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ABSTRACT

A class of majority-logic decodable codes recently introduced by
Lin, the multifold Euclidean geometry codes, is considered in this dis-
sertation. An improvement of the multifold Euclidean geometry codes is
presented. The improved multifold Euclidean geometry codes are shown to
be more efficient than the original multifold Euclidean geometry codes
while retaining the same majority-logic error-correcting capabilities.
Based on the new definition of the improved multifold Euclidean geometry
codes, it is easy to show that certain restrictions on the construction
of multifold Euclidean geometry codes can be removed. Thus, the class
of improved multifold Euclidean geometry codes is larger than the class
of multifold Euclidean geometry codes defined by Lin. A simple decoding
algorithm of the improved multifold Euclidean geometry codes is des-
cribed. In some cases, each step of decoding can be made orthogonal.

The improved multifold Euclidean geometry codes are shown to be
maximal in the sense that they are the largest linear codes whose null
spaces are spanned by all the (u,d+l)-frames in EG(m,q). The extensions
of the improved multifold Euclidean geometry codes are shown to be in-
variant under the affine group of permutations.

The algebraic structures of the improved multifold Euclidean geom-
etry codes based on primitive BCH codes are investigated. It is shown
that this class of improved multifold Euclidean geometry codes is more
efficient than the dual of polynomial codes with the same majority-logic
error-correcting capabilities. In the case where the minimum distance
of the base code divides the length of the base code, the corresponding
improved multifold Euclidean geometry codes are shown to be identical

to a subclass of regular generalized Euclidean geometry codes.



Finally, a generalization of the improved multifold Euclidean
geometry codes is briefly discussed. The multifold generalized Eucli-
dean geometry codes contain the regular generalized Euclidean geometry

codes as a subclass.

iv



TABLE OF CONTENTS

ABSTRACT . & v v v i e e e e e e e s e o ot et et e e e e e iii
CHAPTER 1 INTRODUCTION . & & v v v v v v v v e v e e e e e a s 1
CHAPTER II:  PRELIMINARIES
2.1 Majority-Logic Decoding . . . . . . . . . .. 6
2.2 Euclidean Geometry . . . v ¢ v & o v ¢ o s o & 11
2.3 Euclidean Geometry Codes . . . . . . . . . . . 13
.1 Projective Geometry . .. . . . . . . . . .. 17
2.5 Projective Geometry Codes . . . . . « « « « . 18

CHAPTER ITII: MULTIFOLD EUCLIDEAN GEOMETRY CODES
3.1 Cyclic Codes that are Invariant under the
Affine Group of Permutations . ... . . .. 20
3.2 Multifold Euclidean Geometry Codes . . . . . . 22
3.3 Majority-Logic Decoding of Multifold EG Codes 29

CHAPTER IV:  IMPROVED MULTIFOLD EUCLIDEAN GEOMETRY CODES
4.1 An Improvement of Multifold Euclidean

Geometry Codes . . . . v v v v v v v o o o 33
4.2 Decoding of the Improved Multifold Euclidean
Geometry Codes . . « . v ¢« v ¢ v v o v o 48

CHAPTER V: ON THE MAXIMALITY AND THE INVARIANT PROPERTY OF THE
IMPROVED MULTIFOLD EUCLIDEAN GEOMETRY CODES
5.1 On the Maximality of Improved Multifold
Euclidean Geometry Codes . . . . . . . . .. 55
5.2 The Extensions of the Improved Multifold
Euclidean Geometry Codes are Invariant
Under the Affine Group of Permutations . . . 62

CHAPTER VI: ON SOME IMPORTANT SUBCLASSES OF THE IMPROVED MULTIFOLD
EUCLIDEAN GEOMETRY CODES AND THEIR RELATIONS TO OTHER
MAJORITY-LOGIC DECODABLE CODES

6.1 The Improved Multifold Euclidean Geometry Codes
Based on Primitive BCH Codes . . . . . . . . 65
6.2 On a Subclass of the Improved Multifold
Euclidean Geometry Codes and its Relation to
Generalized Euclidean Geometry Codes . . . . 76

CHAPTER VII: MULTIFOLD GENERALIZED EUCLIDEAN GEOMETRY CODES

7.1 Generalized Euclidean Geometry . . . . . . . . 84
7.2 Multifold Generalized Euclidean Geometry Codes 85

CONCLUSION . . . v v ittt e e e e e e e e e e e s e e e o oo 90



---------------------------



CHAPTER I
INTRODUCTION

The design and implementation of systems for tansmitting data reli-
ably through unreliable channels is a major problem for commnication
engineers. In 1948, Shannon published his fundamental work on coding
theory, "A Mathematical Theory of Communication,' in which he showed
that by proper encoding and decoding of data, it is possible to transmit
information through a noisy channel at any rate less than the channel
capacity with an arbitrary small probability of error. Unfortunately,
his coding theorem only proved the existence of good codes and it did
not show us how to construct them.

The impetus behind the theory of error-correcting codes was the
search for efficient coding techniques for fulfilling the promise of
Shannon's coding theorem. The development of coding theory'has pro-
vided error control purpose in digital commmication systems. However,
practical application of many error-correcting codes has not been as
extensive as would be expected because the degree of complexity involved
in the decoder is high, in particular, for codes which are designed to
correct a large number of errors. Therefore, the problem faced by coding
theorists concentrated on a search for codes with sufficient structure
to allow for encoding and decoding with equipment of moderate complexity.

This dissertation will be concerned with majority-logic decodable
codes. The majority-logic decoding scheme is attractive for two reasons.
First, the combinatorial circuit of a majority-logic decodable code can
be implemented with a moderate amnunt of circuitry. Second, the number

of errors that can be corrected is beyond the guaranteed error-correcting

capability of the code.
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The first majority-logic decoding algorithm was devised in 1954 by
Reed [11] for a class of multiple-error-correcting codes discovered by
Muller [15]. Reed's algorithm was later extended and generalized by
many coding investigators. The first unified formulation of majority-
logic decoding algorithm was due to Massey [16]. Shortly after this
work, Rudolph [2] applied the notions of finite geometry to the problem
of constructing majority-logic decodable codes. This result was the
most important contribution to the construction of majority-logic decod-
able codes since the original work of Reed and Muller. Interestingly,
most previous known majority-logic decodable codes, including the Reed-
Muller codes, are special cases of finite geometry codes discovered by
Rudolph. In 1966, Weldon [20] introduced difference-set codes, a sub-
class of projective geometry codes. Further results on codes based on
finite geometries have been obtained by Kasami, Lin and Peterson [10,21],
Weldon [3], Graham and MacWilliams [22], Goethals and Delsarte [23],
Chow [5], MacWilliams and Mann [25] and Smith [4]. In 1968, Kasami, Lin
and Peterson [10] introduced polynomial codes. This class of codes and
their duals contain many important classes of cyclic codes as subclasses
such as BCH codes, Reed-Solomon codes, generalized Reed-Muller codes and
finite geometry codes. More importantly, Kasami and Lin [7] showed that
some subclasses of the dual of polynomial codes are majority-logic decod-
able. The concept of generalized finite geometry codes was first intro-
duced by Delsarte [6], and later extended by Lin and Weldon [8]. Hartman,
Ducey and Rudolph [9] again generalized Lin's and Delsarte's work. Many
of the best generalized finite geometry codes are the dual codes of poly-

nomial codes. Recently, Lin introduced a large class of majority-logic
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decodable codes called the multifold Euclidean geometry codes which con-
tains the ordinary Euclidean geometry codes and some generalized Eucli-
dean geometry codes as subclasses. The new codes are of considerable
interest because they are in general more efficient than the classical
Euclidean geometry codes while retaining the combinatorial structure
which makes geometry codes easy to decode. Many multifold Euclidean
geometry codes have been shown to be very efficient, especially the
class of two-fold Euclidean geometry codes which has been shown to be
the most efficient class of majority-logic decodable codes that has ever
been found. This leads us to the hope that we may be able to discover
many other efficient subclasses of multifold Euclidean geometry codes.

The purpose of this dissertation is to provide a further study of
the multifold Euclidean geometry codes. The organization of this dis-
sertation is described as follows. Chapter II serves as a preliminary,
in which the concept of majority-logic decoding is described. Since the
construction of multifold Euclidean geometry codes is based on the struc-
tural properties of Euclidean geometry, a brief discussion of Euclidean
geometry is presented. Chapter III describes the multifold Euclidean
geometry codes defined by Lin.

In Chapter IV, we shall improve the definition of multifold Eucli-
dean geometry codes such that the newly modified multifold Euclidean
geometry codes are more efficient than the original multifold Euclidean
geometry codes while retaining the same error-correcting capabilities.
Based on the new definition of multifold Euclidean geometry codes, it is
easy to show that certain restrictions on the construction of the multi-
fold Euclidean geometry codes can be removed. Thus, the class of multi-

fold Euclidean geometry codes is larger than the class of multifold
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Euclidean geometry codes defined by Lin. A simple decoding algorithm of
the improved multifold Euclidean geometry codes is described. In the
case where the minimum distance of the base code divides the length of
the base code, then each decoding step of the corresponding improved
multifold Euclidean geometry codes can be made orthogonal.

It has been proven that the regular Euclidean geometry codes and
the two-fold Euclidean geometry codes are subclasses of multifold Eucli-
dean geometry codes. They are known as the only two subciasses of mul-
tifold Euclidean geometry codes which are maximal in the sense that they
are the largest linear codes over GF(p) of length qm-l whose null spaces
contain the incidence vectors of all the (d+1)-frames. In Chapter V,
we shall show that the whole class of improved multifold Euclidean geom-
etry codes is maximal. Furthermore, the extensions of the improved mul-
tifold Euclidean geometry codes are shown to be invariant under the
affine group of permutations.

In Chapter VI, the algebraic structure of the improved multifold
Euclidean geometry codes based on primitive BCH codes are investigated.
Tt is shown that this class of improved multifold Euclidean geometry
codes is more efficient than the dual of polynomial codes with the same
majority-logic error-correcting capabilities. In the case where the
minimum distance d divides the length of the base code, the correspond-
ing improved multifold Euclidean geometry codes are shown to be identi-
cal to a subclass of generalized Euclidean geometry codes.

In Chapter VII, a generalization of the improved multifold Euclidean

geometry codes is briefly discussed. The multifold generalized Euclidean
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geometry codes contain the regular generalized Euclidean geometry codes

as a subclass.



CHAPTER II
PRELIMINARIES

In this chapter, basic concepts of majority-logic decoding are pre-
sented. The reader is referred to Peterson and Weldon [27] and Berlekamp
[28] for details. Since finite geometries play a central role in con-
structing majority-logic decodable codes, a brief discussion of finite

geometries is also presented in this chapter.

2.1 Majority-Logic Decoding

Let ¢ be a g-ary (n,k) linear code of length n with k information
digits. The linear code C is a k-dimensional subspace Qf an n-dimensional
vector space V, over GF(q). The null space of ¢, denoted by D, is an
(n-k)-dimensional subspace of Ve D is called the dual code of C. Every
code word of C is orthogonal to every code word of D in the sense that
their inner product is equal to 0. Let h = (hgs by, «..; By 1) bea
vector in the null space D. For any arbitrary vector r = (rgs Tys ooos
rn-l) in Vn’ let

S=r e«h-= rOh0 + rlh1 L rn-lhn-l (2.1.1)

It is clear that S = 0 if and only if T is a code word of C. Let a =

(2p» @}, «++» 3 _;) be the transmitted code word from ¢ and T be the re-
ceived vector. Then the received vector r differs from the transmitted
code word a by an error vector € = (egs €1 +v+» €, 1) that is

T=a+e (2.1.2)
It follows from Equations (2.1.1) and (2.1.2) that

S=r+«h=(@+e) «h= eghg * €4hy + ... +e b . (2.1.3)
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We shall refer to Equation (2.1.3) as the parity-check equation and the
term S as the parity-check sum. The error digit € is said to be checked

by S if the coefficient ht of e, is a nonzero element of GF(q). Because

t
the null space D is spanned by (n-k) linearly independent vectors, by
using these (n-k) basis vectors, then (n-k) linearly independent parity-
check equations can be formed. Any algebraic decoding process involves
determining the error digits €g» €15 +++> € 1 from theée (n-k) linearly
independent parity-check equations. Let the set of (n-k) linearly inde-

pendent parity-check equations be written as follows

n-1
Si = jZoejhij, i=1, 2, ..., nk (2.1.4)

The set of Equation (2.1.4) has rank n-k with n unknowns, thus there are
qk distinct solutions for the error vector e. In general, it is not fea-
sible to find the most probable solution of Equation (2.1.4) simply be-
cause of the enormous number of computations.

Majority-logic decoding is a simple method of determining each error
digit from a set of parity-check sums. Let S15 Sys +eesr S5 be a set of
parity-check sums on the error digits. If a particular error digit e,
is checked by every parity-check sum Si fori=1, 2, ..., J, and no

other error digit is checked by more than one check sum, then the set of

parity-check sums Sl’ SZ’ ceey S 5 is said to be orthogonal on the error
digit €. Consider a g-ary (n,k) linear code ¢ in which it is possible

to form at least J parity-check sums orthogonal on each digit. Thus,

the set of J parity-check sums orthogonal on e, can be written as

S. =e_+ h..e. 2.1.5
1 t j;t 1] ] ( )

where i =1, 2, ..., J and hij is an element of GF(q). Assume there are
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[J/Z]l or fewer errors in the error vector e, or equivalently, the error
vector e contains [J/2] or fewer nonzero components. Now, if the error
digit et is equal to 0, then the nonzero error digits can distribute
among at most [J/2] parity-check sums. Thus there are at least J-[J/2]
or at least one-half of the parity-check sums orthogonal on e that are
equal to 0. Conversely, if the error digit e¢ is some nonzero element
of GF(q), then the other nonzero error digits can distribute among at
most [J/2]-1 parity-check sums orthogonal on et. Thus there are at
least J-[J/2]+1 or more than one-half of the parity-check sums that are
equal to e¢. Based on the above arguments, the error digit et is decoded
as the value of GF(q) which is assumed by the greatest fraction of the
set of parity-check sums. Correct decoding of the error digit e: is
guaranteed if [J/2] or fewer errors occurred in the error vector e.

If the (n,k) linear code ¢ is cyclic, then the set of parity-check
sums orthogonal on e,_; can be obtained from the parity-check sums orthog-
onal on et by simply shifting the received vector r to the right one place
cyclically. Thus every error digit of the error vector e can be decoded
by majority-logic rule. The decoding algorithm described is called one-
step majority-logic decoding, and any error pattern of [J/2] or fewer
errors can be corrected. A cyclic code with minimum distance d is said

to be completely orthogonalizable in one-step if and only if it is pos-

sible to form J = d-1 parity-check sums orthogonal on each error digit.

In general. a code with minimum distance d has error-correcting capability

t = [d-1/2]

1[Y] denotes the largest integer which is less than or equal to Y.
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Therefore, the majority-logic decoding of a linear code is effective only
when the number of errors which can be corrected is equal to or close to
its error-correcting capability [(d-1)/2]. Consequently, any error pat-
tern that is guaranteed correctable by the minimum distance of the code
is correctable by majority-logic decoding only when the code can be com-
pletely orthogonalizable. However, the number of errors that can be
corrected by majority-logic decoding is sometimes beyond the guaranteed
error-correcting capability of the code. Massey [16] gave a specific
example of maximal-length codes in which many error patterns of weights
greater than [(d-1)/2] can also be corrected by the majority-logic de-
coding scheme.

There are only a few classes of linear codes which can be completely
orthogonalizable in one step. The present known codes in this category
are the low-rate maximal-length codes, double error-correcting binary BCH
code of length 15, difference-set codes, and zeroth-order EG codes. How-
ever, the concept of forming a set of parity-check sums orthogonal on a
single error digit can be generalized in such a way that more linear codes
can be decoded by employing several levels of majority-logic gates.

Suppose there are J parity-check sums orthogonal on a set of error
digits by taking the inner product of a received vector with a set of J

vectors in its null space.

L&+ 1 bye

S
1 1eEi 1eI

S, = e; + ) hye,
2 11 1
1eE1 1612
(2.1.6)
S, = e I hjes
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where the integers in the sets E%, Il’ ey IJ are completely disjoint.
The set of J check sums is said to be orthogonal on the sum S(E%) =

) e;. It is clear that the value of S(B%) can be decoded correctly by
ieEq
majority-logic rule provided that [J/2] or fewer errors occurred in the
error vector e. Once the value of S(E%) is determined, the sum S(E%)
can be considered as a new check sum orthogonal on a new sum S(E%) where
E% is a subset of E%. If it is possible to form a set of J parity-check
sums orthogonal on S(E%), . S(E%) where i > J, and the sums S(E%),
cens S(E%) are orthogonal on the new sum S(E%) , then the value of the
new sum S(E%) can be decoded correctly by majority-logic rule from the
set of check sums S(E%), S(E%), cens S(E%) where i > J. The procedure
of estimating sums from a larger size is called orthogonalization. The
process of orthogonalization is repeated until a set of J or more parity-
check sums orthogonal on a single error digit is formed. Then the value
of the error digit can be determined by majority-logic rule. A code is
said to be L-step majority-logic decodable if L steps of orthogonaliza-

tion are required to make a decoding decision on a single error digit.

The code is said to be completely L-step orthogonalizable if J is equal

to d-1, where d is the minimum distance. In order to clarify the con-

cepts described above, an example is given in the following.

Example 2.1.1: The binary cyclic Hamming (7,4) code is majority-logic

decodable in two steps. If g(X) is taken as X3 + Xz + 1, the parity-

check matrix of the code is
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O
o= o
=
- o R

0
0
1

[ e =]

The set of parity-check sums is shown in the following.

51 =¢ * ez *eg *eg
Sy = e tegte, teg
83 = e2 + e4 + e; + e6

Let S(B%) =ec * e, S(E%) =e, *eg and S(E%) = eg. It is easy to see
that the check sums S1 and S3 are orthogonal on S(E%), and that the
check sums S1 + S2 and 53 are orthogonal on S(E%). If a single error
occurred in the error vector e, then the estimation of S(E%) and S(E%)
are correct, also the estimation of eq from the check sums S(E%) and
S(E%) is correct. Since the minimum distance of this code is 3 and J is

equal to 2, then this code is 2-step completely orthogonalizable.

The finite geometry codes, namely Euclidean geometry codes and pro-
jective geometry codes, form an important subclass of the cyclic codes
that is majority-logic decodable. In the following sections, properties

of finite geometries and finite geometry codes will be briefly reviewed.

2.2 Euclidean Geometry

An m-dimensional Euclidean geometry over the finite field GF(p°)
is denoted by EG(m,pS). Every point in EG(m,p°) is represented by an
ordered m-tuple over GF(p®). Therefore, there are p™ distinct points

in EG(m,pS). It is well known that p™ elements of the Galois field
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GF(p™S) represent a concrete realization of an m-dimensional Euclidean

geometry over GF(pS). Let o be a primitive element of GF(p™S). Then

© 0 1 piS-2

0 =0, 0, 0, ey O represents the p™ points of EG(m,q) where

o 2 2

o denotes the origin of EG(m,q). We define the points o 1, o 2, cies
oag'k to be lineariy independent over Gr(p®) if and only if there is no
set of elements B;, By, ..., By not all zeros with g, e GF(p®) such that

L L
Bloc1+82a2+...+8koc = 0. . .
For any two linearly independent points a 1 and o 2 over GF ®%),

we define the line joining them as the set of all points of the form

. 2 %
o) = B 1. B0 2 (2.2.1)

where B8,, B, € GF(pS). Every point o) of the line joining the points
0‘21 and azz can be uniquely specified by a two-tuple (81,82) over
GF(p®). Hence the set of all points of Equation (2.2.1) form a two-
dimensional subspace of EG(m,p®). The system of points and lines
obtained in the above manner is called the Euclidean geometry of m-
dimensions over GF(pS).

Let o1, o°2, ..., o'k be k linearly independent points of GF(p"S)

ks

over GF(pS). The following p*S points

3 e e e
o) = B0 1 B 24+ ..+ B k (2.2.2)

with Bi e GF(q), for i =1, 2, ..., k, form a k-flat F (or a k-dimensional
subspace) of EG(m,pS). Since the origin o is in F, the flat F is said

k
to pass through the origin. Let a Obe a point not in F; then the fol-

lowing pks points

; k e e e
a1=oc0+810c1+82a2+...+8k0ck (2.2.3)
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form a k-flat F' which passes through the point ocko. The k-flat F' is

parallel to F. Clearly F and F' do not have any points in common.

2.3 Euclidean Geometry Codes
Consider the nonzero elements of GF (pms) to be the location numbers
of a cyclic code of length pms-l over GF(p). For every k-flat F, we de-

fine the incidence vector v, as follows

F
v, = (VO, Vis eees Vpsm-z) (2.3.1)
where each component of \7F is defined as
1, ifod eF
V. = (2.3.2)
J 0, otherwise

Definition 2.3.1: A kth-order Euclidean geometry code of length pms-l

with symbols from GF(p) is defined as the largest linear code whose null
space contains the incidence vectors of all (k+1)-flats in EG (m,ps) which

do not pass through the origin.

