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Abstract

In this work, we focus on a subclass of channels with memory, called “channels with output
memory”, in which the state of the channel is solely characterized by the previous output
of the channel. This thesis contains two parts and covers modeling, signal processing and
estimation problems in channels with output memory. In the first part, we model the multi-
level per cell (MLC) flash channel, which has been widely used as the leading technology in
non-volatile solid state drive (SSD) devices during the past decade, as a channel with output
memory. We show that the state of an MLC flash channel at any given time depends only
on the outputs of the neighboring cells due to the existing capacitance coupling effect. Our
results on MLC flash channels mainly stem from the signal processing techniques in which we
provide an accurate model for MLC flash memory ; using this model we find a mathematically
tractable way to formulate the write process, and finally design the optimal detector for flash
memory. The results can be summarized in four different groups : i) Modeling the MLC flash
as a channel with output memory. ii) Obtaining a mathematical model to characterize the
iterative write process using the renewal theory framework. iii) Obtaining the optimal step
size in the iterative programming despite the trade-off between programming latency and

accuracy. iv) Designing optimal soft /hard detectors for MLC flash memories.

The second part of our work concentrates on parameter estimation for specific types of
channels with output memory, which we call “Markov channels”, in which the channel in-
put/output pairs form a Markov process. For this type of channel, we assume that there is no
feedback and the input is a known i.7.d process, and we consider that both the set of contexts
(channel states), and the transition probabilities (channel parameters) are unknown. We em-
phasize at the outset that we do not exclude slow mixing of the channel evolution. When
a process has slow mixing property, a large number of observations is needed to explore

the state space properly and the empirical properties of finite sized samples from Markov



processes not necessarily reflect stationary properties. We observe a length-n sample of the
input/output pair sequence generated by applying a known ¢.i.d input process and obtaining
its corresponding output from an unknown, stationary ergodic Markov channel over a finite
alphabet A. Using this sample, we want (i) a best approximation of the set of transition pro-
babilities (ii) the stationary probabilities of an output string, and (iii) estimate or at least
obtain heuristics of the information rate of the process. Two distinct problems that compli-
cate estimation in this setting are long memory ; and slow mixing. Note that any consistent
estimator can only converge pointwise over the class of all ergodic Markov models. But can
we look at a length-n sample and identify if an estimate is likely to be accurate ? Since the
memory is unknown a-priori, a natural approach is to estimate a potentially coarser model
with memory k, = O(logn). As n grows, estimates get refined and this approach is consistent
with the above scaling of k,, which is also known to be essentially optimal. However, the
situation is vastly different when we want the best answers possible with a length-n sample.
Combining the results of universal compression with the Aldous coupling arguments, we
obtain sufficient conditions on the length-n sample (even for slow mixing models) to identify
when naive (i) estimates of the model parameters are accurate; (ii) estimates related to the
stationary probabilities are accurate; we also bound the deviations of the naive estimates

from the true values.
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Introduction

1.1 Overview

Interest in achieving the best data rate in digital communication channels has highly moti-
vated researchers in information theory and communication communities to study channel
capacity and devise coding and signal processing techniques to get as close as possible to
the capacity limit. The initial step in any engineering project is to model the problem. In
general, there are two ways to model communication channels: In the first approach, the
channel is considered as a memory-less one in which the output probability distribution only

depends on the current channel input; The second approach is to assume that the channel



has memory, such that each current output symbol depends statistically on the correspond-
ing input and the current state of the channel. The state of channel is typically a function

of the previous input and output sequence.

Because the information theoretic analysis and the communication design methods for memory-
less channels have been widely studied since Claude Shannon made this concept mathemati-
cally precise in his seminal work [1], the communications designer and researcher will prefer,
if possible, to either use a physical transmission medium that can be closely modeled with
a memory-less channel or ignore the memory and model the channel as a memory-less one.
However, in some applications these models are simply not possible due to the inherent com-
plexity of the physical medium that is used to transmit the data. Note that channels with
memory have mainly been used to model storage mediums in the past. For example, the
partial response channel is widely used in magnetic and optical recording [2] as well as in
communications over band-limited channels with inter-symbol interference (ISI). However,
with the new advances in signal processing and information theory approaches to compute
the capacity for particular types of channels with memory during the past two decades, it is

likely to consider them in more communication practices in future.

One of the classes of channels with memory which has been extensively studied is the finite
state Markov channel (FSMC). In this class, the set of states is assumed to be finite and the
underlying state process is considered to be a Markov process. While FSMC has attracted
most of the attention among information theory and communication communities during the
past decade, there are several channels in engineering practice that can not be classified as
FSMCs. We consider a subclass of channels with memory in which the state of the channel is
solely characterized by the previous output of the channel. We call this subclass, “channels
with output memory”. Let S, be the state at time k. Then, the state of this channel is a
sequence of previous outputs Sy_1 = Y,!“:Ll. Note that if the channel output alphabet Y, € )
be finite (|| < oco) and if the size of previous outputs, which affect the current state, be finite
(L < 00), then the channel with output memory becomes a finite state channel. However,

in some applications of this channel, ) is continuous, which makes the channel with output



memory not a FSMC. Another complication arises when the channel with output memory is
unknown and its statistical characteristics need to be estimated. This thesis mainly addresses
two existing complications of the channel with output memory: on case in which the state
space size is either continuous and the other case when the state alphabet is finite but the

channel model is unknown.

1.1.1 Multilevel per Cell (MLC) NAND Flash Channel

The MLC NAND flash Channel is the fastest growing type of technology that is widely
used in non-volatile storage devices. The NAND flash memory usage is growing because
of its low cost and high storage density which results from the continuous improvements
in scaling technology that shrinks the sizes of CMOS transistors and MLC technology that
stores more than 1 bit per cell. However, as the storage density in flash memories continues
to grow, various other factors such as energy consumption, intercell interference (ICI) and

program/erase (PE) endurance, continue to degrade the overall system performance.

In information theoretic point of view, a storage medium is typically modeled as a commu-
nication channel which contains a program(write) phase and a recovery(read) phase. During
the program phase of MLC NAND channel, an n-bit symbol is mapped to one of 2" non-
overlapping voltage partitions, and the voltage of a cell (i.e., a CMOS transistor) is adjusted
to fall within a corresponding partition. The stored data is recovered by comparing the

voltage of the cell with some predetermined read thresholds during the recovery phase.

Due to the parasitic capacitance coupling effects of the neighboring cells, the change in the
threshold voltage of one cell during programming (charging) affects the final voltages of all
the other cells (especially those cells which were already programmed) [3]. The existing
inter-cell interference (ICI) changes the output voltage of the channel, and makes the output
of one cell depend on the output of neighboring cells. Thus, we model this channel as a
channel with output memory. Note that the memory of an MLC flash channel depends on

the values of channel outputs Y. Since Y} is a continuous random variable ) = [0, 5]v, this



channel does not belong to the well-known class of FSMC.

1.1.2 Markov Channel

The second type of channel with output memory that we consider is one that the pair of
its input and output process is a Markov process. Because of this property, we call this
type of channel the “Markov channel”. In this type of channel, we assume that both the
input and output symbols are from a finite alphabet. The channel state depends on prior
outputs alone and there is no feedback. In addition, we assume that the underlying statistical
channel model is unknown. Depending on the application at hand, we consider a set P of all
possible channel models which are consistent with what is known about the application—
say all memory-less or Markov channel models. In this work, we consider how to estimate
the statistical property of this channel by considering a long sequence of inputs and their
corresponding outputs. In other words, we try to describe the data (sequence of channel

inputs and channel outputs) by estimating a proper channel model from P.

Note that it is often possible that we can still describe the data, without knowing the
underlying model other than that it belongs to P, using almost as succinct a description
as if we knew the underlying statistics. We are motivated by the backplane channel, which
we will describe shortly. We ask—given n inputs and their corresponding outputs, can we
estimate the transition probabilities from the input to output, as well as the stationary

probabilities of various states (or set of states)?

The particular application we are motivated by arises in high speed chip-to-chip communica-
tions; and is commonly called the backplane channel [4]. Here, residual reflections between
inter-chip connects form a significant source of interference. Because of parasitic capacitance,
the channel is highly non-linear as well, and consequently the residual signal that determines
the channel state is not a linear function of past inputs as in typical interference channels.
Therefore, we consider a channel model where the output is not necessarily a linear function

of the input; additionally, the channel encountered by any input symbol is determined by



the prior outputs. Such a model also yields to analytical transparency. Therefore, we begin

with estimation problems in channels whose states are determined by the output.

We emphasize at the outset that we do not exclude slow mixing of the channel evolution.
Instead, our philosophy will be: given n samples, what is the best answer we can give,
if anything? In this case, we have an estimation problem where any estimator can only
converge pointwise to the true values, rather than uniformly over the model class. One way
to get around this impasse is to add restrictions on the model space, as was done in most
prior work. However, very few such restrictions are justified in our application. Thus, we
take a different approach: can we look at some characteristics of our length-n sample and say
if any estimates are doing well? Based on these results, we are able to look at a data sample
and identify those states of the channel that are amenable to accurate estimation from the
sample. They also allow us to sometimes (depending on how the data looks) conclude that
certain naive estimators of stationary probabilities or channel transition probabilities happen

to be accurate, even if the channel evolution is slow mixing.

1.2 Literature Review

1.2.1 Prior Work on MLC Flash Channels
1.2.1.1 Write Process Modeling

A major restriction in MLC flash memories that distinguishes these memories from all other
storage channels is “monotonic programming” [5], in a MLC flash memory that distinguishes
it from all other storage channels. In this type of memory, the reduction of the stored voltage
in a cell is a very costly operation. In fact, it is not possible to individually reduce the voltage
of each cell. The reduction process is simultaneously done for a very large group of cells,
called a block, and the voltage of all the cells in a block return to an original state, called the

“erased state”. To deal with the monotonic programming restriction, an iterative strategy,



called incremental step pulse programming (ISPP), is used to concurrently program the
target data in a very long array of cells, known as a "word-line” [6], [7]. ISPP is an iterative
process and in each iteration, the voltage of the cell is increased by a small amount during an
incremental step. Also, in each iteration, a verification step is executed to check whether the
cell has reached the target voltage. Note that although it takes longer to program a single
cell using ISPP, the overall write delay is decreased due to the concurrent programming of
multiple cells, and the overcharge programming is also enormously reduced because of using
small increment steps. Despite the fact that a common programming voltage is applied to
all cells during ISPP, the amount of voltage increase in a given step is random due to the
injection hardness property of a cell [8]. The charge injection for each cell is intrinsically
different, resulting in varied voltage increments during programming of each cell in a word-

line.

Several studies have been made on modeling and analyzing the write process in the past.
In [9], [10], Jiang et al. primarily focused on obtaining the storage capacity and optimizing
the expected programming precision for a single cell. Note that the results obtained are
only valid if the individual programming of each cell was possible. If this approach is used
in ISPP, it makes the verification step very complicated and time consuming. Moreover,
the initial random voltage of erased state was not considered. In [8], ISPP programming
of flash memory was studied, and an algorithm was developed for parallel programming of
flash memory when the cell hardness information is available. In [11], a similar analysis was
made for the case that the increments are exponentially distributed. Although the results
are helpful in understanding the storage capacity of parallel programming, they disregards

the existing erase state randomness which makes them inapplicable in practice.

1.2.1.2 Signal Processing Techniques on MLC Flash

As discussed, the precise flash memory channel modeling and the knowledge of the exact

statistics of the model is required to attain higher information rates and derive proper cod-



ing schemes to achieve those performance limits. Existing literature, such as [12], [13], [14],
mainly focused on modeling the MLC flash channel as a memory-less one and derived so-
called soft (decision) information by using uniform and/or non-uniform channel output quan-
tization methods. In these works, the memory of the channel, which exists because of the ICI,
is disregarded. To compensate for ICI, two similar methods, one called post-compensation
in [15] and the other called coupling canceller in [16], were presented to subtract estimates
of ICT from the noisy observation of the channel output (i.e., the sensed voltage of each
cell). These two methods can be considered as (hard) detection schemes for the MLC flash
memory. To the best of our knowledge, there exists no open literature providing an exact

soft-output detector without channel output quantization in MLC NAND flash memories.

1.2.1.3 Coding Techniques for MLC Flash Memory

To guarantee the reliability, on-chip error correcting techniques are widely employed in MLC
NAND flash memory products [17]. However, as the market continues to demand higher den-
sities and more levels per cell, simple error-correcting codes (ECCs) (for example, BCH codes
with hard decoding) cease to be adequate. Hence, stronger ECCs with soft (decision) decod-
ing, for example, low-density-parity-check (LDPC) codes, are desired in the next-generation

flash memories.

Recently, some effort has been exerted on using write-one memory (WOM) code for MLC
flash memories. Because of monotonic restriction, flash memories impose similar constraints
in which the level of each cell can only increase, and can be decreased only if its entire block is
first erased. Thus, a WOM-code can be applied in flash memories to enable additional writes
without first having to erase the block. WOM codes in flash memories were investigated both
theoretically with respect to the number of block erasures, and practically by simulations;

see e.g. [8], [18].



1.2.2 Prior Work on Markov Channels
1.2.2.1 Estimation of Markov Processes

Estimation for Markov processes has been extensively studied and falls into three major
categories (i) consistency of estimators e.g., [19-22], (ii) guarantees on estimates that hold
eventually almost surely e.g., [23, 24], and (iii) guarantees that hold for all sample sizes but
which depend on the model parameters e.g., [25-28]. As mentioned earlier, performance of
any estimator can not be bounded uniformly over all Markov models, something reflected in
the line (iii) of research and in our work. The crucial distinction is that we can gauge from
the observed sample if our estimator is doing well, something that does not hold in (iii).

The list is not exhaustive, rather work closest to the approaches we take.

In [25, 26, 28|, exponential upper bounds on probability of incorrect estimation of (i) con-
ditional and stationary probabilities and (ii) the underlying context tree, are provided for
variants of Rissanen’s algorithm context and penalized maximum likelihood estimator. How-
ever, the introduced deviation bounds depend on the parameters (e.g., depth of the tree,
stationary probabilities) of underlying process which are unknown a-priori in practice. In
[27], the problem of estimating a stationary ergodic processes by finite memory Markov
processes based on an n-length sample of the process is addressed. A measure of distance
between the true process and its estimation is introduced and a convergence rate with respect
to that measure is provided. However, the deviation bound holds only when the infimum of

conditional probabilities of symbols given the pasts are bounded away from zero.

1.2.2.2 Information rates of channel with memory

During the past decade, new analytical bounds and simulation-based methods have been
introduced that now permit the calculation of symmetric information rate corresponding to
the maximum rate achievable with i.i.d. inputs as well as a sequence of lower bounds on

the channel capacity. The idea underlying these methods is to estimate the channel output



entropy by computing the joint probability of a long channel output realization and then

invoking the Shannon-McMillan-Breimann theorem. [29]

The computation of the capacity of channels with memory has long been an open problem.
The past efforts mainly focus on the class of finite state channels. To summarize, researchers
have considered (i) computing information rate, (ii) finding lower and upper bounds for
the information rates, and (iii) capacity achieving distributions. A comprehensive review is
available in [30-33]. In particular, for ISI channels with an average power constraint and
Gilbert-Elliot-type channels, the capacity is already known. In addition, the capacity for
output memory channels with an additive noise channel (independent of input) was computed
in [34]. Note that, in this line of work, the channel model and its properties was assumed to

be known.

1.3 Major Contributions

1.3.1 Results on MLC flash channels

Our results on MLC flash channels mainly belong to modeling and signal processing tech-
niques which can be summarized in four different groups: i) Modeling the MLC flash as a
channel with output memory; ii) Obtaining a mathematical model to characterize the iter-
ative write process using the renewal theory framework; iii) Obtaining the optimal step size
in ISPP despite the trade-off between programming latency and programming accuracy; iv)
Designing optimal soft/hard detectors for MLC flash memory. We first provide the MLC
flash channel models, including the one-dimensional (1D) model with causal output memory
and the two-dimensional (2D) anti-causal model of the MLC flash memory. The obtained
models provide the proper insight needed to guide the derivation of novel low-complexity
coding scheme and optimal detectors. To attain a precise model for MLC flash channels,
we first need to deal with the monotonic restriction in the write process. The monotonicity

in the write process, whereby the programmed voltage can not be decreased, is considered



to be a major restriction in MLC flash memory. To solve this issue, an iterative approach
known as incremental step pulse programming (ISPP) is used to concurrently program many
cells in small steps. We introduce a mathematical model for ISPP using the renewal theory
framework. A renewal process is a stochastic counting process that models the number of
steps required for a random sum to pass a specific threshold [35], [36]. We show that it is
possible to model ISPP in flash as a renewal process with a random starting point; We call
it “ISPP renewal process”. We show that the ISPP renewal process is a renewal process
whose starting point is random. To the best of our knowledge, this is the first attempt to
describe the relationship between ISPP in flash and renewal theory. We first derive the con-
nection between the ISPP renewal process in the finite threshold regime and the asymptotic
classical renewal process. Next, we obtain a close approximation for the probability mass
function (PMF) of the number of steps required in the ISPP renewal process, and a linear
approximation for its mean and variance. We also bound the maximal error between the
true distribution and our approximation which shows they are aligned in realistic scenarios.
Finally, we use the results from renewal theory to obtain the distribution of the cell voltages
after passing the threshold, called the “overshoot”, and then analyze the resulting ICI using

the obtained overshoot distribution.

After having determined the statistics of the write process, our next goal is to use these
statistics to describe/optimize trade-offs between speed and accuracy as well as device life-
time. Note that the ISPP renewal process is used in non-volatile memories such as MLC flash
and phase-change memory (PCM) to achieve high write speeds. However, the write process
is still considered to be the most latent when compared to the other components such as the
read process and the ECC. The literature has already acknowledged the high latency of write
process and the existing trade-off between write latency and write accuracy. In fact, the read
process is an order of magnitude faster than the write process in non-volatile memories [37].
The main reason for write process delay is the large number of iterations required in a typical
ISPP process. In [38], the authors propose a procedure, called “approximate storage”, in

which they intentionally reduce the number of iterations to provide a large efficiency gain in
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terms of latency and energy for the write process. Note that the reduction of ISPP iterations
causes a small storage error, called “quality loss”, which can be corrected using the on-chip
ECC module. Simulation results show that multi-level phase-change memory cells can be
programmed 1.7 times faster when a 10% quality loss is allowed [38]. Using the obtained
distribution for the number of steps required in ISPP, we study the relationship between the
number of steps allowed in ISPP process and the quality loss, and derive an inequality that
needs to be hold in order to guarantee a pre-specified allowed ISPP undershoot error. We
also conduct a study that optimizes the write latency provided that the information rate is
larger than a pre-specified rate. Finally, using the analytic and semi-analytic tools developed
here, we devise an adaptive approach to choose the step size required to improve the overall

lifetime of a flash device.

Next, motivated by [15], we focus on designing a detector for MLC flash memories that can
potentially improve the hard decision bit-error-rate. In addition, we would like to improve
the soft decision quality of the detector if possible. Furthermore, designing the optimal soft
and hard detectors provides a benchmark to which all other (sub-optimal) detectors would
be compared to. The optimal detector design also helps to derive a closed form expression
for the optimal decision making strategy in order to gain insight (such as sufficient statistics)
and understand the interplay between channel parameters. Finally, we can use the attained
insights in deriving a novel low-complexity suboptimal detector. Our simulation results show
that the hard-output bit error rate (BER) performance matches some previously known
detectors, but that the soft-output detector outperforms previously known detectors by 0.35
dB.

