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Abstract

Uninhabited Surface Vehicles (USVs) require a robust and capable Guidance, Navigation, and Control
(GNC) system to operate effectively. GNC requires
control, and other applications. Datedven modeling the process of determining practical models from

data, is a remerging method and active field of researchfiodelingsystem dynamics. The purpose of

this research is to explore the use of PySINDy, an-spence Python module that implements the Sparse
Identification of Nonlinear Dynamics (SINDy) dadiiven system identification method, to generate a
generalizable and interpretable model of a Wave Adaptive Modular Vessel (WARyYSINDy is

equipped with tools to simplify thenodelingprocess, such as a library class to initialize a matrix of
nonlinear terms for SINDy to create models from, a fit function that incorporates control inputs and time
series data to infer a model from, a nahce agaisstt or ¢ f
validation data usin as t he scoring metric. First, existing
explored and demonstrate that the algorithm can produce the underlying model of a numerically simulated
Lorenz system withno noiseY  p8t 11, with an external force acting on the systém ( 1o wy with

“low” and “hR2gh” ImM@@RI , n o iTEal andwith filtered low and high noise

(Y by pa&t iy T8O QO . These test cases illustrate SI
models in various circumstances expected by a real system as indicated by tevailgies. Second, with

a baseline understanding of SINDy’s capa-brielrities,
nonlinearmode| suggested asrapresentativenaneuveringnodel for simulation in Fossgris utilized to

simulate the dynamics of a WAM. Like the Lorenz system case studies, simulated data withdod/

high-level noises are filtered and used to generate madeth scoreY , |, ™ andyY

MYy ndicating SINDy’s capability to generate effec
confirm that straightine and turning circle maneuvers provide enough data variety to sufficiently capture

the system’s behavisame.procédure is deplicatedhid a +éatlchexpleriment byt h e
recording and subsequently estimating the full state data of a WAalMSand Island in calm water (i.e. no

waves- wind and current disturbances were present). SINDy generated a s@dendhotinear cross
coupledmodulusmodel with a model score &f T& YDue to the low validation scorehd time

constant of the generated model, which is approximatdy i$ estimated by analyzing the mddel r i s e
time from a step input artie quality of the model ialsovalidated by its ability to predict the state of the

system over 3 timeonstants (i.e36 s). This time horizon was applied to create a sliding window on the
validation dataset with-86 s, 12-48 s, and24-60 s windows where the initial conditions of the model are

updated at the beginning of each time windamd results in afY scoreof 0.32, 028, and 029

respectively.

1 Fossen, T. I., 201Handbook of marine craft hydrodynamics and motion condiain Willy & Sons Ltd.
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Glossary
COTS. Commercial Off The Shelf.

DOF. Degrees of freedom

GNS® Df 26kt yIFI@AILGAZ2Y &l 0StEtAGS aeadtSyo /2YY
satellite constellation. GNSS refers to receivers that can communicate with several satellite
constellations.

IMU. Inertial measurement unit. These sensors are a combination of a gyroscope and
accelerometey some include a magnetic compass. The combination of these sensors gives us
angular velocity, acceleration, and orientation data.

Posgb w2020A0& GSNY RSTAYAYy3I | @SOG2N O2yaAradAry

PySINDyThe official recommended software package to implement SINDy. It comes with a set
of tools to help end users with processing data and using SINDy.

SINDy. Sparse identification of nonlinear dynamics. A machine learning algorithm used to
generate a model that fits measured data with the objective of minimizing the number of
parameters used in the model given a matrix of candidate functions. The resultiisi@m@aious
model that balances model complexity and model error.

Twist. Robotics term defining a vector consisting of the rdBdinear and angular velocities.

USV.Unmanned Surface Vehicldlso known as Uninhabited Surface Vehicle, Autonomous
Surface Vehicle (ASV).

Math Notatiors

All mathematical equations in this theai® written in Cambria math font.
Matricesare denoted as a capitabld-faced letter Example8

Vectorsare denoted as a lowercase beflaced letter with avectorarrow as an accent above the
letter. Examplem

Tensorsare denoted by a capital bolidced letter with a subscript to indicate dimensionality.
Exampletv for a3-dimensionakensor.

Scalarsare denoted as a lowercase letterthe normal font. Example®

Forcesand Moments are denoted as a capitédtter with no bold face. Examplé
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Hydrodynamic derivativesire denotedas theresulting force or momentvith a subscript of the
motion that causes this forcm®llowing SNAME conventioExample® YS| yaz a! T2 NDOS
RANBOGAZ2Y |a | NBadzZ G 2F adz2NHS Y2GA2y¢éd
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1 Introduction

1.1 Motivation

There has been a rise in demand and interéstimanned Surface Vehicles (US\s) the
commercial, scientific research, and military sectors dubeio ability toeliminat the need for
personnel to be onboard to operate the vehidiee. main advantages of USVare: longer
operations on more hazardous missions compared to manned vehicles, decreased costs in
maintenance, increased personnel safety, increased maneuverability and deployment in areas
where larger crafts are not able to operate effectively, increeeseakity for payloads, and
decreased operational errors due to humperaiion[1,2]. Some applications of USVare
environmental mission§3-5], bathymetric surveyind6-10], aiding disaster predictiorand
disaster respongé1-13], port and harbor surveillancandreconnaissandd,12,13] To realize
these advantages, reliableguidance, navigation, and control (GN&)heme is necessafyr
robust, effective, and efficient USV operatiofi§. An importantcomponent of GNC is the
devel opment of t he thatcantbe usédsetudyyamddeveiop thersystém 1
further by simulating the s axintegmfingt hbee hsayvsitoerm’i
dynamicswithin the GNC architecturé&JSVsare difficult tomodeldue totheir naturakexposure
to a highly dynamic environment paired with inherent nonlinear dynaifdi¢d. Traditionally,
maritime systems utilize theoretical modeling to develsgstemmodel that must be validated,
usually with one or more physical, scaled models evalua@glsnamotionmechanism (PMM)
(Figurel) whichcontrost he s yst e m’ s moenvirommeni@dna carabe expengive o1 1 ¢ ¢
[1]. With improvementsn COTS MEMStechnologyand development in machine learning
methods utilizingdatadriven modelingof the full system in a limitedly controlled environment

have become an active field of research for maritime systems
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generatedllustration of a PMMmanipulating aship model in a tow taniCreatedoy
ChatGPT, OpenAl

Figurel: Al
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1.2 Problem Statement and Overview

Figure2: Three USVs operating in open waters at Coconut Islandsrbiin left to right, the USV names
are MRsUH, WAMYV, and CleapathRoboticS He r o n .

The goal of this thesis is tieterminean interpretable model of a WAM (centered USV
in Figure 2) usinga system identification toolkit known as FINDy from measured state data
This thesis is structured in® chaptersChapterl introduces the main topics and focus of this
research. Chapt@rdescribes the necessary background informatrwhliterature review to build
uponand concludes wita hypothesisChapte3 describes the methodology foethpplication of
PySINDyto determine the WAMV * s mG@hdpées 5 and6 details thedata collection, analysis,
and results of the simulation and experimé@itapterO concludes the thesis and discusses future

work that can be done to improve the procedure.
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2 Literature Review

2.1 System Identification

2.1.1 The fundamental idea of system identification

A systemin its most generic definition, is a process with one or multiple sources of inputs
and one or multiple outputs. The signals that affect and disturb the system arapaltiedhere
inputs that are intentionally introduced to the system in a controlled manner arentatieal or
control inputs while externalinputs are often random andepresent unknown or unmeasured
disturbanceso the systemTheoutputsof the system ara subset omeasurable signathat are
used to estimate the full state okthy s t e m; t hes e ar e totthe énputssand t e m’ s
disturbancesnd are the targets of interést the designerSystem identificatiois the process of
recording controlled inputs to the system whil
then using this information to determine an appropriate model that sufficiently describes the
system (more information on the procesdatailed in section 2.1.3). Aodelis a concept of how
a system behaves and can come in different formtbidrwork, theSINDy system identification
method is used to determine a suitable mathematical model tafr¢fedsystem. It is important to
note that the main objective of system identification is not to determiné the modél of a
system because, realistically, it is not possible to describe a systemt r ue ugngaper t i e
mathematical model. Instead, a mpragmatic perspectiva system identification is to determine

a model that is sufficiedts]l dyhameaftsl > in desc

2.1.2 Types of modeling

System identification models can be broken down into three categories-bokite
modeling, blackbox modeling, and gralgox modeling[14]. Whitebox modelings the concept
of determining a mathematical model of a system purely basagaari physicalknowledge of
the systemConversely blackbox modelings a purely empirical approach using only measured
data to determine a model that sufficiently fits the data. The model doesquate anyprior
knowledge of the system and does not need to hold any relation to known laws. Without rules or
constraints to follow, blackox models can result i highly complexmulti-dimensionalmodel
that lack any intergtable and meaningful intuitiofl5-17]. It isboa” “bhac¢k sim
receives input(s) and returns output(s) based on its inferred relationship of the measured data.

Gray-box modelings, as can be deduced, a combination of wihite and blackhox modeling. It
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is essentially blackox modeling constrained by some knowledge about the system. Additionally,
gray-box modeling is a spectrum; by controlling how much prior knowledge about the system is
introduced into the modeling process, ¢inay-box model can be a lighter or darksvade ofjyray

(i.e., lessa prioriknowledger e s ul t s in a “darker gray” box mo
amount of information into the modeling process can give the dilagkknodeling methodology

more freedom to generate modelshnparameters that are not considered by the designer.

2.1.3 The system identification loop

The designeshouldhave some prior knowledge about the system to make intelligent
decisions in the system identification procasdwill need to: 1) design and record data from an
experiment such that the inputs to the system will maximize the amount of information about the
system in its outputs, 2) select a model, model set, or model structure to describe the system, and
3) select ppropriate criterion for the model to fit the recorded data from experimentation. After
choosing the best model that fiteetdata based on the criterion, the model is then validated against
observed data and its intended use. If a model is insufficient t he de s i,@§iser s ¢
rejected, the previous decisions are revised, and the system identification process is repeated until

a sufficient model emerges. The system identification loop is illustrateéidume3 below.
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Figure3: The system identification loop
2.2 Marine Craft Dynamics, Theory, and Conventions

2.2.1 Marine craftclassifications

Marine craftclassificationsare often useéhterchangeablypuch as ships, boats, vessels,
etc. Although these crafts operate in similar dynamic environments, differences such as size of the
craft and location of operations affect the model(s) that are valid for the craft. Fii8lseentions

a classification of crafts based on their maximum operating speeds uskrgtlde number
Ot —
QU P
5is t he c £isthea atceleratign ofegkhvity, ands the submerged length of the craft.
The Froude number helps determine whether the hydrostatic or hydrodynamic pressure dominates
the marine craft dynamics.The categories amummarized in Tablé below.The target USV is

classified as aemtdisplacement vessel of small to medium size.
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Tablel: Classifications ofnarine crafts based on Froude number.
Marine craft classifications Dominating force

Displacement vesse&(I @) Buoyancy force dominates relative to hydrodynamic for|

(i.e., added mass and damping).

