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Abstract

In this work, we focus on a subclass of channels with memory, called “channels with output

memory”, in which the state of the channel is solely characterized by the previous output

of the channel. This thesis contains two parts and covers modeling, signal processing and

estimation problems in channels with output memory. In the first part, we model the multi-

level per cell (MLC) flash channel, which has been widely used as the leading technology in

non-volatile solid state drive (SSD) devices during the past decade, as a channel with output

memory. We show that the state of an MLC flash channel at any given time depends only

on the outputs of the neighboring cells due to the existing capacitance coupling effect. Our

results on MLC flash channels mainly stem from the signal processing techniques in which we

provide an accurate model for MLC flash memory ; using this model we find a mathematically

tractable way to formulate the write process, and finally design the optimal detector for flash

memory. The results can be summarized in four different groups : i) Modeling the MLC flash

as a channel with output memory. ii) Obtaining a mathematical model to characterize the

iterative write process using the renewal theory framework. iii) Obtaining the optimal step

size in the iterative programming despite the trade-off between programming latency and

accuracy. iv) Designing optimal soft/hard detectors for MLC flash memories.

The second part of our work concentrates on parameter estimation for specific types of

channels with output memory, which we call “Markov channels”, in which the channel in-

put/output pairs form a Markov process. For this type of channel, we assume that there is no

feedback and the input is a known i.i.d process, and we consider that both the set of contexts

(channel states), and the transition probabilities (channel parameters) are unknown. We em-

phasize at the outset that we do not exclude slow mixing of the channel evolution. When

a process has slow mixing property, a large number of observations is needed to explore

the state space properly and the empirical properties of finite sized samples from Markov
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processes not necessarily reflect stationary properties. We observe a length-n sample of the

input/output pair sequence generated by applying a known i.i.d input process and obtaining

its corresponding output from an unknown, stationary ergodic Markov channel over a finite

alphabet A. Using this sample, we want (i) a best approximation of the set of transition pro-

babilities (ii) the stationary probabilities of an output string, and (iii) estimate or at least

obtain heuristics of the information rate of the process. Two distinct problems that compli-

cate estimation in this setting are long memory ; and slow mixing. Note that any consistent

estimator can only converge pointwise over the class of all ergodic Markov models. But can

we look at a length-n sample and identify if an estimate is likely to be accurate ? Since the

memory is unknown a-priori, a natural approach is to estimate a potentially coarser model

with memory kn = O(log n). As n grows, estimates get refined and this approach is consistent

with the above scaling of kn, which is also known to be essentially optimal. However, the

situation is vastly different when we want the best answers possible with a length-n sample.

Combining the results of universal compression with the Aldous coupling arguments, we

obtain sufficient conditions on the length-n sample (even for slow mixing models) to identify

when naive (i) estimates of the model parameters are accurate ; (ii) estimates related to the

stationary probabilities are accurate ; we also bound the deviations of the naive estimates

from the true values.
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1
Introduction

1.1 Overview

Interest in achieving the best data rate in digital communication channels has highly moti-

vated researchers in information theory and communication communities to study channel

capacity and devise coding and signal processing techniques to get as close as possible to

the capacity limit. The initial step in any engineering project is to model the problem. In

general, there are two ways to model communication channels: In the first approach, the

channel is considered as a memory-less one in which the output probability distribution only

depends on the current channel input; The second approach is to assume that the channel

1



has memory, such that each current output symbol depends statistically on the correspond-

ing input and the current state of the channel. The state of channel is typically a function

of the previous input and output sequence.

Because the information theoretic analysis and the communication design methods for memory-

less channels have been widely studied since Claude Shannon made this concept mathemati-

cally precise in his seminal work [1], the communications designer and researcher will prefer,

if possible, to either use a physical transmission medium that can be closely modeled with

a memory-less channel or ignore the memory and model the channel as a memory-less one.

However, in some applications these models are simply not possible due to the inherent com-

plexity of the physical medium that is used to transmit the data. Note that channels with

memory have mainly been used to model storage mediums in the past. For example, the

partial response channel is widely used in magnetic and optical recording [2] as well as in

communications over band-limited channels with inter-symbol interference (ISI). However,

with the new advances in signal processing and information theory approaches to compute

the capacity for particular types of channels with memory during the past two decades, it is

likely to consider them in more communication practices in future.

One of the classes of channels with memory which has been extensively studied is the finite

state Markov channel (FSMC). In this class, the set of states is assumed to be finite and the

underlying state process is considered to be a Markov process. While FSMC has attracted

most of the attention among information theory and communication communities during the

past decade, there are several channels in engineering practice that can not be classified as

FSMCs. We consider a subclass of channels with memory in which the state of the channel is

solely characterized by the previous output of the channel. We call this subclass, “channels

with output memory”. Let Sk be the state at time k. Then, the state of this channel is a

sequence of previous outputs Sk−1 = Y k−1
k−L . Note that if the channel output alphabet Yk ∈ Y

be finite (|Y| <∞) and if the size of previous outputs, which affect the current state, be finite

(L < ∞), then the channel with output memory becomes a finite state channel. However,

in some applications of this channel, Y is continuous, which makes the channel with output
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memory not a FSMC. Another complication arises when the channel with output memory is

unknown and its statistical characteristics need to be estimated. This thesis mainly addresses

two existing complications of the channel with output memory: on case in which the state

space size is either continuous and the other case when the state alphabet is finite but the

channel model is unknown.

1.1.1 Multilevel per Cell (MLC) NAND Flash Channel

The MLC NAND flash Channel is the fastest growing type of technology that is widely

used in non-volatile storage devices. The NAND flash memory usage is growing because

of its low cost and high storage density which results from the continuous improvements

in scaling technology that shrinks the sizes of CMOS transistors and MLC technology that

stores more than 1 bit per cell. However, as the storage density in flash memories continues

to grow, various other factors such as energy consumption, intercell interference (ICI) and

program/erase (PE) endurance, continue to degrade the overall system performance.

In information theoretic point of view, a storage medium is typically modeled as a commu-

nication channel which contains a program(write) phase and a recovery(read) phase. During

the program phase of MLC NAND channel, an n-bit symbol is mapped to one of 2n non-

overlapping voltage partitions, and the voltage of a cell (i.e., a CMOS transistor) is adjusted

to fall within a corresponding partition. The stored data is recovered by comparing the

voltage of the cell with some predetermined read thresholds during the recovery phase.

Due to the parasitic capacitance coupling effects of the neighboring cells, the change in the

threshold voltage of one cell during programming (charging) affects the final voltages of all

the other cells (especially those cells which were already programmed) [3]. The existing

inter-cell interference (ICI) changes the output voltage of the channel, and makes the output

of one cell depend on the output of neighboring cells. Thus, we model this channel as a

channel with output memory. Note that the memory of an MLC flash channel depends on

the values of channel outputs Yk. Since Yk is a continuous random variable Y = [0, 5]v, this
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channel does not belong to the well-known class of FSMC.

1.1.2 Markov Channel

The second type of channel with output memory that we consider is one that the pair of

its input and output process is a Markov process. Because of this property, we call this

type of channel the “Markov channel”. In this type of channel, we assume that both the

input and output symbols are from a finite alphabet. The channel state depends on prior

outputs alone and there is no feedback. In addition, we assume that the underlying statistical

channel model is unknown. Depending on the application at hand, we consider a set P of all

possible channel models which are consistent with what is known about the application—

say all memory-less or Markov channel models. In this work, we consider how to estimate

the statistical property of this channel by considering a long sequence of inputs and their

corresponding outputs. In other words, we try to describe the data (sequence of channel

inputs and channel outputs) by estimating a proper channel model from P .

Note that it is often possible that we can still describe the data, without knowing the

underlying model other than that it belongs to P , using almost as succinct a description

as if we knew the underlying statistics. We are motivated by the backplane channel, which

we will describe shortly. We ask—given n inputs and their corresponding outputs, can we

estimate the transition probabilities from the input to output, as well as the stationary

probabilities of various states (or set of states)?

The particular application we are motivated by arises in high speed chip-to-chip communica-

tions; and is commonly called the backplane channel [4]. Here, residual reflections between

inter-chip connects form a significant source of interference. Because of parasitic capacitance,

the channel is highly non-linear as well, and consequently the residual signal that determines

the channel state is not a linear function of past inputs as in typical interference channels.

Therefore, we consider a channel model where the output is not necessarily a linear function

of the input; additionally, the channel encountered by any input symbol is determined by
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the prior outputs. Such a model also yields to analytical transparency. Therefore, we begin

with estimation problems in channels whose states are determined by the output.

We emphasize at the outset that we do not exclude slow mixing of the channel evolution.

Instead, our philosophy will be: given n samples, what is the best answer we can give,

if anything? In this case, we have an estimation problem where any estimator can only

converge pointwise to the true values, rather than uniformly over the model class. One way

to get around this impasse is to add restrictions on the model space, as was done in most

prior work. However, very few such restrictions are justified in our application. Thus, we

take a different approach: can we look at some characteristics of our length-n sample and say

if any estimates are doing well? Based on these results, we are able to look at a data sample

and identify those states of the channel that are amenable to accurate estimation from the

sample. They also allow us to sometimes (depending on how the data looks) conclude that

certain naive estimators of stationary probabilities or channel transition probabilities happen

to be accurate, even if the channel evolution is slow mixing.

1.2 Literature Review

1.2.1 Prior Work on MLC Flash Channels

1.2.1.1 Write Process Modeling

A major restriction in MLC flash memories that distinguishes these memories from all other

storage channels is “monotonic programming” [5], in a MLC flash memory that distinguishes

it from all other storage channels. In this type of memory, the reduction of the stored voltage

in a cell is a very costly operation. In fact, it is not possible to individually reduce the voltage

of each cell. The reduction process is simultaneously done for a very large group of cells,

called a block, and the voltage of all the cells in a block return to an original state, called the

“erased state”. To deal with the monotonic programming restriction, an iterative strategy,
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called incremental step pulse programming (ISPP), is used to concurrently program the

target data in a very long array of cells, known as a ”word-line” [6], [7]. ISPP is an iterative

process and in each iteration, the voltage of the cell is increased by a small amount during an

incremental step. Also, in each iteration, a verification step is executed to check whether the

cell has reached the target voltage. Note that although it takes longer to program a single

cell using ISPP, the overall write delay is decreased due to the concurrent programming of

multiple cells, and the overcharge programming is also enormously reduced because of using

small increment steps. Despite the fact that a common programming voltage is applied to

all cells during ISPP, the amount of voltage increase in a given step is random due to the

injection hardness property of a cell [8]. The charge injection for each cell is intrinsically

different, resulting in varied voltage increments during programming of each cell in a word-

line.

Several studies have been made on modeling and analyzing the write process in the past.

In [9], [10], Jiang et al. primarily focused on obtaining the storage capacity and optimizing

the expected programming precision for a single cell. Note that the results obtained are

only valid if the individual programming of each cell was possible. If this approach is used

in ISPP, it makes the verification step very complicated and time consuming. Moreover,

the initial random voltage of erased state was not considered. In [8], ISPP programming

of flash memory was studied, and an algorithm was developed for parallel programming of

flash memory when the cell hardness information is available. In [11], a similar analysis was

made for the case that the increments are exponentially distributed. Although the results

are helpful in understanding the storage capacity of parallel programming, they disregards

the existing erase state randomness which makes them inapplicable in practice.

1.2.1.2 Signal Processing Techniques on MLC Flash

As discussed, the precise flash memory channel modeling and the knowledge of the exact

statistics of the model is required to attain higher information rates and derive proper cod-
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ing schemes to achieve those performance limits. Existing literature, such as [12], [13], [14],

mainly focused on modeling the MLC flash channel as a memory-less one and derived so-

called soft (decision) information by using uniform and/or non-uniform channel output quan-

tization methods. In these works, the memory of the channel, which exists because of the ICI,

is disregarded. To compensate for ICI, two similar methods, one called post-compensation

in [15] and the other called coupling canceller in [16], were presented to subtract estimates

of ICI from the noisy observation of the channel output (i.e., the sensed voltage of each

cell). These two methods can be considered as (hard) detection schemes for the MLC flash

memory. To the best of our knowledge, there exists no open literature providing an exact

soft-output detector without channel output quantization in MLC NAND flash memories.

1.2.1.3 Coding Techniques for MLC Flash Memory

To guarantee the reliability, on-chip error correcting techniques are widely employed in MLC

NAND flash memory products [17]. However, as the market continues to demand higher den-

sities and more levels per cell, simple error-correcting codes (ECCs) (for example, BCH codes

with hard decoding) cease to be adequate. Hence, stronger ECCs with soft (decision) decod-

ing, for example, low-density-parity-check (LDPC) codes, are desired in the next-generation

flash memories.

Recently, some effort has been exerted on using write-one memory (WOM) code for MLC

flash memories. Because of monotonic restriction, flash memories impose similar constraints

in which the level of each cell can only increase, and can be decreased only if its entire block is

first erased. Thus, a WOM-code can be applied in flash memories to enable additional writes

without first having to erase the block. WOM codes in flash memories were investigated both

theoretically with respect to the number of block erasures, and practically by simulations;

see e.g. [8], [18].

7



1.2.2 Prior Work on Markov Channels

1.2.2.1 Estimation of Markov Processes

Estimation for Markov processes has been extensively studied and falls into three major

categories (i) consistency of estimators e.g., [19–22], (ii) guarantees on estimates that hold

eventually almost surely e.g., [23, 24], and (iii) guarantees that hold for all sample sizes but

which depend on the model parameters e.g., [25–28]. As mentioned earlier, performance of

any estimator can not be bounded uniformly over all Markov models, something reflected in

the line (iii) of research and in our work. The crucial distinction is that we can gauge from

the observed sample if our estimator is doing well, something that does not hold in (iii).

The list is not exhaustive, rather work closest to the approaches we take.

In [25, 26, 28], exponential upper bounds on probability of incorrect estimation of (i) con-

ditional and stationary probabilities and (ii) the underlying context tree, are provided for

variants of Rissanen’s algorithm context and penalized maximum likelihood estimator. How-

ever, the introduced deviation bounds depend on the parameters (e.g., depth of the tree,

stationary probabilities) of underlying process which are unknown a-priori in practice. In

[27], the problem of estimating a stationary ergodic processes by finite memory Markov

processes based on an n-length sample of the process is addressed. A measure of distance

between the true process and its estimation is introduced and a convergence rate with respect

to that measure is provided. However, the deviation bound holds only when the infimum of

conditional probabilities of symbols given the pasts are bounded away from zero.

1.2.2.2 Information rates of channel with memory

During the past decade, new analytical bounds and simulation-based methods have been

introduced that now permit the calculation of symmetric information rate corresponding to

the maximum rate achievable with i.i.d. inputs as well as a sequence of lower bounds on

the channel capacity. The idea underlying these methods is to estimate the channel output
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entropy by computing the joint probability of a long channel output realization and then

invoking the Shannon-McMillan-Breimann theorem. [29]

The computation of the capacity of channels with memory has long been an open problem.

The past efforts mainly focus on the class of finite state channels. To summarize, researchers

have considered (i) computing information rate, (ii) finding lower and upper bounds for

the information rates, and (iii) capacity achieving distributions. A comprehensive review is

available in [30–33]. In particular, for ISI channels with an average power constraint and

Gilbert-Elliot-type channels, the capacity is already known. In addition, the capacity for

output memory channels with an additive noise channel (independent of input) was computed

in [34]. Note that, in this line of work, the channel model and its properties was assumed to

be known.

1.3 Major Contributions

1.3.1 Results on MLC flash channels

Our results on MLC flash channels mainly belong to modeling and signal processing tech-

niques which can be summarized in four different groups: i) Modeling the MLC flash as a

channel with output memory; ii) Obtaining a mathematical model to characterize the iter-

ative write process using the renewal theory framework; iii) Obtaining the optimal step size

in ISPP despite the trade-off between programming latency and programming accuracy; iv)

Designing optimal soft/hard detectors for MLC flash memory. We first provide the MLC

flash channel models, including the one-dimensional (1D) model with causal output memory

and the two-dimensional (2D) anti-causal model of the MLC flash memory. The obtained

models provide the proper insight needed to guide the derivation of novel low-complexity

coding scheme and optimal detectors. To attain a precise model for MLC flash channels,

we first need to deal with the monotonic restriction in the write process. The monotonicity

in the write process, whereby the programmed voltage can not be decreased, is considered
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to be a major restriction in MLC flash memory. To solve this issue, an iterative approach

known as incremental step pulse programming (ISPP) is used to concurrently program many

cells in small steps. We introduce a mathematical model for ISPP using the renewal theory

framework. A renewal process is a stochastic counting process that models the number of

steps required for a random sum to pass a specific threshold [35], [36]. We show that it is

possible to model ISPP in flash as a renewal process with a random starting point; We call

it “ISPP renewal process”. We show that the ISPP renewal process is a renewal process

whose starting point is random. To the best of our knowledge, this is the first attempt to

describe the relationship between ISPP in flash and renewal theory. We first derive the con-

nection between the ISPP renewal process in the finite threshold regime and the asymptotic

classical renewal process. Next, we obtain a close approximation for the probability mass

function (PMF) of the number of steps required in the ISPP renewal process, and a linear

approximation for its mean and variance. We also bound the maximal error between the

true distribution and our approximation which shows they are aligned in realistic scenarios.

Finally, we use the results from renewal theory to obtain the distribution of the cell voltages

after passing the threshold, called the “overshoot”, and then analyze the resulting ICI using

the obtained overshoot distribution.

After having determined the statistics of the write process, our next goal is to use these

statistics to describe/optimize trade-offs between speed and accuracy as well as device life-

time. Note that the ISPP renewal process is used in non-volatile memories such as MLC flash

and phase-change memory (PCM) to achieve high write speeds. However, the write process

is still considered to be the most latent when compared to the other components such as the

read process and the ECC. The literature has already acknowledged the high latency of write

process and the existing trade-off between write latency and write accuracy. In fact, the read

process is an order of magnitude faster than the write process in non-volatile memories [37].

The main reason for write process delay is the large number of iterations required in a typical

ISPP process. In [38], the authors propose a procedure, called “approximate storage”, in

which they intentionally reduce the number of iterations to provide a large efficiency gain in
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terms of latency and energy for the write process. Note that the reduction of ISPP iterations

causes a small storage error, called “quality loss”, which can be corrected using the on-chip

ECC module. Simulation results show that multi-level phase-change memory cells can be

programmed 1.7 times faster when a 10% quality loss is allowed [38]. Using the obtained

distribution for the number of steps required in ISPP, we study the relationship between the

number of steps allowed in ISPP process and the quality loss, and derive an inequality that

needs to be hold in order to guarantee a pre-specified allowed ISPP undershoot error. We

also conduct a study that optimizes the write latency provided that the information rate is

larger than a pre-specified rate. Finally, using the analytic and semi-analytic tools developed

here, we devise an adaptive approach to choose the step size required to improve the overall

lifetime of a flash device.

Next, motivated by [15], we focus on designing a detector for MLC flash memories that can

potentially improve the hard decision bit-error-rate. In addition, we would like to improve

the soft decision quality of the detector if possible. Furthermore, designing the optimal soft

and hard detectors provides a benchmark to which all other (sub-optimal) detectors would

be compared to. The optimal detector design also helps to derive a closed form expression

for the optimal decision making strategy in order to gain insight (such as sufficient statistics)

and understand the interplay between channel parameters. Finally, we can use the attained

insights in deriving a novel low-complexity suboptimal detector. Our simulation results show

that the hard-output bit error rate (BER) performance matches some previously known

detectors, but that the soft-output detector outperforms previously known detectors by 0.35

dB.

1.3.2 Results on unknown Markov Channels

In this part, given a realization of a Markov process, we consider a coarser model and provide

deviation bounds for sequences which have occurred frequently enough in the sample. In

contrast to prior literature, while we make an assumption justified by the physical model—
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that dependencies die down in the Markov model class we consider—our bounds can be

calculated using only parameters which are well-approximated from data. In particular, we

do not assume neither a-prior knowledge on the depth of context tree of the process nor the

conditional probabilities given the pasts are bounded uniformly away from zero. Motivated

by the operation and estimation in backplane channels, we consider the following abstraction.

We have n i.i.d input symbols and their corresponding outputs, and the input/output pairs

evolve as a Markov process. There is no feedback and the input is a known i.i.d process. The

channel input/output pairs then form a Markov process pT ,q where both the set of contexts

T , and the transition probabilities q(T ) (or equivalently the channel parameters ΘT ) are

unknown. Using this sample, we want (i) to approximate as best as possible, the parameter

set ΘT (ii) the stationary probabilities µ(s) of observing an output string s ∈ T , and (iii)

estimate or at least obtain heuristics of the information rate of the process.

Two distinct problems complicate estimation of ΘT and the stationary probabilities. First

is the issue that the memory may be too long to handle—in fact, if the source has long

enough memory it may not be possible, with n samples, to distinguish the source even

from a memory-less source. Secondly, even if the source has only one bit of memory, it

may be arbitrarily slow mixing. When a process has slow mixing property, a large number

of observations is needed before exploring the state space of the process properly and the

empirical properties of finite sized samples from Markov processes need not reflect stationary

properties. In other words, no matter what n is, there will be sources against which our

estimates perform very poorly.

A natural way to deal with T being unknown is to try estimating a potentially coarser

approximation with depth kn to the true model, for some known kn. With the benefit of

hindsight, we take kn = O(log n) which reflects the well known conditions for consistency

of estimation of Markov processes in [21]. The input/output pairs obtained by the coarser

channel model will be a stationary Markov process, and is called the aggregation model. The

aggregation matches all joint distributions of pT ,q involving variables that are less than kn

apart from each other. We show that the information rate corresponding to the aggregation
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model is a lower bound on the information rate of the true channel input/output process

pT ,q . While it may not be possible to directly use this result, we develop of the notion of a

partial information rate, a useful heuristic when the source has not mixed. Moreover, the

obtained lower bound also motivates the estimation questions that form our main results.

Given our physical motivation, we assume that the influence of prior outputs dies down as

we look further into the past. We formalize this notion as “dependency die down” property.

