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Abstract

The ongoing coronavirus pandemic, caused by severe acute respiratory syndrome coronavirus

2 was first identified in December 2019. This dissertation falls into the field of mathematical

modelling of infectious diseases. It is composed of two parts: modeling the spread of Covid-

19, with an application to the Hawaiian archipelago; development of classification tools for the

comparison of the evolution of the Covid-19 pandemic at different geographic locations. First we

present a generalized discrete deterministic compartmental SEIR model for the spread of Covid-19

which incorporates competing variants of the virus, vaccination, fading of vaccine protection, the

possibility of a previously infected individual becoming susceptible and travel restrictions. Using

this model on the counties of the State of Hawai‘i , we study the impacts of mitigation measures

and the impacts of tourism on the spread of the disease among the local population. Second,

we focus on some classification tools. The notion of wave is used to describe the evolution of a

pandemic but although the terminology is often used, the current literature does not have a precise

definition for it. In this dissertation, we provide a mathematical definition for the notion of a wave

and present an algorithm to detect waves from a given set of data. In addition, comparison of the

evolution in time of different spread of a disease is also not well addressed in the literature. Here,

we introduce topological structures associated to data representing the spread of daily cases or

hospital data and define an orientation preserving pseudo-metric on them that can be used to

compare the evolution of pandemic between different regions.
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Chapter 1

Introduction

Pandemics have been as old as civilization. Plagues going past hundreds of years have been

recorded in human history with the black death and inƒuenza pandemic of early19th century

claiming over 40 million lives. Recent times have seen the emergence of the Severe Acute

Respiratory Syndrome (SARS) pandemic and Ebola epidemic we provide a timeline of pandemics,

the frequency of occurrence of which has been increasing over time. In (2) they suggest

that there is a high possibility of observing multiple pandemics in one's lifetime, with the

probability doubling over the next decade. ‘e most recent pandemic is the Coronavirus Disease

2019 (Covid-19) pandemic. ‘e disease Covid-19 is caused by the Severe Acute Respiratory

Syndrome Coronavirus 2 (SARS-CoV-2) and was €rst detected on the world stage at the end

of 2019 (40). Originating from Wuhan, China, it quickly spread across the globe, turning

into a pandemic. During the course of the Covid-19 pandemic, there was an urgent need

to understand how to contain and control the spread the virus and therefore estimate the

impacts of mitigation measures, pharmaceutical and non-pharmaceutical interventions and travel

restrictions. Epidemiological models played a key role here, helping forecast possibilities and

ge‹ing insight on information that cannot be collected. As the pandemic evolved with di‚erent

time scales and severity at the country, state and even county levels, including the e‚ect of local
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regulations and rules into the model became critical. In addition, the time-lag in the appearance

of variants of the virus across geographic locations meant that understanding the similarity and

di‚erences in the evolution of the pandemic across these regions could help in looking ahead and

preparing.

‘is dissertation addresses some of the necessities that arose during the course of the Covid-19

pandemic. ‘e €rst one was to develop and use epidemiological models on geographic locations

that are contained environments, such as Hawaiì , which €nds itself in a unique position due

to its extremely isolated geographic location, mostly uniform pandemic- induced governmental

controls and restrictions, and a heavy dependence on the tourism and hospitality sectors of the

economy. ‘e second primary goal of this dissertation was to develop classi€cation tools to

compare and quantify di‚erences between distinct geographic locations with the goal to analyze

the impact of di‚erent approaches to contain the pandemic including e‚ectiveness of various

mitigation measures. To that extend, we de€ne rigorously the notion of wave for the Covid-19

disease and provide an algorithm to identify waves from a given set of data. In addition, the

magnitude and duration of a wave is an important indicator of the evolution of the spread of the

virus emphasizing success/failure of mitigation measures. We extend the notion of interleaving

distance between topological structures known as merged trees to compare the evolution of

pandemic between di‚erent regions. In particular, the goal was to de€ne a topologically invariant

metric robust under perturbations in the data and also accounting for the timeline of surges and

decreases in the data.

Part 1: Epidemiological Modeling and Covid-19 Model Applied to the State of Hawai ì

As the world declared Covid-19 a pandemic, major concerns were raised in the State of Hawaiì to

prepare e‚ective measures in order to minimize its impact on the local population. Indeed, islands
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Figure 1.1 Timeline of global pandemics. Here we can see the increasing frequency of global
pandemics in the past few centuries.

are especially vulnerable to diseases and pandemics have devastated the Hawaiian archipelago in

the past which is described in the next paragraph.

History of disease in Hawaiì . (84),(85) As an isolated island archipelago, the inhabitants of

the kingdom of Hawaìi were sheltered from the various diseases that other nations in the world

had already encountered. ‘erefore, the €rst recorded outbreaks of diseases in Hawaiì were

imported by foreigners. With no natural immunity to these diseases, the native population was

decimated in the course of two centuries. ‘e €rst accounts of imported disease brought into

Hawaì i is from Captain Cook's two voyages in 1778(121) - the €rst one to the island of Kauaì

and the second one to the island of Maui. Venereal diseases such as gonorrhea and syphilis,

which the native Hawaiians had no immunity to, spread across all the islands and resulted in a

€‰y percent decrease in native population over the course of twenty years. ‘roughout the 1800s

and the start of 1900s many diseases were brought to the island by arriving ships. For example,

the measles were brought to the Hawaiian archipelago in 1848 with Christian missionaries and
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other Western crews. It is estimated that by the end of the epidemic between 10% and 33% of the

Hawaiian population had died (85). Since the outbreak of 1848, there have been six other major

outbreaks of measles.

One way to help containing and controlling the spread of a disease is to use epidemiological

modeling. ‘e €eld of epidemiological modeling has emerged only about a century ago and is

currently very lively primarily due to the recent pandemic. A lot of the models are still at their

infancy and open questions abound. For instance a major current focus is to integrate human

behavior in those models. Below is a short historical introduction to epidemiological modeling,

more information can be found in (86).

History of Epidemiological Modeling.Physicians and researchers from the health sciences

were the €rst to apply their knowledge of disease evolution to understand and mitigate the spread

of diseases Following isolated developments from trying to understand the spread of diseases like

smallpox, cholera, inƒuenza and malaria epidemiological modelling has culminated in the body

of work that we now draw upon to understand the evolution of new diseases as and when they

arise.

One of the earliest work on disease modeling was actually done by mathematician Daniel

Bernoulli, who in his 1766 paper studied the computation of the gain in life expectancy at birth

if smallpox were to be eliminated as a cause of death (109). He was stimulated to look into this

by Pierre Louis Moreau de Maupertius and Charles Marie de la Condamine, who were in favour

of popularizing vaccination for smallpox. In his model, he assumes that the population can be

categorized into susceptible, that is those that have not yet been infected and immune, that is

those that are immunized for the rest of their lives. More details about the model, cast in modern

notation, can be seen in (110).

In the early 20th century the €rst compartmental models we were used in the study of

infectious diseases, with important works being that of Ross (1916) (103), Ross and Hudson
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(1917) (102) and Kermack and McKendrick (1927) (79). In such models, the population is divided

into compartments based on the nature of the evolution of disease. For example, the earliest

such model, called the SIR model, divides the population into Susceptibles (S), Infected (I) and

Removed (R), which are respectively, those that can be infected, those that are infected and those

that have either recovered or died from the illness. ‘is was also the period for of the most

devastating pandemic, the 1918 inƒuenza pandemic. ‘e 1918 inƒuenza pandemic caused the

death of 20-50 million people worldwide and was characterized by a high a mortality rate of 10-

20%, especially among young adults. It was the €rst pandemic for which we have reliable data and

has been studied retrospectively to estimate parameters. ‘is accelerated the development and

use of epidemiological modeling for understanding transmission as well as to control the spread

of disease.

Challenges of Epidemiological Modeling.It is clear today that mathematical models play

an important role in understanding the extent of a pandemic and forecasting the impacts of

mitigation measures as well as accounting for changes in the dynamics of the disease. ‘ese

models rely on parameters that are used to capture various features of disease evolution,

which could be related to the virus, the mode of transmission, the population and its mixing,

the intervention measures and other factors. ‘ese parameters are estimated based on best

available data, and the uncertainty in the data limits the ability to quantify the predictive model

forecasts. ‘is, combined with the evolution of a pandemic being driven by people's behaviour,

makes it a di•cult phenomenon to be modeled accurately. Modeling the Covid-19 pandemic

has been riddled with these di•culties. ‘e relative importance of model parameters to the

transmission has changed over time to account for changes in social distancing, mask-wearing and

vaccinations. For instance early in the pandemic, it was unclear how e•ciently the virus could be

transmi‹ed through air, ƒuids, or surfaces and the accumulation of data needed to characterize the

distance and time scales over which such transmission could occur took time. Another example
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of uncertainty is that the role of asymptomatic transmission is still not well understood and

quanti€ed. With this confusion about basic empirical transmission facts, there has been no clear

methodology to accurately estimate some of the model's most important parameters. For more

details on the challenges of modeling Covid-19 see (3).

Part 2: Development of Classi€cation Tools for Comparison of Diseases Spread

Comparing disease spread curves is of utmost importance during a pandemic to understand which

actions should be taken and when. ‘e Covid-19 pandemic provides a plethora of data that should

now be analyzed. For instance Island nations have taken di‚erent stands against the pandemic,

with some of them like New Zealand were extremely restrictive in terms of travel and at the

same time reaching a high level of vaccination others such as Madagascar reach only a low rate

of vaccination. Despite the amount of knowledge that could be gather from classi€cation tools,

such tools for epidemiological modelling do not exist with formal de€nitions and mathematical

foundation to our knowledge. Comparison between curves is done in a very subjective way and

might vary between authors.

Epidemiological Wave.For instance the notion of wave in an epidemic or pandemic is

widely used, however there is no formal de€nition of it and therefore is subject to individual

interpretations and eyeballing the curve. ‘e lack of a formal de€nition may lead to a

misunderstanding of what is meant when the term is used. In (74), the CDC describes the six

phases of a pandemic and uses the term wave but does not de€ne it. It is unclear whether each

series of peak and troughs should be called a wave or if waves should be based on the variants

of the virus or if they should be €xed intervals of time. For example in Figure 1.2, we see the

population normalized seven day rolling average (De€nition 6.4) of new cases for the state of

Florida and answering questions such as, which of the peaks correspond to waves or how many

waves of infections were seen, is not immediately obvious.
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Figure 1.2 Here, the vertical axis represents the population normalized seven day rolling average
of daily new cases and the horizontal axis is the duration from January 22, 2020 to October 18,
2022. While it is tempting to say that there are €ve waves because we see €ve distinct intervals
of trough to peak to trough, it is important to note that each of them di‚er in height, steepness,
span and area. In order to formulate a proper de€nition, we have to take each of those factors
into consideration.

‘ere have been existing work on de€ning a wave, but they are either tied to a speci€c

geographic location and based on policies implemented by the local government or using data

that may not be readily available for all regions. For example, in (75), they use a criteria of 70

cases per 100,000 and two weeks of negative growth incidence rates to de€ne a wave and these

numbers are taken from the policies implemented by the government to decide the severity of

mitigation measures to be imposed and in (77) they de€ne upward and downward waves using

e‚ective reproduction numberR. What is missing is, starting with a set of readily available data,

such as daily new cases, and de€ning a series of steps that result in the detection of waves.

Merged Trees and Distance.A merge tree is a topological descriptor of functions and is

constructed by tracking how connected components of the sublevel sets appear and merge as the

threshold for the sublevel sets increase(28). ‘ey are used in analysis and visualization of time-

varying data because they give a topology-preserving representation. A recent survey on scalar
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€eld comparison with topological descriptors can be found in (13). ‘e evolution of a pandemic

across di‚erent regions happens on di‚ering time scales, with peaks and troughs appearing with

di‚erent time lags. Using direct quantitative measures such asL 2 distances may give us similar

results for pairs of evolution that are quite distinct. For example in Figure 1.3, one can have

a scenario where theL 2 distance between the black and blue curve is close to theL 2 distance

between the black and red curve, when in fact we would like to distinguish the red curve as being

quite di‚erent from both the blue and the black curve. ‘us we focus on comparing qualitative

features using merge trees and quantifying the di‚erences between them using distances on

merge trees.

Figure 1.3 In this hypothetical scenario, we could have theL 2 distance between the black and blue
curve be close to the distance between the red and blue curve or the red and black curve. Whereas,
when viewed from a epidemiological point of view, we would like to make a clear distinction
between the red curve and the blue and black curve because while the red curve shows one peak,
the other two curves show two peaks in the same duration which could be a result of, for example,
mitigation measures.

‘ere are various existing distances de€ned on merge trees, which are detailed in (13). As a

distance, the three desirable properties are robustness to minor perturbations in the underlying

data, ability to distinguish di‚ering complexities of merge trees and e•cient computation.

Distances that satisfy the €rst two requirements are called stable and discriminative respectively.

In addition to these requirements, for our application in comparing evolution of a pandemic, we

would also like the distance to be orientation preserving, that is, it should be able to distinguish
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between a smaller peak followed by a larger one and vice-versa. Existing distances on merge

trees do not satisfy all these desirable properties for our application. While the edit-distance,

de€ned in (29), can detect changes in orientation, it is not stable and can give large distances

for minor perturbations whereas the interleaving distance, which was shown in (28) to be stable,

is not orientation preserving. What is required for our application is a distance that is stable,

discriminative and orientation preserving, and it is currently missing.

Dissertation Contribution

Epidemiological modeling was not well-developed for smaller contained environments such as

Island nations at the time the Covid-19 pandemic started. Such geographic locations do require

speci€c features in the model and also a careful analysis of mitigation measures especially

concerning the decision to isolated the island or which type of restrictive measures on travelers are

needed. In this dissertation we present a generalized discrete deterministic compartmental SEIR

model for the spread of Covid-19 which incorporates competing variants of the virus, fading

of vaccine protection, the possibility of a previously infected individual becoming susceptible

and travel restrictions. Using this model on the counties of Hawaiì , we study the impacts of

mitigation measures and the impacts of travelers (both tourists and residents). ‘is work proved

an important contribution for the State of Hawaiì since there was no other model tailored to the

islands with this level of details to forecast the spread of the disease in the Hawaiian archipelago.

Our results were used by the State government, the Hawaiì Department of Defense and the media

to inform the decision leaders as well as the general population.

A second contribution of this dissertation is the development of classi€cation tools to compare

disease spread in time or between di‚erent geographic locations. ‘is is extremely important to

assess e•cacy of mitigation measures or take proactive measures when a new curve is identi€ed

in another region with the potential to spread widely as we have seen with several variants
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during the Covid-19 pandemic. We provide a mathematical de€nition of a wave in the context

of disease spread and present an algorithm to detect waves from a given set of data. It is used

in this dissertation to classify the 50 States based on their number of waves. ‘is is we believe a

new contribution to the existing body of work in epidemiological modelling. Lastly, we use the

notion of merged tree which is classical tool in the €eld of topological data analysis to compare

di‚erent disease spreads de€ned over similar time intervals. Our contribution is to extend the

notion of interleaving distance and de€ne an orientation preserving metric on merge trees. We

prove a stability theorem for the proposed metric, show some computations using it and highlight

it's limitations in practical applications to discrete data.

Structure of the dissertation

In this chapter we have highlighted the general area of our work, global pandemics. In Chapter 2,

we introduce Covid-19, the global pandemic that our work is based on. In this chapter, we de€ne

the terms related to this pandemic that we will be using throughout. In Chapter 3, we describe

the various sources of our data and de€ne the terms related to data that we use throughout.

In Chapter 4, we introduce and de€ne a generalized discrete deterministic compartmentalized

SEIR model that we have implemented. In Chapter 5, we introduce the speci€c features added to

the model for its application to the state of Hawaiì and show some simulations obtained from

the model. In Chapter 6, we present a mathematical approach to the notion of wave during a

pandemic, providing a de€nition and algorithm for €nding waves during a pandemic. In Chapter

7, we introduce merge trees and de€ne a metric called orientation preserving interleaving distance

and prove a stability result on this metric.
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Chapter 2

‡e Covid-19 Pandemic

Covid-19 is not the €rst pandemic that we have faced as a civilization. Plagues going past

thousands of years have been recorded in human history with the black death and inƒuenza

pandemic of early 19th century claiming mover 40 million lives. More recently we've had the

SARS and Ebola pandemic. Covid-19 is another pandemic in a long line of pandemics that are

caused due to appearance of new and evolved viruses. A timeline of global pandemics can be

seen in Figure 1.1

2.1 Coronavirus Disease 2019 (Covid-19)

Covid-19 is caused by SARS-CoV-2 and is impacting health, economy and lifestyle of people

across the globe. ‘e €rst reported case of infection by SARS-CoV-2 in the United States came

from an asymptomatic male who returned from China on January 15, 2020 (41). By January 19,

Chinese o•cials stopped travel in and out of Wuhan and on January 30, 2020 the World Health

Organization (WHO) declared a global health emergency (42). Covid-19 was o•cially named on

February 11, 2020 , as it continued to spread across Asia and Europe (119). While countries in

those regions started to see massive increases in cases, hospitalizations and fatalities during the

initial months of the outbreak, the United States did not report its €rst death until February 29

2020 (23). By March 26 2020 (87), the United States led the world in con€rmed cases. While
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many European and Latin American countries were already in full lock down due to Covid-19,

the United States Government le‰ the shut down to individual states, resulting in a surge of cases

and deaths. In July 2020, the United States reached 68,000 daily cases for the €rst time.

‘e €rst case was detected in the state of Hawaiì (68) in March 2020. ‘e breakdown by

counties of Hawaìi for the dates of €rst Covid-19 reported cases are shown in Table 2.1

County First Reported Case

Honolulu March 6, 2020
Hawaì i March 16, 2020
Maui March 15, 2020
Kauai March 13, 2020

Table 2.1 Dates for €rst reported cases in the counties of Hawaiì . Honolulu county was €rst to
report a case of Covid-19 (54) a‰er which it took about a week for it to reach the other islands.