Semidisplacement vessel Buoyancy force does nalominate at maximum operatin

(m ™ &I pdt pR) speed for submergediull crafts.

Hydrodynamic forces dominate and mainly carries the G

Planing vesse&(1 p8t p&) weight

2.2.2 Coordinate frames, SNAME convention, and marine craft degrees of freedom (DOF)

Marine crafts have 6 degrees of freedom (DOF): 3 degrees in translational meios, (X
y-axis, and zaxis of the craft) and 3 degrees in rotational motion (about the three translational
axes). To effectively describe the marine craft dynamics, Fdd8¢rdefines three coordinate
frames. The Eartbentered Eartfixed frame (ECEF) is a reference frame such that the origin is
fixed to the center of the Earth and the axes rotate with respect to the Earth. TREd$btbwn
frame (NED) isareferenceframrdec f i ned relative t o andaeomianr t h’ s
right-hancedcoordinate system usedthin the fields ofrobotics and navigatiol he xaxis points
to the North, the yaxis points to the East, and thexs points downwards towards thentar of
the Earth. Lastly, the boeljxed frame is a reference frame that is fixed to the marine craft where
the xaxis is the longitudinal axis facing from aft to fore, thaxys is the transversal axis facing
from port to starboard, and theaxis is tle axis normal to the marine craft facing downwards
towards the Eart h’compleietate ofthe craih’B oomhansunambigueus t h e
way, the SNAME[19] convention was established and defines motion in@DE. Figures4 and
S5below 1l1llustrate the reference coordinate fr
SNAME notation.Table2 defines the SNAME notation for marine crafthis work utilizes this

convention when describing the states of the target,@Specially in the data analysis section.
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Figure4: ECEF and NB reference frame€ CEF fr ame haf$e}’t barblsacawdrmpda saen df
reference frame hdke lowercasén}’ s ubscript.
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Figure5: Body-fixed frameof a marine craft witlmespect to the NED frame afwt planar motionThe
l owercase “{b} *fixedfnathéwcha tl e€s tthlee lboowky case “{n}” r1ep
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The black text are variables representing position and Euler angles for orientation. The blue text

represents translational and angular velocifgbe craftin their respective axekabelsfollow SNAME
notation.

Table2: Summary of SNAME notation.

Position
Body frame _ _ Forces and _
Motion type | and Euler| Velocity Motion name
axes Moments
angles
x-axis (Aft to Translational (0] O 8 Surge
fore) Angular N b + Roll
y-axis (Port to | Translational U O 9 Sway
starboardl Angular | N - Pitch
z-axis (Top to | Translational U X Heave
bottom) Angular O Yaw

2.2.3 Seakeeping andlaneuvering Theory

Before delving intomodernship dynamictheory, it is helpful to know what the two
traditionalship dynamic theorieareand the difference betweémem Seakeeping theostudies
themotion of marine craftusing a reference frame of a virtual craft moving eblastant course
and speedh the presence of wave excitatjancluding zero wave excitation (i.e., calm waters)
Themagnitude of theonstant speed and courssed in seakeeping theontie averagealueof
t he actual Modeisfdewed frorm seakeaping. theory alisear while nonlinear
models still need to be research®thneuvering theorys the study of marine craft motiomith
respect tahe bodyfixed frame (i.e., frame fixed to the marine cyafbhdalways assumezero
frequencywave excitation(i.e., calm water), a positive speg&dand representdiydrodynamic
effects as constant parametershgdrodynamic derivative®istinguishing these theories helps
with determining the typesf models available tthe designein theirsimplest fam, maneuvering
modelsare linear while nonlinear models aterived usingcrossflowdrag, quadratic damping,

and Taylofseries expansion.
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2.2.4 F o s s \eatdrialModel for Marine Craft

The conventionalé DOF differential equations of motioo describerigid body marine
craftmotion is describedh equationg below:

a6 vi v on i oAl anin @
Go 0f 61 @i 4 aAilnN eAnil @
Gv onovnaen n iR oifgn ©
oy 0 oni i Ao i/ 0 At /o
GO0 670N @0 0f 6F O

‘o) 0 0iAq R A0 A 10 ARiO
@@ o 0i on @O 6n VR D
@ 0 onnp A4 iA0 A4 A0 TARO
Gov 0/ 61 ®6 Vi R O G

Fossen’s greatest contribut i onwasrepregentieghef i ¢ 1 d
equations of motiom equationg in vector formas shown in equatiombelow:

I h F hh W o
where,

a ] T T aa aow .

I8 , * 1]

T a T aa T aw ,

1 7T T a aw aw T
11 ;o3 I3 v v, o, |’|h T

T ag aw (@) (@) (O2%

1

10 Q T aw O O O ,

uaw aow T O (@) o U
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In maneuvering theoryhydrodynamic forces are approximated by constant values called
hydrodynamic derivatived he three types of hydrodynamic forces the araft experience are:
added mass, added Corietisntripetalforces and damping. Added mass , is the force the
craft undergoes from the inertia of the water displaBeanping [, is a combination ofinear
potential damping, linear skin friction, and nonlinear skin frictipnand . are used to represent
linear and nonlinear damping respectiveydded Corioliscentripetalforces f , is similar to
added mass, but for the Corietisntripetal effects on the marine crafthese hydrodynamic

derivatives are shown in the following equations.
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AR AT A A S A AR
w O O O O o
= 1k . t * * (R X
|P o 0 O U v
1
B 0 0 0 0 0,
wo 0 0 0 0 0
v, o o o o o 1
ORI A A N AR A B
w O O O ® o -’-h
™ % o o o 0 o v
1
W 0 0 0 0 0
O 0 0 0 0 ou



re DY o VI By 5 VS Qs AU Bs8Yy,
1s P WsII s IS WsIR W Ws3I3y
10 s DS QDS B s VS QNS QNS ‘I%sgs':'ﬁ

T he ®s 055 DS Ogs DS Oggdis Ogsdis Ogsds ®
Wss DS DgsVS U5 s VS V55N VS U559,
Wss VS Uss VS U5 5 VS U558 U5 NS Ugs I
and,
ST GG
L L L @ .
T A
Foonm O T ® 0 pT
11O 1L ) ® L Yy
uow o T ® ny
where,
® WO WL OO0 dn W i
® ®O6 WL WL W ®n i
W W6 WL WL N R i
@ 06 VUL OO OR O/ OI
06 00 OO 0/ 0R Oi
@ 06 60 60 O0n 0 0i pp

Thehydrodynami¢hydrostatic, and external forcaxse vectorizeéndincluded into equation as

shownin equatiorp ¢oelow:

' B r by I p Fialp rhp o b W W W  pg

where the matriced , , r are the added mass, added Corioéstripetal, and damping

matrices that are summed with the rigpady terms.

To simplify the model, the assumptom Table 3 below are made with the effect of each

assumption describddllowed by the simplifications
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Table3: Assumptiongo simplify marine crafimodels These assumptions are not uncommon for

acatamaran vehicle like th&AM -V [18,20,21]

Assumption Meaning Translation in Equation
USVs only have horizontal Eliminates motion in the heav; 8 B
X T
motion. roll, and pitch directions.
USVs havehomogenous mag The products of inertia (i.e., of
distribution and symmetr| diagonal moment of inerti o O
L1
along the xzplane (surge an| terms in the inertia matrix) ar
heave plane). not considered
The origin of the bodyixed | Eliminates the Coriolis
frame coincides with the| centripetal effects associat:
center of mass with respect| with the bodyfixed origin being W T
the xzplane. of fset from t]
mass in the porstarboard axis.
These assumptiorssmplify equations(-p Tto the following forms:
a T T
il m & Aaw h po
m dw O
QO T T
4 Tt ® O pT
T w 0
T al awi
F Qi Tt m h p U
awi T L1
T T QL i
F T Tt WO P
WL i Wo T
W ”n I"ul"" ﬁ p X
I h g hh 4 h FRR rhh W W w Py
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Since it is difficult to distinguish the difference betweettdedCoriolis-centripetal and damping

terms,thesematricesare combined int@ne matrix of term$ r opor t i onal t o t

caledd . This idea also mitigates overparlkemet er i

terms are combined to further simplify the model, resulting in equati@n

Ih 4 hh wy w w P w

where,
SR I T ¢ T
Fh F F h ¢ p

and,
4 h Fh h8 ¢ G

Fosserprovides a set of practical models for ship motion, one of whictsécandorder model

based on modulus functions that describes the nonlinear ms propor t i onal

t

[

velocities.Thismodelisas i mp 1 i fi ed variation der iSmeedhisfrom N

model only keeps the most significant terms in the equdtimar damping and skin frictioare
neglected at higher spee#®ssen recommends using two differ@ainping models, one for lew
speed operations and one for hgpgeedperationsincluding both linear and quadratic damping
is importantas relyingonly on nonlineardamping can lead to oscillatory behavior at low speeds.
This is because linear damping is essential for ensuring exponential convergence itheero.

modeluses &l  of:

W s VS ] ML Wi
WL @i WO UgsWVS Ug s VS

This modelis the primary model used for the simulation and evaluation of thevaerdd WAM -
V in this work More maneuveringmodels are describedin Fosseirs handbook[18] and

comparison of maneuvering models arti@a].

29



2.2.5 Guidance, Navigation, and Control (GNC)

State

Estimation Gllgzes
> Trajectory Path Mission
Generation Planning Planning
p - - N
\ .
" Navigation ! Desired
: | Trajectory
| State Sensing | . J -
. | Observer Filters | ! \
| : : Control Controller I
| I
| Sensors | | Trajectory Command Motor |
\ (e.g., GPS, IMU) /l l\ Conversion Controllers :
N _ /
—— g =
usv Command
Motion Inputs
Forces & . AU
Moments i !
— ' Thrusters |
; e '
el

Figure6: GNC architecture for USVs describing roles of each subsystem.

GNC is a concept to compartmentalize the autonomous functionalities of a USV into three
subsystemsan example illustration is shown ligure6. The guidancesubsystem is responsible
for using the system’s state estimation from
the system’”s controller; it also doavibationwi t h |
subsystem uses sensor measurements@ndaor i knowledge of the syst
t he s ytate Ehestateof t he system is dependent on t he
relevant to the USV’s operations; for the scoj
U S V pase(i.e., position and orientation) andist (i.e., linear and angular velocities). The
control subsystem converts desired trajectory information from the guidance subsystem into

command inputs forthe systtnrs act uat ors wusing a control met:

30



Finding a suitable model to describe the USV’

navigation and control subsystems such as state estimation and model predictivgld&a8pl

2.3 Applications of System Identification Marine Crafts

2.3.1 Categoization of Existing Methods
Existing methodologies can be categorized into two main categaiedytical and
empirical methodsThevariousempirical methods can be broken down further into subcategories

blackbox, graybox, linear, andnonlineamrmethods.

