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Abstract 

Uninhabited Surface Vehicles (USVs) require a robust and capable Guidance, Navigation, and Control 

(GNC) system to operate effectively. GNC requires a model of the USV’s dynamics for state estimation, 

control, and other applications. Data-driven modeling, the process of determining practical models from 

data, is a re-emerging method and active field of research for modeling system dynamics. The purpose of 

this research is to explore the use of PySINDy, an open-source Python module that implements the Sparse 

Identification of Nonlinear Dynamics (SINDy) data-driven system identification method, to generate a 

generalizable and interpretable model of a Wave Adaptive Modular Vessel (WAM-V). PySINDy is 

equipped with tools to simplify the modeling process, such as a library class to initialize a matrix of 

nonlinear terms for SINDy to create models from, a fit function that incorporates control inputs and time 

series data to infer a model from, and a score function that evaluates the model’s performance against 

validation data using Ὑ  as the scoring metric. First, existing examples of PySINDy’s capabilities are 

explored and demonstrate that the algorithm can produce the underlying model of a numerically simulated 

Lorenz system with: no noise (Ὑ ρȢππ, with an external force acting on the system (Ὑ πȢωω, with 

“low” and “high” level noise (2 Ϸ πȢωωȠ2װװ Ϸ πȢχψ, and with filtered low and high noise 

(Ὑ Ϸװ ρȢππȠװὙ Ϸװ πȢωω). These test cases illustrate SINDy’s ability to generate effective 

models in various circumstances expected by a real system as indicated by the high Ὑ  values. Second, with 

a baseline understanding of SINDy’s capabilities, Blanke’s simplified version of Norrbin’s second-order 

nonlinear model, suggested as a representative maneuvering model for simulation in Fossen1, is utilized to 

simulate the dynamics of a WAM-V. Like the Lorenz system case studies, simulated data with low- and 

high-level noises are filtered and used to generate models which score Ὑ Ϸװ πȢψρ and Ὑ Ϸװ

πȢχψ indicating SINDy’s capability to generate effective models for a potentially representative USV and 

confirm that straight-line and turning circle maneuvers provide enough data variety to sufficiently capture 

the system’s behavior. Third, and finally, the same procedure is replicated in a real-world experiment by 

recording and subsequently estimating the full state data of a WAM-V at Sand Island in calm water (i.e. no 

waves - wind and current disturbances were present). SINDy generated a second-order nonlinear cross-

coupled modulus model with a model score of Ὑ πȢςψ. Due to the low validation score, the time-

constant of the generated model, which is approximately 14s, is estimated by analyzing the model’s rise 

time from a step input and the quality of the model is also validated by its ability to predict the state of the 

system over 3 time-constants (i.e. 36 s).  This time horizon was applied to create a sliding window on the 

validation dataset with 0-36 s, 12-48 s, and 24-60 s windows where the initial conditions of the model are 

updated at the beginning of each time window and results in an Ὑ  score of 0.32, 0.28, and 0.29 

respectively.   

 
1 Fossen, T. I., 2011, Handbook of marine craft hydrodynamics and motion control. John Willy & Sons Ltd. 
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Glossary 

COTS. Commercial Off The Shelf. 

DOF. Degrees of freedom. 

GNSSΦ Dƭƻōŀƭ ƴŀǾƛƎŀǘƛƻƴ ǎŀǘŜƭƭƛǘŜ ǎȅǎǘŜƳΦ /ƻƳƳƻƴƭȅ ŎŀƭƭŜŘ άDt{έ ƳƻŘǳƭŜǎΦ Dt{ ƛǎ ǘƘŜ ¦Φ{Φ 
satellite constellation. GNSS refers to receivers that can communicate with several satellite 
constellations. 

IMU. Inertial measurement unit. These sensors are a combination of a gyroscope and 
accelerometer, some include a magnetic compass. The combination of these sensors gives us 
angular velocity, acceleration, and orientation data.  

PoseΦ wƻōƻǘƛŎǎ ǘŜǊƳ ŘŜŦƛƴƛƴƎ ŀ ǾŜŎǘƻǊ ŎƻƴǎƛǎǘƛƴƎ ƻŦ ǘƘŜ ǊƻōƻǘΩǎ Ǉƻǎƛǘƛƻƴ ŀƴŘ ƻǊƛŜƴǘŀǘƛƻƴΦ  

PySINDy. The official recommended software package to implement SINDy.  It comes with a set 
of tools to help end users with processing data and using SINDy.  

SINDy. Sparse identification of nonlinear dynamics. A machine learning algorithm used to 
generate a model that fits measured data with the objective of minimizing the number of 
parameters used in the model given a matrix of candidate functions. The result is a parsimonious 
model that balances model complexity and model error.  

Twist. Robotics term defining a vector consisting of the robotΩs linear and angular velocities.  

USV. Unmanned Surface Vehicle. Also known as Uninhabited Surface Vehicle, Autonomous 
Surface Vehicle (ASV). 

Math Notations 

All mathematical equations in this thesis are written in Cambria math font. 

Matrices are denoted as a capital bold-faced letter. Example: 8 

Vectors are denoted as a lowercase bold-faced letter with a vector arrow as an accent above the 
letter.  Example: ὼᴆ 

Tensors are denoted by a capital bold-faced letter with a subscript to indicate dimensionality. 
Example: ὢ  for a 3-dimensional tensor. 

Scalars are denoted as a lowercase letter in the normal font. Example:  Ø 

Forces and Moments are denoted as a capital letter with no bold face. Example: ὢ 
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Hydrodynamic derivatives are denoted as the resulting force or moment with a subscript of the 
motion that causes this force following SNAME convention. Example: ὢ  ƳŜŀƴǎΣ ά! ŦƻǊŎŜ ƛƴ ǘƘŜ 
· ŘƛǊŜŎǘƛƻƴ ŀǎ ŀ ǊŜǎǳƭǘ ƻŦ ǎǳǊƎŜ ƳƻǘƛƻƴέΦ 
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1 Introduction 

1.1 Motivation 

There has been a rise in demand and interest in Unmanned Surface Vehicles (USVs) for the 

commercial, scientific research, and military sectors due to their ability to eliminate the need for 

personnel to be onboard to operate the vehicles. The main advantages of USVs are: longer 

operations on more hazardous missions compared to manned vehicles, decreased costs in 

maintenance, increased personnel safety, increased maneuverability and deployment in areas 

where larger crafts are not able to operate effectively, increased capacity for payloads, and 

decreased operational errors due to human operation [1,2]. Some applications of USVs are: 

environmental missions [3–5], bathymetric surveying [6–10], aiding disaster prediction and 

disaster response [11–13], port and harbor surveillance, and reconnaissance [1,12,13]. To realize 

these advantages, a reliable guidance, navigation, and control (GNC) scheme is necessary for 

robust, effective, and efficient USV operations [1]. An important component of GNC is the 

development of the system’s dynamic model that can be used to study and develop the system 

further by simulating the system’s behavior in potential situations and integrating the system’s 

dynamics within the GNC architecture. USVs are difficult to model due to their natural exposure 

to a highly dynamic environment paired with inherent nonlinear dynamics [1,2]. Traditionally, 

maritime systems utilize theoretical modeling to develop a system model that must be validated, 

usually with one or more physical, scaled models evaluated in a planar motion mechanism (PMM) 

(Figure 1) which controls the system’s motion in a controlled environment and can be expensive 

[1]. With improvements in COTS MEMS technology and development in machine learning, 

methods utilizing data-driven modeling of the full system in a limitedly controlled environment 

have become an active field of research for maritime systems.  



17 

 

Figure 1: AI-generated illustration of a PMM manipulating a ship model in a tow tank. Created by 

ChatGPT, OpenAI.  
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1.2 Problem Statement and Overview 

 

Figure 2: Three USVs operating in open waters at Coconut Island, HI. From left to right, the USV names 

are MRsUH, WAM-V, and Clearpath Robotics’ Heron.  

The goal of this thesis is to determine an interpretable model of a WAM-V (centered USV 

in Figure 2) using a system identification toolkit known as PySINDy from measured state data. 

This thesis is structured into 6 chapters. Chapter 1 introduces the main topics and focus of this 

research. Chapter 2 describes the necessary background information and literature review to build 

upon and concludes with a hypothesis. Chapter 3 describes the methodology for the application of 

PySINDy to determine the WAM-V’s model. Chapters 5 and 6 details the data collection, analysis, 

and results of the simulation and experiment. Chapter 0 concludes the thesis and discusses future 

work that can be done to improve the procedure.  
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2 Literature Review 

2.1 System Identification 

2.1.1 The fundamental idea of system identification 

A system, in its most generic definition, is a process with one or multiple sources of inputs 

and one or multiple outputs. The signals that affect and disturb the system are called inputs where 

inputs that are intentionally introduced to the system in a controlled manner are called internal or 

control inputs while external inputs are often random and represent unknown or unmeasured 

disturbances to the system. The outputs of the system are a subset of measurable signals that are 

used to estimate the full state of the system; these are the system’s response(s) to the inputs and 

disturbances and are the targets of interest for the designer. System identification is the process of 

recording controlled inputs to the system while measuring the system’s response(s) to those inputs, 

then using this information to determine an appropriate model that sufficiently describes the 

system (more information on the process is detailed in section 2.1.3). A model is a concept of how 

a system behaves and can come in different forms. In this work, the SINDy system identification 

method is used to determine a suitable mathematical model of the target system. It is important to 

note that the main objective of system identification is not to determine the “true” model of a 

system because, realistically, it is not possible to describe a system’s true properties using a 

mathematical model. Instead, a more pragmatic perspective of system identification is to determine 

a model that is sufficiently “useful” in describing the system’s dynamics.  

2.1.2 Types of modeling 

System identification models can be broken down into three categories: white-box 

modeling, black-box modeling, and gray-box modeling [14]. White-box modeling is the concept 

of determining a mathematical model of a system purely based on a priori physical knowledge of 

the system. Conversely, black-box modeling is a purely empirical approach using only measured 

data to determine a model that sufficiently fits the data. The model does not require any prior 

knowledge of the system and does not need to hold any relation to known laws. Without rules or 

constraints to follow, black-box models can result in a highly complex multi-dimensional model 

that lack any interpretable and meaningful intuition [15–17]. It is a “black-box” that simply 

receives input(s) and returns output(s) based on its inferred relationship of the measured data. 

Gray-box modeling is, as can be deduced, a combination of white-box and black-box modeling. It 
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is essentially black-box modeling constrained by some knowledge about the system. Additionally, 

gray-box modeling is a spectrum; by controlling how much prior knowledge about the system is 

introduced into the modeling process, the gray-box model can be a lighter or darker shade of gray 

(i.e., less a priori knowledge results in a “darker gray” box model and vice versa). Limiting the 

amount of information into the modeling process can give the black-box modeling methodology 

more freedom to generate models with parameters that are not considered by the designer.  

2.1.3 The system identification loop 

The designer should have some prior knowledge about the system to make intelligent 

decisions in the system identification process and will need to: 1) design and record data from an 

experiment such that the inputs to the system will maximize the amount of information about the 

system in its outputs, 2) select a model, model set, or model structure to describe the system, and 

3) select appropriate criterion for the model to fit the recorded data from experimentation. After 

choosing the best model that fits the data based on the criterion, the model is then validated against 

observed data and its intended use. If a model is insufficient to the designer’s criterion, it is 

rejected, the previous decisions are revised, and the system identification process is repeated until 

a sufficient model emerges. The system identification loop is illustrated in Figure 3 below. 
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Figure 3: The system identification loop 

2.2 Marine Craft Dynamics, Theory, and Conventions 

2.2.1 Marine craft classifications 

Marine craft classifications are often used interchangeably such as ships, boats, vessels, 

etc. Although these crafts operate in similar dynamic environments, differences such as size of the 

craft and location of operations affect the model(s) that are valid for the craft. Fossen [18] mentions 

a classification of crafts based on their maximum operating speeds using the Froude number.   

Ὂὲḧ
Ὗ

Ὣὒ
ρ 

5 is the craft’s speed, Ç is the acceleration of gravity, and , is the submerged length of the craft. 

The Froude number helps determine whether the hydrostatic or hydrodynamic pressure dominates 

the marine craft’s dynamics.  The categories are summarized in Table 1 below. The target USV is 

classified as a semi-displacement vessel of small to medium size.  
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Table 1: Classifications of marine crafts based on Froude number. 

Marine craft classifications Dominating force 

Displacement vessel (&Î πȢτ) Buoyancy force dominates relative to hydrodynamic forces 

(i.e., added mass and damping). 

Semi-displacement vessel  

(πȢτ πȢυ &Î ρȢπ ρȢς) 

Buoyancy force does not dominate at maximum operating 

speed for submerged-hull crafts. 

Planing vessel (&Î ρȢπ ρȢς) 
Hydrodynamic forces dominate and mainly carries the craft 

weight. 