It was proved that a kth-order Euclidean geometry code is cyclic.
Therefore, a kth-order Euclidean geometry code can be characterized by
its parity-check polynomial. In order to specify the roots of the pari-
ty-check polynomial of a kth-order Euclidean geometry code, it is nec-
essary to describe the concept of s-weight of a nonnegative integer.

Let h be a nonnegative integer less than pms-l, and q = ps. We can

then express h in radix-q form as follows

m"l i
h= _Zoaiq (2.3.3)
l=
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where 0 < 6, <q for 0 < i <m. Since each coefficient 8; is a nonnega-

tive integer less than q, then it can be expressed in radix-p form
8. = 8..p (2.3.4)
1 5501

Substituting Equation (2.3.4) into Equation (2.3.3), we obtain the fol-

lowing radix-p expansion of the nonnegative integer h
h=J ] aijpls*J (2.3.5)

where 0 S-Gij <pforO0<i<mand 0<.j<s,

Let hO’ hl’ .o

cees hb) as a (q-1)-partition of h, if hO’ 12 v hOr satisfy the follow-

o hc be o+l nonnegative integers. We define (ho, hl’

ing three conditions:

(1) h=h, + hl + h2 LI hb

0
(2) hi = Di(q—l) for 1 <i<o, and h0 > 0 where D; must be a posi-

tive integer.

(3) Let 6£?) be the coefficient in the radix-p expansion of he’
g
then 6. = T 6
en 613 eZO i

The integer o is called the index of the (q-1)-partition, then
@s(h), the s-weight of the nonnegative integer h, is defined as the

largest partition index over all the possible (q-1)-partitions of h.

4

Example 2.3.1: Let p=2,s=4,q=2 and m= 3. Consider the inte-

ger 31 whose binary expansion is

31 =1+12+1+2241+254+1.2%
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where 600 = 601 = 602 = 603 =610 " 1 and all other 6ij 's are zeros.
The following partitions of 31 are all the (24-1) -partitions of 31:
{hO,hl} = {16,15} with 0 = 1 and {ho,hl} = {1,30} with ¢ = 1, There
are two (24-1) -partitions of 31 with index ¢ = 1. Hence, the largest
partition index is 1. The 4-weight of 31 is <I>4 (31) = 1.

A (g-1)-partition of h is called a maximal (q-1)-partition of h
if its index is equal to the s-weight of h. Then, the component h0 is
called the residue of the maximal (q-1)-partition. It is easily seen
that h is divisible by q-1 if and only if h0 = 0.

In the following, a theorem specifying the roots of the parity-

check polynomial of a kth-order Euclidean geometry code is presented.

Theorem 2.3.1: Let o be a primitive element of GF (psm) and h be a non-

negative integer less than pms—l. The parity-check polynomial, h(X),

of a kth-order Euclidean geometry code has ah as a root if and only if

o (h) < k.

The majority-logic decoding of a kth-order Euclidean geometry code
is based on the structural properties of its null space. Let a = (ao,

a a 2) and e = (eO, €15 ees eqm_z) be the transmitted code

1 ’ LN N 2 ’ m-
q
vector and error vector, respectively. Then, the received vector is
r =a+e. Consider the imner product S =r - ‘-’F where \7F is the inci-

dence vector of a (k+1)-flat F in EG(m,q). Since a - \'rF = 0, we have

S=e v, = e. (2.3.6)

where J = {j: o e F}. Thus, the parity-check sum S checks on the error

digits whose lccaticn numbers are in the (k+1)-flat F. If it is possible
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to form a set of J parity-check sums orthogonal on the sum of the error
digits whose location numbers correspond to the points in a particular
k-flat F', then the error-sum corresponding to the k-flat 7' can be de-
termined by majority-logic rule provided that [(s-1)/2] or fewer errors
occurred in the error vector e. Or equivalently, we want to compute the
number of (k+1)-flats that are intersecting on a particular k-flat in
EG(m,pS) . There are p(kﬂ)s - pks points in each of the (k+1)-flats in-
tersecting on a given k-flat which are outside the k-flat itself. No
point outside the k-flat can lie in more than one of these (k+1)-flats
for otherwise two flats would be identical. Moreover, every point must
lie in one (k+1)-flat since that point and the given k-flat determine a
(k+1) -flat that contains the given k-flat. Thus, (s+1) (p(k+1) S-pks)
must be equal to Pms_pks’ the number of points in EG (m,ps) and outside

the given k-flat. We can therefore conclude that

Ir;mi ) ksks ) p(m-k)s -1
v +
pUts L p p° -1

J+1l= (2.3.7)

It is clear from Equation (2.3.7) that the parameter J is a monotonically
decreasing function of the parameter k., Thus, it is possible to find at
least (J+1) k-flats orthogonal on each (k-1)-flat provided that [J/2] or
fewer errors occurred in the error vector e. The process of orthogonal-
ization can be repeated until the error digits corresponding to all 0-
flats are determined. Therefore, a kth-order Euclidean geometry code of
length p™-1 can be (k+1) -step majority-logic decoded provided that

[7/2] or fewer errors occurred, where J = [(p(m-k)s-l)/ (ps-l)] - 1.
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2.4 Projective Geometry

A projective geometry of dimension m over GF (ps) is denoted by
PG(m,ps) . A point in the m-dimensional projective geometry PG(m,ps) is
an ordered set of m+l elements of GF (ps) , not all of which are equal to
0. Two (m+l)-tuples (tl, tyy eees tm+1) and (t!, té, ceey tn'1+1) repre-
sent the same point in PG(m,pS) if t, = Ati, i=1, ..., ml and A is a
nonzero element of GF (ps) . Therefore, there are (p(m+1)s_1) /(ps-l) dis-
tinct points in PG(m,ps). For any two distinct points oy and a,, we de-
fine the line joining them to consist of points of the form Blal + 620‘2’
where 81, 82 € GF(p>) and at least one of the B's is different from 0.

The system of points and lines obtained in the above manner is defined
as a projective geometry of dimension m over GF (®>). An m-dimensional
projective geometry over GF (ps) can be constructed from GF(p(HHl)S) as
follows: A point (o) of the geometry is associated with the set of non-

zero field elements

S_
(@) = o, B, ..., afP 2

where o is a nonzero element of GF(p(m+1)s) and B is a primitive element
of GF (ps) . The number of points defined in this manner is equal to
(p(m+1)s-l)/(ps-l). A k-flat of PG(m,ps) consists of the following

points (aj) such that

. e e €
(@J) = B0 1, B, 24+ Brs1® kel (2.4.1)

e e e
where o 1, o 2, ceey O kel are linearly independent over GF (ps), and

Bl, cies Bk+1 take on all possible combinations of values in GF(ps)
except that they cannot be simultaneously zero. A k-flat in PG(m,pS)

contains (p (k+1)s_1) / (ps-l) distinct points.
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2.5 Projective Geometry Codes

A k-flat in PG(m,p°) can be associated with an incidence vector of
length n = (p(m+1)s_1) /(ps -1) over GF(p). For every k-flat 7 in PG(m,ps)

we can define the incidence vector \'rF as follows

v = (vo, Viy eeey Vn_l) (2.5.1)

where each component of \7F is defined as

{1, if (aj) e F
V. = (2.5.2)

J 0, otherwise

Definition 2.5.1: A kth-order projective geometry code of length

n-= (p(m+1)s_1) /(ps-l) is defined as the largest linear code whose null

space contains the incidence vectors of all k-flats in PG(m,pS) .

It was proved that a kth-order projective geometry code is cyclic.
The following theorem specifies the roots of the parity-check polynomial

of a kth-order projective geometry code.

Theorem 2.5.1: Let o be a primitive element of GF(p(m+1)s) . Let h be

a nonnegative integer less than n = (p (m+1)s_1) /(®°-1). Then the parity-

check polynomial of a kth-order projective geometry code of length n has
s

@7 1) 45 4 root if and only if <I>S(h(p5-1)) < k.

The majority-logic decoding of a kth-order projective geonetry code
is the same as the Euclidean geometry code. It can be easily seen that
there exists J = (p(m-k+1)s_1) /(p°-1) sums corresponding to the k-flats
intersecting on a particular (k-1)-flat which are orthogonal on the

check sum corresponding to the particular (k-1)-flat., The rest of the
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decoding process is identical to the decoding scheme used in Euclidean
geometry codes. We can therefore conclude that a projective geometry
cyclic code of length n = (p(m+1)s_1)/(ps_1) and order k can be k-step
majority-logic decoded provided that [J/2] or fewer errors occurred,
where 7 = (p ™ XS 1), 51y,

Two important ciasses of majority-logic decodable codes were des-
cribed in the above sections. It has been shown that the error-cor-
recting capability of a geometry code is slightly inferior to that of a
comparable BCH code of moderate length n. However, the majority-logic
decoding algorithm for geometry codes is more simply implemented than
the known decoding algorithm for BCH codes. Thus, for moderate length

n, geometry codes are rather effective for error control purposes.



CHAPTER III
MULTIFOLD EUCLIDEAN GEOMETRY CODES

The multifold Euclidean geometry (multifold EG) codes recently in-
troduced by Lin [1], form a large class of majority-logic decodable codes
which contains the ordinary EG codes [2-5] and some classes of general-
ized EG codes [6-9] as subclasses. Many multifold EG codes have been
shown to be very efficient and superior to other comparable majority-
logic decodable codes. The structure of multifold EG codes is based on
geometrical properties of Euclidean geometries and codes that are in-
variant under the affine group of permutations. In this chapter, prop-
erties of codes that are invariant under the affine group of permutations

and the multifold EG codes defined by Lin will be briefly reviewed.

3.1 Cyclic Codes that are Invariant under the Affine Group of Permu-

tations

Let q be a power of a prime p, say q = ps. Let n be a primitive
element of GF(p°). Let ¢ be a p-ary cyclic code of length q-1 whose
generator polynomial g(X) does not have nO = 1 as a root. Then, the
extended code of ¢, denoted by Cox? is a p-ary extended cyclic code of
length ps obtained from ¢ by adding an overall parity-check as the first
component so that the sum of the nonzero components of every code word
in Cox is equal to 0.

An affine permutation with parameters a, b € GF(q), a # 0, is a
permutation which carries the symbol at the location Y to the location
aY + b. Such a permutation can be applied to any extended code of length

q. A code is said to be invariant under the affine group of permutations
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if every affine permutation carries a code word into another code word.
In the following, we will review the necessary and sufficient conditions
for ¢ ox tO be invariant under the affine group of permutations.

Let Z be a nonnegative integer less than q where q = ps. Express

Z in radix-p form as follows:

s-1
Z= Z0 + le + ... F Zs-lp (3.1.1)

where 0 < Zi <pfori=20,1, ..., s-1. Let Z' be another nonnegative
integer less than q whose radix-p expansion is

-1
Z' = 72! + 7! * Zs'_lps (3.1.2)

0 1P+ ...
The integer Z' is called a descendent of Z if ZJ{ < Zi fori=20,1, ...,
s-1. For any positive integer Z, let A(Z) = {Z': Z' is a nonzero proper
descendent of Z}. The following theorem by Kasami, Lin and Peterson [14]

gives the necessary and sufficient conditions for a code to be invariant

under the affine group of permutations.

Theorem 3.1.1: Consider a p-ary cyclic code of length q-1 with generator

polynomial g(X). Then the extended code Cox 1s invariant under the
affine group of permutations if and only if, for every nz which is a
root of the generator polynomial g(X), then for every Z' e A(Z), nz' is

also a root of g(X), and g(1) # O.

The extended primitive BCH codes, the generalized Reed-Muller codes,
the polynomial codes and the generalized EG codes have been proven to be
invariant under the affine group of permutations [19], [14], [24], and

[18].
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3.2 Multifold Euclidean Geometry Codes

Let Cox be the extended code of a p-ary cyclic code ¢, and Cox is
invariant under the affine group of permutations. Let d be the minimum
distance of C. Let B be the set of minimm weight code vectors of ¢
such that the overall parity-check symbol of each vector in B is equal
to 1. Let A be the number of vectors in B, then the A minimum weight
code vectors in B can be arranged into a A by (q-1) matrix M. It has
been shown that if the extended code Cox of ¢ is invariant under the

affine group of permutations, then each colum of M contains exactly

r = Ad/(q-1) (3.2.1)
nonzero entries [5].
Let w; 07 Yty s mtd—l be the d nonzero components of the vector

w e B, It follows from the definition of B that

wtO + wtl + ...+ wtd-l = -1 (mod p) (3.2.2)

The polynomial representation of a vector w € B is
d-1 t
wX) = ) w X (3.2.3)
e=0 ©
Let n be a primitive element of GF(q). If nz is a root of the generator
polynomial g(X) of C, then
d-1 7t
wi® =} wgn € =0 (3.2.4)
e=0
Because of the invariant property of ¢, if Z' € A(Z), then
d’l Z't
t
wmf) = Twen ©=0 (3.2.5)
e=0 ©

Let GF(q™) be an extension field of GF(q) where m is a positive integer.

Then each point in EG(m,q) can be uniquely associated with a field
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element of GF (qm) . Let o be a primitive element of GF (qm) , thus the qm

0 m.
points in EG(m,q) can be represented by o , oco, al, cens ol 2, where

o denotes the origin of the geometry EG(m,q). Let ozzl, azz, cees azu
be p independent elements of GF (qm) over GF(q). Let F be a py-flat in
EG(m,q) which passes through the point ocko and consists of the follow-
ing qu points:

k L 2,2 '3

j 1
aJ=a0+81u *+ Bya +...+Buoc11 (3.2.6)

L
where B; € GF(q) fori =1, ..., u. Leta 0 be a point in EG(m,q) such

k L
that o 0., o 0 is not in the u-flat 7. Then, we can form d u-flats FO’

k tg 2 k t] 2
0 noao,oco 1*0

F o Faq passing through the points o ~ + +n o,

1, .0
ko t3-1 % . :
eey O+ 7 a , respectively. The p-flat F, consists of the fol-

lowing qu points:

aJe=aO+nea +Bloc +...+Bal (3.2.7)

where nte is the location number of the nonzero component wte of w € B.
Clearly, these d u-flats Fos -y Fy_q are parallel to the p-flat F.
Hence, for any u-flat 7 in EG(m,q), any point aILO such that oako + azo
is not in F, and any vector w € B, we can form a set of (d+l) parallel

u-flats 7, F,, Fis «ees Fg_1- This set of (d+l) parallel u-flats is

defined as a (u,d+l)-frame. It is denoted by

- R
(r, Fgs F1s wees Fg 4t 0, O 0) (3.2.8)

I A
For every (u,d+l)-frame (7, FO, Fl’ ceny Fd_lz w, o 0), we can define an

incidence vector \'rF over GF(p) as follows:
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\-fF = (VO, Vl, ceey qu_z) (3.2.9)
where the component v of GF is defined as

1, ifdder

v, = we, ifale F withe =0, 1, ..., d-1 (3.2.10)

0, otherwise

t
where Wt is the nonzero component of w € B, at the location n ©. The

polynomial representation of an incidence polynomial is expressed in the
following form:

. d-1 o
v (X) = FxX o+ L wgg 1 X (3.2.11)
j€J e=0 JeeJe

where J = {j: o e F} and Iy = {je: aJe € Fe}, fore=0,1, ..., d-1,
Let h be a nonnegative integer less than qM-1. Replacing X by ah in
Equation (3.2.10), it becomes
. d-1 1
J
v = J @)+ Tu, I @O (3.2.12)
jeJ e=0 Je€de

The points o’ € F and aJe € F, were defined by Equations (3.2.6) and

(3.2.7). By substituting these Equations into Equation (3.2.11), we

obtain
k 2 2
v?(ah =) ...} (a 0, B, Lo+ Bua u)h
B, B, (3.2.13)
d-1 k t 2 ) 2
*Zwtez 2(0°0+nea0+81a1+ +Bau)h
=0 8 B, H
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where the summation Z is over all the elements of GF(q).
Bs
The following theorem proved by Lin gives a set of sufficient con-

ditions which characterize the roots of VF(X) .

Theorem 3.2.1 [1]: Let h be a positive integer less than qm, and o be a

primitive element of GF(qm) . Let C be a p-ary cyclic code of length q-1
with minimum distance d whose extended code C ox 1S invariant under the
affine group of permutations. Then, the incidence polynomial Vg (X) of
a (u,d+1)-frame based on a u-flat in EG(m,q) and a minimum weight code

vector w € B has ah as a root if h satisfies any of the following three

conditions:
(A1) o (h) < p-1.
(A2) 0 (h) = u and h is divisible by g-1.
(A3) <I>s (h) = u and the residue h0 of every maximal (q-1)-partition

is of the following form:

s-1 .
h. = z 7 plts+t
07 Lyt

1

- S- .
with h0 # 0, where Z = ZO + le + ...t Zs-lp with 0i2i<P:

nz is a root of the generator polynomial of code C.

Definition 3.2.1: Let h be a positive integer less than q", and o be a

primitive element of GF(qm) . Define H(X) as the polynomial over GF(p)

such that ah is a root if and only if h satisfies any of the three con-

ditions stated in Theorem 3.2.1.
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0 -
Let {(F, 0, w)} be the set of all possible combinations of a u-flat F
k L k 2
passing through a point o 0 in EG(m,q), a point o 0 such that a 0. o 0
is not in F, and a minimum weight code vector w € C whose overall parity-

check is 1. Let
L

{(, Fos +oos Fy gt w, o 0)}
be the (u,d+l)-frames corresponding to {(7, ocgo, w)}. Let {vp(X)} be
the set of incidence polynomials of the (u,d+l)-frames in {(F, Fas =ees
Fy.q* (B,oczo)}. Clearly, H(X) is a common divisor of the incidence poly-
nomials in {VF(X)}. Except for two special cases, it is not known
whether H(X) is the greatest common divisor of the incidence polynomial

in {VF(X)}. This will be investigated in later chapters.

Definition 3.2.2 [1]: The p-ary cyclic code of length qm-l whose null

space is generated by H(X) is defined as a (d+1)-fold (u,s)th-order
Euclidean geometry code associated with a base code C whose extension

Cox is invariant under the affine permutations.

In the following, we shall show that the ordinary EG codes and two-fold

EG codes are subclasses of multifold EG codes.

Subclass 1--Ordinary EG Codes

Let ¢ be a p-ary cyclic code of length q-1 whose generator polyno-
mial is g(X) = (Xq'l-l)/ (X-1). The extension of this code is invariant
under the affine group of permutations. The only minimum weight code
vector in ¢ whose overall parity-check' equals to 1 is the all one's
vector w = (1, 1, ..., 1). Let F be a u-flat which consists of the q

L
points specified by Equation (3.2.6). Let a 0 be a point in EG(m,q)
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L
such that ako + 0 0 is not in F. Then the (u,d+1)-frame which corre-

o . _ 2
sponds to the combination (F, a 0, w) is (7, Fos Fis oees Fq-Z: w, O 0

where F ¢ contains the following q" points:

j k 2 L 2

Ote=OL0+T]e0LO+BlOL1+...+B“0Lu (3.2.14)
fore=0,1, ..., q-2. Since n is a primitive element of GF(q), nO,
nl, cees nq-z form all the nonzero elements of GF(q), thus the (u,d+1)-

- A
frame (F, Fis «ees Fq_lz W, O O) contains the following chl) points
. k 2 2 L
o) =0 +g tBa .+ Bat (3.2.15)

which form a (ut+l)-flat L in EG(m,q). If we move the point aJLO in all
possible ways, we obtain all the (u+l)-flats in EG(m,q). Thus, the
q-fold (u,s)th-order p-ary EG code contains all the (u+l)-flats of
EG(m,q) in its null space. The generator polynomial of the null space
of the q-fold (u,s)th-order p-ary EG code has ah as a root if and only
if o (h) < u. Therefore, the q-fold (u,s)th-order p-ary EG code is just
the ordinary (u,s)th-order p-ary EG code. It was shown that the (u,s)th-
order p-ary EG code is the dual of the (m-u-1)(q-1)th-order primitive

polynomial code of length qm-l [10].

