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The present is a tine of changein birth and death rates
as in many other natters, Wen a change occurs in an age-specific
rate we often want to interpret it demographically. Will this
change, in abstraction fromall others, nake the popul ati on grow
faster or slower? WII it nmake the age distribution older or
younger ? What woul d be the effect of a reduction in accidents? W
know that these are concentrated in certain ages of the male popu-
lation, W may want to conpare changes at different ages; what is
the effect on a population's overall rate of increase of a change
inthe birth rate to wonen aged 20, as against a simlar change to
wonen aged 40? What are the effects on age distribution of a fal
inthe fenale death rate if it takes place at age 25, rather than
at age 50? To answer this |ast we nust recogni ze that when the
death rate of wonen aged 25 falls, the overall growth is affected
both directly and by the births which are pernmitted to the wonen
who woul d ot herwi se have di ed, Various aspects of these relations
have been investigated before (Coate and Tye, 1961, Denetrius, 1969;
Lewontin, 1965; Lotka, 1939). The present article adds sone further
results, and derives these as well as those already known in a corn-
pact and systematic form.

The derivations that follow are on the whol e sinpler than
in the original articles by virtue of the conprehensive treatnment
herei ntroduced. The presentationisin effect a series of theorens,
each useful inderiving further theorems, First we will see what
dl .fierence a change in the age--speeificc death rate at age x has

o. the life table survivors beyond age x, and on the expectation.



of life for ages younger than x. These results will be appliedto
findthe effects on the rate of natural increase r, the ultinmate
overall birth rate b, and the ultimate death rate d. The effect
of changes in births on b, ¢3, and r will be exam ned as well as
the effect of changes in deaths. The formulas so developed will in
turn be applied to ascertain the effects on the ultimte age distri-
bution, first of birth changes, then of death changes,

The paper elaboratesthe nature of the rel ationship, for
exanpl e between the nean age of a population and its death rate at
age x, by chaining together a number of links, each easily estab-

i shed, The conbined chain or |inkage tells us the change caused
inthe ultimate rates by margi nal changes in the age-specific rates.

No effect of anyt hing on sonething el se can be studied
wi t hout a nodel; our nodel will be the stable popul ation, one that
is subject to fixed rates of birth and death for a | ong period of
time. The argunent |eans on the fact that the stable population is
fully determnate as to its age distribution and rate of increase
once its age-specific birth and death rates are known,

The results will have predictive val ue for popul ations
t hat subsequently settle down to the stable condition, This requires
that the new rate be frozen for a generation or nore, but even where
a freeze is not in prospect the formulas can predict tendencies.
Such fornulas are useful in the interpretation of observed or hypo-
thetical changes ; if a. birth control canpaign were to elimnate
hal f the births to wonen over 40, what would be the inpact on the
overall rate of increase? In addition to all this, the procedure

i ds to estimates of sanpling variance of popul ati on paraneters
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once the sanpling variances of the age-specific rates are known.
Thus the three possible uses of our results are prediction, inter-
pretation, and estimate of variance.

Two techni ques may be used. One gives arithmetic results
only--it is the sinple projection of the popul ati on under the old
and the new rates, followed by noting the difference between the
two in the ultimate age distribution and other features, Wat this
met hod | acks i n conpact and understandable formulas it nakes up in
flexibility: we can find the effect of a fall in the death rate at
a particul ar age agai nst a background of a lesser fall in all ages,
or ot her conbi nati ons of changes however conplicated, Especially
with a conputer, one can find the effect of any conbi nati on of
changes within any pattern of prospective birth and death rates,
but the calculation is extensive, and what is nore serious, the
mechani sm by whi ch the effect occurs is not nade known. This
arithmeti cal approach will be applied in the final section to

verify selected results.

Chain differentiation

The ot her and nore val uabl e techni que derives a general
formula for the effect of a given type of change in terns of well-
known popul ati on paraneters, A sequence or chain of partial. dif-
ferentiations will be required in the derivations, and a faniliar
t heorem of cal cul us repeatedly used (Wdder, 1961, p. 16, or

similar source):



If uis a function of x and y, say f(x,y),
and x and y are thenselves in turn functions of
t, x(t) and y (1), then the total derivative of u
with respect tot is

du 3u ™M +
dt ax at ay at'

The proof of this statenent depends on the definition of deriva-
tives as limts and need not be given in detail here. W w |l
sometines want an extension to three internediate variables x, vy,
and z, The chain principle also applies where x and y are
functions of r and s, and these in turn functions of t; this
i ncorporates further partial derivatives on the right-hand side.
Care is required to ensure that all possible |inkages connecting
u and t are taken into account.

