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ABSTRACT

Probing Dark Particles and Primordial Perturbations

by

Joseph Bramante

Quantized fields have been proposed as the source of both the nearly scale-invariant

spectrum of Gaussian perturbations in the cosmic microwave background and the

extra dark matter evident in the rotation curves of galaxies. In this thesis, we ad-

dress the former by expanding the primordial scalar curvature perturbation to third

polynomial order in scalar fields, and calculating non-Gaussianities which could be

observed in future studies of the cosmic microwave background and large scale struc-

ture of galactic distribution. In the second part, we develop constraints on the mass

and coupling of a generic species of bosonic dark matter with observations of old

neutron stars, which would be extinguished over the lifetime of the universe by dark

matter collecting into black holes at the core of the neutron stars for certain masses

and couplings of bosonic dark matter.

The local expansion of the scalar curvature perturbation is a phenomenological

ansatz which encompasses many inflationary theories. We calculate the primordial

non-Gaussianity of the bispectrum and trispectrum arising from up to cubic terms in

vii



the local expansion of the scalar curvature perturbation. We compute to three-loop

order and for general momenta. A procedure for evaluating the leading behavior of

the resulting loop-integrals is developed and discussed. Finally, we survey unique

non-linear signals which could arise from the cubic term in the squeezed limit. In

particular, it is shown that loop corrections can cause f sq.NL to change sign as the

momentum scale is varied. There also exists a momentum limit where τNL < 0

can be realized, which demonstrates that the SY Inequality depends on the external

momenta used to calculate the trispectrum.

Baryon interactions with bosonic dark matter are constrained by the potential

for dark matter-rich neutron stars to collapse into black holes. We consider the ef-

fect of dark matter self-interactions and dark matter annihilation on these bounds,

and treat the evolution of the black hole after formation. We show that, for non-

annihilating dark matter, these bounds extend up to mX ∼ 105−7 GeV, depending

on the strength of self-interactions. However, these bounds are completely uncon-

straining for annihilating bosonic dark matter with an annihilation cross-section of

〈σav〉 & 10−38 cm3/s. Dark matter decay does not significantly affect these bounds.

We thus show that bosonic dark matter accessible to near-future direct detection

experiments must participate in an annihilation or self-interaction process to avoid

black hole collapse constraints from very old neutron stars.
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CHAPTER I

Introduction

1.1 Non-Gaussian primordial scalar curvature perturbations

The measurement of a nearly scale-invariant power spectrum of Gaussian temper-

ature fluctuations in the cosmic microwave background provides us with a first possi-

ble glimpse into quantum phenomena at energy scales greater than a TeV. Although

probes of structure in the early universe have so far exhibited Gaussian distributions,

a signature of primordial non-Gaussianity in the temperatures of photons emitted at

recombination or the clustering of galaxies would be useful for delimiting models of

the canonical inflationary phase of the early universe.

There are many excellent references on the primordial perturbations which arise

from various models of inflation Bartolo et al. (2004); Baumann (2009); Komatsu

(2010); Ade et al. (2013c,b), as well as reviews of inflation and its success in pro-

viding a simple explanation for the flatness of the universe, the horizon problem,

and the nearly scale-invariant Gaussian primordial perturbations that have been

observedGuth (1981); Linde (1982); Kinney (2009); Lesgourgues (2013); Ade et al.

(2013a).

In this introduction we demonstrate the usefulness and universality of the local
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non-Gaussian ansatz Komatsu and Spergel (2001) by providing a parsimonious deriva-

tion of the scalar curvature perturbation during inflation and then expanding it in

powers of Gaussian fields. The Einstein equation

Gµν = 8πGTµν (1.1)

can be solved exactly for homogeneous and isotropic space with the Friedmann-

Lemaitre-Robertson-Walker (FLRW) metric

ds2 = dt2 − a2(t)
(

dr2

1− kr2
+ r2(dθ2 − sin2 θdφ2)

)
, (1.2)

where k = {−1, 0, 1} for negatively curved, flat, and positively curved space. The

Friedmann and energy conservation (continuity) equations follow from (1.1) and (1.2)

(
ȧ

a

)2

=
8πG

3
ρ− k

a2
; (1.3)

ρ̇ = −3
ȧ

a
(ρ+ p) , (1.4)

where ρ is the density and p is the pressure of a homogeneous and isotropic primordial

fluid. The conditions for an inflating spacetime become apparent by taking the time

derivative of (1.3) for k = 0 and inserting (1.4) for ρ̇,

ä = −ȧ

√
8πG

12ρ
(ρ+ 3p) . (1.5)

In order for the scale factor a to inflate, it is sufficient for p < −ρ/3. This would

be achieved most simply by inserting a constant potential term Λ ∈ V . However,

lacking a time-dependence, a cosmological constant Λ would imply that the universe

inflates eternally. To model an inflationary phase which will actually end, a simple
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time-dependent (homogeneous, isotropic) source of p < −ρ/3 is a scalar field moving

along a potential such that its kinetic term is much smaller than its potential energy,

i.e. the slow-roll condition.

The action for a scalar field φ in curved spacetime

S = −
∫
d4x
√
|g|
(

R

16πG
+

1

2
gµνδµφδνφ− V (φ)

)
(1.6)

can be varied to find the action for first-order scalar, vector, and tensor perturbations.

The scalar and metric perturbations can be collected into a single gauge-invariant

quantity known as the Mukhanov variable Mukhanov (2005)

v = aδφ− φ̄′

H
Φ (1.7)

where φ̄ is the background field value, Φ is the scalar perturbation to the 00th com-

ponent of the metric in Newtonian gauge, δφ is the perturbation to the field value,

H ≡ ȧ/a, and a dash (′) indicates derivation by conformal time, defined by dτ = dt/a.

More importantly, the action (1.6) can be recast in terms of v, and the resulting La-

grangian for scalar perturbations in curved spacetime is

L =
1

2

(
v′2 +

z′′

z
v2 − (δiv)2

)
. (1.8)

where z ≡ φ̄′/H. Shifting to a k-space Hamiltonian formulation, we arrive at the

Fourier-space Mukhanov-Sasaki equation of motion

v′′k +

(
k2 − z′′

z

)
vk = 0. (1.9)

It is illuminating to note that an “exactly” De-Sitter space with some constant energy
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source, Λ, corresponds to an unchanging value of φ̄ and H with respect to conformal

time. In exact De-Sitter, z=0 and the mode functions for perturbations will decay as

inflation continues (resulting in no perturbations visible today). Making the quasi-

De-Sitter approximation φ̄′ ∼ a′ 6= 0, z is proportional to a and (1.9) is solved by

vk =

√
1

2k

(
k2 − i

kτ

)
e−ikτ . (1.10)

In the limit that kτ → 0 as wavemodes freeze out and the comoving Hubble horizon

shrinks during inflation, the second term in (1.10) dominates. We define a Gaussian

scalar curvature perturbation χk ≡ vk/z and arrive at the canonical expression for

the quantized scalar curvature power spectrum in quasi-De-Sitter space,

Pχ(k) ≡ 〈χkχk′〉 = (2π)3δ3(~k + ~k′)
H2

2k3
. (1.11)

This spectrum of perturbations has already been measured by WMAP and Planck

and constitutes a variation of order 2.5 × 10−4 around the CMB temperature of 2.7

Kelvin. However, it is an open question whether higher-order perturbations, i.e.

non-Gaussianity, will be measured by a future CMB measurement or survey of large

scale structure. In the second chapter of this thesis, we examine corrections to the

scalar curvature perturbation as defined by the local ansatz, which treats the scalar

curvature perturbation by expanding it in terms of scalar fields,

ζ(t,x) ≡
∑
n=1

1

n!
An ? (χ((t,x))n − 〈χn〉) (1.12)

where An are constant, non-linear coefficients. We expand (1.12) to cubic order

in scalar field perturbations and calculate what bispectra and trispectra could be

measured given arbitrary coefficients An.
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1.2 Constraining dark matter

To date, dark matter (DM) has been decisively detected only via gravitational

interactions. While there is overwhelming cosmological and astronomical evidence for

new matter which could have a weak coupling to standard model fermions, the mass

and couplings of this dark matter are not yet established. Recent studies McDermott

et al. (2012); Kouvaris and Tinyakov (2011b) have demonstrated that neutron stars

are dense and old enough that if bosonic dark matter has a baryonic interaction with

cross section σnx ∼ 10−45 and a mass ∼ MeV - 10 GeV, it will form a black hole at

the center of the neutron star and consume it.

It can be shown that a gas of bosons at densities typical of a neutron star will col-

lapse indefinitely. A classical gravitational potential and the Heisenberg uncertainty

principle indicate that an mX mass boson confined to a sphere of radius r0 with NX

co-confined bosons will have a total potential given by

Eboson ∼
1

r0
− Gm2

XNX

r0
. (1.13)

Note that in this expression we assume an ultra-relativistic boson kinetic energy.

Although the bosonic matter will initially have a non-relativistic momentum, as it

collapses it will become ultra-relativistic before reaching equilibrium with the gravita-

tional potential energy. After this, the sphere of dark matter will collapse indefinitely

if and only if the potential given above always decreases in the limit r → 0. This is

satisfied if Gm2
XNX > 1 or equivalently

NX &

(
mPl

mX

)2

. (1.14)

In chapter three we show that dark matter scattering off neutrons in neutron stars
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collects in a sphere of size

r0 ∼ 240 cm× (GeV/mX)1/2. (1.15)

Supposing a typical density of a neutron star ρns ∼ 1039 GeV/cm3, we find that dark

matter particles at density ρns in a sphere of radius r0 will number

Nr0 ∼ 5× 1045

(
GeV

mX

)5/2

(1.16)

Comparing (1.16) to (1.14), given enough time dark matter up to ∼ 1012 GeV will

collapse indefinitely if collected by a neutron star. In chapter three we make this

calculation more rigorous and also calculate how quickly black hole-forming bosonic

dark matter will collect at the core of a neutron star, whether the black hole will evolve

into an accretion or dissipation phase, and what effect annihilation, self-interaction,

and decay will have on constraints on bosonic dark matter from neutron stars.
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CHAPTER II

The bispectrum and trispectrum at cubic order:

testing the SY Inequality

2.1 Why calculate local non-Gaussianity to cubic order?

A variety of new experiments are poised to probe the non-Gaussianity of primor-

dial density fluctuations with unprecedented accuracy. These experiments include the

Planck satellite alongside a variety of probes of large scale structure formation. As

a result non-Gaussianity can be probed at a wide variety of scales. It thus becomes

important to determine which types of models can yield non-Gaussian fluctuations

which can be probed at these experiments, and conversely, how measurements from

these experiments can be used to constrain inflationary models.

In order to study scalar perturbations of cosmological structure in a model-

independent manner, considerable work has focused on the local ansatz Salopek and

Bond (1990); Verde et al. (2000); Komatsu and Spergel (2001) for non-Gaussian fluc-

tuations, which is realized in many inflationary models. In particular it was shown

that non-Gaussianity of the trispectrum is related to non-Gaussianity of the bispec-
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trum through the inequality

τNL ≥
(

6

5
fNL

)2

(2.1)

at tree-level Suyama and Yamaguchi (2008), provided the curvature scalar is ex-

panded to quadratic order in Gaussian fields. This became an important constraint,

because it implied that measurements at upcoming experiments could potentially rule

out the applicability of the local ansatz.

