
INFORMATION TO USERS

This material was produced from a microfilm copy of the original document. While
the most advanced tecrmological means to photograph and reproduce this document
have been used, the quality is heavily dependent upon the quality of the original
submitted.

The following explanation of techniques is provided to help you understand
markings or patterns which may appear on this reproduction.

1. The sign or "target" for pages apparently lacking from the document
photographed is "Missing PagP.(s)". If it was possible to obtain the missing
page(s) or section, they are spliced into the film along with adjacent pages.
This may have necessitated cutting thru an image and duplicating adjacent
pages to insure you complete continuity.

2. When an image on the film is obliterated with a large round black mark, it
is an indication that the photographer suspected that the copy may hav~

moved during exposure and thus cause a blurred image. You will find a
good image of the page in the adjacent frame.

3. When a map, drawing or chart, etc., was part of the material being
photographed the photographer followed a definite method in
"sectioning" the material. It is customary to begin photoing at the upper
left hand corner of a large sheet and to continue photoing from left to
right in equal sections with a small overlap. If necessary, sectioning is
continued again - beginning below the first row and continuing on until
complete.

4. The majority of users indicate that the textual content is of greatest value,
however, a somewhat higher quality reproduction could be made from
"photographs" if essential to the understanding of the dissertation. Silver
prints of "photographs" may be ordered at additional charge by writing
the Order Department, giving the catalog number, title, author and
specific pages you wish reproduced.

5. PLEASE NOTE: Some pages may have indistinct print. Filmed as
received.

Xerox University Microfilms
300 North Zeeb Road
Ann Arbor. Michigan 48106



75-5044

YIU, Kai-Ping, 1947- E
ASTUDY OF MULTIFOLD EUCLIDEAN GEOMETRY COD S.

University of Hawaii, Ph.D., 1974
Engineering, electrical

Xerox University Microfilms, Ann Arbor, Michigan 46106

THIS DISSERTATION HAS BEEN MICROFILMED EXACTLY AS RECEIVED.



A SlUDY OF

MULTIFOLD EUCLIDEAN GEOMElRY CODES

A DISSERTATION SUBMITTED TO TIlE GRADUATE DNISION OF 1HE

UNIVERSITY OF HAWAII IN PARTIAL FULFILJ1.1ENf

OF 1HE REQUIREMENTS FOR mE DEGREE OF

DOCTOR OF PHILOSOPHY

IN ELECTRICAL ENGINEERING

AUGUST 1974

By

Kai-Ping Yiu

Dissertation Committee:

Shu Lin, Chainnan
Edward J. Weldon, Jr.

W. Wesley Peterson
Franklin F. Kuo

EdwardA. Bertram



ABSTRACT

A class of majority-logic decodable codes recently introduced by

Lin, the multifold Euclidean geometry codes, is considered in this dis­

sertation. An improvement of the multifold Euclidean geometry codes is

presented. The improved multifold Euclidean geometry codes are shown to

be more efficient than the original multifold Euclidean geometry codes

while retaining the same majority-logic error-correcting capabilities.

Based on the new definition of the improved multifold Euclidean geometry

codes, it is easy to show that certain restrictions on the construction

of multifold Euclidean geometry codes can be removed. Thus, the class

of improved multifold Euclidean geometry codes is larger than the class

of multifold Euclidean geometry codes defined by Lin. A simple decoding

algorithm of the improved multifold Euclidean geometry codes is des­

cribed. In some cases, each step of decoding can be made orthogonal.

The improved multifold Euclidean geometry codes are shown to be

maximal in the sense that they are the largest linear codes whose null

spaces are sparmed by all the Cll,d+l) -frames in EGCm,q). The extensions

of the improved multifold Euclidean geometry codes are shown to be in­

variant 1.lllder the affine group of permutations.

The algebraic structures of the improved multifold Euclidean geom­

etry codes based on primitive BCH codes are investigated. It is shown

that this class of improved multifold Euclidean geometry codes is more

efficient than the dual of polynomial codes with the same majority-logic

error-correcting capabilities. In the case where the minimum distance

of the base code divides the length of the base code, the corresponding

improved multifold Euclidean geometry codes are shown to be identical

to a subclass of regular generalized Euclidean geometry codes.



Finally, a generalization of the improved multifold Euclidean

geometry codes is briefly discussed. The multifold generalized Eucli­

dean geometry codes contain the regular generalized Euclidean geometry

codes as a subclass.
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CHAPTER I

INIRODUCTION

The design and implementation of systems for tansmitting data reli­

ably through unreliable channels is a major problem for cormnunication

engineers. In 1948, Sharmon published his fundamental work on coding

theory, "A Mathematical Theory of Comnn.mication," in which he showed

that by proper encoding and decoding of data, it is possible to transmit

infonnation through a noisy channel at any rate less than the channel

capacity with an arbitrary small probability of error. Unforttmately,

his coding theorem only proved the existence of good codes and it did

not show us how to construct them.

The impetus behind the theory of error-correcting codes was the

search for efficient coding techniques for fulfilling the promise of

Shannon's coding theorem. The development of coding theory has pro­

vided error control purpose in digital conmunication systems. However,

practical application of many error-correcting codes has not been as

extensive as would be expected because the degree of complexity involved

in the decoder is high, in particular, for codes which are designed to

correct a large munber of errors. Therefore, the problem faced by coding

theorists concentrated on a search for codes with sufficient structure

to allow for encoding and decoding with equipment of moderate complexity.

This dissertation will be concerned with majority-logic decodable

codes. The majority-logic decoding scheme is attractive for two reasons.

First, the combinatorial circuit of a majority-logic decodable code can

be implemented with a moderate amnunt of circuitry. Second, the mnnber

of errors that can be corrected is beyond the guaranteed error-correcting

capability of the code.
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The first majority-logic decoding algoritlun was devised in 1954 by

Reed [11] for a class of rnultiple-error-correcting codes discovered by

MUller [15]. Reed's algoritlun was later extended and generalized by

many coding investigators. The first mified formulation of majority­

logic decoding algorithIn was due to Massey [16]. Shortly after this

work, Rudolph [2] applied the notions of finite geometry to the problem

of constructing majority-logic decodable codes. This result was the

most important contribution to the construction of majority-logic decod­

able codes since the original work of Reed and Muller. Interestingly,

most previous mown majority-logic decodable codes, including the Reed­

Muller codes, are special cases of finite geometry codes discovered by

Rudolph. In 1966, Weldon [20] introduced difference-set codes, a sub­

class of projective geometry codes. Further results on codes based on

fini te geometries have been obtained by Kasami, Lin and Peterson [10,21],

Weldon [3], Graham and MacWilliams [22], Goethals and Delsarte [23],

Chow [5], MacWilliams and Mann [25] and Smith [4]. In 1968, Kasami, Lin

and Peterson [10] introduced polynomial codes. This class of codes and

their duals contain many important classes of cyclic codes as subclasses

such as BCH codes, Reed-Solomon codes, generalized Reed-Muller codes and

finite geometry codes. More importantly, Kasami and Lin [7] showed that

some subclasses of the dual of polynomial codes are majority-logic decod­

able. The concept of generalized finite geometry codes was first intro­

duced by Delsarte [6], and later extended by Lin and Weldon [8]. Hartman,

Ducey and Rudolph [9] again generalized Lin's and Delsarte's work. Many

of the best generalized finite geometry codes are the dual codes of poly­

nomial codes. Recently, Lin introduced a large class of maj ority-logic
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decodable codes called the IIU.l1tifold Euclidean geometry codes which con­

tains the ordinary Euclidean geometry codes and some generalized Eucli­

dean geometry codes as subclasses. The new codes are of considerable

interest because they are in general more efficient than the classical

Euclidean geometry codes while retaining the combinatorial structure

which makes geometry codes easy to decode. Many multifold Euclidean

geometry codes have been shown to be very efficient, especially the

class of two-fold Euclidean geometry codes which has been shown to be

the most efficient class of majority-logic decodable codes that has ever

been found. This leads us to the hope that we may be able to discover

many other efficient subclasses of IIU.l1tifold Euclidean geometry codes.

The purpose of this dissertation is to provide a further study of

the IIU.lltifold Euclidean geometry codes. The organization of this dis­

sertation is described as follows. Chapter II serves as a preliminary,

in which the concept of majority-logic decoding is described. Since the

construction of JIlUltifold Euclidean geometry codes is based on the struc­

tural properties of Euclidean geometry, a brief discussion of Euclidean

geometry is presented. Chapter III describes the IIU.l1tifold Euclidean

geometry codes defined by Lin.

In Chapter IV, we shall improve the definition of multifold Eucli­

dean geometry codes such that the newly modified multifold Euclidean

geometry codes are more efficient than the original multifold Euclidean

geometry codes while retaining the same error-correcting capabilities.

Based on the new definition of IIU.l1tifold Euclidean geometry codes, it is

easy to show that certain restrictions on the construction of the IIU.llti­

fold Euclidean geometry codes can be removed. Thus, the class of IIU.l1ti­

fold Euclidean geometry codes is larger than the class of multifold
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Euclidean geometry codes defined by Lin. A simple decoding algorithm of

the improved multifold Euclidean geometry codes is described. In the

case where the minimum distance of the base code divides the length of

the base code, then each decoding step of the corresponding improved

multifold Euclidean gecmetry codes can be made orthogonal.

It has been proven that the regular Euclidean geometry codes and

the two-fold Euclidean geometry codes are subclasses of multifold Eucli­

dean geometry codes. They are lmown as the only two subclasses of mul­

tifold Euclidean geometry codes which are maximal in the sense that they

are the largest linear codes over GF(p) of length qm_ l whose null spaces

contain the incidence vectors of all the (j.t,d+1) -frames. In Chapter V,

we shall show that the whole class of improved multifold Euclidean geom­

etry codes is maximal. Furthermore, the extensions of the improved mul­

tifold Euclidean geometry codes are shown to be invariant under the

affine group of permutations.

In Chapter VI, the algebraic structure of the improved multifold

Euclidean geometry codes based on primitive BCH codes are investigated.

It is shown that this class of improved multifold Euclidean geometry

codes is more efficient than the dual of polynomial codes with the same

majority-logic error-correcting capabilities. In the case where the

mini.mt.nn distance d divides the length of the base code, the correspond­

ing improved multifold Euclidean geometry codes are shown to be identi­

cal to a subclass of generalized Euclidean geometry codes.

In Chapter VII, a generalization of the improved multifold Euclidean

geometry codes is briefly discussed. The multifold generalized Euclidean
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geometry codes contain the regular generalized Euclidean geometry codes

as a subclass.



CHAPTER II

PRELIMINARIES

In this chapter, basic concepts of majority-logic decoding are pre­

sented. The reader is referred to Peterson and Weldon [27] and Berlekamp

[28] for details. Since finite geometries playa central role in con­

structing majority-logic decodable codes, a brief discussion of finite

geometries is also presented in this chapter.

2.1 Majority-Logic Decoding

Let C be a q-ary (n,k) linear code of length n with k information

digits. The linear code C is a k-dimensional subspace of an n-dimensional

vector space Vn over GF(q). The null space of C, denoted by D, is an

(n-k) -dimensional subspace of Vn . D is called the dual code of C. Every

code word of C is orthogonal to every code word of D in the sense that

their inner product is equal to O. Let 11. = (hO' hI' .•• , ~-l) be a

vector in the null space D. For any arbitrary vector r = (rO' r l , •.. ,

r 1) in V , letn- n

(2.1.1)

It is clear that S = 0 if and only if r is a code word of C. Let a =

(aO' aI' ..• , an-I) be the transmitted code word from C and r be the re­

ceived vector. Then the received vector r differs from the transmitted

code word a by an error vector e= (eO' el , .... , en-I); that is

r=a+e

It follows from Equations (2.1.1) and (2.1.2) that

(2.1.2)
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We shall refer to Equation (2.1.3) as the parity-check equation and the

tenn 5 as the parity-check sum. The error digit et is said to be checked

by 5 if the coefficient ht of et is a nonzero element of GF(q). Because

the null space D is sparmed by (n-k) linearly independent vectors, by

using these (n-k) basis vectors, then (n-k) linearly independent parity­

check equations can be fonned. Any algebraic decoding process involves

detennining the error digits eO' el , ... , en_l from these (n-k) linearly

independent parity-check equations. Let the set of (n-k) linearly inde­

pendent parity-check equations be written as follows

n-l
5~ = I e.h.. , i = 1, 2, ..• , n-k

]. j=O J 1J
(2.1.4)

The set of Equation (2.1.4) has rank. n-k with n unknowns, thus there are

qk distinct solutions for the error vector e. In general, it is not fea-

sible to find the most probable solution of Equation (2.1.4) simply be­

cause of the enormous number of computations.

Majority-logic decoding is a simple method of detennining each error

digit from a set of parity-check sums. Let 51' 52' .,., 5J be a set of

parity-check stunS on the error digits. If a particular error digit et

is checked by every parity-check sum 5. for i = 1, 2, ... , J, and no
1

other error digit is checked by more than one check Stml, then the set of

parity-check swns 51' 52' ... , SJ is said to be orthogonal on the error

digit et , Consider a q-ary (n,k) linear code C in which it is possible

to form at least J parity-check sums orthogonal on each digit. Thus,

the set of J parity-check sums orthogonal on et can be written as

5.=et + lh.. e.
1 jrt 1J J

(2.1.5)

where i = 1, 2, .,., J and h .. is an element of GF(q). Asstnlle there are
1J
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[J/2]1 or fewer errors in the error vector e, or equivalently, the error

vector e contains [J/2] or fewer nonzero components. Now, if the error

digit et is equal to 0, then the nonzero error digits can distribute

among at most [J/2] parity-check sums. Thus there are at least J- [J/2]

or at least one-half of the parity-check sums orthogonal on et that are

equal to O. Conversely, if the error digit et is some nonzero element

of GF(q) , then the other nonzero error digits can distribute among at

most [J/2]-1 parity-check sums orthogonal on et. Thus there are at

least J-[J/2]+1 or more than one-half of the parity-check sums that are

equal to et. Based on the above arguments, the error digit et is decoded

as the value of GF(q) which is assumed by the greatest fraction of the

set of parity-check sums. Correct decoding of the error digit et is

guaranteed if [J/2] or fewer errors occurred in the error vector e.
If the (n,k) linear code C is cyclic, then the set of parity-check

sums orthogonal on et-l can be obtained from the parity-check sums orthog­

onal on et by simply shifting the received vector r to the right one place

cyclically. Thus every error digit of the error vector e can be decoded

by majority-logic rule. The decoding algorithm described is called one­

step majority-logic decoding, and any error pattern of [J/2] or fewer

errors can be corrected. A cyclic code with mini.mLun distance d is said

to be completely orthogonaliza~le in one-step if and only if it is pos­

sible to form J = d-l parity-check sums orthogonal on each error digit.

In general. a code with rnini.mLun distance d has error-correcting capability

t = [d-l/2]

l[y] denotes the largest integer which is less than or equal to Y.
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Therefore, the majority-logic decoding of a linear code is effective only

when the number of errors which can be corrected is equal to or close to

its error-correcting capability [(d-l)/Z]. Consequently, any error pat­

tern that is guaranteed correctable by the minimum distance of the code

is correctable by majority-logic decoding only when the code can be com­

pletely orthogonalizable. However, the number of errors that can be

corrected by majority-logic decoding is sometimes beyond the guaranteed

error-correcting capability of the code. Massey [16] gave a specific

example of maximal-length codes in which many error patterns of weights

greater than [(d-l)/Z] can also be corrected by the majority-logic de­

coding scheme.

There are only a few classes of linear codes which can be completely

orthogonalizable in one step. The present known codes in this category

are the low-rate maximal-length codes, double error-correcting binary BCH

code of length 15, difference-set codes, and zeroth-order EG codes. How­

ever, the concept of forming a set of parity-check sums orthogonal on a

single error digit can be generalized in such a way that more linear codes

can be decoded by employing several levels of majority-logic gates.

