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The present is a time of change in birth and death rates

as in many other matters, When a change occurs in an age-specific

rate we often want to interpret it demographically. Will this

change, in abstraction from all others, make the population grow

faster or slower? Will it make the age distribution older or

younger? What would be the effect of a reduction in accidents? We

know that these are concentrated in certain ages of the male popu-

lation, We may want to compare changes at different ages; what is

the effect on a population's overall rate of increase of a change

in the birth rate to women aged 20, as against a similar change to

women aged 40? What are the effects on age distribution of a fall

in the female death rate if it takes place at age 25, rather than

at age 50? To answer this last we must recognize that when the

death rate of women aged 25 falls, the overall growth is affected

both directly and by the births which are permitted to the women

who would otherwise have died, Various aspects of these relations

have been investigated before (Coate and Tye, 1961, Demetrius, 1969;

Lewontin, 1965; Lotka, 1939). The present article adds some further

results, and derives these as well as those already known in a corn-

pact and systematic form..

The derivations that follow are on the whole simpler than

in the original articles by virtue of the comprehensive treatment

here introduced. The presentation is in effect a series of theorems,

each useful in deriving further theorems, First we will see what

dl.fierence a change in the age•-speeificc death rate at age x has

o. the life table survivors beyond age x, and on the expectation.



of life for ages younger than x. These results will be applied to

find the effects on the rate of natural increase r, the ultimate

overall birth rate b, and the ultimate death rate d. The effect

of changes in births on b, c3, and r will be examined as well as

the effect of changes in deaths. The formulas so developed will in

turn be applied to ascertain the effects on the ultimate age distri-

bution, first of birth changes, then of death changes,

The paper elaborates the nature of the relationship, for

example between the mean age of a population and its death rate at

age x, by chaining together a number of links, each easily estab-

lished, The combined chain or linkage tells us the change caused

in the ultimate rates by marginal changes in the age-specific rates.

No effect of anything on something else can be studied

without a model; our model will be the stable population, one that

is subject to fixed rates of birth and death for a long period of

time. The argument leans on the fact that the stable population is

fully determinate as to its age distribution and rate of increase

once its age-specific birth and death rates are known,

The results will have predictive value for populations

that subsequently settle down to the stable condition, This requires

that the new rate be frozen for a generation or more, but even where

a freeze is not in prospect the formulas can predict tendencies.

Such formulas are useful in the interpretation of observed or hypo-

thetical changes ; if a. birth control campaign were to eliminate

half the births to women over 40, what would be the impact on the

overall rate of increase? In addition to all this, the procedure

i ds to estimates of sampling variance of population parameters
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once the sampling variances of the age-specific rates are known.

Thus the three possible uses of our results are prediction, inter-

pretation, and estimate of variance.

Two techniques may be used. One gives arithmetic results

only--it is the simple projection of the population under the old

and the new rates, followed by noting the difference between the

two in the ultimate age distribution and other features, What this

method lacks in compact and understandable formulas it makes up in

flexibility: we can find the effect of a fall in the death rate at

a particular age against a background of a lesser fall in all ages,

or other combinations of changes however complicated, Especially

with a computer, one can find the effect of any combination of

changes within any pattern of prospective birth and death rates,

but the calculation is extensive, and what is more serious, the

mechanism by which the effect occurs is not made known. This

arithmetical approach will be applied in the final section to

verify selected results.

Chain differentiation

The other and more valuable technique derives a general

formula for the effect of a given type of change in terms of well-

known population parameters, A sequence or chain of partial. dif-

ferentiations will be required in the derivations, and a familiar

theorem of calculus repeatedly used (Widder, 1961, p. 16, or

similar source):
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If u is a function of x and y, say f(x,y),
and x and y are themselves in turn functions of
t, x(t) and y(t), then the total derivative of u
with respect to t is

du __ 3u ^x +
dt ax at ay at'

The proof of this statement depends on the definition of deriva-

tives as limits and need not be given in detail here. We will

sometimes want an extension to three intermediate variables x, y,

and z, The chain principle also applies where x and y are

functions of r and s, and these in turn functions of t; this

incorporates further partial derivatives on the right-hand side.

Care is required to ensure that all possible linkages connecting

u and t are taken into account.

In general we will want to know approximately the effect

of a finite change in the independent variable t on the value

of u, the derivative being merely a means to this. Our approxi-

mation will be

Au - du At,
dt

with an error depending on the length of the step At whose

effect we seek, the finite approximations to the continuous formulas

developed for du/dt, and rounding procedures,

life table survivors Qx

Our first problem is to find the effect, on the prob-

ability to of surviving from birth to age a, of a change A}^x

in the age-specific death rate p applying to ages x to x + Ax.

