integer iterationsQwith known time steps,
‘Q 0 Equation(33) can be approximated by the discretdime forward -difference formula,

give in equation(34).

T (34)

Combining equation(34) to approximate the derivative of a¢-meansof the linear

position state measurements i.e. the forwarddifference ofi [ o toil o

with equation (32) over the time stepQ ogives equation(35).

i i

Qir o Oif 0 Lo ,Qro 2
p , p .
oF ir o é—l [

ir 0 (35)

LE( i
Q0 ¢
P i
Qote
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Note that when taking the forward difference of the means of two sequences offset by
A OET ¢l A ET A A gdimshfithe sefuanhcecankel, rate eqhiaentipleft with
only the oldest term of the oldest sequence , and the newest term of the newest sequence
i . This is convenient, as the estimation algorithm only needs to keep two pieces of

information in memory, even for extremely large sequences of numbers.

Writing equation (35) in terms of the linear position sensor measurements gives us

equation (36).
o =GR
Qote
o P or o
v Qoteg " R
Where

w is the linear velocity pseudemeasurement along thewaxis based on the
forward difference of GNSS linear position data along the-axis

w is the linear velocity pseudemeasurement along thewyaxis based on the
forward difference of GNSS linear position data along the-axis (36)

‘Q ois the time siep between GNSS linear position measurements (assumed to b
constant for all measurements in the sequence)

¢ is the number of linear position measuremers over which to take the mean

 j is the most current GNSS linear position measurement alongetly>axis

W j is the most current GNSS linear position measurement along thgaxis

Wy isthe GNSS linear position measurement along theaxis from™Q ¢
iterations ago

W isthe GNSS linear position measurement along theaxis from™Q ¢
iterations ago

Thefilter designer must provide thenumber of state sensor updates used to calculate
the incremental meang. For a stationary normally distributed signal, taking the mean o€
successive measurements improves the signéb-noise ratio at a rate ofi€, e.g. the mean of
four measurements, improves the signal to noise ratio by a factor of t@16]. Mobile robot
linear position measurements are clearly not stationay, meaning that this ruleof-thumb

only represents an ideal case, abe transient part of the signal is expressed in the mean at

a rate of.t.—. Selecting is a dependent on three factors: (1) the acceptable sign&b-noise
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ratio in the smoothed signal, (2) the acceptable accuracy in the forwardifference
approximation, and (3) the refresh rate of the sensor.The range of acceble values ér €

will be explored in this work.

3.3.2. Trapezoidal method of linear acceleration measurementgor linear velocity

prediction

In this sub-section | describe the process for approximating lineawrelocity by taking
the trapezoidal method (discrete integral) of the linear acceleration measurements from the
IMU sensor. In the previous section|, took the incremental moving mean of the linear
position measurements before performing the forwarddifference, because the method is
highly sensitive tonoisy data. This extra step is not necessary for the trapezoidal method,
because the trapezoidal method is orders of magnitude less sensitive to noise. The proof for

this is shown inappendix 6.4.

Like discrete differentiation, there are multiple methods of discrete integration. The
most appropriate method for a stream of discrete data is the trapezoidahethod. The

definition of the definite integral is given in equation (37).

Qw Qw io E i Q(JL)Z 30 (37)

The trapezoidal method works by partitioning function Qo into Qintervals over the
integration range, approximating the function over each interval as a trapezoid, and
summing the results. This approximation gets more accurate as the size of each interval

decreases. Thérapezoidal method is given in equation (38).

e "Qw "Qw .
Qw Qw 3W (38)
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As previously discussed, the trapezoidal method is not sensitive to noise in the same
was that the forward-difference is. Therefore| can directly substitute the linear acceleraibn
data from the IMU into equation(38) to approximate thelinear velocity. This is performed

in equation (39).

Where

w is the linear velocity pseudemeasurement along thexraxis based on the
trapezoidal method of IMU linear acceleration along theraxis.

w is the linear velocity pseudemeasurement along thewaxis based on the
trapezoidal method of IMU linear acceleration along thexraxis.

w isthe linear velocity estimate along thaxaxis from the previous estimator
iteration

w s the linear velocity estimate along thaxaxis from theprevious esimator
iteration

wp is the IMU linear acceleration measurement along the-axis from the last
sensor update

wp is the IMU linear acceleration measurement along th@-axis from the last
sensor update

Wy, is the most current IMU linear aceleration measurement along thevaxis

Wy, is the most current IMU linear acceleration measurement along the-axis

‘Q ois the time step between IMU linear acceleration measurements

(39)

Note that the trapezoidal method requires a previous &locity measurement to sum
with the area under the curve of the most recent increment;take this information from the
Kalman filter linear velocity output from the previous iteration & ho . he may be
inclined to believe that this vdocity estimate should come from the pseudeneasurement of
linear velocity from the previous IMU accelerometer sensor update, since this would keep
the pseudemeasurement entirely selfcontained to the IMU accelermeter. Unfortunately,
this does not workin practice, as any amount of systematic bias in the linear acceleration
measurement will cause the integral to increase without bound, and lowost MEMS

accelerometers are notoriously prone to systematic drift. &erencing the integration to the
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Kalman ilter linear velocity estimate from the previous iteration will introduce coupling into
the pseudomeasurement; however, this is a necessary tradeoff, as the linear velocity
estimate error can be bounded by forwarddifference pseudemeasurement from the GI$S

sensor, provided that the covariance weighting is properly handled.

