
 

 

 

 

 

CONVERGENT POSE AND TWIST ESTIMATION FOR VELOCITY-DENIED MOBILE ROBOTS 

BASED ON A CASCADING, DUAL-FRAME, MOTION-TRACKING ESTIMATOR 

 

 

! 4(%3)3 35"-)44%$ 4/ 4(% '2!$5!4% $)6)3)/. /& 4(% 5.)6%23)49 /& (!7!)Ȭ) !4 
-@./! ). 0!24)!, &5,&),,-%.4 /& 4(% 2%15)2EMENTS FOR THE DEGREE OF 

 
DOCTOR OF PHILOSOPHY 

 
IN 
 

MECHANICAL ENGINEERING 
 
 

DECEMBER 2019 
 
 
 
 
 
 
 
 

By 
 

Brennan E. Yamamoto 
 
 
 

Thesis Committee 
 

A Zachary Trimble, Chairperson 
Peter Berkelman 
Reza Ghorbani 
Zhuoyuan Song 
Margo Edwards 



2 

 

i. Acknowledgements 

 

It is difficult to express how privileged I am for the opportunity to pursue a PhD in a 

field of my passion, under comfortable financial circumstances, and alongside so many 

awesome people.  There are countless people to thank for their contribution s to my success. 

 

First, thank you to my incredible advisor of seven years, A Zachary Trimble, to whom 

I attribute most of my graduate school success.  Thank you for your time, expertise, patience, 

honesty, willingness, dedication, patience, and flexibilit yɂand did I mention patience?  How 

you managed to transform a cold, confused, and uncertain undergrad like myself into 

someone PhD-capable is a feat I will probably never fully appreciate.  I could not have asked 

for a more fitting advisor to oversee my graduate study; working with you has truly been 

honor. 

 

Thank you to my thesis committee: Peter Berkelman, for directing much of my 

exploration though the wonderful field of robotics; Margo Edwards, for provid ing our lab 

with multiple  key opportunities to explore maritime unmanned systems, and for shaping 

much of my personal ideology towards the future of maritime systems in Hawaii; Reza 

Ghorhani, a longtime advisor, mentor, and friend (and serving on both my MS and PhD 

committees!); and Zhuoyuan Song, a super-approachable mentor who is always eager to 

assist with my research progress.  Thank you also to Miguel Nunes and Ben Jones for their 

willingness to serve on my committee (if not for unlucky circumstances outside of their 

control).   

 

Thank you to all the faculty members in the department of mechanical engineering, 

and the wider College of Engineering for all the expertise, teachings, and support you 

provided me throughout my academic career at UH.  In particular, I would like to thank Brian 

Bingham, for originally stirring my interest  in mobile robotics (and still managing to support 

me even after leaving UH!); Song Choi, for supporting me over the past ten years, be it 

through ECUH, Kanaloa, scholastic robotics events, volunteer events, career events, 



3 

 

scholarship evenÔÓȣÔÈÅ ÌÉÓÔ ÉÓ ÅÎdless; David Ma, for supporting much of my energy 

harvesting research; Mehrdad Nejhad, for the many intersecting research projects over the 

years; Miguel Nunes, for the teaching support and research advice; Wayne Shiroma, a 

longtime ethical mentor and friend; and Yi Zuo, for always enthusiastically providing words 

of encouragement and honest advice.   

 

Thank you to the college of engineering and mechanical engineering department staff 

for their support over the years.  In particular, I would like to thank Lewis Moore for all of 

the improvements made to the mechanical engineering shops (and putting up with us 

nocturnal students!); Jean Imada, for your unwavering support of the CoE student body and 

student organizations; Charlene Sato and Lori Yuu in the CoE office, and Jamie Wong and Gail 

Yamamoto in the CoE fiscal office, for being endlessly accommodating of me; and Joanne Yee 

and Shayna Yee for their excellent attentiveness and administrative support. 

 

Thank you also to Rafael Gacel-Sinclair and the UH Office of Innovation and 

Commercialization/Office of Technology Transfer for working around my last-minute 

research schedule to produce a provisional patent in time for my dissertation. 

 

Thank you also to my fellow faculty and staff at Leeward Community College for 

giving me the opportunity to teach in while pursuing my degree.  In particular, I would like 

to thank Jennifer McFatridge, Bryson Padasdao, Nicholas Takebayashi, Jennie Thompson, 

and Teri-Ann Tsukenjo for supporting me for the short time I was there.   

 

 Thank you to the current and past undergraduate students who have donated blood, 

sweat, and tears to team Kanaloa.  I hope you were able to learn as much from me as I have 

you.  These students are: Aricia Argyris, Ileana Argyris, Amy Bentz, Karla Cortez, Steven Cory, 

Jonathan De Leon, Raina Ann Duenas, Richard Eidswick, Nicole Clare Hortizuela, Michael 

Huang, Kelan Ige, Christianne Izumigawa, Minshik Kang, Steven Kim, Paulo Lemus, Michael 

Loui, Aaron Nagamine, Nathan Park, Kobe Taylor, Eric Welton, Allison Wong, Darren Wong, 

Kai Jones, Thomas Moriyasu, Andrew Ngyuen, Johnny Pham, Ryan Roque, Russell Tolentino, 



4 

 

Chauncey Tom, Peter Agcanas, Jason Chan, Allan Ching, Ryan Ganiron, Peiyi Kwok, Cheyenne 

Langamin, Benjamin Liang, Jordan Romanelli, Ronnie Soriano, Yoshio Yoshizumi, Qicheng 

Zhou, Raymond Andrade, Paul Baessler, Kekoa Data, Blaine Furman, Hunter Garrett, Dominic 

Gaspar, Danny Hong, Serena Kobayashi, Yong Cong Li, Charmaine Lum, Lisa Mahan, Kealoha 

Moody, Kai Outlaw-Spruell, Dane Sobol, Daniel Truong, Jordan Dalessandro, Matthew 

Bowers, Haley DeTure, Colin Lambert, Emily Pang, Paula Rae Penullar, Tyler Wilfahrt, Yuuma 

Yamamoto, Alexandra Makaiau, Marisa Matsuo, Judy Phan, and Mai Van.  Thank you also to 

Mark Rongstad, Anthony Sylvester III , and Zhuoyuan Song for advising the team in various 

capacities, and graduate students Bradley Beeksma, Michael Borusinski, Curran Meek, 

Brenden Minei, Tyson Seto-Mook, and Ryan Theriot for contributing in various capacities.   

 

 Thank you to all of my fellow RIP lab mates from throughout the years: Daniel Wong 

(M.S. 2014), Evan Akuna (B.S. 2015), Reika Arta (M.S. 2016), Laura Fitzpatrick (M.S. 2016), 

Shane Brown (B.S. 2017), Tina Li (B.S. 2017), Aaron Nagamine (B.S. 2017), Allison Wong 

(B.S. 2019), Grant Takara (M.S. 2018), and Kai Jones (M.S. candidate).  Thank you for being 

an awesome group of people to bounce ideas with , vent frustrations to, grab food with, and 

being there to lend a helping hand.   

 

 Thank you to the Applied Research Lab and the Office of Naval Research for most 

directly funding my research.  Thank you also to the ARCS Foundation Honolulu Chapter, for 

awarding me a research scholarship twi ce during my PhD.  Thank you also to the following 

companies and institutions for their support for team Kanaloa in various capacities: the 

Associated Students at the University of Hawaii (ASUH), the Association for Unmanned 

Vehicle Systems International (AUVSI) and RoboNation, the IEEE Hawaii Chapter, Makai 

Ocean Engineering, Marine Technology Society Hawaii Chapter, Mathworks, Nvidia, the UH 

Student Activity and Program Fee Board (SAPFB), and Velodyne LiDAR. 

 

 This paragraph is dedicated to the hundreds of classmates I have befriended over 

these past 11 years at UH.  I regret that this list is too long, and I would risk too much 

attempting to recount so many amazing people.  Thank you for the struggle; the many all-



5 

 

nighters, study-sessions, assignments, projects, exams, and whatever other shenanigans 

engineering students find themselves in.  Without you, I likely would have lost interest in 

engineering a very long time ago.   

 

 Thank you to my ÉMF friends, whose companionship and camaraderie makes 

everything I do worthwhile.  Alexander Ching and Bryce Fukunaga; thanks for being the best 

friends a guy could ask for.  Letȭs keep making crazy ÉMF videos.   

 

Finally, it is not without the unwavering love and support of my extended and 

immediate family that this thesis could have been completed.  Julienne and Joelle, thank you 

for always keeping me grounded, honest and humble, and giving me something greater to 

strive for.  Mom and dad, thank you for your unending sacrifice (one which I too often take 

for granted), positive moral compass, and constant confidence in me.     

 

 

 

 

 

 

 

 

 

 

 

 

  



6 

 

ii. Abstract 

 

Advancements in micro-fabrication and micro-electromechanical systems, increased 

market demand, and economies of scale have lowered the cost for global navigation satellite 

system (GNSS) and inertial measurement unit (IMU) sensor systems to levels cost-relevant 

for average consumers.  The combination of GNSS+IMU can provide basic robot localization 

information, but cannot measure linear velocity, which is essential for autonomous mobile 

robot operation.  Unfortunately, linear velocity sensors like wheeled odometers, air speed, 

optical flow, or doppler velocity log sensors are situationally applicable and/or cost 

prohibitive  for many robot applications; these robots can be entitled ȰÖÅÌÏÃÉÔÙ-ÄÅÎÉÅÄȱȢ  )Î 

this work I propose a state estimation algorithm based on a cascading, dual-frame, motion-

tracking estimator that is capable of providing accurate pose (positions) and twist 

(velocities) estimates for velocity-denied robot platforms, by probabilistically estimating the 

unobserved velocity state based on the time-varying information extracted from the 

measured position and acceleration states.  Because this state estimator is based on a 

kinematic, motion-tracking state-transition model, it does not require dynamical 

information about the robot platform or the forces acting on it.  I first demonstrate this state 

estimator algorithm on simulated mobile robot data and then on real data collected from a 

GNSS+IMU robot sensor system.  I show that this state estimation algorithm consistently 

maintains a dead-reckoning pose accuracy of ρ ά of the post-interpolated pose 

measurements, and provides hidden a linear velocity accuracy of ρ m/s .  
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Ὄᴆ is the observation matrix of a Kalman filter or the output matrix of a discrete-time linear 

dynamical system expressed in canonical state-space form 
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nomenclature) 

ὖᴆ is the error covariance matrix of a Kalman filter  

ὗᴆ is the process noise covariance matrix of a Kalman filter 

ὶ is the angular velocity about the robot body frame ᾀ-axis (only used in reference 
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‪ is the time derivative of ‪, i.e. the Euler angular acceleration about the ᾀ-axis 

† is the vector of the controlling force input 

†  is the vector of the wind-induced force 
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1. Introduction  

 

Ȱ-ÏÂÉÌÅ ÒÏÂÏÔÉÃÓȱ ÒÅÆÅÒÓ ÔÏ ÔÈÅ ÃÌÁÓÓ Ïf robots capable of motion of its base platform 

within its environment.  Advanced mobile robots must not only move, but also sense their 

motion to some degree.  The methods employed, and information extracted from a mobile 

robot sensing system will  vary significantly based on the desired application; however, all 

mobile robots propose some answer to the question of robot localization; what is my pose 

(positions) and twist (velocities) relative to my surroundings?  

 

Advancements in micro-fabrication and micro-electromechanical systems, increased 

market demand, and economies of scale have lowered the cost for global navigation satellite 

system (GNSS) and inertial measurement unit (IMU) sensor systems to levels cost-relevant 

for average consumers.  Developing mobile robots that can convergently estimate pose 

(position)  and twist  (twist) using only these two sensors is highly attractive for cost-

sensitive autonomous mobile robots; however, the combination of GNSS+IMU is incapable 

of measuring linear velocity, which is essential for autonomous robot operation.  For this 

reason, I caÌÌ ÒÏÂÏÔÓ ÅÍÐÌÏÙÉÎÇ ÔÈÉÓ ÓÅÎÓÏÒ ÓÙÓÔÅÍ ȰÖÅÌÏÃÉÔÙ-ÄÅÎÉÅÄȱȢ  6ÅÌÏÃÉÔÙ-denied robot 

operation is a relevant problem because linear velocity sensors like wheeled odometers, air 

speed, optical flow, or doppler velocity log sensors are situationally applicable and/or cost 

prohibitive ; if the robot linear velocity can be estimated using more universally available 

position and acceleration sensors like GNSS and IMUs, a significant portion of mobile robots 

stand to benefit.  There are many currently-existing well-documented and/or open-source 

state estimation algorithms (which will be discussed in detail in this work); however, these 

systems require a generalized linear velocity sensor, and will no t work  when velocity-

denied.  In this work, I present a state estimation algorithm based on the discrete Kalman 

filter, that is capable of convergently estimating the pose and twist of a velocity denied 

mobile robot.   

 

In chapter two of this work, I will describe the process of state estimation for robot 

localization, the current state-of-the-art, and elaborate on why the velocity-denied mobile 
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robot problem is a relevant one.  In the second section, I describe the two most common 

probabilistic state observers for robot localization: the discrete Kalman filter and the particle 

filter; and explain why I chose the Kalman filter is more appropriate for this problem.  In the 

third section, I discuss the existing, well-documented/open-source solutions for state 

estimation for mobile robots and identify why these solutions are insufficient for the needs 

of velocity-denied robot platforms.  I then describe the Kalman filtering process, the quality 

of the measurements our GNSS+IMU sensor system has access to, and the constant-

acceleration state-tr ansition kinematic motion model I employ in this work .  Finally, I will 

discuss the fundamental problems that need to be addressed in a state estimation solution 

that will convergently estimate pose and twist for a velocity-denied mobile robot.   

 

In chapter three, I describe the revised state estimation algorithm for robot 

localization based on a cascading, dual-frame, motion-tracking state estimator, that is 

capable of estimating pose (positions) and twist (velocities) for robot systems without a 

linear velocity sensor.  The novel contributions of this algorithm can be categorized into four 

areas:  

 

¶ A discrete-time interpretation  of the robot body reference frame.  This allows us to 

fuse position, velocity, and acceleration sensor data in the robot body frame.   

¶ Adaptive covariance profiling for sensor quantization mitigation and improved 

estimator prediction capability.   

¶ Unobserved linear velocity estimation based on the moving-mean forward-difference 

of GNSS position data, and trapezoidal method of accelerometer (IMU) data.   

¶ Cascading estimators in the robot body frame and then in the map frame, virtually 

eliminating error due to frame transformation. 

 

In chapter four, I evaluate my revised state estimation algorithm against simulated 

sensor data with a known ground truth.  From this, I draw several key learnings.  I then take 

the same state estimation algorithm and use it against real sensor data collected from a 

moving platform.  Using this data, I show that the state estimation algorithm provides pose 
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predictions in between GNSS sensor updates with a mean error ranging from 0.4 to 1.2m 

across all of the tested trials, and a linear velocity error between 0.1 to 0.8 m/s using the 

corrective linear velocity open loop bias predicted using simulated data.  
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2. Existing state estimation algorithms for robot localization 

 

2.1. The need for state estimation and sensor fusion in robot localization 

 

The practice of state estimation belongs to a much wider field of Bayesian statistics 

[1] , which can generally be described as the system for describing the uncertainty of 

knowledge using mathematical probabilities [2] . In state estimation, noise-prone 

measurements are modeled as probabilities  that are mathematically coupled to other 

probabilistic state variables that evolve in parallel over time.  Instead of treating imperfect 

measurements as direct reflections of a state variable, probabilistic measurements increase 

our confidence (or certainty) in a state variable.  We can further improve our confidence in 

a state variable by combining these probabilistic measurements wi th a dynamical model that 

can predict the next state variable based on its past states.  Throughout this paper, I refer to 

the mathematical tool that calculates the probabilistic system states as a state observer, and 

ÉÔÓ ÏÕÔÐÕÔÓ ÉȢÅȢ ÉÍÐÒÏÖÅÄ ȰÍÅÁÓÕÒÅÍÅÎÔÓȱ as state estimates.  Finally, when employing a 

state observer to provide state estimates using information from multiple sensors 

simultaneously, I call this sensor fusion.   

 

To better understand sensor fusion and the benefits it provides, Mitchell [3]  describes 

multiple ways sensor fusion can improve the measurement process: 

 

¶ Representation.  The state estimate after fusion is described at an improved level or 

granularity over the original data set. 

¶ Certainty and accuracy.  The probability distribution ὴὼ and the standard deviation 

„ of the state estimate after fusion is improved over the original data set. 

¶ Completeness.  The state estimate after fusion describes information in a way that 

allows for a more complete view on the environment than the original data set does.  
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Sensor fusion systems can also be classified by their metrology, i.e. how the data from 

multiple sensors is aggregated.  Boudjemaa and Forbes [4]  classify sensor fusion metrology 

by: 

 

¶ Fusion across sensors.  Fusing information from multiple sensors measuring the same 

quantity.  

¶ Fusion across attributes.  Fusing information from multiple sensors measuring 

different quantitie s associated with the same experimental situation. 

¶ Fusion across domains.  Fusing information from multiple sensors measuring the 

same quantity, but over different ranges or domains.   

¶ Fusion across time.  Fusing current information with historical informa tion (from an 

earlier measurement). 

 

Durrant-Whyte [5]  describe a similar classification of sensor fusion systems based on their 

configuration:  

 

¶ Competitive information occurs when multiple sensors supply information in the 

same location and degrees of freedom.   

¶ Complementary information occurs when multiple sensors supply different 

information about the same geometric feature in different degrees of freedom.   

¶ Cooperative information occurs when one sensor relies on another for information 

prior to observation.   

 

From these descriptions, it is easy to see why sensor fusion is valuable; a well-

implemented state estimator offers improved measurement performance and can provide 

information that would otherwise be unavailable from the unfused sensor outputs alone.  

Unsurprisingly, sensor fusion for robot localization is a highly studied problem in mobile 

robotics [6] .  In this work, I employ an improved sensor fusion algorithm for robot 

localization that is designed to estimate pose (positions) and twist (velocities) using only a 

low cost GNSS and IMU sensor system.  Because the GNSS+IMU sensor system is incapable 
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of directly measuring linear velocity, most mobile robots require a generalized linear 

velocity sensor for full state estimation; however, linear velocity sensors are not applicable 

and/ or too cost-prohibitive for many mobile robot applications.  In the improved algorithm, 

I extract the probability distribution (estimate) of the l inear velocity states based only on 

sensor data from related states.   

 

In order to validate the improvements of our improved state estimation algorithm, I 

must first establish the attributes ÁÎÄ ÐÅÒÆÏÒÍÁÎÃÅ ÏÆ Á ȰÇÅÎÅÒÁÌȱ state estimation algorithm 

for robot localization.  That said, it is difficult to claim that the performance of an algorithm 

is a reasonable ȰÇÅÎÅÒÁÌȱ ÒÅÐÒÅÓÅÎÔÁÔÉÏÎȟ ÆÏÒ Á ÆÅ× ÒÅÁÓÏÎÓ:  

 

¶ The full sensor fusion Ȱalgorithmȱ has many steps, and with variables that vary for 

each application.  This makes it challenging to claim that any form of this algorithm is 

generally applicable to all, or even general cases.   

¶ Accessible scientific literature is largely focused on the theoretical aspects of filtering 

and signal processing.  This information is an important part of this work;  however, I 

are also concerned about the application and performance of these theoretical 

concepts to practical mobile robot platforms.  Due to the nature of scientific 

publication, papers that discuss the application of already-vetted theoretical 

processes are few, and rarely discuss the detail necessary to fully reproduce their 

system.   

¶ Based on the state-estimation performance of commercially-available inertial 

navigation systems, it is possible that solutions to the challenges described have 

already been commercially addressed; however, the majority of these solutions are 

ȰÂÌÁÃË-ÂÏØÅÄȱ ÐÒÏÐÒÉÅÔÁÒÙ  ÁÎÄ ÉÎÁÃÃÅÓÓÉÂÌÅ ÔÏ ÒÅÓÅÁÒÃÈÅÒÓȢ  Because these systems 

combine multiple technologies, e.g. differential GNSS, real-time kinematic (RTK) and 

precise point positioning (PPP), multiple GNSS sensors, and onboard sensor fusion, it 

is impossible to comprehensively understand the contributive benefits of each 

technology without access to the underlying source code driving these systems.   
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For these reasons, it can be difficult to justify academic research effort into improved 

methods of filtering for lower-cost, more primitive sensor solutions; however, there are a 

few reasons scientific study is essential.  Firstly, improvement to proprietary solutions are 

limited only to the small group of individuals who can access the source code.  Secondly, 

researchers are forced to assume that black-boxed solutions are performing operations 

based on the claims of the manufacturer.  As previously noted, when analyzing systems that 

employ multiple technologies, it is impossible to understand the contributive benefits of 

each individual technology.  Thirdly , each example mobile robot can have significantly 

different operational requirements; with a black-boxed system, advanced users lose the 

ability to make any modifications to the underlying system operation to better fit their 

application.  Some examples of useful modifications to fit operational requirements could be 

manually varying sensor covariances to account for environmental noise; making the system 

robust to loss of sensors (e.g. going into a tunnel, changing measurement domains, etc.); 

tweaking an estimation system to provide more smoothing at the cost of accuracy, or vice 

versa. 

 

 In this chapter, I aim to characterize this ȰÇÅÎÅÒÁÌȱ ÓÔÁÔÅ ÅÓÔÉÍÁÔÉÏÎ ÁÌÇÏÒÉÔÈÍ ÆÏÒ 

robot localization; this will allowme to identify the shortcomings in this algorithm if used 

with a velocity-denied sensor system like a GNSS+IMU.  In section 2.2, I discuss the two 

preeminent probabilistic state observers for robot localization: the Kalman filter and particle 

filter.  In section 2.3, I scrutinize open-source/well -documented state estimation algorithms 

on known robot platforms; this will tell us: (1) how state estimation algorithms are currently 

performed, (2) the variance in algorithms that are currently employed, and (3) the 

limitations/sho rtcomings of current state estimation algorithms, so that improvements can 

be proposed.  In section 2.4, I describe the iterative Kalman filter, which is the underlying 

statistical state observer employed for most state estimation algorithms for robot 

localization.  In section 2.5, I discuss the expected precision and refresh rate specifications 

of the low-cost GNSS and IMU sensors that I will employ in this work.  In section 2.6, I discuss 

the constant-acceleration state-transition model, the kinematic motion model employed by 

most state observers for state prediction.  Finally in section 2.7, I summarize my findings by 
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outlining the major shortcomings in the current robot localization state estimators for a 

velocity-denied mobile robot using only a GNSS+IMU sensor system.  