If a is less than x there is no effect--change of mortality of
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men aged. 80 cannot influence the probability that a boy baby will

live to age 10. The trivial case of no effect when a < x will

be neglected, and we will assume that a > x + fix.

We first need an expression for Q a in terms of the age-

specific death rates, and use the familiar (Keyfitz, 1968, p. 5)

a

Qa = exp (•- J p tdt), (1)

0

This is derivable as the solution of the differential equation

defining p a , the age-specific rate in an infinitesimally narrow

age interval, known as the force of mortality:

__ 1. inn
a - .Q.

a+A a  1 d a
a a Oa-r0 pa Qa da

Now suppose that the p t of (1) each cover a finite

range and that one of them, p x , is replaced by p x = u X + q p

over the range dx. To find how , a will be affected we observe

that the integral in the exponential of (1) will be increased by

about the amount 0 Ax. This means that the new Q
a 

will be

equal to the old Q, a multiplied by an exponential:

k 2aexp (-p^' X),

Supposing the argument of the exponential in this last to be small,

we can substitute the linear term of its Taylor expansion:

exp (-Aix) 1 - i x,
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and hence obtain

so that the change in Q a occasioned by the change in p x is

a -2.a^ xAX.

If the age interval, for which X is the rate, is five

years, the p-M above would be five. If the age group is one

year, the Ax may be omitted, and we shall omit it in what follows

to save writing, but we must bear in mind that Alex 	requires a

coefficient wherever it applies to an age interval Ax different

from unity. Our result is written

Ak a = - QApx , a > x + Ax. (2)

The coefficient of /gyp on the right-hand side, in this case

-Z, a , may be identified with the derivative d a/dox.

0
Expectation of life ex

The result (2) leads immediately to the effect of a

change in the age-specific death rate u x on the expectation of

life at age a. For the expectation of life is defined as

w
o Z r dtC

a Q f Qt
a a

goes to p + Liu for the year of age around x, then the new
x x

2 t under the integral is lower by 2t xAp for all ages t > x.
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Hence the newe a will be lower by 1 f 9, tp 4xdt, and our answer
Q a x

is therefore

Q
l e a — x eexL j ) x > a. (3)

a

This is essentially the result due to Wilson (1938),

Irwin (1949), and Chiang (1968), except that they made explicit

allowance for possibly wide finite intervals. All three writers

sought the differential as a means to calculating sampling

variances, which is one of the purposes served by all of the

formulas contained in this paper, including (3). Suppose we know

the variance of an age-specific rate ux , and know also how the eea

or some other quantity changes with it, i.e., we know the derivative

de a/dp x . Then (3) is

dee
• a

Llea d U A ux'
x

and squaring and averaging both sides gives for the relation of

variances

2
0

dee
a

Var (e a ) = du Var (u )x
x

Q e
e 2

x x Var (px), x > a. (4)

Za

On the model used for such calculations the hu are random de-

partures from a true u , and the dee are the resultant
x a

departures from the true eo .
a
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Thus the square of the coefficient of p x in (3) enables us

to pass from the variance of the age-specific rate to the variance

of the expectation of life, provided only one age is subject to

sampling error. In practice all ages are likely to be obtained by

sample if any are, and unless they are independently sampled their

covariances must be taken into account, but the present paper will

not develop this subject.

Rate of increase r as affected by birth s

None of the parameters of the life table is affected by

births, but our next parameter, r the intrinsic or ultimate rate

of natural increase, is affected by births as well as by deaths.

The rate r at which a population would ultimately increase if

the given age-specific rates of birth and death were to persist

indefinitely, may be shown to be the real root of the equation

(Lotka, 1939, p. 65)

e-tai m da = 1,
a a

where m ada is the chance of a birth occurring to a woman

between age a and. a + da. From (5) will be derived the change

in r consequent on a change in m x , where again x is arbitrary

but fixed.

If the left-hand side of (5) is called , the deriva-

tive of ti with respect to the age-specific birth rate mx must

contain all the elements of y that vary with i , i,e,, it must

show a term for the effect of Omx on through r, and another

tern for the effect on i directly:

(5)



=
a 

IP Dr

dm ar amx + amp°

But (5) tells us that r is to be chosen so that $ is constant,

and hence the total derivative of with respect to any of the

variables it contains must be zero. In symbols we have

) r + air

=Br ^ Bin ^,Bin
x x

or solving for the required ar/3mx , now written dr/dmx

because it is no longer partial:

dm

a

a?^ / o
or

(6)
dm m '

x x

Of the two partial derivatives needed for the applica-

tion of (6) the first is

a e-rxQX,
x

as can be seen from (5) by thinking of the curve of births by age

of mother as having a protuberance around age x one year wide

and Am high. The difference this makes to the integral is
x

found by adding the area of the protuberance times the value of

whatever within the integral is multiplying m over the year of

age x.