But subsequently it was shown in Sugiyama et al. (2011) that this relation is

modified to

τNL ≥
1

2

(
6

5
fNL

)2

(2.2)

if one expands to quartic order and includes one-loop corrections. This raises the

important question of whether there is indeed a rigid constraint on the trispectrum

in the local ansatz, or whether any such constraint can be violated if one computes to

sufficiently high loop order. This is especially interesting because it has been shown

that in reasonable models loop contributions can dominate over tree-level contribu-

tions Kumar et al. (2010).

In this work, we consider a local ansatz for non-Gaussianity in a multi-field model

of inflation (as non-Gaussianity is expected to be very small in single-field mod-

els with a standard kinetic term Maldacena (2003); Gangui et al. (1994); Acquaviva

et al. (2003)), expanded to cubic order. We calculate the power spectrum, bispectrum

and trispectrum up to three-loop order (no higher loop diagram exists for n-point

functions with n ≤ 4 at cubic order in the expansion). We will find a variety of inter-

esting features which arise from the non-trivial scale-dependence of loop corrections

8



(see also Boubekeur and Lyth (2006); Byrnes et al. (2009, 2010b); Rajaraman et al.

(2010); Byrnes et al. (2010a)). In particular, we find that fNL can change sign with

momentum scale in the squeezed limit. Moreover, τNL can be negative in a particular

limit of the external momenta.

In section 2.2, we review the local ansatz and the various local momentum shapes

which are generated at tree-level. In section 2.3, we describe the formalism for cal-

culating loop diagrams. In section 2.4, we present results for the computation of the

power spectrum, bispectrum and trispectrum to cubic order (detailed calculations are

presented in the appendices). We conclude with a discussion of our results in section

2.5.

2.2 Local Ansatz For Curvature Perturbations

The local ansatz for the curvature scalar ζ amounts to the assumption that ζ(t,x)

can be written as a non-linear function of one or more Gaussian scalar fields φi, all

evaluated at the same space-time point (t,x). For simplicity, we will assume that

there are only two fundamental scalars of interest, the inflaton φ and an additional

field χ.

It was shown in Maldacena (2003); Gangui et al. (1994); Acquaviva et al. (2003)

that single-field models of inflation with a standard kinetic term will only yield very

small non-Gaussianities. The argument is intuitively quite simple: non-Gaussianities

are typically generated by some type of non-linearity in the interaction potential.

But the inflaton is constrained to have an extremely flat potential, so the types of

non-linearities which could easily generate non-Gaussian curvature fluctuations are

constrained by the slow-roll conditions, and non-Gaussianities in single-field models

of inflation are thus proportional to the slow-roll parameters.
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Of course, there are several ways to avoid this argument, and the one we will focus

on is multi-field inflation Rigopoulos et al. (2007); Seery and Lidsey (2005); Vernizzi

and Wands (2006); Battefeld and Easther (2007); Choi et al. (2007); Yokoyama et al.

(2007, 2008); Sasaki (2008); Dutta et al. (2008); Cogollo et al. (2008); Rodriguez

and Valenzuela-Toledo (2010); Byrnes et al. (2008); Byrnes and Choi (2010); Huang

(2010). In this case, it is assumed that the inflaton’s interactions are largely Gaussian

with any non-linearities suppressed by slow-roll parameters. However, there are addi-

tional scalar fields which can have significant non-linear interactions, since their inter-

actions are not constrained by the slow-roll conditions. It is these interactions which

then feed into scalar curvature perturbations, providing observable non-Gaussianity.

There are many inflationary models which generate non-Gaussianity which is

approximately local (see, for example, Rigopoulos et al. (2007); Seery and Lidsey

(2005); Vernizzi and Wands (2006); Battefeld and Easther (2007); Choi et al. (2007);

Yokoyama et al. (2007, 2008); Sasaki (2008); Dutta et al. (2008); Cogollo et al.

(2008); Rodriguez and Valenzuela-Toledo (2010); Byrnes et al. (2008); Byrnes and

Choi (2010); Huang (2010); Lyth et al. (2003); Ichikawa et al. (2008); Beltran (2008);

Huang (2008); Enqvist et al. (2010); Enqvist and Takahashi (2009); Alabidi et al.

(2010); Dvali et al. (2004); Zaldarriaga (2004)). We will not focus on any particular

model, however, instead assuming the phenomenological ansatz

ζ(t,x) = C1φ(t,x) + A1χ(t,x) +
1

2
A2

(
χ(t,x)2 − 〈χ2〉

)
+

1

6
A3χ(t,x)3 + . . . (2.3)

ζ~k = C1φ~k + A1χ~k +
1

2

∫
d3k′

(2π)3
χ~k′χ~k−~k′ +

1

6
A3

∫
d3k′

(2π)3
d3k′′

(2π)3
χ~k′χ~k′′χ~k−~k′−~k′′

+ . . . (2.4)

In general, of course, the coefficients C1, Ai can depend weakly on k, though this

10



scale-dependence is constrained by bounds on the running of the power spectrum.

We will assume that these coefficients are scale-independent. We also assume that

the lower bound on momentum is given by L−1, where L is the size of the observable

universe. Any momenta smaller than L−1 correspond to wavelengths larger than the

size of the observable universe, which cannot be distinguished from a constant zero

mode. A change in the scale of this cutoff L will change the value of the coefficients

Ai, but not the value of the complete n-point correlator. Note also that for multi-field

models, the scalar curvature fluctuation can exhibit super-Hubble evolution. We will

assume, however, that these effects are small.

By assumption both φ and χ are Gaussian fields, and their 2-point correlators are

given by

〈φ~kφ~k′〉 = 〈χ~kχ~k′〉 = (2π)3δ3(~k + ~k′)
2π2P
k3

= (2π)3δ3(~k + ~k′)2π2PF (~k,~k′) (2.5)

where

P =

(
H

2π

)2

F (~k,~k′) =
1

k3
(2.6)

We see that correlators of the curvature scalar can be written entirely in terms

of the above Gaussian correlators. In particular, the lowest order contribution to the

2-point correlator of the curvature scalar is given by

〈ζ~kζ~k′〉 = (2π)3δ3(~k + ~k′)
2π2P(C2

1 + A2
1)

k3
(2.7)
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It is easiest to visualize this with a diagram (see also Yokoyama et al. (2009); Byrnes

et al. (2007)), in which each vertex corresponds to an insertion of ζ~k, while each line

corresponds to a 2-point correlator of Gaussian fields. The two-point correlator is

then represented by Fig. 2.1. Similarly, the lowest order diagrams which contribute

k 1 k 2

Figure 2.1: Tree-level representation of the power spectrum.

to the bispectrum are given in Fig. 2.2. Note that only Gaussian correlators of χ

contribute to these diagrams. The lowest-order contribution to the 3-point correlator

k 3

k 1 k 2

k 3

k 1 k 2

k 3

k 1 k 2
a b c

Figure 2.2: Tree-level contributions to the bispectrum.

is given by

〈ζ~k1ζ~k2ζ~k3〉 = A2
1A2(2π

2P)2(2π)3δ3(Σi
~ki)

(
1

k31k
3
2

+ 2 permutations

)
(2.8)

The momentum shape is thus

B(~k1, ~k2, ~k3) =
1

k31k
3
2

+
1

k31k
3
3

+
1

k32k
3
3

(2.9)
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which is entirely determined by the local shape ansatz.

For the trispectrum there are two tree-level momentum shapes which are possible,

because there are two different structures for a diagram connecting 4 vertices with

three Gaussian correlators. The first structure, which appears also at quadratic order

in the non-linear expansion for ζ, arises from twelve diagrams like Fig. 2.3a and yields

the correlator terms

〈ζ~k1ζ~k2ζ~k3ζ~k4〉 = (2π)3δ3(Σi
~ki)A

2
2A

2
1(2π

2P)3
(

1

k31k
3
12k

3
4

+ 11 permutations

)
(2.10)

where kij = |~ki + ~kj|. The other shape appears only at cubic order in the expansion,

and is given by four diagrams like Fig. 2.3b. These diagrams yield correlator terms

〈ζ~k1ζ~k2ζ~k3ζ~k4〉 = (2π)3δ3(Σi
~ki)A3A

3
1(2π

2P)3
(

1

k31k
3
3k

3
4

+ 3 permutations

)
(2.11)

Note that each tree-level diagram contributes to a term with a different momentum

k 2 k 3

k 1 k 4

a b
k 2 k 3

k 1 k 4

Figure 2.3: Examples of tree-level contributions to gNL and τNL.

dependence.
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We can define the 4-point momentum shapes

T (~k1, ~k2, ~k3, ~k4) =
1

k31k
3
12k

3
4

+ 11 permutations

G(~k1, ~k2, ~k3, ~k4) =
1

k31k
3
3k

3
4

+ 3 permutations (2.12)

If we write these tree-level correlators in the form

〈ζ~k1ζ~k2〉 = (2π)3δ3(~k1 + ~k2)(2π
2P)F (~k1, ~k2)×N2

〈ζ~k1ζ~k2ζ~k3〉 = (2π)3δ3(Σi
~ki)(2π

2P)2B(~k1, ~k2, ~k3)× f

〈ζ~k1ζ~k2ζ~k3ζ~k4〉 = (2π)3δ3(Σi
~ki)(2π

2P)3T (~k1, ~k2, ~k3, ~k4)× t

+ (2π)3δ3(Σi
~ki)(2π

2P)3G(~k1, ~k2, ~k3, ~k4)× g (2.13)

then we can parameterize non-Gaussianity with the simple definitions

fNL ≡
5

6

f

N4

τNL ≡
t

N6

gNL ≡
g

N6
. (2.14)

From our tree-level result

N2 = C2
1 + A2

1 > A2
1

f = A2A
2
1

t = A2
2A

2
1

g = A3A
3
1 (2.15)
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it is clear that the constraint τNL ≥ [(6/5)fNL]2 holds at tree-level.

2.3 Calculating loop diagrams

However, loop diagrams can correct the correlators in eq. 2.13, and can do so in

a scale-dependent manner. In this section we outline a procedure for evaluating loop

contributions to n-point curvature perturbation correlators.

There is a single one-loop contribution to the bispectrum at quadratic order in

the local expansion, yielding the integral

I =

∞∫
1/L

d3~k′

(2π)3
(2π2P)3

k′3|~k1 − ~k′|3|~k2 + ~k′|3
. (2.16)

This integral can be well approximated Kumar et al. (2010) by evaluating the inte-

gral near the leading logarithmic singularities: ~k′ ∼ 0, ~k′ ∼ ~k1 and ~k′ ∼ −~k2. Each

singularity corresponds to the momentum of one of the three correlators in the loop

diagram becoming small. When evaluating a diagram in the leading approximation,

we will denote such a correlator with a dashed line (see Fig. 2.4). The resulting

k 3

k 1 k 2

k 3

k 1 k 2

k 3

k 1 k 2

a b c

k 1
+k

'≈
k 1 k

2 -k'≈
k

2

k'
≈
0

k
3 +k'≈

k
3

k'≈0 k1-k'≈k1

k 3
-k
'≈

k 3 k'≈
0

k2+k'≈k2

Figure 2.4: One-loop corrections to the bispectrum up to quadratic order in the ex-
pansion.
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expression

I ≈ (2π2P)2P
[

ln(min(k1, k2)L)

k31k
3
2

+
ln(min(k1, k3)L)

k31k
3
3

+
ln(min(k2, k3)L)

k32k
3
3

]
(2.17)

captures the leading behavior of this diagram. It is easy to see why the behavior

above arises: the integral near each singularity is logarithmic, with one correlator

momentum small and the other two correlator momenta being approximately equal

to external momenta. The lower limit of integration is set by the IR cutoff L−1, while

the upper limit is approximately the scale at which at least one other (non-singular)

correlator denominator starts to grow with the loop momentum. Above this scale,

the denominator will grow as k6loop or greater and the integrand will become small

quickly.