1.3.2 Results on unknown Markov Channels

In this part, given a realization of a Markov process, we consider a coarser model and provide
deviation bounds for sequences which have occurred frequently enough in the sample. In

contrast to prior literature, while we make an assumption justified by the physical model—

11



that dependencies die down in the Markov model class we consider—our bounds can be
calculated using only parameters which are well-approximated from data. In particular, we
do not assume neither a-prior knowledge on the depth of context tree of the process nor the
conditional probabilities given the pasts are bounded uniformly away from zero. Motivated
by the operation and estimation in backplane channels, we consider the following abstraction.
We have n i.i.d input symbols and their corresponding outputs, and the input/output pairs
evolve as a Markov process. There is no feedback and the input is a known i.i.d process. The
channel input/output pairs then form a Markov process p.. . where both the set of contexts
T, and the transition probabilities ¢(7) (or equivalently the channel parameters @) are
unknown. Using this sample, we want (i) to approximate as best as possible, the parameter
set © (ii) the stationary probabilities p(s) of observing an output string s € 7T, and (iii)

estimate or at least obtain heuristics of the information rate of the process.

Two distinct problems complicate estimation of ®+ and the stationary probabilities. First
is the issue that the memory may be too long to handle—in fact, if the source has long
enough memory it may not be possible, with n samples, to distinguish the source even
from a memory-less source. Secondly, even if the source has only one bit of memory, it
may be arbitrarily slow mixing. When a process has slow mixing property, a large number
of observations is needed before exploring the state space of the process properly and the
empirical properties of finite sized samples from Markov processes need not reflect stationary
properties. In other words, no matter what n is, there will be sources against which our

estimates perform very poorly.

A natural way to deal with 7 being unknown is to try estimating a potentially coarser
approximation with depth £, to the true model, for some known k,. With the benefit of
hindsight, we take k, = O(logn) which reflects the well known conditions for consistency
of estimation of Markov processes in [21]. The input/output pairs obtained by the coarser
channel model will be a stationary Markov process, and is called the aggregation model. The
aggregation matches all joint distributions of p, involving variables that are less than k,

apart from each other. We show that the information rate corresponding to the aggregation
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model is a lower bound on the information rate of the true channel input/output process
pr,- While it may not be possible to directly use this result, we develop of the notion of a
partial information rate, a useful heuristic when the source has not mixed. Moreover, the

obtained lower bound also motivates the estimation questions that form our main results.

Given our physical motivation, we assume that the influence of prior outputs dies down as
we look further into the past. We formalize this notion as “dependency die down” property.
With this assumption, we obtain a set of good states or good strings of channel outputs from
the sample, and combining results in universal compression with Aldous coupling arguments,
we obtain sufficient conditions on the length-n sample (even for slow mixing models) to
identify when naive (i) estimates of the model parameters and (ii) estimates related to the
stationary probabilities are accurate for the set of good states; and also bound the deviations

of the naive estimates from true values.

1.4 Thesis Outline

This dissertation consists of an introduction and five self-contained chapters. The chapters
cover two important applications of channels with output memory. In chapters 2, 3 and 4
we focus on modeling MLC Flash and find the appropriate mathematical framework needed
to accurately analyze iterative programming in the write process. Finally, we design the
hard /soft detectors for this channel model. Chapters 5 and 6 are devoted to the Markov
channel estimation problem. We introduce the Markov channels and provide the required
background information, and then we provide results in chapter 6 for estimating transition

probabilities and stationary probabilities for this type of channels.

To be more specific, Chapter 2 consist of two Sections; Section 2.1 elaborates on the major
processes that occur in which a symbol is stored in a flash cell, recovered from the same
cell, and removed. We call these processes the write process, read process and erase process,

respectively. The erase process is needed due to the existing monotonicity restriction in
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which the voltage of the cell cannot decrease during the write process. Next we briefly
mention the major degradation sources, and two important structures that are used in flash
based non-volatile memories to speed up the write and read processes. Then, we model the
MLC flash channel as a channel with output memory in Section 2.2. The memory is imposed

because of the ICI that changes the voltages of the neighboring cells during write process.

In Chapter 3, we first introduce the renewal theory in Section 3.2 and define a new process,
called ISPP renewal process, that models the ISPP process and derive the connection be-
tween the “ISPP renewal process” in the finite threshold regime and the asymptotic classical
renewal process. After having determined the statistics of the write process in section 3.3,
we then use these statistics to analyze the ICI effect in Section 3.4. Using the obtained
distribution for the number of steps required in ISPP, we study the relationship between the
number of allowed steps in ISPP and the quality loss, and in Section 3.5 derive an inequality
that needs to be hold in order to guarantee a pre-specified allowed ISPP undershoot error.
Finally, using the analytic and semi-analytic tools developed in this Chapter, we devise an
adaptive approach to design the step size required in order to improve the flash life-time,

and describe/optimize trade-offs between speed, accuracy and device lifetime in Section 3.6.

In Chapter 4, we first present a mathematically tractable Viterbi-like maximum a posteri-
ori (MAP) sequence detector for the 1D causal model with output memory in Section. 4.1.
Secondly, we showcase the exact statistics of the channel model necessary for implement-
ing the MAP detector by using the fast Fourier transform (FFT). Thirdly, we introduce a
simplified Gaussian approximation (GA) sequence detector which comes at the expense of
reduced performance; Both the MAP detector and the GA detector can be employed in a
2D anti-causal flash memory channel. In Section. 4.3, we extend the channel model and
detector design to more general scenarios including those with signal-dependent noise, input
intersymbol interference, and 2D Markov channel inputs. Finally, in Section. 4.4, we uti-
lize simulation results to show that the MAP detector outperforms the literature’s existing

detectors.
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In Chapter 5, we first formulate the statistical properties of a Markov channel in Section
5.2. In Section 5.3, we provide the mathematical concepts that is used in the proof of our
main result in next Chapter. In Section 5.4, we discuss two distinct difficulties encountered
in estimating Markov processes: the long memory Markov process and the Slow mixing
property of channels. Then, by introducing a coarser channel model that matches the input
and output sequence in Section 5.4.1, we prove that the information rate corresponding to
the coarser channel model is a lower bound on the information rate of the true Markov

channel.

Chapter 6 consists of three different sections. In Section 6.1, we formalize the notion of
dependency die down. Then, combining the results on universal compression and Aldous’
coupling arguments, we obtain sufficient conditions (even for slow mixing models) to identify
when naive (i) estimates of the channel parameters exist and we can obtain their deviation
bounds (Section 6.2) and (ii) estimates related to the stationary probabilities of the channel

states are accurate, and we can bound their deviations from their true values (Section 6.3).
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MLC Flash Channel Model

In section 2.1, We describe some basics about MLC NAND flash memories and explain the
major processes and structures available in using these type of memories. Then, in section
2.2 we provide a stochastic model that includes all the important features of a multilevel
NAND flash memory. We use a channel model that is mathematically almost identical to the
channel model in [12], but we do make certain small changes (as described below) to achieve
complete mathematical tractability of the model. These changes only marginally effect the

model and the detector performance.
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Figure 2.1: The stored voltage distribution of 2-bit MLC flash
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Figure 2.2: 2-bit NAND flash block organization and operation.

2.1 MLC NAND Flash Memory Basics

A NAND flash memory is comprised of arrays of floating gate transistors (cells). Each MLC
cell can store multiple bits (usually 2-4 bits). By injecting a specific writing charge on
the floating gate of a cell, the voltage of the cell is increased to one of the multiple valid
partitions, and the symbol is stored. Figure 2.1 shows the bit mapping to the stored voltage
of a 2-bit MLC flash.

In order to increase the speed of programming (writing) and recovering (reading) data in
flash memory chips, all of the memory cells are hierarchically organized in blocks and arrays
(called word-lines). FEach flash memory chip usually contains thousands of blocks, and each
block is composed of 32 to 128 word-lines. Each word-line contains 2K to 64K cells which
form a very long array. Figure 2.2 shows a 2-bit NAND flash block organization.

Note that the smallest unit that can be simultaneously accessed for programming (writing) or
reading is a page. Figure 2.3 illustrates the page definition for a 2-bit NAND flash memory in
the write/read process- namely the least significant bit (LSB) page and the most significant
bit (MSB) page.
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Figure 2.3: Page illustration in read and write process.
2.1.1 Fundamental Operations

MLC flash memories basically support three major processes which we briefly describe as

follows:

2.1.1.1 Erase Process

In this process, the charged voltages stored in the floating gates of all the cells in a block
are tunneled out through the Fowler-Nordheim mechanism [39]. After the erase process, the
voltages of all the cells in a block will fall into the erased state (e.g. state “00” in Figure 2.1).
The smallest unit that can be erased is a block. This limitation makes the cell programming
a one-way operation because it is not possible to erase a specific cell separately from other
cells in a block. It is necessary to erase a memory cell before being able to program it. The
distribution of the cell voltage in the erased state, denoted by Vj, tends to be Gaussian with

mean fio and variance of (Vo ~ N (o, 03))[40].

2.1.1.2 Write Process

In each write stage, a page is programmed by applying a high voltage to its corresponding
word-line. Due to the monotonic programming restriction, it is very important to accurately
program each page such that the voltages of all cells in the page fall in their intended voltage
ranges. Thus, the ISPP approach is used to program each page. This approach provides a

series of verification steps right after each short increment programing step [5].

ISPP is an iterative technique which executes a verification step after each incremental
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voltage-boost step for all the cells in the page. Figure 3.1 shows the voltage changes during
the ISPP steps of programming. Let w be the threshold voltage for programing a page. Those
cells with the target symbol B =1 (by convention) should pass the threshold voltage w. In
the i-th step of programming, the cell voltage Vi_; is increased by AV; for each cell whose
voltage has not reached the target value w. After the i-th programming pulse, the voltages of
all the cells are compared with the target threshold voltage w during the verification phase.
In any particular cell, the ISPP is stopped when V; of that cell is greater than the desired
threshold voltage w. The program pulse AV; is modeled as a random variable that tends to

be uniformly distributed [5].

2.1.1.3 Read Process

During the read process, the stored symbols of all cells in the same page are read concur-
rently. The read process is done by comparing the voltage of a cell with some predetermined
thresholds r € {7, 7, m,}, called “read thresholds”. Figure 2.4a shows reading the LSB
page in a 2-bit MLC flash memory and Figure 2.4b shows reading the MSB page. Note that
the write thresholds and read thresholds are not necessarily equal. In general, the optimal
read thresholds () must be obtained by using either a trellis-based Viterbi detector (Max-
imum Likelihood (ML) detection) or a trellis-based BCJR detector (Maximum a Posteriori
(MAP)). In practice, since the input sequence usually is considered to be i.i.d, optimal de-
tection can be executed on a symbol-by-symbol basis without implementing a trellis [40],

and simple thresholds suffice.

2.1.2 Degradation Sources

There are two major sources of performance degradation that affect the threshold voltage in

each memory cell during the write process:
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Figure 2.4: Thresholds for the read process relative to the conditional PMF's of each 2-bit symbol, (a) LSB
page, (b) MSB page.

2.1.2.1 Program/Erase (P/E) Cycling Effect

The P/E cycling distorts the final threshold voltage of a transistor due to the trapping and
detrapping ability of the interface at the transistor gate, which leads to higher fluctuation
of the final voltage of the cell. Note that P/E cycling has a higher effect on the voltages of
those cells whose target state is the erased state (state “00” in 2-bit case). Moreover, as the
flash gets older (i.e., the number of P/E processes in a flash increases), the variance of AV;

during ISPP gets larger.

2.1.2.2 Inter-Cell Interference (ICI)

Due to the parasitic capacitance coupling effects of the neighboring cells, the change in
the threshold voltage of one cell during programming (charging) affects the final voltages
of all the other cells (especially those cells that were already programmed) [3]. ICI is a
degradation source that grows with density. As cells are packed closer to each other, the
influence of threshold voltages from neighboring cells increases. Let (k, £) denote the location
of a memory cell; the cell is located at the k-th word-line and the ¢-th bit-line. We call the
set of aggressors, A ), the set of indices of those neighboring cells that are programmed
after the victim cell (k,£), and their voltage change affects the victim cell’s stored voltage.

For a cell in location (K',¢') € A, let cuw—re—e be the capacitance coupling coefficient.
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Then the ICI effect on (k,¢) due to programming (k’, ¢') is obtained as

C(k'—k,0'—0) * Av(k/’gl).

2.1.3 Programming Structure

NAND flash memories use either even/odd bit-line structure or all-bit-line structure.

2.1.3.1 Even/0Odd Bit-line

The first structure (called “even/odd bit-line structure”) to program (write) the data is to
separate all the cells into those at even bit-lines and those at odd bit-lines. During the
process of programming, the cells at even bit-lines along a word-line are written at the same
time instant, and then the cells at odd bit-lines along this word-line are written at the next
time instant. Each pair of even/odd bit-lines can share peripheral circuits such as sense

amplifier and buffer, leading to less silicon cost of peripheral circuits.

For the even/odd bit-line structure, cells in even bit-lines along a given word-line, referred to
as even cells, are programmed first at one time instant, and then cells in odd bit-lines, referred
to as odd cells, are programmed at a later time instant. Hence, the ICI neighborhoods are
also dependent on whether an even cell or an odd cell is programmed in the programming
cycle. Let (k,¢) denote the location of a memory cell, which means that the cell is located
at the k-th word-line and the /-th bit-line. We denote by O ¢ the indices of the anticausal
neighborhood for the odd cell and by £y ) the indices of the anticausal ICI neighborhood
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for the even cell (illustrated in Figure 2.5). That is,
Oty = {(k+1,0-1), (k+1,0), (k+1,0+1)} (2.1)

and

Epy = {(k, 0= 1), (k, £+ 1)} U Oppy. (2.2)

2.1.3.2 All Bit-line

The other architecture (called “all-bit-line structure”) to program the data is to write all
cells along a word-line simultaneously without distinguishing between even and odd cells.
The all bit-line structure has the advantage that the Inter-Cell Interference is lower than

even/odd bit-line structure.

As shown in Figure 2.6, the set of aggressors A ) in an all-bit-line structure for cell (k, /)

is typically the set of nearest neighbors that get programmed after the victim cell:
Ay = {(k+1,0 = 1), (k+ 1,0), (k+ 1,0+ 1)}.

Since the diagonal aggressors (neighbors) are further apart than the vertical ones, the di-
agonal ICI effect is negligible compared to the vertical ICI (i.e., cu1,0) > ca1) = ca,-1)
[40]. Thus, for simplicity we ignore the effect of aggressors in the diagonal positions on
the victim cell and only consider the vertical cell (k + 1,¢) as the major aggressor. i.e.,

Ay ={(k+1,€)} or equivalently, ¢(1,1) = ¢,—1) = 0.
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2.2 Channel Model

We start our exposition of the channel model by first presenting a simple one-dimensional
(1D) causal channel model. Note that an actual flash memory channel is not one-dimensional,
but rather two-dimensional (2D) because the channel is a page-oriented channel. Also, note
that the actual flash memory channel is not causal, but rather anti-causal, because ICI is an
anti-causal effect as only those cells that are programmed after the victim cell actually affect
the victim cell. Nonetheless, the 1D causal channel model is very useful because it allows
us to formulate the optimal detector in the universally accepted manner, namely for a 1D
causal channel. Extrapolating the detector to cover 2D anti-causal channels is then fairly

straightforward.

2.2.1 1D Causal Channel with Memory

Let k£ € Z stand for discrete time. The channel input, denoted by Xj, is the intended
stored voltage amount in the k-th cell. The channel output denoted by Y} is the channel
output voltage corresponding to the input value X,. According to MLC technology, we
assume that the channel input random variable X takes value from a finite alphabet X =

{vo,v1,-++ ,vm_1} with |X| = m < oco. We assume that the channel input and channel
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output have the relation ':

L
Yi=Xp+ > T (Yiee — Biy) + Wi+ Uy (2.3)

(=1

where 2,

(a) Ej is the erase-state noise at the k-th cell, modeled as a Gaussian random variable

with mean i, and variance o2, that is, Ex ~ N (i, 02).

(b) ng) is a fading-like coefficient that models causal ICI from the (k — ¢)-th cell towards

the k-th cell (victim cell). We assume Fﬁk) also to be a Gaussian random variable,
ch) ~ N (e, 90).

(c) L is the output memory, which implies that the current channel output Y} is affected

by its L neighbors Y;_1,Ys o, - Yi_1.

(d) Uy denotes the programming noise, resulting from using the ISPP method of program-
ming the k-th cell of a certain word-line. This noise is modeled as a zero mean uniform

random variable with width A, that is, Uy ~ U (—A/2, A/2).

(e) Wy is observation noise due to the PE cycling, and is distributed as a zero mean
Gaussian random variable with variance o2, that is, W}, ~ N(0,02).

We assume that all random variables ng)

k and all /.

, E_¢, Wi, and Uy, are mutually independent for all

Remark We assume that the PE cycling/aging effect is incorporated into the model

through the knowledge of o2. That is, o2 may depend on the device age. |

1. The model in (2.3) is an autoregressive model, but only if the channel input X}, is memoryless (uncor-
related). However, if the channel input has memory (for example, if the channel input is a Markov process
of order M > 0), this is not an autoregressive model.

2. The channel model in (2.3) does not take the same form as equation (1) in [15], however, they are
actually identical. In Dong et al. [15], the authors chose to write the channel model in terms of the “voltage
shift”. In our equation (2.3), the “voltage shift” is equal to the difference Y;_y — Fi_¢, but instead of calling
explicit attention to the “voltage shift”, we call explicit attention to the channel outputs Yy, Yi—1,...,Yi—1.
We think that, for the purpose of detector design, it is much better to explicitly call attention to the channel
outputs because the detector specifically operates on the channel outputs.
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The major differences in the properties of random variables of this 1D channel model and

the proposed channel model in [12, 15] are as follows:

(a) We assume that Fék) are Gaussian, whereas Dong et al. [12, 15] assumed the cor-
responding variables to be distributed as truncated Gaussians. Note that these two
distributions almost have the same behavior in the common support range, but the

Gaussian distribution is easier to track analytically.

(b) We assume that the observation noise Uy + W, is a mixture of uniform and Gaussian
noises. The pdf of this mixture is actually very similar (though not identical) to the

pdf shown in [15, Fig. 4].

Remark The channel model (2.3) is actually a general 1D causal ICI channel which
belongs to the class of channels with memory. Note that the memory of an ICI channel
depends on the values of channel outputs Y. Although the output process Y} in this channel
(for a stationary i.i.d. input process X}) is a Markov process, this channel does not belong

to well-know class of Markov finite-state channels [41, 42]. O

Since the ICI channel has memory, it is obvious that a capacity-achieving process X; may
also need to have memory. For this reason, we assume that the process Xj is a Markov
process® of order M. That is,

ka|xk—1($k|xk_1) - PXk\X::}W(kaZ:}W)' (2.4)

The optimal detector is either a trellis-based Viterbi detector [44] (if we are interested in
maximum likelihood (ML) or MAP sequence detection) or a trellis-based BCJR detector
[45] (if we are interested in ML or MAP symbol detection). In both sequence or symbol
detection cases, the trellis state at time k is defined as (X}_,,.;). Therefore, the number of

trellis states in one trellis section is |X|M = m™.

