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ABSTRACT

For a positive integer n, we compute the shape of a totally real multiquadratic extension of degree
2" in which the prime 2 does not ramify. From this calculation, we see that the shape of such a
number field is parametrized by the generators of its 2" — 1 quadratic subfields. Restricting to the
case n = 3, we use this parametrization to count the number of triquadratic extensions of bounded
discriminant and bounded shape parameters. We then show that, as the discriminant goes to infinity,
these shapes become equidistributed in a regularized sense in the subset of the space of shapes of

rank 7 lattices that contains them.
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CHAPTER 1
INTRODUCTION

1.1 Introduction

The shape of a number field is an invariant that stems from the geometry of numbers. The
study of shapes of number fields was first introduced in | ], where the author shows that the
shapes of (real or imaginary) cubic fields, when ordered by their absolute discriminants, become
equidistributed in the space of shapes of rank-2 lattices. In [ |, the authors show that, when
ordered by their absolute discriminants, S,-number fields of degree n = 3,4, and 5 have shapes
that become equidistributed in the space of shapes as the absolute discriminant tends to infinity.
In particular, their calculations for n = 3 simplify the methods used in | ]. In | | and
[ ], it is shown that the shape of complex cubic fields is a complete invariant of the field. The
author also gives results regarding the equidistibution of these shapes. Furthermore, in | ] the
authors show an equidistribution result for shapes of real cubics. More recently, in | ], the

authors explore the equidistribution of shapes of Galois quartics.

The study of shapes of low-degree number fields is an area of active research. For example, in
the case of quartic extensions, the shapes of these number fields are being studied according to their
Galois closure. Little is known about the shapes of general number fields in higher dimensions. The
computation of the shape relies on the ability to exhibit a nice integral basis for the corresponding
ring of integers of the number field, which can be a difficult task. This thesis aims to tackle the
computation of shapes of a specific family of number fields, called multiquadratic extensions, which
are degree-2" analogues of quadratic extensions. Precisely, for a set {Dao, ..., Dyn—1} of n distinct,

squarefree integers, a multiquadratic extension generated by these integers is defined as the number

field
Kn = Q(\/ DQO, cees\/ Dzn—l).

These number fields have the advantage of being Galois over Q. Additionally, the integral basis
we use gives a representative of the shape that can be parametrized in a relatively simple way. This

allows us to study the distribution of shapes of such extensions.

Chapter 2 will cover a general overview of the shape of a lattice. Here, we are taking full lattices
in a finite-dimensional real inner product space V. Once this is achieved, we will define the space of
shapes corresponding to full lattices in V', emphasizing the viewpoint of describing it as a space of

matrices. We will also discuss a more geometric approach to the notion of shape in lower dimensions.

With the definition of shape of a lattice, we turn to number fields. As it turns out, the geometry
of numbers enables us to embed a number field into its Minkowski space. Upon doing so, the image
under this embedding of the ring of integers turns out to be a full lattice. This allows us to study

the shapes of number fields.



With a specific family of number fields in mind, one is naturally led to the question of
how the shapes of number fields in this collection are distributed. We will give a precise defini-

tion of equidistribution, which is dependent on the natural measure associated to the space of shapes.

In Chapter 3, we will define multiquadratic extensions in full generality. Then, we will see that
these number fields are classified into three subfamilies, which will depend on congruence conditions
modulo 4 on their set of generators. Corresponding to these subfamilies, we can then compute their

integral bases, which is a crucial ingredient in the calculation of the shape.

This thesis covers one specific subfamily of multiquadratic extensions, namely, the case in which
all the generators are congruent to 1 modulo 4. We also restrict our study to multiquadratic
extensions that are totally real. As we will see, totally real multiquadratic fields are precisely those
whose generating set consists of positive integers. These restrictions simplify arguments, but the

essential ideas of the method should work in general.

Given these restrictions, we proceed to compute the shape. Furthermore, we explore the subset
of the full space of shapes that our family corresponds to. In the computation of the shapes of
these number fields, we will see that that the entries of the representing matrices are in terms of
the generators of the fields. By placing a bound on the discriminant of the number fields, we place

a bound on these generators, which transform the problem into one of counting integers.

Chapter 4 will describe the methods we use for counting multiquadratic extensions. In this
chapter, we further restrict our collection of number fields to the case when n = 3, studying the so

called triquadratic extensions.

This chapter will be broken up into four major components. First, we parametrize our

triquadratic extensions, turning the count of number fields into a count of integer points.

Next, by imposing a bound on the discriminant, our count becomes finite. Along with counting
number fields with a prescribed shape, we see that these number fields, parametrized by integer
points, occupy some bounded Euclidean region. The principle of Lipschitz allows us to approximate

the number of points in this region with the region’s volume.

Since not all of the points in this region correspond to a number field of interest, we refine the

count with a sieve that discards these extra points.

Chapter 4 concludes with two important theorems. The first is a statement regarding the count
of triquadratic extensions with the right congruence conditions modulo 4, with bounded discriminant
and prescribed shape. Lastly, this theorem lends itself to the proof that the shapes of these fields

are indeed equidistributed in the subset of the space of shapes in which they reside.



1.2 Statement of Main Results

The motivation behind this thesis is to prove that, as the discriminant tends to infinity, the shapes
of totally real multiquadratic extensions K, in which 2 does not ramify become equidistributed in

the subset of the space of shapes that contains them.

We let £ = 2™ — 1. With &, denoting the space of shapes of rank ¢ lattices, we let Sk, denote
the subset of Sy containing the shapes of the multiquadratic extensions we study. We equip this
space with a natural measure y. In Chapter 2, we will see that this subset can be parametrized by

tuples (Xa, ..., Xy) of real numbers that encode the shapes of multiquadratic extensions.

For fixed positive real numbers Rs, ..., Ry, we look at the subset W(Rs,...,Ry) C Sk, which

places bounds on each of the shape parameters. Specifically,
W(RQ,...,RZ) :{Sh(XQ,...,Xg) GSKn X <. <Xy SRij <Xj f0r2§j§€—].}

We let Mt (i) denote the collection of totally real multiquadratic extensions in which 2 does not

ramify. Furthermore, for a fixed real number X, we let

No(X, Ra,..., Ry) = #{K,, € MF(i): A(K,) < X,sh(K,) € W(Rs,...,R)}

denote the number of extensions in M, (i), whose discriminants are bounded by X and whose shapes

lie in W(Ra,..., R¢). The most general statement that we wish to prove is the following:

Conjecture 1.1. The shapes of the fields in M’ (i) are equidistributed in Sk, with respect to u
in a regularized sense. That is, there is a positive constant C,, > 0 such that for every compact
p-continuity set W of Sk, , we have

lim X~ 2T 4{K, € M (i) : A(K,) < X,sh(Ky) € W} = Copu(W).

X—o0

In this thesis, we restrict to n = 3. We prove the following two results.

Theorem 1.2. The number of triquadratic extensions K3 € /\/l;f(z) with discriminant bounded by
X and shape in W(Ra, ..., Ry) is given by
1 _ 30X 7
No(X, Ry, oo ) = 335 [[ (0780 = U (p+ 7)) 5= F(Rav . Re) 0 (X

p>2

Al

).

where F(Rs, ..., R7) is a polynomial function in the variables log(R;), 2 < j < 7.

Theorem 1.3. Conjecture 1.1 holds for n = 3.



CHAPTER 2
BACKGROUND MATERIAL

The first two sections of this chapter cover the background material needed for defining the
shape of a number field. Section 1 begins by defining the shape of an arbitrary full-rank lattice in
an n-dimensional real inner product space V. By choosing a basis of V, we get a representative
of the shape of a lattice A relative to this basis which is viewed as an element of GL,(R).
We will want the shape of a lattice to be invariant under rotations, reflections, and scaling
by a non-zero constant, so we define an action on lattices by appropriate subgroups. Further-
more, we want to identify two representatives of the same shape if the change of basis matrix is

an element of GL,,(Z). We can encode the information of A relative to any basis with a Gram matrix.

In Section 2, we will shift our attention to number fields. From the geometry of numbers, any
number field K can be embedded into its Minkowski space, which is a real inner product space.
The ring of integers Ok of K turns out to be a full-rank lattice in this space. As such, we wish to

study its shape.

If one considers a collection of number fields of degree n and bounded discriminant, a natural
question to ask is how are the shapes of these number fields distributed as the bound on the
discriminant tends to infinity. The lattices arising from the ring of integers cannot be random as
the discriminant grows, since Ok always contains 1, which is a short vector as the discriminant
goes to infinity. We will tweak the definition of shape of number fields by taking the orthogonal
projection onto the orthogonal complement of the image of 1. Given a number field of degree n, the

orthogonal projection onto the orthogonal complement of the image of 1 is a rank-(n — 1) lattice.

Sections 3 and 4 will provide the background for the study of shapes of number fields that we
encounter in Chapter 3. Section 3 is aimed at defining a specific family of lattices and computing
their shapes. This simple family of shapes arises from primitive orthorhombic lattices. It contains

the shapes of the multiquadratic extensions we study.

Once these shapes are defined, our next goal is to study the subset of the space of shapes
associated to them. In section 4, we discuss these subsets, as well as define a natural measure
on them. Once we are equipped with a measure, we will make a precise statement regarding

equidistribution of shapes of number fields.

2.1 Lattices

2.1.1 Basic Definitions

Definition 2.1. Let V be a real inner product space of dimension n. For a set of linearly independent

vectors B = {v1, ..., v}, we define a lattice A to be the discrete subgroup of V given by the Z-span



of the basis B:

A=Zvi +...+ Zv,,.

Definition 2.2. The integer m in the above definition is called the rank of the lattice, denoted by
rk(A). We say that a lattice A in V' is full (or of full rank in V') if

tk(A) = dim(V) = n.

Definition 2.3. Let A C R™ be a full lattice generated by B = {v1,...,v,}. A fundamental region
Rp of A is the parallelotope determined by B, described by the set

n
Rp = ZCLJ"UJ‘ZOSG]’<1
J=1

We denote the matrix Mp attached to the basis B by

Since we are starting with a set of linearly independent vectors (vy,...,v,), it follows that

Mp € GLn<R)

Note that the volume of the fundamental region R, called the covolume of A, is given by

Vol(Rg) = | det(Mp)].

We get a decomposition of R™ via the translates of Rz by elements of A:

R"=|J (z+Rs).
TEA

Proposition 2.4. Suppose B = {v1,...,v,} is a basis of V that generates the lattice A. Let
B’ = {wy,...,w,} be any other basis of V' that also generates A. Then the corresponding change of

basis matrix P is an element of GL,,(Z).

Proof. Suppose that B and B’ both generate a lattice A.Then, the change-of-basis matrix P is defined
so that

Mp = PMpg.

It follows from the definition of a lattice that P and its inverse have integer entries. It follows
that



1 =det(I) = det(P)det(P™1),
which implies that their determinants are either 1 or —1. Thus, P € GL,(Z). O
Since our matrix Mg has the basis vectors vq,...,v, as its rows, we get a corresponding left
action of GL,(Z) on GL,(R):
Mp = P - Mpg.