With this assumption, we obtain a set of good states or good strings of channel outputs from

the sample, and combining results in universal compression with Aldous coupling arguments,

we obtain sufficient conditions on the length-n sample (even for slow mixing models) to

identify when naive (i) estimates of the model parameters and (ii) estimates related to the

stationary probabilities are accurate for the set of good states; and also bound the deviations

of the naive estimates from true values.

1.4 Thesis Outline

This dissertation consists of an introduction and five self-contained chapters. The chapters

cover two important applications of channels with output memory. In chapters 2, 3 and 4

we focus on modeling MLC Flash and find the appropriate mathematical framework needed

to accurately analyze iterative programming in the write process. Finally, we design the

hard/soft detectors for this channel model. Chapters 5 and 6 are devoted to the Markov

channel estimation problem. We introduce the Markov channels and provide the required

background information, and then we provide results in chapter 6 for estimating transition

probabilities and stationary probabilities for this type of channels.

To be more specific, Chapter 2 consist of two Sections; Section 2.1 elaborates on the major

processes that occur in which a symbol is stored in a flash cell, recovered from the same

cell, and removed. We call these processes the write process, read process and erase process,

respectively. The erase process is needed due to the existing monotonicity restriction in
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which the voltage of the cell cannot decrease during the write process. Next we briefly

mention the major degradation sources, and two important structures that are used in flash

based non-volatile memories to speed up the write and read processes. Then, we model the

MLC flash channel as a channel with output memory in Section 2.2. The memory is imposed

because of the ICI that changes the voltages of the neighboring cells during write process.

In Chapter 3, we first introduce the renewal theory in Section 3.2 and define a new process,

called ISPP renewal process, that models the ISPP process and derive the connection be-

tween the “ISPP renewal process” in the finite threshold regime and the asymptotic classical

renewal process. After having determined the statistics of the write process in section 3.3,

we then use these statistics to analyze the ICI effect in Section 3.4. Using the obtained

distribution for the number of steps required in ISPP, we study the relationship between the

number of allowed steps in ISPP and the quality loss, and in Section 3.5 derive an inequality

that needs to be hold in order to guarantee a pre-specified allowed ISPP undershoot error.

Finally, using the analytic and semi-analytic tools developed in this Chapter, we devise an

adaptive approach to design the step size required in order to improve the flash life-time,

and describe/optimize trade-offs between speed, accuracy and device lifetime in Section 3.6.

In Chapter 4, we first present a mathematically tractable Viterbi-like maximum a posteri-

ori (MAP) sequence detector for the 1D causal model with output memory in Section. 4.1.

Secondly, we showcase the exact statistics of the channel model necessary for implement-

ing the MAP detector by using the fast Fourier transform (FFT). Thirdly, we introduce a

simplified Gaussian approximation (GA) sequence detector which comes at the expense of

reduced performance; Both the MAP detector and the GA detector can be employed in a

2D anti-causal flash memory channel. In Section. 4.3, we extend the channel model and

detector design to more general scenarios including those with signal-dependent noise, input

intersymbol interference, and 2D Markov channel inputs. Finally, in Section. 4.4, we uti-

lize simulation results to show that the MAP detector outperforms the literature’s existing

detectors.
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In Chapter 5, we first formulate the statistical properties of a Markov channel in Section

5.2. In Section 5.3, we provide the mathematical concepts that is used in the proof of our

main result in next Chapter. In Section 5.4, we discuss two distinct difficulties encountered

in estimating Markov processes: the long memory Markov process and the Slow mixing

property of channels. Then, by introducing a coarser channel model that matches the input

and output sequence in Section 5.4.1, we prove that the information rate corresponding to

the coarser channel model is a lower bound on the information rate of the true Markov

channel.

Chapter 6 consists of three different sections. In Section 6.1, we formalize the notion of

dependency die down. Then, combining the results on universal compression and Aldous’

coupling arguments, we obtain sufficient conditions (even for slow mixing models) to identify

when naive (i) estimates of the channel parameters exist and we can obtain their deviation

bounds (Section 6.2) and (ii) estimates related to the stationary probabilities of the channel

states are accurate, and we can bound their deviations from their true values (Section 6.3).
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2
MLC Flash Channel Model

In section 2.1, We describe some basics about MLC NAND flash memories and explain the

major processes and structures available in using these type of memories. Then, in section

2.2 we provide a stochastic model that includes all the important features of a multilevel

NAND flash memory. We use a channel model that is mathematically almost identical to the

channel model in [12], but we do make certain small changes (as described below) to achieve

complete mathematical tractability of the model. These changes only marginally effect the

model and the detector performance.
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Figure 2.1: The stored voltage distribution of 2-bit MLC flash
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Figure 2.2: 2-bit NAND flash block organization and operation.

2.1 MLC NAND Flash Memory Basics

A NAND flash memory is comprised of arrays of floating gate transistors (cells). Each MLC

cell can store multiple bits (usually 2-4 bits). By injecting a specific writing charge on

the floating gate of a cell, the voltage of the cell is increased to one of the multiple valid

partitions, and the symbol is stored. Figure 2.1 shows the bit mapping to the stored voltage

of a 2-bit MLC flash.

In order to increase the speed of programming (writing) and recovering (reading) data in

flash memory chips, all of the memory cells are hierarchically organized in blocks and arrays

(called word-lines). Each flash memory chip usually contains thousands of blocks, and each

block is composed of 32 to 128 word-lines. Each word-line contains 2K to 64K cells which

form a very long array. Figure 2.2 shows a 2-bit NAND flash block organization.

Note that the smallest unit that can be simultaneously accessed for programming (writing) or

reading is a page. Figure 2.3 illustrates the page definition for a 2-bit NAND flash memory in

the write/read process- namely the least significant bit (LSB) page and the most significant

bit (MSB) page.
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2.1.1 Fundamental Operations

MLC flash memories basically support three major processes which we briefly describe as

follows:

2.1.1.1 Erase Process

In this process, the charged voltages stored in the floating gates of all the cells in a block

are tunneled out through the Fowler-Nordheim mechanism [39]. After the erase process, the

voltages of all the cells in a block will fall into the erased state (e.g. state “00” in Figure 2.1).

The smallest unit that can be erased is a block. This limitation makes the cell programming

a one-way operation because it is not possible to erase a specific cell separately from other

cells in a block. It is necessary to erase a memory cell before being able to program it. The

distribution of the cell voltage in the erased state, denoted by V0, tends to be Gaussian with

mean µ0 and variance σ2
0 (V0 ∼ N (µ0, σ

2
0))[40].

2.1.1.2 Write Process

In each write stage, a page is programmed by applying a high voltage to its corresponding

word-line. Due to the monotonic programming restriction, it is very important to accurately

program each page such that the voltages of all cells in the page fall in their intended voltage

ranges. Thus, the ISPP approach is used to program each page. This approach provides a

series of verification steps right after each short increment programing step [5].

ISPP is an iterative technique which executes a verification step after each incremental
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voltage-boost step for all the cells in the page. Figure 3.1 shows the voltage changes during

the ISPP steps of programming. Let w be the threshold voltage for programing a page. Those

cells with the target symbol B = 1 (by convention) should pass the threshold voltage w. In

the i-th step of programming, the cell voltage Ṽi−1 is increased by ∆Vi for each cell whose

voltage has not reached the target value w. After the i-th programming pulse, the voltages of

all the cells are compared with the target threshold voltage w during the verification phase.

In any particular cell, the ISPP is stopped when Ṽi of that cell is greater than the desired

threshold voltage w. The program pulse ∆Vi is modeled as a random variable that tends to

be uniformly distributed [5].

2.1.1.3 Read Process

During the read process, the stored symbols of all cells in the same page are read concur-

rently. The read process is done by comparing the voltage of a cell with some predetermined

thresholds r ∈ {rm1 , rl, rm2}, called “read thresholds”. Figure 2.4a shows reading the LSB

page in a 2-bit MLC flash memory and Figure 2.4b shows reading the MSB page. Note that

the write thresholds and read thresholds are not necessarily equal. In general, the optimal

read thresholds (r) must be obtained by using either a trellis-based Viterbi detector (Max-

imum Likelihood (ML) detection) or a trellis-based BCJR detector (Maximum a Posteriori

(MAP)). In practice, since the input sequence usually is considered to be i.i.d, optimal de-

tection can be executed on a symbol-by-symbol basis without implementing a trellis [40],

and simple thresholds suffice.

2.1.2 Degradation Sources

There are two major sources of performance degradation that affect the threshold voltage in

each memory cell during the write process:
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Figure 2.4: Thresholds for the read process relative to the conditional PMFs of each 2-bit symbol, (a) LSB
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2.1.2.1 Program/Erase (P/E) Cycling Effect

The P/E cycling distorts the final threshold voltage of a transistor due to the trapping and

detrapping ability of the interface at the transistor gate, which leads to higher fluctuation

of the final voltage of the cell. Note that P/E cycling has a higher effect on the voltages of

those cells whose target state is the erased state (state “00” in 2-bit case). Moreover, as the

flash gets older (i.e., the number of P/E processes in a flash increases), the variance of ∆Vi

during ISPP gets larger.

2.1.2.2 Inter-Cell Interference (ICI)

Due to the parasitic capacitance coupling effects of the neighboring cells, the change in

the threshold voltage of one cell during programming (charging) affects the final voltages

of all the other cells (especially those cells that were already programmed) [3]. ICI is a

degradation source that grows with density. As cells are packed closer to each other, the

influence of threshold voltages from neighboring cells increases. Let (k, `) denote the location

of a memory cell; the cell is located at the k-th word-line and the `-th bit-line. We call the

set of aggressors, A(k,`), the set of indices of those neighboring cells that are programmed

after the victim cell (k, `), and their voltage change affects the victim cell’s stored voltage.

For a cell in location (k′, `′) ∈ A(k,`), let c(k′−k,`′−`) be the capacitance coupling coefficient.
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Figure 2.5: ICI aggressor cells in an “even/odd bit-line” structure, victim is on even cell.

Then the ICI effect on (k, `) due to programming (k′, `′) is obtained as

c(k′−k,`′−`) ·∆V (k′,`′).

2.1.3 Programming Structure

NAND flash memories use either even/odd bit-line structure or all-bit-line structure.

2.1.3.1 Even/Odd Bit-line

The first structure (called “even/odd bit-line structure”) to program (write) the data is to

separate all the cells into those at even bit-lines and those at odd bit-lines. During the

process of programming, the cells at even bit-lines along a word-line are written at the same

time instant, and then the cells at odd bit-lines along this word-line are written at the next

time instant. Each pair of even/odd bit-lines can share peripheral circuits such as sense

amplifier and buffer, leading to less silicon cost of peripheral circuits.

For the even/odd bit-line structure, cells in even bit-lines along a given word-line, referred to

as even cells, are programmed first at one time instant, and then cells in odd bit-lines, referred

to as odd cells, are programmed at a later time instant. Hence, the ICI neighborhoods are

also dependent on whether an even cell or an odd cell is programmed in the programming

cycle. Let (k, `) denote the location of a memory cell, which means that the cell is located

at the k-th word-line and the `-th bit-line. We denote by O(k,`) the indices of the anticausal

neighborhood for the odd cell and by E(k,`) the indices of the anticausal ICI neighborhood
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Figure 2.6: ICI aggressor cells in an “all bit-line” structure.

for the even cell (illustrated in Figure 2.5). That is,

O(k,`)
∆
= {(k+1, `−1), (k+1, `), (k+1, `+1)} (2.1)

and

E(k,`)
∆
= {(k, `− 1), (k, `+ 1)} ∪ O(k,`). (2.2)

2.1.3.2 All Bit-line

The other architecture (called “all-bit-line structure”) to program the data is to write all

cells along a word-line simultaneously without distinguishing between even and odd cells.

The all bit-line structure has the advantage that the Inter-Cell Interference is lower than

even/odd bit-line structure.

As shown in Figure 2.6, the set of aggressors A(k,`) in an all-bit-line structure for cell (k, `)

is typically the set of nearest neighbors that get programmed after the victim cell:

A(k,`) = {(k + 1, `− 1), (k + 1, `), (k + 1, `+ 1)}.

Since the diagonal aggressors (neighbors) are further apart than the vertical ones, the di-

agonal ICI effect is negligible compared to the vertical ICI (i.e., c(1,0) � c(1,1) = c(1,−1))

[40]. Thus, for simplicity we ignore the effect of aggressors in the diagonal positions on

the victim cell and only consider the vertical cell (k + 1, `) as the major aggressor. i.e.,

A(k,`) = {(k + 1, `)} or equivalently, c(1,1) = c(1,−1) = 0.

22



Figure 2.7: NAND Flash Memory Channel Model.

2.2 Channel Model

We start our exposition of the channel model by first presenting a simple one-dimensional

(1D) causal channel model. Note that an actual flash memory channel is not one-dimensional,

but rather two-dimensional (2D) because the channel is a page-oriented channel. Also, note

that the actual flash memory channel is not causal, but rather anti-causal, because ICI is an

anti-causal effect as only those cells that are programmed after the victim cell actually affect

the victim cell. Nonetheless, the 1D causal channel model is very useful because it allows

us to formulate the optimal detector in the universally accepted manner, namely for a 1D

causal channel. Extrapolating the detector to cover 2D anti-causal channels is then fairly

straightforward.

2.2.1 1D Causal Channel with Memory

Let k ∈ Z stand for discrete time. The channel input, denoted by Xk, is the intended

stored voltage amount in the k-th cell. The channel output denoted by Yk is the channel

output voltage corresponding to the input value Xk. According to MLC technology, we

assume that the channel input random variable Xk takes value from a finite alphabet X =

{v0, v1, · · · , vm−1} with |X | = m < ∞. We assume that the channel input and channel
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output have the relation 1:

Yk = Xk +
L∑
`=1

Γ
(k)
` (Yk−` − Ek−`) +Wk + Uk (2.3)

where 2,

(a) Ek is the erase-state noise at the k-th cell, modeled as a Gaussian random variable

with mean µe and variance σ2
e , that is, Ek ∼ N (µe, σ

2
e).

(b) Γ
(k)
` is a fading-like coefficient that models causal ICI from the (k − `)-th cell towards

the k-th cell (victim cell). We assume Γ
(k)
` also to be a Gaussian random variable,

Γ
(k)
` ∼ N (γ`, g`).

(c) L is the output memory, which implies that the current channel output Yk is affected

by its L neighbors Yk−1, Yk−2, · · ·Yk−L.

(d) Uk denotes the programming noise, resulting from using the ISPP method of program-

ming the k-th cell of a certain word-line. This noise is modeled as a zero mean uniform

random variable with width ∆, that is, Uk ∼ U (−∆/2 , ∆/2).

(e) Wk is observation noise due to the PE cycling, and is distributed as a zero mean

Gaussian random variable with variance σ2
w, that is, Wk ∼ N (0, σ2

w).

We assume that all random variables Γ
(k)
` , Ek−`,Wk and Uk are mutually independent for all

k and all `.

Remark We assume that the PE cycling/aging effect is incorporated into the model

through the knowledge of σ2
w. That is, σ2

w may depend on the device age. 2

1. The model in (2.3) is an autoregressive model, but only if the channel input Xk is memoryless (uncor-
related). However, if the channel input has memory (for example, if the channel input is a Markov process
of order M > 0), this is not an autoregressive model.

2. The channel model in (2.3) does not take the same form as equation (1) in [15], however, they are
actually identical. In Dong et al. [15], the authors chose to write the channel model in terms of the “voltage
shift”. In our equation (2.3), the “voltage shift” is equal to the difference Yk−`−Ek−`, but instead of calling
explicit attention to the “voltage shift”, we call explicit attention to the channel outputs Yk, Yk−1, . . . , Yk−L.
We think that, for the purpose of detector design, it is much better to explicitly call attention to the channel
outputs because the detector specifically operates on the channel outputs.
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The major differences in the properties of random variables of this 1D channel model and

the proposed channel model in [12, 15] are as follows:

(a) We assume that Γ
(k)
` are Gaussian, whereas Dong et al. [12, 15] assumed the cor-

responding variables to be distributed as truncated Gaussians. Note that these two

distributions almost have the same behavior in the common support range, but the

Gaussian distribution is easier to track analytically.

(b) We assume that the observation noise Uk + Wk is a mixture of uniform and Gaussian

noises. The pdf of this mixture is actually very similar (though not identical) to the

pdf shown in [15, Fig. 4].

Remark The channel model (2.3) is actually a general 1D causal ICI channel which

belongs to the class of channels with memory. Note that the memory of an ICI channel

depends on the values of channel outputs Yk. Although the output process Yk in this channel

(for a stationary i.i.d. input process Xk) is a Markov process, this channel does not belong

to well-know class of Markov finite-state channels [41, 42]. 2

Since the ICI channel has memory, it is obvious that a capacity-achieving process Xk may

also need to have memory. For this reason, we assume that the process Xk is a Markov

process 3 of order M . That is,

PXk|Xk−1(xk|xk−1) = PXk|Xk−1
k−M

(xk|xk−1
k−M). (2.4)

The optimal detector is either a trellis-based Viterbi detector [44] (if we are interested in

maximum likelihood (ML) or MAP sequence detection) or a trellis-based BCJR detector

[45] (if we are interested in ML or MAP symbol detection). In both sequence or symbol

detection cases, the trellis state at time k is defined as (Xk
k−M+1). Therefore, the number of

trellis states in one trellis section is |X |M = mM .

3. This work is not concerned with finding the actual optimal Markov-memory input process Xk; The
interested reader is referred to [43].

25



Although it seems reasonable to use Markov input process to mitigate the ICI influence in

MLC flash memory channels, it is a very difficult task to find the best Markov process. In

this difficult optimization problem, one should not only find the optimal number of voltage

levels (m) and the best values of these levels {v0, v1, · · · , vm−1}, but also find the Markov

distribution that maximizes the channel mutual information rate [46]. To the best of our

knowledge, this problem is still open and there exists no literature to address the aforemen-

tioned problem. Note that finding the best Markov input process is beyond the scope of

this thesis. However, the results in this work are still valid even for the case that the input

distribution is Markov.

If Xk is a memoryless (i.i.d) process (i.e., if M = 0), even though Yk has memory, a trellis-

based detector is not needed (because |X |M = 1), and optimal detection (both soft and hard)

can be executed on a symbol-by-symbol basis. That is, we can make the optimal decision on

the random variable Xk without postulating neighboring channel input realizations xk−1
k−M at

all, and by considering only the received channel output realizations ykk−L.

2.2.2 Page-Oriented Memories (2D)

In two-dimensional (2D) page-oriented memories with ICI, a single (victim) cell is only

affected by a finite anticausal neighborhood of near-by cells (which are programmed after

the victim cell). As discussed in section 2.1.3, either the even/odd bit-line or the all-bit-line

structure is used in most modern NAND flash memories. Since the amount of interference in

the even/odd bit-line structure is higher than that in the all-bit-line structure, we consider

only the even/odd bit-line structure using the full-sequence programming strategy. Note

that our results can also be applied to the all-bit-line structure.

For the even/odd bit-line structure, cells in even bit-lines along a given word-line, referred to

as even cells, are programmed first at one time instant, and then cells in odd bit-lines, referred

to as odd cells, are programmed at a later time instant. Hence, the ICI neighborhoods are

also dependent on whether an even cell or an odd cell is programmed in the programming
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Figure 2.8: Even/odd bit-line structure used in a NAND flash memory. (a) A cell on the
even bit-line is affected by the ICI of 5 neighbors. (b) A cell on the odd bit-line is affected
by 3 neighbors.

cycle. Let (k, `) denote the location of a memory cell, which means that the cell is located

at the k-th word-line and the `-th bit-line. We denote by O(k,`) the indices of the anticausal

neighborhood for the odd cell and by E(k,`) the indices of the anticausal ICI neighborhood

for the even cell (illustrated in Figure 2.8). That is,

O(k,`)
∆
= {(k+1, `−1), (k+1, `), (k+1, `+1)} (2.5)

and

E(k,`)
∆
= {(k, `− 1), (k, `+ 1)} ∪ O(k,`). (2.6)

Therefore, we introduce an appropriate ICI channel model for the (k, `)-th victim cell as

Y(k,`) =X(k,`)+
∑
(a,b)∈
S(k, )̀

Γ
(k,`)
(a,b)

(
Y(a,b)−E(a,b)

)
+W(k,`)+U(k,`) (2.7)

where, the set S(k,`) is either O(k,`) or E(k,`) depending on the location of the cell. If X(k,`) is

a process with 2D memory, an optimal detector is not known (a 2D equivalent of a Viterbi

detector is not available), and must be appropriately approximated using adequate (possi-

bly interleaved) one dimensional (1D) detectors [47]. If X(k,`) is an i.i.d. process, optimal

detection (both soft and hard) can be executed on a symbol-by-symbol basis.
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3
Write Process Modeling

3.1 Notation

Our notation is geared towards a 2-bit MLC flash memory with an all-bit-line structure. All

random variables are denoted by capital letters. Let X = BmBl denote the 2-bit channel

input of a cell, where Bl and Bm are binary random variables that represent the LSB and

MSB of the input X, respectively. Let Y be the 2-bit channel output that is obtained

after the read process. X and Y take value from the set S = {00, 10, 01, 11}. We use

superscript (k, `) for the binary symbol B and the input X to associate them with cell

(k, `) (e.g. X(k,`) = B
(k,`)
m B

(k,`)
l ). For notational simplicity, we remove the superscript (k, `)
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whenever the location of the cell is unambiguous, and similarly we ignore the subscripts l

and m when the significance of the bit is clear. For sake of simplicity, cv denotes the vertical

capacitance coupling coefficient (cv = c(1,0)). All the write threshold voltages are denoted by

w ∈ {wml, wl, wmh}, where wl denotes the write threshold for LSB, and wml and wmh denote

the low and high write thresholds for MSB, respectively (Figure 2.1). Similarly the read

thresholds are denoted by r, where r ∈ {rml, rl, rmh}. By convention, if B = 1 for a cell in

a page, the program voltage of the cell needs to pass the threshold w. Due to the equality

of the distances between vertical aggressors and the victim cells, the vertical ICI coupling

coefficient, denoted by cv, is assumed to be equal for all cells. Finally, we denote by nPE the

P/E cycling number of the flash.