3.3.3. Combining the linearvelocity pseudomeasurements and covariances

In the previous sub-sections,| developed pseudemeasurements for linearvelocity
based on the forwarddifference o GNSS linear position measurementso zhw ; , and the
trapezoidal method of IMU linear acceleration measurementswg oy . | aim to combine
these two pseudemeasurements into a single pseudeoneasuremnent for linear velocity. The
obvious method of handling this would be to take the average of the two measurements,
which weights the two measurements equally. This method works, but it does not consider
known information about the covariances of the twosensor systems A more ideal
combinational method should weight the measuremeits based on their covariance; i.e. a

measurement withless covariance (more certainty)should be weightedmore heavily.

First, | a must extract the variance of each of thelinear velocity pseudo

measurements which are characterized apriori in the Kalman filter measurement noise

covariance matrix'? matrix in equation (5). Incorporating the sliding adaptive covariance
gain "Odiscussed in sectior3.2 results in the revised measurement noise covariance matrix
P given in equation (27). Because the linear velocity is calculated based on the
forward difference of the GNSS linear position sasurements and the trapezoidal method of
the IMU linear aceleration measurements, the linear velocity covariance terms cannot be
assumed to be independent, i.e. the linear velocity covariance terms of the of tWe

matrix given in equation (27) are not correct. To calculate the correct linear velocity
variance,|l must calculate thesymbolic variance of the pseudo linear velocity measurements.

| performed this calculation in appendix 6.3 for the forward-difference method, given in

equation (67), and in appendix6.4 for the trapezoidal method given in equation(70).
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Substituting in the individual covariance madrix terms from equation (27) into equations
(67) and (71) yields four variance equations for the two linear velocitiesafto . This is given

in equation (40).

o i .
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Where

U W isthe variance of the linear velocity pseudaneasurement along thew
axis due to the forwarddifference of the GNSS linear position data (40)

0 W w isthe variance of the linear velocity pseudaneasurement along thes>
axis due to the forwarddifference of the GNSS linear position data

U W is the variance of the linear velocity pseudaneasurement along thew
axis due to the trapezoidamethod of the IMU linear acceleration data

U W w isthe variance of the linear velocity pseudaneasurementalong thec>
axis due to the trapezoidal method of the IMU linear acceleration data

‘Q o discrete-time step of the GNSS linear pdgdbn measurements

'Q odiscrete-time step of the IMU linear acceleration measurements

0 W isthe variance of the GISS linear position measurement along the>axis

U W isthe variance of the GNSS linear position measuremenbag thewaxis

0 @ is the variance of the linear velocity measurement

0 @ w is the variance of the linear velocity measun@ent

Y covariance of GNSS linear position measurements aloGgpxis

"0 sliding adaptive covariance gairof the GNSS linear position measurements
along araxis

Y covariance of GNSS linear position measurements alotepxis

"0 sliding adaptive covariance gain of the GNSS linear position measurements
along wraxis

100



| now have the symbolic form of the variance for all four linear velocity pseudo
measurements @ fo hoh . Instead of taking the average dhe measurementse and @,
| can take theweilghted average based on their respective variancesp and w. Note that
evaluating this weighted average is the mathematical equivalent of multiplying the two
Gaussian probability density functions, resultingin a scaled Gaussian function (but non
Gaussian probability density function)[78], [117]. The welknown equations for the mean
and variance of the product of two Gaussra probability density functions are given in

context in equations(41) and (42), respectively.

ot O otvdw
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Where

 is the linear velocity pseudo-measurement alag the wraxis based on the
weighted average of the forwarddifference of GNSS linear position
measurements and trapezoidaimethod of IMU linear acceleration
measurements

W is the linear velocity pseudemeasurement along thewraxis based on the
weighted average of the forward-difference of GNSS linear position
measurements and trapezoidaimethod of IMU linear acceleration
measurements

w is the linear velocity pseudemeasurement along thewaxis based on the
forward difference of GNSS linear positiodata along thewaxis

 is the linear velocity pseudemeasurement along thew-axis based on the
forward difference of GNSS linear position data along theaxis

U W isthe variance of the linear velocity pseudaneasurement along thex
axis due to the forward-difference of the GNSS linear position data

0 W w isthe variance of the linear velocity pseudaneasurement along theu>
axis due to the forwarddifference of the GNSS linear position data

w is the linear velccity pseudo-measurement along thew-axis based on the
trapezoidal method of IMU linear acceleration along thexaxis

w is the linear velocity pseudemeasurement along thewraxis based on the
trapezoidal method of IMU linear acceleration along thwaxis

U W isthe variance of the linear velocity pseudaneasurement along thew
axis due to the forwarddifference of the IMU linear acceleration data

U WW isthe vaiance of the linear velocity pseudemeasurement along thew
axis due to the forwarddifference of the IMU linear acceleration data

(41)
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Where

LU W isthe variance of the linear velocity pseudaneasurement along thew
axis based on the weighted average of the forwardifference of GNSS linear
position measurements and trapezoidaimethod of IMU linearacceleration
measurements