Suppose there are J parity-check sums orthogonal on a set of error

digits by taking the inner product of a received vector with a set of J

vectors in its null space.

Sl = I e. + I hl·e.· Ell. I 1 1
1£ 1 1£ 1

Sz = I e. + I hz·e.· Ell. I 1 1
1£ 1 1£ Z.

SJ = I e. + I hJ.e.· Ell. I 1 1
1£ 1 1£ J

(Z.1. 6)
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where the integers in the sets Ei, II' ••• , I
J

are completely disjoint.

The set of J check sums is said to be orthogonal on the sum S(Ei) =

1: ei • It is clear that the value of SCEI) can be decoded correctly by
. ~L:l
1I:.L

l

majority-logic rule provided that [J/2] or fewer errors occurred in the

error vector e. Once the value of S(EV is detennined, the sum S(Ei)

can be considered as a new check sum orthogonal on a new Stml S(E~) where

E~ is a subset of Ei. If it is possible to form a set of J parity-check

sums orthogonal on S(Ei), •.• , S(Ef) where i ~J, and the sums S(Ef)'

••. , S(Ei) are orthogonal on the new sum S(E~), then the value of the

new sum S(E~) can be decoded correctly by majority-logic rule from the

set of check sums S(Ei), S(Ei), ••. , S(Ef) where i ~J. The procedure

of estimating sums from a larger size is called orthogonalization. The

process of orthogonalization is repeated until a set of J or more parity­

check sums orthogonal on a single error digit is formed. Then the value

of the error digit can be determined by majority-logic rule. A code is

said to be L-step majority-logic decodable if L steps of orthogonaliza­

tion are required to make a decoding decision on a single error digit.

The code is said to be completely L-step orthogonalizable if J is equal

to d-l, where d is the minimum distance. In order to clarify the con­

cepts described above, an example is given in the following.

Example 2.1.1: The binary cyclic Ha~ng (7,4) code is majority-logic

decodable in two steps. If g(X) is taken as X3
+ X2

+ 1, the parity-

check matrix of the code is



H = G~
o 1 0 1 lJ
o 1 1 1 0

10111

11

The set of parity-check StmlS is shown in the following.

Let SeEr) = eS + e6, SeEr) = e4 + e6 and S(E~) = e6• It is easy to see

that the check sums Sl and S3 are orthogonal on S(Er), and that the

check StmlS Sl + S2 and S3 are orthogonal on SCEr). If a single error

occurred in the error vector e, then the estimation of SeEr) and SeEr)

are correct, also the estimation of e6 from the check sums SeEr) and

SeEr) is correct. Since the minimum distance of this code is 3 and J is

equal to 2, then this code is 2-step completely orthogonalizable.

The finite geometry codes, namely Euclidean geometry codes and pro­

jective geometry codes, form an important subclass of the cyclic codes

that is majority-logic decodable. In the following sections, properties

of finite geometries and finite geometry codes will be briefly reviewed.

2.2 Euclidean Geometry

An m-dimensional Euclidean geometry over the finite field GF(ps)

is denoted by EG(m,pS). Every point in EG(m,pS) is represented by an

ordered m-tuple over GF CpS) . Therefore, there are pros distinct points

in EG (m,pS). It is well known that pros elements of the Galois field
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GF(prns) represent a concrete realization of an m-dimensional Euclidean

geometry over GF(ps). Let ex. be a primitive element of GF(pms). Then

00 _ 0 1 pms-2 rns
a - 0, a , a , ... , ex. represents the p points of EG(m,q) ;';There

a
oo

denotes the origin of EG(m,q). We define the points ex..R.l , ex..R.2, ... ,

a -1< to be linearly independent over G.b'(ps) if and only if there is no

set of elements Sl' S2' ... , ~ not all zeros with Si E GF(pS) such that
i l i 2 -1< _

Sla + S2ex. + ••• + Skex. - O.

For any two linearly independent points ex.i l and ex..R.2 over GF(pS),

we define the line joining them as the set of all points of the form

(2.2.1)

where Sl' S2 E: GF(pS). Every point ex.j of the line joining the points
i i

ex. 1 and a 2 can be uniquely specified by a two-tuple (Sl,S2) over

GF (pS) . Hence the set of all points of Equation (2.2.1) form a two­

dimensional subspace of EG (m,ps) . The system of points and lines

obtained in the above manner is called the Euclidean geometry of m­

dimensions over GF(pS).

Let ael, ex.e2, .•. , a~ be k linearly independent points of GF (prns)

over GF(ps). The following pks points

. e e
ex.J = Sal + S a 2 +1 2 (2.2.2)

with Si E GF(q) , for i = 1,2, ... , k, form a k-flat F (or a k-dimensional
00

subspace) of EG(m,pS). Since the origin a is in F, the flat F is said
k

to pass through the origin. Let ex. 0 be a point not in F; then the fol-

lowing pks points

• •• +
e

S ex. k
k (2.2.3)



13

form a k-flat F ' which passes through the point a,ko. The k-flat F' is

parallel to F. Clearly F and F I do not have any points in connnon.

2.3 Euclidean Geometry Codes

Consider the nonzero elements of GF (pffiS) to be the location munbers

of a cyclic code of length pffiS -lover GF(p). For every k-flat F, we de­

fine the incidence vector vF as follm-rs

VF = (vO' v!' ... , v m )
pS -2

where each component of v
F

is defined as

{

I, if a,j E F
v -
j - 0, otherwise

(2.3.1)

(2.3.2)

Definition 2.3.1: A kth-order Euclidean geometry code of length pffiS_1

with symbols from GF(p) is defined as the largest linear code whose null

space contains the incidence vectors of all (k+l)-flats in EG0n,ps) which

do not pass through the origin.

It was proved that a kth-order Euclidean geometry code is cyclic.

Therefore, a kth-order Euclidean geometry code can be characterized by

its parity-check polynomial. In order to specify the roots of the pari­

ty-check polynomial of a kth-order Euclidean geometry code, it is nec­

essary to describe the concept of s-weight of a nonnegative integer.

Let h be a nOIUlegative integer less than pffiS -1, and q = pS. We can

then express h in radix-q form as follows

m-l .
h = LO.q1

.0 1
1=

(2.3.3)



(2.3.4)
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where 0 < O. < q for 0 < i < m. Since each coefficient o. is a nonnega-
- 1 - 1

tive integer less than q, then it can be expressed in radix-p form

5-1 .
0.= lo ..pJ
1 j=O 1J

Substituting Equation (2.3.4) into Equation (2.3.3), we obtain the fol-

lowing radix-p expansion of the nonnegative integer h

m-l s-l ..
h = l l o..p1S+J

i=O j=O 1J
(2.3.5)

where 0 < 0.. < p for 0 _< i < m and 0 _<. j < s.
- 1J

Let hO' hI' ... , hcr be 0'+1 nonnegative integers. We define (hO' hI'

... , h
O'

) as a (q-l)-partition of h, if hO' hI' ... , h
O'

satisfy the follow­

ing three conditions:

.•. + h
a

(2) h. = D.(q-l) for 1 < i < a, and hO > 0 where D. must be a posi-1 1 - - - 1

tive integer.

(3) Let o~~) be the coefficient in the radix-p expansion of he'
1J

then 0.. = I o~~)
1J e=O 1J

The integer a is called the index of the (q-l)-partition, then

<I>s (h), the s-weight of the nonnegative integer h, is defined as the

largest partition index over all the possible (q-1) -partitions of h.

Example 2.3.1: Let p = 2, s = 4, q = 24 and m = 3. Consider the inte­

ger 31 whose binary expansion is

31 = 1 + 1 • 2 + 1 • 22 + 1 • 23 + 1 • 24
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where 000 = 001 = 002 = 003 = 010 = 1 and all other 0ij 's are zeros.

The following partitions of 31 are all the (24-l)-partitions of 31:

{hO,hl } = {I6,lS} with (J =1 and {hO,hl } = {I,30} with (J = 1. There

are two (24-l)-partitions of 31 with index (J = 1. Hence, the largest

partition index is 1. The 4-weight of 31 is ~4(3l) = 1.

A (q-l)-partition of h is called a maximal (q-l)-partition of h

if its index is equal to the s-weight of h. Then, the component hO is

called the residue of the maximal (q-l) -partition. It is easily seen

that h is divisible by q-l if and only if hO = O.

In the following, a theorem specifying the roots of the parity­

check polynomial of a kth-order Euclidean geometry code is presented.

Theorem 2.3.1: Let ex, be a primitive element of GF(psm) and h be a non­

negative integer less than pDlS -1. The parity-check polynomial, h(X),

of a kth-order Euclidean geometry code has ex,h as a root if and only if

CPs (h) .s. k.

The majority-logic decoding of a kth-order Euclidean geometry code

is based on the structural properties of its null space. Let a = (aO'

aI' ... , a ) and e= (eO' el , ... , e 2) be the transmitted codeqm-2 qm_

vector and error vector, respectively. Then, the received vector is

r = a + e. Consider the inner product S = r · vF where vF is t.he inci­

dence vector of a (k+l) -flat F in EG(m,q). Since a · v
F

= 0, we have

S =e · v = I e.
F je:J J

(2.3.6)

where J = {j: ex,j E F}. Thus, the parity-check sum S checks on the error

digits whose lc~ticn numbers are in the (k+l)-flat F. If it is possible



16

to fonn a set of J parity-check Stm1S orthogonal on the Stull of the error

digits whose location numbers correspond to the points in a particular

k-flat F I, then the error-stull corresponding to the k-flat F I can be de­

temined by majority-logic rule provided that [(J-l)/2] or fewer errors

occurred in the error vector e. Or equivalently, we want to compute the

number of (k+l)-flats that are L~teYsecting on a particular k-flat in

EG(m,ps). There are p(k+l)s - pks points in each of the (k+l)-flats in-

tersecting on a given k-flat which are outside the k-flat itself. No

point outside the k-flat can lie in more than one of these (k+l)-flats

for othelWise two flats would be identical. Moreover, every point IIRlSt

lie in one (k+1) -flat since that point and the given k-flat determine a

(k+l)-flat that contains the given k-flat. Thus, (J+l)(p(k+l)s_pks)

IIRlSt be equal to pffiS _pks, the number of points in EG (m,ps) and outside

the given k-flat. We can therefore conclude that

ms ks
2 - P

J + 1 = -(rTk:":"'+.....l)'I"::s:-*---"TkS=-::--
p -p

= p(m-k)s _ 1

pS _ 1
(2.3.7)

It is clear from Equation (2.3.7) that the parameter J is a monotonically

decreasing fi.D1ction of the parameter k. Thus, it is possible to find at

least (J+l) k-flats orthogonal on each (k-l)-flat provided that [J/2] or

fewer errors occurred in the erro:; vector e. The process of orthogonal-

ization can be repeated until the error digits corresponding to all 0­

flats are determined. Therefore, a kth-order Euclidean geometry code of

length psm_l can be (k+l) -step majority-logic decoded provided that

[J/2] or fewer errors occurred, where J = [(p(m-k)s_l)/(ps_l)] - 1.
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Z.4 Projective Geometry

A proj ective geometry of dimension mover GF (ps) is denoted by

PG(m,ps). A point in the m-dimensional projective geometry PG (m,ps) is

an ordered set of rn+1 elements of GF Cps), not all of which are equal to

O. Two (m+l)-tuples (tl , t z' ... , t~l) and (ti, ti' •.• , t~+l) repre­

sent the same point in PG(m,ps) if t. = At!, i = 1, ... , rn+l and A is a
1 1

nonzero element of GF(ps). Therefore, there are (p(m+l)s_l)/(ps_l) dis-

tinct points in PG (m,ps) . For any two distinct points 0'1 and 0.2, we de­

fine the line joining them to consist of points of the form SIal + SZ<X2'

where Sl' S2 e: GF(ps) and at least one of the S's is different from O.

The system of points and lines obtained in the above manner is defined

as a proj ective geometry of dimension mover GF (ps). An m-dirnensional

projective geometry over GF(ps) can be constructed from GF(p(rn+l)s) as

follows: A point (a) of the geometry is associated with the set of non­

zero field elements

_ pS-2
(a) - a, as, .•. , as

where a is a nonzero element of GF(p (m+l)s) and S is a primitive element

of GF Cps). The munber of points defined' in this manner is equal to

(p(m+l)s_l)/(ps_l). A k-flat of PG(m,ps) consists of the following

points (aj ) such that

(2.4.1)

el eZ ek+l s
where a ,a , ... , a are linearly independent over GF (p ), and

Sl' ... , Sk+1 take on all possible combinations of values in GF (ps)

except that they cannot be simultaneously zero. A k-flat in PG(m,ps)

contains (p (k+l)s -1)/ (ps -1) distinct points.
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2.5 Projective Geometry Codes

A k-flat in PG(m,ps) can be associated with an incidence vector of

length n = (p(m+l)s_l)/Cps_l) over GFCp). For every k-flat F in PG(m,ps)

we can define the incidence vector vF as follows

where each component of vF is defined as

v. = {I, if (a.
j
) e: F

J 0, otherwise

(2.5.1)

(2.5.2)

Definition 2.5.1: A kth-order projective geometry code of length

n = (p(m+l)s_l)/Cps_l) is defined as the largest linear code whose null

space contains the incidence vectors of all k-flats in PG(m,ps).

It was proved that a kth-order projective geometry code is cyclic.

The following theorem specifies the roots of the parity-check polynomial

of a kth-order projective geometry code.

Theorem 2.5.1: Let a. be a primitive element of GF(p(m+l)s). Let h be

a nonnegative integer less than n = (p (m+l)s-1)/ (ps -1). Then the parity­

check polynomial of a kth-order projective geometry code of length n has

a.h(ps-l) as a root if and only if <P (h(pS-l)) < k.
s -

The majority-logic decoding of a kth-order projective geon~~ry code

is the same as the Euclidean geometry code. It can be easily seen that

there exists J = Cp(m-k+l)s_l)/(ps_l) sums corresponding to the k-flats

intersecting on a particular (k-l) -flat which are orthogonal on the

check stun corresponding to the particular (k-l) -flat. The rest of the
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decoding process is identical to the decoding scheme used in Euclidean

geometry codes. We can therefore conclude that a projective geometry

cyclic code of length n = (p(m+l)s_l)/(ps_l) and order k can be k-step

majority-logic decoded provided that [J/2] or fewer errors occurred,

where J = (p(m-k+l)s_l)/(ps_l).

Two important classes of majority-logic decodable codes were des­

cribed in the above sections. It has been shown that the error-cor-

recting capability of a geometry code is slightly inferior to that of a

comparable BCH code of IOOderate length n. However, the majority-logic

decoding algorithm for geometry codes is IOOre simply implemented than

the known decoding algorithIn for BQI codes. Thus, for moderate length

n, geometry codes are rather effective for error control purposes.



CHAPTER III

MULTIFOLD EUCLIDEAN GECMElRY CODES

The mu1tifold Euclidean geometry (mu1tifold EG) codes recently in­

troduced by Lin [1], form a large class of majority-logic decodab1e codes

which contains the ordinary EG codes [2-5] and some classes of general­

ized EG codes [6-9] as subclasses. Many multifold EG codes have been

shown to be very efficient and superior to other comparable majority­

logic decodable codes. The structure of multifold EG codes is based on

geometrical properties of Euclidean geometries and codes that are in­

variant under the affine group of pennutations. In this chapter, prop­

erties of codes that are invariant under the affine group of pennutations

and the mu1tifo1d EG codes defined by Lin will be briefly reviewed.

3.1 Cyclic Codes that are Invariant tmder the Affine Group of Permu­

tations

Let q be a power of a prime p, say q = pS. Let 11 be a primitive

element of GF(ps). Let C be a p-ary cyclic code of length q-l whose

generator polynomial g (X) does not have nO = 1 as a root. Then, the

extended code of C, denoted by Cex' is a p-ary extended cyclic code of

length pS obtained from C by adding an overall parity-check as the first

component so that the stun of the nonzero c..omponents of every code word

in Cex is equal to O•

.An affine pennutation with parameters a, b e: GF (q), a 'f 0, is a

permutation which carries the symbol at the location Y to the location

aY + b. Such a permutation can be applied to any extended code of length

q. A code is said to be invariant under the affine group of permutations
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if eveIY affine permutation carries a code word into another code word.