3.2 ISPP Renewal Process

In this section we first model the ISPP page programming using the known concepts in

renewal theory[35], and explain the relationship between the ISPP process and the classical

renewal process. Note that ISPP only increases the voltage of those cells whose target bit is

B = 1. The cells with B = 0 are already in the final state and their voltages do not need to

change during the ISPP renewal process. Let Vj be the sum of voltage increments up to the

j-th step. i.e.,

Vj =

j∑
i=1

∆Vi, (3.1)

where ∆Vi denotes the increment during the i-th step of ISPP. Let Ṽj denote the cell voltage

after programming step j. Given that the process starts in the erased state V0, the cell

voltage Ṽj is

Ṽj = V0 + Vj. (3.2)

Similar to [5], we assume that

∆Vi ∼ U [a, b], (3.3)
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i.e., ∆Vi is uniformly distributed between a and b (0 < a < b). We denote the CDF of

increments ∆Vi by F∆V (v), and define µ
∆

= E[∆Vi] and σ2
∆

= Var(∆Vi).

Remark Since the write voltage applied to the control gate (20V [39]) is much higher

than the stored voltage, it is reasonable to assume that the increment ∆Vi is independent of

∆Vj for each i, j ∈ N and i 6= j. Note that the voltage V0 is also assumed to be independent

of all ∆Vi’s.

For a write threshold value w ≥ 0, define the classical counting process as

N(w) , max{n : n ∈ {0} ∪ N and Vn ≤ w}.

N(w) represents the number of voltage increments that occurred prior to passing the thresh-

old w. The counting process {N(w), w ≥ 0} is called the renewal process.

Definition 1 (ISPP renewal process). The ISPP renewal process Ñ(w) for a threshold volt-

age w ≥ 0 is defined as

Ñ(w) , max{n : n ∈ {−1, 0} ∪ N and Ṽn ≤ w}.

Note that if V0 = 0, then Ñ(w) = N(w). For a particular w, the random variable Ñ(w)

represents the number of ISPP steps required to stay just below threshold voltage w. Note

that there exists another way to formulate the ISPP renewal process as the number of steps

required to pass the threshold w. Let

L̃(w) , min{n : n ∈ {0} ∪ N and Ṽn > w}.

Then, clearly

L̃(w) = Ñ(w) + 1.

Although formulating ISPP using L̃(w) seems to be natural and very simple to understand,

we will continue to use Ñ(w) because it is consistent with the classical renewal process
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Figure 3.1: ISPP for a cell with starting voltage V0 and threshold w.

formulation [36], thus simplifying the use of known results.

Remark Note that Ñ(w) is dependent on the target input B. Ñ(w) = −1 happens either

when B = 0, or when B = 1 and V0 ≥ w. i.e., the cell voltage is already above the threshold

w in the erased state and it need not be programmed (L̃(w) = 0).

Remark Note that if V0 = 0, the ISPP renewal process Ñ(w) is reduced to the classical

renewal process N(w). The increment ∆Vi represents the inter-occurrence random variable.

In practice, the ISPP renewal process Ñ(w) has starting voltage V0 that tends to be a

Gaussian random variable, V0 ∼ N (µ0, σ
2
0) [40]. Thus, the ISPP renewal process is a renewal

process with a random starting voltage. It belongs to the class of processes known as “delayed

renewal processes” [36].

Observation 1. Using the renewal process formulation [36]:

(a) ṼÑ(w)+1 is the voltage of the cell immediately after the threshold voltage w is exceeded.

(b) Ñ(w) + 1 is the number of incremental steps required to pass the threshold voltage w.

(c) The “ISPP overshoot” Γ̃(w) , ṼÑ(w)+1 − w is the excess programmed voltage after

passing the threshold w.

(d) Ñ(w) ≥ n if and only if Ṽn ≤ w.
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3.3 Distribution of Ñ(w)

While there exist several asymptotic results for the classical renewal process N(w), there are

not many results in classical renewal theory when w is finite. To analyze the ISPP process

Ñ(w), however, we are interested in obtaining a good approximation of the probability mass

function (PMF) of Ñ(w) when w is finite (0V ≤ w ≤ 5V ).

In this section, we first derive the connection between the ISPP renewal process Ñ(w) in

the finite threshold regime and the classical renewal process N(w). Then, we use some

existing asymptotic results to simplify the analysis of the ISPP process in the finite threshold

regime. To be precise, we obtain a close approximation for the PMF of Ñ(w), and linear

approximations for mean and variance of Ñ(w). We also bound the maximal error between

the true distribution and our approximation. Finally, we closely approximate the distribution

of the overshoot Γ̃(w).

3.3.1 Convergence

In this section our goal is to characterize Ñ(w). Precisely, we seek to find a relationship

between Ñ(w) and N(w). To that end, for any ` ∈ N, we define a new counting process

N`(w), related to N(w) and two constants µ and µ
∆

defined above, as

N`(w) , max{N(w − µ0 + `µ
∆

)− ` , −1}, (3.4)

Next, we show how Ñ(w) is related to N`(w).

Proposition 1. Let µ
∆

= E[∆Vi] and σ2
∆

= Var(∆Vi) =
σ2

0

`
. For any w > 0,

N`(w)
D→ Ñ(w) as `→∞, (3.5)

where
D→ denotes convergence in distribution.
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Proof : It is known from the central limit theorem (CLT) that

∑̀
i=0

(∆Vi − µ∆
) + µ0

D→ V0 as `→∞. (3.6)

Therefore, for any constant d and ε > 0, there exists L such that for all ` > L∣∣∣∣∣P{∑̀
i=0

(∆Vi − µ∆
) + µ0 ≤ d} − P{V0 ≤ d}

∣∣∣∣∣ < ε

2
. (3.7)

To prove (3.5), we bifurcate the proof into two cases:
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i) n ≥ 0:

|∆P | ,
∣∣∣P{N`(w) ≥ n} − P{Ñ(w) ≥ n}

∣∣∣
(a)
=
∣∣∣P{N(w − µ0 + `µ

∆
−` ≥ n}−P{Ñ(w) ≥ n}

∣∣∣
(b)
=

∣∣∣∣∣P
{∑̀
i=1

(∆Vi−µ∆
)+µ0+

n∑
j=1

∆Vj≤ w

}
−P{Ñ(w)≥n}

∣∣∣∣∣
=

∣∣∣∣∣P
{∑̀

i=1

(∆Vi − µ∆
) + µ0 +

n∑
j=1

∆Vj ≤ w

}

−P

{
V0 +

n∑
j=1

∆Vj ≤ w

}

+P

{
V0 +

n∑
j=1

∆Vj ≤ w

}
− P{Ñ(w) ≥ n}

∣∣∣∣∣
(c)

≤
∣∣∣∣P
{∑̀

i=1

(∆Vi − µ∆
) + µ0 +

n∑
j=1

∆Vj ≤ w

}

−P

{
V0 +

n∑
j=1

∆Vj ≤ w

}∣∣∣∣
+

∣∣∣∣∣P
{
V0 +

n∑
j=1

∆Vj ≤ w

}
− P{Ñ(w) ≥ n}

∣∣∣∣∣
(d)
<

ε

2
+

∣∣∣∣∣P
{
V0+

n∑
j=1

∆Vj ≤ w

}
−P{Ñ(w) ≥ n}

∣∣∣∣∣
=

ε

2
+
∣∣∣P{Ṽn ≤ w} − P{Ñ(w) ≥ n}

∣∣∣
(e)
=

ε

2
, (3.8)

where (a) holds because when n ≥ 0, the condition N`(w) ≥ 0 is equivalent to N(w −

µ0 + `µ
∆

) ≥ `, (b) and (e) follow from Observation 1-d, (c) is the triangle inequality

and (d) follows from (3.7). Note that

P{Ñ(w) = n} = P{Ñ(w) ≥ n} − P{Ñ(w) ≥ n+ 1}. (3.9)
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Thus, using (3.8), (3.9) and the triangle inequality it is easy to verify that for ` > L,

∣∣∣P{N`(w) = n} − P{Ñ(w) = n}
∣∣∣ < ε.

ii) n = −1:

∆P ′ ,
∣∣∣P{N`(w) = −1} − P{Ñ(w) = −1}

∣∣∣
(a)
=
∣∣∣P{N(w−µ0+ µ̀

∆
)−`<0}−P{Ñ(w)=−1}

∣∣∣
(b)
=

∣∣∣∣∣P
{∑̀
i=1

(∆Vi−µ∆
)+µ0>w

}
−P{Ñ(w)=−1}

∣∣∣∣∣
=

∣∣∣∣P
{∑̀

i=1

(∆Vi − µ∆
) + µ0 > w

}
− P {V0 > w}

+P {V0 > w} − P
{
Ñ(w) = −1

} ∣∣∣∣
(c)
<

ε

2
+
∣∣∣P {V0 > w} − P

{
Ñ(w) = −1

}∣∣∣
(d)
=

ε

2
< ε, (3.10)

where (a) holds because when n = −1, the condition N`(w) < 0 is equivalent to N(w−

µ0 + `µ
∆

) < `, (b) follows from Observation 1-d, (c) is the triangle inequality and (d)

was explained in Remark 3.2.

Corollary 1. Let ζ = d σ
2
0

σ2
∆

e. Then,

Nζ(w)
D→ Ñ(w) as ζ →∞. (3.11)

Proof : The only issue is to replace ` in equation (3.6) with ζ. Let V (ζ) ∼ N (µ0, ζσ
2
∆

).

It is known from CLT that

ζ∑
i=0

(∆Vi − µ∆
) + µ0

D→ V (ζ) as ζ →∞,
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Hence, to prove (3.11), we only need to show that

V (ζ)
D→ V0 as ζ →∞. (3.12)

Towards that end, let d ∈ R. Then we have

|P{V (ζ) ≤ d} − P{V0 ≤ d}| =

∣∣∣∣∣∣
∫ d−µ0

σ0

d−µ0
σ

∆

√
ζ

e−t
2/2

√
2π

dt

∣∣∣∣∣∣
<

C√
ζ + 1

, (3.13)

where C is a constant. Thus, for any ε > 0, (3.12) holds if ζ > C2

ε2
− 1. The rest follows the

proof of Proposition 1.

Remark Note that for the ISPP renewal process Ñ(w), it is known that V0 usually has

negative mean (µ0 < 0) and a large variance σ0 � σ
∆

. (E.g., if σ0 = 0.5 and ∆Vi ∼

U [0.1, 0.15], then ζ > 1000). Thus, the process Ñ(w) can be viewed as a shifted version

of the classical renewal process in which the starting point V0 is a large negative voltage.

In this case, the distribution of Ñ(w) is very similar to the asymptotic distribution of the

classical renewal process N(w) when w →∞.

3.3.2 Gaussian Approximation

Figure 3.2 shows the histogram of the number of required steps for a cell voltage to pass the

typical threshold voltage w = 1.5V . The histogram was obtained assuming that the number

of cells in the page is m = 106, and the target bit for all the cells is B = 1. It is clear from

Figure 3.2 that Ñ(w) tends to have a Gaussian-like PMF. Our simulation shows that the

PMF for Ñ(w) is very similar for any valid step size ∆V ∼ U [a, b] and for any w > 0 as long

as ζ =
σ2

0

σ
∆

2
� 1.

We next embark on quantifying the deviation between PMF of Ñ(w) and its Gaussian
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Figure 3.2: Histogram of Ñ(w) + 1 for threshold voltage w = 1.5V , and ∆V ∼ U [0.1, 0.2].

approximation when w and ζ are finite. For n = 1, 2, · · · , let Fn(w) denote the cumulative

distribution function (CDF) of the ISPP voltage Ṽn

Fn(w) , P{Ṽn ≤ w}, w ≥ 0.

Using Observation 1-d, it is easy to verify that

P{Ñ(w) = n} = Fn(w)− Fn+1(w). (3.14)

Let us define a new random process Ñζ(w) whose CDF is Gaussian, i.e.,

P{Ñζ(w)=n},


0 if n ≤ −2

Q(w−µ0

σ0
) if n = −1

Q(
w−µ0−(n+1)µ

∆

σ
∆

√
n+ζ+1

)−Q(
w−µ0−nµ∆

σ
∆

√
n+ζ

) if n ≥ 0

, (3.15)

where Q(x) = 1√
2π

∫∞
x
e−t

2/2dt.

Corollary 2. Ñζ(w)
D→ Ñ(w) as ζ →∞.

Proof : Omitted because it follows the proof of Proposition 1.
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Proposition 2. Set ρ , E(|∆Vi − µ∆
|3) and ζ , d σ

2
0

σ2
∆

e. Then,

Ñζ(w)
D→ Ñ(w)} as ζ →∞,

and for any finite ζ > 0,∣∣∣∣P{Ñζ(w) = n} − P{Ñ(w) = n}
∣∣∣∣ ≤ ρ

σ3
∆

√
n+ ζ

. (3.16)

Proof : We only sketch for n ≥ 0 (n = −1 is clear).

P{Nζ(w) ≥ n}
(a)
= P{N(w − µ0 + ζµ

∆
)− ζ ≥ n}

= P

{
ζ+n∑
i=1

∆Vi ≤ w − µ0 + ζµ
∆

}

= P


ζ+n∑
i=1

∆Vi−(n+ζ)µ
∆

√
n+ ζσ

∆

≤w−µ0+ζµ
∆
−(n+ζ)µ

∆

σ
∆

√
n+ ζ


(b)
≈ 1−Q

(
w − µ0 − nµ∆

σ
∆

√
n+ ζ

)
,

where (a) holds because when n ≥ 0, the condition Nζ(w) ≥ n is equivalent to N(w − µ0 +

ζµ
∆

) ≥ n + ζ using (3.4) and (b) holds because of the CLT. The rest of the proof follows

using (9) and the Berry-Esseen Theorem which is given in Appendix A.

Bound (3.16) holds for all possible distributions of the random variable ∆Vi. However, when

{∆Vi} ∼ U [a, b], numerical simulations suggest that the bound could be much tighter than

o( 1√
n+ζ

). This observation is proved in the following corollary.
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Corollary 3. If ∆Vi ∼ U [a, b], and denoting δn as

δn =
1

7.5πn
+

1

π

(
2

π

)n
+

12

π3n
exp(−π2n/24), (3.17)

then, ∣∣∣∣P{Ñζ(w) = n} − P{Ñ(w) = n}
∣∣∣∣ ≤ 2δn+ζ .

Proof : Similar to the proof of Proposition 2 and using the Uspensky Theorem, given in

the Appendix A.

Remark To obtain a simpler bound when ∆Vi ∼ U [a, b], it is easy to verify that when

n+ ζ ≥ 10, the following bound holds:∣∣∣∣P{N`(w) = n} − P{Ñ(w) = n}
∣∣∣∣ ≤ 1

10 · (n+ ζ)
.

Although it is possible to approximate the mean and variance of Ñ(w) using the approximate

distribution given in Proposition 2, such method to approximate E[Ñ(w)] and Var(Ñ(w))

only provides numerical results. To obtain an analytical approximation, we modify an ex-

isting linear approximation for mean and variance of N(w) in classical renewal and derive

similar formulas for mean and variance of Ñ(w). Note that the linear approximation formulas

were derived from a Fourier approximation approach [48].

Proposition 3. Let µj = E[(∆Vi)
j] be the j-th moment of the random variable ∆Vi. Let

K1 = µ2

2µ2
∆

− 1 and K2 =
(
µ2

2µ2
∆

)2− µ3

6µ3
∆

. If ∆Vi is a continuous random variable and µ2 <∞,

then

E[Ñ(w)] ≈ P{V0 ≤ w} ·
(
w − µ0

µ
∆

+K1 + 1

)
− 1 (3.18)

Var

(
Ñ(w)

)
≈Pr(V0 ≤ w)·

(
σ2

∆

(w−µ0+ζµ
∆

)

µ3
∆

+A

)
+
σ2

0

µ2
∆

, (3.19)

where A = K1 · (1 +K1) + 4K2.

Proof :
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µñ , E[Ñ(w)]

= E

[
E[Ñ(w)|V0]

]
= Pr(V0≤w)·E

[
Ñ(w)|V0≤w

]
+Pr(V0>w)·E

[
Ñ(w)|V0>w

]
(a)
= Pr(V0 ≤ w) · E

[
N(w − µ0 + ζµ

∆
)− ζ

]
−Pr(V0 > w)

(b)
≈ Pr(V0 ≤ w) ·

(
w − µ0

µ
∆

+K1 + 1

)
− 1, (3.20)

where (a) holds because E[Ñ(w)|V0 ≥ w] = −1, and (b) follows from the linear approximation

of E[N(w)] in [48].

σ2
ñ , Var

(
Ñ(w)

)
= E

[
Var(Ñ(w)|V0)

]
+ Var

(
E[Ñ(w)|V0]

)
= Pr(V0≤w)·Var

(
Ñ(w)|V0≤w

)
+Pr(V0>w)·Var

(
Ñ(w)|V0>w

)
+ Var

(
E[Ñ(w)|V0]

)
(a)
= Pr(V0 ≤ w) · Var(N(w − µ0 + ζµ

∆
)− ζ) +

σ2
0

µ2
∆

(b)
≈ Pr(V0 ≤ w) ·

(
σ2

∆

(w − µ0 + ζµ
∆

)

µ3
∆

+ A

)
+
σ2

0

µ2
∆

, (3.21)

where (a) holds because Var

(
Ñ(w)|V0 > w

)
= 0, Var

(
E[Ñ(w)|V0]

)
=

σ2
0

µ2
∆

[36], and (b)

follows from the Gaussian approximation of N(w) in [36].

Remark In [48], it was shown that for a classical renewal process N(w) in which the in-

crement ∆Vi has a finite ρ-th absolute moment for some ρ ≥ 3, the linear approximations for

E[N(w)] and Var(N(w)) hold with error terms o(w1−ρ) and o(w2−ρ), respectively. Deriving
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Figure 3.3: Comparison between Monte Carlo (real) and estimated (analytic) computation
of E[Ñ(w)] and σÑ(w) for all threshold w ∈ [0, 5].

similar error terms for the ISPP renewal process using Proposition 1 is straightforward.

Remark Since the Gaussian distribution assumption for erased state seems unrealistic

(due to the finite support of V0), we checked the accuracy of our results for the case that

the erase state is not Gaussian. Simulation results show that equations (3.18) and (3.19)

provide very accurate approximations for mean and variance when the distribution of V0 is

a truncated Gaussian and the distribution is symmetric around µ0.

Figure 3.3 compares the mean and standard deviation of Ñ(w) to our proposed analytic

mean and standard deviation approximation in equations (3.18) and (3.19) for all possible

thresholds w ∈ [0, 5], where we assume erased state V0 ∼ N (−1, 0.25) and step size ∆Vi ∼

U [0.2, 0.3]. We consider a very long page (m = 106), and program all the cells to pass the

threshold w. Simulation results show that the maximum error for the mean is less than

3mV, which is a very small error from a practical point of view.
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3.3.3 Distribution of Γ̃(w)

Another key factor in page programming is the voltage overshoot distribution for the cells

which pass the target threshold w. Given B = 1, let Γ̃(w) denote the amount of overshoot

of a cell voltage after passing threshold w. Then,

Γ̃(w) , ṼÑ(w)+1 − w. (3.22)

Remark Note that the programming precision is also directly related to the distribution

of increments ∆Vi during the ISPP process. The larger the increment step size is, the wider

the pdf of Γ̃(w) becomes, and thereby programming becomes less accurate.

Proposition 4. Let ζ = d σ
2
0

σ2
∆

e. If V0 < w, then

lim
ζ→∞

P{Γ̃(w) ≤ γ} =
1

µ
∆

∫ γ

0

{1− F∆V (y)}dy, γ ≥ 0. (3.23)

Proof : It is straightforward by combining Proposition 1 and the asymptotic residual dis-

tribution in classical renewal theory [36].

Remark Since the process Ñ(w) can be viewed as a shifted version of a classical renewal

process N(w) in which the process starts at a large negative voltage point v (roughly v =

µ0−
√
ζ · µ

∆
), the distribution of the residual Γ̃(w) for any finite threshold w is very similar

to the asymptotic distribution of Γ(w) in the classical renewal process. To the best of our

knowledge, there is no known deviation bound result for the overshoot of the classical renewal

process. While simulation results confirm that the distribution of the overshoot Γ̃(w) for

finite w > V0 is very similar to equation (3.23), obtaining the deviation bound result is a

subject for further research.

Simulation results show that the CDF of the overshoot for finite ζ � 1 is very close to the

asymptotic result (3.23). Therefore, in this work, for any w > 0 and for a finite value ζ, we
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approximate the overshoot distribution as

P{Γ̃(w) ≤ γ} ≈ 1

µ
∆

∫ γ

0

{1− F∆V (y)}dy, γ ≥ 0.

fΓ̃(γ)

0 a b

1
µ

∆

Figure 3.4: The pdf of Γ̃(w) when ∆Vi ∼ U [a, b].

Figure 3.4 shows the pdf for Γ̃(w) when the step size is uniformly distributed (∆Vi ∼ U [a, b]).

Using equation (3.23), it is easy to show that

E(Γ̃(w)) =
E[∆V 2

i ]

2E[∆Vi]
(3.24)

E(Γ̃(w)2) =
E[∆V 3

i ]

3E[∆Vi]
. (3.25)

Remark Figure 3.5 shows the overshoot distribution for all states after programming

each page given that ∆Vi ∼ U [a, b]. Note that this figure shows merely the effect of ISPP

programming and excludes all other available degradation sources in MLC flash such as the

ICI effect (which we study in the next section).

wl
(a)

0 1

wml wmh
(b)

wl
00 10 01 11

Figure 3.5: Overshoot distribution after the ISPP process stops, (a) LSB page overshoot
distribution, (b) MSB page overshoot distributions.
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After ISPP for

LSB page.
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V

After the aggressor

is programmed

wl
(c)

Figure 3.6: Programming the LSB page. (a) pdf of V0 before writing the LSB page, (b) pdf

of ṼÑ(wl)+1(B
(v)
0 ) after ISPP with threshold wl and (c) Including the ICI effect on the LSB

page (V (k,`)(B
(v)
0 , B

(a)
0 )).