 

2.2.2 Coordinate frames, SNAME convention, and marine craft degrees of freedom (DOF) 

Marine crafts have 6 degrees of freedom (DOF): 3 degrees in translational motion (x-axis, 

y-axis, and z-axis of the craft) and 3 degrees in rotational motion (about the three translational 

axes). To effectively describe the marine craft dynamics, Fossen [18] defines three coordinate 

frames. The Earth-centered Earth-fixed frame (ECEF) is a reference frame such that the origin is 

fixed to the center of the Earth and the axes rotate with respect to the Earth. The North-East-Down 

frame (NED) is a reference frame defined relative to the Earth’s reference ellipsoid and a common 

right-handed coordinate system used within the fields of robotics and navigation. The x-axis points 

to the North, the y-axis points to the East, and the z-axis points downwards towards the center of 

the Earth. Lastly, the body-fixed frame is a reference frame that is fixed to the marine craft where 

the x-axis is the longitudinal axis facing from aft to fore, the y-axis is the transversal axis facing 

from port to starboard, and the z-axis is the axis normal to the marine craft facing downwards 

towards the Earth’s surface. To describe the complete state of the craft in a common, unambiguous 

way, the SNAME [19] convention was established and defines motion in all 6 DOF. Figures 4 and 

5 below illustrate the reference coordinate frames and a marine craft’s degrees of freedom in 

SNAME notation. Table 2 defines the SNAME notation for marine crafts. This work utilizes this 

convention when describing the states of the target USV, especially in the data analysis section.   
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Figure 4: ECEF and NED reference frames. ECEF frame has the lowercase ‘{ e}’ subscript and NED 

reference frame has the lowercase ‘{n} ’ subscript.  

 

 

Figure 5: Body-fixed frame of a marine craft with respect to the NED frame and for planar motion. The 

lowercase “{b}” indicates the body-fixed frame while the lowercase “{n}” represents the NED frame. 
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The black text are variables representing position and Euler angles for orientation. The blue text 

represents translational and angular velocities of the craft in their respective axes. Labels follow SNAME 

notation.    

 

Table 2: Summary of SNAME notation. 

Body frame 

axes 
Motion type 

Position 

and Euler 

angles 

Velocity 
Forces and 

Moments 
Motion name 

x-axis (Aft to 

fore) 

Translational Ø Õ 8 Surge 

Angular ה Ð + Roll 

y-axis (Port to 

starboard) 

Translational Ù Ö 9 Sway 

Angular ʃ Ñ - Pitch 

z-axis (Top to 

bottom) 

Translational Ú × : Heave 

Angular ʕ Ò . Yaw 

 

2.2.3 Seakeeping and Maneuvering Theory 

Before delving into modern ship dynamic theory, it is helpful to know what the two 

traditional ship dynamic theories are and the difference between them. Seakeeping theory studies 

the motion of marine crafts using a reference frame of a virtual craft moving at a constant course 

and speed in the presence of wave excitation, including zero wave excitation (i.e., calm waters). 

The magnitude of the constant speed and course used in seakeeping theory is the average value of 

the actual craft’s motion. Models derived from seakeeping theory are linear while nonlinear 

models still need to be researched. Maneuvering theory is the study of marine craft motion with 

respect to the body-fixed frame (i.e., frame fixed to the marine craft) and always assumes zero-

frequency wave excitation (i.e., calm water), a positive speed 5 and represents hydrodynamic 

effects as constant parameters or hydrodynamic derivatives. Distinguishing these theories helps 

with determining the types of models available to the designer. In their simplest form, maneuvering 

models are linear while nonlinear models are derived using crossflow drag, quadratic damping, 

and Taylor-series expansion.   
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2.2.4 Fossen’s Vectorial Model for Marine Craft 

 The conventional 6 DOF differential equations of motion to describe rigid body marine 

craft motion is described in equation ς below: 

άό ὺὶύή ὼ ή ὶ ώ ὴή ὶ ᾀ ὴὶή ὢ

άὺ ύὴ όὶώ ὶ ὴ ᾀ ήὶὴ ὼ ήὴὶ ὣ

άύ όή ὺὴ ᾀ ὴ ή ὼ ὶὴή ώ ὶήὴ ὤ

Ὅὴ Ὅ Ὅήὶ ὶ ὴήὍ ὶ ή Ὅ ὴὶήὍ

άώ ύ όή ὺὴ ᾀ ὺ ύὴ όὶ ὑ

Ὅή Ὅ Ὅὶὴ ὴ ήὶὍ ὴ ὶ Ὅ ήὴὶὍ

άᾀ ό ὺὶύή ὼ ύ όή ὺὴ ὓ

Ὅὶ Ὅ Ὅὴή ή ὶὴὍ ή ὴ Ὅ ὶὴὴὍ

άὼ ὺ ύὴ όὶ ώ ό ὺὶύή ὔ ς

 

Fossen’s greatest contribution to the field of maritime motion control was representing the 

equations of motion in equation ς in vector form as shown in equation σ below: 

╜ ⱨ ╒ ⱨⱨ Ⱳ σ 

where, 

╜

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ά π π π άᾀ άώ

π ά π άᾀ π άὼ

π π ά άώ άὼ π

π άᾀ άώ Ὅ Ὅ Ὅ

άᾀ π άὼ Ὅ Ὅ Ὅ

άώ άὼ π Ὅ Ὅ Ὅ Ứ
ủ
ủ
ủ
ủ
ủ
Ủ

ȟ τ 
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╒

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ

π π π
π π π
π π π

άώή ᾀὶ ά ώὴ ύ ά ᾀὴ ὺ

ά ὼή ύ ά ᾀὶ ὼὴ άᾀή ό

άὼὶ ὺ ά ώὶ ό άὼὴ ώή

ά ώή ᾀὶ ά ὼή ύ άὼὶ ὺ

άώὴ ύ ά ᾀὶ ὼὴ ά ώὶ ό

άᾀὴ ὺ άᾀή ό ά ὼὴ ώή

π Ὅή Ὅὴ Ὅὶ Ὅὶ Ὅὴ Ὅή

Ὅή Ὅὴ Ὅὶ π Ὅὶ Ὅή Ὅὴ

Ὅὶ Ὅὴ Ὅή Ὅὶ Ὅή Ὅὴ π Ứ
ủ
ủ
ủ
ủ
ủ
Ủ

ȟυ

 

and, 

Ⱳ ὢȟὣȟὤȟὑȟὓȟὔ φ 

In maneuvering theory, hydrodynamic forces are approximated by constant values called 

hydrodynamic derivatives. The three types of hydrodynamic forces the craft can experience are: 

added mass, added Coriolis-centripetal forces, and damping. Added mass, ╜ , is the force the 

craft undergoes from the inertia of the water displaced. Damping, ╓, is a combination of linear 

potential damping, linear skin friction, and nonlinear skin friction. ╓ and ╓▪ are used to represent 

linear and nonlinear damping respectively. Added Coriolis-centripetal forces, ╒ , is similar to 

added mass, but for the Coriolis-centripetal effects on the marine craft. These hydrodynamic 

derivatives are shown in the following equations.  

╜

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὢ ὢ ὢ ὢ ὢ ὢ

ὣ ὣ ὣ ὣ ὣ ὣ

ὤ ὤ ὤ ὤ ὤ ὤ

ὑ ὑ ὑ ὑ ὑ ὑ

ὓ ὓ ὓ ὓ ὓ ὓ

ὔ ὔ ὔ ὔ ὔ ὔỨ
ủ
ủ
ủ
ủ
ủ
Ủ

ȟ χ 

╓■

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὢ ὢ ὢ ὢ ὢ ὢ

ὣ ὣ ὣ ὣ ὣ ὣ

ὤ ὤ ὤ ὤ ὤ ὤ

ὑ ὑ ὑ ὑ ὑ ὑ

ὓ ὓ ὓ ὓ ὓ ὓ

ὔ ὔ ὔ ὔ ὔ ὔỨ
ủ
ủ
ủ
ủ
ủ
Ủ

ȟ ψ 
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╓▪

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὢȿȿȿόȿ ὢȿȿȿὺȿ ὢȿȿȿύȿ ὢȿȿȿὴȿ ὢȿȿȿήȿ ὢȿȿȿὶȿ

ὣȿȿȿόȿ ὣȿȿȿὺȿ ὣȿȿȿύȿ ὣȿȿȿὴȿ ὣȿȿȿήȿ ὣȿȿȿὶȿ

ὤȿȿȿόȿ ὤȿȿȿὺȿ ὤȿȿȿύȿ ὤȿȿȿὴȿ ὤȿȿȿήȿ ὤȿȿȿὶȿ

ὑȿȿȿόȿ ὑȿȿȿὺȿ ὑȿȿȿύȿ ὑȿȿȿὴȿ ὑȿȿȿήȿ ὑȿȿȿὶȿ

ὓȿȿȿόȿ ὓȿȿȿὺȿ ὓȿȿȿύȿ ὓȿȿȿὴȿὓȿȿȿήȿ ὓȿȿȿὶȿ

ὔȿȿȿόȿ ὔȿȿȿὺȿ ὔȿȿȿύȿ ὔȿȿȿὴȿ ὔȿȿȿήȿ ὔȿȿȿὶȿỨ
ủ
ủ
ủ
ủ
ủ
Ủ

ȟ ω 

and, 

╒

ụ
Ụ
Ụ
Ụ
Ụ
ợ
π π π π ὥ ὥ
π π π ὥ π ὥ
π π π ὥ ὥ π
π ὥ ὥ π ὦ ὦ
ὥ π ὥ ὦ π ὦ
ὥ ὥ π ὦ ὦ πỨ

ủ
ủ
ủ
ủ
Ủ

ȟ ρπ 

where, 

ὥ ὢό ὢὺ ὢύ ὢὴ ὢή ὢὶ

ὥ ὣό ὣὺ ὣύ ὣὴ ὣή ὣὶ

ὥ ὤό ὤὺ ὤύ ὤὴ ὤή ὤὶ

ὦ ὑό ὑὺ ὑύ ὑὴ ὑή ὑὶ

ὦ ὓό ὓὺ ὓ ύ ὓὴ ὓή ὓὶ

ὦ ὔό ὔὺ ὔύ ὔὴ ὔή ὔὶ ρρ

 

The hydrodynamic, hydrostatic, and external forces are vectorized and included into equation σ as 

shown in equation ρς below:  

╜ ⱨᴆ ╒ ⱨᴆⱨᴆ
 

╜ ⱨᴆ ╒ ⱨᴆⱨᴆ ╓ⱨᴆⱨᴆ
 

▌ᴆⱢᴆ ▌ᴆ
 

Ⱳᴆ Ⱳᴆ Ⱳᴆ ρς
 

where the matrices ╜ , ╒ , ╓ are the added mass, added Coriolis-centripetal, and damping 

matrices that are summed with the rigid-body terms.  

To simplify the model, the assumptions in Table 3 below are made with the effect of each 

assumption described followed by the simplifications. 
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Table 3: Assumptions to simplify marine craft models. These assumptions are not uncommon for 

a catamaran vehicle like the WAM-V [18,20,21]. 

Assumption Meaning Translation in Equation 

USVs only have horizontal 

motion.   

Eliminates motion in the heave, 

roll, and pitch directions.  
× Ñ Ð π 

USVs have homogenous mass 

distribution and symmetry 

along the xz-plane (surge and 

heave plane).  

The products of inertia (i.e., off-

diagonal moment of inertia 

terms in the inertia matrix) are 

not considered.  

Ὅ Ὅ π 

The origin of the body-fixed 

frame coincides with the 

center of mass with respect to 

the xz-plane.  

Eliminates the Coriolis-

centripetal effects associated 

with the body-fixed origin being 

offset from the craft’s center of 

mass in the port-starboard axis.   

ώ π 

 

These assumptions simplify equations χ-ρπ to the following forms: 

╜

ά π π
π ά άὼ

π άὼ Ὅ
ȟ ρσ 

╜
ὢ π π
π ὣ ὣ
π ὣ ὔ

ρτ 

╒

π άὶ άὼὶ

άὶ π π
άὼὶ π π

ȟ ρυ 

╒

π π ὣὺ ὣὶ
π π ὢό

ὣὺ ὣὶ ὢό π
ρφ 

Ⱳᴆ ὢȟὣȟὔ ȟ ρχ 

╜ ⱨ ╒ ⱨⱨ ╜ ⱨ ╒ ⱨⱨ ╓ⱨⱨ Ⱳ Ⱳ Ⱳ ρψ 
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Since it is difficult to distinguish the difference between added Coriolis-centripetal and damping 

terms, these matrices are combined into one matrix of terms proportional to the system’s twist 

called ╝ . This idea also mitigates overparameterization in the system’s model. Lastly, like 

terms are combined to further simplify the model, resulting in equation ρω. 