Subclass 2--Two-fold EG Codes

Let ¢ be the p-ary cyclic code of length q-1 whose generator poly-
nomial is g(X) = 1. Clearly, the extension of this code is invariant
under the affine group of permutations. The set B of minimm weight
code vectors w £ ¢ such that the overall parity-check is 1 consists of

the following vectors:
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(3.2.16)

by.p = (0, 0,0, ..., 0, 1)

Let F be a p-flat in EG(m,q) which consists of the q“ points specified
L k 2

by Equation (3.2.6). Let o 0 be a point such that o 04+ a9 is not in

F. Then the (u,2)-frame which corresponds to the u-flat F, the point

L - - L0 .

o 0 and the vector w is (7, Fo? Wy, O ), where the p-flat F, consists

of the following qu points:

j k % % %
OLO=OL0+T]kOLO+810t1+...+BuOLu (3.2.17)

For the given u-tflat 7 and the point alo, we can form q-1 parallel pairs
(7, Fyt ‘I’l’ uzo)’ (7, Fy: E)z, alo), vee, (7, Fy: ‘I’q-l’ azo) correspond-
ing to the vectors 6)1, &)2, cees “-’q-l in B. If we move the point o 0 in
all possible ways, we obtain (q(m'“) -1)/(q-1) - (q-1) = q(m'“) -1 parallel
pairs of u-flats in EG(m,q). Thus the null space of a two-fold (u,s)th-
order EG code of length qm-l contains the incidence vectors of all pos-
sible parallel pairs of u-flats in EG(m,q). The generator polynomial of
the null space of the two-fold (u,s)th-order EG code of length q"-1 has
och as a root if and only if the s-weight of h satisfies any of the fol-
lowing conditions: (Al) @s (h) <u-1; (A2) <I>s (h) = uw and h is divisible
by q-1. It has been shown that the two-fold (u,s)th-order EG code of
length qm—l is the dual code of the [(m-u)-+(q-1)-1]th-order primitive

polynomial code of length qm-l [1].
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3.3 Majority-Logic Decoding of Multifold EG Codes

Lin [1] has shown that a multifold (u,s)th-order Euclidean geometry
code is (u+l)-step majority-logic decodable. In this section, Lin's de-
coding algorithm of a multifold EG code will be briefly reviewed. It
was shown in the last section that a (u,d+1)-fram (7*, Fgs Fis wves
Fq.1t W, azo) can be formed for a given u-flat F* passing through the
point ako, a point azo such that ocko + a“O is not in F* and a minimm
weight vector w € B. Let I be a (u+l)-flat which is spanned by a given
u-flat 7* and the point oazo. Thus, the (ut+l)-flat L contains the fol-

u+l

lowing q points:

R R SR (3.3.1)
Next, we want to compute the number of all possible variations of aﬂo
such that the corresponding (ut+l)-flats L are intersecting on a given
u-flat F*, Since there are qml-q]“l points in each (u+l)-flat L which
are not contained in the u-flat 7*, no points outside the y-flat 7* can
lie in more than one of these (u+l)-fiats L. Otherwise, at least two of
the (u+l)-flats L will be the same. There are qm_qu points in EG(m,q)
that are not contained in the given u-flat F*, Thus, there are (q"-q")/
@ -g" = (@ "-1)/(q"-1) possible variations of a% such that the
corresponding (g™ F-1)/ (q"-1) distinct (u+1)-flats L intersect on the
given u-flat 7. Let A denote the set of (qm'“-l)/ (q-1) choices of oczo
that yield the (qm'“-l) /(q-1) distinct (u+l)-flats L which intersect on
F*, Let A be the number of minimum weight vectors in B. Thus, for any
azo e A, A (u,d+1)-frames (F*, F, Fp, ..., Fy.1° w, ago) with w € B can

be formed. It follows that a set of



A" M-1)/(q-D) (3.3.2)

(u,d+1) -frames

L 2,0

SRFEE w, aO) weBand a = € A} (3.3.3)

{(7*, Fos Fls -

can be constructed. Let V(F) = {‘;F*} be the set of incidence vectors of
the A(@™ “-1)/(q-1) (u,d+1)-frames given in Equation (3.3.3) with the

following properties:

1. For each \'rF* e V(F), the component at a location that corre-

sponds to a point in F* is equal to 1.

2. There are exactly r = Ad/(q-1) incidence vectors with nonzero
components at a location which does not correspond to a point
in F¥%,

Since these incidence vectors are in the null space of the (d+1)-fold
{u,s)th-order EG code, they can be used to form parity-check sums for
decoding errors. Let u = (Ugs Uys -ees uqm_z) and e = (egs €15 +-»

eqm- ,) be the transmitted vector and error vector, respectively. Let

the received vector r = u + e. Consider the inner product S=r - GF*

with GF* € V(¢). Since u « v_, = 0, we have

F
;- T ]
S=e « Vv, = e, + Wt e; (3.3.4)
ger T 100 X jeer, Ok
where Wigs Weps +ee» WEg_p 8T€ the nonzero components of the minimum

weight code vector w € B. Equation (3.3.4) gives the parity-check sums
of a received word r. Since there are A(qm'u-l) /(q-1) incidence vectors
in v(F), thus it is possible to form }\(qm'u-l)/ (q-1) parity-check equa-
tions in the form of Equation (3.3.4). Every parity-check sum checks
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on the sum Su = J e. or the error digits at locations that correspond
jeJ
to the points in the u-flat F*, Based on the second property of the set

of incidence vectors V(F), we conclude that if there are

ty = [ 2@ - 1) ] (3.3.5)

2r(q-1)

or fewer errors in e, the error sum S_ = Z e. can be correctly deter-
€J
mined by majority-logic rule from the }\(q#l-“—l) /(q-1) parity-check sums
in the form of Equation (3.3.4). Since every error sum that corresponds
to a p-flat other than F* will occur in r parity-check equations, thus
the step of determining the check sum of error digits that correspond to
the points in the p-flat F* is a nonorthogonal step except for the case
when r = 1. By this nonorthogonal decoding step, it is possible to de-
termine the check sum SIJ which corresponds to all y-flat in EG(m,q) cor-
rectly. The rest of the decoding steps is the same as the decoding of
a (u,s)th-order EG code. At the second step of decoding, the error
check sum Su_1 corresponding to all (u-1)-flats in EG(m,q) can be formed
from the sums S11 obtained from the first step. We continue this process,
until the (u+l)th-step, then all the errors are determined. Thus, a mul-
tifold (u,s)th-order EG code requires at most (u+l) decoding steps. It

follows from Equations (3.2.1) and (3.3.5) that we have

i e 3.3.6
e -

Since there are N = (q" V + qm'“'1 + ...+ q + 1) y-flats that intersect

on a given (u-1)-flat, hence there are N error sums Su orthogonal on an
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error check sum Su-l’ which corresponds to a given (u-1)-flat. Since
[N/2] > YR it follows that if there are tyg, OF fewer errors in e,

then the check sum Su_1 can be determined correctly by majority-logic
rule. Since the parameter N is a monotonically decreasing function of
the parameter u, hence the rest of the decoding steps will also be cor-
rect. We can then conclude that a (d+1)-fold (u,s)th-order EG code is
at most (utl)-step majority-logic decodable and is capable of correcting

at least (q" M-1)/2d errors.



CHAPTER IV
IMPROVED MULTIFOLD EUCLIDEAN GEOMETRY CODES

4.1 An Improvement of Multifold Euclidean Geometry Codes

In Chapter III, the multifold EG codes defined by Lin were briefly
reviewed. Lin's construction of multifold EG codes requires the exten-
sion of the base code to be invariant under the affine group of permu-
tations. In this section, we shall show that this requirement can be
removed. As a result, we obtain a larger class of multifold EG codes.
Furthermore, we shall improve condition (A3) of Theorem 3.2.1 so that
it characterizes more common roots of the incidence polynomials of all
the (y,d+1)-frames. Consequently, this will increase the efficiency of
a (d+1)-fold (u,s)th-order EG code.

Let Cjp be a p-ary primitive cyclic code of length q-1 and minimm
distance d whose generator polynomial g(X) does not have 1 as a root.
(The extension of Cp 1s not necessarily invariant under the affine group
of permutations.) Let (B(O) be a minimm weight code vector in C, such
that the overall parity-check symbol of 50 s equal to 1. The poly-

nomial representation of 50 s

t t t
oO@ =0 x0ru xte . rw x4l 4.1.1)
0 1 t3-1

Let J)(i) be the minimum weight code vector which is a cyclic shift of

J)(O) ith places to the right. Then the polynomial representaticn of

) is

- t.+]
w(l) (X) = wt X 1 1
0

+ w, X + ...t W X
Y Y41

t, (+i
a-1"1 (Mod Xq_l-l)

(4.1.2)
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Let tie be the nonnegative integer less than gq-1 such that

t. =t +i (Mod q-1) (4.1.3)

ie e
Then we obtain

. t. t. t.
oW =w, x 0wy x ey x 1,d-1 (4.1.4)

0
Let the cycle of &(0)(X) be defined as the least positive integer n,

such that
w0 ) = O (4.1.5)

Clearly, =, divides the length q-1 of the code ¢,. Let B, be defined

as the following set
By = M 0<i<ny1) (4.1.6)

Now we arrange the n, vectors in B, as an n, x (g-1) matrix Mg- Then
the number of nonzero entries in each columm of MO is constant and equal
to r = n,d/(q-1). This can be seen as follows. Let the rows of Nb be
cyclically shifted one place to the right. This shifting would leave
the rows of My unchanged except it rearranges the rows. It follows that
every colum of M0 must have the same set of nonzero entries. Since
each row has d nonzero entries, then there are n,d nonzero entries in
the matrix Mb. Thus, the nonzero entries in each column must be equal
to

nod

T = (4.1.7)

q-1
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In our improvement of multifold EG codes, we shall use C, as the
base code and the vectors in B, to form (u,d+l)-frames. In general,
the number », of vectors in By, is much smaller than the number of

vectors in B as defined in Section 3.2. Define the base polynomial

gO(X) as the polynomial of the highest degree with coefficients in
GF(p) which divide the code polynomials in B, and has distinct roots in
GF(q). Clearly, go(X) is a miltiple of the generator polynomial g(X)

of the code Coe Let

gy(X) = T(X)gX) (4.1.8)

For any SO By, i =0, 1, ..., ny-1, let the location numbers of the
nonzero components of &(i) be ntio, ntil, cens nti:d'l, where n is a
primitive element of GF(q). Let F be a u-flat in EG(m,q) which consists
of qu points given by Equation (3.2.6). Now we form a (u,d+1)-frame

Ko -(1) . 5. s
based on F, a point o Y and a vector w € By; i.e.,
(7, F P, azo) (4.1.9)
’ O’ ..., d—l. ’ L] .
The u-flat Fo consists of the following qu points:
j k t.
o®=aq 0, n 0, Bla 1, R (4.1.10)

where Bi e GF(q). The incidence polynomial of the (u,d+l)-frame of
Equation (4.1.9) is
d-1 je

vp00 = 1 X+ Log 1 X
jed e=0 Je€e

(4.1.11)

where J = {j: o) € F} and Je = {je! aJe € Fe} fore =0, 1, ..., d-1.
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Since
(X)) = J¥, £00= ] x° (4.1.12)
jed Je€le
are the incidence polynomials of the u-flat F and F,, respectively,

thus we can express v?(X) of Equation (4.1.11) in the following form:

d-1
v, (X) = £(X) + ezowtefe(x) (4.1.13)

In the following, we shall derive a set of conditions on the roots of

Vf(X). Let h be a nonnegative integer less than qm-l. Consider

Jeyh (4.1.14)

£ = 7 M- ] @
Jeede Je€de

Substituting Equation (4.1.10) into Equation (4.1.14), we obtain

k t. & L 2
fe(ah) =y ) .} (o 0, n 0, By 1, ve + Bua

8. B B
172 H (4.1.15)

U)h

where each summation is over all the elements of GF(q). Expanding

Equation (4.1.15) we have

h /h t. & .k 2 L o,
fe (ah)=2 ) g Z( >(n ie, Oyh-h (060+81a1+...+6uau)h

Bl 62 u h'=0 h'
(4.1.16)
Recall that
k % [
f@) =] ] . L@ +Bale . +pa (4.1.17)
B B, B, H
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Combining Equations (4.1.16) and (4.1.17) we have

h /h L2t ,
£ = ] <h> £y (@ Oy 1€y (B-h") (4.1.18)

In order to simplify Equation (4.1.18), the following lemma (Lucas
Theorem) is required.

I . I .
. = i - i
Lemma 4.1.1: Let Z = iZOZip and Z' = ig ip where 0 < Zi’ Z:{ <p.

Z
Then< ) £0 (Mod p) if and only if 2} <Z, fori=1, 2, ..., L.
Zl

It follows from Equations (4.1.13), (4.1.18) and Lemma 4.1.1 that we

have
h /h . 2,(h-h') d-1  t._(h-h")
v, = £ + ] < > £(™)a ¥ J w n e
h'=0 \ h' e=0 Te
= fOMA v w, tw, t...tw, )
to & t3-1
h , 2. (h-h') d-1  t. (h-h'
+ 7 ( )f(ah Ja 01 wtnle(h )
h'eAth) \h!' e=0 ©

(4.1.19)

Since (1 + Wgg + Weg * ..l * wegq) 20 (Mod p), Equation (4.1.19) can

be reduced to the following form:

h v L.(h-h") d-1 t. (h-h'
(h') flo Ja O(h ) Zw nle(h ) (4.1.20)

hy _
VF(OL) = ) Lt

h'ea(h)

Based on Equation (4.1.20), we shall derive a set of conditions on h

such that ah is a common root of the incidence polynomials of all the
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(u,d+1) -frames based on the set B,. The following result due to Delsarte
0

[18], and Kasami and Lin [7] is needed.

Theorem 4.1.1: Let o be a primitive element of GF(qm) . Let h be a non-

negative integer less than qm-l. Then och is a common root of the inci-

dence polynomials of all the u-flats in EG(m,q) not passing through the

origin if and only if 0 (h) < u.

Let <I>s (h) = u. Let r(h) be the set of all proper descendents h'

of h such that @s(h') = y. Clearly, I'(h) is a proper subset of A(h).
The following theorem will characterize the common roots of the inci-
dence polynomials of all the (u,d+1)-frames {(F, FO’ vees Fgqt (B(l),

0.

Theorem 4.1.2: Let o be a primitive element of GF (qm) . Let h be a non-

negative integer less than qm-l. Then ah is a common root of the inci-
dence polynomials VF(X) of all the (u,d+1)-frames (7, Fos Fis ees Fq.1
(3 L

w(]“), a 0) if h satisfies any of the following three conditions:

(A1) <I>s(h) < U.

(42) ¢ (h) =uandh =0 (Mod q-1)

(A3)* <I>s(h) =1 w1§h h#0 (Mod q-1) and such that, for any
h' € T(h), nh is a root of g9 (X) where h is a nonnegative

integer less than gq-1 that satisfies

h =h-h' (Mod g-1) (4.1.21)

Proof: Consider the expression of Equation (4.1.20).
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1. If h satisfies condition (Al), th~n any proper descendent h'
of h must have s-weight less than u, or <I>s (h') < u. Since £(X) is the
incidence polynomial of the u-flat F passing through ocko, it follows
from Theorem 4.1.1 that f(ozh') = 0 for every h' € A(h). From Equation
(4.1.20), we conclude that VF(OLh) =0 if <I>s(h) < U.

2. If h satisfies condition (A2), then for any h' € A(h),
@S(h') < u. It follows from Theorem 4.1.1 that f(ah') = 0. From
Equation (4.1.20), we can then conclude that VF(OLh) = 0 if <I>s (h) = u

and h=0 (Mod g-1).

3. If h satisfies condition (A3)*, then the set I'(h) is nonempty.
It follows from the definition of A(h) and I'(h) that for any h' €
ACh)-T(h), <I>s(h') < u. It follows from Theorem 4.1.1 that f(ozh') =0
for every h' € A(h)-T(h). Thus the expression of Equation (4.1.20) can

be reduced to the following:

h 2,(h-h') d-1 t. (h-h')
VF(ah) = ) < > flo ')a 0 Wy N 1e

h'er(h) \h' e=0 e
(4.1.22)

Let h be a positive integer less than gq-1 such that
h =h-h' (Mod q-1) (4.1.23)

Since n is a primitive element of GF(q), therefore we have

h g,(h-h') d-1  t. h

v = ] < ) £ o 0 Juw nte (4.1.24)
h'er(h) \h' e=0 €

Since w(i) (X) is a multiple of go(X), if h satisfies condition (A3)%*,

then



41
t. h

. ~ d-1
) (nh) =7 we 1 1 =9 (4.1.25)
e=Q e

for every h' ¢ I'(h). Combining Equations (4.1.24) and (4.1.25), we can
then conclude that VF(ah) = 0 if h satisfies condition (A3)*. Q.ED
Comparing Theorems 3.2.1 and 4.1.2, we see that conditions (Al) and
(A2) are the same for both theorems and only condition (A3)* of Theorem
4.1.2 is different from condition (A3) of Theorem 3.2.1. In the follow-
ing, we shall show that condition (A3)* is stronger than condition (A3).
In order to compare the two conditions, (A3)* and (A3), we must require

the base code ¢ and Cp to be the same and their extensions are invari-

ant under the affine group of permutations.

Lemma 4.1.2: Let C be the base code used for both Theorems 3.2.1 and
4.1.2. The extension of the cyclic code C is invariant under the affine
group of permutations. Let g(X) be the generator polynomial of the base
code C. Let h be a nonnegative integer less than qm-l. Then, if h
satisfies condition (A3) of Theorem 3.2.1, it also satisfies condition

(A3)* of Theorem 4.1.2,

Proof: Let h be a nonnegative integer which satisfies condition (A3) of
Theorem 3.2.1. Then @s(h) =pand hZ0 (Mod q-1). The residue h0 of

every maximal (q-1)-partition is of the following form:

s-1 its+t
h0 = tgoztp (4.1.26)

s-1
where Z = ) tht, nz is a root of the generator polynomial of the base
t=0

code C.
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Let h' be a proper descendent of h such that @S(h’) =u, or h' € I'(h).

Then there exists at least one maximal (q-1)-partition of h' such that

h' =hf + hi + hy + ...+ h! (4.1.27)

where hi' = Di(q-l) fori=1, ..., u. Since h' € I'(h), there must exist

a maximal (q-1)-partition of h such that

h=h0+h1'+h2'+ ...+h11 (4.1.28)

where h(') € A(ho) . Now subtracting Equation (4.1.28) from Equation
(4.1.27), we have

h-h' = hO - h(') (4.1.29)
Since h(') € A(no), it follows from Equation (4.1.26) that the residue hd

can be expressed in the following form:
= Jip’t (4.1.30)

where Z{ <Z fort=0,1, ..., s-1. Combining Equations (4.1.26),

(4.1.29) and (4.1.30), we obtain

1ts+t

Sil )

h-h' @, -2))p

£=0 t "t
(4.1.31)

s-1 its+t

IZ'p

=0

where Z1':' < Zt for t=20,1, ..., s-1. Let h be a positive integer

such that
i =h-h' (Mod g-1) (4.1.32)

It follows from Equation (4.1.32) that we have
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s-1 s+t
tEOZ 4'p (Mod q-1)

=
i

(4.1.33)

s-1

t
Z‘ an
t=0 ©

Since Zt':' iZt for t=0, 1, ..., s-1, it follows that h € A(Z) where
nz is a root of the generator polynomial g(X) of the base code C. Since
the extension of ¢ is invariant under the affine group of permutations,
nh is also a root of g(X). Since &g X) = 71(X)g(X), it implies that nh
is a root of gp (X). Therefore, we have proven that if h satisfies con-

dition (A3) of Theorem 3.2.1, then it must satisfy condition (A3)* of

Theorem 4.1.2.
Q.E.D.

Next, we shall show that an integer h which satisfies condition (A3)¥*
of Theorem 4.1.2 does not necessarily satisfy condition (A3) of Theorem
3.2.1. In other words, these two conditions are not equivalent. Two

concrete examples are given in the following.

Example 4.1.1: Letp=2,s=4,m=3, q= 16, u = 1 and the base

code ¢ is a d-BCH code of length 15 with d = 5. Then, the base code
has n, n3 and all their comjugates as roots of its generator polyno-
mial g(X). The extended primitive BCH codes were proved to be invari-
ant under the affine group of permutations by Peterson [13]. Consider
the integer 319 which is less than (24)3-1. This integer has s-weight

<I>4(319) = 1, All the maximal (24-1) -partitions of 319 are listed below.
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Maximal (24-1) -partitions Binary expansion of

(ho, hl) the residue h0
(304, 15) 2t 4254 28
(289, 30) 20+ 254+ 28
(274, 45) 2l 4 2% 4 28
(259, 60) 20 4 214 58
(49, 270) 20+ 224 2%
(34, 285) 2l 4+ 20

(19, 300) 20 4 21 4 2t

(4, 315) 22

Let h' be a proper descendent of 319 such that <I>4(h') = 1. Then, any
maximal (24-1) -partition of h' must have the form (h('),hi) where hi = h1
and h(') is a proper descendent of h0 with (ho,hl) as a maximal (24-1)-
partition of 319. Let h = 319-h' Mod (24-1). It is easy to check
that for every h' € I'(319), nh is a root of the generator polynomial
g(X) of the base code C. Since the base polynomial of condition (A3)#*
is gO(X) = 1(X)gX), nE is also a root of g (X). Therefore, the inte-
ger 319 satisfies the condition (A3)* of Theorem 4.1.2. Now we consider
the maximal (24-1) -partition (15,304) of 319. The residue of this par-

tition is hy = AL

which does not have the form required by
condition (A3) of Theorem 3.2.1. Thus, the integer h = 319 does not

satisfy the condition (A3) of Theorem 3.2.1.