Remark Note that equation (3.23) explains why the overshoot distribution Γ̃(w) is inde-

pendent of the threshold voltage w and only depends on the statistical property of step size

∆Vi. Also, note that for cells with target input X = BmBl = 11, the overshoot distribution

is obtained from the same equation (3.23), and the proof was shown in Proposition 3.1 in

[49].

3.4 Inter-cell Interference (ICI)

Using the obtained distribution for the ISPP overshoot Γ̃(w), it is possible to analyze inter-

cell interference (ICI) very accurately. In this section we first analyze the effects of ICI on the

LSB page, and then the ICI effect on the MSB page of a 2-bits MLC NAND flash memory.

3.4.1 ICI Effect on the LSB page

In the writing process, there might be a case that only the LSB page is used to store the

data. In other words, some of the word-lines might be used to program only a single page

rather than multiple pages. Thus, we need to separately analyze the ICI for the LSB page.

Also, the ICI effect on the LSB page helps to better estimate the unknown hidden states
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which were explained in detail in [50].

Let B
(v)
0 and B

(a)
0 denote the LSB target bit corresponding to the victim cell (k, `) and the

LSB target bit corresponding to the aggressor cell (k+1, `), respectively. Let V (k,`)(B
(v)
0 , B

(a)
0 )

denote the voltage of victim cell (k, `) after LSB programming of both pages k and k + 1.

Let Z(B
(a)
0 ) be the ICI effect on victim cell (k, `) due to LSB ISPP page programming of the

vertical aggressor cell (k + 1, `). Given wl > 0, the voltage V (k,`)(B
(v)
0 , B

(a)
0 ) is obtained as

V (k,`)(B
(v)
0 , B

(a)
0 ) = ṼÑ(wl)+1(B

(v)
0 ) + Z(B

(a)
0 ), (3.26)

where

ṼÑ(wl)+1(B
(v)
0 ) =

V0 if B
(v)
0 = 0

ṼÑ(wl)+1 if B
(v)
0 = 1

, (3.27)

and

Z(B
(a)
0 ) =

0 if B
(a)
0 = 0

cv
[
wl + Γ̃(wl)− V0

]
if B

(a)
0 = 1

. (3.28)

Using (3.28) we compute the mean and the variance of Z(B
(a)
0 ) as

E[Z(B
(a)
0 )] =

cv
2
·
[
wl + E[Γ̃(wl)]− µ0

]
,

Var[Z(B
(a)
0 )] =

c2
v

2
· (Var(Γ̃(wl)) + σ2

0)

+
c2
v

4
·
[
wl + E[Γ̃(wl)]− µ0

]2
,

where E[Γ̃(wl)] and Var(Γ̃(wl)) are computed using (3.24) and (3.25). Figure 3.6 shows the

pdfs of the voltages of the cells in each stage during page programming. Figure 3.6(a) shows

the pdf of the cell voltage before LSB page programming (each cell is in the erased state).

Figure 3.6(b) shows the pdf of ISPP for LSB page with threshold wl. Finally, the ICI effect

on the cell due to the LSB programming of vertical aggressor is shown in 3.6(c).
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After LSB programming

(including ICI).
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After ISPP of MSB page

of victim cell

(b)
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Vwmhwml

(c)

ICI effect after

aggressor is programmed.

Figure 3.7: Programming the MSB page. (a) Before writing the MSB page

(V (k,`)(B
(v)
0 , B

(a)
0 )), (b) pdf of

(
ṼÑ(w)+1(X(v))

)
after ISPP for MSB page with threshold volt-

ages wm1 and wm2 and (c) the ICI effect on the MSB page (V (k,`)(X(v), X(a))).

3.4.2 ICI Effect on the MSB page

Apart from the cases in which programming terminates after programming the LSB page,

it is possible to simplify the overall analysis of ICI by directly computing the ICI effect

on the MSB page. Let X(v) = B
(v)
1 B

(v)
0 and X(a) = B

(a)
1 B

(a)
0 denote the target 2-bit-

symbol corresponding to victim cell (k, `) and aggressor cell (k + 1, `), respectively. Let

V (k,`)(X(v), X(a)) denote the voltage of victim cell (k, `) after both pages k and k + 1 are

MSB-programmed. Let Z(X(a)) be the ICI effect on victim cell (k, `) due to MSB page

programming of the vertical aggressor cell (k + 1, `). Given w ∈ {wm1 , wl, wm2}, the voltage

V (k,`)(X(v), X(a)) is obtained as

V (k,`)(X(v), X(a)) = ṼÑ(w)+1(X(v)) + Z(X(v), X(a)), (3.29)
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where

ṼÑ(w)+1(X(v)) =



V0 if X(v) = 00

ṼÑ(wm1 )+1 if X(v) = 10

ṼÑ(wl)+1 if X(v) = 01

ṼÑ(wm2 )+1 if X(v) = 11

, (3.30)

Thus, if X(v) ∈ {00, 01}, we obtain

Z(X(v), X(a)) =



0 if X(a) = 00

cv(wm1 + Γ̃(wm1)− V0) if X(a) = 10

cv(wl + Γ̃(wl)− V0) if X(a) = 01

cv(wm2 + Γ̃(wm2)− V0) if X(a) = 11

,

and if X(v) ∈ {01, 10}, we obtain

Z(X(v),X(a))=



0 if X(a) =00

cv · (wm1 + Γ̃(wm1)− V0) if X(a) =10

0 if X(a) =01

cv

(
wm2 +Γ̃(wm2)−V (k+1,̀)(B

(v)
0 )

)
if X(a) =11

,

where V (k+1,`)(B
(v)
0 ) is computed from (3.26) by setting B

(a)
0 = 1. Figure 3.7 shows the

voltage distribution of the victim cell (k, `) during the MSB page programming with threshold

voltages wm1 and wm2 .

Remark Note that the ICI effect Z not only depends on the target input of the aggressor

cell X(a), but it also depends on the target input state of the victim cell X(v). This can

be explained by considering the order of programming LSB and MSB pages in the MLC

NAND flash write process [39]. In fact, due to the specific order of programming the pages
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of neighboring word-lines, the ICI effect on the LSB is removed during the ISPP verification

process of the MSB.

3.4.3 ICI Analysis

In this section, we provide simulation results to show the effects of ICI and analyze the

effects of step size variation on the overall performance. The simulation results are obtained

from a 4MB, 2-bit MLC flash memory block with the all-bit-line structure. We assume that

the target input is an i.i.d process. The write thresholds are set to W = {1.0V, 2.0V, 3.0V }.

The mean and standard deviation of V0 are assumed to be µ0 = −1.0V and σ0 = 0.5V ,

respectively. The vertical capacitance coupling is assumed to be cv = 0.06. The read

thresholds r are numerically computed using the designed optimal MAP detector approach

in [40]. We fixed the write thresholds and varied the parameters a and b of the random step

size ∆Vi ∼ U [a, b] in the ISPP process. We assumed that the minimum step size a varies in

the range [0.05, 1] and b = 1.4 × a. Also, we run ISPP until the number of steps reaches a

pre-specified maximum number of iterations η, and we assume η = 15.

Remark The MLC flash channel belongs to the class of channels with memory, and the

ICI effect is considered as the major source of channel memory. The information rate for

this class of channels can be numerically computed using a forward sum-product recursion

of the Bahl-Cocke-Jelinek-Raviv (BCJR) algorithm [29].

There are two possible ways to compute an information rate measure for MLC flash channels:

(i) compute the symbol-by-symbol mutual information, i.e., compute I1 = I(X(k,`);Y (k,`));

(ii) obtain the correct information rate for MLC flash using the BCJR algorithm [29]. Let K

and L denote the number of word-lines and bit-lines in the block, respectively. Let X
(K,L)
(1,1)

and Y
(K,L)

(1,1) denote the input sequence and output sequence of the whole block. Then, the

MLC flash information rate obtained from [29], denoted by I2, is computed as

I2 ,
1

KL
I(X

(K,L)
(1,1) ;Y

(K,L)
(1,1) ).
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Figure 3.8: Performance of 2-bit MLC flash when nPE = 1.

Note that for any i.i.d input process, I1 is always a lower bound for I2, and the difference

I2 − I1 is attributable to the ICI effect of MLC flash. Figure 3.8 shows the consequence of

varying the step size a for both information rates I1 (solid curve) and I2 (dashed curve).

Both I1 and I2 were computed using Mone Carlo method. In Figure 3.8, we exclude the

aging effect on the performance by setting the program/erase cycling number nPE = 1, and

we disregard the retention effect by reading the stored data immediately after writing it.

Figure 3.8 suggests that the flash performance is optimal when the step size parameter a, is

chosen from the range [0.2, 0.6], and b = 1.4a.

Remark The performance drop on the right side of both curves in Figure 3.8 is because

of the large step size of ISPP programming, which leads to the over-injection problem (large

overshoot Γ̃(w)). The performance drop on the left side, however, is due to the undershoot

problem in ISPP and is caused by the relation between the maximum allowed number of

steps η and the increment step size. The undershoot problem will be elaborated in the next

section.

3.5 Write Latency

Although NAND flash-based solid state drives (SSD) are known to be very fast when writing

and reading due to their array architecture, reducing their latency is still considered to be
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one of the major design goals. The latency in SSDs happens mainly during the write process

because of the iterative programming procedure. Note that the read process latency is much

shorter than the write latency [37]. Hence, in this section, we focus on the ISPP latency and

disregard the read latency. Since the write process in MLC flash is done at the granularity

of a page, we compute the latency for a page.

As discussed earlier, ISPP only increases the voltage of those cells with target bit B = 1,

i.e., the cells with target bit B = 0 do not need to pass the threshold. Moreover, the write

threshold w is the same for each cell in the word-line. Simulations show that most of the

cells in the page pass the threshold much earlier than the lagging few. Thus, it is not efficient

to associate the write latency with the last cell that passes the threshold. In practice, the

ISPP page programming operation ends in one of the following two possible ways: either all

the cells with target bit B = 1 in the page reach their target threshold w or the number of

steps reaches a predetermined maximum number. For a page, the predetermined maximum

allowed number of steps in the ISPP process is called the “maximal delay”, and is denoted

by η [5]. Hence, for a 2-bit MLC word-line, we denote the maximal delay corresponding to

the LSB and MSB pages by ηl and ηm, respectively.

3.5.1 LSB page Latency

Let m be the length of the word-line. The LSB write latency is related to the number of

steps needed for all the cells with target bit B0 = 1 to pass wl. Let T̃
(j)
l (wl) denote the

ISPP latency corresponding to programming the LSB page of the j-th word-line. According

to Definition 1, let Ñ (j,k)(wl) + 1 be the number of steps for cell (j, k) to pass threshold wl

given B
(j,k)
0 = 1. Then,

T̃
(j)
l (wl) = min{ max

k:B
(j,k)
0 =1

(Ñ (j,k)(wl) + 1), ηl} (3.31)

Let k1 be the index of the cell with largest value Ñ(wl) + 1 in the j-th word-line. In other
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Figure 3.9: Histogram of LSB page voltage after ηl steps (ISPP stopped).

words, cell (j, k1) is the most latent cell during LSB page programming. If ηl < Ñ (j,k1)(wl)+1,

there exists at least one cell that does not pass the threshold wl, and causes the undershoot

write error when trying to store its corresponding bit B0 = 1. Note that in this case

T̃
(j)
l (wl) = ηl. Figure 3.9 shows the histogram of cell voltage after LSB page programming.

The shaded part on the left side of wl is because of the undershoot error; the non-shaded

part corresponds to the overshoot error.

Remark Note that there exists a trade-off between programming latency and the under-

shoot programming error. It is possible to reduce η, and thereby decrease the ISPP latency;

however, this leads to an increased undershoot error. Further, note that some cells with un-

dershoot errors might pass their target threshold due to the ICI incurred while subsequently

programming the neighboring pages. When designing a flash memory, care should be taken

so that, the amount of undershoot error is always much smaller than the available ECC

capability. In other words, we can allow a small percentage of undershoot errors to obtain

some write latency reduction, and handle the rare undershoot errors using the flash ECC

module.

Definition 2 (ISPP undershoot error rate). The allowed undershoot error rate, denoted by

α, is the maximum allowed probability that a cell does not reach its target threshold after an

ISPP page programming.

Proposition 5 (Setting ηl). Let ζ = d σ
2
0

σ2
∆

e. To guarantee a pre-specified allowed ISPP

undershoot error rate α, it suffices to choose the number of allowed steps ηl as the smallest

integer that satisfies

Q

(
wl − µ0 − ηlµ∆

σ
∆

√
ζ + ηl

)
≥ 1− α + δζ+ηl , (3.32)

where δζ+ηl is given by (3.17).
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Proof : As discussed earlier, Ñ(wl) + 1 is the number of steps required for a cell to pass

the threshold wl during LSB page programming given that B = 1. Let Eηl represent the event

that a cell does not reach the threshold after ηl steps. Clearly, Eηl happens if and only if

Ñ(wl) + 1 > ηl. Hence,

P{Eηl} = P{Ñ(wl) + 1 > ηl}

Consequently, the allowed undershoot error rate (probability) α must be chosen to satisfy

α ≥ P{Eηl}

= P{Ñ(wl) ≥ ηl}. (3.33)

Using Corollary 3 it is straightforward to show that

P{Ñ(wl) ≥ ηl} ≤ 1−Q
(
wl − µ0 − ηlµ∆

σ
∆

√
ζ + ηl

)
+ δζ+ηl . (3.34)

The rest of the proof follows by combining equations (3.32) and (3.34).

3.5.2 MSB page programming

Although the MSB latency analysis is very similar to that of the LSB, there exists a major

difference because the MSB is programmed using two threshold voltages {wm1 , wm2}. The

extra voltage threshold makes the problem more complicated than in the LSB case. Let us

assume wm1 < wm2 . Then, the ISPP latency corresponding to programming the MSB page

of the j-th word-line, denoted by T̃
(j)
m (wm1 , wm2), is defined as

T̃ (j)
m (wm1 , wm2) , min{ max

k:B
(j,k)
1 =1

w∈{wm1 ,wm2}

(Ñ (j,k)(w) + 1) , ηm}. (3.35)

Remark Simulation results show that the maximum number of steps to pass threshold wm1

is much larger than the maximum number to pass threshold wm2 in MSB page programming.
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This is mainly because the variance σ2
0 is much larger than the variance of other states in

the flash. This fact helps us to simplify equation (3.35) and use the results of equation

(3.31).Thus considering only wm1 according to Proposition 5, to guarantee α, choose ηm to

be the smallest integer that satisfies

Q

(
wm1 − µ0 − ηmµ∆

σ
∆

√
ζ + ηm

)
≥ 1− α + δζ+ηm .

3.5.3 Confidence Interval for η

Inequality (3.32) is useful to set the maximum number of ISPP steps (η) when the allowed

undershoot error rate α is known. Note that α is the probability that a single cell does

not reach its target threshold w after η steps, and in practice α is not part of the device

specification; Instead, it is desirable to figure out the relation between η and the page quality

loss factor (which is typically a design criterion).

Definition 3 (Page quality loss). Let m denote the size of a page. The 100q% denotes the

page quality loss, where

q ,
# of bit errors

m

Theorem 4 (Confidence interval for η). Let η be the maximum number of steps in ISPP page

programming. Given the page quality loss 100q%, an approximate 100(1 − β)% confidence

interval for η is the set of integers that satisfy

Q

(
w − µ0 − ηµ∆

σ
∆

√
ζ + η

)
≥ 1− 2q +

(
2Zβ/2

√
q · (1− q)

m

)
+ δζ+η,

where Zy = Q−1(y) and Q(x) = 1√
2π

∫∞
x
e−t

2/2dt.

Proof : Let NE be the number of undershoot errors after programming a page. Note that

NE is a binomial random variable with parameter m and p = α (i.e., NE ∼ B(m,α)). We
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assume the undershoot error probability α is unknown. Then, an approximate 100(1 − β)%

confidence interval for α is the set [51, Theorem 5.3.1].

[
q −Zβ/2

√
q · (1− q)

m
, q + Zβ/2

√
q · (1− q)

m

]
.

Recall Ñ(w) + 1 is the number of steps needed for a cell to pass the threshold w if the target

bit is B = 1. Let E ′η be the event that a cell does not reach its target voltage w after η steps.

Then,

P{E ′η} = P (B = 1, Ñ(w) + 1 > η)

(a)
= P (B = 1) · P (Ñ(w) ≥ η), (3.36)

where (a) is because the input distribution is assumed to be i.i.d. and independent of the

programming process. In order to guarantee the programming with quality loss under 100q%,

it is clear that

P{E ′η} ≤
(
q −Zβ/2

√
q · (1− q)

m

)
(3.37)

Since we assumed that P (B = 1) = 1/2, to guarantee (3.37), η must be chosen such that

P{Ñ(w) ≥ η} ≤ 2

(
q −Zβ/2

√
q · (1− q)

m

)
. (3.38)

As discussed the actual probability P{Ñ(w) ≥ η} is unknown. Using Corollary 3 it is

straightforward to show that

P{Ñ(w) ≥ η} ≤ 1−Q
(
w − µ0 − nµ∆

σ
∆

√
ζ + n

)
+ δη+ζ . (3.39)

Hence, in order to satisfy (3.37), η must be chosen to satisfy

1−Q
(
w−µ0−ηµ∆

σ
∆

√
ζ + η

)
+δη+ζ ≤ 2

(
q−Zβ/2

√
q · (1−q)

m

)
(3.40)
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i.e., η should belong to the set of integers which satisfy (3.40).

3.6 Step Size Design

As Jiang et al. mentioned in [5], finding the trade-off between programming precision and the

total programming latency is considered to be one of the fundamental problem of monotonic

memory channels. In general, the worst-case write latency is proportional to the maximum

number of steps η. Hence, we measure the write latency by η. Note that if the ISPP

overshoot were the only source of noise in the write process, the variance of the overshoot

Γ̃(w) would be a valid measure for write accuracy. However, due to the presence of other

sources of noise (such as the undershoot, ICI and P/E cycling) in MLC flash, we use the

mutual information between the target input X and the recovered output Y as the overall

accuracy measure.

In this section, we conduct a study that attempts to optimize the write latency measure

provided that the information rate is larger than a given rate R. We use an adaptive

approach to design the step size such that the flash life-time increases. To increase the life-

time, we use larger step size ∆Vi at the early flash age and use smaller step size as the device

ages.

3.6.1 Latency Distortion Theory

In this section, we assume that the MLC flash is in its early life. Thus, the P/E cycling

number is very small and it is possible to disregard the wear-out noise. We are interested in

obtaining the best step size ∆Vi that minimizes the latency while a particular information

rate is achieved. Here we assume that there exists a maximum bound bmax for the step size

∆V . It is clear that the step size can not be considered unbounded. In order to set a proper

bmax, it is necessary to take into account the number of voltage levels in the cell and the
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Figure 3.10: The maximum number of steps (η) when the allowed undershoot error rate is
α = 0.005.

required error margin for other degradation sources such as ICI and wear-out noise. Given

that bmax is known, the problem is formulated as follows:

[a∗(R), b∗(R)] = arg min
a,b

η

such tthat I(X;Y ) ≥ R

0 < a ≤ b ≤ bmax

(3.41)

Note that it is very difficult to analytically solve the above optimization problem because of

the enormous number of existing noise sources which make the problem extremely complex.

We show a numerical procedure to obtain the best step size ∆V ∼ U [a∗, b∗] in the following

example.

Example 1. Given V0 ∼ N (−1, 0.32), w ∈ {1.0, 2.0, 3.0}, bmax = 1V , Figure 3.10 shows the

write latency η for all possible ∆Vi ∼ U [a, b]. We compute η from (3.32) for α = 0.005. It

is clear that η is a decreasing function of a and b. Therefore, the optimal step size belongs to

the boundary of the feasible set. Figures 3.11 shows the step size regions for various η given

that the information rate I(X, Y ) ≥ 1.9 is attained for both LSB page and MSB page. The

solid line shows the feasible set, and the dashed lines show the contour set for all possible

4 ≤ η ≤ 30. As shown, if η is set to be large, it is possible to use smaller step sizes. To
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Figure 3.11: The contour graph of I(X, Y ) ≥ 1.9 (solid line) versus step size parameters a, b
and the contour of η (dashed line) versus step size parameters a, b.

give concrete examples, as shown in Figure 3.11 both ∆Vi ∼ [0.5, 0.7] and ∆Vi ∼ [0.4, 0.6]

are valid step size to attain the desired rate R ≥ 1.9 with η = 8 and η = 10, respectively.

3.6.2 Adaptive Regulation of Step Size

The lifetime of the flash memory for a specific ECC is the minimum P/E cycling number

before the ECC fails to guarantee un-correctable bit error rate (UBER) < 10−15 (the ac-

ceptable reliability in flash storage industry) for a certain retention period. We analyze the

effect of step size change on the life time of a flash memory for a fixed storage time. As

explained in [52], P/E cycles widen the final voltage distribution and move the mean to the

right. Simulation results in [53] show that an exponential random variable can model the

characteristics of the P/E cycling effect with 95% accuracy.

The final state distributions in flash memories get worse as the number of program/erase

(P/E) cycles increases (aging effect). Thus, in the early life of a flash, more programming

errors can be corrected by ECC than at the end of its lifetime. In other words, it is possible

to operate faster programming and reduce the flash write latency as long as the writing error

can be handled via the flash ECC module.

As a result, the channel is time-variant. Namely, a flash memory is programmed faster with
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higher acceptable error rates early in the product’s life cycle versus late in the life cycle. In

other words, it is possible to use a large step size ∆Vi at the early stage of the flash lifetime

and attain the sufficient information rate in fewer programming steps. As the flash ages,

however, smaller and more accurate step sizes ∆Vi are needed to still be able to attain the

target information rate. As long as the error correction code (ECC) can handle the relaxed

distributions (either due to larger step size at the early age of the flash or natural wear-out

degradation in the later stages of the life cycle), the effect will be compensated for, and the

data is fully recoverable.