LU W isthe variance of the linear velocity pseudeneasurement along thew
axis based on the weighted average of the forwardifference of GNSS linear
position measurements and trapezoidaimethod of IMU linear acceleration
measurements

w is the linear velocity pseudemeasurement along thexraxis based on the
forward difference of GNSS linear position data along theaxis

 is the linear velocity pseudemeasurement along thewaxis based on the
forward difference of GNSS linear position data along th&axis

0 W isthe variance of the linear velocity pseudaneasurement along thew
axis due to the forwarddifference of the GNSS linear position data

U Ww isthe variance of the linear veloity pseudo-measurement along thew»
axis due to the forwarddifference of the GNSS linear position data

U W isthe variance of the linear velocity pseudaneasurement along thew
axis due to the forwarddifference of the IMU linear acceleratbn data

U W w isthe variance of the linear velocity pseudaneasurement along thew>
axis due to the forwarddifference of the IMU linear acceleration data

(42)

Note however, that our symbolicformulation of the variance of the trapezoidal methodn
equation (71) tells us that thevariance of the trapezoidal method can be approximated as
the original variance of the linear velocity measurement, since the summed integration ter
adds an infinitesimally small variance onto the previous velocity. Because the only other
term influencing the linear velocity variance is the variance of the GNSS sensow w and
0w ,lassume thatt W UL OwW ,andd OwW L WW . With this information
equation (41) reduces down to a simple mean given in equationi43); likewise (42)

simplifies into the form given in equation(44) below.

102



Where

w is the linear velocity pseudo-measurement along thexwraxis based on the
weighted average of the forwarddifference of GNSS linear position
measurements and trapezoidaimethod of IMU linear acceleration
measurements

 is the linear velocity pseudo-measurement along thewaxis based on the
weighted average of the forwarddifference of GNSS linear position
measurements and trapezoidaimethod of IMU linear acceleration
measurements

w is the linear velocity pseudemeasurement along thewaxis based orthe
forward difference of GNSS linear position data along the-axis

@ is the linear velocity pseudemeasurement along thesraxis based on the
forward difference of GNSS linear position data along the-axis

0 W isthe variance of the linear elocity pseudomeasurement along thew
axis due to the forwarddifference of the GNSS linear position data

U Ww isthe variance of the linear velocity pseudaneasurement along thew»
axis due to the forwarddifference of the GNSS linear position dat

0 OW
U W e e
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Where

0 W isthe variance of the linear velocity pseudaneasurement alongthe 6>
axis based on the weighted average of the forwardifference of GNSS linear
position measurements and trapezoidaimethod of IMU linear acceleration
measurements

U Ww isthe variance of the linear velocity pseudemeasurement along thew
axis based on the weighted average of the forwardifference of GNSS linear
position measurements and trapezoidaimethod of IMU linear acceleration
measurements

 is the linear velocity pseudemeasurement along thewraxis based on the
forward dif ference of GNSS linear position data along tleeaxis

 is the linear velocity pseudemeasurement along thew-axis based on the
forward difference of GNSS linear position data along theaxis

0 @ w is the variance of the linear veloity pseudo-measurement along thex
axis due to the forwarddifference of the GNSS linear position data

U WW isthe variance of the linear velocity pseudaneasurement along thew
axis due to the forwarddifference of the GNSS linear positiothata
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To summarize,the pseudomeasurementsw and w from equation (43) replace the
fourth and fifth elements, respectively, in the measurement matri¥p in equation (6); and
the variance of the pseudemeasurements0 @ and 0 @ W from equation (44) replace

the Th and vl positions in the sliding adaptive measurement noise covariance matrix
P matrix in equation (27). The revised state measurement vecto® is given in

equation (45), and therevised sliding adaptive measurement noise covariance matrix

4 IS given in equation(46).

.:.,(b
r
Vg

Where

@ is the state measurement vector for the robot body frame state estimator at
time Q

o is the is the mostcurrent GNSS linear position masurement along thew-axis (45)

w is the is the most current GNSS linear position measurement along tteaxis

[ is the most current IMU angular position measurement about thé-axis

w is the linear velocity pseudo-measurement along thesraxis based on the
weighted average of the forwarddifference of GNSS linear position
measurements and trapezoidaimethod of IMU linear acceleration

 is the linear velocity pseudemeasurement along thewraxis based on the
weighted average othe forward-difference of GNSS linear position
measurements and trapezoidaimethod of IMU linear acceleration
measurements

[ is the most current IMU angular véocity measurement about thed-axis

w is the most current IMU linear acceleratio measurement along thesaxis

w is the most current IMU linear acceleration measurement along th@-axis
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(46)
Where
B/ is the revised measurement noise covariance matrix incorporating the

sliding adaptive covariance gain
‘Y is the measurement noise covariance matrix

"Bis the sliding adaptive covariance gain vector

0 W isthe vaiance of the linear velocity pseud-measurement along thew
axis based on the weighted average of the forwardifference of GNSS linear
position measurements and trapezoidaimethod of IMU linear acceleration
measurements

0 W w isthe varianceof the linear velocity pseudemeasurementalong the >
axis based on the weighted average of the forwardifference of GNSS linear
position measurements and trapezoidaimethod of IMU linear acceleration
measurements