More generally, one can derive a prescription for evaluating the leading behavior

of an arbitrary l-loop contribution to an n-point diagram. The leading behavior of

the integral is dominated by the limit where the denominators of l of the internal

correlators become small. If we denote these correlators by dashed lines, it is clear

that in the limit where the momenta associated with the dashed lines vanishes, the

remaining solid lines represent the correlators of a tree-level diagram with momenta

which are roughly linear combinations of the external insertion momenta. As long

as the momenta of the dashed-line correlators are small, the momenta of the solid-

line correlators only differ from the tree-level value by a small amount, which has an

insignificant effect on those correlators. We may factor out this tree-level contribution,

and the leading loop contribution corresponds to a tree-level diagram, multiplied by
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a loop integral of the form

(
AiAj

Ai−1Aj−1

) kmax1∫
1/L

d3kloop,1
(2π)3

(2π2)P
k3loop,1

×
(

AkAl
Ak−1Al−1

) kmax2∫
1/L

d3kloop,2
(2π)3

(2π2)P
k3loop,2

× . . . (2.18)

=

(
AiAj

Ai−1Aj−1

)
P ln(kmax,1L)×

(
AkAl

Ak−1Al−1

)
P ln(kmax,2L)

× . . . (2.19)

where the kloop,i are the momenta of the dashed-line correlators. Each dashed-line

correlator is part of exactly one loop which contains only that dashed-line correlator

and other solid-line correlators1; we denote by ~qj the momenta of the solid-line corre-

lators in that loop, in the limit where all dashed-line correlator momenta vanish (so

the solid-line correlators form a tree-diagram, and the ~qj are linear combinations of

the external momenta). We then define kmax = min(qj) for each dashed-line correla-

tor. As long as kloop,i < kmax,i the momenta of the solid-line correlators are largely

independent of kloop,i and can be factored out of the integral. For kloop,i > kmax,i, at

least one of the solid-line correlators has a denominator which starts to grow with

kloop,i. The integrand then scales as k−6loop,i and is small enough that we are justified in

ignoring this region of the domain. The factors AiAj/Ai−1Aj−1 account for different

vertex coefficients for a loop-diagram, as opposed to a tree-diagram.

One might worry that in a complex multi-loop diagram, the loop integrals would

not factorize. But it is straightforward to convince oneself that this is not the case.

The leading logarithmic behavior of the integral is dominated by the region where

1If there existed two distinct loops containing the same dashed-line correlator, then those two
together would form a loop of only solid-line correlators, violating the constraint that the solid-line
correlators form a tree-diagram.
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all loop momenta are small, so the integration limits can have only a small depen-

dence on the loop momenta. More physically, one might worry that the correlator

denominators might remain small even as the loop momenta became large if two loop

momenta cancelled each other in a correlator denominator. But the logarithmic be-

havior depends on integration over the full loop momentum phase space as one moves

away from a singular point; if one restricts the loop momentum phase space by re-

quiring two momenta to cancel each other, then the remaining phase space numerator

is insufficient to cancel the Πik
−3
loop,i behavior of the correlators, and the integrand still

becomes small.

We have checked this prescription for the leading logarithmic approximation by

comparing it to numerical integrations of the exact integrand for a few specific choices

of the external momentum insertions. As in Kumar et al. (2010) (Appendix A), we

transformed momentum integrals to the basis ~n = ~kL and imposed the IR cutoff

by setting the integrand to zero when |~n − ~npole| ≤ 1. Choosing | ~ksmallL| ≈ 10 and

| ~kbigL| ≈ 1000, our approximation of one-loop corrections to squeezed bispectrum

and trispectrum differed from numerical values by . 1% The leading approximation

to the two-loop correction to the bispectrum typically differed from the numerical

calculation by . 5% (. 10% for the trispectrum).

We have shown that this approximation yields the leading behavior of the one-

loop 3-point diagram described above. Extending this approximation to l-loop n-point

diagrams, we arrive at the following rules:

1. The numerator for each n-point diagram includes

AaAb...Az(2π
2P)n−1P l(2π)3δ3(Σi

~ki) (2.20)

where the coefficients Aa... correspond to the coefficients of the n vertices out-
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lined previously.

2. To write the leading log approximation to the diagram, we identify the leading

singularities. There are n+ l− 1 Gaussian correlators, of which, in the leading

approximation, n − 1 can be written as solid lines which form a tree-level dia-

gram. The remaining l loop correlators have small momenta and can be written

as dashed lines (every choice of which lines are written as dashed corresponds

to a different term in the leading approximation). The denominator of each

n-point diagram includes a cubed product of tree-level momenta.

1

|~q1|3...|~qn−1|3
(2.21)

where the momenta qi are only functions of the external momenta. This is one

term in one of the local momentum shapes for the n-point function.

3. Each dashed correlator spans a unique loop containing m tree-level momentum

lines (~q1, ..., ~qm) and no other dashed-line correlators. The momenta ~qi are thus

linear combinations of the external momentum insertions, ~ki. The integral over

each dashed correlator momentum yields a factor

ln (min(~q1, ..., ~qm)L) . (2.22)

Note that in the case where a dashed correlator spans only one tree-level line

~ki, this simply evaluates to ln (~kiL).

4. If a set of r dashed lines and s solid lines (s = 0, 1) start at the same vertex

and end at the same vertex, this results in a symmetry factor of 1
r!

if s = 0, or

1
(r−1)! if s = 1. (Note that while calculating four-point diagrams at the cubic
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order, r ≤ 2.)

We see from these rules that each loop comes with a factor of the form

“Loop factor” =
AiAj

Ai−1Aj−1
P ln(kL) (2.23)

In general, one might expect these factors to be small, since P = (H/2π)2 is neces-

sarily small. However, simple models can be constructed where these loop factors are

not small and can even dominate over the tree-level term Kumar et al. (2010).

2.4 Results

We can now apply this procedure to the calculation of the power spectrum, bis-

pectrum and trispectrum for local ansatz, to cubic order in the expansion and to

3-loop order.

2.4.1 Power Spectrum

a

k 1 k 2

b

k 1 k 2

c

k 1 k 2

Figure 2.5: Tree-level, one-loop and two-loop diagrams contributing to the power
spectrum.

All diagrams2 contributing to the power spectrum in the cubic expansion are given

2There are also loop diagrams with dressed vertices, but we will assume that those contributions
have already been absorbed into the corrected vertex coefficient.
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in Fig. 2.5. The full expression for the power spectrum (up to two loop order) is given

by

〈
ζ~k1ζ~k2

〉
= (2π)3δ3(~k1 + ~k2)F (~k1, ~k2)(2π

2Pζ)

= (2π)3δ3(~k1 + ~k2)F (~k1, ~k2)(2π
2P)

[
C2 + A2

1 + A2
2P ln(k1L) +

A2
3

2
P2 ln(k1L)2

]
(2.24)

Defining ns = d lnPζ/d ln k, we find

ns =
A2

2P + A2
3P2 ln(kL)

C2 + A2
1 + A2

2P ln(kL) +
A2

3

2
P2 ln(kL)2

(2.25)

COBE measurements of the power spectrum normalization and WMAP bounds on

the running of the power spectrum Komatsu et al. (2009) give us the rough constraints

N2P ∼ 10−10

A2
2P
N2

. 10−2

A2
3P2 ln(kL)

N2
. 10−2 (2.26)

2.4.2 Bispectrum

Going beyond tree-level, in general one may write the 3-point correlator as

〈ζ~k1ζ~k2ζ~k3〉 = (2π)3δ3(~k1 + ~k2 + ~k3)〈ζ~k1ζ~k2ζ~k3〉
′ (2.27)
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and one may then define fNL in the squeezed-limit (see, for example, Smith and

Zaldarriaga (2011); Smith et al. (2011)) as

f sq.NL =
5

12
lim
~k1→0

〈ζ~k1ζ~k2ζ~k3〉
′

Pζ(~k1)Pζ(~k2)
(2.28)

The full 3-point correlator to third order in χ is computed in the Appendix (A),

and is given by the expression

〈ζ~k1ζ~k2ζ~k3〉 = A2(2π
2P)2(2π)3δ3(Σi

~ki)
1

k32k
3
1

[
A2

1 + A2
2P ln (min(k1, k2)L)

+ A1A3P ln (k1k2L
2)

+ A2
3P2 ln (min(k1, k2)L)

(
ln (k1k2L

2) +
1

2
ln (min(k1, k2)L)

)]
+ 2 perms

(2.29)

It is illuminating to consider this correlator in the squeezed limit kbig ∼ k2 ∼ k3 �

k1 ∼ ksm.:

〈ζ~k1ζ~k2ζ~k3〉 ∼ A2A
2
1(2π

2P)2(2π)3δ3(Σi
~ki)

1

k32k
3
1

[
1 +

A2
2

A2
1

P ln (k1L) +
A3

A1

P ln (k2L)

+
A2

3

A2
1

P2 ln (k1L) ln (k2L)

]
+ (~k2 ↔ ~k3) (2.30)

In the squeezed limit, the coefficient fNL is then given by

f sq.NL =
5

6

A2A
2
1

N4

[
1 +

A2
2

A2
1

P ln (ksm.L) +
A3

A1

P ln (kbigL) +
A2

3

A2
1

P2 ln (ksm.L) ln (kbigL)

]
,

(2.31)
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while in the equilateral limit (k1 ∼ k2 ∼ k3) we instead get

f equi.NL =
5

6

A2A
2
1

N4

[
1 +

A2
2

A2
1

P ln(kL) + 2
A3

A1

P ln(kL) +
5

2

A2
3

A2
1

P2(ln(kL))2
]
.

(2.32)

The expression for f equi.NL is consistent with the one-loop expression given in Sugiyama

et al. (2011).

Note that, while in the equilateral limit the loop contribution is always of the

same sign as the tree-level contribution, this is not the case for the squeezed limit. If

ln(ksm.L) ∼ 0, then

f sq.NL →
5

6

A2A
2
1

N4

[
1 +

A3

A1

P ln (kbigL)

]
(2.33)

and the one-loop contribution dominates if |(A3/A1)P ln(kbigL)| > 1. If the loop term

dominates, then the power spectrum constraints (Eq. 2.26) from COBE and WMAP

imply |f sq.NL| . 800(ln kbigL)
1
2 . Note that these constraints would permit a one-loop

contribution to the fNL in the squeezed limit which is roughly an order of magnitude

larger than that permitted at quadratic order in the equilateral limit Kumar et al.