 

2.2. The Kalman filter and particle filter state observers 

 

The probabilistic state observer is a mathematical tool whose goal is to estimate the 

probability distribution of system state variables based on a state-transition dynamical 

function, and measurements related to the state variables; it is the most important 

component in the full state estimation algorithm.  Many statistical modeling techniques are 

available to solve these types of probabilistic time-series filtering problems; as described in 

the seminal 1999 paper by Roweis et al. [7] , many common statistical techniques for 

multidimensional time series modeling can be seen as variants of the same underlying 

unsupervised learning model.  These similar processes include principal component 

analysis, mixtures of gaussian clusters, vector quantization, independent component 

analysis, Kalman filter models, and hidden Markov models.  Specifically for the task of mobile 

robot localization, the two most studied state observers are the Kalman filter and its 

extended and unscented variants [8]ɀ[13] , and nonparametric Markov chain filters, which 

are typically classified into grid-based [14]ɀ[16] , topology-based [17], [18] , and particle-

based Markov chain filters [19]ɀ[23] .  Generally speaking, the Kalman filter approach to 

robot localization describes the robot position and sensor readings as unimodal Gaussian 

distributions, which is robust and computationally cheap; however, the Kalman filter is 

incapable of representing multi-modal (nonlinear) probability distributions, and generally 

requires that the starting location of the robot is known [6], [21], [24] .  Subsequent 

evolutions of the Kalman filter, such as the extended [10], [11]   and unscented [12], [13]  

Kalman filter are capable to employing nonlinear state-transition equations and 

measurements, but still fundamentally propagate a single Gaussian probability distribution 

per state variable, limiting its representational power.  The non-parametric filter  approach 

to robot localization describes the probability distribution of the  ÒÏÂÏÔȭÓ ÓÕÒÒÏÕÎÄÉÎÇ 

environment; in grid-based approaches, the filter calculates the probability distribution over 

a grid of possible positions in the environment; in topology-based approaches the filter 
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calculates the probability distribution for all sensed features in the environment; and in 

particle-based approaches, the filter calculates the probability distribution for a randomly-

drawn set of samples in the environment [6] . 

 

While non-parametric filter approaches to the robot localization problem are 

relatively recent, the particle-based non-parametric filter has emerged as the preeminent 

method for probabilistic robot localization in applications where the starting location of the 

robot is unknown and extrinsic sensor information extracted from the environment are the 

primary source of information.  This extrinsic sensor data is typically in the form of laser 

scans, sonar, and/or  feature extraction from vision, i.e. GNSS-denied applications.  This filter 

is generally referred to as the particle filter.  Despite the many strengths of the particle filter, 

its philosophy of defining the probability distribution of the surrounding environment, 

rather than the distribution of the robot make it less relevant for the fusion of intrinsic  

sensors like the GNSS and IMU, which measure the internal state variables of the robot.  

Therefore, for sensor fusion of GNSS and IMU sensors, the Kalman filter was selected as the 

state observer for this work.   

 

In the next section, I will review known open source and/or well -documented state 

estimators.  Because I am focusing on systems employing Kalman filter-based state 

observers, I will omit known systems employing particle filter -based state observers.  I will 

then return to a detailed explanation of the Kalman filter in a later section.   

 

2.3. A survey of existing open-source or well-documented state estimation algorithms 

for robot localization 

 

In this section, I will scrutinize existing examples of open-source or well-documented 

state estimators for robot localization, specifically for pose and twist estimation on robot 

platforms.  These example state estimation algorithms can take multiple forms: 

 

¶ Documented state estimation algorithm of a working robot example 
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¶ Open-source state estimation software for compatible micro-controllers and/or 

micro-processors for known robot systems 

¶ Pure software packages that require the user to manually interop into their own 

compatible hardware systems 

¶ Proposed models that could be used in a state estimator 

 

To keep the search relevant for the problem statement in this work, I narrowed the search 

to state estimation algorithms that extract the probability distribution of pose (positions) 

and twist (velocities) of a robot using a Kalman filter.  I am particularly interested in the 

sensors used by the robot, and how the state-transition equations incorporate data from 

these sensors (if applicable).  This information will be relevant in later sections.  The state 

estimation algorithms analyzed in this section are:  

 

¶ State estimation software packages 

o ArduPilot [25] , a family of open source flight control software.  ArduPilot 

controllers include the ArduPilot Copter [26] for helicopter and multicopter 

systems, the ArduPilot Plane [27]  for fixed wing aircraft, and ArduPilot Rover 

for ground vehicles and boats [28] . 

Á ArduPilot GitHub repository [29]  

Á ArduPilot documentation [30]   

Á ArduPilot state estimation documentation [31]ɀ[33]  

o NavLab [34] , a generic tool for robot navigation.  Maintained by the Forsvarets 

Forskningsinstitutt (Norwegian Defense Research Establishment). 

Á NavLab introduction paper [35]  

o Open-Source-Sensor-Fusion [36] , an open-source sensor fusion/state 

estimation software for MEMS chips.  Maintained by the MEMS Industry group. 

Á Open-Source-Sensor-Fusion Kalman filter documentation [37]  

o OpenIMU [38] , the sensor fusion/state estimation software for ACEINNA IMU 

systems.  Maintained by ACEINNA. 

Á OpenIMU GitHub repository [39]  
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Á OpenIMU documentation [40]  

Á OpenIMU state estimation documentation [41]  

o PX4 [42]  flight control software, an open source flight control software.  

Maintained by Dronecode Project Inc. 

Á PX4 GitHub repository [43]  

Á PX4 developer documentation [44]  

Á PX4 state estimation documentation [45], [46]  

Á PX4 user guide documentation [47]  

o ROS robot_localization node [48] , a sensor fusion/state estimation software 

package for the robot operating system.  Maintained by Tom Moore. 

Á robot_localization GitHub repository [49]  

Á robot_localization introduction paper [50]  

Á robot_localization documentation [51]  

¶ Surface vehicle Kalman filter-based estimators 

o Alam et al. surface vehicle [52]  

o Dhariwal et al. surface vehicle [53]  

o Papadopoulos et al. surface vehicle [54]  

o Subramanian et al. surface vehicle [55] 

¶ Underwater vehicle Kalman filter-based estimators 

o Bozorg et al. underwater vehicle [56]  

o Ferreira et al. MARES underwater vehicle [57]  

o Gadre et al. underwater vehicle [58]  

o Karras et al. underwater vehicle [59]   

o Loebis et al. autonomous underwater vehicle [60]  

o Petillot et al. underwater vehicle [61]  

o Sabet et al. autonomous underwater vehicle [62]  

¶ Wheeled vehicle Kalman filter -based estimators 

o Bayramoglu et al. two-wheel corridor robot [63]  

o Jetto et al. two-wheel robot [64]  

o Kiriy et al. golf course lawn mower robot [65]  
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o Kwon et al. two-wheel robot [66], [67]  

o Lee et al. two-wheel robot [68]  

o Messom et al. two-wheel ball-tracking robot [69]  

 

2.3.1. State estimation software packages 

 

ArduPilot is an open-source autopilot software, intended to run on specific (open-

source) sensor+microcontroller platforms.  There are software variants for fixed wing 

aircraft, multicopter drones, wheeled ground vehicles, and boats.  It has excellent 

documentation [30] , access to source code [29] , and is actively maintained at the time of 

writing.  The state estimation algorithm is documented on this webpage [31] , and the code 

deriving the state equations can be found on this webpage [33] .  The state estimation 

algorithm is based on an extended Kalman filter, and fuses information from an 

accelerometer, rate gyroscope, magnetometer/compass, GNSS/GPS, airspeed, barometric 

pressure measurements, optical flow, and laser rangefinders.  The state-transition model is 

a kinematic motion model based on the derivative changes in each state.  Not all sensors are 

required for the system to operate; however, a linear velocity sensor is necessary to correct 

the linear velocity state estimates, i.e. this state estimation algorithm will not provide a 

reasonable linear velocity estimate for a velocity-denied robot.   

 

Navlab is a closed-source state estimation software.  Despite its close-source nature 

there is enough information in [35]  ÄÅÓÃÒÉÂÉÎÇ .ÁÖ,ÁÂȭÓ underlying algorithms that it 

warrants consideration.  Navlab includes multiple software components (simulation, real-

time estimation, and data post processing), and has vetted real-world performance.  Its 

discussion of the state estimation algorithm does not include the state-transition equations 

of the Kalman filter, but it does describe the required sensors.  These include an 

accelerometer, rate gyroscope, magnetometer/compass, and generalized position, velocity, 

and depth/altitude measurements.  Subsequent Navlab publications related to state 

estimation and navigation primarily discuss orientation estimation for inertial navigation 

systems [70] , and the various methods of measuring heading/orientation [71] .  The need for 
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a generalized velocity sensor indicates that NavLab is not designed for pose and twist 

estimation for a velocity-denied robot. 

 

In addition, the NavLab introduction paper [35]  identifies the problem of sensor 

quantization, which occurs when employing multiple digital sensors that update at varying 

ÒÁÔÅÓȢ  4ÈÉÓ ÍÁÎÉÆÅÓÔÓ ÁÓ ÈÁÒÄ ȰÊÕÍÐÓȱ ÉÎ ÔÈÅ ÅÓÔÉÍÁÔÏÒ ÏÕÔÐÕÔ ×ÈÅÎ ÔÈÅ ÓÌÏ×ÅÒ Õpdating 

sensor(s) produces an update; this can be particularly detrimental to filter performance if 

the state-transition equations rely on discrete differentiation of the estimator output.  In 

[35] , the hard jumps in the estimator outputs were removed by employing a post-processing 

optimal smoothing filter; however, this filter cannot be implemented in real time.  The 

problem of real-time sensor quantization mitigation is discussed in depth on our work. 

 

Open-Source-Sensor-Fusion is a state estimation software, intended to run on specific 

IMU platforms; it has excellent documentation, and easy access to source code [36] , though 

its last update was in 2015, making it less frequently updated than some of the other 

algorithms analyzed in this work.  This particular state estimation algorithm is designed only 

for fusion of IMU sensors (accelerometer, rate gyroscope, magnetometer) for estimating 

angular positions and velocities; therefore it is not a full robot localization solution on its 

Ï×ÎȢ  4ÈÉÓ ÐÒÏÃÅÓÓȟ ÏÆÔÅÎ ÃÁÌÌÅÄ ÍÁÇÎÅÔÉÃȟ ÁÎÇÕÌÁÒ ÒÁÔÅȟ ÁÎÄ ÇÒÁÖÉÔÙȟ ÏÒ Ȱ-!2'ȱȟ ÏÒ ÁÔÔÉÔÕÄÅȟ 

heaÄÉÎÇ ÒÅÆÅÒÅÎÃÅ ÓÙÓÔÅÍȟ ÏÒ Ȱ!(23ȱ ÅÓÔÉÍÁÔÉÏÎȟ ×ÁÓ ÆÏÒÍÁÌÌÙ ÐÕÂÌÉÓÈÅÄ ÁÓ Á ÃÏÍÐÌÅÔÅ 

filtering algorithm in [72] , and is generally considered to be a solved problem.  The majority 

of commercial IMU systems on the market today employ a similar built -in AHRS/MARG state 

estimator built in.  Documentation on the open-source sensor fusion Kalman filter 

implementation can be found in [37] . 

 

For further reading on AHRS/MARG state estimators, this application report [73]  of 

the well-documented, commercially-available-off-the-shelf (COTS) MSP430F5xx AHRS 

system by Texas Instruments details the application of a very similar system to hardware. 
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OpenIMU is an open-source state estimation software, intended to run on specific 

(open-source) sensor+microcontroller platforms; it has excellent documentation [40] , easy 

access to source code [39] , and is actively maintained at the time of writing.  The state 

estimation algorithm is documented on this webpage [41] ; it fuses sensor data from an 

accelerometer, rate gyroscope, magnetometer, GNSS/GPS, and a generalized velocity sensor 

for velocity measurements.  The state-transition model is a kinematic motion model based 

on the derivative changes in each state.  Similar to other state estimation algorithms 

scrutinized, not all sensors are required for the system to operate; however, a linear velocity 

sensor is necessary to correct the linear velocity state estimates, i.e. this state estimation 

algorithm will not provide a reasonable linear velocity estimate for a velocity-denied robot.   

 

PX4 is an open-source autopilot software, intended to run on specific (open-source) 

sensor+microcontroller platforms; it has good documentation [44], [47] , easy access to 

source code [43] , and is actively maintained at the time of writing.  The state estimation 

algorithm is documented on this webpage [45] , as well as additional details on this 

repository [46] .  PX4 fuses information from an IMU (accelerometer, rate gyroscope, 

magnetometer), height sensor (barometric pressure and/or GNSS/GPS), GNSS/GPS, 

rangefinder, airspeed, optical flow, and external vision sensor.  The state-transition model is 

a kinematic motion model based on the derivative changes in each state.  Similar to other 

state estimation algorithms scrutinized, not all sensors are required for the system to 

operate; however, a linear velocity sensor is necessary to correct the linear velocity state 

estimates, i.e. this state estimation algorithm will not provide a reasonable linear velocity 

estimate for a velocity-denied robot.   

 

ȰÒÏÂÏÔͺÌÏÃÁÌÉÚÁÔÉÏÎȱ is a state estimation software node/package that runs on the 

robot operating system (ROS) meta-operating system.  It has good documentation [51] , easy 

to access source code [49] , and is actively maintained at the time of writing.  Details about 

the state estimation algorithm are not well-documented; however, this 2016 paper [50]  

outlines the general operating, and performance of the robot_localization node.  

robot_localization fuses sensor data from position data from a GNSS, orientation data from a 
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IMU, and linear velocity data from a generalized velocity sensor (rotary encoder odometry 

data from a wheeled robot, and optical flow data from a low-altitude drone were cited 

examples).  At the time of publication of [50]  (2016), robot_localization does not utilize 

sensor data from the accelerometer, although this is expected future functionality.  Similar 

to other state estimation algorithms scrutinized, not all sensors are required for the system 

to operate; however, a linear velocity sensor is necessary to correct the linear velocity state 

estimates, i.e. this state estimation algorithm will not provide a reasonable linear velocity 

estimate for a velocity-denied robot.   

 

2.3.2. Surface vehicle Kalman filter-based estimators 

 

Alam et al. [52]  describes a state estimation algorithm based on the extended Kalman 

filter for a high speed surface and aerial vehicle.  The state-transition model is a kinematic 

motion model based on the fusion of a GNSS and IMU sensor.  The problem statement of this 

paper is similar to our work, as their goal is to extract position and velocity using only a GNSS 

and IMU sensor; however, this work measures velocity from the direct output of the GNSS 

sensor.  Because low-cost GNSS sensors operating in single point precision (SPP) mode 

calculate velocity by directly differentiating two consecutive positions, this velocity 

measurement is very poor, i.e. meter-per-second-level of accuracy [74] .  Their sensor fusion 

positioning system has a RMSE accuracy of 6.4m, as compared to a reference RTK-based 

GNSS positioning system.  It is unclear what GNSS velocity system was employed, and the 

paper explicitly states that the velocity performance was not ultimately evaluated against 

any known ground truth.   

 

Dhariwal et al. [53]  describes a state estimation algorithm based on the extended 

Kalman filter for a surface vehicle.  The state-transition model is a dynamic model based on 

the vehicle mass Coriolis, centripetal, damping, buoyancy and gravitational forces.  The state-

transition model fuses sensor data from a GNSS, IMU, and open loop velocity data based on 

straight-line testing of commanded inputs, equivalent thruster force, and conversion 

efficiency parameters.  Tentative conclusions suggest waypoint accuracy of approximately 2 
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m, which is very close to the GNSS/GPS precision.  This demonstrates very high dependence 

on position measurements from the GNSS.  The accuracy of the linear velocity state estimates 

was not presented.   

 

Subramanian et al. surface vehicle [55]  describes a state estimation algorithm based 

on the extended Kalman filter for a surface vehicle.  The purpose of this vehicle is to visually-

track features on the shoreline using an omni-directional camera; these features are located 

relative to the vehicle pose.  The state-transition model is a kinematic motion model based 

on the fusion of a GNSS, IMU, doppler velocity log, and visually tracked features in the 

environment from the camera.  They found that their vision tracking method is reliable in a 

river environment but has trouble in environments with strong reflecting ripples.  Objective 

analysis of the robot estimator localization performance was not presented.  

 

2.3.3. Underwater vehicle Kalman filter-based estimators 

 

Bozorg et al. [56]  describes a state estimation algorithm based on the extended and 

unscented Kalman filter for an underwater vehicles.  The state-transition model is a 

kinematic motion model based on the fusion of an inertial navigation system and doppler 

velocity log in simulation.  They found that the extended Kalman filter outperformed the 

unscented Kalman filter on simulated data of an NPS AUV II underwater vehicle. 

 

Ferreira et al. [57]  describes a state estimation algorithm based on the extended 

Kalman filter and the particle filter for the  MARES underwater vehicle; the performance of 

the two state observer methods are then compared.  The state-transition model is a dynamic 

model based on the vehicle mass, Coriolis, drag, gravity, and thruster forces.  It fuses sensor 

data from a magnetometer, rate gyroscopes, depth sensor, and two long baseline acoustic 

beacons for positioning.  They found that the particle filter is a promising estimator that does 

not make assumptions about the system noise; however, the number of particles must be 

large to ensure robustness; they frequently experience divergence in their particle filter 

estimates.  Conversely, the extended Kalman filter requires that assumptions about the noise 
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are made, and requires initialization, but is generally more robust and less exigent in terms 

of computational requirements.   

 

Gadre et al. [58]  describes a state estimation algorithm based on the extended Kalman 

filter for an underwater vehicle.  The state-transition model is a kinematic motion model 

based on the fusion of a magnetometer, depth sensor, open loop velocity measurement based 

on propeller velocity, and position based on an acoustic pulse.  They found that the system 

was fully observable for all trajectories except for those that are segments of straight lines 

that pass through the origin (the location of the acoustic beacon).   

 

Karras et al. [59]  describes a state estimation algorithm based on the Kalman filter 

for an underwater vehicle.  The state-transition model is a kinematic motion model based on 

the fusion of an IMU and a laser-based vision system that consists of two underwater laser 

pointers and a single CCD camera mounted on the ROV.  They found that the laser-based 

vision system corrects the unbounded position error of the IMU, even after long periods of 

time where no measurements were taken.   

 

Loebis et al. [60]  describes a state estimation algorithm based on the extended 

Kalman filter with adaptive covariance tuning using fuzzy logic for an underwater vehicle.   

The state-transition model is a kinematic motion model based on the fusion of an IMU 

periodic GPS (when the vehicle surfaces).  They found that the adaptive covariance tuning 

based on fuzzy logic improved the estimation accuracy of the extended Kalman filter. 

 

Petillot et al. [61]  describes a state estimation algorithm based on the Kalman filter 

for an underwater vehicle.   The state-transition model is a kinematic motion model based 

on the fusion of an IMU and forward-facing multi-beam sonar for 2D obstacle avoidance, 

mapping via constructive solid geometry, and extraction of the dynamics of features in the 

surrounding environment.  They demonstrated their algorithm on real sonar data in a real 

trial, finding that their system generates very smooth paths, can handle complex and 
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changing workspaces, and can be used for improved motion estimation using the tracking 

module for sonar servoing, and simultaneous localization and mapping. 

 

Sabet et al. [62]  describes a process for more-accurately estimating the hydrodynamic 

coefficients of an underwater vehicle.  These coefficients can be used to build the equations 

of motion of a state-transition model for the pose estimation of an underwater vehicle.  This 

dynamical model is highly detailed, including three-dimensional coefficients for cross-flow 

drag, added mass, added mass cross-term, added mass cross-term and fin lift, rolling 

resistance, body and fin lift and Munk moment, body lift force and fin lift, fin lift force, fin lift 

moment, propeller thrust, and propeller torque.  These equations of motion were then used 

as state-transition equations for extended and unscented Kalman filters.  They found that the 

unscented Kalman filter is faster and more accurate than the extended Kalman filter for their 

state-transition equations.   

 

2.3.4. Wheeled vehicle Kalman filter-based estimators 

 

Bayramoglu et al. [63]  describes a state estimation algorithm based on the extended 

Kalman filter for a differential -drive two-wheel robot.  The state-transition model is a 

kinematic motion model based on the fusion of incremental measurements from wheel 

encoders and visual odometry data from a camera based on a vanishing point analysis in a 

corridor.   Their system demonstrated localization accuracy of σ ὧά for path segments 

ρπ ά. 

 

Jetto et al. [64]  describes a state estimation algorithm based on the ȰÁÄÁÐÔÉÖÅȱ 

extended Kalman filter for a differential -drive two-wheel robot.  The state-transition model 

is a kinematic motion model based on the fusion of incremental measurements from wheel 

encoders and extrinsic proximity sonar sensors.  In this system, the noise covariances of the 

extended Kalman filter are varied as the robot moves through the environment.  They found 

that an adaptive algorithm of this nature shows promise for preventing filter divergence over 

time.    
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Kiriy et al. [65]  describes a state estimation algorithm based on the extended Kalman 

filter for a differential -drive three-wheel robot intended for lawn moving on golf courses.  

The state-transition model is a kinematic motion model based on the fusion of incremental 

measurements from wheel encoders, a fiber-optic rate gyroscope, and machine vision from 

a camera.   This system demonstrated an average cartesian error of 0.352 m with a 0.296 m 

standard deviation, relative to a ground truth trajectory.  

 

Kwon et al. [66], [67]  describes a state estimation algorithm based on the extended 

Kalman filter for a differential-drive two-wheel robot.  The state-transition model is a 

kinematic motion model based on the fusion of incremental measurements from wheel 

encoders and ÐÏÓÉÔÉÏÎ ÄÁÔÁ ÆÒÏÍ ÁÎ ȰÉÎÄÏÏÒ '03ȱ ÓÙÓÔÅÍȢ  4ÈÉÓ ÉÎÄÏÏÒ '03 ÅÍÐÌÏÙÓ ÆÏÕÒ 

ultrasonic transducers in the ceiling, and two ultrasonic receivers positioned on the robot.  