2.2 Features of Covid-19

In order to model the evolution of a disease, it is €rst important to understand, among other

things, how the disease spreads, the severity of illness caused, the possibility of new variants,

e‚ects of vaccination and immunity from infection. As a novel disease, our work was done in

real-time and a lot of the parameters in the model were speculative until con€rmed. Below, we

discuss some of the features of Covid-19 which played an important role in its evolution.

2.2.1 Modes of Transmission

Covid-19 is a highly contagious infectious disease caused by the severe acute respiratory

syndrome coronavirus 2 (SARS-CoV-2). Its primary mode of transmission is through exposure

to respiratory droplets from close contact with presymptomatic, asymptomatic or symptomatic

individuals. While evidence for transmission from surface has been observed, in (52) they €nd

that the estimated risk of infection from touching a contaminated surface was less than 5 in 10,000.
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‘ese types of transmissions are neglected in our work and we only consider the primary mode

of transmission.

2.2.2 Severity of Symptoms

‘e National Institute of Health (NIH) has classi€ed Covid-19 illness severity into €ve distinct

types (46):

1. Asymptomatic or Presympotomatic Infection: ‘ey test positive but show no symptoms.

2. Mild Illness: ‘ey have any of the possible symptoms of Covid-19 such as fever, cough, sore

throat, malaise, headache, muscle pain, nausea, vomiting, diarrhoes, anosmia or dysguesia

but without shortness of breath or abnormal chest imaging.

3. Moderate Illness: ‘ey have clinical symptoms of lower respiratory tract disease.

4. Severe Illness: ‘ey have Oxygen saturation (SpO2) level less than 94% on room air.

5. Critical Illness: ‘ey have acute respiratory failure, septic shock and multiple organ

dysfunction and/or failure.

Asymptomatic or presymptomatic transmission occurs when the serial interval (the duration

between exposure and contagiousness), is smaller than the incubation period (the duration

between exposure and development of symptoms). In (6), they observe that the serial interval

changed over the course of the pandemic, with la‹er variants having a shorter serial interval

as compared to the earlier once. In (12), they estimate that the mean incubation period also

decreased over the course of the pandemic with the Alpha variant having a mean incubation

period of 5.00 days and the Omicron variant 3.42 days. ‘e progress of the illness through stages

2-5 (as described above) depends on many factors, all of which are not entirely yet known. ‘ere

are many isolated studies across di‚erent countries and age groups that estimate the proportion
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of illnesses of di‚erent severity and are presented in the report at (11). ‘ey estimate that 81% of

infections caused mild illness, 14% caused severe illness and 5% caused critical illness.

2.2.3 Recovery from Covid-19 Infection

Recovery from Covid-19 is dependent on various factors that include the patient's age, the severity

of illness at when symptoms €rst appear , pre-existing conditions, how quickly treatment can be

implemented, and response to treatment . In (44), they estimate the excess mortality from Covid-

19 pandemic in 191 countries and territories, and 252 sub-national units from selected countries

from January 1, 2020 to December 31, 2021 and €nd the global all-age rate excess mortality to

be between 113.1-129.3 per 100,000 of the population. For the state of Hawaiì their estimate

is between 442 to 1320 excess mortality per 100,000. However, this is a‚ected by the factors

mentioned above. It has been observed that in most individuals the symptoms subside within 14

days of development and critical illness develops one week from the onset of symptoms. However,

this number changed over the pandemic depending on vaccination status of individual as well the

variant of the virus that they were infected with. ‘ree possible outcomes have been observed

from infection with Covid-19: death, complete recovery and long Covid. ‘e la‹er is where

individuals test positive or show mild symptoms for a prolonged period of time. Individuals who

completely recover from the infection have immunity from re-infection for six to seven months.

2.2.4 Evolution of Variants

With time, the virus evolved and various strains have emerged from the original virus (43). ‘e

variants appeared in di‚erent geographic locations across the globe and continue to evolve even

now. Amongst all the variants, the following €ve were classi€ed as Variants of Concern (VOC) in

the US by the Center for Disease Control and Prevention (CDC) for a continuous period spanning

over 9 months (10):
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1. Alpha Variant (B.1.1.7): First reported in the United Kingdom in late December 2020, VOC

from December 29, 2020 to September 21, 2021.

2. Beta Variant (B.1.351): First reported in South Africa in December 2020. VOC from

December 29, 2020 to Septermber 21, 2021

3. Gamma Variant (P.1): First reported in Brazil in late December, 2020. VOC from December

29, 2020 to September 21, 2021.

4. Delta Variant (B.1.617.2): First reported in India in December 2020. VOC from June 15, 2021

to April 14, 2022.

5. Omicron (B.1.1.529): First reported in South Africa in November 2021. Declared VOC on

November 26, 2021 and is currently still one.

Our work is focused speci€cally on Hawaiì during the period of March 2020 to May 2022.

While all the above variants were seen in Hawaiì , the variants with the longest span between

earliest specimen collection date and most recent specimen collection date were the Delta and

the Omicron variant (7). ‘ese two variants accounted for a large number of infections and

hospitalizations in Hawaiì , but for di‚erent reasons. While the delta period coincided with a

relaxing of mitigation measures leading to a large number of infections, the Omicron variant

drove up the infection numbers due to its extremely high transmissibility. ‘e delta period had a

larger rate of hospitalization in comparison to the omicron period, but due to the daily cases for

the la‹er being very high, the number of hospitalizations ended up being about the same.

2.2.5 E•cacy of Vaccination

Extraordinary e‚orts by researchers during the pandemic resulted in the development of new

vaccines against SARS-CoV-2 at an unprecedented speed. However, the availability of vaccines

has not been equitable across the world. While countries such as the US had access to vaccines
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as early as December 2020, countries such as Kenya had enough doses to vaccinate only 3% of

their population, even as late as June 2021 (9). In addition to this, not all vaccines were found to

be equally e‚ective in providing protection from infection. ‘erefore, while the countries where

e‚ective vaccines were more readily available saw a containment of infection and hospitalization

rates, countries with access to fewer doses or less e‚ective vaccines became potential playground

for the emergence of variants.

While vaccinated individuals can become infected and transmit the virus to others, they do so

at a lower rate. In addition, vaccines provide a protection from developing severe symptoms. Its

e‚ect on susceptibility is unclear (8). ‘e e•cacy of a vaccine (measured in a controlled clinical

trial) and the e‚ectiveness of a vaccine (measure of how well they perform in the real world) di‚er

from vaccine to vaccine as well as across variants and over time. For example, it has also been

found that there is a signi€cant fading of vaccine protection over time, with an average decrease

of 13.5% per month a‰er full vaccination (33) and the study in (20) found that the estimated

e‚ectiveness of two doses of mRNA vaccine was lower against symptomatic Omicron infection

than against Delta infection.

Some of the most widely used vaccines in the US and in Hawaiì during the pandemic have

been the following:

1. BNt162b2 Vaccine: ‘is mRNA based vaccine also known as the BioNTech/P€zer vaccine

has a two-dose regime given 21 days apart.

2. mRNA-1273 Vaccine: Also known as the Moderna Vaccine, it has a two dose regime given

28 days apart.

3. Ad26.COV2.S Vaccine: Also known as the J&J vaccine, it has a single dose regime.

4. ChAdOxl nCoV-19 Vaccine: Also called the Astro-Zeneca vaccine, it has a two dose regime.
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Due to a large variance in the availability of vaccines, their e‚ectiveness, and the willingness

of people to vaccinate, this global pandemic has extended over multiple years. While it is still

unclear what percentage of the population needs to be vaccinated to achieve herd immunity

(resistance to the spread of infectious disease within a population based on pre-existing immunity

of a high proportion of individuals) against Covid-19, we know from studies on other infectious

diseases such as measles and polio, that it is possible. (21)

2.2.6 Post Recovery Susceptibility (Re - infection)

While infection and recovery from Covid-19 have shown to provide certain level of immunity

which lasts between six to eight months, instances of re-infection have also been reported.

In particular, the Omicron variants have caused a signi€cant number of re-infections. It has

been observed that Omicron re-infection are as much as thirty times more frequent than alpha

reinfection and ten times more frequent than delta reinfections(45). ‘is important characteristic

of Covid-19 means that the pool of the population susceptible to infection is never depleted,

resulting in potential sequential surges of cases.
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Chapter 3

Data Sources and Terminology

‘e use of existing and publicly available data has been instrumental to our work. ‘e model

was validated by applying it to the counties of Hawaiì and the data used for validation pertain

to these counties of Hawaiì . We used the following sources: State of Hawaiì 's Department

of Health(DOH) Covid-19 dashboard(56), Hawaii Emergency Management Agency(HiEMA)

dashboard(89) and Department of Business, Economic Development and Tourism(DBEDT)

dashboard(88). In Table 3.1 we list the data sources and the data obtained from them. ‘e DOH

dashboard was used for daily cases and vaccination data for each county, the HiEMA dashboard

for daily active hospitalizations and the DBEDT dashboard for tourism data during the period

when the Safe Travels program was active for Oahu County. ‘is data was used to validate the

model and estimate some of the model parameters.

Statistic Source
Daily Cases Hawaì i State Department of Health(56)
Testing Data Hawaì i State Department of Health(56)

Variant Report Hawaì i State Department of Health(56)
Hospitalization Hawaì i Hawaii Emergency Management Agency(89)

Infections by County Hawaì i State Department of Health(56)
Traveler Data Hawaì i Hawaii Economic Development and Tourism(88)

Table 3.1 ‘e sources of Covid-19 data used for model's application to the counties of Hawaiì .

18



3.1 Data Sources

Each of the above mentioned data sources had their own reporting window, some of which

changed over the course of the pandemic. Below we brieƒy describe these dashboards.

3.1.1 Department Of Health Dashboard(DOH)

From the DOH dashboard (56) we obtained the daily cases (new infections) for each county. In

Figure 3.1 the daily new cases, de€ned by DOH as the count of all newly diagnosed and reported

cases of Covid-19 in the past 24 hours, is shown in cyan and the 7-day averages are shown in

orange. ‘is data was frequently corrected on the dashboard, which we kept track of by updating

out data set every two weeks. At the start of the pandemic, the data was updated every day;

later on the frequency was changed to weekly followed by bi-weekly. To validate our model, we

forecast the daily cases to two weeks into the future (with an uncertainty) and compare when the

data becomes available. With the wider availability of at home-testing kits during the la‹er half

of the pandemic, the diagnostic of which was not necessarily reported, we suspect that the daily

case numbers stop being accurate. During this period the validation was done with the trends in

data and the active hospitalization numbers obtained from HiEMA dashboard (described below).

3.1.2 Hawaì i Emergency Management Agency(HiEMA)

‘e HiEMA dashboard (89) provided us the daily active hospitalizations, de€ned as the number of

beds occupied each day, for each county. E‚ective August 9, 2022, HiEMA is no longer updating

the dashboard. We use data from this dashboard data from July 1, 2021 onward. Prior to this, the

hospitalization data was not available for a period of few months. With increasing availability of

home-testing, we used the hospitalization data to validate the model. Daily active hospitalization

was counted as the number of the beds currently occupied and was an accurate representation
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Figure 3.1 DOH dashboard showing the Epi curve for Honolulu County. It includes all those
diagnosed in the state and excludes residents diagnosed out-of-state.

of severe cases. ‘is data was updated every week. From April 6, 2022 onward the data was not

reported per county but as an aggregate for the entire state.
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Chapter 4

Generalized Discrete Deterministic SEIR Model

‘e contents of this and the following chapter have been taken from the work published

in (26),(81) and (27). In (26) we present a model that incorporates travellers into the model and

compares the evolution of pandemic in the counties of Hawaiì to other island chain environments.

In (81) we add vaccination to the model and compare the compartmental model to an agent

based model (Covid-19 agent based simulator (Covasim)) with respect to complexity in terms of

introducing geographically speci€c measures and computation. In (27) we present the complete

generalized model that was applied to study the evolution of the pandemic in Hawaiì and

illustrate how the model performed during the pandemic, both in terms of accuracy and as a

resource for the government and the media.

Prior to my involvement in this work, a working model was presented in (24). My contribution

has been to add travelers, vaccination, competing variants, vaccine fading and reinfection into the

model presented in (27), perform statistical tests for the comparison presented in (26), creating,

maintaining and updating the code base for the model in Python, using it to generate the

simulations in (81) and the other papers, estimating some of the model parameters and extracting

information from the model that cannot be collected otherwise. I also used the model to generate

simulations for various scenarios designed to understand (with respect to the Covid-19 pandemic)
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the possible impacts of government policy changes, behavioural changes in the population and

emergence of various variants. ‘is work went into a bi-weekly report that was published by

Hawaì i Pandemic Applied Modeling Work Group (HiPAM) for the periods from July 2021 to

October 2021 (Delta Period) and from November 2021 to April 2022 (Omicron period).

In this chapter, we provide a brief overview of compartmental models and a generalized

discrete deterministic compartmental model that we developed and applied to study the evolution

of Covid-19 pandemic for the state of Hawaiì . ‘e model presented here is general and can be

used for other geographic location by determining the necessary parameters. In fact, in (26)

we apply this model to Japan, Puerto Rico and Iceland. In addition to that, to understand the

parameters pertaining to the Omicron variant, we applied this model to South Africa (where the

Omicron variant emerged) and some European nations (Switzerland, Netherlands, Germany and

Belgium) which saw a signi€cant increase in number of cases from the Omicron variant during

October, 2021.

4.1 ‡e basic compartmental model

‘e development of the basic compartmental model over the period 1930 - 1935 is credited

to the work of four individuals: Sir R.A. Ross, W.H. Hamer, A.G. McKendrick, and W.O.

Kermack(102),(79). Hamer is credited with the argument that the spread of the disease depends

on the number of susceptibles and infected individuals. His mass action law, in which the rate of

infection is proportional to the product of susceptible and infected population, forms the basis of

compartmental models (5).

In 1902, Ross used a compartmental model to show that if the population of mosquitoes could

be reduced below a certain threshold, malaria could be eliminated from the population. ‘is

was contrary to the prevailing belief that malaria could not be eliminated so long as mosquitoes

were present in the population, and paved the way for use of mathematical models to inform
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public policy. Field trials showed that his conclusions had been correct. He is credited with the

introduction of the concept of the basic reproduction number

‘e basic compartmental models to describe the transmission of communicable diseases

assumes that the population can be sub-divided into three compartments: Susceptible(S),

Infected(I) and Removed(R) which gives it the name SIR-model. ‘ese are coupled via non-linear

ordinary di‚erential equations which govern the dynamics of each of the compartments. ‘e

model makes many assumptions, namely, that the population is large and closed, the outbreak

is short lived, the infected individuals become infectious immediately, no natural birth or death

occur, infection grants lifetime immunity and the aforementioned mass action law. Relaxing some

of these assumptions leads to the development of more complicated models which can be used to

study diseases with di‚erent speci€city.

Figure 4.1 A basic compartmental SIR model.

‘e basic SIR model shown in Fig 4.1 is described using the following system of ODEs:

dS

dt
= � �SI; (4.1)

dI

dt
= �SI � �I; (4.2)

dR

dt
= �I; (4.3)

where� , the infection rate and� , the recovery rate are positive. Equation 4.1 is based on the

mass action law proposed by Hamer(5). It assumes that the infection rate is proportional to the

product of S and I - an assumption that there is homogeneous mixing of susceptible and infected
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people in the population. In addition, the assumption that the total population is closed and that

no new births or deaths are included in this model lets us reduce this into a system of two ODEs

using the relation

N (t) = S(t) + I (t) + R(t); (4.4)

where N (t) is the total population. Equation 4.1 and equation 4.3 show that the susceptible

population is always decreasing and the removed population is always increasing. ‘e number

of infections will increase only if
dI

dt
> 0, which requires that�SI � � > 0 or that

�S (0)I

�
> 1

(S(0) is the initial susceptible population). ‘is is also referred to as the reproduction numberR0,

which determines the number of secondary infections from a primary infection. For the spread

of a disease to become exponential,R0 needs to be more than 1. As the disease spreads, this

information is captured using e‚ective reproductive rate, which is a harder parameter to estimate.

While the basic compartmental model, SIR, assumes that the individual has lifetime immunity

a‰er the infection, that may not be true for all diseases. Compartments can be added or removed

to model a speci€c disease. For example, an SIS (Susceptible, Infected, Susceptible) model assumes

that no immunity is granted a‰er infection, an SEIR (Susceptible, Exposed, Infected, Removed)

model that introduces an exposed period before an infected individual becomes infectious, an SIRS

(Susceptible, Infected, Recovered, Susceptible) model that confers a temporary immunity a‰er

recovery from the infection, an SITR (Susceptible, Infected, Treatment, Recovered) model that

has a treatment compartment for a fraction of infected population that have their transmission

reduced by a certain fraction as a result of the treatment, a quarantine-isolation model SEQIJR

(Susceptible, Exposed, •arantine, Infected, Isolated, Recovered) that allows for management of

disease spread through control measures.
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4.2 Discrete compartmental model

‘e discretization of the compartmental model helps us to implement it as a di‚erence equation,

and to follow the time step of existing data, which is usually one day. ‘e discrete model developed

here was initially inspired from (83), which is a discrete stochastic model applied to understanding

another pandemic, SARS (Severe Acute Respiratory Syndrome) which was €rst discovered in 2003.

In this section, we introduce the generalized discrete deterministic SEIR model and its parameters

developed for the Covid-19 pandemic.

4.2.1 Generalized Discrete Deterministic SEIR Model

Our model is based on some assumptions and notations that we highlight brieƒy here. Particular

details regarding the assumptions are in the text that follows.