Example 4.1.2: Letp=2,s =4, m= 3 and q = 16. The base code C

is the binary Hamming code of length 15 whose generator polynomial is
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gX) =1+X+ x*. The polynomial

5

w0 =1+ x° +x10 (4.1.34)

is a minimum weight code polynomial in C. Clearly, the overall parity-
check symbol of w(O) (X) is 1. The cycle of w(O) (X) is ny= 5. The set

B, consists of the following code polynomials of C:

o@D =1+x+x10
oM = x + x0 + xH
0@ @) = x% + x7 4 x12 (4.1.35)
INC PSR S J L
o@D =+ X0+ X1

The greatest common divisor of these polynomials is just the code poly-

nomial 50 X); i.e.,

1+x°+x10

X
8™ (4.1.36)

(1+X+X2+X3

X+ x+xH

Thus, 7(X) =1+ X + X2+ %3+ X6. The roots of gO(X) are n, nz, n4,

T]5, Tl7, ﬂ8, nlO’ nll, n13’ and n14

, where n is a primitive element of
the Galois field GF(21). Conmsider the integer h = 95 which is less
than (2°)*-1. The 4-weight of 95 is ¢,(95) = 1. All the maxinal

(24-1) -partitions of 95 are listed below.
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Maximal (24-1) -partitions Binary expansion of
(ho, hl) the residue h0
(80, 15) 244 20
(65, 30) 20 4 26
(20, 75) 22 + 24
(5, 90) 20 & 22
It is easy to check that for every proper descendent h' in I'(95), nh is
5 10

a root of the base polynomial g9 (X) =1+ X"+ X" in condition (A3)*

of Theorem 4.1.2. Thus, the integer 95 satisfies condition (A3)* of

Theorem 3.2.1. Now consider the maximal (24-1) -partition (80,15) of 95.
The residue of this maximal (24-1) -partition is hO =24 22, 24.
Clearly, hO has the form required by condition (A3) of Theorem 3.2.1.

2 > is not a root of the generator polynomial

However, Z =1 + 2 = 5 and n
gX) =1+X+ X4 in condition (A3) of Theorem 3.2.1. Therefore, the

integer 95 does not satisfy condition (A3) of Theorem 3.2.1.

Except for some special base codes, condition (A3)* of Theorem
4.1.2 characterizes more common roots of the incidence polynomials of

(u,d+1)-frames than condition (A3) of Theorem 3.2.1.

Definition 4.1.1: Define H0 (X) as the polynomial over GF(p) such that

och is a root if and only if h satisfies any of the three conditions
stated in Theorem 4.1.2. Clearly, H0 (X) is a common divisor of the in-
cidence polynomials of the (u,d+l)-frames based on wu-flats in EG(m,q)
and the minimum weight code vectors in the set B, defined by Equation

(4.1.6).
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It follows from Lemma 4.1.2 that, for the same base code, the polynomial
HO(X) defined above is a4 multiple of the polynomial H(X) defined in De-

finition 3.2.1.

Definition 4.1.2: The p-ary cyclic code of length q™-1 whose null space

is generated by HO(X) is defined as the improved (d+1)-fold (u,s)th-

order EG code associated with a base code ¢, which is cyclic.

It follows from the above results and definitions that the parity-check
polynomial HO(X) of the improved (d+1)-fold (u,s)th-order EG code of
length q™-1 is, in general, a multiple of the parity-check polynomial
H(X) of the (d+1)-fold (u,s)th-order EG code defined by Lin [1]. There-
fore, the improved (d+1)-fold (u,s)th-order EG code of length q™-1 is
more efficient than the (d+1)-fold (u,s)th-order EG code of the same

length and the same error-correcting capability defined by Lin [1].

Example 4.1.3: Letp=2,s=4,m=3,q=16and p = 1. Let the

base code C be a 5-BCH code with generator polynomial g(X). Let gO(X) =
g(X). Then the improved 6-fold (1,4)th-order EG code of length 4095 has
2623 information symbols. However, the 6-fold (1,4)th-order EG code of
length 4095 defined by Lin has 2359 information symbols. Both codes

have error-correcting capability ty, = 25.

Example 4.1.4: Letp =2, s =4, m= 3 and q = 16. The base code C

is a binary Hamming code of length 24-1 with generator polynomial g(X) =
1+X+ X4. The generator polynomial g(X) has n and all its conjugates
as roots. Let gO(X) =1+ Xs + Xls. Then the improved (1,4) 4-fold EG

code of length 4095 has 2305 information symbols. However, the (1,4)
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4-fold EG code of length 4095 defined by Lin has 1999 information sym-
bols. Both codes have error-correcting capability b = 42,

Based on Theorem 4.1.2, we see that for a given base code (), the effi-
ciency of an improved multifold EG code depends on the choice of a mini-
mum weight code vector 5O ¢ Cp. For high efficiency, we must choose
J)(O) such that the degree of the base polynomial g (X) is as high as
possible. Except for certain special base codes, to find the base poly-
nomial gp (X) of the highest degree is very hard. In Chapter V, we shall
show that the improved (d+1)-fold (u,s)th-order EG code of length qm-l
defined in Definition 4.1.2 is maximal in the sense that it is the
largest linear code of length qm-l whose null space contains the inci-
dence vectors of all the (u,d+l)-frames based on the u-flats of EG(m,q)
and the minimum weight vectors in set Bp defined by Equation (4.1.6).
Obviously, we may choose the generator polynomial g(X) of the base code
as the base polynomial in condition (A3)* of Theorem 4.1.2. In this
case, the improved multifold EG codes derived from Definitions 4.1.1 and
4.,1.2 may not be max1ma1 In the construction of improved multifold EG
codes, we only require the base code ¢, to be cyclic, and its generator
polynomial g(X) does not have 1 as a root. Therefore, the class of im-
proved multifold EG codes is much larger than the class of multifold EG
codes defined by Lin. A list of improved multifold EG codes is given

in Appendix A.

4.2 Decoding of the Improved Multifold Euclidean Geometry Codes
Multifold Euclidean geometry codes are L-step majority-logic decod-

able. Lin [1] has devised a method of forming parity-check sums for
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decoding these codes. At the first step of decoding a (d+1)-fold
(u,s)th-order EG code of length qm-l, the parity-check sums that corre-
spond to all the u-flats in EG(m,q) are determined. In order to deter-
mine the parity-check sum corresponding to a particular u-flat r passing
through the point ocko, Lin's method requires construction of all the
(u,d+1)-frames based on the py-flat F, all the possible choices of the
points 0‘20 such that oako + OL’LO is not in F, and all the vectors w in the
set B, where B is the set of all the minimum weight code vectors in the
base code C such that the overall parity-check symbol of each vector in
B is equal to 1. Since there are A vectors in B and there are (qm-“-l) /

0
(q-1) possible choices of o 0, thus the number of (u,d+1)-frames based

on the py-flat F is

yoEAe A= (4.2.1)
q-1

In general, the number A is very large and much greater than q-1 (the
length of the base code). For example, if the base code is the (63,45)
binary BCH code with d = 7, the number A of vectors in B is 23877 [19].
Thus, the number of (u,d+l)-frames to be formed at the first step of
decoding a (d+1)-fold (u,s)th-order EG code may be prohibitively large.
As a consequence, the implementation of the decoder becomes very imprac-
tical except for certain special cases. Moreover, it is quite hard to
compute the minimm weight vectors in B for long base codes.

The procedure for decoding an improved multifold EG code is the
same as that for decoding a multifold EG code. At the first step of de-

coding, we determine the parity-check sums that correspond to all the

u-flats in EG(m,q). In order to determine the parity-check sum that
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corresponds to a particular p-flat F passing through the point ako, we
form all the (u,d+1)-frames based on F, all the possible choices of a
point azo such that ako + azo is not in F, and all the vectors in set
B, of Equation (4.1.6). The number of vectors in B, is n, which is a
factor of the length of the base code. Then, the number of (u,d+1)-

frames to be formed is

m-yo_ 4
Ny=ny+ 2 —— = (4.2.2)
q-1
Comparing ¥, with ¥, we see that v, is much smaller than ¥. If the
(63,45) binary BCH code with d = 7 is used as the base code, the poly-

nomial

9 27 36 45 54 (4.2.3)

O =1+ x% + x84 x%7 4+ x36 4 x%5 4 x

is a polynomial representation of a minimum weight code vector whose
overall parity-check symbol is 1. The cycle n, of this vector is equal
to 9. Thus the set B, contains only 9 vectors. For this case, ¥ =
2653N0. Therefore, the number N, of (u,d+1)-frames to be formed at the
first step of decoding an improved (d+1)-fold (u,s)th-order EG code is,
in general, considerably smaller than the number ¥ of (u,d+l)-frames to
be formed at the first step of decoding a (d+1)-fold (u,s)th-order EG

code.

Let V,(F) =‘{§F} be the set of incidence vectors of the ¥, (u,d+1)-

frames based on the u-flat 7 that passes through the point akO, all the

L k L
possible choices of the points a 0 such that o 0. o 0 is not in F, and
the vectors &(1) € Bp. It follows from the properties of the vectors

5 ¢ By, that V,(F) has the following properties:
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1. For each.ﬁF € Vb(FD, the component that corresponds to a point
in F is '1'.
2. There are exactly r = nod/(q-l) incidence vectors with nonzero
components at a location that does not correspond to a point
in F.
These properties of V,(F) guarantee that the improved (d+1)-fold

(,s)th-order EG code of length q"-1 is capable of correcting

n

g ] (4.2.4)
2r

tML=[
or fewer errors by majority-logic decoding. It follows from Equations

(4.1.7), (4.2.2) and (4.2.4) that

m-p g
ty, = 4 - - (4.2.5)

Comparing Equations (3.3.6) and (4.2.5), we see that the improved (d+1)-
fold (u,s)th-order EG code has the same majority-logic error-correcting
capability as the (d+l)-fold (u,s)th-order EG code. However, the former
code is more efficient than the latter; and the decoder for the former
code is simpler than that of the latter.

In general, the first step of decoding an improved (d+1)-fold
(u,s)th-order EG code is nonorthogonal. However, if the parameter r of
Equation (4.1.7) is equal to 1, then the first step of decoding would
be orthogonal. The only known subclasses of multifold EG codes in which
the first step of decoding is orthogonal are the ordinary EG codes and

the two-fold EG codes. In the following, we shall derive a subclass of
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the improved multifold EG cedes such that the first step of decoding is
orthogonal. It follows from Equation (4.1.7) that for r = 1, the mini-
mun distance d of the base code must be a factor of the length of the
base code; i.e., gq-1 = npd. Also, the nonzero components of the mini-
mun weight code vector &(O) must be evenly spaced. In other words, the
mmber of zero's between two adjacent nonzero components is #n)-1. Con-
sequently, the polynomial representation of the minimum weight code

vector &(0) must have the following form:

t t0+n0 . t0+(d-1)n0

0 vy = 0
X)) =, X Fw, X cee t W X (4.2.6)
to Y t3-1

where ty < 7y Next, we shall present a class of base codes such that
a code in this class has a minimum weight code vector of the form of
Equation (4.2.6). Suppose that the length g-1 of the base code is not

a prime. Let d be a factor of g-1 such that

q-l = nad (4.2.7)

Then the polynomial X371 can be factored into the following form:

1 np n 2ny (d-1)np

Xl o xoDa+x%+x Ve, +x ) (4.2.8)

The factor Xno-l has no, nd, nZd ceny n(nO_l)d as all its roots where

’

n is a primitive element of GF(q). The factor

2n d-H=
0 X 0

"0
PpX) =1 +X" " +X + ..+ (4.2.9)

has all the nonzero elements of GF(q), except no, nd, nZd, cees n(”O'l)d
as all its roots. Now consider a p-ary cyclic code C, of length q-1

whose generator polynomial g(X) is y(X) of Equation (4.2.9). Since y(X)
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1 d-1 d . .
has n™, ..., n (but not n ) as roots, it follows from Bose-Chaudhuri
argument that the minimm distance of ¢, is at least d. Since the poly-
nomial ¢(X) is a code polynomial in C, and has weight d, thus the mini-
mum distance of C, is exactly equal to d. Now we use Cp as the base code

for the improved (d+1)-fold (u,s)th-order EG code of length q™-1. Let

n 2n (d-Dn
w(o)(X) =nyll + X 0, X - oo + X 0} (4.2.10)

Clearly, w(o)(X) has the form of Equation (4.2.6) and the cycle of
w(o)(X) is equal to n,. Furthermore, the overall parity-check symbol
of &(0) is equal to 1. Therefore, the improved (d+1)-fold (u,s)th-order
EG code based on €y is orthogonalizable, i.e., every decoding step is

orthogonal. The set B, consists of the following minimum weight code

vectors:
WO = npll + Xno + inO oot X(d-l)no}
w(l)(X) = nyX{1 + Xn0_+ ina +o.. X(d-l)na}
(4.2.11)
m(no—l)(X) = noxno-l{l + Xno + inO oot X(d-l)no}

It is easy to see that the greatest common divisor of w(o)(X), w(l)(X),
ces w(no-l)(x) is just w(o)(X). Therefore, the base polynomial gO(X)

for the improved (d+l)-fold (u,s)th-order EG code based on Cp is just

vX) = (1/n0)w(0)(x). It will be shown in Chapter VI that the improved

(d+1)-fold (u,s)th-order EG code of length q™-1 with base polynomial
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n -
04 ..+ X(d Dny is identical to a subclass of

gy =1+ X7+ X
the regular (u,Nu +1)1:h-order generalized EG code of length q™-1 recently

defined by Hartmann, Ducey and Rudolph [9].



CHAPTER V

ON THE MAXIMALITY AND THE INVARIANT PROPERTY OF
THE IMPROVED MULTIFOLD EUCLIDEAN GEOMETRY CODES

It has been proven that the regular Euclidean geometry codes and
the two-fold Euclidean geometry codes formed subclasses of the multi-
fold Euclidean geometry codes [1]. In the case of the two-fold (u,s)th-
order EG code, it contains the incidence vectors of all possible par-
allel pairs of u-flats in EG(m,q). Furthermore, the null space of the
two-fold (u,s)th-order EG code is spanned by the incidence vectors of
all possible pairs of p-flats, thus the two-fold (p,s)th-order EG code
of length q"-1 is the largest linear code that is orthogonal to the in-
cidence vectors of all possible pairs of p-flats in EG(m,q). Similarly,
the regular (u,s)th-order EG code of length qm-l contains all the (p+1)-
flats of EG(m,q) in its null space, and it is the largest linear code
that is orthogonal to the incidence vectors of all (u+l)-flats in
EG(m,q). The two-fold EG codes and regular EG codes are the only two
subclasses of multifold EG codes which are known to be maximal in the
sense that they are the largest linear codes of length qm-l whose null
spaces contain the incidence vectors of all the (u,d+1)-frames based on
the p-flats of EG(m,q) and the minimum weight code vectors in set B,
defined by Equation (4.1.6). In this chapter, we shall prove that the

whole class of the improved multifold EG codes is maximal.

5.1 On the Maximality of Improved Multifold Euclidean Geometry Codes
It was shown in Chapter IV that the null space of the improved
(d+1)-fold (u,s)th-order EG code of length qm-l contains the incidence
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vectors {\7F} of all the (u,d+1)-frames
-(1) *o
{(, Fos Fys vees Fg gt w7, 0 )} (5.1.1)

based on all the u-flats in EG(m,q), all the possible choices of the
point aZO and all the vectors (I)(i) € By. An interesting question is
whether the null space of the improved (d+1)-fold (u,s)th-order EG code
is the smallest space which contains the incidence vectors {\7‘F} of all
the (u,d+1) -frames of Equation (5.1.1). If the answer is affirmative,
then the improved (d+1)-fold (u,s)th-order EG code of length qm-l is
maximal in the sense that it is the largest linear code whose null
space contains the incidence vectors {GF} of all the (u,d+1)-frames of
Equation (5.1.1). In order to answer this question, we must show that
the parity-check polynomial H, (X) defined in Definition 4.1.2 is the
greatest common divisor of the incidence polynomials {VF(X)} of all the
(u,d+1)-frames of Equation (5.1.1). Or equivalently, we must show that
the three conditions stated in Theorem 4.1.2 characterize all the com-
mon roots of the incidence polynomials {VF(X)}. In the following, we
shall prove the maximality of the improved multifold EG codes.

L
Let F be a u-flat specified by Equation (3.2.6). Let o 0 be a
k 2
point in EG(m,q) such that o 0, o 0 is not in F. Form the n, (u,d+1)-

2
frames based on 7, a 0 and the n, vectors in B, of Equation (4.1.6)

-(0 'Q’O
(7, FOO’ Fops +=v» FO,d-l: w( ), a )
-(1) to
ol ), )

(Fy Figs Fqs +ovs SIRE o

(5.1.2)

_(7’20'1) 20
-, Fup1,0° Fup-l,1r * Frpel,a-1i @ , o)
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where the u-flat Fie consists of the following q‘J points:

i ky, t. & [}
ocle=oz0+nleoc0+81a1+...+Bau (5.1.3)

-t.
where n 1° is the location number of the et nonzero components of the
vector (I)(i) € By. Let L be the (utl)-flat in EG(m,q) which is spanned

L
by the u-flat F and the point o 0. Then the p-flats 7, Foags =++»

FO,d-l’ Fl,O’ cees Fl,d-l’ cees Fno-l,d-l are all contained in the

t t _ t
{00 | f0,a-1 t10

(u+1)-flat L. Consider the set ¢ =
tn,-1,0 th,-1,d-1

-oo,n 1] 0",”

9 e 9 evegy

t,d-1 : : )
n ’ } which consists of the location
numbers of all the nonzero components of the vectors in B,. It follows

from the cyclic shift property of u—)(O) that the set ¢ actually contains

all the nonzero field elements no, nl, cees nq’z of GF(q) with each

field element appearing r times. Let F(t) be the y-flat which consists

of the following q11 points:

J L L 2
at=a +ntoc0+Blocl+...+Buocll (5.1.4)

where 0 < t < g-1. It is clear that the q u-flats F, F(O), F(l), coey

rla-2) together form the (u+l)-flat L which is spanned by the u-flat F
. X

and the point o ~. Also the set {FOO’ cees Fo,d-l’ Flos ***» Fl,d-l’

sy Fno-l,O’ cees Fno-l g-17 contains the set {F(O), F(l), cers F(q-Z)}
3

: OFSN (mp-1)
r times. Let Vg x, Ve X, ..., Vi (X) be the incidence poly-
nomials of the (u,d+l)-frames of Equation (5.1.2). Let fi e(X) be the
incidence polynomial of the u-flat Fior It follows from Equations

(4.1.13) and (5.1.2) that
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Y00 = £00 + Tu, £ 00 (5.1.5)
F e=0wtie le o

where the coefficients Wej o for e =0, 1, ..., d-1 are the nonzero com-
ponents of the minimum weight code vector &(1) € By. Now, consider the

sum

d-1 no‘

np-1 ..
T o0 =m0 + ] ]
i=0 =0 i=

1
w, f£. X (5.1.6)
i=0 t1 1€

ie

Let f(o)(X), f(l)(x), cees f(q'z)(x) be the incidence polynomials of the
p-flats F(O), F(l), cens F(q'z), respectively. It follows from the anal-
ysis of Section 4.1 that the sum of the nonzero entries in each column

of M, is constant and equal to

ng(Wgan + Wty + oo + WEy 5.4)
00 01 0,d-1 (5.1.7)

q-1

-1 (Mod p), and g-1 = -1  (Mod p),

Since Wtgp * Wegy *oeee * wtO,d-l

thus we have

g = g (Mod p) (5.1.8)

Let p be a nonzero field element of GF(p) such that

p=ny (Mod p) (5.1.9)

It follows from Equations (5.1.6), (5.1.8) and (5.1.9) that we obtain

-1 ..
v = e + 000 + W0 + L+ 20D )

2
i=0
(5.1.10)

Clearly, £X) + £0 @ + M + ... + @3 (xy is the incidence

polynomial L(X) of the (u+l)-flat L. Therefore, we have
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-1 ..
1) = o7t n?ZﬂVél)(X) (5.1.11)
1=

Lemma 5.1.1: Let h be a positive integer less than qm. If @s(h) > U,

then ah cannot be a common root of the incidence polynomials of all the

(u,d+1) -frames of Equation (5.1.1).

Proof: Suppose that ah, with @s(h) > |, 1s a common root of the inci-

dence polynomials of all the (u,d+1)-frames of Equation (5.1.1). Then

V§0)(ah) = V§1)(ah) = ... = v§”0'1)(ah) =0 (5.1.12)

Substituting Equation (5.1.12) into Equation (5.1.11), we have
hy _
L) =0 (5.1.13)

However, L(ah) = 0 implies that ah is a common root of the incidence
polynomials of all the (u+l)-flats in EG(m,q). This is a contradiction
to Theorem 4.1.1. Therefore, for @s(h) >y, ah cannot be a common root
of the incidence polynomials of all the (u,d+1)-frames of Equation

(5.1.1).
Q.E.D.