╜ⱨ ╝ⱨⱨ Ⱳ╡║ Ⱳ Ⱳ ρω 

where,  

╜ ╜ ╜ ȟ ςπ 

╒ⱨ ╒ ╒ ȟ ςρ 

 and,  

╝ⱨ ╒ⱨ ╓ⱨȢ ςς 

Fossen provides a set of practical models for ship motion, one of which is a second-order model 

based on modulus functions that describes the nonlinear terms proportional to the system’s 

velocities. This model is a simplified variation derived from Norrbin’s nonlinear model. Since this 

model only keeps the most significant terms in the equation, linear damping and skin friction are 

neglected at higher speeds. Fossen recommends using two different damping models, one for low-

speed operations and one for high-speed operations. Including both linear and quadratic damping 

is important as relying only on nonlinear damping can lead to oscillatory behavior at low speeds. 

This is because linear damping is essential for ensuring exponential convergence to zero. The 

model uses a ╝  of:  

╝ⱨ

ὢȿȿȿόȿ π ὣὺ ὣὶ

π ὣȿȿȿὺȿ ὢό ὣȿȿȿὺȿ

ὣὺ ὣὶ ὢό ὔȿȿȿὺȿ ὔȿȿȿὺȿ

Ȣ ςσ 

This model is the primary model used for the simulation and evaluation of the real-world WAM-

V in this work. More maneuvering models are described in Fossen’s handbook [18] and 

comparison of maneuvering models article [22]. 
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2.2.5 Guidance, Navigation, and Control (GNC) 

 

Figure 6: GNC architecture for USVs describing roles of each subsystem. 

GNC is a concept to compartmentalize the autonomous functionalities of a USV into three 

subsystems; an example illustration is shown in Figure 6. The guidance subsystem is responsible 

for using the system’s state estimation from the navigation subsystem to generate a trajectory for 

the system’s controller; it also deals with path planning and mission planning. The navigation 

subsystem uses sensor measurements and a priori knowledge of the system’s dynamics to estimate 

the system’s state. The state of the system is dependent on the designer’s decisions of what is 

relevant to the USV’s operations; for the scope of this research, the system’s state is defined as the 

USV’s pose (i.e., position and orientation) and twist (i.e., linear and angular velocities). The 

control subsystem converts desired trajectory information from the guidance subsystem into 

command inputs for the system’s actuators using a control method to satisfy a control objective. 
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Finding a suitable model to describe the USV’s dynamics is beneficial for applications within the 

navigation and control subsystems such as state estimation and model predictive control [16,23].  

2.3 Applications of System Identification in Marine Crafts 

2.3.1 Categorization of Existing Methods 

Existing methodologies can be categorized into two main categories: analytical and 

empirical methods. The various empirical methods can be broken down further into subcategories: 

black-box, gray-box, linear, and nonlinear methods.  

2.3.2 Analytical Methods 

The traditional analytical approach uses a PMM in captive model experiments to induce 

known forces and moments and perform specific maneuvers onto a scaled model of the system 

within a controlled environment. During these maneuvers, the control inputs by the PMM, the 

system’s state (i.e., linear, and angular velocities, acceleration, position), and other data is recorded 

to determine the unknown hydrodynamic properties of the mathematical model. The model is then 

validated in simulation or experiments. Although captive model experiments can produce accurate 

models, they are time-consuming, can be resourcefully expensive, and need to be repeated if there 

are any significant changes to the system. 

2.3.3 Empirical Methods 

There are a variety of empirical methods that can be broken down further into categories 

based on what modeling type they are (i.e., black-box, gray-box) and the complexity of their output 

models (i.e., linear or nonlinear). Autoregressive with exogenous input models (i.e., ARX, 

ARMAX) are methods that model the relationship between the system’s past inputs and states to 

its outputs but are constrained to linear systems [24]. Their nonlinear counterparts (i.e., NARX, 

NARMAX) essentially follow the same idea, but for nonlinear systems. These autoregressive 

methods require the designer to define a set of mathematical terms, making it a “light” gray-box 

method and susceptible to overfitting. Neural networks (NN) are black-box models that can infer 

nonlinear behavior from data and can have high performance of describing the system dynamics 

[25]. A subcategory of NNs are physics informed neural networks (PINNs) which, as the name 

implies, incorporates a priori knowledge into the training process making this a light gray-box 

method. The drawbacks of both NN methods are lack of physical interpretability in the model and 

high computational cost [17,26]. The Koopman operator theory is a method that analyzes nonlinear 
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dynamical systems using an infinite dimensional representation in the observable (i.e., system 

measurements) space [27]. Genetic programming is an evolutionary based algorithm that generates 

models and evolves them in a “survival of the fittest” fashion. This method can model nonlinear 

systems but can also generate highly complex models that are susceptible to overfitting. Reduced 

Order Modeling (ROM) has a family of methods such as Proper Orthogonal Decomposition 

(POD), Dynamic Mode Decomposition (DMD), Eigensystem Realization Algorithm (ERA), and 

SINDy [27]. ROMs, as its name implies, aim to reduce model complexity and describe the 

governing system with only the most significant terms that dominate its dynamic behavior. In 

general, black-box modeling techniques can be used to model nonlinear systems with high 

performance, but lack interpretability, can overfit the dataset, and are less computationally efficient 

[28,29]. The gray-box methods that incorporate a priori knowledge are generally “light” gray box 

methods that do not have as much flexibility in how the terms are defined in the model, generally 

more computationally efficient compared to black-box methods due to incorporating physical 

knowledge and can vary in generated model complexity. SINDy is a unique solution that can vary 

its shade of gray-box modeling by 1) allowing the designer to modify what potential terms are 

available in the generated model and 2) allowing the designer to modify how sparse the generated 

model can be. This modularity of SINDy balances model complexity with model performance and, 

at the same time, balances computational efficiency. This method is explained in more detail in 

the next section. 

2.4 Sparse Identification of Nonlinear Dynamics (SINDy) 

2.4.1 Main Idea 

Determining nonlinear models of dynamical systems has always been a challenging 

problem due to the complexity of the system and countless number of models that can fit to the 

system. The generic model for dynamical systems is shown in equation ςτ below [15,23,27].   

●ᴆὸ █●ᴆὸ ςτ 

where ●ᴆὸ is the time-dependent state vector of the system and █ is a set of functions relating the 

state to its time derivative. To describe how the system’s dynamics evolve over time, its state 

derivatives can be expressed as the product of a matrix library full of candidate linear and nonlinear 

terms  with a matrix of scalar values representing the coefficients of the candidate terms : 
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╧ █●ᴆ ςυ 

╧ is an ÍØÎ matrix containing the state derivatives over time, is an ÍØÐ matrix, and  is a ÐØÎ 

matrix where Í is the number of data samples collected, Î is the number of system states, and Ð 

is the number of terms in the candidate library function. The candidate terms matrix, , contains 

as many columns as necessary to represent all the required terms to sufficiently describe the 

dynamics of the system. An example for a two-state system is, 

ρ ὼ ὼ ὼ ὼ ὼὼ ὼȿὼȿ ÃÏÓὼ Ễ

ρ ὼ ὼ ὼ ὼ ὼὼ ὼȿὼȿ ÃÏÓὼ Ễ
ςφ 

The coefficients vector, ▓ᴆ, is column Ë of  and is the same length as the number of columns in 

 to match the number of terms in the candidate library matrix. SINDy exploits the fact that 

dynamical systems typically only use a subset of the potential candidate terms in their governing 

models by attempting to find a dynamical model that balances model complexity (i.e., minimizing 

the number of terms in the model) with model accuracy (i.e., fit error to the measured data). The 

SINDy algorithm accomplishes this by solving a sparse regression problem known as Sequentially 

Thresholder Least Squares (STLSQ): 

Ⱪ▓ ὥὶὫάὭὲⱩ▓ᴆ ώ Ⱪ▓

 

‗ Ⱪ▓

 

ςχ
 

where ▓ᴆ is the optimal coefficients vector for state Ë and ʇ is a sparsity promoting parameter. This 

method minimizes the number of terms in ▓
ᴆ by iteratively performing least squares and 

eliminating elements of ▓
ᴆ below a given threshold value; the algorithm is detailed in [15,30,31]. 

The first term in the equation is the error between the measurement data and the inferred model 

while the second term is the L1-regularized sparse regression term. The result is an interpretable 

and generalizable model with decreased complexity to represent the system. 

2.4.2 PySINDy 

PySINDy is an open-source software package developed using the Python programming 

language to give scientists, researchers, engineers, and other professionals in the field a set of tools 

for data-driven modeling using the SINDy algorithm [30]. The software package includes 

comprehensive tutorials and documentation, examples on how to use SINDy, and various 
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optimization techniques to adhere to different types of data. The Sparse Relaxed Regularized 

Regression (SR3) optimizer is very similar in structure to the STLSQ optimizer describe in the 

primary optimizer used in this work and is defined as: 

Ⱪ▓ ὥὶὫάὭὲ
Ⱪ▓
ᴆȟ▲ᴆ
πȢυ ώ Ⱪ▓ ‗ȿ▲ᴆȿ

πȢυ

’
Ⱪ ▲ᴆ ςψ 

where ▲ᴆ is an auxiliary variable used to relax the sparsity constraint from being placed onto ▓
ᴆ and 

ʉ is a parameter that controls the strength of the sparsity penalty. This relaxation extends the 

purpose of STLSQ by allowing the option to incorporate physical constraints and trimming outliers 

of corrupted data [28].  

2.4.3 Application of SINDy 

This work explores the application of SINDy on recorded USV data to develop an effective 

model of a WAM-V. To have SINDy generate a model and quantify its performance, this work 

leverages PySINDy’s model framework which comes with a tool to initialize the candidate library 

, and a built-in scoring function that uses Ὑ  as the performance metric. Ὑ , known as the 

coefficient of determination, measures how well a model can predict new data by calculating the 

proportion of variance that can be explained by the model [32,33]. This is calculated using 

Equation 28.  

Ὑ ώȟώ ρ
В ώ ώ

В ώ ώ
ςψ 

where Ù is the reference data, ώ is the model’s estimate, and ώ is the average value of the data. It 

should be noted that Ὑ  is not bounded between 0 and 1 for nonlinear regression. Instead, it should 

be interpreted as a value that describes how well a model describes the variance of the validation 

dataset.  

Blanke’s simplified version of Norrbin’s second-order nonlinear model as described in 

Equations ρψ and ςσ was used to determine what terms should be included in the candidate library 

and also used as a guide to help the designer decide when SINDy is struggling to generate a 

reasonable model (e.g., if SINDy includes several nonsensical terms that are non-intuitive to the 

designer). A training dataset is used to train SINDy while a validation dataset (i.e., data SINDy 

has not seen) is used to score the model with the Ὑ  metric. 
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3 Methodology  

3.1 General Process 

The general process on how PySINDy was used to determine the WAM-V’s model is: 1) 

simulate the dynamics of a WAM-V with system values used in the Virtual RobotX [34], 2) use 

PySINDy to generate a model on simulated training data, 3) compare the model’s predictions 

against simulated validation data and then, 4) repeat the same procedure on experimental data 

measured on a real-world WAM-V. The following subsections will detail PySINDy and the 

simulation.    