In summary, equation(40) symbolically calculates the variance of the linear velocity
pseudo-measurements based on the forwardlifference of linear position GNSS data, and the
trapezoidal method of linear acceleration IMU data, which are derived in appendi&.3 and
6.4, respectively. Equations(41) and (42) outline the general framework for combning the
two Gaussian distributions based on their mean and variance.Ithough it is not needed in
the particular GNSS+IMU sensor system tested in this work, equatiof41) and (42) can be
more generally used to incorporate additional (redundant) state measurements for any of
the state variables in a state estimator based on a Kalmditter. Equations (43) and (44)
make the symbolic substitutions for the final Gaussian mean and variance for the linear
velocity pseudo-measuremerts. Equation(45) reflects the updated state measurement

vector, and equation(46) reflects the updated measurement noise covariance matrix.
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3.4. The ascading, duafframe estimator in the robot body frame ad then in the map

frame

In this section,| describe the configuration of our Kalman filterbased state observer,
which can be described & A OAAOCAAQAN E&h A CGHBE btadheDdbserver
configuration is necessary because the GNSS sensor recmeasurements with respect to
the map frame and the IMU sensor records measurements with respect to the body frame.
The GNSS and IMU state variable measurements and the reference frames they measure with

respect to are listed inTable 7.

Table7: GNSS and IMU State Measurements and Reference Frames

GNSS IMU
Measured State Reference frame Measured State Reference frame
Linear position, & Map frame Angular position,[ Robot bodyframe
Linear position, © Map frame Angular velocity, Robot body frame
Linear acceleration,w Robot body frame
Linear acceleration,w Robot body frame

In order to fuse the information from bah sensor systems their measurements must

measure with respect to the same reference frame. There are two intuitive solutions to this
problem:

1 Convertthe IMU measurements to the map frameThis put all the measurements in

the map frame, and the Kalmaiiilter calculatesstate estimates with regpect to the
map frame.

* It is more accurate to say that the GNSS sensor records measurements in the Earth frame, as the
data is typically described in latitudelongitude; however, in most applications where the robot area
of-operation can be approximated as a cartesian coordit@ system, the GNSS measurements are
immediately converted to the map frame. Thus, in the eyes of the state observer, the GNSS
measurements are measured with respect to the map frame.
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1 Convert the GNSS measurements to the robot body frameélhis will put all the
measurements in the robot body frame, and the Kalman filtecalculates state

estimates with respect to the robotbody frame.

Fusing the sensor data with espect to the map frame is advantageous, sinde
ultimately want the robot poseto be expressed with respect to the map This makes the first
option sound more appealing, as it requires only a single transformatmoof the IMU data to
the map frame; howeve, transforming the IMU data from the robot body frame to the map
frame incurrs significant error in the acceleration measurements. Equation(42)
demonstrates that a rdational pose transbrmation between frames requires knowledge of
the angular position [ , and equation (59) demonstrates that a rotational velocity
transformation between frames requires knowledge of the angular positiorand velocity
(r i . By atension, a rotational accelerationtransformation (a very intensive symbolic
derivation) requires angular position, velocity, and acceleration] ff i . Because the
angular acceleration statg¢ is neither measured nor estimated, this transformabn is very

error prone.

In the second option] convert the GNSS measurements to the robot body frame. This
option is more realistically feasible, because the GNSS sensor only measures linear positions.
Therefore, the pose transformationdescribed inequation (42) only requires knowledge of
the angular position[ , which is measured. That saidf,the Kalman filter produces estimates
with respect to the robot body frame, it must be transformed back into the map frame, &s
ultimately want the robot pose to be expressed with respect to thenap frame. This means
that the pose information from the GNSS sensor undergoes two frame transformations, and
the twist and acceleration data from the IMU sensor undergoes one frame transfoation.
Because each frame transformation introduces additional error into the state &mates
(stemming from the error in the angular position[ estimate), two transformations of the

GNSS pose information introduces too much error into the system to iseful.
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The cascading, duaframe state estimator addresses these error propagation
problems by employing two separate Kalman filters that feg into each other in a series (or
OAAOAAAET Co AAOEETT 8 AEEO Al |l EESQ#&O&T T Al I
options one and two, while circumventing the problematic parts. This results in a
significantly more accurate state estimate thatavoids all but one minor frame

transformation.

The first state estimator produces estimates withrespect to the robot body frame |
call this first state estimator the robot body frame state estimator It takes the robot body
frame state vector estimate from the previous iteration and calculates a statevector
prediction using the constantacceleration state-transition matrix given in equation (12).
First, the linear position measurements from the GNSS sensab fto must be converted
from the map frame to the pbot frame; this is the only measurement that will be frame
transformed in our state estimator. This magrame-to-robot-body-frame transformation
can be performed using the process described in secti@l.5(equations (15) through (19)).
Once transformed, the state measurement vector can be completed using the angular
position, angular velocity, and linear acceleration measurementgdm the IMU, and the

linear velocity pseudomeasurements described by equatioif47).
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@ is the state measurement vector for the robot body frame state estimator at
time Q
@ is the is the most current GNSS lineargsition measurement along thewaxis

converted from the map frame to the robot frame (47)
w is the is the most current GNSS linear position measurement along tteaxis

converted from the map frame to the roboframe

[ is the most currert IMU angular position measurement about théraxis

@ is the linear velocity pseudo-measurement along thew-axis based on the
weighted average of the forwarddifference of GNSS linear position
measurements and trapezaial-method of IMU linea acceleration

@ is the linear velocity pseudemeasurement along thew-axis based on the
weighted average of the forwarddifference of GNSS linear position
measurements and trapezoidaimethod of IMU linear acceleration
measurements

[ is the most current IMU angular velocity measurement about thé-axis
w is the most current IMU linear acceleration measurement along theaxis
w is the most current IMU linear acceleration measurement along th@-axis

The revised sliding adaptive measurement noise covariance matri® remains as it

was given in equation(46).