According to Lemma 5.1.1, for ah to be a common root of the incidence
polynomials of all the (u,d+l)-frames of Equation (5.1.1), @s(h) must

be less than or equal to u.

Lemma 5.1.2: Let h be a positive integer less than qm such that
@S(h) =uyuand hZ0 (Mod g-1). Then, if ah is a common root of all

(u,d+1)-frames of Equation (5.1.1), then h must have the following
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~

property: for any h' € I'(h), nh is a root of g0 (X) where h is a non-

negative integer less than q-1 that satisfies

h =h-h' (Mod q-1) (5.1.14)
Proof: Let Vg (X) be the incidence polynomial of a (u,d+1)-frame of
Equation (5.1.1). Since ¢ (h) = yand h 20 (Mod q-1), then vF(ah)
can be reduced to the form of the expression of Equation (4.1.22)

v

h v RaChrh') Ly o4
F(och) = ( > £ ) 0 oD @Y (5.1.15)

h'er(h) \h'
where T'(h) is the set of all proper descendents h' of h such that
@S(h') = p. Since n is a primitive element of GF(q), thus Equation
(5.1.15) can be written as

h ¢ 2aCh-h") .y %
VF(OLh) = Z ( ) flo o 0 w(l) (nh) (5.1.16)
h'er(h) \h'

where h is a positive integer less than q-1 such that h = h-h' (Mod

q-1). Define the following polynomial

A, yh! (5.1.17)

K(Y) .

-
h'er'(h)

where

h T
A = <h'> £ @b (5.1.18)

Clearly, K(Y) is a polynomial over GF (qm). The smallest integer hL
less than q" such that o (hy) = w is q"-1. Thus, for any h' e I'(h),
h' > qu-l. Since u < m, the largest integer hM less than qm such that
d)s (hM) = y must be less than qm-l (the s-weight of qm-l is equal to m).

Therefore, the degree of K(Y) is less than qm—q“. It follows from
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Equations (5.1.16), (5.1.17) and (5.1.18) that

g
vF(ah) = Ko ) (5.1.19)

Now, if ah is a common root of the incidence polynomials of all the

(u,d+1)-frames, then

2
VF(O!,h) =K@ %) =0 (5.1.20)

for any choice of the u-flat F of Equation (3.2.6), and any choice of
oczo such that ako + ozzo is not in the u-flat F specified by Equation
(3.2.6). There are qm-q‘*1 possible choices of oazo. It follows from
Equation (5.1.20) that K(Y) has qm-q]J roots in GF(qm). However, the
degree of K(Y) is less than qm—q“. As a consequence, all the coeffi-

cients of K(Y) must be equal to zero; 1i.e.,

<z'> £ P = 0 (5.1.21)
for any h' € I'th). Note that f£(X) is the incidence polynomial of the
u-flat F in EG(m,q). It follows from Theorem 4.1.1 and the fact that

o} s (h') = u, that ah' cannot be a common root of the incidence polyno-
mials of all the u-flats in EG(m,q) not passing through the origin. Let
us choose a p-flat F of Equation (3.2.6) such that the incidence poly-
nomial £(X) does not have ah* as a root; i.e., f (ah*) # 0 where h* ¢
r(h). Since <2*> 20 (Mod p) and £@M) 20 (Mod p), it follows
from Equation (5.1.21) that we must have

o mby = o (5.1.22)

~

where h = h-h* (Mod q-1). Equation (5.1.22) implies that n' must be
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a root of w(i)(X) fori=0,1, ..., ny-1. In other words, nh must be
a root of the greatest common divisor gO(XJ of all the code polynomials

jIl B .
0 Q.E.D.

5.2 The Extensions of the Improved Multifold Euclidean Geometry Codes
are Invariant under the Affine Group of Permutations

It is clear from Section 4.2 that an improved p-ary (d+1)-fold
(u,s)th-order EG code is a p-ary cyclic code of length qm-l whose null
space is generated by HO(X), where HO(X) is defined in Definition 4.1.1.
In this section, we shall prove that the extensions of the improved
multifold EG codes are invariant under the affine group of permutations.

It follows from Theorem 3.1.1 that the extension of a cyclic code
¢ of length gq-1 is invariant under the affine group of permutations if
and only if, for every nZ which is a root of the generator polynomial
g(X), then for every Z' e A(Z), nz' is also a root of g(X) and g(1) # O
where n is a primitive element of GF(q). Let D be the dual code of a
cyclic code ¢, and its generator polynomial be denoted by gD(X). Sup-
pose that the extension of the cyclic code ¢ is invariant under the
affine group of permutations, then it follows from Theorem 3.1.1 that
the extension of the dual code D is also invariant under the affine

0 is removed from its generator poly-

group of permutations if the root n
nomial HO(X), and if we can show that the polynomial HO(X) satisfies
the conditions given by Theorem 3.1.1, then the extension of the im-
proved p-ary (d+l)-fold (u,s)th-order EG code is invariant under the

affine group of permutations.
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Lemma 5.2.1: Define HO (X) as the polynomial over GF(p) such that ah is
a root if and only if h satisfies any of the three conditions given in
the following:

(A1) o (h) <.

(A2) <I>S(h) =pand h=0 (Mod gq-1).

(A3)*. ?S(h) =puwith h 0 (Mod g-1) such that for any h' ¢ r'(h),
nﬂ is a root of g9 (X) where h is a nomnegative integer less
than q-1 that satisfies

h =h-h' (Mod g-1)

For every ah which is a root of H0 (X), then for every h' € A(h), ah' is

also a root of HO X).

Proof:
1. If h satisfies condition (Al), then d)s(h) < uy. For any h' ¢

A(h), it is obvious that @S(h') < u and h' satisfies condition (Al).

Thus h' is a root of HO(X).

2. If h satisfies condition (A2), then 2 (h) =pand h =0
Mod g-1). For any h' € A(h), it is obvious that @s(h') < p and h'

satisfies condition (A ). Thus h' is a root of H0 X).

3. If h satisfies condition (A3)*, then o (h) =pand h£0
(Mod g-1). For any h' € A(h), the descendent h' must lie in either the
set A(h)-T(h) or the set IT'(h). If h' € A(h)-r(h), then it must satisfy
either condition (Al) or condition (A2). If h' e r'(h), thfn @ M = pu.
It follows from condition (A3)* that, for any h' ¢ I'(h), nh is a root

of gO(X), where h = h-h' (Mod g-1). Let h'' € I'(h'), then there must
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1

exist an h* € I'(h) such that h'-h'' = h-h*. Therefore, nh must be a
root of gO(X), where h' = h'-h'' = h-h* (Mod g-1). We can therefore

conclude that h' is also a root of H,(X).
0 Q.E.D.

It follows from Theorem 3.1.1, Lemma 5.2.1 and the above results that

we have the following theorem.

Theorem 5.2.1: The extension of the improved p-ary (d+l)-fold (u,s)th-

order EG code is invariant under the affine group of permutations if

the root ao is removed from its generator polynomial.



CHAPTER VI

ON SOME IMPORTANT SUBCLASSES OF THE
IMPROVED MULTIFOLD EUCLIDEAN GECMETRY CODES AND
THEIR RELATIONS TO OTHER MAJORITY-LOGIC DECODABLE CODES

In Chapter IV, the improved multifold EG codes were introduced.
It is clear from Theorem 4.1.2 that the algebraic structure of an im-
proved multifold EG code depends on the choice of the base polynomial
gO(X) and the base code Cj,. The base code C, is only required to be
cyclic and its generator polynomial does not have 1 as a root. The
primitive d-BCH codes form an important class of cyclic codes, also the
generator polynomial of a primitive d-BCH code does not contain 1 as a
root. Therefore, the improved multifold EG codes can be constructed
using the primitive d-BCH codes as base codes. In Section 6.1, the
algebraic structure of the improved multifold EG codes based on primi-
tive BCH codes will be thoroughly discussed. Also, their relations to
the duals of primitive polynomial codes will be derived. In Section
6.2, we shall prove that a subclass of the improved multifold EG codes
is related to the regular generalized EG codes defined by Hartmann,

Ducey and Rudolph [9].

6.1 The Improved Multifold Euclidean Geometry Codes Based on Primitive
BCH Codes
Let q = ps and n be the primitive element of GF(q). The primitive

2 d-1
n

p-ary d-BCH code of length gq-1 has n, n°, ..., and their conjugates

as roots in its generator polynomial g(X). Let Z be a nonnegative inte-

ger less than q. Let Z(t) denote the nonnegative integer less than q

such that
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7(8) = 5t (Mod g-1) (6.1.1)

where t is a nonnegative integer less than s. If nz is a root of the

5 (t)
generator polynomial g(X) of the p-ary d-BCH code, then nz is also a

root of g(X). Therefore, the generator polynomial g(X) of a d-BCH code
has nz as a root if and only if

1< MinzZ(® <4 (6.1.2)

O<t<s

In other words, if nz is a root of the generator polynomial of a d-BCH
code, then there exists one of its conjugates such that Z(t) < d for
some t less than s. Since the extended code of a primitive BCH code is
invariant under the affine group of permutations, then if nz is a root
of the generator polynomial of the primitive d-BCH code and if Z' is a
nonzero descendent of Z, then nz' is also a root of the generator poly-
nomial of the primitive d-BCH code [14]. Let %9 be a minimm weight
code vector in the d-BCH code such that the overall parity-check symbol
of &(0) is equal to 1. Let the set B, contain the minimum weight code
vector »0) and all its cyclic shift &(i), for i =1, ..., ny-1l. Let
gO(X) be the monic polynomial which is a greatest common divisor of the
code polynomials in B,. Now we can form a (u,d+1)-frame based on 7, a
point azo and a vector &(i) € By. Theorem 4.1.2 gives the common roots
of the incidence polynomials Vf(X) of all the (u,d+l)-frames in the
null space of the improved (d+1)-fold (u,s)th-order EG codes based on a
primitive BCH code. It is clear that this (d+1)-fold (u,s)th-order EG
code is capable of correcting b T [(qm_u-l)/Zd] or fewer errors. In

the following, we shall relate the improved multifold EG codes based on
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primitive BCH codes to another class of majority-logic decodable codes,
the dual of primitive polynomial codes. Before we proceed further anal-

ysis, the following lemma is needed.

Lemma 6.1.1: Let h be a nonnegative integer less than qm and let u be

a positive integer less than m. Then

(1) ¢_(h) = p-1 if and only if Min W_(pth) < n(q-1)-1.
s O<t<s 4 -

(2) o (h) =pandh =0 (Modq-1) if and only if Min W_(pth) =
s O<t<s 4
u(q-1).

(3) If p(g-1) < Min W_(p*h) < u(g-1) + d, then &_(h) = p and the
O<t<s 1 S

residue h0 of every maximal (q-1)-partition of h satisfies

1< Min W (pthy) < d.
~ 0<t<s

Proof: The first two parts of this lemma have been proven by Lin [1].
In the following, we shall prove part (3).

Let {ho, hl’ ceey hk} form a maximal (q-1)-partition of h. It
follows from part (1) that k > p-1. Based on the definition of a maxi-
mal (q-1)-partition of h, the q-weight of the nonnegative integer h is
equal to the sum of the q-weight of each component of a maximal (q-1)-

partition of h, or
W (th) = W (pthy) + ... + W_(pth 6.1.3
@) = W, @hy) W, @'y (6.1.3)
Clearly,

k
Min W_(pth) > Min W (pthO) + ) Min W (th) (6.1.4)
O<t<s 4 0<t<s 2=1 O<t<s 4
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Since every component hz’ for 1 < & <k, is divisible by q-1, hence

Min Wd(pth ) must be a multiple of gq-1. Suppose k > y. It follows
O<t<s

from Equation (6.1.4) that

Min W_(pth) > (p+1)(q-1)
0<t<s 4

This contradicts the assumption that

Min W (pth) <u(g-1) +d
O<t<s

with 1 <d < q-1. On the other hand, since Min Wq(pth) > u(g-1), we
O<t<s

conclude that k must be equal to u. This implies that @S(h) =
Since @s(h) = u, it follows from Equation (6.1.4) that

Min W_(pth) > Min W (pth ) + u(q-1) (6.1.5)
o<t<s @ T o<t<s 4

Since Min W_(pth) < u(gq-1) + d, thus
0<t<s 4
u(q-1) +d > Min W @hy) + u(q-1) (6.1.6)
0<t<s 4

Consequently, Min W_(pth ) < d. Since hy # 0, thus
o<t<s 4

1< MinW (pth ) <d
~ O<t<s 1 Q.E.D.

Corollary 6.1.1: Let h be a nonnegative integer less than qm—l. If

1< MinW (pth) < u{g-1) + d, then the nonnegative integer h must also
~ 0<t<s
satisfy any of the following three conditions:
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(B1) @S(h) < p-1.
(B2) @s(h) =puand h=0 (Mod g-1).
(B3) @s(h) = u and the residue h0 of every maximal (q-1)-partition

of h satisfies

1 < Min W (phy) <d
— «t<s 4

The following theorem, proved by Kasami, Lin, and Peterson [10]
states the roots of the generator polynomial of a primitive polynomial

code.

Theorem 6.1.1 [10]: The generator polynomial of the [(m-u)(q-1)-d]th-

order primitive polynomial code of length qm-l has ah as a root if and
only if

1 < Min W_(pth) < p(g-1) + d
~ O<t<s q

It has been shown that the dual code of the [(m-u)(q-1)-d]th-order

primitive polynomial code of length qm-l is majority-logic decodable and

is capable of correcting

m-u
-l ga " -1 6.1.7
V3 [ py ] ( )

or fewer errors [7]. As we mentioned earlier, the improved multifold
EG code based on a primitive d-BCH code of length qm-l is also majority-
logic decodable and is capable of correcting te T [(q@"¥-1)/2d] or
fewer errors, thus it is possible to compare the efficiencies of these

two classes of codes. Comparing Theorem 4.1.2 and Corollary 6.1.1, we
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see that the first two conditions are the same for both and only condi-
tion (A3)* of Theorem 4.1.2 is different from condition (B3) of Corol-
lary 6.1.1. In the following, we shall prove that condition (A3)* is
stronger than condition (B3). The following lemma is required for

later analysis.

Lemma 6.1.2: Let h0 be a nomnegative integer less than qm-l. Let hb

be a descendent of hO’ then

Min W_(pth)) < Min ¥ (ptho)
0<t<s 4 0<t<s 4

The equality sign holds if and only if hb = hO‘
Proof: Let the nonnegative integer h0 be expressed in radix-p form:

m—l s-1 )
ZO 206 piS*] (6.1.8)
i=0 j

Then the g-weight of hO becomes
m-1 s-1 3 )
W S 6.1.9
Qb = L Jgo 5P (

Let the nonnegative integer hét) be defined as follows:

h(gt) =pth, (d d™-1) (6.1.10)
where 0 <t <s. It is clear that
th \ = (t)
Wd(p ho) Wq(h0 ) (6.1.11)

For 0 < j < s, we define the following sum

+ + § (6.1.12)

T S .
P5 = S5 * 13 m-1,



71

Then we have
s-1 . s-t-1 .
+t- +t
W@ = T osp’ T+ ] psp? (6.1.13)
j=s-1 j=0
Let hb be a descendent of hO. Let Gij be the coefficients of the term

p1S+j in the radix-p expansion of hé. Since h6 is a descendent of hO’
hence Gij f-sij fori=0,1, ..., m-land j =0, 1, ..., s-1. It fol-
lows from Equation (6.1.13) and the definition of a descendent that

Min W_(pth!) < Min W_(pth,)
o<tes 4 00 Tocees 4 0

The equality sign holds if and only if h0 = hO'

Lemma 6.1.3: Let h be a nonnegative integer less than qm-l. Then, if
h satisfies condition (B3) of Corollary 6.1.1, it also satisfies condi-

tion (A3)* of Theorem 4.1.2 when a primitive d-BCH code is used as the

base code.

Proof: Let h be a nonnegative integer less than qm-l. Let @S(h) =

and h #0 (Mod g-1). Then the residue h0 of every maximal (q-1)-
partition of h satisfies

1< MinW (ptho) <d (6.1.14)
T 0<t<s

Let h' be a proper descendent of h and @s(h') =y, or h' € I'th). For
every maximal (q-1)-partition of h', {hb, hi, cees hﬁ}, there exists a
maximal (g-1)-partition of h, {hO’ hi, cees h&} such that hé € A(ho).
Thus we have

h-h' = hy-ht = hy! (6.1.15)
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Since h6 is a proper descendent of hO’ it implies that h6' is also a

nonzero descendent of hO' It follows from Lemma 6.1.2 and Equation

(6.1.14) that we have

1< MinW (pth(')') <d (6.1.16)
T 0<t<s 9

Let the nonnegative integer 7(t) pe defined as

z(®) = Min W_@thy") < d (6.1.17)
O<t<s &

Let Z be the nonnegative integer less than q?tl such that

7=p5%2) a1 (6.1.18)

Clearly, the integer Z is the q-weight of the nonnegative integer hé',

or
Z= Wd(hb') (6.1.19)
Let h be a nonnegative integer such that
h = h-h' (Mod g-1) (6.1.20)
It follows from.Equation (6.1.15) that we have

h = hy'  (od g-1) (6.1.21)

Since Wd(X) =X (Mod g-1) (See [28], Lemma 15.573), we obtain

Z  (Mod g-1) (6.1.22)
P2 o g-1)

h

it

Since the generator polynomial g(X) of a primitive d-BCH code contains

n, nz, cees nd-1 and their conjugates as all its roots, it follows from
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5 (t)
Equation (6.1.18) that nZ is a root of the generator polynomial g(X).

It follows from Equation (6.1.22) that n}~1 is a conjugate root of nz(t),
tbus nh is also a root of g(X). Since gO(X) = 1(X)gX), it implies that
nh is a root of gO(X). Therefore, we have proven that if h satisfies
condition (B3) of Corollary 6.1.1, then it must also satisfy condition
(A3)* of Theorem 4.1.2. In fact, this theorem still holds when the
base polynomial gO(X) is chosen as the generator polynomial g(X) of the

primitive d-BCH code.
Q.E.D.

Next, we shall show that an integer h which satisfies condition
(A3)* of Theorem 4.1.2 does not necessarily satisfy condition (B3) of
Corollary 6.1.1. In other words, these two conditions are not equiva-

lent. An example is given in the following.

Example 6.1.1: Letp=2,s=4,q=16, u=1and d = 7. The base

code is a (15,5) 7-BCH code. Let n be a primitive element of GF(24).
The generator polynomial g(X) of a 7-BCH code has n, nz, n3, n4, ns,
n6, n8, ng, nlO and an as all its roots. Let us choose the genera-
tor polynomial g(X) as the base polynomial gO(X), or g(X) = go(X).
Consider the integer 1375 which is less than 4095. This integer has
s-weight @,(1375) = 1. ALl the maximal (2*-1)-partitions of 1375

are listed below.
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Maximal (24-1)-partitions Binary expansion of
(hO, hl) the residue hO
(1360, 15) 24+ 20 4 28 4 210
(1345, 30) 20 4 20 4 28, 510
(1300, 75) 2% 4 2% 4 284 210
(1285, 90) 20 + 22 + 28 + 210
(1105, 270) 20+ 2% 4 20 4 210

(1090, 285) 2l 4 26 4 510
(1045, 330) 20 4 22 4 g4 4 20
(1030, 345) 2l 4 2% 4 pl0
(340, 1035) 22 4 2% 4 204 8
(325, 1050) 204224 20,58
(280, 1095) 23+ 2% 4 28
(265, 1110) . 20 4+ 234 28

(85, 1290) 20422 4044 20
(70, 1305) 2L+ 22 4 26

(25, 1350) 204234 24

(10, 1365) 2l 423

Iet h' be a proper descendent of 1375 such that ®4(h') = 1. Then, any
maximal (24-1)-partition of h' must have the form (h',hi) where hi = hl
and h!

0
partition of 1375. let h = 1375-h' (Mod (24—1)). It is easy to check

is a proper descendent of hO’ with (ho, hl) as a maximal (24-1)—

that for every h' e I'(1375), nh is a root of the generator polynomial
g(X) of the 7-BCH code of length 15. Therefore, the integer 1375 satis-

fies condition (A3)* of Theorem 4.1.2. However Min w24(zt . 1375) =
0<t<4
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25 > (24-1) + 7. Thus the integer 1375 does not satisfy condition (B3)

of Corollary 6.1.1.