The other partial derivative a$ /Br, again from the

definition of ip on the left-hand side of (5), must be

aO a

8 r = - ae'
ra

 Zamada.
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If this is divided by the left-hand side of (5), it becomes the

mean age of childbearing in the stable age distribution, which is

to say the age distribution that has be -ra2 ada of its members

between ages a and a + da, where b is its birth rate. Call

this mean age of childbearing K . (The stable age distribution is

further discussed in the argument leading up to (11) below.)

Entering these two partial derivatives in the expression

for dr/dm given as (6), then since dr/dmnx is the coefficient

that approximately expresses the finite differences Ar in terms

Amx ) we have

-rx
C 2.

x
q r f-/fl1

K Ate. (7)
x

Ansley Coale (1970) suggests writing the coefficient of 
Am 

as

c /bK o That the change in r caused by a change in the birth
x

birth rate Am should be proportional to the fraction of individ-

uals cx in the stable population at that age seems reasonable.

Equation (7) says that the effect of a change in the age-

specific birth rate m is different from one age x to the next,
x

depending on e - 	and 2. With modern low mortality the factor

Q is close to unity at all ages up to the end of reproduction;
x

for high fertility countries e sharply with age. For

Ecuador 1965, e-20r is 0.514 against a 40r = 0,264. Because

of this factor in (7) a decline in the birth rate at age 20 makes

twice as much difference to r as an equal decline at age 40, an

important consideration in interpreting the fall in fertility at

particular ages in countries of high growth rates,
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Rate of increase r as affected by deaths

A change in the death rate at age x acts on the
a

of ages beyond x, and it is through k,a that the death rates

enter most demographic calculations. To find the effect on r of

a change ©u x in the death rate at age x we revert to (5) and

again decompose the derivative of the left-hand side into two

parts, one for r and one for u :
x

d^ 3V ar —.

x ar Dp, a}^k

This may be equated to zero to produce an expression analogous to

(6) :

dr = a
d' a p ar
X X

To evaluate 3 /ai we use
x

(ntegrand of ) a{integrand of ) a a
a Ux - aka aux

(e -r auraJl r_ 2
.
a)

where the second factor, ak a /a µx = — 2 a ,  is taken from (2) .

The product is nonzero for all a beyond x in the integrand,

which means that corresponding to an increment A

	

	 we have an
x

added strip in the integral i going all the way from x to the

end of reproduction. The derivative is this strip:

r _ 
- f 

e-raZamada.

r
x x
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Dividing by 2i / r = - K we have the total derivative

dr
d - f e

-ra

k amada/K, (8)
x x

This is the result sought for the effect of a changed

death rate on r, but it can be put into terms of a known function,

reproductive value v, first defined by R.A, Fisher (1930) and
x

shown for a number of populations in Keyfitz and Flieger (1968).

Reproductive value is the prospective number of girl babies to a

woman aged x, discounted at the intrinsic rate r:

v _ r e-ra(a-x) ^a m da
x J Zx a

X

so that in application to (8) we have

dr S
	-dp _ - r erakamada/K 

=-e 2. vX , (9)
x

xI

r

or approximately for finite increments,

e - rx v
x x APx. (10)

Tabulation of v for an increasing population starts
x

at unity by virtue of (5), rises to a peak about age 17, then falls

to zero at about age 50, Hence (10) tells us among other things

that the effect on the intrinsic rate of a change in mortality is

zero beyond the last age of reproduction--which follows also from

the fact that ages beyond reproduction do not enter the equation

(5) by which r is obtained, Since beyond age 30 vx slopes
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down sharply, (10) says also that mortality improvement beyond 30

has small effect on the rate of increase of the population, but up

to age 30 can have a large effect.

Here and in later formulas v is often multiplied by
x

e -rx kx . In order to save writing we designate the product

e
-rx

i
 

v as v, so that (10) is
x x x

v'
• x

or ^^ ^

• K x

Birth rate b

We turn now to effects on the birth rate b, and for

this must refer in more detail to the stable age distribution.