Figure 3.12a shows the raw-bit-error rate (RBER) versus P/E cycles for a 2-bit MLC flash

block which was programmed with large step size ∆Vi ∼ U [0.6, 0.7]. As shown, the write

programming is very fast (η = 8(1.0X)); however, the device becomes unreliable at small P/E

cycle (RBER ≥ 2.6 ∗ 10−3), i.e., the lifetime is short. Similarly, Figure 3.12b shows RBER

versus P/E cycle when the device is programmed with a small step size ∆Vi ∼ U [0.1, 0.2].

As shown, the write programming is very slow (η = 32(4.0X)); however, the device becomes

unreliable at large P/E cycle (RBER ≥ 2.6 ∗ 10−3) i.e., the lifetime is long. Figure 3.12c

shows a compromise, namely the RBER for a 2-bit MLC flash block versus P/E cycle for

various step sizes that are adaptively tuned to keep the RBER lower than the minimum

RBER correctable by ECC (Black curve). Moreover, the blue curve shows the corresponding

latency η which gradually increases as flash P/E cycle grows. We consider a simple 32 Kbit

BCH code which needs RBER≤ 2.6×10−3 (horizontal dashed red line). To simplify the step

size design, we assume that b − a = 0.1V (∆V ∼ U [a, b]). Thus, we start with a large step

size (a = 0.6) and as long as the obtained RBER is under the desired threshold, the flash

block gets programed and erased immediately. Note that the step size a = 0.6V is valid to be

used in ISPP as long as the P/E Cycle < 4K. The corresponding maximum number of steps

is η = 8. As shown in Figure 3.12, when P/E cycle passes 4K, we reduce the step size to

a = 0.5, and thereby, the RBER is maintained under the threshold. By tuning the step size

properly, the lifetime of the flash can be extended to P/E Cycle= 17K (when a = 0.1). Note

that the adaptive tuning of step size only gradually increases the delay, thereby extending
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(a) Large step size ∆Vi ∼ U [0.6, 0.7] resulting in low delay, but short lifetime.
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(b) Small step size ∆Vi ∼ U [0.1, 0.2] resulting in large lifetime, but high delay.
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(c) Adaptive step size ∆Vi ∼ U [a, b] when a ∈ [0.1, 0.6] and b − a = 0.1, resulting in large lifetime and
moderate delays for most of the lifetime.

Figure 3.12: RBER and Latency versus PEC.
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Figure 3.13: Rate and Latency versus P/E Cycles, adaptive step size ∆Vi ∼ U [a, b] when
a ∈ [0.1, 0.6] and b− a = 0.1.

the lifetime of the device. As shown, in Figure 3.12, the maximum step size increases from

η = 8 for a = 0.6V to η = 32 when a = 0.1, but the average delay η over the lifetime is

relatively samll η̄ = 15 .

Figure 3.13 illustrates the discussed trade-off between information rate and latency as the

flash P/E cycle grows. The solid red curve shows the mutual information I(X;Y ) versus P/E

cycle, and the blue solid curve shows the corresponding write latency η versus P/E cycle.

Note that by carefully tuning the step size, it is possible to maintain the target information

rate at the cost of gradually increasing the write latency at higher P/E cycles (i.e., at older

age of the device).
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4
Optimal Detector Design

The MLC flash memory system can be represented as a concatenation of 4 components:

ECC encoder, channel, detector and ECC decoder (as depicted in Fig. 4.1). In this Chapter,

we focus on the detector (the shaded block in Fig. 4.1). Motivated by [15], we focus on

designing the detector for MLC flash memory in order to improve the hard decision bit-

error-rate if possible. In addition, we would like to improve the soft decision quality of the

detector if possible. Furthermore, designing the optimal soft and hard detector provides

a benchmark which all other (sub-optimal) detector would be compared to. The optimal

detector design also helps to derive closed form expression for the optimal decision making

strategy in order to gain insight (such as sufficient statistics) and understand the interplay

between channel parameters. Finally, we can use the attained insights to guide the derivation
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Figure 4.1: A simple MLC flash memory system block diagram.

of novel low-complexity suboptimal detector.

We first provide channel models, including the one-dimensional (1D) model with causal

output memory and the two-dimensional (2D) anti-causal model of the MLC flash memory,

as shown in Sec. 2.2.1. Second, in Sec. 4.1, we present a mathematically tractable Viterbi-

like maximum a posteriori (MAP) sequence detector for the 1D causal model with output

memory. The exact statistics of the channel model necessary for implementing the MAP

detector can be obtained by using the fast Fourier transform (FFT). Third, we introduce

a simplified Gaussian approximation (GA) sequence detector at the expense of reduced

performance, which is shown in Sec. 4.2. Both the MAP detector and the GA detector can

be employed in the 2D anti-causal flash memory channel. Fourth, in Sec. 4.3, we extend the

channel model and detector design to more general scenarios including those with signal-

dependent noise, input intersymbol interference, and 2D Markov channel inputs. Fifth, in

Sec. 4.4, we utilize simulation results to show that the MAP detector outperforms the existing

detectors in the literature. Finally, we conclude this work in Sec. 4.5.

4.1 Viterbi-like 1D Sequence Detection

We denote the sequence of random variables (X1, X2, · · · , Xn) of length n by Xn
1 . The

realization sequence (x1, x2, · · · , xn) is denoted by xn1 . The set of all possible realizations of

the random sequence Xn
1 is denoted by X n.
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The MAP sequence detector of the state sequence xn1 is the sequence x̂n1 that maximizes the

joint conditional pdf, i.e.,

x̂n1 = arg max
xn1∈Xn

f(xn1 , y
n
1 |x0

1−M , y
0
1−L), (4.1)

where M and L are the order of the Markov input process and the output memory, respec-

tively.

As shorthand, denote f(x, y|i.c.) as the conditional pdf of the right hand side of (4.1), where

i.c. stands for the initial condition (x0
1−M , y

0
1−L). We start by factoring the pdf in (4.1) as

f(x, y|i.c.)=f(xn1 , y
n
1 |x0

1−M , y
0
1−L)

=P (xn1 |x0
1−M , y

0
1−L)f(yn1 |xn1−M , y0

1−L)

=
n∏
k=1

P (xk|xk−1
k−M)f(yk|xk, yk−1

k−L).

Consequently, the MAP detected sequence is equal to

x̂n1 = arg min
xn1∈Xn

n∑
k=1

[
− ln

(
P
(
xk|xk−1

k−M
)
f
(
yk|xk, yk−1

k−L
))]︸ ︷︷ ︸

ΛMAP(xk
k−M,yk

k−L)

. (4.2)

The term inside the summation in (4.2) is called a branch metric and is denoted by ΛMAP(xkk−M , y
k
k−L).

It is clear that evaluating the branch metric ΛMAP(·, ·) requires evaluating the conditional

pdf f(yk|xk, yk−1
k−L) or some function there of. Obviously, the branch metric depends on L+ 1

real valued variables yk, · · · , yk−L. So, it is desired to extract a sufficient statistics from ykk−L

that will allow efficient computations of branch metrics. We next derive the desired sufficient

statistics.
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4.1.1 Calculation of the Characteristic Function

Computing f(yk|xk, yk−1
k−L) analytically is intractable. Instead, we calculate the conditional

characteristic function of Yk under the assumptions that Xk = xk and Y k−1
k−L = yk−1

k−L are

given. The conditional pdf f(yk|xkk−M , yk−1
k−L) for each realization yk is then derived by taking

the Fourier transform of the characteristic function.

We rewrite the channel model as

Yk=Xk +Wk︸ ︷︷ ︸
R

+Uk +
L∑
`=1

Γ
(k)
` (Yk−`−Ek−`)︸ ︷︷ ︸

Z`

. (4.3)

Next, we compute the conditional characteristic function of R and Z` under the assumptions

that Xk = xk and Y k−1
k−L = yk−1

k−L are given. Note that if Xk = xk is given, R is Gaussian

N (µR, σ
2
R) where

µR = E[R|Xk = xk] = xk

σ2
R = Var[R|Xk = xk] = σ2

w

Hence, the conditional characteristic function of R is

GR|Xk(t) = E
[
eiRt|Xk = xk

]
= exp

(
−1

2
σ2
Rt

2 + iµRt

)
. (4.4)

Similarly, the conditional characteristic function of Z`, when Yk−` = yk−` and Xk = xk

are given, is derived in the Appendix B and denoted by GZ`|Yk−`(t). Finally, combining

GZ`|Yk−`(t) and (4.4), and utilizing the conditional independence of R and Z` (given yk−1
k−`
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and xk), we get

GYk|Xk,Y k−1
k−L

(t) (4.5)

= GR|Xk(t)GUk(t)
L∏
`=1

GZ`|Yk−`(t)

=
sinc (t∆/2)√∏L
`=1(1 + g`σ2

et
2)

exp

(
−1

2
σ2
Rt

2+iµRt+Φ(t)

)

where

Φ(t)=
L∑
`=1

−t2
[
(yk−̀ −µe)2g`+γ2

` σ
2
e

]
+2it (yk−̀ −µe)γ`

2
(
1 + g`σ2

et
2
) . (4.6)

4.1.2 FFT Implementation

Since the pdf is the Fourier transform of the characteristic function, the conditional proba-

bility f(yk|xk, yk−1
k−L) can be obtained as

f(yk|xk,yk−1
k−L)=

∫ ∞
−∞
GYk|Xk,Y k−1

k−L
(t)e−iyktdt. (4.7)

Hence, it is possible to numerically compute the branch metric ΛMAP(xkk−M , y
k
k−L) in (4.2)

for each branch in the Viterbi trellis using the fast Fourier transform (FFT). For each trellis

section, we only need to compute one FFT. In other words, the FFT is the same for all

branches of the trellis section, but the actual branch metric values are obtained by sampling

the FFT at different points as illustrated in Figure 4.3 below.

4.1.3 Sufficient Statistics

A look at (4.5) and (4.6) reveals that the channel outputs ykk−L need to be processed (in

some way) in order to formulate the branch metrics. The processing complexity depends on

the order L.
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Example 2. If L = 1, then (4.5) and (4.6) reveal that a set of sufficient statistics necessary

for the computation of branch metrics is

(a) yk

(b) γ1(yk−1 − µe)

(c) g1(yk−1 − µe)2

A way to obtain ΛMAP in this case could be using the lookup table in Figure 4.2 (a). 2

Example 3. If L = 2, then (4.6) reveals that the sufficient statistics are obtained by finite

impulse response (FIR) filters. The sufficient statistics are:

(a) yk, and the following FIR filter outputs

(b) γ1(yk−1 − µe) + γ2(yk−2 − µe)

(c) γ1g2(yk−1 − µe) + γ2g1(yk−2 − µe)

(d) g1(yk−1 − µe)2 + g2(yk−2 − µe)2

(e) g1g2(yk−1 − µe)2 + g1g2(yk−2 − µe)2

Consequently, the branch metrics ΛMAP can be computed using a lookup table in Fig-

ure 4.2 (b). 2

The complexity of implementing the lookup table grows linearly with L because we need

2L + 1 sufficient statistics. Quantizing each sufficient statistic to, say, a 7 bit precision

requires 7(2L + 1) binary inputs to the lookup table. An alternative is to use FFT to

compute the pdf f(yk|xk,yk−1
k−L) from the characteristic function GYk|Xk,Y k−1

k−L
(t). Thereby, we

can use the sufficient statistics to compute an equivalent form of the characteristic function

(4.5) with

Φ(t)=

∑2L
`=1C`(y

k−1
k−L)t`+q(t)

2
∏L

`=1 (1 + g`σ2
et

2)

where

C`(y
k−1
k−L) =


∑L

j=1 α
(`)
j · (yk−j − µe), if ` is odd∑L

j=1 β
(`)
j · (yk−j − µe)2, if ` is even.

(4.8)
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Figure 4.2: Branch metric ΛMAP for cases (a) L = 1 and (b) L = 2.

and q(t) is a polynomial (whose coefficients are independent of yk−1
k−j ). It is clear from (4.8)

that the sufficient statistics for this computation are outputs of two types of FIR filters

where:

(a) inputs are signals (yk − µe), if ` is odd.

(b) inputs are signals (yk − µe)2, if ` is even.

This approach is illustrated in Figure 4.3.

Lookup tables may be complicated to implement because of the need to quantize all the

sufficient statistics. However, the purpose of this section is not to suggest that a lookup

table is always a practical approach. Rather, it is to reveal what the sufficient statistics are.

Knowing the sufficient statistics is important because it gives us an analytic insight into

what to compute at the receiver end. For example, when L = 2, Fig. 4.2 (b) shows that

there are 5 sufficient statistics (the 5 inputs to the lookup table from the left). This can

actually guide the development of suboptimal detectors. For example, it is easy to verify
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Figure 4.3: Branch metric computation using the FFT.

that if we ignore the 3rd, 4th and 5th inputs to the lookup table, we get the suboptimal post-

compensation detector of Dong et al. [15]. In the same spirit, we will reveal in Section 4.2

how to derive another suboptimal detector (based on a Gaussian approximation) that ignores

the 3rd and 5th inputs in Fig. 4.2 (b), has a closed-form expression for the branch metric

and is particularly easy to implement.

4.2 Gaussian Approximation (GA) Detector

At the expense of reduced performance, as an alternative to the optimal procedure given in

Sec. 4.1, we give a simplified procedure for computing an approximation of ΛMAP(·, ·) based

on a Gaussian approximation. We rewrite the channel model as

Yk = Xk +
L∑
`=1

Γ
(k)
` (Yk−` − Ek−`) +Wk + Uk

= Vk + Uk. (4.9)

According to (2.3), Vk is obtained as the summation of several random variables. Assume

that we can approximate f(vk|xk, yk−1
k−L) by a Gaussian pdf as follows:

f(vk|xk, yk−1
k−L) ∼ N (µG(k), σ2

G(k)), (4.10)
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where

µG(k) =E
[
Vk|Y k−1

k−` = yk−1
k−` , Xk = xk

]
=xk +

L∑
`=1

γ`(yk−` − µe) (4.11)

σ2
G(k) =Var

[
Vk|Y k−1

k−` = yk−1
k−` , Xk = xk

]
=

L∑
`=1

(
g`
(
σ2
e+(yk−̀ −µe)2

)
+σ2

eγ
2
`

)
+σ2

w. (4.12)

The new approximate conditional distribution f (G)(yk|xk, yk−1
k−L), is obtained by convolving

the Gaussian distribution N (µG(k), σ2
G(k)) and the uniform distribution U (−∆/2 , ∆/2).

That is,

f (G)(yk|xk, yk−1
k−L)

=

∫ yk+ ∆
2

yk−∆
2

1√
2πσG∆

e
− (vk−µG)2

2σ2
G dvk

=
1

∆

[
Q

(
yk − µG − ∆

2

σG

)
−Q

(
yk − µG + ∆

2

σG

)]

where the standard Q-function is defined as Q(ζ) = 1√
2π

∫∞
ζ

exp(−η2

2
) dη.

So, clearly by examining (4.9)-(4.12), we conclude that to compute the branch metrics

Λ(G)(·, ·), we need the following subset of the sufficient statistics

yk

θk =
L∑
`=1

γ` (yk−` − µe)

νk =
L∑
`=1

g` (yk−` − µe)2,

which actually coincide with the three sufficient statistics a), b) and d) in Example 3
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Figure 4.4: The branch metric computation module of the GA detector using FIR filters.

(Fig. 4.2 (b)). Hence, the computation of Λ(G)(xkk−M , y
k
k−L) is equivalent to computing

Λ(G)(xkk−M , yk, θk, νk). Note, again, that θk and νk are obtained by FIR-filtering (yk−` − µe)

and (yk−` − µe)2, respectively. Thereby, the entire set of sufficient statistics can be replaced

by a new vector [yk, θk, νk] of only three components (even if L > 1). Furthermore, the actual

computation of Λ(G)(xkk−M , yk, θk, νk) does not require generating lookup tables or FFTs, but

can be implemented using sample DSP components such as multipliers and adders. Fig. 4.4

illustrates the branch metric computation module of the suboptimal GA detector.

It is interesting to note that some prior-art detectors, such as the hard-decision detectors in

[15, 54], and the soft-decision detectors in [12, 55] can be obtained by further approximations

of the Gaussian-approximation detector given in this section. In particular, the hard deci-

sion detector (post-compensation detector) in [15] can be obtained as a symbol-by-symbol

detector (when Xk is i.i.d.) by computing the decision variables yk−µG(k) and heuristically

determining the decision thresholds to achieve minimum probability of symbol error. The

detector in [54] is very similar to [15] in the way that decision variables are determined, but

in [54] a heuristically-derived Viterbi detector (obtained by exhaustive target training) is

used to refine the detection process. Similarly, the soft-output detector in [12, 55] can be

70



obtained if instead of σ2
G(k) in (4.12), we use σ2

eγ
2
1 . Consequently, the detectors in [12, 55]

are suboptimal versions of the detector proposed here (particularly, if used as precursors to

a soft-in-soft-out decoder for LDPC codes) as shown explicitly in Sec. 4.4.

Finally, we note that in [15], a separate predistortion detector and a separate post-compensation

detector were proposed, showing that each has some advantages. The detector in this work

combines the strengths of both strategies simultaneously. This can be achieved by shaping

the channel input process Xk into a Markov process (2.4) such as in [56, 57] (which is akin to

predistortion in [15]) and subsequently using a Viterbi/BCJR trellis detector as in Secs. 4.1

and 4.2 to detect the Markov input process Xk (akin to the post-compensation detector

in [15]).

4.3 Extensions

In this section, we briefly explain how to extend the channel model and detector design when

the channel suffers from additional degradations.

4.3.1 Signal-Dependent Noise

If the noise in the channel is signal-dependent, the channel model and the detector must be

appropriately altered. Several studies [46, 58] have shown that different levels v0, v1, · · · , vm−1

give rise to different statistics of the channel noise Wk and Uk (see model in (2.3)). For

example, it is possible that the random variables Wk and Uk depend on the realization of

the channel input random variable Xk = vj. In that case, we model Wk and Uk to be

signal-dependent,

fWk|Xk(·|Xk = vj) ∼ N (0, σ2
w(j))

fUk|Xk(·|Xk = vj) ∼ U
(
−∆(j)

2
,
∆(j)

2

)
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In other words, the parameters σ2
w and ∆ are appropriately substituted by σ2

w(j) and ∆(j),

depending on the (postulated) realization of the random variable Xk = vj.

Similarly, we may also extend the model of the random fading-like coefficient Γ
(k)
` to be signal-

dependent. This means that instead of assuming E
[
Γ

(k)
`

]
= γ` and Var

[
Γ

(k)
`

]
= g`, we would

assume a signal-dependent model E
[
Γ

(k)
` |Xk−` = vj

]
= γ`(j) and Var

(
Γ

(k)
` |Xk−` = vj

)
=

g`(j). These changes would appropriately alter the Viterbi/BCJR detectors.

4.3.2 Input Intersymbol Interference

The channel model in (2.3) assumed only output ICI, but no input intersymbol interference

(ISI). We can alter the model in (2.3) to account for input ISI as follows:

Yk=
M∑
m=0

A(k)
mXk−m +

L∑
`=1

Γ
(k)
` (Yk−`−Ek−`) +Wk + Uk (4.13)

where A
(k)
m are either constant coefficients or random variables, say A

(k)
m ∼ N (a(m), σ2

a(m)).

In either case, the optimal detector design is still a Viterbi-like or a BCJR-like detector

whose branch metrics ΛMAP(xkk−M , y
k
k−L) can be determined using the FFT of the appropriate

characteristic function, or an appropriate Gaussian approximation. The model in (4.13) can

also be extended to be signal-dependent and/or 2D. We omit the details.

4.3.3 2D Channels

When the 2D channel model in (2.7) is appropriate, and the channel input is i.i.d, the optimal

detector is a simple symbol-by-symbol detector. However, since the channel does have 2D-

memory, it is reasonable to expect that the information-theoretically optimal channel input

process X(k,`) will not be i.i.d. In this case we have two complications for which exact

solutions are not known, and we likely need to resort to ad-hoc and/or heuristic approaches:

(a) Optimizing the input distribution (even under the 2D Markov input assumption) to
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maximize the information rate of a 2D channel with memory is not known. To date,

only a limited number of computational methods to evaluate information rates of

2D channels with memory are known [59–62], but to the best of our knowledge, no

2D information-rate optimization techniques are available. One approach may be to

heuristically adapt 1D techniques to optimize lower-bounds on 2D information rates

as in [63], but this is certainly subject the further research.

(b) Even if an appropriate 2D Markov process X(k,`) could be constructed to guarantee a

nearly optimal information rate, the optimal detector for a 2D channel is not available

(because there exists no equivalents of the Viterbi/BCJR detectors in 2D). A plausi-

ble solution is to apply 1D methods in some heuristic fashion (such as, for example,

interleaving vertical and horizontal detectors [47, 64–66], or combining 1D horizontal

detectors with 1D vertical decision feedback [67–69]), or to design entirely new 2D

detectors [70–72] (which is, of course, subject to further research).

From points (a) and (b) above, it is clear that to achieve an information-theoretically optimal

transmission/reception strategy further research on 2D capacity computing techniques and

2D detection/interleaving techniques is needed.

4.4 Simulation Results and Discussion

In this section, we give simulation results to show the performances of the detectors when

using an even/odd bit-line structure. We use a 4-level flash memory channel, where the

channel input Xk is an i.i.d. process with parameters Pr (Xk = vj) = 0.25 for any of the

4 levels v0, v1, v2 or v3. The parameters of the 4-level flash memory (2D channel) with

signal-dependent noise are given in Table 4.1. With the parameters as in Table 4.1, and

using σ = 1, Fig. 4.5 depicts the pdf of each level’s voltage when no ICI occurs.

