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ABSTRACT 

 

21st-century	power	systems	are	being	exposed	to	many	new	challenges	and	opportunities	

at	the	same	time.	Climate	change	and	the	increasing	cost	of	fossil	fuels	force	us	to	replace	our	

primary	 source	 of	 energy	 with	 renewables.	 At	 the	 same	 time,	 new	 communication	

technologies	such	as	5G	paves	the	way	for	two-way	communication	between	the	generation	

side	 and	 the	 demand	 side.	 The	 two-way	 communication	 between	 two	 sides	 provides	

numerous	 advantages	 for	 the	 modern	 power	 systems	 to	 tackle	 the	 environmental	 and	

economic	challenges	with	new	and	creative	innovations.	

One	of	the	new	ideas	that	are	conceptualized	after	the	emergence	of	two-way	communication	

between	generation	and	consumption	is	the	demand	response	(DR).	The	DR	can	help	us	to	

overcome	 these	 challenges	 in	 parallel	 with	 other	 technologies	 such	 as	 energy	 storage	

systems.	 The	 DR	 program	 can	 help	 improve	 any	 objective	 that	 we	 pursue	 in	 the	 power	

systems.	They	can	help	to	reduce	the	operation	cost	of	power	systems	by	redistributing	their	

consumption	plans	to	the	times	that	less	energy	consumption	is	expected.	They	can	help	to	

incorporate	more	renewable	energy	sources	into	power	systems.	Since	renewables	are	not	

dispatchable,	the	current	power	systems	structure	has	difficulty	incorporating	a	larger	share	

of	 renewables	 into	power	 systems	due	 to	 their	 unpredictable	nature.	However,	 demand-

responsive	loads	can	alleviate	this	problem	by	adapting	their	consumption	plans	based	on	

the	generation	side	with	a	large	share	of	renewables.	The	DR	program	can	help	reduce	the	

capital	 cost	of	power	 system	expansion.	Each	year,	 governments	are	 forced	 to	build	new	

infrastructure	 so	 only	 to	 accommodate	 the	 annual	 peak	 increase	 that	 just	 happens	 for	 a	

couple	of	days	each	year.	However,	with	the	adaptive	demand	that	could	be	used	to	curb	the	
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peak	load,	millions	could	be	saved	by	reducing	the	need	to	build	new	infrastructures	that	are	

built	 to	meet	 the	peak	demand.	The	DR	program	can	help	 to	 improve	power	quality	and	

operational	costs.	The	unit	commitment	problems	are	armed	with	demand-responsive	loads,	

much	lower	operational	cost,	and	better	power	quality	at	the	same	time.	

While	there	are	various	types	of	demand	control,	such	as	direct	load	control	(DLC),	the	focus	

of	this	research	is	on	price	responsive	demand	(PRD).	The	PRDs	are	more	advantageous	to	

DLC	for	various	reasons.	One	reason	is	the	possible	discomfort	that	DLC	approaches	could	

bring.	I.e.,	the	service	could	cut	off	for	the	user	when	the	user	needs	energy.	However,	with	

the	PRD,	the	user	simply	pays	the	higher	cost	for	using	the	service.	Another	main	advantage	

that	PRD	control	has	over	the	DLC	is	the	possibility	of	creating	a	market.	With	the	two-way	

communication	 that	 is	 available,	 the	 loads	 can	participate	 in	 the	markets.	 E.g.,	 currently,	

there	is	a	surplus	of	solar	production	at	midday.	However,	the	PRDs	could	be	used	to	increase	

their	consumption	in	the	middle	of	the	day	by	responding	to	the	low	cost	of	electricity	in	

those	 times.	 They	 can	 participate	 in	 ancillary	 services	 such	 as	 frequency	 and	 voltage	

provisioning	based	on	the	needs	of	the	market	(operator	here)	and	reduce	the	cost	for	the	

user.	

Given	 these	 opportunities	 the	 PRDs	 have,	 this	 thesis	 is	 focused	 on	 exploring	 the	 new	

opportunities	 that	 this	 program	 can	 bring	 to	 reality.	 In	 the	 literature,	 appliances	 are	

categorized	roughly	 into	 three	main	categories:		non-shiftable	such	as	TVs,	 shiftable	such	

EVs,	and	thermostatically	controller	appliances	TCAs)	such	as	Electric	Water	Heaters	(EWH).	

There	have	been	many	studies	to	evaluate	the	potential	of	shiftable	appliances	such	as	EVs.	

However,	 due	 to	 temperature	 drop	 of	 TCAs,	 and	 the	 relationship	 between	 working	
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temperature	and	the	ambient	temperatures,	the	potentials	of	TCAs	as	a	reliable	PRD	is	not	

investigated.	Among	the	TCAs,	the	EWH	have	the	most	potentials	to	be	successfully	used	in	

DR	programming.	They	have	relatively	good	insulation	and	can	keep	the	energy	for	hours.	In	

contrast,	HVAC	appliances	(heating,	ventilation,	and	air	conditioning)	cannot	maintain	their	

temperature	for	a	long	time	and	need	to	be	fed	by	energy	in	short	periods	of	time.	At	the	

same	time,	EWH	are	a	large	consumer	of	energy	(some	sources	report	up	to	40	percent	of	

daily	energy	usage).	These	characteristics	makes	EWHs	a	good	choice	for	DR	programming.	

The	first	two	section	of	this	thesis	is	focused	on	the	potential	of	EWH	as	a	PRD.	

First	 capture	 investigates	 the	 effect	 unpredictability	 of	 energy	 usage	 for	 scheduling	 the	

EWHs.	 alongside	 that,	 a	 new	 approach	 to	 model	 the	 concept	 of	 comfort	 is	 introduced.	

Accurate	 Scheduling	 of	 appliances	 needs	 accurate	 estimation	 of	 environmental	 inputs.	

However,	a	100	accurate	prediction	is	not	feasible.	To	tackle	the	uncertainty	in	prediction	of	

variables,	researchers	proposed	to	main	approaches	to	deal	with	uncertainly.	One	of	them	is	

robust	optimization	and	the	other	stochastic	optimization.	In	the	first	chapter	of	the	thesis,	

a	stochastic	optimization	model	is	proposed	to	deal	with	the	randomness	of	user	hot	water	

withdrawal.	Alongside	that,	a	dual	objective	model	where	one	of	the	objectives	is	the	newly	

conceptualized	 discomfort	 cost.	 Together,	 the	 dual	 objective	 comfort-based	 approach	

combined	with	 stochastic	 approach,	 improves	 the	 decision-making	 procedure	 by	 a	 large	

margin.	The	propose	model	proves	that	is	more	accurate	at	prediction	user	consumption	and	

at	the	same	time,	it	incurs	less	discomfort	to	the	user.	

Chapter	 two	 investigates	 the	 potential	 of	 EWH	 as	 solar	 energy	 self-absorbing	 unit.	 As	

mentioned	before,	solar	energy	production	is	concentrated	mostly	on	the	middle	of	the	day	

and	no	production	on	other	times.	However,	until	now,	no	effective	mechanism	is	used	to	
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absorb	 this	 excess	 energy	 to	 the	 grid.	 An	 alternative	method	 is	 the	 use	 of	 batteries	 as	 a	

storage.	However,	batteries	are	expensive	as	of	today.	An	alternative	method	is	increasing	

solar	energy	absorption	by	inducing	demand	in	appliances.	One	of	the	best	appliances	for	

this	matter	is	the	EWHs.	due	to	their	large	working	temperature	range,	they	can	behave	as	a	

virtual	energy	storage	unit.	I.e.,	they	can	absorb	energy	when	solar	energy	production	is	high	

and	then	gives	back	this	energy	to	the	user	when	they	needed	it.	In	chapter	two,	a	new	price-

responsive	EWH	model	with	solar-absorption	capacity	is	 introduced.	This	model	which	is	

based	 on	 a	 modified	 version	 of	 the	 model	 that	 has	 been	 proposed	 in	 chapter	 one,	 can	

optimally	schedule	EWH.	it	can	take	advantage	of	using	free	solar	energy	and	increase	the	

PV	self-absorption	capacity.	This	price-responsive	approach	reduces	the	operational	cost	by	

reducing	the	dependency	on	the	energy	from	the	grid.	At	the	same	time,	since	it	can	absorb	

a	large	chunk	for	solar	energy,	it	can	reduce	the	need	for	a	large	capacity	energy	storage	unit.	

Thirst	chapter	investigates	the	possibility	of	market	bidding	mechanism	with	the	presence	

of	PRDs.	a	market	for	energy	where	the	energy	generators	and	users	bid	for	the	amount	of	

energy	that	are	willing	to	buy	for	a	given	price	would	be	an	ideal	mechanism	than	can	bring	

the	energy	section	close	to	a	free	market	where	ha	numerous	advantages.	However,	this	ideal	

model	did	not	happen	due	to	numerous	reason	such	as	lack	of	communication	infrastructure,	

inelastic	loads	and	many	other	reasons.	Aside	from	these	physical	obstacles,	the	lack	of	an	

effective	method	to	coordinate	the	PRD	is	another	challenge.	One	of	the	main	challenges	for	

coordination	of	PRDs	is	creating	a	balance	or	equilibrium.	In	chapter	three,	a	new	market-

based	coordination	algorithm	for	PRDs	based	on	Dantzig-Wolfe	decomposition	is	proposed.	

The	 aforementioned	method	 can	 find	 an	 optimal	 solution	 (Nash	 Equilibrium)	 where	 no	

appliance	is	willing	to	change	their	consumption	plan.	At	the	same	time,	as	this	algorithm	
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progresses,	 the	 generation	 cost	 for	 the	 generation	 cost	 and	 correspondingly,	 the	 user	

payment	is	decreased.	This	procedure	is	continuing	until	to	a	point	where	no	PRD	is	willing	

to	change	their	behavior	since	they	reached	to	their	global	minimum	of	their	payments.	
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Chapter	1	

	

1 Stochastic Optimization of Comfort-Centered 
Model of Electric Water Heater (EWH) 
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1.1 Literature	Review	
	

Historically,	power	systems	have	balanced	supply	and	demand	by	scheduling	generation	and	
reserves	 to	 meet	 a	 fixed	 load	 forecast.	 However,	 power	 systems	 are	 moving	 toward	
scheduling	 both	 generation	 and	 consumption	 as	 peak	 loads	 rise	 each	 year,	 the	 need	 for	
reliability	increases,	and	renewable	energy	is	added	[1].	

With	 improved	 communication	 technology,	 the	 opportunity	 to	 make	 home	 appliances	
smarter	 is	 now	 available.	 Since	 2010,	 millions	 of	 smart	 meters	 and	 sensors	 have	 been	
deployed.	They	can	provide	a	two-way	communication	bridge	to	the	power	systems	which	
will	lead	to	a	responsive	demand	side.	Demand	response	(DR)	refers	to	end-user	customers	
that	react	to	electricity	grid	needs	through	communications	links.	The	U.S.	Federal	Energy	
Regulatory	Commission	and	U.S.	Department	of	Energy	presented	the	advantages	of	DR	in	
[2], [3].	

DR	can	alleviate	some	problems	in	power	systems	such	as	high	peak	demand	by	scheduling	
the	demand	to	avoid	peak	times.	It	can	also	help	to	incorporate	more	renewable	energy	by	
making	appliances	use	energy	at	the	times	when	renewable	energy	is	abundant.	It	can	also	
help	support	transient	frequency	and	voltage	stability,	although	those	are	not	a	subject	of	
this	work.	

1.1.1 Demand	Response	Approaches	
DR	methods	can	be	divided	into	two	main	approaches:	direct	load	control	(DLC)	and	price-
based	control	(PBC)	[4].	In	the	DLC	method,	the	power	system	operator	sheds	loads	during	
peak	hours	to	decrease	total	power	generation	cost	or	when	a	power	shortfall	happens	in	
the	 system	 to	 stabilize	 the	 power	 system	 [5]–[7].	 However,	 DLC	 doesn’t	 consider	 user	
preferences.	The	user	might	encounter	power	loss	when	they	need	electricity	urgently	which	
will	make	customers	not	to	opt	to	remain	in	the	DR	program	in	the	long	term.	e.g.,	turning	
off	 air	 conditioners	 during	 peak	 hours.	 To	mitigate	 this	 problem,	 DLC	 programs	 usually	
restrict	their	impact	to	a	small	fraction	of	the	year.	As	a	result,	they	are	unable	to	shift	power	
consumption	for	multiple	hours	every	day	to	minimize	peaks	or	help	integrate	renewable	
energy,	even	if	the	customer	would	be	willing	to	do	so	[8].	

1.1.2 Pricing	Method	on	Demand	Response	
On	 the	 other	 hand,	 with	 price-based	 methods,	 the	 goal	 is	 to	 incentivize	 a	 change	 in	
consumption	 patterns	 based	 on	 dynamic	 pricing.	 Under	 price-based	 control,	 a	 power	
company	propagates	time-varying	price	signals	to	customers	to	incentivize	them	to	change	
their	consumption	pattern,	so	that	the	total	cost	to	the	customer	is	decreased,	and	the	goals	
of	 the	 network	 operator	 such	 as	 peak	 shedding,	 decreasing	 total	 operating	 cost	 and	
increasing	system	stability	are	met	[9]–[14].	

Dynamic	pricing	methods	include	day-ahead	pricing	(DAP),	real-time	pricing	(RTP),	critical-
peak	pricing	(CPP)	and	time-of-use	(TOU)	rates.	In	the	DAP	and	RTP	methods,	prices	vary	
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every	market	 interval	 (5	minutes	 to	1	hour).	With	DAP,	prices	are	announced	one	day	 in	
advance;	with	RTP,	they	are	calculated	based	on	real-time	conditions	[14].	In	TOU	rates,	the	
week	is	typically	broken	into	fixed	time	blocks	identified	as	“peak”,	“shoulder”	and	“off-peak”	
periods,	and	fixed	prices	are	set	for	each	of	these	blocks,	which	do	not	vary	with	day-to-day	
market	 conditions	 [15].	 The	 CPP	method	 is	 similar	 to	 TOU,	 but	 sets	much	 higher	 prices	
during	“critical	peak”	periods	which	are	usually	announced	one	day	in	advance	[15].		

Ref.	[16]	proposed	using	RTP-based	DR	to	change	the	temperature	set	point	of	HVAC	based	
on	a	price	signal	every	15	minutes.	Ref.	 [17]	proposed	a	demand	response	 for	residential	
appliances	 for	 every	 5	 minutes’	 interval.	 The	 authors	 in	 [18], [19]	 proposed	 a	 load	
management	program	for	HVAC	and	water	heaters	based	on	RTP	to	minimize	the	total	cost.	
In	 this	project,	we	use	DAP	method	 for	 scheduling	a	 smart	water	heater.	This	allows	 the	
water	 heater	 to	 schedule	 thermal	 flows	 over	 the	 course	 of	 the	whole	 day	 in	 a	 coherent	
manner.	(In	regions	with	RTP	tariffs,	DAP	schedules	are	also	generally	available	as	a	forecast	
of	the	real-time	prices.)	

1.1.3 Advantages	of	Water	Heaters	
An	 electric	 water	 heater	 (EWH)	 is	 considered	 an	 interruptible	 appliance	 since	 it	 can	 be	
turned	on	or	off	at	any	 time.	EWH	 is	an	 important	 load,	 featuring	several	advantages	 for	
demand	response.	It	is	a	relatively	large	consumer	of	household	energy,	consuming	around	
30	percent	of	total	household	energy	usage,	most	of	which	occurs	during	peak	hour	periods	
[20].	 It	 is	a	resistive	 load.	Therefore,	 there	 is	no	 inrush	current	when	 it	 is	switched	on	or	
flyback	voltage	when	it	turns	off.	Consequently,	switching	on	and	off	imposes	less	wear	on	
controllers	than	motor	 loads	such	as	HVAC.	 It	has	a	 large	thermal	storage	capacity	which	
could	 be	 used	 as	 virtual	 electricity	 storage.	 The	working	 temperature	 of	 an	EWH	 can	be	
anywhere	between	40	and	85	degrees	Celsius	without	affecting	user	comfort.	Furthermore,	
it	 has	 good	 insulation,	 enabling	 it	 to	 preserve	 and	 shift	 energy	 usage	 more	 than	 other	
appliances.	In	contrast,	air	conditioners	which	are	another	large	consumer	of	energy	have	a	
working	 range	 of	 18	 to	 25	 degrees	 Celsius.	 Further,	 since	 users	 are	 located	 within	 the	
thermal	 store,	 they	 will	 be	 inconvenienced	 by	 any	 deviation	 from	 their	 preferred	
temperature.	Considering	the	reasons	above,	the	focus	of	this	project	is	on	controlling	EWH	
as	a	residential	appliance	in	demand	response.	

1.1.4 Control	Strategies	for	Water	Heater	
As	noted	previously,	EWH	control	strategies	divide	into	two	main	groups:	DLC	and	PBC.	DLC	
strategies	 deal	 with	 controlling	 aggregated	 EWH	 for	 peak-load	 shedding,	 balancing	 and	
regulation	services.	DLC	strategies	were	investigated	in	ref.	[5].	From	this	category,	direct	
regulation	of	temperature	setting	[21]	and	direct	on/off	switching	[22]	could	be	mentioned.	
In	all	the	DLC	strategies,	all	control	parameters	are	set	by	the	power	system	operator.	Ref.	
[23]	studied	the	potential	of	EWH	to	be	used	as	a	household	demand	response	agent.	

In	contrast,	PBC	is	a	customer-centered	strategy	in	which	individual	EWHs	aim	to	minimize	
total	 energy	 cost	 of	 the	 end	 user.	 To	 shift	 the	 consumption	 pattern	 from	 times	 of	 peak	
demand	to	times	of	lower	demand,	ref.	[24]	investigated	several	control	strategies	including	
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load	shedding,	preheating	and	coasting	while	keeping	tank	temperature	above	a	minimum	
temperature.	

A	number	of	studies	have	investigated	scheduling	EWH	in	response	to	dynamic	pricing	[25]–
[30]. However,	the	concept	of	comfort	is	rarely	discussed	in	the	DR	literature	[31].	Minimizing	
the	total	cost	should	not	be	the	only	goal	of	scheduling	an	appliance	in	a	DR	program.	PBC	
algorithms	that	do	not	consider	user	preferences	face	the	same	problems	as	DLC	strategies:	
they	must	minimize	their	intervention	to	avoid	driving	people	out	of	the	program;	but	if	their	
interventions	 are	 limited	 to	 unnoticeable	 levels,	 they	 may	 miss	 the	 opportunity	 to	 take	
advantage	of	all	the	customer’s	flexibility.	So,	an	effective	PBC	algorithm	must	consider	both	
the	cost	of	electricity	and	the	customer’s	willingness	to	pay	for	good	service.	

Minimizing	operation	cost	considering	temperature	comfort	was	proposed	in	[31].	Ref.	[32]	
proposed	 an	 algorithm	 to	 optimally	 schedule	 a	 WH	 considering	 user-adjusted	 thermal	
constraints.	 In	 [18],	 the	 author	 introduces	 a	 joint	 scheduling	 program	 for	 HVAC	 and	 an	
electric	vehicle	considering	user	preferences	and	thermal	comfort	constraints.	In	[33],	 the	
author	modeled	EWH	using	a	physical	model	and	considered	user	comfort	as	a	set	of	linear	
constraints.	Ref.	[34]	proposed	an	algorithm	to	control	both	the	heating	and	mixing	element	
of	 WH	 while	 considering	 user	 comfort	 preferences	 as	 thermal	 constraints.	 In	 [8],	 the	
preference	 is	 modeled	 through	 a	 cost	 function	 which	 constitutes	 a	 linear	 function	 of	
deviation	from	the	desired	temperature	[15].	The	proposed	optimization	model	in [35]	tries	
to	find	a	trade-off	between	electric	cost	and	thermal	comfort.	To	minimize	the	electricity	bill	
for	the	next	24	hours,	[18]	presented	a	linear-sequential-optimization	algorithm	to	schedule	
thermostatic	appliances,	subject	to	comfort	constraint	of	the	thermal	deadband.	

Ref.	[32]	proposed	a	control	strategy	for	air	conditioners	and	EWH	under	real-time	pricing.	
the	 strategy	 simply	 set	 the	 thermal	 set	 point	 relative	 to	 price,	within	 a	 thermal-comfort	
deadband.	Ref.	[36]	presented	a	model	for	household	hot	water	withdrawal	and	presented	a	
linear	programming	(LP)	approach	to	find	the	optimal	set	point	aiming	to	minimize	the	cost	
using	a	thermal	deadband	constraint	to	represent	of	comfort.	

Almost	all	 the	work	 that	has	been	done	on	EWH	considers	user	 comfort	as	a	 set	of	hard	
thermal	 constraints.	 In	 contrast,	 in	 this	work	we	 treat	user	 comfort	as	an	element	of	 the	
objective	function:	the	amount	the	customer	is	willing	to	pay	to	avoid	discomfort.	This	allows	
us	to	model	user	preferences	more	directly,	and	is	also	more	compatible	with	the	stochastic	
framework	we	introduce	below;	e.g.,	the	water	heater	can	turn	off	when	prices	are	high	and	
there	 is	 low	risk	of	hot	water	usage.	This	approach	will	have	more	 flexibility	 in	selecting	
temperature	setpoints	and	is	expected	to	provide	better	value	than	treating	user	comfort	as	
a	 hard	 temperature	 constraint	 [37].	 (In	 other	words,	 previous	work	has	 treated	users	 as	
being	completely	unwilling	to	accept	any	risk	of	water	being	delivered	below	the	desired	
temperature;	we	model	the	fact	that	they	may	be	willing	to	take	on	some	risk	if	the	financial	
savings	are	high	enough.)	

Another	factor	that	is	important	for	a	successful	control	of	water	heater	is	considering	the	
random	behavior	of	hot	water	withdrawal.	In	any	successful	EWH	control	strategy	the	user	
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withdrawal	pattern	should	be	considered	[29].	However,	most	of	the	approaches	described	
above	 don’t	 consider	 the	 uncertainty	 and	 variability	 of	 hot	 water	 withdrawal	 [15], [35].	
Instead	 they	 assume	 perfect	 foresight	 [34]	 using	 a	 Load	 Profile	 Generator	 [38]	 or	 use	
heuristic	methods	that	only	need	simple	point	forecasts	[39]	or	no	forecast	at	all	[40]–[42].	
Some	 previous	 models	 used	 independent	 probabilistic	 forecasts	 for	 hot	 water	 usage	 in	
different	hours	[43].	However,	as	will	be	discussed	below,	optimal	control	of	EWH	requires	
a	stochastic	model	that	can	optimize	setpoints	based	on	a	probabilistic	forecast	of	the	joint	
distribution	of	hot	water	withdrawals	in	all	hours	of	the	day.	In	this	work,	we	introduce	the	
first	water	heater	optimization	model	of	this	type.	

We	also	note	that	the	combination	of	a	stochastic	model	with	an	objective-based	approach	
to	user	preferences	is	a	qualitative	improvement	on	previous	work	which	only	includes	one	
of	these	elements.	This	is	because	the	cost-vs-comfort	tradeoff	for	water	heating	is	primarily	
driven	by	uncertainty	about	water	withdrawals.	If	the	customer	always	uses	hot	water	at	a	
particular	time	each	day,	then	they	will	almost	certainly	want	hot	water	to	be	kept	available	
at	that	time.	However,	if	they	rarely	use	hot	water	at	a	particular	time	of	day,	then	they	may	
be	willing	to	accept	lower	temperatures	at	that	time	in	exchange	for	large	cost	savings	(e.g.,	
by	heating	at	a	cheaper	time	and/or	keeping	the	tank	cool	to	reduce	losses).	To	address	these	
effects,	a	controller	must	use	both	a	cost-based	treatment	of	user	preferences	(not	simple	
temperature	constraints)	and	also	a	stochastic	treatment	of	withdrawals.	