In general we will want to know approxi mately the effect
of a finite change in the independent variable t on the val ue
of u, the derivative being nmerely a neans to this. Qur approxi-
mation will be

Au - 9Y At
dt

with an error depending on the length of the step At whose
effect we seek, the finite approxi mations to the continuous fornmul as

devel oped for du/dt, and roundi ng procedures,

life table survivors Q

Qur first problemis to find the effect, on the prob-
ability t, of surviving frombirth to age a, of a change A} X
in the age-specific death rate p applying to ages x to x + AX.

If ais less than x there is no effect--change of nortality of



men aged. 80 cannot influence the probability that a boy baby wl|
live to age 10. The trivial case of no effect when a < x will
be negl ected, and we will assune that a > x + fix.

We first need an expression for Qs in ternms of the age-

specific death rates, and use the famliar (Keyfitz, 1968, p. 5)

a
Qa =exp (=-Jp.dD), @D
0

This is derivable as the solution of the differential equation
defi ni ng Pa, the age-specific rate in an infinitesimally narrow

age interval, known as the force of nortality:

Q

1. inn AT arA a 1 da
a aOa-ro pa Qa da
Now suppose that the pt of (1) each cover a finite

range and that one of them px, is replaced by px =u x + 0p

over the range dx. To find how , , will be affected we observe

that the integral in the exponential of (1) will be increased by

about the anount O Ax. This nmeans that the new Q w |l be
=1

equal to the old Q 5 nmultiplied by an exponenti al :

k 2aexp (-p™ X,

Supposi ng the argunent of the exponential in this last to be small,

we can substitute the linear termof its Tayl or expansion:

exp (- Al X) - | X1



and hence obtain

so that the change in Q, occasioned by the change in pyx i s

a -2 XAX.

If the age interval, for which >~ Iis the rate, is five
years, the p- M above woul d be five. If the age group is one
year, the Ax may be omitted, and we shall omt it in what foll ows
to save witing, but we nust bear in nmind that Alexrequires a
coefficient wherever it applies to an age interval Ax different

fromunity. Qur result is witten

Aka = - QApx. a > x + A @

The coefficient of /gyp on the right-hand side, in this case

L o, My be identified with the derivative d a/dox.

0
Expectation of life ex
The result (2) leads immediately to the effect of a
change in the age-specific death rate ux on the expectation of

life at age a. For the expectation of life is defined as

dt

00

w

A fr
a t
Qa a Q

goes to px+ Li u, for the year of age around x, then the new

2. under the integral is |ower by 2:Apx for all ages t > x.
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Hence the newe, will be | ower by 1 fgvtp4xdt, and our answer
Qa x

is therefore

| €a — & exL j ) X > a. (3)

a
This is essentially the result due to WIlson (1938),
Irwin (1949), and Chiang (1968), except that they made explicit
al |l owance for possibly wide finite intervals. Al three witers
sought the differential as a neans to cal cul ati ng sanpling
vari ances, which is one of the purposes served by all of the
formul as contained in this paper, including (3). Suppose we know

the vari ance of an age-specific rate u,, and know al so how the eea

or sonme other quantity changes with it, i.e., we know the derivative

de,/dpx. Then (3) is

dee
' a

Ll ea du A Ux’
X

and squaring and averagi ng both sides gives for the relation of

vari ances

2
0
dee
a
Var (€a) — qu Var (u,)
X
e 2
(%<ex
&~=——-"7WVar (px), X > a. (4)
Za
On the nodel used for such cal culations the hu are random de-

partures froma true uX, and the deea are the resultant

departures fromthe true & .
a



Thus the square of the coefficient of p - in (3) enables us
to pass fromthe variance of the age-specific rate to the variance
of the expectation of life, provided only one age is subject to
sanmpling error. In practice all ages are likely to be obtained by
sanple if any are, and unless they are independently sanpled their
covari ances nust be taken into account, but the present paper will

not devel op this subject.

Rate of increase r as affected by births

None of the parameters of the life table is affected by
births, but our next parameter, r the intrinsic or ultinmate rate
of natural increase, is affected by births as well as by deaths.
The rate r at which a population would ultimately increase if
the given age-specific rates of birth and death were to persist
indefinitely, may be shown to be the real root of the equation

(Lotka, 1939, p. 65)

e%alJ%mi:1, (5)

where myda is the chance of a birth occurring to a wonan
bet ween age a and. a + da. From (5) will be derived the change
inr consequent on a change in m,, where again x is arbitrary
but fixed

If the left-hand side of (5) is called , the deriva-
tive of tiwith respect to the age-specific birth rate m. nust
contain all the elenents of y that vary with i , i,e,, it nust

show a termfor the effect of Om, o0n t hrough r, and anot her

tern for the effect on i directly:



dm ar any + anp®

But (5) tells us that r is to be chosen so that $ is constant,
and hence the total derivative of with respect to any of the
variables it contains nmust be zero. |In synbols we have

J r + air

B r Bin Bin = ~,
X X

or solving for the required ar/3m:, now witten dr/dnx

because it is no longer partial:

w a0 "

dm am or
X X
O the two partial derivatives needed for the applica-

tion of (6) the first is
= e-rxQX,

as can be seen from (5) by thinking of the curve of births by age
of nother as having a protuberance around age x one year w de
and Amxhi gh. The difference this nakes to the integral is
found by adding the area of the protuberance tines the val ue of
whatever within the integral is nultiplying m over the year of
age x.