In the following, we will review the necessary and sufficient conditions

for Cex to be invariant tmder the affine group of permutations.

Let Z be a nonnegative integer less than q where q = pS. Express

Z in radix-p form as follows:

••• + (3.1.1)

where 0 < Z. < P for i = 0, 1, ... , s-1. Let Z' be another nonnegative
- 1

integer less than q whose radix-p expansion is

Z' = ZO' + Zl'P + ••• + Z' ps-ls-l (3.1. 2)

The integer Z' is called a descendent of Z if Z! < Z. for i = 0, 1, .•. ,
1 - 1

5-1. For any positive integer Z, let b.(Z) = {Z': Z' is a nonzero proper

descendent of Z}. The following theorem by Kasami, Lin and Peterson [14]

gives the necessaIY and sufficient conditions for a code to be invariant

under the affine group of permutations.

Theorem 3.1.1: Consider a p-aIY cyclic code of length q-l with generator

polynomial g(X). Then the extended code Cex is invariant tmder the

affine group of permutations if and only if, for eveIY nZ
which is a

Z'root of the generator polynomial g(X), then for every Z' £ b.(Z), n is

also a root of g(X), and gel) 1 o.

The extended primitive BCH codes, the generalized Reed-MUller codes,

the polynomial codes and the generalized EG codes have been proven to be

invariant under the affine group of permutations [19], [14], [24], and

[18] •
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3.2 MUltifold Euclidean Geometry Codes

Let C be the extended code of a p-ary cyclic code C, and C isex ex

invariant under the affine group of peI1Illltations. Let d be the minimum

distance of C. Let B be the set of mini.nn.Im weight code vectors of C

such that the overall parity-check symbol of each vector in B is equal

to 1. Let A be the mnnber of vectors in B, then the A minimtun weight

code vectors in B can be arranged into a A by (q-l) matrix M. It has

been shown that if the extended code Cex of C is invariant under the

affine group of permutations, then each colunm of M contains exactly

r = Ad/ (q-l) (3.2.1)

nonzero entries [5].

Let WtO' wtl ' .•. , Lllt
d

-
l

be the d nonzero components of the vector

We: B. It follows from the definition of B that

Ulto + wtl + ••• + w~_l = -1 (mod p)

The polynomial representation of a vector we: B is

(3.2.2)

(3.2.4)

d-l t
w(X) = I Wt X e (3.2.3)

e=O e

Let n be a primitive element of GF(q). If nZ is a root of the generator

polynomial g(X) of C, then

Z d-l Zt
wen ) = I Wt n e = a

e=O e

Because of the invariant property of C, if Z' e: b.(Z) , then

Z' d-l Z't
wen ) = I Wt n e = a

e=O e
(3.2.5)

Let GF(qffi) be an extension field of GF(q) where ffi is a positive integer.

Then each point in EG(ffi,q) can be uniquely associated with a field
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element of GF(qrn). Let a be a primitive element of GF(qm), thus the qm
• • 00 0 1 qm-2pomts m EG(m,q) can be represented by a , a , a , .•. , ex , where

00 ~ ~ ~ex denotes the origin of the geometry EG(m,q). Let a ,ex , ••• , ex

be ]..I independent elements of GF(qm) over GF(q). Let F be a ]..I-flat in

EG(m,q) which passes through the point ako and consists of the follow­

ing q]..l points:

. ko R,l R,2 R,
aJ = a + Sla + S2a + ••• + S]..Ia]..l (3.2.6)

R,O
where Si E GF(q) for i = 1, ... ,]..1. Let a be a point in EG(m,q) such

kO R,O
that a + a is not in the ]..I-flat F. Then, we can form d ]..I-flats FO'

. . kO to R,O kO tl R,O
Fl , ••• , Fd-l passmg through the pomts a + n a ,ex + n a

kO td-l R,O .
••• , a + n a, respect1vely. The ]..I-flat Fe consists of the fol-

lowing q]..l points:

R,
S a ]..I

]..I (3.2.7)

t ewhere n is the location number of the nonzero component Wt of WEB.
e

Clearly, these d ]..I-flats FO' ••. , Fd-l are parallel to the ]..I-flat F.
R,O kO R,O

Hence, for any ]..I-flat F in EG(m,q), any point ex such that a + ex

is not in F, and any vector wEB, we can form a set of (d+1) parallel

]..I-flats F, FO' FI , .•• , Fd-l • This set of (d+l) parallel ]..I-flats is

defined as a (]..I,d+l)-frame. It is denoted by

(3.2.8)

- R,O
For every (]..I,d+l)-frame (F, FO' FI' .•. , Fd-l : w, a ), we can define an

incidence vector vF over GF (p) as follows:
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where the component vj of vF is defined as

1, if o.j e: F

(3.2.9)

v. =
J

Wte , if o.
j

e: Fe with e = 0, 1, .•• , d-l

0, otherwise

(3.2.10)

t
where Wte is the nonzero component of OJ e: B, at the location n e. The

polynomial representation of an incidence polynomial is expressed in the

following form:

d-1 .
= I xj

+ l Wt l x? e
J
·,...T 0 e . ,...TC(} e= JeC(} e

(3.2.11)

where J = {j: o.j e: F} and Je = {je=

Let h be a nonnegative integer less

Equation (3.2.10), it becomes

for e = 0, 1, ... , d-1.

Replacing X by o.h in

(3.2.12)
h . h d-1 j h

vF(o. ) = l (o.J) + I Wt l (a e)
jEJ e=0 e jeEJe

The points o.j e: F and o.
je

e: Fe were defined by Equations (3.2.6) and

(3.2.7). By substituting these Equations into Equation (3.2.11), we

obtain

(3.2.13)

d-l
+ I Wte l

e=O f31

••• +
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where the swmnation I is over all the elements of GF(q).
(3.

1

The following theorem proved by Lin gives a set of sufficient con-

ditions which characterize the roots of vF (X) •

Theorem 3.2.1 [1]: Let h be a positive integer less than qrn, and a. be a

primitive element of GF(qm). Let C be a p-ary cyclic code of length q-l

with minimum distance d whose extended code Cex is invariant under the

affine group of pernD.ltations. Then, the incidence polynomial vFex) of

a (ll,d+l) -frame based on a ll-flat in EG(m,q) and a minimnn weight code

vector WEB has a.h as a root if h satisfies any of the following three

conditions :

(Al) CPs (h) ~ ll-l.

(A2) CPs (h) = II and h is divisible by q-l.

(A3) CPs(h) = II and the residue 110 of every maximal (q-l)-partition

is of the following form:

s-l .
h = I Z p1tS+t
o t=O t

with hO :f 0, where Z = Zo + ZIP + + ZS_lPS-l with O<Zi<P,

nZ is a root of the generator polynomial of code c.

Definition 3.2.1: Let h be a positive integer less than qm, and a. be a

primitive element of GF(qm). Define Hex) as the polynomial over GF(p)

such that a.h is a root if and only if h satisfies any of the three con­

ditions stated in Theorem 3.2.1.
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Let Hp, aR-o, w)} be the set of all possible combinations of a ]..I-flat p

kO R-O kO R-O
passing through a point a in EG (m,q), a point a such that a + a

is not in P, and a minimum weight code vector WE C whose overall parity-

check is 1. Let

R­
Hp, PO' ••• , Fd-l : W, a a)}

R-o -be the (]..I,d+l)-frames corresponding to {(p, a ,w)}. Let {vp(X)} be

the set of incidence polynomials of the (]..I,d+1) -frames in {(P , PO' ••• ,

Pd-l : w,aR-o)}. Clearly, HOC) is a conunon divisor of the incidence poly­

nomials in {vp(X)}. Except for two special cases, it is not known

whether Hex) is the greatest connnon divisor of the incidence polynomial

in {vpex)}. This will be investigated in later chapters.

Definition 3.2.2 [1]: The p-ary cyclic code of length qm_l whose null

space is generated by Hex) is defined as a (d+l) -fold (]..I,s)th-order

Euclidean geometry code associated with a base code c whose extension

Cex is invariant tmder the affine pennutations .

In the following, we shall show that the ordinary EG codes and two-fold

EG codes are subclasses of multifold EG codes.

Suba7,ass l--Ordi'YlaX'Y EG Codes

Let C be a p-ary cyclic code of length q -1 whose generator polyno­

mial is g(X) = (x'l-l-l)/ex-l). The extension of this code is invariant

under the affine group of permutations. The only minimum weight code

vector in C whose overall parity-check equals to 1 is the all one's

vector w= (1, 1, •.. , 1). Let P be a ]..I-flat which consists of the q

points specified by Equation (3.2.6). Let aR-O be a point in EG(m,q)
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such that ako + a R-O is not in F. Tnen the (l1,d+l) -frame which corre­

sponds to the combination (F, aR-O, w) is (F, F0' Fl' •.. , Fq -2: w, aR-o)

where Fe contains the following q11 points:

••• + (3.2.14)

for e = 0, 1, ... , q-2. Since n is a primitive element of GF(q) , nO,

nl, ... , nq- 2 form all the nonzero elements of GF(q) , thus the (l1,d+l)-

- R-o (11+1)
frame (F, Fl' ... , Fq -1: w, a ) contains the following q to' points

R­
+ S a 11

11
(3.2.15)

which form a (11+1) -flat L in EG(m,q). If we move the point aR-O in all

possible ways, we obtain all the (11+1) -flats in EG (m,q) . Thus, the

q-fold (l1,s)th-order p-ary EG code contains all the (l1+l)-flats of

EG(m,q) in its null space. The generator polynomial of the null space

of the q-fold (l1,s)th-order p-ary EG code has ah as a root if and only

if ~s (h) ~ 11. Therefore, the q-fold (l1,s)th-order p-ary EG code is just

the ordinary (l1,s)th-order p-ary EG code. It was shown that the (l1,S)'th­

order p-ary EG code is the dual of the (rn-11-l) (q-l)th-order primitive

polynomial code of length qrn_l [10].

SubcZass 2--TWo-foZd EG Codes

Let C be the p-ary cyclic code of length q-l whose generator poly­

nomial is g(X) = 1. Clearly, the extension of this code is invariant

Wlder the affine group of pennutations. The set B of minimum weight

code vectors WEe such that the overall parity-check is 1 consists of

the following vectors:
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- (-1, 0, 0, 0, 0)wI = ... ,

- (0, -1, 0, 0, 0)w2 = ... ,
(3.2.16)

~ 1 = (0, 0, 0, , .• , 0, -1)q-

Let F be a ~-flat in EG(rn,q) which consists of the q~ points specified

by Equation (3.2.6). Let al).O be a point such that a
ko

+ al).O is not in

F. Then the (~,2) -frame which corresponds to the ~-flat F, the point
1).0 - - 1).0

a and the vector ~ is (p, FO: ~,a ), where the ~-flat FO consists

of the following q~ points:

.0. +
I).

f3 a ].l
].l (3.2.17)

For the given ~-.tlat F and the point a1).0, we can form q-l parallel pairs
1).0 - 1).0 - 1).0

(p, FO: ~l' a ), (F, PO: w2' a ), ••• , (F, FO: wq _l ' a ) correspond-
- - - 1).0

ing to the vectors wI' w2' ... , wq _l in B. If we rnove the point a in

all possible ways, we obtain (q(rn-].l)_l)/(q_l) • (q-l) = q(rn-~)_l parallel

pairs of ~-flats in EG(rn,q). Thus the null space of a two-fold (~,s)th­

order EG code of length qrn-1 contains the incidence vectors of all pos­

sible parallel pairs of ~-flats in EG(rn,q). The generator polynomial of

the null space of the two-fold (].l,s)th-order EG code of length qrn_l has

ah as a root if and only if the s-weight of h satisfies any of the fol­

lowing conditions: (Al) <ps(h) ~ ~-l; (AZ) <Ps(h) = ].l and h is divisible

by q-l. It has been shown that the two-fold (].l,s)th-order EG code of

length qrn-1 is the dual code of the [(rn-].l)· (q -1) -1] th-order primitive

polynomial code of length qrn_ l [1],
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3.3 Majority-Logic Decoding of Multifold EG Codes

Lin [1] has shown that a multifold (l1,s)th-order Euclidean geometry

code is (11+1) -step majority-logic decodable. In this section, Lin's de­

coding algorithm of a multifold EG code will be briefly reviewed. It

was shown in the last section that a (l1,d+l)-fram (F*, FO' FI' ... ,

- R.O
Fd-l: W, ex ) can be formed for a given 11-flat F* passing through the

• leo . R.O ch tha kO R.O. • * d ••pomt a. ,a pomt a. su t a. + a. J.s not m F an a mm:um..un

weight vector OJ e: B. Let L be a (l1+l)-flat which is spanned by a given

11-flat F* and the point exR.O. Thus, the (l1+l)-flat L contains the foI-

1 · 11+1 .owmg q pomts:

••• + (3.3.1)

Next, we want to compute the ntunber of all possible variations of a.R.O

such that the corresponding (l1+l)-flats L are intersecting on a given

11-flat F*. Since there are q11+l_q11 points in each (11+1) -flat L which

are not contained in the 11-flat F*, no points outside the 11-flat F* can

lie in more than one of these (11+1) -flats L. Otherwise, at least two of

the (11+1) -flats L will be the same. There are qm_q11 points in EG (m,q)

that are not contained in the given 11-f1at F*. Thus, there are (qm_q11)/
R.

(q11+l_q11) = (qm-11_1)/(q11_1) possible variations of ex 0 such that the

corresponding (qm-11_l)/(q11_l) distinct (l1+l)-flats L intersect on the
R.

given 11-flat F*. Let A denote the set of (qm-11_l)/(q_l) choices of a. 0

that yield the (qm-11_l)/(q_l) distinct (l1+l)-flats L which intersect on

F* • Let A be the ntunber of rnini.nn.Dn weight vectors in B. Thus, for any

~ - ~a. e: A, A (l1,d+1) -frames (F*, F0' Fl' ... , Fd-1: W, ex ) with OJ e: B can

be formed. It follows that a set of
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A(qrn-].l_l)/(q_l)
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(3.3.2)

(3,3,3)

(3.3.4)

- £0 1- £0
{(F*, F0' Fl' •.• , Pd-l: w, ex ) We: B and ex e: A}

can be constructed. Let V(F) = {v
F

*} be the set of incidence vectors of

the A(qrn-].l_l)/(q_l) (].l,d+l) -frames given in Equation (3.3.3) with the

following properties:

1. For each v
F
* e: v(p), the component at a location that corre­

sponds to a point in F* is equal to 1.

2. There are exactly r = Ad/ (q-l) incidence vectors with nonzero

components at a location which does not correspond to a point

in F*.