In the above example, we have shown that when the base polynomial
gO(X) is chosen as the generator polynomial, condition (A3)* of Theorem
4.1.2 is still stronger than condition (B3) of Corollary 6.1.1. It fol-
lows from Corollary 6.1.1, Theorem 6.1.1, Lemma 6.1.3 and Example 6.1.1
that the generator polynomial of the [(m-u)(q-1)-d]th-order primitive
polynomial code of length qm-l is a factor of the generator polynomial
Ho(X) of the null space of the improved (d+1)-fold (u,s)th-order EG
codes based on a primitive p-ary d-BCH code of length q-1. Therefore,

we obtain the following result.

Theorem 6.1.2: The dual code of the [(m-u)(qg-1)-d]th-order primitive

polynomial code of length qm-l is a subcode of the improved (d+1)-fold
(u,s)th-order EG code based on a primitive BCH code. Both codes have

the same majority-logic decoding capability te = [(qm'“—l)/Zd].

Theorem 6.1.2 implies that for majority-logic decoding, the improved

multifold EG codes based on the primitive BCH codes are more efficient

than the corresponding duals of polynomial codes.

Example 6.1.2: letm=3,p=2,s=4,q=16, u=1andd=7. Let

gO(X) = g(X), where g(X) is the generator polynomial of the 7-BCH code
of length 15. The dual of the 23rd-order primitive polynomial code is
a (4095,3053) code with t,; = 18. The field elements o=>/>, o'*° and
their conjugates are not the roots of the generator polynomial of the

23rd-order primitive polynomial code. But they are roots of the
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generator polynomial of the null space of the improved binary 8-fold
(1,4)th-order EG code. Since the field elements a1375 and a1495 have
cycles 12 and 6 respectively, thus the improved 8-fold (1,4)th-order EG
code has 18 more information symbols than the dual of the 23rd-order
primitive polynomial code of length 4095. Therefore, the improved

8-fold (1,4)th-order EG code is a (4095,3071) code with ty = 18.

Example 6.1.3: Lletm=3,p=2,s=4,q=16, uy=1andd = 3. Let

gO(X) =1+ x> + XlO, and the base code ¢, be any subcode of the 3-BCH
code of length 15 whose generator polynomial g(X) is a factor of gO(X).
Then the improved binary 4-fold (1,4)th-order EG code of length 4095 has
2306 information symbols. The dual of the 27th-order primitive polynomial
of length 4095 has 2144 information symbols. Both codes are 2-step

majority-logic decodable with tr = 42,

6.2 On a Subclass of the Improved Multifold Euclidean Geometry Codes
and its Relation to Generalized Euclidean Geometry Codes

Suppose that the length g-1 of the base code is not a prime. Let

d be a factor of q-1 such that

q-1 = n,d (6.2.1)

Then the polynomial Xq'l-l can be factored into the following form:

2 d-1
¥le X% pnaexlex Cu . )no) (6.2.2)

2d , (r-1)d

The polynomial X*0-1 has nO, nd, n, ... as roots where n is

a primitive element of GF(q). Clearly, the polynomial
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nO 27’20 (d‘l)na
YX) =1 +X  +X + ...+ X (6.2.3)

has n’ as a root if and only if d } Z for 0 < Z < q-1. Now consider
the base code C, to be a p-ary cyclic code whose generator polynomial

is P(X). Let

n 2n d-Dn
0@ = np) =ny 1+ x4+ x %+ L4 x o6.2.8

Clearly, the polynomial w(o)(x) is a polynomial representation of a
minimum weight code vector in C,. Furthermore, the overall parity-
check symbol of &(0) is equal to 1. Define B, as the set that con-

sists of (0 and its ny-1 cyclic shifts, &(1), cees &(nU'l), or

By = wW@: 0<i<ny 1 (6.2.5)

It is easy to see that the greatest common divisor of w(o)(x), w(l)(x),
. wcno-l)(X) is just wco)(X). Therefore, the base polynomial gO(X)
for the improved (d+1)-fold (u,s)th-order EG code based on Cp is just
y(X) = (l/nO)w(O)(X). We can form a (u,d+1)-frame based on F, a point
azo and a vector &(i) € B, of Equation (6.2.5). Now consider the im-
proved p-ary (d+1)-fold (u,s)th-order EG code of length q™-1 based on
the cyclic code ¢, of length q-1 with base polynomial gO(X) = y(X).

The null space of this code contains the incidence polynomials of all

the (u,d+1)-frames:

5@ Gy (6.2.6)

{(F, F s Fyqt

0» Fps +o-
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In the following, we shall show that the improved p-ary (d+1)-fold
(u,s)th-order EG code with base polynomial go X)) =1+ Xno + ...+
X(d-l)nO is identical to a class of generalized EG codes [9]. The fol-
lowing definition and theorem were first due to Delsarte [6], and later

redefined by Hartman, et al. [9].

Definition 6.2.1 [9]: A nonnegative integer h is said to be a p-cover

of Nk = (nl, ceey nk) if and only if there exist integers bO’ bl’ ceny
bk satisfying the following conditions:
(1) h-= b0 + bln1 + ... F bknk where b0 > 0 and bi >0 fori-=
1, 2, ..., k.
k .
@ t Z_jzlkij for i =0, 1, ..., I, where t; and kij are the
ith p-ary digits in the radix-p expansions of h and bjnj

respectively; i.e.,

h=t0+t1p+...+t1p, 0<t; <p

b.n. = k

v keop oo ke 0 <k.. <
i% T foj T 1P P V2 P

In the special case n, = ps-l fori=1, ..., k, h is a p-cover of Nk

if and only if <IJS (h) > k, where (I)s (h) denotes the s-weight of h.

Theorem 6.2.1 [9]: Let h be a nonnegative integer less than qm-l and

o be a primitive element of GF(qm). Define h(X) to be the polynomial

over GF(p) which has OLh as a root if and only if h is not a p-cover of

Nr+1

the defined p-ary cyclic code of length qm-l whose null space is gen-

= My eoey nr+1). The (r,Nr+1)th-order generalized EG codes is

erated by h(X).
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In the special case, n; = psj-l and n.jﬂlnj forj =1, ..., r, an
(r,Ni+1)th-order generalized EG code of length qm-l is called a regular
(r,Nr+1)th-order generalized EG code. It has been shown that the regu-
lar (r,Nr+1)th-order generalized EG code of length qm~1 with Nr+1 =
(psl-l, ceey psr-l, nr+1) can be (r+l)-step majority decoded provided

that
pms—(51+...+sr) -1
b = (6.2.7)
npe]
or fewer errors occurred f9]. Suppose r = y, =N, = ... = n =

q-1 = p°-1 and n.q= d|q-1, then it follows from Equation (6.2.7) that
the regular (u,Nu+1)th-order generalized EG code of length qm-l with
N = (p°-1, ..., p°-1, d) can be (u+l)-step majority decoded with

majority-logic error-correcting capability

(m-u)s ‘
- |4 -1 6.2.8
o [ ) } 6.0.8

It follows from the analysis in Section 4.2 that the improved p-ary

(d+1)-fold (u,s)th-order EG code of length qm-l based on the cyclic code
Cp of length g-1 with base polynomial gO(X) = y(X) is also (u+l)-step

majority-logic decodable and is capable of correcting b = [(qm'“-l)/Zd]
or fewer errors. Thus it is possible to compare the efficiency of these

two classes of codes.

Lemma 6.2.1: Let h be a nonnegative integer less than qm-l. Let Nu+1 =
(Q-1, ..., q-1, d) where d|q-1. Then the nonnegative integer h is a
p-cover of Nu+1 = (q-1, ..., q-1, d) if and only if h does not satisfy

any of the three conditions stated in Theorem 4.1.2.
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Proof:
Step 1. Assume that h is a p-cover of Nﬂ+1 = (-1, ..., gq-1, d),

then the integer h can be written as follows

h=by+by(a-l) + ... +b(a-1) +b,d (6.2.9)

where bO > 0 and bi >0 fori=1, ..., utl, It follows from Equation

(6.2.9) and the definition of s-weight that

3 (h) > 1 (6.2.10)

If @s(h) > u, then the nonnegative integer does not satisfy any of the
three conditions stated in Theorem 4.1.2. Suppose @S(h) = p. Consider

the descendent h' of h such that

h' = b0 + bl(q-l) + ... F bu(q~1) (6.2.11)

Clearly, @s(h) = p and h' € I'(h). Subtracting Equation (6.2.9) from
Equation (6.2.11) we have

h-h' =b .d (6.2.12)

Let h be a nonnegative integer less than q-1 such that

h = h-h' = bd  (d g-1) (6.2.13)

Since @s(h) = u, it follows from Equation (6.2.9) that the integer
bu+1d cannot be a multiple of q-1. Thus h # 0. It follows from the

above analysis and Equation (6.2.13) that there exists a positive inte-

ger a such that

h = b 4gd - 2(a-1) (6.2.14)
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Since d|q-1, it follows from Equation (6.2.14) that d|h. This implies
that h cannot be a root of gO(X). Thus we have shown that, if the non-
negative integer h is not a p-cover of Nu+1 = (q-1, ..., q-1, d), then
h does not satisfy any of the three conditions stated in Theorem 4.1.2.
Step 2. Suppose h is a nonnegative integer which does not satisfy
any of the three conditions stated in Theorem 4.1.2, then @s(h) >y, If
@S(h) > u, then the nonnegative integer h can be written in the following

form:

=
|1

h0 + Dl(q-l) + ... F Dk(q-l) (6.2.15)

where D; >0 fori=1, ..., kand p < k <m. Since d|q-1, it follows
from Equation (6.2.15) that the nonnegative integer h is a p-cover of
Nu+1 = (q-1, ..., q-1, d). Now suppose @S(h) = u. Let h' € IT'(h) such
that d|h where h = h-h' (Mod g-1). Let {h!, h!, ..., h'} fom a max-
imal (q-1)-partition of h'. Then there exists at least one maximal
(9-1) -partition of h, {ho, h!, ..., hﬁ}, such that h6 € A(ho). Thus

we have

h-h' = ho-hé = hb' (6.2.16)

where h)' e A(h,). Since d|h and h = h-h' (Mod q-1), it follows that
d{hj'. Since hy' € A(hy), it follows that the residue h; contains a
multiple of d. Hence the nonnegative integer h can be written in the

following form:

h = b0 + bu+1d + Dl(q—l) + ., + Du(q-l) (6.2.17)
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r'd

Clearly, the nonnegative integer h is a p-cover of Nu+1 = (q-1, ...,
q-1, d). Thus we have proven that if h is a p-cover of Np+1 = (q-1,
«eey q-1, d), then it does not satisfy any of the three conditions

stated in Theorem 4.1.2.
Q.E.D.

It follows from Theorem 4.1.2, Theorem 6.2.1 and Lemma 6.2.1 that
the generator polynomial of the improved p-ary (d+1)-fold (u,s)th-order
EG code of length qm-l with base polynomial gO(XD =1+ Xno + .. 4
x(d-1ng 5 actually identical to the generator polynomial of the regu-
lar (u,Nu+1)th-order generalized EG code of length qm-l with Nr+1 =
(g-1, ..., q-1, d). Both codes contain the same (u,d+1)-frames [Hartmann,

et al., called them regular (u+1,Nf+1)-plates] in their null spaces.

Theorem 6.2.2: The improved p-ary (d+l)-fold (u,s)th-order EG code of
.+ x@Dny 5

n
length qm-l with base polynomial gO(X) =1+x7+
identical to the regular (u,Nu+1)th-order generalized EG code of length
qm-l with Nr+1 = (q-1, ..., q-1, d). Both codes are (ut+l)-step majority-
logic decodable and capable of correcting ty = [(qm"“-l)/Zd] or fewer

errors.

Example 6.2.1: Letp=2,m=2,s =6, u=1andd =7. Then the

improved binary 8-fold (1,6)th-order EG code of length 4095 has 3971
information symbols. The regular (l,Nz)th—order generalized EG code
of length 4095 with N2 = (63,7) also has 3971 information symbols. Both

codes are 2-step majority-logic decodable with t = 4,
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In the special case when y = 0, the improved p-ary (d+1)-fold
(0,s)th-order EG codes with base polynomial go(X) =1+ Xna + ..., *
X(d'l)nO form an interesting class of one-step majority-logic decodable
codes. It follows from Equation (3.2.6) that the 0-flat 7 contains only
a point ako in EG(m,q). Each (0,d+1)-frame based on a point azo such
that aQO # ako and &(i) e B, consists of d+1 distinct points. Based on
all possible combinations of the point azo and all vectors in By,
(qm-l)/d (0,d+1) -frames intersecting on the point uko can be formed.
The set of incidence vectors of these (qm—l)/d frames is used to form
(qm—l)/d parity-check sums that are orthogonal on the error digit ekO.
Thus the error digit ekO can be corrected by majority-logic decoding

from the (q"-1)/d parity-check sums provided that [(qm—l)/Zd] or fewer

errors occurred. The following theorem is due to Weldon [27].

Theorem 6.2.3 [27]: Let d denote the minimm distance of the dual code

of an (n,k) code. Then the number of errors which can be corrected by
one-step majority-logic decoding, t, is bounded by

t, < —=1 (6.2.18)
2(a-1)

It is easy to check that the one-step majority-logic error-
correcting capability of the improved p-ary (d+1)-fold (0,s)th-order
EG code with base polynomial g,(X) = 1 + X7+ voe + XD e
meet the bound given by Equation (6.2.18). In other words, as far as
one-step majority-logic decoding is concerned, there is no better way to

form parity-check sums than the method we devised here.



CHAPTER VII
MULTIFOLD GENERALIZED EUCLIDEAN GEOMETRY CODES

In this chapter, a generalization of the improved multifold Eucli-
dean geometry codes is briefly discussed. The multifold generalized
Euclidean geometry codes contain the regular generalized Euclidean geom-

etry codes as a subclass.

7.1 Generalized Euclidean Geometry

let S s Su+l be sets of elements from GF(pm). Let o be a pri-

1’ LI 2N ]
L % L

mitive element of GF(pnﬁ. The (u+l) elements o 1, o 2, ceey O w+l of

GF(pm) are linearly independent over the sets Sys wees Su+1 if and only

if there is no set of (u+l) elements 61, ceuy Bu+1, not all zeros with

Bi € Si fori=1, 2, ..., utl, such that

2,1 2,2 2

ptl
Bla + Bza + ...t Bu+1a

=0 (7.1.1)

Let the positive integer n.j be a proper divisor of pm-l and nj =
P
) J-1, sj+1|sj for j =1, ..., u. For each nj, there is a proper multi-
plicative subgroup Sj of the multiplicative group of GF(pm). Let the

set Sj be denoted by

5,90, 1, o™ ,a M, ..., 0 j (7.1.2)

L 2
Define Nu as a u-tuple, Nu = (nl, cees nu). Let o 1, ceey O H be
k
linearly independent elements of GF(pm) over S, ..., Su. Let o O be
an element of GF(p™) which cannot be expressed as a linear combination
21 an

of o™, ..., " over Sl’ cens Su. Then we can form a (u,Nu)-plate

which consists of the following pS1"***"SM points:
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o =0 +Bloc +...+8aM (7.1.3)

where Bi 3 Si fori=1, ..., u. A (O,NO) -plate is considered as a
point in the geometry. The system of points and plates obtained in the
above manner is denoted by GEG(m,p). In the special case when ny = pS-1
for j =1, ..., u where s is a proper divisor of m such that us <m, a

(u,Nh)-plate in GEG(m,p) is a p-flat in EG(m/s,pS).

7.2 Multifold Generalized Euclidean Geometry Codes

Let ¢, be a p-ary cyclic code of length g = pS“+l-1 and minimum
distance d whose generator polynomial g(X) does not have 1 as a root.
Let B, be a set that consists of the minimum weight code vector u € Cp
and its n,-1 cyclic shifts such that the overall parity-check symbol of
each vector in B, is equal to 1. Let the p-ary polynomial g9 (X) be the
greatest common divisor of all vectors in B,. Letn be a primitive ele-
ment of GF(p u+1) . Let azwl be a point that is not in the (u ,Nu) -plate
of Equation (7.1.3). For 0 < e < d-1, we construct a (u,Nu)e-plate

which consists of the following p51+’ £+ *Su points:

ie Ky 2 L.ty kg

a =0 +Bloc +...+B“ocu+neozu (7.2.1)

t
where n © is the location mumber of the nonzero component wy of a
e
- S
vector w € B, and B; € GF(p *) for i =1, ..., u. Clearly, the

k 2
(u,Nu) e—plate passes through the point a 0, n o wrl

and is parallel to

the (u’Nu) -plate of Equation (7.1.3). Therefore, for any (u,Nu) -plate
L

in GEG(m,p), any point o wtl such that it is not in the (u,Nu) -plate,

and any vector w € By, we can form a set of (d+l) parallel plates
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(u,Nﬁ), (u’Nu)O’ cees (u,Nu)d_l. We define this set of (d+1) parallel

plates as a (u,d+1)-bundle which is denoted by

2
- +
N5 (N gy woes (N Dg g0 By 0¥ (7.2.2)

Now for any (u,d+1)-bundle of Equation (7.2.2), we form an incidence

vector v over GF(p)

vV = CVO, Vis wees me-l) (7.2.3)
whose jth component is defined as
1, forod e (N,
J i
v = w_, for a € e (u,N ) with 0 < e <d (7.2.4)

0, otherwise
where wte is the nonzero component of the vector w at the location nte.
The polynomial representation of the incidence vector v of the (u,d+1)-
bundle of Equation (7.2.2) is denoted by

-1 :
v = T¥ ¢ T ] X° (7.2.5)
je7  e0 " jer,

where J = {j: od ¢ (u,Nu)}, and 7, = {jg: aJe € (“’Nu)e}; for e = 0, 1,
evey d-1.

As a direct consequence of Theorems 4.1.2 and 6.2.1, the following
theorem specifies the roots of the incidence polynomial v(X) of the

(n,d+1)-bundle of Equation (7.2.2).
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Theorem 7.2.1: Let h be a positive integer less than pm. Let ¢, be a

p-ary cyclic code of length n g pS“+l-1 and minimm distance d. The
incidence polynomial v(X) of a (u,d+1)-bundle based on a (u,Nu) -plate
and a minimum weight code vector in Cp has ah as a root if h satisfies
any of the following conditions.

(C1) h is not a p-cover of Nu = (nl, cees nu).

(C2) h is a p-cover of Nu = (nl, cees nu), for any h' € A(h), h'

is not a p-cover of Nu = (nl, ceey nu).

1s a p-Cover o = (ny, ..., 0}, but h 1s not a p-cover
(C3) hi fNu (1 1‘l)b h i
of NMJrl = My, o, nw_l). For any h' € A(h), if h' is a
p-cover of N11 = (nl, ceey nu), then nh is a root of gO(X).

h is defined as an integer less than psu+1_1 that satisfies

f=h-h od p Pl

Definition 7.2.1: Let h be a nonnegative integer less than pm—l and o,

a primitive element of GF(p™). Define H(X) to be the polynomial over
GF(p) which has och as a root if and only if h satisfies any of the
three conditions stated in Theorem 7.2.1. The (d+1)-fold (u,Nu)th-
order generalized Euclidean geometry code of length p™-1 is a cyclic

code whose null space is generated by H(X).

The (d+1)-fold (p,Nu)th-order generalized Euclidean geometry codes
contain the multifold Euclidean geometry codes and regular generalized

Euclidean geometry codes as subclasses.
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Subclass 1--Multifold Euclidean Geometry Codes

Let the integer s be a proper divisor of m such that pus <m. Let

ny = pS-1, for j = 1, ..., utl. Then the (u,Nu) -plate of Equation

(7.1.3) becomes a u-flat in EG(m/s,p5), and the (u,d+1)-bundle forms a
(u,d+1) -frame in EG(m/s,p%). Thus a (d+1)-fold (u,Nu)th-order general-
ized Euclidean geometry code of length p™-1 becomes a (d+1)-fold (u,s)th-

order Euclidean geometry code of length p™-1.

Subclass 2--Regular Generalized Euclidean Geometry Codes

Let the base code Cp be a p-ary cyclic code of length nw1 =

Su+1 . .
p -1 whose generator polynomial is

Su+l
. XP -1
gX) = (7.2.6)
X-1

The only minimum weight code vector in C, whose overall parity-check
symbol equals 1 is the all one vector w = (1, ..., 1). Then the
(u,d+1) -bundle of Equation (7.2.2) forms a (u+1,Nu+1) -plate in GEG(m,p)

which consists of the following psl+‘ s ¥Su points:

k 2 %, %41

oo =a "+ Bla + Bzoc L Bu+1a H (7.2.7)

S-
where B; € GF (p 1y for i =1, ..., ptl.
Thus, the (d+1)-fold (u,N )th-order generalized Euclidean geometry
code of length p™-1 based on C, with generator polynomial g(X) of Equa-

tion (7.2.6) becomes a (u ,Nwl)th—order regular generalized Euclidean

geometry code.
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The decoding of a (d+1)-fold (u,Nu)th-order generalized Euclidean
geometry code is similar to the decoding of an improved (d+1)-fold

(u,s)th-order Euclidean geometry code. There is a set of

S+, ..*S
N=n0<pl “‘1> (7.2.8)

(u,d+1)-bundles that intersect on a (u,Nu)—plate in GEG(m,p). It fol-

lows from Equation (4.1.7) that we have

nod
r=s —— (7.2.9)

S
p -1

Based on the arguments in Section 4.2, the properties of the inci-
dence vectors of N (u,d+1)-bundles guarantee that the (d+1)-fold
(u,Nu)th-order generalized Euclidean geometry code of length p™-1 is

capable of correcting

2r

typ = [—N—} (7.2.10)

or fewer errors by majority-logic decoding. Substituting Equations

(7.2.8) and (7.2.9) into Equation (7.2.10), we obtain

Sp*te.tsy g ]
= | 2 (7.2.11)
e |

Thus the (d+1)-fold (p,Nﬁ)th-order generalized Euclidean geometry code

is (u+l)-step majority-logic decodable and is capable of correcting

[(p51+"‘+5u-1)/2d] or fewer errors.