2.3.2 Analytical Methods

The traditional analytical approach uses a PhlfiMtaptive model experiments to induce
known forces and momenénd perform specific maneuverato a scaled model of the system
within a controlled environmenDuring these maneuvers, teentrol inputsby the PMM, the
system’s state (i1i.e., linear, and angular velc
to determine the unknown hydrodynamic properties of the mathematical. mbeehodel is then
validated in simulation or experiments. Although captive model experiments can produce accurate
models, they are timeonsuminggcan be resourcefully expensjand need to be repeated if there

are anysignificantchanges to the system.

2.3.3 Empirical Methods

Therearea variety of empirical methodbsat canbe broken downfurtherinto categories
based onvhatmodelingtypethey are (i.e., blackox, graybox) andhe complexity of their output
models (i.e., linear or nonlinearfutoregressivewith exogenous inputmodels (i.e., ARX,
ARMAX) are methods that model the relationshi
its outputs but are constrained to linear systg§ Their nonlinear counterparts (i.e., NARX,
NARMAX) essentially follow the saméleg but for nonlinear systems. These autoregressive
methods require the designertodefimee t of mat hematical t-BOXx ms , mé
methodand susceptible to overfittingleural networks (NN) are bladdox models thataninfer
nonlinear behavior from datnd can have high performance of describing the system dysmamic
[25]. A subcategoryf NNs are physics informed neural networks (PINNs) which, as the name
implies, incorporatea priori knowledgento the training procesmaking this a light graypox
method.The drawbacks dioth NN methods are lack of physical interpretability in the made|
high computational co$t7,26] TheKoopmanoperator theoris a methodhatanalyzesonlinear
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dynamical systems usiran infinite dimensional representation in the observable (i.e., system
measurements) spal@¥]. Genetic programming is an evolutionary based algorithm that generates
models anctvolvest hem i n a “ s ur vi v.dHs metfiod cah model nonlimears t > f
systems but can also generate highly complex models that are susceptible to ov&éttuged

Order Modeling (ROM) has a family of methods suchPagper Orthogonal Decomposition
(POD),Dynamic Mode Decomposition (DMDEigensystem Realization Algorithm (ERA9nd

SINDy [27]. ROMs, as its name impliesaim to reducemodel complexity and descrildée
governingsystemwith only the most significanterms that dominatés dynamic behaviorin

general, blackbox modeling techniques can be used to model nonlinear systems with high
performance, but lack interpretability, can overfit the dataset, and are less computationally efficient
[28,29] The graybox methods hat i ncorporate a priori knowleoc
methods that do not have as much flexibility in how the terms are defined in the gevaehlly

more computationally efficientompared to blackox methods due to incorporating physical
knowledge andan vary ingenerated model complexit3INDy is a unique solution theanvary

its shade of graypox modeling by 1)allowing the designer to modify what potential terms are
available in the generated model and 2) allowing the designer to modify how sparse the generated
model can beThis modularity of SINDy balances model complexity with model performance and

at the same time, balances computational efficiefhis method is expined in more detail in

the next section.

2.4 Sparse ldentification of Nonlinear Dynamics (SINDy)
2.4.1 Main ldea

Determining nonlinear models of dynamical systems has always been a challenging
problem due to the complexity of the system and countless numbevds#is that can fit to the

system.The generic model for dynamicsystens is shownin equationg thelow[15,23,27]
o0 [Jeo QT

where® 0 is the timedependent state vector of the systemlimlaset offunctionsrelating the
stateto its time derivative.To describehow thes y s t e m’ s dyna mi citsstatevol ve
derivatives caeexpresseds the product of a matrix library full of candidatear anchonlinear

terms with amatrix of scalar valuesepresentinghe coefficients of the candidate terms
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Lis ani @ matrix containing thestate derivatives over timeis ani @ #natrix, and is ab @1
matrix wherel is the number of data samples collecied; the number of system states, &nd
is the number of terms in the candidate library functidre candidate terms matrix, contains
as many columns as necessary to represent all the requiredtéesufiiciently describe the
dynamics of the systenin example for awo-statesystemis,

O O 0w 0 Oows Ald

OO o b woxs Ald e

M [Th

P W
P W

The coefficients vector.g, is columnEof andis the same length as the number of columns in

to match the number of terms in the candidate library ma®iidDy exploits the fact that
dynamical systems typically only uaesubset of thpotentialcandidate termm their governing
models by attempting to find a dynamical model that balances model complexity (i.e., minimizing
the number of terms in the modelith modelaccuracy (i.e fit error to the measured datd he
SINDy algorithm accomplishes this by solving a sparse regression pribtevn as Sequentially
Thresholdeteast Squares (STLSQ)

Kg wl%Qw I% =I% C X

where gisthe optimal coefficients vectéor stateE and} is a sparsity promoting paramet€his
method minimizes the number of terms irg by iterativey performing least squares and

eliminating elements ofgbelow a given threshold valuthe algorithm is detailed if15,30,31]
The first term in the equation is the error between the measurement data and the inferred model
while the second term is the {r&gularized sparse regression term. The resutt iatarpretable

and generalizablmodel with decreased complexity represent the system

2.4.2 PySINDy

PySINDy is an opessource software package developed using the Python programming
language to givscientists, researchers, engineers, and other professionals in the field a set of tools
for datadriven modeling using the SINDy algorithfi30]. The software package includes

comprehensive tutorials and documentation, examples on how to use SINDy, and various
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optimization techniques to adhere to different types of dita. arse Relaxed Regularized
Regression (SR3)ptimizeris very similar in structure to the STLSQ optimizer describéhe

primary optimizer used in this work arldefined as:
Kg ol mﬁ%n&w kg _SB — K & Y

where Ris an auxiliary variabé used to relax the sparsity constr&iom being placed ont@and

t#is a parameter that controls tegengthof the sparsity pengl. This relaxaton extends the
purpose o5TLSQby allowing the option to incorporate physical constraints and trimming outliers
of corrupted dat§?8].

2.4.3 Application of SINDy
This workexplores the application of SINDy @acorded USV data to develop an effective
modelof a WAM-V. To have SINDy generate a modeidquantify its performane, this work
leverageP y S 1 ¥ dgdél framework whicbomes witha tool to initialize the candidate library
, anda builtin scoringfunction that usesY as the performancemetric.’Y , known asthe
coefficient of determinatio, measures how wetl model can predict new data by calculating the
proportion ofvariance that can be explained by the md@@l,33] This is calculated using

Equation 28.

. B
N )«
Ww P o cy
whereUis the reference datédi s t h e mo dantiWissthe average viatue of the data.
should be noted that is not bounded between 0 and 1 for nonlinear regression. Instefaolld
be interpreted as a value that describes howavalbdel describes the variance of the validation

dataset.

Bl anke’ s simplified vorders<naninear motfleds Nleseribedl iinn > s
Equatiors p yand¢ awvas used to dermine what terms should be included in the candidate library
and also used as a guidehelp the designer decide when SINDy is strugglinge¢aerate a
reasonablenodel (e.qg., if SINDy includeseseral nonsensical terms that atintuitive to the
designer)A training dataset is used to train SINDy whalevalidation dataset (i.e., data SINDy

has not seen) is used to score the maithl theY metric.
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3 Methodology

3.1 General Process

The general process on how PySINDy was used to determine the-WAM model i s :
simulate the dynamics of a WAM with system valuesisedin the Virtual RobotX[34], 2) use
PySINDy to generate a model on simulated tra:
against simulated validation data and then, 4) repeat the same procedure on experimental data
measured ora realworld WAM-V. The following subsections will detail PySINDy and the

simulation.

3.2 Understanding PySINDy
The package is supplemented with sevexaimpledynamic systems fahe end user to play

with such as the Lorenz system, which is the classicstasly system mentioned in many SINDy
papers. The Lorenz system is a chaotic, ndiitiensionalsystemdescribed by the following
equation:

W " oa ) @ ¢ w

a owru
whereA, m andr are constantsSince the nature of this system is chaotic, small changes in its
initial condition will cause significant differences in the deterministic results;ighiseful for
generating training and validation datasets to feed into the SINDy algofitiesoftware package
includes a variant of the Lorenz system to imitate the effects of control inputs affecting the
dynamics of the system. The modified Lorenz system is described as:
w , ® ® OEc

W wa W oT

a owrUu O
whereQrepresents time. This system is comparable to the WANRbdel described ip dbecause
both systemare threedimensionalODEs with control inputs. Since this system was already
heavily studied and has some similarities to the system of interest, a set of case studies were done
using equationg andao Ttbut subjected to conditions a real world system would experience such
as noise and environmental disturbances. This is done to establish a level of confidence in the

methodology. The test case studies are describ&dhle4.
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Table4: Lorenz model test cases

Test Case Numbe Description Purpose
_ Replicate results and establish known
1 Basic Lorenz model . _
baseline from literature
Lorenz model with Determine 1 f SINDy
2 additional unknown performance degrades with additional
coefficients coefficients involved
Replicate results and establish known
3 Lorenz with control baseline from literature for a system witl
control inputs
' | Inject noise into simulated data to determ
4 Lorenz model with noise
effects on SINDy
_ | Determine boost in model generation wh
Lorenz model with noise N _ _ _
5 . . . additional trajectories are provided to
andmultiple trajectories
SINDy

3.3 Lorenz Test Cases
This section will discuss the simulated test cases descrild@bia4 in more detail. Unless
specified in the test case descriptions, the default parameters for all simulated test cases will use:

A time series fron® mtoO ¢ = for training data an® mtoO 1 = for validation
data withA O 18t 1t geconds

f Aninitial condition of  fI W ¢ xfor training data and a random 1x3 integer array for
validation data

1 The same random seed valua of

1 100 generated models on the same data to perform statisticsdwteglmined model
Each test case will provide the following information:

1. Description of the test case and its results, including the true model, the generated SINDy

model , the standard devi attheWwalueof t he mod
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2. A figure of a trajectory to illustrate what the trajectory/trajectories look like in the
training dataset

3. A figure comparing the dynamics (i.e., computed derivatives) of a different trajectory
that represents the validation data again
system’”s dynamics

4, A figure comparing a different trajectory
trajectory. Note: very small differences
cumulate to significantly different results. Therefore, validation datatpoare
periodically fed back i1into the SINDy mode
update?”. This essentially 1llustrates how
system’s true trajectory before diverging

5. A box-andwhisker plot to illustrate the precision of the SINDy algorithm in its

determined model coefficients

3.3.1 Test Case 1: Basic Lorenz Model

This test case generates a single trajectory of the basic Lorenz modebfnation¢ wrlhe
update frequency used in this case for comparison with the validation data was once every 15
seconds. The model score for this case is a 1.00 indicating that the model describes the dynamics

of the validation data perfectly.

Table5showsac o mp a r i s o n undérlying lyanamic mederd the model SINDy

generated. The columns on the left arestla¢e derivatives like in the lefthand side of Equation

QT
Table5: True model vs SINDy model comparison for test case 1.
True Model SINDy Model
16 P piv P piv
) c@ oU c@ oU
a 2U c® ok oU ¢ ¥

Table 6 shows the standard deviation of thenerated modetoefficients amongst 100

generated model3his is to sha that SINDy consistently generatihe same coefficients.
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Table6: Standard deviation of the candidate terms in the generated model for test case 1.