The other partial derivative a$ /Br, again fromthe

definition of » on the |left-hand side of (5), nust be

aO a ra
ae' Zamada



If this is divided by the left-hand side of (5), it becomes the
mean age of childbearing in the stable age distribution, which is

to say the age distribution that has be ""22,da of its menbers

bet ween ages a and a+da, where b is its birth rate. Call
this nmean age of childbearing (. (The stable age distributionis
further discussed in the argunent leading up to (11) below.)
Entering these two partial derivatives in the expression
for dr/dm given as (6), then since dr/dmy is the coefficient
that approxi mately expresses the finite differences Ar in terns

Am )] we have

-rX
C 2.
X
Or f—/F1L K Ate. (7)
X
Ansley Coale (1970) suggests witing the coefficient of as

AMm

cX/bK0 That the change in r caused by a change in the birth

birth rate Am should be proportional to the fraction of individ-
uals c.. in the stable population at that age seens reasonabl e.

Equation (7) saysthat the effect of a change in the age-
specific birth rate m is different fromone age x to the next,
depending on e'and 2. Wth nodern low nortality the factor
Q isclose to unity at all ages up to the end of reproduction;

X

for high fertility countriese sharply with age. For
Ecuador 1965, e-20r is 0.514 against a “°" = 0,264. Because
of this factor in (7) a decline in the birth rate at age 20 nmkes
twice as much difference to r as an equal decline at age 40, an
i nportant consideration in interpreting the fall in fertility at

particular ages in countries of high growth rates,
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Rate of increase r as affected by deaths
A change in the death rate at age x acts on the

of ages beyond x, and it is through ko that the death rates

enter nost denographic calculations. To find the effect on r of

a change @y in the death rate at age x we revert to (5) and

agai n deconpose the derivative of the left-hand side into two
parts, one for r and one for u
dn 3V ar —
X ar Dp, a "k

This may be equated to zero to produce an expressi on anal ogous to

(6) :

To evaluate 3 /ai we use
X

(nt egrand of 1 a{i nt egrand of La
A ux - aka aux

(e-raurab r_2a)

where the second factor, akalapgse =—25, is taken from (2).
The product is nonzero for all a beyond x in the integrand,
whi ch means that corresponding to an increnent A “ we have an
added strip in the integral i going all the way fromx to the

end of reproduction. The derivative is this strip

— e-raZamada
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Dividingby 2i /| r =-K we have the total derivative

dr f e -ra
d - k .mgyda/ K, (8)
X X

This is the result sought for the effect of a changed
death rate on r, but it can be put into terms of a known function
reproductive val ue vy first defined by R A Fisher (1930) and
shown for a nunber of populations in Keyfitz and Flieger (1968).

Reproductive value is the prospective nunber of girl babies to a

wonman aged x, discounted at the intrinsic rate r

v re-ra(a-x) ~a mda

X & ZX a

so that in application to (8) we have

S
dp - rlerakarnada/K —e : X, )
X
or approximately for finite increnents,
e-" v
X X APX. (10)

Tabul ati on of Vo for an increasing population starts
at unity by virtue of (5), rises to a peak about age 17, then falls
to zero at about age 50, Hence (10) tells us anobng other things
that the effect on the intrinsic rate of a change in nortality is
zero beyond the |ast age of reproduction--which follows also from

the fact that ages beyond reproduction do not enter the equation

(5) by which r is obtained, Since beyond age 30 vy sl opes

12



down sharply, (10) says also that nortality inprovenent beyond 30
has small effect on the rate of increase of the popul ation, but up

to age 30 can have a | arge effect.

Here and in |l ater fornul as vX is often nmultiplied by
e "k... In order to save witing we designate the product
e_rxi v =2V, so thhat (LO) is
X X X
v
Oor N (10)
K X

Birth rate b

W turn now to effects on the birth rate b, and for
this nmust refer in nore detail to the stable age distribution
VWhen a popul ati on has settled down to fixed age-specific rates of
birth and death, its overall birth rate nust after a ti ne becone
constant, and it increases at the fixed annual rate r conpounded
nonently. The proportion of individuals between ages a and
a + da depends in a closed population on births a to a + da

years earlier, which would have been be ""2da as a fraction of

the present popul ation. The survivors of these nust equa
-ra ] ]
be Jada., also as a fraction of the present popul ati on, so we

have for the present distribution by age

¢ .da = be-rakada

Si nce the total of eada must be unity, an equation

is provided for b in terns of r and the life table:

r be-ra w L e [ =B}
iada = 1, - b= .
L I e-raiada

0

13



Let us find the derivative of 1/b with respect to the
variables contained in the integral on the right-hand side of (11).