Since these incidence vectors are in the null space of the (d+l) -fold

f].l s) ...t.. order EG cod;:. "'whey can b~ 'used ...~ .r:~_ --_.: ..... ~l..~~1, ~._~ .1:,._I., Wl- .... , \:; l..U .1.UlJll !JeLL.1.l..J -~L';;~.l\. ;:lUlIL;) .LVL

decoding errors. Let u= (uo' ul ' •.• , uqm_2) and e= (eO' el , ... ,

eqm_2) be the transmitted vector and error vector, respectively. Let

the received vector r = u+ e. Consider the inner product S = r . vp*
with vp* e: V(G). Since U • vF* = 0, we have

d-l
S = e . vp* = I e. + I Wtk I ej

JEJ J k=0 jeEJe k

where WtO' Wtl' ... , wtd-l are the nonzero cornponents of the minimum

weight code vector we: B. Equation (3.3.4) gives the parity-check sums

of a received word r. Since there are A(qm-].l_l)/(q_l) incidence vectors

in V(F), thus it is possible to form A(qm-].l-l)/(q-l) parity-check equa­

tions in the form of Equation (3.3.4). Every parity-check sum checks
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on the sum S = l e. or the error digits at locations that correspond
II je:J J

to the points in the ll-flat F*. Based on the second property of the set

of incidence vectors V(F), we conclude that if there are

~ - [ A(qm-
ll

- 1) ]
2r(q-l)

(3.3.5)

or fewer errors in e, the error sum S = l e. can be correctly deter-
II jEd" J

mined by majority-logic rule from the A(qm-ll_l)/(q_l) parity-check sums

in the form of Equation (3.3.4). Since every error sum that corresponds

to a ll-flat other than F* will occur in r parity-check equations, thus

the step of determining the check sum of error digits that correspond to

the points in the ll-flat F* is a nonorthogonal step except for the case

when r = 1. By this nonorthogonal decoding step, it is possible to de­

termine the check sum S which corresponds to all ll-flat in EG(m,q) cor-
II

rectly. The rest of the decoding steps is the same as the decoding of

a (ll,s)th-order EG code. At the second step of decoding, the error

check sum Sll-l corresponding to all (11-1) -flats in EG (m,q) can be formed

from the sums S obtained from the first step. We continue this process,
11

until the (ll+l)th-step, then all the errors are determined. Thus, a mul-

tifold (ll,s)th-order EG code requires at most (ll+l) decoding steps. It

follows from Equations (3.2.1) and (3.3.5) that we have

(3.3.6)

Since there are N = (qm-ll + qm-ll-l + ... + q + 1) ll-flats that intersect

on a given (ll-l)-flat, hence there are N error sums S orthogonal on an
II
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error check sum S l' which corresponds to a given ()..I-I) -flat. Since
)..1-

[N/2] > tw., it follows that if there are tw. or fewer errors in e,
then the check sum S 1 can be determined correctly by majority-logic

)..1-

rule. Since the parameter N is a monotonically decreasing ftmction of

the parameter )..I, hence the rest of the decoding steps will also be cor­

rect. We can then conclude that a (d+l) -fold ()..I,s)th-order EG code is

at most ()..I+l)-step majority-logic decodable and is capable of correcting

at least (qm-)..I-l)/2d errors.



CHAPTER N

IMPROVED MJLTIFOLD EUCLIDEAN GIDMETRY CODES

4 .1 An Improvement of Mu1tifo1d Euclidean Geometry Codes

In Chapter III, the mu1tifo1d EG codes defined by Lin were briefly

reviewed. Lin's construction of mu1tifo1d EG codes requires the exten­

sion of the base code to be invariant lIDder the affine group of pennu­

tations. In this section, we shall show that this requirement can be

removed. As a result, we obtain a larger class of mu1tifo1d EG codes.

Furthermore, we shall improve condition (A3) of Theorem 3.2.1 so that

it characterizes more common roots of the incidence polynomials of all

the (1l,d+1)-frarnes. Consequently, this will increase the efficiency of

a (d+l)-fo1d (ll,s)th-order EG code.

Let Co be a p-ary primitive cyclic code of length q-1 and minimum

distance d whose generator polynomial g(X) does not have 1 as a root.

(The extension of Co is not neaessari Zy invariant lll1der the affine group

of pennutations.) Let w(D) be a rnin:inn.un weight code vector in Co such

that the overall parity-check symbol of w(D) is equal to 1. The poly­

nomial representation of w(D) is

t
+ X d-1w...

l-d_1
(4.1.1)

Let w(i) be the minimum weight code vector which is a cyclic shift of

w(D) ith places to the right. Then the polynomial representaticn of

wei) is

t d_1+i
+ w

t
X

d-l

(4.1.2)
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Let t. be the nonnegative integer less than q-l such that1e

t. ::: t ... i (Mod q-l)1e e

Then we obtain

( .) t·O t· l t. d 1
1 (X) = X 1 + X 1 + X 1, -W wt wt wto 1 d-l

(4.1. 3)

(4.1.4)

Let the cycle of w(O) (X) be defined as the least positive integer nO

such that

(4.1.5)

Clearly, nO divides the length q-l of the code CO. Let EO be defined

as the following set

(4.1.6)

Now we arrange the nO vectors in EO as an nO x (q-l) matrix MO. Then

the number of nonzero entries in each cohmm. of M
O

is constant and equal

to r = nodi (q-l). This can be seen as follows. Let the rows of MO be

cyclically shifted one place to the right. This shifting would leave

the rows of M
O

tmchanged except it rearranges the rows. It follows that

every column of MO IIR.1St have the same set of nonzero entries. Since

each row has d nonzero entries, then there are nod nonzero entries in

the matrix MO. Thus, the nonzero entries in each colunm. IIR.1St be equal

to

r = (4.1. 7)



(4.1.8)
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In our improvement of mu1tifo1d EG codes, we shall use Co as the

base code and the vectors in BO to form (}.l,d+1)-frames. In general,

the number no of vectors in BO' is much smaller than the number of

vectors in B as defined in Section 3.2. Define the base polynomial

gO(X) as the polynomial of the highest degree with coefficients in

GF(p) which divide the code polynomials in BO and has distinct roots in

GF(q). Clearly, gO(X) is a multiple of the generator polynomial g(X)

of the code CO' Let

go(X) = rr(X)g(X)

- (i) . _
For any w £ Bo' 1 - 0, 1, ... , nO-I, let the location numbers of the

f -(i) b tiO til ti d-l h .nonzero components 0 wen ,n , ... , n ' , were n 1S a

primitive element of GF(q). Let F be a ]l-flat in EG(m,q) which consists

of q]l points given by Equation (3.2.6). Now we fonn a (}.l,d+l) -frame
~O -(i)based on F, a point Ct and a vector w £ B0 ; i.e. ,

(4.1.9)

The ]l-flat Fe consists of the following q}.l points:

(4.1.10)

where Si £ GF(q). The incidence polynomial of the (}.l,d+l)-frame of

Equation (4.1.9) is

(4.1.11)

j je
where J = {j: Ct £ F} and Je = {je: Ct £ Fe} for e = 0,1, ••• , d-l.
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Since

(4.1.12)

are the incidence polynomials of the ll-flat F and Fe' respectively,

thus we can express vFOC) of Equation (4.1.11) in the following form:

(4.1.13)

In the following, we shall derive a set of conditions on the roots of

vF(X). Let h be a nonnegative integer less than qm_1. Consider

(~h)je = I (~je)h
jeEJe

(4.1.14)

Substituting Equation (4.1.10) into Equation (4.1.14), we obtain

(4.1.15)

where each stDl1l11ation is over all the elements of GF(q). Expanding

Equation (4.1.15) we have

h h(h)
f (a) = I I··· I I
e S S S h'=O h'

1 2 II

(4.1.16)

Recall that

(4.1.17)



37

Combining Equations (4.1.16) and (4.1.17) we have

(4.1.18)

In order to simplify Equation (4.1.18), the following 1eJm1la (Lucas

Theorem) is required.

I. I.
Lemma 4.1.1: Let Z = ~ Z.p1 and Z' = ~ Z!p1 where 0 < Z., Z! < p.

'01 '01 -111= 1=

Then (Z) ~ 0 (Mod p) if and on!y if Z! < Z. for i = 1, 2, ..• , 1.
Z' 1 - 1

It follows from Equations (4.1.13), (4.1.18) and Lemma 4.1.1 that we

have

h h h (h) h' R.O(h-h') d-1 tie (h-h')
vF(a ) = f(a ) + ~ f(a )a r wt n

h'=O h' e=O e

= f(ah) (1 + W
t

+ w
t

+ ••• + wt )
o 1 d-1

(
h) h' R.O(h-h ') d-1 t. (h-h ')

+ ~ f(a )a ~ w
t

n 1e
h'Ell(h) h' e=O e

(4.1.19)

Since (1 + WtO + Wt1 + ••• + Wtd_1) :: 0 (Mod p), Equation (4.1.19) can

be reduced to the following form:

h (h) h' R.O(h-h') d-l t·e(h-h')
vF(a ) = ~ f(a )a 1: wt n 1

h' Ell (h) h' e=O e
(4.1.20)

Based on Equation (4.1.20), we shall derive a set of conditions on h

such that ah is a connnon root of the incidence polynomials of all the
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(l1,d+l) -frames based on the set BO' The following result due to Delsarte

[18], and Kasarni and Lin [7] is needed.

Theorem 4.1.1: Let a be a primitive element of GF(qm). Let h be a non-

.. 1 than m l Th h. fth ..negat1ve mteger ess q -. en a 1S a common root 0 e mC1-

dence polynomials of all the 11-flats in EG(m,q) not passing through the

origin if and only if cI>s (h) < 11.

Let cI>s (h) = 11. Let r (h) be the set of all prop.er descendents h'

of h such that cI>s (h ,) = 11. Clearly, r (h) is a proper subset of /). (h) .

The following theorem will characterize the conunon roots of the inci-

. . - (i)
dence polynomials of all the (l1,d+l)-frames HF, FO' ••• , Fd-l . W ,

aR.O)}.

Theorem 4.1.2: Let a be a primitive element of GF(qm). Let h be a non­

negative integer less than qm_1. Then ah is a conunon root of the inci-

dence polynomials vF(X) of all the (l1,d+l)-frames (F, FO' FI' •.. , Fd_l :

w(i), aR.o) if h satisfies any of the following three conditions:

(Al) cI>s(h) < 11.

(A2) cI>s(h) = 11 and h == 0 (Mod q-l)

(A3)* cI> (h) = 11 with h F 0 (Mod q-l) and such that, for any
s -

h' e: r(h), nh is a root of gO(X) where h is a nonnegative

integer less than q-l that satisfies

h == h-h' (Mod q-l) (4.1.21)

Proof: Consider the expression of Equation (4.1.20).
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1. If h satisfies condition (AI), th~n any proper descendent h'

of h must have s·weight less than ll, or ~S(h') < ll. Since f(X) is the

incidence polynomial of the ll-flat P passing through aleo, it follows

h'from Theorem 4.1.1 that f(a ) = 0 for every h'e: ~(h). From Equation

(4.1. 20), we conclude that vP (ah) = 0 if ~s (h) < ll.

2. If h satisfies condition (A2), then for any h'e: ~(h),

h'
~s (h I) < 11. It follows from Theorem 4.1.1 that f(a ) = O. From

Equation (4.1.20), we can then conclude that vp(ah) = 0 if ~s (h) = 11

and h =0 ~od q-l).

3. If h satisfies condition (A3)*, then the set r (h) is nonernpty.

I t follows from the definition of ~ (h) and r (h) that for any h'e:

h'
~(h)-r(h), ~S(hl) < ll. It follows from Theorem 4.1.1 that f(a ) = 0

for every h'e: ~ (h) - r (h). Thus the expression of Equation (4.1. 20) can

be reduced to the following:

h (h ) h' to(h-h ' ) d-l tie (h-h ' )
vp(a ) = I f(a )a I Wt n

h' e:r (h) h' e=0 e

(4.1.22)

Let h be a positive integer less than q-l such that

-h =h-h ' ~od q-l)

Since n is a primitive element of GF(q) , therefore we have

(4.1.23)

(4.1. 24)

Since W(i) (X) is a multiple of gO(X), if h satisfies condition (A3)*,

then



( 0) h d-l t. h
w 1 (n ) = I w n 1e = 0

e=O t e
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(4.1.25)

Q.E.D.

for every h' e: rCh). Combining Equations (4.1.24) and (4.1.25), we can

then conclude that vp(a,h) = 0 if h satisfies condition (A3)*.

Comparing Theorems 3.2.1 and 4.1.2, we see that conditions (AI) and

(A2) are the same for both theorems and only condition (A3)* of Theorem

4.1.2 is different from condition (A3) of Theorem 3.2.1. . In the follow­

ing, we shall show that condition (A3)* is stronger than condition (A3).

In order to compare the two conditions, (A3)* and (A3), we must require

the base code C and Co to be the same and their extensions are invari­

ant tmder the affine group of permutations.

Lemna 4.1.2: Let C be the base code used for both Theorems 3.2.1 and

4.1.2. The extension of the cyclic code C is invariant tmder the affine

group of permutations. Let gOC) be the generator polynomial of the base

code C. Let h be a nonnegative integer less than qm_1. Then, if h

satisfies condition (A3) of Theorem 3.2.1, it also satisfies condition

(A3)* of Theorem 4.1.2.

Proof: Let h be a nonnegative integer which satisfies condition (A3) of

Theorem 3.2.1. Then ~s(h) = ~ and h t 0 ~1od q-l). The residue hOof

every maximal (q-l) -partition is of the following fom:

(4.1. 26)

s-l
where Z = I ZtPt, nZ is a root of the generator polynomial of the base

t=O
code C.
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Let h' be a proper descendent of h such that cI>s (h ') = 11, or h' e: r (h) .

Then there exists at least one maximal (q-1)-partition of h' such that

h' = hO+ hi + hZ + .•• + h~ (4.1.27)

where h! = D. (q-1) for i = 1, .•. , 11. Since h' e: r (h), there nD.lSt exist
1 1

a maximal (q-1)-partition of h such that

h = 110 + hi + hi + .•. + h~ (4.1.28)

where hOe: ~(h0). Now subtracting Equation (4.1.28) from Equation

(4.1.27), we have

h-h' = 110 - hO (4.1.29)

Since hO e: ~[nO), it follows from Equation (4.1.26) that the residue hO
can be expressed in the following form:

s-l i s+t
h' = I Z'p t
o t=O t

(4.1.30)

where Zf ~ Zt for t = 0, 1, •.. , s-l. Combining Equations (4.1.26),

(4.1.29) and (4.1.30), we obtain

s-l i s+t
h-h' = I (Z -Z')p t

t=O t t
(4.1.31)

s-l i s+t
= I Z' 'p t

t=O t

where Z" < Z for t = 0, 1, .•. , s-l. Let h be a positive integer
t - t

such that

ii == h-h' (Mod q-1)

It follows from Equation (4.1.32) that we have

(4.1.32)
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s-l its+t
h == l 2' 'p (Mod q-1)

t=O t
(4.1.33)

s-l
= l 2"pt

t=O t

Since 2t ' ~ 2t for t = 0, 1, ... , s-l, it follows that h E ~(2) where

n2 is a root of the generator polynomial g (X) of the base code C. Since

the extension of C is invariant Wlder the affine group of pennutations,

nh is also a root of g ex) . Since go (X) = 7T (X) g (X), it implies that nh

is a root of go ex) . Therefore, we r..ave proven that if h satisfies con­

clition (A3) of Theorem 3.2.1, then it must satisfy condition (A3)* of

Theorem 4.1. 2.
Q.E.D.

Next, we shall show that an integer h which satisfies condition (A3)*

of Theorem 4.1.2 does not necessarily satisfy condition (A3) of Theorem

3.2.1. In other words, these two conditions are not equivalent. '!Wo

concrete examples are given in the following.

Example 4.1.1: Let p = 2, s = 4, m = 3, q = 16, l.l = 1 and the base

code C is a d-BCH code of length 15 with d = 5. Then, the base code

has n, n3 and all their conjugates as roots of its generator polyno­

mial g (X) . The extended primitive BCH codes were proved to be invari­

ant lmder the affine group of pennutations by Peterson [13]. Consider

the integer 319 which is less than (24) 3-1. This integer has s -weight

<1>4 (319) = 1. All the maximal (24_1) -partitions of 319 are listed below.
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Maximal (24-l)-partitions Binary expansion of

(hO' hI) the residue hO

(304, 15) 24 + 25 + 28

(289, 30) 20 + 25 + 28

(274, 45) 21 + 24 + 28

(259, 60) 20 + 21 + 28

(49, 270) 20 + 22 + 25

(34, 285) 21 + 25

(19, 300) 2° + 21 + 24

(4, 315) 22

Let h I be a proper descendent of 319 such that ep4 (h I) = 1. Then, any

maximal (24-1)-partition of h' nrust have the fom (ho,hi) where hi = hI

and hOis a proper descendent of ha with (hO,h1) as a maximal (24-1)­

partition of 319. Let h == 3l9-h I Mod (24-1). It is easy to check-
that for every h'e: r (319), nh is a root of the generator polynomial

g(X) of the base code C. Since the base polynomial of condition (A3)*

is go ex) = 1T (X) g (X), nh is also a root of go (X). Therefore, the inte­

ger 319 satisfies the condition (A3)* of Theorem 4.1.2. Now we consider

the maximal (24-1)-partition (15,304) of 319. The residue of this par­

tition is hO = 24 + 25 + 28 which does not have the fom required by

condition (A3) of Theorem 3.2.1. Thus, the integer h = 319 does not

satisfy the condition (A3) of Theorem 3.2.1.