P ) U U @ guU| QU| ® uu| «a
W T 1@ g TR T@I| 7@ TR TR M| TEU M| @
W T 1@ g TR @ TG TR I| T MT| TEU M| TE
o} T T8t 7@ TdTm TS| T@| TS| T@rn| mIgromw| mer n

Figure 7 illustrates a trajectory of the Lorenz systeanchaotic system that caenerate

vastly different trajectories from different initial conditionsed to train SINDy.

Training Data Trajectory

50
—— X _train
Pl _ y_tra.m
—— 2z train ’ ﬂ
30 -
\ |
@ 10 A\ |
£ ' | , Vi
WAV L[
0_
\"' \(\,1"' \'l”,\
~10 - \ A
o ‘ v ¥ | y i \
| ! \ | \ I |
_20_
0.'0 2.'5 5.'0 7.'5 10'.0 12'.5 15'.0 17'.5 20'.0
Time [s]

Figure7: Training data of a single trajectory for test case 1.
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Figure 8 shows thederivativese of the validation datasetompared to what the SINDy

model predicts.

SINDy Model Derivative Compared to Computed

D —
"
—— numerical derivative
—200 4 —-- model prediction
I. T T T T T T T T
Time [s]
500 4 —— numerical derivative
—-—- model prediction
. 0 1 YNV
=500 -
T T T T T T T T T
Time [s]
—— numerical derivative
500 - .
——- model prediction
Ty
D —
T T T T T T T T T
0 5 10 15 20 25 30 35 40
Time [5]

Figure8: SINDy model predicted dynami¢sed)vs computed dynamics from validation détack)for
test case 1.
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Figure 9 s h o ws

t he

gener at e ded $djestdryfromntbediritinl’ s s i

condition of the validation data compared to the validationtdaectory. Although thgenerated

modeld et er mi ne s

t he referencehemonmedék”’

coeifmubkact

from the validationdata atapproximately thel0 secondmark Mé&asurement updae are

simulated byesimulating the model at using the statthe blue dotss the initial condition.

SINDy Simulated Trajectories

20 1 ; 5
— true simulation
3¢ 04 — == model simulation
@ measurement update
(AN L B |
—20 - T T T T T T T T T
Time [s]
25 1 . .
— true simulation
=, 0 - - == model simulation
@ measurement update
1 b L] I
_25 -
T T T T T T T T T
Time [s]
A
40 — true simulation
ry === model simulation
20 ® measurement update
4 v
T T T T T T T T T
0 5 10 15 20 25 30 35 40
Time [5]

Figure9: SINDy model simulated trajecto(yed)vs validation data trajectoifplack)for test case IThe

simulationisct e d o n e

at t he blue marks to

40

emul ate a
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Figurel0shows éox-andwhisker plotof each term in the generated model to show its certainty.
All thetermshave very small to nonexistent boxes indicating very high certainty for all terms.

Case 1: Lorenz Model w/ Perfect Data

10 | =
x 01 —— —— —— —— ——
-10- i &= ‘ ' '
- x > N % % N S y, i
&=
20 1
>
01 — — — — — 2 — — ——
— N % i N N ) Y
=
U — —— — — —— —_— —_— —_—
-2 1 ——
‘ : T T
- x > N % 2 S g N “N

FigurelQ: Box-andwhisker plot for test case 1 where thaxis of each variable represents the variance
value, and the-axis are the candidate terms in the candidate library.

3.3.2 Test Case 2: Lorenz Model with extra coefficients
This test case generates a single trajectory of a modified Lorenz model from equation

that has a few extra coefficients in its model described in the following equation. This is to

determine the effect a model with higher c¢omp
W 0w o W

aQ Ol «

The generated model score was 0.99 which indicates SINDy generated a very strong model to

describe the dynamics of the validation data, although the model itself has terms included that are

not a part of the true model. This suggests the generated mogehauvertently associate

candidate ter ms t hat do not e X1 st in the tru

complexity i1increases due to i1insufficient traj

terms.
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Table7s hows a comparison of the “true” underl.y

generatedor test case .2There are additional terms with small coefficients includedhis

generated model.

Table7: True model vs SINDy model comparison for test case 2.

True Model SINDy Model
160 COD O ™ COD AP o p WH TWOU
@t @ U 18t @
&) ¢cP oUp@dd ¢y gUp@¢)
a U & o PSIPU cHW ™I @ ™M TH8Q

Table 8 shows the standard deviation of the generated model coefficients amongst 100
generated model€ompared to the standard deviations in test case fjetierated model is less

certainand varies slightly in the coefficients of the model terms.

Table8: Standard deviation of the candidate terms in the generated model for te&t case
p 7 U U @ guU| QU| o uu a

W | M8t T8 p| THULU | TAY TEITTY TET | TEC(TET] TAI TSP
W | T8 T o TMBIUP TEIC( TBT|TABP|TAPI]TAP(TWBTIUITL TETT
O | T8I M T TMINMUTEIo (TGO T8t ) T8 p | T G TEIT | T8I
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Figure 11 illustrates a trajectory of the systemith a modified number of coefficients.

Training Data Trajectory

— x train
25 1 y_train
—— Z train
20

15 ~

10 ~

A I

Position

T T T T
0.0 2.5 5.0 1.5 10.0 12.5 15.0 17.5 20.0
Time [5]

Figurell: Training data of a single trajectory for test case 2.
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Figure8 shows the derivatives of the validation dataset compared to what the SINDy
model predictsDespite the slight increase in uncertainty,deaerated model caredictthe

system dynamics in the validation dataset well.

SINDy Model Derivative Compared to Computed

04 [
x —1004 | _ o
—— numerical derivative
—200 —=- model prediction
T T T T T T T T T
Time [s]
—— numerical derivative
250 1 o
——- model prediction
e 04 v
=250 -
T T T T T T T T T
Time [s]
500 + —— numerical derivative
——- model prediction
w250
0 - r-
T T T T T T T T T
0 5 10 15 20 25 30 35 40
Time [5]

Figurel2 SINDy model predicted dynami¢sed)vs computed dynamics from validation détéack)for
test case 2.
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Figure 13 s h o ws t he generated SINDy model s s i
condition of the validation data compared to the validation data trajectory.

SINDy Simulated Trajectories

20 —— true simulation
¢ —=== model simulation
10 - w’_ - ® measurement update
T T T T T T T T T
Time [s]
20 1
— ftrue simulation
> 10 - ——- model simulation
f-‘ E ® measurement update
0 .
T T T T T T T T T
Time [s]
30 -~

— true simulation
NO20 A ® —=-_model simulation
@ measurement update

10 ~

0 5 10 15 20 25 30 35 40
Time [5]

Figure13: SINDy model simulated trajectofyed)vs validation data trajectoiplack)for test case 2.
The simulation i1is redone at the blue marks to e
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Figurel4shows a bosandwhisker plot of each term in the generated modedflectits certainty.
All terms have relatively high certainty except foe x term in thé equation

20
x 0 —— —— - —— —_— —— -
720 4
. x > N e S ¥ % N e
20
>
0 — — — — —_ — - —
— .
x > ™ b % X BN ¥ N
0 . — | — — . -
‘N
_2 4
-
- * > A e ) & BN 5 N

Figurel4: Box-andwhisker plot for test case 2 where thaxis of each variable represents the variance
value, and the-axis are the candidate terms in the candidate library.

3.3.3 Test Case 3: Lorenz Model with control inputs

Thistestc ase generates a single trajectory of
described in equatioa Twith the purpose of determining the impact a dynamic model with
controls has on the SINDy algorithm. Due to t
function of time, the magnitude of the output will increase over time. Therefore, the tisgederi
the validation data for this test case will endDato teeconds. The control functions are defined
as:

The generated model for this test case has a score of 0.99 and is very similar to the true model.
Although the model score and generated model are very similar, it should be noted that the
simulated trajectory for this test case diverges at a fasterhateptevious test cases. A faster

13

measurement rate” should be used for dynamic
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Table9s h o ws

generated for test caseAlditional terms for the control inputs are included.

comparison

of

t he

Table9: True model v$SINDy model comparison for test case 3.

“true

2

under 1y

True Model SINDy Model
160 P pty 6 p@ pt 6
W c@ ou C P QU
a U chH ol o gUGH W o

Table 10 shows the standard deviation of the generated model coefficients amongst 100

generated modelslotethe extra terms added into the table to account for the control inputs.

Tablel10: Standard deviation of the candidate terms in the generated model for te%t case

p %) U U 0 0 W @ U @U | & 8
W MNPsig | X&T TR pdtp | T | T TE M| T@| & 8
W TN T | M| 1P| TEM| THM| T TN v w T8 8
QT8N T TET PG | I PpPU [ TBINXP o | TETT| TS 8
o rrr P f

@ | o Uuu | W | W a |b | Wb 6 |60 | o
MmN @ @] T@N| TP T N 1@t n| 718t ndl 1 1l 7
WM @ T@n| @ TP T N 1@t 18| ndl 1 1l 7
Q|mrn mrm| ™| TMEN| G| NG| TGN TS| TS M| ™S 7 ST ™
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Figure 15 illustrates a trajectory of the system with control inp@tscause one of the

control inputs grows with time,they s t e m’ s trajectory steadily in

Training Data Trajectory

100 4 — x_train
—— y_train

Position

_75 -

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Time [s]

Figurel5: Training data of a single trajectory for test case 3.
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Figure 16 shows the derivatives of the validation dataset compared to what the SINDy
model predictsThe model predicts the validation data well despite the sysisponse growing

in the later portion of the time series

SINDy Model Derivative Compared to Computed

5004 —— numerical derivative |
——- model prediction | AT
= 0 1\r-'r—wvvvw' vy Vi I"'F" [ | it
—500 - '
T T T T T T T
Time [s]
25004 — numerical derivative
—-—- model prediction
= 0~ | Dl et a4t
—2500 4
T T T T T T T
Time [s]
2500 4 —— numerical derivative
- model prediction
N D i
—2500 4
T T T T T T T
0 5 10 15 20 25 30
Time [5]

Figurel6: SINDy model predicted dynami¢sed)vs computed dynamics from validation détéack)for
test case 3.
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Figurel7andFigurel9shovt he gener ated SINDy model s si
initial condition of the validation data compared to the validation data trajectbwy.only
difference between the two figures is the measurement update rate: the former having an update

rate of 15 seconds and the second having an update rate of 3 seconds for comparison.