1. Birth and death rates are neglected since they are marginal in comparison to the total

population which we therefore assume constant;

2. We introduce 3 di‚erent sub-groups of the population:c� community,h� healthcare, and

v� visitors:

(a) Most of the population come under the categoryc. All parameters and assumptions

introduced apply to this category;

(b) Categoryh consists of a small percentage of total population that are individuals in

the healthcare sector. ‘ese include doctors and nurse practitioners. At the start of the

pandemic, it was assumed that they adhered more strictly to use of pharmaceutical

interventions and that they intermixed with the community less. Once vaccination

was rolled out it is assumed that the category is fully vaccinated (reƒecting the fact

that they had the €rst access to vaccines);
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(c) Visitors are broadly classi€ed as returning residents or tourists. ‘e former is assumed

to follow the same dynamics as categoryc. ‘e la‹er is assumed to have higher risk

tolerance and low interaction with categoryc. ‘erefore we assume a 25% higher

transmission rate between the individuals in categoryv. Tourists are assumed to

have an average duration of stay of two weeks. ‘e number of incoming travelers

is approximated from actual data using a piecewise linear function.

3. Vaccinated individuals have di‚erent parameters for transmission. ‘ey are assumed

to have lower transmissibility due to the protection from vaccine and are less likely to

become symptomatic upon infection. However, as breakthrough cases (recently vaccinated

individuals ge‹ing infected) emerged, this value was updated to reƒect the changes;

4. Number of daily newly vaccinated individual is modeled by a piece-wise linear function

that is approximated from the actual data;

5. We assume that the protection provided by vaccination fades a‰er a period of six months.

At that point, the immunity o‚ered by vaccination is removed. ‘is is estimated using data

on booster shots, which is observed to counteract the e‚ect of fading protection of vaccines;

6. ‘e population is potentially exposed toK � 1 di‚erent variants but an individual cannot

be infected by multiple variants at the same time;

7. Introduction of variants is according to the publicly available data. Due to the competing

nature of variants, certain additional assumptions are made, which is clari€ed in the text

that follows;

8. With later variants (such as Omicron) the severity of symptoms were observed to be

lower. We assume that individuals may recover directly from earlier stages of infection.
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Additionally we assume that if individuals are vaccinated, then they are even less likely to

show severe symptoms;

9. Recovered individuals can become susceptible a‰er some period of time and can be infected

by any of the prevailing variants. ‘e vaccination status of such individuals are retained.

In what follows, to refer to a speci€c variant in the equations below we will use superscript of

k. Since the dynamics for each variant remains the same (with only parameter assumptions being

di‚erent), this notation is mostly suppressed for ease of reading. ‘e compartmentsS, V , E , I

andR represent susceptible, vaccinated susceptible, asymptomatic, symptomatic, and recovered

populations respectively. It is important to note that in our model the diagram and equations

introduced below exist for the three di‚erent sub-groups introduced earlier:c� community,

h� healthcare, andv� visitors. It is extremely important to take visitors into account since they

can a‚ect the transmission rates and also bring in new variants. In particular for Hawaiì and

other island nations where air travel is the dominant mode of entry, it is possible to keep track of

incoming tra•c and understand their impacts. Note that since the visitors classi€ed as returning

residents follows the dynamics ofc, in what follows, by v we denote the travelers who are

classi€ed as tourists.

‘e compartments �E and �I represent the asymptomatic and symptomatic populations who

are vaccinated. ‘at is, a compartment marked with a bar contains individuals who have the

full protection from vaccination. We assume that the la‹er occurs a‰er completing vaccination

regardless of, for example, booster shot status or the brand of the vaccine. Also, individuals

are assumed to have completed vaccination if they received at least two doses of the vaccine,

except for the Johnson and Johnson vaccine for which a single shot is su•cient. Vaccine fading

is introduced in the model through a pathway fromV to S, which we assume happens uniformly

for all individuals a‰er� days, assuming they never became sick. ‘e possibility of re-infection

is implemented in the model via pathways from eachRk , the recovered compartment for the
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k-th variant, into theS andV compartments, depending on the individuals' vaccination status.

In other words, we ensure that when a recovered individual becomes susceptible again, their

vaccination status is retained. While the susceptible and vaccinated susceptible pool is shared

between all the variants, each variant has a distinctE k , I k , and Rk (and the applicable bar)

compartment. ‘is means that each individual can only be asymptomatic or symptomatic with

one variant at a time and that an individual who recovers from a variant will eventually become

susceptible again and possibly re-infected with either the same variant or another one. In Figure

4.2 we provide a high level structure of a multi-variant SEIR model.

Figure 4.2 High Level Structure of Multi Variant SEIR model with vaccine fading and re-infection.
Superscriptk is used to distinguish variants,� represents vaccine fading, k and 	 k are the
proportion of recovered individuals (unvaccinated and vaccinated respectively) who become
susceptible again. ‘e compartmentsE k and I k are further subdivided into 14 and 5 sub-
compartments respectively. Details on this sub-division can be found in (81)
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Equation 4.5 represents the dynamics of the susceptible compartment and Equation 4.6

represents the dynamics of the susceptible vaccinated compartment.NV (t) here stands for

\newly vaccinated" which is the number of previously unvaccinated individuals who receive

vaccination on thet th day. ‘is is typically a set of real data values collected from publicly

available resources by the Department of Health of a given state or region. ‘e values ofNV (t)

may vary ast changes, or it may stay constant for some time, as the required data may not be

readily available. In that caseNV (t) may be set to a constant for a period of time.

S(t + 1) = S(t) �

 
KX

k=1

(1 � e� � k (t ) )S(t)

!

� NV (t) + � (t; � )NV (t � � ) +
KX

k=1

 k (t)Rk (t):

(4.5)

‘en similarly we have vaccinated individuals:

V (t + 1) = V (t) �

 
KX

k=1

(1 � e� � k (t ) )� kV(t)

!

+ NV (t) � � (t; � )NV (t � � ) +
KX

k=1

	 k (t)Rk (t):

(4.6)

In Equation 4.5, to determine the number of susceptible individuals on dayt +1 we start with

those who were susceptible on dayt. Next we subtract from this
P

k (1 � e� � k (t ) )S(t), which

is the number of individuals who were infected by any one of theK variants on dayt. Here

� k (t) is the hazard rate for each variant and the terme� � k (t ) gives the probability of infection.

‘en we subtract the newly vaccinated individualsNV (t), but also we add back� (t; � )NV (t � � ),

representing the e‚ect of vaccine fading, where� (t; � ) =
Q �

i =1
Q K

k=1 (1� � k (1� e� � k (t � � + i ) )) . In

other words, we put back the individuals who were subtracted fromS as newly vaccinated� days

ago, where� days is the time it takes a vaccinated person to become more or less fully susceptible

again according to best current evidence, assuming that they were never infected with any of the

K variants. For simplicity in our simulations we take� = 0 :6, as the formula becomes unwieldy
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when the number of variants increases, and furthermore it is unknown whether vaccine fading

should be dependent on the brand of vaccine or even if it should truly apply to all individuals

equally and in the same amount of time. ‘is value can be estimated by the proportion of

population that choose to get booster shots and thus retain their immunity over time. ‘e

equation to determine the number of vaccinated susceptible on dayt + 1 is structurally the

same as that for susceptible, except that the newly vaccinated individuals are added and the

individuals losing their vaccine protection are subtracted. In addition, we use� k to denote the

reduced susceptibility in vaccinated individuals for thekth variant. Since vaccinations provide

protection in two di‚erent ways - reducing transmissibility and susceptibility, the la‹er of which

is di•cult to estimate, we use� k = 1 for most of the simulations and the e‚ect of vaccination

is achieved via reduced transmissibility. However, we have the ƒexibility to adjust this value.

‘e time dependent parameters k (t) and 	 k (t) in (4.5) and (4.6) represents the proportion of

non-vaccinated and vaccinated individuals, respectively, who recovered from variantk become

susceptible to re-infection again. ‘ese proportions are calculated as k (t) = E k
0 (t � � k )
Rk (t ) and

	 k (t) =
�E k

0 (t � �� k )
Rk (t ) where we take� k and �� k days according to best current evidence. HereE0

and �E0 are respectively the number of susceptible and vaccinated susceptible individuals ge‹ing

infected on a given day. See Equations 4.7 and 4.8.

Following equations (4.5) and (4.6), we begin to describe the equations for an arbitrary variant

k from the set of allK variants. Importantly, the structure of the equations remains the same for

all the variants, with the only di‚erence being potentially the parameter values. ‘erefore, the

dependence onk is suppressed below, but every parameter value may potentially depend onk.

In (81; 26) one can €nd detailed diagrams of the earlier versions of the model. ‘e parameters

are explained in Table 4.1 and parameter values used for our simulations are also provided in

that same table. As before, we still have three groups per equation that are not explicitly shown

for brevity: c� community,h� healthcare, andv� visitors. Equations (4.7) and (4.8) describe the

30



dynamics for the compartmentE0 (resp. �E0 for vaccinated) representing individuals that just got

infected. ‘ey are assumed to be asymptomatic on the €rst day of infection.

E0(t + 1) = (1 � e� � (t ) )S(t); (4.7)

�E0(t + 1) = (1 � e� � (t ) )�V (t): (4.8)

‘e rest of the dynamics for asymptomatic and symptomatic individuals is linear and we use

matrix notation to describe it. LetQ(t) = ( E1; � � � ; E13; I 0; � � � ; I 4)T ; with Qq(t); �Q(t); �Qq(t)

the corresponding vectors for quarantined/isolated and vaccinated populations, all of which are

18 � 1 matrices. In the equations below we use
L

to denote the direct sum of matrices, where

given matrixA andB , A
L

B =

0

B
@

A 0

0 B

1

C
A . We have

Q(t + 1) =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1 � p0

0
...

p0

0
...

0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

(1 � qa;0)E0(t) + MQ (t); (4.9)

where the non-zero entries1 � p0 andp0 have indices 1 and 14, and

M = A
L

B ,A =

0

B
B
B
B
@

01� 12 0

D 012� 1

s s13

1

C
C
C
C
A

with D = Diag[(1 � pi )(1� qa;i )] i =1 ;12, s = ( si )T
i =1 ;12; si =

pi (1 � qa;i ), for i = 1 ; : : : ; 13, and
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B =

0

B
B
B
B
B
B
B
@

1 � qs;0 0 0 0 0

0 1� qs;1 (1 � r2)(1 � qs;2) 0 0

0 0 r2(1 � qs;2) (1 � r1)(1 � qs;3) 0

0 0 0 r2(1 � qs;3) (1 � r1)(1 � qs;4)

1

C
C
C
C
C
C
C
A

:

(4.10)

For the isolated symptomatic and quarantined asymptomatic, we have

Qq(t + 1) =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1 � p0

0
...

p0

0
...

0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

(qa;0E0(t) + Eq;0(t)) + M q1Q(t) + M q2Qq(t); (4.11)

M q1 = Aq
L

Bq, Aq =

0

B
B
B
B
@

01� 12 0

Dq 012� 1

sq sq;13

1

C
C
C
C
A

with Dq = Diag[(1 � pi )qa;i ]i =1 ;12, sq =

(sq;i )T
i =1 ;12; sq;i = pi qa;i and

Bq =

0

B
B
B
B
B
B
B
@

qs;0 0 0 0 0

0 qs;1 (1 � r2)qs;2 0 0

0 0 r2qs;2 (1 � r1)qs;3 0

0 0 0 r2qs;3 (1 � r1)qs;4

1

C
C
C
C
C
C
C
A

; (4.12)
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and €nally by construction we also haveM q2 = ( A + Aq)
L

(B + Bq). For the vaccinated

populations, the dynamics are identical except for possible adjustment to the parameterspi andr i

that will be wri‹en �pi and�r i in the sequel. Note that asymptomatic individuals move daily through

14 days of illness unless they develop symptoms or quarantine themselves. On the other hand,

symptomatic individuals can stay in some of the stages of the illness progressing for several days

(the rate of progression is denoted byr2). As mentioned earlier, the dynamics for the vaccinated

populations are similar with the exception of the parameter values representing the rates for

asymptomatic individuals to become symptomatic, i.e.pi coe•cients depend on the vaccination

status and are therefore represented by�pi . In our model the rate of isolation is assumed to be the

same for both non-vaccinated and vaccinated populations, but it could be generalized to account

for a possibly di‚erent behavior. In Figure 4.3 we display a schematic for the interaction between

isolated and non-isolated symptomatic individuals.

Finally, equation (4.13) expresses the dynamic of the recovered compartment:

R(t + 1) = (1 �  (t))R(t) + r1(I 4(t) + I q;4(t)) + �r1( �I 4(t) + �I q;4(t)) + ( r1 � r2)( I 3(t) + I q;3(t))

+ (�r1 � �r2)( �I 3(t) + �I q;3(t)) + (1 � p13)(E13(t) + Eq;13(t)) + (1 � �p13)( �E13(t) + �Eq;13(t)) ;

(4.13)

where we assume that an individual can recover by staying asymptomatic for 14 days, or from

stages 3 and 4 of the illness when having symptoms.

Next, we provide the expressions for the hazard rate,� . Note that this rate is variant as

well as group dependent. First, we calculate the total population for our three groups, which

are community, health care workers and visitors, denoting these quantities byNc; Nh ; andNv ,
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Figure 4.3 In the above diagram shows the ƒow in theI ,I q sub compartments. ‘e ƒow between
sub-compartments for vaccinated population is the same with each sub-compartment being
replaced by it's bar version, the rate from�I q;3 to �I q;4 being r3 instead ofr2 and the rate from
�I q;3 to Recovered compartment beingr1 � r3 instead ofr1 � r2.

respectively:

Nv(t) = Sv(t) + Vv(t) +
KX

k=1

(Ev(t) + I v(t) + Rv(t)) ; (4.14)

Nh(t) = Sh(t) + Vh(t) +
KX

k=1

(Eh(t) + I h(t) + Rh(t)) ; (4.15)

Nc(t) = Sc(t) + Vc(t) +
KX

k=1

(Ec(t) + I c(t) + Rc(t)) + � hNh(t) + � vNv(t); (4.16)

where� h ; � v represent the mixing ratios between the di‚erent groups.
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Now we use the above quantities to normalize the hazard rates. We note again that there are

three hazard rates for each value ofk, and the dependence onk is suppressed for convenience:

� c(t) = ~�
h
Zc(t) + ! �Zc(t) +

X

� 2f h;vg

� � (Z � (t) + ! �Z � (t))
i
=Nc; (4.17)

where ~� = � (1 � pmp (1 � pme))
 vaccpassf factor, Z � = I � (t) + "E � (t) + 
 ((1 � � )I �;q + "E �;q ),

and the coe•cients are described in Table 4.1 and Table 5.1.

Similarly we have the hazard rates for the healthcare workers and the visitors:

� h(t) = � h � c + ~�
h
Zh(t) + ! �Zh(t)]

i
=Nh ; (4.18)

� v(t) = � v � c + ~�
h
Zv(t) + ! �Zv(t)]

i
=Nv : (4.19)

Certain quantities used in our simulations are not governed by separate dynamics. Rather, they

are computed as closed form expressions involving other quantities. In particular, two important

estimates obtained from the model are the number of active hospitalizations and the number of

new daily infections. ‘e former is calculated by summing up speci€c fractions of the sizes of

compartmentsI 3; I 4; I q;3, andI q;4, essentially regarding the corresponding sub-populations as

individuals who have progressed to severe stages of the disease. ‘ese fractions, o‰en referred

to as hospitalization rates, vary throughout the course of the pandemic and across the counties.

‘e values used in the model are given in Tables 5.3 and 5.7, where the rate of hospitalization for

the population in stage four is twice the rate of hospitalization for the population in stage three.

‘e daily number for active hospitalizations is computed as:

Hosp(t) =
KX

k=1

(� 1H3 + � 2H4) ; (4.20)
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whereH i =
P

� 2f c;h;vg

�
I �;i + �I �;i + I �;q;i + �I �;q;i

�
, and� 1, � 2 are the hospitalization rates.

‘e number of daily new infections is calculated using the following formula:

Ni (t) =
KX

k=1

�
N i I + Ni E + (1 � r )qs;13I 13 + (1 � r )qs;13 �I 13

�
; (4.21)

where Ni I =
P

� 2f c;h;vg

� P i =12
i =0

�
qs;i (I i + �I i )

� �
and

Ni E =
P

� 2f c;h;vg

� P i =12
i =0

�
qa;i (E i + �E i

� �
.

4.2.2 Model Parameters

In Table 4.1 we provide the values for the parameters used in the model. ‘ere are additional

parameters, which are intrinsic to vaccination and are derived from data available for state of

Hawaì i . ‘ese are introduced in the next chapter.

4.2.3 Concluding Remarks

In our work, we do not study hospital bed capacity and mortality from Covid-19, mainly due

to lack of relevant publicly available data. ‘e model also does not incorporate demography,

geographical population distribution and age strati€ed sub-populations all of which have been

studied in (34), (35), (37) and found to have impacted the evolution of the pandemic. Also not

included in the model is human mobility and e‚ects of sociological factors such as poverty and

homelessness in the evolution of the pandemic, which is studied in (38).
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Table 4.1 Parameters intrinsic to COVID-19 (19; 24; 70; 93; 96) **: ‘is is due to the fact
that by December 2020 all healthcare workers were vaccinated and we assume they behave
like community members then. Note that some parameters depend on geographic location,
demographics and other variables. ‘ey can therefore not all be found in the literature and some
were estimated speci€cally for Hawai`i using our model €t.