Example 4.1.2: Let p = 2, s = 4, m = 3 and q = 16. The base code C

is the binary Hanming code of length 15 whose generator polynomial is
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4g(X) = 1 + X + X. The polynomial

(4.1.34)

is a minimum weight code polynomial in C. Clearly, the overall parity­

check symbol of w(0) (X) is 1. The cycle of w(0) (X) is nO = 5. The set

EO consists of the following code polynomials of C:

w(0) (X) = 1 + X5 + XIO

w(l) (X) = X + X6 + XlI

w(2) (X) = X2 + X7 + X12

w(3) (X) = X3 + X8 + X13

w(4) (X) = X4 + X9 + X14

(4.1. 35)

The greatest connnon divisor of these polynomials is just the code poly­

. 1 - (0) (X) .noma w ; 1.e.,

(4.1.36)

2 3 6 2 4Thus, 7r (X) = 1 + X + X + X + X. The roots of go (X) are n, n , n ,
5 7 8 10 11 13 d 14 h ... .. 1 fn , n , n ,n ,n ,n ,an n ,were n 1S a prlID1t1ve e ement 0

the Galois field GF (24) • Consider the integer h = 95 which is less

than (23)4_1 • The 4-weight of 95 is ~4(95) = 1. All the maximal

(24-l)-partitions of 95 are listed below.



Maximal (24_1) -partitions

(hO' hI)

(80, 15)

(65, 30)

(20, 75)

(5, 90)

Binary expansion of

the residue hO

24 + 26

20 + 26

22 + 24

20 + 22
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It is easy to check that for every proper descendent h' in r (95), nh is

a root of the base polynomial gO(X) = 1 + X5 + XIO in condition (A3)*

of Theorem 4.1.2. Thus, the integer 95 satisfies condition (A3)* of

Theorem 3.2.1. Now consider the maximal (24-l)-partition (80,15) of 95.

The residue of this maximal (24-1)-partition is hO = 24 + 22 • 24.

Clearly, hO has the form required by condition (A3) of Theorem 3.2.1.

However, Z = 1 + 22 = 5 and n5 is not a root of the generator polynomial

g(X) = 1 + X + X4 in condition (A3) of Theorem 3.2.1. Therefore, the

integer 95 does not satisfy condition (A3) of Theorem 3.2.1.

Except for some special base codes, condition (A3)* of Theorem

4.1.2 characterizes more conunon roots of the incidence polynomials of

(ll,d+l)-frames than condition (A3) of Theorem 3.2.1.

Definition 4.1.1: Define HO(X) as the polynomial over GFCp) such that

cx.
h is a root if and only if h satisfies any of the three conditions

stated in Theorem 4.1.2. Clearly, HO(X) is a aorrurzon divisor of the in­

cidence polynomials of the (ll,d+l) -frames based on ll-flats in EG(m,q)

and the minimum weight code vectors in the set EO defined by Equation

(4.1.6) .
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It follows from Lemma 4.1. 2 that, for the same base code, the polynomial

HOOC) defined above is d. multiple of the polynomial HOC) defined in De­

finition 3.2.1.

Definition 4.1. 2: The p-ary cyclic code of length qm_l whose null space

is generated by HOOC) is defined as the improved (d+l)-fold (~,s)th­

order EG code associated with a base code Co which is cyclic.

It follows from the above results and definitions that the parity-check

polynomial HO(X) of the improved (d+l)-fold (].l,s)th-order EG code of

length qm_l is, in general, a multiple of the parity-check polynomial

HOC) of the (d+l) -fold (]J,s)th-order EG code defined by Lin [1]. There­

fore, the improved (d+l)-fold (].l,s)th-order EG code of length qm_l is

more efficient than the (d+l)-fold (]J,s)th-order EG code of the same

length and the same error-correcting capability defined by Lin [1].

Example 4.1.3: Let p = 2, s = 4, m = 3, q = 16 and ]J = 1. Let the

base code C be a 5-BCH code with generator polynomial g(X). Let gO(X) =

g(X). Then the improved 6-fold (1,4)th-order EG code of length 4095 has

2623 information symbols. However, the 6-fold (1,4)th-order EG code of

length 4095 defined by Lin has 2359 information symbols. Both codes

have error-correcting capability ~ = 25.

Example 4.1.4: Let p = 2, s = 4, m = 3 and q = 16. The base code C

is a binary Hamming code of length 24_1 with generator polynomial g(X) =

1 + X + X4• The generator polynomial g(X) has n and all its conjugates

as roots. Let gO(X) = 1 + X5 + XID. Then the improved (1,4) 4-fold EG

code of length 4095 has 2305 infonnation symbols. However, the (1,4)
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4-fold EG code of length 4095 defined by Lin has 1999 infonnation sym­

bols. Both codes have error-correcting capability 'tML = 42.

Based on Theorem 4.1.2, we see that for a given base code Co' the effi­

ciency of an improved nnl1tifold EG code depends on the choice of a mini­

mum weight code vector w(0) e: CO. For high efficiency, we l1RJSt choose

W(0) such that the degree of the base polynomial go (X) is as high as

possible. Except for certain special base codes, to find the base poly­

nomial go (X) of the highest degree is very hard. In Chapter V, we shall

show that the improved (d+l)-fold (lJ,s)th-order EG code of length qm_l

defined in Definition 4.1.2 is maximaZ in the sense that it is the

largest linear code of length qm_l whose null space contains the inci­

dence vectors of all the (lJ,d+l) -frames based on the lJ-flats of EG(m,q)

and the minimum weight vectors in set EO defined by Equation (4.1.6).

Obviously, we may choose the generator polynomial g(X) of the base code

as the base polynomial in condition (A3)* of Theorem 4.1.2. In this

case, the improved multifold EG codes derived from Definitions 4.1.1 and

4.1.2 may not be maximal. In the construction of improved multifold EG

codes, we only require the base code Co to be ayaZia, and its generator

polynomial g (X) does not have 1 as a root. Therefore, the class of im­

proved IIRlltifold EG codes is much larger than the class of multifold EG

codes defined by Lin. A list of improved multifold EG codes is given

in Appendix A.

4.2 Decoding of the Improved Multifold Euclidean Geometry Codes

Multifold Euclidean geometry codes are L-step majority-logic decod­

able. Lin [1] has devised a method of forming parity-check stuns for
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decoding these codes. At the first step of decoding a (d+l) -fold

(]l,s)th-order EG code of length qm_l , the parity-check sums that corre­

spond to all the ]l-flats in EG(m,q) are determined. In order to deter­

mine the parity-check sum corresponding to a particular ll-flat F passing

through the point (J.ko, Lin's method requires construction of all the

(]l,d+l)-frames based on the ]l-flat F, all the possible choices of the

. to ch th leo to. . d all th -. thpomts (J. su at (J. + (J. 1S not m F, an e vectors w m e

set B, where B is the set of all the minimum weight code vectors in the

base code C such that the overall parity-check symbol of each vector in

B is equal to 1. Since there are A vectors in B and there are (qm-]l_l)/

(q-l) possible choices of (J,Q,o, thus the nt.unber of (ll,d+l)-frames based

on the ]l-flat F is

m-]l
q - 1

N = A· -
q-l

(4.2.1)

In general, the number A is very large and much greater than q-l (the

length of the base code). For example, if the base code is the (63,45)

binary BCH code with d = 7, the m.unber A of vectors in B is 23877 [19].

Thus, the m.unber of (]l,d+1) -frames to be formed at the first step of

decoding a (d+l)-fold (ll,s)th-order EG code may be prohibitively large.

As a consequence, the :implementation of the decoder becomes very imprac­

tical except for certain special cases. Moreover, it is quite hard to

compute the minimtnn weight vectors in B for long base codes.

The procedure for decoding an iJnproved multifold EG code is the

same as that for decoding a JIR.lltifold EG code. At the first step of de­

coding, we determine the parity-check sums that correspond to all the

]l-flats in EG(m,q). In order to determine the parity-check sum that
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corresponds to a particular ]J-flat P passing through the point ex.ko, we

fom all the (]J,d+l)-frames based on P, all the possible choices of a

" ,Q,O h ..t.~ ko ,Q,O" " d 11 th "tpomt ex. suc ~J.Q.t ex. + ex. 1S not III P, an a e vectors III se

BO of Equation (4.1.6). The number of vectors in BO is nO which is a

factor of the length of the base code. Then, the mnnber of (]J ,d+1) ­

frames to be fomed is

m-]J
q - 1

NO = nO • --'""'-----
q-l

Comparing NO with N, we see that NO is much smaller than N.

(4.2.2)

If the

(63,45) binary Brn code with d = 7 is used as the base code, the poly-

nomial

(4.2.3)

is a polynomial representation of a m.ini.mum weight code vector whose

overall parity-check symbol is 1. The cycle nO of this vector is equal

to 9. Thus the set B0 contains only 9 vectors. For this case, N =

2653NO• Therefore, the number NO of (]J,d+l)-frames to be fomed at the

first step of decoding an improved (d+l)-fold (]J)s)th-order EG code is,

in general, considerably smaller than the number N of (]J,d+l)-frames to

be fomed at the first step of decoding a (d+l)-fold (]J,s)th-order EG

code.

Let VO(F) = {vp } be the set of incidence vectors of the NO (]J,d+l)­

frames based on the ]J-flat P that passes through the point ex.ko, all the

"bl h" f th . ts,Q,O h tha kO ,Q,O" " dPOSS1 e c 01ces 0 e POlll ex. sue t ex. + ex. 1S not III P, an

the vectors wei) e: BO. It follows from the properties of the vectors

wei) e: BO' that Vo(P) has the following properties:
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1. For each VF E Vo(F), the component that corresponds to a point

L"1 F is '1'.

2. There are exactly r = nOd/(q-l) incidence vectors with nonzero

conponents at a location that does not correspond to a point

in F.

These properties of VO(F) guarantee that the improved (d+l)-fold

(ll,s)th-order EG code of length qm_l is capable of correcting

\!L = [ :~ ] (4.2.4)

or fewer errors by majority-logic decoding. It follows from Equations

(4.1.7), (4.2.2) and (4.2.4) that

(4.2.5)

Comparing Equations (3.3.6) and (4.2.5), we see that the improved (d+l)­

fold (ll,s)th-order EG code has the same majority-logic error-correcting

capability as the (d+l) -fold (ll,s)th-order EG code. However, the fonner

code is more efficient than the latter; and the decoder for the former

code is simpler than that of the latter.

In general, the first step of decoding an improved (d+l) -fold

(ll,s)th-order EG code is nonorthogonal. However, if the parameter r of

Equation (4.1. 7) is equal to 1, then the first step of decoding would

be orthogonal. The only mown subclasses of JJn.lltifold EG codes in which

the first step of decoding is orthogonal are the ordinary EG codes and

the two-fold EG codes. In the following, we shall derive a subclass of
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the improved multifold EG codes such that the first step of decoding is

orthogonal. It follows from Equation (4.1.7) that for r = 1, the mini­

nnJI1l distance d of the base code must be a factor of the length of the

base code; Le., q-l = nOd. Also, the nonzero components of the mini­

nn.un weight code vector OJ (0) IIRlSt be evenly spaced. In other words, the

number of zero's between two adjacent nonzero components is nO-I. Con­

sequently, the polynomial representation of the minimtun weight code

vector OJ (0) IIRlSt have the following fonn:

(4.2.6)

where to < nO. Next, we shall present a class of base codes such that

a code in this class has a mini.nnml weight code vector of the form of

Equation (4.2.6). Suppose that the length q-l of the base code is not

a prime. Let d be a factor of q-l such that

q-l = nOd (4.2.7)

Then the polynomial Xq-l can be factored into the following fann:

-1 nO' nO 2nO
xq -1 = (X -1) (1 + X + X +

(d-l)no
+ X ) (4.2.8)

The factor Xno_l has nO, nd, n2d, ••• , n(no-l)d as all its roots where

n is a primitive element of GF(q). The factor

nO 2nOljJ(X) = 1 + X + X +
(d-l)no

+ X (4.2.9)

) 0 d 2d (no-l)dhas all the nonzero elements of GF(q , except n , n ,n , .•• , n

as all its roots. Now consider a p-ary cyclic code Co of length q-l

whose generator polynomial g(X) is ljJ(X) of Equation (4.2.9). Since ~(X)



53

1 d-1 dhas n , .•. , n (but not n ) as roots, it follows from Bose-Chaudhuri

argument that the mininnmJ. distance of Co is at least d. Since the poly­

nomial 1/J (X) is a code polynomial in Co and has weight d, thus the mini­

mum distance of Co is exactly equal to d. Now we use Co as the base code

for the improved (d+1) -fold (lJ,s)th-order EG code of length qm_l. Let

(0) nO 2nO
w (X) = nO{l + X + X +

(d-l)no
+ X } (4.2.10)

Clearly, w(O) (X) has the form of Equation (4.2.6) and the cycle of

w(0) (X) is equal to nO' Furthermore, the overall parity-check symbol

of w(O) is equal to 1. Therefore, the improved (d+1)-fo1d (lJ,s)th-order

EG code based on Co is orthogonaZizab Ze, 1. e., every decoding step is

orthogonal. The set B0 consists of the following minimum weight code

vectors:

w(O) (X)
nO 2nO (d-1)nO=nO{1 + X + X + + X }

w(l) (X)
nO 2nO (d-1)nO

=nOX{l + X + X + + X }

(4.2.11)

(nO-I) nO-1 nO 2nO (d-l)nO
w (X) =nOX {l+X +X + + X }

It is easy to see that the greatest common divisor of w(O) (X) , w(l) (X),
(no-I) (0)

... , w (X) is just w (X) . Therefore, the base polynomial go (X)

for the improved (d+1)-fo1d (lJ,s)th-order EG code based on Co is just

1J!(X) = (l/no)w (0) (X). It will be shown in Chapter VI that the improved

(d+1)-fo1d (j.l,s)th-order EG code of length qm_1 with base polynomial
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no 2nO

gO(X) = 1 + X + X +

the regular (j.l,Nj.l+l)th-order generalized EG code of length qrn_l recently

defined by Hartmann, Ducey and Rudolph [9].



CHAPTER V

ON TIfE MAXIMALITI AND TIfE INVARIANT PROPERlY OF

TIfE IMPROVED MJLTIFOLD EUCLIDEAN GEOMETRY CODES

It has been proven that the regular Euclidean geometry codes and

the two-fold Euclidean geometry codes formed subclasses of the multi­

fold Euclidean geometry codes [1]. In the case of the two-fold (ll,S)th­

order EG code, it contains the incidence vectors of all possible par­

allel pairs of ll-flats in EG (m,q). Furthermore, the null space of the

two-fold (ll,s)th-order EG code is spanned by the incidence vectors of

all possible pairs of ll-flats, thus the two-fold (ll,s)th-order EG code

of length qm-1 is the largest linear code that is orthogonal to the in­

cidence vectors of all possible pairs of Wflats in EG (m,q) • Similarly,

the regular (ll,s)th-order EG code of length qm_l contains all the (ll+l)­

flats of EG(m,q) in its null space, and it is the largest linear code

that is orthogonal to the incidence vectors of all (ll+l)-flats in

EG (m,q) • The two-fold EG codes ~md regular EG codes are the only two

subclasses of multifold EG codes which are known to be rrzaximaZ in the

sense that they are the largest linear codes of length qm-1 whose null

spaces contain the incidence vectors of all the (ll,d+l)-frames based on

the ll-flats of EG(m,q) and the mi.ninn..nn weight code vectors in set EO

defined by Equation (4.1.6). In this chapter, we shall prove that the

whole class of the improved multifold EG codes is maximal.