The second state estimatothree pose state variables referenced with respect to the
map frame & ho (i and three twist state variables referenced with respect to the robot
body frame whoh ; this makes this second state estimator referenced with respect to
both the map and robot body framesol will call this second state estimator thehybrid frame
state estimator The linear position measurements come directly fim the GNSS sensor

» ho , the angular positionand angular velocity measurements come from the IMU
(remember that| [ and[ [ intwo-dimensions). The key difference in the map
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frame stae estimator is the linear velaity measurements come from thestate estimate
output from the robot body frame state estimator. These linear velocity measurements are
still referenced to the robot body frame, which may lead one to conclude that a velocftgme
transformation is required, e.g. equatior(60); however, if transforming a velocity only for
the purpose of pose prediction using the constarécceleration statetransition model, only
an angular position (not velocity) transform is necessary. The constat-acceleration state
transition model in equation (11) is revised for the six-state map frame state estimator, and
given in equation (48). Because it only employs six states (no acceleration state

information), this revised model could be cled a constantvelocity state-transition model.

(f) o n’(b W tQ 61,1
|rtl0 ] I(IO w tQ OI’I
| g [ |—‘ 1
10 n w n
'“f) oo w i
w Uy U

Where (48)
w is the linear position of the robot
 is the linear position of the robot
[ is the angular position of the robot
w is the linear velocity of the robot
 is the linear velocity of the robot
[ is the angular velocity of the robot

Note how equation (48) makes an assumption of constardingular position, linear velocity,
and angular velocty. Normally this is not an acceptable assumptionfor predictive
estimation; however, remember that theangular position, linear velocity, and angular
velocity states were already estimated in the robot body frame estimator, and therefore do
not need stae-transition equations. Thepurpose of hybrid frame state estimator is to
estimate the robot linear position states in the map frameo ho ; the linear velocity states
are only needed for its rolein the second term of the linear position prediction equationsn
equation (48). In this capacity, the linear velocity is integrated in discretéme by
multiplying by the time stepQ0 , i.e. the linear velocity already represents a linear position,
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and therefore only requires a linear positionframe transformation. A linear position frame
transformation introduces significantly less error into the stake estimate compared to a
linear velocity frame transformation, since a linear position frame transformation is only
dependent on the angular pogion. A full linear velocity frame estimate requires angular
position and angular velocity, e.g. equation(60). There are multiple methods this
transformation could be implemented into the state estimator; probably the most
straightforward method is to integration the frame transformation directly into the state-

transition equations. Thk is given in equation(49).

w AT totQo OFEI twiQo.

w 2>

T % OET tateo ATO te oy,
Ig ] 1] |— 1
I(If) |:| 11 (f) ]
"1'0 oy w n
w Uy r U

Where (49)

 is the linear position of therobot
 is the linear position of the robot
[ is the angular position of the robot
w is the linear velocity of the robot
w is the linear velocity of the robot
[ is the angular velocity of the robot

To match the statetransition model in equation (49), the hybrid frame state

estimator measurement matrix is ap p vector given in equation(50).
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Where
@ is the state measurement vector for the hybrid frame state estimator at time

Q
@ is the is the most current GNSS linear position measurement alorugtw-axis
® is the is the most current GNSS linear position measurement along tteaxis (50)

[ is the most current angular position update about the robot body framé-axis
from the robot body frame Kalman filter; note thar [ forour

purposes (see sectior8.1.4)

w is the most current linear velocity update along the robot body framexaxis
from the robot body frame Kalman filter

w is the most current linear velocityupdate along the robot body frameawaxis
from the robot body frame Kalmarfilter

[ is the most current angular velocity update about the robot body framé-axis
from the robot body frame Kalman filter; note thaf [ forour
purposes (see sectior8.1.4)

Also note that because the angular position, linear velocity, and angular velocity
states of equation(48) have already been estimated in the robot frame statesémator, so
the hybrid frame state-transition equations should not change anything about this
information. Thus, their respective terms in the process noise covariance matrix of the
hybrid map frame estimator should be tuned to be arbitrarily large (comared to the

measurement noise covariance) The revised sliding adaptive measurement noise

covariance matrix"? for the hybrid frame state estimator is given in equatior(51).
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Where
A4 is the revised measurement noise covariance matrix incorporating the (51)

sliding adaptive covariance gain
‘Y is the measurement noise covariance matrix

"Ois the sliding adaptive covariance gain vector

U W is the variance of the linear velocity pseud-measurement along thex
axis based on the weighted average of the forwardifference of GNSS linear
position measurements and trapezoidaimethod of IMU linear acceleration
measurements

U Ww isthe variance of the linear velocity pseudaneasurementalong the >
axis based on the weighted average of the forwardifference of GNSS linear
position measurements and trapezoidaimethod of IMU linear acceleration
measurements

3.5. Putting it all together: the full cascading dualframe motion-tracking state estimator
for velocity-denied robot localization

In this section, | discuss the full cascading, dudrame motion-tracking state

estimator. A flow chart of its operating is shown irFigure 10.
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Figure 10: Full cascading dualframe motion-tracking state estimator.
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Following is a bulleted list that roughly reflects the chronological order of the full state

estimation algorithm:

T

At discrete-time "Q the robot body frame Kalman filter calculates a statevector
prediction using equation(3) with state-transition model in equation (12), and error
covariance matrix prediction using equation(4). ltusesthe state estimae prediction
and error covariance matrix from the robot body frame Kalman filter atdiscrete-time

Q p.