We next assume that the random coupling ratios Γ
(k,`)
(a,b) (see (2.7)) have the following Gaussian
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Table 4.1: Parameters of the 4-level flash memory

i 0 1 2 3
ith level vi 1.1 2.7 3.3 3.9

∆(i) 0 0.3 0.3 0.3
σw(i) 0.35σ 0.03σ 0.03σ 0.03σ
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Figure 4.5: The pdf of each level’s voltage for the 4-level flash memory without ICI.

distributions

Γ
(k,`)
(k,`−1) ∼ N (γh, gh), Γ

(k,`)
(k,`+1) ∼ N (γh, gh),

Γ
(k,`)
(k+1,`−1) ∼ N (γd, gd), Γ

(k,`)
(k+1,`+1) ∼ N (γd, gd)

Γ
(k,`)
(k+1,`) ∼ N (γv, gv),

(4.14)

where the subscripts h, v and d mean horizontal, vertical and diagonal interference, respec-

tively. We also assume that 1 γh : γv : γd = 0.1 : 0.08 : 0.006 and gi = 0.09γ2
i for i ∈ {h, v, d}

as introduced in [15] and the references therein. Let s be the intercell coupling strength

factor. Then γh = 0.1s, γv = 0.08s and γd = 0.006s.

In the first simulation scenario, we fix σ = 1 (see Table 4.1) and we let the coupling strength

factor s vary from 0 to 2. The bit-error-rate (BER) performances of the MAP detector and

the GA detector are shown in Fig. 4.6. In Fig. 4.6, we also show the BER performances of

the post-compensation detector [15] and the raw detector [15].

In the second simulation scenario, we fix s = 0.75, and vary the parameter σ (see Table 4.1).

1. These notations denote the relative magnitudes of horizontal, vertical and diagonal capacitance cou-
plings.
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Figure 4.6: BER comparisons for different detectors when the coupling factor strength is
varying and σ = 1.

By varying σ, we effectively vary the signal-to-noise ratio (SNR), defined as

SNR
∆
=

1∑
i Pr(Xk = vi)σ2

w(i)
. (4.15)

The BER curves for varying SNRs are shown in Fig. 4.7, depicting the performances of the

MAP detector, the GA detector, the post-compensation detector [15] and the raw detec-

tor [15].

Figs. 4.6 and 4.7 reveal that if the BER is the figure of merit, neither the MAP detector nor

the GA detector outperforms the post-compensation detector (originally disclosed in [15]).

Hence, to get a better sense of the quality of each detector, we must compare the qualities of

their soft outputs. Here, we measure the quality of a detector’s soft output as follows. Let

Xk be the i.i.d. equiprobable channel input, meaning that P (Xk = vj) = 1
m

. In the case of
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Figure 4.7: BER comparisons for different detectors when the SNR is varying and the
coupling factor strength is fixed at s = 0.75.

a soft decision detector, the detector output Sk is a vector defined as 2

Sk =


P (Xk = v0|Y n

1 = yn1 )

P (Xk = v1|Y n
1 = yn1 )

...

P (Xk = vm−1|Y n
1 = yn1 )


and in the case of a hard detector, the detector output Sk is a scalar estimate of the channel

input

Sk = X̂k ∈ {v0, v1, · · · , vm−1}.

We define the soft information quality (SIQ) of a detector as

q =
1

2

[
I(Xk;Sk)|even k + I(Xk;Sk)|odd k

]
. (4.16)

2. Obviously, in a multilevel flash memory channel, the variable Sk is a collection of m likelihood values
- one likelihood value for each level.
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As explained in [73], SIQ is the capacity of random linear block codes. Therefore, this

quantity is proved to be the highest information rate achievable by a random low-density

parity-check (LDPC) error correction code. Furthermore, the SIQ allows us to compare

performances of codes without going through the complicated task of simulating the actual

codes. For example, if SIQ of detector A is 0.5 dB better than SIQ of detector B, then a

random LDPC code using outputs from detector A will outperform the same random LDPC

code using outputs from detector B by 0.5 dB. In other words, if we use detector A, we can

afford to use a 0.5 dB weaker code and achieve the same overall system performance.

The mutual information terms in (4.16) can be readily computed numerically using Monte-

Carlo simulations for any detector (also for a hard-decision detector). For the special case

of a MAP detector, the soft-information quality qMAP has an alternative interpretation, i.e.,

qMAP is equal to the so-called BCJR-once bound (see [73] for details). Fig. 4.8 shows the soft

information qualities of the MAP detector and the GA detector when the coupling strength

factor s varies for fixed SNR, while Fig. 4.9 shows the soft information quality curves when

the SNR varies for fixed s = 0.75. Also shown in Figs. 4.8 and 4.9 are soft information

qualities of the post-compensation detector [15] and the raw detector [15]. Finally, the

figures also show an upper bound on the soft information quality of the soft-output detector

presented in [12], denoted by q∗Dong. At SIQ = 1.8 bits per cell (which corresponds to a code

rate of 0.9 user bits per channel bit), the MAP detector outperforms known detectors by

0.35 dB, as shown in Fig. 4.9.

As we show in Fig. 4.9, the performance of MAP detector is significantly better than current

detectors. Table 4.2 compares the computational penalty of each detector. In Table 4.2,

the “read process” penalty stands for the required number of reads per written symbol, and

the “metric computation” penalty is the computational complexity of computing the branch

metrics per written symbol. Note that the variable N in the MAP detector is the number

of quantization points in computing the FFT (i.e, N is the support length of the FFT) 3.

3. In all our simulations, we used N = 512.
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Figure 4.8: SIQ comparisons for different detectors when the coupling factor strength is
varying and σ = 1.
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Table 4.2: Complexity comparison for different detectors

Detector
Read

Process
Metric

Computation
No ICI (threshold detector) O(1) O(1)

Post-compensation [15] O(L) O(L)
Gaussian Approximation O(L) O(L)

MAP(FFT-based) O(L)
O(L)+

O(NlogN)

4.5 Conclusion

We derived the optimal detector structure for multilevel cell (MLC) NAND flash memory

channels. The optimal detector is attainable using FFTs of analytically computable char-

acteristic functions. Alternatively, at a small performance loss, a Gaussian-approximation

detector is attainable using two FIR filters, i) the first operating on channel outputs, and

ii) the second operating on the squares of the channel outputs. We derived the optimal

detectors here for both 1D and 2D page-oriented channels and demonstrated their superior

performances (particularly if executed as soft-output detectors) through simulations.
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5
Markov Channels

5.1 Preliminaries

5.1.1 Alphabet and strings

Most notation here is standard, we include them for completeness. A is a finite alphabet

with cardinality |A|, A∗ =
⋃
k≥0Ak and A∞ denotes the set of all semi-infinite strings of

symbols in A.

We denote the length of a string u = u1, . . . ,ul ∈ Al by |u|, and use uji = (ui, · · · , uj) . The

concatenation of strings w and v is denoted by wv. A string v is a suffix of u, denoted by
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v � u, if there exists a string w such that u = wv. A set T of strings is suffix-free if no

string of T is a suffix of any other string in T .

5.1.2 Trees

As in [74] for example, we use full A−ary trees to represent the states of a Markov process.

We denote full trees T as a suffix-free set T ⊂ A∗ of strings (the leaves) whose lengths satisfy

Kraft’s lemma with equality. The depth of the tree T is defined as d(T ) = max{ |u| :

u ∈ T }. A string v ∈ A∗ is an internal node of T if either v ∈ T or there exists u ∈ T such

that v � u. The children of an internal node v in T , are those strings (if any) av, a ∈ A

which are themselves either internal nodes or leaves in T .

For any internal node w of a tree T , let Tw = {u ∈ T : w � u} be the subtree rooted at

w. Given two trees T1 and T2, we say that T1 is included in T2 (T1 � T2), if all the leaves in

T1 are either leaves or internal nodes of T2.

5.1.3 Models

Let P+(A) be the set of all probability distributions on A such that every probability is

strictly positive.

Definition 4. A context tree model is a finite full tree T ⊂ A∗ with a collection of

probability distributions qs ∈ P+(A) assigned to each s ∈ T . We will refer to the elements

of T as states (or contexts ), and q(T ) = {q(a|s) : s ∈ T , a ∈ A} as the set of state transition

probabilities or the process parameters. 2

Every model (T , q(T )) allows for an irreducible, aperiodic 1 and ergodic [75]. Such Markov

1. Irreducible since qs ∈ P+(A), aperiodic since any state s ∈ T can be reached from itself in either |s|
or |s|+ 1 steps.
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Figure 5.1: (a) States and parameters of a Markov process in Example 4, (b) Same Markov
process reparameterized to be a complete tree of depth 2. We can similarly reparameterize
the process on the left with a complete tree of any depth larger than 2.

process has a unique stationary distribution µ satisfying

µQ = µ, (5.1)

where Q is the standard transition probability matrix formed using q(T ). Let pT ,q be the

unique stationary Markov process {. . . , Y0, Y1, Y2, . . .} which takes values in A satisfying

pT ,q(Y1|Y 0
−∞) = q(Y1|s)

whenever s = cT (Y 0
−∞), where cT : A∞ → T is the unique suffix s � Y 0

−∞ in T . As a note,

when we write out actual strings in transition probabilities as in q(0|1000), the state 1000 is

the sequence of bits as we encounter them when reading the string left to right. If 0 follows

the state 1100, the next state is a suffix of 11000, and if 1 follows 1100, the next state is a

suffix of 11001.

Observation 2. A useful observation is that any model (T , q(T )) yields the same Markov

process as a model (T ′, q(T ′)) where T � T ′ and for all s′ ∈ T ′, q(·|s′) = q(·|cT (s′)). 2

Example 4. Let (T , q(T )) be a Model with T = {11, 01, 0} and q(1|11) = 1
4
, q(1|01) =

1
3
, q(1|0) = 3

4
. Fig. 5.1. (b) shows the Markov process as a model (T ′, q(T ′)) with T ′ =

{11, 01, 10, 00} satisfying conditions in Property 2. 2
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5.2 Channel Model

We focus on Markov channels defined as follows. Both input {Xn}∞n=1 and output {Yn}∞n=1

are finite alphabet processes taking values in A and the state of channel in each instant

depend on sequence of prior outputs of the channel. The input process is drawn from an

i.i.d process, namely P (Xn = a) = pa for all n ∈ N and a ∈ A, provided that
∑

a∈A pa = 1.

We assume that there is no feedback in this channel setup. The joint probability distribution

the channel inputs/outputs factorizes as

P (xn1 , y
n
1 |y0
−∞) =

n∏
k=1

P (xk)P (yk|yk−1
−∞ , xk). (5.2)

The state of the channel at time k is therefore determined by yk−1
−∞ . We consider finite memory

channels, and model the possible states of the channels as leaves of a finite full |A|−ary tree,

T . Recall that cT (yk−1
−∞) ∈ T is the unique s ∈ T such that s � yk−1

−∞ . Therefore, we obtain

P (xn1 , y
n
1 |y0
−∞) =

n∏
k=1

P (xk)P (yk|cT (yk−1
−∞), xk).

Then {(Xn, Yn)}∞n=1 can be modeled as a Markov process pT ,q . Associated with every state

s ∈ T is a distribution qs ∈ P+(A×A) which assigns any input/output pair (a, b) ∈ A×A

the probability

qs(a, b) = P (Xk = a, Yk = b|cT (Y k−1
−∞ ) = s), ∀k ∈ N

For convenience, we also denote the input/output transition probabilities encountered upon

seeing context s ∈ T by

θs(b|a) = P (Y1 = b|cT (Y 0
−∞) = s, X1 = a).

Therefore, we have

qs(a, b) = pa θs(b|a).
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The set Θs = {θs(·|a) : a ∈ A} is the set of all conditional probabilities associated with state

s. Note that θs(·|a) ∈ P+(A) for all a ∈ A and s ∈ T . The set

ΘT =
⋃
s∈T

Θs

is the set of all transition probabilities of channel model and we refer to it as the channel

parameters. Since the input is a known i.i.d process, estimating q(T ) and ΘT are completely

equivalent parameterizations.

As emphasized in the introduction, we do not assume the true channel model is known nor

do we assume it is fast mixing . We would like to know if we can estimate the channel

parameters and the stationary probabilities of various states of the channel even when we

are in the domain where the mixing has not happened.

5.3 Background Topics

5.3.1 Context Tree Weighting

Context tree weighting algorithm is a universal data compression algorithm for Markov

sources [74, 76], and the algorithm can be used to capture several insights into how Markov

processes behave in the non-asymptotic regime. Let yn1 be sequence of symbols from an

alphabet A. Let T̂ = AD for some positive integer D. For all s ∈ T̂ and a ∈ A, let nas be

the empirical counts of string sa in yn1 . The depth-D context tree weighting constructs a

distribution

pc(y
n
1 |y0
−D) ≥ 2−|A|

D+1 logn
∏
s∈T̂

∏
a∈A

(
nas∑
a∈A n

a
s

)nas
.

Note that no Markov source with memory D could have given a higher probability to yn1

than ∏
s∈T̂

∏
a∈A

(
nas∑
a∈A n

a
s

)nas
.
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So, if |A|D log n = o(n), then pc underestimates any memory-D Markov probability by only a

subexponential factor. Therefore, D = O(log n) is going to be the case of particular interest.

5.3.2 Coupling for Markov Processes

Coupling is an elegant technique that will help us understand how the counts of certain strings

in a sample behave. Let pT ,q be our Markov source generating sequences from an alphabet

Ã. A coupling ω for pT ,q is a joint probability distribution on the sequences {Ym, Ȳm}m≥1

where Ym ∈ Ã and Ȳm ∈ Ã, and ω satisfies the following property: individually taken, the

sequences {Ym} and {Ȳm} have to be faithful evolutions of pT ,q . Specifically, for m ≥ 0, we

want

ω(Ym+1|Y m
−∞, Ȳ

m
−∞) = pT ,q(Ym+1|Y m

−∞) = pT ,q(Ym+1|cT (Y m
−∞)), (5.3)

and similarly for {Ȳm}. In the context of this work, we think of {Ym} and {Ȳm} here as

copies of pT ,q that were started with two different states s, s′ ∈ T respectively, but the chains

evolve jointly as ω instead of independently. For any r and w ∈ Ãr, Nn(w) (respectively

N̄n(w)) is the number of times w forms the context of a symbol in a length-n time frame,

{Yi}ni=1 given Y 0
−∞ (respectively {Ȳi}

n

i=1 given Ȳ 0
−∞). Then, for any ω,

|EpT ,q [Nn(w)|Y 0
−∞]− EpT ,q [N̄n(w)|Ȳ 0

−∞]| =
∣∣∣∣ n∑
i=1

Eω
[
1
(
cÃr(Y

i
−∞) = w

)
− 1

(
cÃr(Ȳ

i
−∞) = w

)]∣∣∣∣
≤

n∑
i=1

∣∣∣∣Eω[1(cÃr(Y i
−∞) = w

)
− 1

(
cÃr(Ȳ

i
−∞) = w

)]∣∣∣∣
≤

n∑
i=1

ω
(
cÃr(Y

i
−∞) 6= cÃr(Ȳ

i
−∞)

)
,

where the first equality follows from (5.3).

The art of a coupling argument stems from the fact that ω is completely arbitrary apart

from having to satisfy (5.3). If we can find any ω such that the chains coalesce, namely

ω
(
cÃr(Y

i
−∞) 6= cÃr(Ȳ

i
−∞)

)
becomes small as i increases, then we know that EpT ,q [Nn(w)|Y 0

−∞]
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cannot differ too much from EpT ,q [N̄n(w)|Ȳ 0
−∞]. For tutorials, see e.g., [77–79].

5.4 Long Memory and Slow Mixing

There are two distinct difficulties in estimating Markov processes as the ones we are interested

in. The first is memory that is too long to handle given the size of the sample at hand. The

second issue is that even though the underlying process might be ergodic, the transition

probabilities are so small such that the process effectively acts like a non-ergodic process

given the sample size available. We illustrate these problems in following simple examples.

Example 5. Let T = Ak denote a full tree with depth k and A = {0, 1}. Assume that

q(1|0k) = 2ε and q(1|10k−1) = 1 − ε with ε > 0, and let q(1|s) = 1
2

(where 0k indicates

a string with k consecutive zeros) for all other s ∈ T . Let pT ,q represent the stationary

ergodic Markov process associated with this model. Observe that stationary probability of

being in state 0k is 1
2k+1−1

while all other states have stationary probability 2
2k+1−1

. Let Y n
1

be a realization of this process with initial state 1k � Y 0
−∞. Suppose k � ω(log n). 2 With

high probability we will never find a string of k− 1 zeros among n samples, and every bit is

generated with probability 1/2. Thus with this sample size, with high probability, we cannot

distinguish pT ,q from an i.i.d Bernoulli(1/2) process. 2

We therefore require that dependencies die down by requiring that channel parameters θa1s

and θa0s, corresponding to sibling contexts 1s and 0s, satisfy (6.1) in Section 6.1.

Example 6. Let A = {0, 1} and T = {0, 1} with q(1|1) = 1−ε, and q(1|0) = ε. For ε > 0,

this model represents a stationary ergodic Markov processes with stationary distributions

µ(1) = 1
2
, µ(0) = 1

2
. Let T ′ = {0, 1} with q′(1|1) = 1 − ε, q′(1|0) = 2ε. Similarly, for ε > 0

this model represents a stationary ergodic Markov processes with stationary distributions

µ′(1) = 2
3
, µ′(0) = 1

3
. Suppose we have a length-n sample. In this case, we cannot distinguish

between these two models if ε� o(1/n). 2

2. A function fn = ω(gn) if limn→∞ fn/gn =∞.
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5.4.1 Lower Bound on Information Rate

Consider a channel with state tree T and parameter set ΘT . Suppose that d(T ) = D <∞.

The information rate for an i.i.d input process with P (Xk = a) = pa for this channel is

RT
def
= lim

n→∞

1

n
I(Xn;Y n)

= lim
n→∞

1

n

[
H(Y n)−H(Y n|Xn)

]
a
= lim

n→∞

1

n

n∑
k=1

[
H(Yk|Y k−1)−H(Yk|Y k−1, Xk)

]
b
= lim

n→∞

1

n

D∑
k=1

∑
yk−1

P (Y k−1 = yk−1)

[
H(Yk|Y k−1 = yk−1)−H(Yk|Y k−1 = yk−1, Xk)

]

+ lim
n→∞

1

n

n∑
k=D+1

∑
yk−1

P (Y k−1 = yk−1)

[
H(Yk|Y k−1 = yk−1)−H(Yk|Y k−1 = yk−1, Xk)

]
c
= lim

n→∞

1

n

n∑
k=D+1

∑
s∈T

∑
yk−1:

s�yk−1

P (Y k−1 = yk−1)

[
H(Yk|Y k−1 = yk−1)−H(Yk|Y k−1 = yk−1, Xk)

]

where (a) is by chain rule for entropy and from (5.2) and (b) is straightforward from definition

of the conditional entropy. The equality in (c) holds since the first term in (b) vanishes as

n→∞ and observing that for k ≥ D + 1,

⋃
s∈T

Ak−1
s =

⋃
s∈T

{
yk−1 ∈ Ak−1 : s � yk−1

}
= Ak−1.

Note that for all k ∈ N, if s � yk−1, it can easily be shown that

H(Yk|Y k−1 = yk−1)−H(Yk|Y k−1 = yk−1, Xk) =
∑
a∈A

pa
∑
b∈A

θs(b|a) log
θs(b|a)∑

a′∈A pa′θs(b|a′)
def
= Rs(Θs).
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Therefore,

RT = lim
n→∞

1

n

n∑
k=D+1

∑
s∈T

∑
yk−1:

s�yk−1

P (Y k−1 = yk−1)Rs(Θs)

d
=
∑
s∈T

Rs(Θs)

[
lim
n→∞

1

n

n∑
k=D+1

∑
yk−1:

s�yk−1

P (Y k−1 = yk−1)

]

e
=
∑
s∈T

Rs(Θs)

[
lim
k→∞

∑
yk−1:

s�yk−1

P (Y k−1 = yk−1)

]

f
=
∑
s∈T

µ(s)Rs(Θs).

The equality in (d) is by changing the order of summations and (e) follows by using Cesàro’s

lemma [80]. Finally, (f) holds by properties of stationary distribution in Markov processes.

As a remark, note that for fixed input distribution, Rs is a function of Θs = {θs(·|a) : a ∈ A}.

Lemma 5. For fixed input distribution, Rs(Θs) is convex in Θs.

Proof Let λ ∈ [0, 1] and λ = 1− λ. Let Θs = {θs(·|a) : a ∈ A} and Θ′s = {θ′s(·|a) : a ∈ A}

be two sets of valid conditional distributions associated to state s. Then,

Rs(λΘs + λΘ′s) =

=
∑
a∈A

pa
∑
b∈A

[(
λθs(b|a) + λθ′s(b|a)

)
log

λθs(b|a) + λθ′s(b|a)∑
a′∈A

pa′

(
λθs(b|a′) + λθ′s(b|a′)

)]

=
∑
a∈A

pa
∑
b∈A

[(
λθs(b|a) + λθ′s(b|a)

)
log

λθs(b|a) + λθ′s(b|a)

λ
∑
a′∈A

pa′θs(b|a′) + λ
∑
a′∈A

pa′θ′s(b|a′)

]
e

≤
∑
a∈A

pa
∑
b∈A

[
λ θs(b|a) log

λ · θs(b|a)

λ ·
∑
a′∈A

pa′θs(b|a′)
+ λ θ′s(b|a) log

λ · θ′s(b|a)

λ ·
∑
a′∈A

pa′θ′s(b|a′)

]

= λRs(Θs) + λRs(Θ
′
s)

where the inequality in (e) follows by using log-sum inequality (see e.g., [80]). 2
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Figure 5.2: (a) Markov process in Example 7, (b) Aggregated model at depth 1. From
Observation 1, the model on the left can be reparameterized to be a complete tree at any
depth ≥ 2. We can hence ask for its aggregation at any depth. Aggregations of the above
model on the left at depths ≥ 2 will hence be the model itself.

Since the memory is unknown a-priori, a natural approach, known to be consistent, is to use a

potentially coarser model with depth kn. Here, kn increases logarithmically with the sample

size n, and reflects [21] well known results on consistent estimation of Markov processes. We

show that coarser models formed by properly aggregating states of the original channel are

useful in lower bounding information rates of the true channel.