This action provides us with a bijection between lattices in V' and elements of GL,,(Z)\ GL,,(R)
that is independent of a choice of basis, as follows.

Definition 2.5. We will denote by L,, the set of all lattices of rank-n in V. That is,

Ly :={ACV : there exists a basis B = {vy,...,v,} of V such that A = Zv; + ... + Zv, }.

Lemma 2.6. There is a one-to-one correspondence between rank-n lattices A of V' and elements of
GL,(Z)\GL,(R), given by

L, +— GL,(Z)\ GL,(R)

A — GL,,(Z)M3p,
where B is any basis of V' that generates A.

Example 2.7. Consider the lattice A = (2Z)2 in R?. Then A can be generated by the bases B;
and B, given by
By = {(_17 1)7 (la 1)} and By = {(17 1)v (17 _1)}

The corresponding matrices are given by

e — (11 e (11
Bl o) B\ )
Write the change of basis matrix from B; to Bs as
P= (a b) .
c d
Solving the matrix equation Mp, = PMp, yields

—a+b=1, a+b=1, —c+d=1, c+d=-1.

We get that a = 0,b=1,c= —1,d = 0. Hence,



p- (8 })coma

2.1.2 The Shape of a Lattice

Now that we have defined a rank-n lattice in V', our goal is to define a notion of shape of a lattice.
Intuitively, we would like this shape to be an intrinsically geometric feature, which is independent

of scalings and rigid motions.

We want to identify lattices that can be obtained from one another by a series of scaling, rotations
and reflections. We will begin by dealing with rotations and reflections. From the matrix point of
view, this is achieved by a right action on GL,(R) by O, (R), the group of orthogonal matrices:

0,(R):={U € GL,(R) : UUT =U"U = 1,,}.

Definition 2.8. We say that (A, B) is equivalent to (A’,B’) up to rotations and reflections if there
is an element

U e 0,(R)

such that

Mp = MgU.
We have the following lemma:

Lemma 2.9. There is a one-to-one correspondence between pairs (A, B) up to rotations and reflec-

tions, and the coset space GL,(R)/ O, (R), via the mapping

{(A, B) up to rotations and reflections} «+— GL,(R)/ O,(R),

(A, B) —» M O,(R).

Example 2.10. Consider the matrix

as before. The orthogonal matrix U, given by

o= (e o) (35 )
sin(mw/4)  cos(m/4) % %

is a rotation matrix. By multiplying Mp, on the right with U, we get

0 V2
oo (1)



This reflects the fact that the lattice associated to B; is the lattice (\@Z)2 rotated by /4

radians.

The next notion to consider when defining the shape of a lattice is scaling. Two distinct lattices
will have the same shape if one is obtained from the other by a scaling factor. To remedy this, we

act on the right by R* (we choose a right action here, but a left action is equivalent).

Lemma 2.11. There is a one-to-one correspondence between pairs (A, B) up to scaling, rotations,
and reflections, and the quotient GL,(R)/R* O,(R) via the mapping

(A, B) —» MR* 0,(R)
Example 2.12. A scaling matrix in R? takes the form

\ <1 o)’
0 1

where A is any nonzero real number. We get
-2 A
Mg, A= .

2.1.3 Gram Matrices

Definition 2.13. Let V be a real inner product space. For a set {vy,...,v,} of linearly independent

vectors of V, we define the Gram matriz to be the n X n matrix of inner products

G = [{vs,05)].
We now define the mapping
Gram : GL,(R) — G := {G € GL,(R) : G is positive-definite and symmetric}
as follows:

M— M-MT.

If B is a basis for V, let Gg = Gram(Mp). Notice that if (A’, B’) is a lattice in V obtained by a

series of rotations and reflections on (A, B), then

Mp = Mp - U,

for some U € O, (R). It follows that



G = Mp Mg,
ZMB-U-(MB-U)T
=Mz -U-U"- ML
= Mp - ML
= Gp.

In other words, Gram induces a bijection

{(A, B) up to rotations and reflections} +— G.
Furthermore, the action of GL,(Z) on GL,,(R) via left multiplication induces an action of GL,,(Z)
on G as follows: For v € GL,(Z),
MB’ = ’YMB7

SO

Gp = YMgMjy" = +Gpy".

We define

v-G:=~GAT.

This yields the following lemma:

Lemma 2.14. The map (A, B) — Gp is GL,,(Z)-equivariant.
This gives a one-to-one correspondence between lattices in V' up to rotations and reflections, and
the orbit space GL,,(Z)\G, via the mapping

Note that for A € R*, we have

AMp — AMp (AMp)" = \2Gp.

That is, R* acts on G as follows: For A € R*, we have G - A = A\2G. This finally gives us the

following bijection.

Lemma 2.15. There is a one-to-one correspondence between rank n lattices in V up to roations,
reflections, and scalings, and GL,,(Z)\G/R*, given by

GL,(Z)MgR* O,(R) — GL,(Z) - Gg - R*.



Example 2.16. Given the matrix Mg, , we get the corresponding Gram matrix

2 0
G = M Me, = (0 2>'

The entries on the main diagonal indicate the squares of the norms of the vectors, whereas the
other entries give information about the angle between these vectors. Here, the cosine of the angle

between them is zero, so the basis is orthogonal. This lattice is square.

We are finally ready to define the shape of a lattice.

Definition 2.17. We define the shape of a lattice A in V' to be its equivalence class under rotations,
reflections, and scaling. As such, the shape of A, denoted sh(A), can be viewed as an element of the

double coset space

GL,(Z)\G/R*.

2.2 The Geometry of Numbers

In this section, we associate a full lattice of rank n to a number field of degree n over Q. This
lattice is given as the image under the Minkowski embedding of the ring of integers Ok, which is a

free Z-module of rank n. We then define the shape of a number field.

2.2.1 Number Fields

In this section, we introduce some notation and concepts concerning number fields. We refer the

reader to [ , Chapter I] for details.

Definition 2.18. By a number field, we mean a finite algebraic extension K of the field Q of rational
numbers. The degree of K over Q, denoted [K : Q], is the dimension of K as a Q-vector space.

Definition 2.19. Let K be a number field of degree n. The signature of K, denoted [rq, 2], is an
ordered pair of non-negative integers, where r; denotes the number of real embeddings of K, and ry

denotes the number of conjugate pairs of complex embeddings of K. Note that

n =11+ 2ra.

Definition 2.20. Let K be a number field of degree n over Q, and denote the embeddings of K

into C by o1, ...,0,. We define the trace map on K as follows: For an element z € K,

tr(x) := Z oilx).

10



Definition 2.21. Let K be a number field of degree n. An element a € K is called integral if a
satisfies some monic polynomial in Z[z]. The ring of integers of K, denoted by Ok, is the integral
closure of Z inside of K. That is,

Ok ={a € K : f(a) =0 for some monic f(x) € Z[x]}.

A system of elements wi, ... w, of Ok is called an integral basis of K if every element o € O

can be written uniquely as an integer linear combination of the w;. That is, there is a unique choice

of integers aq,...,a, € Z such that
n
a = Z a; wW;.
i=1
In | , Proposition 2.10], it is shown that every number field K has an integral basis. The

existence of an integral basis for Ok implies that O is a free Z-module of rank n. An integral

basis for Ok is also a basis of K as a Q-vector space.

Definition 2.22. Let K be a number field of degree n, and denote the embeddings of K into C by
01,...,0n. Let Ok denote its ring of integers, and let {w, ..., w,} denote an integral basis of Ok.
The discriminant of K, denoted A(K) is defined as

2

al(wl) 0‘1(11}2) Ul(wn)
ag(wl) 02(11}2) O'Q(wn)
A(K) = det
on(wy) op(we) ... op(wy)
Proposition 2.23. | , p. 14-15] The discriminant of K is independent of choice of integral

basis.

2.2.2 Minkowski Space

Throughout this subsection, let K be a number field of degree n, with complex embeddings
O1y...,0,. Let Ok denote the ring of integers of K, and let B = {wy,...,w,} be an integral

basis of Ok.
Definition 2.24. Associated to K is the complex inner product space K¢ = [[, C. The Minkowski
embedding jc : K — K¢ is given by

jc(@) =24 = (01(2),...,00(2)).

We define the Minkowski space of K to be the real inner product space Kgr consisting of the
R-span of jo(K) with inner product the restriction of that on K¢.

11



To define the shape of K, we embed the elements of the integral basis B of Ok into Kgr via the
Minkowski map jc. The resulting set {jc(w1),...,jc(wn,)} generates a full lattice Lx of Kg. We
might be tempted to define the shape of K as the shape of Lx. However, for our purposes, we make

a modification to the lattice jc(Ok) by considering a specific orthogonal projection.

Proposition 2.25. We have that the volume of the lattice Ly is given by
Vol(Lk) = /|A(K)|.

2.2.3 Orthogonal Projection

For a Euclidean vector space V', and non-zero vectors 9,w of V, we let W be the subspace of V/

spanned by @. We define the vectors

L v
= UH[W] = wlﬁw7
G =L [W] =0 — 5 [W] = 7 — =i,
w-w

Let V be an n-dimensional Euclidean vector space, let W be a 1-dimensional subspace of V', and

let 0 # @ € W. The projection of V orthogonal to W is the subspace of V defined by

Vi={a,[W] : ueV}={FeV : ¥ -4 =0}

For any subset S C V., we can define the projection of S orthogonal to W as
S [W] = {a, [W] : @ € S}. In particular, we can talk about the orthogonal projection of
a lattice L orthogonal to W.

Thus, V| is an (n — 1)-dimensional subspace of V. Note that for @, 7 € V', we have

(@) @)

w - W

a W] v [W]=a v-

Now we return to number fields. In this thesis, we want our integral basis of Ok to contain 1,
which is always possible to do. So without loss of generality, we assume that {wq,...,w,} is an

integral basis of O, with w; = 1.

Definition 2.26. We have that Ky is an n-dimensional real inner product space spanned by the
vectors jo(1), je(wz),. .., jo(wy,). We let W be the one-dimensional subspace of Kgr spanned by
jc(1), and we define jo(Ok )t to be the projection of jo(Ok) orthogonal to W.

We have the following useful equation.

Proposition 2.27. For elements x,y € K, we have

12



(c(@),ic(1))(c(y),jc(1))

(Je(@)1 - (Gc(y) L = {Jc(z),jc(y)) — o) o)

Proof. For x € K, it follows that

(jo(),jo(1) =) oi(z) = tr().

=1

Then, with (jc(1),jc(1)) = n, the result follows.

2.2.4 The Shape of a Number Field

Let K be a number field of degree n, with complex embeddings o1, ..

= (jo(a). joly)) — T W),

.,0p. Let Ok denote the ring

of integers of K, and let B = {wy,...,w,} be an integral basis of O, where w; = 1.

Definition 2.28. The shape of K, denoted sh(K), is defined to be the shape of the rank (n — 1)

lattice jc(Ox)*.

We describe how to compute the shape of a number field K given the integral basis B of Ok.

For the sake of this thesis, it suffices to restrict to number fields that are totally real (i.e. all

embeddings of K are real).