3. This work is not concerned with finding the actual optimal Markov-memory input process Xj; The
interested reader is referred to [43].
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Although it seems reasonable to use Markov input process to mitigate the ICI influence in
MLC flash memory channels, it is a very difficult task to find the best Markov process. In
this difficult optimization problem, one should not only find the optimal number of voltage
levels (m) and the best values of these levels {vg, vy, -+ ,v,_1}, but also find the Markov
distribution that maximizes the channel mutual information rate [46]. To the best of our
knowledge, this problem is still open and there exists no literature to address the aforemen-
tioned problem. Note that finding the best Markov input process is beyond the scope of
this thesis. However, the results in this work are still valid even for the case that the input

distribution is Markov.

If X} is a memoryless (i.i.d) process (i.e., if M = 0), even though Y}, has memory, a trellis-
based detector is not needed (because | X|™ = 1), and optimal detection (both soft and hard)
can be executed on a symbol-by-symbol basis. That is, we can make the optimal decision on
the random variable X} without postulating neighboring channel input realizations x’,zjw at

all, and by considering only the received channel output realizations y¥ ;.

2.2.2 Page-Oriented Memories (2D)

In two-dimensional (2D) page-oriented memories with ICI, a single (victim) cell is only
affected by a finite anticausal neighborhood of near-by cells (which are programmed after
the victim cell). As discussed in section 2.1.3, either the even/odd bit-line or the all-bit-line
structure is used in most modern NAND flash memories. Since the amount of interference in
the even/odd bit-line structure is higher than that in the all-bit-line structure, we consider
only the even/odd bit-line structure using the full-sequence programming strategy. Note

that our results can also be applied to the all-bit-line structure.

For the even/odd bit-line structure, cells in even bit-lines along a given word-line, referred to
as even cells, are programmed first at one time instant, and then cells in odd bit-lines, referred
to as odd cells, are programmed at a later time instant. Hence, the ICI neighborhoods are

also dependent on whether an even cell or an odd cell is programmed in the programming
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Figure 2.8: Even/odd bit-line structure used in a NAND flash memory. (a) A cell on the
even bit-line is affected by the ICI of 5 neighbors. (b) A cell on the odd bit-line is affected
by 3 neighbors.

cycle. Let (k,¢) denote the location of a memory cell, which means that the cell is located
at the k-th word-line and the /-th bit-line. We denote by O ¢ the indices of the anticausal
neighborhood for the odd cell and by &g ) the indices of the anticausal ICI neighborhood
for the even cell (illustrated in Figure 2.8). That is,

Opy 2 {(k+1,0=1), (k+1,0), (k+1,0+1)} (2.5)

and

Eety = {(k, 0= 1), (k, €+ 1)} U O, (2.6)
Therefore, we introduce an appropriate ICI channel model for the (k, ¢)-th victim cell as

.
Yo =Xooty L Yan—Ean) Wiko+ Uk (2.7)
(@be

Sk,

where, the set S ) is either Oy ) or £ ) depending on the location of the cell. If X 4 is
a process with 2D memory, an optimal detector is not known (a 2D equivalent of a Viterbi
detector is not available), and must be appropriately approximated using adequate (possi-
bly interleaved) one dimensional (1D) detectors [47]. If X, is an i.i.d. process, optimal

detection (both soft and hard) can be executed on a symbol-by-symbol basis.
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Write Process Modeling

3.1 Notation

Our notation is geared towards a 2-bit MLC flash memory with an all-bit-line structure. All
random variables are denoted by capital letters. Let X = B,,B; denote the 2-bit channel
input of a cell, where B; and B,, are binary random variables that represent the LSB and
MSB of the input X, respectively. Let Y be the 2-bit channel output that is obtained
after the read process. X and Y take value from the set S = {00,10,01,11}. We use
superscript (k,¢) for the binary symbol B and the input X to associate them with cell
(k. 0) (e.g. X®0 = B BFYY  For notational simplicity, we remove the superscript (k, )
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whenever the location of the cell is unambiguous, and similarly we ignore the subscripts [
and m when the significance of the bit is clear. For sake of simplicity, ¢, denotes the vertical
capacitance coupling coefficient (¢, = ¢(1,0y). All the write threshold voltages are denoted by
w € {wpy, wy, Wy}, where w; denotes the write threshold for LSB, and w,,; and w,,;, denote
the low and high write thresholds for MSB, respectively (Figure 2.1). Similarly the read
thresholds are denoted by r, where r € {7, 71, "mn}. By convention, if B = 1 for a cell in
a page, the program voltage of the cell needs to pass the threshold w. Due to the equality
of the distances between vertical aggressors and the victim cells, the vertical ICI coupling
coefficient, denoted by ¢, is assumed to be equal for all cells. Finally, we denote by npg the

P/E cycling number of the flash.

3.2 ISPP Renewal Process

In this section we first model the ISPP page programming using the known concepts in
renewal theory[35], and explain the relationship between the ISPP process and the classical
renewal process. Note that ISPP only increases the voltage of those cells whose target bit is
B = 1. The cells with B = 0 are already in the final state and their voltages do not need to
change during the ISPP renewal process. Let V; be the sum of voltage increments up to the

J-th step. i.e.,

J
V=Y AV, (3.1)
i=1

where AV; denotes the increment during the i-th step of ISPP. Let f/J denote the cell voltage
after programming step j. Given that the process starts in the erased state Vj, the cell
voltage Vj is

Vi=W+V, (3.2)

Similar to [5], we assume that

AV; ~ Ula, b, (3.3)
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i.e., AV; is uniformly distributed between a and b (0 < a < b). We denote the CDF of
increments AV; by Fay(v), and define u, = E[AV;] and ai = Var(AV}).

Remark Since the write voltage applied to the control gate (20V [39]) is much higher
than the stored voltage, it is reasonable to assume that the increment AV is independent of
AV for each 4, j € N and ¢ # j. Note that the voltage 1} is also assumed to be independent
of all AV}’s.

For a write threshold value w > 0, define the classical counting process as
N(w) £ max{n :n € {0} UN and V,, < w}.

N (w) represents the number of voltage increments that occurred prior to passing the thresh-
old w. The counting process { N(w),w > 0} is called the renewal process.
Definition 1 (ISPP renewal process). The ISPP renewal process N(w) for a threshold volt-

age w > 0 is defined as

N(w) 2 max{n:n € {-1,0} UN and V,, < w}.

Note that if Vo = 0, then N(w) = N(w). For a particular w, the random variable N (w)
represents the number of ISPP steps required to stay just below threshold voltage w. Note
that there exists another way to formulate the ISPP renewal process as the number of steps

required to pass the threshold w. Let

L(w) 2 min{n:n € {0} UN and V,, > w}.

Then, clearly

Although formulating ISPP using L(w) seems to be natural and very simple to understand,

we will continue to use N(w) because it is consistent with the classical renewal process
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Figure 3.1: ISPP for a cell with starting voltage V and threshold w.

formulation [36], thus simplifying the use of known results.

Remark Note that N(w) is dependent on the target input B. N(w) = —1 happens either
when B = 0, or when B = 1 and Vj > w. i.e., the cell voltage is already above the threshold

w in the erased state and it need not be programmed (L(w) = 0).

Remark Note that if Vj = 0, the ISPP renewal process N(w) is reduced to the classical
renewal process N(w). The increment AV] represents the inter-occurrence random variable.
In practice, the ISPP renewal process N (w) has starting voltage Vj that tends to be a
Gaussian random variable, Vi ~ N (g, 02) [40]. Thus, the ISPP renewal process is a renewal
process with a random starting voltage. It belongs to the class of processes known as “delayed
renewal processes” [36].
Observation 1. Using the renewal process formulation [36]:
(a) ‘7]\7(741)-1—1 1s the voltage of the cell immediately after the threshold voltage w is exceeded.
(b) N(w) + 1 1s the number of incremental steps required to pass the threshold voltage w.

(¢c) The “ISPP overshoot” T'(w) £ N(w)+1 — W 18 the excess programmed voltage after

passing the threshold w.

(d) N(w) > n if and only if V,, < w.
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3.3 Distribution of N(w)

While there exist several asymptotic results for the classical renewal process N(w), there are
not many results in classical renewal theory when w is finite. To analyze the ISPP process
N (w), however, we are interested in obtaining a good approximation of the probability mass

function (PMF) of N(w) when w is finite (0V < w < 5V).

In this section, we first derive the connection between the ISPP renewal process N(w) in
the finite threshold regime and the classical renewal process N(w). Then, we use some
existing asymptotic results to simplify the analysis of the ISPP process in the finite threshold
regime. To be precise, we obtain a close approximation for the PMF of N (w), and linear
approximations for mean and variance of N(w). We also bound the maximal error between
the true distribution and our approximation. Finally, we closely approximate the distribution

of the overshoot I'(w).

3.3.1 Convergence

In this section our goal is to characterize N (w). Precisely, we seek to find a relationship
between N(w) and N(w). To that end, for any ¢ € N, we define a new counting process

Ny(w), related to N(w) and two constants p and p, defined above, as
Ne(w) £ max{N(w — po + lpu,) — ¢ , -1}, (3.4)

Next, we show how N(w) is related to Ny(w).
Proposition 1. Let p, = E[AV]] and 0% = Var(AV;) = 075 For any w > 0,

Ne(w) B N(w) as €= o, (3.5)

D o
where = denotes convergence in distribution.
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Proof : It is known from the central limit theorem (CLT) that
¢
Z(AW—MA)+MOB>% as { — oo.
i=0
Therefore, for any constant d and € > 0, there exists L such that for all ¢ > L
‘ €
P{Y_(AVi— ) +po < d} = P{Vo < d}| < 2.

1=0

To prove (3.5), we bifurcate the proof into two cases:
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i) n>0:

AP 2 |P{Ni(w) > n} - P{N(w) > n}

QPN (w — po + by —€ = n} — P{N(w) > n}‘

L n
© P{ZAV} — )+ 1o +ZAVj-S w}—P{N(w) >n}
i=1 j=1

l n
= P{Z(AV}—#A)-F,MO-F AV}SU;}

i=1 7=1

—P{VO—FZAVJ-Sw}

Jj=1

+P{v0+iAvj < w} — P{N(w) > n}

j=1

¢ n
‘P {Z(AVZ- —pp) + o+ Y AV < w}
j=1

=1

_P{Vg—i—ZAngw}‘

j=1

INZ

+

P{Vg—l—iAVj §w} — P{N(w) >n}

j=1

< -
2—|—

P {V()Jri AV; < w}—P{N(w) >n}

j=1

+ [PV, < w) = PLN @) = n)

: (3.8)

NN e N Nol e}

where (a) holds because when n > 0, the condition Ny(w) > 0 is equivalent to N(w —
po +Luy) > €, (b) and (e) follow from Observation 1-d, (c) is the triangle inequality
and (d) follows from (3.7). Note that

P{N(w) =n} = P{N(w) > n} — P{N(w) > n+1}. (3.9)
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Thus, using (3.8), (3.9) and the triangle inequality it is easy to verify that for ¢ > L,

i) n=—1:

AP’

(1>

—
S
N

P{N;(w) =n} — P{N(w) =n}| <e.

P{Ny(w) = =1} = P{N(w) = ~1}|

PAN (g +61,) £ <0} = PIN (1) = 1)

P{BA%—MA)+MO >w} —P{N(w)=-1}

=1

‘P{Z(AVZ'—MA>+,M0>U)} — P{Vy > w}

+P{Vy > w) — P{N(w) - —1} ‘

§+ ‘P{Vo >w}—P{N(w) :—1}‘

5 < €, (310)

where (a) holds because when n = —1, the condition Ny(w) < 0 is equivalent to N (w —

po + L) < £, (b) follows from Observation 1-d, (c) is the triangle inequality and (d)

was explained in Remark 3.2.

Corollary 1. Let ( = [0%2)—] Then,
A

Ne(w) 2N N(w) as ¢ — oo. (3.11)

Proof : The only issue is to replace € in equation (3.6) with ¢. Let V() ~ N(uo,Co?).
It is known from CLT that



Hence, to prove (3.11), we only need to show that

VOBV as ¢ — oo (3.12)

Towards that end, let d € R. Then we have

[P{V(C) <d} = P{Vp < d}| = /

(3.13)

where C' is a constant. Thus, for any € > 0, (8.12) holds if { > f—; — 1. The rest follows the

proof of Proposition 1.

Remark Note that for the ISPP renewal process N (w), it is known that V{ usually has
negative mean (o < 0) and a large variance oy > o,. (E.g., if 9 = 0.5 and AV, ~
U[0.1,0.15], then ¢ > 1000). Thus, the process N(w) can be viewed as a shifted version
of the classical renewal process in which the starting point Vj is a large negative voltage.
In this case, the distribution of N (w) is very similar to the asymptotic distribution of the

classical renewal process N(w) when w — co.

3.3.2 (Gaussian Approximation

Figure 3.2 shows the histogram of the number of required steps for a cell voltage to pass the
typical threshold voltage w = 1.5V. The histogram was obtained assuming that the number
of cells in the page is m = 10, and the target bit for all the cells is B = 1. It is clear from
Figure 3.2 that N(w) tends to have a Gaussian-like PMF. Our simulation shows that the
PMF for N(w) is very similar for any valid step size AV ~ Ula, b] and for any w > 0 as long

as(::—gQ>>1.
A

We next embark on quantifying the deviation between PMF of N (w) and its Gaussian
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Figure 3.2: Histogram of N(w) -+ 1 for threshold voltage w = 1.5V, and AV ~ U[0.1,0.2].

approximation when w and ( are finite. For n = 1,2,---, let F,,(w) denote the cumulative

distribution function (CDF) of the ISPP voltage V,,
E,(w) & P{V, < w}, w > 0.
Using Observation 1-d, it is easy to verify that
P{N(w)=n} = F,(w)— Fp(w). (3.14)

Let us define a new random process N¢(w) whose CDF is Gaussian, i.e.,

(

0 ifn <=2

PN (w) =n} £ {Q(uzt0) =1, (3.15)

w—po—(rH) iy W—HO— NN

QG )~ ) ifn20

where Q(z) = -1 [ e /24L.

2m
Corollary 2. N¢(w) A N(w) as ¢ = oco.

Proof : Omitted because it follows the proof of Proposition 1.
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Proposition 2. Set p = E(|AV; — p,|?) and ¢ & [

[ea

1. Then,

Dl\)

Ne(w) B N(w)} as ¢ — oo,
and for any finite ¢ > 0,

P{N;(w) = n} — P{N(w) = n}| < ai¢+T<' (3.16)

Proof : We only sketch forn >0 (n = —1 is clear).

P{N¢(w) > n}

@ P{N(w = o + Cpr) — ¢ > n}

¢+n
:P{ZAV; Sw—M0+CMA}
=1

C+n
AV, —(n+
_p 7,:21 ( C>MA<w_/“L0+CMA_(n+<)/’LA

Vn+€O-A N O-A\/n+<

@1_Q<w_ﬂo_nMA>
o vVn+(¢ ’

where (a) holds because when n > 0, the condition N:(w) > n is equivalent to N(w — po +
Cuy) > n+ ¢ using (3.4) and (b) holds because of the CLT. The rest of the proof follows
using (9) and the Berry-Esseen Theorem which is given in Appendiz A.

Bound (3.16) holds for all possible distributions of the random variable AV;. However, when
{AV;} ~ Ula, b}, numerical simulations suggest that the bound could be much tighter than

o( \/ang) This observation is proved in the following corollary.
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Corollary 3. If AV; ~ Ula,b], and denoting 6,, as

1 1/2\" 12 ,
On = +—(—) —I—Eemp(—ﬂ n/24), (3.17)

7.5t wA\T

then,
]P{N<<w> — n} — P{N(w) = n}

< 25n+§-

Proof : Similar to the proof of Proposition 2 and using the Uspensky Theorem, given in
the Appendix A.

Remark To obtain a simpler bound when AV; ~ Ula,bl, it is easy to verify that when
n + ¢ > 10, the following bound holds:

1

P{Ny(w) = n} — P{N(w) = n}| < 0-ntd)

Although it is possible to approximate the mean and variance of N (w) using the approximate
distribution given in Proposition 2, such method to approximate E[N (w)] and Var(N(w))
only provides numerical results. To obtain an analytical approximation, we modify an ex-
isting linear approximation for mean and variance of N(w) in classical renewal and derive
similar formulas for mean and variance of N (w). Note that the linear approximation formulas
were derived from a Fourier approximation approach [48].

Proposition 3. Let p; = E[(AV;)] be the j-th moment of the random variable AV;. Let

K, = ﬁ—a —1 and Ky = ( K2 )2 L3 If AV; is a continuous random variable and py < 0o,

23 ) 6l
then
Y w — Ho
E[N(w)] = P{V, <w} - < +K1+1) -1 (3.18)
A

8 _ 2
Var(N(w)) ~Pr(Vo <w)- (UZW—F‘A) + Z—g, (3.19)

A A

where A=Ky - (1 + Ky) + 4Ks.

Proof
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a2 B[N (w)
~ B[ BNV

Prive <) B[N o)W <l +Pr0 > ) B[N ()=

—
S
N

Pr(ts < w) - B N(w = i+ ) = €| ~Pr(va > v)

—~
=
=~

Q

Pr(Vo <w)- (w; Ly 1) -1, (3.20)
A

where (a) holds because E[N (w)|Vy > w] = —1, and (b) follows from the linear approzimation
of E[N(w)] in [48].

P m(ﬁr(w))

- E{Var(N(w)Wo)} + Var(EW(MI%])

3

— Pr(%gw)-Vaﬂ<N(w)%§w>
21> ) Vo K)o ) + Var( B{F )]

2
(@) Pr(Vo <w) - Var(N(w — g+ Cu, ) — C) + U_g
A
_ 2
L Pr(vy < w)- (o2 W HOEEH) 4 4 4 % (3.21)
A ,LLS /,62
A A

where (a) holds because Var(N(w)Wo > w) =0, Var(E[N(w)|%]) = Z—Qg [36], and (b)
A
follows from the Gaussian approzimation of N(w) in [36].

Remark In [48], it was shown that for a classical renewal process N(w) in which the in-
crement AV; has a finite p-th absolute moment for some p > 3, the linear approximations for

E[N(w)] and Var(N(w)) hold with error terms o(w'~) and o(w**), respectively. Deriving
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Figure 3.3: Comparison between Monte Carlo (real) and estimated (analytic) computation

of E[N(w)] and o, for all threshold w € [0, 5].

similar error terms for the ISPP renewal process using Proposition 1 is straightforward.

Remark Since the Gaussian distribution assumption for erased state seems unrealistic
(due to the finite support of V), we checked the accuracy of our results for the case that
the erase state is not Gaussian. Simulation results show that equations (3.18) and (3.19)
provide very accurate approximations for mean and variance when the distribution of Vj is

a truncated Gaussian and the distribution is symmetric around .