5.1 On the Maximality of Improved Multifold Euclidean Geometry Codes

It was shown in Chapter IV that the null space of the improved

(d+l)-fold (ll,s)th-order EG code of length qm_l contains the incidence
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vectors {vF} of all the (~,d+l)-frames

(5.1.1)

based on all the ~-flats in EG(m,q), all the possible choices of the

~o - (i)
point ct and all the vectors w e: BO' .An interesting question is

whether the null space of the improved (d+l)-fold (ll,s)th-order EG code

is the smallest space which contains the incidence vectors {v
F

} of all

the (ll,d+l)-frames of Equation (5.1.1). If the answer is affirmative,

then the improved (d+l)-fold (~,s)th-order EG code of length qm_l is

maximal in the sense that it is the largest linear code whose null

space contains the incidence vectors {vF} of all the (~,d+l)-frames of

Equation (5.1.1). In order to answer this question, we must show that

the parity-check polynomial HO(X) defined in Definition 4.1.2 is the

greatest comon divisor of the incidence polynomials {vF(X)} of all the

(~,d+1) -frames of Equation (5.1.1). Or equivalently, we must show that

the three conditions stated in Theorem 4.1.2 characterize all the com-

mon roots of the incidence polynomials {vF(X)}. In the following, we

shall prove the maximality of the improved multifold EG codes.

Let F be a ~-flat specified by Equation (3.2.6). Let ct~o be a
kO R.O

point in EG (m ,q) such that ct + ex is not in F. Forn the nO (~,d+1) -

frames based on F, a.~O and the nO vectors in BO of Equation (4.1.6)

- (0) ~O
(F, FOO ' FOI ' ... , FOd-l: w ,ct),

(5.1. 2)

- (nO-I) ~O
(F, FlO' F 1 l' •.. , F 1 d 1: W ,a.)nO-' nO-' nO- , -
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where the ].l-flat F. consists of the following q].l points:le

(5.1.3)

t·
where n le is the location number of the eth nonzero components of the

vector wei) E BO• Let L be the (].l+l)-flat in EG(m,q) which is spanned

to
by the ].l-flat F and the point a • Then the wflats F, F00' ... ,

FO,d-l' Fl,O' ..• , Fl,d-l' ... , Fno-l,d-l are all contained in the

. _ too to,d-l tlo(].l+l)-flat L. Conslder the set ~ - {n , ••• , n ,n, ... ,

tl d-l
n ' , ... ,

tno-l,O tno-l,d-l
n , ••• , n } which consists of the location

numbers of all the nonzero components of the vectors in BO' It follows

from the cyclic shift property of w(0) that the set ~ actually contains

all the nonzero field elements nO, nl , ... , nq-2 of GF(q) with each

field element appearing r times. Let F(t) be the ].l-flat which consists

of the following q].l points:

t
+ S ex. ].l

].l
(5.1. 4)

where 0 < t < q-l. It is clear that the q ].l-flats F, F(O), F(l) ~ ... ,

F(q-2) together form the (].l+l)-flat L which is spanned by the ].l-flat F
to

and the point a • Also the set {FaD' ..• , Fa d-l' FlO' •.. , PI d-l', ,
••• , F -1 0' ..• , F -1 d-l} contains the set {p(O) , p(l), ••• , p(q-2)}

nO ' nO '
(0) (1) (nO-I)

r times. Let vp (X), vp (X), ••• , vp (X) be the incidence poly-

nomials of the (].l,d+l)-frames of Equation (5.1.2). Let f. (X) be the
le

incidence polynomial of the wf1at F.. It follows from Equationsle

(4.1.13) and (5.1.2) that



d-1
V;i) (X) = f(X) + I Wt f. (X)

e=O ie 1e
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(5.1.5)

where the coefficients Wtie' for e = 0,1, ••. , d-1 are the nonzero com­

ponents of the minimum weight code vector wei) e: BO' Now, consider the

stun

(5.1.6)

Let f(O) (X) , f(l) (X), •.• , f(q-2) (X) be the incidence polynomials of the

~-f1ats p(O), pel), ••. , p(q-2), respectively. It follows from the ana1-

ysis of Section 4.1 that the stun of the nonzero entries in each column

of MO is constant and equal to

(J = _n_o_(_w_tO_o_+_wt_O_l_+ +_w_t_o-,,-,d_-_l_)_

q-l
(5.1.7)

Since WtOO + WtOl +

thus we have

+ WtO d-l == -1, OMod p), and q-1 == -1 (Mod p),

(J == nO (M:>d p)

Let p be a nonzero field element of GF(p) such that

p == nO (M:>d p)

(5.1.8)

(5.1.9)

It follows from Equations (5.1.6), (5.1.8) and (5.1.9) that we obtain

n -1
°I v(i) (X) = p[f(X) + f(O) (X) + f(l) (X) + •.• + f(q-2) (X)].°P1=

(5.1.10)

Clearly, f(X) + f(O) (X) + f(l) (X) + ••• + f(q-2) (X) is the incidence

polynomial L(X) of the (~+1)-f1at L. Therefore, we have



1 nO-l (0)
L(X) = P- I v 1 (X)

o 0 F1=
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(5.1.11)

Lemma 5.1.1: Let h be a positive integer less than qm. If ~s(h) > ~,

then ah cannot be a comon root of the incidence polynomials of all the

(~,d+l)-frames of Equation (5.1.1).

Proof: Suppose that ah, with <I>s(h) > ~, is a conunon root of the inci­

dence polynomials of all the (ll,d+l)-frames of Equation (5.1.1). Then

(5.1.12)

Substituting Equation (5.1.12) into Equation (5.1.11), we have

(5.1.13)

However, [, (ah) = 0 implies that ah is a conunon root of the incidence

polynomials of all the (~+l)-flats in EG(m,q). This is a contradiction

to Theorem 4.1.1. Therefore, for ~s (h) > ~, ah cannot be a conunon root

of the incidence polynomials of all the (~,d+l)-frames of Equation

(5.1.1) •
Q.E.D.

According to Lenuna 5.1.1, for ah to be a conunon root of the incidence

polynomials of all the (~,d+l)-frames of Equation (5.1.1), ~s(h) must

be less than or equal to ~.

Lemma 5.1.2: Let h be a positive integer less than qm such that

~s(h) = ~ and h t 0 (MOd q-l). Then, if ah is a common root of all

(ll,d+l)-frames of Equation (5.1.1), then h must have the following
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property: for any h' e: r(h) , nh is a root of gO(X) where h is a non-

negative integer less than q-l that satisfies

-h == h-h' (Mod q-l) (5.1.14)

Proof: Let vp(X) be the incidence polynomial of a (].I,d+l)-frame of

Equation (5.1.1). Since ~ (h) = ].I and h t 0 OMod q-l), then v (ah)s p

can be reduced to the form of the expression of Equation (4.1.22)

h (h) h' R.O(h-h') (") h h'
vp(a ) = I f(a )a w 1 (n - )

h 'Er (h) h'
(5.1.15)

where r(h) is the set of all proper descendents h' of h such that

~s (h') = ].I. Since n is a primitive element of GF (q), thus Equation

(5.1.15) can be written as

h (h) h' R.O(h-h') (i) h
vp (a ) = I f (a )a w (n)

h'E:r(h) h'

- -where h is a positive integer less than q-l such that h == h-h'

q-l). Define the following polynomial

where

(h) h' (0) hAn' = h' f(a )w 1 (n )

(5.1.16)

(Mod

(5.1.17)

(5.1.18)

Clearly, KcY) is a polynomial over GF (qm) • The smallest integer hL
less than qm such that ~s (hL) = ].I is q].l-1. Thus, for any h' e: r (h) ,

h' ~ q].l-1. Since].l < m, the largest integer ~ less than qm such that

~s(~) = ].I must be less than qm_ l (the s-weight of qm_l is equal to m).

Therefore, the degree of KcY) is less than qm-q].l • It follows from



Equations (5.1.16), (5.1.17) and (5.1.18) that

h £0
vp(a ) = K(a )
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(5.1.19)

Now, if ah is a common root of the incidence polynomials of all the

(~,d+l)-frames, then

h 1/,0
vp(a ) = K(a ) = 0 (5.1.20)

for any choice of the ~-flat p of Equation (3.2.6), and any choice of

c/O such that akO + a1/,O is not in the Wflat P specified by Equation

(3.2.6). There are qm_q~ possible choices of a£O. It follows from

Equation (5.1.20) that K(Y) has qm_q~ roots in GF(qm). However, the

degree of K(Y) is less than qm-q~. As a consequence, all the coeffi­

cients of K(Y) IIDlSt be equal to zero; i. e. ,

(
h ) hI (i) h
h' f(a)w (n) = 0 (5.1.21)

for any hI £ r(h). Note that f(X) is the incidence polynomial of the

~-flat p in EG(m,q). It follows from Theorem 4.1.1 and the fact that
hI

~s(h') = ~, that a cannot be a common root of the incidence polyno-

mials of all the ~-flats in EG(m,q) not passing through the origin. Let

us choose a ~-flat p of Equation (3.2.6) such that the incidence poly-

h* h*nomial f (X) does not have a as a root; i.e., f (a ) 'f 0 where h* e:

r (h). Since (:*) f. 0 (Mod p) and f(ah*) t 0 (M:>d p), it follows

from Equation (5.1.21) that we must have

(5.1.22)

-
where h =h-h* (Mod q-l). Equation (5.1.22) implies that nh IIDlSt be
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t f (i) (X) f . 0 1 1 In other words, nh JlUlst bea roo 0 W or 1 = , , ... , nO- •

a root of the greatest common divisor gO(X) of all the code polynomials

in BO•

5.2 The Extensions of the Improved Multifold Euclidean Geometry Codes

are Invariant under the Affine Group of PeTJlUltations

It is clear from Section 4.2 that an improved p-ary (d+l)-fold

(~,s)th-order EG code is a p-ary cyclic code of length qm-l whose null

space is generated by HO(X) , where HO(X) is defined in Definition 4.1.1.

In this section, we shall prove that the extensions of the improved

JlUlltifold EG codes are invariant under the affine group of peTJlUltations.

It follows from Theorem 3.1.1 that the extension of a cyclic code

C of length q-l is invariant under the affine group of peTJlUltations if

and only if, for every nZ which is a root of the generator polynomial

Z'g(X), then for every Z' £ ~(Z), n is also a root of g(X) and gel) r a
where n is a primitive element of GF(q). Let D be the dual code of a

cyclic code C, and its generator polynomial be denoted by gD (X) . Sup­

pose that the extension of the cyclic code C is invariant under the

affine group of peTJlUltations, then it follows from Theorem 3.1.1 that

the extension of the dual code D is also invariant under the affine

group of peTJlUltations if the root nO is removed from its generator poly­

nomial HO(X) , and if we can show that the polynomial HO(X) satisfies

the conditions given by Theorem 3.1.1, then the extension of the im-

proved p-ary (d+l)-fold (~,s)th-order EG code is invariant under the

affine group of peTJlUltations.
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LeJIDlla 5.2.1: Define HO(X) as the polynomial over GF(p) such that (J.h is

a root if and only if h satisfies any of the three conditions given in

the following:

(Al) <I>s (h) < ll·

(A2) <I>s (h) = II and h :: 0 (Mod q-l).

(A3)*. <I> (h) = II with h t a (Mod q-l) such that for any h' E: r(h),.s-
nh is a root of gO(X) where h is a nonnegative integer less

than q-l that satisfies

ii :: h-h'

For every (J.h which is a root of HO(X) ,

also a root of HO(X).

Proof:

(Mod q-l)

h'then for every h' E: L\ (h), (J. is

1. If h satisfies condition (Al), then <I>s (h) < ll. For any h' E:

L\(h), it is obvious that <I> (h') < II and h' satisfies condition (Al).s

Thus h' is a root of HO(X).

2. If h satisfies condition (A2), then <I>s(h) = II and h :: 0

(Mod q-l). For any h' E: L\(h), it is obvious that <I>s(h') < II and h'

satisfies condition (A). Thus h' is a root of HO(X).

3. If h satisfies condition (A3)*, then <I>s(h) = II and h t 0

(Mod q-1) . For any h' E: L\ (h), the descendent h' must lie in either the

set L\ (h) -r (h) or the set r (h) . If h' E: L\ (h) -r (h), then it must satisfy

either condition (Al) or condition (A-2). If h' E r(h), th:n <I>s(l:l) = ll.

It follows from condition (A3)* that, for any h' E r(h), nh is a root

of go (X) , where h :: h-h' ~od q-l). Let h" E r(h'), then there must
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-h'Therefore, n must be a
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root of go (X) , where h' =h'-h" =h-h* OMOd q-l).

conclude that h' is also a root of HO(X).

We can therefore

Q.E.D.

It follows from Theorem 3.1.1, Lennna 5.2.1 and the above results that

we have the following theorem.

Theorem 5.2.1: The extension of the improved p-ary (d+l)-fold (J.l,s)th-

order EG code is invariant under the affine group of permutations if

the root aO is removed from its generator polynomial.



CHAPTER VI

ON SOME IMPORTANT SUBCLASSES OF TIlE

IMPROVED Mm..TIFOLD EUCLIDEAN GECJ.1ETRY CODES AND

TIlEIR RELATIONS TO OIHER MAJORITY-LOGIC DECODABLE CODES

In Chapter IV, the improved multifold EG codes were introduced.

It is clear from Theorem 4.1.2 that the algebraic structure of an im­

proved multifold EG code depends on the choice of the base polynomial

ga(X) and the base code cO. The base code Co is only required to be

cyclic and its generator polynomial does not have 1 as a root. The

primitive d-BCH codes form an important class of cyclic codes, also the

generator polynomial of a primitive d-BCH code does not contain 1 as a

root. Therefore, the improved IJRlltifold EG codes can be constructed

using the primitive d-BCH codes as base codes. In Section 6.1, the

algebraic structure of the improved IJRlltifold EG codes based on primi­

tive BCH codes will be thoroughly discussed. Also, their relations to

the duals of primitive polynomial codes will be derived. In Section

6.2, we shall prove that a subclass of the improved IJRlltifold EG codes

is related to the regular generalized EG codes defined by Hartmann,

Ducey and Rudolph [9].

6.1 The Improved Multifold Euclidean Geometry Codes Based on Primitive
BCH Codes

Let q = pS and n be the primitive element of GF(q). The primitive

p-ary d-BCH code of length q-l has n, n2, .•• , nd-l and their conjugates

as roots in its generator polynomial g(X). Let Z be a nonnegative inte­

ger less than q. Let zCt) denote the nonnegative integer less than q

such that
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(6.1.1)

where t is a nonnegative integer less than s. If nZ is a root of the
- (t)

generator polynomial g(X) of the p-ary d-BCH code, then nZ is also a

root of g(X). Therefore, the generator polynomial g(X) of a d-BCH code

has nZ as a root if and only if

1 < M[n z(t) < d (6.1.2)
O<t<s

In other words, if nZ is a root of the generator polynomial of a d-BCH

code, then there exists one of its conjugates such that Z(t) < d for

some t less than s. Since the extended code of a primitive BaI code is

invariant under the affine group of permutations, then if nZ is a root

of the generator polynomial of the primitive d-BCH code and if Z' is a
Z'nonzero descendent of Z, then n is also a root of the generator poly-

nomial of the primitive d-BCH code [14J. Let w(O) be a mininn.nn weight

code vector in the d-BCH code such that the overall parity-check symbol

of w(0) is equal to 1. Let the set B0 contain the minimum weight code

vector w(O) and all its cyclic shift w(i), for i = 1, ... , no-I. Let

gO(X) be the monic polynomial which is a greatest common divisor of the

code polynomials in BO• Now we can forn a (].l,d+l) -frame based on F, a
to -(i)point ct and a vector WEBO. Theorem 4.1. 2 gives the COIJlIIDn roots

of the incidence polynomials vF(X) of all the (].l,d+l)-frames in the

null space of the improved (d+l)-fold (].l,s)th-order EG codes based on a

primitive BaI code. It is clear that this (d+l)-fold (].l,s)th-order EG

code is capable of correcting 1ML = [(qm-].l-1)/2dJ or fewer errors. In

the following, we shall relate the improved mu1tifold EG codes based on
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primitive BCH codes to another class of majority-logic decodable codes,

the dual of primitive polynomial codes. Before we proceed further anal­

ysis, the following lenuna is needed.