(2010). Of course, direct constraints from WMAP on fNL are considerably tighter,

requiring −4 < f sq.NL < 80 Smith et al. (2009).

It is especially interesting to note that, ifA3/A1 is negative and |(A3/A1)P ln(kbigL)| ∼

1, then the sign of f sq.NL can change as kbig is varied. This could have an especially in-

teresting effect on galaxy bias Kaiser (1984); Dalal et al. (2008); Slosar et al. (2008);

Shandera et al. (2011).
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2.4.3 Trispectrum

The full trispectrum to all orders in the cubic expansion (three-loop) is computed

in Appendix A (as the full expression is quite large, it will not be reproduced here).

We will instead consider the simplest limit, where all the momenta are assumed to

be of roughly the same scale (ki ∼ kij ∼ k). In this limit, we can write

τ equi.NL =
A2

1A
2
2

N6

[
1 +

(
A2

2

A2
1

+ 4
A3

A1

+
A2

3

A2
2

)
P ln(kL) +

(
15

2

A2
3

A2
1

+ 2
A3

3

A2
2A1

)
(P ln(kL))2

+
5

2

A4
3

A2
2A

2
1

(P ln(kL))3
]

gequi.NL =
A3A

3
1

N6

[
1 + 3

A2
2

A2
1

P ln(kL) +

(
3
A3A

2
2

A3
1

+
3

2

A2
3

A2
1

)
(P ln(kL))2 +

A3
3

A3
1

(P ln(kL))3
]

(2.34)

The expression for τ equi.NL is consistent with the one-loop expression given in Sugiyama

et al. (2011).

It is again illuminating to consider the behavior of the trispectrum in the limit

where the local trispectrum shape T (~k1, ~k2, ~k3, ~k4) becomes large, namely, the elon-

gated quadrilateral limit: ~k1 ∼ −~k2 = ~kA, ~k3 ∼ −~k4 = ~kB, ~k1 + ~k2 = ~ksum,

|~kA| ≥ |~kB| � |~ksum|. In this limit

G(~k1, ~k2, ~k3, ~k4) ∼
2

k3Ak
6
B

T (~k1, ~k2, ~k3, ~k4) ∼
4

k3Ak
3
sumk

3
B

(2.35)
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We then find

〈ζ~k1ζ~k2ζ~k3ζ~k4〉 ∼ (2π)3δ3(Σi
~ki)(2π

2P)3A3A
3
1

1

k31k
3
3k

3
4

[
1 + 3

A2
2

A2
1

P ln(kBL)

+ 3

(
A3A

2
2

A3
1

+
1

2

A2
3

A2
1

)
P2(ln(kBL))2 +

A3
3

A3
1

P3(ln(kBL))3
]

+ (2π)3δ3(Σi
~ki)(2π

2P)3A2
2A

2
1

1

k31k
3
12k

3
4

[
1 +

(
A2

2

A2
1

+
A2

3

A2
2

)
P ln(ksumL)

+
A3

A1

P [ln((kA)L) + ln((kB)L)] +
A2

3

A2
1

P2 ln(kAL) ln(kBL)

+
A3

3

A2
2A1

P2[ln((kA)L) + ln((kB)L)] ln(ksumL)

+
A4

3

A2
2A

2
1

P3(ln(kBL))2 ln(ksumL)

]
+ permutations (2.36)

where the first two lines contribute to gNL and the last four lines contribute to τNL.

If we take the limit ln(ksumL) ∼ 0, then we find

τ sq.NL →
A2

2A
2
1

N6

[
1 +

A3

A1

P ln(kAL)

] [
1 +

A3

A1

P ln(kBL)

]
(2.37)

with the dominant loop contributions arising from diagrams “τNL-e”, “τNL-g”, and

“τNL-m” in Appendix A. If we take kA = kB ≡ kbig, then the constraint τNL ≥

[(6/5)f sq.NL]2 is necessarily satisfied; at the scale kbig where fNL changes sign, τNL also

vanishes because loop corrections cancel the tree-level contribution.

But if we relax this constraint, allowing kB < kA, then τNL can be negative. In

particular, in the limit kA = kbig and A3

A1
P ln(kBL), A3

A1
P ln(ksumL) ∼ 0, we find

τ sq.NL ∼
A2

2A
2
1

N6

[
1 +

A3

A1

P ln(kbigL)

]
(2.38)

where the dominant loop contribution arises from diagram “τNL-g” in the Appendix

A. As with the squeezed limit of fNL, the one-loop contribution to τ sq.NL will dominate
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over the tree-level contribution if |(A3/A1)P ln(kbigL)| > 1. The sign of the loop-

contribution can be positive or negative, depending on the relative sign of A1 and A3.

As a result, τNL could indeed be negative.

This result differs from that stated in Sugiyama et al. (2011), because that work

assumed that all external momenta are of the same order. We can compare our result

to that in Smith et al. (2011), where it was claimed that the relation τNL ≥ [(6/5)f sq.NL]2

is always satisfied, due to the fact that a particular covariance matrix is always positive

definite. This argument relies on the implicit assumption kA = kB made in Smith

et al. (2011). As we have seen above, we reproduce this result if this assumption is

made. But this assumption is not required.

Constraints on the power spectrum from COBE and WMAP (Eq. 2.26) constrain

the loop contribution to τNL to have a magnitude less than ∼ 107
√

ln(kbigL). As with

fNL these constraints in the squeezed limit are much less tight than those at quadratic

order in the equilateral limit Kumar et al. (2010). Indeed, direct constraints from

WMAP already constrain |τNL| . 104 Smidt et al. (2010).

2.5 Conclusions

In this work, we have considered the local ansatz for non-Gaussianity in curvature

perturbations. We have introduced a simple general formalism for computing higher-

order loop corrections to general n-point correlators. As expected, the general leading

behavior of loop diagrams is the same as for tree-level diagrams, up to logarithmic

corrections.

We have illustrated this procedure by computing the curvature power spectrum,

bispectrum and trispectrum (expanded to cubic order in fundamental Gaussian fields)

to 3-loop order. This calculation has been made for general choices of the ex-
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ternal momentum insertions. In particular we conclude that the relation τNL ≥

(1/2)[(6/5)fNL]2 is not necessarily obeyed for all momentum shapes. Furthermore,

there exists a squeezed limit (where the τNL momentum structure is dominant) where

τNL can be negative if the loop-contribution dominates. It has also been found that

in the squeezed limit the sign of f sq.NL can change as a function of scale. This can have

an interesting effect on galaxy bias.

Note that the relationship between fNL and τNL depends upon the relative sizes of

the external momenta. The constraint τNL ≥ [(6/5)f sq.NL]2 is obtained in the elongated

equilateral limit if the external momenta of the trispectrum are taken to all be of the

same magnitude, while τNL < 0 can be obtained if there is even a modest hierarchy

in the external momenta. The relation τNL ≥ (1/2)[(6/5)fNL]2 is only obeyed at one-

loop order if the external momenta are taken to be of the same size. It is important

to remember that even if non-Gaussianities are in fact generated by the exact local

ansatz (assuming the Ai are constant), the bispectrum and trispectrum will not have

an exactly local shape; each term in the local shape will be scaled by logarithmic

corrections which depend on the particular choice of external momenta. Unless the

loop contributions are negligible, the determination of parameters such as fNL, τNL

and gNL from the data will depend on what estimators are used and to which regions

of momentum space they are sensitive Kamionkowski et al. (2011). It would be

interesting to determine what values of these non-Gaussian parameters would actually

be yielded by standard estimators as a function of the coefficients Ai of the local

ansatz.
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CHAPTER III

Constraints on bosonic dark matter from

observations of old neutron stars

3.1 Prior constraints on asymmetric dark matter

Asymmetric dark matter (ADM) has been proposed as a compelling framework

to explain both the dark matter abundance and the baryon asymmetry Nussinov

(1985); Hooper et al. (2005); Gudnason et al. (2006); Khlopov and Kouvaris (2008);

Foadi et al. (2009); Kaplan et al. (2009); Cohen et al. (2010); Shelton and Zurek

(2010); Falkowski et al. (2011); Buckley and Randall (2011); Davoudiasl et al. (2010);

Blennow et al. (2011); Hall et al. (2010); Haba and Matsumoto (2011); Frandsen

et al. (2011); Graesser et al. (2011); Cheung and Zurek (2011); March-Russell and

McCullough (2012); Dutta and Kumar (2011); Gu et al. (2011); Allahverdi et al.

(2011); Del Nobile et al. (2011); Tulin et al. (2012); Iminniyaz et al. (2011); Buckley

and Profumo (2012); Buckley (2011); Cui et al. (2011); Davoudiasl et al. (2011); Lin

et al. (2012); Kumar and Ponton (2011); Kaplan et al. (2011); Cirelli et al. (2012);

March-Russell et al. (2012).

It has been pointed out that models of asymmetric dark matter can be tightly

constrained by the existence of old neutron stars de Lavallaz and Fairbairn (2010);
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Kouvaris and Tinyakov (2011b,a); McDermott et al. (2012); Bertone and Fairbairn

(2008); McCullough and Fairbairn (2010); Press and Spergel (1985); Goldman and

Nussinov (1989). The basic point is that dark matter will be captured by neutron

stars due to DM-neutron scattering; if dark matter does not annihilate or decay, then

it will continue to accumulate until it collapses into a black hole. The observation

of old neutron stars can thus bound the dark matter-neutron scattering cross section

(σnX) for models with no dark matter annihilation or decay. It has also been demon-

strated that bounds on non-annihilating dark matter shift with the introduction of

self-interactions terms Spergel and Steinhardt (2000); Randall et al. (2008); Slepian

and Goodman (2011); Kouvaris (2012); Guver et al. (2012). In this work, we will

study a more general question. We will focus on the range of σnX , dark matter anni-

hilation cross section (σav), dark matter decay rate (Γ), and self-interaction strength

which could be consistent with observations of old neutron stars.

As an initial point, we note that asymmetric dark matter is not necessarily non-

annihilating. Asymmetric dark matter requires that the dark matter particle can

be distinguished from the anti-particle, which implies the existence of a continuous

unbroken symmetry under which the dark matter is charged. It is this symmetry

which forbids the fermion Majorana mass term. However, asymmetric dark matter

need not be the lightest particle charged under this continuous symmetry. For dark

matter to be stable, it must be the lightest particle charged under some symmetry, but

this may be a distinct Z2 symmetry. In this case, self-annihilation of the asymmetric

dark matter would not be forbidden.

Here we summarize the important features of the following analysis:

I. Dark matter accumulation. The rate at which a neutron star captures dark

matter (CX) depends on the local dark matter density (ρX), the dark matter-
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neutron scattering cross section (σnX), and the dark matter mass (mX). The

number of dark matter particles in a neutron star can be depleted by dark

matter decay or annihilation.