3.2 Understanding PySINDy  

The package is supplemented with several example dynamic systems for the end user to play 

with such as the Lorenz system, which is the classic case-study system mentioned in many SINDy 

papers. The Lorenz system is a chaotic, multi-dimensional system described by the following 

equation: 

ὼ „ώ ὼ

ώ ὼ” ᾀ ώ
ᾀ ὼώ ɼÚ

ςω 

where ʎ, ʍ, and ɼ are constants. Since the nature of this system is chaotic, small changes in its 

initial condition will cause significant differences in the deterministic results; this is useful for 

generating training and validation datasets to feed into the SINDy algorithm. The software package 

includes a variant of the Lorenz system to imitate the effects of control inputs affecting the 

dynamics of the system. The modified Lorenz system is described as: 

ὼ „ώ ὼ ÓÉÎςὸ

ώ ὼ” ᾀ ώ

ᾀ ὼώ ɼÚ Ô

σπ  

where Ô represents time. This system is comparable to the WAM-V model described in ρω because 

both systems are three-dimensional ODEs with control inputs. Since this system was already 

heavily studied and has some similarities to the system of interest, a set of case studies were done 

using equations ςω and σπ, but subjected to conditions a real world system would experience such 

as noise and environmental disturbances. This is done to establish a level of confidence in the 

methodology. The test case studies are described in Table 4. 
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Table 4: Lorenz model test cases 

Test Case Number Description Purpose 

1 Basic Lorenz model 
Replicate results and establish known 

baseline from literature 

2 

Lorenz model with 

additional unknown 

coefficients 

Determine if SINDy’s model discovery 

performance degrades with additional 

coefficients involved 

3 Lorenz with control 

Replicate results and establish known 

baseline from literature for a system with 

control inputs 

4 Lorenz model with noise 
Inject noise into simulated data to determine 

effects on SINDy’s performance 

5 
Lorenz model with noise 

and multiple trajectories 

Determine boost in model generation when 

additional trajectories are provided to 

SINDy 

 

3.3 Lorenz Test Cases 

This section will discuss the simulated test cases described in Table 4 in more detail. Unless 

specified in the test case descriptions, the default parameters for all simulated test cases will use:  

¶ A time series from Ô π to Ô ςπs for training data and Ô π to Ô τπs for validation 

data with ÄÔπȢππς seconds 

¶ An initial condition of ψȟװψȟװςχ for training data and a random 1x3 integer array for 

validation data 

¶ The same random seed value of τς 

¶ 100 generated models on the same data to perform statistics on the determined model 

Each test case will provide the following information:  

1. Description of the test case and its results, including the true model, the generated SINDy 

model, the standard deviations of the model’s coefficients, and the Ὑ  value 
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2. A figure of a trajectory to illustrate what the trajectory/trajectories look like in the 

training dataset 

3. A figure comparing the dynamics (i.e., computed derivatives) of a different trajectory 

that represents the validation data against SINDy’s generated model’s prediction of the 

system’s dynamics 

4. A figure comparing a different trajectory (i.e., system’s state) against SINDy’s simulated 

trajectory. Note: very small differences in a system’s initial condition and dynamics can 

cumulate to significantly different results. Therefore, validation data points are 

periodically fed back into the SINDy model’s simulation to represent a “measurement 

update”. This essentially illustrates how close and long the SINDy model follows the 

system’s true trajectory before diverging 

5. A box-and-whisker plot to illustrate the precision of the SINDy algorithm in its 

determined model coefficients 

3.3.1 Test Case 1: Basic Lorenz Model 

This test case generates a single trajectory of the basic Lorenz model from Equation ςω. The 

update frequency used in this case for comparison with the validation data was once every 15 

seconds. The model score for this case is a 1.00 indicating that the model describes the dynamics 

of the validation data perfectly.  

Table 5 shows a comparison of the “true” underlying dynamic model and the model SINDy 

generated. The columns on the left are the state derivatives ● like in the lefthand side of Equation 

ςτ. 

Table 5: True model vs SINDy model comparison for test case 1. 

 True Model SINDy Model 

ὼ ρπØװ ρπÙ ρπØ ρπÙ 

ώ ςψØ ØÚ ςψØ ØÚ 

ᾀ ØÙςȢφφχÚ ØÙςȢφχÚ 

 

Table 6 shows the standard deviation of the generated model coefficients amongst 100 

generated models. This is to show that SINDy consistently generates the same coefficients.  
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Table 6: Standard deviation of the candidate terms in the generated model for test case 1. 

 ρ Ø Ù Ú ὼ ØÙ ØÚ ώ ÙÚ ᾀ 

ὼ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ 

ώ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ 

ᾀ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ 

 

Figure 7 illustrates a trajectory of the Lorenz system, a chaotic system that can generate 

vastly different trajectories from different initial conditions, used to train SINDy. 

 

Figure 7: Training data of a single trajectory for test case 1. 
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Figure 8 shows the derivatives ● of the validation dataset compared to what the SINDy 

model predicts.  

 

Figure 8: SINDy model predicted dynamics (red) vs computed dynamics from validation data (black) for 

test case 1. 
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 Figure 9 shows the generated SINDy model’s simulated trajectory from the initial 

condition of the validation data compared to the validation data trajectory. Although the generated 

model determines the reference model’s coefficients perfectly, the model’s simulation diverges 

from the validation data at approximately the 10 second mark. “Measurement updates” are 

simulated by resimulating the model at using the state at the blue dots as the initial condition. 

 

Figure 9: SINDy model simulated trajectory (red) vs validation data trajectory (black) for test case 1. The 

simulation is redone at the blue marks to emulate a “measurement update” of the system state. 
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 Figure 10 shows a box-and-whisker plot of each term in the generated model to show its certainty. 

All  the terms have very small to nonexistent boxes indicating very high certainty for all terms. 

 

Figure 10: Box-and-whisker plot for test case 1 where the y-axis of each variable represents the variance 

value, and the x-axis are the candidate terms in the candidate library. 

3.3.2 Test Case 2: Lorenz Model with extra coefficients 

This test case generates a single trajectory of a modified Lorenz model from equation ςω 

that has a few extra coefficients in its model described in the following equation. This is to 

determine the effect a model with higher complexity has on SINDy’s performance. 

ὼ „ ‎ ώ ὼ
ᾀ

‒

ώ ὼ” ᾀ ‎ώ
ᾀ ὼώ ‍ᾀ

σπ 

The generated model score was 0.99 which indicates SINDy generated a very strong model to 

describe the dynamics of the validation data, although the model itself has terms included that are 

not a part of the true model. This suggests the generated model may inadvertently associate 

candidate terms that do not exist in the true model with minute dynamics as the true model’s 

complexity increases due to insufficient trajectory data to isolate the dynamics of the true model’s 

terms. 
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Table 7 shows a comparison of the “true” underlying dynamic model and the model SINDy 

generated for test case 2. There are additional terms with small coefficients included in this 

generated model.  

Table 7: True model vs SINDy model comparison for test case 2. 

 True Model SINDy Model 

ὼ ςσȢσσØװ ςσȢσσÙ πȢσσÚ ςσȢσσØ ςσȢσφÙ σȢσρÚ πȢπρὼ πȢπςØÙ

πȢπρØÚπȢπςώ 

ώ ςψØ ØÚρσȢσσÙ ςψØ ØÚρσȢσςÙ 

ᾀ ØÙςȢφφχÚ ρȢπςØÙςȢφυÚ πȢπρØ πȢπρὼ πȢπςώ 

 

Table 8 shows the standard deviation of the generated model coefficients amongst 100 

generated models. Compared to the standard deviations in test case 1, the generated model is less 

certain and varies slightly in the coefficients of the model terms.  

Table 8: Standard deviation of the candidate terms in the generated model for test case 2. 

 ρ Ø Ù Ú ὼ ØÙ ØÚ ώ ÙÚ ᾀ 

ὼ πȢππ πȢτρ πȢρυ πȢπψ πȢππχ πȢπτ πȢπςυ πȢπττ πȢππ πȢππρς 

ώ πȢππ πȢρσ πȢπυρ πȢπςφ πȢππ πȢπρυ πȢπρπ πȢπρυ πȢπππυχ πȢππ 

ᾀ πȢππ πȢρτ πȢπππυχ πȢπσς πȢππσσ πȢπςχ πȢπρρ πȢπςφ πȢππ πȢππ 
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Figure 11 illustrates a trajectory of the system with a modified number of coefficients. 

 

Figure 11: Training data of a single trajectory for test case 2. 
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Figure 8 shows the derivatives ● of the validation dataset compared to what the SINDy 

model predicts. Despite the slight increase in uncertainty, the generated model can predict the 

system dynamics in the validation dataset well.   

 

Figure 12: SINDy model predicted dynamics (red) vs computed dynamics from validation data (black) for 

test case 2.  
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Figure 13 shows the generated SINDy model’s simulated trajectory from the initial 

condition of the validation data compared to the validation data trajectory. 

 

Figure 13: SINDy model simulated trajectory (red) vs validation data trajectory (black) for test case 2. 

The simulation is redone at the blue marks to emulate a “measurement update” of the system state. 
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 Figure 14 shows a box-and-whisker plot of each term in the generated model to reflect its certainty. 

All terms have relatively high certainty except for the x term in the ᾀ equation. 

 

Figure 14: Box-and-whisker plot for test case 2 where the y-axis of each variable represents the variance 

value, and the x-axis are the candidate terms in the candidate library. 

 

3.3.3 Test Case 3: Lorenz Model with control inputs 

This test case generates a single trajectory of a Lorenz model with “control” inputs as 

described in equation σπ with the purpose of determining the impact a dynamic model with 

controls has on the SINDy algorithm. Due to the nature of the “control” input functions being a 

function of time, the magnitude of the output will increase over time. Therefore, the time series of 

the validation data for this test case will end at Ô σπ seconds. The control functions are defined 

as: 

ό ÓÉÎςὸ 

ό ὸ 

The generated model for this test case has a score of 0.99 and is very similar to the true model. 

Although the model score and generated model are very similar, it should be noted that the 

simulated trajectory for this test case diverges at a faster rate than previous test cases. A faster 

“measurement rate” should be used for dynamics predictions. 
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Table 9 shows a comparison of the “true” underlying dynamic model and the model SINDy 

generated for test case 3. Additional terms for the control inputs are included.  

Table 9: True model vs SINDy model comparison for test case 3. 

 True Model SINDy Model 

ὼ ρπØװ ρπÙ ό ρπØ ρπÙ ό 

ώ ςψØ ØÚ ςχȢωχØ ØÚ 

ᾀ ØÙςȢφφχÚ ό ØÙςȢφχÚ ό 

 

Table 10 shows the standard deviation of the generated model coefficients amongst 100 

generated models. Note the extra terms added into the table to account for the control inputs.  

Table 10: Standard deviation of the candidate terms in the generated model for test case 3. 

 ρ Ø Ù Ú ό ό ὼ ØÙ ØÚ Øό ȣ 

ὼ πȢππ ρȢπς χȢστ πȢππ ρȢπρ πȢππ πȢππ πȢππ πȢππ πȢππ ȣ 

ώ πȢππ ςȢσπ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ υȢρω πȢππ ȣ 

ᾀ πȢππ πȢππ πȢππ ρȢπχ πȢππ ρȢρυ πȢππ χȢρσ πȢππ πȢππ ȣ 

            

 Øό ώ ÙÚ Ùό Ùό ᾀ Úό Úό ό όό ό 

ὼ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ 

ώ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ 

ᾀ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ 

 

  



48 

 Figure 15 illustrates a trajectory of the system with control inputs. Because one of the 

control inputs grows with time, the system’s trajectory steadily increases in magnitude.  

 

Figure 15: Training data of a single trajectory for test case 3. 
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Figure 16 shows the derivatives ● of the validation dataset compared to what the SINDy 

model predicts. The model predicts the validation data well despite the system response growing 

in the later portion of the time series.   

 

Figure 16: SINDy model predicted dynamics (red) vs computed dynamics from validation data (black) for 

test case 3. 

  



50 

Figure 17 and Figure 19 show the generated SINDy model’s simulated trajectory from the 

initial condition of the validation data compared to the validation data trajectory. The only 

difference between the two figures is the measurement update rate: the former having an update 

rate of 15 seconds and the second having an update rate of 3 seconds for comparison.  

 

Figure 17: SINDy model simulated trajectory (red) vs validation data trajectory (black) for test case 3. 

Measurement updates occur every 15 seconds.  
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Figure 18: SINDy model simulated trajectory (red) vs validation data trajectory (black) for test case 3. 

Measurement updates occur every 3 seconds.  
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 The box-and-whisker plot of the model generated in test case 3 is shown in Figure 19. All 

possible terms have little to no boxes indicating high certainty.  

 

Figure 19: Box-and-whisker plot for test case 3 where the y-axis of each variable represents the variance 

value, and the x-axis are the candidate terms in the candidate library. 

3.3.4 Test Case 4: Lorenz Model with noise 

This test case generates a single trajectory of a Lorenz model as described in equation ςω 

with additive Gaussian noise. The Gaussian parameters chosen are a function of the training data’s 

mean and desired noise percent and expressed in the following equations.   

ʈ ÍÅÁÎὨὥὸὥ 

ʎ ȿʈȿz
ὲέὭίὩ

ρππ
 

To display the impact noise has on the SINDy algorithm, an array of noise percentages ranging 

from 1% to 100% was injected into the training data, fed into the algorithm, then plotted in a new 

figure. Additionally, the same figure format presented in the previous test cases will include an 

additional column to show “low-noise” and “high-noise” plots. Low-noise and high-noise plots 

will use data from 5% and 60% situations respectively. The low-noise model has a score of 1.00 

despite discrepancies in the determined coefficients whereas the high-noise model scored a 0.78 

and vastly differs from the original model in both its derivatives and trajectory. The simulated 

trajectories of the low-noise and high-noise models diverge from the validation data’s trajectory 
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much sooner. SINDy also has a higher uncertainty in the determined coefficients in both the low-

noise and high-noise models as shown in the standard deviation tables and box-and-whisker plots. 

Table 11 and Table 12 show a comparison of the “true” underlying dynamic model and the 

model SINDy generated for the low- and high-noise levels respectably. The model generated for 

the low-noise case is close to the “true” model with slight differences in some coefficients. The 

high-noise case has larger, more significant differences in its coefficients including a large offset.   

Table 11: True model vs SINDy low-noise model comparison for test case 4. 