They found that the estimator proved to be promising for indoor mobile robot localization, 

even with environmental disturbance such as an uneven floor, doorsill, and other obstacles.  

 

Lee et al. [68]  describes a state estimation algorithm based on the extended Kalman 

filter for a differential -drive two-wheel robot.  The state-transition model is a kinematic 

motion model based on the fusion of incremental measurements from wheel encoders and 

one or more optical flow sensors.  Because wheel encoders and optical flow are both 

incremental sensor systems (it lacks a correcting absolute or extrinsic sensor system like 

GNSS, vision, laser scans, etc.) the purpose of this work is to improve the accuracy of 

intermediate position and velocity estimates over a standalone wheel encoder system.    They 

found that the fusion of the optical flow sensors gives better estimates than when dead 

reckoning.   

 

Messom et al. [69]  describes a state estimation algorithm based on the Kalman filter 

for a differential-drive two-wheel robot.  The state-transition model is a kinematic motion 

model based on the fusion of incremental measurements from wheel encoders and visual 

data from a camera.  In this particular application, the state estimator tracks, and localizes 



47 

 

off of the position of a stationary ball using the camera.  This system demonstrated improved 

ball tracking and interception rate and was successfully deployed in the 2002 Singapore 

Robotics Games and 2002 FIRA Robot World Soccer Competition. 

 

2.3.5. Summarizing existing state estimation estimators for robot localization 

 

There are two important takeaways from our survey of existing state estimation 

algorithms.  Firstly, state observer state-transition models are based on a kinematic motion 

model or a dynamical model based on the dynamics of the robot, with a heavy preference on 

the former.  This is somewhat surprising, since Kalman filters are typically thought of as 

dynamic state estimators, i.e. integrating the plant dynamics to predict the state of the 

system at a forward point in time.  In these kinematic motion models, the state-transition 

equations follow the form given in equation (1). 

 

 

(1) 

 

Equation (1) ÃÁÎ ÂÅ ÉÎÔÅÒÐÒÅÔÅÄ ÁÓ ȰÔÈÅ ÓÔÁÔÅ ÁÔ ÔÉÍÅ Ὧ ρ can be predicted by the state at 

time Ὧ summed with its motion (the product of its derivative and the discrete time step)ȱȢ  

There are minor differences from robot to robot, particularly when the kinematic frame 

transformations are folded into the state-transition equations; however, the motion model 

consistently follows this intuitive form.  The philosophy of the kinematic motion model can 

be described as predicting the positions and velocities of the robot based on the based on 

integrating its past motion based on an assumption of constant acceleration.  For this reason, 

this kinematic motion model is often called the ȰÃÏÎÓÔÁÎÔ ÁÃÃÅÌÅÒÁÔÉÏÎȱ state-transition 

model [31], [41], [45], [69], [75], [76] . 

 

ὼ ὼ ὼẗὨὸ 
 
Where 
ὼ  is the state at time Ὧ ρ 
ὼ is the state at time Ὧ 
ὼ is the derivative of the state 
Ὠὸ is the discrete-time step 
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A dynamic state-transition model contains information about the dynamic constants 

of the system, e.g. inertia, drag, external forces, etc.  These state-transition equations are 

given the input forces to the system at each point in time, and the equations can be integrated 

to solve for the resulting velocities and accelerations.  The work by Fossen in [77]  suggests 

the candidate two-dimensional model for estimation of velocities using only position and 

heading measurements in equation (2). 

 

 

(2) 

 

There are advantages to disadvantages to the kinematic motion model like the one 

given in equation (1) and a dynamic model like the one given in equation (2).  A kinematic 

motion model allows the state observer to estimate the robot states without information 

about the dynamics of the robot or the surrounding environment.  This has the advantage of 

a single estimator universally working for all robot systems, regardless of the size and 

dynamics of the robot system.  The disadvantage of the kinematic motion model is inherent 

in its assumption of constant acceleration; because the state-transition equation does not 

ÔÁËÅ ÔÈÅ ÃÏÎÔÒÏÌÌÉÎÇ ÆÏÒÃÅ ÉÎÐÕÔ ÉÎÔÏ ÁÃÃÏÕÎÔȟ ÉÔ ×ÉÌÌ ÈÁÖÅ ÐÏÏÒÅÒ ȰÄÅÁÄ ÒÅÃËÏÎÉÎÇȱ (pose 

estimation without absolute and/or extrinsic position measurement) performance.  By 

contrast, a dynamic model will demonstrate improved state estimation performance, but 

requires that the dynamic properties of the system are precisely characterized for the robot 

at each time step.  Robot systems equipped with absolute and/or extrinsic position sensors 

like GNSS, visual feature tracking, laser scans, etc. can bound their absolute position error, 

and thus, do not require maximum dead reckoning performance.  For these cases, the 

universality and ease-of-implementation of a kinematic motion model are generally 

ὓὼ ὅὼ Ὀὼ Ὑ ‪ὦ Ὣ ʐ †  
 
Where 
ὓ is the mass/inertia matrix of the vehicle 
ὅ is the Coriolis matrix of the vehicle 
Ὀ is the hydrodynamic damping matrix of the vehicle 
Ὑ is the measurement noise covariance 
ὦ bias vector due to ocean currents and unmodeled dynamics 
† is the vector of the controlling force input  
†  is the vector of wind-induced force 
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preferred.  In cases where robot systems are expected to dead reckon for extended periods 

of time, such as underwater and GNSS-denied applications, a fully characterized dynamical 

model will significantly improve estimator performance.  Thusly, I will be using a state-

transition model based on the kinematic motion model given in equation (1).  This will be 

described in detail in section 2.6. 

 

The second important takeaway from our survey of existing state estimation 

algorithm is the need for a generalized linear velocity sensor for both pose and twist 

estimation.  When employing an absolute or extrinsic position sensor to bound the error of 

the position state, smooth position state estimation performance in between position 

measurement updates requires a linear velocity sensor; however, linear velocity sensors like 

wheel encoders, air speed, optical flow, or doppler velocity log sensors are only situationally 

applicable and/or cost prohibitive.  In two fringe examples, Dhariwal et al. [53]  and Gadre et 

al. [58]  attempted to solve this problem by approximating the linear velocity state based on 

the open loop control inputs to the underwater thrusters.  In both cases, the accuracy of the 

final velocity estimate was not evaluated; however, one can assume that these open loop 

methods are inferior to a true physical sensor.  This reinforces the need for a state estimation 

algorithm that is capable of convergent pose and twist estimation for robots without a 

physical linear velocity sensor. 

 

2.4. The discrete Kalman filter 

 

The discrete Kalman filter is an iterative linear filtering and prediction process 

proposed in 1960 [8]  that falls under a wider family of Bayesian filters [78] .  Rather than 

treating measurements as direct reflections their respective state, the Kalman filter treats 

each measurement as a contribution to a joint probability distribution.  The Kalman filter 

consists of two steps; the first prediction step takes state estimates from the previous 

iteration, and inputs them into its state-transition  dynamical model to predict the state of 

the current iteration; the second update step takes the predicted states, and compares them 

against state measurements using a weighted average, with more weight given to whichever 
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value has less covariance (more certainty).  The weighted average of each state becomes the 

pose estimate of the Kalman filter, which is then used as the input to the prediction step of 

the next filter iteration.  

 

The first step of the Kalman filter is referred to as the predict step.  In this step, the 

Kalman filter calculates a state vector estimate prediction ὼᴆ  by evaluating the state-

transition matrix Ὂᴆ and input matrix ὄᴆ using the state vector from the previous iteration  ὼᴆ 

and the inputs from the current iteration όᴆ.  The Kalman filter also calculates the error 

covariance matrix prediction ὖᴆ  using the error covariance matrix from the previous 

iteration ὖᴆ, the state-transit ion matrix Ὂᴆ, and process noise covariance matrix ὗᴆ.  The 

predict step equations are given in equations (3) and (4), respectively. 

 

 

(3) 

 

ὼᴆ Ὂᴆὼᴆ ὄᴆόᴆ 
 
Where 

ὼᴆ  is the state vector estimate prediction.  It describes the prediction of the 
state vector estimate after considering its internal state-transition model, but 
does not consider any measured data.  It is a ὲ ρ vector, where ὲ is the 
number of states.  

Ὂᴆ is the state-transition matrix .  It describes the equations-of-motion (or 
dynamical equations) of the system in matrix form.  It is a ὲ ὲ matrix, 
where ὲ is the number of states. 

ὼᴆ is the state vector at time Ὧ.  In most cases, this is the state vector estimate 
ÕÐÄÁÔÅ ÆÒÏÍ ÔÈÅ ÐÒÅÖÉÏÕÓ ÉÔÅÒÁÔÉÏÎȟ ×ÈÉÃÈ ÄÅÓÃÒÉÂÅÓ ÔÈÅ +ÁÌÍÁÎ ÆÉÌÔÅÒȭÓ 
previous final estimate after considering its internal state-transition model 
and the measured data.  It is a ὲ ρ vector, where ὲ is the number of states. 

ὄᴆ is the input matrix.  It describes the inputs to the equations-of-motion (or 
dynamical equations) of the system in matrix form.  It is a ὲ ά  matrix, 
where ά is the number of input states. 

όᴆ is the input vector.  It describes the inputs to the equations-of-motion for each 
iteration of the Kalman filter.  It is a ά ρ vector, where ά is the number of 
input states. 
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(4) 

 

 The second step of the Kalman filter is referred to as the update step.  In this step, the 

filter calculates the Kalman gain matrix, ὑᴆ, which is a matrix that describes the weighted 

average of the variance between the error covariance matrix prediction ὖᴆ , and the 

measurement noise covariance matrix Ὑᴆ, while taking into account the observability matrix 

ὑᴆ.  The Kalman filter then calculates a state vector estimate update ὼᴆ , using the Kalman 

gain matrix ὑᴆ and observability matrix Ὄᴆ to weight the state vector estimate prediction 

ὼᴆᴂ  against the measurements ᾀᴆ.  Finally, the Kalman filter calculates an error covariance 

matrix update ὖᴆȿ based on the Kalman gain matrix ὑᴆ, observability matrix Ὄᴆ, and error 

covariance matrix prediction ὖᴆᴂ .  The Kalman gain matrix, state vector estimate update, 

and error covariance matrix update equations are given in equations (5),(6), and (7), 

respectively. 

 

ὖᴆ ὊᴆὖᴆὊᴆ ὗᴆ 
 
Where 

ὖᴆ  is the error covariance matrix prediction.  It describes the variance 
(certainty) of the state vector estimate prediction after considering its 
internal state-transition model, but does not consider any measured data.  It 
is a ὲ ὲ matrix, where ὲ is the number of states. 

Ὂᴆ is the state-transition matrix .  It describes the equations-of-motion (or 
dynamical equations) of the system in matrix form.  It is a ὲ ὲ matrix , 
where ὲ is the number of states. 

ὖᴆ is the error covariance matrix at time Ὧ.  In most cases, this is the error 
covariance matrix update from the previous iteration, which describes the 
variance (certainty) of the state vector estimate update after considering its 
internal state-transition model and the measured data.  It is a ὲ ὲ matrix, 
where ὲ is the number of states. 

ὗᴆ is the process noise covariance matrix.  It describes the variance 
(uncertainty) of each component in the state-transition model in matrix 
form.  It is a ὲ ὲ matrix, where ὲ is the number of states. 
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(5) 

 

 

(6) 

 

ὑᴆ ὖᴆ Ὄᴆ Ὄᴆὖᴆ Ὄᴆ Ὑᴆ  

 
Where 

ὑᴆ is the Kalman gain matrix.  It describes the relative variance (certainty) 
between the internal state-transition model and the measured data.  It is a 
ὲ ὲ matrix, where ὲ is the number of states. 

ὖᴆ  is the error covariance matrix prediction.  It describes the variance 
(certainty) of the state vector estimate prediction after considering its 
internal state-transition model, but does not consider any measured data.  It 
is a ὲ ὲ matrix, where ὲ is the number of states. 

Ὄᴆ is the observation matrix.  It describes the observability of each state in 
matrix form.  It is a ὲ ὲ matrix, where ὲ is the number of states. 

Ὑᴆ is the measurement noise covariance matrix.  It describes the variance 
(uncertainty) of each measurement in matrix form.  It is a ὲ ὲ matrix, 
where ὲ is the number of states.  

 
 
 
 
 

ὼᴆ ὼᴆᴂ ὑᴆᾀᴆ Ὄᴆὼᴆᴂ  

 
Where 

ὼᴆ  is the state vector estimate updateȢ  )Ô ÄÅÓÃÒÉÂÅÓ ÔÈÅ +ÁÌÍÁÎ ÆÉÌÔÅÒȭÓ ÐÒÅÖÉÏÕÓ 
final estimate after considering its internal state-transit ion model and the 
measured data.  It is a ὲ ρ vector, where ὲ is the number of states. 

ὼᴆᴂ  is the state vector estimate prediction calculated in the predict step of the 
Kalman filter.  It describes the prediction of the state vector estimate after 
considering its internal state-transition model, but does not consider any 
measured data.  It is a ὲ ρ vector, where ὲ is the number of states.  

ὑᴆ is the Kalman gain matrix.  It describes the relative variance (certainty) 
between the internal state-transition model and the measured data.  It is a 
ὲ ὲ matrix, where ὲ is the number of states. 

ᾀᴆ is the measurement input vector.  It describes the measurements of each state 
for that iteration of the Kalman filter.  It is a ὲ ρ vector, where ὲ is the 
number of states. 

Ὄᴆ is the observation matrix.  It describes the observability of each state in 
matrix form.  It is a ὲ ὲ matrix, where ὲ is the number of states. 
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(7) 

 

Note that this is the condensed, or sometimes called ȰÏÐÔÉÍÁÌȱ ÆÏÒÍ ÏÆ ÔÈÅ ÄÉÓÃÒÅÔÅ +ÁÌÍÁÎ 

ÆÉÌÔÅÒȢ  &ÏÒ ÔÈÅ ÆÕÌÌȟ ÓÏÍÅÔÉÍÅÓ ÃÁÌÌÅÄ Ȱ*ÏÓÅÐÈȱ ÆÏÒÍȟ ÓÅÅ ÉÔÓ ÏÒÉÇÉÎÁÌ ÄÅÒÉÖÁÔÉÏÎ [8] . 

 

 The state vector ὼᴆ  in equation (6) is taken as the most current state estimate, and 

the error covariance matrix ὖᴆ  in equation (7) is taken as the most current error 

covariance matrix for that iteration of the Kalman filter.  At the next iteration, ὼᴆ  becomes 

ὼᴆ, and ὖᴆ  becomes ὖᴆ, and the cycle continues.  

 

2.5. Measurements 

 

The GNSS+IMU sensor system focused on in this work gives only limited state 

information.  In this section, I will discuss the quality of the measurements that one can 

expect from a relatively low-cost GNSS and IMU sensor.  I am particularly interested in sensor 

precision (variance) and refresh rate, as these quantities are crucially important when 

designing a state estimator.  To do this, I survey the specifications of several low cost GNSS 

and IMU sensors, and select reasonable values for variance and refresh rate.  Typical low-

cost GNSS sensors are listed in Table 1, and typical low-cost IMU sensors are listed in Table 

ὖᴆ ὖᴆᴂ ὑᴆὌᴆὖᴆᴂ  
 
Where 

ὖᴆ  is the error covariance matrix update.  It describes the variance (certainty) 
of the state vector estimate update after considering its internal state-
transition model and the measured data.  It is a ὲ ὲ matrix, where ὲ is the 
number of states. 

ὖᴆᴂ  is the error covariance matrix prediction calculated in the predict step of 
the Kalman filter.  It describes the variance (certainty) of the state vector 
estimate prediction after considering its internal state-transit ion model, but 
does not consider any measured data.  It is a ὲ ὲ matrix, where ὲ is the 
number of states. 

ὑᴆ is the Kalman gain matrix.  It describes the relative variance (certainty) 
between the internal state-transition model and the measured data.  It is a 
ὲ ὲ matrix, where ὲ is the number of states. 

Ὄᴆ is the observation matrix.  It describes the observability of each state in 
matrix form.  It is a ὲ ὲ matrix, where ὲ is the number of states. 
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2.  Note that neither of these Tables are intended to be a comprehensive study of sensor 

capabilities, rather, it is a starting point for understanding the measurement covariances of 

the relevant states.   

 

Table 1: Typical Low-Cost GNSS Sensors 
GPS Sensor Cost Approx. Variance Refresh Rate 

NEO-M8P [79]  $199.95 [80]  2.5 m 1 Hz 
Copernicus II DIP [81]  $75.95 [82]  2.5 m 1 Hz 

EM-506 [83]  $39.95 [84]  2.5 m 1 Hz 
LS20031 [85] $69.95 [86]  3 m 1 Hz 

FGPMMOPA6H [87]  $39.95 [88]  3 m 1 Hz 

 

Note that GNSS sensors can output a linear velocity measurement; however, for low-cost 

GNSS sensors operating in single point precision (SPP) mode, the linear velocity is calculated 

by differentiating two consecutive positions which results in meter-per-second-level of 

accuracy at the refresh rate of the sensor which is generally not useful for navigation [74] .  

Higher cost GNSS systems capable of carrier-phase measurement, and a means of carrier-

phase ambiguity resolution (through a variety of methods) are capable of more accurate 

linear velocity measurement [89] ; however, these systems are not low-cost and still a very 

active research area [77] . 

 

Table 2: Typical Low-Cost IMU Sensors 
IMU 

Sensor 
Cost Rate Gyroscope Accelerometer 

AHRS (magnetometer & 
rate gyroscope fusion) 

  
Approx. 
Variance 

Refresh 
Approx. 
Variance 

Refresh 
Rate 

Approx. 
Variance 

Refresh 
Rate 

MPU-
9250 [90]  

$39.95 
[91]  

5 °/s  250 Hz 0.58 m/s2 500 Hz   

BNO080 
[92]  

$34.95 
[93]  

3.1 °/s  1000 Hz 0.3 m/s 2 500 Hz 4.5 ° 100 Hz 

UM7 [94]  
$139.95 

[95]  
 255 Hz  255 Hz 5 ° 255 Hz 

VMU931 
[96]  

$99.00 
[97]  

 1000 Hz  1000 Hz  1000 Hz 

 

For IMU sensors, it is common practice not to list the precision of each individual 

sensor, as these values can vary quite significantly.  In particular, the magnetometer 

measures the surrounding magnetic field, this information is then often internally fused to 

other measurements to estimate angular position.  The variance in sensor quality, estimation 
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algorithm, and other facts can make direct comparisons between IMU sensors difficult.  The 

information on Table 2 is only listed if it is explicitly stated in the respective sensor 

datasheet.   

 

Table 3 takes the information from Table 1 and Table 2 in the context of the nine 

possible states of a robot in two dimensions: three degrees-of-freedom ὼȟώȟ‪  for position, 

velocity, and acceleration.  Because these values will be used to simulate the performance of 

the Kalman filter, care was taken to choose conservative values.   

 

Table 3: Typical of State Measurements from a Low-Cost GNSS+IMU Sensor System 
State Measuring Sensor Approx. Variance Refresh Rate 

linear position, ὼ GNSS 2.5 m 1 Hz 
linear position, ώ GNSS 2.5 m 1 Hz 

angular position, ‪ IMU AHRS 5 ° 20 Hz 
linear velocity, ὼ Unmeasured   
linear velocity, ώ Unmeasured   

angular velocity, ‪ IMU Rate Gyroscope 5 °/s  20 Hz 

linear acceleration, ὼ IMU Accelerometer 0.6 m/s2 20 Hz 
linear acceleration, ώ IMU Accelerometer 0.6 m/s2 20 Hz 

angular acceleration, ‪ Unmeasured   

 

2.6. The constant-acceleration state-transition model 

 

 The purpose of the state-transition model, Ὂᴆ, is used in the predict step of the Kalman 

filter, i.e. equations (6) and (7).  It takes the state estimate from the previous iteration of the 

Kalman filter ὼᴆ ȿ, and predicts its next state ὼᴆȿ .  In the following update step of the 

Kalman filter, this state prediction is then weighted against state measurements to form an 

improved state update.  An accurate state prediction is important, as it can serve two 

different functions in a Kalman filter: (1) if no measurement is available, the state prediction 

is the only quantity informing the state estimate, and (2) if a measurement is available, the 

weighting the probabilistic state prediction against the probabilistic state measurement will 

help filter noisy values in the state measurement. 
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The previously-mentioned constant-acceleration state-transition model is the most 

commonly cited model in open-source sensor fusion implementations [69], [75], [76].  It is 

based on the general form the Taylor series expansion given in equation (8). 

 

 

(8) 

 

In the constant-acceleration state-transition model, it is common to make three assumptions.  

First, the expansion function directly predicts the state variable, i.e., Ὢὥ ὼᴆ.  Second, the 

state-transition model operates in the Kalman filter discrete-time domain, i.e. Ὢὥὸ

ὪὯ, with time step Ὠὸ.  Third, the higher order terms of the Taylor series expansion can be 

neglected for simplicity.  With these assumptions, equation (8) can be re-written for a single 

state variable ὼ in equation (1) given previously in section 2.3.5.  Equation (1) is expresses 

the state variable ὼ as the full state vector ὼᴆ in equation (9).  

 

 

(9) 

 

If the robot area-of-operation can be approximated as two-dimensional, there are two 

linear degrees-of-freedom ὼȟώ and a single rotational degree of freedom ‪.  For robot 

localization with a GNSS and IMU sensor, I am interested in estimating the robot position, 

velocity, and acceleration.  Expanding equation (9) with the full set of state variables results 

in equation (10). 