CONCLUSION

The improved multifold Euclidean geometry codes form an important
class of majority-logic decodable codes. In this dissertation, we have
shown that the improved multifold Euclidean geometry codes are more ef-
ficient than the multifold Euclidean geometry codes while retaining the
same majority-logic error-correcting capabilities. Furthermore, the
majority-logic decoding of the former code is simpler than the latter.

Thus, the improved multifold Euclidean geometry codes are attractive for

practical error control purposes.



APPENDIX A

The computer results on the number of information symbols for
some binary (d+l)-fold (u,s)th-order Euclidean geometry codes of length
less than or equal to 4095 are shown in the following table, where

N=2"-1

K = number of information symbols of the (d+1)-fold (u,s)th-order

Euclidean geometry code

n=2%1

ROOTS OF BASE POLY g0 (X) = powers of n as roots of the base poly-
nomial if n is a primitive n-th root

of unity



(m,u,s) ( N, K, tML) ( n, d) ROOTS OF BASE POLY gO(X)

{(2y0,3) ( 63, 10, 10) ( 7y 3) 1y
{Zs1l92) ( 63y 45, 3) U 7, 1} NCNE
{291s2) ( 62y E7, 1) (74 3) 1,
{2:0,4) { 255, 13, 42) (15, 3) 1,
(2,0,4) ( 255, 21, 42) (15, 3) 1y 5
{2+044) ( 255, 13, 42) (15, 2) 1y 7y
(2,094) { 255, 37, 25) (15, 5) 1, 2
(2,0494) | 2554 21, 42) (15, 3) Ly 59 T
(2,0,4) ( 255, 67, 18) (15, 7} ly 2y 5,
(2109’1) ( 2559 377 25) (15’ 5) 19 31 7'
{(Zeyle4) ( 255, 161, 7) (15, 1) N3Ne
(2.194) ( 255, 223, 2) (15, 3) 1,
(Zy1y4) ( 255, 231, 2) (15, 3) 1y 5,
(Zely4) ( 255, 223, 2) (15, 3) 1y 7y
{2;1;4) & 255, 239, 1Y (13, 35) 1l 3
{zyle4) ( 255, 221, 2) (15, 3) ly S5¢ Ty
{29194) { 255y 247, 1) (15, 7) Ly 2y 5
{29194) ( 255, 236G, 1) {15, 5) 1y 24y 7y
(3s043) ( S5tly 19, 285} ( 7y 3) 1,
32,1530 { 511y 184, 21) ( 7, 1) WNINE
{3,193) ( S11, 2C4, 1C) ( 7, 3) 1,
(2,2,72) ( S11, 475, 3) ( 7, 1) NCANE
(3,243) { 511, 502 1) (74 3) 1,

(2,045) (1C23, 16,170) (31, 3) |

(2,0,5) (1023, 46,102) (31, 5) 1y 3,
(2,0,5) (1023, 40,102) {21, 5) le &y
{2,0,5) (1023, 16,1C2) (31, 5) 1y 7o
{2,0,5) (1023, 46,1C2) (21, S) 1y 511,
(240,5) (1023, 106, 73) (31, 7) 1, 3y 5,
{2,045) (1023, 46, 73) (21, 1) 1y 79 5,
(2,0,5) (1023, 196, 46) (31,11) ly 2y 59 1
(2,0,5) (1023, 1E5, 46) (31,11) 1y 3y 5911l
(2,0,5) (1023, 46, 46) (21,11} s 29 7slly
{(2,0,5) (1023, 376, 34) {(21,15) 1, 2y Sy 1,11,
(2,1.5) (1023, €13, 15) (31, 1) NCAc

{2,1,5) (1023, 853, 5) (21y 3) 1,

(2,1,5) (1223, €33, 3) (31, 5) 1y 3
(2eLeCs) (1022, G633, 3) (31, 5) 1y £
(2y1y5) (1023, 853, 3) (31, 5) 1y 7y
{29145) (1023, G633, 3) {31y 5} ly 5,11,
(2,1,5) (1923, G673, 2) (21, 7) s 35y 5y
(2+145) (1023, 933, 2) (21, 7) 1y 79 Sy
{Z2y1y8) (1023, S¢<3, 1) (31,11) 1y 3y 59 1y
{2+148) (1022, 9G2, 1) (21,11) 1y 2y 5911
(2¢145) (1023, 333, 1) (31,11) ly 2y 7911,
{zylyS5) (1(C23,1C13, 1) (31,15) 1y 3y 59 Tsll,
(39344} (4995, 25,6382) (15, 3) ls

(39‘?9'{') (+)€5, 43,0’52, {15, 2) 1, 5'
(3,004) (409%, 25,0632) (15, 3) 1y 1y
(390404) (4095, 1Cl,a09) (159 5) 1, 2

(S AN



(mu,s) (N, K, tg) (n, d) ROOTS OF BASE POLY g;(X)
(3,044) (4095, 43,682) (154 3] 19 Se T
{3,044) (4005, 2574292) (15, 7} 1y 2y 5y
(2,0,4) (4055, 1(1,4C9) (15, 5) 1y 3y Ty
(3,1+4) {4035,15€8,127) (15, 1) NINE
{3,1,4) (40C5,2144, 42) (15, 3) 1l
(3,194) (4095,23C6y 42) (15, 3) 1, &
(3,144) (4095,2144, 42) (15, 3) 1y, 7y

3,1,4) (4095426244 25) (15, 5) 1y 3y
(3,1,4) (4095,23C6, 42) (15, 3) ly S5y 7y
(311"') (/f()c5,3072’ 13) (15, T 1, 3, Sy
{3,1,4) (409542524, 25) (15, 5) 1y 3y 7,
{2y04€) (4095, 19,682) (63, 3) 1y
(21016) (4095, 19'662) {63, 3) 11217
(2,0,6) (4098, 21,0682) (63, 3) ly 9
{2404+€6) (4095, 10682) (639 31 Ty Sy
(2,0,6) (4095, 16,682) (634 3) 1431,
(2y0,6) {4095, 16,682) (63, 3) 1y 7
(2,0+:6) (4095, 19,682) {83,y 3) 1,1%,
(29y0,%2) (4095, 1,682) (63, 3) T,415,
(2,0,6) (4095, 43,6382) (583, 3) 1s 5o
(2,046) (4065, 19,682) (63, 3) 1lsl1l,
(2,0,6) (4C95, 55,4C9) (63, 5) ly 3
{29046) (4095, 19,4C3) (63, 5) 1421,31,
{2,0,6) (4095, 55,4C9) (63, 51 1,21, 3,
(2,0+8) (4095, £6,4C9) (€3, 5} 1,21y 5y
(2,0,6) (4095, 21,682) (63, 3) ly S915,
(2,0+6) (4095, 1,682) (63, 3) Ts G915,
(2,0,6) (4098, 321,682) (&3, 3) ly Selly
{2,0,6) (40¢5, 19,40%) (&3, 5) 1y 7427,
(2,096) (4095, 55,4C9) (63, 5) 1, 3,27,
{2,0,6) (4035, £744C3) (634 5) 1y 2y Sy
(2904€) (40%5, 82,4090 (63, 5) ly Sy Sy
{290,6) (40959 19,4C9) (63, 5) 1,11,27,
(2,0'6) (40951 679409) (639 5) 1) 9' 3,219
(29016) (4095, 931292) (63' 7’ 1' 59 9’21’
{2,0,&) (4095, 42,682} (83, 3) 1y 5911,
(2,0,6) (4065, 43,682) (63, 2) 1y 921,
(2,0,€) (4095, 43,082) (63, 3) 1y 5423,
(2,096} (4095, 19,682) (63, 3) 1911923,
(290'5) (4')@51 lgy.)SZ) (53, 3) 19 7'31,
{2,046) (4CG5, $43,682) (63, 3) ly 74 5y
{290+8) (4055, 199582) (63, 3) ly 7911,
.(2")9é) (40G5, 1€,082) {63, 3) 1115911’
(29048) (4095, “5,4C9) (&£3y 5) 1y 2y 7y
{240456) (4095, £5,409) (63, 5) iy 2015
(21‘)16) (4~]Osy ’OavlfC:}’ (E)31 5) 1’ 5015'
(2,0,6) (¢035, 55.‘#(39) (€3 5) l.y 3111'
(2¢096) (4095, 1522G2) (63, T} 1915421,
(29D4€) (4008, 1(05,2G21) (63, 7) 1y 2 5y
(Z29096) (4C335y E5,4C9) (634 5) 1y 2915921



(m,u,s) ( N, K, tML) (n, d) ROOTS OF BASE POLY gO(X)

(2,0,€) (4C95, €8,292) (63, 1) 1y 5y 9521,27,
(2,046) (4095, 59,292) (63, T) 1, 915921,
{Z2,0906) (4C95,y 12542G2) (63, 7) 14 3, 5421,
{2,096) (4095, 194292) (€3, 7) 1,15,21,31,
(2,0,6) (4095, 21,082) (639 3) 1, S411,15,
(2,0496) (4G9S, 31,682) (63, 3) 1y 9,411,23,
(2!0'6) (40951 8214C9) (631 5’ l., 51 9)15,
(2,0,6) (4095, 16,406} (63, 5) 1y 1411,27,
(2,0,6) (4C95, S5,4C9) (€3, 5) 1y 3911427,
(2404,6) (4095, 19, 4C9) (63, 5) 1,11,22,21,
(2,0,6) (40G5, 55,40¢) (63, 5) 1y 3y 7427y
{2:0,6) (4095, 109,292) (&3, 1) 1y 3y 5427,
(2,046) {4095, 154,292) {63y 7) 1y 3y 59 Sy
[(2,0+€) (40695, 67+,252) (63, 7) 1y 3y 9,31,
(29096) (4095, 31,292) (€34 1) 1415y 9921,
(240,€6) (4065, 170,262) (63, 7) ly 2y 5y G921,
(2,046) (4095, 68,2S2) (63,4 T} 19 5y 9421931,
(2¢0,46) (4095, 43,682) (€3, 3) ly 5211421,
(2,0,6) (435, 43,682) (63, 3i ly £911923,
{2,0y6) {4095, 43,6432) (63, 3) ly 5931423,
‘2,096) (4095, 43'082) {53, 3) 1, 5y Te11,
(2+046) (4095, 43,682) (63, 3) ly 59y 7431,
(290162, (40951 431052) (639 3} l' 5, 71239
(290,6) (4095, 199632) {63y 3) 1lylly 7922,
{2,0,6) (4095, 16,682) (63,4 3) 1411,15,23,
{2,0,6) (4095, 55,409) (634 5) ly 2y 7911,
(2,0,6) (4095, 55,40%) (63, 5) 1y 3,411,233,
(2+0,6) (4095, 154,292) (63, 1) 1y 3y S5y Gy27
{2:+046) (40935, 109.232) {43, 7) l, 2, 5,15,
{2,0,6) (4295, 43,292) (63, 7] ly Selly15,
12¢046) (4095, 1€9,232) (€3, 1) ley 3y 5411,
(290,60 (4095, 643,292) (€3, T) Ly 5915421,
{2,0,6) (4095, 109,252) (63, 7) 1y 3y 5,31,
(2,0,6) (4095, 43,252) (63, 1) 1y 5415423,
(2,0,6) (4095, 10%,292) (63, 7) 1, 3y, 5923,
(2,0,6) (4095, 6742G2) (63, 7) 1y 3y 94927431,
(21016) {4095, §59292) (€3, 7) 1, 39159319
(29090) (40959 1819227) (63, ) ly 3y 5, 7p
(29096) (40{95, 59,292) (039 7) 1921’ 5,11,151
(2,0,6) (4095, 125,292) (€3, T) 1,21y 3, 5,11,
(29046) (40S5, 1254,252) (63, 7) 1921y 35, 5,31,
(2y0e6) (4095, 125,292) (&34 7) 1,21y 3,y 5,23,
(29046) {49395, £54232) {63y T) 1921 39154931,
(2+048) (4995, €5,227) (&3, 9) 1, 59 7415,21,
(Z2,046) (4995, 167,227) (63, 3) ly 2y 54 7921
{2,009 56) (4S5, €34,227) (L3, ©) ly S5y Secly21421,
(29()'(:) (4C959 519221) (()3, 9) 1, 5,15921,239
(2104£) (4795, 139227) (€3 9) 1y 7913421921,
(21076) ("f‘)CSQ 319«)32’ (03’ 3) ly ca,l].vl&’?.jv
(Zy0,6) (4097¢, S9,403) (E£3+ 5) 1y 3y Tylly2l,



(m,u,s) ( N, K, tML) (n, d) ROOTS OF BASE POLY gO(X)
(2,0,6) (4095, 1644C9) (639 S} 1423, Tel1,27,
(2,0,6) (4095, 55,4C9) (63, 5) 1923y 3411427,
(2,0,6) (4095, 1064292) (63, 1) 1y 3y 5915427,
{2,0,6) (4095, 154,292) (63, T} 1y 3y 54159 9,
(2,096) (4095, 43,292) (€3, T) ly §911,15427,
{2,0,6) (4095, 82,292) (63, 1) 1y 411415y 9
(290+,6) (4225, 1€49,292) (€3, 7) 1y 5911,y 3,27,
(24048) (4095 2269292) (€3, T) 1y Selly 24 9y
(2,096) (4095, 43,2G2) (63, T) 1y 5¢15427,31,
(2+046) (4095, £2,292) (63, 1) 19 5915y Gy31l,
(2,046) {4095, 1064292) (03y T) 1y 3y 5927931,
(2,096) (4095, 154,2G92) (63, 7) 1, 3y 59 G431,
(2,04€) (4095, 43,252) (&3, 7) 1y 5915422427,
(290,6) (40‘:}59 829292’ (037 7} ly 5115923, Sy
(2,096) (4095, 105,292) (63, 7) ly 3y 5423427,
{(2,0,46) (4095, 154,292) {63, 7) 1, 3, £,22, 9,
(2,0,6) (405, 53,292) (63, 7} 1y 3+15,27¢31,
(2¢046) (4C95, 151,227} (€3, 9) ly 3y 5y 1427,
{29046) 14065, €T,227) (&3, 9} ly 29 7y G931y
(2,096) (4065, 31,227) (63, 9) 1y 79 9515431,
(2:.0+6) (4095, 262,1E6) (63,11) 1y 39 59 Ty 9,
(2,049€) (4055, 59,227) (&3, 9) ly £911,21,27y21,
(2,096) (4095, G84227) (63, 9) ly 59411,214 G931,
(2,046) {4095, £59,227) (€34 9) 1y 5911421423427,
{2,0496) (40S5, ©€84227) (&3, %) 1, 5,11,21,23, S,
(240y9¢€) (4C935, G8,227) (63, 9} 1, 5931921’23, Iy
{2,096) (4095, 59,227) (635 S) 1y Sy T9lly21,27,
{2,04€&) {4095, G3,227) (63, 9) 14 5y T411,21, 9,
(2,0,6) (4095, G84227) (E34y Q) 1y 5y 9¢11,21415,
(240496) (4095, 56,227) (03, S) 1y 59 74219274521,
(2,0,6) (4C95, S89247) (€3, G) 1y S5y 7421y 94931,
{2+,0,6) (4095, 125,227) (63, 9) 1, 3y 5421527421,
(2,0,6) (4065, 5G,227) (63, 3) 1l 5 79219234927,
{2,0,68) (4095, S84227) (63, 9) 1y 59y 7421423, Sy
(24096) (4095, 59.,227) (€3, 9) Ly 5915921922427,
(Zy04€) (4095, G8,227) (63, 9) 1, 5915,21,23, 9,
(2,Gy6) (42395, 125,227) (€3, 9) 1y 3y 5921922427,
(2,0,6) (4095, 55,227) (63, S) 1y 2415,21927421,
(2,095) (40795, £G,185) (63,11) 1y 5¢411,15+21:27
(2,0:6) (4005, 266y 130) {3,110 ly 24 S5y Gells2l,
(240496) (4955, 170,130) (63,111 1y 2y 59 G 2l421,
(24C06) (40959 17091801 £2,11) 1y 3¢ 5o 3923421,
{2:006) (4395, 21,186) (i2,11) Ly 79 35154219231,
(2:,04€) (43CE, 278,01 86) {L3,yll) ly 3y 5y Ty J9cly
(2,(),(7' (4795, 43,0432) (63, 3) 1, Sys11,23,31, .
(2.006) (4095, 43,032) (53, 3) 1y 9 Telle3ly
(2:045) (4095, 449082) (63, 3) 1y S5¢ 7y1l1,23,
(2,0,5) (4095, 423,082) (43, 3) 1y S Trilel3y
(2000:) (475, 559*09, (05' 5) ly 39 7;119231

(290+6) {4095,y £7.262) (63, T) "Ly 3y 99159217431,



(m,u,s)

(2¢046)
{2,0,6)
(290,46)
{2+0406)
{(2,y046)
(24046)
(290,6)
{2+046)
(2+046)
{2509 6)
{290,0)
(2+0.,¢)
{2,046)
{2+046)
{2y0,6)
{2+046)
{2+0,46)
{29046)
(29046)
(2,046)
(290y6)
{24046)
(2¢1046)
(2+046)
(24046)
{2+0¢6)
(29046)
{2,0,6)
(2:046)
{24046)
(2,0,6)
(2+046)
(2,0,6)
{2+0,4€)
{2+0,40)
(2y044)
(2:04+6)
{29046)
(290+¢)
(2904€)
(2904¢€)
(2’096)
(20 ¢£)
{2+046)
(2+:006)
ZQQ'C)
(29096)
{29}s6)

( N,

(4095,
(4095,
(4095,
(4€95,
(4095,
{4095,
{4095,
{4095,
(4ncs,
{4095,
(4095,
{4095,
(4095,
{40S5,
(4095,
{4095,
{4095,
{4095,
{4095,
{4095,
{4095,
(4095,
(4C95,
(4095,
(4095,
(4095,
(4065,
{4095,
(4095,
(4095,
{4095,
(4095,
(4095,
(4095,
{4095,
(40S5,
(4095,
(4095,
(4GS5,
(4095,
(4025,
(4GC9%,
(4095,
(20C9,
{4C95,
{4065,
(40¢5,
(a5,
{4095,

(40C5,

K, tML)
154,2352)
43,262)
109,292)
43,292)
169,262)
43,2%2)
£24292)
2209292)
109,26G2)
£24292)
1544292)
1049,292)
£2,292)
154,252)
1€9,292)
€74221)
55,227)
181,227)
42,227)
1814227)
§3,2217)
181,227)
43,227)
181,221
262,18¢)
125,292)
£6,227)
5%,227)
1264221)
5G9,227)
5G,2271)
167,227)
125,227)
5G9,2217)
167,227)
1254227)
56,227)
197,227}
1234227)
554227)
137.,227)
&Ty10856)
278,13¢)
55943%)
43,292)
§29292)
106,252)
Z2764252)
434292)
£24,222)

(n, d)

(63, T)
(€3, 1)
{63, 7)
(63, T
(63, T)
(63, T}
(63, 7)
{63, T)
(63, 7)
{63y 1)
(63, 7}
(63, 7)
{3, 7)
{63, 7)
(63, 7)
{c3, 9)
(63, ©)
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(4095,3716G,
{4095,3719,
(4095,3713,
{4095,3815,
(40C3,3747,
(404543611,
(41095,3815,
(405,377,
{(4C954 3511,
(40954725315,
(4NC 54,3243,
(4(7"199 1”:‘.59
(40195,3G1 1,
(479,303,
<1'.~'9,-)’ BCCEv

(4”';?57%71;'

ty)
3)
3)
2)
3)
2)
2)
2)
2)
2)
2)
3)
3)
3)
3)
3)
3)
3)
3)
2)
2)
2)
21
2)
2)
2)
2)
2)
2)
2)
2)
2)
2)
2)
2)
10)
10)
4)
4)
4)
4)
4}
4)
4}
4)
4)
4)
(3
+)
4)
3)

(n,

{63,
{63,
(€3,
(€3,

d)
3)

9)