Parameter, meaning Value

� , basal transmission rates optimized to €t data
Factors modifying transmission rate

" , asymptomatic transmission (25%
reduction in transmission)

0.75 (could be variant dependent)

� h , reduced healthcare worker
interactions

0.8, until December 2020 and then
1.0**

� v , reduced visitor interactions 0.5

 , quarantine and isolation (80%
reduction in transmission)

0.2

� , hospital precautions 0.5
� , healthcare worker precautions 0:2375
Population fractions (assumed constant but could potentially be variant dependant)
pi , i = 0,. . . ,13, rate of onset of symptoms
a‰er dayi

0.000792, 0.00198, 0.1056, 0.198,
0.2376, 0.0858, 0.0528, 0.0462, 0.0396,
0.0264, 0.0198, 0.0198, 0.0198, 0

qs;i , i = 0,. . . ,4, rate of symptomatic
isolation a‰er day/stagei

C: 0.1, 0.4, 0.8, 0.9, 0.99;
H: 0.2, 0.5, 0.9, 0.98, 0.99

qa;i , i = 0,. . . ,13, rate of asymptomatic
quarantine a‰er day/stagei

0.0, 0.0, 0.0, 0.0, 0.0, 0.05, 0.05
0.05, 0.0, 0.0, 0.0,0.0, 0.0, 0.0

r1; �r1, rate of recovery for unvaccinated
and vaccinated population

0.2

r2; �r2, rate of transition to severe stage of
infection for unvaccinated and
vaccinated

0.085

� k , delay for possibility of re-infection
for kth variant

210 days

� , reduced transmission of symptomatic
hospitalized individuals

0.11
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Chapter 5

Modeling the Evolution of the Spread of Covid-19 for

the State of Hawai ì

As mentioned in chapter 2, island countries and archipelagos have been historically very

vulnerable to new diseases. In this chapter we apply the generalized SEIR model de€ned in

Chapter 3 to the State of Hawaiì . Indeed, with the advent of Covid-19 it was crucial for the

State to have a tailored model incorporating special features associated to smaller and contained

environment. It was clear very early on in the pandemic that the various Hawaiian islands needed

to be treated individually and could request various mitigation measures at di‚erent times. More

on the need to consider heterogeneity of the counties of Hawaiì can be found in (26) ‘e initial

model was more basic than the one presented in this dissertation and evolved with the pandemic.

Our work was used by the Government and the News media as an additional informative element

by decision makers and to inform the general public.

‘e Hawaiian Islands are an archipelago of eight major islands, with only seven of them

being inhabited. ‘e State of Hawaìi is divided into €ve counties: Hawaiì , Honolulu, Kalawao,

Kauài , and Maui. Honolulu county, which consists of the island of Oahu, is the most populated

county of the state, with 69% of the state's population. Hawaiì county, which consists of the

island of Hawaìi , has the largest land mass, 63% of the entire state, but comes second in resident
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population. ‘ird by population is Maui county, which spans the islands of Maui, Molokaì , Lanai,

and Kahòolawe . Kauài county, which spans the islands of Kauaì and Nì ihau , has the smallest

population of the four counties studied in our work. Due to its small population, the number of

daily new infections during the €rst year of the pandemic were too less to be modeled. ‘erefore,

we begin modeling for the county of Kauaì from April, 2021 onward. ‘e majority of health

facilities are located in Honolulu county. More precisely, each of the neighbor islands has at least

one hospital, but some like the one on Lanai are severely limited in services. Honolulu County

has 16 hospital branches, Maui county has 4, Kauai county has 3 and Hawaiì county has 6, but

these vary in size, services and facilities, with most being quite limited compared to mainland

hospitals. ‘e Hawaiian Islands are at close proximity to each other and it is relatively quick and

easy to travel between them (although pandemic-related imposed restrictions made inter-island

travel more di•cult at the beginning of the pandemic). ‘e four counties are connected by more

than dozens of ƒights every-day. Oahu forms the hub of inter-island travel for the state of Hawaiì

. ‘e most frequent services are between the islands of Oahu, Maui, Kauaì and Hawaìi . Daily

smaller planes also exists to connect to the islands of Lanai and Molokai. Accounting for all types

of travel (international and domestic) there were an average of 30,000 daily passenger counts pre-

pandemic. ‘ese numbers dropped by over 90% during the €rst few months of the pandemic and

picked up gradually from October 2020 onward.

In order to apply the generalized SEIR model introduced in the previous chapter, we €rst

introduce the parameters that are Hawaiì speci€c for vaccination as well as mitigation measures

such as Safe Access. We then present how to incorporate in the model the inƒow and outƒow of

travelers.

‘e work presented below is taken from our paper (27), which may be referred for details as

well as from bi-weekly reports that were done for Hawaiì Pandemic Applied Modeling (HiPAM).
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5.1 Hawai ì Vaccination Rates

‘e Hawai ì Department of Health (DOH) started COVID-19 vaccinations on December 15, 2020.

A State vaccination distribution plan was dra‰ed and can be found on the website (57). One

year later, by December 15, 2021,2; 439; 075COVID-19 vaccine doses had been administered in

Hawai`i. DOH estimated then that 73.2% of the state's population had received either two doses of

the P€zer or Moderna vaccine or one shot of the Johnson & Johnson vaccine. Figure 5.1 shows the

input function NV (t) used for our model. It is approximated based on real data and was adjusted

every time a signi€cant change in vaccination rates was detected. A higher rate of vaccination

can be observed until about May 2021, i.e. for the €rst 5 months of the campaign, with all counties

plateauing therea‰er. It is interesting to see that Kauai county was initially the most aggressive

in its vaccination program and then began plateauing earlier than the other counties, with a very

small vaccination increase since August 2021. Parameter values that are related to vaccination

Figure 5.1 Vaccine Input functionNV (t) from December 27, 2020 to August 31, 2022. Vaccinations
as of September 3, 2022 are Hawaii: 69%, Maui: 71%, Kauai: 73% and Honolulu: 80%.

and used in our simulations, are given in Table 5.1.
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Table 5.1 Parameters related to vaccination and used in our simulations (98; 101; 115). Note that
some parameters depend on geographic location, demographics and other variables. ‘ey can
therefore not all be found in the literature and some were estimated speci€cally for Hawai`i using
our model €t.
*: ‘is simpli€cation was made because the reduction in susceptibility is di•cult to estimate and
the protection provided by vaccine is achieved through other parameters.
*: ‘e choice of the value 0.6 for the parameter� is based on the estimate that, at the time of
introduction of vaccine fading in the model, about 40% of individuals in Hawaiì who were fully
vaccinated had also received the (€rst) booster dose. ‘is leaves 60% of the vaccinated individuals
vulnerable to losing their immunity due to vaccine fading e‚ects. In addition, we assume the
same distribution for booster dose as we had observed for vaccination.

Parameter, meaning Value

Factors modifying transmission rate
! , reduced transmissibility due to
vaccination

0.20 before Omicron and 0.24
a‰erwards

� k , reduced susceptibility forkth variant 1 *
�pi , i = 0 ; 1; :::13, probability of onset of
symptoms a‰er day i (a‰er vaccination)

0.000492, 0.001080, 0.002056, 0.0415,
0.002376, 0.000858, 0.000528, 0.000302,
0.00019, 0.00019, 0.00019, 0.00019,
0.00019, 0


 vaccpass, reduced susceptibility due to
Vaccine Passport

0.6 for duration of safe access Oahu
on Honolulu county only

f factor , increased transmissibility for
variants

Varies by variant (detail in Table 5.6)

� , vaccine fading factor 0.6**
� , vaccine fading delay 180 days
NV , vaccinations received per day Varies by geographic location and

time, as shown in Figure 5.1
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5.2 Incorporating Travelers in the Model

A peculiarity of islands is the possibility to restrict travel with special mitigation. ‘is ability

played a big role in controlling incoming infected individuals. Soon a‰er the €rst cases were

detected in Hawaiì , incoming travelers were required to undergo a mandatory quarantine of two

weeks. For returning residents, it meant that would quarantine at their homes and for tourists it

meant that their duration of stay and lodging arrangements had to be for at least two weeks. ‘is

reduced the number of travelers, especially tourist to a negligible quantity.

Once testing became more available, Hawaiì safe travel program was introduced in October

15, 2020. Under this program, all travelers entering the state of Hawaiì from outside were required

to have a pre-travel (within 72 hours of departure) negative Covid-19 test result from a Nucleic

Acid Ampli€cation Test (NAAT) done at one of the accepted testing centers in order to bypass

the two week quarantine rule that was present before. (59)

‘e incoming visitors were put into two major categories: (a) Tourists (short term visitors) and

(b) Returning Residents. While the rules for each of the categories were the same, the potential

impact they could have on the evolution of the disease were di‚erent. ‘e tourists were expected

to be interacting more within their own bubbles without much interaction with the community

outside of those involved in the hospitality industry. However, the returning residents were

expected to intermix with the community and have a di‚erent impact. Since the rules required

a negative test for entry without a necessary quarantine, we consider di‚erent possibility for

the states of incoming population: (a) tested and false negative, (b) tested and true negative, (c)

untested and is exposed and (d) untested and is not exposed. Depending on which category

the traveler falls in, we introduce them in one of three compartments: susceptible, exposed,

quarantine. ‘is is shown in Figure 5.2 ‘e fraction of incoming travelers that are assigned to

each category is determined using four parameters� 1; � 2; � 3 and � 4, which represent testing
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Figure 5.2 Traveler Sub Diagram: HereT is the average daily number of travelers arriving.
‘e total proportion of travelers put in susceptible, exposed and quarantine compartments are
� 1(1 � � 2) + (1 � � 1)(1 � � 3), � 1� 2 + (1 � � 1)( � 3)(1 � � 4) and(1 � � 1)� 3� 4 respectively.

percentage, false negative test proportion, prevalence of disease and proportion of untested

individuals going into quarantine respectively.

‘e above implementation is applied to both tourists and returning residents. ‘e di‚erence

being that in case of the returning residents, we introduce them in thec� category and in case

of tourists in thev� category.

‘e Hawai ì safe travel program was modi€ed over the course of the pandemic to account for

developments in vaccination. On June 15, 2021, a quarantine exemption began for persons who

had received at least one COVID-19 vaccination shot in Hawaii and on July 8, 2021, the quarantine

exemption was extended to all domestic trans-Paci€c travelers who had received at least one

COVID-19 vaccination shot. ‘is quarantine exemption meant that with vaccination shots, one

was no longer required to have a negative Covid test in order to bypass the 14 day quarantine rule.

(60). ‘e Hawai ì safe travel program was ended on March 25, 2022 for all counties A‰er this date,

travel restrictions are removed from the model and travelers are divided between vaccinated and
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unvaccinated compartments according to the U.S. average. International travelers do still require

vaccination to enter the U.S. but they form a relatively small percentage of incoming travelers.

Figure 5.3 displays the piece-wise linear function which is an estimate of the number of daily

arrivals for returning residents and tourists. ‘e estimate was obtained from the data in (114) and

used in the model. It can be observed that Maui County has the largest ratio of travelers versus

residents while Honolulu County has the smallest (Note that the number of returning residents

are the di‚erence between the solid and do‹ed line, while the numer of tourists are the do‹ed line

in Figure 5.3). ‘e county of Kauai had extremely low detected cases of infections until May 2020

and the model could not be applied before that date, that is why travelers are shown only for May

2020 and beyond. It can be observed that in Spring 2022 the number of travelers for the County of

Kauai signi€cantly increased, which is mostly due to a return of tourists similar to pre-pandemic

levels.

Figure 5.3 Evolution of traveler arrival in the State of Hawai`i as percentage of total population
per day over time for each county. ‘e solid line represents a total travelers per day and the do‹ed
line represents the total visitors per day. ‘e di‚erence between the two are returning residents.
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While the inƒow of travelers is based on estimates from data, the outƒow of travelers requires

some assumptions due to two reasons. Firstly, while arrival data was published daily on (114), data

on departures were not available. Secondly, since the compartmental model is of an aggregate

nature, it is not possible to track the outcome of individual infections. For returning residents,

we assume that a large percentage of those are from inter-island travel and on a given datet, we

remove from the susceptible pool the number of arrivals on datet � 14(a two week duration). For

tourists, we assume an average duration of stay of two weeks whether or not they were infected.

‘e number of tourists removed is calculated in the same manner as described above. However,

since the tourists were modeled using a separate category (v), they had their ownR (Recovered)

compartment, we also empty the recovered compartment every four weeks. ‘is is to reƒect the

fact that any infected tourist would have recovered by one of two means in that duration and le‰.

5.3 Model simulations of daily new cases for counties of Hawai ì

Of all the parameters listed in Table 4.1 and Table 5.1, the parameter that is optimized for the €t is

� , which represents the basal transmission rate. ‘e basal transmission rate is the transmission

of the disease Due to the emergence of new features of the disease as well as uncertainty in

other parameters (from insu•cient information to estimate them), optimization of� is not as

straightforward as using any available algorithm to €nd the best €t. For example, if an upward

trend is noticed between date t and say date t+14, we do not immediately adjust beta. First, we

look at what other factors might have driven up the infections and see if that gives a be‹er €t than

the existing €t. If we €nd no evidence for other factors a‚ecting the transmission, then we resort

to optimizing beta by looking at the existing beta value (which is already the best €t until date t)

and making incremental changes over a period of 14 days and choosing the one that minimizes

the L2 distance between the model €t and the real data.
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In this section we provide some of the simulations for the counties of Hawaiì . We break

it down in to three periods. (1) March 2020 - June 2021 (pre-delta variant period), (2) July 2021

- October 2021 (period of delta variant) and (3) November 2021 - May 2022 (period of omicron

variants). ‘e reasons for breaking it down into three such periods is twofold. Firstly, from the

point of view of the evolution of Covid-19 in Hawaiì , the Delta variant was the €rst variant of

concern whose appearance coincided with relaxing mitigation measures. ‘is combined with its

high transmissibility led to a change in scale of the observed daily new infections. For example, in

Honolulu county, the highest number of infections in a single day in that period was 2.1 times that

in the period prior to that. Similarly, the appearance of the Omicron variant also drove the daily

new infection number to signi€cantly increase with the highest number of infections in a single

day observed during this period being 5.7 times the highest number during the Delta period and 12

times the highest number of the period prior to Delta. In addition to that, since the appearance of

the Omicron variant in Hawaìi , more light was shed on the e‚ects of vaccine fading as well as on

re-susceptibility post infection. ‘e Omicron variant was also followed by numerous sub-variants

that are still circulating in Hawaìi . Secondly, from the modeling perspective, the appearance of

Delta variant marks the €rst a‹empt at incorporating the e‚ects of multiple variants in the model.

Since this variant became dominant in a short period of time, we did not make structural changes

in the model but used the parameterf factor to account for gradual mixing of Delta variant with

the existing variant. Similarly, the Omicron period marks, from the modeling perspective, a

change in implementation where we have the capability of implementing competing variants

in the model. In addition to that, this period also saw the development of re-susceptibility post

recovery in the model.
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March 2020 - June 2021

‘e period from March 6, 2020 to June 30, 2021 represents the start of the pandemic (the €rst

detected case in Hawaiì ) to right before the emergence of the highly transmissible delta variant.

‘e €t for the counties of Honolulu, Hawai ì and Maui are shown in Figure 5.4 , 5.5 and 5.6.‘e

red rectangles represent the basal transmission rate� , the changes correspond to the actual non-

pharmaceutical mitigation taken in the di‚erent counties such as lockdown, mask mandate, safe

travel, etc. Other parameters are €xed and were not used to optimize the €t. No new variant with

signi€cant di‚erence in transmission was introduced until the Alpha variant B.1.1.7. in April 2021,

so we assumef factor = 1 from March 6, 2020 to March 30, 2021 andf factor = 1 :3 from April 1,

2021 to account for the appearance of the Alpha variant B.1.1.7 in the Islands (we use 1.3 instead

of 1.5 since infections were a combination of the original variant and the Alpha one). ‘ere is

then a gradual change off factor from May 15, 2021 to July 8, 2021 to account for the appearance

of the Delta variant, see the following subsection for more details. We compute the discreteL 2

distance to measure the error of the model €t compared to the DOH reported data for the three

counties, see Table 5.2. ‘e real data and the model €t are both normalized using the maximal

value of the detected daily cases. As expected, the error is quite reduced when comparing to the

7-day average since compartmental models average the behavior of the population groups. It is

not surprising to see that the best €t is for Honolulu county since it has the largest population

and number of reported daily cases. Hawaii and Maui counties have larger errors, which is due

to more drastic relative variation in reported daily cases than for the Honolulu County.

Table 5.2L 2 distance to measure the error of the model €t with respect to real data
County L 2 distance between model €t

and actual data
L 2 distance between model €t and 7
day average of actual data

Honolulu 0.284 0.191
Hawaii 0.319 0.223
Maui 0.334 0.230
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It can be observed on Figure 5.4 that Honolulu had its largest surge and number of reported

cases during August 2020, which prompted the State to reintroduce a lockdown (for all counties).

‘e introduction of the safe travel program on 15 October 2020 generated a new surge that was

ƒa‹ened with the start of the vaccination program in the State in December 2020. Maui followed a

di‚erent trajectory which can be a‹ributed to a slower rate of vaccination and a larger increase in

travelers when compared to the other counties, see Figures 5.1 and 5.3, respectively. ‘e largest

transmission rate occurred for all three counties during the initial surge in March, which was

countered rapidly with a severe lockdown. In June 2021, the spread of the virus seemed to be

under control in the State of Hawaiì , which resulted in some relaxation of mitigation measures

as the vaccines prevented the surge in infections. Unfortunately, the Delta variant B.1.617.2, which

has disrupted this trend, was already detected, although in a small number of cases.

Figure 5.4 ‘e orange dots are the daily cases reported by the DOH, and the green line corresponds
to the model €t with corresponding� 's in red. Honolulu County €t. ‘e largest value for detected
cases was 330 individuals on August 12, 2020. Black vertical lines correspond to adjustment of�
(due to mitigation measures or change in people's behavior) and blue vertical lines correspond to
changes inf factor .

July 2021 - October 2021

While the €rst variant, Alpha variant B.1.1.7 appeared as early as December 2020 in the United

Kingdom, the most noticeable variant that became a real cause of concern was the Delta variant
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Figure 5.5 ‘e orange dots are the daily cases reported by the DOH, and the green line corresponds
to the model €t with corresponding� 's in red. Hawaii County €t. ‘e largest value for detected
cases was 66 individuals on May 28, 2021. Black vertical lines correspond to adjustment of�
(due to mitigation measures or change in people's behavior) and blue vertical lines correspond to
changes inf factor .