SINDy Simulated Trajectories

1 R TINIVENTNAL LT
— true simulation
S 0 === model simulation
@ measurement update
O
—s0{ | | | |I ,”"""“".
Time [s]
100 4 TRl
—— true simulation
=, 0 - - == model simulation
® measurement update
~100 - J S
100 ~ N E EPSTISTII T |
— true simulation
r —==- model simulation
04 @ measurement update
e —
EIII 5I lID l|5 EID 2l5 3|D
Time [5]

Figurel7: SINDy model simulated trajectofyed)vs validation data trajectoiplack)for test case 3.
Measurement updates occur every 15 seconds.
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SINDy Simulated Trajectories

SD_ ' 1 b annuna wasnannddiniil
—— true simulation
x 0 ¥ —--- model simulation
e measurement update
_50_ T T T T . -I T -‘.'.-lllll
Time [1
100 4 . [ T |

—— true simulation
>  0- MW——— model simulation
L}

e measurement update

_IDU_ T T T T lI T "'Illll
Tima [<1
1001 —— true simulation
N W'MMM}\}”WW --- model simulation
01 e Mmeasurement update
0 5 10 15 20 25 30
Time [s]

Figurel18: SINDy model simulated trajectory (red) vs validation data trajectory (black) for test case 3.
Measurement updates occur every 3 seconds.
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The boxandwhisker plotof the model generated in test case 3 is shovAgare 19. All
possible terms have little to no boxes indicating high certainty.
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Figure19: Box-andwhisker plot for test case 3 where thaxis of each variable represents the variance
value, and the-axis are the candidate terms in the candidate library.

3.3.4 Test Case 4: Lorenz Model with noise
This test casgenerates a single trajectory of a Lorenz madetiescribed in equatignw
with additive Gaussiannoiseh e Gaus sian parameters chosen ar

mean and desired noise percent and expressed in the following equations.
t TAAQOO G
p ] ¢ € Wi
SIS DT
To display the impact noise has on the SINDy algorithm, an array of noise percentages ranging
from 1% to 100% was injected into the training data, fed into the algorithm, then plotted in a new
figure. Additionally, the same figure format presented in tlevipus test cases will include an
additional c o lnuomns et”’o -msohioswe 1l 1pabige tand.highioisewplots
will use data from 5% and 60% situations respectively. Thenloise model has a score of 1.00
despite discrepancies in the deteed coefficients whereas the highise model scored a 0.78
and vastly differs from the original model in both its derivatives and trajectory. The simulated

trajectories of the lomoise and highh o1 s e models diverge frym the
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much sooner. SINDy also has a higher uncertainty in the determined coefficients in both the low

noise and higimoise models as shown in the standard deviation tables arahbdevhisker plots.

2

TablellandTablel2s how a comparison of the “true ut
model SINDy generated fdhe low and highnoise levels respeaibly. The model generated for
thelownoi se case 1s ¢l os slightdiferandesin some coeffiCientmmdhee 1  w

high-noise case has larger, more significdifferences in its coefficientsncluding a large offset.

Table11: True model vs SINDy lowoise model comparison for test case 4.

True Model SINDy Model
160 P pil TBIp @ o
R ¢c@ oU MpcRY M¢ M@U
a BU c® o PO Y G MY MGUcd

Tablel2 True model vs SINDy highoise model comparison for test case 4.

True Model SINDy Model
160 P ptl ™pP W@ B p
&) ¢c@ ouU B wpgS (&Y
a U & o TBY T WU pdTp pHGU

Tables Table 13 and Table 14 show the standard deviat®mf the generated model
coefficients amongst 100 generated modi@the lownoise and higimoise models respectably

Both have relatively higher uncertaeg compared to previous test cases.

Tablel3: Standard deviation of the candidate terms in the generateddise model for test case 4.

p @ U U @ guU| QU | Uuu| a

() CPpp| M| TR X| T @| TWIT| BT TET| TBUT| BT TATT
() CR M| ™M@ ¢| T X| pP 1| TWI | TBUTT| p& TT TSI | T8 | T8 T
a T@Oo X®BT| UBTLT| TP ™ X| ™M WPPY [V Y | TEITT| T TT

Table14: Standard deviation of the candidate terms in the generatedbigg model for test case 4.
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FiguresFigure20 andFigure21l illustrate the lownoise and higimoise training datasets.
The lownoise data looks relatively familiar compared to previous test cases. Thedmsghdata

is extremely noisy andnreadable.

Low Noise Training Data Trajectory

— x train
— y_train
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Figure20: Training data of a lomoise trajectory for test case 4.
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Position

High Noise Training Data Trajectory

— x train
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Figure21: Training data of &igh-noise trajectory for test case 4.
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Figure22 andFigure 23 illustrate the derivatives of the validation dataset compared to
what the SINDy model predicté. noticeable difference between the two models iditha the

« equation the highnoise model appears to follow the trend, but not reach the same magnitude.

Low-Noise Model Derivative Compared to Computed
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Figure22: SINDy low-noise modepredicted dynamic&ed)vs computed dynamidblack)from
validation data for test cade
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High-Noise Model Derivative Compared to Computed
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Figure23: SINDy high-noise modepredicted dynamic&ed)vs computed dynamics from validation data
(black)for test casd.
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Figure24andFigure25s how t he generated SINDy model ’ s
initial condition of the validation data compared to the validation data trajedtioeylownoise
model has a similar behavior to test case 3 where the model diverges from the validation data
trajectory butfollows it again for a short period of time after a measurement uptagehigh
noise model shows some instability in tlistate as it looks like it explodés value before

resetting at the measurement update.

Low-Noise Simulated Trajectories

20 4 . .
—— ftrue simulation
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Figure24: SINDy low-noisemodel simulated trajectorfyed) vs validationdatatrajectory(black) for test
cased. A measurement update occurs every 15 seconds t
at that time.
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High-Noise Simulated Trajectories

25
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Figure25: SINDy low-noisemodel simulated trajectoifyed)vs validationdatatrajectory(black)for test
cassed.A measurement update occurs every 15 seconds t
at that time.
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The boxandwhisker plots for the lowoise and higimoise cases are shownkigure26
andFigure27. Both models showariancedor thesimilar terms, but the highoise model has a

larger variance.

Case 4: Lorenz Model w/ Low-Noise
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Figure26: Box-andwhisker plot for the lownoise model in test case 4 where thexis of each variable
represents the variance value, and taxis are the candidate terms in the candidate library.

Case 4: Lorenz Model w/ High-Noise
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Figure27: Box-andwhisker plot for the higimoise model in test case 4 where thaxis of each variable
represents the variance value, and taxis are the candidate terms in the candidate library.
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Figure 28 shows a general pattern §f decreasing as noise percentage increases. The noise
percentages used for this figure ranged from 1% to 100% with an increment of 1%. To determine

the statistical average of this relationship, the following process was accomplished:

1. 20 random training trajectories were generated and used to train SINDy.

2. SINDy was configured to generate 100 models from the 20 random training trajectories.

3. The median coefficient values of the 100 generated models were used for the
calculations (e.g., SINDy generates 100 coefficients fowaterm in the generated
models, then the mediamvalue of the 100 coefficients were used). The median was used
as 1t would not be affected by any outlier
model ”.

4. The'Y value of the median SINDy model was calculated for all 50 validation trajectories,

then averaged.

(13

The averaged t r end has random spikes” that occur
increasing the number of validation trajectories does not change the results (i.e., validating against
100 validation trajectories st ilsicchholicsnatyregyi ke s )
it’s possible that SINDy may mistakenly conve
the dynamics of the Lorenz system well. Therefore, this same process is repeated for the analytical

WAM -V model in Sectiord.1.4
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SINDy Model Score vs. Noise Percent
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Figure28 SINDy model score vs. noise percenta@blDy generate400 models from training on 20

trajectoriesThemedian coefficient values of the 16bdebareu s e d t o make a “medi an
This median SINDy modé$ crossvalidated againdiO validation trajectorie® determine maverageY
value.

3.3.5 Conclusions
These test cases 1llustrate SINDy’s capabilit

1 reproduce the coefficients of a known dynamic model given a single trajectory of a perfect,
no-noise simulation data from a 3 DoF model with high certainty,

1 reproduce the coefficients of a known dynamic model that has extra coefficients embedded
within its model structure and with control inputs given a single trajectory,

1 generate a model that, depending on the application, is reasonably accurate despite

b

diverging from the known dynamic model s s
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4 Simulation

4.1 WAM-V Simulation
4.1.1 Dynamic Model

Thesecondorder modulusnodelshown earlier in equatiosip e ds chosen fothis work
asitfitsnicelywi t h S 1 NDy ’ sredpcedrofger (3DoF)iand nankinear teans is used
to simulate the WAMV. A combination of &azebo basesimulabr [34,36]and a custom python
based simulator were ustmxt this work Thesamenertial and hydrodynamic propertie®re used
for each type of simulatioiThe Gazebebased model uses 6DoF modelbased on the same

model structure ifEquationp ywhere
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This is modified tdoea 3 DoF model for this simulation.
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Theparameters usddr this modebresummarized ifMablel5. Parameters not mentioned

were set to 0.

Tablel5: Parameters used for the model simulation.

Hydrodynamic Coefficient Value
| pYEE
(@) pcEECA
@ pTI
@ p T
@ p T
0 Y1
Wss pu T
Ws s pTT
0 ss LRl

Similar to the Lorenz test cases in section 4.1, this sectiorpredient data and plots on clean
simulated data, then simulated data with injectetse, then simulated data with injected noise

and environmental disturbances.

4.1.2 Maneuvers

One crucial component gimulating and collecting data to ensure thenaneuversione for
the dataset collectiosufficiently capturethe dynamics of the system. For example, if the entire
datasebnly contained straight line maneuvers, the only dynamics that cerfelpeed from the
dataset are the dynamics associated with surge motion; nonentdnieevers in the dataseduld
contain any information associated with sway and yaw motion. Therefore, the maneuvers chosen
for this work include a combination of straighte and turninecircle maneuver®f varying
magnitudesStraightline maneuvers ar@cluded to induce a force in the surge axis of the craft
while turningcircle maneuvers are meantinduce a yaw and sway force onto the di&if;38].
Zig-zagmaneuvers are not explicitly statedre butare somewhat captured in the turnuiccle
maneuvers for this test when tigferencebetween the differential command thrustisrsmall
(i.e., 100%on port thrusteto 20% on starboard thruster). Since theing-circle maneuvers in
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this work alternate the thruster command inputs twice (as described in the following section), this
captures much of the yadynamics of the craft maneuverability. Spiral maneuvers are not
considered in thigzork butare a notable interesting maneuver to consider for funpeovements

in validating generated SINDy models.

Since he command input® the thrusterarebounded by the maximuthrustthe simulated
system can outpuand representeds the command inputs of the system frori00% the
formating to describe with maneuver andrhatmagnitude are done for a trajectoryapresented
as “port starboard” commandaimpneéeunven theel sd s
meansthe commanded thrust values to thert and starboarthrusters are both at 100f4r the
duration of the maneuver which implies the system is doing a stiaghthaneuver. On the other
hand,amaneuveri t 1 ed “100_ 50” means the commanded th
the trajectory which implies the system performs a turning circle maneuVke maneuver
formatting is summarizenh the following tableThe command inputs fahe port and starboard

thrusters are defined as andoé respectivelyin thefollowing sections and for the rest of

this thesigOis the typical variable used in statpace models to represent inpulédtably, this
does cause potential confusion between the surge vefddiyt the reader should remain aware

of the distinct difference.

Tablel6: Maneuverformatting descriptions.