9)
¢)

{63,11)
(63,11)
(63,11)
(63,11)
{63,13)
(63,13)

(a3,
{63,
{63
(&3,
(63,
(€3,
(&3,
(63,
(&3,

9)
9)
Sl
9)
9}
9)
S)
3)
9)

(03,11}
(62,11)
(63,11)
{(63,11)
(63,11)
(63y511)
{63,11)
{63,11)
{63,11)
(63,11)
(63, 13)
{63,13)
{63,13)
{63,15)
(63915)

(63,
(63,
{3,
(€3,
{63y
{63,
{€3,
{(¢3,
{63,
(C3y
{63
(&3,
{c3,
{o3,
{3y
(e3,

3)
3)
7)
7)
Ig)
7)
7)
T
7)
7)
7)
)
7)
7)
7)

G

ROOTS OF BASE POLY gO(X)

Ty

Sy15, 1y 5421,

T+27y 39 1y 5,31,

Ty

99 15, 1' 59231

Te27r 39 1y 5423,
’127,15,31’ 1' 5’

Ty
Ty
Ty

9y 34921y 1y 5
9y 3423, 14 5,
Ge 34915y 1y 59

79279159 1y 35911,

T,

9y 35 1y 5,11,

21927, 1y 5y114321423,

21,
21y
21,
21,
21,
21y
21,

q.y 1, 5911"31723'
74275 ly 5,411,311,
7y 9y ly 5411,31,
1927y 1y 5911423,
Ty 9y 1, 5411423,
Sy 15y 1y E411423,
Ty 99 ly 5431423,

21927415y 3y 1y 5423,

21y
21,
21,

7¢27415y 3y 14 5
7y 9415y 34 1y 5,
91 39 1, 5911'311

21427915y 3y L1y 5411,

21,
21y
21,

T1+279159 1y 5431,
17927y 39 1y 5421,
Ty 9y 24 1y 5431,

219279159 29 1y 5431,

21,
21,

Ty 9y 3y 1y 5423,
7427915y 34 1431,

21927415y 1y Ss1lle31,

21,
21,
21,
21,

ly

1y
15,

3
27,
27,

[
s

27,
27,
15,
27,
15,
27y
27,

2T

Sy 3, 1y 5921423,
Sy15y 3y 1y 5431,
7927415y L1y 5¢l1,
Ts 99 34 1y 5,11,
5,11,31,23,13,
59 119311239 79
1, 5411431,23,
1y 5911921423,
Sy 15, 1, Sel1ly31,
9y 3+ ly 5911431,
3y, 1y 5911421,
Ce15y 1y 54119423,
Gy 3y 1y 5411,23,
3y ly S5y11l423,
9y 3, 1y £,21,23,
2y 1y 9921425,
Sy 15, 2y 1y E9lly
Gy loy 3y 1y 5,31,
e loe 2 Ly Selony

Tol3y Ly 5y1Lb921,

105



(m,u,s)
(2y1+6)
(29146)
(2414 €)
{29146)
(29146)
{2y146)
(2+1,6)
(2+1y6)
{2s1y6)
29109}
{2s1s6)
{2:1,+6)
{2+41406)
{2,1,y6)
(2+1+6)
(291’6)
{(2,1,6)
{2y1,6)
{(2¢1,6)
{2+1,6)
(2+1,06)
{2¢146)
(241,06)
{291+6)
{20 1,6)
(2¢146)
(24 146)
{241,46)
(2¢1,6)
(2+146)
{29146)
{2¢41,40)
{29146)
{2¢1496)
{2:¢14+6)
{2+1,46)
(2+1,6)
{2+1,6)
(29146)
{241,0)
(2+,1,6)
{2e146)
{29146}
{Z2e146)
(2¢146)
(29 146)
{2r1s5)
(Zs140)

(29 146)

(N, K )
(4095,38¢€32, 3)
(4055,3719, 3)
{4095, 38€3, 3)
{4095,3719, 3]
{(4C95,38€3, 3)
(4095, 3863, 3)
(4095,3863, 3)
(4095,37¢€7, 2)
(409543959, 2)
(40©5,3611, 2)
(4095,3767, 2}
(4095,3725, 3)
(4095,3821, 3)
(4095,3735, 3)
{4095,3379, 3)
(4095,3831, 3)
(4095,37325, 3)
(40¢5,3879, 3)
(4095,3831, 3)
(409543735, 3}
(4065,3321, 3)
(4095438799 3)
{4095, 3879, 3)
(4095,3879, 3}
(4095,3783, 2)
(4095,2723, 2)
(406543975, 2)
(4095,3527, 2)
(4065,3783, 21}
(4095,3716G, 4]
(4095,3767y 4)
{4095,381l5, 4)
(4095,3G11, 4)
(409543815, 4)
(4065,3911y &)
{4065,3815, &)
(40©95,3%11y 4)
(4095,3815, &)
(4095,37¢61, 3)
(40€5,38632, 3)
(4GQ5937671 3)
{(4095,38L3, )
(4GS5,3767,  3)
(4395, 34€ 3, 2)
{(4095,3714, 2)
(406543655, 21
(4095, 368€3, 2]
(4NC5,371%, 2)
(4CQSQ3‘)‘)‘;1 L‘)
(409543911, 2)

(n,d)
{€3, G)
(63, 9)
{¢3, 9)
(€3, )
(63, 9)
(€3, 9)
(3, %)
{63,13)
(63,13)
(63413)
(63,13)
(63, G)
(63, 9
(63, 9)
(€3, G)
(63,4 9)
{¢3y 9)
(€3, G)
{G3, 9)
{€3, 9)
{€3, ©)
{63, 9)
(€3, 9)
(€3, S)
(63,413)
{63,415)
{(63,15)
{63+15)
{63,15)
(€3, 1)
(63, 7}
{63y 7)
(3, N
{3y T)
(63, 7)
(63, T}
(€2, 1)
(63, 1)
(&2 9)
(63, ©)
(63, 9)
(€3, 9)
(&34 9)
(€3,11)
(63,13)
{63,13)
{63,413)
(53415)
((33’]5)
(£3,15)

21,

21y

ROOTS OF BASE POLY gO(X)

Ty 29 1y
T315y 1,
Ty 34 1,
Ty15y 1,
Ts15, 3,
T+159 2,
Tel5, 3,
T927
79279 91
7927y 9,
1427,
21,15, 1,
21y 3, 1,
21,y 7415,
21y 79y 3y
21,15, 3,
21y 7915,
21y 1y 3y
21415, 3y
21y 7415,
21515¢ 3,
T9lb,
7415,
Ty15,

21y

21,27,
21y 7427,
21y 7427,
21y 7927,
21, 1,27,
27415y 1,
27 39 1y
9y 39 1,
27415y 39
9,15, 3,
27415, 3,
99159 31
27415, 3,
7,27y 3,
79 Sy15,
7,27y 3y
Ty G915
1427415,
T427¢15,
Ty Sy 3y
7121415,
TelT9 15,
Ty G9 3,
Ty SS9 3,

9,15y 1o

9,415,

9,15’ 1.1

Selly3ly
5911423,
5,11,23,
S921,23,
1y 5,11,
1 £,21,
ly, 5423,
5¢11,
3y 1y 5411,
3¢y 1 5931,
1, 5423,
Selle3le23
1y 5:11931,
1, 5,411,321,
11 5,119319
1, 5411,+23,
1, 5,11,22,
1y 5¢11,23,
1, 5,31,23,
1y 54921923,
3y 1y 5,11,
3y, 19 5431
3, 1, 5423,

G915y 1o

cy15, 1,
5911431423,
5911921423,
511’.’31'239
5,11,21,23,
ly 5911431,
ly 5411431,
ly 5411423,
ly S411,232,
19 5931923’
1y 5,111,311,
ly Sy11y31,
ly 5411423,
l' 5,11923,
1y 54921423,
3y 1y 5,431,
ly Selle23,
1' 5111'23'
2y ly 591l
ly S,11,21,
1y 5411931
ly Sezle23,

5¢411+31,
5,11,
9y 37 ls 5,11,
5,31,
5423,

106



(m,u,s)
(2y140)
{29146)
{24146)
{2y 1y6)
{21146)
(2+1,6)
(29146)
{2:1,46)
(2+196)
{2¢146)
(24146)
{2¢1,46])
{(291456)
{2y146)
{2¢1496)
{2+146)
(2+146)
(211496)
(29156)
{211+€)
{2y1496)
(2+1146)
{291,6)
(29146)
(291,6)
{2+1+6)
(2+:146)
(291,6)
(2,1,6)
{24146)
{2,1,6)
{2+1,06)
(2+196)
{(29y146)
{2+146)
{2y1,6)
{2,146)
(2+s1,6)
(2:1y6)
(2+1,6)
(2+1+€)
(2,1,¢)
(2+1.+6)
(2+1456)
{2+14%)
{2+1,y0)
(Z2y145)
{2,1:5)
(241406)
(241406}

(N, K ty)
{4095,3911, 2)
(4095,3911, 2]
(409543753, 3)
(4095,3735, 3)
(+0¢5,3783, 3)
(4085,3879, 2)
(4095137359 2)
(40S5,3G675, 21I
(4095,37235, 2)
(4095,3575, 2)
(406543527, 2)
(4095,3819, 2)
(4095,3675, 2)
(409543627, 2)
(4095,3627, 2)
(476543716, 10)
(409543715, 4)
(4095,3767, 4)
{4095,3%11, &)
(4095,3815, %)
(4095,3911, 4)
{4C095493S11, &)
(409543863, 4)
{4005,3719y 3]}
(4095,38€63, 3)
(4C9593363, 3)
(4795,3363, 3)
(4C95,+38€3, 3)
(4095,37£7, 2]
(4095,37£7, 2)
(4095,3611, 1)
{4095,3735, 3)
(4C95,3735, 3)
(4095,3873, 31
(406543331, 3)
{4095,3879, 3)
(4095,3879, 2)
{47995,3379, 31
{4095937E3, 2)
(409543927, 1)
{40954 3559y 4)
{4065,3767,y 4)
(409593815, 4)
(4065,3611, 4)
(4095437¢7y 3)
{+NCH 43863, 3)
(4CY54,3715, 2)
(405,355, 2)
{+NCH,3CES, 2)
(10-)()5, 3&.{,37 l)

(n, d)
{63,15)
{63,15)
{63, 9)
{53, 9l
(€3, 9)
(63,11)
(63,15)
(63,15)
(63,415)
{63,15)
{63915)
{63,15)
(63,15)
(63,415)
{62415)
(a3, 3)
(63, 1)
(63, 7)
{63, 7)
(63, 7)
(63, 7)
(63, 7)
(63, 7
{63, %)
{3, 9)
(€3, 9)
{63, S)
(€34 9)
{63,13)
{63,15)
(63,17)
{3, 9)
(63, 9)
(€3, S)
(€3, ©)
(63, 9)
(€3, 9
(€3, ©)
(63,15)
(£3,1G5)
{63y 7i
(63, 1)
{3y 7)
(63, 7)
{G3y 9)
(63, ¢)
{(63415)
{€3,15)
(63415)
(3,17

ROOTS OF BASE POLY go(X)

Ty G915, 3y
Te 9915, 3
21, 91 19 5!
21y 19274 1,
21y 7y 9y 1y
21y 7427415,
21y 1427415,
21y 14 Sy 3y
21y 74,27,415,
21y, 7, 9y 3,
21y Ty 39 3y
21y 7427415,
21y Ty S9l5,y
21y 7y 9915,
21y 7y 9915
7y 1,
15y 1,
27y Sy15, 1y
27’ 99 39 1'
15, 3y 1,
27' 9'159 37
279 Ge155 3y
27, G115, 3
79154 1y
79 39 1,
71159 3' 19
79159 3y 1y
71271 9915’
T¢27y 9415,
Te27y 9415,
21915y 1o
2y 7415, 1y
21y Ty 39 1o
21415y, 3, 1y
21y 74154 3,
21y 7415y 3
21y 715,y 3
21y 1427,
21, 7927y Sy
9, 2, 1,
S,1%, 1,
27415, 2y 1y
91150 3v 17
Ty 9515, 1y
79270 3, 10
7121915y 1y
Ty S9 3y 1y
Ty %9159 2
7927915y 3y

9915,

1, 5431,
1y 5423,

11,21,23,13,

59114931+23,
5,11421,23,
3, 1y 5431,
1y S411,21,
1, 5911,31,
1y 5,11,23,
1y 5+11423,
ly, 5,31,23,
3, 1y 5,11,
3, 1, 5,11,
3y, 1y 5,21,
3y 1y 5423

5,11931,23,413,
5911931423413,

,11,421,23,
Sy11431,23,

5411,421,23,

1y S+1l431,
1y 5411423,
1y 5431423,

S¢11421,23,
5911531423,

5411431,
5,11,23,
5431423,
1y, 5411423,
1, 5411431,
3, 1y 5,23,

5¢11931,23,13,

51111319239
5911921923
5,11431,23,
1y 5¢11+31»
1y, 5411,23,
1y, 5931923

3y 1

Seily3le23,
5911,31'25'
Sy11,21+23,
59119314235
5,11,319237
5¢114931,23,
ly S911,31,
1, 5,11'23’

107

1y 5911431,
5931923
5¢114,31422,13,
5911931923413,



108

mu,s) ( N, K, tg) (n, d) ROOIS OF BASE POLY g,(X)

(2,1,6) (40G5,36G56G, 1) (&3,17) Ty G915, 3y 1y 5411,23
(24146} (4095,38€3, 1) (€3,19) 7,27915y 2y 1, 5431,23,
{29196) (4065,3363, 1) (€3,21) T7+27915, 3y 1y 5911431,
(2+s196) (4C95,37£3, 3) (&3, 9) 214 19 9y 1y 5,11,+31,23,13,
{2,1,6) {4095,3735, 2) {63,15) 21, 79274,15y 1y 5911431423,
(2,1986) (4095,3575, 2) (63415) 21y {9 9y 3y 1y 59114321,23,
{2,156) (4095,3975, 2) (63,15) 21y Ty 9415y 34 1y 5411,31,
(24156) (4095,3879, 1) (£3,1S) 21y 7927915y 3,y 1y 5911,23-
{2,146) (4095,3819, 1) (63,19) 21, 7927415y 34 ly 5431423,
(2,1,6) (4095,3G71, 4) (63, 7) 279 99 3+ ly 5411531423413,
{2+146) (4095,3815, 4) (€3, T} 15, 2y 1y 5911421923,12,
{2s14€) (4065,36G11, 4) (63, 7) 274 Se15, 3y 1y 5911431423,
{29y146) (4095,3719, 3) {€3, 9) 7415y 1y, 5411921423413,
(2,1,6) (40S5,3863, 3) (63, 9) Ty1Zy 3y 1, 5911931423,
{2914€) (409593G59, 1) (€3,4,17) 79279 9915y 34 1y 54911423,
{291,5) (4095,3911, 1) (€3,19) 7927y G915y 39 ls 5431923,
{2,156) (47095,3650, 1) (634+21) T7+27y 9915, 34 1y 5,11,31,
(241e6) (4095,3725, 3) (63, 9) 21y 7415¢ 1y 5411431423+13,
{29y1+6) (4095,3R31, 3) (€3, S) 21915y 39 1y 5411431,23913,
{2¢146) (4095,33179G, 3) (63, 9) 21, 7415, 3y 1y 5911431423,
{2y1,6) (4095,3G75, 1) (€3423) 21y 70279 Sy 39 ly 5411431423,
{2,146) (40%5,3C75, 1) (€3423) 21y 7927y Gyl54 39 1, €911,31,
(2,146) (40£95,23815y 4) (63, 7) 27915y 39 1y 5411431,23913,
(29146) {(4035,37¢€7, 3) (€3, 9) 7y 9915, 1y 5411+31,23,13,
(2,146) (40S5,4007, 2) (63,15) 79 3¢ 34 1y 5911921,23,13,
{2,1s6) (4095,38€3, 1) (€3,21) T+27915, 3y 1y 5911,314923,
{2y1l96) (4095,3959, 1) (¢3,21) 79 9915y 39 Ly 59114314923,
(2¢146) (2095,40C4T, 2) (63,15) 21, 7y 99 3y 1y 5911431,23,13,
{2+1,6) (4095,3879, 1) (63423) 21y 79279159 39 19 5411931423,
(241 46) (4085,3G75, 1) (63,27) 21, 7y 9,15, 3, 1y 5,11,31,23,
(29140) (4065,3911, &) (634 T) 27y 9915, 34 1o 5911431423413,
{(2,14+6) (41N95,38£2, 3) (&34 9) 7+15y 3y ly 5411931423413,
{2,106) (40©5,3G59, 1) (63,21) 7427y 9415y 3y 1y 5911931925
(2+196) (4095,34919, 3) (€3y G) 21y 79159 3y 1, 54911,31,23,13,
{2+195) (4095,3883, 1) (€3,21) 7,27915, 24 1y 5411431423913,
(44243) (409542921, 31) { 74 1) MZNE

{492y 2) (4095,3521, 10) ( 7, 3) 1,

{3,294) (4095,3921, 7) (15, 1) NCNE

{2,244) (4£G5,4(29, 2) (15, 3) l,

(3,2,4) 4795,4047, 2) (15, 3) 1y 5y

(39244) (40C5,2C21, 2) (15, 3) 3 €y

(3,244) (403544025, 2) (15, 3 1y 7

{29294) (4095,40€E3, 1) (15, 5) le 3y

(3129‘1) (:,.)0_5,4()47' 2) (15, 3) 1, £ Ty

(2,24) (4395,4NE3, 1) (15, 1N 1y 3y 5,

(3,20’0) (4”‘.’5,"0650 1) (159 5) 1, 3, 7,



APPENDIX B

The computer results on the number of information symbols for some

binary (d+1)-fold (u,s)th-order Euclidean geometry codes with base poly-

0 + . e

n -
nomial gO(X) =1+X .t X(d L)ng of length less than or equal to

4095 are shown in the following table.



S g, M, . G PR, g, e g, G, e Sy, g, P g, P e, g, SN g G g g, P g, g P S P S g P e, iy S gine P PR piny SR gim, g, SR, R, U gany ghn, P, gRuy  gem

1y
1,
1,
I
ly
1y

l,
ly
ly
1,

1y
1y
1,
)
1ly
ly
1,
ly
1ls
1,
l,
ls
1,
1y
ls
ly
Ly
ly

ly
1,
ly
l,
1,
|
1y

Ly
1y
iy
ly
3
2y
20
2y
29
3,
3

0y 4)
0y 4)
Gy €)
0, 6)
0, 6)
Cy €)
0, 8)
0y 8)
0, 8)
0, 8)
0, 8)
0, 8)
Qy 9)
0, 91
J,10)
0,10)
0,10)
0,10)
0,10)
0.10)
0s11)
0.11)
0:12)
0,12)
0s12)
05,1212
0s12)
0s12)
0,12)
0e12)
0:12)
0s12)
0,12)
0+12)
0,12)
0,12)
0s12)
0s12)
0y12)
Us12)
Uy l2)
0,12)
0,12)
0,12)
0, 4)
Uy 4)
ly 4)
ly 4)
Oy 4)
0y 4)

( N, K

15, 9,
15, 7y
63y 45,
63y 21,
63, 317,
€3, 13,
255, 225,
2554y 2C1,
255, 81,
255, 175,
255, 317,
255, 21,
511, 343,
{ 511, 139,
{1023, S¢€i,
{1023, 833,
{1023, 243,
{1023, 1781,
{1023, 151,
(1023, 31,
(2047,1211,
(20474 513,
(4065493969
(40953871,
(4095,33175,
(409543753,
(40G5,3611,
(40954+24C1,
{4095,42613,
14095,27C1,
1409592262,
(4055412074,
(4095, 729,
(409523367,
(4065416465,
(409541393,
{4065,1028,
(4095, G¢€4,
(4095413717,
(40951 337,

B, e gm, g, PEu gy G P, g, gEn g P e

t)
1)
Z)
1)
2)
4)
1Q)
1)
2)
1)
€)
25)
4¢)
3)
3¢€)
1)
5)
15)
1¢)
4¢€)
17¢)
i1)
44)
1)
2)
3)
4)
6)
1)
1C)
17)
16)
22)
31)
32)
45)
52)
5€)
S
136)
1517)

(4095,
{4095,
{4095,
{(4C935,
{ 255,

197,221)
4C6,292)
ICl,405)
43,682)
37, 25)

{ 255, 21,
( 2554 231,
{ 255y 236G,
{4095, 1C1,
(4095,

42)
<)
1)

4CS)

43,68¢)

P gy g, P e, Ghn gy, Py, P P gem, PR gin, S, T G, SRR g, SR BN gy R e, P, PN e G, SR, Gln P, gu ey PN PR gl W ey, G, gy Pl phm SN g, T e, e G e, PN gy N

np
3, 5)
Sy 3)
3, 21)
1y S)
9, 1)
21, 3)
3, B85)
5 51)
15, 17)
17, 15)
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