B.1.617.2. Daily cases increased rapidly all over the U.S. In Hawaiì DOH begun publishing variant

reports bi-weekly on June 9, 2021 and on June 19, 2021 they reported that from a pool of specimens

from positive samples analyzed by genomic sequencing 19% were identi€ed to be the variant. ‘is

went up to 55% on July 3, 2021 and to 74% on July 31, 2021. As of August 14, 2021, the Delta variant

was completely dominant in the state of Hawaiì .

Based on data from various sources, the Delta variant is estimated in our model to be about

50% more transmissible than the Alpha variant. During this phase, we did not have the ability to

implement competing variants in the model and therefore used a di‚erent approach to implement

the transition from Alpha variant to Delta variant. We used the model described in Chapter 4 with

K = 1 , varying f factor over a seven week period from May 15, 2021 to July 8, 2021 from 1.3 to

2.2. ‘e ramping up of value of f factor accounts for the mixing of variants during the few weeks

before Delta became the dominant variant.

In Figure 5.7, 5.8 and 5.9 we see the evolution of the spread of the virus during the Delta period,

July 1, 2021 to October 15, 2021. We see that Honolulu County has a surge that peaked around the

end of August and was followed by a steady decline. In Table 5.3, the hospitalization parameters
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Figure 5.6 ‘e orange dots are the daily cases reported by the DOH, and the green line corresponds
to the model €t with corresponding� 's in red. Maui County €t. ‘e largest value for detected
cases was 63 individuals on March 16, 2021.

are provided. It can be seen that model hospitalization rates for symptomatic individuals in stages

3 and 4 of the disease, (� 1; � 2), decreased, most noticeably for Honolulu County, which is a

consequence of the fact that Honolulu had a high number of cases and vaccinated individuals

would stay asymptomatic or would have only very mild symptoms.

Table 5.3 Hospitalization rates(� 1; � 2) for four counties
Dates (2021) Honolulu(� 1; � 2) Hawaii(� 1; � 2) Maui(� 1; � 2) Kauai(� 1; � 2)

July 8-Aug 15 (9%,18%) (4.5%,9%) (4.5%,9%) (4.5%,9%)
Aug 16-Sep 1 ramp down (4.5%,9%) ramp down ramp down
Sep 2-Sep 15 (7%,14%) (4.5%,9%) ramp down (2%,4%)
Sep 16-Oct 1 ramp down (4.5%,9%) (4%,8%) (2%,4%)
Oct 2-Nov 1 (5%,10%) (4.5%,9%) (4%,8%) (2%,4%)

It can be observed that the €t for active hospitalizations was quite accurate. Since those data

do not depend in testing there is less ƒuctuations for Honolulu county which has the largest

numbers of all counties. ‘e day with the largest number of active hospitalizations was in early

September. ‘e distances between the model €t and the reported data, both for new daily cases

and active hospitalizations, as well as between the model €t and the corresponding 7 day averages

of the data, are shown in Table 5.4, where the data is normalized by the max values. ‘e distance
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Figure 5.7 (Top) Honolulu County. On the top le‰ is new daily cases and on the top right plot
is active hospitalization. ‘e peak for reported DOH cases was 687 on August 24 and 389 on
September 4 for active hospitalization. (Center) Maui County. New daily cases (center-le‰) and
active hospitalizations (center-right) for the period July-October 2021. ‘e peak for reported
DOH cases was 133 on August 31 and 40 on August 25 for active hospitalization.(Bo‹om) Hawaii
county. New daily cases (bo‹om-le‰) and active hospitalizations (bo‹om-right) for the period
July-October 2021. ‘e peak for reported DOH cases was 187 on August 24 and 61 on August 27
active hospitalizations.

for Kauài is signi€cantly more due to the small number of cases which makes it di•cult to model.

However, as the cases rise the model performs be‹er. It must be noted that the distances for the

€t on hospitalization is smaller for all counties (except Maui), suggesting that, during this period,

the active hospitalization is becoming a be‹er indicator of the current situation. ‘is may be due

to an increase in number of asymptomatic transmission, which was observed during this period.
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Figure 5.8 Hawaii county. New daily cases (bo‹om-le‰) and active hospitalizations (bo‹om-right)
for the period July-October 2021. ‘e peak for reported DOH cases was 187 on August 24 and 61
on August 27 active hospitalizations.

All counties display the same trend as Honolulu County, a peak at the end of August followed

by a decline until mid-October. ‘e relative decrease in basal transmission� due to mitigation

and adjustment of public behavior was 36% for Honolulu, 56% for Hawaii and 48%, 49% for Maui

and Kauai, respectively. It can be seen that the model €t for active hospitalization is not very good

for Kauai, the model providing values above the reported data by the DOH. ‘is might come from

the fact that Kauai has a very limited health care capabilities (very few ventilators for instance)

and individuals might be ƒown to other facilities in Honolulu.
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Figure 5.9 Maui County. New daily cases (center-le‰) and active hospitalizations (center-right)
for the period July-October 2021. ‘e peak for reported DOH cases was 133 on August 31 and 40
on August 25 for active hospitalization.

Table 5.4L 2 distance to measure the error of the model €t with respect to real data - Delta Period
County L 2 distance between model €t

and actual data (ni, hosp)
L 2 distance between model €t and 7
day average of actual data(ni, hosp)

Honolulu 0.373, 0.286 0.276, 0.167
Hawaii 0.404, 0.373 0.159, 0.244
Maui 0.368, 0.497 0.222, 0.424
Kauai 1.355, 3.364 1.292, 3.354

November 2021 - May 2022

‘e B.1.1.529 variant, Omicron, was €rst reported to WHO from South Africa on November 24,

2021. ‘e €rst known case of this more contagious variant was con€rmed in the State of Hawaii
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on December 5, 2021. Based on estimates from the literature (17; 112), we assume that the original

Omicron strain BA.1 is 2.4 times more transmissible than the Delta variant B.1.617.2 (more than

5 times transmissible than the original strain). Omicron's subvariant BA.2 was detected shortly

a‰er and is assumed to be 1.5 times more transmissible than the original Omicron strain BA.1

(about 8 times more transmissible than the original Covid-19 strain). As the Omicron variant

appeared in the State of Hawaii the model was updated to include multiple variants. ‘e daily

new infection and daily active hospitalization €ts for Honolulu, Hawaii, Maui and Kauai county

are shown in Figure 5.10, 5.11, 5.12 and 5.13. Due to uncertainties about the emerging variants, we

introduce cones of uncertainties in these plots. Since the simulations generated from the model

were also used for messaging to the public, it was important to provide a range of values rather

than a single one to emphasize uncertainties in the forecast. ‘e green curve is the optimized €t.

‘e red and blue curve are the worst-case scenario and the best=case scenario estimates giving

a cone of uncertainty for the forecasts. ‘e red (blue) curve assumes a variant transmission rate

that is higher (lower) by 0.1 and parameterr2 that is higher(lower) by 0.05.

Table 5.5L 2 distance to measure the error of the model €t with respect to real data - Omicron
Period

County L 2 distance between model €t
and actual data (ni,hosp)

L 2 distance between model €t and 7
day average of actual data(ni,hosp)

Honolulu (0.337,0.284) (0.326,0.284)
Hawaì i (0.445,0.356) (0.436,0.333)
Maui (0.379,0.395) (0.325,0.365)
Kauài (0.428,0.486) (0.480,0.486)

In Table 5.5 we show theL 2 distance of the €t from actual data. During this period, the

widespread availability and use of home-testing meant that the published data on daily new

infections were no longer an accurate reƒection of what was going on. In addition to that, with a

decrease in severity and more than 60% of the population immunized through vaccination, there

was more emphasis on understanding on the active hospitalization needs. ‘erefore, for this
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Figure 5.10 Here we have the simulation for the daily new infections and daily active
hospitalization for Honolulu county. ‘e do‹ed vertical lines represent the dates at which the
transmission rate is adjusted. ‘e red rectangles show the optimized transmission rates for the
corresponding duration. ‘e peak for reported DOH cases was 3,884 on January 11, 2022 and
for active hospitalization was 307 on January 24, 2022. (Second from Top) Maui County. ‘e
peak for reported DOH cases was 895 on January 11, 2022 and for active hospitalization was 56
on January 28, 2022. (Second from bo‹om) Hawaii County. ‘e peak for reported DOH cases
was 582 on January 12, 2022 and for active hospitalization was 46 on January 17, 2022. (Bo‹om)
Kauai County. ‘e peak for reported DOH cases was 436 on January 12, 2022 and for active
hospitalization was 17 on February 2, 2022.

period we use the hospitalization data to validate the model. As can be seen in the table, the €ts for

hospitalization have smaller distances than that for daily new infections and the distance between

the €t and actual data for hospitalization is be‹er than what it was during the Delta period (5.4)

for all the counties. Table 5.6 summarizes our parameter assumptions. ‘e introduction of the
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Figure 5.11 Here we have the simulation for the daily new infections and daily active
hospitalization for Hawaìi county. ‘e do‹ed vertical lines represent the dates at which the
transmission rate is adjusted. ‘e red rectangles show the optimized transmission rates for the
corresponding duration. ‘e peak for reported DOH cases was 582 on January 12, 2022 and for
active hospitalization was 46 on January 17, 2022.

new mutations in the multi-variant model requires some careful thinking. Introducing a single

case of a new variant will not allow for its spreading. Instead, we used the variant reports to

introduce cases in various compartments of our model to €t the reported data, and the date of

introduction of the variant was used to optimize the €t. Adjustments in people's behavior due to

the Holidays and gatherings were also taken into account. Table 5.7 provides the hospitalization

rates for the period from November 1, 2021 to April 30, 2022. ‘e hospitalization rates during

the Delta period was higher than that during the Omicron period but the actual hospitalizations
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Figure 5.12 Here we have the simulation for the daily new infections and daily active
hospitalization for Maui county.. ‘e do‹ed vertical lines represent the dates at which the
transmission rate is adjusted. ‘e red rectangles show the optimized transmission rates for the
corresponding duration. ‘e peak for reported DOH cases was 895 on January 11, 2022 and for
active hospitalization was 56 on January 28, 2022.

during these periods were comparable. ‘is is due to the large number of infections cause by

the Omicron variant and not because it caused more severe infections. As the transmissibility

of the variants increased, the severity of illness caused by them has gone down. Factors such as

increased vaccination and temporary natural immunity o‚ered by a previous infection played an

important role in this. ‘is shows that, to get a be‹er understanding of what is going on, it is not

su•cient to look at just the daily new infections, but also the daily active hospitalization.
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Figure 5.13 Here we have the simulation for the daily new infections and daily active
hospitalization for Kauài county.. ‘e do‹ed vertical lines represent the dates at which the
transmission rate is adjusted. ‘e red rectangles show the optimized transmission rates for the
corresponding duration. ‘e peak for reported DOH cases was 436 on January 12, 2022 and for
active hospitalization was 17 on February 2, 2022.

5.3.1 Using the model to forecast, simulate scenarios and study the role of

asymptomatic transmission

Using the model tailored to the state of Hawaiì we are able to extract information that cannot be

otherwise collected and also provide simulation on scenarios that can inform policies with regard

to mitigation measures. Some of these are elaborated upon below.
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Table 5.6 ‘is Table highlights the major assumptions for the model. *: infections for the new
mutations were introduces as a mix of asymptomatic and symptomatic cases in the multi-variants
model. ‘e dates in introduction of the new variants were determine to optimize the €t.

Omicron BA.1 f factor = 5 :28
Omicron BA.2 f factor = 7 :92
! 0.24 (more breakthrough cases with Omicron)
Vaccine Fading Introduced from Dec 1, 2021 as explained in Section 4.2.1 (one year

a‰er €rst shot was implemented, second shot over summer).
Re-infection It follows the rate of infection with a delay of six months. Re-

susceptibility is starting in our model on February 15, 2022. Cases
before the Delta surge were small and we neglect them for re-
infection.

Masks Masks Mandate has been removed from the model on March 26,
2022 following the State's rules.

Safe Travel Safe Travel program has been removed on March 25, 2022. Travelers
are then assumed to be incoming with a percentage of infection
identical to the US average.

Safe Access Safe Access has been removed in Honolulu County on March 6, 2022
and in Maui County on February 21, 2022 following each county's
rule.

Honolulu Omicron BA.1 cases were added in the model November 13, 2021
and Omicron BA.2 cases on December 20, 2021.*

Hawaii Omicron BA.1 cases were added in the model December 2, 2021 and
Omicron BA.2 cases on December 20, 2021.*

Maui Omicron BA.1 cases were added in the model December 2, 2021 and
Omicron BA.2 cases on December 27, 2021.*

Kauai Omicron BA.1 cases were added in the model December 5, 2021 and
Omicron BA.2 cases on December 27, 2021.*

Understanding the role of asymptomatic transmission

Asymptomatic transmission occurs when an person infected with the virus shows no symptoms

but is still contagious and can transmit the disease to others they are in contact with. In such

instances, mitigation measures such as contact tracing cannot be used and it is possible that such

individual transmit the disease to a large number people unknowingly. To our knowledge, there

is no current results on estimating asymptomatic rates of transmission. It is primarily due to the
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Table 5.7 Hospitalization rates(� 1; � 2) for four counties - Omicron period
Dates Honolulu(� 1; � 2) Hawaii(� 1; � 2) Maui(� 1; � 2) Kauai(� 1; � 2)

(5%,10%) (4.5%,9%) (4%,8%) (2%,4%)
Nov 12 - Dec 15 (5%,10%) ramp down (4%,8%) (2%,4%)
Dec 16 - Jan 9 (5%,10%) ramp down ramp down (2%,4%)
Jan 10 - Feb 9 (5%,10%) ramp down (5.25%,2.625%)ramp down
Feb 10 - Mar 19 (4.5%,2.25%) ramp down (5.25%,2.625%)ramp down
Feb 20 - Mar 1 (4.5%,2.25%) ramp down (5.25%,2.625%)(1.5%,0.75%)
Mar 2 - Apr 1 (4.5%,2.25%) (1.5%,0.75%) (5.25%,2.625%)(1.5%,0.75%)

fact that data about asymptomatic infection cannot be collected. However, using our model, we

can provide an estimate of the number of asymptomatic infections. We do this by looking at the

evolution of the sub-compartments ofE , which capture the proportion of the population who

neither showed symptoms nor quarantined upon exposure. It provides a good estimate because

the sub-compartment structure allows for the possibility of delayed onset of symptoms which

was observed in Covid-19. It does not tell us directly, for example, what the transmission rate is,

but it does tell us that during certain periods of the pandemic, they formed a large percentage

of total infections and were thus driving the spread of the disease. On April 26, 2022 the CDC

stated that an estimated 58% of Americans have been infected with SARS-CoV-2 (1). ‘is aligns

very well with the estimates generated from our model. Note that this percentage includes

both symptomatic and asymptomatic infections, not just the reported cases. For the State of

Hawaii, our model estimated that on April 15, 2022 about 62% of Honolulu County population

was infected, 61% for Hawaii County and 59% for Maui County. As shown with the estimates

for the total number of infections, the structure of the model allows for estimations of quantities

that cannot be directly measured, such as the daily number of asymptomatic infected individuals.

Table 5.8 provides some of those numbers for all four counties.

‘ese estimates are derived from theI and E compartments across all variants and sub-

category. An observation that was made while looking at the total symptomatic and total
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Table 5.8 Cumulative numbers that cannot be inferred from reported data by the DOH. ‘ey span
the beginning of the pandemic to April 30, 2022

County Cumulative Number of
Infections
(both Symptomatic and
Asymptomatic)

Cumulative Number of
Infected Asymptomatic
Individuals

Cumulative Number of
Vaccinated Individuals (at
least 2 doses) that have
been Infected

Honolulu 625,607 426,387 413,746
Hawaii 124,703 84,185 79,079
Maui 101,511 64,605 57,237
Kauai 65,092 46,726 33,190

asymptomatic infection was the occurrence of loops when plo‹ed against each other. ‘is is

shown in Figure 5.14. In this €gure we plot the total symptomatic and total asymptomatic and

label each point by the date to which it corresponds. ‘e points are then connected in the order

of the label. ‘erefore, following the loop gives us certain periods of the pandemic. For example,

the red loop here corresponds to Delta period and the blue to a period before that. In the zoomed

version, we see the emergence of an omicron loop which is marked in purple. Using a linear

€t, we see that each colored loop has a di‚erent slope, which show the relative importance of

asymptomatic transmission across di‚erent periods. ‘e slope of the linear €t gives the number

of asymptomatic individuals for every symptomatic individual, which for the red curve in Figure

5.14 is for the Delta period and is 16 asymptomatic per symptomatic while for the period prior

to that is about 5 asymptomatic per symptomatic. ‘is suggests the signi€cant role played by

asymptomatic transmission during the Delta phase. Later, in the Omicron period, this number

goes up to 26 asymptomatic per symptomatic, further highlighting the role that asymptomatic

transmission plays as the number of vaccinated individuals increase. In (16) similar loops arise in

E � I plots that correspond to endemic equilibrium states of the system.
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Figure 5.14 Total Symptomatic versus Total Asymptomatic. Bo‹om plot is a zoom to show
the beginning of a new loop (Omicron). It can be seen two di‚erent slopes for the loops, one
prior to Delta variant and one a‰er likely due to the fact that vaccination increased the rate of
asymptomatic cases versus symptomatic ones. You need throughout this chapter to explain the
simulations and not only say this represents this and this. Interpret the results, I have done that
in every report. Maybe also add other counties?