Starting with r, we have for a fixed life table

1 _ d %Le-ratada
< ¢
dr Todr
(B
ae "% Ada.
0

To pass fromthe derivative of 1/b to the derivative of b, a

proposition of elementary calculus, dx"/dx = nx™?, is avalable:

d 1 db
- b2 dry (12)

Equating the two expressions for d(I/b)/dr and multiplying up by
2
-b gi ves
db b2 f ae-raida
0

abe i ada

f
be -ra 7ada
0

where we can insert the integral in the denom nator gratuitously
since it equals unity. But the last ratio of integrals is the nean

age of the population, say A, so we have the sinple expression

b= pa (13)

14



To find the effect of a change in the birth rate nx
we need only chain this with dr/dmyx from (7)), since the other
factor in the integrand of (11) is a Which is not affected

by births. Hence

er xQ

db _ db dr X (14)
dmdr dnx = DbA =

whi ch may be expressed in terns of a relative finite change in the

birth rate n b/b as
(15)

Coale's alternative formof this is b = AgxpgllK. nmaki ng cl ear
the relation to the nunmber of individuals in the stable popul a-
tion at age x.

The proportional effect of a change Gn& on the birth
rate b is the absolute effect on the intrinsic rate r nmulti-
plied by a constant A the nmean age in the popul ation, according

to equation (15).

Birth rate b as affected by deaths

Turning now to the effect on the birth rate of a change

in the age-specific death rate u, we have

db ab r ab
ar a ux ak, aux

where the second termon the right nust be added through al

a X. We have already found four of the five partial deriva-
tives required, and need only a(l/b)/i.

15



Evidently a(integrand of I/b) /aQ_  from (11) nust bee "= for
each fixed a. Applying this along with (13), (9), and (2), and
again using d(1/b)/db = - 1/b?, we have in the same order as the

partial derivatives of the |ast display

v

96— (pA) - x +b2f ¢ "% kada

X X
The right-hand termis b times the fraction of the
st abl e popul ati on over age x, say K).( Entering this, dividing

by b, and converting to finite increnents gives

Ab AV
x + K Apa (16)
K X X
The result (16) shows that an increase in u causes

a net increase in the birth rate insofar as the fraction Kx
beyond age x is greater than the terminvol ving reproductive
value. This will always apply for ages x greater than 3, the
end of reproductive life. The increase in px causes a frac-
tional addition of Kx tothe birth rate insofar as it dimnishes
t he nunmbers of the popul ati on beyond age x. For the age x > 0
that satisfies the equation Avl/K =— ><, We can say that at ages
younger than x an increase /L)zl in nortality |lowers the overall
birth rate, at ages older than x it raises it. The age specific

birth rates are of course held constant.
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Death rate d

Changes in the ultinate death rate are easily obtained

fromthe relation d = b - r, fromwhich it follows that Ad =

il]b - Ar. This, along with the precedi ng expressions (7), (10),

(15), and (16) for Ob and pr, results in

e-rxz
Ad : (bA - 1) X Am ., (17)
K
and
v
[(1 - Ab) == +bKX1r1g( (18)

:ARe distribution as affected bY births

To proceed to the effect on age distribution, we use
again the fact that the proportion of the stable popul ati on between
age a and a + da is cgda = be-"={"gda, so there will be two

terns in the total derivative for the effect of change in )r(n and

three terns for the change in o - Starting with births,

de aCa 3 acaar

dm ab am + ar am
X X X

we know ab/arny from (14) and ar/Bmy from (7). Fromthe expres-

sion for c4 it follows that 2c j/ab = e "=g5, and al so that

3c/ r =-abe-r=i = -ac . fence
a a a
de -ra bAe_rXZX e-rx Lx
dnx =e '8 |+’\—aca)( £
CC—rxJQI’( J 1

— a

X (A - a).