Figure 3.3 compares the mean and standard deviation of N (w) to our proposed analytic
mean and standard deviation approximation in equations (3.18) and (3.19) for all possible
thresholds w € [0, 5], where we assume erased state Vo ~ N(—1,0.25) and step size AV; ~
U[0.2,0.3]. We consider a very long page (m = 10°), and program all the cells to pass the
threshold w. Simulation results show that the maximum error for the mean is less than

3mV, which is a very small error from a practical point of view.
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3.3.3 Distribution of T'(w)

Another key factor in page programming is the voltage overshoot distribution for the cells
which pass the target threshold w. Given B = 1, let I'(w) denote the amount of overshoot

of a cell voltage after passing threshold w. Then,

L(w) £ Vg — w. (3.22)

Remark Note that the programming precision is also directly related to the distribution
of increments AV, during the ISPP process. The larger the increment step size is, the wider
the pdf of f‘(w) becomes, and thereby programming becomes less accurate.

Proposition 4. Let ( = [;—2‘%1 If Vo < w, then
A

lim P{T(w) <~} = ui /07{1 — Fav(y)}dy, ~>0. (3.23)

(—o0

Proof : It is straightforward by combining Proposition 1 and the asymptotic residual dis-

tribution in classical renewal theory [36].

Remark  Since the process N(w) can be viewed as a shifted version of a classical renewal
process N(w) in which the process starts at a large negative voltage point v (roughly v =
tto — v/C - ju ), the distribution of the residual I'(w) for any finite threshold w is very similar
to the asymptotic distribution of I'(w) in the classical renewal process. To the best of our
knowledge, there is no known deviation bound result for the overshoot of the classical renewal
process. While simulation results confirm that the distribution of the overshoot I'(w) for
finite w > V4 is very similar to equation (3.23), obtaining the deviation bound result is a

subject for further research.

Simulation results show that the CDF of the overshoot for finite ¢ > 1 is very close to the

asymptotic result (3.23). Therefore, in this work, for any w > 0 and for a finite value (, we
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approximate the overshoot distribution as

P{T(w) <7} ~ Mi / - Fav()}dy, 4 >0,

fe ()

1

2N

0 a b
Figure 3.4: The pdf of I'(w) when AV; ~ Ula, b].

Figure 3.4 shows the pdf for I'(w) when the step size is uniformly distributed (AV; ~ Ula, b]).

Using equation (3.23), it is easy to show that

E(F(w)) = % (3.24)
R (3.25)

Remark Figure 3.5 shows the overshoot distribution for all states after programming
each page given that AV; ~ Ula,b]. Note that this figure shows merely the effect of ISPP
programming and excludes all other available degradation sources in MLC flash such as the

ICT effect (which we study in the next section).

00

Wt

Figure 3.5: Overshoot distribution after the ISPP process stops, (a) LSB page overshoot
distribution, (b) MSB page overshoot distributions.
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Figure 3.6: Programming the LSB page. (a) pdf of V before writing the LSB page, (b) pdf
of VN(wl) +1(B(()v)) after ISPP with threshold w; and (c¢) Including the ICI effect on the LSB

page (VEO(BSY, B§V)).

Remark Note that equation (3.23) explains why the overshoot distribution I'(w) is inde-
pendent of the threshold voltage w and only depends on the statistical property of step size
AV;. Also, note that for cells with target input X = B,,B; = 11, the overshoot distribution
is obtained from the same equation (3.23), and the proof was shown in Proposition 3.1 in

[49].

3.4 Inter-cell Interference (ICI)

Using the obtained distribution for the ISPP overshoot T'(w), it is possible to analyze inter-
cell interference (ICI) very accurately. In this section we first analyze the effects of ICI on the

LSB page, and then the ICI effect on the MSB page of a 2-bits MLC NAND flash memory.

3.4.1 ICI Effect on the LSB page

In the writing process, there might be a case that only the LSB page is used to store the
data. In other words, some of the word-lines might be used to program only a single page
rather than multiple pages. Thus, we need to separately analyze the ICI for the LSB page.
Also, the ICI effect on the LSB page helps to better estimate the unknown hidden states
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which were explained in detail in [50].

Let B ) and B ) denote the LSB target bit corresponding to the victim cell (k,¢) and the

LSB target bit corresponding to the aggressor cell (k+1, £), respectively. Let V%) (B V) B[()a))

denote the voltage of victim cell (k,¢) after LSB programming of both pages k and k + 1.

Let Z( ) be the ICI effect on victim cell (k, ¢) due to LSB ISPP page programming of the

vertical aggressor cell (k+ 1,¢). Given w; > 0, the voltage V M)(Bé ), B(()a)) is obtained as

V(W)(Bév), Béa)) _ ‘N/N(wl)Jrl(B(gv)) + Z(Bé@)7

where
v if B =0

VN(wz)-{-l 1f B(()U) - ]_

and
0 if B =0

Cy [U)l + f(wl) - Vb] if B(()a) =1

Using (3.28) we compute the mean and the variance of Z (Bé“)) as

E[Z(BW)] = % [wi + E[T(w)] — o)
Var[Z(B{")] = %’ - (Var(T(w;)) + o2)
+ % . [wl + E[f‘(wl)] - ,U0:|27

(3.26)

(3.27)

(3.28)

where E[T(w;)] and Var(I'(w;)) are computed using (3.24) and (3.25). Figure 3.6 shows the

pdfs of the voltages of the cells in each stage during page programming. Figure 3.6(a) shows

the pdf of the cell voltage before LSB page programming (each cell is in the erased state).
Figure 3.6(b) shows the pdf of ISPP for LSB page with threshold w;. Finally, the ICI effect

on the cell due to the LSB programming of vertical aggressor is shown in 3.6(c).
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Figure 3.7: Programming the MSB page. (a) Before writing the MSB page
(VOB BS™)), (b) pdf of (Vg1 (X)) after ISPP for MSB page with threshold volt-
ages Wy, and w,,, and (c) the ICI effect on the MSB page (V®9(X®) X (@))),

3.4.2 ICI Effect on the MSB page

Apart from the cases in which programming terminates after programming the LSB page,
it is possible to simplify the overall analysis of ICI by directly computing the ICI effect
on the MSB page. Let X® = BB and X@ = BYB® denote the target 2-bit-
symbol corresponding to victim cell (k,¢) and aggressor cell (k + 1,/), respectively. Let
VEO(X® X(@) denote the voltage of victim cell (k, /) after both pages k and k + 1 are
MSB-programmed. Let Z(X@) be the ICI effect on victim cell (k,¢) due to MSB page
programming of the vertical aggressor cell (k+ 1,¢). Given w € {wy,,, w;, Wy, }, the voltage

VEO(X® X(@) is obtained as

VEDX®, X) = Vi (XT) + 2(X0, XO), (3.29)

+1
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where

‘7]\~/(w)+1 (X(v))

Thus, if X € {00,01}, we obtain

Z(X(”), X(a))

and if X® € {01, 10}, we obtain

Z(X ) X (@)=

;

Cv(wmz + f‘(wm2) - V(k+m (B(()v>>)

0

Cy - (wml + IN\(wml) - ‘/0)

0

Vo if X =00
Viwm 11 1f X® =10
Viwysr  iF X® =01 |
Vi1 iF X® =11

Co(Win, + fW(U)?m) - Vo)
co(wy + f(wl) - W)

\Cv(wmz + f(wmz) 7).

if X(@ =00
if X(@ =10
if X(@ =01 7
if X(@ =11
if X(@ =00
if X =10
if X =01

if X(@=11

I

(3.30)

where V#1LO (B is computed from (3.26) by setting B = 1. Figure 3.7 shows the

voltage distribution of the victim cell (k, £) during the MSB page programming with threshold

voltages wy,, and wy,,.

Remark Note that the ICI effect Z not only depends on the target input of the aggressor

cell X@ but it also depends on the target input state of the victim cell X®),

This can

be explained by considering the order of programming LSB and MSB pages in the MLC

NAND flash write process [39]. In fact, due to the specific order of programming the pages
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of neighboring word-lines, the ICI effect on the LSB is removed during the ISPP verification
process of the MSB.

3.4.3 ICI Analysis

In this section, we provide simulation results to show the effects of ICI and analyze the
effects of step size variation on the overall performance. The simulation results are obtained
from a 4MB, 2-bit ML.C flash memory block with the all-bit-line structure. We assume that
the target input is an i.i.d process. The write thresholds are set to W = {1.0V, 2.0V, 3.0V}
The mean and standard deviation of Vj are assumed to be py = —1.0V and oy = 0.5V,
respectively. The vertical capacitance coupling is assumed to be ¢, = 0.06. The read
thresholds r are numerically computed using the designed optimal MAP detector approach
in [40]. We fixed the write thresholds and varied the parameters a and b of the random step
size AV; ~ Ula,b] in the ISPP process. We assumed that the minimum step size a varies in
the range [0.05,1] and b = 1.4 x a. Also, we run ISPP until the number of steps reaches a

pre-specified maximum number of iterations 7, and we assume n = 15.

Remark The MLC flash channel belongs to the class of channels with memory, and the
ICT effect is considered as the major source of channel memory. The information rate for

this class of channels can be numerically computed using a forward sum-product recursion

of the Bahl-Cocke-Jelinek-Raviv (BCJR) algorithm [29].

There are two possible ways to compute an information rate measure for MLC flash channels:
(i) compute the symbol-by-symbol mutual information, i.e., compute I, = I(X®9;y &),
(ii) obtain the correct information rate for MLC flash using the BCJR algorithm [29]. Let K
and L denote the number of word-lines and bit-lines in the block, respectively. Let X ((1K 1)L)
and Y((fl’)L) denote the input sequence and output sequence of the whole block. Then, the
MLC flash information rate obtained from [29], denoted by s, is computed as

1
KL

K,L K,L
L2 —1(X{5 v,

R CR )
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Figure 3.8: Performance of 2-bit MLC flash when npg = 1.

Note that for any i.i.d input process, I; is always a lower bound for I5, and the difference
I, — I is attributable to the ICI effect of MLC flash. Figure 3.8 shows the consequence of
varying the step size a for both information rates I; (solid curve) and Iy (dashed curve).
Both I and I, were computed using Mone Carlo method. In Figure 3.8, we exclude the
aging effect on the performance by setting the program/erase cycling number npp = 1, and
we disregard the retention effect by reading the stored data immediately after writing it.
Figure 3.8 suggests that the flash performance is optimal when the step size parameter a, is

chosen from the range [0.2,0.6], and b = 1.4a.

Remark The performance drop on the right side of both curves in Figure 3.8 is because
of the large step size of ISPP programming, which leads to the over-injection problem (large
overshoot f‘(w)). The performance drop on the left side, however, is due to the undershoot
problem in ISPP and is caused by the relation between the maximum allowed number of
steps 17 and the increment step size. The undershoot problem will be elaborated in the next

section.

3.5 Write Latency

Although NAND flash-based solid state drives (SSD) are known to be very fast when writing

and reading due to their array architecture, reducing their latency is still considered to be
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one of the major design goals. The latency in SSDs happens mainly during the write process
because of the iterative programming procedure. Note that the read process latency is much
shorter than the write latency [37]. Hence, in this section, we focus on the ISPP latency and
disregard the read latency. Since the write process in MLC flash is done at the granularity

of a page, we compute the latency for a page.

As discussed earlier, ISPP only increases the voltage of those cells with target bit B = 1,
i.e., the cells with target bit B = 0 do not need to pass the threshold. Moreover, the write
threshold w is the same for each cell in the word-line. Simulations show that most of the
cells in the page pass the threshold much earlier than the lagging few. Thus, it is not efficient
to associate the write latency with the last cell that passes the threshold. In practice, the
ISPP page programming operation ends in one of the following two possible ways: either all
the cells with target bit B = 1 in the page reach their target threshold w or the number of
steps reaches a predetermined maximum number. For a page, the predetermined maximum
allowed number of steps in the ISPP process is called the “maximal delay”, and is denoted
by 1 [5]. Hence, for a 2-bit ML.C word-line, we denote the maximal delay corresponding to
the LSB and MSB pages by n; and 7,,, respectively.

3.5.1 LSB page Latency

Let m be the length of the word-line. The LSB write latency is related to the number of
steps needed for all the cells with target bit By = 1 to pass w;. Let Tl(j )(wl) denote the
ISPP latency corresponding to programming the LSB page of the j-th word-line. According
to Definition 1, let NU*) (w;) + 1 be the number of steps for cell (5, k) to pass threshold w;
given B(()j’k) = 1. Then,

T (w) = min{ max (NOP(w) +1),m} (3.31)
k:BOJ‘ =1

Let ki be the index of the cell with largest value N (w;) + 1 in the j-th word-line. In other
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Figure 3.9: Histogram of LSB page voltage after 7; steps (ISPP stopped).

words, cell (j, ky) is the most latent cell during LSB page programming. If i < NO*) (w;)+1,
there exists at least one cell that does not pass the threshold w;, and causes the undershoot
write error when trying to store its corresponding bit By, = 1. Note that in this case
Tl(j ) (w;) = . Figure 3.9 shows the histogram of cell voltage after LSB page programming.
The shaded part on the left side of w; is because of the undershoot error; the non-shaded

part corresponds to the overshoot error.

Remark Note that there exists a trade-off between programming latency and the under-
shoot programming error. It is possible to reduce 1, and thereby decrease the ISPP latency;
however, this leads to an increased undershoot error. Further, note that some cells with un-
dershoot errors might pass their target threshold due to the ICI incurred while subsequently
programming the neighboring pages. When designing a flash memory, care should be taken
so that, the amount of undershoot error is always much smaller than the available ECC
capability. In other words, we can allow a small percentage of undershoot errors to obtain
some write latency reduction, and handle the rare undershoot errors using the flash ECC
module.

Definition 2 (ISPP undershoot error rate). The allowed undershoot error rate, denoted by
a, 1s the maximum allowed probability that a cell does not reach its target threshold after an
ISPP page programming.

Proposition 5 (Setting 7;). Let { = (%1 To guarantee a pre-specified allowed ISPP
undershoot error rate «, it suffices to choose the number of allowed steps n; as the smallest

integer that satisfies

Wy — Ho — Mifa
Q( > >1—a+9 , 3.32
O_A C+77l <+77l ( )

where d¢yy, s given by (3.17).
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Proof : As discussed earlier, N(wl) + 1 is the number of steps required for a cell to pass
the threshold w; during LSB page programming given that B = 1. Let &,, represent the event
that a cell does not reach the threshold after n; steps. Clearly, &, happens if and only if

N(w;) + 1> n. Hence,
P{&,} = P{N(w) + 1>}

Consequently, the allowed undershoot error rate (probability) o must be chosen to satisfy

a P{gm}
= P{N(w) >n}. (3.33)

Using Corollary 3 it is straightforward to show that

P{N(w)>n}<1-Q (wla_ 5/()<_+—U$A> + Bt (3.34)

The rest of the proof follows by combining equations (3.32) and (3.54).

3.5.2 MSB page programming

Although the MSB latency analysis is very similar to that of the LSB, there exists a major
difference because the MSB is programmed using two threshold voltages {wy,,, wm,}. The
extra voltage threshold makes the problem more complicated than in the LSB case. Let us
assume Wp,, < W.,,. Then, the ISPP latency corresponding to programming the MSB page
of the j-th word-line, denoted by 7 )(wml,wm), is defined as

D (Winy s Wyny) £ min{ max  (NOD(w) +1) ). (3.35)
k:BUR) =1
WE{Wm 1 ,Wmy }

Remark Simulation results show that the maximum number of steps to pass threshold w;,,

is much larger than the maximum number to pass threshold w,,, in MSB page programming.
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This is mainly because the variance o3 is much larger than the variance of other states in
the flash. This fact helps us to simplify equation (3.35) and use the results of equation
(3.31).Thus considering only w,,, according to Proposition 5, to guarantee «, choose 7, to

be the smallest integer that satisfies

Wy — Ho — Nma
Q( - )21—a+5<+m-
o VC+ !

3.5.3 Confidence Interval for 7

Inequality (3.32) is useful to set the maximum number of ISPP steps (1) when the allowed
undershoot error rate « is known. Note that « is the probability that a single cell does
not reach its target threshold w after n steps, and in practice « is not part of the device
specification; Instead, it is desirable to figure out the relation between 1 and the page quality
loss factor (which is typically a design criterion).

Definition 3 (Page quality loss). Let m denote the size of a page. The 100q% denotes the

page quality loss, where
& # of bit errors

q
m

Theorem 4 (Confidence interval for n). Let n be the mazimum number of steps in ISPP page
programming. Given the page quality loss 100¢%, an approximate 100(1 — 5)% confidence
interval for n is the set of integers that satisfy

w o UION Q'(l Q))
QETHO A ) 5 1 _9g 4 (22, /L") 5.,
( OAVC n ) K ( o m o

where Z, = Q' (y) and Q(z) = \/%7 [ e 124t

Proof : Let Ng be the number of undershoot errors after programming a page. Note that

Ng is a binomial random variable with parameter m and p = « (i.e., Ng ~ B(m,«)). We

23



assume the undershoot error probability o is unknown. Then, an approzimate 100(1 — 5)%

confidence interval for « is the set [51, Theorem 5.3.1].

{q - Zﬂﬂ\/@ . g+ Zﬁ/g\/@]

Recall N(w) + 1 is the number of steps needed for a cell to pass the threshold w if the target
bit is B =1. Let & be the event that a cell does not reach its target voltage w after n steps.
Then,

P{g)} = P(B=1,N(w)+1>n)

= P(B=1)-P(N(w) =), (3.36)

—
S]
N

where (a) is because the input distribution is assumed to be i.i.d. and independent of the
programming process. In order to guarantee the programming with quality loss under 100q %,

it 1s clear that

Ple) < (0= 2o T4 =2) (3:37)

m

Since we assumed that P(B = 1) = 1/2, to guarantee (3.37), n must be chosen such that

m

PLNw) 2 1 <20 - 2y 51, (3.38)

As discussed the actual probability P{N(w) > n} is unknown. Using Corollary 3 it is
straightforward to show that

PV 2 ) <1- QU s ) s (339)

Hence, in order to satisfy (3.37), n must be chosen to satisfy

— to—nh (1—
1_Q<U;AM0—€\/TW;7) +0pi¢ < 2(61—213/2 %) (3.40)
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i.e., 1 should belong to the set of integers which satisfy (3.40).

3.6 Step Size Design

As Jiang et al. mentioned in [5], finding the trade-off between programming precision and the
total programming latency is considered to be one of the fundamental problem of monotonic
memory channels. In general, the worst-case write latency is proportional to the maximum
number of steps 7. Hence, we measure the write latency by 7. Note that if the ISPP
overshoot were the only source of noise in the write process, the variance of the overshoot
f(w) would be a valid measure for write accuracy. However, due to the presence of other
sources of noise (such as the undershoot, ICI and P/E cycling) in MLC flash, we use the
mutual information between the target input X and the recovered output Y as the overall

accuracy measure.

In this section, we conduct a study that attempts to optimize the write latency measure
provided that the information rate is larger than a given rate R. We use an adaptive
approach to design the step size such that the flash life-time increases. To increase the life-
time, we use larger step size AV, at the early flash age and use smaller step size as the device

ages.