II. Black hole formation. Bosonic dark matter collected in a neutron star will form

a black hole if the total energy is minimized at a radius which is less than

the Schwarzschild radius. This condition is usually fulfilled by requiring that

the dark matter be self-gravitating and exceed the Chandrasekhar limit. The

Chandrasekhar limit grows with the strength of repulsive self-interactions.

a. If the dark matter cannot thermalize quickly enough, it will not form a

black hole within the lifetime of the neutron star (see Appendix B.2).

b. Thermalized dark matter will collect within a radius rth, which determines

the number of dark matter particles needed for the dark matter to self-

gravitate. But if dark matter forms a Bose-Einstein condensate (BEC),

then it will collect within a much smaller radius (rc) and fewer particles

will be needed before the dark matter becomes self-gravitating and gravi-

tational collapse occurs.

III Destruction of the neutron star. The neutron star will be destroyed if the black

hole grows large enough to consume the neutron star. The black hole will

accrete baryonic and dark matter, but will emit Hawking radiation. To destroy

the neutron star, the black hole must be large when it forms.

a. If dark matter forms a BEC, then dark matter captured by the neutron

star after the formation of a black hole will be efficiently accreted by the

black hole, potentially compensating for the effect of Hawking radiation.

b. If dark matter has a repulsive self-interaction, then the number of particles
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needed to form a black hole will increase. The resulting black hole, when

formed, may then be large enough to continue growing.

In section 3.2, we describe the accumulation of dark matter in neutron stars,

including effects from dark matter decay and annihilation. In section 3.3, we describe

the formation of a black hole from dark matter in neutron stars, including the effects

of self-interactions. In section 3.4, we describe evolution of a black hole which has

formed in a neutron star, including the effects of baryonic and dark matter accretion

and Hawking radiation. In section 3.5 we find the constraints on the parameter space

of bosonic dark matter models from observations of old neutron stars. We conclude

with a discussion of our results in section 3.6.

3.2 Dark matter accumulation in a neutron star

The dark matter capture rate (CX) of neutron stars is given in Gould (1987a);

McDermott et al. (2012). For mX < O(102) eV (assuming T = 105 K), dark matter

within an old neutron star will be depleted by evaporation, and the rate of dark matter

accumulation will also be suppressed. The probability for a dark matter particle to

scatter while passing through a neutron star is given by Kouvaris (2008)

P = 1− exp

[
−
∫
ηnσnXdl

]
(3.1)

where ηn is the neutron number density and the integral is taken over the path of the

dark matter particle through the neutron star. For small σnX , we have P ∼ ηn∆lσnX .

But P → 1 for
∫
ηnσnXdl � 1. Taking a neutron star to have radius R = 10.6 km

and baryonic density ρb ∼ 7.8 × 1038 GeV/cm3 Clark et al. (2002); de Lavallaz and

Fairbairn (2010); McDermott et al. (2012), this saturation occurs for σnX > σsat ∼

31



2.1× 10−45 cm2.

For mX > GeV the capture rate is McDermott et al. (2012)

CX ∼ 2.3× 1045 Gyr−1
(

GeV

mX

)(
ρX

103 GeV/cm3

)
f(σnX)β(mX ,mN , vesc, v̄), (3.2)

while for mX < GeV, due to the effects of Pauli blocking, the capture rate is Mc-

Dermott et al. (2012),

CX ∼ 3.4× 1045 Gyr−1
(

ρX
103 GeV/cm3

)
f(σnX

)β(mX ,mN , vesc, v̄), (3.3)

where ρX is the ambient density of dark matter. The factor f(σnX) is given by

f = σnX/σsat for σnX ≤ σsat, and f = 1 for σnX > σsat. The factor

β(mX ,mN , vesc, v̄) = 1− 1− exp [−6(v2esc/v̄
2)(µ/(µ− 1)2)]

6(v2esc/v̄
2)(µ/(µ− 1)2)

(3.4)

will take the value β ∼ 1 for dark matter masses mX . 106 GeV and for typical

neutron star parameters, where µ ≡ mX/mN , vesc ' 1.8 × 105 km/s is the escape

velocity from the surface of the neutron star, and v̄ ∼ 220 km/s is the ambient dark

matter average velocity de Lavallaz and Fairbairn (2010); McDermott et al. (2012);

Gould (1987b).

If tns is the lifetime of a neutron star, then the number of particles accumulated

over that lifetime, Nacc(tns), is determined by the dark matter capture rate, decay

rate, and the rate of dark matter annihilation. We will first consider the case where

dark matter does not annihilate, but does decay at rate Γ = τ−1. In this case, the

number of accumulated dark matter particles can be written as

N (decay)
acc = CXτ

(
1− e−tns/τ

)
. (3.5)
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The tightest model-independent constraints on dark matter decay come from an anal-

ysis of the stability of dark matter halos. Measurements of halo mass-concentration

and galaxy-cluster mass compared with simulations of dark matter halo mass dis-

tributions disturbed by dark matter decay constrain any dark matter lifetime to

τ > 10 Gyr for all velocities of the dark matter decay products Peter et al. (2010).

Constraints on dark matter decay that heats the CMB are tighter for decay products

with v & 0.6c Aoyama et al. (2011). We see that for τ ∼ 10 Gyr and a neutron star

lifetime of tns ∼ 10 Gyr, the number of accumulated dark matter particles is only

suppressed by an O(1) factor. Because the minimum allowed dark matter lifetime is

on the order of the lifetime of a neutron star, dark matter decay does not significantly

alter the amount of accumulated dark matter, and thus does not significantly alter

constraints arising from observations of neutron stars.

Henceforth, we will assume that dark matter does not decay. The accumulated

number of dark matter particles can then be approximated as Griest and Seckel

(1987); Jungman et al. (1996)

dNacc

dt
≈ CX −

〈σav〉N2
acc

Vth

→ Nacc ≈

√
CXVth
〈σav〉

Tanh

√CX〈σav〉
Vth

tns

 , (3.6)

where Vth = (4/3)πr3th is the volume within which the dark matter is thermalized,

here assumed to be of constant density, and 〈σav〉 is the annihilation cross section.

If the effect of self-interactions is small, the thermalization radius rth can be written

as Kouvaris and Tinyakov (2011b); McDermott et al. (2012); Goldman and Nussinov

33



(1989),

rth = 240 cm

(
T

105 K
· GeV

mX

)1/2

. (3.7)

It is useful to determine the range of physical parameters for which the argument of

the hyperbolic tangent in eq. 3.6 is greater than unity, indicating that the collection

and annihilation of dark matter in the neutron star has reached an equilibrium. For

a more complete treatment, see Appendix B.1.

3.3 Black Hole Formation

In order to form a black hole, the dark matter collected in a neutron star must

become dense enough that the energy of the dark matter is minimized as the radius of

the dark matter distribution approaches zero. If NDM bosonic dark matter particles

of mass mX are confined to a sphere of radius r, then the energy of a boson is

approximately given by

E ∼ 1

r
− Gm2

XNDM

r
+

2πGρbmXr
2

3
. (3.8)

The first term is the relativistic kinetic energy, and the second and third terms are

the gravitational potential energy due to DM-DM interactions and DM-baryon inter-

actions, respectively. The requirement of “self-gravitation” ensures the second term

of eq. (3.8) is larger than the third, so the second term will dominate as the dark

matter collapses. The Chandrasekhar limit then corresponds to the requirement that

the second term dominate the kinetic term.

However, this effective Chandrasekhar limit depends on the total local potential

of the dark matter and is modified if dark matter has self-interactions. A λ|φ|4
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term is generally not forbidden by any symmetry of the theory (in the absence of

higher dimension terms, stability of the potential would require this interaction to

be repulsive, λ ≥ 0). With this self-interaction Kouvaris and Tinyakov (2011b), the

number of self-gravitating particles required to form a black hole will be Mielke and

Schunck (2000, 1997); Jetzer (1992)

Nchand =
2m2

Pl

πm2
X

(
1 +

λ

32π

m2
Pl

m2
X

)1/2

. (3.9)

Of course this expression reduces to the simpler limit Nchand ∼ m2
Pl/m

2
X for non-

interacting bosons when λ = 0. Note, however that if λ/32π > m2
X/m

2
Pl, then

Nchand ∼ λ1/2m3
Pl/m

3
X . As the λ|φ|4 interaction is not forbidden by any symme-

try, there is no reason to expect λ to be very small. Thus, unless mX is quite large,

one would expect the Chandrasekhar limit to be dominated by the interaction term.

In this case, the Chandrasekhar limit on the number of particles is suppressed from

the fermion case (N
(ferm.)
chand ∼ m3

Pl/m
3
X) by a factor λ1/2.

The dark matter particles will become self-gravitating when their density exceeds

that of the baryons in the neutron star. If the dark matter is confined to a region of

radius r, then the number of dark matter particles required to achieve self-gravitation

is given by

Ns−g(r) '
4πr3

3mX

ρb, (3.10)

where ρb ∼ 7.8× 1038 GeV/cm3 is taken as the baryon density in a neutron star.

If dark matter forms a Bose-Einstein condensate Kouvaris and Tinyakov (2011b);

McDermott et al. (2012), then a large fraction of the dark matter will be confined to

a radius which is much smaller than the thermalization radius of the dark matter.
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Thermalized bosonic matter at the core of a neutron star will form a BEC if the

number of thermalized particles exceeds

NBEC = ζ

(
3

2

)(
mXT

2π

)3/2(
4πr3th

3

)
≈ 1036

(
T

105 K

)3

. (3.11)

The effect of self-interactions on the formation of a BEC is still not completely

understood. In principle, self-interactions can affect the critical temperature and the

size of the BEC state. A complete study of these effects is beyond the scope of this

work. Instead, we will assume that the critical temperature and the size of the BEC

state are unchanged by self-interactions of the magnitude which we will consider.

If, due to self-interactions, dark matter does not form a BEC, then the analysis of

Appendix B would be relevant.

If the number of dark matter particles in the BEC phase is small, and the gravi-

tational potential energy is dominated by the baryonic contribution, then the size of

the BEC, rc, can be approximated by equating the magnitude of the non-relativistic

kinetic energy and gravitational potential energy Kouvaris and Tinyakov (2011b);

McDermott et al. (2012), yielding:

rc =

(
3

8πGm2
Xρb

)1/4

= 1.5× 10−4 cm

(
GeV

mX

)1/2

. (3.12)

We have assumed that the λφ4 contribution is small. Considering the ground state

to have size rc, the contribution of the λφ4 term to the energy of the BEC state

scales approximately as ∝ λN2/r3cm
2
X . This contribution is negligible for λ �

10−18(mX/GeV)3, implying that the value of the critical temperature and the size of

the BEC state are essentially unchanged. From eq. (3.10) we find that the number of
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particles in the BEC phase required for self-gravitation is

N
(BEC)
s−g = 1028

(
GeV

mX

)5/2

. (3.13)

Assuming T = 105 K, one finds Nchand > Ns−g if mX > 4×10−21 GeV. For all mX of

interest BECs will become self-gravitating well before they reach the Chandrasekhar

limit.