Let K be a totally real number field of degree n, and let B = {1, ws,...,w,} be an integral basis

for Ok. Define the matrix Mz € GL,(R) by

je(1)

Jo(ws)
Mp =

]C(wn)

Note that if o, 8 € K, then

From here, the Gram matrix relative to B is given by
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tr(1) tr(ws) . tr(wy,)

Gis = MM tf(f.vz) (jc(wz)a.jc(w2)> <jC(w2)7.jC(wn)>

tr(wn)  {(Je(wn),jo(wz)) ... (jc(wn), jo(wn))

Next we take the orthogonal projection. It follows from equation (1) that a basis B+ for jo(Ox)*

is given by
1 1 1
B~ ={wy,...,w,},
where, for 2 < i < n, we have
tr(w;
n

Then

sh(K,B) = GL,_1(Z) - Gg. R*.

2.3 A Special Family of Lattices

In this section, we will introduce a family of lattices that will appear when determining the shapes
of the number fields that we will study in Chapter 3. As we will see, these lattices will give a

geometric interpretation of the shapes that we encounter.

2.3.1 The Matrix A,

We will now present a recursively defined sequence of matrices, denoted A,, and use it in our
subsequent construction. The matrix A,, will turn out to play a crucial role in Chapter 3, specifically,

this matrix will contain information about the Galois embeddings of the number fields we study.

Definition 2.29. For n > 0 we define the following 2™ x 2™ matrices:

Ap = [1], Apir =

Illustration 1. The first few matrices are given below:

When n =1, we get

When n = 2, we get

14



1 1 1 1

1 -1 1 -1

11 -1 -1

1 -1 -1 1

When n = 3, we get

1 1 1 1 1 1 1
-1 1 -1 1 -1 1 -1
1 -1 -1 1 1 -1 -1
-1 -1 1 1 -1 -1 1

As
1 1 1 -1 -1 -1 -1

1 -1 -1 -1 -1 1 1
-1 -1 1 -1 1 1 -1

Il
I = T S S S e e i

As we can see, these matrices are symmetric of size 2.

2.3.2 The Lattice D*

With the matrix A,, defined, we will now construct a lattice in (2" — 1)-dimensional space, denoted

D*, and study its shape.

Let n be a positive integer, let m = 2™, and let £ = m —1 = 2" — 1. We begin with the standard

primitive cubic lattice Z™ contained in R™. A basis for this lattice is given by the standard basis

B:{EQ,...,BK}

of R™, where e; consists of a 1 in the jth component and zeros elsewhere. Then the matrix Mg

is just the identity matrix I,,. Next, we define the vectors wy,...wy to be the row vectors of the

matrix
Ap
(U.)o,...,we) = 27 m-
We proceed to compute the Gram matrix of the lattice relative to the basis {wp,...,we}. We

first take the orthogonal projection onto the vector eg.
The lattice we want to define will be the ¢/-dimensional lattice whose basis vectors are the the
columns of the matrix

An
o

after deleting the first row and column. Since scaling doesn’t affect the shape, we will scale this

15



matrix by a factor of 2", and denote this matrix by A%. We get that the Gram matrix relative to

A? is given by

Ga; = [{wi,wy)] = AL L (A})T.

Denote by D* the lattice spanned by rows of AY. Its Gram matrix with respect to the rows of

A’ is given explicity as

A | -1
-1 ¢ -1 -1
Ga- = | -1 -1 ¢ -1
-1 -1 -1 ¢

Remark 2.30. This lattice is the called the dual of the root lattice Ay. We refer the reader to
[ , Chapter 4, Section 6.6] for more details regarding this lattice.

2.3.3 Primitive Orthorhombic Lattices

In this section, we fix a positive integer n. We let £ = 2™ — 1.

The above construction of D* started with the primitive cubic lattice Z™. Now, rather than
beginning with the primitive cubic lattice, we begin with a primitive orthorhombic lattice, i.e. a

lattice that has as its fundamental region a right rectangular polytope.

Suppose that B = {vy, ..., ve} is a basis for R?" such that the vectors v; are pairwise orthogonal,
and such that

V2r =ug| < ... < oyl

Definition 2.31. We call a lattice

AN=Zvyg+ ...+ Zvy
whose basis vectors are pairwise orthogonal an m-dimensional primitive orthorhombic lattice.

Now, we get that the Gram matrix G is given by
|vol®
|v1[?

GB - MBMBT ==

|ve|?

Next, we define the vectors wy, ..., wy via

16



Next, we take the projection of the w; orthogonal to vg. This gives the basis B+ =

Denote the ij-entry of the matrix A, by a;;. Then, for 1 <17 </,

4
1
Zwi—fzn E @i;5,v0 ) Vo
J=0

1
=i~ o > " aij(v;, vo)vg
=0

<U0, Uo>
22n
Yo

27L

7

:wi

Furthermore, for 1 <i,j < ¥, we have that

We now compute w; - w;.

k=0 K’

¢
N @ikGGk o

k=0

ol | < dikair
= 2271 +Z anon |Uk|

azka]k 2
Hence, we get that

J4
Z alkajk
2”2"

k=1

17

{wi, ...



Definition 2.32. We define the matrices M, ..., M, as follows. Let the entries of A} be given by
ai;, where 1 <4, j < £. Then the matrix M}, is given by
My, = [mgj),

where, for 1 <1i,j < ¢, we have

Mij = AikQjk-
With the above definition, we get that

L

1
G% = ﬁ Z ‘U}C|2M;€.
k=1

Remark 2.33. Notice that by adding these matrices together, we get

-1 -1 ... 7
This matrix is the Gram matrix of the lattice D* we presented in the previous section.

We now proceed to define the shapes associated to primitive orthorhombic lattices.

Definition 2.34. Let I" be the set defined by

X, .
r={A . ANTi1<x, <. <X,

Xy

Then there is a mapping I' — Sy from I' to the space of shapes of rank ¢ lattices given by

G GL@(Z)GRX Og(R)
Lemma 2.35. The above mapping is injective.

Proof. Let A; be a rank £ lattice with Gram matrix in I'. Then A; contains a sublattice A} whose

corresponding Gram matrix is given by
X
Xe

18



In particular, A} is a primitive orthorhombic lattice. If A5 is any other rank ¢ lattice with Gram

matrix in I" such that

Sh(Al) = Sh(AQ),
then the corresponding sublattices also have the same shape. That is,
sh(A]) = sh(A)).

Since both sublattices are primitive orthorhombic lattices, it follows that Xs,..., X, match,

proving that the mapping is injective. O
Definition 2.36. For 1 < X, < ... < Xy, we define
X5 T
sh(Xa,...,Xy) := GLi(Z)A}, . (A7) R™.
X

More generally, if we have 1 < X;, where the X;’s are not necessarily ordered, then we define

Sh()(g7 e ,Xg) = Sh()((,(g)7 N ,Xg(g)),

where ¢ is a permutation that gives

1< X0 <. < X

Lemma 2.37. Suppose the vy,...,v, are vectors such that |v;|> > |v1|?, but not necessarily in-
creasing in norm. Let {wo,...,we} and {wi,...,w;} be given as above. Then the shape of the
lattice

ZwlL—i—...—I—ngl,
is given by sh(Xa,..., Xy), where

|l

N

Definition 2.38. Let Sk, be defined as the subspace of S, with a set of representatives given by

M1 + R>0M2 + e + R>0Me.

Moreover, we have that

dim(SKn) =/—-1.

Thus, any representative in Sk, can be written in terms of an (¢ — 1)-tuple of real numbers
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sh(Xs, ..., Xp),
where this tuple represents the expression
¢

M+ X;M;.
j=2

2.4 The Space of Shapes

Let ¢ > 1 be an integer. We recall from Section 2.1 that the space of shapes of rank-¢ lattices is

given by

S¢ == GLy(Z)\G/R*.

We are interested in a particular subset of Sy that contains the shapes that we will study

in Chapter 3. These are the shapes discussed in the previous section. We will now define an

appropriate measure on this set which will allow us to talk about equidistribution.

Definition 2.39. Let Dy C GL/(R) denote the subgroup of diagonal matrices. Then elements of

Dy are in bijection with ¢-tuples (a1, ...,as) of non-zero real numbers. This gives an isomorphism

of Dy with (Rf)*. In particular, the Haar measure ji on Dy is that defined on (R*)*, namely:

dip =d*ay---d*ay,
where for 1 < j <n,

da;
X _ J
d aj——l s

a;

and da; denotes Lebesgue measure.

Definition 2.40. Let Rs,..., Ry be positive real numbers. We define a subset T, (R, ...

Dy as follows. Let D(1,as,...,ar) denote the diagonal matrix

D(1,a9,...,a¢) =

ar

Fix positive real numbers 0 < Ry < ... < Ry. Define the set

, Ry) of

T.(Ra,...,Ry) := {D(17a27...,a4):\/Rzgazg...gagg\/RZ,\/Rf-gai f0r2§i§£—1}.
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Proposition 2.41. The measure of Ty(Ra, ..., R;) is given by

/\/Rg 1/\/th 1/\/R4 2 /@anQ---dxae. (2.2)

When ¢ =7, we get

- 1
/j‘(T7(R2a"'7R7)) 266' (R27'~~7R7)a
where F(Rg,...,R7) is a homogeneous polynomial function of degree 6 in the variables

log(Rs), ... ,log(Ry).
Next, we define a mapping from the set D, of diagonal matrices to the set I' as follows:

Let Dx = D(1,X5,...,X,). Then, for a diagonal matrix D, = D(1,as,...,as) € Dy, we have
that D, acts on G = A Dx(A%)T by scalings:
D, -G = (A5 D,) Dx (A5 D,))" .

Definition 2.42. We define W (R, ..., R¢) to be the image of Ty(Ra, ..., Ry) under the mapping

Do+ Do -Gar = A%D(1,a3,...,a2) (AT,

Explicitly, we have

W(RQ,...,Rg):{A;DX(A:)T:X2§...§X4§Rg,RiSX,» for2§z’§€—1}.

The map above is a bijection ¢ : Typ(co) — I'. We then get a measure p on Sk, . Specifically, for
W C Sk, , define

n)

u(W) == 2"V~ (W),

Corollary 2.43. The measure of W(Rs,..., Ry) is given by

(W (R, ..., R /// /dexaz *a.

In particular, when £ = 7 we have

M(W(RQ, ey R7)) = éF(RQ’ ceey R7)

2.4.1 Equidistribution

With the measure p given above, we define what it means for a family of number fields to be

euqidistributed with respect to pu.
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Let S be a subset of the space of shapes of rank n — 1 lattices and suppose p is a Radon measure
on S. Let K be a family of degree n number fields whose discriminants are unbounded and such
that sh(K) € S for all K € K.

Definition 2.44. If u(S) < oo, we say that the shapes of the fields in K are equidistributed in S
(with respect to ) if for every u-continuity set W C S*

L #{K € K AU < X sh(K) €W} (V)
X—00 #{K e K:|A(K)| < X} wu(S)

When #(S) is not finite, as will be the case for multiquadratic fields, this definition needs to be
modified.