3.6.1 Latency Distortion Theory

In this section, we assume that the MLC flash is in its early life. Thus, the P/E cycling
number is very small and it is possible to disregard the wear-out noise. We are interested in
obtaining the best step size AV, that minimizes the latency while a particular information
rate is achieved. Here we assume that there exists a maximum bound b, for the step size
AV It is clear that the step size can not be considered unbounded. In order to set a proper

bmax, it is necessary to take into account the number of voltage levels in the cell and the
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Figure 3.10: The maximum number of steps () when the allowed undershoot error rate is
a = 0.005.

required error margin for other degradation sources such as ICI and wear-out noise. Given

that bpax is known, the problem is formulated as follows:

[a*(R),0"(R)] = argmin Ui
(3.41)
such tthat I(X;Y) > R

O<a<b < bpax

Note that it is very difficult to analytically solve the above optimization problem because of
the enormous number of existing noise sources which make the problem extremely complex.
We show a numerical procedure to obtain the best step size AV ~ Ula*, b*] in the following
example.

Example 1. Given Vo ~ N(—1,0.3?), w € {1.0,2.0,3.0}, byax = 1V, Figure 3.10 shows the
write latency n for all possible AV; ~ Ula,b]. We compute n from (3.32) for a = 0.005. It
is clear that n is a decreasing function of a and b. Therefore, the optimal step size belongs to
the boundary of the feasible set. Figures 3.11 shows the step size regions for various n given
that the information rate I(X,Y") > 1.9 is attained for both LSB page and MSB page. The
solid line shows the feasible set, and the dashed lines show the contour set for all possible

4 < n < 30. As shown, if n is set to be large, it is possible to use smaller step sizes. To
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Figure 3.11: The contour graph of I(X,Y") > 1.9 (solid line) versus step size parameters a, b
and the contour of i (dashed line) versus step size parameters a, b.

give concrete examples, as shown in Figure 3.11 both AV; ~ [0.5,0.7] and AV, ~ [0.4,0.6]

are valid step size to attain the desired rate R > 1.9 with n = 8 and n = 10, respectively.

3.6.2 Adaptive Regulation of Step Size

The lifetime of the flash memory for a specific ECC is the minimum P/E cycling number
before the ECC fails to guarantee un-correctable bit error rate (UBER) < 107! (the ac-
ceptable reliability in flash storage industry) for a certain retention period. We analyze the
effect of step size change on the life time of a flash memory for a fixed storage time. As
explained in [52], P/E cycles widen the final voltage distribution and move the mean to the
right. Simulation results in [53] show that an exponential random variable can model the

characteristics of the P/E cycling effect with 95% accuracy.

The final state distributions in flash memories get worse as the number of program/erase
(P/E) cycles increases (aging effect). Thus, in the early life of a flash, more programming
errors can be corrected by ECC than at the end of its lifetime. In other words, it is possible

to operate faster programming and reduce the flash write latency as long as the writing error

can be handled via the flash ECC module.

As a result, the channel is time-variant. Namely, a flash memory is programmed faster with
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higher acceptable error rates early in the product’s life cycle versus late in the life cycle. In
other words, it is possible to use a large step size AV; at the early stage of the flash lifetime
and attain the sufficient information rate in fewer programming steps. As the flash ages,
however, smaller and more accurate step sizes AV} are needed to still be able to attain the
target information rate. As long as the error correction code (ECC) can handle the relaxed
distributions (either due to larger step size at the early age of the flash or natural wear-out
degradation in the later stages of the life cycle), the effect will be compensated for, and the

data is fully recoverable.

Figure 3.12a shows the raw-bit-error rate (RBER) versus P/E cycles for a 2-bit MLC flash
block which was programmed with large step size AV; ~ U[0.6,0.7]. As shown, the write
programming is very fast (n = 8(1.0X)); however, the device becomes unreliable at small P /E
cycle (RBER > 2.6 « 107 3), i.e., the lifetime is short. Similarly, Figure 3.12b shows RBER
versus P/E cycle when the device is programmed with a small step size AV, ~ UJ[0.1,0.2].
As shown, the write programming is very slow (7 = 32(4.0X)); however, the device becomes
unreliable at large P/E cycle (RBER > 2.6 x 1073) i.e., the lifetime is long. Figure 3.12¢
shows a compromise, namely the RBER for a 2-bit MLC flash block versus P/E cycle for
various step sizes that are adaptively tuned to keep the RBER lower than the minimum
RBER correctable by ECC (Black curve). Moreover, the blue curve shows the corresponding
latency n which gradually increases as flash P/E cycle grows. We consider a simple 32 Kbit
BCH code which needs RBER< 2.6 x 10~ 3 (horizontal dashed red line). To simplify the step
size design, we assume that b —a = 0.1V (AV ~ Ula,b]). Thus, we start with a large step
size (a = 0.6) and as long as the obtained RBER is under the desired threshold, the flash
block gets programed and erased immediately. Note that the step size a = 0.6V is valid to be
used in ISPP as long as the P/E Cycle < 4K. The corresponding maximum number of steps
is n = 8. As shown in Figure 3.12, when P/E cycle passes 4K, we reduce the step size to
a = 0.5, and thereby, the RBER is maintained under the threshold. By tuning the step size
properly, the lifetime of the flash can be extended to P/E Cycle= 17K (when a = 0.1). Note
that the adaptive tuning of step size only gradually increases the delay, thereby extending
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(a) Large step size AV; ~ UJ[0.6,0.7] resulting in low delay, but short lifetime.
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(c¢) Adaptive step size AV; ~ Ula,b] when a € [0.1,0.6] and b — a = 0.1, resulting in large lifetime and
moderate delays for most of the lifetime.

Figure 3.12: RBER and Latency versus PEC.
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Figure 3.13: Rate and Latency versus P/E Cycles, adaptive step size AV, ~ Ula,b|] when
a €[0.1,0.6] and b — a = 0.1.

the lifetime of the device. As shown, in Figure 3.12, the maximum step size increases from
n = 8 for a = 0.6V to n = 32 when a = 0.1, but the average delay n over the lifetime is
relatively samll 7 = 15 .

Figure 3.13 illustrates the discussed trade-off between information rate and latency as the
flash P/E cycle grows. The solid red curve shows the mutual information I(X;Y') versus P/E
cycle, and the blue solid curve shows the corresponding write latency n versus P/E cycle.
Note that by carefully tuning the step size, it is possible to maintain the target information
rate at the cost of gradually increasing the write latency at higher P/E cycles (i.e., at older

age of the device).
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Optimal Detector Design

The MLC flash memory system can be represented as a concatenation of 4 components:
ECC encoder, channel, detector and ECC decoder (as depicted in Fig. 4.1). In this Chapter,
we focus on the detector (the shaded block in Fig. 4.1). Motivated by [15], we focus on
designing the detector for MLC flash memory in order to improve the hard decision bit-
error-rate if possible. In addition, we would like to improve the soft decision quality of the
detector if possible. Furthermore, designing the optimal soft and hard detector provides
a benchmark which all other (sub-optimal) detector would be compared to. The optimal
detector design also helps to derive closed form expression for the optimal decision making
strategy in order to gain insight (such as sufficient statistics) and understand the interplay

between channel parameters. Finally, we can use the attained insights to guide the derivation
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Figure 4.1: A simple MLC flash memory system block diagram.

of novel low-complexity suboptimal detector.

We first provide channel models, including the one-dimensional (1D) model with causal
output memory and the two-dimensional (2D) anti-causal model of the MLC flash memory,
as shown in Sec. 2.2.1. Second, in Sec. 4.1, we present a mathematically tractable Viterbi-
like mazimum a posteriori (MAP) sequence detector for the 1D causal model with output
memory. The exact statistics of the channel model necessary for implementing the MAP
detector can be obtained by using the fast Fourier transform (FFT). Third, we introduce
a simplified Gaussian approximation (GA) sequence detector at the expense of reduced
performance, which is shown in Sec. 4.2. Both the MAP detector and the GA detector can
be employed in the 2D anti-causal flash memory channel. Fourth, in Sec. 4.3, we extend the
channel model and detector design to more general scenarios including those with signal-
dependent noise, input intersymbol interference, and 2D Markov channel inputs. Fifth, in
Sec. 4.4, we utilize simulation results to show that the MAP detector outperforms the existing

detectors in the literature. Finally, we conclude this work in Sec. 4.5.

4.1 Viterbi-like 1D Sequence Detection

We denote the sequence of random variables (Xi, Xs, -+, X,,) of length n by X}". The
realization sequence (x1, s, -+ ,x,) is denoted by x7. The set of all possible realizations of

the random sequence X7 is denoted by A™.
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The MAP sequence detector of the state sequence z7 is the sequence 2} that maximizes the

joint conditional pdf, i.e.,
i = arg max f(aY, 47|21 0 Y01, (4.1)
1

where M and L are the order of the Markov input process and the output memory, respec-

tively.

As shorthand, denote f(z,yli.c.) as the conditional pdf of the right hand side of (4.1), where

i.c. stands for the initial condition (z?_,,,y? ;). We start by factoring the pdf in (4.1) as

fla, ylic)=f (2t yble)_a vi-1)
:P(Ile?—Ma y‘IJ—L)f(y’ﬁx?—M) y?—L)

n

= [PCanlai=h) f(yelon vi~1)-
k=1

Consequently, the MAP detected sequence is equal to

n

Ty = argwgéié{}n [— ln(P(xk|x’,sz)f(yk|$k, y’,j:i))] (4.2)
P57 =1 ~~ d

k k
AMAP (@ _ oY1)

The term inside the summation in (4.2) is called a branch metric and is denoted by Ayiap (25, yF ;).
It is clear that evaluating the branch metric Ayap(+,-) requires evaluating the conditional
pdf f(yx|zk, y’g:i) or some function there of. Obviously, the branch metric depends on L+ 1
real valued variables y, - -+ , yx_r. So, it is desired to extract a sufficient statistics from yf_,
that will allow efficient computations of branch metrics. We next derive the desired sufficient

statistics.
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4.1.1 Calculation of the Characteristic Function

Computing f(y|xk, y’g:i) analytically is intractable. Instead, we calculate the conditional
characteristic function of Y, under the assumptions that X, = z; and Y,f__L1 = y,ﬁ:i are
given. The conditional pdf f(yx|z%_,,,yi=1) for each realization yj, is then derived by taking

the Fourier transform of the characteristic function.

We rewrite the channel model as

L
(k)
V=X + Wi +tUp+ > T} (Yer—Er—y) . 4.3
k kR K +Uk gzl\g(kf’ ké)/ (4.3)
M — e

Next, we compute the conditional characteristic function of R and Z, under the assumptions
that X, = x, and Ykk:Ll = y,ﬁ:i are given. Note that if X, = x; is given, R is Gaussian

N (g, 0%) where

HR = E[R’Xk = l’k] = Tk

of = Var[R| Xy =z;] =02
Hence, the conditional characteristic function of R is

Grux,(t) = E[e™X) = ]

1
= exp (—éaff + th) : (4.4)

Similarly, the conditional characteristic function of Z,, when Y, _, = yr_¢ and X = x;
are given, is derived in the Appendix B and denoted by Gg,y, ,(t). Finally, combining
Gz,v._,(t) and (4.4), and utilizing the conditional independence of R and Z, (given y;~,
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and ), we get

GYk|Xk,Ykk:L1 (t) (4.5)

= Grix, (1) Gu, () [ [G 2w (1)
/=1
_ sinc (tA/2)
\/Hle(l + geoZt?

1
exp (—5012%152 —|—iuRt+q)(t))
)

where L , T
@(t)zz_ (e —=pe) getn? od) +2i (ykﬁe_ﬂe)’YE'
2(1 + geo2t?)

(4.6)

(=1
4.1.2 FFT Implementation

Since the pdf is the Fourier transform of the characteristic function, the conditional proba-

bility f(yk|zr, yF=}1) can be obtained as

o0

f(yk|$k,y]1§:i) :/ GYk|Xk,Ykk:L1(t)€_iyktdt~ (4.7)

Hence, it is possible to numerically compute the branch metric Ayap(2f_,,, ¥k ;) in (4.2)
for each branch in the Viterbi trellis using the fast Fourier transform (FFT). For each trellis
section, we only need to compute one FFT. In other words, the FFT is the same for all
branches of the trellis section, but the actual branch metric values are obtained by sampling

the FFT at different points as illustrated in Figure 4.3 below.

4.1.3 Sufficient Statistics

A look at (4.5) and (4.6) reveals that the channel outputs y¥ ; need to be processed (in

some way) in order to formulate the branch metrics. The processing complexity depends on

the order L.
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Example 2. If L =1, then (4.5) and (4.6) reveal that a set of sufficient statistics necessary

for the computation of branch metrics is
(a)
() Yi(yr—1 — pe)
(c) g1(yr—1 — pie)?
A way to obtain Ayap in this case could be using the lookup table in Figure 4.2 (a). O

Example 3. If L = 2, then (4.6) reveals that the sufficient statistics are obtained by finite

impulse response (FIR) filters. The sufficient statistics are:

a) Yk, and the following FIR filter outputs

(
(b) Y1 (-1 — fte) + Y2 (Yr—2 — fe)

(
(d

)
)
) MG2(Yr—1 — He) + V291 (Yr—2 — He)
) 91(Yk—1 — pe)® + g2 (Yn—2 — pe)”
)

() 9192(Yr—1 — pe)® + 9192 (Y2 — fte)?

Consequently, the branch metrics Ayap can be computed using a lookup table in Fig-

ure 4.2 (b). O

The complexity of implementing the lookup table grows linearly with L because we need
2L + 1 sufficient statistics. Quantizing each sufficient statistic to, say, a 7 bit precision

requires 7(2L + 1) binary inputs to the lookup table. An alternative is to use FFT to

compute the pdf f(yx|zs,y;—1) from the characteristic function Gy lxvh (t). Thereby, we

can use the sufficient statistics to compute an equivalent form of the characteristic function
(4.5) with
2L k—
o1 Colyp— )t +q(t)
I3
2 Hé:1 (1 + geo?t?)

O(t)=

where

SF ol sy — pe),  if Cis odd

(4.8)
Z]L:]_ 55‘0 Y-y — te)?, if £ is even.
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Yk —» L=1
Lookup
Y1 (Yr—1 — pre) = —> Apap( )
Table
g1(y;¢,71 - ll‘e)z —>

Yk —> L=2
Y1 (Y1 — fe) + Y2 (Yr—2 — the) =

Looku
Y192 (Yk—1 — pe) +2 91(Yr—2 — fte) — P —>Amap(s )
Tabl
91 (k-1 — pe)?® + g2(yr—2 — pe)*—] aple
G192(Yk—1 — fe)? + 9192 (Yk—2 — fe)*—
w’;i_M
(b)

Figure 4.2: Branch metric Ayap for cases (a) L =1 and (b) L = 2.

and ¢(t) is a polynomial (whose coefficients are independent of y,]jjjl.). It is clear from (4.8)
that the sufficient statistics for this computation are outputs of two types of FIR filters

where:
(a) inputs are signals (yx — fe), if £ is odd.
(b) inputs are signals (yr — pe)?, if £ is even.

This approach is illustrated in Figure 4.3.

Lookup tables may be complicated to implement because of the need to quantize all the
sufficient statistics. However, the purpose of this section is not to suggest that a lookup
table is always a practical approach. Rather, it is to reveal what the sufficient statistics are.
Knowing the sufficient statistics is important because it gives us an analytic insight into
what to compute at the receiver end. For example, when L = 2, Fig. 4.2 (b) shows that
there are 5 sufficient statistics (the 5 inputs to the lookup table from the left). This can

actually guide the development of suboptimal detectors. For example, it is easy to verify
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k—1 + Characteristic Gy, —x, |- ")
Yk-L - Function

He |N poi‘n't FFT)

AfYk—Xkr('!')

Processing
Unit

Arrap(,-)

P(z|zy3)
Yk — Tk

Figure 4.3: Branch metric computation using the FFT.

that if we ignore the 3rd, 4th and 5th inputs to the lookup table, we get the suboptimal post-
compensation detector of Dong et al. [15]. In the same spirit, we will reveal in Section 4.2
how to derive another suboptimal detector (based on a Gaussian approximation) that ignores
the 3rd and 5th inputs in Fig. 4.2 (b), has a closed-form expression for the branch metric

and is particularly easy to implement.

4.2 Gaussian Approximation (GA) Detector

At the expense of reduced performance, as an alternative to the optimal procedure given in
Sec. 4.1, we give a simplified procedure for computing an approximation of Ayap(+,-) based

on a Gaussian approximation. We rewrite the channel model as

L
Vi = X+ ) IV (Yiee— Beo) + Wi + Uy
/=1

= Vi + U (4.9)

According to (2.3), Vj is obtained as the summation of several random variables. Assume

that we can approximate f(vy|zg,yr—1) by a Gaussian pdf as follows:

f el yi=1) ~ N(na(k), o0& (k)), (4.10)
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where

po(k) =E[VAYE = )Xo = 2]

L
=ZTrt+ Z Ve(Yr—r — fte) (4.11)
=1
oz (k) =Var [Vk|ykk:€1 — yl’:!% X = !L‘k}
L
= (90(02+ (e —p1e)?)+0207) + 0% (4.12)
=1

The new approximate conditional distribution f(@ (y.|z,yi—1), is obtained by convolving
the Gaussian distribution N (ug(k),c2(k)) and the uniform distribution U (—=A/2, A/2).
That is,

£yl v 1)

ykt g 1 _(mng)?

2
= ———ec ¢ dyy

w—5 V 2moqA
1 Yk — fic — 3 Yk — pic + 3
oG (oXe!

A
where the standard Q-function is defined as Q(¢) = —= [ Coo exp(—ﬂ;) dn.

So, clearly by examining (4.9)-(4.12), we conclude that to compute the branch metrics

A@(.,.), we need the following subset of the sufficient statistics

Yk

L
«9k = 276 (ykff - Ne)
=1
L
Ve = Z 9o (Yk—e — pe)?,
=1

which actually coincide with the three sufficient statistics a), b) and d) in Example 3
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closed form
pdf
computation
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AG)

> 02(ge+7) + ol
£

Figure 4.4: The branch metric computation module of the GA detector using FIR filters.

(Fig. 4.2 (b)). Hence, the computation of A (zF_, yF ) is equivalent to computing
A2k Yk, O, v). Note, again, that 6), and v, are obtained by FIR-filtering (y_¢ — fte)
and (yp_¢ — pe)?, respectively. Thereby, the entire set of sufficient statistics can be replaced
by a new vector [yx, 0k, x| of only three components (even if L > 1). Furthermore, the actual
computation of A (xk_ 4. i, 1)) does not require generating lookup tables or FFTs, but
can be implemented using sample DSP components such as multipliers and adders. Fig. 4.4

illustrates the branch metric computation module of the suboptimal GA detector.

It is interesting to note that some prior-art detectors, such as the hard-decision detectors in
[15, 54], and the soft-decision detectors in [12, 55] can be obtained by further approximations
of the Gaussian-approximation detector given in this section. In particular, the hard deci-
sion detector (post-compensation detector) in [15] can be obtained as a symbol-by-symbol
detector (when X} is i.i.d.) by computing the decision variables y; — p (k) and heuristically
determining the decision thresholds to achieve minimum probability of symbol error. The
detector in [54] is very similar to [15] in the way that decision variables are determined, but
in [54] a heuristically-derived Viterbi detector (obtained by exhaustive target training) is

used to refine the detection process. Similarly, the soft-output detector in [12, 55] can be
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obtained if instead of ¢2(k) in (4.12), we use o27?. Consequently, the detectors in [12, 55]
are suboptimal versions of the detector proposed here (particularly, if used as precursors to

a soft-in-soft-out decoder for LDPC codes) as shown explicitly in Sec. 4.4.