Definition 5. We say that p
T̃ ,q̃

aggregates pT ,q (or pT ,q refines p
T̃ ,q̃

), if T̃ � T and p
T̃ ,q̃

be

the stationary Markov process with state transition probabilities given by

q̃(a|w) =

∑
v∈Tw µ(v)q(a|v)∑

v′∈Tw µ(v′)

for all w ∈ T̃ and a ∈ A, where µ is the stationary distribution associated with pT ,q . Using

Observation 2, wolog, no matter what T̃ is, we will assume pT ,q has states T such that

T̃ � T . 2

Example 7. Let pT ,q be a Markov process with T = {11, 01, 0} and q(1|11) = 1
4
, q(1|01) =

1
3
, q(1|0) = 3

4
. For this model, we have µ(11) = 4

25
, µ(01) = 9

25
and µ(0) = 12

25
. Fig. 5.2. (b)

shows an aggregated process p
T̃ ,q̃

with T̃ = {1, 0}. Notice that q̃(1|1) =
(

4
25

1
4

+ 9
25

1
3

)
/( 4

25
+

9
25

) = 4
13

and q̃(1|0) = 3
4
. 2

Lemma 6. Let pT ,q be a stationary Markov process with stationary distribution µ. If p
T̃ ,q̃
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aggregates pT ,q then it has a unique stationary distribution µ̃ and for every w ∈ T̃

µ̃(w) =
∑
v∈Tw

µ(v).

Moreover, for all ak1 ∈ Ak such that ak1 is an internal node of T̃ we have µ̃(ak1) = µ(ak1).

Proof Let Q̃ be the transition probability matrix formed by the states of p
T̃ ,q̃

. First notice

that by definition, for all w,w′ ∈ T̃

Q̃(w|w′) =

0 if @a ∈ A s.t. w � w′a

q̃(a|w′) if w � w′a for some a ∈ A

Since pT ,q is irreducible and aperiodic, p
T̃ ,q̃

will also be irreducible and aperiodic and thus,

has a unique stationary distribution µ̃. Hence, there exists a unique solution for

µ̃(w) =
∑
w′∈T̃

µ̃(w′)Q̃(w|w′) ∀w ∈ T̃ . (5.4)

We will consider a candidate solution of the form

µ̃(w) =
∑
v∈Tw

µ(v)

for every w ∈ T̃ and show that this candidate will satisfy (5.4). Then, the claim will follow
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by uniqueness of the solution. To show this, note that for ∀w ∈ T̃

∑
w′∈T̃
w�w′a

µ̃(w′)q̃(a|w′) =
∑
w′∈T̃
w�w′a

∑
v∈Tw′

µ(v)

 ∑v∈T
w′
µ(v)q(a|v)∑

v′∈T
w′
µ(v′)

=
∑
w′∈T̃
w�w′a

∑
v∈T

w′

µ(v)q(a|v)

=
∑
w′∈T̃
w�w′a

∑
v∈T

w′

µ(va)

d
=
∑
s∈Tw

µ(s)

= µ̃(w)

where (d) follows by observing that

w �
{
va : ∃w′ ∈ T̃ , a ∈ A s.t. w � w′a and v ∈ T

w′

}
,

and then using properties of the stationary distribution of pT ,q . Note that the second state-

ment of Lemma automatically follows from the uniqueness of stationary distributions. 2

In a similar manner as Definition 5, given any input output process for a channel we can

define an aggregated channel with tree T̃ and parameter set Θ̃T̃ . For all w ∈ T̃ , let

Θ̃w = {θ̃w(·|a) : a ∈ A} in which for fixed a ∈ A, θ̃w(·|a) is given by

θ̃w(b|a) =

∑
v∈Tw µ(v)θv(b|a)∑

v′∈Tw µ(v′)
, ∀b ∈ A

Theorem 7. Consider a channel with tree T and parameter set ΘT . If T̃ aggregates T ,

then R
T̃
≤ RT .
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Proof Note that for all w ∈ T̃ , Tw = {s ∈ T : w � s}. Since T̃ � T , we have

RT̃ =
∑
w∈T̃

µ̃(w)Rw(Θ̃w)

a

≤
∑
w∈T̃

µ̃(w)
∑
v∈Tw

[
µ(v)∑

v′∈Tw µ(v′)
Rv(Θv)

]
b
=
∑
w∈T̃

∑
v∈Tw

µ(v)Rv(Θv)

=
∑
s∈T

µ(s)Rs(Θs)

= RT

where the inequality in (a) holds by Lemma 5 and the fact that ∀a, b ∈ A

θ̃w(b|a) =

∑
v∈Tw µ(v)θv(b|a)∑

v′∈Tw µ(v′)
.

The equality in (b) hods since µ̃(w) =
∑

v′∈Tw µ(v′). 2

Remark In this Chapter, we are particularly concerned with the slow mixing regime.

As our results will show, in general it is not possible to obtain a simple lower bound on

the information rate using the data and taking recourse to the Theorem above. Instead, we

introduce the partial information rate that can be reliably obtained from the data

Rp

G̃
=
∑
s∈G̃

µ(s)

µ(G̃)
Rs(Θ̃s),

where G̃ ⊆ T̃ will be a set of good states that we show how to identify. The partial informa-

tion rate is not necessarily a lower bound, but in slow mixing cases it is sometimes the best

heuristic possible. 2

Notwithstanding the previous remark, we will focus on estimating the aggregated parameters

ΘT , where T̃ = Akn has depth kn where kn grows logarithmically as αn log n for some
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Figure 5.3: (a) Markov in Example 8, (b) Same process when ε = 0.

αn = O(1). Now pT̃ ,q̃ is unknown and we do not have access to samples from it. And

there is, of course, no guarantee that the counts of short strings are any more reliable in a

long-memory, slow mixing process.

Example 8. Let T = {11, 01, 10, 00} with q(1|11) = ε, q(1|01) = 1
2
, q(1|10) = 1 − ε,

q(1|00) = ε. If ε > 0, then pT ,q is a stationary ergodic binary Markov process. Let µ denote

the stationary distribution of this process, respectively. A simple computation shows that

µ(11) = 1
7−6ε

, µ(01) = 2−2ε
7−6ε

, µ(10) = 2−2ε
7−6ε

and µ(00) = 2−2ε
7−6ε

, and µ(1) = 1
7−6ε

+ 2−2ε
7−6ε

= 3−2ε
7−6ε

and µ(0) = 2−2ε
7−6ε

+ 2−2ε
7−6ε

= 4−4ε
7−6ε

.

Suppose we have a length n sample. If ε � 1
n
, then µ(1) ≈ 3

7
and µ(0) ≈ 4

7
respectively. If

the initial state belongs to {11, 01, 10}, the state 00 will not be visited with high probability

in n samples, and it can be seen that the counts of 1 or 0 will not be near the stationary

probabilities µ(1) or µ(0). For this sample size, the process effectively acts like the irreducible,

aperiodic Markov chain in Fig. 5.3. (b) which can be shown to be fast mixing. Therefore,

the stationary probabilities of the chain in Fig. 5.3. (b), µ(01)
µ(1)+µ(01)

, µ(10)
µ(1)+µ(01)

and µ(11)
µ(1)+µ(01)

converge quicker than µ(1) or µ(0). 2
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6
Estimation On Channels with Output Memory

6.1 dependencies dying down

As noted before in Example 5, if the dependencies could be arbitrary in a channel model, we

will not estimate the model accurately no matter how large the sample is. Keeping in mind

Observation 2, we formalize dependencies dying down by means of a function f : Z+ → R+

with
∑∞

i=1 f(i) <∞ and assuming that for all w ∈ A∗ and all c, c′ ∈ A

| θcw(b|a)

θc′w(b|a)
− 1| ≤ f(|w|) (6.1)
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where a, b ∈ A and θcw(b|a) = P (Y1 = b|cT (Y 0
−∞) = cw, X1 = a). Note that the tree is finite

iff there exist a finite D such that f(i) = 0 for all i > D.

As mentioned in the last section, we will focus on set of the aggregated parameters at depth

kn, ΘAkn where kn = αn log n. If kn is large enough, these aggregated parameters start to

reflect the underlying parameters ΘT . Indeed, by using an elementary argument we will show

that both the underlying and aggregated parameters will then be close to the empirically

observed values for states that occur frequently enough.

Throughout this Section, we assume that we start with some past Y 0
−∞, and we see n samples

(Xn
1 , Y

n
1 ) from the channel. All confidence probabilities are conditional probabilities on Y n

1

given Xn
1 and Y 0

−∞, but we do not write Y 0
−∞ out explicitly to avoid cluttering notation. The

results hold for all Y 0
−∞ (not just with probability 1).

Lemma 8. Let {f(i)}∞i=1 be a sequence of real numbers such that there exists some n0 ∈ N

for which, 0 ≤ f(i) ≤ 1 for all i ≥ n0. Then, ∀j ≥ n0, we have

1−
∑
i≥j

f(i) ≤
∏
i≥j

(1− f(i)) ≤ 1∏
i≥j(1 + f(i))

Proof Wolog, let f(i) be decreasing, and consider a distribution q over N such that

∑
j≥i

q(j) = f(i).

Let Ei be a sequence of events denoting whether numbers drawn independently as per q is

≥ i. Thus Ei are independent with P(Ei) = f(i). Then, ∀j ∈ N such that j ≥ n0, we have

1−
∏
i≥j

(1− f(i)) = P(
⋃
i≥j

Ei) ≤
∑
i≥j

P(Ei) =
∑
i≥j

f(i).

Hence,

1−
∑
i≥j

f(i) ≤
∏
i≥j

(1− f(i)).
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Since by assumption 0 ≤ f(i) ≤ 1 for all i ≥ n0, the second inequality can easily be derived

by the fact that ∏
i≥j

(1− f 2(i)) ≤ 1. 2

Lemma 9. Let T be a model associated with the channel and satisfying condition (6.1).

Suppose T̃ � T with d(T̃ ) = kn. If
∑

i≥kn f(i) ≤ 1, then for all w ∈ T̃ and a, b ∈ A

(1− νkn) max
s∈Tw

θs(b|a) ≤ θ̃w(b|a) ≤ mins∈Tw θs(b|a)

(1− νkn)

Proof Let w ∈ T̃ and fix a, b ∈ A. Note that for i = kn, by assumption we have for all

c, c′ ∈ A ∣∣∣∣ θcw(b|a)

θc′w(b|a)
− 1

∣∣∣∣ ≤ f(kn). (6.2)

From Lemma 6, θ̃w(b|a) is a weighted average of θcw(b|a), c ∈ A. Hence,

min
d∈A

θdw(b|a) ≤ θ̃w(b|a) ≤ max
d′∈A

θd′w(b|a). (6.3)

From (6.2) and (6.3), ∀c ∈ A

θ̃w(b|a)
(
1− f(kn)

)
≤ θcw(b|a) ≤

(
1 + f(kn)

)
θ̃w(b|a).

Proceeding inductively, for all s ∈ Tw we have

( ∏
i≥kn

(
1− f(i)

))
θ̃w(b|a) ≤ θs(b|a) ≤

( ∏
i≥kn

(
1 + f(i)

))
θ̃w(b|a).

The lemma follows. 2
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6.2 Estimation of State Transition Probabilities

Definition 6. For all sequences (Xn
1 , Y

n
1 ) obtained from the channel model pT ,q , let T̂ =

Akn with kn = αn log n for some function αn = O(1). For s ∈ T̂ , let Ya
s be the sequence of

output symbols that follows the output string s, and correspond to the input x = a. Hence,

the length of Ya
s is

Nn(s, a) =
n∑
k=1

1{cT̃ (Y k−1
−∞ ) = s, Xk = a},

the number of occurrences of symbol b in Ya
s is ns(b, a), where

ns(b, a) =
n∑
k=1

1{cT̃ (Y k−1
−∞ ) = s, Yk = b,Xk = a}.

We define the naive estimate of θ̃s(b|a) as

θ̂s(b|a) =
ns(b, a)

Nn(s, a)

Furthermore, let Nn(s) =
∑

a∈ANn(s, a). 2

Remark Note that Ya
s is i.i.d only if s ∈ T , the set of states for the true model. In

general, since we do not necessarily know if any of ns(b, a) are close to their stationary fre-

quencies, there is no obvious reason why θ̂s(b|a) shall reflect θ̃s(b|a). 2

Let νj =
∑

i≥j f(i). Note that νj → 0 as j →∞ and that −νj log νj → 0 as νj → 0.

Definition 7. Given a sample sequence with size n obtained from the channel model pT ,q ,

we define the set of good states, denoted by G̃, as

G̃ =
{
w ∈ T̃ : ∀a ∈ A, Nn(w, a) ≥ max {nνkn log

1

νkn
, |A|kn+1 log2 n}

}
.

Remark Note that a state is good if the count of the state is ≥ nαn log2 n = 2kn log2 n.

Therefore, if 2kn log2 n ≥ n, or equivalently kn ≥ log n−2 log log n, no state will be good and
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the Theorem below becomes vacuously true. This is not a fundamental weakness in this line

of argument—it is known that kn has to scale logarithmically with n for proper estimation

to hold. 2

Remark Observe also that because we do not assume the source has mixed, the theorem

below does not imply that the parameters are accurate for contexts shorter than kn. This

is perhaps counterintuitive at first glance, but the below result holds not because of mixing,

but because of the fall-off of dependencies. 2

Theorem 10. Let kn = αn log n. With probability (conditioned on Y 0
−∞) ≥ 1− 1

2|A|kn+1 logn
,

for all a ∈ A, Y 0
−∞ and s ∈ G̃ simultaneously

||θ̃s(·|a)− θ̂s(·|a)||1 ≤ 2

√
ln 2

log n
+

ln 2

log 1
νkn

Proof As before, let νkn =
∑

i≥kn f(i) and let n be large enough that νkn ≤ 1
2
. Note that

Lemma 9 implies that for all sequences (xn1 , y
n
1 ) ∈ An ×An (all steps hold for all Y 0

−∞)

pT ,q(y
n
1 |xn1 , Y 0

−∞) ≤ 1

(1− νkn)n

∏
s∈T̃

∏
a,b∈A

θ̃s(b|a)ns(b,a)

≤ 4nνkn
∏
s∈T̃

∏
a,b∈A

θ̃s(b|a)ns(b,a)

where θ̃s(b|a), ns(b, a) are defined in Definition 6 and the second inequality is because

( 1
1−t)

n ≤ 4nt whenever 0 ≤ t ≤ 1
2
. Now, let Bn be the set of all sequences that satisfy

4nνkn
∏
s∈T̃

∏
a,b∈A

θ̃s(b|a)ns(b,a) ≤
∏

s∈T̃
∏

a,b∈A θ̂s(b|a)ns(b,a)

22·|A|kn+1 logn
.

Now using a construction similar to the context tree weighting algorithm [74], we obtain a
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distribution pc satisfying

pc(y
n
1 |xn1 , Y 0

−∞) ≥
∏

s∈T̃
∏

a,b∈A θ̂s(b|a)ns(b,a)

2|A|kn+1 logn
.

Hence, for all sequences in Bn, we have

pc(y
n
1 |xn1 , Y 0

−∞) ≥
∏

s∈T̃
∏

a,b∈A θ̂s(b|a)ns(b,a)

2|A|kn+1 logn

≥
4(nνkn+|A|kn+1 logn)

∏
s∈T̃
∏

a,b∈A θ̃s(b|a)ns(b,a)

2|A|kn+1 logn

≥ pT ,q(y
n
1 |xn1 , Y 0

−∞)2|A|
kn+1 logn.

Thus, Bn is the set of sequences yn1 such that pc assigns a much higher probability than pT ,q .

Such a set Bn can not have high probability under pT ,q .

pT ,q(Bn) = pT ,q

{
yn1 : pc(y

n
1 |xn1 , Y 0

−∞) ≥ pT ,q(y
n
1 |xn1 , Y 0

−∞)2|A|
kn+1 logn

}
≤
∑
yn1 ∈Bn

pc(y
n
1 |xn1 , Y 0

−∞)2−|A|
kn+1 logn ≤ 2−|A|

kn+1 logn.

Therefore, with probability ≥ 1− 2−|A|
kn+1 logn, we have

∏
s∈T̃

∏
a,b∈A

θ̃s(b|a)ns(b,a) ≥
∏

s∈T̃
∏

a,b∈A θ̂s(b|a)ns(b,a)

4(|A|kn+1 logn+nνkn )

which implies simultaneously for all s ∈ T̃ and for all a ∈ A

∏
b∈A

θ̃s(b|a)ns(b,a) ≥
∏

b∈A θ̂s(b|a)ns(b,a)

4(|A|kn+1 logn+nνkn )
.

The above equation implies that θ̃s(·|a) and θ̂s(·|a) are close distributions, since we can
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rearrange (take logarithm and divide both sides by Nn(s, a)) to obtain

∑
b∈A

ns(b, a)

Nn(s, a)
log

θ̂s(b|a)

θ̃s(b|a)
= D

(
θ̂s(·|a)‖θ̃s(·|a)

)
≤ 2(|A|kn+1 log n+ nνkn)

Nn(s, a)
,

where the first equality follows by writing out the value of the naive estimate, θ̂s(b|a) =

ns(b, a)/Nn(s, a). Since (see for example [80])

1

2 ln 2
||θ̂s(·|a)− θ̃s(·|a)||21 ≤ D

(
θ̂s(·|a)‖θ̃s(·|a)

)
,

for all s ∈ T̃ and a ∈ A, we now have with confidence bigger than 1− 2−|A|
kn+1 logn that

||θ̃s(·|a)− θ̂s(·|a)||1 ≤

√
(ln 2)(|A|kn+1 log n+ nνkn)

Nn(s, a)
.

The Theorem follows from our Definition 7 of good states. 2

When the dependencies among strings die down exponentially, we can strengthen Theorem

10 to get convergence rate polynomial in n.

Theorem 11. Suppose f(i) = γi for some 0 < γ < 1. Let ζ be a nonnegative constant

such that ζ ≥ − log γ
logA−log γ

. For kn = logn
logA−log γ

and define

G̃ , {w ∈ T̃ : ∀a ∈ A, Nn(w, a) ≥ n
ζ+

logA
logA−log γ }.

Then, for all s ∈ G̃ with probability greater than 1− 2−|A|
kn+1

logn simultaneously

||θ̃s(·|a)− θ̂s(·|a)||1 ≤ 2

√
ln 2 ·

(
(1− γ)|A| log n+ 1

)
(1− γ)nζ

. 2

Proof The proof is similar to Theorem 10, but involves more careful but elementary algebra

specific to the exponential decay case.

Remark According to definition of good states in Theorem 11 and the fact that d(T̃ ) =
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kn, we obtain

|G̃| ≤ n−
log γ

log |A|−log γ , |T̃ | = n
log |A|

log |A|−log γ

implying that if γ ≤ 1/|A|, all states of T̃ can potentially be good. 2

6.3 Estimation of State Stationary Probabilities

Note that the parameters θ̃ associated with any good state can be well estimated from the

sample while the rest may not be accurate. From Example 6, we know that the stationary

probabilities may be a very sensitive function of the parameters associated with states. It

is therefore perfectly possible that we estimate the parameters at all states reasonably well,

but are unable to gauge what the stationary probabilities of any state may be. How do we

tell, therefore, if we can trust our naive counts of states?

To find deviation bounds for stationary distribution of good states, we construct a new

process {Zm}∞m=1, Zm ∈ T from the process {Yn}∞n=1. If Ynm is the (m + 1)th symbol in

the sequence {Yn}∞n=1 such that cT̃ (Y nm
−∞) ∈ G̃, then Zm = cT (Y nm

−∞). The strong Markov

property allows us to characterize {Zm}∞m=1 as a Markov process with transitions that are

lower bounded by those transitions of the process {Yn}∞n=1 that can be well estimated by

the Theorems above. More specifically, let T0 = min {j ≥ 0 : cT̃ (Y j
−∞) ∈ G̃} and let Z0 =

cT (Y T0
−∞). For all m ≥ 1, Tm is the (m + 1)′th occurrence of a good state in the sequence

{Yn}∞n=1, namely

Tm = min {j ≥ Tm−1 : cT̃ (Y j
−∞) ∈ G̃},

and Zm = cT (Y Tm
−∞). Note that Tm is a stopping time [78], and therefore {Zm}∞m=1 is a

Markov chain by itself. Let B̃ = {s ∈ T̃ : s /∈ G̃}. The transitions between states

s, s′ ∈ G̃ are then the minimal, non-negative solution of the following set of equations in
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{Q(s|s′′) : s′′ ∈ Akn , s ∈ G̃}

Q(s|s′) = pT ,q
(
cT̃ (Y 1

−∞) = s|cT̃ (Y 0
−∞) = s′

)
+
∑
s′′∈B̃

pT ,q
(
cT̃ (Y 1

−∞) = s′′|cT̃ (Y 0
−∞) = s′

)
Q(s|s′′)

An important point to note here is that if s and s′ are good states,

Q(s|s′) ≥ pT ,q
(
cT̃ (Y 1

−∞) = s|cT̃ (Y 0
−∞) = s′

)
,

and the lower bound above can be well estimated from the sample as shown in Theorem 10.

Property 1. A few properties about {Zm} are in order. {Zm} is constructed from an

irreducible process {Yn}, thus {Zm} is irreducible as well. Since {Yn} is positive recurrent,

so is {Zm}. But despite {Yn} being aperiodic, {Zn} could be periodic as in the Example

below. But periodicity of {Zm} can be determined by G̃ alone (because T , while unknown,

is a full, finite A-ary tree). 2

Example 9. Let {Yn} be a process generated by context tree model pT ,q with T =

{11, 01, 10, 00} and q(1|11) = 1
2
, q(1|01) = ε, q(1|10) = 1− ε, q(1|00) = 1

2
. If ε > 0, then pT ,q

represents a stationary aperiodic Markov process. If {Zn} be the restriction of process {Yn}

to G̃ = {01, 10}, the restricted process will be periodic with period 2. 2

Property 2. Suppose {Zm} is aperiodic. Let µY and µZ denote the stationary distribution

of the processes {Yn} and {Zm}, respectively, withn samples of a sequence {Yn} yielding mn

samples of {Zm}. Similarly, let µZ(s)denote the stationary probability of the event s � Z.