Definition 2.45. We say that the shapes of fields in K are equidistributed in S (with respect to u)
in a regularized sense for the gauge g(z) if there is a positive constant C' > 0 such that for every

compact p-continuity set W C .S

oy €K |AK)| < X sh(K) € W)
X—oo g(x)

= Cu(W). (2.3)

Proposition 2.46. Let C be the following hypercube in R¢~!: Begin with the standard unit cube
in R~ scale it by a factor of r, then translate the origin to the point (za,..., 21,2, — 7). Then

C can be written as a linear combination of sets of the form W (Rs,..., Ry).

Proof. We employ the principle of inclusion-exclusion. First, we get that C is contained in the set
W (za,...,z¢). Since the latter set is larger than C, we subtract sets that run adjacent to (411) faces

of C. These are precisely sets of the form

W22, oy 2j—1, 25 F 12541, - 201, 20)

if 2<j7</¢—1, or the set

Wiz, 201,20 — 1)
if j =¢. Let Wj,(22,...,2) denote the set that adds r to the ji-coordinate, where 2 < j; < /¢ —1

(or subtracts r when j; = /).

However, by subtracting these sets, we have removed certain parts of W (za, ..., z¢) twice, namely
those lying in the intersection of any two of the sets W}, (22,. .., z¢). We add these back in with sets
of the form

W(..,wi+r. .. ,wj+r,...),

where we are adding r to exactly two coordinates (or subtracting r if the coordinate is z¢). There

LA p-continuity set W C S is a measurable subset whose boundary has measure 0.
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are (g) such sets, which we denote by Wj, ;,(z2,...,2¢), for 1 < j; < jo < L.

Continuing in this manner, we obtain the following expression for C:

{—1

C=Wl(z,....,20) + > > D)Wz 20)

=1 \2<51<...<j; <¥

O

We are interested in the case where S = Sk,. By a standard measure theoretic argument,
any function f € C.(S) can be approximated arbitrarily well by finite linear combinations of
step functions of cubes C with respect to the L' norm. Then, by the above proposition, we
have that functions in C.(S) can be approximated by finite linear combinations of step func-
tions of the sets W(Rq,...,R¢). It therefore suffices to prove (2.3) for subsets W of the form
W(Ra,...,Ry) in order to establish equidistribution, by a similar argument to | , Theorem 3.1].

In the next chapter, we compute the shapes of totally real multiquadratic extensions that are
unramified at 2. Finally, in Chapter 4, we develop the tools for counting such number fields restricted
to n = 3. We then combine this information with the results on shapes to prove an analogous result
to Equation (2.3).
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CHAPTER 3
MULTIQUADRATIC EXTENSIONS AND THEIR
SHAPES

In this chapter, we specialize the study of shapes of number fields to the main objects of interest:
multiquadratic fields. A multiquadratic field is a field that is a compositum of quadratic subfields.
As we will see, a multiquadratic extension is an abelian number field of degree 2", and in some

sense, its shape is determined by its 2 — 1 quadratic subfields.

We will see that this family of number fields can always be broken up into three categories,
according to specific congruence conditions modulo 4. In | ], the author describes a specific
subdivision of multiquadratic extensions according to congruence type, and proceeds to compute

the discriminant of the field as well as an integral basis for its ring of integers.

We will choose one specific category of multiquadratic extensions as portrayed in | ], and

from there, be able to compute the shape.

3.1 Multiquadratic Extensions

3.1.1 Basic Results

Definition 3.1. Let n > 1 be an integer, and suppose that Dqo, ..., Dyn-1 are n distinct, squarefree
integers not equal to 1, such that the squarefree part of Dqi Dy; # Dor whenever 1, j, k are distinct.

We define the multiquadratic extension K, generated by Dso, ..., Dyn—1 to be the number field

K, = Q(\/Do,...,\/Dyn-1).

We let

D = {Doo, ..., Dyn-1},

and call it a generating set for K,. The condition on the Ds implies that [K,, : Q] = 2". From now
on, let £ denote the quantity

Note that the subscripts are written down as powers of 2. This notation provides a convenient
way to keep track of the ¢ quadratic subfields of K,,. We describe these quadratic subfields as follows:

Lemma 3.2. The quadratic subfields of K,, are given by Q(,/D;), for 1 < j < ¢, where
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DiDQk

77 ged(Dy, Dy )? .

wherej=i+2kfor1§k§n—1and0§i§2k—1.

By convention, we set Dy = 1. As we will see, the generators {v/Dy,...,+/Dy} of the quadratic
subfields of K,, show up when finding an integral basis of the ring of integers of K,,. Before we can
compute an integral basis, we shall state some basic facts about multiquadratic extensions. The

following results are summarized from [ ]

For an element D; € D, it follows that D; = 1,2,3 (mod 4) (Note that D; # 0 (mod 4) since D;
is, by definition, a squarefree integer). In order to classify all possible multiquadratic extensions,
[ ] shows how to make modifications to the generators in such a way that K, has at most one

generator D; that is congruent to 2 and one congruent to 3 modulo 4.

Lemma 3.3. | , p. 10] Let K,, = Q(v/Doo, ...,/ Daon-1), and let D = {Dgo, Do1,..., Don-1}.
Then without loss of generality, we have at most one of the generators congruent to 2 and 3 modulo
4.

With the above lemma, we can now reduce the study of mutiquadratic extensions into four
categories, according to congruence conditions modulo 4. The generating set for K, falls under

exactly one of the following cases:
{1,...,1}
D={Dg,...,Don1} = n-1 (mod 4).

{1,...,1,2,3}
——

n-2

Within each case, we can compute an integral basis B for the ring of integers Ok, . As is
demonstrated in | ], the second and third set of congruence conditions give rise to integral
bases for Ok, of the same form in terms of the /D;. Hence, there really are only three cases to

consider when one wants to compute the shape of K,,.

3.1.2 The Case of Interest

The goal of this thesis will be to study multiquadratic extensions of Q that are totally real and
whose generating set fall under the case {1,...,1}. Thus, from now on, we make the following

assumption:

25



Assumption: K, = Q(v/Dao,...,\/Dan-1), where D = {Dso,..., Dyn-1} is a generating set and
Dy =1 (mod 4) and positive.

By Definition 2, it follows that D; = 1 (mod 4) for 1 < j < ¢. We also define the following

notation:

Let n > 2 be an integer. Let M,, denote the set of all multiquadratic extensions of degree 2",
let M;"", denote those that are totally real, and finally, let M (i) denote totally real multiquadratic

extensions whose generators are congruent to 1 modulo 4.

3.1.3 The Galois Group

A convenient feature of multiquadratic extensions is that they are abelian. Furthermore, we have a
way of encapsulating information about the Galois automorphisms into a matrix. This will play a

key role in determining the shape of K,,.

We will begin by looking at the Galois group Gal(K,,/Q).

Lemma 3.4 (] , p- 4]). K, is an abelian extension over Q of degree 2", with Galois group
isomorphic to Cy x ... x Cy, where Cs denotes the cyclic group of order 2.
n times

We have a nice way to keep track of how the Galois automorphisms act on the generators of
K,. In particular, Gal(K,,/Q) is generated by elements ¢ such that o acts on exactly one of the
generators y/Dayx by sending it to its negative, while keeping the other generators fixed. This in
turn causes sign changes for the \/Dij that are defined using v/Dyx. Since there are 2" Galois
automorphisms acting on the 2" elements 1,v/Dy,...,v/D;, we can denote these actions using a
2™ x 2™ matrix whose entries are either 1 or —1. These matrices are the matrices A, given in
Definition 2.29. The Galois embeddings of K,, can be read off the matrix A,, as follows.

Proposition 3.5 (] , Corollaire 1]). Write

Ap = (ag5),

with 0 < 14,5 < ¢. We may order the embeddings

o; € Gal(K,/Q)

such that

oi(y/D;)
VvD;

Proposition 3.6. The matrix A,, is symmetric. Furthermore, we have that

ajj =
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A% = A, AT = 2",
where Ion denotes the 2™ x 2™ identity matrix.

Proof. 1t is easy to see from the recursive definition that A,, is a symmetric matrix. We will prove

the second statement by induction on n

If n =0, then

Suppose the statement is true for n. Then we have

A, A, )\ (A, A, 242 0 2(2" In 0
A= =\ 3 o] 2 1) = 2" L,
4, -4,)\a, —a, 0 242 0 202"

which is what we needed to show. O

With these basic results about multiquadratic extensions, we are now ready to compute their
shape. We proceed with the shape of K,, in general. We then present the calculation more explicitly

for the case when n = 2.

3.1.4 An Integral Basis for K,

In this section, we will describe an integral basis for O, .

Theorem 3.7 ([ , Théoréme 1(b)]). Let v be the vector in (Kn)2n defined by

vz%(l,\/Dl,...,JE)T.

Then, with the matrix A,, defined above, an integral basis for K, is given by the components of

the vector

A, .

That is, if o := (A, - v); denotes the j* component of A4, - v (with 0 < j <), then

B* = {ao,...,al}

is a (normal) integral basis of K.

Lemma 3.8 ([ , Théoreme 1 (b)]). The discriminant of K, is given by
¢
A(Kq) =[] D;
j=1



Remark 3.9. Because we focus on the case that each D is congruent to 1 modulo 4, the discriminant
of K, is not divisible by 2. It follows that 2 is unramified in these extensions. It is shown in | ]
that 2 does ramify if the generating set of K, exhibits elements that are not congruent to 1 modulo 4.

Therefore, the multiquadratic fields we are interested in are precisely those in which 2 is unramified.

Note: In the process of computing the shape of K, it will be desirable that our integral basis
contains 1. As such, we make a modification to the basis given above. We just need to make sure
that the basis element we replace can be written as a linear combination of the other basis elements
in an invertible way. We can indeed do this, for any basis element, and in particular, we choose to

replace «p, since

Qo

14Dy +...+ VD _1_éw
- on - = 7

We define the integral basis that we will work with below:

Definition 3.10. We define B to be the integral basis for O, given by

B={l,a1,...,as},

where a; denotes the 4" component of the vector A, - v.

3.2 The Shape

With the integral basis for O, in hand, we are now ready to compute the shape of K,,.
We begin with the basis 2™v of R = Z[/D»,...,+/D;], which we denote by F:

F:={1,V/D1,...,/Dy}.

Now, applying the Minkowski embedding to these elements, we define the following vectors: For
0<j </,

vj = je(v/Dj)-
(Recall that Dy is defined to be 1.)

Lemma 3.11. With the definitions above,

05> = (jc(Dy), jo(D;)) = 2" D;.
Furthermore, these vectors are mutually orthogonal.

Proof. We have

|0;> = (vj,v5) = > Dy =2"D.

J4
k=0
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Now suppose i # j. We have

(vi,v) = tr (V/Di/D;)
= tr (Mgcd(Di, Dj))

‘
= /Dy ged(Di, D;) Y ai

7=0
=0. [

In particular, the above lemma tells us that

[vo| < v

for 1 < j < €. Next, we define the vectors w; as the images under the Minkowski embedding of the

integral basis elements ;. In other words,

wj = jo(ay),

for0<j </

We then have

wWo Vo

w1 B An U1
oo | |

Wy Uy

which agrees with the setup given in Section 2.3. Thus, from Lemma 2.37, we get the following

result.