Finally, we note that in [15], a separate predistortion detector and a separate post-compensation
detector were proposed, showing that each has some advantages. The detector in this work
combines the strengths of both strategies simultaneously. This can be achieved by shaping
the channel input process Xy, into a Markov process (2.4) such as in [56, 57] (which is akin to
predistortion in [15]) and subsequently using a Viterbi/BCJR trellis detector as in Secs. 4.1
and 4.2 to detect the Markov input process Xj (akin to the post-compensation detector

in [15]).

4.3 Extensions

In this section, we briefly explain how to extend the channel model and detector design when

the channel suffers from additional degradations.

4.3.1 Signal-Dependent Noise

If the noise in the channel is signal-dependent, the channel model and the detector must be
appropriately altered. Several studies [46, 58] have shown that different levels vg, vy, -+, Uy 1
give rise to different statistics of the channel noise Wy and Uy (see model in (2.3)). For
example, it is possible that the random variables W} and Uy depend on the realization of
the channel input random variable X; = v;. In that case, we model W} and U, to be

signal-dependent,

fWk|Xk<'|Xk = Uj) ~ N(an-zuO))

fos, (X =) ~ u(—AZ@, y)
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In other words, the parameters o2 and A are appropriately substituted by o2 (j) and A(j),

depending on the (postulated) realization of the random variable X}, = v;.

Similarly, we may also extend the model of the random fading-like coefficient Fék) to be signal-
dependent. This means that instead of assuming E [Fék)} = vy, and Var [FE’C)} = gy, we would
assume a signal-dependent model E F§k)|Xk_g = vj] = v(j) and Var <Fék)|Xk_g = vj> =
ge(7). These changes would appropriately alter the Viterbi/BCJR detectors.

4.3.2 Input Intersymbol Interference

The channel model in (2.3) assumed only output ICI, but no input intersymbol interference

(IST). We can alter the model in (2.3) to account for input ISI as follows:

M L
Y=Y AUX, 0+ T (Yieg— Ejg) + Wi, + Uy (4.13)

m=0 /=1

where A are either constant coefficients or random variables, say A% ~ A (a(m),c%(m)).
In either case, the optimal detector design is still a Viterbi-like or a BCJR-like detector
whose branch metrics Ayap (2%, y% ;) can be determined using the FFT of the appropriate
characteristic function, or an appropriate Gaussian approximation. The model in (4.13) can

also be extended to be signal-dependent and/or 2D. We omit the details.

4.3.3 2D Channels

When the 2D channel model in (2.7) is appropriate, and the channel input is i.i.d, the optimal
detector is a simple symbol-by-symbol detector. However, since the channel does have 2D-
memory, it is reasonable to expect that the information-theoretically optimal channel input
process X, Wwill not be i.i.d. In this case we have two complications for which exact

solutions are not known, and we likely need to resort to ad-hoc and/or heuristic approaches:

(a) Optimizing the input distribution (even under the 2D Markov input assumption) to
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maximize the information rate of a 2D channel with memory is not known. To date,
only a limited number of computational methods to evaluate information rates of
2D channels with memory are known [59-62], but to the best of our knowledge, no
2D information-rate optimization techniques are available. One approach may be to
heuristically adapt 1D techniques to optimize lower-bounds on 2D information rates

as in [63], but this is certainly subject the further research.

(b) Even if an appropriate 2D Markov process X ;) could be constructed to guarantee a
nearly optimal information rate, the optimal detector for a 2D channel is not available
(because there exists no equivalents of the Viterbi/BCJR detectors in 2D). A plausi-
ble solution is to apply 1D methods in some heuristic fashion (such as, for example,
interleaving vertical and horizontal detectors [47, 64-66], or combining 1D horizontal
detectors with 1D vertical decision feedback [67-69]), or to design entirely new 2D

detectors [70-72] (which is, of course, subject to further research).

From points (a) and (b) above, it is clear that to achieve an information-theoretically optimal
transmission /reception strategy further research on 2D capacity computing techniques and

2D detection/interleaving techniques is needed.

4.4 Simulation Results and Discussion

In this section, we give simulation results to show the performances of the detectors when
using an even/odd bit-line structure. We use a 4-level flash memory channel, where the
channel input Xy is an i.i.d. process with parameters Pr (X; = v;) = 0.25 for any of the
4 levels vy, vy, v9 or vs. The parameters of the 4-level flash memory (2D channel) with
signal-dependent noise are given in Table 4.1. With the parameters as in Table 4.1, and
using 0 = 1, Fig. 4.5 depicts the pdf of each level’s voltage when no ICI occurs.

Ky
ab

We next assume that the random coupling ratios FE ; (see (2.7)) have the following Gaussian
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Table 4.1: Parameters of the 4-level flash memory

i 0 1 2 3
ithlevelv; | 1.1 | 27 | 33 | 39
A7) 0 | 03 | 03 | 03
ou(i) | 0.350 | 0.030 | 0.030 | 0.030

threshold volta.ée

Figure 4.5: The pdf of each level’s voltage for the 4-level flash memory without ICI.

distributions
ng:?,l) ~ N (Vs 9n), FEZZQA) ~ NV, gn),
Cleinen ~ N 9a) T e ~ N (e 90) (4.14)
ngf)u) ~ N(%n gv)»
where the subscripts h, v and d mean horizontal, vertical and diagonal interference, respec-
tively. We also assume that! v, : v, : 74 = 0.1 : 0.08 : 0.006 and g; = 0.09+? for i € {h,v,d}
as introduced in [15] and the references therein. Let s be the intercell coupling strength

factor. Then ~;, = 0.1s, 7, = 0.08s and ~; = 0.006s.

In the first simulation scenario, we fix 0 = 1 (see Table 4.1) and we let the coupling strength
factor s vary from 0 to 2. The bit-error-rate (BER) performances of the MAP detector and
the GA detector are shown in Fig. 4.6. In Fig. 4.6, we also show the BER performances of

the post-compensation detector [15] and the raw detector [15].

In the second simulation scenario, we fix s = 0.75, and vary the parameter o (see Table 4.1).

1. These notations denote the relative magnitudes of horizontal, vertical and diagonal capacitance cou-
plings.
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0 Error performance comparisons

| MAP ~ GA ~ Postcomp

BER

0.5 1 1.5 2
coupling factor stregth: s

Figure 4.6: BER comparisons for different detectors when the coupling factor strength is
varying and o = 1.

By varying o, we effectively vary the signal-to-noise ratio (SNR), defined as

1
22 Pr(Xy = vi)og, (1)

SNR 2 (4.15)

The BER curves for varying SNRs are shown in Fig. 4.7, depicting the performances of the
MAP detector, the GA detector, the post-compensation detector [15] and the raw detec-
tor [15].

Figs. 4.6 and 4.7 reveal that if the BER is the figure of merit, neither the MAP detector nor
the GA detector outperforms the post-compensation detector (originally disclosed in [15]).
Hence, to get a better sense of the quality of each detector, we must compare the qualities of
their soft outputs. Here, we measure the quality of a detector’s soft output as follows. Let

X); be the i.i.d. equiprobable channel input, meaning that P(X; = v;) = +. In the case of
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Error performance comparisons

-4 MAP ~ GA =~ Postcomp ---

_ —a— Raw-even -
""" —O— Raw-odd ;
""" —<&— Postcomp-even Ry
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= —6— GA-even = -
- —H— GA-odd

BER

0 0.2 0.4 0.6 0.8 1 1.2 1.4 16
SNR (dB)

Figure 4.7: BER comparisons for different detectors when the SNR is varying and the
coupling factor strength is fixed at s = 0.75.

a soft decision detector, the detector output Sj is a vector defined as?

P(Xy = vl Y{" = y7)
P(Xy = o|Y]" = y7)

P(Xg = vma|Y1" = y7)

and in the case of a hard detector, the detector output Sj is a scalar estimate of the channel
input

Sk =X, € {vo, 01, U1}
We define the soft information quality (SIQ) of a detector as

1
q= 5 I(Xk7 Sk:)'evenk + ](Xk7 S(]<3>|oddk: : (416)

2. Obviously, in a multilevel flash memory channel, the variable S is a collection of m likelihood values
- one likelihood value for each level.
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As explained in [73], SIQ is the capacity of random linear block codes. Therefore, this
quantity is proved to be the highest information rate achievable by a random low-density
parity-check (LDPC) error correction code. Furthermore, the SIQ allows us to compare
performances of codes without going through the complicated task of simulating the actual
codes. For example, if SIQ of detector A is 0.5 dB better than SIQ of detector B, then a
random LDPC code using outputs from detector A will outperform the same random LDPC
code using outputs from detector B by 0.5 dB. In other words, if we use detector A, we can

afford to use a 0.5 dB weaker code and achieve the same overall system performance.

The mutual information terms in (4.16) can be readily computed numerically using Monte-
Carlo simulations for any detector (also for a hard-decision detector). For the special case
of a MAP detector, the soft-information quality gy;,p has an alternative interpretation, i.e.,
quap is equal to the so-called BCJR-once bound (see [73] for details). Fig. 4.8 shows the soft
information qualities of the MAP detector and the GA detector when the coupling strength
factor s varies for fixed SNR, while Fig. 4.9 shows the soft information quality curves when
the SNR varies for fixed s = 0.75. Also shown in Figs. 4.8 and 4.9 are soft information
qualities of the post-compensation detector [15] and the raw detector [15]. Finally, the
figures also show an upper bound on the soft information quality of the soft-output detector
presented in [12], denoted by ¢7,,,,. At SIQ = 1.8 bits per cell (which corresponds to a code
rate of 0.9 user bits per channel bit), the MAP detector outperforms known detectors by
0.35 dB, as shown in Fig. 4.9.

As we show in Fig. 4.9, the performance of MAP detector is significantly better than current
detectors. Table 4.2 compares the computational penalty of each detector. In Table 4.2,
the “read process” penalty stands for the required number of reads per written symbol, and
the “metric computation” penalty is the computational complexity of computing the branch
metrics per written symbol. Note that the variable N in the MAP detector is the number
of quantization points in computing the FFT (i.e, N is the support length of the FFT) 3.

3. In all our simulations, we used N = 512.
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Figure 4.8: SIQ comparisons for different detectors when the coupling factor strength is
varying and o = 1.

Soft information quality comparisons

SIQ (bits/cell)

. I |
04 05 06 07 08 09 1 1.1 1.2 13
SNR (dB)

Figure 4.9: SIQ comparisons for different detectors when the SNR is varying and the coupling
factor strength is fixed at s = 0.75.
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Table 4.2: Complexity comparison for different detectors

Detector Read Metric
Process Computation
No ICT (threshold detector) O(1) O(1)
Post-compensation [15] O(L) O(L)
Gaussian Approximation O(L) O(L)
O(L)+
MAP(FFT-based) O(L) O(NlogN)

4.5 Conclusion

We derived the optimal detector structure for multilevel cell (MLC) NAND flash memory
channels. The optimal detector is attainable using FFTs of analytically computable char-
acteristic functions. Alternatively, at a small performance loss, a Gaussian-approximation
detector is attainable using two FIR filters, i) the first operating on channel outputs, and
ii) the second operating on the squares of the channel outputs. We derived the optimal
detectors here for both 1D and 2D page-oriented channels and demonstrated their superior

performances (particularly if executed as soft-output detectors) through simulations.
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Markov Channels

5.1 Preliminaries

5.1.1 Alphabet and strings

Most notation here is standard, we include them for completeness. A is a finite alphabet
with cardinality |A|, A* = U, A" and A> denotes the set of all semi-infinite strings of

symbols in A.

We denote the length of a string u = uy, ... ,u; € A’ by |u|, and use ul = (u;, -+ ,u;) . The

concatenation of strings w and v is denoted by wv. A string v is a suffix of u, denoted by
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v = u, if there exists a string w such that u = wv. A set T of strings is suffiz-free if no

string of T is a suffix of any other string in 7.

5.1.2 Trees

As in [74] for example, we use full A—ary trees to represent the states of a Markov process.
We denote full trees T as a suffix-free set 7 C A* of strings (the leaves) whose lengths satisfy
Kraft’s lemma with equality. The depth of the tree T is defined as d(7) = max{|u] :
ue T} Astring v e A" is an internal node of T if either v € T or there exists u € T such
that v. < u. The children of an internal node v in 7, are those strings (if any) av,a € A

which are themselves either internal nodes or leaves in T .

For any internal node w of a tree T, let Ty, = {u € T : w < u} be the subtree rooted at
w. Given two trees 71 and 73, we say that 77 is included in 73 (77 = Tz), if all the leaves in

T, are either leaves or internal nodes of 75.

5.1.3 Models

Let P™(A) be the set of all probability distributions on A such that every probability is
strictly positive.

Definition 4. A context tree model is a finite full tree 7 C A* with a collection of
probability distributions gs € P*(A) assigned to each s € 7. We will refer to the elements
of T as states (or contexts ), and q(T) = {q(als) : s € T, a € A} as the set of state transition

probabilities or the process parameters. O

Every model (7, ¢(7T)) allows for an irreducible, aperiodic! and ergodic [75]. Such Markov

1. Trreducible since g; € P+ (A), aperiodic since any state s € T can be reached from itself in either |s|
or |s| + 1 steps.
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(2) (b)

Figure 5.1: (a) States and parameters of a Markov process in Example 4, (b) Same Markov
process reparameterized to be a complete tree of depth 2. We can similarly reparameterize
the process on the left with a complete tree of any depth larger than 2.

process has a unique stationary distribution u satisfying

nQ = p, (5.1)

where @ is the standard transition probability matrix formed using ¢(7). Let p, be the

unique stationary Markov process {..., Yy, Y1, Y5, ...} which takes values in A satisfying

Py, (MIY2.) = a(Y1ls)

whenever s = ¢ (Y ), where ¢ : A — T is the unique suffix s < Y°__in 7. As a note,
when we write out actual strings in transition probabilities as in ¢(0/1000), the state 1000 is
the sequence of bits as we encounter them when reading the string left to right. If 0 follows
the state 1100, the next state is a suffix of 11000, and if 1 follows 1100, the next state is a
suffix of 11001.

Observation 2. A useful observation is that any model (7, ¢(7)) yields the same Markov
process as a model (77,¢(7")) where T < 7" and for all s’ € T, ¢(:|s') = q(-|er(s)). ]
Example 4. Let (7,¢(7)) be a Model with 7 = {11,01,0} and ¢(1]|11) = 1,¢(1]01) =
$,q(1{0) = 2. Fig. 5.1. (b) shows the Markov process as a model (77,¢(7”)) with 7" =
{11,01, 10,00} satisfying conditions in Property 2. O
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5.2 Channel Model

We focus on Markov channels defined as follows. Both input {X,,}>; and output {Y;,}>2
are finite alphabet processes taking values in A and the state of channel in each instant
depend on sequence of prior outputs of the channel. The input process is drawn from an
i.i.d process, namely P(X,, = a) = p, for all n € N and a € A, provided that ) _,p, = L.
We assume that there is no feedback in this channel setup. The joint probability distribution

the channel inputs/outputs factorizes as

k=1
The state of the channel at time k is therefore determined by y*-!. We consider finite memory

channels, and model the possible states of the channels as leaves of a finite full | A|—ary tree,

T. Recall that cr(y"3!) € T is the unique s € T such that s < y*7!. Therefore, we obtain

n

Pty 1y’ ) = [ ] Plar) Plurler (V') ).

k=1

Then {(X,,Y,)}2, can be modeled as a Markov process p, . Associated with every state
s € T is a distribution ¢s € P*(A x A) which assigns any input/output pair (a,b) € A x A
the probability

gs(a,b) = P(X, = a,Yy = bler(Y* ) =s), VkeN

For convenience, we also denote the input/output transition probabilities encountered upon

seeing context s € T by
Gs(b]a) = P(Sfl = b‘CT(YBOO) = Sle = a)_

Therefore, we have

QS(CL7 b) = Da es<b|a)
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The set Og = {0s(:]a): a € A} is the set of all conditional probabilities associated with state
s. Note that 65(-|a) € PT(A) for all a € A and s € T. The set

@T:U®s

seT

is the set of all transition probabilities of channel model and we refer to it as the channel
parameters. Since the input is a known .i.d process, estimating ¢(7 ) and ©+ are completely

equivalent parameterizations.

As emphasized in the introduction, we do not assume the true channel model is known nor
do we assume it is fast mixing . We would like to know if we can estimate the channel
parameters and the stationary probabilities of various states of the channel even when we

are in the domain where the mixing has not happened.

5.3 Background Topics

5.3.1 Context Tree Weighting

Context tree weighting algorithm is a universal data compression algorithm for Markov
sources [74, 76], and the algorithm can be used to capture several insights into how Markov
processes behave in the non-asymptotic regime. Let y] be sequence of symbols from an
alphabet A. Let T = AP for some positive integer D. For all s € T and a € A, let ng be
the empirical counts of string sa in y{'. The depth-D context tree weighting constructs a

distribution

n D+1 n ng
pe(yily’ p) = 2747 s TT T ( a> '
aEAn

GTGEA
Note that no Markov source with memory D could have given a higher probability to yf

than

H H ( aeA”a)ng.

seT acA
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So, if |[A|Plogn = o(n), then p, underestimates any memory-D Markov probability by only a

subexponential factor. Therefore, D = O(logn) is going to be the case of particular interest.

5.3.2 Coupling for Markov Processes

Coupling is an elegant technique that will help us understand how the counts of certain strings
in a sample behave. Let p, be our Markov source generating sequences from an alphabet
A A coupling w for p.- is a joint probability distribution on the sequences {Y,,, Y b1
where V,, € A and Y,, € A, and w satisfies the following property: individually taken, the
sequences {Y;,} and {Y,,} have to be faithful evolutions of pr,- Specifically, for m > 0, we

want

Vot Y72, Y70) = by, (Voria[Y750) = by, (Vi fer (Y72), (53)

and similarly for {Y,,}. In the context of this work, we think of {Y;,} and {V;,} here as
copies of p,. that were started with two different states s, s’ € T respectively, but the chains
evolve jointly as w instead of independently. For any r and w € A", N,(w) (respectively
N, (w)) is the number of times w forms the context of a symbol in a length-n time frame,
{V;}7 | given YO (respectively {Y;}._, given Y° ). Then, for any w,

By, INa(W) Y2 ] = By [No(w)[YE,]

vy o N

(e (Y >=w—ﬂ@mwa=wm

o) = w) ~ 1ep (7.0 = w)|

< Z #CAT( ))

where the first equality follows from (5.3).

The art of a coupling argument stems from the fact that w is completely arbitrary apart
from having to satisfy (5.3). If we can find any w such that the chains coalesce, namely

w(cz (Vi) # ¢z (Y7 )) becomes small as ¢ increases, then we know that B, . [N, (w)|Y°_]
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cannot differ too much from E,,_ [N, (w)|Y°_]. For tutorials, see e.g., [77-79].