Maneuver Typeg Format | Description

1. m1 O us The systentcommandP into port and
starboard thrusters

o 2. v O o ™ The systencommandsXb to port and

Straightline 8p _8b
starboard thrusters

3. ot O 1 @ Thesystemcommands 0% to port ar]

starboard thrusters

1. T o vO The system commands 0% into port
starboard thrusters.

Turning Circle | 8p 9P 2.0 O p M The system commands 100% into p

andstarboard thrusters to bring the system to a ste

state straighltine motion.
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3. pt O ¢ @ The system command into port
and9b into starboard thrusters to induce a turn
circle motion.

4. ¢t O o 1@ The system command® into port
and8pP into starboard thisters to cause the system
flip rotation direction.

5. 0 O 1 @ The system command® into port
and9b into starboard thrustets cause the system
rotatein its initial direction.

6. Tt O T @ The system commands 0% into port 4
starboard thrusters.

4.1.3 Clean Data
Only a subset of thgenerated simulatiotata( i . e .

2 13

, a “fast , sl ow”,
dataset)will be shownfor concisenesd.ike the Lorenz test cases, this section will display a
generated trajectory (i.eraining data)thegere r at ed S I NDy model compar e d
the truderivatveserbss a1 i dated with the SINDy model
model’s tr-spbctdoeat gdcwos h simdlated tRjecddiySyl Niibyd’esl nso d e 1
score forthe training datasein the table belovis 0.98

Tablel7is a comparison of the model SINDy generated versus the known oszakto

create the simulated WAN data.

Tablel17: True model vs SINDy model comparison for no noise WXMata.

True Model SINDy Model
6 | T Y@ T i pdt u@O ™ O @ xaw edt v@O
T8t pG; T8t P& T8l p T8I PG
T8t p&g
0 OO ™ @ ™ @D T TPO 1 e
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Figure 29 is aplot of the simulated WAM/ data. The subtitle for each subpldgie.,
“100  dasowellay théottomleft plot indicates this is atraightline maneuver where 100%
command inputs are sent to both port and starboard thruBbtersvo plots in the top row both
show pose (i.e., position and orientation) data of a strdight The command input thrust
percentages in the bottom left plbas starboard scommandinput overlapped atop port
command’s i npVdts. (i.8hlisearWndMngular velocities) data is plotted in the
bottom right plot and shows the WAM acceleratingn the xaxis with respect to its boelyxed
frame. The WAM-V surges forward with increasing speedntil it hits steady statat about 7
secondsthen decelerates at the 30 second mark which is also when the command inpgetalues

to zero. The sway and yaw are at their zeros respectively as expected.

NED for Maneuver: 100_100 Pose vs. Time: 100_100
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Figure29: Pose, twist, andommand inputs diaststraightline maneuvegoing forward Top-left is the
position data in the NED coordinate from where the initial position is the originrigpis the pos
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(i.e., position and orientatiomjata versus time. Bottoteft contains the command inputsboth port and
starboard thrusteis percentagegersus timeThe bottorright is thetwist (i.e., linear and angular
velocities) data versus time.

Figure3O0illustrates a straigHine maneuver at a moderate speaith command inputs of
50%for both port and starboard thrusteféie subplots of this figure is very similar to thgh-
speedstraightline maneuverbut at a decreased magnitfdey., steadystate surge iat a smaller

value, WAMV does not travel as far)
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Figure30: Pose, twist, and command inputs of moderate striiighimaneuver goinfprward.
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Like the previous two figures, the slastraightline maneuver shown iRigure31 has the

sameshape and appearance in the subplots with a smaller magiiheleommand thrust input

for this maneuver is 20% for both port and starboard thrusters.
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Figure31: Pose, twist, and command inputs of a slow strdightmaneuver going forward.
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Figure32 illustrates a turningircle maneuver at a high speed with alternating command

inputs of 100% and90% for both port and starboard thrusters. The negative value indicates the

thruster isoperating in the reverse directidfirst, the WAMYV surges forwardh a straight line,

thenstarts turning at the 10 second mark. The port command thrust remains at 100% while the

starboard switches t80%. This is reflecteth thepose plots where the northing value decreases,

the easting value increases, and the heading value increases following the NED conitdstion.

also reflected in the twist plot as indicated by the time when the command inputs switch te 100% _

90%at 10 seconds, the WAM ° s
all of which are expected following tlW¢AM-V ° s
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Figure32 Pose, twist, and command inputs dfigh-speedurning circlemaneuve Top-left is the
position data in the NED coordinate from where the initial position is the originriglbipis the pose
(i.e., position and orientation) data versus time. Botf@itncontains the command inputs to both port and
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starboard thrusters in percentages versus time. The bagbtrs the twist (i.e., linear and angular
velocities) data versus time.

Figure 33 illustrates a turningircle maneuver at a moderate speed with alternating
command inputs of 100% and 0% for the port and starboard thruBtermain differences to
notice are in the twist ploDue to a slower turning rate, the surge value does not decraaselas

and the swayalue increased in magnitude compared to the fast tugiioig maneuver.
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Figure33: Pose, twist, and command inputs ghaderatespeedurning circlemaneuve
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Figure34 shows the WAMV ’ s

p o s e command imputs fora slakpeed turning

circle maneuverln contrast to the previous two turniegcle maneuvers, thisvist shows surge

reaching a steadstate value as the WAM barely turnsTheplotted yaw valuearedeceptively

large in magnitude, but this is only due to yaw having a sepaiates yn the rightand side of

the twist plot.The yawvalues range about 0.03 radians pesecond.
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Figure34: Pose, twist, and command inputs dba-speedurning circlemaneuve.
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Figure 35 below illustrateshe model derivatives of the validation datet compared to
what the SINDy model predictser a straighine maneuverThe straighine maneuver used in
this plot has90% command inputs for both port and starboard thrusters as indicated by the plot
title. The top two plots, essentially representing acceleration in the x and wigixesspect to the
body-fixed frame,have expected results since the WAMshould accelerate forward until it
reaches steadstate at the 5 second mark, trdacelerate at the 30 second mark. Inyie rate
plot at the bottom, there are two noticeable spass®ciated with the acceleration and deceleration
portions of the maneuvethis could make sensm a realworld system where the port and
starboard thrusters may not be perfectly synchronized and cause slight turns, but not for a
simulation. It’s more likely SINDy inferred a
for the yaw rate equation and included a surge term with a low wieighé geneated model.
Although this is notvhat we would expect, its impact is minimal as shown by the magnitude of
the yaw rate and the simulated trajectories in the following figures. This aligns withtht he s i s ’
goal ofdeterminingan “ef fective” model instead of a “tr

SINDy Model vs. Validation Data for trial 90 90
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Figure35: SINDy model derivative predictiofred)vs validationdata derivative(black)for straightline
maneuvemwith 90% command input thrusts for port and starboard thrusters
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Figure36 below illustrates the model derivative®f the validation dataset compared to
what the SINDy model predicts for a turningicle maneuver. The turnirgrcle maneuver used
in this plothas alternating 100% an80% command inputs for port and starboard thrusters as
indicated by the plot titleThe model fits the computada n ¢ u degivatives well in all three
plots. Comparing the plot here versus the straigliie plot above shows that the model does
describe the yaw dynamics effectively for higbpeeds bubhas minor discrepancies at very low

turning rates.

SINDy Model vs. Validation Data for trial 100 -80
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Figure36: SINDy model derivative predictiofred)vs validationdata derivativéblack)for turning-circle
maneuver
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Figure37 below illustratesthg e ner at ed SI NDy model’s simul
against the wvalidat i on-lingmaneuvetwith sommandthrustinpub r y f
values of 90% for both port and starboard thrusiene modelooks very accurate for theurge
plot (top plot). The sway and yaw plots (middle and bottom respectively) have very slight
discrepancies as indicated by the diverged values from the validation datasemplies that
SINDy included a surge component in these equations that do not significantly contribute to the

dynamics of thee states.

SINDy Model vs. Validation Data for trial 90 90
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Figure372 ST NDy mode l ’ s (red)varsus walidatidn dataset jrajectaryqhblagk) for a
straightline maneuvewith 90% command inpuisto the port and starboard thrusters
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Figure38illustratestheS I NDy model ’ s

datase ° s tr aj e ct oresultsin Figuredb, 1 atrh et oS ItNiDey mo de | °’

b

describes t he validation dataset S

dynamics involved.

SINDy Model vs. Validation Data for trial 100 -80
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Figure38: SINDy model trajectory simulatiofred)vs validation datgblack) turningcircle maneuver
trajectory

4.1.4 Noise Injected Data
A zeromeanGaussian noiswith varying standard deviation dependent on desigse

percentage and expectececisionof realworld measurements added to simulated data

® 0 mh,
. ¢ ¢ Wi

77



For example, if the worst expectebcisionfor position measurements from GPS sensoris,
thento simulatea 100% noise percentage would metmhave aditive Gaussian noise with
standard deviation gii . The followingtable summarizes what noise percentaayetexpected

precision were used for the simulation.

Tablel8: Expected precision and noise percentages of simulated noise data.

B [ [ [ [ v [

Precision (£)| 0.01 m | 0.01 m | 0.02 deg| 0.02 m/s| 0.007 m/s| 0.005 deg/

Noise

1% 5% 10% 25% 50% 75%
Percentages

Threenoise percentages will tenalyzed in this sectiora low-noise level (i.e., 1%), a
moderatenoise leveli.e., 10%) and a highoise leveli.e., 100%)Themodel scores for thew-
, moderate and high noise cases a®98,0.21 and ¢® Yespectively.The highnoise model
has anumericallyunstablemodel, thus, this model witlot have a trajectory analyg#ot for the

turning circle maneuver

Tablel9, Table20, andTable21 compare the known model used to simulate the WWAM
with the SINDy generated model on the lpwoderate and highnoise cases respectively. The
general trends higher noise levels results in higher model complexity with more t@nohg&arger
coefficientsintroduced into the modeMore termsin the modelcan lead to higher error in the
model derivative predictions and simulatiomkereas higher coefficient values and increase the

term’>s 1 mpact on the model’s states

Table19: True model vs SINDy lomoise model comparison.

True Model SINDy Low Noise
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Table20: True model vs SINDy moderatmise model comparison.
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Table21: True model vs SINDy highoise model comparison.
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Figure 39 and Figure 40 show the SINDylow-noise mo d e derivative predictions
compared to the wvalidat i toma stdaigminesaad tirnineciccle mp ut e d

maneuver. Similar to theo-noisecase, thee are small discrepancies in the sway and yaw state

derivativesdue to SINDyinputtingsurge termshat have very small impaoh the sway and yaw

dynamics.

SINDy Model vs. Validation Data for trial 90 90
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Figure39: SINDy low-noisemodel derivative prediction (red¥ validationdata derivatives (black) for
straightline maneuver with 90% command input thrusts for port and starboard thrusters
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SINDy Model vs. Validation Data for trial 100 -80
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Figure40: SINDy low-noise model derivative prediction (redj validationdata derivatives (black) for
turning-circle maneuver witllternating 10% and-80% command input thrusts for port and starboard
thrusters
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b

Figure 41 and Figure 42 illustrates the SINDy moderateo i s e model ’ s de
predictions compared to the wvalidat-ineand dat as
turning-circle maneuver. The small discrepancies from the-rloige caseare growing in
amplitude and the moderat®ise modehas some noticeabégrorswith the computed derivatives
of the validation datagspeciallyin the sway state for the turniwycle maneuverFrom the
general trend seen in the model evaluation ab®iDy will introduce more terms with higher
coefficientsnto the generated model which will have a larger impact on the derivatives. Therefore,

a large error should be expected in the mglse case.