Corollary 3.12. Let K, be a multiquadratic extension, and let (D, ..., D;) be the corresponding
tuple of quadratic generators. If D; < Dj; for 2 < j < ¢, then the shape of K, is given by

B Dy Dy
Sh(K7z)Sh(Dl7...,Dl),

as in Definition 2.36.

3.2.1 The Shape of K,

In this section, we illustrate the computation of the shape of K5 relative to our integral basis. This

section is meant to provide the reader with a more explicit presentation of the shape.

Define the biquadratic extension
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K2 = Q(\/Ev \/D72)7

with Dy, Do = 1 (mod 4), squarefree, distinct, and greater than 1. Associated to Ko, we have the
triple (D1, D2, D3), where

DD,
 ged(Dy, Ds)?’

Let v = i(l, V'D1,v/D2,+/D3). We also have the matrix As given by

3

Ay =

—_ = = =
[u—
|
[y
|
—_

An integral basis for Ok, is given by {ag, a1, as, a3}, where

o = (Agv)i,i = O7 1, 2, 3.

This yields

a0:§(1+ﬁ+@+@),

o1 = 11— VDi + VD - VD),

a2 = 1+ VD1~ v/Dz — V/Da),
1

a5 = 11— VD1~ /Dy + VD).

Since we prefer our integral basis to contain 1, we replace wy with 1, giving the integral basis

B = {17’11}1,’[02, wd}

To compute the Gram matrix associated to this integral basis, we first compute the Gram matrix
of the field basis F = {1,+/D1,+v/D2,v/Ds}. Our first step is to embed the field basis elements into
the Minkowski space of K. With j denoting this embedding, we have



With these vectors in hand, we get the matrix Mz whose rows are a basis for the lattice j(R):

J(1) 1 1 1 1
My — iWDy) | _ | VD —VDi VD1 —vDi
J(v/Dy) VD; Dy —/Dy —/D,

WDy \VDs —vD; —vDy VD;
Proposition 3.13. The Gram matrix of the inner product on the Minkowski space of Ky with

respect to this basis is

1 0 0 0
0 D, 0 0
Gr=MsrM~L =4
FoE 0 Dy 0

0 0 0 Dy

Proof. Define the diagonal matrix P by

1
P= VD1
VDo
v D3
Note that
1 1 1 1 1 1 1 1 1
PA, — VvDy 1—11—1_\/DT—\/DT\/DT—\/DT_M
2= = =Mr.
V' Ds 1 1 -1 -1 VDy Dy —+/Dy —+/Dy
VD3 1 -1 -1 1 vD3 —+v/Ds —/Ds /D3
Thus, we have that
Gr = MzrMFE
= PAy (PAy)"
= PAALP
= P (41,) PT
= 4P%
We have
1
D
4P? =4 ! ,
Dy

Ds
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as desired. O

Next, we compute the Gram matrix attached to B. To compute this Gram matrix, we use the

change of basis matrix %Bg given by

By

— = =
I
—
—
I
—_

Note that Bs is obtained by modifying the first row of A, in order to get 1 in the integral basis.
We get that

1 2
Gp = (4) ByGxBT
1 2
:<4> B, (4P?) BY
1
= —By,P?’BT
4
4 0 0 0 1 4 1 1 1
11 -1 1 -1 Dy 0 -1 1 -1
411 -1 1 Do 0 1 -1 -1
1 -1 -1 1 Dy \0o -1 -1 1
4 0 0 0 4 1 1 1
1|1 -Dy Do -Ds|]|O -1 1 -1
4|1 Dy -Dy -Ds|]0 1 -1 -1
1 —D; —Dy Dj 0 -1 -1 1
16 4 4 4
1|4 14D1+Dy+Ds 1=Dy—Dy+Ds 1+Dy—Dy—Ds
4 4 1—Dy—Ds+ D3 1+Dy+Dy+D3 1—Dy+Dy— D3

4 1+D1—-Dy—D3 1—-D1+Dy—D3 1+Dy+Dy+ D3

Next, to get the shape of Ks, we take the orthogonal projection onto jc(1). According to
Equation 2.1 we presented in Chapter 2, we get that the shape of K, relative to the integral basis
B is given by
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) Dy +Dy+D3 —D1—Dy+D3 Di—Dy—Ds
Sh(Kg,B) = Gé = 1 —D1—Dy+D3s D1+ Dy+ Dg —Dy + Dy — D3
Dy —Dy—D3s —Di+Ds—Ds Dyi—+ Ds—+ Dg

3.2.2 A Geometric Point of View

For a geometric interpretation of the shape we obtained, note that the entries of the Gram matrix
can be seen as inner products. In general, if C = {vy,...,v,}, the Gram matrix relative to C is given
by

Ge = Mc Mg = [(v;,v))], with 1 <i,j <n.

In our present case, the shape of K relative to the matrix B is given by

Di+Dy+Ds —Dy—Ds+Ds Dy—Dy— Dy
—Diy—Dy+ D3 Dy+Dy+D3s —Di+Dy—Ds
Dy —Dy—Ds —Diy+Dy—D3 Dy+Dy+ D3

Suppose that the three vectors in R? that define the lattice j((’)j@) are denoted vy, vy, and vs.
Notice that the main diagonal entries are equal, meaning that the fundamental region of our lattice

in R? is composed of three vectors of equal length:

1
[v1| = |va| = |v3| = \/4(D1 + Dy + Ds).

Additionally, the angles between these vectors are all distinct. The shape in this case is a

body-centered orthorhombic lattice in R3.
Notice that we may write this matrix as

1
Sh(KQ, B) = Z (D1M1 + D2M2 + D3M3) s
where
1 -1 1 1 -1 -1 1 1 -1

Mi=]1-1 1 —-1|,My=|-1 1 1 |,Mz3=1]1 1 -1
1 -1 1 -1 1 1 -1 -1 1

The matrices M7, My, M3 give a way of parametrizing the shapes of biquadratic extensions. In

fact, these are the very matrices given in Definition 2.32.
To summarize, the shape of K, relative to the integral basis B is related to the matrix D*. If we

scale each side of the primitive hypercubic lattice by /D;, then sh(kK,, B) ends up being a scaled

version of D*.
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Since the shape allows for scaling, we can in fact express the shape of K, in terms of ratios of
the D;’s. We make the following definitions.

Definition 3.14. Given a multiquadratic extension K,,, and its associated ¢-tuple (D1, ..., Dy), we

D2 Dy
Dy Dy

by dividing through each term by D; and dropping the first term. This resulting point in Q¢!

obtain an (¢ — 1)-tuple

characterizes the shape of K,,. We can write

L
Dy Dy ]
=sh .. = E —
sh(K,,B) =s (D1 , > 2D

In order to prove a statement regarding equidistribution of multiquadratic extensions, we will
need to develop a way of counting these fields. However, their infinitude must be handled by placing
a bound X on the discriminant. As we have shown, the discriminant of K, is equal to the product
of all the D;’s. We will need to measure how many fields have shape in a box in Sk, . This amounts

to placing a bound on the ratios l%'

The next chapter is devoted to counting our number fields, which will in turn allow us to prove the

main result of this thesis, namely, that the shapes of multiquadratic fields are indeed equidistributed.

34



CHAPTER 4
COUNTING NUMBER FIELDS

In the previous chapter, we calculated the shapes of certain totally real multiquadratic fields
K,,. We then represented the shape of K,, as a square matrix of dimension ¢ = 2™ — 1. The entries
in this shape matrix are given in terms of the numbers D;,1 < j < ¢, where Q(ﬁ) are the
quadratic subfields of K,,. We would like to determine a method of counting how many of these
number fields there are with discriminant bounded by some positive real number X and with shape

in a given region.

In this chapter, we restrict to the case n = 3. The main number theoretic ideas already
occur in this case and suggest what steps are needed to show that, for general n, the shapes of
multiquadratic fields (allowing the cases of complex number fields, as well as ramification at 2) also

admit a regularized equidistribution as the absolute discriminant tends to infinity.

This chapter will be broken up into four parts. A multiquadratic extension K, and, more
importantly, its shape, is characterized by the ¢-tuple (D1, ..., D;). Therefore, these number fields
correspond to certain lattice points in Z‘. Since the discriminant of K, is given in terms of the
Djs, bounding the discriminant by some real number X restricts to a finite number of lattice points
that lie in some region. The first goal of this chapter will be to give an adequate parametrization

of multiquadratic extensions in terms of lattice points that will allow us to count them.

Once a parametrization has been given, we compute the volume of the region in which these
lattice points lie. The Principle of Lipschitz then allows us to determine the number of lattice

points relative to this volume (up to some error).

Since not every lattice point in a given region represents a multiquadratic extension, our next
goal will be to introduce a counting (sieving) method for determining how many number fields

actually occur in a given region.
The final part of this chapter will focus on proving that the shapes of triquadratic extensions

are equidistributed in the subset of the space of shapes in which they live as the discriminant goes

to infinity.

4.1 Counting Triquadratic Number Fields

In this chapter, we will prove counting results pertaining to n = 3, as well as establish the

equidistribution of shapes of triquadratic extensions.

For the setup, we let K3 = Q(v/D1,vDa,+/Ds), with Dy, Dy, Dy positive, distinct squarefree
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integers that are greater than 1, congruent to 1 modulo 4, and such that the squarefree part of

D1Dy # Dy4. Associated to this field is a 7-tuple of positive squarefree integers

(D1, D2, D3, Dy, D5, D¢, D7),

where Q(,/D;),1 < j < T are the 7 quadratic subfields of K3 given in Equation (3.1). As we showed
in Chapter 3, the shape sh(K3, B) of K3 relative to the integral basis B of Ok is

_ _(Dy D
sh(K33,B) = sh (Dl,..., D1) )

Our goal in the next section is to parametrize the collection of totally real triquadratic extensions
unramified at 2, with bounded discriminant and whose shape lies in W (Rs,...,R7) in a way that

allows us to count such fields.

4.2 Parametrization

Definition 4.1. Fix real numbers X and R, ..., R7. Let N3(X, Ra, ..., R7) denote the integer
N3(X, Ry, ..., Ry) = #{K3 € M} (i) : A(K3) < X; sh(K3) € W(Ra,...,Ry)},

where W(Rag, ..., R7) is given in Definition 2.42.

The strategy for computing this number is to find a parametrization of our triquadratic

extensions. The parameters we choose must be compatible with our notion of discriminant and

shape.
Naively, one might expect to parametrize our fields with D, ..., D7. However, the set
D D
(Dy,...,D7) €ZL,:Dy-...- Dy < X;sh | 22,..., 2L ) e W(Rs,...,Ry)
= Dq Dy

carries several dependencies that are ignored when considering the set above. A way to circumvent
these dependencies is to work with a strongly carefree tuple (g1, ..., g7), whose entries are squarefree

and pairwise relatively prime integers. We construct this tuple below.

4.2.1 Strongly Carefree Tuples

Definition 4.2. We call an ¢-tuple (¢1,...,g¢) of integers strongly carefree if the g; are squarefree

and pairwise relatively prime.

The following gives a way of constructing a strongly carefree tuple (g1, ..., g7) from (Dy,..., D7).