When a population has settled down to fixed age-specific rates of

birth and death, its overall birth rate must after a time become

constant, and it increases at the fixed annual rate r compounded

momently. The proportion of individuals between ages a and

a + da depends in a closed population on births a to a + da

years earlier, which would have been be -rada as a fraction of

the present population. The survivors of these must equal

-ra
be .2 da., also as a fraction of the present population, so we

a

have for the present distribution by age

c ada = be-rakada.

Since the total of e da must be unity, an equation
a

is provided for b in terms of r and the life table:

r be-ra

J
iada = 1, .'. b = W

l_ e (11)

0 r e-raiada

0

(10)
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Let us find the derivative of 1/b with respect to the

variables contained in the integral on the right-hand side of (11).

Starting with r, we have for a fixed life table

w
1 _ d 

J 

r e-ratada
d b C
dr dr

vs -ra- 
ae Ada.

0

To pass from the derivative of 1/b to the derivative of b, a

proposition of elementary calculus, dxn/dx = nxn-1 , is avalable:

d 
(Sl)

1 db
- b2 drY

Equating the two expressions for d(l/b)/dr and multiplying up by

-b
2

 gives

db
dr = 

b2 f ae-raida
0

abebe iada
0

= b
w
f be -ra Zada
0

where we can insert the integral in the denominator gratuitously

since it equals unity. But the last ratio of integrals is the mean

age of the population, say A, so we have the simple expression

db
= bA. (13)

(12)
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To find the effect of a change in the birth rate mx

we need only chain this with dr/dm x from (7), since the other

factor in the integrand of (11) is ,a which is not affected

by births. Hence

erxQ
db _ db dr x
dmx 	dr dmx = bA

K

which may be expressed in terms of a relative finite change in the

birth rate n b/b as

e-rx
Ab A x mx (15)

Coale's alternative form of this is b = Ac pm / K , making clearx x

the relation to the number of individuals in the stable popula-

tion at age x.

The proportional effect of a change Gm on the birth
x

rate b is the absolute effect on the intrinsic rate r multi-

plied by a constant A, the mean age in the population, according

to equation (15).

Birth rate b as affected by deaths

Turning now to the effect on the birth rate of a change

in the age-specific death rate u , we have
x

db ab r ab 
ar a ux

, (b)
a k a aux

where the second term on the right must be added through all

a ' x. We have already found four of the five partial deriva-

tives required, and need only a(l/b)/i.

15
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Evidently a(integrand of l/b) /aQ_ from (11) must be e-ra for

each fixed a. Applying this along with (13), (9), and (2), and

again using d(l/b)/db = - 1/b 2 , we have in the same order as the

partial derivatives of the last display

v'
db = (bA) - x

x
2 -ra

+b f e ka da.
x

The right-hand term is b times the fraction of the

stable population over age x, say K. Entering this, dividing
x

by b, and converting to finite increments gives

A b Av-
x + K A p a (16)

b K x x

The result (16) shows that an increase in u causes

a net increase in the birth rate insofar as the fraction Kx

beyond age x is greater than the term involving reproductive

value. This will always apply for ages x greater than 3, the

end of reproductive life. The increase in p x causes a frac-

tional addition of K to the birth rate insofar as it diminishes
x

the numbers of the population beyond age x. For the age x > 0

that satisfies the equation Av1 /K = x, we can say that at ages

younger than x an increase /u in mortality lowers the overall
x

birth rate, at ages older than x it raises it. The age specific

birth rates are of course held constant.
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Death rate d

Changes in the ultimate death rate are easily obtained

from the relation d = b - r, from which it follows that Ad =

i]b - Ar. This, along with the preceding expressions (7), (10),

(15), and (16) for Ob and pr, results in

e-rxz

Ad : (bA - 1) x Am x , (17)
K

and

[(1

v'

 - Ab) x + bK 1 r1 u (18)
x x

;ARe distribution as affected by births

To proceed to the effect on age distribution, we use

again the fact that the proportion of the stable population between

age a and a + da is c ada = be 
-ra l^ ada, so there will be two

terms in the total derivative for the effect of change in m, and
x

three terms for the change in u. Starting with births,x

dc ac a 3b aca ar
dm a b am + ar am

x x x

we know ab/arnx from (14) and ar/Bmx from (7). From the expres-

sion for c a it follows that 2c a/ab = e
-ra ga , and also that

3c / r = -abe -rai = -ac . fence
a a a

dc -ra bAe 2x-rx e-rx Lx

dmX = e ial

J 	K

I + ^- ac a
) 