 True Model SINDy Model 

ὼ ρπØװ ρπÙ πȢπρωȢωψØ ωȢωψÙ 

ώ ςψØ ØÚ πȢτρ ςφȢςςØ πȢτςÙ πȢωφØÚ 

ᾀ ØÙςȢφφχÚ ρȢυψπȢπςØ πȢπτÙ πȢωωØÙςȢυψÚ 

 

Table 12: True model vs SINDy high-noise model comparison for test case 4.  

 True Model SINDy Model 

ὼ ρπØװ ρπÙ πȢυρωȢσρØ ωȢτρÙ 

ώ ςψØ ØÚ τȢτω ρρȢχωØ ψȢψχÙ 

ᾀ ØÙςȢφφχÚ ττȢσψπȢρτØ πȢσωÚ ρȢπχὼ ρȢφςØÙ 

 

Tables Table 13 and Table 14 show the standard deviations of the generated model 

coefficients amongst 100 generated models for the low-noise and high-noise models respectably. 

Both have relatively higher uncertainties compared to previous test cases. 

Table 13: Standard deviation of the candidate terms in the generated low-noise model for test case 4. 

 ρ Ø Ù Ú ὼ ØÙ ØÚ ώ ÙÚ ᾀ 

ὼ ςȢρρ πȢτς πȢςχ πȢςφ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ 

ώ ςȢςπ πȢτς πȢςχ ρȢρπ πȢππ πȢππ ρȢςπ πȢππ πȢππ πȢππ 

ᾀ τρȢπσ χȢυτ υȢπτ τȢρρ πȢςχ πȢτω ρȢρψ υȢχψ πȢππ πȢππ 

 

Table 14: Standard deviation of the candidate terms in the generated high-noise model for test case 4. 
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 ρ Ø Ù Ú ὼ ØÙ ØÚ ώ ÙÚ ᾀ 

ὼ υȢππ ρȢχσ ρȢςχ πȢρςψ πȢππ πȢππ πȢππ πȢππ πȢππ πȢππ 

ώ υȢφσ ρȢυψ ρȢςπ πȢρπφ πȢππ ρȢψρ πȢππ πȢππ πȢππ πȢππ 

ᾀ ρȢρπ σρȢςυ ςτȢυσ χȢππ ρȢψπ σȢρχ πȢτχυ ρȢτπ πȢσψψ πȢππ 

 

 Figures Figure 20 and Figure 21 illustrate the low-noise and high-noise training datasets. 

The low-noise data looks relatively familiar compared to previous test cases. The high-noise data 

is extremely noisy and unreadable.  

 

Figure 20: Training data of a low-noise trajectory for test case 4. 
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Figure 21: Training data of a high-noise trajectory for test case 4.  



56 

 Figure 22 and Figure 23 illustrate the derivatives ● of the validation dataset compared to 

what the SINDy model predicts. A noticeable difference between the two models is the fit of the 

◐ equation; the high-noise model appears to follow the trend, but not reach the same magnitude.  

 

Figure 22: SINDy low-noise model predicted dynamics (red) vs computed dynamics (black) from 

validation data for test case 4. 
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Figure 23: SINDy high-noise model predicted dynamics (red) vs computed dynamics from validation data 

(black) for test case 4. 
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 Figure 24 and Figure 25 show the generated SINDy model’s simulated trajectory from the 

initial condition of the validation data compared to the validation data trajectory. The low-noise 

model has a similar behavior to test case 3 where the model diverges from the validation data 

trajectory but follows it again for a short period of time after a measurement update. The high-

noise model shows some instability in the Ú state as it looks like it explodes in value before 

resetting at the measurement update.  

 

Figure 24: SINDy low-noise model simulated trajectory (red) vs validation data trajectory (black) for test 

case 4. A measurement update occurs every 15 seconds to resimulate the trajectory with the system’s state 

at that time. 
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Figure 25: SINDy low-noise model simulated trajectory (red) vs validation data trajectory (black) for test 

case 4. A measurement update occurs every 15 seconds to resimulate the trajectory with the system’s state 

at that time. 
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 The box-and-whisker plots for the low-noise and high-noise cases are shown in Figure 26 

and Figure 27. Both models show variances for the similar terms, but the high-noise model has a 

larger variance.  

 

 

Figure 26: Box-and-whisker plot for the low-noise model in test case 4 where the y-axis of each variable 

represents the variance value, and the x-axis are the candidate terms in the candidate library. 

 

Figure 27: Box-and-whisker plot for the high-noise model in test case 4 where the y-axis of each variable 

represents the variance value, and the x-axis are the candidate terms in the candidate library. 
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Figure 28 shows a general pattern of Ὑ  decreasing as noise percentage increases. The noise 

percentages used for this figure ranged from 1% to 100% with an increment of 1%. To determine 

the statistical average of this relationship, the following process was accomplished: 

1. 20 random training trajectories were generated and used to train SINDy. 

2. SINDy was configured to generate 100 models from the 20 random training trajectories. 

3. The median coefficient values of the 100 generated models were used for the Ὑ  

calculations (e.g., SINDy generates 100 coefficients for an ὼ  term in the generated 

models, then the median ὼvalue of the 100 coefficients were used). The median was used 

as it would not be affected by any outliers. This will be referred to as the “median SINDy 

model”.  

4. The Ὑ  value of the median SINDy model was calculated for all 50 validation trajectories, 

then averaged. 

The averaged Ὑ  trend has random “spikes” that occur at particular noise percentages and 

increasing the number of validation trajectories does not change the results (i.e., validating against 

100 validation trajectories still has spikes). Due to the Lorenz system’s intrinsic chaotic nature, 

it’s possible that SINDy may mistakenly converge onto a set of coefficients that do not describe 

the dynamics of the Lorenz system well. Therefore, this same process is repeated for the analytical 

WAM-V model in Section 4.1.4. 
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Figure 28: SINDy model score vs. noise percentages. SINDy generates 100 models from training on 20 

trajectories. The median coefficient values of the 100 models are used to make a “median SINDy model”. 

This median SINDy model is cross-validated against 50 validation trajectories to determine an average Ὑ  

value. 

3.3.5 Conclusions 

These test cases illustrate SINDy’s capability to:  

¶ reproduce the coefficients of a known dynamic model given a single trajectory of a perfect, 

no-noise simulation data from a 3 DoF model with high certainty, 

¶ reproduce the coefficients of a known dynamic model that has extra coefficients embedded 

within its model structure and with control inputs given a single trajectory, 

¶ generate a model that, depending on the application, is reasonably accurate despite 

diverging from the known dynamic model’s structure in the face of noise 



63 

4 Simulation 

4.1 WAM-V Simulation 

4.1.1 Dynamic Model 

The second-order modulus model shown earlier in equations ρω-ςσ is chosen for this work 

as it fits nicely with SINDy’s purpose in its reduced order (3DoF) and nonlinear terms and is used 

to simulate the WAM-V. A combination of a Gazebo based simulator [34,36] and a custom python 

based simulator were used for this work. The same inertial and hydrodynamic properties were used 

for each type of simulation. The Gazebo-based model uses a 6-DoF model based on the same 

model structure in Equation ρψ where  

╜

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ά ὢ π π π άᾀ άώ

π ά ὣ π άᾀ π άὼ

π άὼ πȢρ άώ άὼ π

π άᾀ άώ πȢρ Ὅ Ὅ

άᾀ π άὼ Ὅ πȢρ π

άώ π π Ὅ Ὅ Ὅ ὔỨ
ủ
ủ
ủ
ủ
ủ
Ủ

ȟ σρ, 

and, 

╝ⱨ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὢ ὢȿȿȿόȿ π π π π ὣὺ ὣὶ

π ὣ ὣȿȿȿὺȿ π π π ὢό

π π ὤ π π π
π π π ὑ π π

π π π π ὓ π
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ủ
ủ
Ủ

Ȣ σς 

This is modified to be a 3 DoF model for this simulation.  

╜

ά ὢ π άώ

π ά ὣ άὼ

άώ άὼ Ὅ ὔ
ȟ σσ, 

and, 

╝ⱨ

ὢ ὢȿȿȿόȿ π ὣὺ ὣὶ

π ὣ ὣȿȿȿὺȿ ὢό

ὣὺ ὣὶ ὢό ὔȿȿȿὺȿ ὔȿȿȿὺȿ ὔȿȿȿὶȿ

Ȣ στ 
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The parameters used for this model are summarized in Table 15. Parameters not mentioned 

were set to 0.  

Table 15: Parameters used for the model simulation.  

Hydrodynamic Coefficient Value 

Í ρψπװËÇװ 

Ὅ  ρςπ ËÇzά  

ὢ  ρπ 

ὢ  ρππ 

ὣ ρππ 

ὔ  ψππ 

ὢȿȿ ρυπ 

ὣȿȿ ρππ 

ὔȿȿ ψππ 

 

Similar to the Lorenz test cases in section 4.1, this section will present data and plots on clean 

simulated data, then simulated data with injected noise, then simulated data with injected noise 

and environmental disturbances. 

4.1.2 Maneuvers 

One crucial component of simulating and collecting data is to ensure the maneuvers done for 

the dataset collection sufficiently capture the dynamics of the system. For example, if the entire 

dataset only contained straight line maneuvers, the only dynamics that can be inferred from the 

dataset are the dynamics associated with surge motion; none of the maneuvers in the dataset would 

contain any information associated with sway and yaw motion. Therefore, the maneuvers chosen 

for this work include a combination of straight-line and turning-circle maneuvers of varying 

magnitudes. Straight-line maneuvers are included to induce a force in the surge axis of the craft 

while turning-circle maneuvers are meant to induce a yaw and sway force onto the craft [37,38]. 

Zig-zag maneuvers are not explicitly stated here but are somewhat captured in the turning-circle 

maneuvers for this test when the difference between the differential command thrusters is small 

(i.e., 100% on port thruster to 20% on starboard thruster). Since the turning-circle maneuvers in 
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this work alternate the thruster command inputs twice (as described in the following section), this 

captures much of the yaw dynamics of the craft’s maneuverability. Spiral maneuvers are not 

considered in this work but are a notable interesting maneuver to consider for future improvements 

in validating generated SINDy models.  

Since the command inputs to the thrusters are bounded by the maximum thrust the simulated 

system can output and represented as the command inputs of the system from 0-100%, the 

formatting to describe which maneuver and what magnitude are done for a trajectory is represented 

as “port_starboard” command inputs to the system. For example, a maneuver titled “100_100” 

means the commanded thrust values to the port and starboard thrusters are both at 100% for the 

duration of the maneuver which implies the system is doing a straight-line maneuver. On the other 

hand, a maneuver titled “100_50” means the commanded thrust values differ at some point during 

the trajectory which implies the system performs a turning circle maneuver. The maneuver 

formatting is summarized in the following table. The command inputs for the port and starboard 

thrusters are defined as ό  and ό  respectively in the following sections and for the rest of 

this thesis (Õ is the typical variable used in state-space models to represent inputs). Notably, this 

does cause potential confusion between the surge velocity Õ, but the reader should remain aware 

of the distinct difference. 

Table 16: Maneuver formatting descriptions. 

Maneuver Type Format Description 

Straight-line 8Ϸ_8Ϸ 

1. π ὸ υs: The system commands 0Ϸ into port and 

starboard thrusters. 

2. υ Ô σπÓ: The system commands XϷ to port and 

starboard thrusters. 

3. σπ Ô τυÓ: The system commands 0% to port and 

starboard thrusters.  

Turning Circle 8Ϸ_9Ϸ 

1. π ὸ υÓ: The system commands 0% into port and 

starboard thrusters. 

2. υ Ô ρπÓ: The system commands 100% into port 

and starboard thrusters to bring the system to a steady-

state straight-line motion. 
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3. ρπ Ô ςπÓ: The system commands 8Ϸ into port 

and 9Ϸ into starboard thrusters to induce a turning 

circle motion. 

4. ςπ Ô σπÓ: The system commands 9Ϸ into port 

and 8Ϸ into starboard thrusters to cause the system to 

flip rotation direction. 

5. σπ Ô τπÓ: The system commands 8Ϸ into port 

and 9Ϸ into starboard thrusters to cause the system to 

rotate in its initial direction. 

6. τπ Ô τυÓ: The system commands 0% into port and 

starboard thrusters.  

 

4.1.3 Clean Data 

Only a subset of the generated simulation data (i.e., a “fast”, “slow”, and “moderate” speed 

dataset) will be shown for conciseness. Like the Lorenz test cases, this section will display a 

generated trajectory (i.e., training data), the generated SINDy model compared to the “true” model, 

the true model’s derivatives cross-validated with the SINDy model’s derivative, and the true 

model’s trajectory cross-validated with the SINDy model’s simulated trajectory. SINDy’s model 

score for the training dataset in the table below is 0.98. 