	

1.1.5 Probabilistic	Forecasting	of	Hot	Water	Withdrawals	
One	of	the	main	 issues	for	scheduling	appliances	for	a	DR	program	is	their	unpredictable	
nature	of	energy	consumption.	In	case	of	an	EWH,	it	shows	itself	in	the	random	behavior	of	

(a)

(b)

More ComfortDecision
Based on

High Minimum
Temperature

Low Minimum
Temperature

Low Penalty for
Underheated Water

High Penalty for
Underheated Water

1) Temperature

1- Temperature
2- Volume of Withdrawal
3-  Probability of Withdrawal

More Saving

Figure	1:	(a)	treatment	of	other	works	to	change	the	level	of	user	comfort.	(b)	criteria	to	change	comfort	level	in	this	paper 
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hot	water	withdrawals.	For	an	HVAC	it	is	related	to	the	outside	temperature.	To	deal	with	
this	randomness,	stochastic	optimization	 is	proposed	as	a	useful	method	to	deal	with	the	
randomness	of	price	(some	pricing	methods	change	every	interval),	withdrawal	of	hot	water	
and	outside	temperature	in	case	of	HVAC	[44]–[46].	

Ref.	[47]	proposed	a	two-step	optimization	for	scheduling	EWH	based	on	a	single	forecast.	
The	algorithm	optimizes	the	model	based	on	the	deterministic	forecast	in	effect	with	the	DA-
pricing	method.	The	second	step	optimization	happens	when	the	forecast	was	different	from	
real-time	consumption.		

The	authors	in	[37]	modeled	the	scheduling	problem	of	EWH	as	a	single-source	shortest	path	
problem	of	a	weighted	acyclic	graph	which	 is	solved	by	Dijkstra’s	algorithm.	They	used	a	
typical	simple	expected-value	forecast	as	presented	in	[48].			

The	problem	with	the	single	expected	forecast	method	is	that	it	will	neglect	extreme	cases.	
If	the	forecast	minimizes	RMSE,	it	will	use	the	average	of	the	withdrawal	distribution	as	the	
single	point	forecast	for	each	interval.	This	approach	neglects	extreme	cases	that	might	need	
to	be	served.		For	example,	if	there	is	a	10%	chance	of	a	4	kWh	withdrawal,	then	the	system	
may	need	to	keep	either	4	kWh	or	0	kWh	available,	depending	on	user	preferences.	Keeping	
0.4	kWh	would	be	a	poor	choice.	Therefore,	 it	 is	necessary	to	use	a	probabilistic	 forecast	
which	provides	multiple	possible	usage	levels	for	each	interval.	

Ref.	[49]	present	a	probabilistic	forecast	for	water	consumption	(not	just	hot	water)	based	
on	weather	condition,	time	of	year	and	socio-economic	condition	of	the	user.	It	applies	Monte	
Carlo	sampling	on	historical	data	to	find	a	triangular	probability	density	function	for	each	
interval	based	on	statistical	data	(min,	medium,	max)	of	each	interval.	

Ref.	 [50]	 estimates	 the	marginal	expected	value	of	 the	withdrawal	vector	under	a	 limited	
range	of	conditions	(day/weekend,	different	numbers	of	people	in	the	house);	however,	they	
do	not	consider	combinations	of	these	conditions,	omit	other	explanatory	information	such	
as	weather,	and	do	not	estimate	the	probability	density	for	this	vector.	

To	deal	with	forecasting	errors,	[51]	proposed	a	fuzzy	algorithm	which	is	applied	on	HVAC	
but	 the	 author	 claims	 it	 could	 be	 used	 for	 EWH.	 The	 algorithm	 “fuzzifies”	 the	 price	 and	
outdoor	 temperature	 and	 solves	 the	 corresponding	 problem	 with	 an	 immunity-based	
algorithm	which	is	based	on	genetic	algorithms.	The	more	the	error,	the	fuzzier	the	variable	
would	be.	

Ref.	[35]	proposed	a	probabilistic	forecast	method	for	electricity	prices	based	on	a	seven-
level	discretized	normal	distribution	defined	in	[52].	Then	they	optimize	the	schedule	for	a	
building	heater	with	thermal	storage	based	on	these	forecasts.		

Ref.	[43]	proposed	scheduling	EWH	using	approximate	dynamic	programming.	To	simplify	
the	 problem,	 it	 assumes	 that	 hot	water	 demand	 at	 any	 given	 time	 is	 independent	 of	 the	
previous	demand.	
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The	 approaches	 in	 refs.[43], [49]–[51]	 use	 an	 independent	 probabilistic	 forecast	 for	 each	
individual	hour.	However,	in	real	households	the	probability	of	withdrawal	for	each	hour	is	
correlated	with	the	previous	hours.	For	example,	in	a	single-person	household,	if	the	user	
takes	a	shower	at	7	a.m.,	the	probability	of	another	shower	at	8	a.m.	is	nearly	zero.	However,	
when	 a	 method	 uses	 independent	 forecasts	 for	 each	 hour	 (including	 independent	
probabilistic	forecasts),	it	doesn’t	include	this	fact	for	decision	making.	To	accurately	model	
water	heater	withdrawals,	 it	 is	necessary	 to	produce	a	probabilistic	 forecast	 for	 the	 joint	
usage	in	all	hours	of	the	day	(forecast	the	distribution	of	a	24-dimensional	random	variable),	
rather	 than	 producing	 separate	 probabilistic	 forecasts	 for	 each	 hour	 (24	 forecasts	 of	
independent	1-dimensional	random	variables).	

In	the	main	body	of	this	paper,	we	present	a	simple	probabilistic	forecasting	method	for	the	
joint	distribution	of	hot	water	withdrawals	in	all	hours	of	the	coming	day.	This	is	the	first	
model	of	its	type	for	EWH	withdrawals,	and	should	be	sufficient	for	developing	and	testing	
the	 stochastic	 water	 heater	 optimization	 model.	 In	 section	 0,	 We	 then	 discuss	 future	
extensions	which	will	 investigate	 to	 improve	 the	 speed	 and	 accuracy	 of	 the	model	 using	
machine	learning	techniques	and	alternative	problem-solving	algorithms	such	as	heuristic	
algorithms.	 These	 alternative	 methods	 help	 to	 incorporate	 this	 method	 with	 traditional	
power	systems	networks	and	the	future	technology	of	the	internet	of	things.	

	

1.2 Problem	Framing	
1.2.1 Introduction	
In	this	project,	we	develop	methods	for	a	water	heater	to	schedule	its	temperature	setpoint	
to	minimize	electricity	cost	and	maximize	user	comfort,	in	the	face	of	time-varying	electricity	
prices	and	uncertain	water	withdrawals	by	the	customer.	This	could,	for	example,	maximize	
utility	for	a	household	connected	to	a	next-generation	“smart	grid,”	where	hourly	prices	are	
generated	 in	a	day-ahead	market,	reflecting	the	marginal	cost	of	electricity	production	as	
supply	and	demand	vary	in	the	region.		
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The	basic	problem	is	given	by:	

min
𝑻!"#∈ℝ$%

𝔼𝑬&"!%𝐶'𝑻%&', 𝑬(&%+, (1)	

In	this	problem,	𝑻%&'	is	a	vector	of	hourly	thermostat	setpoints	(°C)	for	the	next	day.	These	
setpoints	 are	 the	main	 decision	 variables	 of	 the	 problem,	 i.e.,	 the	 values	 to	 be	 found	 via	
optimization.	 The	 random	 vector	 𝑬(&%	 represents	 hourly	 withdrawals	 of	 hot	 water,	
measured	by	the	amount	of	heat	added	to	the	water	prior	to	withdrawal	(kWh).	The	function	
𝐶'𝑻%&', 𝒆(&%+	shows	the	cost	of	operating	the	water	heater	for	the	next	day	if	setpoints	𝑻%&'	
are	 used	 and	 conditions	 𝒆(&%	 occur.	 This	 includes	 both	 the	 direct	 cost	 of	 purchasing	
electricity	 to	heat	 the	 tank	 to	meet	 the	setpoints,	and	also	a	penalty	 factor	 indicating	 the	
amount	 the	 customer	 would	 be	 willing	 to	 pay	 to	 avoid	 discomfort	 experienced	 due	 to	
delivery	of	underheated	water	(if	any).	This	cost	function	is	discussed	further	in	section	1.3.1.	
The	term	𝔼𝑬&"![	]	indicates	the	expected	value	of	the	cost	function	over	all	possible	values	of	
the	random	vector	𝑬(&%.	This	problem	considers	costs	for	the	next	day,	but	not	beyond.	

Table 1. comparison of published methods for EWH control 	

Paper Goal Comfort Uncertainty (in 
Input) 

Main Inputs Method 

CC-WH Reduce Cost 
Vs Discomfort 

Cost Based Water usage Water usage, 
Price 

MILP 

44 Minimize 
electric and 
Thermal 
deviation costs 

Temperature 
Dead-Band 

price, ambient 
temperature, water 
usage  

price, ambient 
temperature, 
water usage  

MILP 

43 Increase PV 
Self-
consumption 
and Reduce 
Cost 

Temperature 
Dead-Band 

water usage, 
ambient 
temperature 

water usage, 
ambient 
temperature, PV 
radiation, Price 

Stochastic 
DP 

41-43 Variable 
Tolerance Vs 
electric Bill 

Temperature 
Dead-Band 

water usage, 
ambient 
temperature, price 

water usage, 
ambient 
temperature, 
price 

Interval 
analysis 

40 Minimize 
Electric Cost 

Temperature 
Dead-Band 

water usage water usage, 
Price 

Approximate 
DP 

36  
(Du& Lu) 

Minimize 
Electric Cost 

Temperature 
Dead-Band 

None Water usage, 
Price 

Recursive 
algorithm  

15-17 Increase PV 
Self-
consumption 

Temperature 
Dead-Band 

Energy 
Consumption 

water usage, PV 
radiation, Price, 
energy  

DP, LP 

13-14 Reduce Battery 
Size, 
consumption 
shifting 

Temperature 
Dead-Band & 
Time of use 
comfort 

Energy 
Consumption, PV 
radiation 

Energy 
Consumption, 
PV radiation 

Approximate 
DP 

11 
(Apt&Goh) 

Reduce Cost Temperature 
Dead-Band 

None Price Single input 
function 
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1.2.2 Probabilistic	Forecasting	of	Hot	Water	Withdrawals	
When	scheduling	the	water	heater,	the	next	day’s	consumption	is	uncertain.	A	key	advance	
in	this	work	is	that	we	treat	consumption	as	a	random	vector	drawn	from	a	joint	distribution	
of	withdrawals	 in	 all	 hours	 of	 the	day.	This	 enables	us	 to	 implicitly	model	 dependencies	
between	hourly	withdrawals,	e.g.,	a	large	withdrawal	at	7	am	for	a	shower	may	imply	that	
no	shower	will	be	taken	at	8	am.		

Formally,	we	assume	that	the	desired	hourly	withdrawals	tomorrow	are	represented	by	a	
random	vector	𝑬(&%,	which	has	an	unknown	distribution.	We	also	assume	that	the	known	
withdrawal	vectors	on	 some	collection	of	 recent	days	are	 independent	 samples	 from	 the	
same	distribution	as	𝑬(&%.	The	known	withdrawals	are	designated	by	𝒆)(&%, 𝑑 ∈ 𝐷,	where	𝐷	is	
a	 list	 of	 recent	 days	 with	 conditions	 similar	 to	 tomorrow.	 Then	 the	 available	 samples	
constitute	an	empirical	probability	distribution	for	𝑬(&%:	

𝑃'𝑬(&% = 𝒆+ ≈ 7𝑤) if	𝒆 ∈ ;𝒆)(&%: 𝑑 ∈ 𝐷=
0 otherwise

,					∀𝒆 ∈ ℝ*+, (2)	

with		

𝑤) =
1
|𝐷|,				∀𝑑 ∈ 𝐷.

(3)	

If	the	random	withdrawal	process	is	stationary,	the	empirical	distribution	converges	to	the	
true	 distribution	 by	 the	 Glivenko–Cantelli	 theorem	 [53],	 so	 it	 can	 be	 used	 directly	 as	 a	
probabilistic	forecast	for	tomorrow’s	withdrawals.	The	set	D	is	the	last	n	days	of	withdrawal	
pattern.	 We	 need	 the	 value	 for	 n	 to	 be	 as	 big	 as	 possible	 to	 represent	 more	 possible	
withdrawal	 samples.	 However,	 choosing	 a	 big	 value	 for	 n	 will	 make	 the	 model	
computationally	 heavy.	 Therefore,	 the	 is	 a	 trade-off	 between	 speed	 and	 accuracy	 for	
selecting	the	right	value	for	n. 

Once	the	probabilistic	forecast	is	constructed	based	on	past	D	days	of	withdrawal	pattern,	
we	then	estimate	the	expected	cost	of	using	any	particular	setpoints	tomorrow:	

𝔼𝑬&"! 	%𝐶'𝑻
%&', 𝑬(&%+, ≈ L𝑤) · 𝐶'𝑻%&', 𝒆)(&%+

)∈,

. (4)	

This	gives	the	following	deterministic	problem:	

min
𝑻!"#∈ℝ$%

L𝑤) · 𝐶'𝑻%&', 𝒆)(&%+
)∈,

. (5)	

This	approach	has	a	simple,	intuitive	explanation:	we	seek	the	setpoints	𝑻%&'	that	minimize	
expected	 costs	 if	 tomorrow’s	 withdrawal	 pattern	 could	 match	 the	 withdrawals	 on	 any	
historical	day	𝑑 ∈ 𝐷	with	probability	𝑤) .		

This	technique	takes	advantage	of	the	fact	that	the	predictive	probability	density	function	
for	withdrawals	 is	 discrete	 (defined	 only	 for	 values	𝒆)(&%,	 for	𝑑 ∈ 𝐷).	 However,	 the	 same	
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technique	 could	 be	 used	 with	 a	 continuous	 distribution	 via	 the	 Sample	 Average	
Approximation	 (SAA)	 method	 [54],	 which	 estimates	 expected	 values	 based	 on	 random	
samples	 from	a	 continuous	predictive	distribution.	 In	 fact,	 the	model	 shown	here	 can	be	
interpreted	 as	 an	 application	 of	 SAA	 already,	 where	 the	 previous	 withdrawals	 𝒆)(&%	 are	
random	samples	from	the	true	distribution	of	𝑬(&%.	

1.3 Water	Heater	Model	
1.3.1 Introduction	
The	 cost	 function	𝐶'𝑻%&', 𝒆)(&%+	 is	 deterministic;	 however	writing	 it	 in	 closed	 form	would	
require	extensive	use	of	branching	statements	to	represent	different	outcomes	depending	
on	 several	 “if/then”	 cases:	 water	 heater	 temperature	 above/below	 the	 acceptable	 level;	
setpoint	 attainable/not	 attainable	 when	 heater	 runs	 at	 maximum	 power;	 setpoints	
below/not	below	the	“coasting”	temperature	for	the	heater.	Further,	 if	 this	 function	were	
written	in	closed	from,	using	numerous	case	statements,	there	would	be	no	easy	way	to	solve	
the	resulting	non-convex	problem.	

To	 address	 these	 difficulties,	 we	 write	 the	 cost	 function	𝐶'𝑻%&', 𝒆)(&%+	 as	 a	 discrete-time	
simulation	model,	expressed	as	a	mixed-integer	linear	program	(MILP).	(In	this	framework,	
the	branching	logic	is	represented	by	constraints	(12)-(16)	below.)	With	this	approach,	as	
we	show	next,	the	cost	functions	for	all	sample	days	𝑑 ∈ 𝐷	can	be	aggregated	into	a	single	
MILP.	This	makes	it	possible	to	solve	problem	(5)	quickly	and	reliably	using	standard	MILP	
solver	software.	

We	model	𝐶'𝑻%&', 𝒆)(&%+	as	follows:	

𝐶'𝑻%&', 𝒆)(&%+ = Q
min
𝒙'∈ℝ(

𝒄.𝒙)

such	that	𝒙) ∈ 𝑿'𝑻%&', 𝒆)(&%+
X . (6)	

In	this	formulation,	𝒙) 	is	a	vector	of	decision	variables	that	indicate	how	the	water	heater	
would	be	operated	if	tomorrow’s	withdrawals	match	the	pattern	𝒆)(&%	from	day	d.	The	vector	
𝒙) 	 is	 a	 concatenation	 of	 all	 the	 variables	 listed	 in	 section	 1.3.4	 except	 𝑻%&'	 (i.e.,	 the	
operational	 details	 for	 the	 water	 heater	 if	 setpoints	 𝑻%&'	 were	 used	 with	 the	 day-d	
withdrawals,	𝒆)(&%).	The	parameter	n	 is	 the	dimensionality	of	 the	𝒙) 	 vector.	The	decision	
variables	𝒙) 	are	restricted	to	a	domain	𝑿'𝑻%&', 𝒆)(&%+	by	a	number	of	linear	constraints	that	
reflect	 the	water	heater’s	behavior	 in	 response	 to	 the	 setpoints	𝑻%&'	and	 conditions	𝒆)(&%.	
Those	 constraints	 are	 described	 in	 section	 1.3.5.	 In	 addition,	𝑿'𝑻%&', 𝒆)(&%+	 encompasses	
binary	requirements	for	some	variables,	and	nonnegativity	requirements	for	most	variables,	
as	discussed	in	section	1.3.4.		

With	equation	(6),	problem	(5)	becomes	
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min
𝑻!"#∈ℝ$%

L𝑤)𝐶'𝑻%&', 𝒆)(&%+
)∈,

= min
𝑻!"#∈ℝ$%

L𝑤) Q
min
𝒙'∈ℝ(

𝒄.𝒙)

s.t.			𝒙) ∈ 𝑿'𝑻%&', 𝒆)(&%+
X

)∈,

= min
𝑻!"#∈ℝ$%

Y
min

𝒙'∈ℝ(,∀)∈,
L𝑤)𝒄.𝒙)
)∈,

s.t.			𝒙) ∈ 𝑿)(𝑻%&')
Z

= [
min

𝑻!"#∈ℝ$%
𝒙'∈ℝ(,∀)∈,

L𝑤)𝒄.𝒙)
)∈,

s.t.			𝒙) ∈ 𝑿'𝑻%&', 𝒆)(&%+, ∀𝑑 ∈ 𝐷
\ .

.

(7)	

We	 can	 now	 simplify	 equation	 (7)	 and	make	 it	 more	 specific.	We	 first	 note	 that	 hourly	
electricity	consumption	and	energy	shortfalls	are	elements	of	𝒙) ,	i.e.,	

𝒙) =

⎣
⎢
⎢
⎢
⎡

⋮
𝑬)12
⋮

𝑬)%345'
⋮ ⎦

⎥
⎥
⎥
⎤
, (8)	

where	 𝑬)12	 and	 𝑬)%345'	 are	 vectors	 of	 hourly	 electricity	 consumption	 and	 hourly	 heating	
shortfalls	(both	measured	in	kWh).	These	vectors	have	one	element	per	hour,	𝐸),612 	and	𝐸),6%345'.	
𝐸),6%345'	 is	the	amount	of	extra	heat	that	would	need	to	be	added	to	water	delivered	during	
hour	h	(if	any)	in	order	to	reach	a	satisfactory	temperature	(when	using	setpoints	𝑻%&'	with	
withdrawal	pattern	𝒆)(&%).	

In	our	model,	direct	costs	only	arise	from	electricity	consumption	and	heating	shortfalls.	All	
other	decision	variables	have	coefficients	of	0	in	the	cost	vector	𝒄	(though	they	may	indirectly	
affect	costs	via	their	effect	on	the	allowed	values	of	𝐸),612 	and	𝐸),6%345').	So	the	final	form	of	(7)	
can	be	rewritten	as		

min
𝑻!"#∈ℝ$%

𝒙'∈ℝ(,∀)∈,

L𝑤)L𝑝6
7𝐸),612 + 𝑝%𝐸),6%345'

6∈8)∈,

s.t.			𝒙) ∈ 𝑿'𝑻%&', 𝒆)(&%+, ∀𝑑 ∈ 𝐷
. (9)	

Here,	𝑝6
7	is	the	cost	of	electricity	during	hour	h	of	the	coming	day	($/kWh)	and	𝑝%	is	a	penalty	

factor	(also	in	$/kWh)	which	will	be	assigned	to	any	heating	shortfall	in	water	delivered	to	
the	customer,	i.e.,	𝑝%	is	the	amount	the	customer	would	be	willing	to	pay	per	kWh	of	heat	to	
have	 water	 heated	 to	 a	 satisfactory	 temperature	 (generally	 greater	 than	 𝑝6

7).	 The	 term	
𝑝%𝐸),6%345'	 is	 a	 simple	 representation	 of	 the	 customer’s	 economic	 demand	 function	 for	 hot	
water,	but	it	has	the	attractive	properties	of	being	linear	and	scaling	in	a	logical	way	with	
both	the	temperature	shortfall	and	the	volume	of	water	desired.	We	have	found	no	existing	
literature	showing	a	research-based	form	or	parameters	for	this	function.	So	in	this	work,	
we	have	tested	a	variety	of	values	for	𝑝%	to	evaluate	the	performance	of	the	algorithm	for	
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customers	who	prefer	various	balances	between	comfort	and	financial	savings.	(In	 future	
work	we	may	 represent	 the	 customer’s	willingness	 to	pay	 for	 comfort	via	more	 complex	
functions	of	𝑬)%345',	possibly	derived	from	customer	usage	tests).	Note	that	usually	𝑝% > 𝑝6

7	
all	day.	However,	thermal	losses	are	incurred	whenever	the	tank	is	kept	hot,	so	the	heater	
may	need	to	consume	more	than	one	kWh	of	electricity	in	order	to	deliver	one	additional	
kWh	of	 hot	water	 (i.e.,	 avoid	 one	 kWh	of	 shortfall).	 Consequently,	 the	 cost	 of	 avoiding	 a	
shortfall	may	be	greater	than	𝑝%.	In	this	case	the	algorithm	may	(correctly)	choose	to	incur	a	
shortfall.	

The	following	subsections	provide	more	information	about	each	of	the	elements	of	problem	
(9).	Section	1.3.2	describes	the	indexing	sets	used	for	the	model	(D	and	I)	and	section	1.3.3	
describes	 parameters	 (input	 data).	 Then	 section	 1.3.4	 presents	 all	 the	 model’s	 decision	
variables:	 𝑻%&',	 𝑬)12	 and	 𝑬)%345',	 as	 well	 as	 additional	 helper	 variables	 included	 in	 𝒙) 	 in	
equation	 (8).	 Section	 1.3.4	 also	 introduces	 non-negativity	 and	 binary	 requirements	 that	
partly	describe	the	feasible	domain	shown	in	the	 last	 line	of	equation	(9).	Finally,	section	
1.3.5	presents	the	remaining	constraints	corresponding	to	the	last	line	of	equation	(9).	These	
constraints	force	𝑬)12	and	𝑬)%345'	to	take	physically	correct	values	based	on	the	values	of	𝑻%&'	
and	𝒆)(&%.	

Note	that	all	input	parameters	are	identified	by	lower-case	letters	and	decision	variables	and	
sets	use	capital	letters.	Bold	identifiers	indicate	vectors	(not	used	in	later	sections).	

1.3.2 Nomenclature:	Indexing	Sets	
The	optimization	is	done	over	historical	days,	and	each	day	is	divided	into	several	intervals.	
Most	variables	are	indexed	over	days	and	intervals,	except	𝑻%&',	which	is	only	indexed	over	
intervals	(corresponding	to	hourly	setpoints	for	tomorrow).		

D:	set	of	historical	days	considered	in	the	optimization,	usually	indexed	by	d.	For	our	initial	
work	 we	 will	 use	 all	 weekdays	 or	 weekend	 days	 in	 the	 previous	 60	 days	 to	 do	 the	
optimization.	However,	any	number	of	past	days	can	be	selected.	