Given a 7-tuple (Dy, ..., D7) corresponding to a field K3, we look at the relatively prime factors
of the generators D1, Do, and Dy.
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First, every generator may have a common factor, which we denote by ¢;. In other words, we

have

Di=g...,
D2:gl~"a
D4:g1....

Next, note that D4 may share a factor with Dy and another with D;, call these g and g3,

respectively. So

Dy =q93. .-,
Dy =aq192. ..,
D4=glg293....

To finalize the description of D4, we note that it may have a factor, say g4, that is not shared
with the other generators. Thus,
Dy =g19s.- ..,
Dy =g192. ..,
Dy = g1929394-
Next, we proceed with Dy. We already addressed the factor it shares with Dy, but it might have
a factor it only shares with Dy, call it gs:
D1 = g19395 - -,
D3 = g19295 - - -
Dy = g1929394-
Finally, Dy may have its own factor, which we call g5. This also leaves D to have its own factor
as well. Denote it by g7. Thus, we have
D1 = ¢1939597,
D3 = 91929596,
Dy = g1929394-

From the generators, we obtain Ds, D5, Dg, and D7 according to their definition, keeping track

of clearing any square factor. We get:

Definition 4.3. The generators D1, ..., D7 of K3 are written in terms of strongly carefree integers
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g1, - .-, g7 as follows:

D1 = 91939597,
D3 = 91929596,
D3 = 92939697,
Dy = g192939a-
D5 = 92949597,
D¢ = 93949596,
D7 = 91949697

By construction, the 7-tuple (g1, ...,g7) is strongly carefree. A faster way to recover this tuple

(that also generalizes nicely for every n) is with the use of the matrix As:

1 1 1
-1 1 -1
1 -1 -1
-1 -1 1
-1
-1 1 -1 -1 1 -1 1
1 -1 -1 -1 -1 1 1
-1 -1 1 -1 1 1 -1

— = = =

A3z

e T e T e T e T o T =S
=
[
=
|
—_
|
—_
|
—_

If we delete the first row and column, we obtain the matrix A% given by

-1 1 -1 1 -1 1 -1
1 -1 -1 1 1 -1 -1
-1 -1 1 1 -1 -1 1
1 1 1 -1 -1 -1 -1
-1 1 -1 -1 1 -1 1
1 -1 -1 -1 -1 1 1
-1 -1 1 -1 1 1 -1

If we let each row of this matrix represent D1,..., D7 and each column (from right to left)
represent gi, ..., g7 respectively, then D; picks up a factor g; if the ¢, (7 — j)-entry of the matrix is
equal to —1.

With a strongly carefree tuple in hand, we proceed to express the discriminant and shape of K3

in terms of the g’s. We do this for n in general.
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Proposition 4.4. The discriminant of K, is given by
277,—1

A(Kp)=Dy---De= (g1 ge)

Proof. We already showed that

AK,) =[] Ds.

1<j<e

To prove the equation involving g;’s, it suffices to show that each g; occurs exactly 2"~ times.
From the algorithm we introduced, the occurrence of each g; is equal to the number of entries that

are —1 on each column of the matrix A%. We will show that each column has 2"~ entries that are —1.

We argue by induction on n. If n =1 then

Then A} = (—1), so —1 occurs once, and 1 = 2°.
Suppose the claim holds for 1 < k < n. In particular, it also holds for the matrix —A,,.
Now, A,+1 is defined recursively as
A A
An+1 - " " .
A, —A,
So by the inductive step, the number of entries of each column of A, ;1 that are equal to —1 is

2 (27171) — 2n — 2(n+1)71.

Corollary 4.5. For n = 3, we have

A(K3) = (g1---g0)".
With the discriminant in terms of the g;’s, we proceed with computing the shape of K3 in terms

of the g’s. Since the shape is defined in terms of the ratios, we make the following definition.

Definition 4.6. Define the variables xa,...,z; by

Lj
xT; = , 2<j5<T7.
7Dy ==
Then we express these new variables in terms of ¢1, ..., g7 as follows:

9296 9296 9294 9294 9496 9496
= €T = €T = €T = €T = €T =

T2 , L3 y L4 y L5 y L6 y L7 .
g3gr 9195 9597 9193 9197 g39s

39



4.2.2 Choosing Generators

We would like a way of parametrizing triquadratic extensions K3 in terms of 7-tuples (g1,...,g7)

that are strongly carefree. However, any mapping of the form

KS — (gla"'ag'Y)

will be multi-valued, since there can be several permutations of (g1, . .., g7) that define the same field.

We want a way of counting the number of permutations of a given 7-tuple that gives rise to the

same field. This is equivalent to counting the number of ways of choosing a generating set.

Definition 4.7. Let K3 be a triquadratic field, and denote its associated 7-tuple by (D, ..., D7).
By a generating set for K3, we mean an ordered triple (D;, D;, Dy) chosen from (Ds,..., D7) such
that

K3 = Q(v/Di,/Dj, V/Dy).

Recall that once a generating set for K3 has been established, the rest of the D’s are defined by

taking the squarefree part of the product of two generators.

Proposition 4.8. Let (Dy,..., D7) be the 7-tuple corresponding to a triquadratic extension Kj.
Then there are exactly 24 ways of choosing a generating set (D;, D;, D) for K3 from (Dy, ..., D7)
such that D; is the minimum of Dq,..., D7.

Proof. We are free to choose any of the D’s as the first generator, so we pick D; = min{ Dy, ..., D7}.
After that, we can choose any of the 6 remaining numbers as a second generator, and call it D;. Of
the remaining D’s in the list, one will be equal to the squarefree part of D;D;. We avoid choosing

this number, which leaves us with 4 choices for the final generator.

This gives (6)(4) = 24 possible generating sets. O

Remark 4.9. Using binary notation to denote the numbers 1,...,7 and placing these bits as
columns (or rows) of a 3 x 3 matrix, then we get a generating set exactly when the corresponding
matrix is invertible. We get that # GL3(F2) = 168 generators for K3. This argument shows that,
in general, the ¢-tuple for K,, contains # GL,,(IF3) generating sets (without any ordering).

With the number of generating sets accounted for, we can now give a well-defined mapping

between triquadratic extensions and points in Z7.

4.2.3 A Correspondence Between Fields and Points

Using g1, - .., g7 as new parameters, we want to define a mapping between our number fields and a

subset of 7-tuples (g1, ..., g7) which satisfy certain properties.
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Recall that M?T denotes the collection of totally real triquadratic extensions (ignoring congru-

ence conditions modulo 4).

The following lemma describes a partition of 7-tuples (g¢1,...,¢g7) into four types, according to
the number of 1’s that can occur. If more than four 1’s occur, then one of the D; will be equal to

1. We therefore get the following lemma:

Lemma 4.10. Let K3 € ./\/l;)r For a strongly carefree tuple (g1, ...,g7) corresponding to Ks, we
have that (g1,...,g7) falls under one of the following types:

(i) All 7 entries are distinct.
(ii) Two entries equal 1, the other 5 entries are distinct and not equal to 1.
(iii) Three entries equal 1, the other 4 entries are distinct and not equal to 1.

(iv) Four entries equal 1, the other 3 entries are distinct and not equal to 1.

The results that follow will be dependent on which case we specify. However, we will show in
4.27 that only the tuples of type (i) will affect the counting of number fields. We express M;‘ as
the disjoint union

Mg = M3 UM UM UMT
where M;jk denotes the triquadratic extensions K3 whose corresponding tuple (g1, ...,g7) is of

type (k).

Our goal is to relate the number of triquadratic extensions to the number of strongly carefree
7-tuples.

Lemma 4.11. Let (g1,...,97) denote a strongly carefree tuple of type (i) that corresponds to
some triquadratic extension K3 € M;fl Then any permutation of (g,...,g7) gives rise to some
triquadratic field.

Proof. Let (g1,...,g7) denote a strongly carefree tuple that corresponds to some triquadratic field
K5. We can recover this field as follows. Define the tuple (D, ..., D7) as in Definition 4.3.

From here, we can pick any generating set of K3. For instance, we have

K3 = Q(v/D1,V/Ds,/Da).

Now let o € S7. Denote the permuted tuple by

(90(1)7 v aga(7))'
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From here, we can define the tuple

(Df,...,D7)

by

DY = 95(1)95(3)90(5) 9o (7)5

D3 = 95(1)95(2)9o(5)9o(6)>

3

3 = 95(2)95(3)90(6) 9o (7>

S

1 = 9o(1)90(2)9o(3)9o(4)>

>

5 = 95(2)90(4)90(5)9o(7)>
Dg = 9o(3)90(4)9o(5)90(6)>
D? = 9o(1)90(4)90(6)90o(7)5
Then, for instance, {D{, D, D]} is a generating set for some triquadratic extension K7. That
is,
K3 = Q(v/DY, /D3, /D7) € M. O

Now, by placing a bound on the discriminant, we get finitely many number fields. We are now
ready to parametrize triquadratic extensions. Since we want to count triquadratic extensions whose
shapes lie in the set W(Ra, ..., R7), the next definition allows us to count strongly carefree tuples

(g1,-.-,97) in such a way that the corresponding ratios xs,...,x7 are in increasing order.

Definition 4.12. Fix a permutation ¢ € Sg. Let (k) represent type (i),(ii), (iii), or (iv), as in
Definition 4.10. Define G, (X, Ra, ..., R) to be the set

7
(g1, -.,97) str. carefree of type (k) € Z721 : I_Ig;l <X, T500) < ... < To(r) < Ry, Ry < 26
j=1

Define the set
Gi(X,Ra,....Ry) == | G}, (X,Ry,... Ry).

€S
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Theorem 4.13. There is a surjective mapping

G (X, Ra,...,Ry)) 25 ME (X, W(Ry,...,Ry))

3

given by

(91,---,97) = Q(\/91939597, /91929596, \/91929391) = K.

Proof. Given (g1,...,97) € Gi (X, Ra, ..., R7), we define

K3 = Q(\/91939597, /91929596, \/91929394)

whose quadratic subfields are generated by the square roots of Dy, ..., D7. Note that (D1, Da, Dy)

is not uniquely determined by Kj.

The 7-tuples (Dq,..., D7) are uniquely determined by the 7-tuples (g1,...,g7). Thus, with
D, < Dj for j > 2, we get a tuple (¢g1,...,97) with 1 < z; for j > 2. For sh(K3) € W(Ra, ..., Ry),
there is a unique permutation 7 € Sg such that

D2 Drr)

<...<
D, — - D

S R77

and

D7) ,
R; < —=—for 2 <j <6.
Dy

Furthermore, for (g1,...,97) € G; (X, Ra, ..., R7) we must have

Tri2) <o S Tppy < R7, and R; < Tr(5) for 2 < j <6,

for this 7 € Sg.
Since the shape of K3 is given by

sh(K3) = sh(za,...,27) = sh(z 2y, ..., 7-(7)),

it follows that sh(K3) € W(Rzg, ..., Ry) if and only if the corresponding tuple

(gl,...,g7) c QIT(X,RQ,...,Rﬂ.