  Table 17 is a comparison of the model SINDy generated versus the known model used to 

create the simulated WAM-V data.  

Table 17: True model vs SINDy model comparison for no noise WAM-V data. 

 True Model SINDy Model 

ό πȢυψψÕװ πȢψψςό ρȢπυψÖÒ

πȢπρςό πȢπρςό  

πȢυψυÕ πȢψχωό ρȢπυψÖÒ

πȢππρὺ πȢπρςό

πȢπρςό  

ὺ πȢωτÕÒπȢυφÖ πȢυφȿὺȿÖ πȢωτρÕÒπȢφφυÖ 
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ὶ πȢπψσÕÖφȢφχÒ φȢφχȿὶȿÒ

πȢπρχό πȢπρχό  

πȢςφωÕÖψȢσσφÒ πȢςρσὶ

πȢςςψÖ πȢπρυό

πȢπρφό πȢπρυό

πȢςχωÕÒπȢππψÒό

πȢππψÒό  
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Figure 29 is a plot of the simulated WAM-V data. The subtitle for each subplot (i.e., 

“100_100”) as well as the bottom-left plot indicates this is a straight-line maneuver where 100% 

command inputs are sent to both port and starboard thrusters. The two plots in the top row both 

show pose (i.e., position and orientation) data of a straight-line. The command input thrust 

percentages in the bottom left plot has starboard’s command input overlapped atop port 

command’s input. The WAM-V’s twist (i.e., linear and angular velocities) data is plotted in the 

bottom right plot and shows the WAM-V accelerating in the x-axis with respect to its body-fixed 

frame. The WAM-V surges forward with increasing speed until it hits steady state at about 7 

seconds, then decelerates at the 30 second mark which is also when the command input values set 

to zero. The sway and yaw are at their zeros respectively as expected. 

 

Figure 29: Pose, twist, and command inputs of fast straight-line maneuver going forward. Top-left is the 

position data in the NED coordinate from where the initial position is the origin. Top-right is the pose 
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(i.e., position and orientation) data versus time. Bottom-left contains the command inputs to both port and 

starboard thrusters in percentages versus time. The bottom-right is the twist (i.e., linear and angular 

velocities) data versus time. 

 

 Figure 30 illustrates a straight-line maneuver at a moderate speed with command inputs of 

50% for both port and starboard thrusters. The subplots of this figure is very similar to the high-

speed straight-line maneuver, but at a decreased magnitude (e.g., steady-state surge is at a smaller 

value, WAM-V does not travel as far).  

 

Figure 30: Pose, twist, and command inputs of moderate straight-line maneuver going forward.  
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 Like the previous two figures, the slow straight-line maneuver shown in Figure 31 has the 

same shape and appearance in the subplots with a smaller magnitude. The command thrust input 

for this maneuver is 20% for both port and starboard thrusters.  

 

Figure 31: Pose, twist, and command inputs of a slow straight-line maneuver going forward. 
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 Figure 32 illustrates a turning-circle maneuver at a high speed with alternating command 

inputs of 100% and -90% for both port and starboard thrusters. The negative value indicates the 

thruster is operating in the reverse direction. First, the WAM-V surges forward in a straight line, 

then starts turning at the 10 second mark. The port command thrust remains at 100% while the 

starboard switches to -90%. This is reflected in the pose plots where the northing value decreases, 

the easting value increases, and the heading value increases following the NED convention. It is 

also reflected in the twist plot as indicated by the time when the command inputs switch to 100%_-

90% at 10 seconds, the WAM-V’s yaw increases, the surge decreases, and the sway also decreases, 

all of which are expected following the WAM-V’s body-fixed frame. 

 

Figure 32: Pose, twist, and command inputs of a high-speed turning circle maneuver. Top-left is the 

position data in the NED coordinate from where the initial position is the origin. Top-right is the pose 

(i.e., position and orientation) data versus time. Bottom-left contains the command inputs to both port and 
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starboard thrusters in percentages versus time. The bottom-right is the twist (i.e., linear and angular 

velocities) data versus time. 

 

 Figure 33 illustrates a turning-circle maneuver at a moderate speed with alternating 

command inputs of 100% and 0% for the port and starboard thrusters. The main differences to 

notice are in the twist plot. Due to a slower turning rate, the surge value does not decrease as much, 

and the sway value increased in magnitude compared to the fast turning-circle maneuver.  

 

Figure 33: Pose, twist, and command inputs of a moderate-speed turning circle maneuver. 
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Figure 34 shows the WAM-V’s pose, twist, and command inputs for a slow-speed turning-

circle maneuver. In contrast to the previous two turning-circle maneuvers, the twist shows surge 

reaching a steady-state value as the WAM-V barely turns. The plotted yaw values are deceptively 

large in magnitude, but this is only due to yaw having a separate y-axis on the right-hand side of 

the twist plot. The yaw values range about 0.03 radians per second. 

 

Figure 34: Pose, twist, and command inputs of a low-speed turning circle maneuver. 
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 Figure 35 below illustrates the model derivatives ● of the validation dataset compared to 

what the SINDy model predicts for a straight-line maneuver. The straight-line maneuver used in 

this plot has 90% command inputs for both port and starboard thrusters as indicated by the plot 

title. The top two plots, essentially representing acceleration in the x and y axes with respect to the 

body-fixed frame, have expected results since the WAM-V should accelerate forward until it 

reaches steady-state at the 5 second mark, then decelerate at the 30 second mark. In the yaw rate 

plot at the bottom, there are two noticeable spikes associated with the acceleration and deceleration 

portions of the maneuver. This could make sense in a real-world system where the port and 

starboard thrusters may not be perfectly synchronized and cause slight turns, but not for a 

simulation. It’s more likely SINDy inferred a relationship between the surge and yaw components 

for the yaw rate equation and included a surge term with a low weight in the generated model. 

Although this is not what we would expect, its impact is minimal as shown by the magnitude of 

the yaw rate and the simulated trajectories in the following figures. This aligns with this thesis’s 

goal of determining an “effective” model instead of a “true” model.   

 

Figure 35: SINDy model derivative prediction (red) vs validation data derivatives (black) for straight-line 

maneuver with 90% command input thrusts for port and starboard thrusters. 
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Figure 36 below illustrates the model derivatives ● of the validation dataset compared to 

what the SINDy model predicts for a turning-circle maneuver. The turning-circle maneuver used 

in this plot has alternating 100% and -80% command inputs for port and starboard thrusters as 

indicated by the plot title. The model fits the computed maneuver’s derivatives well in all three 

plots. Comparing the ὶ plot here versus the straight-line plot above shows that the model does 

describe the yaw dynamics effectively for higher speeds but has minor discrepancies at very low 

turning rates. 

 

Figure 36: SINDy model derivative prediction (red) vs validation data derivative (black) for turning-circle 

maneuver. 
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Figure 37 below illustrates the generated SINDy model’s simulated trajectory compared 

against the validation dataset’s trajectory for a straight-line maneuver with command thrust input 

values of 90% for both port and starboard thrusters. The model looks very accurate for the surge 

plot (top plot). The sway and yaw plots (middle and bottom respectively) have very slight 

discrepancies as indicated by the diverged values from the validation dataset. This implies that 

SINDy included a surge component in these equations that do not significantly contribute to the 

dynamics of these states.  

 

Figure 37: SINDy model’s simulated trajectory (red) versus validation dataset trajectory (black) for a 

straight-line maneuver with 90% command inputs into the port and starboard thrusters. 
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 Figure 38 illustrates the SINDy model’s simulated trajectory compared to the validation 

dataset’s trajectory. Similar to the results in Figure 36, the SINDy model’s simulated trajectory 

describes the validation dataset’s trajectory well the sway and yaw states when there are higher 

dynamics involved. 

 

Figure 38: SINDy model trajectory simulation (red) vs validation data (black) turning-circle maneuver 

trajectory. 

 

4.1.4 Noise Injected Data 

A zero-mean Gaussian noise with varying standard deviation dependent on desired noise 

percentage and expected precision of real-world measurements is added to simulated data.  

ὼ ὔπȟ„
„ ὲέὭίὩ ‘z σπ
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For example, if the worst expected precision for position measurements from GPS sensors is ρÍ, 

then to simulate a 100% noise percentage would mean to have additive Gaussian noise with 

standard deviation of ρÍ. The following table summarizes what noise percentages and expected 

precision were used for the simulation. 

Table 18: Expected precision and noise percentages of simulated noise data. 

 x y ʃ u v r  

Precision (±) 0.01 m 0.01 m 0.02 deg 0.02 m/s 0.007 m/s 0.005 deg/s  

        

Noise 

Percentages 
1% 5% 10% 25% 50% 75% 100% 

 

Three noise percentages will be analyzed in this section: a low-noise level (i.e., 1%), a 

moderate-noise level (i.e., 10%) and a high-noise level (i.e., 100%). The model scores for the low-

, moderate-, and high- noise cases are 0.98, 0.21, and ςȢρψ respectively. The high-noise model 

has a numerically unstable model, thus, this model will not have a trajectory analysis plot for the 

turning circle maneuver. 

 Table 19, Table 20, and Table 21 compare the known model used to simulate the WAM-V 

with the SINDy generated model on the low-, moderate-, and high-noise cases respectively. The 

general trend is higher noise levels results in higher model complexity with more terms and larger 

coefficients introduced into the model. More terms in the model can lead to higher error in the 

model derivative predictions and simulations whereas higher coefficient values and increase the 

term’s impact on the model’s states. 

Table 19: True model vs SINDy low-noise model comparison. 

 True Model SINDy Low Noise 
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ό 

πȢυψψÕ πȢψψςό ρȢπυψÖÒ

πȢπρςό

πȢπρςό  

πȢυψχÕ πȢψχτό ρȢπφφÖÒ

πȢπρςό πȢπρςό

πȢπρτÖ πȢπσφÒ

πȢπρςÕÖπȢππφÕÒ

πȢπυρὺ πȢπυρὺ

ρȢπφφÖÒπȢππτὶ 

ὺ πȢωτÕÒπȢυφÖ πȢυφȿὺȿÖ πȢωσφÕÒπȢφφχÖ πȢππςÒ πȢππχÕÖ 

ὶ 

πȢπψσÕÖφȢφχÒ φȢφχȿὶȿÒ

πȢπρχό

πȢπρχό  

πȢρωπÕÖψȢσυρÒ πȢρτφὶ

πȢπρφό πȢπρφό

πȢπρυό πȢρωπÕÖ

πȢςωσÕÒπȢπτὺ

πȢππψÒό

πȢππψÒό  

 

Table 20: True model vs SINDy moderate-noise model comparison. 

 True Model SINDy Moderate Noise 

ό 

πȢυψψÕ πȢψψςό ρȢπυψÖÒ

πȢπρςό

πȢπρςό  

πȢππφπȢυρρÕ πȢτσχό υȢςφφÖÒ

πȢπρυό ρȢρρψÖ

τȢπφωÒ ρȢυωÕÖ

πȢςπρÕÒςȢσψχὺ

πȢπρσÖό πȢυστὶ

πȢππςÒÕρ 

ὺ 

πȢωτÕÒπȢυφÖ πȢυφȿὺȿÖ πȢχπςÕÒπȢσρπÖ πȢςςφὺ πȢπυτÕ

πȢππρÒ πȢπτυό

πȢρωυÕÖπȢππτὶ 
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ὶ 

πȢπψσÕÖφȢφχÒ φȢφχȿὶȿÒ

πȢπρχό

πȢπρχό  

πȢρυυÕÖψȢςωρÒ πȢππωÒό

πȢππωÒό πȢππωÕ

πȢρτςÖ πȢπρυό

πȢπρφό πȢππυό

πȢρσωÕÒπȢρφὺ

πȢρτωÖÒ 

 

Table 21: True model vs SINDy high-noise model comparison. 

 True Model SINDy Moderate Noise 

ό 

πȢυψψÕ πȢψψςό

ρȢπυψÖÒπȢπρςό

πȢπρςό  

πȢρςφπȢπφτÕ πȢσπτό σρȢπσφÖÒπȢπςσό

πȢπςτό ςȢρφπÖ ρςȢψψψÒ

ρȢπρφÕÖςȢωςπÕÒπȢππσÕό

πȢππψÕό σȢψφχὺ σρȢπσφÖÒ

πȢπψψÖό πȢπφχÖό

σȢχυσὶ πȢπτςÒό πȢπσφÒό  

ὺ 

πȢωτÕÒπȢυφÖ

πȢυφȿὺȿÖ 

πȢπψυρȢσψςÕÒπȢπρχÖ πȢςσφὺ πȢπτψÕ

πȢπψωÒ πȢπτςό πȢςςρÕÖ

ρπȢπσψÖÒπȢπρψÖό

πȢπςςÖό σȢτψψὶ

πȢππςÒό πȢπρυÒό  

ὶ 

πȢπψσÕÖφȢφχÒ

φȢφχȿὶȿÒ πȢπρχό

πȢπρχό  

πȢπσπÕÖπȢςφφÒ τȢςτσὶ πȢππρό πȢπτςÕ

πȢπρχÖ πȢππσό πȢπφρÕÒ

πȢπτψὺ πȢρψρÖÒπȢππψÒό

πȢππψÒό  

 

  

  



81 

 Figure 39 and Figure 40 show the SINDy low-noise model’s derivative predictions 

compared to the validation dataset’s computed derivatives for a straight-line and turning-circle 

maneuver. Similar to the no-noise case, there are small discrepancies in the sway and yaw state 

derivatives due to SINDy inputting surge terms that have very small impact on the sway and yaw 

dynamics. 