 

Ὢὼ Ὢὥ
Ὢ ὥẗὼ ὥ

ρȦ

Ὢ ὥẗὼ ὥ

ςȦ

Ὢ ὥẗὼ ὥ

σȦ
Ễ 

Ὢ ὥ

ὲȦ
ὼ ὥ  

ὼᴆ ὼᴆ ὼᴆẗὨὸ 
 
Where  
ὼᴆ  is the state vector at time Ὧ ρ  
ὼᴆ is the state vector at time Ὧ 

ὼᴆ is the derivative of the state vector at time Ὧ 
Ὠὸ is the time step for iteration Ὧ 
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(10) 

 

Each state in the model given in equation (10) requires knowledge of its past 

derivative.  This is not a problem for the position and velocity states (which require velocity 

and acceleration, respectively), but the acceleration state requires an estimate of the third 

ÄÅÒÉÖÁÔÉÖÅȟ ÓÏÍÅÔÉÍÅÓ ÃÁÌÌÅÄ ÔÈÅ ȰÊÅÒËȱ ÏÒ ȰÌÕÒÃÈȱ ÄÅÒÉÖÁÔÉÖÅȢ  This state variable is neither 

measured, nor estimated, the prediction of this acceleration state in this form will not work; 

however, the inertial forces of most robot systems are much larger than the forces that put 

ÔÈÅÍ ÉÎÔÏ ÍÏÔÉÏÎȟ ÔÈÕÓȟ ÉÔȭÓ Á ÒÅÁÓÏÎÁÂÌÅ ÁÐÐÒÏØÉÍÁÔÉÏÎ ÔÏ ÉÇÎÏÒÅ ÔÈÅ ÊÅÒËȾÌÕÒÃÈ ÅÆÆÅÃÔÓ ÁÎÄ 

leave the acceleration terms constant.  This assumption of constant acceleration gives this 

model its name, ÔÈÅ ȰÃÏÎÓÔÁÎÔ-ÁÃÃÅÌÅÒÁÔÉÏÎȱ ÓÔÁÔÅ-transition model.  This is shown in 

equation (11). 
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Where  
ὼ is the linear position of the robot 
ώ is the linear position of the robot 
‪  is the angular position of the robot 
ὼ is the linear velocity of the robot 
ώ is the linear velocity of the robot 

‪  is the angular velocity of the robot 
ὼ is the linear acceleration of the robot 
ώ is the linear acceleration of the robot 
‪  is the angular acceleration of the robot 
Ὠὸ is the discrete time step 

s 
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(11) 

 

Equation (11) is written more conveniently in matrix form in equation (12). 

 

 

(12) 

 

 Equation (12) takes the state vector at time Ὧ, and multiplies it by a state-transition 

matrix to predict the state vector at time Ὧ ρ without the need for information about inputs 

to the system.  It is common for robot state estimators to incorporate kinematic transforms 

that convert state variables from one reference frame to another, e.g. a measurement taken 

with respect to the robot body frame to an equivalent measurement with respect to the local 

map frame, or vice-versa.  This transform introduces sines and cosines into the state 

transition matrix, making equations of motion nonlinear; however, this transformation can 

also be performed on the measurements before or after the state-transition prediction, 

which will preserve the linearity of the state-transition matrix.  In fact, it behooves the filter 

designer to perform these transformations outside of the state-transition equations, as I will 

discuss in detail in section 3.1. 

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὼ
ώ
‪
ὼ
ώ

‪
ὼ
ώ

‪ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὼ ὼẗὨὸ
ώ ώẗὨὸ

‪ ‪ ẗὨὸ
ὼ ὼẗὨὸ
ώ ώẗὨὸ

‪ ‪ ẗὨὸ
ὼ
ώ

‪ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 

 
See equation (10) for variable listing 

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὼ
ώ
‪
ὼ
ώ

‪
ὼ
ώ

‪ Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ρ π π Ὠὸ π π π π π
π ρ π π Ὠὸ π π π π
π π ρ π π Ὠὸ π π π
π π π ρ π π Ὠὸ π π
π π π π ρ π π Ὠὸ π
π π π π π ρ π π Ὠὸ
π π π π π π ρ π π
π π π π π π π ρ π
π π π π π π π π ρỨ

ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

ẗ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὼ
ώ
‪
ὼ
ώ

‪
ὼ
ώ

‪Ứ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

 

 
See equation (10) for variable listing 
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2.7. Shortcomings of existing state estimation algorithms for velocity-denied mobile 

robots 

 

The goal of this chapter was to describe Á ȰÇÅÎÅÒÁÌȱ ÆÏÒÍ ÏÆ ÔÈÅ ÒÏÂÏÔ ÌÏÃÁÌÉÚÁÔÉÏÎ ÓÔÁÔÅ 

estimation algorithm used for existing robot platforms.  In section 2.1, I described the 

importance of state estimation and sensor fusion for the task of robot localization.  In section 

2.2, I discussed the two preeminent probabilistic state observer methods for robot 

localization: the Kalman filter and the non-parametric particle filter.  I learned that the 

particle filter models the probability distrib ution of the surrounding environment, whereas 

the Kalman filter models the probability distribution of the robot using a unimodal Gaussian 

distribution.  The particle filter has demonstrated promising results for robot localization in 

unstructured environments; however, it is more applicable to extrinsic sensors that measure 

properties of the surrounding environment, e.g. vision, laser scans, sonar, etc.  The low-cost 

GNSS and IMU sensors used in our work directly measure robot state variables, which is 

more appropriate for the Kalman filter approach.  Therefore, in section 2.3, I scrutinized 

open-source/well -documented state estimation algorithms based on the Kalman filter for 

known robot platforms.  From this analysis, I learned two important points:  

 

¶ If maximizing dead reckoning estimation performance is a priority, a state-transition 

model based on a dynamical model of the robot and environmental variables is 

necessary.  If employing absolute and/or extrinsic sensors that can reliably bound 

absolute pose measurement error, a state-transition model based on a kinematic 

motion model is more universally applicable and easier to implement.  For this 

reason, I use a kinematic motion model in my improved state estimation algorithm.   

¶ Nearly all existing state estimation algorithms require a generalized linear velocity 

sensor for smooth position estimation performance between position measurement 

updates; however, linear velocity sensors like wheel encoders, air speed, optical flow, 

or doppler velocity log sensors are only situationally applicable and/or cost 

prohibitive.  This reinforces the need for a state estimation algorithm that is capable 
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of convergent pose and twist estimation for robots without a physical linear velocity 

sensor.   

 

In section 2.4, I discussed the operation of the discrete Kalman filter, the state observer at 

the heart of many state estimation algorithms.  Then in sections 2.5, I described the 

measurements generally available to a GNSS+IMU sensor system.  Finally, in section 2.6, I 

discussed the constant-acceleration state-transition kinematic motion-tracking model used 

in many state estimators for robot localization.   

 

 This concludes our analysis of the underlying operation and performance of existing 

state estimation algorithms.  The goal of subsequent chapters in this work will be propose 

an improved state estimation algorithm that will convergently estimate pose and twist for a 

velocity-denied mobile robot using only a GNSS+IMU sensor system.  This improved state 

estimation algorithm will need to address the shortcomings outlined in this chapter. 
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3. An improved state estimation algorithm based on a cascading, dual-frame, 

motion-tracking estimator 

 

In this chapter, I describe our improved state estimation algorithm for pose and twist 

estimation for a velocity-denied robot using only a GNSS+IMU sensor system.  This improved 

state estimator is based on a discrete Kalman filter with a state-transition model based on 

the kinematic motion model presented in equation (3).  This state estimator solves four core 

challenges which are discussed in detail in the following sections.  They are: 

 

¶ A discrete-time interpre tation of the robot body reference frame.  Sensor data from 

the GNSS (linear position) is measured relative to the map frame, but sensor data 

from the IMU (angular position, linear velocity, and linear acceleration) is measured 

relative to the robot body frame.  To fuse these states properly, the linear position 

data from the GNSS should be converted to the robot body frame; however, existing 

reference frame nomenclature does not define linear position states in the robot body 

reference frame, as these states do not typically have an immediate physical 

interpretation.  In section 3.1, I describe a discrete-time interpretation of the robot 

body frame state vector that will allow us to define the state variables necessary  to 

fuse data from the GNSS and IMU in the robot body frame.   

¶ Adaptive covariance profiling for sensor quantization mitigation and improved 

estimator prediction capability.  As shown in Table 3, the GNSS and IMU have 

significantly different  update rates, this is problematic, as the filter designer needs to 

decide how to incorporate measurements into the state estimation algorithm in 

between sensor updates.  In section 3.2, I describe my implementation of covariance 

profiling, which involves varying the relative measurement noise covariance of the 

state measurements to reflect the decaying accuracy of a measurement as time 

ÅÌÁÐÓÅÓ ÓÉÎÃÅ ÉÔȭÓ ÌÁÓÔ ÕÐÄÁÔÅȢ  I use covariance profiling to smooth jumps in the 

estimator output in response to new measurements (quantization) and/or increase 

our estimate accuracy.   
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¶ Unobserved linear velocity estimation based on the moving-mean forward-difference 

of GNSS position data, and trapezoidal method of accelerometer (IMU) data.  In 

section 3.3 I discuss how our state estimation algorithm creates a pseudo-

measurement of the hidden linear velocity state.  Because the Kalman filter treats 

measurements as probabilities rather than direct reflections of state, I can construct 

a linear velocity estimate based on the knowledge that linear velocity is related to 

linear position by its derivative and that linear velocity is related to linear 

acceleration by its integral.  Using the discrete-time interpretation of the robot frame 

discussed in section 3.1, I take the forward-difference (discrete derivative) of the 

linear position data from the GNSS, and the trapezoidal method (discrete integral) of 

the linear acceleration data from the IMU to generate a linear velocity measurement, 

which is then fused into the Kalman filter with an appropriate measurement 

covariance.   

¶ The cascading, dual-frame estimator in the robot body frame and then in the map 

frame.  As discussed in section 3.1, the sensor measurements are fused in the robot 

frame, which requires that the GNSS measurements are transformed from the map 

frame to the robot body frame.  That said, for robot localization most applications 

require that pose (positions) is ultimately measured with respect to the map frame.  

This would require that the pose output from the robot frame estimator be 

transformed back to the map frame; however, because each frame transformation 

propagates error into the state estimate propor tional to the error in the angular 

position state estimate, this double transformation of GNSS linear position data from 

the map frame to the robot body and then back to the map frame is not ideal.  In 

section 3.4  I discuss a solution to this problem which employs two cascading state 

estimators.  The first state estimator references the robot body frame, and fuses the 

transformed GNSS measurement with the IMU measurements to generate a robot 

body frame twist estimate.  The linear velocity twist estimate is then fused with the 

original (non-transformed) GNSS linear position estimate in a second estimator 

referencing the map frame for the pose states, and the robot body frame for the twist 
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states.  This cascading state estimation method circumvents all but a single frame 

transformation, maximizing the accuracy of the final state estimate.   

 

Finally, in section 3.5, I present the full, improved state estimation algorithm 

combining all of the concepts discussed in this.  I call this algorithm the cascading dual-frame 

motion-tracking state estimator for velocity-denied robot localization. 

 

3.1. A discrete-time interpretation of the robot body reference frame 

 

In robot localization, I am interested in tracking the positions, velocities, and 

accelerations of one or more robot systems.  To do this, it is convenient to assign reference 

frames to reference points in the area-of-operation of the robot.  A reference frame consists 

of a coordinate system and a state vector that standardizes measurements with respect to 

that frame.  The reference frame you define will change depending on the robot type, and its 

area-of-operation, and its intended purpose; some examples of reference frames include 

spherical frames fixed to Earth, spherical frames that rotate with Earth, cartesian frames 

fixed to a point on the surface of Earth, cartesian frames that are fixed to a point on the robot 

body frame, cartesian frames that are fixed to a sensor or actuator, etc.  For the problem 

statement outlined in this work, I assume ÔÈÁÔ ÔÈÅ ÁÃÃÅÌÅÒÁÔÉÏÎÓ ÄÕÅ ÔÏ %ÁÒÔÈȭÓ ÒÏÔÁtion can 

be safely neglected [77], [98] , and the area-of-operation of the robot can be approximated as 

a cartesian coordinate system.  Under this common assumption set, I assign two reference 

frames, the map and robot body frame. 

 

3.1.1. The map and robot body frame coordinate systems 

 

The coordinate systems for the map and robot body reference frames are illustrated 

in Figure 1. 
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Figure 1: Map frame (left) and robot body frame (right) coordinate systems. 
 

The map frame is an inertial reference frame that is fixed to a reference location on 

Earth.  It has a right-handed cartesian coordinate system oriented as ὼ-east, ώ-north, ᾀ-up, 

as recommended by the standard units of measurement in REP 103 [99] .  The map frame is 

an inertial reference frame, because the reference frame undergoes negligible accelerations 

(as I ÁÓÓÕÍÅ ÔÈÅ ÁÃÃÅÌÅÒÁÔÉÏÎ ÄÕÅ ÔÏ ÔÈÅ %ÁÒÔÈȭÓ ÒÏÔÁÔÉÏÎ ÉÓ ÎÅÇÌÉÇÉÂÌÅ Ȣ  The theory of special 

relativity states that the laws of physics are equivalent for all truly inertial reference frames, 

therefore, the map frame origin is typically located based on convenience; often a ground 

station, a known location on planet Earth, or the position where the robot first begins 

collecting data. 

 

The robot body frame is a non-inertial reference frame that is rigidly fixed to the 

origin of the robot; this origin could be the center of gravity/mass, center of buoyancy, center 

of flotation, or a kinematic center of the robot.  The robot body frame is a right-handed 

cartesian coordinate system oriented as ὼ-forward, ώ-left, ᾀ-up, as recommended by the 

standard units of measurement in REP 103 [99] . This reference frame is non-inertial 



65 

 

reference frame, because the robot undergoes non-negligible accelerations as it traverses 

the environment. 

 

3.1.2. The map and robot body frame state vector 

 

 In three-dimensions, a body has three linear degrees-of-freedom, and three rotational 

degrees-of-freedom; thusly, I can represent the linear position and angular position of the 

robot using a φ ρ state vector following the form ὼȟώȟᾀȟ‰ȟ—ȟ‪ .  Representing linear 

position in three-dimensions is straightforward, because linear translations are 

commutative, i.e. the order in which the translations occur do not affect the outcome.  This 

is demonstrated in Figure 2. 

 

 

Figure 2: Translation of a body 1 m along ὼ, 1 m along ώ, and then 1 m along ᾀ (top); and 
translation of a body 1 m along ᾀ, 1 m along ώ, and 1 m along ὼ (bottom).  These two different 
translation orderings result in the same final position because linear translations are 
commutative.   
 

Unlike linear transformations, angular rotations are non-commutative, i.e. the order in which 

rotations occur will affect the final rotated position.  This is demonstrated in Figure 3. 
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Figure 3: Rotation of a body 30° about ὼ, 30° about ώ, and then 30° about ᾀ (top); and a 
rotation of a body 30° about ᾀ, 30° about ώ, and then 30° about ᾀ (bottom).  These two 
different rotation orderings result in a different final orientation because angular rotations 
are non-commutative. 
 

Because rotations in three-dimensions are non-commutative, defining the orientation 

of a body using three equivalent rotations about the cartesian coordinate axesɂoften called 

Ȱ%ÕÌÅÒ ÁÎÇÌÅȱ ÒÅÐÒÅÓÅÎÔÁÔÉÏÎɂis only valid if the order of Euler angle rotations is pre-

specified; there are 12 possible orderings of Euler angles in a cartesian coordinate system, 

referenced either to the fixed or moving axis system of the body, for a total of 24 valid Euler 

angle orderings [100] .  This order ambiguity makes Euler angles more challenging to 

implement, particularly when compared to other rotation representation methods like 

rotation matrices, angle-axis representation, and quaternions [99] .  Despite this, the 

mathematics for converting between the various representation methods is generally well-

understood; this has resulted in Euler angles persisting as a common means of defining the 

angular rotation of a body-fixed coordinate system as a state vector, especially in maritime 

applications [77], [98], [99] .  Following this convention, I describe orientation using the 

fixed-ὼώᾀ ordered Euler angle representation in our three-dimensional state vector, and 

convert to rotation matrices and/or other rotation representation formats as it is 
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mathematically appropriate to do so, i.e. any Euler angle vector representation may be 

assumed to employ the fixed-ὼώᾀ ordering throughout this work.  The mathematics for 

converting between fixed-ὼώᾀ Euler angles, rotation matrices, and angle-axis representation 

is presented in Appendix 6.1. 

 

Given the map frame and robot frame coordinate systems outlined in the previous 

section, and the assumption of fixed-ὼώᾀ Euler angle representation, I can assign a state 

vector describing the positions (pose), velocities (twist), and accelerations of the robot 

relative to each frame.  The map frame state vector is denoted by ὼᴆ , and expresses the 

positions, velocities, and accelerations of the robot with respect to the map frame coordinate 

system.  The robot body frame state vector is denoted by ὼᴆ, and expresses the positions, 

velocities, and accelerations of the robot with respect to the robot body frame coordinate 

system.  The ὼᴆ  and ὼᴆ state vectors are described in Table 4. 

 

Table 4: Map Frame and Robot Body Frame State Vector Components 
Map Frame State Vector Robot Body Frame State Vector 

ὼᴆ

ừ
Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ừ

Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ử
ứ
ὼ
ώ
ᾀ
‰
—
‪
ὼ
ώ
ᾀ

‰

—

‪
ὼ
ώ
ᾀ

‰

—

‪

 

 

ὼ  = linear position along ὼ  axis 

ὼᴆ

ừ
Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ừ

Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ử
ứ
ὼ
ώ
ᾀ
‰
—
‪
ὼ
ώ
ᾀ

‰

—

‪
ὼ
ώ
ᾀ

‰

—

‪

 

 

ὼ = linear position along ὼ axis 

ώ  = linear position along ώ  axis ώ = linear position along ώ axis 

ᾀ  = linear position along ᾀ  axis ᾀ = linear position along ᾀ axis 

‰  = ὼώᾀ-fixed Euler angle about ὼ  
axis 

‰  = ὼώᾀ-fixed Euler angle about ὼ 
axis 

—  = ὼώᾀ-fixed Euler angle about ώ  
axis 

— = ὼώᾀ-fixed Euler angle about ώ 
axis 

‪  = ὼώᾀ-fixed Euler angle about ᾀ  
axis 

‪  = ὼώᾀ-fixed Euler angle about ᾀ 
axis 

ὼ  = linear velocity along ὼ  axis ὼ = linear velocity along ὼ axis 

ώ  = linear velocity along ώ  axis ώ = linear velocity along ώ axis 

ᾀ  = linear velocity along ᾀ  axis ᾀ = linear velocity along ᾀ axis 

‰  = time derivative of ‰  ‰  = time derivative of ‰  

—  = time derivative of —  — = time derivative of — 

‪  = time derivative of ‪  ‪  = time derivative of ‪  

ὼ  = linear acceleration along ὼ  
axis 

ὼ = linear acceleration along ὼ axis 

ώ  = linear acceleration along ώ  
axis 

ώ = linear acceleration along ώ axis 

ᾀ  = linear acceleration along ᾀ  
axis 

ᾀ = linear acceleration along ᾀ axis 

‰  = time derivative of ‰  ‰  = time derivative of ‰  
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—  = time derivative of —  — = time derivative of — 

‪  = time derivative of ‪  ‪  = time derivative of ‪  

 

This interpretation of the map and robot body frame is very straightforward, but 

mathematically problematic: because the robot body frame is fixed to the robot, the robot 

cannot have a position relative to the robot body frame at that same point in time, i.e. ὼ

πȟώ πȟᾀ πȟ‰ πȟ— πȟ‪ π.  By extension, the successive velocity and 

acceleration derivatives of the robot in the robot body frame must also be zero, since a time-

varying position must be zero if the position is constantly zero.  Because all the robot body 

frame state vector components constantly evaluate to zero, this interpretation of the robot 

body frame is clearly not useful!  I refer to this problem as the zero-state robot body frame 

problem.   

 

3.1.3. %ØÉÓÔÉÎÇ ÎÏÍÅÎÃÌÁÔÕÒÅȭÓ solution to the zero-state robot body frame problem 

 

To circumvent the zero-state robot body frame problem, existing nomenclature is 

very strategic in its definition of the robot body frame state vector components.  The general 

solution is to omit the position components of the robot in the robot frame while keeping the 

velocity and acceleration components.  Eliminating the position components creates a 

mathematical degeneracy between the state vector derivatives (a zero and/or constant 

position cannot have a non-zero velocity derivative); however, this degeneracy is addressed 

in the nomenclature described by Fossen by describing the robot body frame velocity 

components with respect to the map frame, but expressed in the body frame [77] , i.e. the 

velocities do not strictly exist in the robot body frame, but the velocities do exist in the map 

frame, and can be expressed in the robot body frame coordinate system.   

 

For clarity, the state vector component nomenclature defined by SNAME [98]  is 

shown in Table 5, and the nomenclature later defined by Fossen [77]  is shown in Table 6.  

The frame names and their respective state vector component definitions are reproduced as 

faithfull y as possible in context.  To illustrate which state vector components are omitted 

from the SNAME and Fossen nomenclature, they are written in the same form as our general 
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ÓÔÁÔÅ ÖÅÃÔÏÒ ÄÅÆÉÎÉÔÉÏÎ ÇÉÖÅÎ ÉÎ 4ÁÂÌÅ ρȟ ÌÅÁÖÉÎÇ Á ȰṰȱ ÓÙÍÂÏÌ ×ÈÅÒÅ ÓÐÅÃÉÆÉÃ ÓÔÁÔÅ vector 

components were omitted. 