Role of model forecasts in informing policy

During July 2021 (start of Delta period) we did forecast the daily new infection and active

hospitalization for the county of Honolulu and how it would be a‚ected by varying the

vaccination rate. ‘ese were designed to demonstrate the long-term impacts of vaccination on

ƒa‹ening the curve at a period where a surge was starting. ‘e forecast was shared with the

government and media outlets, and newspaper articles starting to raise the alarm, see e.g. (36).

‘e results from such scenarios formed a piece of information that was used by decision makers.

‘e simulations in Figure 5.15 is for Honolulu County and shows that to avoid an increase

to more than 200 detected daily new cases, the percentage of the vaccinated population in the
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Figure 5.15 Scenarios for di‚erent vaccination level. ‘e blue curve assumes 65% of the Honolulu
county vaccinated on July 18, 2021, orange curve assumes reaching 70% on August 20, 2021 and
the green one (scenario 3) reaching 80% on September 18, 2021. ‘e light green shaded area
corresponds to the fractions of detected daily cases predicted by the model in scenario 3 for
vaccinated individuals while the dark shaded area is for unvaccinated. ‘e orange dots represent
the data that was available at the time of forecasting and the black dots are the actual data that
became available since then.

county would need to reach 80%. For each curve we assume that vaccination is stopped completely

once the levels reach 65%, 70% and 80% respectively. Such simulations were used as educational

messaging for the public to encourage vaccination. It is important to observe that for about a

month of the early stage of the surge the dynamics of the new daily cases is identical in all three

scenarios, despite a very di‚erent outcome for a longer forecast. ‘is could results in actions

being taken too late. ‘e black dots in Figure 5.15 represent the actual data collected a‰erwards.

It can be seen that while at €rst they are above the forecast, they start trending down starting in

early September. ‘is was due to newly imposed mitigation measures rather than reaching the

goal of 80% vaccination level, since the actual vaccination level was at around 65%. So, the blue

curve in Figure 5.15 shows the projection for the daily cases without the new mitigation measures.

It highlights the fact that ƒa‹ening of the curve can occur through various actions.
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E‚ect of traveler on daily new infections

When the safe travel program was started on October 15, 2020, the county of Maui was

disproportionately a‚ected by it. Between October 15, 2020 and Jan 15, 2021, there were 228,000

tourists and 63,000 returning residents that visited Maui. ‘is represents 137% and 38% of the total

population respectively. ‘e impact of this can be seen in Figure 5.16 where we see the daily new

cases rising rapidly even with a relatively low transmission rate. ‘is is seen to decline sharply

a‰er January 2021 as vaccination began being available. With the start of vaccination, the safe

travel policy was updated to bypass negative tests using proof of vaccination which considerably

reduced the impact of visitors on transmission.

Figure 5.16 Maui county: COVID-19 daily count and key events reƒecting a change in behavior.

5.4 Concluding Remarks

Modeling an ongoing pandemic has presented multiple challenges. With information about

the disease, its propagation, e‚ects of vaccine, vaccine fading, reinfection, e‚ectiveness of

pharmaceutical and non-pharmaceutical interventions evolving in real time, estimation of

parameter has been a challenge and many assumptions have been necessary to make. In addition
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to that, the availability of consistent and clear data regarding hospitalization as well as changes

in reporting windows and formats of other data have made it necessary to validate the model

using di‚erent criteria throughout the pandemic. It has brought to light the need for a robust

data protocol for any future pandemic. What would be bene€cial for mathematical modeling is a

centralized data source with a uniform reporting window, that provides information on various

aspects of the pandemic such as new infections, hospitalizations, mortality, vaccination, human

mobility, mask adherence, variant status, reinfections, breakthrough infections, incoming and

outgoing traveler information, contact tracing, superspreader events, and other information that

might be relevant in future scenarios.

An important conclusion from modeling Covid-19 for the state of Hawaiì is identifying the

relative importance and impact of policies and population behaviour across the counties. ‘is

is due to the inherent unpredictability of human behaviour and di‚erences in willingness to

follow government imposed mitigation measures ‘erefore, we €nd that it is critical to assure that

heterogeneity is included in modeling, which we do here by incorporating the e‚ect of travelers

and keeping track of county level mitigation measures. We also €nd that the generalized discrete

deterministic SEIR model presented here o‚ers an excellent balance of ƒexibility of features,

adaptability to speci€c geographic regions, computation time and applicability.
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Chapter 6

A Mathematical Approach to the Notion of Wave

during a Pandemic

‘e concept of a wave is prevalent in the spread of infectious disease, and a pandemic typically

occurs as a series of waves. It represents rising and declining trends of infections over a chosen

period. However a formal de€nition of a wave does not exists in the literature to our knowledge.

‘e goal of this chapter is to propose a mathematical de€nition of a wave based on the recent

pandemic. We also present an algorithm to compute and classify the waves during Covid-19 for

the US 50 States.

Figure 6.1 represents the DOH data for the new daily cases for Honolulu county for the €rst

two years of the pandemic. It is unclear from the plot what should be considered as a wave.

Some surge were arti€cially ƒa‹ened using mitigation measures such as lockdown at the very

beginning of the pandemic and should not be accounted for a whole wave as the spread restarted

once the mitigation measures were li‰ed. Our approach to identifying a wave is to €rst detect the

start of a surge following an exponential growth as a candidate for the beginning of a exponential

surge. Second, following our comment above, we also consider a bo‹om threshold for the volume

of cases for an exponential surge, and possibly a succession of surges, to be identi€ed as a wave.
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Figure 6.1 Honolulu County Daily Cases. While some peaks are obvious, it is unclear how to
identify waves based on this plot as consecutive surges might be part of the same wave.

Prior to using the following steps to detect waves, it is important to take the data set and (a)

compute a 7-day rolling average and (b) normalize by population of the respective region. ‘is is

justi€ed in what follows. We also introduce some general terminology related to the data set.

6.1 De€nitions Pertaining to Data

In this section we de€ne generally various terms related to the data that we use speci€cally for

the counties of Hawaiì in the subsequent chapters. It must be noted that data that is obtained

from a publicly available source for any given region is discrete and may have di‚erent reporting

windows and di‚erent time steps. In addition, these reporting windows and time steps may

change over the course of the pandemic. While the e‚ect of the former is only on the validation

window (that is if reporting window increases, we have to wait longer to have enough new data

to validate), the la‹er e‚ects both validation and implementation. ‘e de€nitions below apply

to any type of such discrete data, for example, they could be daily new case data or daily active

hospitalization data or daily mortality data or more.
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De€nition: 6.1 A discrete time intervalTT0 ;T1 is de€ned as follows:

TT0 ;T1 = f t 2 N; t 2 [T0; T1]g; (6.1)

whereT0; T1 2 N.

Remark We can associate a €nite ordered sequence~T = f ~t1; ~t2; � � � ; ~tpg with TT0 ;T1 where

~t i � 1 < ~t i < ~t i +1 and ~T is a partition of the interval[T0; T1] with T0 = ~t1 < ~t2 < � � � < ~tp = T1.

De€nition: 6.2 A data functionx is a map de€ned on a discrete time interval:

x : TT0 ;T1 �! R+ : (6.2)

It gives the data associated with each discrete time interval.

De€nition: 6.3 Œe data setX is de€ned as follows:

X = f (t; x (t)) jt 2 TT0 ;T1 g: (6.3)

Remark Note that depending on the context, the data may be normalized, for example, by

population or by max value. In the work that follows, whenever this is done, it is explicitly stated

and if nothing is mentioned about normalization, it is to be assumed that no normalization was

performed on the data set. Recall that the data function could represent anything, for example,

daily new cases or daily active hospitalization. When the data function represents the normalized

daily cases, we usec : TT0 ;T1 �! R+ and when the data represents the normalized daily

active hospitalizations, we useh : TT0 ;T1 �! R+ . ‘e corresponding data set is represented

asC = f (t; c(t)jt 2 TT0 ;T1 g andH = f (t; h(t)jt 2 TT0 ;T1 g respectively.
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Remark In the sequel, for a given set of dataT0 = 1 will correspond to the €rst element in the

data set, which for example, in case ofc(t), is the normalized number of new cases reported on

the day of the €rst reported case. In Figure 6.2T0 = 1 corresponds to the element(1; c(1)) 2 C

where c(1) is the normalized number of cases reported on March 16, 2020, the day of the €rst

reported case in Hawaiì county andTT corresponds to(T; c(T)) 2 C which is the last day for

which the normalized number of cases for Hawaiì county is being considered. In what follows,

we will denoteTT0 ;T asTT , with T0 = 1 as de€ned above.

Figure 6.2 For the county of Hawaiì , T0 = 1 corresponds to the normalized number of cases
reported on March 16, 2020, the day of the €rst reported case in this county.

De€nition: 6.4 Letx : TT �! R+ be a data function. Œek-day rolling average forx(:) is de€ned

as

�x(t) =

8
>>>><

>>>>:

1

k
P k� 1

i =0 x(t � i ); t � k;

1

t
P t

i =1 x(i ); t < k:

(6.4)
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Remark We may either use the data function directly or choose to use ak� day rolling average.

In the work that follows, we explicitly state when ak� day rolling average is used. For example,

the k� day rolling average is used when a certain amount of smoothing of data is desired either

for ease of computation or when we only wish to look at trends in data over an interval of time.

Using thek� day rolling average also reduces any arti€cial variance in the data that is caused

due to the processing protocols. For example, for the data for Hawaiì , it was observed that the

daily new case counts reported on Monday and Tuesday tended to be lower because data were

not processed the same way over the weekend. Another example of variability in data caused due

to reporting is shown in Figure 6.3 where we look at the island nation of Antigua and Barbuda.

Figure 6.3 Here we see a the daily new infections for Antigua and Barbuda over a period of January,
2021 to March 2022. ‘e blue curve shows the actual daily new infections and the red curve is
the seven day rolling average of the daily cases. In the blue curve, we notice that every other
day, the reported numbers are zero, leading to a great variability which is arti€cially created,
perhaps due to reporting delays or reporting windows. Such variability are markedly lesser in
the smoothed red curve. ‘erefore, a certain amount of smoothing can be necessary in order to
derive meaningful information from available data.

De€nition: 6.5 Letx : TT �! R+ be a data function andc 2 R+ , the data function normalized

by c is de€ned as:

xnorm (t) =
x(t)

c
8t 2 TT : (6.5)
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Remark Depending on the context, we may chose to normalize by the maximum value or by

population or any other quantity that is relevant. In our work of de€ning waves, we choose to

normalize by the population of the region. ‘is is because we want to consider the volume of

infections in our de€nition and using absolute values instead of normalized values will skew the

result. An example of this is shown in Figure 6.4.

Figure 6.4 Here we see a comparison of the population normalized daily new infections for state
of California and South Dakota. While the normalized curves have comparable scales and thus
discernible pa‹erns, the non-normalized peak values for California is 121,797 and that for South
Dakota is 2,281 which occurs on January 17, 2022 and January 25, 2022 respectively.

6.2 Steps to Identify Epidemic Waves

In this section we de€ne the notion of wave and describe an algorithm for detecting them.

Depending on the choice of data functionx(t) asc(t) or h(t), it could correspond to waves for

new infections data or waves for active hospitalizations. ‘e process involves the following steps:

1. Detecting the start of exponential surge,

2. Identifying distinct exponential surges,

3. Associating volume of data cases to exponential surges,

4. Identifying the waves.
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Providing the necessary de€nitions, we construct the wave detection algorithm and illustrate with

examples.

Let us assume we have a data function de€ned on a discrete time intervalTT as it was

introduce in De€nition 6.2,x : TT ! R and its corresponding rolling 7-day average�x(:)

introduced in De€nition 6.4.

6.2.1 Detecting the Start of Exponential Surges

De€nition: 6.6 Letp 2 N. We de€ne a new function� (:) as follows:

� (t) =
�x(t + p) � �x(t)

�x(t)
: (6.6)

It corresponds to the relative change of the rolling 7-day average function over ap days period. We

call � : TT �! R the surge detector function.

‘e value of p is chosen based on the average duration of asymptomatic infection. We try di‚erent

values ofp and observe that it does not change the start of exponential surges. For our work

p = 14. Under a good data protocol, double counting would be avoided as even if the infected

individual would be testing multiple times.

In Figure 6.5 we see the 7-day rolling average of new cases for the state of Idaho and the

corresponding� (:) values.

To identify the points corresponding to start of exponential growth, we introduce a threshold

parameter� that the value of� has to exceed for at least 10 days out of the 14 day window.

De€nition: 6.7 Let� 2 R+ . We de€ne a new setT �
T as follows:

T �
T = f t 2 TT ; � (t) � � ; � (t + i 1) � �; � � � ; � (t + i k ) � � g; (6.7)
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Figure 6.5 On top we have the normalized 7-day rolling average of daily new cases for state of
Idaho. In the bo‹om we have the� (:) for this duration. ‘e zoomed inset shows the period from
April 2020 onward. ‘is is shown separately because the high value of� in the beginning makes
it di•cult to see the subsequent values of� .

wherei 1; i 2; � � � ; i k 2 f 1; 2; � � � ; pg and k < p . We introduce the €nite ordered sequence

S = f (s1; s2; � � � ; sq)j wheresi 2 T �
T andsi � 1 < s i < s i +1 g.

S contains the times for which the relative change is above or equal to a threshold� for at least

k out of p days. We will refer to such points as exponential surges. We chose� = 1 which

corresponds to a doubling period ofp = 14 days (doubling time =
p ln(2)

ln (1 + � )
). We chosek = 10

for this choice ofp. Eachsi 2 S corresponds to an exponential surge that is at least of the form

�x(t + 14) = �x(t)(1 + r )14 with r � 0:05 for at least 10 days, an at least5% day-to-day increase

in the normalized 7-day rolling average of daily new cases.

Remark T �
T � T T which can be formed by disconnected intervals, as shown in Figure 6.6.
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Figure 6.6 Here we see the exponential surges for the state of Idaho identi€ed with black dots.
‘e exponential surge identi€ed by C is distinct from the other two. We introduce a parameter

 to identify the distinct exponential surges.

.

6.2.2 Identifying Distinct Exponential Surges

From De€nition 6.7 we have that an exponential surge identi€ed at somet 2 TT corresponds to an

exponential growth over a period of at least 14 days. However, it is possible that the exponential

growth is arti€cially curbed due to mitigation measures. It is also possible that the number of

reported cases decrease due to reporting issues. In order to deal with these scenarios, we identify

the exponential surges by introducing an additional constraint. We de€ne a parameter
 for how

far apart the exponential surges have to be in order to be identi€ed as a distinct exponential surge.

In Figure 6.6 such an example can be seen (labelled C the €gure).

Recall that we haveS = f si g wheres1 < s 2 < s 3 < � � � < s q.

De€nition: 6.8 LetO = f o1; o2; � � � ; om g be any €nite ordered set withoi � 1 < o i < o i +1 . Let

� : O �! R+ be the distance map between consecutive elementsoi � 1; oi 2 S. It is de€ned as

follows:

�( oi ) = oi � oi � 1; i � 2: (6.8)
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De€nition: 6.9 Let
 2 R+ and� : S �! R+ . We de€ne a new setS
 as follows:

S
 = f si j�( si ) > 
 g [ f s1g � S: (6.9)

We introduce the €nite ordered sequence~S = f ~s1; ~s2; � � � ~sr g where~si 2 S
 and~si � 1 < ~si < ~si +1 .

‘e parameter 
 identi€es distinct surges that are at least
 days apart. In addition to that it

identi€es the €rst exponential surge in each such group. For example, in Figure 6.7, four groups

of exponential surges are identi€ed (labelled A,B,C and D). ‘e €rst black dot in each group is

called the €rst exponential surge in that group. In Figure 6.8 these are denoted as red dots and

labeled~s1 and~s2 for two groups. Here the last black dot of each group is at least
 away from the

start of the next group. In our work we choose
 = 30. ‘is means that exponential surges that

are separated by at least thirty days are identi€ed as distinct surges. In addition, upon looking at

the distribution of� values for all 50 states in USA, 95.02% of the values are less than or equal to

30 (Figure 6.9). ‘is supports our assumption of
 = 30.

Figure 6.7 In this plot of� (:) the black do‹ed horizontal line represents the threshold� = 1 . ‘e
black dot are points inS. Here six distinct groups of exponential surges have been identi€ed,
which are labelled A-D. ‘is plot is a zoomed out version of Figure 6.6, where only the groups
B-D were visible withC labelled.
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Figure 6.8 ‘is is a re-scaled version of Figure 6.7 where the horizontal do‹ed line represents the
threshold� = 1 , the black dots are elements ofT �

T which are also elements of €nite ordered set
S and the two red dots are elements ofS
 which are also the elements of €nite ordered ordered
set ~S.

Figure 6.9 Frequency of�( si ) values for all surges for all states of USA. Here we see that most of
the �( :) are very small. In fact 95.02% of them are less than 30, which is our choice for
 .

6.2.3 Identifying Potential Start of Waves

De€nition: 6.10 Let~si 2 ~S: We de€ne a functionA : ~S �! R+ as follows:

A(~si ) =

8
>>>>><

>>>>>:

~si +1X

t=~si

�x(t) + 0 :5j �x(t + 1) � �x(t)j; i < r;

TX

t=~si

�x(t) + 0 :5j �x(t + 1) � �x(t)j; i = r:

(6.10)
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Remark Note that since~S � S � T T , each~sj = t for somet 2 TT . Since our data are discrete

we approximate the area between each pair of~si and ~si +1 using the trapezoidal rule to €nd the

Riemann Sum. Each such area is given byA(~si ).

Remark At this point we have ~S [ f Tg, a partition of the interval[T0; T ] given by the €nite

sequenceT0 = ~s1 < ~s2 < � � � < ~sr < T and an areaA(~si ) associated with each partition. We

refer to each such partition as a potential wave.

We introduce a parameter� , which represents a critical mass of data cases required to de€ne

a wave.

De€nition: 6.11 Let� 2 R+ . We de€ne two setsW1; W2 � ~S as follows:

W1 = f ~si 2 ~SjA(~si ) � � g; (6.11)

W2 = f ~si 2 ~SjA(~si ) > � g: (6.12)

Remark Note that ~S = S
 = W1 [ W2.