17



so that

Ac erx9l

can (A-a@ K Xuimx (19)
a

Equati on (19), obtai ned sonewhat differently, is inplicit
in Lotka (1939, p. 25). It tells us that the proportional change
in Ca will be positive for ages a | ess than the nean age A,
and negative for a greater than A, and this relation of signs
applies for any age x at which An& is positive, that is, at
which fertility is supposed to increase. The anount of the effect
will be greater the greater the departure of a fromA, so that
change of the birth schedul e causes a pivoting of the age distri-

buti on about the nmean age A, which itself ranges from about 20

for a young population to 40 for a an old one

distribution as affected by deaths
For the effect of Uus< on c = we have two terns anal o-
gous to the preceding, plus a third:

dc
aca ab acaN\r acac o=

duX abaLg(+arau)zl—a2§lg(

in which the partial derivatives are either already avail abl e or
obtai nable with slight effort. Inserting them gives

fly'

§ an K
a (e-ragg) X +K + (‘aC a) (‘ K)

ux

+ (be-ra) (_,,a |

which sinplifies to provide

Ac V'
~Na-A)K™N+ K -1 pa, X C a, (20)
a

18



For ages a younger than x the chain through i ¢ vani shes,
and the -1 at the end of the expression in brackets in (20)
accordi ngly drops out.
Equation (20) says anong other things that an increase
of nmortality at younger ages makes the popul ation ol der, and
an increase at ol der ages nmkes it younger. For any given x the
A causes the age distribution to pivot around a certain point,
and the older x is the higher the point at which it will pivot.
We can check to ensure that the total change in c

d

added over all a, is zero, as it ought to be if cada is the
w

proporti on between age a and a + da. Since f (a-A)c,da = 0,
0

the total effect on c5 works out to

0= X

c K da+ JdJdc (K - 1)yd
A 2 C yda,

the first termcovering ages a under x and the second ages

over x. Because KA,Xdefined as the fraction of the popul ation
over age X, is fcada, the total. of the two integrals nust be

X
zero.

Mean age A as affected by births
Fromthis we can go on to find the effect on the ultinmate
nmean age A of change in an age-specific rate. By the definition
of a mean,
fac da

(0] w
A= = f acada,

J cada

19



the integral in the denom nator of A being unity. For the nean
A of the new age distribution ca = ca + Ac, we have
AA=A-A aaacda. (21)
0
In respect of a change in mwe need only apply (19) to
evaluate ac, in (21) and find

e-rxP,

AA = X a(A - a)c daAm.
K a X

By definition of the nean B A(A - a)c da is zero, so we can sub-

tract this quantity within the integral and obtain

-rx
AA =-E—

<

= d‘(a—A)zcdaAm.
a X

The integral, on the right is the variance of the age distribution

¢q and may be denoted g? so we have finally

e-rxQ o2
AA = - K *—A"Yy, (22)

Equation (22) tells us that the effect of increase in
the birth rate in any age x is to dininish the nean age of the
popul ati on by an ampbunt which includes the factor e "*kyx/k, which
will be identified from(7) as the change in the intrinsic rate

occasi oned by An& The nean age is dimnished by the increase in

the intrinsic rate r multiplied by the variance of the age dis-

tribution.

Mean age A as affected bY deaths

To find the effect on A of an increase A X in the
age-specific death rate we need (21) again, but this tine we
replace Ac, by (20) with the -1 for values of a greater than

x, and by (20) without the -1 for values of a |l ess than x.
20



Qut of thefirst termin the square brackets of (20) nultiplied by
a and integrated comes V' 02/, though now with a plus sign.

From the remai ning contents of the square bracket cones

R w C w
&Kxa%ada +—: (ﬁk— 1)a.%'da = § gacada . £ acada

K(A-A),

wher e AX is the mean age of the part of the popul ation over
age X. Hence the effect of changed nortality on the nean age is

gi ven by

A x - K(A- A Ag (23)

Alternatively, one could arrive at this result by cal-
culating the partial derivatives of A = hf ae mada with respect

0
to b, r and i ,Xand t hen addi ng.

The above nethods can be applied to other denographic
functions, for exanple to ascertain the effect of changed nortality
at a particular age x on reproductive value v a, on the variance
of the age distribution of the popul ation, or the nmean age of
chil dbearing. Al such extensions could be superinposed on the
set of results here devel oped, just as these were successively
superi nposed on one anot her.

Mor eover, instead of finding the effect of a change in

a sngle agegroupone could trace the sinultaneous changes in two
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or nore groups. In particular the sinmultaneous changes coul d be
equal and in opposite directions--p, changing to ux + S and

to - 6.
Y y

Combi nati ons of ages are handl ed by addi ng the expres-
sions for the individual ages. Suppose that the birth rate to
wonen aged x increases by An& and to those aged y by Am

Then the effect on the intrinsic rate r is

= Ne-rx9xXAmMmx + e._
Ar erx9 -ryy Am ) /K,
assuni ng, as we do throughout, that the increnents are small. if
the rate falls by S at age 40 and increases in an equal. anount

at age 20, so that there is no change in the G oss Reproduction

Rat e fn%da, then the effect onr is
a

O = (e-20r -40r
20 - 40) K

which for a rapidly increasing population is a relatively |arge
quantity.