I:	set	of	standard	intervals	used	to	divide	up	each	day,	usually	indexed	by	h.	In	this	work,	we	
assume	each	interval	is	one	hour	long,	giving	24	intervals	in	each	day;	that	could	be	changed	
in	later	work.	

Any	variables,	parameters	and	constraints	in	the	following	sections	that	use	h	or	d	subscripts	
are	defined	for	all	values	of	𝑑 ∈ 𝐷	and/or	ℎ ∈ 𝐼.	

1.3.3 Nomenclature:	Input	Parameters	(Data)	
This	section	introduces	the	model’s	input	parameters.	These	are	values	that	are	known	
before	running	the	model,	and	are	used	to	configure	the	model. 

cliter:	specific	heat	of	water,	0.001148	kWh/kg·deg	C.	
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tmin:	minimum	usable	temperature.	This	is	the	minimum	acceptable	temperature	for	the	user	
that	 he/she	 doesn’t	 feel	 discomfort.	 In	 our	model,	 the	 discomfort	 cost	 is	 zero	 unless	 the	
temperature	of	withdrawn	water	is	less	than	tmin.	
	
tmax:	 the	 maximum	 temperature	 that	 hot	 water	 is	 allowed	 to	 reach.	 The	 maximum	
temperature	is	restricted	due	to	safety	reasons.		
	
Tbig:	an	arbitrarily	big	temperature	e.g.,	200	degrees	Celsius.	This	constant	helps	define	the	
working	condition	of	water	heater	(working	at	max,	coasting	or	neither	of	these	two). 
	
rloss:	heat	loss	rate.	This	is	a	constant	which	is	related	to	the	thermodynamic	properties	of	
the	 water	 heater.	 It	 shows	 the	 fraction	 of	 heat	 that	 will	 be	 lost	 to	 the	 surrounding	
environment	during	each	 interval,	depending	on	 the	 temperature	difference	between	 the	
water	heater	tank	and	the	ambient	air.	We	use	a	simple	model	of	losses	similar	to	[55],	which	
assumes	 equal	 temperatures	 throughout	 the	 tank,	 that	 heat	 loss	 is	 proportional	 to	 the	
temperature	difference	between	 the	 tank	and	 the	 surrounding	environment,	 and	 ignores	
changes	in	tank	temperature	over	the	course	of	each	interval.	Under	these	assumptions,	the	
tank	temperature	moves	toward	the	ambient	air	temperature	by	an	amount	equal	to	𝑟94%% ·
(𝑇),6':2; − 𝑡),6:<=)	during	interval	h	on	day	d.	In	future	work,	we	will	investigate	use	of	shorter	
timesteps	and/or	more	detailed,	nonlinear	water	heater	models.	
	
vtank:	volume	of	the	water	heater	tank	(liters).	
	
ctank:	the	number	of	degrees	that	temperature	of	the	water	heater	would	be	raised	for	each	
kWh	of	input	energy	(°C/kWh);	given	by	𝑐':2; = 𝑣':2;𝑐91'&5.	
	
ps:	 shortfall	 penalty	 ($/kWh).	 Constant	 by	which	 the	 discomfort	 cost	 is	 balanced	 against	
energy	usage	cost.	The	more	the	penalty	factor	is,	the	higher	the	discomfort	cost	will	be.	
	
emax:	maximum	energy	input.	The	maximum	energy	that	the	water	heater	can	inject	from	the	
electric	element	to	water	in	each	interval,	e.g.,	if	the	power	of	water	heater	is	2	kW,	it	can	
give	2	kW	·	1	h	of	energy	which	equals	to	2	kWh	of	energy.	
	
wd:	weight	of	historical	day	d	in	optimization.	In	our	initial	work,	this	will	just	be	1/|D|	for	all	
days,	where	|D|	is	the	number	of	sample	days	used	for	the	optimization.	In	later	extensions,	
we	will	seek	to	construct	a	better	probabilistic	forecast	for	the	random	withdrawal	vectors	
by	 adjusting	 the	 weight	 for	 each	 sample	 day	 based	 on	 the	 similarity	 of	 that	 day	 to	 the	
conditions	expected	for	tomorrow.	
	
𝑝6
7:	power	price	for	interval	h	of	the	coming	day	($/kWh).	In	our	initial	work	we	assume	this	
is	known	in	advance,	e.g.,	from	a	day-ahead	market	that	provides	fixed	prices	for	each	hour	
of	the	next	day.	In	future	extensions,	we	may	investigate	the	effect	of	differences	between	
day-ahead	 and	 real-time	 prices,	 or	 incorporate	 price	 forecasting	 into	 the	 algorithm,	 or	
negotiate	an	equilibrium	between	the	water	heater	and	the	rest	of	the	market.	
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𝑡6:<=:	ambient	temperature	(°C).	Air	temperature	expected	around	the	water	heater	during	
interval	h	of	the	coming	day	(assumed	known	in	advance).	
	
𝑡),64>':	historical	outlet	 temperature	(°C).	Temperature	of	outlet	water	during	 interval	h	on	
historical	 day	 d,	 i.e.,	 the	 temperature	 of	 the	 water	 that	 goes	 into	 hot	 water	 tap.	 This	 is	
obtained	by	logging	historical	data.	

𝑡),612 :	 historical	 inlet	 temperature.	 Temperature	 of	 cold-water	 supply	 to	 the	water	 heater	
during	interval	h	on	historical	day	d.	Obtained	by	logging	historical	data.	

𝑡612:	future	inlet	temperature.	Temperature	of	cold-water	supply	to	the	water	heater	during	
interval	h	on	the	coming	day.	Assumed	to	be	known	in	advance	(may	be	forecasted	as	average	
temperature	from	prior	day).	

𝑣),631%':	historical	volume	withdrawn	(liters).	The	volume	of	hot	water	that	was	used	during	
interval	h	on	day	d.	

𝑒),6(&%:	desired	energy	withdrawal.	The	amount	of	heat	that	would	need	to	be	added	to	water	
withdrawn	during	interval	h	on	the	coming	day	to	satisfy	users,	 if	household	water	usage	
follows	the	pattern	from	historical	day	d.	This	is	calculated	from	logged	data	𝑡6,)12 ,	𝑡6,)4>'	and	
𝑣),631%'	as		

𝑒),6(&% = 𝑐91'&5𝑣),631%'%max'𝑡),64>', 𝑡<12+ − 𝑡),612 , u1 +
𝑡),612 − 𝑡612

𝑡<12 − 𝑡),612
v . (10)	

See	equation	(54)	in	the	Appendix	for	the	derivation	of	this	equation.	

1.3.4 Nomenclature:	Decision	Variables	(Values	Calculated	During	Optimization)	
This	 section	 introduces	 the	 model’s	 decision	 variables.	 These	 are	 values	 optimized	 or	
calculated	by	the	model.	The	most	important	decision	variables	are	the	thermostat	setpoints	
𝑇6%&'	for	 the	 coming	 day.	 Other	 variables	 are	 used	 to	 simulate	 how	 the	water	 heater	will	
behave	tomorrow	if	the	water	usage	pattern	matches	historical	day	d	(but	with	tomorrow’s	
setpoints	and	weather	conditions,	𝑇6%&',	𝑡612	and	𝑡6:<=).	For	example,	we	know	the	historical	
tank	temperature	𝑡),64>',	but	we	introduce	the	variable	𝑇),6':2;	 to	show	the	tank	temperature	
that	would	occur	during	hour	h	if	new	setpoints	𝑇6%&'	are	used	with	the	water	usage	pattern	
from	day	d.	These	variables	are	forced	to	take	specific	values	by	constraints	representing	the	
water	heater’s	thermodynamic	behavior	and	built-in	thermostatic	control	in	response	to	the	
setpoints	𝑇6%&'.	Those	constraints	are	described	later,	in	section	1.3.5.		

Every	 variable	 that	 uses	 a	 d	 and/or	 h	 subscript	 is	 indexed	 over	 every	 member	 of	 the	
corresponding	set(s).	So	there	is	one	𝑇6%&'	variable	for	every	hour	ℎ ∈ 𝐼	of	the	coming	day,	
and	all	other	variables	have	one	value	for	every	hour	ℎ ∈ 𝐼	of	every	sample	day	(withdrawal	
pattern)	𝑑 ∈ 𝐷.	

𝑇6%&':	thermostat	setpoint	for	hour	ℎ ∈ 𝐼	of	the	coming	day.	Note:	this	variable	is	not	indexed	
over	historical	days,	only	the	intervals	of	the	coming	day.	This	is	because	we	are	not	seeking	
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separate	thermostat	setpoints	for	each	of	the	past	days;	we	are	seeking	one	vector	(length	
24)	of	thermostat	setpoints	that	would	have	worked	well	for	all	past	days	of	water	usage,	i.e.,	
minimizing	the	expected	cost,	with	tomorrow’s	electricity	prices.	

𝐸),612 :	the	amount	of	heating	energy	that	would	be	used	for	interval	h	of	each	past	day	d,	if	the	
new	thermostat	setpoints	𝑇6%&'	had	been	used.	

𝑇),6':2;:	temperature	of	the	water	heater	during	interval	h	on	simulated	day	d.	This	may	differ	
from	the	setpoint	for	hour	h,	e.g.,	if	the	setpoint	is	far	below	the	water	heater’s	temperature	
the	previous	hour	(heater	will	“coast”	above	the	setpoint),	or	if	the	setpoint	is	raised	quickly	
(or	large	volumes	of	hot	water	are	used)	and	the	water	heater	cannot	heat	quickly	enough	to	
reach	the	setpoint.	

Note:	 this	model	 assumes	uniform	 temperatures	 throughout	 the	 tank,	 i.e.,	 it	 doesn’t	 take	
advantage	of	thermal	stratification	(concentration	of	hot	water	at	the	top	of	the	tank,	near	
the	outlet).	We	also	assume	the	tank	is	at	a	constant	temperature	during	the	period,	i.e.,	heat	
additions	 and	 removals	 are	 concentrated	 at	 the	 start	 of	 the	 intervals,	which	 is	when	 the	
setpoint	changes.	

𝐸),6? :	amount	of	energy	(in	kWh)	withdrawn	from	the	tank	during	interval	h	on	simulated	
day	d,	due	to	hot	water	usage.	

𝑇),6%345':	temperature	shortfall	(°C)	during	interval	h	on	simulated	day	d.	This	is	the	amount	by	
which	the	tank	temperature	would	fall	short	of	minimum	usable	temperature	(if	any),	if	the	
setpoints	𝑇6%&'	were	used	with	hot	water	usage	from	day	d.	

𝐸),6%345':	energy	shortfall	(kWh)	during	interval	h	on	simulated	day	d.	This	is	the	amount	of	
additional	heat	that	would	need	to	be	added	to	hot	water	used	by	the	household	in	order	to	
correct	the	temperature	shortfall	(if	any),	i.e.,	the	amount	of	heat	that	is	“missing”	from	the	
hot	water	supply.	

𝐶),6:	 binary	 variable	 indicating	 whether	 the	 water	 heater	 is	 in	 “coasting”	 mode	 during	
interval	h	on	simulated	day	d.	This	occurs	if	the	setpoint	is	so	low	that	it	will	be	exceeded	
even	if	no	heat	is	added	to	the	tank.	

𝑀),6:	 binary	 variable	 indicating	whether	 the	water	 heater	 is	 in	 “maximum	power”	mode	
during	interval	h	on	simulated	day	d.	This	occurs	if	the	setpoint	is	so	high	that	it	cannot	be	
reached	even	if	the	heater	runs	at	its	maximum	power	for	the	whole	interval.	

𝐵),6:	 binary	 variable	 indicating	 whether	 a	 temperature	 shortfall	 exists	 (𝑇),6%345' = 𝑡min −
𝑇),6':2;)	or	not	(𝑇),6%345' = 0)	during	interval	h	on	simulated	day	d.	
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1.3.5 Constraints	
The	model	uses	 a	number	of	 constraints	 to	 represent	 the	physical	behavior	of	 the	water	
heater,	as	described	in	this	subsection.	These	constraints	force	all	decision	variables	to	take	
deterministic	 values	 based	 on	 the	 temperature	 setpoints.	 In	 addition	 to	 the	 constraints	
below,	all	decision	variables	are	constrained	to	be	non-negative	(≥0).	

The	tank	temperature	changes	from	one	interval	to	the	next	depending	on	how	much	energy	
is	added	and	how	much	is	lost	or	withdrawn.	This	is	shown	by	the	following	equation	for	the	
tank	temperature	at	the	end	of	each	interval	(derived	as	equation	58	in	the	Appendix):	

𝑇),6':2; = 𝑇),(6DE)
':2; +

'𝐸),612 − 𝐸),6? +
𝑐':2;

− 𝑟94%% · '𝑇),6':2; − 𝑡6:<=+ (11)	

Note	 that	 this	 formulation	 assumes	 uniform	 temperatures	 throughout	 the	 tank,	 that	 all	
energy	is	added	or	removed	at	the	start	of	the	interval,	and	that	losses	don’t	cause	a	large	
temperature	change	over	the	interval.		

Under	standard	thermostatic	control,	a	water	heater	can	be	in	one	of	three	modes	over	the	
course	of	an	interval:	coasting	(setpoint	above	tank	temperature,	no	heat	needed,	𝐶),6 = 1,	
𝑀),6 = 0),	running	at	maximum	power	(setpoint	below	tank	temperature,	applying	full	heat	
but	unable	to	reach	setpoint,	𝐶),6 = 0,		𝑀),6 = 1)	or	normal	mode	(just	enough	power	used	
to	reach	setpoint,	𝐶6,) = 0,		𝑀6,) = 0).	These	behaviors	are	modeled	via	several	constraints:	

𝑇),6':2; +𝑀),6 · 𝑡=1G ≥ 𝑇6%&' (12)	

𝑇),6':2; ≤ 𝑇6%&' + 𝐶),6 · 𝑡=1G (13)	

𝐸),612 ≥ 𝑀6,) · 𝑒<:H (14)	

Figure 2. Horizon of inputs and variables 
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𝐸),612 ≤ '1 − 𝐶),6+ · 𝑒<:H (15)	

Taken	together,	these	constraints	force	the	model	to	choose	the	correct	operating	mode	for	
each	interval	h	of	each	simulated	day	d	by	choosing	appropriate	values	for	𝐶),6	and	𝑀),6 .	The	
four	possible	choices	of	𝐶),6	and	𝑀),6	are	enumerated	in	Table	2,	along	with	the	constraints	
that	take	effect	for	each	combination.	During	each	interval	on	each	simulated	day,	the	model	
must	choose	the	single	pair	of	values	for	𝐶),6	and	𝑀),6	that	make	the	constraints	feasible,	
given	the	setpoint,	starting	temperature	and	energy	demand	for	that	interval.	

Table	2.	Possible	operating	modes	for	water	heater	

𝑪𝒅,𝒉	value	 0	 1	 0	 1	
𝑴𝒅,𝒉	value	 0	 0	 1	 1	
operating	
mode	

Normal	 Coasting	 Max	Power	 Coast	+	Max	
Power	

constraint	(12)	 𝑇),6':2; ≥ 𝑇6%&'	 𝑇),6':2; ≥ 𝑇6%&'	 no	effect	 no	effect	

constraint	(13)	 𝑇),6':2; ≤ 𝑇6%&'	 no	effect	 𝑇),6':2; ≤ 𝑇6%&'	 no	effect	

constraint	(14)	 𝐸),612 ≥ 0	 𝐸),612 ≥ 0	 𝐸),612 ≥ 𝑒<:H	 𝐸),612 ≥ 𝑒<:H	

constraint	(15)	 𝐸),612 ≤ 𝑒<:H	 𝐸),612 ≤ 0	 𝐸),612 ≤ 𝑒<:H	 𝐸),612 ≤ 0	

Notes	 tank	
temperature	
exactly	reaches	
setpoint	with	
energy	input	in	
allowed	range	

tank	
temperature	at	

or	above	
setpoint	with	
no	heat	added	

tank	
temperature	at	

or	below	
setpoint	with	
maximum	heat	

added	

not	possible	
due	to	last	two	
constraints;	will	

never	be	
selected	

	
				The	temperature	shortfall	𝑇),6%345'	for	interval	h	of	simulated	day	d	is	equal	to	the	amount	
by	which	the	tank	temperature	𝑇),6':2;	falls	short	of	the	minimum	usable	temperature	𝑡<12,	
i.e.,	max'0, 𝑡<12 − 𝑇),6':2;+.	 This	 expression	 cannot	 be	 included	 directly	 within	 one	 linear	
constraint.	The	first	constraint	to	simulate	max'0, 𝑡<12 − 𝑇),6':2;+	is:	
	

𝑇),6%345' ≥ 𝑡<12 − 𝑇),6':2; (16)	
	
This	constraint,	combined	with	 the	nonnegativity	constraint	on	𝑇),6%345',	 forces	𝑇),6%345'	 to	be	
assigned	 a	 value	 greater	 than	 or	 equal	 to	max'0, 𝑡<12 − 𝑇),6':2;+.	 However,	 We	 need	 the	
temperature	shortfall	 to	be	exactly	equal	 to	max'0, 𝑡<12 − 𝑇),6':2;+.	Which	mean	to	be	zero	
when	𝑇),6':2;	is	greater	than	the	𝑡<12	and	when	the	difference	of	these	is	positive,	the	result	
should	become	exactly	equal	to	𝑡<12 − 𝑇),6':2;.	Since	we	don’t	want	these	value	to	be	negative,	
we	have	to	use	‘greater	or	equal’	in	equation	(16).	Otherwise,	we	will	get	an	infeasible	answer	
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if	equality	is	used.	To	force	the	MILP	to	set	𝑇),6%345'	exactly	equal	(not	greater	or	equal)	for	
positive	values	of	𝑇),6%345',	the	following	four	constraints	are	added	to	the	model:	

𝑇),6%345' ≤ 𝑡<12 − 𝑇),6':2; + '1 − 𝐵),6+ ∗ 𝑡=1G (17) 

𝑇),6%345' ≤ 𝐵),6 ∗ 𝑡=1G (18) 

𝐵),6 ∗ 𝑡=1G ≥ 𝑡<12 − 𝑇),6':2; (19)	

'1 − 𝐵),6+ ∗ 𝑡=1G ≥ 𝑇),6':2; − 𝑡<12 (20) 

Equation (19) and (20) define what value 𝐵),6 Can have.	When	there	is	a	shortfall,	𝐵),6	must	be	
on	(1)	based	on	(19)	and	when	there	is	no	shortfall,	𝐵),6	Must	be	off	(0)	based	on	equation	
(20).	Then,	when	there	is	a	shortfall	(𝐵),6=1)	combination	of	(17)	and	(16)	forces	𝑇),6%345'	to	
be	exactly	to	𝑡<12 − 𝑇),6':2;.	When	there	is	no	shortfall	(𝐵),6=0),	equation	(18)	forces	the	𝑇),6%345'	
to	be	zero	(𝑇),6%345'	 Is	a	positive	variable).	Table	 (3)	 shows	 the	various	state	of	constraints	
based	on	the	value	of	𝐵),6 .	

Table	3.	Possible	working	mode	for	shortfall	evaluator	

𝐵),6	value	 0	 1	
Operating	mode	 No	shortfall	 shortfall	
Constraint	(17)	 Relaxed	constraint	 𝑇),6%345' ≤ 𝑡<12 − 𝑇),6':2;	
Constraint	(16)	 𝑇),6%345' ≥ 𝑡<12 − 𝑇),6':2;	 𝑇),6%345' ≥ 𝑡<12 − 𝑇),6':2;	
Constraint	(18)	 𝑇),6%345' ≤ 0	 Relaxed	constraint	

Notes	 Combination	of	constraint	
(18)	and	𝑇),6%345'	being	a	
positive	variable,	results	

𝑇),6%345' = 0	

Combination	of	constraint	
(17)	and	(16),	results		
𝑇),6%345' = 𝑡<12 − 𝑇),6':2;	

	
The	energy	shortfall	is	defined	as	the	amount	of	thermal	energy	that	would	need	to	be	added	
to	hot	water	withdrawn	by	users	to	compensate	for	the	temperature	shortfall,	if	any.	From	
equation	(60)	in	the	Appendix,	this	is	calculated	as	
	

𝐸),6%345' = 𝑒),6(&%
𝑇),6%345'

'𝑡<12 − 𝑡612+
(21)	

	
Intuitively,	 the	 energy	 shortfall	 is	 the	 same	 fraction	 of	 the	 desired	 energy	 input	 as	 the	
temperature	shortfall	is	of	the	desired	temperature	increase.	
	
The	amount	of	energy	withdrawn	from	the	tank	during	interval	h	of	simulated	day	d	is	
equal	to	the	desired	amount	of	energy	minus	the	energy	shortfall,	if	any.	As	defined	in	
equation	(56)	of	the	Appendix,	this	gives	the	relationship:	
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𝐸),6? = 𝑒),6(&% − 𝐸),6%345' (22)	

Finally,	we	require	that	setpoints	are	within	the	allowed	range	for	the	water	heater:	

𝑇6%&' ≤ 𝑡max (23)	

1.4 Solution	Method	
In the previous section, the development of the model was explained. In this section, we discuss 
the general solution algorithm for solving MILP and the quality of solution that CC-WH can 
achieve. The family of MILP problems is part of NP-hard problems. Until today, no method has 
been found to solve these problems in ‘polynomial time.’ However, practical algorithms have been 
developed to solve or find bounded optimal solutions in a reasonable amount of time. The main 
algorithm that is used to solve MILPs is Branch and Bound [56] (BnB), which has been developed 
is 1960. To interpret the results of CC-WH, first, we introduce concepts such as upper/lower 
bound, gap, and the relative gap in the next sections. 

1.4.1 Upper	and	Lower	Bound	
In the BnB, the MILP first is solved as a Linear Programming problem (relaxed problem). i.e., by 
considering all variables, including integer variables as continuous variables. Based on the initial 
relaxed problem, the BnB creates two linear sub-problem by putting an extra constraint on each 
branch. Then each sub-problem is turned to two more sub-problems and so on. This action is called 
branching or creating the tree. The constraint that is added to each sub-problem is basically to force 
each relaxed integer variable from the parent branch to get an integer value. E.g., if an integer 
variable (𝑋) had a value such as 3.3 in a relaxed LP problem, its corresponding sub-problems for 
that variable will add 𝑋 ≥ 4 and 𝑋 ≤ 3 constraints to each of the two sub-problems. This forces 
the corresponding integer variable in the relaxed LP sub-problem to have an integer value. This 
act is continued for all integer variables. This creates a graph of possible answers where the BnB 
has to explore through them for the optimal integer answer. 

The result of the integer answer cannot be lower than the relaxed LP answer. Therefore, the result 
of the relaxed LP answer will give us the lower bound. The lowest-cost integer answer is called 
the upper bound. The BnB continually tries to find a lower cost integer answer. Whenever a new 
integer answer is obtained; If it has a lower cost than the previous upper bound in a minimization 
problem, the upper bound will be updated to the new value. However, if the new cost has a higher 
value than the previous upper bound, it will be discarded. 

1.4.2 Updating	Lower	and	Upper	Bound	
at each step, the algorithm starts with the branch that has the lowest relaxed LP cost. Through the 
search in the branches for lower cost relaxed LP sub-problem, three scenarios could happen to the 
relaxed LP problem: 1- it is infeasible. 2- it has a higher cost than the upper bound. 3- it has a 
lower cost than the upper bound. Whenever the first or second scenario happens, the BnB discard 
that branch and removes it from the search area. If the third scenario happens, it goes again through 
the same procedure similar to its parent branch until no integer variable is left. If the cost of the 
lowest branch (it will be an integer answer) is lower than the upper bound, the upper bound will 
be reduced to the new value. 
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When the work on the current lowest-cost relaxed LP sub-problem is finished (either through 
reaching the first or second scenario or reaching to the lowest level branch), the BnB goes to the 
next lowest-cost relaxed LP sub-problem (increasing lower bound). The process of increasing the 
lower bound and decreasing the upper bound is continued until they met, or the upper bound 
reaches to a certain proximity of the lower bound. The measure for the proximity of the answer is 
called the gap which is introduced in the next section. 