From Proposition 4.8, K3 has 24 distinct generating sets (D;, D;, Dy) with D; smallest. To each
of these generating sets, we have permutations 7;(1 < j < 24) € Sg for which the corresponding

tuple (g1,...,g7) of K3 lies in the union

24
(917~~~>97) S U gk},Tj(X7R27"' 7R7)‘

Jj=1

This implies that this map is 24-to-1. O

43



Corollary 4.14. We have

1
ﬂ#gj_(Xa R27 e 7R7) = #Mg_,z(Xvw(R27 .. '7R7))'

This theorem gives a relationship between triquadratic number fields and an explicit set of
strongly carefree points in Z7. Since we want to count triquadratic extensions of bounded discrim-
inant and prescribed shape, this restricts the number of integer points to a bounded region. The
next section describes the region in which these points live, and provides an approximation to the

number of such points given by the region’s volume.

4.3 Volume

Since we are counting totally real triquadratic extensions with bounded discriminant, the corre-
sponding strongly carefree tuples (gi,. .., g7) live in a bounded Euclidean region. We will count all
integer tuples in this region. By abusing notation, we will use g1, ..., g7 to denote real variables.
For fixed real numbers X and R, and for o € Sg, we define the region R3 »(X, Rz, ..., R7) to be

7
(g1,---,97) € R7>0 : I_Ig;»1 < XiTo) < ... <Tory SRy, Rj <oy for2<j<6,, (4.1)
j=1
where x9,...27 are defined as in Definition 4.6,

and denote

R3(X, Ry, ..., R7) = | Rso(X, Ra,..., Ry).
og€Ss

We will proceed to compute the volume of Rg;q(X, Re,...,R7) corresponding to the identity
permutation, then show that each region Rg (X, R, ..., R7) has the same volume, which shows

that the volume of the union of all the regions is

6! VO](Rg}id(X, R27 N ,R7)).

We are interested in the number of Z points that occur in this region. From the previous section,
if these integer points are to represent our number fields of interest, then we need to restrict to
counting points that are strongly carefree. Lastly, we would like to count only those integer points

satisfying congruence conditions modulo 4 that allow for

(Dy,...,D7) = (1,...,1) (mod 4).

The last condition, as well as the condition of being strongly carefree, both rely on congruence

conditions, and will be dealt with separately.
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In this section, we will compute the volume of R3(X, Ra,...,Ry), and use the Principle of

Lipschitz, which gives an approximation to the number of integer points the region contains.

Theorem 4.15. The volume of R3;qa(X, R, ..., R7) is given by

Xi
Vol(Rsa(X, R)) = 2 F(Ra,.... Ra),

where F(Rs, ..., Ry) is given in Equation 2.4.

Proof. We set up the multiple integral for the volume by defining a change of coordinates. Rather
than integrating with respect to g1, ..., g7, we will use the functions x,,...,z7. We define a new

variable,

T1 = g1939597-

We have that the bounds of integration for xs,...,z7 are from 1 to R. We need a bound on z;.

Recall that the discriminant of K3 is given by
A(K3) = (g1 g7)".

Also, we have that

~ (929496)*  A(K3)
ToX3T4T5TeX7 — 3 = -
1 1

If we are bounding the discriminant by X, it follows that

X 7
0<a < () .
T2X3T4T5T6L7

The volume is then given by

fir v (575%)
Vol(R3ia(X, Ra, ..., R7)) :/ / /
Rg R> 0

1
7

J(agi>‘dx1...dx7.

61‘]‘
We compute the Jacobian of this change of basis. Note that the variables x1,...,z7 are defined
as rational expressions of g1, ..., g7. In particular, the first partial derivatives exist and do not vanish

away from 0. The inverse function theorem implies that

()- ()

We compute the inverse of the Jacobian and express its determinant in terms of the x;s. We

have
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939597 0 qugsgr 0 gigsgr 0 919395
0 g6 __ 9296 0 0 g2 __ 9296
9397 9397 9397 9392
__ 9296 g6 0 0 __ 9296 g2 0
9195 195 9195 195
o 7 919 2 gig
J Lq _ 0 g4 0 g2 _ 9294 0 _ 9294
dg. 9597 9597 9297 9592
J __ 9294 g4 __ 9294 g2 0 O O
gfgz), 9193 919§ 9193
__949e 0 0 9ge 0 94 __949e
9192 9197 9197 9192
__949e 9ge __949e 94
0 0 0
9295 9395 9392 9395

Taking the inverse of the determinant of this matrix yields

’(3%)‘_1 _ 1 <91939597>3
dg; 32\ 929496 '

Now we must express this as a function of x;s. Note that the numerator is just x3. We obtain

the denominator by looking at the discriminant:

(929496)4 = x?(m T x7),

from which we get

e

9
(929496)° = xf - (w2 -+ 27) 7.

This gives

Thus, the volume is given by

o ()
1 EPRE 3 _3
VO](RgTid(X,RQ,...,R7)) = ﬁ/ / Ty (.132"'1‘7) 4 dl‘ldl‘g...d$7

Rs Ry Jo
_ L 4X<1;/R7 ../mg(xQ z7) "day ... dxy
32 7 Re Ro
1
= )gg F(Ry,..., Ry),
where the last equation follows from Equations (2.2) and (2.4). O
Now, to compute the volume of R3 »(X, Ra,..., R7), where o is any permutation in Sg, we set

up the integral with the variables y; = x,(;) for 1 <4 < 7. This yields
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-

3

1 Rr s ( v2 ')'('?!7 ) 3 _3
VO](R37U(X,R27...,R7)): 33/1% /R A y14 (y2y7) 4dy1dy2...dy7
6 2

= VOI('R,ng(X, RQ, ey R7))

Thus, we get that the volume of R3(X, Ro, ..., Ry) is given by

61X
Vol(R3(X, Ra,...,R7)) = %6 F(Rs,...,Ry).
Now we want to count how many lattice points lie in the region R3(X, R, ..., R7). We have the

following theorem.

Theorem 4.16. Denote the set of integer tuples that occur in the region R3(X, Ro, ..., R7) by

Rz(X,Ry,...,Ry) :=Z"NR3(X,R,...,Ry).

Then

#Rz(X, R, ..., Ry) = VOl(R3(X, Ra, ..., R7)) + O (X*) .

Proof. In | , Lemma 9], it is shown that the error is given by

|R3(X, RQ,.. .,R7) —Rz(X, Rg,... 7f€7) = O ( max (‘/m)> 5

where V,,, denotes the maximum volume of any of the projections of R3(X, Ra,

..., R7) onto the

the m dimensional coordinate hyperplanes obtained by setting the remaining 7 — m coordinates

equal to zero.
Let N := X/4. We will show that, for 0 < m < 6,

Vin = O(N™/T).

In order to prove the above equation, it suffices to show that for (g1, ...,97) € R3(X, Ra, ..., Ry),

95 = O(N1/7),

for 1 < j <7, since this set contains R3(X, R, ..., R7) . It then follows that

Vm = Vm(gi17 o 7gim) = O(Nm/7)a

where i1,...,%,, represents any m numbers from 1 to 7. We show the computation that g, =

O(NY/7): Consider the expression
($2$3$4$5)3/2($6$7)_2(91929394959697)'
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Writing the x;s in terms of the gs as in Definition 4.6, we get

3/2 3/2 3/2 3/2 2 2
9296 9296 9294 9294 9197 g39s
— — (91929394959697)-
gsgr 9195 gs97 9193 9496 ga9e

Simplifying this expression yields g5. Recall from (4.1), we have that

91929394959697 < X /1 = N,

and
To,...,x7 S R7.

From these inequalities, we get that

g5 = (2aw32475)% * (v627) "2(91929394959697) < R§3/2)I47272N = RZN.

Solving for g, we get

g2 < RYTNVT,

which implies that go = O(N'/7). Similar expressions allow us to obtain g;. Explicitly, for 1 < j <7,

we get
7T _ _C2,..C3..C4 .C5 .C6..C
g; = ¥° x5’ 0y w57 X6’ 77 919293949596 97
where the powers cs ..., c; are summarized in the following table:

jlca|ec3|ca|cs | ce | cr
1] 3 |-2| 3 |-2|-2|32
2313352
3|-2] 2|3 |-2|3|-2
IEIEIEIEIEEE
503 |—2|-2| 3|3 |-2
ol 3 [ 3] 2[2[31]3
7|-2| 3|23 |23

With these equations, note that the powers of R; differ slightly; however, we get
9; = O(N1/7)’
for 1 < j < 7. It then follows that the error is given by

_ m/T\ _ 6/7\ _ 3/14
O (V) ) = max (O(N™/7) = O(N®/T) = O(x*1%). O
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Combining the last two theorems, we get:

Corollary 4.17.

61X 1

X
#RZ( ;R27 7R7) 56

F(Rz,...,R7)+O(X%).

Now, we need to be able to count strongly carefree 7-tuples in Rz (X, Ra, ..., R7) with the right

congruence conditions modulo 4 that will produce

Dy =...=D7;=1 (mod 4).

To account for strongly carefree tuples, we also impose congruence conditions for every prime
number. Given a prime p, we want to assure that p? does not divide any of the g;s (since they need
to be squarefree), and we need to make sure that no pair (g;,g;) is congruent to (0,0) modulo p

(since they need to be pairwise relatively prime). This is the topic of the next section.

4.4 Sieving

In this section, we will state and prove all results for general n. We then state the main result of

this section when n = 3 as a corollary.

Now that the volume has been computed and the number of Z¢ lattice points in R,, has been
calculated, this section aims to determine which of these points correspond to multiquadratic
extensions. This is accomplished by incorporating a sieve to count only the lattice points of interest.
The number #Rz(X, Ry,...,R7) does not take into account the various congruence conditions
that we need to impose in order to count the number fields in question. Specifically, we will require
the ¢-tuples (g1,...,9¢) to have entries that are strongly carefree and satisfy certain congruence
conditions which in turn yield that the D; =1 (mod 4) for 1 < j < £. This is where the notion of

sieving comes into play.

4.4.1 Counting Strongly Carefree Tuples

Let’s first begin by tackling the issue of counting strongly carefree tuples. We would like to count
how many of these occur in Rz (X, Ra,...,Ry). However, this count depends on infinitely many

congruence conditions, since we must consider conditions imposed by every prime number.

We begin by considering a finite amount of primes. The sieve will allow us to expand our results

concerning finitely many congruence conditions to infinitely many of them.

One of the requirements of being strongly carefree is that the entries are squarefree, and this

is a statement about divisibility by p?, where p is a prime number. This motivates the following setup:
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Definition 4.18. Fix a positive real number Y, and define the integer m = m(Y’) by

m=[] »*

p<Y

where the product runs over all primes less than Y.

Definition 4.19. Let m,ny,...,n, € Z. We say that the k-tuple (ni,...,ng) € Z* is strongly
carefree with respect to m if for every prime p dividing m, p? doesn’t divide n; for 1 < i < k, and no

pair (n;,n;) are both divisible by p.

We want to obtain a way of calculating the proportion of strongly carefree points that lie in Z*.
Our setup begins by considering only those ¢-tuples that are strongly carefree with respect to the

integer m.