One could nove on to the effects of nore el aborate com
bi nati ons of ages--for exanple the nean age of chil dbearing, whose
rise woul d be associated with lower birth rates at the younger
ages of nothers, and higher rates at the ol der ages. Deconposi -
tion of observed differences would also be facilitated. Wen we
know the difference between the death rates of CGuatemal a and Mexi co,
age by age, we can trace the effects of these differences on

intrinsic rates and ot her paraneters.
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As an exanpl e of these extensions, suppose equal propor-
tional changes in fertility at several ages of nother, small enough
that their effects may be added; let the change be myf in the
xth year of age, which is to say, a proportional increase d in
m Now | et x take all values, say fromy onwards, and again
treat the problem as continuous. Then the right-hand side of any
of the fornulas for the effect of a change in births may be adapted
by adding fromy onwards. From (7) the effect on the intrinsic

rate, for exanple, is

-rX
ae z
Ar=f m dx5,
y K X
which is the sanme as
vl
K
In particular, if y =0, and all in are increased in the propor-

tion S, then the effect on r is an i ncrease of absol ute anobunt
S/K.

Suppose now that the net maternity function ¢a = Qama
is noved to the right--wonen have the same nunber of chil dren, but
they have them g years older. Then the. new ¢ , = , g, say, and

the equation for the newr is

a+d o-Ta "+S
F 4da =1, or f e-(r+Ar)a a-Sda = 1.

Expanding ¢,. s to the linear term in 6 as a-S ¢ta  Sta’
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and assum ng the product 6Ar negligible and integrating by parts,

reduces the characteristic equation to

In words: a delay of 6 years in the ages of chil dbearing results
in a proportional fall in the intrinsic rate r equal to 6

di vided by the nean age of chil dbearing. Approximtely the sane
result would apply if the distribution ~ , changed its shape, as
long as its nean noved up 6 (Coal e and Tye, 1961).

This problem of a shift in the nean age of chil dbearing
can be approached froma different viewpoint to obtain a slightly
different result. If follow ng Lotka (1939, p. 92) we define T
the |l ength of generation by neans of the equality e 'Tm = Ry, it may
be shown for an increasing population that T is slightly |ess
than u, the difference usually being | ess than one year. Differ-

entiating in the equality defining T we obtain

L. AT

This is to say that since rT is equal to In Rc, which we assune
constant, proportional changes inr will be equal and of opposite

sign to proportional changes in T.

Nunerical exanples of the effect of change in a death rate
The followi ng arithnetic exanpl es show the nunerica
effect caused in the characteristics of a popul ati on by changes in

age.*+specific birth and death rates. W show, for exanple, the
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effect on the mean age of the population of a change in nortality
at age 25-29. The cal cul ation has in each case been made in two
ways: (a) by sinple projection of the popul ati on according to the
old and new rates; and (b) by the fornmulas Of this article. This
doubl e cal cul ati on enabl es us to see how nuch error our finite
approxi mati ons i ntroduce, aswell asincidentally to check for
errors in the algebraby which the f ornul as were devel oped.
a) Effect on 20

The popul ati on on which the experinent was perforned was
Mexi co 1966, using a fenal e-dom nant nodel; the follow ng cones
fromthe femal e part of the cal cul ati on. The observed nunber of
deat hs at age 25-29 at last birthday was sDos YW 4556. This was
raised first 1 percent to 4602, and then 10 percent to 5012, and
on each nodification a new life table was nade, the objective being
to see how different the derivatives would be with different L
The observed 8o was 62,83513. Wth 1 percent increase on 5M5,
90 dropped to 62.829.54, and with 10 percent increase it dropped
further to 62,77829, the first being a decline of 0,00559, the
second of 0.05684. The derivative is given by the drop in 90
di vided by (0.01) sMps = (0.01)(0.002963), the absol ute increase
iNn sMbs, or 0.00559/0,00002963 = 188.7 for the 1 per cent
change, and 0. 05684/ 0.0002963 = 191.8 for the 10 percent change.
The difference is a nmeasure of curvilinearity in the relation
between sM>s and @, as well as of rounding error in the com
put er.

W now estinmate the relation using the theory devel oped

as formula (3). Translating (3) for the particul ar problem gives
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_ 525

~MO z0 27.5"5M25

= (4.325) (44.28)sMos = 191.505M 25,

in agreenent with the difference between the calculated Life
tables 188.7 and 191.8 obtained fromthe 1 percent and 10 per-
cent increments.
b) Effect onr

To see what the effect of the sane margi nal change woul d
be on the intrinsic rate, the 1966 Mexi can popul ati on was proj ected
forward sone 500 years, both with the original life table and with
the life table as nodified by increasing sMos 1 percent and 10
percent. The value of r obtained with the original life table
was 0.0347861, and was |lower than this by 0.0000024 as a result
of raising sMes by 1 percent, and by 0.0000253 through the
rai se of 10 percent. To find the derivatives with respect to 5M5
we again divide by the difference in sMys, and obtain -0, 0810
and -0.0854, The first of these nunbers suffers nore from round-
ing error, the second fromnonlinearity.