 

Figure 39: SINDy low-noise model derivative prediction (red) vs validation data derivatives (black) for 

straight-line maneuver with 90% command input thrusts for port and starboard thrusters. 
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Figure 40: SINDy low-noise model derivative prediction (red) vs validation data derivatives (black) for 

turning-circle maneuver with alternating 100% and -80% command input thrusts for port and starboard 

thrusters. 
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 Figure 41 and Figure 42 illustrates the SINDy moderate-noise model’s derivative 

predictions compared to the validation dataset’s computed derivatives for a straight-line and 

turning-circle maneuver. The small discrepancies from the low-noise case are growing in 

amplitude and the moderate-noise model has some noticeable errors with the computed derivatives 

of the validation data, especially in the sway state for the turning-circle maneuver. From the 

general trend seen in the model evaluation above, SINDy will introduce more terms with higher 

coefficients into the generated model which will have a larger impact on the derivatives. Therefore, 

a large error should be expected in the high-noise case. 

 

Figure 41: SINDy moderate-noise model derivative prediction (red) vs validation data derivatives (black) 

for straight-line maneuver with 90% command input thrusts for port and starboard thrusters. 
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Figure 42: SINDy moderate-noise model derivative prediction (red) vs validation data derivatives (black) 

for turning-circle maneuver with alternating 100% and -80% command input thrusts for port and 

starboard thrusters. 
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 Figure 43 and Figure 44 illustrates the SINDy high-noise model’s derivative predictions 

compared to the validation dataset’s computed derivatives for a straight-line and turning-circle 

maneuver. As expected, the error is larger than the moderate-noise case as indicated by the 

magnitude of the model’s predictions (e.g., the sway acceleration for the straight-line maneuver is 

about 5 times larger than the moderate-noise case) and does not align with the validation data for 

some states at all. The only shared common denominator is the timings of the control inputs.  

 

Figure 43: SINDy high-noise model derivative prediction (red) vs validation data derivatives (black) for 

straight-line maneuver with 90% command input thrusts for port and starboard thrusters. 
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Figure 44: SINDy high-noise model derivative prediction (red) vs validation data derivatives (black) for 

turning-circle maneuver with alternating 100% and -80% command input thrusts for port and starboard 

thrusters. 
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 Figure 45 and Figure 46 illustrates the SINDy low-noise model’s simulated trajectory 

compared to the validation dataset’s trajectory. The results here are similar to the no-noise case 

where the only discrepancies are negligible based on the magnitude of the errors.  

 

Figure 45: SINDy low-noise model’s simulated trajectory (red) versus validation dataset trajectory (black) 

for the straight-line maneuver with 90% command inputs on the port and starboard thrusters. 
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Figure 46: SINDy low-noise model’s simulated trajectory (red) versus validation dataset trajectory (black) 

for the turning-circle maneuver with alternating 100% and -80% command inputs into the port and 

starboard thrusters. 
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 Figure 47 and Figure 48 illustrates the SINDy moderate-noise model’s simulated trajectory 

compared to the validation dataset’s trajectory. There are noticeable errors due to SINDy including 

extra terms that are not a part of the underlying system dynamics. The largest discrepancies are 

seen in the turning-circle maneuver, particularly the surge and sway states. 

 

Figure 47: SINDy moderate-noise model’s simulated trajectory (red) versus validation dataset trajectory 

(black) for the straight-line maneuver with 90% command inputs into the port and starboard thrusters. 
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Figure 48: SINDy moderate-noise model simulated trajectory (red) vs validation data trajectory (black) 

for turning-circle maneuver with alternating 100% and -80% command input thrusts for port and 

starboard thrusters. 
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 Figure 49 illustrates the SINDy high-noise model’s simulated trajectory compared to the 

validation dataset’s trajectory. There is only the straight-line maneuver because the model is not 

numerically stable to simulate the turning-circle maneuver. The surge and sway plots simulated 

trajectories immediately diverge from the validation trajectory and do not resemble it in any way. 

The magnitude of the yaw state is negligible.  

 

Figure 49: SINDy high-noise model’s simulated trajectory (red) versus validation dataset trajectory 

(black) for the 90%-90% straight-line maneuver. 

Lastly, to illustrate the relationship between Ὑ  and noise percentages, a procedure similar 

to section 3.3.4 was accomplished here. The difference is only 6 training trajectories, and 6 

validation trajectories were used to determine the trend (i.e., a high-, moderate-, and low-speed 

trajectory per maneuver type in the training and validation sets). The result is shown in Figure 50 

below. These results are much more consistent compared to the occasional random spikes in Figure 

28. 
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Figure 50: SINDy model score vs. noise percentages. SINDy generates 100 models from 6 training 

trajectories (i.e., a high-, moderate-, and low-speed trajectory for straight-line and turning-circle maneuvers). 

The median coefficient values of the 100 models are used to make a “median SINDy model”. This median 

SINDy model is cross-validated against 6 validation trajectories to determine an average Ὑ  value. 

 

4.1.5 Filtered Noise  

This section looks at using a Kalman filter as a denoising strategy prior to generating a 

model with SINDy [35]. To see the general improvements of this idea, the same moderate and 

high noise situations in 4.1.4 are used here; the low-noise case is omitted since it had results similar 

to the no-noise case. The Ὑ  model score the moderate noise case improved from 0.21 to 0.81 and 

the high noise case from ςȢρψ to 0.56.  

Table 22 and Table 23 compares the generated SINDy model with the known WAM-V 

model. Both models have additional terms included in their generated models, most of which have 
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small coefficients. As shown in the previous section, the higher noise model has additional terms 

with larger coefficients.  

Table 22: True model vs SINDy filtered moderate-noise model comparison. 

 True Model SINDy Moderate Noise 

ό πȢυψψÕ πȢψψςό ρȢπυψÖÒ

πȢπρςό

πȢπρςό  

πȢπρχπȢςςÕ πȢτυό ρȢπσÖÒ

πȢππυό πȢππφό

πȢσυφÖ πȢςτÒ πȢψτÕÖ

ρȢςπÕÒπȢππςÕό

πȢππςÕό πȢυρὺ

πȢππφÖό πȢππρÖό

πȢπχυὶ πȢππσÒό

πȢππσÒό  

ὺ πȢωτÕÒπȢυφÖ πȢυφȿὺȿÖ πȢυωÕÒπȢυσφÖ πȢπχτὺ πȢππρÕ

πȢππτÒ πȢππρό

πȢπςσÕÖπȢππςÒό

πȢππςÒό  

ὶ πȢπψσÕÖφȢφχÒ φȢφχȿὶȿÒ

πȢπρχό

πȢπρχό  

πȢππρπȢπσφÕÖτȢτρÒ πȢπρσὶ

πȢππψό πȢππψό

πȢπρÕ πȢσςρÖ πȢπςςό

πȢςτÕÒπȢρπὺ πȢσσÖÒ

πȢππςÖό πȢππτÒό

πȢππυÒό  

 

Table 23: True model vs SINDy filtered high-noise model comparison. 

 True Model SINDy High Noise 
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ό 

πȢυψψÕ πȢψψςό ρȢπυψÖÒ

πȢπρςό

πȢπρςό  

πȢππυπȢυπÕ πȢπχρό ωȢτπÖÒ

πȢππυό πȢππφό

πȢυψρÖ πȢυτυÒ πȢςτωÕÖ

πȢφρυÕÒπȢππςÕό

σȢφφφὺ πȢππυÖό

πȢπρωÖό ςȢυρὶ

πȢππφÒό πȢππσÒό  

ὺ 

πȢωτÕÒπȢυφÖ πȢυφȿὺȿÖ πȢππφπȢςρτÕÒρȢχρÖ ςȢπςὺ πȢπυωÕ

πȢρτσÒ πȢρςό ςȢρφσÕÖ

πȢππρÕό φȢρφÖÒ

πȢππςÖό πȢπρφÖό

ρȢυσὶ πȢππρÒό

πȢππτÒό  

ὶ 

πȢπψσÕÖφȢφχÒ φȢφχȿὶȿÒ

πȢπρχό

πȢπρχό  

πȢππρπȢρχÕÖτȢτπÒ πȢρρὶ

πȢππψό πȢππψό

πȢπρςÕ πȢρφÖ πȢπρτό

πȢσσÕÒπȢσφὺ πȢσψÖÒ

πȢππσÖό πȢππτÒό

πȢππτÒό  
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 Figure 51 and Figure 52 plot the pose, twist, and command inputs of the moderate-noise 

level data for the straight-line and turning circle maneuvers respectively. The pose versus time plot 

(top-right) and twist versus time plot (bottom-right) have the noisy and filtered data plotted. All 

filtered data are dashed lines to highlight how the filtered data fit against the noisy data. The 

magenta-colored dots representing heading in the top-right plot for the straight-line maneuver may 

look misleadingly large, but it has a separate y-scale on the right side of the plot with low values.  

 

Figure 51: Pose, twist, and command inputs of the low-noise straight-line maneuver with 90% command 

inputs to both port and starboard thrusters. Top-left is the position data in the NED coordinate from where 

the initial position is the origin. Top-right is the pose (i.e., position and orientation) noisy data and filtered 
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data versus time. Bottom-left contains the command inputs to both port and starboard thrusters in 

percentages versus time. The bottom-right is the twist (i.e., linear and angular velocities) data versus time. 

 

 

Figure 52: Pose, twist, and command inputs of the low-noise turning-circle maneuver with alternating 

100% and -80% command thrust inputs into the port and starboard thrusters. Top-left is the position data 

in the NED coordinate from where the initial position is the origin. Top-right is the pose (i.e., position and 

orientation) data versus time. Bottom-left contains the command inputs to both port and starboard 

thrusters in percentages versus time. The bottom-right is the twist (i.e., linear and angular velocities) data 

versus time. 
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 Figures Figure 53 and Figure 54 plot the pose, twist, and command inputs of the high-noise 

level data for the straight-line and turning circle maneuvers respectively. The pose and twist plots 

have noticeably more variance in the state data, even after filtering.  

 

Figure 53: Pose, twist, and command inputs of the high-noise straight-line maneuver with 90% command 

thrust inputs into the port and starboard thrusters. 
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Figure 54: Pose, twist, and command inputs of the high-noise turning-circle maneuver with alternating 

100% and -80% command thrust inputs into the port and starboard thrusters. 
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Figure 55 and Figure 56 illustrate the SINDy filtered moderate-noise model derivatives 

prediction compared to the computed derivatives of the validation dataset for the straight-line and 

turning-circle maneuvers respectively. The SINDy model follows the behavior of the validation 

dataset but does not reach the same magnitude. The noticeable discrepancies of the ὺ and ὶ plots 

in the straight-line maneuver figure are negligible from their magnitudes. The source of these 

discrepancies is suspected to come from the small coefficients of the extra terms in the model that 

have very little impact on the response. Based on these plots, this model is expected to perform 

well in the trajectory analysis.  

 

 

Figure 55: SINDy moderate-noise model derivative prediction (red) vs validation data derivatives (black) 

for straight-line maneuver with 90% command input thrusts for port and starboard thrusters. 
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Figure 56: SINDy moderate-noise model derivative prediction (red) vs validation data derivatives (black) 

for turning-circle maneuver with alternating 100% and -80% command input thrusts for port and 

starboard thrusters. 
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 Figure 57 and Figure 58 illustrate the SINDy filtered high-noise model derivatives 

prediction compared to the computed derivatives of the validation dataset for the straight-line and 

turning-circle maneuvers respectively. Compared to the high-noise model in 4.1.4, these results 

are much better. The model’s predictions of the state derivatives follow the trends of the validation 

dataset more closely whereas the unfiltered dataset does not seem to follow the trend at all. This 

explains the Ὑ  value increase from -2.18 to 0.58. 