The state estimation algorithm retrieves sensor data from the GNSS and IMU sensors.
It calculates the timesince the last update of each sensor, which it uses to calcat
the sliding adaptive covariance gains for each sensasing equation (25) to account
for decays in measurement accuracy due to elapsed time and to smooth the output
data in real time.

The state estimation algorithm transforms the GNSS linear position data from the
map frame to the robot body frame using equation§15) through (19).

The state estimation algorithm calcuhtes the forward-difference of the transformed
(from map to robot body frame) GNSS linear position measurements using equation
(36), and the trapezoidal method of the IMU linear acceleration measurements using
equation (39).

The GNSS tiear position forward-difference is combined with the IMU linear
acceleration trapezoidal method using equations(43). Their covariances are
calculated using equation(44).

The measurementvector is updated with linear velocity pseudemeasurements using
equation (47), and the measurement noise covariance matrix is updated with the
linear velocity covariance data and sliding adaptive covariance gains agj equation
(46).

The robot body frame Kalman filter calculates a state vector update using equation
(6), and error covariance matrix update using equatioii7). It uses the state sctor
prediction in equation (3), error covariance matrix prediction in equation (4),
measurement matrix in equation(45), and updated measurement noise covariance

in equation (46).
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The hybrid frame Kalman filter calculates a state vector prediction usg equation(3)
with state-transition model in equation (49), and error covariance matrix prediction
using equation (4). It uses the state estimate prediction and error covariance matrix
from the hybrid frame Kalman filter at discrete-time 'Q p.

The hybrid frame Kalman filter measurement vector useBnear velocity terms from
the state estimate output from the robot body frame Kalman filter state vector update
alongside GNSS linear position measurements, IMU angular position, dltl) angular
velocity measurements.

The hybrid frame Kalman filter calculates a state vector update using eation (6),
and error covariance matrix update using equatn (7). It uses the state vector
prediction in equation (3), error covariance marix prediction in equation (4),
measurement matrix in equation(50), and updated measurement noise covariance
in equation (51).

The pose and twist components of the state w&or update from the robot body frame

Kalman filter whoh hohoh  and the pose components of the state vector

update from the hybrid frame Kalman filter & ho I represent the most accurate

post and twist estimates available from thisstate estimation algorithm. The Kalman

filter waits for a pre-specified’ Q0 , and repeats.

116



4. Validating the revised algorithm

In this chapter, | will validate the performance of our cascading, duarame, motion-
tracking state estimation algorithmby evaluating its performance against a robot simulation
environment, and then against real sensor data.| are interested in evaluating the
performance two key elements of the state estimation algorithm (1) the accuracy of the
linear position state predictii T ET  AAOxAAT ' . 33 OAI-GOAAOE TG BEEA AQCHA
performance of the state estimator, and (2) theaccuracy of the unobserved linear velocity

state estimate.

Note that| am not particularly interested in the absolute estimation accuracy ofthe
measured states, i.e. linear position, angular position, angular velocity, and linear
acceleration.  Without additional state information in the form of competitive,
complementary, and/or cooperative sensor information for any of the measured states
(from our discussion in chapter2), it is unrealistic to expect that the state estimation
algorithm will make significant improvements to state accuracy. The state @stator does
offer some smoothing performance for individual stee measurements as it probabilistically
fuses individual measurements with their time history. This smoothingan be considered
an improvement over measurement accuracy if those measurementseve truly stationary
unimodal Gaussian distributions; howeverthe states are clearly not stationary in a mobile
robot, and the assumption of a unimodal Gaussian distribution will only go so far in practice.
Therefore, 1 am significantly more interested in analyzing the performance of the
unobservedstate information; i.e.linear position state estimation accuracyin betweenthe
GNSSensorone-secondlong refresh rate (the dead reckoningaccuracy), and the accuracy

of the unobserved linear velocity states

4.1. Estimator performance on simulated sensor data

Toinitiall y validate the state estimation techniques described in the previous section,

| developed a comprehensive 2D robot simulation based on the Euler numerical method.
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This simulation approximatesthe dynamics of a robot as a point mass with linearized mass

& HO, damping @ Fo RO, andforcinginputs 'O RO RO . The simulation
position, velocity, and acceleration states. It also generates sensor data with configurable
noise and refresh rate that representative of a GNSS+IMU sensor system. This noisy sensor
data is then fed into our cascading, dudgrame, maion-tracking state estimator; the outpus
of the state estimator can then be compared against the simulation ground truth to evaluate
accuracy. Details regarding equations of motion and Euler simulation can be found in

appendix6.5, and its source code can be fourid supplementary materials8.1.