Remark ‘e points in W2 have areaA(:) greater than or equal to the threshold for minimum

volume of cases. However, these may not correspond to the beginning of waves since we can

have a scenario such as shown in Figure 6.10 where an exponential growth was arti€cially curbed

before it rises again. In this case, the start of the wave would be a point that in inW1 since its

associated area would be smaller. In the next de€nition we deal with this situation.

In our work on daily new cases we use� = 0 :074. ‘is is estimated from the data set of daily

new cases from the 50 states of USA. We compute the areas of each partition for all states and

look at its distribution.� is the mean of this distribution as seen in Figure 6.11
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Figure 6.10 Elements ofW1 are shown using green vertical lines and elements ofW2 are shown
using red vertical lines. Here the €rst wave would begin at the €rst vertical green line (inW1)
rather than the €rst vertical red line(inW2).

Figure 6.11 Frequency ofA(si ) values for all potential waves for all states of USA

6.2.4 Identifying the Waves

In the previous step we identi€ed two setsW1 andW2. In what follows, we construct a process

to create a new setW0 and an associated ordered sequenceW from W1 andW2, which will form

a partition of the intervalTT ( second remark under De€nition 6.3).

De€nition: 6.12 GivenW1; W2 as in De€nition 6.11, we introduce:

1. � : W1 �! P (W2):

�( a) = f b 2 W2j ja � bj = min
b02 W2

ja � b0jg: (6.13)
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Remark Note that it is possible to have� (a) = � (a0) for a 6= a0.

2. 	 : W2 �! P (W1):

	( b) = [ a2 W1 f �( a) = bg: (6.14)

De€nition: 6.13 We de€ne a setW0 � W1 [ W2 as follows:

W0 = f b 2 W2jb < a8a 2 	( b)g [ f a 2 W1ja < �( a); a = min f 	(�( a))gg: (6.15)

We introduce a €nite ordered sequenceW = f w1; w2; � � � ; wng wherewi 2 W0 andwi � 1 < w i <

wi +1 and we a functionI : W1 [ W2 �! f 0; 1g such that:

I (w) =

8
>><

>>:

1 x 2 W0;

0 x 62W0:
(6.16)

6.3 Epidemic Wave De€nition

We can now formally de€ne an epidemic wave. It will be done in two parts. First we de€ne a wave

duration, and then an actual wave. Letx : TT ! R and its corresponding rolling 7-day average

�x(:) as introduced in De€nition 6.4. We associate to�x(:) the setW1; W2 � T T as described in the

procedure above, and obtain a partitionW = f w1; w2; � � � ; wng of � T T using De€nition 6.13.

De€nition: 6.14 Let �x : TT ! R the rolling 7-day average of a data function. A wave is

de€ned by its duration and its graph(t; x (t)) � X . More precisely, given a sequenceW =

f w1; w2; � � � ; wng � T T , each interval[wi ; wi +1 ] corresponds to aduration of a wave provided

that:

1. W [ f Tg is a partition of[T0; T ] with T0 = w1 < w 2 < � � � < w n < T ;
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2. � (wi + j ) � � 8wi 2 W and 8j 2 f t1; t2; � � � ; tkg wheret i 2 f 0; 1; 2; � � � ; pg, and

� (t) =
�x(t + p) � �x(t)

�x(t)
;

3. �( wi ) > 
 8wi 2 W where�( wi ) = jwi � wi � 1j, i � 2;

4. I (wi ) = 1 where8wi 2 W , where

I (w) =

8
>><

>>:

1 x 2 W0;

0 x 62W0:
(6.17)

Herep; �; 
 and� are parameters that depend on the disease under consideration.

For each wave duration[wi ; wi +1 ] we associate the correspondingwave fWi

fWi =

8
>><

>>:

f (t; x (t)) 2 X jt 2 [wi ; wi +1 )g i < n;

f (t; x (t)) 2 X jt 2 [wn ; T ]g i = n:
(6.18)

An interval W satisfying De€nition 6.14 split the discrete time interval on which the data function

is de€ned into a collection of wave duration.

6.4 Classi€cation of states of the US based on number of waves

We apply the algorithm above to all 50 states of the US. ‘e parameters used for this are listed

in Table 6.1. Using these values we obtain one, two or three waves for all the states. In Figure

6.12 we show the states that fall into each of the three cases above. Here we see that the states

with three identi€ed waves (in red) lie in the mid-western and south-eastern region of the US. In

Figure 6.13, 6.14 and 6.15 we show the results from each step in the algorithm for states with one,

two or three waves respectively
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Parameter Meaning Value

p Period over which relative change� (:) is calculated 14
� ‘reshold for detecting exponential surge 1
k k � p is the number of days for whichdelta(:) exceeds threshold� 10

 Minimum separation between surges 30
� ‘reshold for volume of cases 0.074

Table 6.1 Parameters for application of wave detection algorithm to states of the US

Figure 6.12 50 states of the US are classi€ed based on number of waves detected using the wave
detection algorithm. (Image created using mapchart.net)

6.5 Concluding Remarks

‘e absence of a proper de€nition for a term, such as 'wave of infection', that is widely used can

lead to misinformation as well as misunderstanding. As new research on the Covid-19 pandemic

emerged all across the world, conclusions drawn based on ad-hoc de€nitions that are di•cult to

transport to other regions, could not be reliably used. ‘is lead to duplication of work as well as

di•culty in validation of such conclusions.

81



Figure 6.13 ‘e steps of the algorithm are shown here as applied to the state of Vermont. ‘e
y-axis for all plots above is the normalized 7-day rolling average of daily cases, shown using light
blue dots. ‘e x-axis shows the dates for these cases. Top-Le‰: ‘e black dots represent the points
identi€ed as the start of exponential surges. Top-Right: ‘e red dot is used to identify the start of
each distinct surge. Bo‹om-Le‰: ‘e vertical dashed lines represent the start of potential waves.
‘ose in W1 are shown in green and thoseW2 are shown in red. Bo‹om-Right: One wave is
identi€ed for this state, shown using blue dots. Here we only have one wave since the volume of
infections in the €rst half do not exceed the required threshold.
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Figure 6.14 ‘e steps of the algorithm are shown here as applied to the state of Pennsylvania.
‘e y-axis for all plots above is the normalized 7-day rolling average of daily cases, shown using
light blue dots. ‘e x-axis shows the dates for these cases. Top-Le‰: ‘e black dots represent the
points identi€ed as the start of exponential surges. Top-Right: ‘e red dot is used to identify the
start of each distinct surge. Bo‹om-Le‰: ‘e vertical dashed lines represent the start of potential
waves. ‘ose in W1 are shown in green and thoseW2 are shown in red. Bo‹om-Right: Two
waves are identi€ed for this state, shown using blue and black dots.
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Figure 6.15 ‘e steps of the algorithm are shown here as applied to the state of Mississippi. ‘e
y-axis for all plots above is the normalized 7-day rolling average of daily cases, shown using light
blue dots. ‘e x-axis shows the dates for these cases. Top-Le‰: ‘e black dots represent the points
identi€ed as the start of exponential surges. Top-Right: ‘e red dot is used to identify the start of
each distinct surge. Bo‹om-Le‰: ‘e vertical dashed lines represent the start of potential waves.
‘ose in W1 are shown in green and thoseW2 are shown in red. Bo‹om-Right: ‘ree waves are
identi€ed for this state, shown using blue, black and green dots.
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Due to the time lags in appearance of surges, di‚erences in mitigation measures and inequity

in the availability of vaccinations across the world, in providing a de€nition for a wave of

infection, we €nd it necessary to work with directly collected and publicly available data and

consider factors that take into account the relative importance of data points from any given

region. While our de€nition requires the choice of parameters from a larger set of data, the

parameters we have chosen account for important features of a wave, such as span, steepness,

height and association of smaller surges with potential waves. ‘e de€nition and algorithm

provided here can be used for di‚erent regions as well as infections caused due to a di‚erent

virus. It can provide a meaningful classi€cation to compare disease-spread evolution, as we have

seen it in its application to the states of the US where the occurrence of higher number of waves

correlates with lower vaccination numbers and relaxed mitigation measures.

‘e fact that such correlations can be found, even when the de€nition does not include

information about vaccinations or mitigation measures, implies that it is able to extract relevant

information from the data set and can be used as a meaningful classi€cation tool.
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Chapter 7

Orientation Preserving Interleaving Distance for

Merged Trees

‘e focus of this chapter is to compare the di‚usion of SARS-CoV-2 between di‚erent

geographic locations. ‘is is motivated by the fact that spatial heterogeneity impacts the spread

of COVID-19 (69). ‘e complexity of the di‚usion of SARS-CoV-2 makes it extremely di•cult

to analyse and compare a family of daily curve. In (26) we compare Hawaiian counties with

other island chain environments usingL 2 norm and assess the signi€cance of the computed

distance using permutation test. However, it is observed in the paper that the primary issue

of directly comparing scalar functions such as the ones for the new daily cases is the following.

Imagine a scenario of two counties with the exact same new daily cases but shi‰ed by 2 weeks.

Comparing them using traditional metrics between curves such as theL 2 or L 1 distances would

produce a large di‚erence which is not a desired outcome. We want to analyze the data for these

counties without having to worry about minute di‚erences such as timescale. Instead, we want a

numerical structure that can describe the big picture behavior of a county over time. Due to this

we used a topological object, namely merge tree(28), that has the potential to allow for a more in-

depth qualitative assessment and comparison. However, these merge trees were not numerically

compared with each other in our work.
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Merged trees are an abstraction of the qualitative feature of the curve with the end goal to

help assessing topological similarities between scalar functions. We are exploring whether they

could be well suited to represent the evolution of a pandemic. In Section 7.1 we introduce an

existing pseudo-metric on merge trees, called interleaving distance, which was presented in (28).

However, this pseudo-metric is not well suited for our purpose because it does not preserve the

orientation of elements in the merge tree. For example, it does not di‚erentiate between two

trees obtained from dataset with the order of waves swapped. Edit Distance, which is based on

the minimal number of operations (such as adding nodes/edges) to transform one merge tree

into another one, is another metric used to measure the distance between merge trees. However,

this distance is not stable and can give large values for small changes between the merge trees.

Examples of such instabilities are presented in (29) and (30).

In our work, presented in Section 7.2 we introduce a new distance called orientation

preserving interleaving distance that captures di‚erences arising from swapping of the

occurrence of peaks in the data set and is thus, well suited for our needs. We also show that this

distance is a pseudo-metric, is stable and is more discriminative than the interleaving distance.

7.1 Merge Tree and Interleaving Distance

‘is de€nitions and results in this section are taken from (28) and are provided in order to make

this chapter self-contained.

7.1.1 Merge Trees

De€nition: 7.1 Given a scalar functionf : X �! R, de€ned on an intervalX, we say two points

x andy in its domain are equivalentx � y, if they belong to the same component of the levelset

f � 1(f (x)) = f � 1(f (y)) . Œe quotient space with respect to this equivalence relationX= � , is called

a Reeb graph off . Informally, it is a continuous contraction of functionf .
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De€nition: 7.2 An epigraph of the function, denoted by epif , is the set of points above its graph

and the projection from the epigraph onto the range off is given by �f : epi(f ) �! R. Œe

reeb graph of this function�f , denoted byTf , is called the merge tree of the functionf . Œat is

Tf = epif � where(x1; y1) � (x2; y2) if they belong to the same component of the levelset

�f � 1( �f (x1; y1)) = �f � 1( �f (x2; y2)) .

epi f = f (x; y) 2 X � Rjy � f (x)g; (7.1)

�f ((x; y)) = y: (7.2)

De€nition: 7.3 We de€ne a height map on the merge treehf : Tf �! R such that �f = hf � q,

whereq : epi f �! Tf is de€ned byq((x; y)) = x f , wherex f 2 Tf such that(x; y) 2 x f ; the

equivalence class ofx f .

Remark Note that if we project the level sets of�f back into the domain of our function, we get

the sublevel sets off , which we denote byFa = f � 1(�1 ; a] = � X( �f � 1(a)) : In what follows,

since we will be working with the same domain, we will suppress the subscript on the projection

map.

Remark Fa may consist of one or more components, each of which is an interval. Suppose

x1; x2 2 Tf with hf (x1) = hf (x2) = a so that(x1; a) and(x2; a) are in di‚erent components of

�f � 1(a) as shown in Figure 7.1, then the components ofFa corresponding tox1 andx2 is identi€ed

by the projections of the level set ofepif given by the mapq� 1 : Tf �! epi f on x1 andx2, that

is � (q� 1(x1)) and� (q� 1(x2)) .

7.1.2 Interleaving Distance

De€nition: 7.4 We de€ne the� � shi‡ mapi � : Tf �! Tf which maps a pointx 2 Tf to another

pointy 2 Tf that is at a height� abovex. Œat is,i � (x) = y wherehf (y) = hf (x) + � .
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Figure 7.1 In the €gure above we can see that the sub-level set off consists of two connected
components, each corresponding to the equivalence class ofx1 andx2. ‘eir projections on to
the domain are denoted byFa, which consists of two intervals.

Remark Note thatx 2 Tf with hf (x) = a represents a connected componentX in the sublevel

setFa of function f . ‘e inclusion sets Fa � Fa+ � mapsX into a connected componentY of

Fa+ � . Lety represent this component in the treeTf . ‘en i � (x) = y.

De€nition: 7.5 Two continuous maps� � : Tf �! Tg and � � : Tg �! Tf are said to be

� � compatible, for some� � 0, if

hg(� � (x)) = hf (x) + �; (7.3)

hf (� � (y)) = hg(y) + �; (7.4)

� � � � � = i 2� ; (7.5)

� � � � � = j 2� ; (7.6)
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wherei 2� : Tf �! Tf andj 2� : Tg �! Tg are the 2� -shi‡ maps in the respective trees.

De€nition: 7.6 Œe interleaving distance,dI (Tf ; Tg) between two merge trees,Tf andTg, is the

greatest lower bound on� for which there are� � compatible maps:

dI (Tf ; Tg) = inf f � jthere are� � compatible maps� � : Tf �! Tg; � � : Tg �! Tf g: (7.7)

‘e following theorem and proof is taken from (28) and is presented here for completeness.

‡eorem 7.1 Œe interleaving distancedI is a pseudo - metric. Œat is it satis€es the following

properties:

1. dI (T; T) = 0 ,

2. dI (T1; T2) = dI (T2; T1),

3. dI (T1; T3) � dI (T1; T2) + dI (T2; T3):

Proof: ‘e €rst property follows by taking the identity map to be the 0� compatible maps

betweenT andT. ‘e second property follows from the symmetry in de€nition of interleaving

distance. For the third statement suppose thatdI (T1; T2) = � 1. ‘en for all � > 0, there are

(� 1 + � )� compatible maps,� � 1+ �
12 : T1 �! T2 and � � 1+ �

21 : T2 �! T1. Similarly if we suppose

that dI (T2; T3) = � 2 then for all � > 0, there are(� 2 + � )� compatible maps� � 2+ �
23 : T2 �! T3

and� � 2+ �
32 : T3 �! T2. Denote byi a

1 : T1 �! T1; i a
2 : T2 �! T2 andi a

3 : T3 �! T3 the a� shi‰

maps in the respective trees. Given� > 0, let � 3 = � 1 + � 2 and de€ne the maps� � 3+ �
13 : T1 �! T3

and� � 3+ �
31 : T3 �! T1 as the compositions:

� � 3+ �
13 = � � 2+ �= 2

23 � � � 1+ �= 2
12 ,

� � 3+ �
31 = � � 1+ �= 2

21 � � � 2+ �= 2
32 .
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‘ese two maps are (� 3 + � )� compatible since we have the following:

i 2(� 3+ � )
1 = i 2(� 1+ � 2+ � )

1 (7.8)

= � � 1+ �= 2
21 � i 2(� 2+ �= 2)

2 � � � 1+ �= 2
12 (7.9)

= � � 1+ �= 2
21 � � � 2+ �= 2

32 � � � 2+ �= 2
23 � � � 1+ �= 2

12 (7.10)

= � � 3+ �
31 � � � 3+ �

13 : (7.11)

Similarly we can show thati 2(� 3+ � )
3 = � � 3+ �

13 � � � 3+ �
31 . Since the statement holds for all� > 0,

dI (T1; T3) � � 3 = dI (T1; T2) + dI (T2; T3). �

Remark Note that the interleaving distance is a pseudo-metric because there exists merge trees

Tf ; Tg with dI (Tf ; Tg) = 0 , such that we only haveTf = Tg up to graph isomorphism. An

example is shown in Figure 7.2.

Figure 7.2 Here we have an isomorphism between the trees given by� ((a; b; c; d; e)) =
(a0; b0; c0; d0; e0). dI = 0 here but they are not the same when regarded as quotient spaces. In fact,
they represent two di‚erent evolution of the pandemic. ‘is is a motivation for the development
of an orientation preserving distance which will give a non-zero distance between such trees.

Below we introduce a result on interleaving distance, the proof of which can be found in (28).

‘eorem 7.2 show that the interleaving distance is a robust measure. ‘e stability theorem tells

us that the distance does not change much for small perturbations of the data.
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‡eorem 7.2 (Stability) Given two scalar functionsf; g : X �! R, let Tf and Tg denote their

merge trees. Œe interleaving distance between the trees does not exceed the largest di‚erence between

the two functions:

dI (Tf ; Tg) � sup
x

jf (x) � g(x)j:

In developing a distance that works be‹er for our needs, we would like it to also satisfy a

similar stability property. In fact, we want a distance that is able to detect the di‚erences arising

from interchange of waves. For example we would like the distance between the merge trees

shown in Figure 7.2 to be non-zero. ‘is is done in the following section where we introduce

orientation preserving interleaving distance.