 

Table 5: Inertial  Fixed Axes Frame and Body Frame State Vector Components Defined by 
SNAME [98]  

Fixed Axes Frame State Vector Body Frame State Vector 

ὼᴆ

ừ
Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ừ

Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ử
ứ
ὼ
ώ
ᾀ
‰
—
‪
Ṱ
Ṱ
Ṱ

‰

—
‪
Ṱ
Ṱ
Ṱ
Ṱ
Ṱ
Ṱ

 

 

ὼ = linear position along ὼ axis; ὼ is 
the fixed longitudinal axis, in a fixed 

direction in a horizontal plane, 
considered as the forward direction 

ὼᴆ

ừ
Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ừ

Ử
Ử
Ử
Ử
Ử
Ử
Ử
ứ
Ṱ
Ṱ
Ṱ
Ṱ
Ṱ
Ṱ
ό
ὺ
ύ
ὴ
ή
ὶ
ὢ
ὣ
ὤ
ὑ
ὓ
ὔ

 

body frame linear position along ὼ axis 
not explicitly defined; ὼ is the 

longitudinal axis of body (aft-to-fore)  

ώ = linear position along ώ axis; ώ is 
the fixed transverse axis, perpendicular 
to ὼ in a horizontal plane, directed to 

starboard 

body frame linear position along ώ axis 
not explicitly defined; ώ is the 

transverse axis of body (port-to-
starboard) 

ᾀ = linear position along ᾀ axis; ᾀ is 
the fixed vertical axis, directed 

downwards 

body frame linear position along ᾀ axis 
not explicitly defined; ᾀ is the normal 
axis of body (top-to-bottom/deck -to-

keel) 
‰ = angle of roll or heel; the angle from 
the vertical ὼᾀ-plane to the principal 
plane of symmetry ὼᾀ, positive in the 
positive sense of rotation about the ὼ-

axis 

body frame angular position about ὼ 
not explicitly defined 

— = angle of pitch or trim; the angle of 
elevation of the ὼ-axis; i.e. the angle 

between ὕὼ and the horizontal plane 
ὼώ, positive in the sense of rotation 

from the ᾀ to the ὼ-axis 

body frame angular position about ώ 
not explicitly defined 

‪ = angle of yaw; the angle from the 
vertical plane ᾀὼ to the vertical plane 
ᾀὼ, positive in the positive sense of 

rotation about the ᾀ axis 

body frame angular position about ᾀ 
not explicitly defined 

map frame linear velocity along ὼ not 
explicitly defined 

ό = component in the ὼ coordinate 
system of the linear velocity of the 

origin of the body axes relative to the 
fluid  

map frame linear velocity along ώ not 
explicitly defined 

ὺ = component in the ώ coordinate 
system of the linear velocity of the 

origin of the body axes relative to the 
fluid  

map frame linear velocity along ᾀ not 
explicitly defined 

ύ = component in the ᾀ coordinate 
system of the linear velocity of the 

origin of the body axes relative to the 
fluid  

‰ = time derivative of ‰ 
ὴ = angular velocity component 

relative to body axis ὼ; angular velocity 
of roll  

— = time derivative of — 
ή = angular velocity component 

relative to body axis ώ; angular velocity 
of roll  
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‪ = time derivative of ‪ 
ὶ = angular velocity component 

relative to body axis ᾀ; angular velocity 
of roll  

map frame linear acceleration along ὼ 
not explicitly defined 

ὢ = hydrodymamic force components 
relative to longitudinal body frame ὼ 

axis 
map frame linear acceleration along ώ 

not explicitly defined 
ὣ = hydrodymamic force components 
relative to lateral body frame ώ axis 

map frame linear acceleration along ᾀ 
not explicitly defined 

ὤ = hydrodymamic force components 
relative to normal body frame ᾀ axis 

time derivative of ‰ not explicitly 
defined 

ὑ = hydrodynamic moment 
component relative to rolling body 

frame ὼ axis 

time derivative of — not explicitly 
defined 

ὓ = hydrodynamic moment 
component relative to pitching body 

frame ώ axis 

time derivative of ‪ not explicitly 
defined 

ὔ = hydrodyn amic moment 
component relative to yawing body 

frame ᾀ axis 

 

Table 6: Inertial NED (North-East-Down) Frame and BODY Frame State Vector 
Components Defined by Fossen [77]  

NED Frame State Vector BODY Frame State Vector 

ὼᴆ

ừ
Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ừ

Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ử
ứ
ὔ
Ὁ
Ὀ
‰
—
‪

ὔ
Ὁ
Ὀ
‰

—
‪
Ṱ
Ṱ
Ṱ
Ṱ
Ṱ
Ṱ

 

N = linear position along ὼ axis; ὼ is the 
fixed axis pointing towards true North 

ὼᴆ

ừ
Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ừ

Ử
Ử
Ử
Ử
Ử
Ử
Ử
ứ
Ṱ
Ṱ
Ṱ
Ṱ
Ṱ
Ṱ
ό
ὺ
ύ
ὴ
ή
ὶ
ὢ
ὣ
ὤ
ὑ
ὓ
ὔ

 

body frame linear position along ὼ not 
explicitly defined; ὼ is the longitudinal 
axis of the craft body (directed from aft 

to fore) 

Ὁ = linear position along ώ axis; ώ is the 
fixed axis pointing towards East. 

body frame linear position along ώ not 
explicitly defined; ώ is the transversal 

axis of the craft body (directed to 
starboard) 

Ὀ = linear position along the ᾀ axis; ᾀ is 
the fixed axis pointing down. 

body frame linear position along ᾀ not 
explicitly defined; ᾀ is the normal axis 
of the craft body (directed from top to 

bottom)  
‰ = Euler angle between ὼ (in NED 

frame) and ὼ (in BODY frame) 
body frame angular position about ὼ 

not explicitly defined 
— = Euler angle between ώ (in NED 

frame) and ώ (in BODY frame) 
body frame angular position about ώ 

not explicitly defined 
‪ = Euler angle between ᾀ (in NED 

frame) and ᾀ (in BODY frame) 
body frame angular position about ᾀ 

not explicitly defined 

ὔ = time derivative of ὔ 

ό = linear velocity of the origin point of 
the body frame along ὼ with respect to 
the NED frame expressed in the BODY 

frame. 

Ὁ = time derivative of Ὁ 

ὺ = linear velocity of the origin point of 
the body frame along ώ with respect to 
the NED frame expressed in the BODY 

frame. 

Ὀ = time derivative of Ὀ 
ύ = linear velocity of the origin point 

of the body frame along ᾀ with respect 
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to the NED frame expressed in the 
BODY frame. 

‰ = time derivative of ‰ 
ὴ = angular velocity of the BODY frame 

about ὼ with respect to the NED 
frame, expressed in the BODY frame 

— = time derivative of — 
ή = angular velocity of the BODY frame 

about ώ with respect to the NED 
frame, expressed in the BODY frame 

‪ = time derivative of ‪ 
ὶ = angular velocity of the BODY frame 

about ᾀ with respect to the NED 
frame, expressed in the BODY frame 

map frame linear acceleration along ὼ 
not explicitly defined 

ὢ = force with line of action through 
the origin point of the body frame 

along ὼ, expressed in the BODY frame 

map frame linear acceleration along ώ 
not explicitly defined 

ὣ = force with line of action through 
the origin point of the body frame 

along ώ, expressed in the BODY frame 

map frame linear acceleration along ᾀ 
not explicitly defined 

ὤ = force with line of action through 
the origin point of the body frame 

along ᾀ, expressed in the BODY frame 

time derivative of ‰ not explicitly 
defined 

ὑ = moment about the origin point of 
the body frame about ὼ, expressed in 

the BODY frame 

time derivative of — not explicitly 
defined 

ὓ = moment about the origin point of 
the body frame about ώ, expressed in 

the BODY frame 

time derivative of ‪ not explicitly 
defined 

ὔ = moment about the origin point of 
the body frame about ᾀ, expressed in 

the BODY frame 

 

Firstly, the SNAME and Fossen nomenclatures are fundamentally similar, despite 

using slightly different variable names.  One minor difference between the two 

nomenclatures is that the Fossen nomenclature defines linear and angular velocity terms in 

the map frame ὔȟὉȟὈȟ‰ȟ—ȟ‪ , whereas the SNAME nomenclature only defines angular 

velocity terms in the map frame ‰ȟ—ȟ‪ .  It is not explicitly stated why the map frame linear 

velocity terms were omitted from the SNAME nomenclature; however, it is reasonable to 

assume that they were omitted because they are generally not useful, and not as an 

indication that they do not exist.  Note that the purpose of both the SNAME and Fossen 

nomenclatures are to define a practical means of describing the motion of a body through a 

fluid, not to describe all possible state vector components and transformations of a 

generalized mechanical system. 
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 Secondly, both the SNAME and Fossen nomenclature define their robot body frame 

accelerations in terms of forces and moments ὢȟὣȟὤȟὑȟὓȟὔ , rather than of accelerations 

ÁÎÄ ÁÎÇÕÌÁÒ ÁÃÃÅÌÅÒÁÔÉÏÎÓȢ  .Å×ÔÏÎȭÓ ÓÅÃÏÎÄ ÌÁ× ÔÅÌÌÓ ÕÓ ÔÈÁÔ Á ÍÁÓÓ ÓÕÂÊÅÃÔÅÄ ÔÏ ÁÎ 

acceleration field will impart a force equal to the mass times the acceleration field, Ὂ άὥ.  

In the SNAME and Fossen derivations of equations of motion, their respective acceleration 

components follow the intuitive dot notation όȟὺȟύȟὴȟήȟὶ; therefore, the forces 

ὢȟὣȟὤȟὑȟὓȟὔ  can be assumed to describe the same general phenomena as 

ὼȟώȟᾀȟ‰ȟ—ȟ‪  in our general nomenclature in Table 4. 

 

Thirdly, both SNAME and Fossen employ a North-East-Down coordinate system in 

their versions of the map frame (fixed axes and NED frame in the SNAME and Fossen 

nomenclature, respectively), whereas I use an East-North-Up coordinate system.  These 

coordinate systems are illustrated in Figure 4. 

 

 

Figure 4: North-East-Down (left) versus East-North-Up (right)  
 

Because North-East-Down and East-North-Up are both right-handed coordinate systems, 

they are equivalent coordinate system representations.  North-East-Down is popular for 

maritime systems, where surface and underwater vehicles are common; however, East-

North-Up is recommended by REP 103 [99] , and is the representation used in this work.   



73 

 

Lastly, and most importantly, both SNAME and Fossen nomenclatures omit the 

position terms in their equivalent robot body frame.  In addition, both nomenclatures 

employ Euler angle representation in the map frame, and angular velocity representation in 

the robot body frame; these two forms of orientation representation require a fairly complex 

transformation to convert between (described in appendix 6.2), in addition to any 

translation and orientation transformation thaÔ ÍÁÙ ÁÌÒÅÁÄÙ ÅØÉÓÔȢ  )Î ς ȟ &ÏÓÓÅÎ ÓÔÁÔÅÓ Ȱ)Ô 

should be noted that the angular body velocity vector ‫Ⱦ ὴȟήȟὶ  cannot be integrated 

directly to obtain actual angular coordinates.  This is due to the fact that ᷿ ‫ †Ὠ† does not 

have any immediate physical interpretation; however, the vector ɡ ‰ȟ—ȟ‪  does 

ÒÅÐÒÅÓÅÎÔ ÐÒÏÐÅÒ ÇÅÎÅÒÁÌÉÚÅÄ ÃÏÏÒÄÉÎÁÔÅÓȢȱȟ ÉȢe. the angular velocity of the robot body frame 

cannot be integrated because this quantity has no physical interpretation, but the Euler angle 

time derivatives in the map frame can.  If I were to take the integrals of the twist terms in the 

robot body framÅ ÆÏÌÌÏ×ÉÎÇ &ÏÓÓÅÎȭÓ ÎÏÍÅÎÃÌÁÔÕÒÅȟ ÉÔ ×ÏÕÌÄ ÔÁËÅ ÔÈÅ Á×Ë×ÁÒÄ form 

ό᷿Ὠὸȟ᷿ὺὨὸȟ᷿ύὨὸȟ᷿ὴὨὸȟ᷿ήὨὸȟ᷿ὶὨὸ.  For most applications involving describing the 

motion of a body though a fluid, the SNAME and Fossen nomenclatures are sufficient; 

however, defining only position and velocity in the map frame, and velocity and force in the 

robot body frame, while employing different orientation representations in each frame, does 

not lend itself well for the purposes of state estimation and sensor fusion.  In sensor fusion, 

I need the flexibility to position, velocity, and acceleration data from sensors in the map and 

robot body frames, and often in different discrete time domains.  This necessitates a state 

vector nomenclature that (1) that defines state vector components for position, velocity, and 

acceleration, (2) employs a consistent orientation specification for both reference frames, 

and (3) addresses the zero-state robot body frame problem described earlier.   

 

3.1.4. The two-dimensional discrete-time reference frame 

 

 As discussed previously, it is impossible for a robot to have a non-zero position (and 

velocity and acceleration by extension) in a robot body frame fixed to its own origin at that 

same point in time (what I ÃÁÌÌ ÔÈÅ ȰÚÅÒÏ-state robot body frame probleÍȱ Ƞ ÈÏ×ÅÖÅÒȟ ÔÈÉÓ 

statement is not necessarily true for a robot pose defined with respect to a coordinate frame 
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from a previous point in time.  When working in discrete-time, we can conveniently define 

the position of the robot at time Ὧ with respect to the robot body frame coordinate system 

at time Ὧ ρ.  This is illustrated in two dimensions in Figure 5. 

 

 

Figure 5: Example two-dimensional map frame, and robot frame coordinate systems in 
discrete-time. 
 

At time Ὧ, the change in robot body frame states are measured with respect to the coordinate 

system at time Ὧ ρ.  Summing (integrating) these change in positions over time allows us 

to collect a time history of position and velocity; this can then be used to calculate sucessive 

derivatives as desired.   A discrete-time integrator for approximating the state vector in the 

robot frame and map frame equation (13). 
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(13) 

 

In equation (13), the product of the finite time step Ὠὸ and the derivative of the 

respective state takes on small, but finite values as the robot moves through space; summing 

(integrating) these values to the previous state vector component results in the 

approximation of the robot motion over time.  Conversely, when ὨὸO π, the product of Ὠὸ 

and the derivative of the respective state evaluates to zero, i.e. no change in each state vector 
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where 

ὼᴆ  is the robot body frame state vector at time Ὧ 

ὼ  is the linear position of the robot, measured along the robot body frame 

coordinate system ὼ  axis 

ώ  is the linear position of the robot, measured along the robot body frame 

coordinate system ώ  axis 

‪  is the angular position of the robot, measured about the robot body 

frame coordinate system ᾀ  axis 

ὼ  is the linear velocity of the robot, measured along the robot body frame 

coordinate system ὼ  axis 

ώ  is the linear velocity of the robot, measured along the robot body frame 

coordinate system ώ  axis 

‪  is the angular velocity of the robot, measured about the robot body frame 

coordinate system ᾀ  axis 

ὼ  is the linear acceleration of the robot, measured along the robot body 

frame coordinate system ὼ  axis 

ώ  is the linear acceleration of the robot, measured along the robot body 

frame coordinate system ώ  axis 

‪  is the angular acceleration of the robot, measured about the robot body 

frame coordinate system ᾀ  axis 

Ὠὸ is the discrete time step 
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component for all time.  Equation (13) confirms the zero-state robot body frame problem, 

where all states are constantly zero when measured with respect to the current-time robot 

body frame; and demonstrates that the discrete-time interpretation of the robot body frame  

can approximate robot motion by referencing the robot body frame coordinate system at 

discrete-time Ὧ ρ.  This discrete-time interpretation of the robot frame allows us to relate 

the position, velocity, and acceleration states of the robot with respect to the robot body 

frame to each other using a set of ordinary differential equations.  Because the sensor fusion 

process utilizes real (discrete)  sensor data and a discrete observer (a discrete Kalman filter 

in our case), this discrete-time robot frame approximation is very appropriate for our 

purposes.  Equation (13) is simplified for two dimensions; however, the same conclusions 

extend to the three-dimensional discrete-time state vector proposed in Table 4. 

 

 Additionally, while the inertial map frame does not demonstrate the same zero-state 

frame problem present in the robot body frame, there is still value in defining the map frame 

in discrete-time.  This is because fusing information from different frames (which will occur 

in our GNSS+IMU sensor system), it is convenient to evaluate the state vectors in both 

reference frames in the same discrete-time domain.  The discrete-time interpretation of the 

map frame is given in equation (14). 
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(14) 

 

 One should also note that in two-dimensions, the specification of angular orientation 

and its successive derivatives is significantly simplified, since only a single rotation axis 

exists (the non-commutative property of rotations discussed in Figure 3 does not matter 

when only a single rotational degree-of-freedom exists), i.e. angular velocity ‪ is exactly 
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where 
 ὼᴆ  is the map frame state vector at time Ὧ 

ὼ  is the linear position of the robot, measured along the map frame 

coordinate system ὼ  axis 

ώ  is the linear position of the robot, measured along the map frame 

coordinate system ώ  axis 

‪  is the angular position of the robot, measured about the map frame 

coordinate system ᾀ  axis 

ὼ  is the linear velocity of the robot measured along the map frame 

coordinate system ὼ  axis 

ώ  is the linear velocity of the robot, measured along the map frame 

coordinate system ώ  axis 

‪  is the angular velocity of the robot, measured about the map frame 

coordinate system ᾀ  axis 

ὼ  is the linear acceleration of the robot, measured along the map frame 

coordinate system ὼ  axis 

ώ  is the linear acceleration of the robot, measured along the map frame 

coordinate system ώ  axis 

‪  is the angular acceleration of the robot, measured about the map frame 

coordinate system ᾀ  axis 

Ὠὸ is the discrete time step 
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equal to the time derivative of the angular position ‪ .  If this same process were followed 

in three-dimensions, relating three-dimensional angular orientation representations to their 

respective three-dimensional angular velocity representations will need to follow the 

process outlined in appendix 6.2. 

 

 Another non-intuitive side-effect of the discrete-time robot body frame in two 

dimensions is related to the angular position, velocity, and acceleration of the robot.  The 

linear positions in the map frame (ὼ , ώ ) differ from the linear positions in the robot frame (ὼ, ώ) 

because the linear positions of the robot with respect to the robot body frame are coupled to the 

angle of the robot with respect to the map frame; however, the angular positon is not coupled to any 

other state vector component.  Therefore, any change in angular position in the discrete-time map 

frame is identical to a change in angular position in the discrete-time robot frame.  If the map frame 

and robot frame can be assumed to operate in the same discrete-time domain, and the angular state 

vector components in the map frame are initialized to the same value, then they will be equivalent 

for all discrete-time, i.e. ‪ ‪  and ‪ ‪  for all time provided that ‪ ‪ .  Note that this 

does not mean that the angular state vector components in the map frame must be equal to the 

angular state vector components in the robot frame, rather that they can be conveniently assumed to 

be equal if ‪ ‪ .   

 

3.1.5. Transforming pose between discrete-time map and robot body frames 

 

During the state estimation process I need the ability to convert a pose 

transformation in the map frame, to a pose transformation in the robot body frame, and vice-

versa.  In our context, a pose transformation consists of a pose vector at time Ὧ ρ, 

ὼ ȟώ ȟ‪ , and pose vector at time Ὧ, ὼȟώȟ‪ .  An example pose transformation 

is shown in Figure 6.   
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Figure 6: Illustrated pose transformation.  The map frame coordinate system is colored black, 
and the robot body frames are colored blue. 
 

When converting a pose transformation from the map frame to the robot body frame, 

I aim to solve the problem outlined in equation (15). 
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(15) 

 

First, I solve for the transition vector between the two map frame states, ὼάὯ ρ
Ë ȟ ώ

άὯρ

Ὧ .  This 

is calculated in equation (16). 

 

 
(16) 

 

I can then calculate the magnitude, ὰ, and direction, ‪, of the transition vector, which are 

shared between the map and robot body frame pose transition representations.  This is given 

in equation (17). 

 

 

(17) 

 

I can then calculate the transition vector between the two robot body frame states 

ὼὶὯρ
Ë ȟ ώ

ὶὯρ

Ὧ .  This is calculated in equation (18) . 
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map frame pose at time Ὧ ρ: 

ὼ
ώ

‪
 

map frame pose at time Ὧ: 

ὼ
ώ

‪
 

robot body frame pose at time Ὧ ρ: 

ὼ
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‪
  

 
Solving for:  

robot body frame pose at time Ὧ: 
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(18) 

 

Finally, the robot body frame components can be calculated from equation (19). 

 

 

(19) 

 

 When converting a pose transformation from the robot body frame to the map frame, 

I aim to solve the problem outlined in (20). 

 

 

(20) 

 

First, I solve for the transition vector between the two robot body frame states, ὼὶὯρ
Ë ȟ ώ

ὶὯρ

Ὧ .  

This is calculated in equation (21). 

 

 
(21) 
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I can then calculate the magnitude, ὰ, and direction, ‪, of the transition vector, which are 

shared between the map and robot body frame pose transition representations.  This is given 

in equation (22). 

 

 

(22) 

 

I can then calculate the transition vector between the two map frame states ὼάὯρ
Ë ȟ ώ

άὯρ

Ὧ .  

This is calculated in equation (23) . 

 

 
(23) 

 

Finally, the map frame components can be calculated from (24). 

 

 

(24) 

 

3.1.6. Concluding remarks 

 

In this section, I defined the coordinate systems for the inertial map frame (ὼ-east, ώ-

north, ᾀ-up) and the non-inertial robot body frame (ὼ-forward, ώ-left, ᾀ-up) for robot 

localization.  I then defined a generalized state vector that defines a linear position, velocity, 

and acceleration along each axis, and a rotational position, velocity, and acceleration about 

each axis for both the map frame and robot body frame in Table 4.  Defining the position 

states and all of its derivatives is necessary for fusion of sensor data across derivatives; 

however, this frame definition is problematic for the robot body frame, whose position state 
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vector components evaluate to of zero for all continuous-time, because the robot body frame 

moves with the robot.  To address this problem, I propose an alternative definition of the 

robot body frame state vector in discrete-time.  In discrete-time, the position of the robot at 

time Ὧ is located relative to the coordinate system of the robot at time Ὧ ρ; this allows the 

discrete-time robot body frame to approximate the non-zero positions, velocities, and 

accelerations of the robot relative to its own coordinate system.  These approximations 

increase in accuracy as the discrete time step decreases.  This discrete-time definition of the 

robot body frame is now more useful for state estimation and sensor fusion and can be 

defined alongside the conventional (continuous-time) definitions of the robot body frame 

proposed by SNAME [1] and Fossen [2] in Table 5 and Table 6, respectively.  I also described 

the framework for converting pose transformations in the map frame to equivalent pose 

transformations in the robot frame, and vice-versa.  