Definition 4.20. Let £(Y) denote the subset of Z‘ consisting of strongly carefree points with

respect to m:
LY)={(g1,...,90) € Z": (g1,...,9¢) strongly carefree w.r.t. m},
Furthermore, let C,,, denote the image (mod m) of the points in £(Y). That is,
Cn = {(g1, .00 € (Z/mZ)' : (g5,...gi) € LV) },

where g7 denotes any lift of g;.

Fix a prime p < Y. The elements in C,, are those in (Z/mZ)" that avoid the following two

scenarios:
(i) g; =0 (mod p?) (not square-free),
(ii) ¢; = g; (mod p) if ¢ # j (not pairwise relatively prime).

Let C, denote the image (mod p?) of the the set of (-tuples in Z* with these conditions. Specif-
ically,

Cp:=1{(g1,--,90) € (Z/P*Z)" : g; #0Vi, if i # j, then (g;, g;) # (0,0)}.

Theorem 4.21. With C, defined above, we have

#Cp =p" " Hp— D) (p+0).

Proof. Let’s begin with the first condition. Counting how many of these there are is simply a matter

of choosing ¢-tuples in (Z/p?Z)* that don’t contain any zero-entries. This total is

50



(»* - 1)".

Now, we may assume that g; #Z 0 (mod p?) for 1 <i < £. Now let’s attack the second condition.
First consider pairs (g;,g;) with ¢ # j. There are (é) such pairs. For each coordinate, there are p
values that are 0 (mod p). However, one of these values is also 0 (mod p?), namely, 0. Since this is
already accounted for from the previous argument, we actually have p—1 values. Since there are two
coordinates, we get (p — 1)? options. Considering these pairs (g;,g;) as a sub-tuple of (g1, ...,gr),
we have p? — p non-zero values for each of the other £ — 2 coordinates (since we are avoiding all

values that are 0 (mod p)). This gives a total of

(ﬁ) (p—1*@" -p)°

tuples with exactly two values that are 0 (mod p). Similarly, we count tuples with exactly three

values that are 0 (mod p). We get
t 30,2 -3
) =177 —p)
Continuing in this manner, and adding up all such tuples, we get

(j) (p—17(p*—p)I

= <§>p“j(p - 1)

Jj=2

<.
- I~
N

Hence, the total number of strongly carefree ¢-tuples is given by
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4.4.2 The p-adic Density

Now that we have counted the size of each C,, the next definition gives a way of obtaining the
proportion of strongly carefree points with respect to m. As we will see, this proportion will carry

over when we need to consider all primes.

Definition 4.22. Let p be a prime less than or equal to m. Define the p-adic density of L(Y') to be

(L) = 22

It follows from Theorem 4.21 that

1p(L(Y)) =p~ D (p — 1) (p + 0).

The next lemma gives a count of how many points in £(Y) lie in the region R,,.

Lemma 4.23. Let R,, = R,(X, Ra, ..., R¢) denote the region in R’ defined analogously to (4.1).
With Rz = Rz(X, Ra,...,Ry) denoting the collection of integer points in R,, and L£(Y) defined
above, let

Rﬁ(y) = RZ N £(J))

Then

7

#Revy = | ] (P_(Hl)(p —Dfp+ E)) Vol (R,) + O (]\/’71) 7

<Y
where N = X1
Proof. We have
#Cm = [ #C»
p<Y
= ] m(e()p*
p<Y

=mt H wp (L(Y)) since m = H p?

p<Y p<Y

Now, we may write L(Y) as

L(Y) = U (x +mZ").

z€Cm

Note that for x € C,,,
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H#Roymze = # [(x + mZ*) N R
- e [(Z ) om]
= %#Rz.

It then follows from Corollary 4.17 that

1 =1
#Ropmze = — Vol(R,) + O (N z ) :

Hence,

Ry = 3. (WILZ Vol(R,,) + O (N“T)>

2€Cm
= %#Cm Vol(R,) + O (NZ%)
= pp (L(Y)) Vol(Ry) + O (NLLTI)

=1 (" “ V- D' +0) Vol (R +0 (NF). O

p<Y

The final step in counting strongly carefree points is to extend the above lemma for all primes.
Definition 4.24. Let £, denote the collection of all strongly carefree points in Z°*.

The main purpose of this section is to compute the integer #R .. This is achieved by using
a sieve that allows for taking all prime numbers into consideration. Our methods follow as an

immediate generalization of | , Section 3.

Theorem 4.25.
#Re. =] (7“0 = 1) 0+ 0) Vol (Ra) + 0 (N).

p
Proof.
R
lim sup Loo < lim lim m
N =00 Y —o00 N—oo
Vol(Ry) I (» ¢
= p (p—1)"(p+10)
v | I )

On the other hand, let

Wy :={(91,...,9¢) € YA (91, 9¢) (mod p) & Cp}.

Then we have that

Rg(y) CRe, U U pr.

p2Y
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Hence, we also get that

P R
hmlan*)oo #7§VL°° > #Rﬁ(y) -0 (ZpZyj Wp>.

Now, since

YA
U (L(V)) = p~ED(p— 1)p+ ) = 1— 22 + (11 bp~" Z() Iy =1-0(p),

Jj=2

it follows that #W, = O (N / p2). Therefore,

R
lim O (ZP>Y# Wp) =0,

Y —oo N

since
>
n2
poy P

is the tail of a convergent series. Thus, taking the limit as Y — oo yields

#Re = [[ (P =1 (p+0) Vol (Ra) + 0 (N),

as desired. O

Corollary 4.26. When n = 3, we have

NG

#Re. = (0~ 1) (p+7)) "o F(Ra,...,Rs) +0 (X

)

4.4.3 The Case (Dy,...,D;)=(1,...,1) (mod 4)

Let K3 = Q(v/D1,+/D2,+/D,) with corresponding 7-tuple (Dq, ..., D). We gave a parametrization
of K3 in terms of its strongly carefree tuple (g1,...,g7). This allows us to write each D; in terms

of the g;’s as in Definition 4.6.

We are studying triquadratic extensions whose generators D1, Do, and D, are congruent to 1

modulo 4. So we have that each g; can be congruent to either 1 or 3 modulo 4.

If we study the 7-tuple (g1, ...,g7) (mod 4), there are a total of 47 tuples to consider. However,

the entries we are interested in cannot equal 0 or 2, leaving us with 27 = 128 possibilities.

After inspecting each of these possible choices, we get 2* = 16 distinct 7-tuples
(91,---,97) (mod 4) that yield (Dy,...,D7) =(1,...,1) (mod 4), namely
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(91,92, 93, 94, 95, g6 7)
(1,1,1,1,1,1,1)
(1,3,3,1,3,1,1)
(3,3,3,3,1,1,1)
(3,1,1,3,3,1,1)
(3,1,3,1,1,3,1)
(3,3,1,1,3,3,1)
(1,3,1,3,1,3,1)
(1,1,3,3,3,3,1)

(3,3,1,1,1,1,3)

( )

( )

( )

( )

( )

( )

( )

3,1,3,1,3,1,3
1,1,3,3,1,1,3
1,3,1,3,3,1,3
1,3,3,1,1,3,3
1,1,1,1,3,3,3
3,1,1,3,1,3,3
3,3,3,3,3,3,3

Recall that Cs consists of points that are strongly carefree with respect to 2, meaning that neither
entry is zero modulo 4 and at most one entry is zero modulo 2. The above conditions thus imply

that (g1,...,97) € Lo, which allows us to replace ps(Lo) with the proportion of 7-tuples that give

the correct congruence relations on (D, ..., D7) (mod 4). This will be
20 2t 1
= ou ~ 0

With this proportion, we obtain our main counting result:

Theorem 4.27. The number of triquadratic extensions K3 € M (i) with discriminant bounded
by X and shape in W(Ra, ..., Ry) is given by

1 30X 7
No(X, Ry Re) = #Re. = 55 [[ (0780 = 0 (0 4+ 7)) 5o F(Ras.. Re) +0 (X
p>2

ISE

).

Proof. It remains to be shown that the strongly carefree tuples occurring in the region

R3(X, R, ..., R7) whose entries are not all distinct become negligible. Recall that

N3(X, Rg,..., Ry) = #{K3 € M} (i) : A(K3) < X; sh(K3) € W(Ry,...,Ry)}.

We claim that

N3(X, Ra,...,Ry) = #{Ks € Mj, : A(K3) < X;sh(K3) € W(Ra, ..., Ry)} +o(X 1),
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where M;Z corresponds to number fields of type (i) as in Lemma 4.10.

If we look at strongly carefree tuples (g1,...,97) € R3(X, Ra,...,R7) that are not of type (i)
(i.e. between two and four entries are equal to 1), the corresponding subregion these points occupy
is lower dimensional. As such, the volume of this subregion is zero. Furthermore, in the proof of
Theorem 4.16, we show that any of the region’s lower dimensional shadows has volume O(X %), SO

the number of integer points of that type is 0+ O(X17). This proves the claim.

From Corollary 4.14, it follows that the number of triquadratic extensions K3 € M;;i(X, (7))
occur with frequency i among the number of strongly carefree tuples of type (i), which yields the
6 _
factor of 57 = 30.
O

4.5 Equidistribution

In this section, we prove Equation (2.3) for our family of number fields when restricting to sets of
the form W(Rg, ..., R7). As seen in Section 2.7, this is sufficient to show equidistribution. We now

have all the tools required to show that the collection of shapes of totally real triquadratic extensions

K3 = Q(v/D1,v/D3,/Dy), such that

Dy =Dy=Ds=1 (mod 4)
are equidistributed. We have the following main result:

Theorem 4.28. Let 1 < Ry < ... < R; be real numbers. Recall that

W(RQ,...,R’y) = {Sh(XQ,...,X7) ESKg X < ... < Xy §R7,Rj SX] fOI'QSJ < 7}
Furthermore, let

N3(X, Ry,...,Ry) = #{K3 € M7 (i) : A(K3) < X;sh(K3) € W(Ra,...,R7)}

denote the number of totally real triquadratic extensions of discriminant bounded by X, with shape
in W(Ra,...,R7), and in which 2 does not ramify. Then there exists a constant C' > 0 such that

N

Ns(X, R, Re) = C - p(W(Ry,..., )X+ o(XH)

as X — oo.

Proof. From Theorem 4.27, we have that

1 s . 30X 7
N3(X,Ry,...,Re) = ﬁzg(p (=17 (p+7) 2o F(Rar.. . Re) +0 (X

N
N———
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We may rewrite this as

NG

).

N3(X7R27'~-’R7):C/F(RQ,...’R'?)Xi—FO(X

where

1 B 30
= [ -D"+7) 5
p>2

is constant.
On the other hand, by Corollary 2.43, we proved that the measure of W(Ra, ..., Ry) is given by
/J(W(RQ, ey R7>) = CWF‘(RQ7 N 7R'y),

where

C/l E———

Thus, we get that

= C'F(Ra,...,Ry)
= Cp(W(Rs, ..., Ry)),

where
Cl

O

This shows that the shapes of totally real triquadratic extensions (with proper congruence type)

are equidistributed in a regularized sense in the subset of the space of shapes in which they live.
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