These experinental results are to be conpared with
- WwW/K of (10). The age x of V' &s to be the sane as that at
which the nortality was increased, and hence we want the average
reproductive val ue vx for the five-year group 25-29, witten
5Vv25 by anal ogy with ot her denographic practice. The approxi ma-

tion to the derivative in (10) is therefore
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-27Y%
v K
5L25 5% 25/

-©-27,(0.03479) ) 35467) (1,392)/27.91.1

= -0.0829,

agai n substantial agreenent with the -0.0810 and -0. 0854 above.
c) Effect on b

In order to deal with the increnent in sMys, a rate
covering a five-year interval, we nust consider that each of five
separate single years of age is increnmented, Fornulas could be
wor ked out for a central value in the five-year interval and nmulti-
plied by five, or they could be worked out for x equal to each
of the ages 25, 26, .a., 29, and the results added., This is in
ef fect what we achieved by using sL>s for ,?, above where the
formula (10) contains v' = e-rxXvX.

Now to check on (16), the relation of the birth rate to
nortality. Raising sMos by 10 percent and then projecting for-
ward t hrough 500 years gives a birth rate | ower by 0.0000033 than
the intrinsic birth rate with the original observed death rates.
The derivative therefore conies out to -(0.0000033)/(0.0002963)

-0.0111.

To cal cul ate the correspondi ng quantity from (16) we
need \Q/K-: 0.0828 already used for r, as well as A, the nean
age, which is 21.84 years, and K., the proportion over 25, 26,
years of age added together, which is 0.313 x 5 = 1.565. Then our

approximation to the coefficient of Au in (16) is
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Av'
b + K, = 0.04329 - (21,84)(0.0828) + 156

_ -0,0105,
agai nst -0.0111 fromthe conputer. Because the derivatives of
b with respect to death rates are small, they are subject to
| arge rounding error when estimated by the difference of two pro-
jections on the conputer.

The raising of sMso by 10 percent and then projecting
i ncreased the birth rate by 0.0000148, and sMso = 0.008349 gi ves
a derivative of 0.0000148/0,0008349 = 0.0177. For ages beyond
reproduction the reproductive val ue Vi is zero, and we have only
KX remai ning in the square brackets on the right-hand side of (16);
5I"s5>. 5 has a val ue of about 5(0,0813) = 0.046. The estinmate

required is

5bK52 5 = (0.04329)(0.406) = 00| 75,

in agreenent with the 0,0177 above.
d) Effect on A

Qur final experinment is with the nean age A The
effect of raising sMos by 1 percent and then projecting is to
| oner the nean age by 0.00214, and raising nortality by 10 per-
cent Lowers the nmean age by 0.002006, nmking derivatives of
-7.22 and -6.77 respectively.

To estimate the derivative by nmeans of (23) we need two
further quantities: AX: 44.0, the nean age of those over 27.5
years, and 6% = 332.2, the variance of the stable age distribu-

t:.on. Entering these in (23) give -7.17.
28



Sim |l ar exanples can be provided for the effect of
changes in births, which are sonewhat sinpler because a change of
births in one age brings that age only into the nechani sm a change
in deaths necessarily entails consideration of all |ater ages as
well as the given age.

Applications of the above formulas to expl aining the
variations in real popul ations and under nore general conditions
will be the subject of further work. The object of the present
paper is toshow thelinkages connecting popul ati on vari ables wi thin
the stabl e population model, and the paper is summarized in the
12 formul as brought together in the Appendi x. The formulanunbers

that are given will help the reader to locate the proofs in the

text.
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APPENDI X TABLE

Ef fect of change in age-specific birth and death
rates on stabl e population paraneters with fornula
nunbers referring to derivation in text,

Oom,a<X<R OpX,0<x<c?
),alNOfoeCt a “2A ., a=x (€2))
Q
e No effect Qea.— O Qa 3
a
-rX -
e Vi
r K oM € Qr - )K( (10)
e-rx AV

b N AAr = A X A (LS
f— 15> KE+X] x (16)

e-rxk VA
d Ad (bA-1) Am. (17) Ad [(I - Ab) ‘ +bl%(jL0 “ (18)
-rat
Lc r Y
Ca Icca (A _ a)KeLAmX (19) R ll_(a_A)K_ +K:L P, a<x (20)
a a
vl
(a-A) ¢ *+K - iJQ™x, a= x
<
e-rxQ
A DA - K Qm (22) QA K = K(As- A pug(=33D
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APPENDI X TABLE- - cont i nued

wher e
m, = age-specific birth rate at age x

= age-specific death rate at age x

X
r =intrinsic rate of natural increase
b =intrinsic birth rate
d =intrinsic death rate