 

3.2. Sliding adaptive covariance profiling for sensor quantization mitigation and 

improved estimator prediction capability 

 

 The digital nature of computer-interpreted sensors results in signal quantization, 

since all sensor systems have a finite resolution and refresh rate.  These measurements, 

×ÈÉÃÈ ÃÁÎ ÂÅ ÄÅÓÃÒÉÂÅÄ ÁÓ ȰÄÉÓÃÒÅÔÅ-ÔÉÍÅȱ ÉÎÐÕÔÓȟ do not necessarily guarantee observability 

for the state observer due to their discrete nature [101] .  Sensor quantization is an important 

consideration for the performance of the Kalman filter, which typically computer-

implemented, and increments quickly enough that it can be approximated as a continuous-

time observer relative to the sensor update rate [102] .  If implemented improperly the 

Kalman filter ÃÁÎ ÂÅ ȰÆÏÏÌÅÄȱ into overconfidence that the state is stationary, even though 

the state is changing, but the sensor is between update intervals and does not sense the 

change.  When the sensor updates and reflects a quantized change in state, the Kalman filter 

ÂÅÌÉÅÖÅÓ ÔÈÁÔ ÔÈÅ ÃÈÁÎÇÅ ÏÃÃÕÒÒÅÄ ÍÏÒÅ ÒÁÐÉÄÌÙ ÔÈÁÎ ÒÅÁÌÉÔÙȟ ÌÅÁÄÉÎÇ ÔÏ Á ȰÓÔÁÉÒÓÔÅÐȱ-like 

estimator quality.  This is demonstrated in Figure 7. 
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Figure 7: The effect of unmitigated sensor quantization on the output of an estimator 
updating more quickly than the sensor data.  The simulated ground truth is shown as a black 
dashed line, the simulated 1 Hz GNSS data is shown as red asterisks, and the estimator output 
is showan as a green solid line.  Note the stairstep-like estimator quality. 
 

For state-transition models that make predictions based on a derivative component of past 

signals (e.g. the constant-acceleration state-transition model described in the previous 

section), sensor quantization is detrimental to sensor performance. 

 

The most primitive  quantization mitigation method involves synchronizing the 

update rate of the Kalman filter to match the update rate of the measuring sensor.  This 

method of sensor update synchronization is demonstrated in Figure 8. 
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Figure 8: The effect of sensor update synchronization on the output of an estimator.  The 
simulated ground truth is shown as a black dashed line, the simulated 1 Hz GNSS data is 
shown as red asterisks, and the estimator output is shown as a green solid line.  Note the 
improvement over the stairstep-like estimator quality in Figure 7. 
 

Sensor update synchronization ensures that no redundant measurements are input to the 

Kalman filter, which eliminates all quantization effects; however, this method is only 

applicable when: (1) the user does not require state estimates faster than the sensor rate, 

and (2) only a single sensor rate is employed in the system.  For observer systems employing 

sensors with fast and uniform update rates, sensor update synchronization is effective [103] ; 

however, for mobile robot platforms with employing slow-updating GNSS systems in real-

time, this method is extremely limiting.  

 

Another method of quantization mitigation, that I will call update limitin g, limits the 

update cycles of the Kalman filter to only occur when the sensor produces an update.  In 

update limiting, if the sensor updates during the time step of a Kalman filter update, then the 

Kalman filter proceeds as normal, generating a state prediction based on the last state 

estimate, collecting a state measurement from the sensor, and weighing those values and 

their covariances to produce a resulting state estimate.  If the Kalman filter updates without 
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a sensor update, then the Kalman filter only generates a state prediction, which is treated as 

the state estimate for that iteration.  This allows the Kalman filter to update more quickly 

than the sensor rate without utilizing redundant sensor measurements.  This general 

observation process was first documented in the 1992 paper [104] , and has received 

considerable subsequent attention due to its relevancy to multiple fields of research, and 

difficulty of characterizing the input conditions for which a generalized observer converges 

[102], [105]ɀ[107] .  Assuming the observability of the discrete sensor input is sufficient for 

convergence, an update limiting Kalman filter can produce estimates more quickly than the 

sensor update rate; however, the method is still limited to a single sensor rate.  If multipl e 

sensors are employed in a system, update limiting can be applied to the fastest sensor in the 

system, resulting in quantization on the slower sensor(s), or updates can be limited to the 

slowest sensor, resulting in ignoring data from the faster sensor(s).  For systems with 

significantly different update rates between sensors, as is the case in the GNSS+IMU sensor 

system employed in our work, neither of these solutions are ideal.   

 

In update limiting, the Kalman filter only calculates an update step if the sensor 

produced a measurement for that iteration.  I can apply this same concept to multiple sensor 

rates by designing the Kalman filter to always calculate predict and update steps, but when 

measurements are not present, the diagonal entries of the measurement noise covariance 

matrix (which represent the variance of the state measurement [78] ) are driven to be 

arbitrarily large, effectively removing the effect of the measurements on the state estimate.  

This technique, called covariance profiling, operates on the same concept as update limiting, 

but it allows the filter designer to vary the weighted contribution from the measurements on 

a per-sensor basis, i.e. individual sensors can contribute updates to the system state estimate 

as they produce updates.  This concept has been visited by a few researchers in various 

contexts.  In [108] , covariance profiling was used to suppress quantization from optical shaft 

encoders alongside other sensor sources; shaft encoders in particular are challenging, as 

they produce non-uniform quantized steps as a function of angular velocity.  In [64] , a similar 

algorithm was employed, adaptively varying the covariance of a wheeled robot wit h wheel 

encoders to prevent filter divergence.  In [60], [109], [110] , a fuzzy logic controller was used 
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to adaptively change the covariance matrices in response to unstable measurements.  In [7] , 

ÔÈÉÓ ÓÅÎÓÏÒ ÑÕÁÎÔÉÚÁÔÉÏÎ ÐÒÏÂÌÅÍ ×ÁÓ ÔÒÅÁÔÅÄ ÍÏÒÅ ÇÅÎÅÒÁÌÌÙ ÁÓ ȰÍÉÓÓÉÎÇ ÄÁÔÁȱ ÉÎ ÌÅÁÒÎÉÎÇ 

and interference problems, and noted specifically that the problem ÉÓ ȰÔÙÐÉÃÁÌÌÙ ÎÏÔ ×ÅÌÌ 

ÁÄÄÒÅÓÓÅÄ ÉÎ ÌÉÎÅÁÒ ÄÙÎÁÍÉÃÁÌ ÓÙÓÔÅÍÓ +ÁÌÍÁÎ ÆÉÌÔÅÒÉÎÇ  ÌÉÔÅÒÁÔÕÒÅȱ.  [7]  then proposes the 

ÉÄÅÁ ÏÆ ȰÓÐÁÔÉÁÌÌÙ ÁÄÁÐÔÉÖÅ ÏÂÓÅÒÖÁÔÉÏÎ ÎÏÉÓÅȱȟ ×ÈÅÒÅ ÔÈÅ ÏÂÓÅÒÖÁÔÉÏÎ ÎÏÉÓÅ ÃÁÎ ÈÁÖÅ 

different statistics in different parts of the state/observation space, rather than being 

described by a single matrix. 

 

There is also a significant body of work in estimation of delayed, or out-of-sequence, 

sensor measurements, i.e. when various sensors are employed with significantly varying 

latencies; failure to compensate for these delays results in the estimator fusing data from 

dissimilar time increments [111]ɀ[114] .  The general approach to address sensor delay is to 

take an estimator that has the desired performance for delay free measurements, and modify 

update step such that it compares the delayed measurement with its corresponding 

backward time-shifted estimate [113] .  The estimation of delayed sensor measurements is 

not discussed in detail in this work; however, the problem of delayed sensor measurements 

is highly relevant for practical sensor deployments.  The solution to both problems are 

similar: use the predict-update nature of the Kalman filter to fuse sensor data on a per-sensor 

basis.  

 

In our work, I implement a sliding adaptive covariance profiling method based on the 

time elapsed since the most recent update.  /ÕÒ ÍÅÔÈÏÄ ÉÓ ȰÁÄÁÐÔÉÖÅȱ ×ÉÔÈ ÒÅÓÐÅÃÔ ÔÏ ÔÉÍÅȟ 

anÄ ȰÓÌÉÄÉÎÇȱ ÂÅÃÁÕÓÅ ÔÈÅ ÆÕÎÃÔÉÏÎ ÄÅÆÉÎÉÎÇ ÔÈÉÓ ÁÄÁÐÔÉÖÅ ÂÅÈÁÖÉÏÒ ÉÓ Á ÌÏÇÁÒÉÔÈÍÉÃ ÓÌÉÄÉÎÇ 

function.  It is a ÌÏÇ piecewise function.  It is described in equation (25). 
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(25) 

 

Because covariances are relative weights, it is more mathematically appropriate to scale the 

covariance based on a logarithmic function.  In our case, I chose ÌÏÇ, as it is much more 

intuitive to select a half life (the time that the exponential function takes to reduce to half of 

its initial value) to define the rate of exponential decay. 

 

Region one of equation (25) is the smoothing region; in this region, the adaptive 

function scales the covariance gain from its maximum value Ὃ  to one, i.e. it scales from the 

least confidence to the most confidence.  Region two is the scaling region; in this region, the 

adaptive function scales the covariance gain from one back up to Ὃ , i.e. from the most 

confidence to the least confidence.  Region three is the rejected region; in this region, the 

function remains constant at Ὃ  (its least confidence state), i.e. the covariance gain is so large 

that the measurement is not taken into account.  The filter designer must provide four 

variables.  These are listed in equation (26). 

 

 

Ὃ

ừ
ỬỬ
Ừ

ỬỬ
ứ

Ὃ ẗς
ẗ

Ⱦ ρȟ π ɝὸ ὸ

Ὃ ẗς

ẗ
 

ρȟ ὸ ɝὸ ὸ ὸ
Ὃ ȟ ὸ ɝὸ

 

 
Where 
Ὃ is the sliding covariance gain 
Ὃ  is the desired maximum covariance gain, typically ρπ 
ɝὸ is the time elapsed since the last sensor update 
ὸȾ is the half life of the exponential function 

π ɝὸ ὸ  is the smoothing region 
ὸ ɝὸ ὸ ὸ  is the scaling region 
ὸ ɝὸ is the rejected region 
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(26) 

 

Equation (25) using the default variables in equation (26) is plotted for a one second sensor 

update in Figure 9. 

 

 

Figure 9: Example sliding adaptive covariance gain for a one second sensor update interval.  
Ὃ , ὸ  (region one), ὸ  (region two), and ὸȾ  can be varied to change how far of a 

range the covariance scales over and how quickly it decays.   
 

Ὃ  is the maximum covariance gain, or the point at which we consider the 
measurements to no longer be considered.  Ὃ ρπ is used by default, 
which is applicable to most cases. 

ὸ  is the length of time spent in the smoothing region; it is convenient to 
express this as a function of the sensor time step, Ὠὸ, as it will scale the 
smoothing time based on how quickly the sensor updates.  ὸ πȢρυẗ
Ὠὸ is used by default. 

ὸ  is the length of time spent in the scaling region; it is convenient to express 
this as a function of the sensor time step, Ὠὸ, as it will scale the smoothing 
time based on how quickly the sensor updates.  ὸ πȢρẗὨὸ is used by 
default. 

ὸȾ is the half life of the exponential decay; it is convenient to express this as a 

function of the respective ὸ  and ὸ  time steps, as it will scale the half 
life based on the total length of the region.  ὸȾ πȢρẗὸ  and ὸȾ
πȢρẗὸ  are used by default. 
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The sliding adaptive covariance gain Ὃ in equation (25) should be calculated for each 

sensor at each discrete-time iteration of the Kalman filter.  Then, multiplying Ὃ by its 

respective row in the measurement noise matrix Ὑᴆ from equation (5) will return a revised 

covariance that is appropriately scaled based on the time elapsed since the last sensor 

update.  This is given in equation (27). 

 

 

(27) 

 

Increasing the length of region one by increasing ὸ  will  ÓÕÐÐÒÅÓÓ ȰÊÕÍÐÓȱ ÉÎ ÔÈÅ 

estimator output in real time, but comes at the cost of introducing a lag into the estimator 

output.  Additionally, increasing the length of region two by increasing ὸ  will increase 

ÔÈÅ ÅÓÔÉÍÁÔÏÒȭÓ ÃÏÎÆÉÄÅÎÃÅ ÉÎ ÔÈÁÔ measurement for a longer period.  Depending on the 

predictive ability of the state-transition model, this may be desirable or undesirable. 

 

&ÉÎÁÌÌÙȟ ÎÏÔÅ ÔÈÁÔ ÏÎÅ ÃÁÎ ȰÄÉÓÁÂÌÅȱ ÓÌÉÄÉÎÇ ÁÄÁÐÔÉve covariance profiling by setting 

ὸ  and ὸ  to zero.  In this case, the adaptive covariance gain Ὃ ρ when a sensor 

produces an update, and Ὃ Ὃ ρπ (arbitrarily large, and therefore not considered) for 

all other discrete time.  This is still an adaptive covariance behavior, as the gain changes with 

 

Ὑᴆ ὙᴆẗὋᴆ 

 

ᵼὙᴆ
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Where 

Ὑᴆ  is the revised measurement noise covariance matrix incorporating the 

sliding adaptive covariance gain 

Ὑᴆ is the measurement noise covariance matrix 

Ὃᴆ is the sliding adaptive covariance gain vector 
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ÔÉÍÅȟ ÂÕÔ ÉÓ ÂÅÔÔÅÒ ÄÅÓÃÒÉÂÅÄ ÁÓ ȰÂÉÎÁÒÙȱ ÁÄÁÐÔÉÖÅ ÃÏÖÁÒÉÁÎÃÅ ÐÒÏÆÉÌÉÎÇȟ ÓÉÎÃÅ ÔÈÅ 

measurement is either considered entirely, or rejected.  In our work, I employ sliding 

adaptive covariance profiling for the GNSS sensor states using the default values in equation 

(26), and I employ binary adaptive covariance profiling for the IMU sensor states.  This is 

because the GNSS updates slowly and is weighted heavily, which produces strong 

quantization artifacts in the estimator; conversely, the IMU produces updates very quickly, 

so quantization smoothing is not necessary.   

 

3.3. Unobserved linear velocity estimation based on the moving-mean forward-

difference of GNSS position data, and trapezoidal method of accelerometer (IMU) 

data. 

 

In a velocity-denied robot employing the constant-acceleration state-transition 

model given in equation, the linear velocity states do not have measurements to correct their 

prediction.  An accurate linear velocity state is important for predicting the linear position 

states and it is useful for higher level robot control.  Consider the constant-acceleration state-

transition model given in equation (11); it is listed at equation (28) below for convenience.   
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(28) 

 

Equation (28) demonstrates that the pose and twist state predictions, 

ὼ ȟώ ȟ‪ ȟὼ ȟώ ȟ‪  are calculated by summing the last state with its 

derivative times the time step, Ὠὸ.  Due to the variance sum law [115] , the variance of a 

probability distribution always increases when summed with successive independent 

variances.  Therefore, without measurements, to correct prediction errors, equation (28) 

will  increase without bound.  From this, one may conclude that the lack of a linear velocity 

sensor may be a debilitating limitation; however, the GNSS+IMU sensor still gives us 

conditionally probabilistic information that improves our confidence in the linear velocity 

state.  First, linear velocity is related to linear position based on its derivative, which is 

measured by the GNSS sensor; and second, linear velocity is related to linear acceleration 

based on its integral, which is measured by the IMU sensor.   To maximize our use of available 

informat ion in our algorithm, I use both pieces of information to produce a pseudo-

measurement of linear velocity.  Because this measurement comes from discrete-time data, 

I will calculate the derivative of the GNSS linear position data using the forward-difference 
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Where  
ὼ is the linear position of the robot 
ώ is the linear position of the robot 
‪  is the angular position of the robot 
ὼ is the linear velocity of the robot 
ώ is the linear velocity of the robot 

‪  is the angular velocity of the robot 
ὼ is the linear acceleration of the robot 
ώ is the linear acceleration of the robot 

‪  is the angular acceleration of the robot 
Ὠὸ is the discrete time step 
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method, and I will calculate the integral of the IMU linear acceleration data using the 

trapezoidal-method.  

 

3.3.1. Forward-difference of incremental moving mean of linear position measurements 

for linear velocity approximation 

 

In this sub-section I describe the process for approximating linear velocity by taking 

the forward-difference (discrete derivative) of the linear position measurements from the 

GNSS sensor.  One drawback of the forward-difference method is the its high sensitivity to 

noisy data.  The proof for this sensitivity is shown in appendix 6.3.  Because of this, it is 

important to first smooth the linear position data, to reduce abrupt jumps due to noise.  I do 

this using an incremental moving mean.  I then take the forward-difference of the next 

incremental moving mean from the previous incremental moving mean to get the 

approximate derivative of the linear position data.  The algebraic manipulations to 

accomplish these sequential tasks can be symbolically evaluated for arrive at a single, 

convenient linear position measurement equation.   

 

First consider a sequence of sensor measurements, ί, given in equation (29). 

 

 (29) 

 

The classic definition of the mean of sequence ί is given in equation (30). 

 

 

(30) 

 

ί ίȟίȟίȟȣȟί  

ίӶ
ρ

ὲ
ί ί ί Ễ ί  

ρ

ὲ
ί 
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Equation (30) is valid for taking mean of the entire sequence of numbers; however, I am only 

interested in taking the mean of the last ὲ values of a sequence.  I assign an indexing variable 

Ὥ to the sequence, and define the mean of the last ὲ values in a sequence using equation (31). 

 

 

(31) 

 

Equation (31) could be implemented in a filtering algorithm as-is; however, it is 

computationally cheaper to calculate the moving mean in an incremental fashion, as it 

requires fewer variables to keep in memory for each iteration.  In an incremental mean, I use 

the mean from the previous Ὥ ρ iteration, or ίӶ ᴼ , to calculate the mean from 

the current iteration, ίӶ ᴼ .  This requires that I re-write equation (31) shown in 

equation (32). 

 

 

(32) 

ίӶ ᴼ
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ρ

ὲ
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Where  
ίӶ ᴼ  is the mean of the last ὲ values in a the sequence ί, from index Ὥ 

Ὥ is the index of the most current (last) value in the sequence 
ὲ is the number of values in the sequence over which to take the mean 

ίӶ ᴼ

ρ

ὲ
ί 

ρ

ὲ
ί ί ί  

ρ

ὲ
ὲίӶ ᴼ ί ί  

ίӶ ᴼ

ρ

ὲ
ί ί  

 
Where  
ίӶ ᴼ  is the mean of the last ὲ values in a the sequence ί, from index Ὥ 

ίӶ ᴼ  is the mean from the previous iteration 

Ὥ is the index of the most current (last) value in the sequence 
ὲ is the number of values in the sequence over which to take the mean 
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I have now established a means for taking an incremental moving mean of data.  The 

goal in this section is to take the discrete derivative of ourȟ ÎÏ× ȰÓÍÏÏÔÈÅÄȱ linear position 

measurements.  There are multiple methods of discrete differentiation ; for a stream of 

discrete data, the forward-difference method works well.  It is based on the definition of the 

derivative, which is given in equation (33). 

 

 
(33) 

 

In the discrete-time domain, time is described by integer iterations Ὧ, with known time steps, 

Ὠὸ.  Equation (33) can be approximated by the discrete-time forward -difference formula, 

give in equation (34). 

 

 
(34) 

 

Combining equation (34) to approximate the derivative of a ὲ-means of the linear 

position state measurements; i.e. the forward-difference of ίӶ ᴼ  to ίӶ ᴼ  

with equation (32) over the time step Ὠὸ gives equation (35). 

 

 

(35) 
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 Note that when taking the forward difference of the means of two sequences offset by 

Á ÓÉÎÇÌÅ ÉÎÄÅØȟ ÁÌÌ ÏÆ ÔÈÅ ȰÉÎÎÅÒȱ Ôerms of the sequence cancel, and I are equivalently left with 

only the oldest term of the oldest sequence ί , and the newest term of the newest sequence 

ί.  This is convenient, as the estimation algorithm only needs to keep two pieces of 

information in memory, even for extremely large sequences of numbers. 

 

Writing equation (35) in terms of the linear position sensor measurements gives us 

equation (36). 

 

 

(36) 

 

 The filter designer must provide the number of state sensor updates used to calculate 

the incremental mean, ὲ.  For a stationary, normally distributed signal, taking the mean of ὲ 

successive measurements improves the signal-to-noise ratio at a rate of Ѝὲ, e.g. the mean of 

four measurements, improves the signal to noise ratio by a factor of two [116] .  Mobile robot 

linear position measurements are clearly not stationary, meaning that this rule-of-thumb 

only represents an ideal case, as the transient part of the signal is expressed in the mean at 

a rate of 
ẗ

.  Selecting ὲ is a dependent on three factors: (1) the acceptable signal-to-noise 

ừ
Ừ

ứὼ
ρ

Ὠὸẗὲ
ὼȟ ὼȟ

ώ
ρ

Ὠὸẗὲ
ώȟ ώȟ

 

 
Where 
ὼ is the linear velocity pseudo-measurement along the ὼ-axis based on the 

forward difference of GNSS linear position data along the ὼ-axis 
ώ is the linear velocity pseudo-measurement along the ώ-axis based on the 

forward difference of GNSS linear position data along the ώ-axis 
Ὠὸ is the time step between GNSS linear position measurements (assumed to be 

constant for all measurements in the sequence) 
ὲ is the number of linear position measurements over which to take the mean 
ὼȟ is the most current GNSS linear position measurement along the ὼ-axis 

ώȟ is the most current GNSS linear position measurement along the ώ-axis 
ὼȟ  is the GNSS linear position measurement along the ὼ-axis from Ὥ ὲ 

iterations ago 
ώȟ  is the GNSS linear position measurement along the ώ-axis from Ὥ ὲ 

iterations ago 



97 

 

ratio in the smoothed signal, (2) the acceptable accuracy in the forward-difference 

approximation, and (3) the refresh rate of the sensor.  The range of acceptable values for ὲ 

will be explored in this work.   

 

3.3.2. Trapezoidal method of linear acceleration measurements for linear velocity 

prediction 

 

In this sub-section I describe the process for approximating linear velocity by taking 

the trapezoidal method (discrete integral) of the linear acceleration measurements from the 

IMU sensor.  In the previous section, I took the incremental moving mean of the linear 

position measurements before performing the forward-difference, because the method is 

highly sensitive to noisy data.  This extra step is not necessary for the trapezoidal method, 

because the trapezoidal method is orders of magnitude less sensitive to noise.  The proof for 

this is shown in appendix 6.4. 