1.4.3 Gap	and	the	Relative	Gap	
The difference between the lower and upper bound is called gap (absolute gap). By dividing the 
absolute gap by the upper bound, the relative gap is obtained. Most of the available solvers have 
the corresponding setting for each of these gaps. In this work, we set the relative gap in CPLEX to 
obtain our desired results. 

In MILP, the number of branches increases exponentially when the number of integer variables 
increases linearly. This causes gigantic possible search areas for the BnB algorithms. However, 
other complementary algorithms had been developed to boost the performance of BnB. Today, 
commercially available software such as GURUBI and CPLEX use these algorithms and can solve 
problems with considerable size with good accuracy in a reasonable amount of time. For example, 
the branch and cut [57] algorithm can tighten the LP relaxation and therefore removing many 
infeasible branches from the search space. Also, heuristic [58] algorithms are used to find feasible 
integer results faster than pure BnB algorithm in the early stages of optimization. 

Most of the time, the commercially available solvers such as CPLEX can find a good integer 
answer (upper bound) in the early stage of optimization. Nevertheless, it will keep exploring 
through the branches for a better upper bound answer (less likely to happen) while the lower bound 
is increased. In other words, the solver finds an acceptable answer in the beginning stage of 
optimization, but it will keep searching to guaranty that this answer is in the acceptable gap. 
However, that is not a strict rule, and many parameters, such as the shape of the problem, can yield 
unorthodox behavior. To further analyze the CC-WH behavior, we conduct a test on the speed and 
accuracy of the result that CC-WH can find, which is provided in the sensitivity analysis section. 

	

1.5 Results	
In	 this	 section,	we	evaluate	 the	performance	of	 the	proposed	method	using	 (1)	a	perfect	
forecast	and	(2)	an	uncertain,	stochastic	forecast.	The	goal	of	the	first	approach	is	to	assess	
the	performance	of	WH-MILP	method	against	other	methods	under	similar	conditions.	 In	
this	case,	all	inputs	such	as	price,	consumption	pattern	and	outside	temperature	are	known	
in	advance	and	are	the	same	for	all	models.	

In	the	second	part,	the	stochastic	behavior	of	WH-MILP	is	evaluated.	Here,	it	is	assumed	that	
every	 input	 is	 known	 except	 the	 consumption	 pattern,	 which	 is	 considered	 a	 random	
variable.	 In	 this	case,	we	only	have	access	 to	consumption	patterns	 from	the	previous	60	
days.	The	goal	is	to	find	the	best	thermostat	setpoints	based	on	known	inputs	and	past	days’	
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consumption	pattern.	All	 test	are	performed	based	on	consumption	patterns	 from	the	US	
Department	of	Energy’s	DHW	[Domestic	Hot	Water]	Event	Schedule	Generator	[59].	

1.5.1 Perfect	Forecast	Mode	
The	hot	water	consumption	pattern	and	price	of	electricity	are	the	main	elements	used	to	
plan	 energy	 input	 for	 a	 water	 heater.	 This	 paper	 is	 in	 the	 category	 of	 dynamic	 pricing	
methods	for	the	next	24	hours.	In	this	section	we	compare	our	WH-MILP	method	against	a	
method	that	only	relies	on	tomorrow’s	price	of	electricity	from	Apt	and	Goh	[29],	which	we	
refer	 to	 as	 the	 ‘Apt&Goh’	 method.	 We	 also	 compare	 the	 WH-MILP	 to	 a	 more	 advanced	
method	that	considers	both	consumption	pattern	and	price	of	electricity	by	Du	and	Lu	[47],	
which	we	 refer	 to	 as	 the	 ‘Du&Lu’	method.	Finally,	we	 include	 results	 for	 a	 fixed-setpoint	
method,	where	the	water	heater	thermostat	is	set	to	fixed	setpoint	at	all	times,	such	as	60	
degrees	Celsius.	This	is	the	standard	method	used	by	existing	water	heaters	(where	owners	
make	an	implicit	cost-comfort	tradeoff	when	they	choose	any	particular	fixed	setpoint).	

	

1.5.1.1 Apt&Goh	Method	
The	Apt&Goh	method	tries	to	take	advantage	of	cheap	electricity	hours.	The	control	variable	
is	temperature	setpoint.	In	this	method,	the	temperature	setpoint	is	the	mirror	of	the	price	
vector,	 rescaled	 to	 range	 between	 a	 minimum	 and	 maximum	 allowed	 temperature.	
Whenever	the	price	is	at	its	minimum,	the	temperature	is	set	to	its	maximum	and	vice	versa.	
Equation	(24)	shows	how	the	temperature	setpoint	is	updated	based	on	price	of	electricity	
for	each	hour.	

Figure	3.	Perfect	forecast	result	for	one	day	
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𝑇6set = 𝑡max −
'𝑝6

p − 𝑝p,min+
(𝑝p,max − 𝑝p,min)

∗ (𝑡max − 𝑡min) (24)	

Figure	3	shows	the	behavior	of	a	simulated	water	heater	over	one	sample	day,	using	the	three	
methods	discussed	in	this	section.	The	green	traces	correspond	to	the	Apt&Goh	method.	The	
first	 section	 of	 Figure	 3	 shows	 the	 temperature	 setpoint	 found	 from	 equation	 (24).	 The	
second	part	shows	what	the	actual	temperature	would	be,	if	the	withdrawal	pattern	shown	
in	black	in	the	third	section	occurs.	The	fourth	section	shows	the	electricity	price	for	that	
specific	day.	

The	Apt&Goh	method	can	have	some	savings	by	warming	up	water	in	cheap	hours.	However,	
by	being	insensitive	to	consumption	pattern,	it	may	lose	the	chance	to	lower	the	cost	or	avoid	
underheated	water.	For	example,	consider	a	situation	where	a	large	amount	of	consumption	
is	expected	at	7	PM	but	since	the	price	of	electricity	was	high	 in	previous	hours	between	
noon	till	7	PM	(lower	than	price	of	7	PM),	this	algorithm	sets	the	temperature	setpoint	to	the	
lowest	temperature.	Then,	when	a	large	consumption	happens	at	7	PM,	the	water	heater	has	
to	consume	a	lot	of	energy	at	7	PM	to	keep	up	with	consumption	in	a	relatively	expensive	
hour.	 In	 contrast,	 a	 smarter	 algorithm	 that	 takes	 advantages	 of	 price	 and	 consumption	
pattern	could	heat	water	to	a	higher	temperature	between	4-6	PM	and	then	coast	during	the	
7	PM	hour,	saving	money	relative	to	the	Apt&Goh	method.	Furthermore,	if	the	water	heater	
allows	temperatures	to	fall	to	the	minimum	allowed	temperature,	and	then	users	withdraw	
water	faster	than	the	heater	can	reheat	it,	they	will	receive	underheated	water.	For	example,	
if	 the	expected	consumption	pattern	for	7	PM	is	8	kWh	but	the	rated	power	of	 the	water	
heater	is	4.5	kWh	and	the	actual	temperature	is	at	its	minimum,	the	user	will	encounter	a	3.5	
kWh	of	energy	shortfall.	However,	a	smarter	method	could	warm	up	water	in	the	previous	
hours	 even	 though	 those	 hours	were	 part	 of	 expensive	 hours.	 This	would	 lower	 energy	
shortfall	and	electricity	price	at	the	same	time.	One	of	the	goals	of	development	of	the	WH-
MILP	algorithm	is	taking	advantage	of	these	events	which	decrease	both	the	electricity	bill	
and	the	chance	of	having	cold	water.	Another	problem	with	responding	to	the	price	instantly	
is	losing	the	chance	of	heating	at	the	cheapest	time.	For	example,	if	the	price	is	decreasing	to	
its	minimum	in	three	steps,	the	temperature	setpoint	is	increased	to	its	maximum	in	three	
steps.	This	causes	heating	to	occur	each	time	the	setpoint	is	raised,	which	happens	before	
the	 lowest	 prices	 are	 reached.	 A	 smarter	 algorithm	 could	 skip	 the	 intermediate	 setpoint	
steps,	and	instead	wait	to	heat	only	at	the	cheapest	time.	

	

1.5.1.2 Du&Lu	Method	
In	the	Du&Lu	method,	the	control	variable	is	a	vector	of	energy	inputs	for	the	next	day	(in	
contrast	to	temperature	setpoints	for	Apt&Goh	and	WH-MILP).	The	goal	of	this	method	is	to	
inject	energy	to	the	water	heater	exactly	equal	to	the	sum	of	expected	required	energy	for	
tomorrow	across	all	intervals.	This	strategy	can	save	energy	by	avoiding	extra	heating	and	
also	avoid	underheated	water.	The	Du&Lu	method	sorts	the	price	of	electricity	ascendingly,	
then	 heats	 water	 in	 the	 cheapest	 hours	 while	 considering	 a	 temperature	 deadband	
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constraint	 (if	 heating	 water	 in	 a	 cheap	 hour	 causes	 the	 temperature	 to	 go	 above	 the	
maximum	 allowed	 temperature,	 it	 will	 stop	 heating	 even	 though	 it	 is	 a	 cheap	 hour;	
alternatively,	 if	 it	 is	an	expensive	hour	but	temperature	is	below	the	minimum,	the	water	
heater	adds	energy	to	the	water).	

The	Du&Lu	algorithm	is	recursive.	It	finds	an	energy	input	setpoint	for	the	first	interval	first,	
then	based	on	the	decision	made	in	the	previous	step,	it	finds	setpoints	for	the	next	step	and	
so	on.	

Here	is	the	Du&Lu	algorithm:	

Step	(0):	Find	total	required	energy	for	the	day	from	first	interval	to	the	last	interval:		

𝐸Etotal =L 𝑒6(&%
*+

6QE
(25)	

Step	(1):	Find	how	many	intervals	are	needed	to	inject	the	required	energy,	where	emax	is	the	
rating	power	of	EWH.		

Index_Threshold = 𝐸6total
𝑒<:H� (26)	

Step	(2):	Sort	prices	from	current	step	‘h’	to	the	last	step	ascendingly.		

Step	(3):	Tag	sorted	prices	as	‘cheap’	or	‘expensive’:	if	the	index	of	sorted	price	is	below	the	
‘Index_Threshold’	then	tag	them	as	cheap	hour.	Otherwise,	tag	them	as	expensive.	

Step	(4):	If	step	‘h’	tag	is	‘cheap’,	then	turn	the	EWH	on	with	full	capacity	(𝐸612 = 𝑒<:H).	If	it	
then	violates	maximum	temperature,	only	allocate	enough	energy	(0 ≤ 𝐸612 ≤ 𝑒<:H)		to	just	
reach	the	maximum	temperature.	If	step	‘h’	is	tagged	expensive,	keep	the	EWH	turned	off.	
I.e.,	 (𝐸612 = 0)	 and	 if	 temperature	 falls	 below	minimum	 based	 on	 expected	 consumption	
pattern	 (𝑒6(&%),	 then	 only	 give	 enough	 energy	 (0 ≤ 𝐸612 ≤ 𝑒<:H)	 to	 keep	 it	 at	 minimum	
temperature.		The	total	allocated	energy	from	first	interval	up	to	the	step	‘h’	is	called:	𝐸6allocated	
which	is	equal	to	equation	(27):	

𝐸6allocated =L 𝐸R12
6

RQE
(27)	

Step	(5):	Find	how	much	more	energy	is	required	to	be	added	in	the	later	steps:	

𝐸6SEtotal = 𝐸6total − 𝐸6allocated (28)	

Step	(6):	return	to	step	(1)	and	recalculate	Index_Threshold	and	find	𝐸6SE12 	for	the	next	step.	

Results	from	the	Du&Lu	method	are	shown	in	blue	in	Figure	3.	There	is	no	blue	line	in	the	
first	section	of	the	Figure	3	since	this	method	uses	energy	input	as	control	variable	(third	
section),	not	temperature.	
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Unlike	 the	 Apt&Goh	method,	 which	 is	 blind	 to	 user	 consumption,	 this	 method	 can	 take	
advantage	of	the	total	required	energy	for	the	future	hours	and	plan	for	energy	input	based	
on	 the	 cheapest	 hours.	 However,	 this	 method	 has	 some	 disadvantages.	 First	 it	 assumes	
energy	loss	is	negligible	by	referring	to	[29]	in	order	to	avoid	considering	the	dependence	of	
total	expected	required	energy	to	actual	temperature	and	ambient	temperature.	However,	
we	 know	 that	 the	 total	 energy	 loss	 throughout	 the	 day	 is	 dependent	 on	 the	 actual	
temperature	of	the	whole	intervals.	However,	this	algorithm	starts	scheduling	recursively	
from	step	one	(does	not	know	yet	what	the	actual	temperature	would	be	for	the	following	
steps);	 therefore,	does	not	have	an	accurate	energy	 loss	estimation	even	 though	 this	 loss	
might	be	very	small	for	most	cases.	But,	if	the	ambient	temperature	is	very	low,	the	energy	
loss	could	not	be	considered	negligible.		

The	second	issue	arises	when	a	big	portion	of	withdrawal	happens	only	in	one	interval.	Being	
insensitive	to	each	individual	interval	could	not	only	cost	more	electrical	cost	but	also	could	
leave	 more	 underheated	 water	 in	 comparison	 to	 an	 algorithm	 that	 is	 sensitive	 to	 each	
individual	interval.	To	make	it	clear,	assume	the	following	scenario	happens	for	a	given	day.	
In	that	day,	the	total	required	energy	is	15	kWh	for	the	whole	day.	However,	12	kWh	of	this	
energy	is	required	at	only	one	interval.	Assume	this	burst	of	withdrawal	happens	at	9	PM.	
Also,	 assume	 that	 the	 previous	 hours	 (for	 example	 between	 4-8PM)	 were	 tagged	 as	
expensive;	and	cheap	hours	start	at	10	PM.	The	way	Du&Lu	algorithm	will	respond	in	this	
scenario	is	this:	it	will	wait	until	10	PM	to	start	warming	up	water	since	the	only	important	
factor	is	the	total	required	energy	for	the	whole	day,	not	the	required	energy	for	each	specific	
interval.		

Following	this	decision,	the	temperature	would	be	kept	low	before	9	PM.	However,	when	the	
burst	starts	at	9	PM,	the	EWH	will	be	forced	to	work	with	the	full	capacity	to	provide	the	
demand	while	 it	would	 fail	 to	 do	 that	 since	 the	nominal	 capacity	 of	 EWH	 is	much	 lower	
(usually	around	4.5	kWh)	than	the	required	energy	(12	kWh)	which	will	result	 in	a	huge	
underheated	water	(about	7.5	kWh).	What	could	have	been	done	was	to	warm	up	the	water	
in	the	afternoon	(even	though	cheaper	hours	existed	to	do	that)	to	be	ready	for	the	burst.	
Furthermore,	if	electricity	price	at	9	PM	were	higher	than	the	previous	hours	(for	example	
more	than	the	price	of	intervals	between	4-8PM),	the	forced	to	work	with	full	capacity	EWH	
would	even	cost	more	electricity	while	it	could	do	the	heating	in	relatively	cheap	hours	at	
previous	intervals. 	In	short,	it	is	only	able	to	pre-heat	for	the	whole	day	not	for	each	specific	
interval.	However,	an	algorithm	that	 is	sensitive	 to	each	specific	 interval	could	sense	this	
situation	and	warm	up	water	in	relatively	expensive	hours	to	avoid	underheated	water	and	
high	electric	cost	at	the	next	intervals.	In	short,	we	need	an	algorithm	that	has	vision.	i.e.,	it	
could	see	how	much	energy	is	needed	on	each	hour	while	looking	at	the	price	to	choose	the	
best	setpoints.	WH-MILP	addresses	all	these	issues.		
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1.5.1.3 WH-MILP	Method	
The	proposed	method	in	this	paper	considers	the	price	and	consumption	for	each	individual	
interval	for	the	whole	day.	One	important	aspect	of	this	method	is	that	it	gives	the	user	the	
option	 to	 select	 their	 preference	 based	 on	 their	 need	 by	 selecting	 penalty	 factor.	 If	 the	
penalty	factor	is	high,	the	cost	for	energy	shortfall	becomes	very	high.	Therefore,	the	MILP	
algorithm	 avoids	 having	 shortfall	 and	 keeps	 temperature	 strictly	 between	 temperature	
deadband	and	takes	advantage	of	cheap	hours	considering	consumption	pattern.	In	this	case,	
it	can	behave	exactly	like	the	Du&Lu	method.	However,	since	it	is	sensitive	to	each	individual	
interval	consumption	pattern,	 it	can	 find	better	answers	 than	Du&Lu	method	 if	 there	are	
burst	consumption	on	some	intervals.		

Consider	these	two	cases	when	10	kWh	of	energy	withdrawal	is	expected	ahead.	Case	(1)	
has	9,	and	1	kWh	of	withdrawal	and	case	(2)	has	5	and	5	kWh	of	withdrawal	at	6	PM	and	10	
PM	respectively	for	both	cases.	The	way	Du&Lu	respond	to	these	two	is	the	same	since	it	is	
only	sensitive	to	the	total	required	energy,	causing	huge	underheated	water	in	the	first	case.	
However,	WH-MILP	will	pre-heat	in	case	(1)	to	be	ready	for	the	situation.	The	ability	to	pre-
heat	 for	each	 individual	hour	and	doing	 it	optimally	 (by	having	 linear	programming	cost	
function	that	considers	both	user	preference	and	electricity	cost	at	the	same	time)	is	another	
advantage	of	WH-MILP	over	Du&Lu	and	many	other	works.	

Furthermore,	 the	Du&Lu	 and	Apt&Goh	 assume	 that	withdrawal	 happens	 throughout	 the	
interval.	However,	we	picked	a	more	conservative	approach	by	assuming	that	withdrawal	
happens	at	the	start	of	each	interval	in	a	very	short	time.	i.e.,	there	is	no	time	for	adding	the	
energy	which	will	cause	more	temperature	drop	and	underheated	water	in	comparison	to	
methods	that	assume	withdrawal	happens	smoothly	throughout	the	intervals.	Also,	despite	
Du&Lu,	energy	loss	is	not	zero	for	each	interval	as	it	is	shown	in	equation	(11).		

Table	4.	Comparison	of	simulated	methods	

 CC_WH Du&Lu Apt&goh 
Simplicity ✓ ✓✓ ✓✓✓ 

Considering Withdrawal ✓ ✓ ✘ 

Pre-heating ✓ ✓ ✘ 
Ready for a large burst of withdrawal ✓ ✘ ✘ 

Considering withdrawal uncertainty In stochastic 
mode 

✘ ✘ 

Comfort-mode Cost-based Dead-band Dead-band 

Efficiency in execution ✓ ✓✓ ✓✓✓ 
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	On	 the	 other	 hand,	 if	 users	would	 rather	 to	 reduce	 costs	 than	 providing	 perfect	 service	
during	expensive-to-serve	times,	they	can	do	so	by	reducing	the	penalty	factor.	For	example,	
if	 there	 is	a	 long	period	of	high	prices	and	minimal	usage,	 letting	the	tank	cool	below	the	
minimum	acceptable	temperature	instead	of	reheating	it	up	to	minimum	temperature	can	
save	 significant	 amounts	 of	money	while	 creating	 relatively	 little	 inconvenience.	 Letting	
temperature	 to	 fall	 below	minimum	 at	 times	when	 the	 chance	 of	withdrawal	 is	 low	 is	 a	
unique	 advantage	of	WH-MILP	 to	 other	 algorithm	 in	 the	 literature	 (they	 all	 strictly	 keep	
temperature	above	minimum	even	though	the	chance	of	withdrawal	might	be	close	to	zero).	

The	WH-MILP	method	is	shown	in	red	in	Figure	3.	This	simulation	is	done	for	high	value	of	
penalty	factor	(𝑝% = $2 kWh⁄ ).	This	means	that	it	is	very	costly	to	have	any	shortfall	at	all.	In	
this	case,	WH-MILP	will	 strictly	 try	 to	keep	 the	actual	 temperature	between	 temperature	
deadband	(between	min	and	max	temperature)	while	also	minimizing	the	electric	cost.	As	
shown	in	Figure	3	the	results	for	Du&Lu	and	WH-MILP	are	similar	when	the	penalty	factor	
is	high.	This	shows	WH-MILP	could	be	as	good	as	Du&Lu	(with	high	penalty	value).	

1.5.1.4 Electric	Cost	vs.	Comfort	with	Perfect	Forecast	
This	 section	 studies	 the	 performance	 of	 aforementioned	 methods	 on	 US	 Department	 of	
energy	[59]	hot	water	consumption	pattern	data	for	a	365	day	period.	For	all	four	methods,	
we	 calculate	 total	 energy	 consumption	 for	 the	 year	 as	well	 as	 energy	 shortfall	 based	 on	

Figure	4	Perfect	forecast	results	
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equation	 (60)	 in	 the	 appendix.	Water	heater	 control	 can	be	 regarded	 as	 a	 dual-objective	
optimization	problem	that	seeks	to	minimize	both	of	these.	We	simulate	the	WH_MILP	for	
10	values	of	penalty	factor	based	on	equation	(29):	

𝑝% ∈ {0.09, 0.1, 0.11, 0.12, 0.14, 0.16,0.18, 0.5, 0.7, 2} (29)	

The	 Fixed-setpoint	method	 is	 evaluated	with	 setpoints	 of	 40,	 43,	 47,	 50	 and	 60	 degrees	
Celsius. The	results	are	shown	in		

.	 This	 shows	 that	 all	 methods	 can	 have	 significant	 improvements	 relative	 to	 the	 Fixed-
setpoint	approach	(lower	cost	and	less	underheated	water	at	the	same	time).	The	Apt&Goh	
method	 tends	 to	 find	 results	 that	 cost	 around	 10	 percent	 less	 than	 the	 Du&Lu	method.	
However,	the	amount	of	expected	underheated	water	is	3	times	more	(0.5	kWh/day	against	
1.5	kWh/day).	The	results	found	by	the	WH-MILP	method	for	all	values	of	penalty	factor	are	
lower	for	both	electric	cost	and	underheated	water.	This	shows	that	WH-MILP	outperforms	

	

	

both	of	these	methods.	Furthermore,	WH-MILP	is	flexible.	 i.e.,	 it	can	find	results	based	on	
user	preference	by	changing	the	value	of	the	penalty	factor.	Table	(5)	shows	the	percentage	
of	electricity	saving	of	WH-MILP	against	other	methods	with	similar	chance	of	underheated	
water.	For	example,	Fixed-setpoint	method	(set	on	60	Celsius)	will	cost	around	2.40$/day	
with	0.4	kWh/day	of	underheated	water.	With	equal	underheated	value	on	the	WH-MILP	
curve,	 it	will	 only	 cost	 around	1.08$/day	which	 is	 about	55	percent	 cheaper	 than	Fixed-
setpoint	 method	 (set	 on	 60	 Celsius).	 WH-MILP	 is	 also	 11	 and	 10	 percent	 cheaper	 than	
Apt&Goh	and	Du&Lu	respectively	with	the	same	amount	underheated	water.	

	

	

Table	5.	Comparison	of	WH-MILP	against	other	methods	with	equal	underheated	water	

	 Fixed	(60°𝐶)	 Du	&	Lu	 Apt	&	Goh	

Underheated	water	(kWh/day)	 0.4	 0.5	 1.5	

Electric	cost	($/day)	 2.4	 1.14	 1.02	

WH-MILP	electric	cost	with	equal	
underheated	water	($/day)	

1.08	 1.02	 0.9	

WH-MILP	cost	savings	(%)	 55	 10	 11	
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1.5.2 Stochastic	Optimization	
The	previous	section	benchmarked	the	performance	of	WH-MILP	against	other	methods	in	
the	same	conditions,	with	perfect	foresight	of	hot	water	consumption	for	each	day.	In	this	
section,	we	assess	the	performance	of	WH-MILP	over	a	full	year	with	uncertain	usage.		