5.4 Long Memory and Slow Mixing

There are two distinct difficulties in estimating Markov processes as the ones we are interested
in. The first is memory that is too long to handle given the size of the sample at hand. The
second issue is that even though the underlying process might be ergodic, the transition
probabilities are so small such that the process effectively acts like a non-ergodic process
given the sample size available. We illustrate these problems in following simple examples.

Example 5. Let T = A* denote a full tree with depth & and A = {0,1}. Assume that
q(1/0%) = 2¢ and ¢(1|10F7') = 1 — ¢ with € > 0, and let ¢(1]s) = 5 (where 0" indicates
a string with k consecutive zeros) for all other s € T. Let p, represent the stationary
ergodic Markov process associated with this model. Observe that stationary probability of
being in state 0¥ is ﬁ while all other states have stationary probability 2k+2—1—1 Let Y
be a realization of this process with initial state 1* < Y°_. Suppose k > w(logn).? With
high probability we will never find a string of kK — 1 zeros among n samples, and every bit is
generated with probability 1/2. Thus with this sample size, with high probability, we cannot

distinguish p,. = from an i.i.d Bernoulli(1/2) process. O

We therefore require that dependencies die down by requiring that channel parameters 6{,
and 60, corresponding to sibling contexts 1s and 0s, satisfy (6.1) in Section 6.1.

Example 6. Let A= {0,1} and 7 = {0, 1} with ¢(1|1) = 1—¢, and ¢(1|0) = €. For e > 0,
this model represents a stationary ergodic Markov processes with stationary distributions
p(l) = 3, 1(0) = 3. Let 77 = {0,1} with ¢/(1]1) = 1 — ¢,¢(1|0) = 2¢. Similarly, for € > 0
this model represents a stationary ergodic Markov processes with stationary distributions
w(l) = %, ' (0) = % Suppose we have a length-n sample. In this case, we cannot distinguish

between these two models if € < o(1/n). O

2. A function f,, = w(gy) if lim,— 00 fr/gn = 00.
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5.4.1 Lower Bound on Information Rate

Consider a channel with state tree 7 and parameter set ©+. Suppose that d(7) = D < oc.

The information rate for an i.i.d input process with P(X} = a) = p, for this channel is

. 1
Ry % lim —1(X™ Y™

n—oo M,

: 1 n n n
= lim —[H(Y") = H(Y"|X")]
PR R k—1 k-1
—T}ggoﬁg[mmif ) = HY[Y* ' Xy)
D
.1 _ _ _ _ _ _
Ll 3357 P = g HOAY = ) — HOGY =5 )
k=1 yk-1
: 1 - k—1 _ k-1 k—1 _  k—1 k—1 _ k-1
+lim = 37 PO = Y [ HOGY = ) — HOGIYE = LX)

k=D-+1 yh—1

- k=1 _  k— k=1 _  k—1y _ k=1 _ k-1
S lm S0 YT ST P = g [HOY =) - B = )

k=D+1s€T yk-1,

s=y K

where (a) is by chain rule for entropy and from (5.2) and (b) is straightforward from definition
of the conditional entropy. The equality in (c) holds since the first term in (b) vanishes as

n — oo and observing that for k > D + 1,

UAk 1 _ U {yk 1 Ak L. ykfl} :Akfl'

seT seT

Note that for all k € N, if s < y*!, it can easily be shown that

Fl j/’ jfk) 1 yk 1 H j/ jrk 1 _ yk 17 )( — Da Qs b a log 2
( k| ) ( k| k) aGZA bze;l ( | ) E:afeApa’9s<b|a')

= Ry(0,).
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Therefore,

Rr=lim 3 YN P =R,
k=D+1s€T yk-1.
S%yk71
LY R im0 S P =y
seT k=D+1 k-1,
S-<y 1
=3 e Jm 3 P07 =)
seT - yk_l;
s3yk !

SDIIONAC

seT

The equality in (d) is by changing the order of summations and (e) follows by using Cesaro’s

lemma [80]. Finally, (f) holds by properties of stationary distribution in Markov processes.

As a remark, note that for fixed input distribution, Ry is a function of O = {0s(-|a): a € A}.

Lemma 5.

For fixed input distribution, Rs(Os) is convex in O.

Proof Let A€ [0,1]and A=1— ). Let O5 = {0(-|a): a € A} and O, = {#.(-|a): a € A}

be two sets of valid conditional distributions associated to state s. Then,

Rs(AOs + A\O)) =

=D P

acA be A
=D P
acA beA

<N nY \

beA -

a€A

Ms(bla) + AL (bla) }

(Aesa4a>+—xeé“”a>>]og ;mf(xesaﬂaﬁ +-X9é“”“°>

2.

= ARs(0;) + ARs(0y)

where the inequality in (e) follows by using log-sum inequality (see e.g.,

a’'eA
()\Qs(b|a) + Xa;(bm)) log As(bla) + A0 (bla) }
: A Y puby(bla) + X Y putdi(bla)
a’eA a'cA
)\Qs(b\a) - XG’(b\ )
be{bla)log 7y + A u(bla) log -
A- 2 pabs(bla’) S pabl(ba’)
a’eA dea
[80]). O
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() (b}

Figure 5.2: (a) Markov process in Example 7, (b) Aggregated model at depth 1. From
Observation 1, the model on the left can be reparameterized to be a complete tree at any
depth > 2. We can hence ask for its aggregation at any depth. Aggregations of the above
model on the left at depths > 2 will hence be the model itself.

Since the memory is unknown a-priori, a natural approach, known to be consistent, is to use a
potentially coarser model with depth k,,. Here, k,, increases logarithmically with the sample
size n, and reflects [21] well known results on consistent estimation of Markov processes. We
show that coarser models formed by properly aggregating states of the original channel are
useful in lower bounding information rates of the true channel.

Definition 5. We say that p;, aggregates p, (or p,, refines pia), if T <7 and Pr. be

the stationary Markov process with state transition probabilities given by

s D ver M(V)g(alv)
Q(a|w) - Zv/g'rw M(V/)

for all w € T and a € A, where p is the stationary distribution associated with p.- . Using
Observation 2, wolog, no matter what T is, we will assume p, has states 7 such that
T=<T. O
Example 7.  Let p,  be a Markov process with 7" = {11,01,0} and ¢(1|11) = 1, ¢(1]01) =
3,q(1/0) = 2. For this model, we have p(11) = -, 1(01) = 5= and p(0) = £2. Fig. 5.2. (b)

25"
shows an aggregated process p__ with T = {1,0}. Notice that ¢(1|1) = (1 + £1)/(£ +
=) = == and ¢(1]0) = 3. O

Lemma 6. Let p,  be a stationary Markov process with stationary distribution p. If p_ ]
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aggregates p.  then it has a unique stationary distribution f and for every w € T
aw) = 3 ulv).
vETw

Moreover, for all a¥ € A* such that a¥ is an internal node of T we have ji(a¥) = u(ak).

Proof Let Q be the transition probability matrix formed by the states of Py .- First notice
that by definition, for all w,w’ € T

- ) 0 iflac A st. w=<wa
Qwlw') =

q(alw’) if w X w'a for some a € A

Since p. , is irreducible and aperiodic, Pr. will also be irreducible and aperiodic and thus,

has a unique stationary distribution ji. Hence, there exists a unique solution for

ilw) = Y- AwW)Qwlw) Ywe T (54)

w'eT

We will consider a candidate solution of the form

plw) = 37 wlv)

VGTW

for every w € 7 and show that this candidate will satisfy (5.4). Then, the claim will follow
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by uniqueness of the solution. To show this, note that for VYw € T

PN 2ver,, H(V)alalv)
> awWhgaw)y = D" [ >0 uv) Sver, iV)

weT weT | V€T,
w=w'a w=w'a

where (d) follows by observing that
w =< {va: 3w € T.aeA st. w=waand ve 7.1},

and then using properties of the stationary distribution of p, . Note that the second state-

ment of Lemma automatically follows from the uniqueness of stationary distributions. O

In a similar manner as Definition 5, given any input output process for a channel we can
define an aggregated channel with tree 7 and parameter set (:)7—. For all w € T, let
Oy = {fw(-]a) : a € A} in which for fixed a € A, O4,(-|a) is given by

2 ver, H(V)0y(b]a)

, Vbe A
ZV’GTW M(V/)

éw(b|a) =

Theorem 7. Consider a channel with tree 7 and parameter set ©+. If T aggregates T,
then R_ < R,.
T
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Proof Note that for all w € T, Ty = {s € T :w =<s}. Since T < T, we have

Ry =)  i(w)Ru(Ow)

weT
2 p(v)
S ;M( )v;v |:Zv/€7'w ,LL(V/) RV(@V)
DI ACH
weT v€ETw
= ZM(S)RS(@S)
seT
= RT

where the inequality in (a) holds by Lemma 5 and the fact that Va,b € A

~ v)0,(bla
Qw(bla) _ ZVGTW /’L< ) g | )
> ety V')
The equality in (b) hods since fi(w) = >/ - p(v'). O
Remark In this Chapter, we are particularly concerned with the slow mixing regime.

As our results will show, in general it is not possible to obtain a simple lower bound on
the information rate using the data and taking recourse to the Theorem above. Instead, we

introduce the partial information rate that can be reliably obtained from the data

where G C T will be a set of good states that we show how to identify. The partial informa-
tion rate is not necessarily a lower bound, but in slow mixing cases it is sometimes the best

heuristic possible. O

Notwithstanding the previous remark, we will focus on estimating the aggregated parameters

©7, where T = A" has depth k, where k, grows logarithmically as a, logn for some
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€

(a) (b)

Figure 5.3: (a) Markov in Example 8, (b) Same process when € = 0.

a, = O(1). Now pz; is unknown and we do not have access to samples from it. And
there is, of course, no guarantee that the counts of short strings are any more reliable in a
long-memory, slow mixing process.

Example 8. Let 7 = {11,01,10,00} with ¢(1]11) = ¢, ¢(1/01) = 1, ¢(1]10) = 1 — ¢,
q(1]00) = e. If € > 0, then p,  is a stationary ergodic binary Markov process. Let y denote
the stationary distribution of this process, respectively. A simple computation shows that
p(11) = 725, p(01) = =52, p(10) = 7=52 and p(00) = 5%, and pu(1) = =5 + 750 = 75

_ 2—2¢ 2—2¢ __ 4—4e
and N(O) T T—6¢ + 7—6e ~  T—6¢"

Suppose we have a length n sample. If € <« %, then p(1) = % and u(0) = ‘—; respectively. If
the initial state belongs to {11,01, 10}, the state 00 will not be visited with high probability
in n samples, and it can be seen that the counts of 1 or 0 will not be near the stationary
probabilities (1) or x(0). For this sample size, the process effectively acts like the irreducible,

aperiodic Markov chain in Fig. 5.3. (b) which can be shown to be fast mixing. Therefore,

©(01) ©(10) p(11)
1)+p(01)? p(1)+p(01) w(1)+p(01)

converge quicker than p(1) or u(0). O

and

the stationary probabilities of the chain in Fig. 5.3. (b), o
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Estimation On Channels with Output Memory

6.1 dependencies dying down

As noted before in Example 5, if the dependencies could be arbitrary in a channel model, we
will not estimate the model accurately no matter how large the sample is. Keeping in mind
Observation 2, we formalize dependencies dying down by means of a function f : Z* — R*

with Yo7, f(i) < oo and assuming that for all w € A* and all ¢, € A

B 1] < f(lwl) (6.1)
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where a,b € A and 0. (bla) = P(Y; = bler(Y?,) = cw, X; = a). Note that the tree is finite
iff there exist a finite D such that f(i) =0 for all ¢ > D.

As mentioned in the last section, we will focus on set of the aggregated parameters at depth
kpn, © g4x, where k, = a, logn. If k, is large enough, these aggregated parameters start to
reflect the underlying parameters ©+. Indeed, by using an elementary argument we will show
that both the underlying and aggregated parameters will then be close to the empirically

observed values for states that occur frequently enough.

Throughout this Section, we assume that we start with some past Y°__| and we see n samples
(X7, Y") from the channel. All confidence probabilities are conditional probabilities on Y}
given X7 and Y°__, but we do not write Y°__ out explicitly to avoid cluttering notation. The
results hold for all Y°__ (not just with probability 1).

Lemma 8.  Let {f(4)}:2, be a sequence of real numbers such that there exists some ny € N

for which, 0 < f(i) <1 for all i > ng. Then, ¥j > ngy, we have

1_ Zf(z) < H(l — f(i) < [Tis;(1+ f(4))

2] 2]

Proof Wolog, let f(i) be decreasing, and consider a distribution g over N such that

Jj=i

Let E; be a sequence of events denoting whether numbers drawn independently as per q is

> 4. Thus E; are independent with P(E;) = f(i). Then, Vj € N such that j > ng, we have

L-T[a—-r@) =rlJE) <) PE)=)_ fi).

2] (=4 i>j =]

Hence,

1=> r <JIa-ra.

12] i>j
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Since by assumption 0 < f(7) <1 for all ¢ > ny, the second inequality can easily be derived
by the fact that

[a-ra<t 0

(=]

Lemma 9. Let 7 be a model associated with the channel and satisfying condition (6.1).

Suppose T = T with d(T) = k. If Yp5;, f(i) < 1, then for all w € T and a,b € A

Proof Let w € 7 and fix a,b € A. Note that for i = k,, by assumption we have for all

c,d e A

Zew AT 1‘ < f(kn). (6.2)

From Lemma 6, Ay (bla) is a weighted average of 6 (bla), c € A. Hence,
in Ogw (b]a) < Oy (bla) < max Oy (bla). .
min Gaw (bla) < Ow(bla) < max Oaw (bla) (6.3)

From (6.2) and (6.3), Ve € A

O (bla) (1 — f(kn)) < Oew(Dla) < (14 f(kn)) 0w (bla).

Proceeding inductively, for all s € T, we have

( IT G- f(i)))éw(bla) < 0s(bla) < ( I] 1+ f(z'))) J, (bla).

i>kn i>kn

The lemma follows. O
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6.2 Estimation of State Transition Probabilities

Definition 6.  For all sequences (X, Y]") obtained from the channel model p, , let T =
AFn with k, = a,, logn for some function oy, = O(1). For s € T, let Y be the sequence of
output symbols that follows the output string s, and correspond to the input x = a. Hence,

the length of Y{ is

n

Nu(s,a) =Y 1{cs (Y*!) = s, X) = a},

k=1

the number of occurrences of symbol b in Y is ng(b, a), where

ns(b, CI,) = Z H{Cf(Y_ko_ol) =8,Y, = b, X, = a}.

k=1

We define the naive estimate of fs(b|a) as

Furthermore, let Ny,(s) = > . 4 Nu(s, a). O

Remark Note that Y¢ is i.i.d only if s € T, the set of states for the true model. In
general, since we do not necessarily know if any of ng(b, a) are close to their stationary fre-

quencies, there is no obvious reason why 65(bla) shall reflect 64(b|a). O

Let v; = >, f(i). Note that v; — 0 as j — oo and that —v;logr; — 0 as v; — 0.
Definition 7.  Given a sample sequence with size n obtained from the channel model p. ,

we define the set of good states, denoted by G, as

~ ~ 1
G={weT:Vae A N,(w,a) > max {ny, log — | A" log? n} }.
kn

Remark Note that a state is good if the count of the state is > n® log® n = 2% log®n.

Therefore, if 257 log? n > n, or equivalently k, > logn — 2loglogn, no state will be good and
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the Theorem below becomes vacuously true. This is not a fundamental weakness in this line
of argument—it is known that k, has to scale logarithmically with n for proper estimation

to hold. O

Remark Observe also that because we do not assume the source has mixed, the theorem
below does not imply that the parameters are accurate for contexts shorter than k,. This
is perhaps counterintuitive at first glance, but the below result holds not because of mixing,

but because of the fall-off of dependencies. O

Theorem 10. Let k,, = a,, logn. With probability (conditioned on Y°_) > 1———-1

2|A|kn+1 logn?

for all a € A, Y°_ and s € G simultaneously

In 2 In2
logn = log i

16,(-1a) — B:(la)l < 2\/

Proof As before, let vy, = .-, f(i) and let n be large enough that vy, . Note that

Lemma 9 implies that for all sequences (z7,y7) € A™ x A™ (all steps hold for all Y_OOO)

qu(%‘%aYO ) < 1_1/ H H 9 (bla) nsba

SET a bG.A

<1 H IT Aty

Se’i’ CL,bGA

where 60s(b|a), ng(b,a) are defined in Definition 6 and the second inequality is because

(1 )" < 4™ whenever 0 < ¢ < . Now, let B,, be the set of all sequences that satisfy

nv, 0 ns(b,a Hs 'f-Hab Aés(b‘ayk(bﬂ)
A"V H H B (bla)s0® < 2is 22.|7A€|kn+1logn .
scT a,beA

Now using a construction similar to the context tree weighting algorithm [74], we obtain a
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distribution p. satisfying

HseT Ha,beA QS(b’a)ns(b’a)

pc(yl |$17 foo> = 2\A\kn+1logn

Hence, for all sequences in B,,, we have

[acr [apen fs(bla)"""

pC(yme —00) = 2|A|kn+110gn

kn+1
4(m/kn+\.A\ logn) HseT Ha ped <b| )ns (b,a)
2| A[Fn+llogn

2 pT,q (yﬂl’?’ YSOO)Q‘A‘ICTH-I IOgn.

>

Thus, B, is the set of sequences yi such that p. assigns a much higher probability than p_ .
Such a set B, can not have high probability under p, .

kn+1 n
pT,q (Bn) = pT,q{yl pc(yl |[L’17 ) > pT (yl |ZL’17YO )2|A| tog }

< N7 pelyplat, YO )2 A s < Al logn
O < .

y? €Bn

Therefore, with probability > 1 — 2 AMlogn e have

) . Os(b]a)"=)
ns (b,a) Hser Iapeats

H lb_IA@s(b|a) - 4 (A + log ntnuv, )

seT a,0€

which implies simultaneously for all s € 7 and for all € A

T ublayreoer > LicabslC

A(A[Fn+1log ntnuy, ) *
be A

The above equation implies that 05(-|a) and 6s(-|a) are close distributions, since we can
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rearrange (take logarithm and divide both sides by NV, (s,a)) to obtain

ns(b, a) o és(b|a) o ) (lad(-la 2(| At log n + nuy,)
> X i = p(BCla1a e ) < 2ALTlsn ),

where the first equality follows by writing out the value of the naive estimate, 05(bla) =

ns(b,a)/Ny(s,a). Since (see for example [80])

T;Hés(ﬁa) —Bs(-[a)|? < D(és(-la)l\és(-\a))

for all s € 7 and a € A, we now have with confidence bigger than 1 — 9 M logn ) af

5. la) — 6.0l (In2)(|Alk*11ogn + nuy, )
||93(| ) 93(| )||1S\/ Nn(s,a) .

The Theorem follows from our Definition 7 of good states. a

When the dependencies among strings die down exponentially, we can strengthen Theorem
10 to get convergence rate polynomial in n.
Theorem 11. Suppose f(i) = 7" for some 0 < v < 1. Let ( be a nonnegative constant

—log~y - logn
such that ¢ > Toa A doss For k,, = s A 107 and define
log A

GN! A T . CJFlog.Aflog'y
S{weT:VYac A, Ny(w,a)>n }.