Lenuna 6.1.1: Let h be a nonnegative integer less than qm and let II be

a positive integer less than m. Then

(1) 4>s(h) = ll-l if and only if Min W (pth) 2. ll(q-I)-1.
O<t<s q

(2) 4>s (h) = II and h == 0

ll(q-l).

(Mod q-1) if and only if Min W (pth) =
O<t<s q

(3) If ll(q-l) < Min W (pth) < ll(q-l) + d, then 4> (h) = II and the
O<t<s q s

residue hO of every maximal (q-l)-partition of h satisfies

1 < Min W (pthO) < d.
- O<t<s q

Proof: The first two parts of this lenuna have been proven by Lin [1].

In the following, we shall prove part (3).

Let {hO' hI' ... , hk } form a maximal (q-l)-partition of h. It

follows from part (1) that k > 11-1. Based on the definition of a maxi­

mal (q-l)-partition of h, the q-weight of the nonnegative integer h is

equal to the sum of the q-weight of each component of a maximal (q-l)-

partition of h, or

Clearly,

k
Min W (pth) > Min W (pth ) + l Min W (pth )

O<t<s q - O<t<s q 0 ~=l O<t<s q ~

(6.1.3)

(6.1.4)
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Since every component hR.' for 1 2. R. 2. k, is divisible by q-l, hence

Min W (pth ) nnlSt be a multiple of q-1. Suppose k > 11. It follows
O<t<s q

from Equation (6.1.4) that

Min W (pth) ~ (11+1) (q-l)
O<t<s q

This contradicts the assumption that

Min W(pth) < l1(q-l) + d
O<t<s q

with 1 < d 2. q-1. On the other hand, since Min W (pth) > 11 (q-l) , we
O<t<s q

conclude that k must be equal to 11. This implies that ~s (h) = 11.

Since ~ (h) = 11, it follows from Equation (6.1.4) that
5

(6.1.5)

Since Min W (pth) < l1(q-l) + d, thus
O<t<s q

Consequently, Min W (pth ) < d. Since hO 'f 0, thus
O<t<s q

1 < Min W (pth ) < d
- O<t<s q

(6.1.6)

Q.E.D.

Corollary 6.1.1: Let h be a nonnegative integer less than qm-1. If

1 < Min W (pth) < l1(q-l) + d, then the nonnegative integer h must also
- O<t<s q

satisfy any of the following three conditions:



69

(Bl) ~s(h) < ~-l.

(B2) ~ (h) = ~ and h =0s (Mod q-l) •

(B3) ~s (h) = ~ and the residue hOof every maximal (q-l) -partition

of h satisfies

The following theorem, proved by Kasami, Lin, and Peterson [10]

states the roots of the generator polynomial of a primitive polynomial

code.

Theorem 6.1.1 [10]: The generator polynomial of the [(m-~)(q-l)-d]th­

order primitive polynomial code of length qm_l has ~h as a root if and

only if

1 < Min W (pth) < ~(q-l) + d
- O<t<s q

It has been shown that the dual code of the [(m-~)(q-l)-d]th-order

primitive polynomial code of length qm_l is majority-logic decodable and

is capable of correcting

(6.1. 7)

or fewer errors [7]. As we mentioned earlier, the improved multifold

EG code based on a primitive d-BCH code of length qm_l is also majority­

logic decodable and is capable of correcting ~ = [(qm-~-1)/2d] or

fewer errors, thus it is possible to compare the efficiencies of these

two classes of codes. Comparing Theorem 4.1.2 and Corollary 6.1.1, we
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see that the first two conditions are the same for both and only condi-

tion (A3)* of Theorem 4.1. 2 is different from condition (B3) of Corol­

lary 6.1.1. In the following, we shall prove that condition (A3)* is

stronger than condition (B3). The following lennna is required for

later analysis.

Lenuna 6.1. 2: Let hO be a nmmegative integer less than qm-1. Let hb

be a descendent of hO' then

Min W (pth') < Min W (pth )
O<t<s q 0 - O<t<s q 0

The equality sign holds if and only if hb = hO.

Proof: Let the nonnegative integer hO be expressed in radix-p form:

m-1 s-l ..
h = l l o..pl.s+J
o ·O·Ol.J].= J=

Then the q-weight of hO becomes

m-l s-l .
W (h0) = I I 0 ..pJ

q i=O j=O l.J
.

Let the nonnegative integer hat) be defined as follows:

where 0 < t < s. It is clear that

For 0 ~ j < s, we define the following sum

(6.1.8)

(6.1.9)

(6.1.10)

(6.1.11)

+ ••• + 0 1 .
m- ,J

(6.1.12)
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Then we have

s-l '+t s s-t-l '+t
W (ptho) = l: p.pJ - + l: p .pJ

q j=s-l J j=O J
(6.1.13)

Let hb be a descendent of hoe Let elj be the coefficients of the tenn

pis+j in the radix-p expansion of hb. Since hb is a descendent of hO'

hence elj ::. 0ij for i = 0, 1, .•. , m-l and j = 0, 1, ... , s-1. It fol­

lows from Equation (6.1.13) and the definition of a descendent that

Min W (pthb) < Min W (pthO)
O<t<s q - O<t<s q

The equality sign holds if and only if hb = hoe

Lenuna 6.1. 3: Let h be a nonnegative integer less than qm-1. Then, if

h satisfies condition (B3) of Corollary 6.1.1, it also satisfies condi­

tion (A3)* of Theorem 4.1.2 when a primitive d-BaI code is used as the

base code.

Proof: Let h be a nOImegative integer less than qm_l. Let cI>s(h) = jl

and h t 0 (Mod q -1) . Then the residue hO of every maximal (q-1) -

partition of h satisfies

(6.1.14)

Let h' be a proper descendent of h and cI>s (h ') = jl, or h' e: r (h) . For

every maximal (q-l)-partition of h', {hb, hi, ... , h~}, there exists a

maximal (q-l)-partition of h, {ho' hi, .•. , h~} such that hb E ~(h0)'

Thus we have

h-h' = h -h' = h"o 0 0 (6.1.15)
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Since hO is a proper descendent of hO' it implies that hot is also a

nonzero descendent of hO. It follows from Lenuna 6.1.2 and Equation

(6.1.14) that we have

1 < Min W (pth") < d
- O<t<s q 0

Let the nonnegative integer Z(t) be defined as

z(t) = Min W (pth") < d
O<t<s q 0

Let Z be the nonnegative integer less than qm_l such that

(6.1.16)

(6.1.17)

Z = s-tz-(t), - p (6.1.18)

Clearly, the integer Z is the q-weight of the nonnegative integer hOI,

or

z = W (h")q 0

-Let h be a nonnegative integer such that

-h == h-h I (MJd q-l)

It follows from Equation (6.1.15) that we have

-h == hOI (MJd q-l)

Since Wq (X) == X (rvbd q-l) (See [28], Lenuna 15.573), we obtain

-h == Z (Mod q-l)

== ps-tz(t) (M:>d q-l)

(6.1.19)

(6.1.20)

(6.1.21)

(6.1. 22)

Since the generator polynomial g(X) of a primitive d-BCH code contains

n, n2, ... , nd- l and their conjugates as all its roots, it follows from
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- (t)

Equation (6.1.18) that nZ is a root of the generator polynomial g(X).

h z(t)
It follows from Equation (6.1.22) that n is a conjugate root of n ,

t~us nh is also a root of g(X) • Since go ex) = 1T ex) gex), it implies that

nh is a root of gO(X). Therefore, we have proven that if h satisfies

condition (B3) of Corollary 6.1.1, then it must also satisfy condition

(A3)* of Theorem 4.1.2. In fact, this theorem still holds when the

base polynomial gO(X) is chosen as the generator polynomial g(X) of the

primitive d-BCH code.
Q.E.D.

Next, we shall show that an integer h which satisfies condition

(A3) * of Theorem 4.1. 2 does not necessarily satisfy condition (B3) of

Corollary 6.1.1. In other words, these two conditions are not equiva­

lent. .An example is given in the following.

Example 6.1.1: Let p = 2, s = 4, q = 16, ~ = 1 and d = 7. The base

code is a (15,5) 7-BCH code. Let n be a primitive element of GF(24).

The generator polynomial g(X) of a 7-BCH code has n, nZ, n3, n4, n5,
6 8 9 10 12 .n , n , n , n and n as all lts roots. Let us choose the genera-

tor polynomial g(X) as the base polynomial gO(X), or g(X) = gO(X).

Consider the integer 1375 which is less than 4095. This integer has

s-weight ~4(1375) = 1. All the maximal (24-l)-partitions of 1375

are listed below.



Maximal (24-1)-partitions

(hO' hI)

(1360, 15)

(1345, 30)

(1300, 75)

(1285, 90)

(1105, 270)

(1090, 285)

(1045, 330)

(1030, 345)

(340, 1035)

(325, 1050)

(280, 1095)

(265, 1110)

(85, 1290)

(70, 1305)

(25, 1350)

(10, 1365)

Binary expansion of

the residue hO

24 + 26 + 28 + 210

20 + 26 + 28 + 210

22 + 24 + 28 + 210

20 + 22 + 28 + 210

20 + 24 + 26 + 210

21 + 26 + 210

20 + 22
+ 24 + 210

21 + 22 + 210

22 + 24 + 26 + 28

20 + 22 + 26 + 28

23 + 24 + 28

20 + 23 + 28

20 + 22
+ 24 + 26

21 + 22 + 26

20 + 23 + 24

21 + 23
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let h I be a proper descendent of 1375 such that <I>4(h') = 1. Then, any

maximal (24-1)-partition of h' IllUst have the forn (hb,hV where hi = hI

and hb is a proper descendent of hO' with (hO' hI) as a maximal (24-1)-

partition of 1375. let h =1375-h' (Mod (24-1)). It is easy to check-
that for every hI e: r(1375) , nh is a root of the generator polynomial

g(X) of the 7-OCH code of length 15. Therefore, the integer 1375 satis­

fies condition Q\3)* of Theorem 4.1.2. However Min W24(2t • 1375) =
0<t<4
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25 > (24-1) + 7. Thus the integer 1375 does not satisfy condition (B3)

of Corollary 6.1.1.

In the above example, we have shown that when the base polynomial

goOC) is chosen as the generator polynomial, condition (A3)* of Theorem

4.1.2 is still stronger than condition (B3) of Corollary 6.1.1. It fol­

lows from Corollary 6.1.1, Theorem 6.1.1, Lemma 6.1. 3 and Example 6.1.1

that the generator polynomial of the [(m-]l) (q-l) -d]th-order primitive

polynomial code of length qm_l is a factor of the generator polynomial

HO(X) of the null space of the improved (d+l)-fold (ll,s)th-order EG

codes based on a primitive p-ary d-BCH code of length q-1. Therefore,

we obtain the following result.

Theorem 6.1.2: The dual code of the [(m-ll)(q-l)-d]th-order primitive

polynomial code of length qm_l is a subcode of the improved (d+l)-fold

(]l,s)th-order EG code based on a primitive Brn code. Both codes have

the same majority-logic decoding capability ~ = [(qm-ll_l )/2d].

Theorem 6.1. 2 implies that for majority-logic decoding, the improved

multifold EG codes based on the primitive BCH codes are more efficient

than the corresponding duals of polynomial codes.

Example 6.1.2: Let m = 3, P = 2, s = 4, q = 16, ]l = 1 and d = 7. Let

gO(X) = g(X) , where g(X) is the generator polynomial of the 7-BCH code

of length 15. The dual of the 23rd-order primitive polynomial code is

a (4095,3053) code with 1ML = 18. The field elements a1375 , a1495 and

their conjugates are not the roots of the generator polynomial of the

23rd-order primitive polynomial code. But they are roots of the
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generator polynomial of the null space of the improved binaIY 8-fold

(1,4)th-order EG code. Since the field elements a.1375 and a1495 have

cycles 12 and 6 respectively, thus the improved 8-fold (1,4)th-order EG

code has 18 more information symbols than the dual of the 23rd-order

primitive polynomial code of length 4095. Therefore, the improved

8-fold (1,4)th-order EG code is a (4095,3071) code with ~ = 18.

Example 6.1.3: Let m = 3, P = 2, s = 4, q = 16, ~ = 1 and d = 3. Let

gO(X) = 1 + X5
+ XlO , and the base code Co be any subcode of the 3-BCH

code of length 15 whose generator polynomial g(X) is a factor of gO(X).

Then the improved binary 4-fo1d (1,4)th-order EG code of length 4095 has

2306 information symbols. The dual of the 27th-order primitive polynomial

of length 4095 has 2144 information symbols. Both codes are 2-step

majority-logic decodable with ~ = 42.

6. 2 On a Subclass of the Improved Multifold Euclidean Geometry Codes

and its Relation to Generalized Euclidean GeometIY Codes

Suppose that the length q-l of the base code is not a prime. Let

d be a factor of q-l such that

(6.2.1)

Then the polynomial xq-l-1 can be factored into the following fom:

-1 nO nO 2nO
~ = (X - 1)(1 + X + X +

(d-l)no
+ X ) (6.2.2)

The polynomial XnO-l has nO, nd, n2d, •.. : n(no-l)d as roots where n is

a primitive element of GF(q). Clearly, the polynomial



no 2nO (d-l)nO
W(X) = I + X + X + ... + X
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(6.2.3)

has nZ as a root if and only if d 1 Z for 0 < Z < q-1. Now consider

the base code Co to be a p-ary cyclic code whose generator polynomial

is W(X). Let

(d-l)no
+ X } (6.2.4)

Clearly, the polynomial w(O) (X) is a polynomial representation of a

minimum weight code vector in CO' Furthennore, the overall parity­

check symbol of W(0) is equal to 1. Define EO as the set that con­

sists of w(O) and its nO-1 cyclic shifts, w(l) , ••. , w(no-l), or

(6.2.5)

It is easy to see that the greatest common divisor of w(O) (X) , w(l) (X) ,
(nO-I) .. (0) .. • . , w (X) IS Just w (X). Therefore, the base polynonual go (X)

for the improved (d+l)-fold (ll,s)th-order EG code based on Co is just

W(X) = (l/no)w(O) (X). We can fom a (ll,d+l)-frame based on F, a point

aiO and a vector wei) E EO of Equation (6.2.5). Now consider the im­

proved p-ary (d+l)-fold (ll,s)th-order EG code of length qID_I based on

the cyclic code Co of length q-l with base polynomial gO(X) = l/J(X).

The null space of this code contains the incidence polynomials of all

the (ll,d+l)-frames:

(6.2.6)
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In the following, we shall show that the improved p-ary (d+l)-fold

(ll,s)th-order EG code with base polynomial go (X) = 1 + XnO + .•. +

X(d-l)no is identical to a class of generalized EG codes [9]. The fol­

lowing definition and theorem were first due to Delsarte [6], and later

redefined by Hartman, et al. [9].

Definition 6.2.1 [9J: A nonnegative integer h is said to be a p-cover

of Nk = (nl , •.. , nk) if and only if there exist integers bO' bl , •.. ,

bk satisfying the following conditions:

(1) h = bO + bInI + ••• + bknk where bO~ 0 and bi > 0 for i =

1, 2, ... , k.