SINDy Model vs. Validation Data for trial 90 90
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Figure41: SINDy moderatenoise model derivative prediction (redj validationdata derivatives (black)
for straightline maneuver with 90% command input thrusts for port and starboard thrusters
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SINDy Model vs. Validation Data for trial 100 -80
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Figure42: SINDy moderatenoise model derivative prediction (redj validationdata derivatives (black)
for turningcircle maneuvewith alternating 100% and0% command input thrusts for port and
starboard thrusters
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Figure43 andFigure44 illustrates the SINDyhighhn 0 i s e model >s derivat
compared to the wvalidation da tlinesaadttdrninecitcle mp ut e d
maneuver.As expected, the error is larger than the moderaigee case asdicated bythe
magnitudeo f t he model s predictions (-inemaneuvetihe s wa
about 5 times larger than th@deratenoise case) and does not align with the validation data for

some states at althe only shared common denominasthe timings of the control inputs.

SINDy Model vs. Validation Data for trial 90 90
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Figure43: SINDy high-noise model derivative prediction (redj validationdata derivatives (black) for
straightline maneuver with 90% command inphtusts for port and starboard thrusters
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SINDy Model vs. Validation Data for trial 100 -80
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Figure44: SINDy high-noise model derivative prediction (red) vs validation data derivatives (black) for
turning-circle maneuver with alternating 100% a®0% command input thrusts for port and starboard
thrusters.
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Figure 45 and Figure 46 illustrates the SINDy low o i s ¢

compared

t o

t he validation

b

model S

simul a

dsimilasi te the nerwisetcasa j e ¢t o

where the only discrepancies aegligible based on the magnitude of the errors.

SINDy Model vs. Validation Data for trial 90 90
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Figure45 SINDylown oi se model ’s simulated trajectory

for the straighline maneuver with 90% command inputs on the port and starboard thrusters.
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SINDy Model vs. Validation Data for trial 100 -80
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Figure46: SINDy lown o i s e
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for the turningcircle maneuver with alternating 100% a88% command inputs into the port and

starboard thrusters.
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Figure47andFigure48illustrates the SINDy moderaieo i s ¢

compared to the

model ’ s simul a

v a |l i drearemoticeableersorsdue to SINDy indudingj ¢ c t o 1

extra terms that are not a part of the underlying system dynahhiesargest discrepancies are

seen in the turningircle maneuverparticularly the surge and sway states.

SINDy Model vs. Validation Data for trial 90 90
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Figured47. SINDy moderatmm 0 i s ¢ model ’s simulated trajectory (r

(black) for the straighline maneuvewith 90% command inputs into the port and starboard thrusters
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SINDy Model vs. Validation Data for trial 100 -80

1 - —— groundtruth
W ——- model simulation
E,l —
=
T T
—— groundtruth
Y po- ; ——= model simulation
E ' ) \\‘ Pt
= - g#
'\-u._‘_‘I -
_.[]2 — T
T T
0.25 1
v
T 0.00 A
e — groundtruth
- —0.25 4 ——= model simulation
I I I I )
0 10 20 30 40

Time

Figure48 SINDy moderatenoise modesimulated trajectoryred) vs validation dataajectory(black)
for turningcircle maneuver with alternating 100% aB88% command input thrusts for port and
starboard thrusters.
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Figure49illustrates the SINDy high 0 i s ¢ model”’

validation d aThetesisconly the straighing maneuver bgcause the model is not

S

simul ated

numerically stable to simulate tharning-circle maneuver. The surge and sway phitsulated

trajectories immediately diverge from the validation trajectory and do not resemble it in any way.

The magnitude of the yastate is negligible.

SINDy Model vs. Validation Data for trial 90 90
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Figure49: SINDy highn o i s e model s simulated

(black) for the 90%90% straighine maneuver.

Lastly, to illustrate the relationship betwe¥nand noise percentages, a procedure similar

to section3.3.4 was accomplished here. The difference is only 6 training trajectories, and 6

trajectory

validation trajectories were used to determine the trend (i.e., a nngiderate and lowspeed

trajectory per maneuver type in the training and validation sets). The resubtws inFigure50

below. These results are much more consistent compared to the occasional randomfpgikes in

28.
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SINDy Model Score vs. Noise Percent
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Figure 50: SINDy model score vs. noise percentag@\NDy generates 100 models from 6 training
trajectories (i.e., a highmoderate and lowspeed trajectory for straigline and turninggircle maneuvers).

(13

Themedian coefficient values of the 16bdesareu s e d t o make a median SINDy
SINDy modelis crossvalidated again$d validation trajectorie® determine maverageY value.

4.1.5 Filtered Noise

This section looks at using a Kalman fil&s adenoising strategprior to generating a
model with SINDy[35]. To see the general improvements of this idea, the same moderate and
high noise situatiosin 4.1.4are used herghe lownoise case ismittedsince it ha results similar
to the nenoise caserThe’Y model scoreéhe moderataoisecase improved frord.21 to 0.81 and

the high noise case from¢® Uio 0.56.

Table22 and Table 23 compares the generated SINDy model with khewn WAM-V

model.Both models have additionedrms included in their generated models, most of which have
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small coefficientsAs shown in the previous section, the l@ghoisemodelhas additional terms

with larger coefficients.

Table22: True model vs SINDy filtered moderat®ise model comparison.

True Model SINDy Moderate Noise
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Table23: True model vs SINDfiltered highnoise model comparison

True Model SINDy High Noise
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Figure51 andFigure52 plot thepose, twist, and command inputs of thederatenoise
level data for the straighiine and turning circle maneuvers respectivélye pose versus time plot
(top-right) and twist versus time plot (bottenght) have the noisy and filtered dagkotted. All
fillered data are dashed lines to highlignow the filtered data fit against the noisy data. The
magentacoloreddots representing heading in the-taght plot for the straighline maneuver may

look misleadingly large, but it has a separasegle on the right side of the plaith low values
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Figure51: Pose, twist, and command inputgiod lownoisestraightline maneuver witf®0% command
inputs to both port and starboard thrust@igp-left is the position data in the NED coordinate from where
the initial position is the origin. Tepght is the pose (i.e., position and orientatinajsy data and filtered
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dataversus time. BottorAteft contains the command inputs to both port and starboard thrusters in
percentages versus time. The botidght is the twist (i.e., linear and angular velocities) data versus time.
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Figure52 Pose, twist, and command inputghd lownoiseturning-circle maneuvemith alternating
100% and80% command thrust inputs into the port and starboard thrustgrdeft is the position data
in the NED coordinate from where the initial position is the origin.-fight is the pose (i.e., position and
orientation) data versus time. Bottdeit contains the command inputs to both port and starboard
thrusters in peentages versus time. The bottaight is the twist (i.e., linear and angular velocitida)a
versus time.
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FiguresFigure53andFigure54 plot the pose, twist, and command inputs oftigg+noise
level data for the straigiine and turning circle maneuvers respectivélye pose and twist plots

have noticeably more variance in the state data, even after filtering.
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Figure53: Pose, twist, and command inputs of tigh-noisestraightline maneuver witt90% command
thrust inputs into the port and starboard thrusters.
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Pose vs. Time: 100 _-80
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Figure54: Pose, twist, and command inputs of the iglse turningcircle maneuver witlalternating
100% and80% command thrust inputs into the port and starboard thrusters.



Figure 55 and Figure 56 illustrate the SINDyfiltered moderatenoisemodel derivatives
predictioncomparedo the computed derivatives of the validation datbwahe straighine and
turning-circle maneuvers respectivelyhe SINDy model follows the behaviof the validation
dataset butioes not reach the same magnitublee noticeable discrepancies of thandi plots
in the straighline maneuver figurare negligible from their magnitudes. The source of these
discrepanciess suspected to come from the small coefficients of the extra terms in the model that
have very little impact on the responBased on these plots, this model is expected to perform

well in the trajectory analysis.

SINDy Model vs. Validation Data for trial 90_90
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Figure55: SINDy moderatenoise model derivative prediction (redj validationdata derivatives (black)
for straightline maneuver with 90% command input thrusts for port and starboard thrusters
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SINDy Model vs. Validation Data for trial 100 -80
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Figure56: SINDy moderatenoise model derivative prediction (redj validationdata derivatives (black)
for turningcircle maneuver with alternating 100% a80% command input thrusts for port and
starboard thrusters
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Figure 57 and Figure 58 illustrate the SINDy filteredhigh-noise model derivatives
prediction compared to the computed derivatives of the validation dataset for the-$itraight

turning-circle maneuvers respectivelgompared to the highoisemodel in4.1.4 theseresults
s predictions ¢hétrends efthealidatione de r i

2

are much betteThemo d e 1
dataset more closely wherghg unfiltered dataseloes not seem to follow the trend at all. This

explains theY value increase fror2.18 to 0.58.

SINDy Model vs. Validation Data for trial 90_90
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Figure57: SINDy high-noise model derivative prediction (redj validationdata derivatives (black) for
straightline maneuver with 90% command input thrusts for port and starboard thrusters
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SINDy Model vs. Validation Data for trial 100 -80
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Figure58: SINDy high-noise model derivative prediction (redj validationdata derivatives (black) for
turning-circle maneuver with alternating 100% a88% command input thrusts for port and starboard
thrusters
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Figure 59 and Figure 60 illustrate the SINDy filterednoderatenoise model trajectory
simulationcompared to the validation dataset for the straigletand turninecircle maneuvers
respectivelyThe filtered moderataoise model simulates the trajectory of the system well for the
straightline and turninecircle maneuvers as shown the shape of the plots in both figurése
discrepancies have small magnitudes and are expected to come from additional terms in the
generated model. There also appears talséght I:secondd e ] ay in the genera
simulation, particularly in th@cceleration rad deceleration portion of thgurge plots of both
maneuvers and the ygvot of the turningcircle maneuver.