( K

-rx J 1cc Q

= a X (A - a).
K

17



so that

Ac
e-rx91

-cam  (A - a) K X L mx (19)
a

Equation (19), obtained somewhat differently, is implicit

in Lotka (1939, p. 25). It tells us that the proportional change

in c will be positive for ages a less than the mean age A,
a

and negative for a greater than A, and this relation of signs

applies for any age x at which Am is positive, that is, at
x

which fertility is supposed to increase. The amount of the effect

will be greater the greater the departure of a from A, so that

change of the birth schedule causes a pivoting of the age distri-

bution about the mean age A, which itself ranges from about 20

for a young population to 40 for a an old one

distribution as affected by deaths

For the effect of ux on ca we have two terms analo-

gous to the preceding, plus a third:

dc aca ab aca ^r aca Qa

du ab au + ar au + a2 8U
x x x a x

in which the partial derivatives are either already available or

obtainable with slight effort. Inserting them gives

dc fly' v'
a ^ (e-raga)-b x- +K + (-ac a ) (- K)

d

ux

+ (be-ra) (_ ,,a) I

which simplifies to provide

Ac v'
^a 	(a - A) K'^ + K - 1 pa, x c a, (20)

a

18



For ages a younger than x the chain through i s vanishes,

and the -1 at the end of the expression in brackets in (20)

accordingly drops out.

Equation (20) says among other things that an increase

of mortality at younger ages makes the population older, and

an increase at older ages makes it younger. For any given x the

A causes the age distribution to pivot around a certain point,

and the older x is the higher the point at which it will pivot.

We can check to ensure that the total change in c,
a

added over all a, is zero, as it ought to be if c ada is the
w

proportion between age a and a + da. Since

	

	 f (a-A)c ada = 0,

0
the total effect on c a works out to

x ^y

f c K da + J c (K - 1)da,
0 ax x a x

the first term covering ages a under x and the second ages

over x. Because K , defined as the fraction of the population
^ x

over age x, is fc ada, the total. of the two integrals must be
x

zero.

Mean age A as affected by births

From this we can go on to find the effect on the ultimate

mean age A of change in an age-specific rate. By the definition

of a mean,

fac da

0 w
A = = f acada,

J cada

19
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the integral in the denominator of A being unity. For the mean

A of the new age distribution c a = c a + Aca we have

AA= A- A aaacda. ( 2 1)
0

In respect of a change in m we need only apply (19) to

evaluate AC a in (21) and find

e-rxP,

AA = x a(A - a)c daAm .
K a x

By definition of the mean f A(A - a)c da is zero, so we can sub-
0

tract this quantity within the integral and obtain

-rx

AA = - E ^x f (a - A) 2 c daAm .
< 0 a x

The integral, on the right is the variance of the age distribution

c and may be denoted g 2 , so we have finally
a

e-rxQ o2

AA = - K x A my, (22)

Equation (22) tells us that the effect of increase in

the birth rate in any age x is to diminish the mean age of the

population by an amount which includes the factor e -rxkx / K , which

will be identified from (7) as the change in the intrinsic rate

occasioned by Am. The mean age is diminished by the increase in
x

the intrinsic rate r multiplied by the variance of the age dis-

tribution.

Mean aqe A as affected b y deaths

To find the effect on A of an increase A in the
x

age-specific death rate we need (21) again, but this time we

replace Ac a by (20) with the -1 for values of a greater than

x, and by (20) without the -1 for values of a less than x.

20



Out of the first term in the square brackets of (20) multiplied by

a and integrated comes v' o 2
/K , though now with a plus sign.

From the remaining contents of the square bracket comes

R W C W

1 K ac da + f (K - 1)a.c da = K fac da - f ac dax a x a x a a
0 x 0 x

K (A - A ),
x x

where A is the mean age of the part of the population over
x

age x. Hence the effect of changed mortality on the mean age is

given by

v' 2
6

A x - K (A - A) A e (23)
K x x x

Alternatively, one could arrive at this result by cal-

culating the partial derivatives of A = hf ae w da with respect
a

0
to b, r and i , and then adding.

x

The above methods can be applied to other demographic

functions, for example to ascertain the effect of changed mortality

at a particular age x on reproductive value v a , on the variance

of the age distribution of the population, or the mean age of

childbearing. All such extensions could be superimposed on the

set of results here developed, just as these were successively

superimposed on one another.

Moreover, instead of finding the effect of a change in

a sngle age group one could trace the simultaneous changes in two
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or more groups. In particular the simultaneous changes could be

equal and in opposite directions--px changing to u x + S and

to - 6.
y y

Combinations of ages are handled by adding the expres-

sions for the individual ages. Suppose that the birth rate to

women aged x increases by Am and to those aged y by Am.
x y

Then the effect on the intrinsic rate r is

Ar = ^e-rx9xAmx + e -ry 9. Am_) / K,

assuming, as we do throughout, that the increments are small. if

the rate falls by S at age 40 and increases in an equal. amount

at age 20, so that there is no change in the Gross Reproduction

Rate fm da, then the effect on r is
a

a

Or = (e -20r -40r
20 - 

-

40 ) K

which for a rapidly increasing population is a relatively large

quantity.