The	 advantage	 of	 a	 stochastic	 based	method	 is	 that	 it	 let	 us	make	 decisions	 that	 is	 not	
possible	to	make	when	a	single	point	forecast	based	on	average	is	used.	e.g.,	if	there	is	a	10%	
chance	of	a	4	kWh	withdrawal	and	90%	chance	of	zero	consumption,	then	the	system	may	
need	to	keep	either	4	kWh	or	0	kWh	available,	depending	on	user	preferences.	While	a	single	
point	forecast	method	such	as	[40]	cannot	make	such	a	decision	(if	it	uses	the	average,	it	will	
make	a	decision	based	on	400	Wh	of	consumption	 for	 that	 interval).	Therefore,	 finding	a	
common	setpoint	 that	works	 for	multiple	possible	patterns	 is	much	better	 than	 finding	a	
vector	of	 setpoints	 that	only	 is	 good	 for	 the	average	of	multiple	patterns.	One	of	 the	key	
contributions	of	this	paper	is	the	use	of	a	probabilistic	forecast	for	hot	water	usage	(i.e.,	a	
collection	of	withdrawal	patterns	from	a	set	of	previous	days	D).		

A	unique	advantage	of	the	stochastic	behavior	of	WH-MILP	that	no	other	algorithm	presents	
in	 the	 literature	 is	 considering	 dependency	 between	 usage	 in	 different	 hours.	 Other	
stochastic	methods	model	each	interval	as	an	independent	random	variable.	While	in	reality	
intervals	 of	 consumption	 are	 dependent	 to	 the	 previous	 interval.	 E.g.,	 if	 one	 is	 taking	 a	
shower	at	7	PM,	 the	 chance	of	 taking	a	 shower	again	at	8	PM	 is	 almost	 zero	 for	 a	 single	
resident	house.	To	solve	this,	WH-MILP	feeds	the	model	with	D	day	of	withdrawal	pattern	
(each	 pattern	 is	 a	 vector	 of	 withdrawal	 for	 each	 day)	 rather	 than	 feeding	 it	 with	 24	
distribution	of	withdrawals	obtained	by	finding	average	and	variance	of	each	interval	using	
the	past	D	days	which	will	destroy	the	correlation	between	intervals.	

To	evaluate	the	effectiveness	of	stochastic	behavior	of	WH-MILP,	The	model	in	equation	(9)	
is	tested	with	different	length	of	|D|	samples.	So,	we	first	assess	how	performance	changes	
by	solving	for	different	numbers	of	sample	days	up	to	60	(for	longer	times,	usage	patterns	
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are	more	likely	to	change	and	computation	becomes	increasingly	difficult).	We	also	test	the	
performance	of	WH-MILP	when	using	a	single	sample	day	equal	to	the	average	of	usage	on	
the	previous	60	days.	That	is,	we	solve	equation	(9)	for	10,	30,	60,	and	the	mean	of	60	days	
lookback.		

By	solving	equation	(9),	we	obtain	the	expected	cost	for	that	given	day	and	𝑻%&'	based	on	the	
available	forecast.	Then	we	apply	the	𝑻%&'		vector	to	the	actual	consumption	pattern	to	find	
the	actual	cost	for	that	day.	For	example,	for	|D|	=	10,	we	want	to	find	the	expected	and	actual	
cost	when	 tomorrow	 is	 day	 46	 of	 the	 year.	 The	 algorithm	 solves	 equation	 (9)	 based	 on	
consumption	pattern	of	days	45	(today),	44	(yesterday),	43,	…,	35.	This	gives	the	expected	
cost	for	day	46.	To	find	the	actual	cost	of	day	46,	the	obtained	𝑻%&'	From	solving	equation	(9)	
based	 on	 consumption	 pattern	 of	 45,	 44,	 43,	…,	 35	 is	 applied	 to	 the	 actual	 consumption	
pattern	 of	 day	 46.	 The	 closer	 the	 actual	 and	 expected	 results,	 the	 more	 accurate	 the	
algorithm.		

the	average	of	all	“tomorrow”	days	is	reported	as	the	average	performance	of	the	algorithm	
(both	“expected”	and	“actual”).	This	process	is	repeated	for	different	numbers	of	lookback	
days	and	different	penalty	factors	to	assess	their	performance	over	the	course	of	the	same	
year.	

	

	

Figure	5	Stochastic	optimization	results	
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Table 6 error and runtime comparison 

	 Mean		 10	 30	 60	
RMS	 3.97	 0.74	 0.28	 0.23	
Run	Time	 2	sec	 23	sec	 5.7	min	 18	min	

	

Figure	5	shows	the	performance	of	the	model	when	using	10,	30	and	60	day	lookbacks,	and	
when	using	the	mean	of	the	previous	60	days	as	a	single	point	forecast.	This	figure	shows	the	
expected	and	actual	cost	for	10	values	of	the	penalty	factor.	Table	6	shows	the	RMS	error	
between	the	actual	and	expected	cost	for	10,	30,	60,	and	mean	of	60	days	optimizations.	

The	60-day	lookback	model	finds	better	solutions	than	the	30-day	model,	 i.e.,	 it	 is	able	to	
reduce	the	cost	of	service	for	a	given	level	of	comfort	(amount	of	underheated	water).	This	
appears	to	be	because	the	60-day	model	is	better	able	to	identify	times	when	hot	water	use	
is	 unlikely	 and	 avoid	 heating	 water	 for	 those	 times.	 Both	 of	 these	 have	 fairly	 accurate	
estimates	of	 their	own	performance.	When	it	runs,	 the	10-day	 lookback	model	expects	to	
have	similar	performance	to	the	30-day	model,	but	then	actually	has	about	5	percent	worse	
performance	when	the	setpoints	are	actually	applied.	This	appears	to	be	due	to	“surprises,”	
where	actual	usage	differed	from	the	small	sample	the	model	used	for	prediction.	

This	effect	is	even	more	pronounced	when	using	a	point	forecast	consisting	of	the	average	
usage	vector	for	the	previous	60	days.	The	average-usage	model	expected	to	perform	very	
well,	but	actually	performed	worst	of	all	the	models	when	the	setpoints	were	applied.	This	
model	 also	 had	 the	 largest	 difference	 between	 expected	 and	 actual	 performance.	 This	
appears	to	occur	for	two	reasons:	(1)	the	average-usage	model	overfits	to	the	single	forecast	
vector	 instead	of	preparing	for	a	diverse	collection	of	usage	vectors,	and	(2)	the	average-
usage	 vector	 has	 small	 pulses	 each	 hour,	 which	 can	 be	 served	 by	 keeping	 the	 tank	
temperature	just	above	tmin,	but	actual	usage	may	come	in	much	larger	pulses,	which	require	
a	 larger	thermal	reserve	to	avoid	delivering	underheated	water	or	being	forced	to	reheat	
during	an	expensive	time.	

The	results	 indicate	 that	extending	the	 lookback	period	 improves	 the	performance	of	 the	
model.	In	addition,	they	show	that	it	is	important	for	water	heater	setpoints	to	be	scheduled	
based	on	a	range	of	realistic	usage	vectors	rather	than	a	single	point	forecast,	even	one	that	
minimizes	RMSE	relative	to	actual	usage	vectors	(i.e.,	the	mean	usage	vector).	

However,	one	major	defect	of	WH-MILP	is	its	run	time	length.	For	example,	the	average	run	
time	for	the	60-day	lookback	model	is	about	18	minutes	on	a	single	core	CPU	machine.	In	
future	work,	we	plan	to	develop	reduced	models	that	can	provide	similarly	good	solutions	in	
a	shorter	time.	
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1.5.3 Sensitivity	Analysis	
Among all parameters that can affect the performance of CC-WH; There are only two parameters 
that are more important: the lookback days and the relative gap. In section 1.4  the relative gap 
was introduced. In this section the effect of changing lookback days and relative gap on the quality 
of the solution and time of optimization will be evaluated. 

1.5.3.1 Effect	of	changing	lookback	days	
 In regard to the lookback parameter, in an ideal scenario, the difference between the average 
expected and actual cost would be zero. As can be seen in Table 6, the longer the lookback, the 
closer the actual and expected cost would be. Since the actual and expected results for 60-day 
lookback are almost converged, it is not expected that longer lookbacks have a better result. In 
other words, when the model is optimized on a diverse set of withdrawal patterns that its average 
expected and average actual cost converges, adding more lookbacks days will not add to the 
diversity of samples and only increased the optimization time.     

1.5.3.2 Effect	of	changing	Relative	Gap	
Another critical parameter in CC-WH is the relative gap. As mentioned before, the absolute gap is 
the difference between the actual integer solution of the problem (upper bound) with the possible 
lowest-cost (lower bound) which is the result of LP relaxation; and relative gap is obtained by 
dividing absolute gap by the upper bound. In the search between branches to find the lowest integer 
solution, the BnB repeatedly updates the bounds until they converge. The BnB continually tries to 
find the lowest-cost integer answer (decreasing upper bound) and increasing the lower bound (by 
investigating through the sub-branches of the problem to see if a low-cost LP answer can lead to a 
low-cost Integer result). When the bounds converge, the algorithm had found the optimal integer 
result. In this paper, CPLEX by IBM was used as the optimizer. 

To investigate the effect of the optimization gap, we averaged the result of 15 samples of 20-day 
lookback models while the relative gap was changed from 10 percent to 0 percent. The time limit 
of the optimization time was 500 seconds.  As can be seen in Table 7, the result for the zero gap is 
about 0.9 percent better than the result of a 10 percent gap. However, the average optimization 
time of zero gap models is about 13.8 times longer (if the time limit were more, the difference 
would have been much longer than that). For our models, we picked a conservative optimality gap 
of 6 percent. However, the results show that we could easily pick 7 or 8 percent without deviating 
much from the optimal results. The reason for that is that the solver can usually find near optimal 
integer answer at an early stage of optimization with the help of heuristic algorithms. However, to 
guaranty that the obtained answer is optimal or near optimal (within the gap range) it keeps 
searching through all possible low-cost LP relaxed subproblems until no branch is left or lower 
bound is increased enough so the relative gap becomes within the desired range which is a costly 
process. 
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Table 7. Sensitivity on MILP Relative Gap on CPLEX 

Gap (%) 0 2 4 6 8 10 

Cost ($) 1.0876 1.0880 1.0893 1.0895 1.0920 1.0974 

Time (s) 428 149 126 75 41 31 

1.5.4 Realtime	performance	of	CC_WH	
In the previous section, we showed that the 60-day lookback CC-WH model has almost the best 
performance that CC-WH can have. However, the question is how good is the best imperfect 
foresight result in comparison to the time when the model has perfect foresight (best performance). 
To answer this question, we compared the result of CC-WH in (perfect mode) with the actual 
performance of the 60-day CC-WH model from Figure 5. As can be seen in Figure 6, The 
performance of the 60-day lookback model is slightly worse than the perfect foresight result. This 
shows that the 60-day CC-WH model is finding results that, on average, is very close to the time 
that it has access to the perfect foresight about withdrawal pattern. This also reaffirms the results 
from the previous section. 

Table 8. Realtime comparison of CC_WH with conventional water heater 

 Fixed (40°𝐶) Fixed (60°𝐶) Du & Lu Apt & Goh 

Underheated water (kWh/day) 1.03 0.26 0.83 0.42 

Electric cost ($/day) 1.35 1.42 1.28 1.2 

CC_WH electric cost with equal 
underheated water ($/day) 

0.95 1.12 0.98 1.06 

CC_WH cost savings (%) 29 21 31 13 

Also, we investigate the performance of Du&Lu under uncertainty while it has access to the same 
data that CC-WH has (the last 60-day withdrawal pattern). It is assumed that no other information 
is given to the CC-WH and Du&Lu to improve their predictions. The Du&Lu uses point forecast 
to make its decision. Therefore, the mean of the last 60-day look back is the best possible prediction 
for a method that relies on point forecast. Therefore, the performance of Du&Lu while the 
prediction is the average of the last 60-days withdrawal pattern was evaluated. As can be seen in 
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Table 8. the CC-WH has 31 percent more savings in comparison with Du&Lu under the 
uncertainty of withdrawal on average. 

 

The fix-setpoint model and Apt&Goh do not rely on withdrawal patterns for decision making. 
Therefore, their performance will be the same as the result that is shown in figure 4. As can be 
seen, this method has 21 Percent saving in comparison to the  
Fixed setpoint method on 60 degrees, which is shown in Table 8. Also, if someone keeps their 
Electric Water heater setpoints to the lowest setpoint (we assume minimum usable temperature is 
40°𝐶), then CC_WH can have 29 percent lower cost against them with the same level of comfort. 
Looking into figure 6, we can see that CC-WH is not only better in case of perfect foresight, it also 
beats all other algorithms when imperfect foresight about withdrawal pattern is available. 

	

	

	

	

	

	

	

Figure 6. Realtime comparison results 
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1.6 Nomenclature	
Table 9. Nomenclature 

Indices	
D	 set of historical days, indexed by d.	
I	 set of standard intervals used to divide up   

each day, usually indexed by h.	
Constants	

tmin	 minimum usable temperature by the user.	
tmax	 maximum allowed temperature.	
tbig	 an arbitrarily big temperature e.g., 200 °C.	
rloss	 normalized heat loss rate per interval (1 hour).	
vtank	 volume of the water heater tank (liters).	
cliter	 specific heat of water (kWh of electricity 

required to raise 1 liter by 1°C).	
ctank	 the number of degrees that temperature of the 

water heater would be raised for each kWh of 
input energy (°C/kWh); given by 𝑐':2; =

𝑣':2;𝑐91'&5.	
ps	 shortfall penalty ($/kWh).	
emax	 maximum energy input.	
wd	 weight of historical day d in optimization.	
𝑝6
7	 power price for interval h of the coming day 

($/kWh).	
𝑡6:<=	 ambient temperature (°C) for interval h of the 

coming day.	
𝑡612	 inlet temperature for interval h of the coming 

day. Assumed to be known in advance.	
𝑣),631%'	 historical volume withdrawn (liters). The 

volume of hot water that was used during 
interval h on day d.	

𝑒),6(&%	 desired energy withdrawal. The amount of 
heat that would need to be added to water 

withdrawn during interval h to satisfy users, if 
household water usage follows the pattern 

from historical day d. Calculated from logged 
inlet and outlet temperatures and 𝑣),631%'.	

𝒆)(&%	 vector of all the values of 𝑒),6(&% on day d.	
𝑬(&%	 random variable representing possible 

withdrawal vectors; 𝒆)(&% vectors are 
realizations of this variable.	

Decision variables (calculated by model)	
𝑇6%&'	 thermostat setpoint (°C) for interval h of the 

coming day.	
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𝑻%&'	 vector of all the values of 𝑇6%&' on the coming 
day.	

𝐸),612 	 the amount of heating energy that would be 
used for interval h of each past day d, if the 

new thermostat setpoints 𝑇6%&' had been used.	
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Chapter	2	
	

PV	Self-Consumption	with	EWH	

2 Increasing PV Self-Consumption Using 
Electric Water Heater Thermal Capacity 
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2.1 Introduction		
With the improvement in semiconductor technology, solar panels are becoming cheaper and 
cheaper day by day. However, solar energy is only available in the day with an unpredictable 
pattern, making it a non-dispatchable source [60]. One issue that stops the widespread installation 
of solar panels is the duck-curve 1issue [61] as shown in Figure 9. In the middle of the day, when 
solar energy production is at its maximum rate, the total energy production could exceed the total 
consumption leading to a negative net load in the power system [62]. The negative net load causes 
numerous issues in the power system, including over-voltage in the grid, increased ramp cost [63], 
[64]. These issues cause the power systems to reduce buyback plan rates every year. Therefore, it 
makes the PV self-consumption to be more economical for the user in the future. 

One way to increase PV self-consumption is by using larger energy storage units. However, 
batteries are expensive, and their efficiency reduces over time. One of the promising, 
supplementary approaches to overcome these issues is increasing PV self-consumption using 
Demand Response (DR) in home management systems, as is shown in  Figure 7. In this method, 
the energy usage of home appliances is shifted to the middle of the day. DR can shift consumption 
to off-peak hours or reduce consumption on peak hours in response to electricity price through 
price-based control (PBC) or direct command from power system utility through direct load 
control (DLC) method [7]. 

 
1 Licensed with permission from the California ISO.   Any statements, conclusions, summaries or other commentaries expressed herein do not reflect 
the opinions or endorsement of the California ISO. 

Figure	7	Home	Management	System	
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Under PBC, the power utility propagates time-varying price signals to end-users to motivate them 
to shift their consumption from expensive hours (peak hours or low renewable generation) to cheap 
(off-peak or renewable abundant times. i.e., mid-day for solar) hours. Not only can PBC reduce 
end-user bills, but also it has advantages for power systems such as peak shedding, lowering 
operational cost, and increased system stability [11].  

The dynamic pricing policy is still a matter of discussion in the literature. Different type of 
dynamic pricing has been used for different purposes such as Day-ahead pricing (DAP), real-time 
pricing (RTP), critical-peak pricing (CPP) and time-of-use (TOU) pricing[37]. The DAP forecast 
the price 24 hours ahead to the costumers. Under the DAP the user can schedule their consumption 
and enjoy the benefits of longer planning time in contrast to RTP when the user can only have 
access to the price of the next one or two intervals. This feature of DAP enables the large household 

Figure	9	Duck	Curve	Load	Pattern	

Figure	8	main	input	parameter	with	perfect	foresight	
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consumer of energy such as EWH and HVAC to shift their energy input away from the times that 
the user uses energy. Therefore, EWH can behave as a virtual energy source when energy is cheap 
(low price) or is free energy (renewable energy).  

     EWH is an important load, featuring several advantages for DR. It is a relatively large consumer 
of household energy, consuming around 17 [65] percent of total household energy usage, most of 
which occurs during peak hour periods [66]. It has a large thermal storage capacity, which could 
be used as virtual electricity storage. I.e., the working temperature of an EWH can range between 
40 and 85 degrees Celsius without affecting user comfort. Furthermore, it has good insulation, 
enabling it to preserve and shift energy usage more than other appliances.  

[67] performs an economic optimization for two separate applications for batteries. Namely, PV 
self-consumption and demand-load shifting using genetic algorithms. Then they compare under 
which condition the use of batteries is more cost-efficient and analyzed the trade-off between self-
consumption and demand-load shifting. [68] proposed a Mixed Integer Linear Programming 
(MILP) model, which they call “solar Plus” for scheduling an optimized operation of domestic 
water heater and air conditioner considering PV and energy storage under dynamic pricing. [69] 
propose a Model Predictive Control (MPC) method with a horizon of 12 intervals for the forecast 
hot water consumption for scheduling EWH to maximize PV self-consumption using Linear 
Programming (LP). Sichilalu et. At [70] work on optimal control model of heat pump water heater 
while it is supplied by various energy sources such as PV, wind, diesel under TOU electricity 
tariffs using MILP. [71] propose a data-driven model for scheduling EWH with the goal of 
maximizing PV self-consumption using reinforcement learning. The proposed model learns 
occupancy and predicts PV production. 

A good EWH scheduling algorithm must take advantage of cheap electricity prices to preheat 
water while considering user consumption patterns for the upcoming hours. This algorithm must 
plan to store solar energy in a water heater as much as possible in the middle of the day. However, 
to store energy, the water heater should have a relatively low temperature. But not very low to 
cause dissatisfaction. 

 The implementation of such an algorithm can reduce the electricity bill by taking advantage of 
cheap electricity hours and free solar energy in the middle of the day while minimizing the chance 
of under heated water by considering user consumption. By storing energy in the middle of the 
day, EWH can store solar energy, which will reduce the need for a big battery in solar-equipped 
households. Also, it can reduce the number of charge and discharge of the battery, leading to 
increased expected battery life, which will decrease the operation cost of a household solar system.  

Considering the need for DR methods that can increase PV self-consumption and the need for 
price-responsive household instruments, this paper proposes a method that can increase PV Self-
consumption under DAP pricing. Furthermore, the proposed method improves user comfort under 
a unique method that defines user thermal comfort based on the undelivered amount of energy 
rather than a strict limit of the working temperature of EWH. Implementing such an algorithm has 
no trade-off. i.e., improving only one quality, while another quality is reduced. This algorithm can 
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reduce operational cost, implementation cost, and underheated water at the same time by taking 
advantage of solar production, cheap DAP hours, and user consumption pattern.  

2.2 Method	
In this section, the problem will be formulated as a MILP problem. First, the cost function is 
introduced, and then the constraints of the problem. A short description of variables and inputs is 
introduced in Table 11 . The problem is formulated under the Day-ahead pricing tariff (DAP). The 
forecasts such as ambient temperature, user withdrawal pattern, and sun radiation energy is 
assumed to be perfect for this problem. All the variables are indexed over intervals of tomorrow 
where 𝑻%&' ∈ ℝ*+ is the decision variable. The per-unit value of the main input of the problem, 
e.g., solar radiation energy, energy withdrawal, and DAP price profile, are shown in Figure 8. 

2.2.1 Objective	
The objective of the problem is to find electric water heater setpoints 𝑇6%&'	such that it minimizes 
electric cost and user discomfort at the same time by utilizing the cheapest energy source (solar) 
or cheapest DAP intervals for heating or preheating water. In this model, solar energy is model as 
an energy source with zero cost. Therefore, the cost function will be as formula (1): 

min
𝑻!"#∈ℝ$%
𝒙'∈ℝ(

L𝑝6
7𝐸612 + 𝑝%𝐸6%345'

6∈8

(1) 

The 𝑝6
7	 is the DAP tariff for the next day during each interval (hour). The 𝑝% is the penalty incurred 

to the total cost for each kilowatt of undelivered energy to the user ($/kWh). It has the same unit 
as the price. In this work, the 𝑝% is considered constant for all intervals. However, one can change 
it based on different times of the day to get a different satisfaction level for each hour. If it is kept 
low, it means that the user is willing to risk having more cold water for having a higher chance of 
cost-saving. In other words, changing 𝑝% from low to high force the algorithm to find optimal 
answers on the Pareto front that find answers with higher savings/chance of having cold water in 
one end of the Pareto and the reverse on the other side of the Pareto.  The 𝑝%𝐸6%345' is the amount 
of undelivered amount of energy to the user due to cold water. Therefore, the algorithm tries to 
minimize the user electric cost and amount of undelivered energy (discomfort). 

2.2.2 Constraints	
The constraints force the decision variables to take the right values that are consistent with the 
behavior of an actual EWH. They are grouped into four categories. Each group represents a section 
of the behavior of EWH. The thermodynamic constraint represents what will happen to the state 
of EWH temperature when energy is added or withdrawn. Working modes of EWH defines three 
different behavior of EWH in regard to the 𝑻%&'. Temperature and energy shortfall are to model 
the user comfort. The solar constraints model solar energy effect on EWH. In addition to the 
constraints below, all decision variables are constrained to be non-negative (≥0). 
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2.2.2.1 Thermodynamic	Model	
The 𝑇6':2; state depends on its previous state of temperature, i.e., 𝑇(6DE)

':2;  Ambient temperature and 
added/removed energy (withdrawn) from EWH. The following constant which was presented in 
[59] is used to model the thermodynamic behavior of EWH. 