We may write the number of dark matter particles needed for black hole formation

in the BEC phase as N
(BEC)
BHforms. We find

N
(BEC)
BHforms(mX , λ, T ) = Nchand +NBEC . (3.14)

Note that, if dark matter forms a BEC, the neutron star must collect NBEC particles

which lie within rth and cause the formation of the BEC, as well as an additional

Nchand particles which fall into a BEC of size rc and which collapse to form a black

hole. For sufficiently large mX , one finds Ns−g(rth) > NBEC , in which case the dark

matter collected within the thermalization radius will self-gravitate before enough

dark matter is collected to form a BEC. This leads to the possibility that dark matter

within the thermalized region will collapse without forming a BEC Guver et al. (2012);

Fan et al. (2012). However, as dark matter in the thermalized region collapses it will

also lose energy, which can result a lower temperature and higher density. This may

subsequently lead to the formation of a BEC Kouvaris and Tinyakov (2012).

3.4 Hawking Radiation and Neutron Star Destruction

The formation of a black hole within an old neutron star is not necessarily in

conflict with observation – the black hole must also absorb the neutron star in a time
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much shorter than the lifetime of the neutron star, without first evaporating through

Hawking radiation. We build on the analysis of Kouvaris and Tinyakov (2011b);

McDermott et al. (2012), but also consider the effect of dark matter accretion and

repulsive self-interactions on the growth of the black hole.

The evolution of the black hole’s mass is governed by the equation

dMbh

dt
=

4πρb(GMbh)
2

v3s
+

(
dMbh

dt

)
DM

− 1

15360π(GMbh)2
, (3.15)

where Mbh is the mass of the black hole and vs is the sound speed of the neutron star

(we take vs/c ∼ 0.1 McDermott et al. (2012)). The first term on the right hand side

of eq. (3.15) is the Bondi accretion rate for baryonic matter, the second term is the

rate at which the black hole accretes dark matter, and the last term is the Hawking

radiation rate. (dMbh/dt)DM will depend not only on how quickly the neutron star

captures dark matter, but also on how quickly the black hole absorbs new dark matter

captured by the neutron star. The initial black hole mass, Mbhi is given by mXNs−g

(Ns−g > Nchand) and mXNchand (Ns−g < Nchand).

3.4.1 Rate of Black Hole Growth and Destruction

If a black hole within a neutron star begins to grow, then the baryonic accretion

rate will increase as M2
bh, while the Hawking radiation rate will decrease as M2

bh. In

this case, we can approximate the time it will take for the black hole to consume the

neutron star by assuming that the baryonic accretion rate dominates, neglecting dark
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matter accretion and Hawking radiation. We then find

dt

dM
=

v3s
4πρb(GM)2

→ tnscollapse =
v3s

4πρbG2

(
1

Mbhi

− 1

Mbhi +Mns

)
∼ v3s

4πρbG2Mbhi

, (3.16)

where Mns ∼ 3.3×1057 GeV is the mass of a heavy neutron star Kiziltan et al. (2010).

We consider the rate of collapse for a black hole with initial mass given by

M
(BEC)
bhi = mXNchand = 9.5× 1037 GeV

(
GeV

mX

)(
1 +

λ

32π

m2
Pl

m2
X

)1/2

. (3.17)

This initial mass yields a neutron star collapse time of

t
(BEC)
nscollapse = 2.6× 105 years

( mX

GeV

)(
1 +

λ

32π

m2
Pl

m2
X

)−1/2
, (3.18)

For all relevant regions of parameter space, this time of collapse will be small compared

to the lifetime of an old neutron star.

Similarly, if a black hole begins to shrink, the baryonic accretion rate will quickly

become small, while the Hawking radiation rate will grow rapidly. Considering only

the Hawking radiation rate, we find

dt

dM
= −15360π(GM)2,

tevap = 5120πG2M3
bhi. (3.19)

We then find

t(BEC)
evap = 5120πG2

(
9.2× 1037 GeV2

mX

)3

= 13 Gyr

(
GeV

mX

)3

. (3.20)
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We thus see that the black hole will evaporate in a time much shorter than the lifetime

of the neutron star if mX � 1 GeV, for dark matter which forms a BEC.

3.4.2 Black Hole Accretion of Dark Matter in the BEC Phase

In order for dark matter to efficiently fall into a black hole after being captured

by the neutron star, the impact parameter of the black hole must be small compared

to the radius within which the dark matter settles McDermott et al. (2012). In other

words, additional dark matter will accumulate in the black hole at the rate it enters

the neutron star if the size of the region where the dark matter particles settle is

small compared to the black hole’s impact parameter, binfall = 4GMbh/v∞. Here v∞

is a dark matter particle velocity on approach to the black hole.

After a black hole is formed from a BEC, NBEC dark matter particles will remain

within radius rth, and any further dark matter particles that collect in the star will fall

into the BEC state. It can be shown that the radius of the BEC is smaller than the

black hole’s impact parameter McDermott et al. (2012), specifically binfall ∼ 4rc, so

in the case that all incoming dark matter settles into a BEC state, it will be efficiently

captured by a black hole. Thus for dark matter which forms a BEC, the black hole

dark matter accretion rate will equal the neutron star dark matter capture rate,

(
dMbh

dt

)
DM

∼ CXmX . (3.21)
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The black hole will continue to grow if

CXmX >
1

15360π(GmXNchand)2
− 4πρb(GmXNchand)

2

v3s

CX >
1

Gyr

[
2.4× 1036

( mX

GeV

)(
1 +

λ

32π

m2
Pl

m2
X

)−1
−1.5× 1042

(
GeV

mX

)3(
1 +

λ

32π

m2
Pl

m2
X

)]
. (3.22)

If the black hole begins to grow, it will quickly absorb the entire neutron star. On

the other hand, for the range of masses in which it is possible for Hawking radiation

to dominate, the black hole will evaporate quickly.

A possible exception to even this bound arises if one assumes that Hawking ra-

diation preferentially heats bosonic dark matter via dark-sector radiation. We refer

to a detailed discussion of this effect in McDermott et al. (2012). However, we note

that, since a growing black hole will in fact grow rapidly, the Hawking radiation rate

will quickly become small, implying that there will be very little heating of the dark

or baryonic matter due to Hawking radiation.

Bosonic dark matter with a large enough repulsive self-interaction cross section

will have a larger mass at Chandrasekhar collapse and can avoid forming a small

black hole that evaporates too quickly to destroy the neutron star. The result is

an interesting phenomenon: very small repulsive self-interactions tighten neutron

star collapse constraints on bosonic dark matter, but larger repulsive self-interactions

loosen the same constraints.
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3.5 Bosonic Dark Matter Bounds From Neutron Star Col-

lapse

In this section we determine the constraints on σnX for bosonic dark matter arising

from the existence of old neutron stars, including the effects of dark matter self-

interactions, dark matter annihilation, and dark matter accretion onto black holes.

The exclusion contour bounds the region

Nacc(σnX ,mX , 〈σav〉, ρX , tns, T ) > NBHforms(mX , λ, T ),

dMBH

dt

∣∣∣∣
MBH=MBHi

> 0. (3.23)

Figure 3.1 displays the exclusion contour in the (mX , σnX) plane if the dark matter

can form a BEC, assuming that old neutron stars have lifetime tns = 10 Gyr, core

temperature T = 105 K, and ambient dark matter density ρX = 103 GeV/cm3 (this is

an estimate for the dark matter density at the center of globular clusters Bertone and

Fairbairn (2008); McCullough and Fairbairn (2010)). The various contours are for

different choices of the self-interaction parameter λ and the annihilation cross section

〈σav〉. We note that an order of magnitude increase in 〈σav〉 corresponds to an order of

magnitude relaxation of the bound, except in regions where the bound is significantly

affected by dark matter accretion. Moreover, as the capture rate depends on ρX only

through the factor ρX × σnX , a scaling of the ambient dark matter density simply

rescales the bound on σnX . For example, if the dark matter density at the center

of globular clusters is as small as 0.3 GeV/cm3, then the bound on σnX would be

weakened by a factor of ∼ 3000. Note that observations of old neutron stars can only

provide constraints in the region σnX ≤ σsat.. For the entire relevant range of masses,

bounds from neutron stars become completely unconstraining if 〈σav〉 & 10−38 cm3/s,
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Figure 3.1: Neutron star collapse bounds for annihilating, self-interacting bosonic
dark matter that forms a Bose-Einstein condensate at globular clus-
ter density ρX ∼ 103 GeV/cm3. From left to right the red, green,
blue, and purple contours denote regions for which the self interac-
tion parameter λ = {0, 10−30, 10−25, 10−15}, respectively. Solid, dot-
ted, dashed, and dot-dashed contours denote annihilation cross sections
〈σav〉 = {0, 10−50, 10−45, 10−42}cm3/s, respectively.

because the neutron star can never capture enough dark matter for black hole collapse

to occur.

As previously noted, if the self-interaction term is increased (contours farther right

in Figure 3.1), the bound on high mass dark matter improves. As the Chandrasekhar

bound increases with the self-interaction coupling, there is less Hawking radiation

at the formation of higher mass black holes, and the black hole growth condition

(eq. (3.23)) is met for higher masses and lower scattering cross sections.

Figure 3.1 also shows the excluded region (eq. (B.5)) within which dark matter
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captured by a neutron star will not thermalize,

σnX < 1.1× 10−60 cm2
( mX

GeV

)2(105K

T

)(
10 Gyr

tth

)
. (3.24)

In the plot we assume a thermalization time scale of tth ∼ Gyr. For mX < 28 GeV,

we reproduce the bounds of McDermott et al. (2012). This analysis shows that old

neutron stars in the center of globular clusters with a dark matter density ρX =

103 GeV/cm3 Bertone and Fairbairn (2008); McCullough and Fairbairn (2010) pro-

vide a bound on non-annihilating bosonic dark matter competitive with planned

terrestrial direct detection experiments for dark matter masses up to mX ∼ 107 GeV

Wright (2011); Aprile (2012). We note that future detection of neutron stars in re-

gions of dark matter density larger than 103 GeV/cm3 will result in appropriately

rescaled bounds.

3.6 Conclusions

We have studied the constraints that old neutron stars place on bosonic dark

matter, allowing for self-interactions, decay, and self-annihilation of the bosonic dark

matter. Observations of old neutron stars imply bosonic dark matter with a mass

∼ kev−106 GeV detected at terrestrial experiments will have a minimum annihilation

or self-interaction term. For example, we show that a neutron star of age tns = 10 Gyr

found in a globular cluster with dark matter density ρX = 103 GeV/cm3 will not

constrain bosonic dark matter if the dark matter has an annihilation cross section

〈σav〉 & 10−38 cm3/s. These bounds are thus most relevant if the unbroken symmetry

which stabilizes an asymmetric dark matter candidate is continuous; if it is broken to a

Z2 symmetry (even weakly), then self-annihilation is permitted and these bounds can
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be weakened considerably. Conversely we demonstrate that permitted dark matter

decay, which is constrained by the evolution of dark halos, will not significantly relax

neutron star bounds on bosonic dark matter.

We also show that even small self-interaction terms can dramatically weaken

bounds on asymmetric dark matter. These bounds are thus most constraining if

there exists some (at least approximate) symmetry which can suppress a quartic self-

interaction term. However, very small self-interactions can result in even more con-

straining bounds, by causing the formation of larger black holes which grow rapidly.

It is interesting to note that these bounds can extend up to large mX . For such

large masses, one cannot easily tie the dark matter asymmetry to the baryon asym-

metry. Nevertheless, asymmetric dark matter with a small (or vanishing) annihilation

cross section provides an interesting candidate for non-thermal dark matter, and ob-

servations of old neutron stars can provide significant constraints on these models.