One could move on to the effects of more elaborate com-

binations of ages--for example the mean age of childbearing, whose

rise would be associated with lower birth rates at the younger

ages of mothers, and higher rates at the older ages. Decomposi-

tion of observed differences would also be facilitated. When we

know the difference between the death rates of Guatemala and Mexico,

age by age, we can trace the effects of these differences on

intrinsic rates and other parameters.
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As an example of these extensions, suppose equal propor-

tional changes in fertility at several ages of mother, small enough

that their effects may be added; let the change be m x f in the

xth year of age, which is to say, a proportional increase d in

m. Now let x take all values, say from y onwards, and again
x

treat the problem as continuous. Then the right-hand side of any

of the formulas for the effect of a change in births may be adapted

by adding from y onwards. From (7) the effect on the intrinsic

rate, for example, is

-rx
a e z

Ar = f m dx5,
y K x

which is the same as

vI

K

In particular, if y = 0, and all in are increased in the propor-

tion S, then the effect on r is an increase of absolute amount

S/K.

Suppose now that the net maternity function ¢ = Q m
a a a

is moved to the right--women have the same number of children, but

they have them g years older. Then the. new ¢ a = a-S , say, and

the equation for the new r is

a+d — ^+S
F e-ra ada = 1, or f e-(r+Ar)a a-Sda = 1.

Expanding ¢a- S to the linear term. in 6 as a-S ¢a S¢a'
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and assuming the product 6Ar negligible and integrating by parts,

reduces the characteristic equation to

L]r __ - 6 a

r • K

In words: a delay of 6 years in the ages of childbearing results

in a proportional fall in the intrinsic rate r equal to 6

divided by the mean age of childbearing. Approximately the same

result would apply if the distribution ^ a changed its shape, as

long as its mean moved up 6 (Coale and Tye, 1961).

This problem of a shift in the mean age of childbearing

can be approached from a different viewpoint to obtain a slightly

different result. If following Lotka (1939, p. 92) we define T

the length of generation by means of the equality e rT = R0 , it may

be shown for an increasing population that T is slightly less

than u, the difference usually being less than one year. Differ-

entiating in the equality defining T we obtain

r ATr '  T.

This is to say that since rT is equal to In R C , which we assume

constant, proportional changes in r will be equal and of opposite

sign to proportional changes in T.

Numerical examples of the effect of change in a death rate

The following arithmetic examples show the numerical

effect caused in the characteristics of a population by changes in

age.••specific birth and death rates. We show, for example, the
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effect on the mean age of the population of a change in mortality

at age 25-29. The calculation has in each case been made in two

ways: (a) by simple projection of the population according to the

old and new rates; and (b) by the formulas of this article. This

double calculation enables us to see how much error our finite

approximations introduce, as well as incidentally to check for

errors in the algebra by which the formulas were developed.

a) Effect on 20

The population on which the experiment was performed was

Mexico 1966, using a female-dominant model; the following comes

from the female part of the calculation. The observed number of

deaths at age 25-29 at last birthday was 5D25 
W 4556. This was

raised first 1 percent to 4602, and then 10 percent to 5012, and

on each modification a new life table was made, the objective being

to see how different the derivatives would be with different L
x

The observed 80 was 62,83513. With 1 percent increase on 5M25,

90 dropped to 62.829.54, and with 10 percent increase it dropped

further to 62,77829, the first being a decline of 0,00559, the

second of 0.05684. The derivative is given by the drop in 90

divided by (0.01) 5M25 = (0.01)(0.002963), the absolute increase

in 5M25 , or 0.00559/0,00002963 = 188.7 for the 1 percent

change, and 0.05684/0.0002963 = 191.8 for the 10 percent change.

The difference is a measure of curvilinearity in the relation

between 5M25 and @ 0 , as well as of rounding error in the com-

puter.