𝑇6':2; = 𝑇(6DE)
':2; +

'𝐸6'4':9 − 𝐸6?+
𝑐':2;

−𝑟94%% · '𝑇6':2; − 𝑡6:<=+ (2)
 

2.2.2.2 Working	states	of	EWH	
In this work, the thermostat setpoints are separate from the actual temperature of EWH. This is 
especially useful when the model is solved for more than one-day lookback, as we did in our 
previous work [72]. Three different situations could happen based on the relation between 𝑻%&'	and 
actual temperature of the EWH: Coasting mode (when the setpoint is above tank temperature, 
which means no need to add any energy to the tank, 𝐶6 = 1, 𝑀6 = 0). The Max-power mode (where 
the desired optimal setpoint is so high that it can’t reach it but EWH should work with its maximum 
capacity, 𝐶6 = 0, 𝑀6= 1). The normal Mode (when reaching the desired setpoint is attainable, and 
the energy input will be between zero and maximum power, 𝐶6 = 0, 𝑀6= 0). The following 
constraints force the model to take the right values for these three states: 

𝑇6':2; +𝑀6 · 𝑡=1G ≥ 𝑇6%&' (3) 

𝑇6':2; ≤ 𝑇6%&' + 𝐶6 · 𝑡=1G (4) 

𝐸6'4':9 ≥ 𝑀6 · (𝑒<:H + 𝑒6VWXYZ) (5) 

𝐸6'4':9 ≤ (1 − 𝐶6) · (𝑒<:H + 𝑒6VWXYZ) (6) 

The combination of these four constraints forces the model to take the right value whether EWH 
can reach the desired setpoint or not. The C and M variables are binary. Combination of them can 
create four different states for these constraints. Out of these four, three of them is used to model 
three different states of EWH. The fourth one is simple infeasible (𝐶6 = 1, 𝑀6 = 1). 

2.2.2.3 Temperature	and	Energy	Shortfall	
The user comfort in this work is modeled as a cost of an undelivered amount of energy rather than 
a strict constraint on minimum temperature. i.e., despite other methods where there is a hard limit 
on the minimum temperature, solar-EWH can let the temperature drop below the minimum, but it 
incurs discomfort cost to the objective function. This is especially useful on days when a large 
burst of withdrawals happens.  

𝑇6%345' ≥ 𝑡<12 − 𝑇6':2; (8) 

In cases when a large burst of withdrawal happens, a large temperature drop (more than the 
difference of max minus min temperature) will happen. Models based on a strict limit on minimum 
temperature would have an infeasible answer for these cases. 
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 Cost-based comfort is also better when a user needs to find its optimal point in the cost-comfort 
Pareto front. i.e., to change comfort level in constraint-based models, the user can only lower to 
minimum temperature. This leads to under heated water most of the time when energy is expensive 
since EWH sees no problem lowering the minimum temperature. On the other hand, if we let the 
temperature to fall below minimum (when energy is very expensive or huge burst of withdrawal 
happens) EWH tries to avoid very low temperature unless it has a significant saving or no energy 
withdrawal is predicted in the coming hours (low temperature won’t cause dissatisfaction since 
EWH is not expected to be used). These reasons make cost-based treatment of comfort to be more 
desirable than constraint treatment. 

 The following model nonlinear behavior of discomfort. The key is the 𝑇6%345'. If the temperature 
is above, the is no dissatisfaction. Therefore, the 𝑇6%345' must be zero. If the temperature is fallen 
below minimum, the 𝑇6%345' will be proportional to the distance between minimum and actual 
temperature. This nonlinear behavior is modeled using the following four constraints.  

𝑇6%345' ≤ 𝑡<12 − 𝑇6':2; + (1 − 𝐵6) ∗ 𝑡=1G (9) 

𝑇6%345' ≤ 𝐵6 ∗ 𝑡=1G (10) 

𝐵6 ∗ 𝑡=1G ≥ 𝑡<12 − 𝑇6':2; (11) 

(1 − 𝐵6) ∗ 𝑡=1G ≥ 𝑇6':2; − 𝑡<12 (12) 

As mentioned before, the comfort is the amount of undelivered energy. According to [72], energy 
shortfall is the amount of thermal energy that would be needed to be added to the water so that the 
user will not feel discomfort. is calculated by the formula (13): 

𝐸6%345' = 𝑒6(&%
𝑇6%345'

'𝑡<12 − 𝑡612+
(13) 

Therefore, the amount of actual energy that is used is equal to the amount of energy that has been 
used minus the undelivered amount of energy. 

𝐸6? = 𝑒6(&% − 𝐸6%345' (14) 

Also, the tank temperature must always be kept below the maximum allowed temperature. 

𝑇6%&' ≤ 𝑡max (15) 

 

2.2.2.4 Solar	Constraints	
The available solar energy just below the solar radiation for each hour. Constraint (14) enforces 
this rule to the model. Also, the available energy for EWH comes from two sources: the electrical 
source and the solar source. This rule shows itself in the constrain. 

𝐸6'4':9 = 𝐸6%49:5 + 𝐸6
127>' (14) 
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𝐸6%49:5 ≤ 𝑒6%49:5 

The cost of using an electric source is defined by the price vector. On the other hand, solar energy 
is free. Therefore, the algorithm prioritizes using solar to the electrical source. 

2.3 Results	
In this section, we study the performance of solar-EWH given the deterministic price, withdrawal, 
and solar radiation pattern. This section studies the performance of solar-EWH in the span of 24-
hour intervals. Here, we show what will happen to the state of temperature, energy input, battery 
state, self-absorption, based on the decision that the model makes (temperature setpoints) given 
the deterministic inputs where the per-unit values of the important inputs (solar radiation, user 
withdrawal, and price) are shown in figure 10. that are fed to the models. i.e., user withdrawal, 
ambient temperature, solar energy production, etc., 

Figure 10 shows the state of all variables given the inputs mentioned above based on the decision 
that the EWH made. The first section of figure 10 shows the state of actual temperature based on 
the result of optimization, which is the Thermostat setpoint (second section of figure 10). the third 
section is pertinent to energy inputs and variables. Where the dotted black and yellow shows the 
desired energy and available solar energy inputs respectively. The orange and light brown colors 
represent the solar energy and grid energy inputs decision variables, respectively. The fourth 
section of figure 10 shows the Day-ahead price input. 

In this work, the minimum temperature that the user doesn’t feel discomfort is considered 40 
degrees Celsius. i.e., without mixing hot and cold water, the user is satisfied with the temperature. 
As it can be seen, the initial temperature of the day is around 38 degrees Celsius. However, if no 
usage is expected during the intervals when the temperature is below 40 degrees, the user will not 
feel any discomfort [ref ours]. Therefore, the algorithm can skip adding unnecessary energy 
addition when solar energy is not available or the price of electricity is high without affecting user 
comfort. 

As can be seen, the main energy withdrawals happen in the morning and afternoon peak. These 
peaks are between 8-10 am and 5-10 pm, respectively. The first energy withdrawal of the day 
happens at 8 am. The right decision to provide this need must consider multiple factors, so the 
cheapest plan is provided while user comfort is satisfied. As it can be seen, 8 am is rather an 
expensive interval. Also, there is not enough solar energy available to provide this energy. 
Therefore, the algorithm peaks the cheapest interval before 8 am, which is at 4 am. At 4 am, the 
solar-EWH just adds enough energy so that this energy and all of the upcoming available solar 
energy can provide just enough energy to the user so that the actual temperature (first section of 
figure 10) is reached 40 degrees, which is means the user will not feel dissatisfaction. Therefore, 
in short, to provide morning peak energy, the solar-EWH: 1- uses all available solar energy. 2- 
avoids adding energy from the grid at 8 am since it is an expensive interval. 3- after using all solar 
energy, it provides the rest of the needed energy by preheating the water. As it is shown in section 
3 of figure 10, this interval is 4 am for the given inputs. The rest of the morning energy needs at 9 
and 10 am are totally provided by solar energy, and no energy from the grid is added to the EWH. 
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In the middle of the day (11 am to 2 pm) no energy usage is expected. Therefore, no energy is 
added (not from solar source nor from the grid). Therefore, energy falls below 40 degrees Celsius. 
However, any algorithm that forces the EWH temperature to be strictly above the minimum will 
lose this change of saving energy. 

The afternoon energy withdrawal pattern happens between 5-10 pm. At these intervals, the price 
of energy is high. Therefore, a good scheduling strategy would preheat the water to make it ready 
for the afternoon peak. At the same time, preheating should not be far from consumption since it 
will cause energy to lose. As it is shown in figure 10, the solar-EWH starts preheating water at 14 
pm, so that just right before the afternoon peak (16 pm), the temperature is reaching the maximum 
possible temperature (80 degrees in this work). However, as mentioned before, the preheating did 
not start sooner, so that reaching the maximum temperature would have happened sooner than 
interval 16th. Since it just would have increased energy losses.  

TABLE 10 SELF-ABSORPTION DATA 

Available Solar needed energy Percent of self-absorption Total Cost Reduction 

!𝑒!"#$%& !𝑒!'() ! 𝐸ℎ
solar ! 𝑒ℎ

𝑠𝑜𝑙𝑎𝑟#  +𝐸,-./01 ∗ 𝑝,
2 

48 Kw 25 Kw 52 % $1.49 
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The rest of the energy need of the day after 19 pm is provided by the energy grid while it added 
only enough energy to the water so that hot water with minimum acceptable is provided to the 
user. 

2.3.1 PV	self-absorption		
Table 10 shows the summary of the energy consumption pattern. During the given day, 48 Kw of 
energy was radiated on the solar panels during the day. Without a DR program that can increase 
the PV self-consumption, given that the peak of household energy usage is usually in the morning 
and afternoon, only a small portion of this energy would have been used directly by the appliances. 
However, by using the solar-EWH plan, the EWH used 25 Kw out of 48 Kw available solar. 
Meanwhile, by using this free source of energy, the household could save $1.49. This plan showed 
it for these specific inputs, i.e., solar radiation, price, hot water withdrawal, it could use 52 percent 
of the whole available 

2.4 Conclusion	
in this paper, a new comprehensive control strategy for control of EWH for minimizing electric 
cost and user discomfort is provided while at the same time, it lets the EWH perform the auxiliary 
task of acting as a high-capacity solar energy absorber. The proposed method not only can reduce 
the operation cost of a household but also it can reduce the installation cost since it would need a 
smaller battery and inverter but also it can reduce the operational cost by preferring solar energy 
over grid energy and also by choosing cheap intervals over expensive ones by preheating hot water. 

 
Figure	10	result	for	one	day	
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Solar-EWH can increase PV self-consumption using the thermal energy storage capacity of EWH. 
The problem is model as MILP optimization model that takes advantage of cheap electricity price, 
available solar energy while providing the user with the satisfactory service that is expected from 
an EWH.  
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2.5 Nomenclature	
	

TABLE 11 LIST OF MODEL PARAMETERS 

Constants 
𝑡<12, 𝑡<:H Minimum and maximum usable temperature. 

𝑡[R\ an arbitrarily big temperature e.g., 200 °C. 
r94%% normalized heat loss rate per interval (1 hour). 
c':2; the number of degrees that temperature of the 

water heater would be raised for each kWh of 
input energy (°C/kWh) 

𝑝V Shortfall penalty ($/kWh). 
𝑒]Y^ Maximum energy input. 
𝑒6VWXYZ available solar energy available in each 

interval 
𝑝6
7 Power price for interval h of the coming day 

($/kWh). 
𝑡6:<= ambient temperature (°C) for interval h of the 

coming day. 
𝑡612 inlet temperature for interval h of the coming 

day. Assumed to be known in advance. 
𝑒6(&% desired energy withdrawal. The amount of 

heat that would need to be added to water 
withdrawn during interval h to satisfy users. 

Decision variables (calculated by model) 
𝑇6%&' Thermostat setpoint (°C) for interval h of the 

coming day. 
𝑇6':2; Temperature of the water heater during 

interval h.  
𝑇6%345' Temperature shortfall (°C) during the interval. 

This is the amount by which the tank 
temperature would fall short of minimum 
usable temperature (if any), if the setpoints 
𝑇6%&' were used with hot water usage. 

𝐸612 the amount of heating energy that would be 
used for interval h, if the new thermostat 
setpoints 𝑇6%&' had been used. 

𝐸6? Amount of energy (in kWh) withdrawn from 
the tank during interval h, due to hot water 
usage. 

𝐸6%345' Energy shortfall (kWh) during interval h. This 
is the amount of additional heat that would 
need to be added to hot water used by the 
household in order to correct the temperature 
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shortfall (if any), i.e., the amount of heat that 
is “missing” from the hot water supply. 

𝐸6%49:5 A portion of available solar energy in interval 
h that is consumed to the EWH 

𝐸6'4':9 The total energy that is added to the EWH in 
interval h which is a combination of grid and 
solar energy. 

𝐶6 , 𝑀6 binary variables indicating whether the water 
heater is in “coasting” or “maximum power” 
mode during interval h.  

𝐵6 Binary variable controlling nonlinear 
behavior of 𝑇6%345' during interval h. i.e., 
max'0, 𝑡<12 − 𝑇6':2;+. 

	

	

	
	

	

	

	
	

	

	

	
	

	

	



49 
 

 

2.6 Appendix	
This	appendix	derives	several	relationships	between	historical	hot	water	usage,	hot	water	
usage	on	simulated	days,	and	the	thermodynamic	behavior	of	the	water	heater.	These	are	
used	as	 the	basis	 for	 several	equality	constraints	 in	 the	water	heater	model,	defining	 the	
values	for	some	key	decision	variables.	

Suppose	that	during	interval	h	on	historical	day	d,	the	household	used	a	volume	of	mixed	hot	
and	 cold	water	𝑣),6<1H&(,	 and	 desired	 this	 volume	 of	water	 at	 a	 temperature	 of	 𝑡<12.	 (Our	
standard	assumption	in	this	work	is	that	customers	are	satisfied	with	water	at	a	temperature	
of	𝑡<12	and	unsatisfied	with	temperatures	below	that;	future	work	may	investigate	different	
desired	 temperatures	 for	 different	 end	 uses,	 and	 different	 degrees	 of	 dissatisfaction	 for	
deviations	 from	these	temperatures.)	Then	the	total	desired	thermal	energy	of	 the	mixed	
water	is	given	by	

𝑒),6
(&%,'4' = 𝑐𝑣),6<1H&(𝑡<12, (45)	

where	c	is	the	specific	heat	per	liter	of	water	(shortened	from	cliter	used	in	the	main	body	of	
this	proposal).	We	neglect	the	weak	temperature	dependency	of	c.	The	right	side	of	equation	
(45)	can	be	written	as	a	sum	of	the	thermal	energy	in	the	cold	water	and	hot	water	that	were	
mixed	to	supply	this	usage,	plus	any	shortfall	that	may	have	occurred	due	to	underheated	
water:	

𝑒),6
(&%,'4' = 𝑒),6_49( + 𝑒),634' + 𝑒),6%345' = 𝑐𝑣),6_49(𝑡),612 + 𝑐𝑣),631%'𝑡),64>' + 𝑐𝑣),631%'𝑡),6%345', (46)	

where	𝑣),6_49(	is	the	volume	of	cold	water	used,	𝑣6,)31%'	is	the	amount	of	hot	water	used,	and	𝑡),6%345'	
is	the	temperature	shortfall,	defined	as	𝑡),6%345' = max'0, 𝑡<12 − 𝑡),6W`a+.	Other	terms	are	defined	
in	the	main	body	of	this	proposal.	Note	that	we	assume	that	if	𝑡),6%345' > 0,	customers	would	
desire	to	have	the	same	volume	of	water,	with	the	shortfall	corrected.	

Substituting	𝑣),6_49( = 𝑣),6<1H&( − 𝑣),631%'	gives	

𝑒),6
(&%,'4' = 𝑐'𝑣),6<1H&( − 𝑣),631%'+𝑡),612 + 𝑐𝑣),631%'𝑡),64>' + 𝑐𝑣),631%'𝑡),6%345'

= 𝑐%'𝑣),6<1H&( − 𝑣),631%'+𝑡),612 + 𝑣),631%''𝑡),64>' + 𝑡),6%345'+,
= 𝑐%𝑣),6<1H&(𝑡),612 + 𝑣),631%''𝑡),64>' + 𝑡),6%345' − 𝑡),612 +,.

(47)	

Our	water	heater	model	 considers	 scenarios	where	 the	user	has	 the	 same	desire	 for	hot	
water	on	the	coming	day	as	on	day	d,	but	the	cold	water	temperature	is	now	𝑡612	and	the	water	
heater	uses	new	setpoints	𝑇),6%&',	resulting	in	outlet	temperature	𝑇),6':2;	and	shortfall	𝑇),6%345'.	In	
this	case,	the	user	would	still	desire	the	same	energy	service,	and	the	desired	energy	content	
of	the	water	would	again	equal	the	sum	of	the	thermal	energy	in	the	cold	water	and	hot	water,	
plus	any	shortfall	that	occurs:		

𝑒),6
(&%,'4' = 𝐸),6_49( + 𝐸),634' + 𝐸),6%345' = 𝑐𝑉),6_49(𝑡612 + 𝑐𝑉),6? 𝑇),6':2; + 𝑐𝑉),6? 𝑇),6%345', (48)	
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Note	that	most	of	the	terms	in	this	equation	are	capitalized,	indicating	that	they	are	dummy	
decision	variables	which	depend	on	the	setpoints	chosen	for	the	water	heater.	We	have	also	
introduced	the	new	variables	𝑉),6_49(	(volume	of	cold	water	used),	𝑉),6? 	(volume	of	hot	water	
used)	 and	𝑇),6%345' = max'0, 𝑡<12 − 𝑇),6':2;+	 (temperature	 shortfall).	 All	 the	 variables	 in	 this	
equation	reflect	conditions	that	would	occur	tomorrow	with	setpoints	𝑇),6%&'	 if	water	usage	
matches	day	d.	

Substituting	𝑉),6_49( = 𝑣),6<1H&( − 𝑉),6? 	gives	

𝑒),6
(&%,'4' = 𝑐'𝑣),6<1H&( − 𝑉),6? +𝑡612 + 𝑐𝑉),6? 𝑇),6':2; + 𝑐𝑉),6? 𝑇),6%345'

= 𝑐%'𝑣),6<1H&( − 𝑉),6? +𝑡612 + 𝑉),6? '𝑇),6':2; + 𝑇),6%345'+,
= 𝑐%𝑣),6<1H&(𝑡612 + 𝑉),6? '𝑇),6':2; + 𝑇),6%345' − 𝑡612+,.

(49)	

Combining	equations	(45)	and	(49)	gives	

𝑐𝑣),6<1H&(𝑡<12 = 𝑐%𝑣),6<1H&(𝑡),612 + 𝑣),631%''𝑡),64>' + 𝑡),6%345' − 𝑡),612 +,, (50)	

and	solving	for	𝑣),6<1H&(	gives	

𝑣),6<1H&( = 𝑣),631%'
𝑡),64>' + 𝑡),6%345' − 𝑡),612

𝑡<12 − 𝑡),612
. (51)	

Combining	equations	(49)	and	(47)	gives	

𝑣),6<1H&(𝑡612 + 𝑉),6? '𝑇),6':2; + 𝑇),6%345' − 𝑡612+ = 𝑣),6<1H&(𝑡),612 + 𝑣),631%''𝑡),64>' + 𝑡),6%345' − 𝑡),612 +,	

so	

𝑉),6? '𝑇),6':2; + 𝑇),6%345' − 𝑡612+ = 𝑣),631%''𝑡),64>' + 𝑡),6%345' − 𝑡),612 + + 𝑣),6<1H&('𝑡),612 − 𝑡612+. (52)	

Substituting	equation	(51)	into	equation	(52)	gives	

𝑉),6? '𝑇),6':2; + 𝑇),6%345' − 𝑡612+ = 𝑣),631%''𝑡),64>' + 𝑡),6%345' − 𝑡),612 + + 𝑣),631%'
𝑡),64>' + 𝑡),6%345' − 𝑡),612

𝑡<12 − 𝑡),612
'𝑡),612 − 𝑡612+	

										= 𝑣),631%''𝑡),64>' + 𝑡),6%345' − 𝑡),612 + �1 +
𝑡),612 − 𝑡612

𝑡<12 − 𝑡),612
� . (53)	

We	now	define		

𝑒),6(&% ≡ 𝑐 · 𝑉),6? · '𝑇),6':2; + 𝑇),6%345' − 𝑡612+ = 𝑐 · 𝑣),6? · '𝑡),64>' + 𝑡),6%345' − 𝑡),612 + �1 +
𝑡),612 − 𝑡612

𝑡<12 − 𝑡),612
� (54)	

The	term	𝑒),6(&%	can	be	thought	of	as	the	desired	heat	content	of	the	hot	water	supply,	relative	
to	 the	 inlet	 temperature	 (𝑒),6

(&%,'4'	 was	 the	 desired	 heat	 relative	 to	 absolute	 zero).	 This	
equation	is	used	to	define	the	𝑒),6(&%	parameter	in	the	water	heater	model.	
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The	energy	shortfall	𝐸),6%345'	is	the	amount	of	energy	that	would	need	to	be	added	to	the	hot	
water	withdrawn	by	users	to	compensate	for	the	temperature	shortfall,	if	any.	That	is,	

𝐸),6%345' = 𝑐𝑇),6%345'𝑉),6? (55)	

We	next	make	the	definition	

𝐸),6? ≡ 𝑒),6(&% − 𝐸),6%345' = 𝑒),6(&% − 𝑐𝑇),6%345'𝑉),6? . (56)	

The	term	𝐸),6? 	is	the	amount	of	heat	that	would	be	withdrawn	from	the	water	heater	during	
interval	h	of	the	coming	day,	if	water	usage	matches	day	d.	The	relationship	between	𝐸),6? 	
𝑒),6(&%,	and	𝐸),6%345'	in	the	water	heater	model	is	fixed	via	an	equivalent	constraint.		

Substituting	the	first	half	of	equation	(54)	into	t								he	second	half	of	equation	(56)	gives,	

𝐸),6b = 𝑐𝑉),6b '𝑇),6aYcd + 𝑇),6V6WZa − 𝑡6Rc+ − 𝑐𝑇),6V6WZa𝑉),6b

= 𝑐𝑉),6b '𝑇),6aYcd − 𝑡6Rc+. (57)
	

We	can	now	derive	an	equation	for	the	change	in	the	tank	temperature	from	one	interval	to	
the	next,	i.e.,	a	discrete-time	model	of	the	water	heater’s	thermodynamics.	First,	we	write	the	
equation	 for	 conservation	 of	 energy	 between	 intervals,	 assuming	 all	 activities	 are	
concentrated	 at	 the	 start	 of	 the	 interval.	 Total	 thermal	 energy	 in	 the	 tank	 at	 the	 end	 of	
interval	h	on	day	d	is	equal	to	thermal	energy	at	the	end	of	the	prior	interval,	plus	energy	
added	via	the	heating	element,	plus	the	change	in	energy	due	to	replacing	withdrawn	hot	
water	with	cold	water,	minus	thermal	losses	to	the	surrounding	environment:	

𝑐':2;𝑇),6':2; = 𝑐':2;𝑇),(6DE)
':2; + 𝐸),612 + 𝑐𝑉),6? (𝑇),6':2; − 𝑡612) − 𝑟94%%𝑐':2;'𝑇),6':2; − 𝑡6:<=+	

Dividing	this	by	𝑐':2;	and	substituting	𝑐𝑉),6b '𝑇),6aYcd − 𝑡6Rc+ = 𝐸),6b 	from	equation	(57)	gives	

𝑇),6':2; = 𝑇),(6DE)
':2; +

'𝐸),612 − 𝐸),6? +
𝑐':2;

− 𝑟94%% · '𝑇),6':2; − 𝑡6:<=+. (58)	

This	relationship	is	included	in	the	water	heater	model	via	an	equivalent	constraint.	