Q< = probability of living frombirth to age x, with Qg =1
cada = be "®i,da = proportion of stable popul ation between
ages a and a + da

K=1f ae " "®i,my da = nean age of childbearing in the stable

a popul ati on
a = youngest age of chil dbearing
A = ol dest age of chil dbearing
w = ol dest age to which anyone |ives
‘ 6
v = fe "#i,my da = total of net maternity function from age
X x onward, discounted back at rate r,

where vo = 1. I f vy is the usual
reproductive value (Fisher, 1930), then
our vX = e-QXvX.

Lo
KX: fc da = fraction over age x in the stable popul ation
a
X

W
A = fac. da = nean age in stable popul ation
0
5 w
a =f(a- A c,da=variance of age distribution in stable
0 popul ati on
W w
= facada | cada = nmean age of those over age x in stable
X X popul ati on
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ABSTRACT

We know that changes in birth rates at particul ar ages
of wonen affect the overall increase of a population, its age dis-
tribution, and other features. Qur object hereis to ascertain
the anmpbunt of the effect. For exanple, a fall in the age-specific
birth rate of wonen aged 40-44 will tend to raise the nean age of
t he popul ati on; the paper finds an expression for the fraction of
a year by which the nean age is raised by a given alteration in
the birth rate to wonen aged x, We inmplicitly conpare two popu-
lations, the sane in all other respects but the age under study,
in which fertility and nortality remain constant for a | ong period
of tine. The fornulas show by how nmuch the | ong-term projections
differ if births differ at one age of wonen only and deaths are
i dentical .

The effects of changes in death rates at particul ar ages
are nore pervasive, because nortality acts through the Iife table
nunbers surviving to the several ages, and a change in the age-
specific rate at a particular age thus affects all subsequent ages.
The paper finds expressions for the effects of changes in death
rates anal ogous to those for the changes in birth rates. The
Appendi x Tabl e presents the results in one place for births and
deat hs.

To illustrate and verify sonme of the fornulas a conputer
program was run., projecting the population of Mexico 1966, with
observed rates, and with an increasein the deaths at ages25-29

ad 50-54.



APPENDI X TABLE--cont i nued

wher e
m = age-specific birth rate at age x
< = age-specific death rate at age x
r = intrinsic rate of natural increase
b =intrinsic birth rate
d = intrinsic death rate

Zx = probability of living frombirth to age x, with ko =1

cada = be "2

igda = proportion of stable popul ati on between
ages a and a + da

=f ae""?k,my, da = nmean age of childbearing in the stable
a popul ati on

youngest age of chil dbearing
S = ol dest age of chil dbearing

uy = ol dest age to which anyone |ives

6
v _ fe '?zimyda = total of net maternity function from age
X x onward, discounted back at rate r,
where vo = 1, If vyx is the usual
reproductive val ue (Fisher, 1930), then
our v = e-rxkxvx'
w

KX=,@‘c daa = fraction over age x in the stable popul ati on

W
A =f ac, da = nean age in stable popul ation
0
= J(a - A c, da = variance of age distribution in stable
0 popul ati on
W w
A, = facda f c,da = nean age of those over age x in stable
X X popul ation
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ABSTRACT

We know that changes in birth rates at particul ar ages
of wonen affect the overall increase of a population, its age dis-
tribution, and other features. Qur object here is to ascertain
the anmobunt of the effect. For exanple, a fall in the age-specific
birth rate of wonen aged 40-44 will tend to raise the nean age of
t he popul ation; the paper finds an expression for the fraction of
a year by which the nean age is raised by a given alteration in
the birth rate to wonen aged x. We inplicitly conpare two popu-
lations, the sanme in all other respects but the age under study,
in which fertility and nortality remain constant for a | ong period
of tinme. The fornulas show by how nuch the | ong-term projections
differ if births differ at one age of wonen only and deaths are
i denti cal

The effects of changes in death rates at particul ar ages
are nore pervasi ve, because nortality acts through the life table
nunbers surviving to the several ages, and a change in the age-
specific rate at a particular age thus affects all subsequent ages.
The paper finds expressions for the effects of changes in death
rates anal ogous to those for the changes in birth rates. The
Appendi x Tabl e presents the results in one place for births and
deat hs.

To illustrate and verify sonme of the formul as a conputer
program was run, projecting the popul ation of Mexico 1966 4 with
obss © rved rates, and with an increase in the deaths at ages 25-29

a.,d 50-54.