SINDy Model vs. Validation Data for trial 90_80
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Figure59: SINDy moderaten 0 i s e model ’s simulated trajectory (r
(black) for the straighline maneuver with 90% command inputs into the port and starboard thrusters.
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SINDy Model vs. Validation Data for trial 100 -80
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Figure60: SINDy moderatenoise modesimulated trajectoryred) vs validation dataajectory(black)
for turningcircle maneuver with alternating 100% a80% command input thrusts for port and
starboard thrusters.
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Figure 61 and Figure 62 illustrate the SINDy filteredhigh-noise model trajectory

simulationcompared to the validation dataset for the straigletand turninecircle maneuvers

respectivelyThe surge of the straighine maneuveand the yaw of the turningrcle maneuver

looks comparablés moderatenoise counterpart3.he sway plot of the straigiihe maneuver is

noticeably larger in magnitudehich can be a result of one of the surge dependent components in
the generated model for the sway equation.nhtbed ¢ 1 * s

turning-circle maneuver does not aligntlwthe validation data as nicely as the filtered moderate

simul ation

noise case.
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SINDy Model vs. Validation Data for trial 100 -80
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Figure62 SINDy moderatenoise modesimulated trajectoryred) vs validation dataajectory(black)
for turningcircle maneuver with alternating 100% a80% command inpuhrusts for port and

4.1.6 Conclusios

This section highlights

9 SINDy "’ s

starboard thrusters

capability to

state data of a simulated WAM doing straightline and turninecircle maneuvers

T SINDy"’ s
filtering

1 Thesi gni ficant

to training SINDy

capabil i tyodelin thecface of donwose date Witkoutt i v

improvement 1in SINDy’s
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5 Experiment

5.1.1 Systemand Sensor @hfiguration

Wireless Comms

Figure63: Callout of WAM-V and its subsystems.
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Figure 63 shows he WAM-V fitted with several components to control and observe its states.
These components are summarizetiable24 with what subsystem they belong to, their models,
purposes, and update ratAd.raw sensor and control data were recorded for processing offline.
A Kalman filter wasused to filter the sensor noise similatiie WAM-V simulation analysig¢.1.5

after data collection.

Table24: WAM-V Equipment Summary

Update Rate
Subsystem Item Model Purpose

(Hz)
Minn Kota Provide thrust to contro
Control Thrusters o 5
Riptide WAM -V
GPS ZED-F9P Measure position 10
Sensing Measureangular
IMU Redshift UM7 velocities and 20
accelerations
_ Ubiquiti Rocket | Transmit and receive da
Comms Transceiver . ) 5G
Prism from base station
Run computationally
Computer Intel Nuc _ N/A
Onboard expensive tasks
Computing | Arduino MEGA Low level hardware
Microcontrollers N/A
2560 control and managemer

5.1.2 Environment
The experiment was conductedMpril 25, 2023 at approximately 12:2®on.There was

a moderate wind and current to disturb the sysfdma.water itself was calm with no waves.

5.1.3 Procedure

TheWAM-V has two operation modes: autonoand manual. During manual control mode,
the operator can maneuver the WANMusing ahandheld transmitter. Autonomy moakows the
onboard computer taontrol the thrusters viaendng command thrustvalues tothrough the
microcontrollersFirst, manual control mode was used to drive the WAAMb a desired position

for a straighdline or turningcircle maneuverOnce in position, the WAM/ is switched to
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autonomy mode while a script is remotely executed on the onboard coniphgescript sends
precise command thrust valueghe thrusterswvhich could not be precisely maintainadnanual
control mode, and initiates recording of ddbaie tocircuit breakemprotection,the max thrust
percentage chievable for this experiment was%®6Lastly, the WAMYV is repositioned for the
next maneuverThis process is repeated until all straijhe and turninecircle maneuvers were
complete.An additional manual edrol modedriving maneuver was used to emulate normal

WAM-V operations which will be used as the validation dataset.

6 Results

6.1 Experiment Results
The experimental resultse presented inthe same format as the Lorenz test cases and the
WAM -V simulationtest casepresentedn sections | and5 respectivelyFirst, SINDy is used to
generate a model froexperimentatraining data that has access to a full seeanigr polynomial
candidate library with cross terms. This mode]l

sections, this model is compared for its accuracy against validation experimental datanAltidi

the “SINDy model ” isimplifted vagationoefd MNaograonbnesamtinadelh e

described in section 2.2. 4, which 15 referre
“SINDY model” representhe dMdAnamproevememiodel?r
“Analytical model” 1s calibrated to the exper

using the same experimental training data acehaidate library matrix , thatcontainghe terms

in the analytical moddlequationss aando J. Second, thér score results from botimodelsare
presentedThird, the state data of an example strailjie and turninecircle maneuvefrom the
experimentareplotted Fourth each model is compared to the experimestiate derivatives and

trajectory simulatiosareanalyzedand discussedrifth, and astly,an additional validation step is

done to determine the genera®Dymo del s abil ity to predict th

time constants.

The modet generated using thexperimental training datasate shownin Table 25. The
“ An al godeélcwhén compared to thexperimentaldata, scorean’Y value of 0.28 The
“SINDymodel’ , where we recall SINDy is allboaryed t o

is a highly complex, nonlineasecond order polynomial with cross terthatscoresan'y value
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of 0.29. The relatively lowerY valuein both modelandicate thaineithermodeldescribs the

dynamic of the WAMYV very well.

Table25: Generated SINDy model from experimental dataset

Analytical Model SINDy Model
T8I TBITAPS T8I CIw mMrow T@Lar TITWw T gl
™ owi T8 yap 31 QU T8t TP
, BT Wap T8t T mrua 31 X0
° T8t LK T8t ¢ G
mtua o
T8 X
T8l plp T pYWS T8 ¢ T T8t pay T8l I T8t (U
0 P PIES e 01 T8 eup
™ oI T plO
T3t oi@ MIyrPd s T8t MWL TBT VAWI T8I pax T8t p&
‘ T PIS T8 pAw
l T8t ¢ G0 TI8T TICC
aeles

Figure64 andFigure65 plot the pose, twist, and command inputs of\WW&M -V for the
straightline and turning circle maneuvers respectivilythe WAMV was only operated without
any closed loop control (to mimic obtaining a model of a new vessel that is not previously modeled
or outfitted with control) itis difficult to obtain actualstraightline motion with theWAM-V
utilizing balanced port and starboard thruster command inputs. The pamsstéput about 6%
more thrust than the starboard thruster to prevent the WAKdm turning port sidelue to non
symmetric thrustAdditionally, unmeasured and unmodeled environmental disturbaffeesthe
WAM-V trajectory. Furthermore, during the experimeihte &€xecution timing between the
commanded thrust values and thi¢tial data recording were not synchronized well as shown by
the command thruglot; there is nalata for thanitial zero thrust commanskection of the tests
There also appears to be a slight offset for the surge component in both the-itraightl turning

circle maneuvers.
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Figure64: Pose, twist, andommand inputs of straighine maneuvewith 86% thrust going to the port
thruster and 80% thrust going to the starboard thruBber WAM-V’ s i nertia is mnot evert
the port thrustemustprovide about 6% more thrust to drive in a line.
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Maneuver: 800 -800
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Figure65: Pose, twist, and command inputs of turnaigle maneuver witklternating80% thrust going



The comparison oboth SINDy model s deriwative predictions compared to the
computedderivative of the validation data shown inFigure66. The Anal yt i c@adl mo de
“SINDy mode? are very similar in their predictions with slight differences at certain points in the
plot. Both modelsattempt to follow thegeneraltrends in the validation datguch as the yaw
derivativegoing up and down when the WAM turns Otherwise poth SINDy modelsppeato

be aroundhe average ahe noisy validation derivatives.

SINDy Model Derivatives vs. Validation Data Derivatives

0.5

0.0

u [mys?]

— Computed derivative
== Analytical Model
= = SINDy Model

v [mjs?]

r [rads/s?]
o
(=]

|
o
[
I

Time [s]

Figure66: TheAnalytical andSINDy modelsstate derivative predictions with the validation dataset
computed derivatives.
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A comparison obothmo d e I > s tsajeatoied compared to the validation dat
shown inFigure67. Like Figure66, the trajectoriesf the SINDy constrained and free models are
similar. The main differences between the two SINDy modelaparent in the sway comparison
where theSINDy model has more dynamics involved whereas Ahalytical model barely
changesThis may make sensghen looking at the generated model as the constrained model is
mostly dominated by the sway motion itseliverall, the surge and yaw components of the
generated models attempt to follow the behavior of the validatada but lacks appropriate
magnitudes. Thénalytical modelappearso return back to O dhe end of the surge plot whereas

the SINDy modehpproaches what appears to be a ststate value.

SINDy Model Simulation vs. Validation Data

— validation data
== Analytical Model

0.00 7 —— SINDy Model

v [mys]

—0.25 1

0.25 ~

r [rads/s]

0.00

Time [s]

Figure67: TheAnalytical andSINDy model simulated trajectogompared to the validation data.

The time-constant of theAnalytical mode] which is approximately Zs, is estimated by
analyzingthe modéls r i s e t i me shdwn inkigure68. Thegquality of the madel is
alsovalidated by its ability to predict the state of the system over 3donstants (i.€36s). This

time horizon was applied to create a sliding window on the validation datasék-86th, 12-48
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s, and24-60 swindows where the initial conditions of the model are updated at the beginning of

each time windovand results in atyY score 0f0.32, 028, and0.29 respectively

Rise time of Simulated Surge

——- Steady State = 2.30
Rise 90% = 2.07

=== Rise 10% = 0.23
Rise Time

0 5 10 15 20 25 30 35 40
Time [s]

Figure68: Analytical modelstep responsd&herise timeof 90% is used to estimate the time constant of
the system (i.e., abouR Eeconds).

7 Conclusionand Future Considerations

SINDy was able to generate effective models for sitedldata withY ranging from 0.5 to
1.0 depending on the quality of the data (i.e., how much nibées€eata h3gs Including multiple
trajectories andiltering noisy data prior to the training process can improve the performance of
the generated SINDy modaVith a set of a fast, moderate, and slow straligiet and turning
circle maneuvers, SINDy can generate an effective model of a simulated WAWhen it comes
to a realworld systemthereare a lot more factors involved that can affect the quality of data
SINDy can tain on.From the experimental dat§/NDy can generate a modlllowing strict
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constraints (i.e., a ligkgray box approach) tproducea secondorder modulusmodel with

coupled termsthis model structure is the same asthechdsenr r bi n’ s nugsedfarne ar 1
the WAM-V simulation in sectiod.1.1 The'Y value ofthe Analytical model against the

validation data wa®.28. At the same time, a SINDy model that has access to ineluds from

a full seconebrder polynomial candidate library with cross teints the generated model (i.e., a

neutral graypox approach)wasdomeo compare the performance of ¢
the Analytical model. TheY value of this free model was 0.29neglaring suspiciorio explain

these relatively lowy valuesis thelack of data for the initial part of each maneu\Bue to the

timing of the script execution, the recorded data missed the start of the maneuver where command
thrust values should be zeBecausef this, SINDy may be missing crucial information regarding

the initial impulse othe system when the command thrust values change from 0 to some thrust

value.

Onefutureconsideratiorio improve this methodologyg to ensure all phases of the maneuver
are captured in the data recorditige stationaryperiod prior to acceleration, the acceleration,
steadystate after acceleration, deceleration, and the stationary period after coming to a stop. This
would ensure no necessary data tied to the maneuver is msswiher consideration is to look
at applying stricteconstraints to th&INDy model generation. Some terms that are included in
the generated model havery small impactonthe y s t ¢ m’ s nonsengical fegproductr
of sway with port command thrust valuelthough this could be due to the thrust asymnyetry
filtering them out <could a chetteransodelBecaugsiNDy e ” f or
also has a lot ofther parameters and features to tweak, hyperparameter optimization can help

shed some 1ight on which features affect the
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