 

 Like discrete differentiation, there are multiple methods of discrete integration.  The 

most appropriate method for a stream of discrete data is the trapezoidal method.  The 

definition of the definite integral is given in equation (37). 

 

 
(37) 

 

The trapezoidal method works by partitioning function Ὢὼ into Ὧ intervals over the 

integration range, approximating the function over each interval as a trapezoid, and 

summing the results.  This approximation gets more accurate as the size of each interval 

decreases.  The trapezoidal method is given in equation (38). 

 

 

(38) 
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As previously discussed, the trapezoidal method is not sensitive to noise in the same 

was that the forward-difference is.  Therefore, I can directly substitute the linear acceleration 

data from the IMU into equation (38) to approximate the linear velocity.  This is performed 

in equation (39). 

 

 

(39) 

 

 Note that the trapezoidal method requires a previous velocity measurement to sum 

with the area under the curve of the most recent increment; I take this information from the 

Kalman filter linear velocity output from the previous iteration ὼ ȟώ .  One may be 

inclined to believe that this velocity estimate should come from the pseudo-measurement of 

linear velocity from the previous IMU accelerometer sensor update, since this would keep 

the pseudo-measurement entirely self-contained to the IMU accelerometer.  Unfortunately, 

this does not work in practice, as any amount of systematic bias in the linear acceleration 

measurement will cause the integral to increase without bound, and low-cost MEMS 

accelerometers are notoriously prone to systematic drift.  Referencing the integration to the 

ὼ ὼ
ὼȟ ὼȟ

ς
Ὠὸ

ώ ώ
ώȟ ώȟ
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Where 
ὼ is the linear velocity pseudo-measurement along the ὼ-axis based on the 

trapezoidal method of IMU linear acceleration along the ὼ-axis. 
ώ is the linear velocity pseudo-measurement along the ώ-axis based on the 

trapezoidal method of IMU linear acceleration along the ώ-axis. 
ὼ  is the linear velocity estimate along the ὼ-axis from the previous estimator 

iteration  
ώ  is the linear velocity estimate along the ώ-axis from the previous estimator 

iteration  
ὼȟ  is the IMU linear acceleration measurement along the ὼ-axis from the last 

sensor update 
ώȟ  is the IMU linear acceleration measurement along the ώ-axis from the last 

sensor update 
ὼȟ is the most current IMU linear acceleration measurement along the ὼ-axis 
ώȟ is the most current IMU linear acceleration measurement along the ώ-axis 

Ὠὸ is the time step between IMU linear acceleration measurements 
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Kalman filter linear velocity estimate from the previous iteration will introduce coupling into 

the pseudo-measurement; however, this is a necessary tradeoff, as the linear velocity 

estimate error can be bounded by forward-difference pseudo-measurement from the GNSS 

sensor, provided that the covariance weighting is properly handled.   

 

3.3.3. Combining the linear-velocity pseudo-measurements and covariances 

 

In the previous sub-sections, I developed pseudo-measurements for linear velocity 

based on the forward-difference of GNSS linear position measurements ὼȟȟώȟ , and the 

trapezoidal method of IMU linear acceleration measurements ὼȟȟώȟ .  I aim to combine 

these two pseudo-measurements into a single pseudo-measurement for linear velocity.  The 

obvious method of handling this would be to take the average of the two measurements, 

which weights the two measurements equally.  This method works, but it does not consider 

known information about the covariances of the two sensor systems.  A more ideal 

combinational method should weight the measurements based on their covariance; i.e. a 

measurement with less covariance (more certainty) should be weighted more heavily. 

 

First, I a must extract the variance of each of the linear velocity pseudo-

measurements, which are characterized apriori in the Kalman filter measurement noise 

covariance matrix Ὑᴆ matrix in equation (5).  Incorporating the sliding adaptive covariance 

gain Ὃ discussed in section 3.2 results in the revised measurement noise covariance matrix 

Ὑᴆ  given in equation (27).  Because the linear velocity is calculated based on the 

forward difference of the GNSS linear position measurements and the trapezoidal method of 

the IMU linear acceleration measurements, the linear velocity covariance terms cannot be 

assumed to be independent, i.e. the linear velocity covariance terms of the of the Ὑᴆ  

matrix given in equation (27) are not correct.  To calculate the correct linear velocity 

variance, I must calculate the symbolic variance of the pseudo linear velocity measurements.  

I performed this calculation in appendix 6.3 for the forward-difference method, given in 

equation (67), and in appendix 6.4 for the trapezoidal method, given in equation (70).  
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Substituting in the individual covariance matrix terms from equation (27) into equations 

(67) and (71) yields four variance equations for the two linear velocities ὼȟώ.  This is given 

in equation (40). 

 

 

(40) 
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Where 
ὺὥὶὼ  is the variance of the linear velocity pseudo-measurement along the ὼ-

axis due to the forward-difference of the GNSS linear position data 
ὺὥὶώ  is the variance of the linear velocity pseudo-measurement along the ώ-

axis due to the forward-difference of the GNSS linear position data 
ὺὥὶὼ  is the variance of the linear velocity pseudo-measurement along the ὼ-

axis due to the trapezoidal method of the IMU linear acceleration data 
ὺὥὶώ  is the variance of the linear velocity pseudo-measurement along the ώ-

axis due to the trapezoidal method of the IMU linear acceleration data 
Ὠὸ discrete-time step of the GNSS linear position measurements 
Ὠὸ discrete-time step of the IMU linear acceleration measurements 
ὺὥὶὼ  is the variance of the GNSS linear position measurement along the ὼ-axis  
ὺὥὶώ  is the variance of the GNSS linear position measurement along the ώ-axis  
ὺὥὶὼ is the variance of the linear velocity measurement 
ὺὥὶώ is the variance of the linear velocity measurement 
Ὑ  covariance of GNSS linear position measurements along ὼ-axis 
Ὃ sliding adaptive covariance gain of the GNSS linear position measurements 

along ὼ-axis 
Ὑ  covariance of GNSS linear position measurements along ώ-axis 

Ὃ  sliding adaptive covariance gain of the GNSS linear position measurements 

along ώ-axis 
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I now have the symbolic form of the variance for all four linear velocity pseudo-

measurements ὼȟώȟὼȟώ .  Instead of taking the average of the measurements ὼ and ὼ, 

I can take the weighted average, based on their respective variances; ώ and ώ.  Note that 

evaluating this weighted average is the mathematical equivalent of multiplying the two 

Gaussian probability density functions, resulting in a scaled Gaussian function (but non-

Gaussian probability density function) [78], [117] .   The well-known equations for the mean 

and variance of the product of two Gaussian probability density functions are given in 

context in equations (41) and (42), respectively. 

 

 

(41) 
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Where 
ὼ is the linear velocity pseudo-measurement along the ὼ-axis based on the 

weighted average of the forward-difference of GNSS linear position 
measurements and trapezoidal-method of IMU linear acceleration 
measurements 

ώ is the linear velocity pseudo-measurement along the ώ-axis based on the 
weighted average of the forward-difference of GNSS linear position 
measurements and trapezoidal-method of IMU linear acceleration 
measurements 

ὼ is the linear velocity pseudo-measurement along the ὼ-axis based on the 
forward difference of GNSS linear position data along the ὼ-axis 

ώ is the linear velocity pseudo-measurement along the ώ-axis based on the 
forward difference of GNSS linear position data along the ώ-axis 

ὺὥὶὼ  is the variance of the linear velocity pseudo-measurement along the ὼ-
axis due to the forward-difference of the GNSS linear position data 

ὺὥὶώ  is the variance of the linear velocity pseudo-measurement along the ώ-
axis due to the forward-difference of the GNSS linear position data 

ὼ is the linear velocity pseudo-measurement along the ὼ-axis based on the 
trapezoidal method of IMU linear acceleration along the ὼ-axis 

ώ is the linear velocity pseudo-measurement along the ώ-axis based on the 
trapezoidal method of IMU linear acceleration along the ώ-axis 

ὺὥὶὼ  is the variance of the linear velocity pseudo-measurement along the ὼ-
axis due to the forward-difference of the IMU linear acceleration data 

ὺὥὶώ  is the variance of the linear velocity pseudo-measurement along the ώ-
axis due to the forward-difference of the IMU linear acceleration data 
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(42) 

 

Note however, that our symbolic formulation of the variance of the trapezoidal method in 

equation (71) tells us that the variance of the trapezoidal method can be approximated as 

the original variance of the linear velocity measurement, since the summed integration term 

adds an infinitesimally small variance onto the previous velocity.  Because the only other 

term influencing the linear velocity variance is the variance of the GNSS sensor ὺὥὶὼ  and 

ὺὥὶώ , I assume that ὺὥὶὼ ὺὥὶὼ , and ὺὥὶώ ὺὥὶώ .  With this information 

equation (41) reduces down to a simple mean given in equation (43); likewise (42) 

simplifies into the form given in equation (44) below. 
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Where 
ὺὥὶὼ  is the variance of the linear velocity pseudo-measurement along the ὼ-

axis based on the weighted average of the forward-difference of GNSS linear 
position measurements and trapezoidal-method of IMU linear acceleration 
measurements 

ὺὥὶώ  is the variance of the linear velocity pseudo-measurement along the ώ-
axis based on the weighted average of the forward-difference of GNSS linear 
position measurements and trapezoidal-method of IMU linear acceleration 
measurements 

ὼ is the linear velocity pseudo-measurement along the ὼ-axis based on the 
forward difference of GNSS linear position data along the ὼ-axis 

ώ is the linear velocity pseudo-measurement along the ώ-axis based on the 
forward difference of GNSS linear position data along the ώ-axis 

ὺὥὶὼ  is the variance of the linear velocity pseudo-measurement along the ὼ-
axis due to the forward-difference of the GNSS linear position data 

ὺὥὶώ  is the variance of the linear velocity pseudo-measurement along the ώ-
axis due to the forward-difference of the GNSS linear position data 

ὺὥὶὼ  is the variance of the linear velocity pseudo-measurement along the ὼ-
axis due to the forward-difference of the IMU linear acceleration data 

ὺὥὶώ  is the variance of the linear velocity pseudo-measurement along the ώ-
axis due to the forward-difference of the IMU linear acceleration data 
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(43) 

 

 

(44) 

ὼ
ὼ ὼ

ς
 

ώ
ώ ώ
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Where 
ὼ is the linear velocity pseudo-measurement along the ὼ-axis based on the 

weighted average of the forward-difference of GNSS linear position 
measurements and trapezoidal-method of IMU linear acceleration 
measurements 

ώ is the linear velocity pseudo-measurement along the ώ-axis based on the 
weighted average of the forward-difference of GNSS linear position 
measurements and trapezoidal-method of IMU linear acceleration 
measurements 

ὼ is the linear velocity pseudo-measurement along the ὼ-axis based on the 
forward difference of GNSS linear position data along the ὼ-axis 

ώ is the linear velocity pseudo-measurement along the ώ-axis based on the 
forward difference of GNSS linear position data along the ώ-axis 

ὺὥὶὼ  is the variance of the linear velocity pseudo-measurement along the ὼ-
axis due to the forward-difference of the GNSS linear position data 

ὺὥὶώ  is the variance of the linear velocity pseudo-measurement along the ώ-
axis due to the forward-difference of the GNSS linear position data 
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Where 
ὺὥὶὼ  is the variance of the linear velocity pseudo-measurement along the ὼ-

axis based on the weighted average of the forward-difference of GNSS linear 
position measurements and trapezoidal-method of IMU linear acceleration 
measurements 

ὺὥὶώ  is the variance of the linear velocity pseudo-measurement along the ώ-
axis based on the weighted average of the forward-difference of GNSS linear 
position measurements and trapezoidal-method of IMU linear acceleration 
measurements 

ὼ is the linear velocity pseudo-measurement along the ὼ-axis based on the 
forward dif ference of GNSS linear position data along the ὼ-axis 

ώ is the linear velocity pseudo-measurement along the ώ-axis based on the 
forward difference of GNSS linear position data along the ώ-axis 

ὺὥὶὼ  is the variance of the linear velocity pseudo-measurement along the ὼ-
axis due to the forward-difference of the GNSS linear position data 

ὺὥὶώ  is the variance of the linear velocity pseudo-measurement along the ώ-
axis due to the forward-difference of the GNSS linear position data 
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To summarize, the pseudo-measurements ὼ and ώ from equation (43) replace the 

fourth and fifth elements, respectively, in the measurement matrix ᾀᴆ in equation (6); and 

the variance of the pseudo-measurements ὺὥὶὼ and ὺὥὶώ from equation (44) replace 

the τȟτ and υȟυ positions in the sliding adaptive measurement noise covariance matrix 

Ὑᴆ  matrix in equation (27).  The revised state measurement vector ᾀᴆ is given in 

equation (45), and the revised sliding adaptive measurement noise covariance matrix 

Ὑᴆ  is given in equation (46). 

 

 

(45) 

 

ᾀᴆ

ừ
Ử
Ử
Ử
Ừ

Ử
Ử
Ử
ứ
ὼ
ώ
‪
ὼ
ώ

‪
ὼ
ώ
π

 

 
Where 
ᾀᴆ is the state measurement vector for the robot body frame state estimator at 

time Ὧ 
ὼ is the is the most current GNSS linear position measurement along the ὼ-axis  
ώ is the is the most current GNSS linear position measurement along the ώ-axis  
‪ is the most current IMU angular position measurement about the ᾀ-axis 
ὼ is the linear velocity pseudo-measurement along the ὼ-axis based on the 

weighted average of the forward-difference of GNSS linear position 
measurements and trapezoidal-method of IMU linear acceleration  

ώ is the linear velocity pseudo-measurement along the ώ-axis based on the 
weighted average of the forward-difference of GNSS linear position 
measurements and trapezoidal-method of IMU linear acceleration 
measurements 

‪ is the most current IMU angular velocity measurement about the ᾀ-axis 
ὼ is the most current IMU linear acceleration measurement along the ὼ-axis 
ώ is the most current IMU linear acceleration measurement along the ώ-axis 



105 

 

 

(46) 

 

 In summary, equation (40) symbolically calculates the variance of the linear velocity 

pseudo-measurements based on the forward-difference of linear position GNSS data, and the 

trapezoidal method of linear acceleration IMU data, which are derived in appendix 6.3 and 

6.4, respectively.  Equations (41) and (42) outline the general framework for combining the 

two Gaussian distributions based on their mean and variance.  Although it is not needed in 

the particular GNSS+IMU sensor system tested in this work, equations (41) and (42) can be 

more generally used to incorporate additional (redundant) state measurements for any of 

the state variables in a state estimator based on a Kalman filter.  Equations (43) and (44) 

make the symbolic substitutions for the final Gaussian mean and variance for the linear 

velocity pseudo-measurements.  Equation (45) reflects the updated state measurement 

vector, and equation (46) reflects the updated measurement noise covariance matrix.   
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Where 

Ὑᴆ  is the revised measurement noise covariance matrix incorporating the 

sliding adaptive covariance gain 

Ὑᴆ is the measurement noise covariance matrix 

Ὃᴆ is the sliding adaptive covariance gain vector 
ὺὥὶὼ  is the variance of the linear velocity pseudo-measurement along the ὼ-

axis based on the weighted average of the forward-difference of GNSS linear 
position measurements and trapezoidal-method of IMU linear acceleration 
measurements 

ὺὥὶώ  is the variance of the linear velocity pseudo-measurement along the ώ-
axis based on the weighted average of the forward-difference of GNSS linear 
position measurements and trapezoidal-method of IMU linear acceleration 
measurements 
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3.4. The cascading, dual-frame estimator in the robot body frame and then in the map 

frame 

 

In this section, I describe the configuration of our Kalman filter-based state observer, 

which can be described aÓ Á ȰÃÁÓÃÁÄÉÎÇȟ ÄÕÁÌ-ÆÒÁÍÅȱ ÅÓÔÉÍÁÔÏÒȢ  This state observer 

configuration is necessary because the GNSS sensor records measurements with respect to 

the map frame* and the IMU sensor records measurements with respect to the body frame.  

The GNSS and IMU state variable measurements and the reference frames they measure with 

respect to are listed in Table 7. 

 

Table 7: GNSS and IMU State Measurements and Reference Frames 
GNSS IMU 

Measured State Reference frame Measured State Reference frame 

Linear position, ὼ Map frame Angular position, ‪ Robot body frame 
Linear position, ώ Map frame Angular velocity, ‪ Robot body frame 

  Linear acceleration, ὼ Robot body frame 
  Linear acceleration, ώ Robot body frame 

 

In order to fuse the information from both sensor systems their measurements must 

measure with respect to the same reference frame.  There are two intuitive solutions to this 

problem: 

 

¶ Convert the IMU measurements to the map frame.  This put all the measurements in 

the map frame, and the Kalman filter calculates state estimates with respect to the 

map frame. 

 

* It is more accurate to say that the GNSS sensor records measurements in the Earth frame, as the 
data is typically described in latitude-longitude; however, in most applications where the robot area-
of-operation can be approximated as a cartesian coordinate system, the GNSS measurements are 
immediately converted to the map frame.  Thus, in the eyes of the state observer, the GNSS 
measurements are measured with respect to the map frame. 
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¶ Convert the GNSS measurements to the robot body frame.  This will put all the 

measurements in the robot body frame, and the Kalman filter calculates state 

estimates with respect to the robot body frame. 

 

Fusing the sensor data with respect to the map frame is advantageous, since I 

ultimately want the robot pose to be expressed with respect to the map.  This makes the first 

option sound more appealing, as it requires only a single transformation of the IMU data to 

the map frame; however, transforming the IMU data from the robot body frame to the map 

frame incurr s significant error in the acceleration measurements.  Equation (42) 

demonstrates that a rotational pose transformation between frames requires knowledge of 

the angular position ‪, and equation (59) demonstrates that a rotational velocity 

transformation between frames requires knowledge of the angular position and velocity 

(‪ȟ‪ .  By extension, a rotational acceleration transformation (a very intensive symbolic 

derivation) requires angular position, velocity, and acceleration ‪ȟ‪ȟ‪ .  Because the 

angular acceleration state ‪ is neither measured nor estimated, this transformation is very 

error prone. 

 

In the second option, I convert the GNSS measurements to the robot body frame.  This 

option is more realistically feasible, because the GNSS sensor only measures linear positions.  

Therefore, the pose transformation described in equation (42) only requires knowledge of 

the angular position ‪, which is measured.  That said, if the Kalman filter produces estimates 

with respect to the robot body frame, it must be transformed back into the map frame, as I 

ultimately want the robot pose to be expressed with respect to the map frame.  This means 

that the pose information from the GNSS sensor undergoes two frame transformations, and 

the twist and acceleration data from the IMU sensor undergoes one frame transformation.  

Because each frame transformation introduces additional error into the state estimates 

(stemming from the error in the angular position ‪ estimate), two transformations of the 

GNSS pose information introduces too much error into the system to be useful.   
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The cascading, dual-frame state estimator addresses these error propagation 

problems by employing two separate Kalman filters that feed into each other in a series (or 

ȰÃÁÓÃÁÄÉÎÇȱ  ÆÁÓÈÉÏÎȢ  4ÈÉÓ ÃÏÎÆÉÇÕÒÁÔÉÏÎ ÁÌÌÏ×Ó ÕÓ ÔÏ ÔÁËÅ ÁÄÖÁÎÔÁÇÅ ÏÆ ÔÈÅ best parts of 

options one and two, while circumventing the problematic parts.  This results in a 

significantly more accurate state estimate that avoids all but one minor frame 

transformation.   

 

The first state estimator produces estimates with respect to the robot body frame; I 

call this first state estimator the robot body frame state estimator.  It takes the robot body 

frame state vector estimate from the previous iteration and calculates a state vector 

prediction using the constant-acceleration state-transition matrix given in equation (12).  

First, the linear position measurements from the GNSS sensor ὼȟώ  must be converted 

from the map frame to the robot frame; this is the only measurement that will be frame 

transformed in our state estimator.  This map-frame-to-robot-body-frame transformation 

can be performed using the process described in section 3.1.5 (equations (15) through (19)).  

Once transformed, the state measurement vector can be completed using the angular 

position, angular velocity, and linear acceleration measurements from the IMU, and the 

linear velocity pseudo-measurements described by equation (47). 

 



109 

 

 

(47) 

 

The revised sliding adaptive measurement noise covariance matrix Ὑᴆ  remains as it 

was given in equation (46). 

 

The second state estimator three pose state variables referenced with respect to the 

map frame ὼȟώȟ‪  and three twist state variables referenced with respect to the robot 

body frame ὼȟώȟ‪ ; this makes this second state estimator referenced with respect to 

both the map and robot body frame, so I will call this second state estimator the hybrid frame 

state estimator.  The linear position measurements come directly from the GNSS sensor 

ὼȟώ , the angular position and angular velocity measurements come from the IMU 

(remember that ‪ ‪  and ‪ ‪  in two-dimensions).  The key difference in the map 

ᾀᴆ

ừ
Ử
Ử
Ử
Ừ

Ử
Ử
Ử
ứ
ὼ
ώ

‪

ὼ

ώ

‪

ὼ

ώ

π

 

 
Where 
ᾀᴆ  is the state measurement vector for the robot body frame state estimator at 

time Ὧ 
ὼ  is the is the most current GNSS linear position measurement along the ὼ-axis 

converted from the map frame to the robot frame 
ώ  is the is the most current GNSS linear position measurement along the ώ-axis 

converted from the map frame to the robot frame 
‪  is the most current IMU angular position measurement about the ᾀ-axis 

ὼ  is the linear velocity pseudo-measurement along the ὼ-axis based on the 

weighted average of the forward-difference of GNSS linear position 
measurements and trapezoidal-method of IMU linear acceleration  

ώ  is the linear velocity pseudo-measurement along the ώ-axis based on the 

weighted average of the forward-difference of GNSS linear position 
measurements and trapezoidal-method of IMU linear acceleration 
measurements 

‪  is the most current IMU angular velocity measurement about the ᾀ-axis 

ὼ  is the most current IMU linear acceleration measurement along the ὼ-axis 

ώ  is the most current IMU linear acceleration measurement along the ώ-axis 
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frame state estimator is the linear velocity measurements come from the state estimate 

output from the robot body frame state estimator.  These linear velocity measurements are 

still referenced to the robot body frame, which may lead one to conclude that a velocity frame 

transformation is required, e.g. equation (60); however, if transforming a velocity only for 

the purpose of pose prediction using the constant-acceleration state-transition model, only 

an angular position (not velocity) transform is necessary.  The constant-acceleration state-

transition model in equation (11) is revised for the six-state map frame state estimator, and 

given in equation (48).  Because it only employs six states (no acceleration state 

information), this revised model could be called a constant-velocity state-transition model. 