We now estimate the relation using the theory developed

as formula (3). Translating (3) for the particular problem gives

25



__ 525

^^0 z0 27.5^5M25

= (4.325) (44.28) 5 M25 = 191.505M25,

in agreement with the difference between the calculated Life

tables 188.7 and 191.8 obtained from the 1 percent and 10 per-

cent increments.

b) Effect on r

To see what the effect of the same marginal change would

be on the intrinsic rate, the 1966 Mexican population was projected

forward some 500 years, both with the original life table and with

the life table as modified by increasing 5M25 1 percent and 10

percent. The value of r obtained with the original life table

was 0.0347861, and was lower than this by 0.0000024 as a result

of raising 5M25 by 1 percent, and by 0.0000253 through the

raise of 10 percent. To find the derivatives with respect to 5M25

we again divide by the difference in 5M25 , and obtain -0,0810

and -0.0854, The first of these numbers suffers more from round-

ing error, the second from nonlinearity.

These experimental results are to be compared with

- v /K of (10). The age x of v' is to be the same as that at
xx

which the mortality was increased, and hence we want the average

reproductive value v for the five-year group 25-29, written
x

5V25 by analogy with other demographic practice. The approxima-

tion to the derivative in (10) is therefore
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-27½r
-e

5L25 5 V 25/ 
K

- -27,(0.03479)e 
(4,32467) (1,392)/27.91.1

= -0.0829,

again substantial agreement with the -0.0810 and -0.0854 above.

c) Effect on b

In order to deal with the increment in 5M75 , a rate

covering a five-year interval, we must consider that each of five

separate single years of age is incremented, Formulas could be

worked out for a central value in the five-year interval and multi-

plied by five, or they could be worked out for x equal to each

of the ages 25, 26, .a., 29, and the results added., This is in

effect what we achieved by using 5L25 for ,?x above where the

formula (10) contains v' = e-rxQxvx.

Now to check on (16), the relation of the birth rate to

mortality. Raising 5M25 by 10 percent and then projecting for-

ward through 500 years gives a birth rate lower by 0.0000033 than

the intrinsic birth rate with the original observed death rates.

The derivative therefore conies out to -(0.0000033)/(0.0002963)

-0.0111.

To calculate the corresponding quantity from (16) we

need V'/K = 0.0828 already used for r, as well as A, the mean
x

age, which is 21.84 years, and Kx , the proportion over 25, 26, ..

years of age added together, which is 0.313 x 5 = 1.565. Then our

approximation to the coefficient of Au in (16) is
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Av'
b + K = 0.04329 - (21,84)(0.0828) + 156

L

x x

_ -0,0105,

against -0.0111 from the computer. Because the derivatives of

b with respect to death rates are small, they are subject to

large rounding error when estimated by the difference of two pro-

jections on the computer.

The raising of 5M50 by 10 percent and then projecting

increased the birth rate by 0.0000148, and 5M50 = 0.008349 gives

a derivative of 0.0000148/0,0008349 = 0.0177. For ages beyond

reproduction the reproductive value v is zero„ and we have only
x

K remaining in the square brackets on the right-hand side of (16);
x

5I^52.5 has a value of about 5(0,0813) = 0.046. The estimate

required is

5bK52 5 = (0.04329)(0.406) = 00l75,

in agreement with the 0,0177 above.

d) Effect on A

Our final experiment is with the mean age A. The

effect of raising 5M25 by 1 percent and then projecting is to

lower the mean age by 0.00214, and raising mortality by 10 per-

cent Lowers the mean age by 0.002006, making derivatives of

-7.22 and -6.77 respectively.

To estimate the derivative by means of (23) we need two

further quantities: A = 44.0, the mean age of those over 27.5
x

years, and 6 2 = 332.2, the variance of the stable age distribu-

t:.on. Entering these in (23) give -7.17.
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Similar examples can be provided for the effect of

changes in births, which are somewhat simpler because a change of

births in one age brings that age only into the mechanism; a change

in deaths necessarily entails consideration of all later ages as

well as the given age.

Applications of the above formulas to explaining the

variations in real populations and under more general conditions

will be the subject of further work. The object of the present

paper is to show the linkages connecting population variables within

the stable population model, and the paper is summarized in the

12 formulas brought together in the Appendix. The formula numbers

that are given will help the reader to locate the proofs in the

text.
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b

d

APPENDIX TABLE

Effect of change in age-specific birth and death
rates on stable population parameters with formula
numbers referring to derivation in text,

i

Qm , a < X < R QpX, 0 < x < c^

), a 1 No effect

e No effect

e
-rx

K ©M (7)

e-rx

^' AAr = A K 
X Amx 	(15)

e-rxk

Ad (bA - 1) Am (17)
K X

a -2aA ., a > x (2)

Q
Qea 	- 0 Qa (3)

a

vi
Qr - x (10)

K

Av'

K E + X] du x (16)

v^
Ad [(l - Ab) + bIZ 1 0 (18)