4.1.1. Straight-line simulation

In this first scenario, the robot accelerates in a straight line along the map frame
axis (east). Themapframeredi OEOEIT T OOT B AlFigldre1Dthedrobotbdeyd CE OAT
frame states plotted versus time are given ifrigure 12; and the hybrid frame states plotted

versus time are given inFigure 13.
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Figure 12: Straight-line simulation robot body frame states plotted versugime.
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Figure 13: Straight-line simulation hybrid frame states plotted versus time.

In Figure 11, the robot starts at Ti1t in the map frame, and moves in the positivex
direction. In Figure 12, the robot body frame estimator outputs are plotted against their
simulated ground truth and simulated neasurements.In this simulation, the robot increases
in its w linear position (top left) , while staying relatively still in itsw linear position (middle
left), and[ angular position (bottom left), which is good, as no sway input forcer yaw
input moment was commanded. Thev linear velocity (top middle) increases to a steady
state value and remains constant, as expected when employing anApero drag coefficient;
and thew linear velocity and] angular velocityremains at zero as expected. Th® linear
acceleration (top right) starts at a maximum and decreases to zero as expected, and the
linear acceleration (middle right) remains at zero. InFigure 13, the hybrid frame estimator
outputs are similarly plotted against their simulated ground truth and simulated
measurements. Thev linear position (top left) and w linear position (middle left) are the

only plots that reflect the new information from the hybrid frame estimator, are plotted
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against each other inFigure 11. Thel [ angular position,® linear velocity, w linear
velocity, andf [ angular velocity is identical to their respective ounterparts in the

robot body frame; they are listed again for continuity.

One important takeaway from the straightline acceleration simulation is the
significant steady-state error in the linear velocity state Figure 12, topmiddle); the pseudo
measurements are significantly underestimating the actual velocity of the robot. This results
from the significant latency in the forwarddifference velocity pseudemeasurement;
because the GNSS sensor only updates at 1 Hz, by binear measurement is always one
second behind (at arm/inimum) resulting in a systematic underestimation of linear velocity
via the forward-difference. | can demonstrate thisin two ways, first by artificially increasing
the GNSS refresh rate while keepg all other variables constant. This is performed inFigure
14 for a GNSS refresh rate of 2 HEjgure 15 for a GNSS refresh rate of 4 Hz, afdgure 16
for a GNSS refresh rate of 8 Hmote that the default GNSS refresh rate is 1 Hz, as discussed
in Table3).
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Figure 14: Straight-line simulation robot body frame states,where GNSS refresh rate is
increased from 1 Hz (default) to 2 Hz.
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Figure 15: Straight-line simulation robot body frame states,where GNSS refresh rate is

increased from 1 Hz (default) to 4 Hz.
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Figure 16: Straight-line simulation robot body frame states,where GNSSefresh rate is
increased from 1 Hz (default) to 8 Hz.

In Figure 14 through Figure 16, note how the steadystate error of the @ linear
velocity pseudomeasurements(top middle) decreases. This s us that afaster GNSS (or
generalized linear position sensor) refresh rate significantly improes the steadystate error

of the pseudalinear velocity measurement as expected.

Also note the significant increase in noise in the linear velocity pseudmeasurement
as the refresh rate of the GNSS sensor increases, despite no change in variance afatle
GNSS sensor measurements. Although nontuitive, this behavior is actually predicted by
our symbolic formulation of the variance for the forwarddifference method, which is
discussed in detail in appendix6.3. Because the square of the time ste@ 0 is in the
denominator of the variance of the forward-difference method in equation(67), as the ime
step between measurements decreases below 1 second, the total variance of the forward

difference method /ncreases In our case, the estimator does a reasonably good job filtering
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these noisy measurements; howeveif employing a faster refresh rate lnear position sensor
(e.g. interpolating GNSS sensor, or if receiving linear position measurements from another
source like vision, laser scan, etc.), ormaay consider increasing thenumber linear position
measurements ¢ to include in the moving mean of the forward -difference method in

equation (35).

This leads us to our second point of discussn; how many linear position
measurements shouldbe used in the forwarddifference calculation fora standard 1 Hz
GNSS?In Figure 17 | evaluate the same straighdine acceleration simulation for¢ T, in

Figure 18, fore¢ , andFigure19fore p @

Robot body x, position

— 400
£ 200
0 i A
0 20 40 0 20 40 0 20 40
time [s] time [s] time [s]
Robot body vy, position Robot body 1, velocity Robot body ij, acceleration
— 400 )
£ £
% 200 .
=
0
0 20 40 20 40
time [s] time [s] time [s]

50

Robot body 1, position Robot body w, velocity

50

Z & o |F--simulated ground truth
_g P » simulated measurement
L o simulated pseudo measurement
s ; —estimator output
-50
0 20 40

time [s]

Figure 17: Straight-line simulation robot body frame states, wheree GNSS linear position
measurements in the forwarddifference calculation is increasd from 2 (default) to 4.
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Figure 18: Straight-line simulation robot body frame states, where¢ GNSS linear position
measurements in the forwarddifference calculation is increased from 2 (default) to 8.
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Figure 19: Straight-line simulation robot body frame states, wheree GNSS linear position
measuraments in the forward-difference calculation is increased from 2 (default) tdl6.