 

 

(48) 

 

Note how equation (48) makes an assumption of constant angular position, linear velocity, 

and angular velocity.  Normally this is not an acceptable assumption for predictive 

estimation; however, remember that the angular position, linear velocity, and angular 

velocity states were already estimated in the robot body frame estimator, and therefore do 

not need state-transition equations.  The purpose of hybrid frame state estimator is to 

estimate the robot linear position states in the map frame ὼȟώ ; the linear velocity states 

are only needed for its role in the second term of the linear position prediction equations in 

equation (48).  In this capacity, the linear velocity is integrated in discrete-time by 

mult iplying by the time step Ὠὸ, i.e. the linear velocity already represents a linear position, 
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Where  
ὼ is the linear position of the robot 
ώ is the linear position of the robot 
‪  is the angular position of the robot 
ὼ is the linear velocity of the robot 
ώ is the linear velocity of the robot 
‪  is the angular velocity of the robot 
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and therefore only requires a linear position frame transformation.  A linear position frame 

transformation introduces significantly less error into the state estimate compared to a 

linear velocity frame transformation, since a linear position frame transformation is only 

dependent on the angular position.  A full linear velocity frame estimate requires angular 

position and angular velocity, e.g. equation (60).  There are multiple methods this 

transformation could be implemented into the state estimator; probably the most 

straightforward method is to integration the frame transformation directly into the state-

transition equations.  This is given in equation (49). 

 

 

(49) 

 

 To match the state-transition model in equation (49), the hybrid frame state 

estimator measurement matrix is a φ ρ vector given in equation (50). 
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Where  
ὼ is the linear position of the robot 
ώ is the linear position of the robot 
‪  is the angular position of the robot 
ὼ is the linear velocity of the robot 
ώ is the linear velocity of the robot 

‪  is the angular velocity of the robot 
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(50) 

 

 Also note that because the angular position, linear velocity, and angular velocity 

states of equation (48) have already been estimated in the robot frame state estimator, so 

the hybrid frame state-transition equations should not change anything about this 

information.  Thus, their  respective terms in the process noise covariance matrix of the 

hybrid map frame estimator should be tuned to be arbitrarily large (compared to the 

measurement noise covariance).  The revised sliding adaptive measurement noise 

covariance matrix Ὑᴆ  for the hybrid frame state estimator is given in equation (51). 
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Where 
ᾀᴆ  is the state measurement vector for the hybrid frame state estimator at time 

Ὧ 
ὼ  is the is the most current GNSS linear position measurement along the ὼ-axis  

ώ  is the is the most current GNSS linear position measurement along the ώ-axis 

‪  is the most current angular position update about the robot body frame ᾀ-axis 
from the robot body frame Kalman filter; note that ‪ ‪  for our 

purposes (see section 3.1.4) 
ὼ is the most current linear velocity update along the robot body frame ὼ-axis 

from the robot body frame Kalman filter  
ώ is the most current linear velocity update along the robot body frame ώ-axis 

from the robot body frame Kalman filter  

‪  is the most current angular velocity update about the robot body frame ᾀ-axis 

from the robot body frame Kalman filter; note that ‪ ‪  for our 

purposes (see section 3.1.4) 
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(51) 

 

3.5. Putting it all together: the full cascading dual-frame motion-tracking state estimator 

for velocity-denied robot localization 

 

In this section, I discuss the full cascading, dual-frame motion-tracking state 

estimator.  A flow chart of its operating is shown in Figure 10. 
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Where 

Ὑᴆ  is the revised measurement noise covariance matrix incorporating the 

sliding adaptive covariance gain 

Ὑᴆ is the measurement noise covariance matrix 

Ὃᴆ is the sliding adaptive covariance gain vector 
ὺὥὶὼ  is the variance of the linear velocity pseudo-measurement along the ὼ-

axis based on the weighted average of the forward-difference of GNSS linear 
position measurements and trapezoidal-method of IMU linear acceleration 
measurements 

ὺὥὶώ  is the variance of the linear velocity pseudo-measurement along the ώ-
axis based on the weighted average of the forward-difference of GNSS linear 
position measurements and trapezoidal-method of IMU linear acceleration 
measurements 
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Figure 10: Full cascading dual-frame motion-tracking state estimator. 
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Following is a bulleted list that roughly reflects the chronological order of the full state 

estimation algorithm: 

¶ At discrete-time Ὧ, the robot body frame Kalman filter calculates a state vector 

prediction using equation (3) with state-transition model in equation (12), and error 

covariance matrix prediction using equation (4).  It uses the state estimate prediction 

and error covariance matrix from the robot body frame Kalman filter at discrete-time 

Ὧ ρ. 

¶ The state estimation algorithm retrieves sensor data from the GNSS and IMU sensors.  

It calculates the time since the last update of each sensor, which it uses to calculate 

the sliding adaptive covariance gains for each sensor using equation (25) to account 

for decays in measurement accuracy due to elapsed time and to smooth the output 

data in real time. 

¶ The state estimation algorithm transforms the GNSS linear position data from the 

map frame to the robot body frame using equations (15) through (19). 

¶ The state estimation algorithm calculates the forward-difference of the transformed 

(from map to robot body frame) GNSS linear position measurements using equation 

(36), and the trapezoidal method of the IMU linear acceleration measurements using 

equation (39). 

¶ The GNSS linear position forward-difference is combined with the IMU linear 

acceleration trapezoidal method using equations (43).  Their covariances are 

calculated using equation (44). 

¶ The measurement vector is updated with linear velocity pseudo-measurements using 

equation (47), and the measurement noise covariance matrix is updated with the 

linear velocity covariance data and sliding adaptive covariance gains using equation 

(46). 

¶ The robot body frame Kalman filter calculates a state vector update using equation 

(6), and error covariance matrix update using equation (7).  It uses the state vector 

prediction in equation (3), error covariance matrix prediction in equation (4), 

measurement matrix in equation (45), and updated measurement noise covariance 

in equation (46). 



116 

 

¶ The hybrid frame Kalman filter calculates a state vector prediction using equation (3) 

with state-transition model in equation (49), and error covariance matrix prediction 

using equation (4).  It uses the state estimate prediction and error covariance matrix 

from the hybrid frame Kalman filter at discrete-time Ὧ ρ. 

¶ The hybrid frame Kalman filter measurement vector uses linear velocity terms from 

the state estimate output from the robot body frame Kalman filter state vector update, 

alongside GNSS linear position measurements, IMU angular position, and IMU angular 

velocity measurements.  

¶ The hybrid frame Kalman filter calculates a state vector update using equation (6), 

and error covariance matrix update using equation (7).  It uses the state vector 

prediction in equation (3), error covariance matrix prediction in equation (4), 

measurement matrix in equation (50), and updated measurement noise covariance 

in equation (51). 

¶ The pose and twist components of the state vector update from the robot body frame 

Kalman filter ὼȟώȟ‪ȟὼȟώȟ‪  and the pose components of the state vector 

update from the hybrid frame Kalman filter ὼȟώȟ‪  represent the most accurate 

post and twist estimates available from this state estimation algorithm.  The Kalman 

filter waits for a pre-specified Ὠὸ, and repeats. 
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4. Validating the revised algorithm 

 

In this chapter, I will validate the performance of our cascading, dual-frame, motion-

tracking state estimation algorithm by evaluating its performance against a robot simulation 

environment, and then against real sensor data.  I are interested in evaluating the 

performance two key elements of the state estimation algorithm: (1) the accuracy of the 

linear position state predictiÏÎ ÉÎ ÂÅÔ×ÅÅÎ '.33 ÓÅÎÓÏÒ ÕÐÄÁÔÅÓȟ ÏÒ ÔÈÅ ȰÄÅÁÄ-ÒÅÃËÏÎÉÎÇȱ 

performance of the state estimator, and (2) the accuracy of the unobserved linear velocity 

state estimate.   

  

Note that I am not particularly interested in the absolute estimation accuracy of the 

measured states, i.e. linear position, angular position, angular velocity, and linear 

acceleration.  Without additional state information in the form of competitive, 

complementary, and/or cooperative sensor information for any of the measured states 

(f rom our discussion in chapter 2), it is unrealistic to expect that the state estimation 

algorithm will make significant improvements to state accuracy.  The state estimator does 

offer some smoothing performance for individual state measurements as it probabilistically 

fuses individual measurements with their time history.  This smoothing can be considered 

an improvement over measurement accuracy if those measurements were truly stationary 

unimodal Gaussian distributions; however, the states are clearly not stationary in a mobile 

robot, and the assumption of a unimodal Gaussian distribution will only go so far in practice.  

Therefore, I am significantly more interested in analyzing the performance of the 

unobserved state information; i.e. linear position state estimation accuracy in between the 

GNSS sensor one-second-long refresh rate (the dead reckoning accuracy), and the accuracy 

of the unobserved linear velocity states. 

 

4.1. Estimator performance on simulated sensor data 

 

 To initiall y validate the state estimation techniques described in the previous section, 

I developed a comprehensive 2D robot simulation based on the Euler numerical method.  
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This simulation approximates the dynamics of a robot as a point mass with linearized mass 

άȟὍ, damping ὦ ȟὦ ȟὦ , and forcing inputs Ὂ ȟὊ ȟὊ .  The simulation 

ÁÌÌÏ×Ó ÆÏÒ ÖÁÒÙÉÎÇ ÔÈÅ ÆÏÒÃÉÎÇ ÉÎÐÕÔÓ ÁÔ ÁÎÙ ÔÉÍÅ ÓÔÅÐ ÁÎÄ ÇÅÎÅÒÁÔÅÓ ȰÇÒÏÕÎÄ ÔÒÕÔÈȱ ÄÁÔÁ ÆÏÒ 

position, velocity, and acceleration states.  It also generates sensor data with configurable 

noise and refresh rate that representative of a GNSS+IMU sensor system.  This noisy sensor 

data is then fed into our cascading, dual-frame, motion-tracking state estimator; the outputs 

of the state estimator can then be compared against the simulation ground truth to evaluate 

accuracy.  Details regarding equations of motion and Euler simulation can be found in 

appendix 6.5 , and its source code can be found in supplementary materials 8.1. 

 

4.1.1. Straight-line simulation 

 

In this first scenario, the robot accelerates in a straight line along the map frame ὼ-

axis (east).  The map frame ὼώ-ÐÏÓÉÔÉÏÎ ȰÔÏÐ ÄÏ×Î ÖÉÅ×ȱ ÉÓ ÇÉÖÅÎ ÉÎ Figure 11; the robot body 

frame states plotted versus time are given in Figure 12; and the hybrid frame states plotted 

versus time are given in Figure 13. 
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Figure 11: Straight-line simulation map frame ὼώ-ÐÏÓÉÔÉÏÎ ȰÔÏÐ-ÄÏ×Îȱ ÖÉÅ×. 
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Figure 12: Straight-line simulation robot body frame states plotted versus time. 
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Figure 13: Straight-line simulation hybrid frame states plotted versus time. 
 

In Figure 11, the robot starts at πȟπ in the map frame, and moves in the positive ὼ-

direction.  In Figure 12, the robot body frame estimator outputs are plotted against their 

simulated ground truth and simulated measurements.  In this simulation, the robot increases 

in its ὼ linear position (top left) , while staying relatively still in its ώ linear position (middle 

left), and ‪  angular position (bottom left), which is good, as no sway input force or yaw 

input moment was commanded.  The ὼ linear velocity (top middle) increases to a steady-

state value and remains constant, as expected when employing a non-zero drag coefficient; 

and the ώ linear velocity and ‪  angular velocity remains at zero as expected.  The ὼ linear 

acceleration (top right) starts at a maximum and decreases to zero as expected, and the ώ 

linear acceleration (middle right) remains at zero.  In Figure 13, the hybrid frame estimator 

outputs are similarly plotted against their simulated ground truth and simulated 

measurements.  The ὼ  linear position (top left) and ώ  linear position (middle left) are the 

only plots that reflect the new information from the hybrid frame estimator, are plotted 
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against each other in Figure 11.  The ‪ ‪  angular position, ὼ linear velocity, ώ linear 

velocity, and ‪ ‪  angular velocity is identical to their respective counterparts in the 

robot body frame; they are listed again for continuity.   

 

One important takeaway from the straight-line acceleration simulation is the 

significant steady-state error in the linear velocity state (Figure 12, top middle); the pseudo-

measurements are significantly underestimating the actual velocity of the robot.  This results 

from the significant latency in the forward-difference velocity pseudo-measurement; 

because the GNSS sensor only updates at 1 Hz, by the linear measurement is always one 

second behind (at a minimum) resulting in a systematic under-estimation of linear velocity 

via the forward-difference.  I can demonstrate this in two ways, first by artificially increasing 

the GNSS refresh rate while keeping all other variables constant.  This is performed in Figure 

14 for a GNSS refresh rate of 2 Hz, Figure 15 for a GNSS refresh rate of 4 Hz, and Figure 16 

for a GNSS refresh rate of 8 Hz (note that the default GNSS refresh rate is 1 Hz, as discussed 

in Table 3). 
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Figure 14: Straight-line simulation robot body frame states, where GNSS refresh rate is 
increased from 1 Hz (default) to 2 Hz. 
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Figure 15: Straight-line simulation robot body frame states, where GNSS refresh rate is 
increased from 1 Hz (default) to 4 Hz. 
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Figure 16: Straight-line simulation robot body frame states, where GNSS refresh rate is 
increased from 1 Hz (default) to 8 Hz. 
 
 In Figure 14 through Figure 16, note how the steady-state error of the ὼ linear 

velocity pseudo-measurements (top middle)  decreases.  This tells us that a faster GNSS (or 

generalized linear position sensor) refresh rate significantly improves the steady-state error 

of the pseudo-linear velocity measurement, as expected. 

 

 Also note the significant increase in noise in the linear velocity pseudo-measurement 

as the refresh rate of the GNSS sensor increases, despite no change in variance of the raw 

GNSS sensor measurements.  Although non-intuitive, this behavior is actually predicted by 

our symbolic formulation of the variance for the forward-difference method, which is 

discussed in detail in appendix 6.3.  Because the square of the time step Ὠὸ is in the 

denominator of the variance of the forward-difference method in equation (67), as the time 

step between measurements decreases below 1 second, the total variance of the forward-

difference method increases.  In our case, the estimator does a reasonably good job filtering 
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these noisy measurements; however, if employing a faster refresh rate linear position sensor 

(e.g. interpolating GNSS sensor, or if receiving linear position measurements from another 

source like vision, laser scan, etc.), one may consider increasing the number linear position 

measurements ὲ to include in the moving mean of the forward -difference method in 

equation (35).   

 

 This leads us to our second point of discussion; how many linear position 

measurements should be used in the forward-difference calculation for a standard 1 Hz 

GNSS?  In Figure 17 I evaluate the same straight-line acceleration simulation for ὲ τ, in 

Figure 18, for ὲ ψ, and Figure 19 for ὲ ρφ.  

 

 

Figure 17: Straight-line simulation robot body frame states, where ὲ GNSS linear position 
measurements in the forward-difference calculation is increased from 2 (default) to 4. 
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Figure 18: Straight-line simulation robot body frame states, where ὲ GNSS linear position 
measurements in the forward-difference calculation is increased from 2 (default) to 8. 
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Figure 19: Straight-line simulation robot body frame states, where ὲ GNSS linear position 
measurements in the forward-difference calculation is increased from 2 (default) to 16. 
 

Comparing Figure 17 through Figure 19 to the robot body frame states from the original 

simulation in Figure 12, the simulation demonstrates that increasing ὲ decreases the 

variance and the steady-state error of the linear-velocity pseudo-measurements (both good 

things), but at the cost of increasing the response time (time constant) of the linear-velocity 

state pseudo-measurement.  Depending on the refresh rate of the linear position sensor, the 

answer to this question will change from system to system, but, for a transient mobile robot 

system, a faster response of a reasonable linear velocity measurement is likely more useful 

than minimizing the steady state error.  For the 1 Hz GNSS linear position sensor employed 

in this work, ὲ ς (the minimum possible) gives the best balance of linear velocity 

characterization, and response time.   

 

4.1.2. Forward, backward, and forward simulation 
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In this simulation, the robot will start by driving forward along the map frame ὼ-axis 

(east), then at ὸ ρυ ί the robot will apply an equivalent reverse thrust, backing up along 

the same trajectory, then at ὸ σπ ί, the robot will apply an equivalent forward thrust, 

moving forward along the same trajectory.  The map frame ὼώ-position is given in Figure 20; 

the robot body frame states plotted versus time are given in Figure 21; and the hybrid frame 

states plotted versus time are given in Figure 22. 

 

 

Figure 20: Forward-backward-forward simulation map frame ὼώ-ÐÏÓÉÔÉÏÎ ȰÔÏÐ-ÄÏ×Îȱ 
view. 
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Figure 21: Forward-backward-forward simulation robot body frame states plotted versus 
time. 
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Figure 22: Forward-backward-forward simulation hybrid frame states plotted versus time. 
 

 As mentioned in the straight-line simulation, the steady state error in the linear 

velocity state appears to be a systematic offset based on the refresh-rate of the linear 

position sensor.  Increasing the refresh rate of the linear position sensor, or increasing the 

number of linear position measurements decreases the steady state error; however our 

ability to increase the refresh rate of the linear position sensor is limited by the sensor 

system, and increasing the number of linear position measurements has detrimental effects 

on other parts of the system.  This forward-backward-forward simulation supports the idea 

that this steady state error is systematic and steady, provided that the parameters sensors 

remain the same.  Thusly, this steady-state error can be compensated for using an open-loop 

bias (multiplier in this case) on the linear velocity pseudo-measurements.  Using the 1 Hz 

GNSS sensor measurements, and 20 Hz IMU sensor measurements used in this simulation, 

an open-loop linear velocity measurement bias of 1.35 best compensated for the steady-state 
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error .  The robot body frame states of the same simulation with the bias implemented is 

shown in Figure 23.  

 

 

Figure 23: Forward-backward-forward simulation r obot body frame states plotted versus 
time, with an open-loop linear velocity bias of 1.35. 
 

As a thought experiment, I applied this same bias to the straight-line acceleration simulation 

from the previous section.  The robot body frame states if this simulation is shown in Figure 

24. 
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Figure 24: Straight-line simulation robot body frame states, with an open-loop linear velocity 
bias of 1.35. 
 

The improved linear velocity estimation accuracy from the forward-backward-

forward simulation in Figure 23, and the straight-line simulation in Figure 24 clearly 

demonstrate that the open-loop linear velocity bias helps.  This analysis does not necessarily 

prove that this the sensor parameters are the only variables that influence the steady-state 

error in the linear velocity state, so I will continue using a linear velocity bias of 1.35 in the 

simulations going forward, while monitoring the linear velocity states for a change in steady-

state error. 

 

4.1.3. Circular motion 

 

In this simulation, I impose a positive (counter-clockwise) torque input into the robot 

in addition to the typical forward thrust.  This results in a continuous rotation.  The map 
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frame ὼώ-position is given in Figure 25; the robot body frame states plotted versus time are 

given in Figure 26; and the hybrid frame states plotted versus time are given in Figure 27. 

 

 

Figure 25: Circular motion simulation map frame ὼώ-ÐÏÓÉÔÉÏÎ ȰÔÏÐ-ÄÏ×Îȱ ÖÉÅ×Ȣ 
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Figure 26: Circular motion simulation robot body frame states plotted versus time. 
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Figure 27: Circular motion simulation hybrid frame states plotted versus time. 
 

This simulation clearly demonstrates how the fusion of ‪ angular orientation with 

the and ὼ and ώ linear velocity enables the estimator to predict the pose of the robot in 

between GNSS linear position updates.  When the GNSS sensor ultimately does update, the 

state estimate is corrected, and the process continues repeats.  Additionally, note that at the 

beginning of the simulation near position πȟπ, the linear velocity estimate is the poorest 

because of the latency in the forward-difference linear velocity pseudo-measurement 

mentioned in the previous section; this is illustrated by the poor velocity prediction for the 

first few GNSS linear position updates.  As the steady-state error in the linear velocity 

pseudo-measurements decreases, the predictive capability of the state estimator improves.   

 

This is also a good opportunity to explore the effect of the sliding adaptive covariance 

gain on the system.  As discussed in section 3.2, the state estimation algorithm employs the 

default sliding adaptive covariance profiling variables listed in equation (26) for the GNSS 
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linear position measurements, and employ binary adaptive covariance profiling for the IMU 

measurements.  For reference, the default sliding adaptive covariance profiling variables are 

Ὃ ρπ; ὸ πȢρυẗὨὸ; ὸ πȢρẗὨὸ; ὸȾ πȢρẗὸ  and ὸȾ πȢρẗὸ .  

This provides a small amount of smoothing on the abrupt jumps in GNSS data without 

significantly impacting the output.  In Figure 28, Figure 29, and Figure 30, I run the same 

circular motion simulation again, but with sliding adaptive covariance profiling disabled; i.e. 

ȰÂÉÎÁÒÙȱ ÁÄÁÐÔÉÖÅ ÃÏÖÁÒÉÁÎÃÅ ÐÒÏÆÉÌÉÎÇȢ  

 

 

 

Figure 28: Circular motion simulation map frame ὼώ-ÐÏÓÉÔÉÏÎ ȰÔÏÐ-ÄÏ×Îȱ ÖÉÅ×ȟ ÕÓÉÎÇ ÂÉnary 
adaptive covariance profiling. 
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Figure 29: Circular motion simulation robot body frame states plotted versus time, using 
binary adaptive covariance profiling. 
 


































































































































































































































































































































































































































































