K X] x

c
a

-rat

Ica (A - a) e 
x Am (19)

c K X
a

Lc r V

^a I (a-A) K
—

 + K 1 p , a < x (20)
a L

L

v'
x

(a-A) K + K
X 

- iJ Q^ X , a > x

e- rx Q

A DA - K Qm (22) QA K K (Ax - A) pu g 	(23)
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APPENDIX TABLE--continued

where

mx = age-specific birth rate at age x

= age-specific death rate at age x
x

r = intrinsic rate of natural increase

b = intrinsic birth rate

d = intrinsic death rate

Qx = probability of living from birth to age x, with QO = 1

c ada = be
-ra iada = proportion of stable population between

ages a and a + da

K = f ae -ra iama da = mean age of childbearing in the stable
a population

a = youngest age of childbearing

^ = oldest age of childbearing

w = oldest age to which anyone lives

6
v ! = fe -ra iama da = total of net maternity function from age

x x onward, discounted back at rate r,
where v 0 = 1. If vx is the usual
reproductive value (Fisher, 1930), then
our vx = e-Qxvx.

LO

K = fc
a
 da = fraction over age x in the stable populationx 

x

W

A = fac e da = mean age in stable population
0

2 w
a = f(a - A) c a da = variance of age distribution in stable

0 population

W w
= fac ada I c ada = mean age of those over age x in stable

x x population
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ABSTRACT

We know that changes in birth rates at particular ages

of women affect the overall increase of a population, its age dis-

tribution, and other features. Our object here is to ascertain

the amount of the effect. For example, a fall in the age-specific

birth rate of women aged 40-44 will tend to raise the mean age of

the population; the paper finds an expression for the fraction of

a year by which the mean age is raised by a given alteration in

the birth rate to women aged x, We implicitly compare two popu-

lations, the same in all other respects but the age under study,

in which fertility and mortality remain constant for a long period

of time. The formulas show by how much the long-term projections

differ if births differ at one age of women only and deaths are

identical.

The effects of changes in death rates at particular ages

are more pervasive, because mortality acts through the life table

numbers surviving to the several ages, and a change in the age-

specific rate at a particular age thus affects all subsequent ages.

The paper finds expressions for the effects of changes in death

rates analogous to those for the changes in birth rates. The

Appendix Table presents the results in one place for births and

deaths.

To illustrate and verify some of the formulas a computer

program was run., projecting the population of Mexico 1966, with

observed rates, and with an increase in the deaths at ages 25-29

ad 50-54.



APPENDIX TABLE--continued

where

m = age-specific birth rate at age x

x
= age-specific death rate at age x

r = intrinsic rate of natural increase

b = intrinsic birth rate

d = intrinsic death rate

Zx = probability of living from birth to age x, with k 0 = 1

c ada = be
-ra iada = proportion of stable population between

ages a and a + da

= f ae -ra kama da = mean age of childbearing in the stable
a population

youngest age of childbearing

S = oldest age of childbearing

U) = oldest age to which anyone lives

6
v' _ fe-ra Za am da = total of net maternity function from age

x x onward, discounted back at rate r,
where v 0 = 1, If vx is the usual
reproductive value (Fisher, 1930), then
our v = e-rxkxvx'

w
K= fc da = fraction over age x in the stable population
x ^ a

x

W

A = f ac a da = mean age in stable population
0

= J(a - A) c a da = variance of age distribution in stable
0 population

W w
Ax = fac ada f c ada = mean age of those over age x in stable

x x population
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ABSTRACT

We know that changes in birth rates at particular ages

of women affect the overall increase of a population, its age dis-

tribution, and other features. Our object here is to ascertain

the amount of the effect. For example, a fall in the age-specific

birth rate of women aged 40-44 will tend to raise the mean age of

the population; the paper finds an expression for the fraction of

a year by which the mean age is raised by a given alteration in

the birth rate to women aged x. We implicitly compare two popu-

lations, the same in all other respects but the age under study,

in which fertility and mortality remain constant for a long period

of time. The formulas show by how much the long-term projections

differ if births differ at one age of women only and deaths are

identical.

The effects of changes in death rates at particular ages

are more pervasive, because mortality acts through the life table

numbers surviving to the several ages, and a change in the age-

specific rate at a particular age thus affects all subsequent ages.

The paper finds expressions for the effects of changes in death

rates analogous to those for the changes in birth rates. The

Appendix Table presents the results in one place for births and

deaths.

To illustrate and verify some of the formulas a computer

program was run, projecting the population of Mexico 1966 9 with

obss c
'rved rates, and with an increase in the deaths at ages 25-29
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