~ kn+1
Then, for all s € G with probability greater than 1 — 2~ " logn simultaneously

In2-((1-7)[Allogn+1)
(1 —=7)n

110s(-|a) — Os(-|a)||: < 2\/

Proof The proofis similar to Theorem 10, but involves more careful but elementary algebra

specific to the exponential decay case.

Remark According to definition of good states in Theorem 11 and the fact that d(7) =
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k,, we obtain

~ _ log v ~ log | A|
|G‘ S n logIAIflogv’ "T| — n Tog [A[-logy

implying that if v < 1/|.AJ, all states of T can potentially be good. O

6.3 Estimation of State Stationary Probabilities

Note that the parameters 6 associated with any good state can be well estimated from the
sample while the rest may not be accurate. From Example 6, we know that the stationary
probabilities may be a very sensitive function of the parameters associated with states. It
is therefore perfectly possible that we estimate the parameters at all states reasonably well,
but are unable to gauge what the stationary probabilities of any state may be. How do we
tell, therefore, if we can trust our naive counts of states?

To find deviation bounds for stationary distribution of good states, we construct a new
process {Z,}>° 1, Z, € T from the process {V,}°°,. If Y, is the (m + 1) symbol in
the sequence {Y;}22, such that c#(Y"2) € G, then Z,, = cr(Y"2). The strong Markov
property allows us to characterize {Z,,} ~_, as a Markov process with transitions that are
lower bounded by those transitions of the process {Y,} -, that can be well estimated by
the Theorems above. More specifically, let Ty = min {j > 0: c+(Y? ) € G} and let Z, =
cr(Y™%). For all m > 1, T,, is the (m + 1)'th occurrence of a good state in the sequence
{Y,.}52,, namely

T =min{j > T, : c+(Y7) € GY,

and Z,, = cr(Y'2). Note that T, is a stopping time [78], and therefore {Z,,}°°_, is a
Markov chain by itself. Let B = {s € 7 : s ¢ G}. The transitions between states

s,s’ € G are then the minimal, non-negative solution of the following set of equations in
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{Q(s]s") : 8" € A s € G}

Qsls') =y, (cr (Y1) =slez(Yo) =8) + Y oy, (c(Y1) = 8"ler(Y0,) = 8) Q(sls")

s"eB

An important point to note here is that if s and s’ are good states,

Q(sls) = py, (e7(Y2) =slez (Vi) =),

and the lower bound above can be well estimated from the sample as shown in Theorem 10.
Property 1. A few properties about {Z,,} are in order. {Z,,} is constructed from an
irreducible process {Y,,}, thus {Z,,} is irreducible as well. Since {Y,,} is positive recurrent,
so is {Z,,}. But despite {Y,} being aperiodic, {Z,} could be periodic as in the Example
below. But periodicity of {Z,,} can be determined by G alone (because 7T, while unknown,
is a full, finite A-ary tree). O
Example 9. Let {Y,} be a process generated by context tree model p, with 7 =
{11,01,10,00} and ¢(1]11) = §,¢(1]01) = €, ¢q(1]10) = 1 —€,¢(1]00) = %. If € > 0, then p,
represents a stationary aperiodic Markov process. If {Z,} be the restriction of process {Y;,}
to G = {01, 10}, the restricted process will be periodic with period 2. O
Property 2.  Suppose {Z,,} is aperiodic. Let uy and pz denote the stationary distribution
of the processes {Y,,} and {Z,,}, respectively, withn samples of a sequence {Y,,} yielding m,,
samples of {Z,,}. Similarly, let uz(s)denote the stationary probability of the event s < Z.
Then for all s,s' € G with uy(s') # 0,

. n 1(cx Yioo =S . m i
iy (8) wpr Hmmaoo S50 HOEEES iy, o S HEEL () _
’uY(S/) linlnaoo Z?:l w 1immn—>00 eril H(SEZi) MZ(S/)

For any (good) state s, let Gg C A be the set of letters that take s to another good state,

Gs={be A:cz(sb) € G1. (6.4)
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Our confidence in the empirical counts of good states matching their (aggregated) stationary

probabilities follows from a coupling argument, and depends on the following parameter

N, = min Y min{Gu(b),q(b)}. (6.5)

u,veGG beGanGy

where in a slight abuse of notation,

Gu(0) =" Gu(a,b)

acA

Note that for any state s € T of the original process p. ,ifu <'s

Gu(b) =Y pafu(bla) > D pubs(bla)(1 — vyu) = gs(b)(1 = 1))

acA acA
Again, Theorems 10 and 11 allow us to estimate 7, from the sample since it only depends
on parameters associated with good states. The counts of various w € G now concentrates
as shown in the Theorem below, and how good the concentration is can be estimated as a
function of 7 (and vy, ) and the total count of all states in G as below. Now G as well as N
are well estimated from the sample—thus we can look at the data to interpret the empirical
counts of various substrings of the data. Let ®; = Ziz ; Vi For the following theorem, we
require v; to be summable. Thus, ®; is finite for all 7 and decreases to 0 as j increases. If
f(i) ~ ~*, then ®; also diminishes as 7/. But f(i) ~ - diminishes polynomially, then ®;
diminishes as 1/5772. If f(i) = 1/i>" for any n > 0, we therefore satisfy the summability of
v;. However, f(i) can also diminish as 1/(:* poly (logi)) for appropriate polynomials of log
for the counts of good states to converge.

Theorem 12. If {Z,,}°°_, is aperiodic, then for any ¢ > 0, Y°__ and w € G we have

L 2
_p(w) 0 t2 n(1—®y,)
No(w) — " > 4y ) < 2exp | ——
Pro(lfalw) =i gy | 2 HY5s) < 2exp | = Ay +nfn (1 — By,

where /,, is the smallest integer such that ¢, < %, n is the total count of good states in the
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sample and p is the stationary distribution of p_ .

Proof We define
‘/z' = E[Nn(W>|ZOZ1, e 7Zi]7

and observe that {V;}7_, is a Doob Martingale. Note that Vy = E[N,(w)|Z] and V; =
N, (w).

Remark To summarize, we first bound the differences |V, — V| of the martingale using
a coupling argument on two copies of the chain {Z,}. Since the memory of the process p,
could be large, in our proof the coupled chains never actually coalesce in the usual sense but
enough that the chance they diverge again within n samples is less than 1/n. This is where
the parameter ¢,, comes in as well. Once we bound the differences in the martingale {V;}?:l,

the theorem follows as an easy application of Azuma’s inequality. |

Now since for all 7 > 0

\Vi = Viea| = |E[N.(W)| Zo, - . ., Zi] — E[Nn(W)|Zo, ... . Zi—1]]
< max B[N, (W)|Zo, . .., Z;] — E[N,(W)|Zo, ....Z ]|,
we bound the maximum change in N, (w) if the i'th good state was changed into another
(good) state. To do so, we use a coupling argument as follows. Let G be the set of good
states from Definition 7, and suppose good states occur n times in the sequence. Suppose
there are sequences {Z,} (starting from state Z, ) and {Z; } (starting from state Z;), both
faithful copies of {Z;} yet coupled with a joint distribution w to be described below. From

the coupling argument of Section 5.3.2, we have for w € G (hence |w| = k,) for all w

n
!

B[N (W)|Zo, .., Z;) — B[No(W)| Zo, .. Z )] <) w(Z,% 7)), (6.6)

j=it+l

/kTL " . ! 1"
where Z; = Z; if ¢ 410 (Z;) = Carn (Z;).
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Description of Coupling Suppose we have {Z;}Zzl and {Z;’}le. To obtain Z;H and

7, starting from states Z’- and Z/-/ we run copies {Y-’ -} and {Yf{} of coupled chains

J i>1 i>1

individually faithful to p,. . Then Z is the state corresponding to the first time {Z}, ]Z}p .
hits a context in G. Similarly for Z .- Specifically, the chains { ji}i> ,and { ji}i> , are coupled
as follows. We generate a number U;; uniformly distributed € [0, 1_]. Given (Z; _and Z J”) with
suffixes u and v respectively in G, we let Gy € A (and Gy similarly) be the set of symbols
in A defined as in (6.4). We split the interval from 0 to 1 as follows: for all a € A, we assign
intervals r(a) of length min{gu(a), ¢v(a)}, in the following order: we first stack the above

intervals corresponding to a € G, N Gy (in any order) starting from 0, and then we put in

the intervals corresponding to all other symbols. Now let,
(V1. Y}}) = (a.a) i Uyy € r(a).

Let

C(A) = Z Z min {qZ qZ” (0)}. (6.7)

be A be A
be the part of the interval is already filled up. Thus if U;; < C(A), equivalently with
probability C'(A), the two chains output the same symbol. We use the rest of the interval
[C(A),1] in any valid way to satisfy the fact that lel is distributed as pT’q(-]Z;) and Y1 is

distributed as pqu(-|Z;/). For one standard approach, for all a assign

ru(a) = (qu(a) — qv(a))" = max {gu(a) - ¢v(a), 0}

and similarly r(a). Note that only one of ry(a) and 7y (a) can be strictly positive and that

for all a, r(a) + ru(a) = qu(a) while r(a) 4+ ry(a) = ¢y(a). Therefore,

Zru(a) = er(a) =1-C(A).

acA acA

An example of such construction for binary alphabet is illustrated in Fig. 6.1. in which we

have assumed G, N Gy = {a1}. We will keep two copies of the interval [C(A), 1], and if
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"""" A
qu(az) = 0.3 av(az) = 0.6 ra(a) =03 | rv(ea) =03 [1=CA)

7777777 \
A

r(az) = 0.3 r(az) = 0.3

C(A)

qu(ar) = 0.7 av(a1) = 0.4 r(a1) = 0.4 r(a1) = 0.4

7777777 \/
0 0 0 0

(@) (b)

Figure 6.1: (a) The conditional probabilities with which lel and lei have to be chosen
respectively are gu(-) and ¢y(-). The line on the left determines the choice of lel and the
one on the right the choice of lei For example, if Uj; is chosen uniformly in [0,1], the
probability of choosing Yj’1 = a1 18 qu(ay). Instead of choosing Y;-’l and Y;’i independently, we
will reorganize the intervals in the lines so as to encourage Y}/1 = Yj'i (b) Reorganizing the

interval [0, 1] according to the described construction. Here r(a;) = min {qu(a1), ¢v(a1)} and

similarly for r(ag). If Uj; falls in the interval corrsponding to r(ay), then (Y1, Y}) = (a1, a1).

If Uj; > C(A) in this example, then (lel,Yj/i) = (a1,az2). When Uj; is chosen uniformly in

[0,1], the probability Y;fl outputs any symbol is the same as in the picture on the left, similarly
for Y;./Q.

Uj1 > C(A) we output (Y}, Y};) based on where Uj; falls in both copies. We will stack the
first copy of [C'(A), 1] with intervals of length r,(a) for all a and the second copy of [C'(A), 1]
with intervals length ry(a) for all a. We say Uj; € (ru(a),rv(b)) if Uj; € ry(a) in the first
copy and Uj; € ry(b) in the second copy. Furthermore,

(Yf Y<") = (a,b) if Ujy € (ru(a),rv(b)).

7l £ 41
1. If c#(Z;Y))) € G and ci+(Z]Y})) € G, we have Z;yand Z .
2. If Y}l1 = lei but only one of c+(Z;Y;,) € G and ¢#(Z;Y};) € G, then we have one of

Jjjl Jj-Jjl
1
Ziyand Z; .

!

To get the other, we continue (according to transitions defined by p. )

only its corresponding chain till we get a good state.
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3. If Y;-ll = lei, cf(Z]/-lel) ¢ G and ci—(Z;/Y;i) ¢ G, we need to continue both chains.

We generate Yj/Q,Yj; as we did for the first samples—by generating a new random

number Uj, uniform in [0, 1], and by coupling as in (6.7) the distributions azy, () and

qu’yf§<') respectively. And continue in this fashion so long as the samples in the two
J

chains remain equal but do not hit good contexts. This will be case that will be most

important for us later on.

4. If Yj'l =+ Y]'l' at any point and neither chain has seen a good state yet, we just run
the chains independently from that point on for how long it takes each to hit a good
aggregated state.

Analysis of coupling For any r, let Z. ~ Z denote the following event that is a subset

of case (1) in the list above,
{lel =Y, and c7(Z,_,Y;)) € G and c3(Z,_,Y;,) € é}
From (6.5) and using Lemma 9, we can easily show

w(Z, ~ 2\ Z,_y, Zy_1) =1 (1 —w,), (6.8)

where the 1 —1y, term comes because the parameter 7, is defined on the aggregated parame-
ters, but Yj/ and Yj" evolve according to p, . Furthermore, if Z; ~ Z; for the k, consecutive
2q

! kn 1! ! kn 1!
samples j — k, + 1 < @ < j, then we have Z;~ Z;. To proceed, once Z;~ Z;, we would

like them to coalesce tighter in every subsequent step, namely we want for all 1 <[ < n,

’ kn+l _n . - ’ kn+1 _1» .. ’
Ziy =~ Z;y. Starting from Z; &~ Z;, one way we can have 72, ~ Z;, isit Z, , ~ Z;,,

1"

or if the chains {Y;/Z}Z> , and {Y;/;}Z> , evolve through a sequence of m > 1 steps before hitting
a context in G’ on the m'th step with Y;'l = Yj’l' for each I < m. This is the situation in case

3 of the list above, but in addition in each step [,
75l 751
CAkn ({Z]7 }/jz}lzl) = Cpkn ({Z]7 }/j?:}i:l)7
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1 kn " . . . . =~ .
since Z; =~ Z; . Therefore, both chains will hit a common good context in G in m steps. But

in addition we will also have

/ kn+m
Z,, "R

Z//

j4+1
Because of the way we have set up our coupling, the probability

’ / k‘”
WYy =Y312,% 7)) = > min{ gy (@), 4, ()}

acA

> o 2@ )

acA

=1- Vi, s
where ¢ and ¢ are the model parameters associated with p, and Pr. respectively. Similarly
’ ’ kn // 141 il
W<Y;‘(l+1) = Yg(l+1) Z j ) {Yﬂ}lzl = { }Z 1> > 1= v, 41
Therefore (no matter what m is),

’ kn+1

w(Z, '~ Z;|Z, Z 1>H1_Vl>1_q)k

l=kn

Note that we use a very similar argument to obtain for all [

kn 4

W@l < st Zy R Z 2R Z) 2 [[(1-m) 21— @y,

l=kn

kn €
because the above event, {3¢' < ¢ s.t. Z, e N

g +£,} can happen by going through a se-
quence tighter and tighter coalesced transitions of p,. (no matter in how many steps we saw

contexts in é) And we can easily strengthen the above to say for all [,

/ kn +£ / kn

w(Zjy = +e|Z Z ) 21—, (6.9)
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for the same reason. Indeed, we can further strengthen the above statement to note that

! e 11 . . .
after we see Z; ~ Z; for any [, the chance of ever diverging is

/ e " ! "
W@ 0st. Z R 22~ 7)< By (6.10)

Bound on Martingale differences Let /,, be as defined in the statement of this Theorem.
In an abuse of notation, we say the chains {Z,} and {Z, } have merged if for any j, Z]/. 2 Z]/-/,
and let 7 be the smallest number such that Z. 2 7. The probability 7 > t£, can be upper
bounded by observing splitting the first ¢/,, samples in blocks of length ¢,,, and observing that
the probability the chains merge in any single block is, using (6.8) k, times and then (6.9)
>0t (1 = g, )(1 = v,)* > 08 (1 = @y,) /4. Thus,
t
Wit > th,) < (1 — (1~ @kn)/4) .
Furthermore, E7 is less than the expected number of blocks before the chains merge in any

single block, thus,

40
Er< —" .
T (1= 9y,)

Furthermore, note that for all j >+ 1,

/Z" " /Z" " . ,En " .
w(Z;#7;)=w(Z;#Z; and 7 < j)+w(Z;# Z; and T > j)

(a) /Z" 7 1
<O, tw(Z;£Z; and T > j) < — +w(T > j).
n

where inequality (a) above follows because Z. 2 7. by definition and from (6.10). Finally

we upper bound (6.6)

n

Zw(Z.r,éZz)Sﬁ-%jL Y wlr>j)<1+Er<1+

J=i+1 J=i+1

44,
(L= y,)
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The final step of the proof comes by bounding the value of Vy = E[N,,(w)|Z] by a coupling
argument very similar to the one above. Suppose {Z,} and {Z, } are coupled copies of {Z,},
where {Z} starts from state Z,, while {Z } starts from a state chosen randomly according

to the stationary distribution of {Z,,}. The same analysis holds, and from Property 2

<1+ Al
- (1 — @y,)

as well. (The theorem only has at most constant confidence if the upper bound above

> t/2v/n.) The Theorem now follows by a direct application of Azuma’s inequality. O

Remark Note that if the dependencies die down exponentially, namely f(i) = ~* for
some 0 < v < 1, then ¢, = [log (n/(1—7)?)/logl/v]. If the dependencies die down

1

polynomially, namely f(i) = 1/i" for some r > 2, then ¢,, > 2+ (Mw) " Furthermore,

for k, = O(logn), if n?*» < 1/n, or £,, > \/n, the theorem becomes vacuous. O

G

110



Gaussian Approximation of Finite Random

Sum

Let {X;} denote a sequence of i.i.d. random variables, and let S, = > X;. Set
i=1

Sp —np
Sy =
n U\/ﬁ ?

where p = E[X;] and 0® = Var(X;). Then, using central limit theorem

P{S; <t} — F,(t) as n — o0,
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where F,(t) is the CDF of standard normal distribution.
Theorem 13 (Berry-Esseen Theorem [81]). Set p = E[|X; — u|?]. Then

5, = |P{S; < 1} — (1) <

203\/n’
When {X;} are uniform, the Berry-Essen bound is

_ 065

="

However, numerical simulation shows that d,, should shrink quicker than O(1//n). The
following bound shows that in uniform case, 9,, decreases as O(1/n).

Theorem 14 (Uspensky bound [82]). When X; € Ula,b], and consider

0 = sup | Fy,(t) — Fz(t)].

teR

Then,

1 1/2\" 12
0y = —| = — —7?n/24).
7.5mn * T (7?) * 7r3nexp( mn/24)
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Characteristic function G 1y, (1)

Under the assumption that Y, _, = yi_» and X, = x are given, Z, is the product of two

Gaussian random variables, which can be rewritten as

Zy = TQ=T" (Yi_s — Ey_y) (B.1)
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where T' ~ N (74, 9¢) and Q ~ N (yx_¢ — fte,02). Then, the characteristic function for the

product of two normal random variables I' 2, denoted by Gz, y, ,(t), is computed as

G2,vi_e (t) = E[ew Qt’Yk—z = Yp—]
=E [E [e" ¥Q, Yiee = yr—] ]

iveQUt—1 g, 0242

) L  (wtne—yp_p)?
zwgwt—5g2w2t2)e 202 dw

1 o0
- - (
\/2mo? /Ooe

exp —t? ((ykfz—#5)2g€+7¢? U§)+2it (Uk—t—tie)ye
2 (1+ggo'gt2)

1+ geo?t?
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