Comparing Figure 17 through Figure 19 to the robot body frame states from the original
simulation in Figure 12, the simulation demonstrates that increasing ¢ decreases the
variance and the steadystate error of the linearvelocity pseudomeasurements (both good
things), but at the cost of increasing the response time (time constant) of the lineaelocity
state pseudemeasurement. Dependin@n the refresh rate of the linear position sensor, the
answer to this question will change from system to system, but, forteansient mobile robot
system, a faster response of a reasonable linear velocity measurementikely more useful
than minimizing the steady stateerror. For the 1 Hz GNSS linear position sensor employed
in this work, ¢ ¢ (the minimum possible) gives the best balance of linear velocity

characterization, and response time.

4.1.2. Forward, backward, and forward simulation
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In this simulation, the robot will start by driving forward along the map framecdraxis
(east), then ato p U the robot will apply an equivalent reverse thrust, backing up along
the same trajectory, then ato0 o 1, the robot will apply an equivalent érward thrust,
moving forward along the same trajectory. The map frame eposition is given inFigure 20;
the robot body frame states plotted versus time are given iRigure 21; and the hybrid frame

states plotted versus time are given irFigure 22.
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Figure 20: Forward-backward-forward simulation map framew e | OE OEAT x OO b
view.
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Figure 21: Forward-backward-forward simulation robot body frame states plotted versus

time.
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Figure 22: Forward-backward-forward simulation hybrid frame states plotted vasus time.

As mentioned in the straightline simulation, the steady state error in the linear
velocity state appears to be a systematic offset based on the refresdte of the linear
position sensor. Increasing the refresh rate of the linear position sesor, or increasing the
number of linear position measurements decreases the steady state errdnpwever our
ability to increase the refresh rate of the linear position sensor is limited by the sensor
system, and increasing the number of linear position mesurements has detrimental effects
on other parts of the system.This forward-backward-forward simulation supports theidea
that this steady state error is systematic and steadyrovided that the parameters sensors
remain the same. Thuslythis steady-state error can be compensated for usingn opentloop
bias (multiplier in this case) on the linea velocity pseudo-measurements. Using the 1 Hz
GNSS sensor measurements, and 20 Hz IMU sensor measurements used in this simulation,

anopen-loop linear velocity measurement bias of 1.3best compensated for the steadgtate
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error. The robot body frame sites of the same simulation with the bias implemented is

shown in Figure 23.
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Figure 23: Forward-backward-forward simulation robot body frame states plotted versus
time, with an openloop linear velocity bias of 1.35.

As a thought experiment] applied this same bias to the straightine acceleration simulation
from the previous section. The robot body framstates if this simulation is show in Figure

24,
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Figure 24: Straight-line simulation robot body frame states, with an operoop linear velocity
bias of 1.35.

The improved linear velocity estimation accuacy from the forward-backward-
forward simulation in Figure 23, and the straightline simulation in Figure 24 clearly
demonstrate that the openrloop linear velocity bias helps. This analysis does noiecessarily
provethat this the sensor parameters are the only variables that influence the steadyate
error in the linear velocity state, so Iwill continue using a linear velocity bias of 1.35 irthe

simulations going brward, while monitoring the linear velocity states for a change in steady

State error.

4.1.3. Circular motion

In this simulation, | impose a positive (counterclockwise) torque input into the robot

in addition to the typical forward thrust. This results in acontinuous rotation. The map
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frame axo-position is given inFigure 25; the robot body frame states plotted versus time are

given inFigure 26; and the hybrid frame states plotted versus time are given iRigure 27.
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Figure 25: Circular motion simulation map framew e OE OEAT x I0O®T OE A x 8
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Figure 26: Circular motion simulation robot body frame s$ates plotted versus time.
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Figure 27: Circular motion simulation hybrid frame states plotted versus time.

This simulation clearly demonstrateshow the fusion off angular orientation with
the and w and w linear velocity enablesthe estimator to predict the pose of the robotin
between GNS3$near position updates. When the GNSS sensor ultimately does update, the
state estimate is corrected, and the process continuespeats. Additionally, note that at the
beginning of the simulation near position 11t , the linear velocity estimate is the poorest
because of the latency in the forwarelifference linear velocity pseudemeasurement
mentioned in the previous section; this is illustrated by the poor velocity pediction for the
first few GNSS linear position updates. As the steadtate error in the linear velocity

pseudo-measurements decreases, the predictive capability of the state estimator improves.

This is also a good opportunity to explore the effect of the sliding adaptive covariance
gain on the system.As discussed irsection 3.2, the state estimation algorthm employsthe

default sliding adaptive covarianceprofiling variables listed in equation (26) for the GNSS
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linear position measurements, and employ binary adaptie covariance profiling for the IMU
measurements. For reference, the default sliding adaptive covariance profiling variables are
O pTmo T™® tQPO iQpoy THio and 6y T®tO

This provides a smadl amount of smoothing on the abrupt jumps in GNSS data without
significantly impacting the output. In Figure 28, Figure 29, andFigure 30, | run the same
circular motion simulation again, but with sliding adaptive covariance préling disabled; i.e.
OAET AOue AAAPOEOA Al OAOEAT AA POl £EI1 ET C8
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Figure 28: Circular motion simulation map framew e | OE OEAT x OO ®E Amaty OOET C
adaptive covariance profiling.
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Figure 29: Crcular motion simulation robot body frame states plotted versus time, using
binary adaptive covariance profiling.
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