Then for all s, s′ ∈ G̃ with µY (s′) 6= 0,

µY (s)

µY (s′)

wp1
=

limn→∞
∑n

i=1

1(cT̃ (Y i−∞)=s)

n

limn→∞
∑n

i=1

1(cT̃ (Y i−∞)=s′)

n

=
limmn→∞

∑m
i=1

1(s�Zi)
m

limmn→∞
∑m

i=1
1(s′�Zi)

m

wp1
=

µZ(s)

µZ(s′)
. 2

For any (good) state s, let Gs ⊂ A be the set of letters that take s to another good state,

Gs = {b ∈ A : cT̃ (sb) ∈ G̃}. (6.4)
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Our confidence in the empirical counts of good states matching their (aggregated) stationary

probabilities follows from a coupling argument, and depends on the following parameter

η
G̃

= min
u,v∈G̃

∑
b∈Gu∩Gv

min {q̃u(b), q̃v(b)}. (6.5)

where in a slight abuse of notation,

q̃u(b)
def
=
∑
a∈A

q̃u(a, b)

Note that for any state s ∈ T of the original process pT ,q , if u � s

q̃u(b) =
∑
a∈A

paθ̃u(b|a) ≥
∑
a∈A

paθs(b|a)(1− ν|u|) = qs(b)(1− ν|u|)

Again, Theorems 10 and 11 allow us to estimate η
G̃

from the sample since it only depends

on parameters associated with good states. The counts of various w ∈ G̃ now concentrates

as shown in the Theorem below, and how good the concentration is can be estimated as a

function of η
G̃

(and νkn) and the total count of all states in G̃ as below. Now G̃ as well as η
G̃

are well estimated from the sample—thus we can look at the data to interpret the empirical

counts of various substrings of the data. Let Φj =
∑

i≥j νi. For the following theorem, we

require νi to be summable. Thus, Φj is finite for all j and decreases to 0 as j increases. If

f(i) ∼ γi, then Φj also diminishes as γj. But f(i) ∼ 1
ir

diminishes polynomially, then Φj

diminishes as 1/jr−2. If f(i) = 1/i2+η for any η > 0, we therefore satisfy the summability of

νi. However, f(i) can also diminish as 1/(i2 poly (log i)) for appropriate polynomials of log i

for the counts of good states to converge.

Theorem 12. If {Zm}∞m=1 is aperiodic, then for any t > 0, Y 0
−∞ and w ∈ G̃ we have

pT ,q(|Nn(w)− ñµ(w)

µ(G̃)
| ≥ t|Y 0

−∞) ≤ 2 exp

− t2
2ñ

(
ηkn
G̃

(1− Φkn)

4`n + ηkn
G̃

(1− Φkn)

)2


where `n is the smallest integer such that Φ`n ≤ 1
n
, ñ is the total count of good states in the
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sample and µ is the stationary distribution of pT ,q .

Proof We define

Vi = E[Nn(w)|Z0Z1, . . . ,Zi],

and observe that {Vi}ñi=1 is a Doob Martingale. Note that V0 = E[Nn(w)|Z0] and Vñ =

Nn(w).

Remark To summarize, we first bound the differences |Vi+1−Vi| of the martingale using

a coupling argument on two copies of the chain {Zn}. Since the memory of the process pT ,q

could be large, in our proof the coupled chains never actually coalesce in the usual sense but

enough that the chance they diverge again within n samples is less than 1/n. This is where

the parameter `n comes in as well. Once we bound the differences in the martingale {Vi}ñi=1,

the theorem follows as an easy application of Azuma’s inequality. 2

Now since for all i ≥ 0

|Vi − Vi−1| = |E[Nn(w)|Z0, . . . ,Zi]− E[Nn(w)|Z0, . . . ,Zi−1]|

≤ max
Z
′
i ,Z
′′
i

∣∣∣E[Nn(w)|Z0, . . . ,Z
′

i ]− E[Nn(w)|Z0, . . . ,Z
′′

i ]
∣∣∣ ,

we bound the maximum change in Nn(w) if the i′th good state was changed into another

(good) state. To do so, we use a coupling argument as follows. Let G̃ be the set of good

states from Definition 7, and suppose good states occur ñ times in the sequence. Suppose

there are sequences {Z ′i} (starting from state Z
′′
i ) and {Z ′′i } (starting from state Z

′
i), both

faithful copies of {Zi} yet coupled with a joint distribution ω to be described below. From

the coupling argument of Section 5.3.2, we have for w ∈ G̃ (hence |w| = kn) for all ω

|E[Nn(w)|Z0, . . . ,Z
′

i ]− E[Nn(w)|Z0, . . . ,Z
′′

i ]| ≤
ñ∑

j=i+1

ω(Z
′

j

kn
6≈Z ′′j ), (6.6)

where Z
′
j

kn≈Z ′′j if cAkn (Z
′
j) = cAkn (Z

′′
j ).
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Description of Coupling Suppose we have {Z ′i}
j

i=1 and {Z ′′i }
j

i=1. To obtain Z
′
j+1 and

Z
′′
j+1, starting from states Z

′
j and Z

′′
j we run copies {Y ′ji}i≥1

and {Y ′′ji}i≥1
of coupled chains

individually faithful to pT ,q . Then Z
′
j is the state corresponding to the first time {Zj, Y

′
ji}i≥1

hits a context in G̃. Similarly for Z
′′
j . Specifically, the chains {Y ′ji}i≥1

and {Y ′′ji}i≥1
are coupled

as follows. We generate a number Uj1 uniformly distributed ∈ [0, 1]. Given (Z
′
j and Z

′′
j ) with

suffixes u and v respectively in G̃, we let Gu ∈ A (and Gv similarly) be the set of symbols

in A defined as in (6.4). We split the interval from 0 to 1 as follows: for all a ∈ A, we assign

intervals r(a) of length min {qu(a), qv(a)}, in the following order: we first stack the above

intervals corresponding to a ∈ Gu ∩ Gv (in any order) starting from 0, and then we put in

the intervals corresponding to all other symbols. Now let,

(Y
′

j1, Y
′′

j1) = (a, a) if Uj1 ∈ r(a).

Let

C(A) =
∑
b∈A

r(b) =
∑
b∈A

min {qZ′j(b), qZ′′j (b)}. (6.7)

be the part of the interval is already filled up. Thus if Uj1 < C(A), equivalently with

probability C(A), the two chains output the same symbol. We use the rest of the interval

[C(A), 1] in any valid way to satisfy the fact that Y
′
j1 is distributed as pT ,q(·|Z

′
j) and Y

′′
j1 is

distributed as pT ,q(·|Z
′′
j ). For one standard approach, for all a assign

ru(a) = (qu(a)− qv(a))+ = max {qu(a)− qv(a), 0}

and similarly rv(a). Note that only one of ru(a) and rv(a) can be strictly positive and that

for all a, r(a) + ru(a) = qu(a) while r(a) + rv(a) = qv(a). Therefore,

∑
a∈A

ru(a) =
∑
a∈A

rv(a) = 1− C(A).

An example of such construction for binary alphabet is illustrated in Fig. 6.1. in which we

have assumed Gu ∩ Gv = {a1}. We will keep two copies of the interval [C(A), 1], and if
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Figure 6.1: (a) The conditional probabilities with which Y
′
j1 and Y

′′
j1 have to be chosen

respectively are qu(·) and qv(·). The line on the left determines the choice of Y
′
j1 and the

one on the right the choice of Y
′′
j1. For example, if Uj1 is chosen uniformly in [0,1], the

probability of choosing Y
′
j1 = a1 is qu(a1). Instead of choosing Y

′
j1 and Y

′′
j1 independently, we

will reorganize the intervals in the lines so as to encourage Y
′
j1 = Y

′′
j1. (b) Reorganizing the

interval [0, 1] according to the described construction. Here r(a1) = min {qu(a1), qv(a1)} and
similarly for r(a2). If Uj1 falls in the interval corrsponding to r(a1), then (Y

′
j1, Y

′′
j1) = (a1, a1).

If Uj1 > C(A) in this example, then (Y
′
j1, Y

′′
j1) = (a1, a2). When Uj1 is chosen uniformly in

[0,1], the probability Y
′
j1 outputs any symbol is the same as in the picture on the left, similarly

for Y
′
j2.

Uj1 > C(A) we output (Y
′
j1, Y

′′
j1) based on where Uj1 falls in both copies. We will stack the

first copy of [C(A), 1] with intervals of length ru(a) for all a and the second copy of [C(A), 1]

with intervals length rv(a) for all a. We say Uj1 ∈ (ru(a), rv(b)) if Uj1 ∈ ru(a) in the first

copy and Uj1 ∈ rv(b) in the second copy. Furthermore,

(Y
′

j1, Y
′′

j1) = (a, b) if Uj1 ∈ (ru(a), rv(b)).

1. If cT̃ (Z
′
jY
′
j1) ∈ G̃ and cT̃ (Z

′′
j Y

′′
j1) ∈ G̃, we have Z

′
j+1 and Z

′′
j+1.

2. If Y
′
j1 = Y

′′
j1 but only one of cT̃ (Z

′
jY
′
j1) ∈ G̃ and cT̃ (Z

′′
j Y

′′
j1) ∈ G̃, then we have one of

Z
′
j+1 and Z

′′
j+1. To get the other, we continue (according to transitions defined by pT ,q)

only its corresponding chain till we get a good state.
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3. If Y
′
j1 = Y

′′
j1, cT̃ (Z

′
jY
′
j1) /∈ G̃ and cT̃ (Z

′′
j Y

′′
j1) /∈ G̃, we need to continue both chains.

We generate Y
′
j2, Y

′′
j2 as we did for the first samples—by generating a new random

number Uj2 uniform in [0, 1], and by coupling as in (6.7) the distributions qZ′jY
′
j1

(·) and

qZ′′j Y
′′
j1

(·) respectively. And continue in this fashion so long as the samples in the two

chains remain equal but do not hit good contexts. This will be case that will be most

important for us later on.

4. If Y
′

jl 6= Y
′′

jl at any point and neither chain has seen a good state yet, we just run

the chains independently from that point on for how long it takes each to hit a good

aggregated state.

Analysis of coupling For any r, let Z
′
r ∼ Z

′′
r denote the following event that is a subset

of case (1) in the list above,

{
Y
′

r1 = Y
′′

r1 and cT̃ (Z
′

r−1Y
′

r1) ∈ G̃ and cT̃ (Z
′′

r−1Y
′′

r1) ∈ G̃
}
.

From (6.5) and using Lemma 9, we can easily show

ω(Z
′

r ∼ Z
′′

r |Z
′

r−1, Z
′′

r−1) ≥ η
G̃

(1− νkn), (6.8)

where the 1−νkn term comes because the parameter η
G̃

is defined on the aggregated parame-

ters, but Y
′
j and Y

′′
j evolve according to pT ,q . Furthermore, if Z

′
i ∼ Z

′′
i for the kn consecutive

samples j − kn + 1 ≤ i ≤ j, then we have Z
′
j

kn≈Z ′′j . To proceed, once Z
′
j

kn≈Z ′′j , we would

like them to coalesce tighter in every subsequent step, namely we want for all 1 ≤ l ≤ n,

Z
′

j+l

kn+l
≈ Z

′′

j+l. Starting from Z
′
j

kn≈Z ′′j , one way we can have Z
′
j+1

kn+1
≈ Z

′′
j+1 is if Z

′
j+1 ∼ Z

′′
j+1,

or if the chains {Y ′ji}i≥1
and {Y ′′ji}i≥1

evolve through a sequence of m > 1 steps before hitting

a context in G̃ on the m′th step with Y
′

jl = Y
′′

jl for each l ≤ m. This is the situation in case

3 of the list above, but in addition in each step l,

cAkn ({Zj, Y
′

ji}
l

i=1
) = cAkn ({Zj, Y

′

ji}
l

i=1
),
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since Z
′
j

kn≈Z ′′j . Therefore, both chains will hit a common good context in G̃ in m steps. But

in addition we will also have

Z
′

j+1

kn+m
≈ Z

′′

j+1.

Because of the way we have set up our coupling, the probability

ω(Y
′

j1 = Y
′′

j1|Z
′

j

kn≈Z ′′j ) =
∑
a∈A

min
{
qZ′j

(a), qZ′′j
(a)
}

≥
∑
a∈A

q̃cT̃ (Z
′
j)

(a)(1− νkn)

= 1− νkn ,

where q and q̃ are the model parameters associated with pT ,q and p
T̃ ,q̃

respectively. Similarly

ω
(
Y
′

j(l+1) = Y
′′

j(l+1)

∣∣∣Z ′j kn≈Z ′′j , {Y
′

ji}
l

i=1
= {Y ′′ji}

l

i=1

)
≥ 1− νkn+l.

Therefore (no matter what m is),

ω(Z
′

j

kn+1
≈ Z

′′

j |Z
′

j−1

kn≈Z ′′j−1) ≥
∞∏
l=kn

(1− νl) ≥ 1− Φkn .

Note that we use a very similar argument to obtain for all l

ω(∃ `′ ≤ ` s.t. Z
′

j+`′
kn+`
≈ Z

′′

j+`′|Z
′

j

kn≈Z ′′j ) ≥
∞∏
l=kn

(1− νl) ≥ 1− Φkn .

because the above event, {∃ `′ ≤ ` s.t. Z
′

j+`′
kn+`
≈ Z

′′

j+`′} can happen by going through a se-

quence tighter and tighter coalesced transitions of pT ,q (no matter in how many steps we saw

contexts in G̃). And we can easily strengthen the above to say for all l,

ω(Z
′

j+`

kn+`
≈ Z

′′

j+`|Z
′

j

kn≈Z ′′j ) ≥ 1− Φkn (6.9)
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for the same reason. Indeed, we can further strengthen the above statement to note that

after we see Z
′
j

`
≈Z ′′j for any l, the chance of ever diverging is

ω(∃l > 0 s.t. Z
′

j+l

`

6≈Z ′′j+l|Z
′

j

`
≈Z ′′j ) ≤ Φ`. (6.10)

Bound on Martingale differences Let `n be as defined in the statement of this Theorem.

In an abuse of notation, we say the chains {Z ′i} and {Z ′′i } have merged if for any j, Z
′
j

`n≈Z ′′j ,

and let τ be the smallest number such that Z
′
τ

`n≈Z ′′τ . The probability τ > t`n can be upper

bounded by observing splitting the first t`n samples in blocks of length `n, and observing that

the probability the chains merge in any single block is, using (6.8) kn times and then (6.9)

≥ ηkn
G̃

(1− Φkn)(1− νkn)kn ≥ ηkn
G̃

(1− Φkn)/4. Thus,

ω(τ > t`n) ≤
(

1− ηkn
G̃

(1− Φkn)/4
)t
.

Furthermore, Eτ is less than the expected number of blocks before the chains merge in any

single block, thus,

Eτ ≤ 4`n
ηkn
G̃

(1− Φkn)
.

Furthermore, note that for all j ≥ i+ 1,

ω(Z
′

j

`n
6≈Z ′′j ) = ω(Z

′

j

`n
6≈Z ′′j and τ < j) + ω(Z

′

j

`n
6≈Z ′′j and τ > j)

(a)

≤ Φ`n + ω(Z
′

j

`n
6≈Z ′′j and τ > j) ≤ 1

n
+ ω(τ > j).

where inequality (a) above follows because Z
′
τ

`n≈Z ′′τ by definition and from (6.10). Finally

we upper bound (6.6)

ñ∑
j=i+1

ω(Z
′

j

kn
6≈Z ′′j ) ≤ ñ · 1

n
+

ñ∑
j=i+1

ω(τ > j) ≤ 1 + Eτ ≤ 1 +
4`n

ηkn
G̃

(1− Φkn)
.
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The final step of the proof comes by bounding the value of V0 = E[Nn(w)|Z0] by a coupling

argument very similar to the one above. Suppose {Z ′n} and {Z ′′n} are coupled copies of {Zn},

where {Z ′n} starts from state Z0, while {Z ′′n} starts from a state chosen randomly according

to the stationary distribution of {Zn}. The same analysis holds, and from Property 2∣∣∣∣V0 −
µ(w)

µ(G̃)

∣∣∣∣ ≤ 1 +
4`n

ηkn
G̃

(1− Φkn)

as well. (The theorem only has at most constant confidence if the upper bound above

≥ t/2
√
ñ.) The Theorem now follows by a direct application of Azuma’s inequality. 2

Remark Note that if the dependencies die down exponentially, namely f(i) = γi for

some 0 < γ < 1, then `n = dlog
(
n/(1− γ)2

)
/ log 1/γe. If the dependencies die down

polynomially, namely f(i) = 1/ir for some r > 2, then `n ≥ 2+
(

n
(r−1)(r−2)

) 1
r−2

. Furthermore,

for kn = O(log n), if η2kn
G̃
≤ 1/ñ, or `n ≥

√
n, the theorem becomes vacuous. 2
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A
Gaussian Approximation of Finite Random

Sum

Let {Xi} denote a sequence of i.i.d. random variables, and let Sn =
n∑
i=1

Xi. Set

S∗n =
Sn − nµ
σ
√
n

,

where µ = E[Xi] and σ2 = Var(Xi). Then, using central limit theorem

P{S∗n ≤ t} → Fz(t) as n→∞,
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where Fz(t) is the CDF of standard normal distribution.

Theorem 13 (Berry-Esseen Theorem [81]). Set ρ = E[|Xi − µ|3]. Then

δn = |P{S∗n ≤ t} − Fz(t)| ≤
ρ

2σ3
√
n
.

When {Xi} are uniform, the Berry-Essen bound is

δn =
0.65√
n
.

However, numerical simulation shows that δn should shrink quicker than O(1/
√
n). The

following bound shows that in uniform case, δn decreases as O(1/n).

Theorem 14 (Uspensky bound [82]). When Xi ∈ U [a, b], and consider

δn = sup
t∈R
|Fn(t)− Fz(t)|.

Then,

δn =
1

7.5πn
+

1

π

(
2

π

)n
+

12

π3n
exp(−π2n/24).
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B
Characteristic function GZ`|Yk−`(t)

Under the assumption that Yk−` = yk−` and Xk = xk are given, Z` is the product of two

Gaussian random variables, which can be rewritten as

Z` = Γ Ω = Γ
(k)
` (Yk−` − Ek−`) (B.1)
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where Γ ∼ N (γ`, g`) and Ω ∼ N (yk−` − µe, σ2
e). Then, the characteristic function for the

product of two normal random variables Γ Ω, denoted by GZ`|Yk−`(t), is computed as

GZ`|Yk−`(t) = E[eiΓ Ωt|Yk−` = yk−`]

= E
[
E
[
eiΓ Ωt|Ω, Yk−` = yk−`

]]
= E

[
eiγ`Ωt−

1
2
g`Ω

2t2|Yk−` = yk−`

]
=

1√
2πσ2

e

∫ ∞
−∞

e(iγ`ωt− 1
2
g`ω

2t2)e
−

(ω+µe−yk−`)
2

2σ2
e dω

=

exp

(
−t2
(

(yk−`−µe)2g`+γ
2
` σ

2
e

)
+2it (yk−`−µe)γ`

2
(

1+g`σ2
et

2
) )

√
1 + g`σ2

et
2

.
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[43] P. O. Vontobel, A. Kavčić, D. M. Arnold, and H.-A. Loeliger, “A generalization of

the Blahut-Arimoto algorithm to finite-state channels,” IEEE Trans. Inform. Theory,

vol. 54, no. 5, pp. 1887–1918, May 2008.

[44] G. D. Forney, Jr., “The Viterbi algorithm,” Proceedings of the IEEE, vol. 61, no. 3, pp.

268–278, Mar. 1973.

[45] L. R. Bahl, J. Cocke, F. Jelinek, and J. Raviv, “Optimal decoding of linear codes for

119



minimizing symbol error rate,” IEEE Trans. Inform. Theory, vol. IT-20, no. 2, pp.

284–287, Mar. 1974.

[46] X. Huang, A. Kavcic, X. Ma, G. Dong, and T. Zhang, “Optimization of achievable

information rates and number of levels in multilevel flash memories,” in ICN 2013 :

The Twelfth International Conference on Networks, Seville, Spain, Jan. 27-Feb. 1 2013,

pp. 125–131.

[47] M. Marrow, “Detection and modeling of 2-dimensional signals,” Ph.D. thesis, University

of California, San Diego, 2004.

[48] N. R. M. D. J. Daley, “Asymptotic behavior of the variance of renewal processes and

random walks,” Annals of Probability, vol. 6, no. 3, pp. 516–521, 1978.

[49] J. Chang, “Inequalities for the overshoot,” Annals of Applied Probability, vol. 4, no. 4,

pp. 1223–1233, 1994.

[50] M. Asadi, Z. Chen, and E. Haratsch, “Capacitance coupling parameter estimation in

flash memories,” Patent 14/155,687, 2014.

[51] R. J. Larsen and M. L. Marx, An introduction to mathematical statistics and

its applications; 5th ed. Boston, MA: Prentice Hall, 2012. [Online]. Available:

https://cds.cern.ch/record/1456977

[52] J. Bellorado, “Noise sources in nand flash memory,” Non-Volatile Memory Workshop,

March, 2013.

[53] Y. Cai, E. F. Haratsch, O. Mutlu, and K. Mai, “Threshold Voltage Distribution in MLC

NAND Flash Memory: Characterization, Analysis, and Modeling ,” in DATE, 2013.

[54] D. Park and J. Lee, “Coupling canceller maximum-likelihood (CCML) detection for

multi-level cell NAND flash memory,” IEEE Trans. Consumer Electron., vol. 57, no. 1,

pp. 160–163, Feb. 2011.

120

https://cds.cern.ch/record/1456977


[55] X. Wang, G. Dong, L. Pan, and R. Zhou, “Error correction codes and signal processing

in flash memory,” in Flash Memories, I. S. Stievano, Ed. InTech, 2011, pp. 57–82.
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