While this work was being completed, Kouvaris and Tinyakov (2012) appeared,

which also discusses the effect of dark matter accretion on the evolution of a black hole.

In Kouvaris and Tinyakov (2012), it is also argued that neutron star observations

cannot bound dark matter particles with a large mass. Note that this argument

refers to potential bounds on dark matter which self-gravitates in the thermalized

region before forming a BEC. The bounds we have described for BEC dark matter

at high mass are not affected by this argument. These bounds instead arise from

a consideration of the effect of self-interactions, and the effect on the black hole’s

evolution of the accretion of dark matter in the BEC phase.
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APPENDIX A

A.1 Local non-Gaussianity at cubic order: the bispectrum

Computing the bispectrum to two loops in the squeezed limit requires a careful

examination of the momentum structure of corresponding IR divergent integrals.

In Fig. A.1, we exhibit all diagrams contributing to bispectrum terms with leading

momentum behavior 1/k31k
3
2. All other bispectrum contributions are related to this

result by permutation of the external momenta.

The tree-level contribution to the bispectrum is given by

〈ζ~k1ζ~k2ζ~k3〉fNLa =
A2

1A2(2π
2P)2

2
(2π)6

∫
d3~k′

(2π)3

(
δ3(~k1 + ~k′ − ~k3)δ

3(~k2 − ~k′)

(k1k2k′(k3 − k′))3/2
+ 1 variant

)

=
2A2

1A2(2π
2P)2

2
(2π)3δ3(Σi

~ki)
1

k31k
3
2

= A2
1A2(2π

2P)2(2π)3δ3(Σi
~ki)

1

k31k
3
2

(A.1)
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Figure A.1: The bispectrum and all distinct corrections up to third order are dis-
played. Note that particular momentum labels have been chosen for
clarity, while for the purpose of calculation all possible momenta permu-
tations are included.

The one-loop correction to fNL which uses only terms to second order in χ is

〈ζ~k1ζ~k2ζ~k3〉fNLb =
A3

2

8

∫
d3~k′d3~k′′d3~k′′′

(2π)9
〈(χ~k1−~k′χ~k′)(χ~k2−~k′′χ~k′′)(χ~k3−~k′′′χ~k′′′)〉 ,

=
A3

2(2π
2P)3

8
(2π)3δ3(Σi

~ki)

∫
d3~k′

(2π)3

(
1

k′3|~k1 − ~k′|3|~k2 + ~k′|3
+ 7 perms

)

= A3
2(2π

2)2P3(2π)3δ3(Σi
~ki)

ln(min(k1, k2)L)

k31k
3
2

. (A.2)
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The A.1c piece of the bispectrum includes an integral with two poles instead of three:

〈ζ~k1ζ~k2ζ~k3〉fNLc =
1

2
A3A2A1(2π

2P)3(2π)3δ3(Σi
~ki)

∫
d3~k′

(2π)3

(
1

k′3|~k1 − ~k′|3k32

)

= A3A2A1(2π
2)2P3(2π)3δ3(Σi

~ki)
ln(k1L)

k31k
3
2

(A.3)

The A.1d piece mirrors the form of A.1c.

〈ζ~k1ζ~k2ζ~k3〉fNLd =
1

2
A3A2A1(2π

2P)3(2π)3δ3(Σi
~ki)

∫
d3~k′

(2π)3

(
1

k′3|~k2 − ~k′|3k31

)

= A3A2A1(2π
2)2P3(2π)3δ3(Σi

~ki)
ln(k2L)

k31k
3
2

(A.4)

The A.1e, A.1f, and A.1g contributions share the same shape, but must be evaluated

separately because the integrals they produce are different. For A.1e the expression

again relies on which of |k1| and |k2| is smaller.

〈ζ~k1ζ~k2ζ~k3〉fNLe =
1

2
A2

3A2(2π
2P)4(2π)3δ3(Σi

~ki)

∫ ∫
d3~k′3d3~k′′3

(2π)6

×

(
1

|~k1 − ~k′ + ~k′′|3|~k2 + ~k′ − ~k′′|3k′3k′′3

)

=
1

2
A2

3A2(2π
2)3P4(2π)3δ3(Σi

~ki)

∫
d3~k′3

(2π)3

(
ln(min(k1, k2)L)

|~k1 − ~k′|3|~k2 + ~k′|3k′3

)

=
1

2
A2

3A2(2π
2)2P4(2π)3δ3(Σi

~ki)
(ln (min(k1, k2)L)2

k31k
3
2

(A.5)
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The A.1f and A.1g contributions mirror each other.

〈ζ~k1ζ~k2ζ~k3〉fNLf =
1

2
A2

3A2(2π
2P)4(2π)3δ3(Σi

~ki)

∫ ∫
d3~k′3d3~k′′3

(2π)6

×

(
1

|~k2 − ~k′|3|~k1 + ~k′ − ~k′′|3k′3k′′3

)

=
1

2
A2

3A2(2π
2)3P4(2π)3δ3(Σi

~ki)

∫
d3~k′3

(2π)3

(
2 ln(k1L)

|~k2 − ~k′|3|~k1 + ~k′|3k′3

)

= A2
3A2(2π

2)2P4(2π)3δ3(Σi
~ki)

ln(k1L) ln (min(k1, k2)L)

k31k
3
2

(A.6)

〈ζ~k1ζ~k2ζ~k3〉fNLg =
1

2
A2

3A2(2π
2P)4(2π)3δ3(Σi

~ki)

∫ ∫
d3~k′3d3~k′′3

(2π)6

×

(
1

|~k1 − ~k′|3|~k2 + ~k′ − ~k′′|3k′3k′′3

)

=
1

2
A2

3A2(2π
2)3P4(2π)3δ3(Σi

~ki)

∫
d3~k′3

(2π)3

(
2 ln(k2L)

|~k1 − ~k′|3|~k2 + ~k′|3k′3

)

= A2
3A2(2π

2)2P4(2π)3δ3(Σi
~ki)

ln(k2L) ln (min(k1, k2)L)

k32k
3
1

(A.7)

Collecting all terms, the full fNL contribution to third order in χ is

〈ζ~k1ζ~k2ζ~k3〉 = A2(2π
2P)2(2π)3δ3(Σi

~ki)
1

k32k
3
1

[
A2

1

+ A2
2P ln (min(k1, k2)L) + A1A3P ln (k1k2L

2)

+ A2
3P2 ln (min(k1, k2)L)

(
ln (k1k2L

2) +
1

2
ln (min(k1, k2)L)

)]
+ 2 perms

(A.8)

A.2 Local non-Gaussianity at cubic order: the trispectrum

In this appendix we list the complete momentum structure of 4-point correlators

up to cubic non-linear order in local expansion of ζ in Gaussian fields. The complete
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expansion contains diagrams up to three-loops. Several of these diagrams will contain

terms (in the leading log approximation) which contribute to both gNL and τNL

momentum structures. We will thus compute the contribution to each parameter

separately.

A.2.1 gNL

The integrals involved in computing gNL are nearly identical to those used for the

bispectrum. The resulting contributions from each diagram are listed below. To save

space, henceforth K ≡ (2π)3δ3(Σiki).

〈ζ~k1ζ~k2ζ~k3ζ~k4〉gNLa = A3A
3
1K(2π2P)3

1

k31k
3
4k

3
3

(A.9)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉gNLb = A3A
2
2A1K(2π2)3P4 ln (min(k3, k4)L)

k31k
3
4k

3
3

(A.10)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉gNLc = A3A
2
2A1K(2π2)3P4 ln (min(k1, k4)L)

k31k
3
4k

3
3

(A.11)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉gNLd = A3A
2
2A1K(2π2)3P4 ln (min(k1, k3)L)

k31k
3
4k

3
3

(A.12)

A new mathematical expression in these calculations comes from integrals of the form

∫ ∫
d3k′d3k′′

(2π)6
1

|~k4 − ~k′ + ~k′′|3|~k1 + ~k′|3|~k3 − ~k′′|3k′3k′′3

≈ ln (min(k3, k4)L) ln (min(k1, k4)L)

k31k
3
4k

3
3

. (A.13)
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Using this new integral approximation we calculate the remaining contributions to

the gNL shape of the trispectrum.

〈ζ~k1ζ~k2ζ~k3ζ~k4〉gNLe = A2
3A

2
2K(2π2)3P5 ln (min(k3, k4)L) ln (min(k1, k4)L)

k31k
3
4k

3
3

(A.14)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉gNLf = A2
3A

2
2K(2π2)3P5 ln (min(k3, k4)L) ln (min(k1, k3)L)

k31k
3
4k

3
3

(A.15)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉gNLg = A2
3A

2
2K(2π2)3P5 ln (min(k1, k4)L) ln (min(k1, k3)L)

k31k
3
4k

3
3

(A.16)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉gNLh =
1

2
A3

3A1K(2π2)3P5 [ln (min(k1, k3)L)]2

k31k
3
4k

3
3

(A.17)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉gNLi =
1

2
A3

3A1K(2π2)3P5 [ln (min(k3, k4)L)]2

k31k
3
4k

3
3

(A.18)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉gNLj =
1

2
A3

3A1K(2π2)3P5 [ln (min(k1, k4)L)]2

k31k
3
4k

3
3

(A.19)

Finally, much as in Eq A.13, the fully connected four-point diagram evaluates to

〈ζ~k1ζ~k2ζ~k3ζ~k4〉gNLk = A4
3K(2π2)3P6 ln (min(k1, k3)L) ln (min(k3, k4)L) ln (min(k1, k4)L)

k31k
3
4k

3
3

.