Finally,	 we	 derive	 one	 additional	 relationship	 that	 is	 useful	 for	 the	water	 heater	model.	
Solving	equation	(54)	for	𝑉6,)? 	gives	

𝑉),6? =
𝑒),6(&%

𝑐'𝑇),6':2; + 𝑇),6%345' − 𝑡612+
=

𝑒),6(&%

𝑐'𝑡<12 − 𝑡612+
. (59)	

Substituting	(59)	into	(55)	gives	

𝐸),6%345' = 𝑒),6(&%
𝑇),6%345'

'𝑡<12 − 𝑡612+
. (60)	

This	relationship	is	also	included	in	the	water	heater	model	via	an	equivalent	constraint.	
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3.1 Introduction	
power systems structure is rapidly changing. Every day, new renewable and non-renewable 
Distributed Generation (DG) is being added to the power systems. Utility-scale storage systems 
and flexible and Demand Responsive (DR) loads are also added. Alongside the development of 
these technologies, the emergence of fast and reliable communication technologies such as 5G 
provided a two-way communication path between the generation and consumption sides in power 
systems. These changes created unprecedented challenges and opportunities in power systems[73], 
[74]. Control of demand alongside the generation side has been proposed to overcome these 
challenges. This objective has numerous advantages for the modern grids, such as balancing supply 
and demand, integrating larger portions of renewable energy, and auxiliary services such as 
frequency and voltage provisioning. Many different approaches have been proposed for the joint 
coordination of appliances in the literature[75]. Among these approaches, the collective 
coordination of price-responsive devices (PRD) is taking more momentum. 

On top of the above advantages, the collective control of PRDs has numerous benefits for power 
systems, such as the incorporation of a larger share of renewables, stabilizing the grid by providing 
ancillary services such as voltage and frequency provisioning, peak shedding, and creating a 
market for unused renewable energy, and reducing generation cost [76]. One of the strategies to 
coordinate appliances is through central controllers[77], [78]. These approaches send the control 
signal to the appliances to achieve a specific objective, such as valley filling or generation cost 
minimization. In [79], [80], the authors proposed a solution for the valley filling problem. In these 
open-loop controllers, where no feedback (here the energy bid) is received from the end-users, 
may not necessarily be optimal for the end-user. E.g., the central controller asks users to change 
their consumption at a particular time. However, changing the energy plan forcefully is not 
desirable for the users. 

Given that there was no effective communication method nor price or demand responsive 
appliances in the grid in the past, these approaches were beneficial. However, with the increased 
share of demand-responsive appliances such as batteries, EVs, and TCAs, not only a central control 
approach will lose the chance of optimal solutions, but also, due to the response to the price signals, 
an open-loop central control signal may yield solutions that are even worse compared to the time 
when only non-price responsive appliances exist. So, in short, a grid with a large share of price-
responsive appliances can act like a double-sided knife. To overcome these undesirable outcomes, 
many studies proposed distributed coordination of flexible demands [81].  

3.1.1 Paradigm	of	this	work	
in this paper, we develop a distributed market-based appliance coordination algorithm. The PRDs 
are modeled as privately rational individuals that try to minimize their local costs. The demand-
responsive appliances consist of Electric Vehicles (EVs) as a sample of shiftable loads and Electric 
Water Heater (EWH) as a sample of Thermostatically Controlled Appliances (TCA). The 
appliances only communicate with an aggregator, whose only job is to gather information, execute 
the algorithm, and send back the price signal. The appliances do not share any information with 
each other, and we assume they do not have market power individually or create a coalition to 
manipulate the algorithm in their favor. 
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the main novelties of this work are: 

(a) factor in private preferences for good service vs. cost reductions, (b) coordinate devices like 
EVs and customer-sited batteries that may have an all-or-nothing response to prices (and are likely 
to be on the margin often, so they are important to coordinate), and (c) can scale to incorporate 
any number of devices with any valid price response. 

3.2 Related	Works	
This section reviews the methods that tackle device coordination problems where each individual 
response is important in the decision-making process. These methods have different objectives, 
such as generation cost minimization or valley filling. However, the results of these two objectives 
are closely correlated. I.e., pursuing an optimal answer for one objective will yield a near-optimal 
answer for the other objective. E.g., if one is pursuing to minimize the generation [82], the final 
aggregate load will get close to a flat line. In other words, the valleys are filled (near-optimal result 
for valley filling objective)[83]. While grid operators can have different objectives which could be 
closely correlated, as mentioned in [84], [85], the demand-responsive loads can be modeled in two 
different ways: 1- following the operator objective [86] (direct load control (DLC)). 2- following 
self-benefits [82] in a market-based fashion to bid their energy based on the price signal. 

While pursuing the grid operator objective can have direct benefits for the operator (reduced 
generation costs), it can also have indirect benefits for the end-user as a form of discount or credit. 
However, while these indirect benefits could be beneficial, they may not be optimal for the end-
user.  This lack of optimality can prevent end-users from joining such programs. 

Therefore, the market-based approaches are more appealing to the end-user since it gives them the 
ultimate benefit and freedom of choice. One of the leading chains of literature when it comes to 
distributed market-based coordination of appliances when appliances are modeled as self-
benefiting and competing unit are based on the game theory framework [82], [83], [87]–[89]. 

The authors in [90] claim that intra-day and stationary coordination of appliances is not optimal. 
They prove that short-term scheduling (day-ahead) will be suboptimal in a longer time horizon. 
Therefore, they propose a scheme based on longer-horizon and nonstationary DSM where the 
billing and discomfort costs will reduce by up to 50% for the customers who adopt their plan. 

[91] is based on Mean Field Game (MFG) approach. In the MFG methods, the individual response 
of the agents is not essential. However, the critical factor for decision-making is based on the 
overall agents (mean) response. Each appliance responds to the price signal in this method, and 
the appliance population is approximated as infinite. They showed that their model could reach ε-
Nash equilibrium when a quadratic term is used in the cost function of appliances. 

In [92] authors propose a distributed method using Mean Field Game (MFG) to schedule a large 
population of thermostatically controlled loads (TCLs). The price-responsive rational agents 
schedule their energy consumption and participate in frequency provisioning market. 

Gan et al. [83] proposed a decentralized optimization model for valley-filling using the elastic 
energy need of EVs. they formulated a scheduling algorithm for EVs whose objective is to fill the 
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valley. The EVs respond to the control signal algorithm. The algorithm is solved iteratively until 
an optimal solution is obtained. The issue with this method is that it is not market-based. i.e., the 
appliances (here EVs) are supposed to follow the grid objective (valley-filling), not their benefit, 
i.e., minimizing their costs. Instead, the individual users follow the operator's objective, which is 
valley filling. While this could be advantageous for the users overall, it was not shown how each 
user would benefit from using this method, nor was it shown if the energy cost would decrease by 
using these approaches. 

Ref. [89] proposed a distributed method to reach Nash equilibrium (NE) between self-serving 
plug-in electric vehicles (PEVs). To reach NE, the authors proposed an iterative algorithm where 
the PEVs respond to a price signal generated based on the average bid of all other PEVs in each 
iteration. The goal is to make the load pattern of each EV close to all other EVs. However, while 
it is assumed that EVs are cost-minimizing, it is not clear how they minimize the generation cost 
or user payments. 

Ref. [93] proposes a decentralized algorithm for PEV control that finds a balance between 
generation cost and the cost associated with overloading and battery degradation. It was shown 
that under mild conditions, the algorithm converges to a socially accepted coordination between 
PEVs. An instantaneous billing scheme to shift the peak-time loads is proposed in[94]. The 
appliances are modeled as selfish units. The authors proposed different methods for different 
scenarios to reach NE. e.g., when loads are controlled, centralized, or distributed. 

Rivera et al. [85] proposed a distributed optimization method for scheduling EVs based on the 
Alternating Direction of Multipliers (ADMM). They proposed a generic multi-objective 
optimization platform where the cost function is a weighted sum of aggregator and local user 
objectives. Using this generic platform, they solve the EV coordination problems with two 
different objectives. i.e., valley-filling and cost minimization. the size of the problem expands 
linearly with the increment in the size of the EV’s fleet. However, the proposed multi-objective is 
a weighted sum of end-user’s goals and the operator's goals. Therefore, based on the value of 
weights, an unfair bias could be enforced upon end-users or the operator. 

Using the ADMM method proposed in [85], authors in [95] proposed a method for coordination 
of EV fleet where local objective optimally schedules EV’s charging session and on a higher level, 
the Macro Load Area Aggregator (MLAA) provides the DER with generation profiles. The method 
research Walrasian [96]equilibrium at its optimum. 

As mentioned above, many of these approaches try to coordinate appliances based on different 
objectives where some claim their method could reach the equilibrium [82]–[84], [86] where the 
operator or the end-users want to change their consumption plans since the current condition is not 
optimal for them. While this method could be helpful, many users may not adopt it since it means 
one side needs to sacrifice their goal so the other side can reach their goals. However, the optimum 
point would be when neither side wants to change their generation/consumption plan. I.e., if a 
price is announced based on the marginal cost of generation to the customers based on the previous 
energy plan of the customers and customers do not want to change their consumption plan, we can 
say we reach to optimal point (Nash Equilibrium) 
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Depaola et. At [82] proposed iterative appliance coordination for price responsive appliances on a 
game theory framework. They proved that their method reaches the optimal point (Nash 
Equilibrium) in theory. They proved that at each iteration, the generation cost of electricity 
decreases. However, their method is very time-consuming since the price responsive appliances 
solve the problem one at a time and update the system's operator. This approach could be very 
time-consuming, especially if many PRDs exist in the network. To compensate for this issue, they 
proposed a faster semi-optimal algorithm, but the result slightly deviates from the equilibrium.   

Mohsenian et al. [84] developed a games theoric approach between competitive resources. All the 
participants communicate with each other in the grid and are aware of each other's behavior. The 
goal is to reach Nash equilibrium between the users, which will be equivalent to reaching the 
global minimum when the objective is cost minimization. The issue with this method is that all 
users are connected to each other. This topology creates two issues:1) privacy: given that all users 
must know about the behavior of each individual, the privacy of each user is jeopardized. Also, it 
would open up more space for suspicious behavior, given that each user has access to more 
information. 2): The need for high bandwidth and more computation capacity. Sending each 
individual’s data to all other users requires a costly infrastructure to send the data and a high 
bandwidth. At the same time, a delay on each connection link could reduce the speed of each 
iteration in the real world. 

 

 

While the above approaches try to find the Nash equilibrium (optimal point) through game theory 
approaches, an alternative would be a comprehensive optimization problem containing the cost of 
electricity generation and the end-user PRD’s local objective (that part of its cost of using 

(a) Original Model (b) Dantzig-Wolfe Decomposition
         of the Original Model

Figure	11(a)	original	unit	commitment	with	PRD	(solved	at	one	step)	(b)	Dantzig-Wolfe	
decomposition	of	the	original	model	(two	iterations)	
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electricity). It must be noted that this is different from multi-objective optimization. If such a 
universal problem existed, there would be an optimal answer (optimal overall load profile or the 
corresponding price from the marginal cost of generating this optimal load schedule) where the 
generation costs and end-user’s local objectives were minimized simultaneously. In such an 
optimization problem, the grid operator and the end-users did not want to change their 
consumption plans (because they are at the optimal point or Nash- Equilibrium). However, such a 
problem will be humongous and impossible to solve. Furthermore, the grid operator does not have 
all the information regarding the preference of each and every appliance at each house. 

In this paper, we propose solving such a problem using the Dantzig-Wolfe (DW) decomposition 
method for the first time. DW [97] was first proposed to solve large-scale linear programming 
problems. It breaks the large problem into a master problem and some subproblems. Then the 
subproblems are solved independently in a separate computer, and report the primary results to the 
computer with the master problem. Figure 11 shows the summary of the main structure of this 
algorithm. This procedure is repeated in a loop until the optimal answer is obtained. While this 
structure was initially proposed to solve the linear programming problems faster, it has been used 
for distributed optimizations over time[98]. However, DW has never been used to solve unit 
commitments with PRD to coordinate them optimally. The structure of the above universal 
problem with unit commitment objectives and PRD’s local objective makes it an ideal case to be 
solved with DW. Further information regarding the structure of the problem is provided in section 
3.3. 

In the proposed method, the PRD objective act as a subproblem of the DW, and the unit 
commitment objective act as the master problem. The solution to the master problem (unit 
commitment) would be the proposed load profile plan for each user and the corresponding price 
based on the marginal cost of electricity generation. The result of PRD’s local objective is a load 
profile based on the proposed price from the master problem. This iterative procedure repeats until 
a point where the grid operator (which solved the unit commitment master problem) and the local 
PRDs (which solved subproblems) will not change their behavior (proposed price and load 
consumption) since the algorithm reached the optimal point.  

Using DW to solve such a universal problem has numerous advantages 1) it is optimal. While it 
looks obvious, many appliance coordination algorithms that have been proposed above cannot find 
an optimal schedule for both sides of the market and one side needs to sacrifice for the other side. 
2) it is fast. Since most of the optimization is done locally, the computation is high-speed. Also, at 
each iteration of the algorithm, the appliances solve the problem simultaneously. The simultaneous 
update is way faster than the algorithm that has been proposed in[82], [84]  that one appliance 
solves the problem at the time. 3) it is private. The appliances only share information regarding 
their consumption plan with the grid operator. This approach also prevents a distrustful coalition 
between the appliances from changing the master problem result based on their benefits. This 
method is in contrast with the method proposed in [82], [84], where the information must be shared 
between all appliances. 4) it is a market-based algorithm. The utmost goal of this algorithm is to 
find the balance between supply and demand through a market. This paves the way for a larger 
corporation of distributed generations (including renewables) into the power system. 
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The chapter's structure is as follows: in capture 3.3, the fundamental principle of DW is explained. 
In capture 3.3.3, a simplified united commitment model for the grid operator and self-benefiting 
algorithms for appliances (EVs and EWHs) are proposed. Capture 3.4 discussed the results of 
implementing this algorithm. 

3.3 Dantzig-Wolfe-Based	Coordination	Mechanism	
3.3.1 Power	System	Operation	with	PRDs	
Some key elements of the unit commitment problem for electric power systems with PRDs can be 
written as 

min
𝐠.,𝐝/,𝐳/,R∈h,i∈,

L𝑐R(𝐠R)
R∈h

+ (other	costs) −L𝑏i'𝐝i , 𝐳i+
i∈,

		s. t.		L𝐠R
R∈h

+ 𝐠j =L𝐝i
i∈,

+ 𝐝j

(and	other	system-level	constraints)
(and	device-level	constraints)

						 (61) 

 

In this model, G is the set of all controllable power plants and D is the set of price-responsive 
devices. The main decision variables are the power output from plant i (gi), and the amount of 
power to be consumed by device j (dj). These are vectors with one element for each hour of the 
next day. zj is a vector containing all the other decisions that must be made by device j, e.g., 
temperature or charge levels for each hour. Together, dj and zj constitute a complete operating plan 
for device j for the next day. The function ci shows the cost of producing power in plant i. The 
function bj shows the benefits to the owner of device j when it follows the specified operating plan, 
converted to dollar form, i.e., the most the customer would be willing to pay to follow this plan. 
The only constraint shown is that the total generation scheduled for the next day, plus the 
noncontrollable generation g0 (e.g., distributed solar power) must equal the total demand from 
price-responsive devices plus the non-price-responsive demand d0. 

For brevity, we have omitted numerous additional terms: costs for starting, stopping and running 
power plants; and constraints on minimum and maximum output levels for each plant; minimum 
up- and down-times; and transmission line loading during normal operation or contingencies [99]–
[105]. These could be included in future work. 

If we split problem (61) into a power production cost function C(D) and a consumption benefit 
function B(D) as follows: 

𝐶(𝐃) = min
𝐠.,R∈hk	

L𝑐R(𝐠𝐢)
R∈h

+ (other	system-level	costs)

such	that	L𝐠R
R∈h

+ 𝐠j = 𝐃 + 𝐝j

(and	other	system-level	constraints)

(62) 
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𝐵(𝐃) = max
𝐝/,𝐳/,i∈,

L𝑏i'𝐝i , 𝐳i+
i∈,

		such	that	L𝐝i
i∈,

= 𝐃

(device-level	constraints)

(63) 

then problem (61) becomes simply 

min
𝐃
𝐶(𝐃) − 𝐵(𝐃)					 (64) 

In other words, the system operator must find a consumption plan D that can be served at the 
lowest net cost, where net cost is defined as the system’s production cost function C(D) minus the 
customers’ benefit B(D). 

 

3.3.2 Dantzig-Wolfe-Based	Coordination	Mechanism	
For large power systems, it may be difficult to convey the details of the PRDs’ benefit problems 
to a central coordinator, and even if the central coordinator had those details, the full unit 
commitment problem with millions of PRDs will likely be too large to solve on a single computer. 
In this paper, we instead present a distributed, iterative coordination mechanism based on Dantzig-
Wolfe decomposition of the unit commitment problem, which relies on PRDs to calculate their 
own parts of this problem. 

The unit commitment problem with PRDs has two properties that make this possible. First, the 
PRDs’ local optimization problems can be separated from the main unit commitment problem, 
except for the requirement that total production equals total consumption. Second, the PRDs’ 
private optimization problems are generally convex (often linear), e.g., choosing hourly 
consumption levels to fully recharge a battery overnight. These properties are true for the 
individual PRDs’ optimization problems and also for the overall consumption benefit problem, 
which is the sum of all the independent problems for each PRD. 

Dantzig-Wolfe decomposition is a well-known iterative technique for solving optimization 
problems of this form that are too large to represent directly on a single computer [97], [98], [106]–
[108]. As such, it is a good choice for the unit commitment problem with millions of PRDs. 
Dantzig-Wolfe decomposition also comes with attractive guarantees: it provides a better solution 
with each iteration; convergence occurs in finite time with linear subproblems; at each iteration 
the difference between primal and dual objective values provides a measure of the distance from 
optimality; and if interrupted before convergence, it will always provide a feasible solution. 

Dantzig-Wolfe decomposition relies on two facts about convex programs: (1) any feasible solution 
can be expressed as a convex combination (weighted average) of the extreme points of the program 
(i.e., the feasible region is all the space inside the convex hull of a collection of points known as 
the “extreme points” of the problem), and (2) the program’s objective function (net cost) can 
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always be expressed as a convex combination of the objective value at the extreme points (i.e., the 
objective function is the convex hull of the objective values at those same points). 

These facts allow us to reframe the consumption benefit function in terms of weights are applied 
to the extreme points of the consumption problem: 

𝐵(𝐃) = max
b0

L𝑤d𝑏d
d∈k

																s.t.				𝐃 = L𝑤d𝐝d
d∈k

																							𝑤d ≥ 0,				∀	𝑘 ∈ 𝐾	

																L𝑤d = 1
d∈k

		 (65) 

where K is the set of all feasible points, k is an index in K, 𝐝d is the demand at point k, 𝑏d is the 
value of the benefit function at that point, i.e., 𝑏d = 𝐵(𝐝d), and wk is the weight given to point k. 
With this in mind, we can rewrite problem (64) as the Dantzig-Wolfe master problem:  

min
b0:	d∈k	

𝐶(𝐃) − 𝐵(𝐃) = 𝐶 �L𝑤d𝐝d
d∈k

� −L𝑤d𝑏d
d∈k

s.t.	L𝑤d
d∈k

= 1
.						 (66) 

In this formulation, the master problem consists of constructing a consumption plan D—a convex 
combination of extreme points of the consumption problem—that can be served at the lowest net 
cost, where net cost is defined as the system’s production cost function C(D) minus the customers’ 
benefit B(D). 

It is not usually possible to enumerate all the members of the set K. Instead, Dantzig-Wolfe 
decomposition builds up a subset K' that defines the feasible space near an optimal solution [97]. 
This subset is created by iterating between the master problem as shown in (66) and the demand-
side sub-problem: 

	min
𝐃
	𝐩.𝐃 − 𝐵(𝐃)						 (67) 

Here, p is a vector of hourly electricity prices. These are set equal to the marginal cost of serving 
additional load in the master problem (66) (e.g., dual values of the load-serving constraint) during 
the previous iteration. When the consumption subproblem (67) is solved with these prices, it finds 
the best possible consumption plan 𝐃 at these prices. This solution must be at an extreme point of 
the consumption problem, so this provides another point 𝐝d and benefit value 𝑏d = 𝐵(𝐝d) to add 
to the set of extreme points K'.  

This continues until there is no new extreme point that can improve the solution to problem, at 
which point the problem has converged on the optimal consumption plan [97]. If 𝐵(𝐃) is a linear 
program (or equivalent to one), then it has a finite number of extreme points, so convergence will 
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be achieved in finite time. On the other hand, nonlinear, convex programs are equivalent to linear 
programs with infinitely many extreme points. In this case, the solution will improve at each step, 
asymptotically approaching the optimum. 

Consequently, the unit commitment problem with PRDs can be solved as follows. In each iteration, 
the master problem (66) chooses the best combination of all the previously reported demand 
vectors and offers tentative prices to the consumption subproblem; then consumption subproblem 
offers a demand vector that can be served at equal or lower net cost (cost minus benefit). 
Specifically, 

1. The central coordinator makes an initial estimate of prices p(0). 
2. The consumption subproblem (67) is solved on a distributed basis: 

a. The central coordinator passes the price vector pk to the PRDs. 
b. All PRDs solve their individual subproblems and return djk and bjk. These are their 

consumption plan and an estimate of the benefit of this plan (i.e., the amount 
they’d be willing to pay to follow this schedule). For simplicity or privacy 
protection, the benefit can be specified with an arbitrary offset that is constant 
over all iterations.2  

c. The dj,k and bj,k vectors from individual PRDs are summed to create a system-
wide consumption plan dk and benefit value  bk.  

3. The central coordinator adds the new demand profile dk with benefit value bk to the set of 
extreme points K' and solves the master problem (66), choosing a new combination of 
previously reported extreme points. If an optimality threshold is reached, or if an iteration 
limit has been reached, then the process terminates. Otherwise, the objective and pricing 
have been slightly improved, and the central coordinator sets new prices pk+1 equal to the 
dual values of the load-serving constraints. Then the process returns to step 2. 

4. At the end of the iterations, the system coordinator reports the final nonzero weights wk to 
the PRDs (or possibly to the home or feeder coordinator). These are then multiplied by 
the load bids previously received from individual PRDs. These load levels are then 
assigned as the amount of power to be used by each PRD. If the problem converges, then 
these load vectors are optimal for individual PRDs and for the whole system at the final 
prices. If the process stops short of convergence, then the final price and load vectors are 
still known to be feasible and an improvement over the starting point, for both the system 
and the individual PRDs.  

Importantly, this mechanism can choose any mixture of previous demand bids by the PRDs, rather 
than being confined to the exact load profiles that have been bid. With highly price-sensitive 
devices, this has significant advantages over approaches that attempt to find just the right price to 
induce the right demand: (1) If very price-sensitive PRDs such as EVs or customer-sited batteries 

 
2  For devices where the direct benefit does not vary among all feasible operating plans (e.g., an 
electric vehicle that always charges fully regardless of prices), the benefit of any feasible plan 
could be reported as zero. For devices where the benefits vary from one plan to another, the value 
of the benefit function should change by the same amount. 
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are on the margin in multiple hours, they will arbitrage away any price differences; this occurs 
because even infinitesimal price differences between hours would cause large swings of load 
between those hours. Consequently, the efficient prices may be flat over the period when these 
devices are on the margin, and will fail to send a signal to achieve a particular shape of load (e.g., 
valley-filling or renewable-following). Instead, a quantity signal is also needed, such as the one 
provided here. (2) In practice, price-based coordination mechanisms often work by adjusting prices 
in small steps until supply and demand are balanced. However, that is not possible with infinitely 
price-sensitive devices, since even infinitesimal variations will cause all the load to swing in one 
direction or the other; this causes those methods to oscillate without converging on a single right 
price vector (and as noted above, even if they found the right price vector, that alone would not 
induce the right consumption vector). In our work, described below, the Dantzig-Wolfe 
mechanism performs well for highly-price-sensitive devices, choosing a mix of demand vectors 
from either side of the equilibrium point and quickly moving toward convergence.  