7.2 Orientation Preserving Interleaving Distance

From De€nition 7.2, the merge treeTf is de€ned as the Reeb graph of the function�f : epi(f ) �!

R. ‘at is each x 2 Tf is an equivalence classepi(f ) � where the equivalence relation is as

de€ned in De€nition 7.1. ‘e elements ofepi f that are in the equivalence class ofx are given

by q� 1(x) and its projection onto the domain (of the scalar functionf ) X given by � (q� 1(x))

is an interval as shown in Figure 7.1. We also use the notationFa = � ( �f � 1(a)) to denote the

projection of the sub-level sets off . If Fa consists of only one component it is an interval. If it

has more than one component (as in Figure 7.1), then it is a union of interval where each interval

is of the form� (q� 1(x)) .

In our work the domain, which are dates in chronological order, is ordered. ‘erefore, to

introduce the idea of orientation preserving, we de€ne a function that associates to each point on

the merge tree, a point in the domain of the functionf .
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De€nition: 7.7 We de€ne a functionef : Tf �! R that sends eachx 2 Tf to the right end-point

of the interval� (q� 1(x)) .

ef (x) = f aja 2 � (q� 1(x)) ; a � b 8b 2 � (q� 1(x))g: (7.12)

Remark Note that with this de€nition, if there are more than one elements of the merge tree

with the same height, they have a le‰-right order. ‘at is, ifx1; x2 2 Tf are distinct elements

with hf (x1) = hf (x2), we either haveef (x1) < e f (x2) or ef (x1) > e f (x2).

Using this function, which allows us to establish an order on the elements of the merge tree

which are at the same height, we de€ne an� � compatible orientation preserving map by adding

a condition on� � compatible map that keeps the relative orientation of merge tree elements at

the height, unchanged.

De€nition: 7.8 LetTf andTg be two merge trees. Two maps� �
or : Tf �! Tg and� �

or : Tg �! Tf

are� � compatible orientation preserving maps if:

1. � �
or and� �

or are� � compatible maps. (De€nition 7.5), and

2. 8x1; x2 2 Tf with hf (x1) = hf (x2) wheneveref (x1) < e f (x2), eg(� �
or (x1)) �

eg(� �
or (x2)) and 8y1; y2 2 Tg with hg(x1) = hg(x2) whenevereg(y1) < eg(y2),

ef (� �
or (y1)) � ef (� �

or (y2)) .

De€nition: 7.9 Œe orientation preserving interleaving distance ,dor
I (Tf ; Tg) between two merge

treesTf and Tg, is the greatest lower bound on� for which there are� � compatible orientation

preserving maps:

dor
I (Tf ; Tg) = inf f � j there are� � compatible orientation preserving maps

� �
or : Tf �! Tg; � �

or : Tg �! Tf g.

93



Remark Note that if D or
I (Tf ; Tg) = 0 , we have0� compatible orientation preserving maps

� 0 : Tf �! Tg and� 0 : Tg �! Tf that are inverses of each other.

Next, we show that the orientation preserving interleaving distance is also a pseudo-metric and

that it is more discriminative than the interleaving distance. ‘e la‹er means that it is able to

be‹er distinguish distinct features between merge trees.

Lemma 7.1 Œe orientation preserving interleaving distancedor
I is a pseudo-metric. Œat is, it

satis€es the following properties:

1. dor
I (T; T) = 0 ;

2. dor
I (T1; T2) = dor

I (T2; T1);

3. dor
I (T1; T3) � dor

I (T1; T2) + dor
I (T2; T3):

Proof: ‘is proof follows the argument in the proof of ‘eorem 7.1 which is taken from

(28). All that remains to be done is to check for the orientation preserving condition. We

have� 1� compatible orientation preserving maps� � 1
12;or : T1 �! T2 and � � 1

21;or : T2 �! T1

and � 2� compatible orientation preserving maps� � 2
23;or : T2 �! T3 and � � 2

32;or : T3 �! T2.

We also have� 3� compatible maps� � 3
13 = � � 2

23;or � � � 1
12;or and � � 3

31 = � � 1
21;or � � � 2

32;or . Let

a1; b1 2 T1 such thatef 1(a1) � ef 1(b1). It follows that ef 2(� � 1
12;or (a1)) � ef 2(� � 1

12;or (b1))

and ef 3(� � 2
23;or � � � 1

12;or (a1)) � ef 3(� � 2
23;or � � � 1

12;or (b1)) since� � 1
12;or and � � 2

23;or are orientation

preserving maps. ‘us we have that � � 3
13 is an � 3� compatible orientation preserving map.

Similarly, we can show that� � 3
31 is also an� 3� compatible orientation preserving map. Since we

have an� 3� compatible orientation preserving map betweenT1 and T3 we have the statement

dor
I (T1; T3) � dor

I (T1; T2) + dor
I (T2; T3), as required. �

Lemma 7.2 Given merge treesTf andTg, dI (Tf ; Tg) � dor
I (Tf ; Tg).
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Proof: Let dor
I (Tf ; Tg) = � . From De€nition 7.8 we have� � compatible maps betweenTf and

Tg. ‘en by De€nition 7.6 we have dI (Tf ; Tg) � � because it is an in€mum over a larger set.�

Next, we prove a few lemmas that are used later on, to show that the orientation preserving

interleaving distance is stable. ‘is is a desired property because it guarantees that the distance

between merge trees does not change much when there are minor perturbations in the underlying

data that the merge tree is computed from.

Lemma 7.3 Let � (q� 1(x1)) = [ a; b] andhf (x1) = h, thenf (a) = f (b) = h and8x 2 (a; b),

f (x) � h.

Proof: Sincehf (x1) = h, [a; b] = � (q� 1(x1)) � Fh = f � 1(�1 ; h]. ‘is gives us

f (a) = f (b) = h and8x 2 (a; b); f (x) � h. �

Lemma 7.4 If x1; x2 2 Tf with hf (x1) 6= hf (x2) and � (q� 1(x1)) � � (q� 1(x2)) , then

ef (x1) < e f (x2) andhf (x1) < h f (x2).

Proof: Since� (q� 1(x)) is an interval let us suppose� (q� 1(x1)) = [ a; b] and � (q� 1(x2)) =

[c; d]. We have one of two cases:c < a; b < d and c < a; b = d. In the €rst case, we

have directly thatef (x1) = b < d = ef (x2). In the second case, from Lemma 7.3 we have

f (a) = f (b) = hf (x1) and f (c) = f (d) = hf (x2). But b = d implies hf (x1) = hf (x2), a

contradiction. ‘erefore the only possibility is the €rst case and we haveef (x1) < e f (x2). �

Lemma 7.5 If x1; x2 2 Tf , x1 6= x2 andhf (x1) < h f (x2) then either� (q� 1(x1)) \ � (q� 1(x2)) =

; or � (q� 1(x1)) � � (q� 1(x2)) .

Proof: Suppose� (q� 1(x1)) \ � (q� 1(x2)) = [ p1; p2]; p1 � p2, Since each component is an

interval, we have� (q� 1(x1)) = [ a; p2] and � (q� 1(x2)) = [ p1; b] for somea; b 2 R. ‘is is

assumingef (x1) < e f (x2). ‘e argument that follows works similarly for the reversed inequality.
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If p1 2 [a; p2] then by Lemma 7.3hf (x2) = f (p1) � f (p2) = hf (x1), a contradiction. ‘is

means eitherp1 > p 2 or p1 < a . In the former case the intersection[p1; p2] is empty. By a similar

argument we cannot haveb 2 [a; p2], otherwise by Lemma 7.3hf (x2) = f (b) � f (p2) = hf (x1)

and b < a gives an empty intersection. ‘is leaves us withp1 < a and b > p2. ‘is implies

[a; p2] � [p1; b], as required. �

Lemma 7.6 Givenx f 2 Tf with hf (x f ) = h and an inclusion of sub-level sets off , Fh � Fh0,

there exists anx0
f 2 Tf with hf (x0

f ) = h0and� (q� 1(x f )) � � (q� 1(x0
f )) .

Proof: Let (x; h) 2 x f . Since(x; h) 2 epi(f ) we also have(x; h + � ) 2 epi(f ) for any � > 0

and (x; h + � ) 2 x0
f for somex0

f 2 Tf with hf (x0
f ) = h + � . Sincehf (x f ) < h f (x0

f ) and

x 2 � (q� 1(x f )) \ � (q� 1(x0
f ]), by Lemma 7.5� (q� 1(x f )) � � (q� 1(x0

f )) . Le‹ing � = h0� h gives

ushf (x0
f ) = h0and we have the desired result. �

Remark Note that Lemma 7.6 also holds if we consider the sub-level sets of another functiong

de€ned on the same domain. ‘at is, the result holds even under the inclusionFh � Gh0 with

the remaining conditions being the same.

Next, using the lemmas introduced above, we prove a result on stability. It must be noted that

the construction in the stability proof given in (28) is also orientation preserving, but that is not

explicitly observed or proved to be so in that paper.

‡eorem 7.3 Given two scalar functionsf; g : X �! R on an intervalX, let Tf andTg denote

their merge trees. Œe orientation preserving interleaving distance between the trees does not exceed

the largest di‚erence between the two functions:

dor
I (Tf ; Tg) � sup

x
jf (x) � g(x)j:
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Proof: Let � = sup
x

jf (x) � g(x)j be the largest di‚erence between the two functions. Since

these functions are de€ned on the same domainX, we have the following inclusion of level

sets(Fa = f � 1(�1 ; a]; Gb = g� 1(�1 ; b]):

Fa � Ga+ � � Fa+2 � .

‘is inclusion induces maps between the merge trees. A pointx 2 Tf with hf (x) = a

corresponds to the component in sublevel setFa given by � (q� 1(x]). ‘is element is mapped

to somey 2 Tg which is a representative of the component in the sublevel setGa+ � . ‘is

component is� (q� 1(y]): From Lemma 7.6 such a component exists and� (q� 1(x]) � � (q� 1(y]).

‘is inclusion of the sublevel sets with the above condition induces map� �
or : Tf �! Tg, de€ned

above where� �
or (x) = y. Similarly we also have a map� �

or : Tg �! Tf . We also have from

the above construction that ifhf (x) = a, then hg(� �
or (x)) = a + � and if hg(y) = a then

hf (� �
or (y)) = a + � . ‘e inclusion Fa � Fa+2 � induces the shi‰ mapi 2� on Tf where a point

x 2 Tf with hf (x) = a is mapped to a pointy 2 Tf with hf (y) = a + 2 � . Similarly we have

the shi‰ mapj 2� on Tg. Since these maps are induced by inclusions, they commute and we have

� �
or � � �

or = i 2� and� �
or � � �

or = j 2� . ‘is gives us an � � compatible map betweenTf andTg. Now

suppose we havex1; x2 2 Tf with ef (x1) < e f (x2) andhf (x1) = hf (x2). We need to check

that these induced maps preserve the orientation of these points. From the previously de€ned

maps we have� �
or (x1) = y1 and� �

or (x2) = y2 with � (q� 1(x i ]) � � (q� 1(yi ]) for i = 1 ; 2 . Since

the heights forx1 andx2 are the same andef (x1) < e f (x2), they belong to disjoint components.

Sincey1 andy2 are at the same height, they could either belong to disjoint components or the same

component. If they belong to the same component, then we haveeg(y1) = eg(y2). If they are

disjoint we must haveeg(y1) � ef (x2) because if not, then the� (q� 1(y1]) \ � (q� 1(x2]) 6= ; and

since� (q� 1(x2]) � � (q� 1(y2]) we have� (q� 1(y1]) \ � (q� 1(y2]) 6= ; , a contradiction. ‘is along

with ef (x i ) < eg(yi ) for i = 1 ; 2 from Lemma 7.4 gives usef (x1) < eg(y1) < e f (x2) < eg(y2).

‘us we have eg(y1) � eg(y2), as required.
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7.3 Results

7.3.1 Computation of Merge Trees

‘e structure of merge tree depends on the relative position of the local maxima and local minima.

Each local minima corresponds to the birth of a new connected component and each local maxima

corresponds to the merger of two connected components into one. We will call each local minima

the leaf of the merge tree and each local maxima a merge point of the merge tree. ‘e node

corresponding to the global maxima will be called the parent node. In this section we compute

the merge trees using two types of data

1. ‘e real data, which is discrete and highly stochastic. It has many local minima and maxima.

‘is is the data set X in De€nition 6.3 which has the domain(T0; T), whereT0 = 1 is the

day of the €rst reported case andT = 946 is the minimum duration over which data for all

€‰y states are taken.

2. A polynomial €t on the real data which is continuous and has fewer local minima and

maxima. ‘e polynomial €t is restricted to the same domain as above, that is(T0; T).

In the computation of the merge tree for discrete data set we make the following two

assumption: (1) the €rst element in the domain correspond to a leaf, (2) If the right-most extrema is

identi€ed as a merge point then the right-most point in the domain is identi€ed as a leaf.‘erefore,

moving from le‰ to right, denoting the leaves (minima) asL and the merge point (maxima) as

M we will have a sequence(LMLML � � � LML ). To compute the merge tree we €rst create a

class that we call MergeTreeVertex. It has as its membersx; y; vtype andlabel wherex; y gives

the location of the leaf or merge point,vtype is either M or L depending on if it is a maxima

or a minima andlabel is used to uniquely identify the object. Given a list of objects of type
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MergeTreeVertex calledV All (containing all the maxima and minima), the following algorithm

returns a set of edges of the Merge Tree

Algorithm 1 Return edges of Merge Tree
Require: List of objects of type MergeTreeVertex calledV All

V Max = v in V All with v:vype= M
Sort (Ascending)V All by x� values.
Sort (Ascending)V Max by y� values.
for all M in V Max do

i = Index ofM in V all
Return EdgesM; V All [i � 1] andM; V All [i + 1]
DeleteV All [i � 1] andV All [i + 1]

end for

In the section below we provide additional information for each of the two cases stated above

and provide some examples and limitations.

Computing merge tree using discrete data set

‘e €rst challenge in computing merge tree using the discrete data set is €nding the relative

maxima and minima. While we can €nd these by comparing each point to its neighboring points,

the trouble arises when we the data remains constant for continuous days. In these cases, it is

di•cult to check if they should be classi€ed as a relative min or a relative max. For that reason,

we will only show one example here and choose a data set where this happens the least number

of times and for such points we manually identify them as a relative maxima or a relative minima.

We start with a data setX as de€ned in De€nition 6.3 along with the data functionx(t) as de€ned

in De€nition 6.2.
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De€nition: 7.10 Given discrete data setX = f (t; x (t)jt 2 TT0 ;T1 g we de€ne the set of relative

minima and relative maxima as:

M R = f (t; x (t)) 2 X jt < T � 1; x(t) � x(t � 1) > 0; x(t) � x(t + 1) > 0g; (7.13)

mR = f (t; x (t)) 2 X jx(t) � x(t � 1) < 0; x(t) � x(t + 1) < 0g: (7.14)

Remark Note that this does not recognize the points wherex(t) is constant for consecutive

days. To deal with this case, in what follows, we show an example of a state where this happens

only once, and the point is manually identi€ed as a relative minima.

We chose the state of Alabama which had one instance where we had to manually label a point

as a relative minima. Sincex(t) is a discrete function, we make it continuous by using piece-wise

linear functiony = ( x(t +1) � x(t))( x � x(t))+ x(t)+ between each consecutive points(t; x (t))

and(t + 1 ; x(t + 1)) .‘e result is shown in Figure 7.3.

Once we have the relative maxima and relative minima, we create the corresponding

MergeTreeVertex objects and apply Algorithm 7.3.1 to obtain the merge tree shown in Figure

7.4. Due to the complexity of merge tree generated from real data, we use polynomial €ts on the

real data to compute simpli€ed merge trees in the next section.

Computing merge tree using polynomial €t on discrete data set

As we have seen above, computing merge tree from real data that is discrete gives us an extremely

complicated object that is di•cult to study or compare. Since the computation of merge trees

relies only on the set of maxima and minima, we use a degree 20 polynomial €t on the data set

to compute the merge tree. ‘e result for Alabama is shown in Figure 7.5. It can be seen that

in comparison to the detailed merge tree seen in Figure 7.4, we have a much simpler merge tree

consisting of seven leaves and six merge points. We apply this algorithm to the €‰y states of the

100



Figure 7.3 In blue is seen the continuous function that we create from the data functionx(t) by
connecting each consecutive point with a piece-wise linear function.(Top) We see the normalized
daily new cases for the state of Alabama. ‘e identi€ed relative maxima and minima are shown
in red and green dots respectively. (Bo‹om) A section of the graph above is zoomed in to show
that there is a large number maxima and minima identi€ed due to the discrete nature of the data.
In fact, in this case we have 149 relative maxima and 150 relative minima.

US and the Washington District. ‘e results are shown in 7.7. Certain similarities in the structures

are seen. In particular we note that when we look at the section of the tree that is to the right of

the parent node, all the trees look structurally identical (the only di‚erence being the lengths of

edges) with the exception of Ohio, North Dakota and South Dakota. Whereas when we look at

the section of the tree to the le‰ of the parent node, we see more than one type of structure. In

101



Figure 7.4 Here we have the merge tree for Alabama, generated using the algorithm. (Top) We
see the merge tree that consists of 149 merge points and 150 leaves. (Bo‹om) A section of the
merge tree above is zoomed in to show that the tree is extremely complex and has a large number
of tiny branches.

particular, we can classify them into six types (shown in Figure 7.6, with most states falling in the

€rst or second type. ‘e states of Hawaìi and Vermont have unique structure that is not seen for

any other state. ‘e presence of smaller branches are possibly an e‚ect of mitigation measures

that cause the curve to ƒa‹en arti€cially. In (14), they develop a stringency score to compare the

states of US and the states with the highest scores for the longest period of time are Hawaiì and

Vermont. Furthermore, we also see that the states of North and South Dakotas fare the worst

when it comes to stringency index over the course of the pandemic. ‘ese states also form an
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