(A.20)

A.2.2 τNL

The full calculation for τNL involves integrals with poles which owing to the struc-

ture of τNL are cut off by sums of momentum vectors. Proceeding with the same

labelling conventions,

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLa = A2
2A

2
1K(2π2P)3

1

k31k
3
12k

3
4

, (A.21)

where k12 ≡ |~k1 + ~k2|3. Using integral approximations already outlined (except with

4 poles now instead of three), single integrals over poles produce contributions to the
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4-point function proportional to a function logarithmic in the wavenumber,

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLb = A4
2K(2π2)3P4 ln (min(k1, k12, k4)L)

k31k
3
12k

3
4

(A.22)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLc = A3A
2
2A1K(2π2)3P4 ln (min(k12, k4)L)

k31k
3
12k

3
4

(A.23)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLd = A3A
2
2A1K(2π2)3P4 ln (min(k12, k1)L)

k31k
3
12k

3
4

(A.24)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLe = A3A
2
2A1K(2π2)3P4 ln (k4L)

k31k
3
12k

3
4

(A.25)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLf = A2
3A

2
1K(2π2)3P4 ln (k12L)

k31k
3
12k

3
4

(A.26)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLg = A3A
2
2A1K(2π2)3P4 ln (k1L)

k31k
3
12k

3
4

, (A.27)
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while functions with multiple integrals over poles are proportional to multiple func-

tions logarithmic in wavenumber,

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLh = A2
3A

2
2K(2π2)3P5 ln (min(k12, k4)L) ln (min(k12, k1)L)

k31k
3
12k

3
4

(A.28)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLi = A2
3A

2
2K(2π2)3P5 ln (min(k12, k4)L) ln (min(k1, k12, k4)L)

k31k
3
12k

3
4

(A.29)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLj = A2
3A

2
2K(2π2)3P5 ln (min(k12, k1)L) ln (min(k1, k12, k4)L)

k31k
3
12k

3
4

(A.30)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLk = A3
3A1K(2π2)3P5 ln (k4L) ln (min(k12, k4)L)

k31k
3
12k

3
4

(A.31)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLl = A3
3A1K(2π2)3P5 ln (k1L) ln (min(k12, k1)L)

k31k
3
12k

3
4

(A.32)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLm = A2
3A

2
2K(2π2)3P5 ln (k1L) ln (k4L)

k31k
3
12k

3
4

(A.33)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLn = A2
3A

2
2K(2π2)3P5 ln (k12L) ln (min(k1, k12, k4)L)

k31k
3
12k

3
4

(A.34)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLo = A2
3A

2
2K(2π2)3P5 ln (k4L) ln (min(k1, k12, k4)L)

k31k
3
12k

3
4

(A.35)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLp =
1

2
A2

3A
2
2K(2π2)3P5 ln (min(k1, k12, k4)L)2

k31k
3
12k

3
4

(A.36)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLq = A2
3A

2
2K(2π2)3P5 ln (k1L) ln (min(k1, k12, k4)L)

k31k
3
12k

3
4

(A.37)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLr =
1

2
A4

3K(2π2)3P6 ln (k12L) ln (min(k1, k12, k4)L)2

k31k
3
12k

3
4

(A.38)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLs = A4
3K(2π2)3P6 ln (k4L) ln (k4L) ln (min(k1, k12, k4)L)

k31k
3
12k

3
4

(A.39)

〈ζ~k1ζ~k2ζ~k3ζ~k4〉τNLt = A4
3K(2π2)3P6

× ln (min(k1, k12, k4)L) ln (min(k1, k12)L) ln (min(k12, k4)L)

k31k
3
12k

3
4

(A.40)
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Figure A.2: Diagrams contributing to gNL at tree level and all corrections to third
order in χ. These diagrams contribute to 1/k31k

3
3k

3
4 term of the 4-point

correlator.

55



k 2 k 3

k 1 k 4

k 2 k 3

k 1 k 4

k 2 k 3

k 1 k 4

k 2 k 3

k 1 k 4

a b c d

k 2 k 3

k 1 k 4

k 2 k 3

k 1 k 4

k 2 k 3

k 1 k 4

k 2 k 3

k 1 k 4

e f g h

k 2 k 3

k 1 k 4

k 2 k 3

k 1 k 4

k 2 k 3

k 1 k 4

k 2 k 3

k 1 k 4

i j k l

k 2 k 3

k 1 k 4

k 2 k 3

k 1 k 4

k 2 k 3

k 1 k 4

k 2 k 3

k 1 k 4

m n o p

k 2 k 3

k 1 k 4

k 2 k 3

k 1 k 4

k 2 k 3

k 1 k 4

q r s

k 2 k 3

k 1 k 4

t

Figure A.3: All diagrams contributing to τNL at tree level and all corrections up to
third order in χ. These diagrams contribute to 1/k31k

3
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3
4 term of the

4-point correlator.
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APPENDIX B

B.1 Dark Matter Capture and Annihilation Equilibrium

It is useful to determine the range of parameters for which the total dark matter in

the neutron star will reach an equilibrium, at which point dark matter will annihilate

at the same rate it collects in the neutron star. This happens when the argument of

the hyperbolic tangent in eq. (3.6) is greater than unity – in this range the hyperbolic

function will evaluate to unity and the formula for the number of accumulated dark

matter particles simplifies considerably. For mX > GeV,

√
CX〈σav〉
Vth

tns ≈ 3.5× 105
( mX

GeV

)1/4(105 K

T

)3/4(
tns

10 Gyr

)
β

×
(

〈σav〉
10−45 cm3/s

· ρX
103 GeV/cm3

· f(σnX)

)1/2

, (B.1)
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and for mX < GeV,

√
CX〈σav〉
Vth

tns ≈ 5.1× 105
( mX

GeV

)3/4(105 K

T

)3/4(
tns

10 Gyr

)
β

×
(

〈σav〉
10−45 cm3/s

· ρX
103 GeV/cm3

· f(σnX)

)1/2

. (B.2)

In figure B.1, we plot the region in the (mX , 〈σav〉 × f)-plane such that the neutron

star is in equilibrium, assuming tns = 10 Gyr, T = 105 K and ρX = 103 GeV/cm3.

Even for small values of σnX and 〈σav〉 (including any values which could be detected

ΡX = 103 GeV � cm3

tns = 10 Gyr
T = 105 K

Σsat = 2.1 ´ 10-45 cm2

CX XΣa v\

Vth
tns > 1

10-5 0.001 0.1 10 1000 105 107
10-59

10-57

10-55

10-53

10-51

10-49

mX@GeVD

XΣ
av

\´
f@

cm
3 �s

D

Figure B.1: In the dark shaded region of the (mX , 〈σav〉 × f)-plane, the neutron
star is in equilibrium, assuming tns = 10 Gyr, T = 105 K and ρX =
103 GeV/cm3.
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by current and planned observations), we may use the approximation

Nacc ∼
√
CXVth/〈σav〉

∼

√
4πCX(240 cm)3

3〈σav〉

(
T

105K

GeV

mX

)3/4

. (B.3)

But if dark matter has not reached equilibrium, we instead find

Nacc ∼ CXtns. (B.4)

B.2 Thermalization Time

For the dark matter particles to achieve self-gravitation, the dark matter must

thermalize with the neutron star on a time scale comparable to the neutron star

lifetime. For mX & GeV, the thermalization time is McDermott et al. (2012)

tth = 5.4× 10−6years
( mX

GeV

)2(105 K

T

)
f−1, (B.5)

where f = σnX/σsat. if σnX < σsat., and f = 1 otherwise. Here, σnX is the cross section

for DM-neutron interactions, σsat. ∼ 2.1 × 10−45 cm2 and T is the core temperature

of the neutron star. Thus eq. (B.5) presents a firm exception to the application of

the neutron star collapse bound (eq. (3.23)): if the dark matter does not thermalize

over the lifetime of the star, it will not form a black hole.

It is important that the saturation of the likelihood of dark matter scattering

implies a maximum dark matter mass for which neutron star bounds are applicable;

beyond this mass the dark matter will not thermalize:

m
(max)
X = 1.4× 107GeV

(
T

105 K

)1/2(
tns
Gyr

)1/2

. (B.6)
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B.3 Analysis of neutron star constraints on bosonic DMwhich

does not form a BEC

If dark matter does not form a BEC, then the analysis is slightly different. The

number of dark matter particles in the thermalized region required to achieve self-

gravitation is given by

N
(th)
s−g '

4πr3th
3mX

ρb ' 4.8× 1046

(
T

105 K

)3/2(
GeV

mX

)5/2

. (B.7)

For most regions of interest, dark matter which does not form a BEC will collapse

when it becomes self-gravitating. But if λ is large enough, thermalized boson distri-

butions will collapse only when they reach the Chandrasekhar limit. In figure B.2,

we plot the region where N
(th.)
s−g > Nchand in the (mX , λ)-plane for T = 105 K, in the

case where a BEC does not form.

The number of particles required for a black hole to form in the case where a BEC

does not form is then given by:

N
(th)
BHforms(mX , λ, T ) = max[Nchand, N

(th)
s−g ]. (B.8)

If Nchand > Ns−g, then the initial mass of the black hole is the same as the value given

in eq. 3.17. But if Ns−g > Nchand, then the initial black hole mass is given by

M
(therm)
bhi = mXN

(therm)
s−g = 4.8× 1046 GeV

(
T

105 K

)3/2(
GeV

mX

)3/2

. (B.9)

In this case, if the black hole grows, the time required for the neutron star to be
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Ns-g > Nchand
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Figure B.2: Parameter space in the (mX , λ) plane where N
(th.)
s−g > Nchand, if a BEC

does not form.

destroyed is

t
(therm)
nscollapse = 5.1× 10−4 years

( mX

GeV

)3/2(105 K

T

)3/2

, (B.10)

and the black hole will quickly destroy the neutron star. If the black hole evaporates,

the time required to complete the evaporation process is given by

t(s−g)evap = 5120πG2

(
4.8× 1046

(
GeV5/2

m
3/2
X

))3(
T

105 K

) 9
2

= 1.6× 1027 Gyr

(
T

105 K

GeV

mX

) 9
2

. (B.11)

If dark matter does not form a BEC, then the black hole will evaporation time will

be short if mX � 104 GeV.

The dark matter thermalization radius is much larger than the black hole impact
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parameter; thus dark matter will not be efficiently captured by a black hole for dark

matter that does not form a BEC. Instead, the black hole will continue to capture

dark matter through Bondi accretion. The dark matter accretion rate can then be

written in terms of the coupled differential equations.

(
dMbh

dt

)
DM

=
3mXNDM(GMbh)

2

v3sr
3
th(

dNDM

dt

)
= CX −

1

mX

(
dMbh

dt

)
DM

. (B.12)

However in the case of non-BEC dark matter black holes, the Hawking radiation

rate exceeds the baryonic Bondi accretion rate only for

mX > 5.8× 106 GeV

(
T

105 K

)
, (B.13)

To accrete enough dark matter for the dark matter Bondi accretion rate to be of the

same order of magnitude as the baryonic Bondi accretion rate would require about

as much time as was required for the black hole to form in the first place. But as

we have seen, for the range of masses where the Hawking radiation rate dominates

when the black hole is formed, the black hole will evaporate relatively quickly, before

the dark matter accretion rate becomes appreciable. We thus find that, for the case

where dark matter does not form a BEC, we may essentially ignore the effect of dark

matter accretion on the evolution of the black hole and the condition for a black hole

to destroy the neutron star becomes,

0 <
dMBH

dt

∣∣∣∣
MBH=MBHi

'
4πρb(GmXMax[Nchand, N

(th)
s−g ])2

v3s

− 1

15360π(GmXMax[Nchand, N
(th)
s−g ])2

. (B.14)
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Figure B.3: Neutron star collapse bounds for annihilating, self-interacting bosonic
dark matter that does not form a Bose-Einstein condensate. From left to
right the red, purple, and orange contours denote regions for which the
self interaction parameter λ = {0, 10−15, 10−5}, respectively. Solid, dot-
ted, dashed, and dot-dashed contours denote annihilation cross sections
〈σav〉 = {0, 10−50, 10−45, 10−42}cm3/s, respectively.

In Figure B.3, we plot exclusion contours in the (mX , σnX) plane if the dark matter

cannot form a BEC, assuming that old neutron stars have lifetime tns = 10 Gyr

and core temperature T = 105 K, and assuming an ambient dark matter density of

ρX = 103 GeV/cm3. As expected from Figure B.2, the self-interaction coupling does

not affect the bounds substantially until λ & 10−15 – at this value the number of

particles required for self-gravitation is exceeded by the number of particles required

by the Chandrasekhar bound.
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