It should also be noted that the consumption subproblem can naturally be divided into separate 
subproblems for each device. Then the main subproblem can be solved by passing the prices to all 
the individual devices, letting them solve their portion of the subproblem, and summing the load 
vectors and benefit values that they return. In a real-world implementation, this could allow for 
highly parallelized computation and efficient communication. For example, the master problem 
could be solved by a central coordinator, while nodal coordinators manage each distribution 
circuit, and home coordinators manage the individual PRDs within each home. Devices at each 
level of the hierarchy simply announce price vectors to the devices or coordinators below them 
and then sum the demand vectors and benefits that they receive back. This allows data to be 
condensed by several orders of magnitude at each level, so very little bandwidth is needed at each 
level (just enough to communicate with a few dozen elements at the next lower level). It is also 
worth noting that this technique can incorporate highly heterogenous PRDs without any 
modification, i.e., any device that has a convex (rational) response to prices. 

3.3.3 Price	Responsive	Device	(PRD)	Models	
In the literature, loads are categorized as non-shiftable, shiftable and thermostatically controlled 
appliances (TCA) [109]. non-shiftable (uninterruptible) are loads that are the one that energy must 
be delivered to them instantly. TVs or stoves are from the non-shiftable group. The interruptible 
are appliances that instant energy usage is not needed since either they have batteries or are needed 
once per day or week while urgent usage is not needed. EVs, dishwashers and driers are from this 
category. The TCAs are the ones where the energy consumption is a function of temperature 
(ambient temperature or user’s desired temperature). The working temperature (desired) could be 
affected by the ambient temperature, or it could be affected by input/output of the energy through 
consumption or added energy from the heating/cooling elements respectively. In many works such 
as [84] only non-interruptible and interruptible loads are considered for the task of energy 
management. However, since non-shiftable loads have no response to any control command (either 
from direct load control or optimization), they could be removed from the problem without losing 
generality. Since it is not possible to show the dynamic response of all types of loads in one paper 
and the fact that their behavior is similar to some extent, EVs from shiftable loads and EWHs from 
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TCAs are selected to represent a sample of load profile. This section covers the self-benefiting 
model of PRDs that participate in the market bidding. i.e., the EWH and EV. 

3.3.3.1 Electric	Water	Heater	Model	
The following shows a self-benefiting model of EWH that aims to minimize its cost. It is a day-
ahead optimization implemented as a linear program based on the model developed in Section 1 
and [76]. It is dual-objective, i.e., the model tries to find a balance between cost saving and 
discomfort. For this study, we assume perfect foresight of hot water requirements and optimize 
power consumption accordingly. In future work, we could consider an EWH that buys vectors of 
power as shown here, based on a stochastic forecast of hot water usage, as discussed in Section 1 
and [76]. 

Equation (68) shows the dual-objective cost function which minimizes the cost from use of 
electricity and the discomfort cost (underheated water) that could happen from using this program. 

min
𝑬in∈ℝ$%

L𝑝6
7𝐸612 + 𝑝%𝐸6%345'

6∈8

(68) 

Equation (69) models the thermodynamic behavior of EWH. 

𝑇),6':2; = 𝑇6DE':2; +
'𝐸612 − 𝐸6?+

𝑐':2;
− 𝑟94%% · '𝑇6':2; − 𝑡6:<=+ (69) 

In (70), the maximum energy that can be drawn from the grid is limited to the EWH energy input 
capacity. 

𝐸612 ≤ 𝑒<:H (70) 

Equation (71) and (72) model the temperature and energy shortfall respectively. They calculate 
the underheated water that would be caused by the plan. 

𝑇6%345' ≥ 𝑡<12 − 𝑇6':2; (71) 

𝐸6%345' = 𝑒6(&%
𝑇6%345'

'𝑡<12 − 𝑡612+
(72) 

After solving this problem, PRD number j reports its consumption vector during iteration k as 
𝐝i,d = [𝐸j12, 𝐸E12, 𝐸*12, … , 𝐸*o12]. It also calculates the benefit bj,k as being equal to the shortfall penalty 
times the quantity of hot water consumed (this may vary from one iteration to the next, as the plan 
adapts to different electricity prices). By definition, this is the amount that the customer would be 
willing to pay for the hot water they will receive, and by extension, for the power that will be used 
to produce this hot water.  

3.3.3.2 Electric	Vehicle	Model	
The electric vehicles follow a simple cost-minimizing algorithm. The user defines the hours that 
the EV can be charged (parking hours) in advance. These hours are defined through the maximum 
charging rate per hour. i.e., 𝑒6]Y^ for hour h. The 𝑒)pV is the energy needed by end of charging 
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window (i.e., total energy needed in the day). Then, the role of the following cost-minimizing 
programming is to find the cheapest hours to pick to charge the vehicle. 

The cost function is shown in equation (73). The objective is simply to minimize the user 
electricity cost. 

min
𝑬in∈ℝ$%

L𝑝6
7𝐸612

6∈8

(73) 

In	this	equation,	I	is	the	set	of	all	hours	in	the	coming	day	and	𝑝6
7	is	the	(tentative)	price	for	

power	during	each	of	those	hours,	and 𝐸6Rc is the decision variable showing the amount of power 
to use for charging during each hour.  

The	charging	window	is	modeled	through	the	equation	(74):	

𝐸6Rc ≤ 𝑒6]Y^ (74) 

The	total	energy	that	is	added	to	the	battery	through	the	charging	window	must	be	equal	to	
the	total	energy	needed.	Equation	(75)	shows	this	constraint.	

L𝐸612
6∈8

= 𝑒des (75) 

We use a simple algorithm to solve this linear program: 

1. Select hours of the day when charging is possible (𝑒6]Y^ > 0). 
2. Sort these hours from lowest to highest price, then from early to late as a tie-breaker. 
3. During each hour, starting with the first in the list, add enough charge to reach 𝑒des, or 

charge at rate 𝑒6]Y^, whichever is less. 

After choosing the optimal charging plan, the EV model reports back the consumption vector 
𝐝i,d = [𝐸j12, 𝐸E12, 𝐸*12, … , 𝐸*o12]. When using this algorithm, the EV always obtains a full charge, so 
the benefit to the EV is the same regardless of the charging plan. So the benefit bj,k is reported as 
zero for each EV during each iteration. 

3.3.3.3 Aggregated	Consumption	Benefit	Problem	
For the Dantzig-Wolfe iteration described in this paper, the consumption subproblem (67) is 
regarded as a single problem encompassing all PRDs in the system. That is achieved simply by 
offering the same price vector 𝐩r = 𝐩d to all the water heater and electric vehicle models, solving 
the model for each individual PRD, then summing the consumption plans for all the PRDs:  

𝐝d =L𝐝i,d
i∈s

 

𝑏d =L𝑏i,d
i∈s
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These are then reported to the central coordinator. 

After the last iteration of the master problem, the final weights wk from the master problem (66) 
are assigned back to the PRDs, based on each device’s prior bids:  

𝐝i∗ =L𝑤d𝐝i,d

u

dQE

 

This could be done by reporting the weights to the devices themselves, or by having the home or 
circuit coordinator calculate 𝐝i∗ and report it to device j as the amount of power it has purchased. 

With this assignment, the total power consumed by all PRDs matches the total 
expected/constructed in the system-level master problem: 

𝐃	 = L𝑤d𝐝d

u

dQE

=L𝑤dL𝐝i,d
i∈,

u

dQE

=LL𝑤d𝐝i(d)

u

dQEi∈,

=L𝐝i∗

i∈,

(76) 

This framework assumes that the PRDs all have convex responses to price, and it foregoes the 
option of assigning different weights to the extreme points (bids) elicited from the individual 
devices. In future work, we could incorporate devices with integer decisions (e.g., dishwashers or 
clothes washers that must run a full cycle once they start). One promising option for this would 
be to fine-tune the weights for individual PRDs at the feeder (neighborhood) level, requiring 
integer weights for the integer PRDs, and adjusting the weights for all the PRDs on the feeder so 
that the total for the feeder matches the total load requested by the system as closely as possible. 

3.3.4 Power	System	Model	
For this paper, we use a simple electricity production model. We ignore non-dispatchable 
generation g0 and non-price-responsive loads d0, so the load-balancing constraint of equation (62) 
becomes 

L𝐠R
R∈h

= 𝐃 = L𝑤d𝐝d
d∈k

 

We also assume that the system has a quadratic production cost, so that the minimum cost of 
producing an amount of power 𝐃 from the available generators is 

𝐶(𝐃) = L𝑎𝐷6*
*+

6QE

(77) 

where Dh is the element of the demand vector D for hour h.  

These assumptions create a simple system with easily calculated marginal costs (2aDh) each hour. 
However, the approach shown in this paper is general enough to apply to any convex supply side, 
e.g., a linear program where marginal costs are the dual values of the hourly load-balancing 
constraints. 
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3.3.5 Optimality	Gap	
By step N of the Dantzig-Wolfe iteration, the PRDs in the system have revealed the following 
extreme points (feasible consumption quantity vectors): 

𝐝d ,							𝑘 ∈ 𝐾v = 1. . 𝑁 (78) 

where N is the number of iterations/bids we've done and dk is the total consumption bid from all 
PRDs during step k. The benefit to the customers for each extreme point (the maximum they would 
be willing to pay for that vector, possibly shifted by a constant offset) is 

𝑏d ,							𝑘 ∈ 𝐾v = 1. . 𝑁 (79) 

where bk is a scalar, the sum of all the benefits reported by the individual PRDs.  

Then, any weighted combination of these bids is possible, because the feasible regions for the EV 
and EWH models are convex. So, the master problem constructs a consumption plan (load vector) 
that is a weighted sum of the previous bids: 

𝐃 = L𝑤d𝐝d

u

dQE

(80) 

where D is the constructed bid (vector, one element for each hour h).  

The total benefit of this constructed bid is 𝐵(𝐃), where 

𝐵(𝐃) ≥ 𝐵v(𝐃) =L𝑤d𝑏d

u

RQE

(81) 

The central coordinator doesn’t know 𝐵(𝐃) directly, but over multiple iterations, the reduced-form 
representation 𝐵v(𝐃) will converge to the true value of 𝐵(𝐃) [97]. As noted previously, this will 
occur in finite time if the PRD subproblems are linear programs (as they are for this paper), and 
will occur asymptotically if the PRD problems are convex but nonlinear [108]. 

Dantzig-Wolfe decomposition gives an optimality gap at each iteration, which can be seen as the 
difference between two measures: Sbest (the best possible value of the objective function) and Sknown 
(best objective value found so far).  

During round k, the master problem minimizes 𝐶(𝐃) − 𝐵v(𝐃). The value of the objective function 
at this point is 

𝑆known = 𝐶(𝐃d) − 𝐵v(𝐃d) (82) 

where 𝐃d indicates the value of 𝐃 selected by the master problem in round k. 

𝑆known is a lower bound on the objective function because it is known to be achievable. 𝐵v(𝐃d) in 
the master problem is conservative. It is a weighted combination of points on the true 𝐵(𝐃) 
function, so it must be equal to or below the true 𝐵(𝐃d) with loads 𝐃d, since 𝐵(𝐃d) is convex. 
𝐶(𝐃d) is also achievable because it is the actual production cost function. 
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After solving the master problem in round k, the central coordinator offers tentative prices 𝐩d to 
the customers and they propose to buy a total amount of power each hour dk. They also report that 
this power gives them a benefit of 𝑏d.  

The subproblem solution 𝐝d (with benefit 𝑏d) is optimal, which means that all other values of 𝐝 
would give equal or worse objective values, i.e., 	 

𝐵(𝐝) − 𝐩d · 𝐝 ≤ 𝑏d − 𝐩d · 𝐝d (83)	

for	all	d,	so	

𝐵(𝐝) ≤ 𝑏d − 𝐩d · 𝐝d + 𝐩d · 𝐝 (84)	

	

The master problem has solution 𝐃d, with production cost 𝐶(𝐃d) and incremental production cost 
𝐩d, i.e., 𝐩d is the gradient of 𝐶(𝐝) at 𝐃d. Since 𝐶(𝐝) is convex downward, it must lie above the 
plane that is tangent at this point, so 

𝐶(𝐝) ≥ 𝐶(𝐃d) + 𝐩d · (𝐝 − 𝐃d) (85) 

for all possible demand vectors d.  

Subtracting equation (84) from (85) gives 

𝐶(𝐃) − 𝐵(𝐃) ≥ 𝐶(𝐃d) − 𝐩d · 𝐃d − 𝑏d + 𝐩d · 𝐝d (86) 

so 

𝑆best = 𝐶(𝐃d) − 𝐩d · 𝐃d − 𝑏d + 𝐩d · 𝐝d (87) 

 

Then the optimality gap is  

𝑆known − 𝑆best = 𝐶(𝐃d) − 𝐵v(𝐃d) − 𝐶(𝐃d) + 𝐩d · 𝐃d + 𝑏d − 𝐩d · 𝐝d
= [𝑏d − 𝐩d · 𝐝d] − [𝐵v(𝐃d) − 𝐩d · 𝐃d]

(88) 

For this paper, we always performed 24 iterations and only used the optimality gap as an 
informative diagnostic. However, in future work, we could iterate until the gap is below a fixed 
limit or a fixed fraction of the direct costs 𝐶(𝐃d). 

3.4 Results	
3.4.1 Network	structure	and	problem	assumption	
The structure of the power network is shown in Figure 12. This network serves eight households 
(a total of 16 appliances). All the loads are connected to the grid operator through a common line. 
Without losing the generality, it is assumed that all units are being fed through one distributed 
generator (DG) unit that feeds all the loads. Since the only source of energy is one dispatchable 
unit and no renewable energy that can affect generation cost, the marginal cost for all hours is the 
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same. Also, power quality constraints such as voltage and frequency regulations are not considered 
in this unit commitment problem, and the focus is on economic dispatch. 

3.4.1.1 Load	type:	
In this work, it is assumed that the generator belongs to all consumers. This means the operator 
acts only as a coordinator and does not seek its own benefit. Each customer pays the operational 
cost of using the generator unit, which is equal to their consumption profile times the price that is 
proposed by the coordinator. Each household ONLY sends its bid to the coordinator, and no 
neighbor is aware of other individuals' consumption patterns.  

Each household responds to the day-ahead price signal and sends the aggregate energy 
consumption of all devices. As mentioned above, the loads that can participate in the bidding 
process are both shiftable and TCA loads. To narrow the scope, EVs are selected among the 
shiftable loads, and electric water heaters are selected from the TCA loads. Therefore, in this work, 
each household responds to price signals to optimize the performance of its electric vehicle and 
electric water heater. All other loads (including other non-shiftable, shiftable, and TCAs) are 
removed from the load profile to simplify the problem. 
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In this hypothetical scenario where the generation cost is equal for all hours (since no renewable 
energy generation exists) and only demand-responsive loads exist, the ideal aggregate load and 
price signal would be flat for all intervals. However, the current model could easily be changed to 
include non-interruptible loads of renewable energy sources. 

3.4.2 Individual	appliances	respond	to	the	price	signal,	and	their	benefit			
As mentioned in the previous section, only two types of appliances are considered for this 
simulation. Also, it was mentioned that loads are categorized into three main types: 1-non-
shiftable, 2-shiftable, and 3-TCAs. Non-shiftable loads don’t respond to price, and their loads are 
fixed. Therefore, to simplify and focus to the claims of this paper, non-shiftable loads are removed 
from the load profile. In this section, we focus on the performance of an individual EV and EWH 
and show how they selfishly try to maximize their benefit by responding to the price signal by 
running the optimizations that are proposed in section 3.3.3. 

 

Figure	12Grid	Structure	
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3.4.2.1 EWH	Response	
Figure 13 shows the EWH response to the price signal that is sent from the coordinator at each 
round of optimization. Based on this price and prediction of user energy consumption, the EWH 
finds the optimal answer (self-benefiting). The energy usage that is the decision variable of EWH 
is sent to the aggregator as the energy bid on behalf of the EWH.  The price signal is shown in 
black in the fourth section of the figure. At the same time, the EWH has a prediction for the energy 
withdrawal of the user. This prediction can come from analyzing historical data and using the 
machine learning method to obtain this prediction.  The prediction in this work is considered 
perfect and is shown in the third section of the figure with dotted black lines. The main variables 
that are resulted from solving the optimization problem that was explained in section 3.3.3.1. 
Section one and two show the setpoint and actual temperature, respectively. Since the model is not 
stochastic, the setpoint and the actual temperature are the same for this section. The pink line in 
the third section represents the energy input that EWH plans to use. This is a variable that is sent 
to the coordinator after each round of solving the problem. A more detailed discussion of the EWH 
optimization model is provided in [76].  

 

3.4.2.2 EV	Response	
Figure 14 shows the response of the electric vehicle to the price signal. The gray bars show the 
amount of energy that the EV is able to absorb each hour. The times that availability is zero means 
that the vehicle is operational and can’t be charged at those intervals. The blue bars show how 
much energy EV will absorb based on the result of the optimization that was explained in section 
3.4.2.2. Similar to the EWH response, the energy input, which is the decision variable of EVs, is 

Figure	13	EWH	response	to	the	broadcasted	price	
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reported to the coordinator as the energy bid of the EV. For example, this particular EV absorbed 
energy in full capacity in hours 1, 4, 21, and 24 and worked with one-third of its capacity at hour 
5. 

 

3.4.3 Price	and	Aggregate	Demand	Profile	
in a problem where marginal cost is the same for all hours (since there is no renewable energy 
source for this problem) and there is no non-shiftable load, the ultimate ideal scenario for aggregate 
load and price profile is a flat line. i.e., the Peak to Average Ratio (PAR) is one. Therefore, to 
evaluate the performance of the DW algorithm, we must see how far from the flat curve the 
resulting aggregate load and price profile are from the flat lines. 

Figure15 and Figure 16 show the price signal and aggregated load (in response to that price) at 
step 0 and the last step, respectively. i.e., each appliance solves its local self-benefiting 
optimizations in response to this price and reports back its scheduled energy usage as an energy 
bid. As it can be observed, the initial demand is accumulated only during specific hours (as 
mentioned before, only EVs and EWHs are used in this work). So, it means that the price generated 
by the expected marginal cost of electricity generation (which is based on energy consumption) 
will not represent the marginal cost of generation anymore. The reason is that the PRDs change 
their behavior to maximize their own benefit (which means they will shift their consumption to 
cheap hours). This accumulation causes a high generation cost for the hours that were initially 

Figure	14	EV	response	to	broadcasted	price	
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expected to be sparsely used. As it can be seen, the initial price is high between 3-6 AM. This 
sparks a low energy consumption in these expensive hours. While a 54 KWh is recorded as a peak 
hour that causes a high. So, this response means that if the coordinator price generation is only 
based on the current expected energy consumption, the algorithm never converges, and a flip-flop 
response is observed. 

However, this point is where the importance DW algorithm shows up. At each step of optimization, 
the DW finds the optimal point between the previously reported bits. For example, in the third step 
of the optimization, by using the interpolation between the first bid and second bit. This guarantees 
that the result of the third step is more optimal than the first two steps. This process is valid for 
other steps as well. For example, in the nth step, the algorithm has access to the behavior of the 
model for the n-1 points. This means it can find an answer for the nth step that is at least as good 
as the previous step or better. This algorithm is repeated until no further improvement happens in 
the system. 

 

Figure 16 shows the price and aggregate demand when the iterative algorithm finishes the 
optimization. The PAR reduces significantly, and the peak load is reduced from 54 KW to 26 KW. 
It must be noted that all loads are price responsive in this simulation. In a more realistic scenario, 
where part of the loads is non-responsive to the price, the amount of PAR will be less than the time 
when all loads are price responsive. As shown in Figure 16, the PAR for the price signal reduces 
significantly from 4.7 to 2.6.  

Figure15	initial	load	&	price	profile	
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3.4.4 Progress	through	iteration	
 As mentioned before, in each iteration, the price signal is sent from the coordinator to each 
appliance in each house. Then each device maximizes its own benefit by solving an optimization 
problem locally given the broadcasted price signal. When the optimization reaches a certain level, 
when the price signal is broadcasted, none of the appliances change their bid. This shows the 
network reached the global optimum or the Nash equilibrium. Figure15 shows the progress of the 
DW through iterations. In the initial iteration of iterations, the variation is high for both the price 
and aggregated demand. The PAR for the price and aggregate demand is around 4.7 at this point. 
As the iterations progress, the PAR and standard deviation (STD) reduce. At iteration 5 and after, 
the PAR reduces to approximately 1.1. however, this variation is significant enough to induce a 
response to the loads to change their consumption. At iteration 15, no changes happen to the 
response of loads to the price. i.e., the algorithm reaches a point where no appliance wants to 
change its consumption plan (definition of Nash Equilibrium). This shows the algorithm reached 
its main goal, which was to propose a price/energy bid to each individual user where they don’t 
want to change their behavior. The optimality of the algorithm is discussed in the next section.  

Figure	16	final	load	&	price	profile	
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3.4.5 User	Payment	&	Generation	Cost	&	Optimality	Gap	
The generation cost and aggregate user payments are shown in Figure 18 in red and black, 
respectively. User payment is the sum of electricity price times the aggregate consumption for that 
interval. The generation cost is calculated using formula (77). As shown in Figure 18, generation 
cost and user payment are both high at the start of the algorithm. As the negotiation (iterations of 
the algorithm) goes forward, the cost of generation and user payment decreases. At this point, 
when the price signal is announced, none of the appliances change their consumption plans (they 
reach the Nash Equilibrium if we talk in terms of game theory). The gap, which is defined through 
formula (88), is shown in blue color in Figure 18. The gap shows the distance between the best 
possible answer and the best-known answer. As the algorithm progress, the algorithm updates the 
value of these two variables. At the later part of the optimization (iteration 15 for this specific 
simulation), the distance between these two variables (Gap) stays fixed, and no further 
improvement happens (optimal point). Alternatively, as was mentioned in the previous section, the 
algorithm reaches the Nash equilibrium at iteration 15. 

Figure	17	PAR	&	STD	for	price	and	aggregate	demand	
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3.5 Conclusion	

In this work, a new price-based appliance coordination algorithm was proposed. This algorithm 
considered appliances and the operator as self-serving entities who try to maximize their benefit. 
This approach is on the path to having a market-based appliances coordination system where 
buyers and sellers can participate bid for energy. However, as of now, no mechanism has been 
implemented to achieve a balance between generation and consumption. A few market-based 
price-responsive demand coordination has been proposed in recent years based on the game theory 
framework. However, the potential of the Dantzig-Wolfe decomposition method in market-based 
coordination of appliances has never been investigated. 

In this work, first, a universal large optimization model was proposed. Solving such a problem 
guarantees reaching an optimal point (or Nash equilibrium). However, solving such a large 
problem is impossible due to a lack of knowledge of the end user's behavior and preference at the 

Figure	18	Gap	&	Generation	cost	&	user	Payment	
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local level. Furthermore, even if such a knowledge (being aware of each user's preference) exists, 
solving such a massive problem will be computationally expensive (if not impossible). 

However, the distributed nature of DF can tackle these two challenges. First, by breaking the 
universal problem into master (solved by the operator) and subproblems (solved by appliances), 
there will not be any need to know the preferences of each appliance. Instead, the appliances will 
only announce their energy usage as the energy bid to the operator. Second, due to the distributed 
behavior of the optimization, the algorithm will run very fast at iteration. Third, the way the 
algorithm is modeled guarantees convergence in limited iterations. Solving subproblems 
simultaneously and in a distributed fashion makes it possible to coordinate thousands of devices 
without losing speed. 

In this work, a simple unit commitment with one generator was proposed. The next step for this 
project would be a more detailed unit commitment model with generation and transmission 
constraints in the optimization model. Given the efficiency and the speed of the proposed algorithm 
in this work, it will be possible to solve a large unit commitment problem with PRDs efficiently 
and optimally one day. 
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