 

Figure 57: SINDy high-noise model derivative prediction (red) vs validation data derivatives (black) for 

straight-line maneuver with 90% command input thrusts for port and starboard thrusters. 
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Figure 58: SINDy high-noise model derivative prediction (red) vs validation data derivatives (black) for 

turning-circle maneuver with alternating 100% and -80% command input thrusts for port and starboard 

thrusters. 
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 Figure 59 and Figure 60 illustrate the SINDy filtered moderate-noise model trajectory 

simulation compared to the validation dataset for the straight-line and turning-circle maneuvers 

respectively. The filtered moderate-noise model simulates the trajectory of the system well for the 

straight-line and turning-circle maneuvers as shown by the shape of the plots in both figures. The 

discrepancies have small magnitudes and are expected to come from additional terms in the 

generated model. There also appears to be a slight 1-second delay in the generated model’s 

simulation, particularly in the acceleration and deceleration portion of the surge plots of both 

maneuvers and the yaw plot of the turning-circle maneuver. 

 

Figure 59: SINDy moderate-noise model’s simulated trajectory (red) versus validation dataset trajectory 

(black) for the straight-line maneuver with 90% command inputs into the port and starboard thrusters. 



104 

 

Figure 60: SINDy moderate-noise model simulated trajectory (red) vs validation data trajectory (black) 

for turning-circle maneuver with alternating 100% and -80% command input thrusts for port and 

starboard thrusters. 
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 Figure 61 and Figure 62 illustrate the SINDy filtered high-noise model trajectory 

simulation compared to the validation dataset for the straight-line and turning-circle maneuvers 

respectively. The surge of the straight-line maneuver and the yaw of the turning-circle maneuver 

looks comparable its moderate-noise counterparts. The sway plot of the straight-line maneuver is 

noticeably larger in magnitude which can be a result of one of the surge dependent components in 

the generated model for the sway equation. The model’s simulation in the sway component of the 

turning-circle maneuver does not align with the validation data as nicely as the filtered moderate-

noise case. 

 

Figure 61: SINDy high-noise model’s simulated trajectory (red) versus validation dataset trajectory 

(black) for the straight-line maneuver with 90% command inputs into the port and starboard thrusters. 
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Figure 62: SINDy moderate-noise model simulated trajectory (red) vs validation data trajectory (black) 

for turning-circle maneuver with alternating 100% and -80% command input thrusts for port and 

starboard thrusters. 

4.1.6 Conclusions 

This section highlights: 

¶ SINDy’s capability to generate an effective model of “unknown” system dynamics given 

state data of a simulated WAM-V doing straight-line and turning-circle maneuvers 

¶ SINDy’s capability to generate effective models in the face of low-noise data without 

filtering 

¶ The significant improvement in SINDy’s generated model from filtering noisy data prior 

to training SINDy 
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5 Experiment 

5.1.1 System and Sensor Configuration 

 

Figure 63: Callout of WAM-V and its subsystems. 
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Figure 63 shows the WAM-V fitted with several components to control and observe its states. 

These components are summarized in Table 24 with what subsystem they belong to, their models, 

purposes, and update rates. All raw sensor and control data were recorded for processing offline. 

A Kalman filter was used to filter the sensor noise similar to the WAM-V simulation analysis 4.1.5 

after data collection.  

Table 24: WAM-V Equipment Summary 

Subsystem Item Model Purpose 
Update Rate 

(Hz) 

Control Thrusters 
Minn Kota  

Riptide 

Provide thrust to control 

WAM-V 
5 

Sensing 

GPS ZED-F9P Measure position 10 

IMU Redshift UM7 

Measure angular 

velocities and 

accelerations 

20 

Comms Transceiver 
Ubiquiti Rocket 

Prism 

Transmit and receive data 

from base station 
5G 

Onboard 

Computing 

Computer Intel Nuc 
Run computationally 

expensive tasks 
N/A 

Microcontrollers 
Arduino MEGA 

2560 

Low level hardware 

control and management 
N/A 

 

5.1.2 Environment 

The experiment was conducted on April 25, 2023 at approximately 12:22 noon. There was 

a moderate wind and current to disturb the system. The water itself was calm with no waves.  

5.1.3 Procedure 

The WAM-V has two operation modes: autonomy and manual. During manual control mode, 

the operator can maneuver the WAM-V using a handheld transmitter. Autonomy mode allows the 

onboard computer to control the thrusters via sending command thrust values to through the 

microcontrollers. First, manual control mode was used to drive the WAM-V to a desired position 

for a straight-line or turning-circle maneuver. Once in position, the WAM-V is switched to 
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autonomy mode while a script is remotely executed on the onboard computer. This script sends 

precise command thrust values to the thrusters, which could not be precisely maintained in manual 

control mode, and initiates recording of data. Due to circuit breaker protection, the max thrust 

percentage achievable for this experiment was 86%. Lastly, the WAM-V is repositioned for the 

next maneuver. This process is repeated until all straight-line and turning-circle maneuvers were 

complete. An additional manual control mode driving maneuver was used to emulate normal 

WAM-V operations which will be used as the validation dataset. 

6 Results 

6.1 Experiment Results 

The experimental results are presented in the same format as the Lorenz test cases and the 

WAM-V simulation test cases presented in sections  and 5 respectively. First, SINDy is used to 

generate a model from experimental training data that has access to a full second-order polynomial 

candidate library with cross terms. This model is referred to as the “SINDy model”. As in previous 

sections, this model is compared for its accuracy against validation experimental data. Additionally, 

the “SINDy model” is compared against the simplified variation of Norrbin’s nonlinear model  

described in section 2.2.4, which is referred to as the “Analytical model”, to determine if the 

“SINDY model” represents an improvement over the “Analytical model”.  To ensure the 

“Analytical model” is calibrated to the experimental test data, the “Analytical model” is trained 

using the same experimental training data and a candidate library matrix, , that contains the terms 

in the analytical model (equations σσ and στ). Second, the Ὑ  score results from both models are 

presented. Third, the state data of an example straight-line and turning-circle maneuver from the 

experiment are plotted. Fourth, each model is compared to the experimental state derivatives and 

trajectory simulations are analyzed and discussed. Fifth, and lastly, an additional validation step is 

done to determine the generated SINDy model’s ability to predict the state of the system over 3-

time constants.  

The models generated using the experimental training dataset are shown in Table 25. The 

“Analytical model”, when compared to the experimental data, scores an Ὑ  value of 0.28. The 

“SINDy model”, where we recall SINDy is allowed to choose the terms from a candidate library, 

is a highly complex, nonlinear, second order polynomial with cross terms that scores an Ὑ  value 
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of 0.29. The relatively lower Ὑ  value in both models indicate that neither model describes the 

dynamics of the WAM-V very well. 

Table 25: Generated SINDy model from experimental dataset 

 Analytical Model SINDy Model 

 όװ

πȢπςσό πȢπτπόȿόȿ πȢπςωὶ

πȢτστὺὶπȢπψψό

πȢπωφό πȢππςό

πȢπυχό  

πȢπσυὺ πȢπυπό πȢπτυὺ πȢσςςὺὶ

πȢπφσὺό πȢπτρό

πȢπυτό πȢπχςὶό

πȢπςωό

πȢπυωό ό

πȢπχχό  

ὺ 

πȢπρρὺ πȢπρρὺȿὺȿ πȢπςπόὶ

πȢρφρὶȿὺȿ 

πȢπρψό πȢππχό πȢπςχόὺ

πȢςσὺὶπȢπφψὺό

πȢυσπὶ πȢρρωὶό  

ὶ 

πȢπσφὶ πȢπψὶȿὶȿ πȢππσόὺ πȢπυυόὶ

πȢπρωὶȿὺȿ πȢπρωό

πȢπςσό πȢππςό

πȢπρρό  

πȢπρτό πȢπρχό  

 

 Figure 64 and Figure 65 plot the pose, twist, and command inputs of the WAM-V for the 

straight-line and turning circle maneuvers respectively. As the WAM-V was only operated without 

any closed loop control (to mimic obtaining a model of a new vessel that is not previously modeled 

or outfitted with control) it is difficult to obtain actual straight-line motion with the WAM-V 

utilizing balanced port and starboard thruster command inputs. The port side must input about 6% 

more thrust than the starboard thruster to prevent the WAM-V from turning port side due to non-

symmetric thrust. Additionally, unmeasured and unmodeled environmental disturbances affect the 

WAM-V trajectory. Furthermore, during the experiment, the execution timing between the 

commanded thrust values and the initial data recording were not synchronized well as shown by 

the command thrust plot; there is no data for the initial zero thrust command section of the tests. 

There also appears to be a slight offset for the surge component in both the straight-line and turning 

circle maneuvers.  
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Figure 64: Pose, twist, and command inputs of straight-line maneuver with 86% thrust going to the port 

thruster and 80% thrust going to the starboard thruster. The WAM-V’s inertia is not evenly distributed so 

the port thruster must provide about 6% more thrust to drive in a line. 
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Figure 65: Pose, twist, and command inputs of turning-circle maneuver with alternating 80% thrust going 

to the port thruster and -80% thrust going to the starboard thruster.  
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The comparison of both SINDy model’s state derivative predictions compared to the 

computed derivative of the validation data is shown in Figure 66. The “Analytical model” and 

“SINDy model” are very similar in their predictions with slight differences at certain points in the 

plot. Both models attempt to follow the general trends in the validation data such as the yaw 

derivative going up and down when the WAM-V turns. Otherwise, both SINDy models appear to 

be around the average of the noisy validation derivatives.  

 

Figure 66: The Analytical and SINDy models state derivative predictions with the validation dataset 

computed derivatives.  
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 A comparison of both model’s simulated trajectories compared to the validation data is 

shown in Figure 67. Like Figure 66, the trajectories of the SINDy constrained and free models are 

similar. The main differences between the two SINDy models are apparent in the sway comparison 

where the SINDy model has more dynamics involved whereas the Analytical model barely 

changes. This may make sense when looking at the generated model as the constrained model is 

mostly dominated by the sway motion itself. Overall, the surge and yaw components of the 

generated models attempt to follow the behavior of the validation data but lacks appropriate 

magnitudes. The Analytical model appears to return back to 0 at the end of the surge plot whereas 

the SINDy model approaches what appears to be a steady-state value. 

 

Figure 67: The Analytical and SINDy model simulated trajectory compared to the validation data.  

 

The time-constant of the Analytical model, which is approximately 12s, is estimated by 

analyzing the model’s rise time from a step input shown in Figure 68. The quality of the model is 

also validated by its ability to predict the state of the system over 3 time-constants (i.e. 36 s).  This 

time horizon was applied to create a sliding window on the validation dataset with 0-36 s, 12-48 
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s, and 24-60 s windows where the initial conditions of the model are updated at the beginning of 

each time window and results in an Ὑ  score of 0.32, 0.28, and 0.29 respectively.  

 

Figure 68: Analytical model step response. The rise time of 90% is used to estimate the time constant of 

the system (i.e., about 12 seconds).  

 

7 Conclusion and Future Considerations 

SINDy was able to generate effective models for simulated data with Ὑ  ranging from 0.5 to 

1.0 depending on the quality of the data (i.e., how much noise the data has). Including multiple 

trajectories and filtering noisy data prior to the training process can improve the performance of 

the generated SINDy model. With a set of a fast, moderate, and slow straight-line and turning-

circle maneuvers, SINDy can generate an effective model of a simulated WAM-V. When it comes 

to a real-world system, there are a lot more factors involved that can affect the quality of data 

SINDy can train on. From the experimental data, SINDy can generate a model following strict 
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constraints (i.e., a light-gray box approach) to produce a second-order modulus model with 

coupled terms; this model structure is the same as the chosen Norrbin’s nonlinear model used for 

the WAM-V simulation in section 4.1.1. The Ὑ  value of the Analytical model against the 

validation data was 0.28. At the same time, a SINDy model that has access to include terms from 

a full second-order polynomial candidate library with cross terms into the generated model (i.e., a 

neutral gray-box approach) was done to compare the performance of a “free model” approach with 

the Analytical model. The Ὑ  value of this free model was 0.29. One glaring suspicion to explain 

these relatively low Ὑ  values is the lack of data for the initial part of each maneuver. Due to the 

timing of the script execution, the recorded data missed the start of the maneuver where command 

thrust values should be zero. Because of this, SINDy may be missing crucial information regarding 

the initial impulse of the system when the command thrust values change from 0 to some thrust 

value.  

One future consideration to improve this methodology is to ensure all phases of the maneuver 

are captured in the data recording: the stationary period prior to acceleration, the acceleration, 

steady-state after acceleration, deceleration, and the stationary period after coming to a stop. This 

would ensure no necessary data tied to the maneuver is missing. Another consideration is to look 

at applying stricter constraints to the SINDy model generation. Some terms that are included in 

the generated model have very small impact on the system’s response or nonsensical (e.g., product 

of sway with port command thrust value – although this could be due to the thrust asymmetry); 

filtering them out could act as a “guide” for SINDy to produce a better model. Because SINDy 

also has a lot of other parameters and features to tweak, hyperparameter optimization can help 

shed some light on which features affect the model’s performance.  
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