(2)
k

t. > I k.. for i = 0, 1, ••• , I, where t. and k.. are the
1 - j=l 1J 1 1J

ith p-ary digits in the radix-p expansions of h and b.n.
J J

respectively; i.e.,

o < t. < P
- 1

o < k .. < p
- 1J

In the special case ni = pS_l for i = 1, ..• , k, h is a p-cover of Nk
if and only if cI> (h) > k, where cI> (h) denotes the s-weight of h.s - s

Theorem 6.2.1 [9]: Let h be a nonnegative integer less than qrn_ l and

a, be a primitive element of GF(qrn). Define heX) to be the polynomial

over GF(p) which has a,h as a root if and only if h is not a p-cover of

Nr +l = (nl , ••. , nr +l ). The (r,Nr+l)th-order generalized EG codes is

the defined p-ary cyclic code of length qm_1 whose null space is gen-

erated by heX).
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s·
In the special case, n. = p J-l and n.+lln. for j = 1, ••• , r, an

J J J
(r ,Nr+l)th-order generalized EG code of length qm_ l is called a regular

(r ,Nr+l)th-order generalized EG code. It has been shown that the regu­

lar (r,Nr+l)th-crder generalized EG code of length qrn_ l with Nr +l =

(pSI_I, ••. , pSr_l , nr +l ) can be (r+l)-step majority decoded provided

that

[

ms-(Sl+··.+Sr) - 1 ]1ML = -...6p~ _

2nr+l
(6.2.7)

or fewer errors occurred [9]. Suppose r = 1.1, nl = n2 = .•. = nl.l =

q-l = pS_1 and nr +l = dlq-l, then it follows from Equation (6.2.7) that

the regular (l.I,Nl.I+l)th-order generalized EG code of length qm_ l with

Nl.I+I = Cps_I, •.• , pS_l, d) can be (1.1+1) -step majority decoded with

majority-logic error-correcting capability

= [q(m-l.I) s - 1 ]
1ML 2d

(6.2.8)

It follows from the analysis in Section 4.2 that the improved p-ary

(d+l)-fold (l.I,s)th-order EG code of length qrn_ l based on the cyclic code

Co of length q-l with base polynomial gO(X) = ~(X) is also (l.I+l)-step

majority-logic decodable and is capable of correcting ~ = [(qm-1.I_l )/2d]

or fewer errors. Thus it is possible to compare the efficiency of these

two classes of codes.

Lemma 6.2.1: Let h be a nonnegative integer less than qm_l • Let Nl.I+I =

(q-l, •.• , q-l, d) where dlq-I. Then the nonnegative integer h is a

p-cover of Nl.I+l = (q-l, ••• , q-l, d) if and only if h does not satisfy

any of the three conditions stated in Theorem 4.1.2.
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Proof:

Step 1. Assume that h is a p-cover of N 1 = (q-1, ... , q-1, d),
11+

then the integer h can be written as follows

(6.2.9)

where bO > 0 and b. > 0 for i = 1, •.. , 11+1. It follows from Equation
- 1

(6.2.9) and the definition of s-weight that

~s(h) ~ 11 (6.2.10)

If ~s (h) > 11, then the nonnegative integer does not satisfy any of the

three conditions stated in Theorem 4.1. 2. Suppose ~s (h) =].1. Consider

the descendent h' of h such that

(6.2.11)

Clearly, ~s (h) = 11 and hIE r (h) . Subtracting Equation (6.2.9) from

Equation (6.2.11) we have

h-h' = b d1-1+1

Let h be a nonnegative integer less than q-1 such that

-h =h-h' = b
11

+1d (Mod q-1)

(6.2.12)

(6.2.13)

Since ~s(h) = 11, it follows from Equation (6.2.9) that the integer

b 1d cannot be a multiple of q-1. Thus h f: O. It follows from the11+

above analysis and Equation (6.2.13) that there exists a positive inte-

ger a such that

-h = b d - a(q-1)
1-1+1 (6.2.14)
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Since dlq-1, it follows from Equation (6.2.14) that dlii. This implies

that h C3IUlot be a root of go ex) . Thus we have shown that, if the non­

negative integer h is not a p-cover of N~+l = (q-l, ... , q-l, d), then

h does not satisfy any of the three conditions stated in Theorem 4.1.2.

Step 2. Suppose h is a nonnegative integer which does not satisfy

any of the three conditions stated in Theorem 4.1.2, then <I> (h) >~. Ifs -
<I>s (h) > ~, then the nonnegative integer h can be written in the following

form:

(6.2.15)

where Di > 0 for i = 1, ... , k and ~ < k < m. Since dlq-l, it follows

from Equation (6.2.15) that the nonnegative integer h is a p-cover of

N~+l = (q-1, ... , q-l, d). Now suppose <I>s(h) =~. Let h' E r(h) such

that dlb. where h =h-h ' (Mod q-l). Let {hO' hi, •.. , h~} fonn a max-

imal (q-l)-partition of h'. Then there exists at least one maximal

(q-1)-partition of h, {ho ' hi, ... , h~}, such that hO E ~(hO). Thus

we have

h-h ' = h -h' = h"000 (6.2.16)

where hO' E ~(hO). Since dlii and h =h-h' (Mod q-1), it follows that

dlhOI. Since hb I E ~(hO)' it follows that the residue hO contains a

multiple of d. Hence the nonnegative integer h can be written in the

following form:

(6.2.17)



q-l,

Clearly,

q-l, d).

... ,

the nonnegative integer h is a p-cover of N~+l = (q-l, .•• ,

Thus we have proven that if h is a p-cover of N~+l = (q-l,

d), then it does not satisfy any of the three conditions
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stated in Theorem 4.1.2.
Q.E.D.

It follows from Theorem 4.1.2, Theorem 6.2.1 and Lennna 6.2.1 that

the generator polynomial of the improved p-ary (d+1)-fold (~,s)th-order

m nO
EG code of length q -1 with base polynomial go (X) = 1 + X + ... +

X(d-1)no is actually identical to the generator polynomial of the regu­

lar (~,N~+l)th-order generalized EG code of length qm_1 with Nr+l =

(q-l, .•• , q-l, d). Both codes contain the same (1l,d+1) -frames [Hartmann,

et a1., called them regular (~+l,Nr+l)-plates] in their null spaces.

Theorem 6.2.2: The improved p-ary (d+1)-fo1d (~,s)th-order EG code of

length qm_1 with base polynomial gO(X) = 1 + X
no

+ .•. + X(d-1)no is

identical to the regular (~,Nll+1)th-ordergeneralized EG code of length

qm_1 with Nr +l = (q-l, .•• , q-l, d). Both codes are (~+1) -step majority­

logic decodab1e and capable of correcting ~ = [(qm-~-1)/2d] or fewer

errors.

Example 6.2.1: Let p = 2, m = 2, s = 6, ~ = 1 and d = 7. Then the

improved binary 8-fold (1,6)th-order EG code of length 4095 has 3971

information symbols. The regular (1,N2)th-order generalized EG code

of length 4095 with N2 = (63,7) also has 3971 information symbols. Both

codes are 2-step majority-logic decodab1e with 1ML = 4.
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In the special case when ~ = 0, the improved p-ary (d+l)-fold

(O,s)th-order EG codes with base polynomial gO(X) = 1 + X
no + .•. +

X(d-l)no form an interesting class of one-step majority-logic decodable

codes. It follows from Equation (3.2.6) that the O-flat F contain5 orrly

a point 0.kO in EG (m,q). Each (0 ,d+1) -frame based on a point 0.R-O such
R-O kO - (i)

that 0. f:. a. and w e: B0 consists of d+1 distinct points. Based on

all possible combinations of the point a.R-0 and all vectors in BO'

(qm_l)/d (O,d+l)-frames intersecting on the point o.ko can be formed.

The set of incidence vectors of these (qm_l)/d frames is used to form

(qm_l)/d parity-check stunS that are orthogonal on the error digit ~ •o
Thus the error digit ek can be corrected by majority-logic decoding

o
from the (qm-l)/d parity-check stunS provided that [(qm-l )/2d] or fewer

errors occurred. The following theorem is due to Weldon [27J.

Theorem 6.2.3 [27]: Let d denote the minimum distance of the dual code

of an (n ,k) code. Then the mnnber of errors which can be corrected by

one-step majority-logic decoding, t l , is bounded by

t < n-l
1 - 2(d-l)

(6.2.18)

It is easy to check that the one-step majority-logic error­

correcting capability of the improved p-ary (d+l)-fold (O,s)th-order

EG code with base polynomial gO(X) = 1 + X
no + .•• + X(d-l)no does

meet the bOlmd given by Equation (6.2.18). In other words, as far as

one-step majority-logic decoding is concerned, there is no better way to

form parity-check stunS than the method we devised here.



CHAPTER VII

MULTIFOLD GENERALIZED EUCLIDEAN GECNETRY CODES

In this chapter, a generalization of the improved multifold Eucli­

dean geometry codes is briefly discussed. The multifo1d generalized

Euclidean geometry codes contain the regular generalized Euclidean geom­

etry codes as a subclass.

7.1 Generalized Euclidean Geometry
mLet 81, ... , Sl1+1 be sets of elements from GF (p ). Let a be a pri-

m R,1 R,2 R,11+1
mitive element of GF(p ). The (11+1) elements a ,a , ... , a of

GF(pm) are linearly independent over the sets Sl' .•. , Sl1+l if and only

if there is no set of (11+1) elements Sl' ••• , Sl1+l ' not all zeros with

S· E S. for i = 1, 2, ••• ,11+1, such that
1 1

R, +1
+S all =011+1 (7.1.1)

Let the positive integer nj be a proper divisor of pm_l and n
j

=
s·

P J-l, s·+lls. for j = 1, .•• ,11. For each n., there is a proper multi-
J J J

plicative subgroup Sj of the multiplicative group of GF(pm). Let the

set Sj be denoted by

(7.1. 2)

pm_l 2pm-l
n· n°1, a J , a J, •.• ,

(nj _l)~~l t
a J)

R,l R,
Define N as all-tuple, N = (nl , ••. , n). Let a , .•. , a 11 be

11 11 11
m kO

linearly independent elements of GF (p ) over Sl' ..• , Sl1. Let a be

an element of GF(pm) which cannot be expressed as a linear combination
R,l R,11

of a , ... , a over Sl' ••• , Sl1. Then we can form a (j1 ,N
ll
) -plate

which consists of the following pSl+···+Sj1 points:
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(7.1. 3)

where 8· E S. for i = 1, ..• ,~. A (O,NO)-plate is considered as a
1. 1.

point in the geometry. The system of points and plates obtained in the

above manner is denoted by GEG (m,p) • In the special case when n. = pS-l
J

for j = 1, ... , ~ where s is a proper divisor of m such that llS < m, a

(ll,N~)-plate in GEG(m,p) is a ~-flat in EG(m/s,pS).

7.2 MUltifold Generalized Euclidean Geometry Codes

Let Co be a p-ary cyclic code of length n~+l =pS~+l_l and minimum

distance d whose generator polynomial g(X) does not have 1 as a root.

Let B0 be a set that consists of the minimum weight code vector OJ E Co

and its no-l cyclic shifts such that the overall parity-check symbol of

each vector in BO is equal to 1. Let the p-ary polynomial gO(X) be the

greatest common divisor of all vectors in BO• Let n be a primitive ele­

ment of GF(p ~+l). Let a.l/,~+l be a point that is not in the (~,N )-plate
~

of Equation (7.1.3). For 0 < e < d-l, we construct a (~,N ) -plate
- - ~e

hi h . f th .I: 1 . sl+· . +SIl .W C COnslStS 0 e LO lowlllg p . ~ pOlllts:

.l/, t e l +1
+ 8 a ~ + n a ~

~
(7.2.1)

t ewhere 1) is the location number of the nonzero component wt of a
. e

- 51.
vector W E BO' and 8i E GF(p ) for 1 = 1, ... , ll. Clearly, the

kO e .l/,~+l
(ll,N~)e-plate passes through the point a + n a and is parallel to

the (ji,N ) -plate of Equation (7.1.3). Therefore, for any (~,N ) -plate
~.l/, ~

in GEG(m,p), any point a ~+l such that it is not in the (~,N~) -plate,

and any vector OJ E BO' we can fom a set of (d+l) parallel plates
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(~,N ), (~,N )0' .•• , (~,N )d 1. We define this set of (d+l) parallel
~ ~ ~ -

plates as a (~,d+l)-bundle which is denoted by

(7.2.2)

Now for any (~,d+l) -bundle of Equation (7.2.2), we fom an incidence

vector vover GF (P)

whose j th component is defined as

(7.2.3)

v. =
J

1,

Wt ,
e
0,

for a.j E (~,N ). ~

for a.Je
E (~,N )e with 0 < e < d

~ -
otherwise

(7.2.4)

- t ewhere Wt is the nonzero component of the vector Wat the location n •
e

The polynomial representation of the incidence vector vof the (~,d+l)-

bundle of Equation (7.2.2) is denoted by

. d-l .
veX) = l xJ + l wt l xJe

jEd" e=O e jeEd"e
(7.2.5)

•.• , d-l.

As a direct consequence of Theorems 4.1.2 and 6.2.1, the following

theorem specifies the roots of the incidence polynomial veX) of the

(~,d+l)-bundle of Equation (7.2.2).
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Theorem 7.2.1: Let h be a positive integer less than pm. Let Co be a

p-ary cyclic code of length nj.l+1 = pSj.l+1_1 and minimum distance d. The

incidence polynomial veX) of a (jl,d+1) -blUld1e based on a (j.l,N ) -platej.l

and a minimum weight code vector in Co has ah as a root if h satisfies

any of the following conditions.

(C1) h is not a p-cover of Nj.l = (n1 , ... , nj.l).

(C2) h is a p-cover of N = (n1 , .•• , n ), for any h' E b.(h), h'j.l j.l

is not a p-cover of N = (n1 , ... , n ).j.l j.l

(C3) h is a p-cover of Nj.l = (n1 , •.. , nj.l)' but h is not a p-cover

of N
l1
+l = (n1 , ... , nj.l+1). For any h~ E b.(h), if h' is a

p-cover of Nj.l = (n1 , ... , nj.l)' then nh is a root of go (X) •

h is defined as an irlteger less than pSj.l+1_1 that satisfies

h = h-h'

Definition 7.2.1: Let h be a nOIUlegative integer less than pm_1 and a

a primitive element of GF (pm) . Define H(X) to be the polynomial over

GF(p) which has ah as a root if and only if h satisfies any of the

three conditions stated in Theorem 7.2.1. The (d+1)-fo1d (j.l,Nj.l)th­

order generalized Euclidean geometry code of length pm_1 is a cyclic

code whose null space is generated by H(X).

The (d+1)-fo1d (j.l,N )th-order generalized Euclidean geometry codesj.l

contain the multifo1d Euclidean geometry codes and regular generalized

Euclidean geometry codes as subclasses.
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Subclass l--MuUifold Euclidean Geometry Codes

Let the integer s be a proper divisor of m such that j.lS < m. Let

nj = pS-I, for j = 1, •.• , j.l+l. Then the (].1,Nj.l)-p1ate of Equation

(7.1.3) becomes a ].1-flat in EG (m!s ,pS), and the (j.l ,d+1) -bmdle forms a

(].1,d+l) -frame in EG(m!s,ps). Thus a (d+1) -fold (j.l,N )th-order general-j.l

ized Euclidean geometry code of length pm_l becomes a (d+I)-fo1d (j.l,s)th-

order Euclidean geometry code of length pm_I.

Subclass 2--Regular Generalized Euclidean GeometTy Codes

Let the base code Co be a p-ary cyclic code of length n].1+1 =

pSj.l+I_1 whose generator polynomial is

g(X) =
S].1+1

xP - 1

X-I
(7.2.6)

The only mininn.un weight code vector in Co whose overall parity-check

symbol equals 1 is the all one vector OJ = (1, •.. , 1). Then the

(].1,d+1)-bund1e of Equation (7.2.2) forms a (].1+I,Nj.l+I)-plate in GEG(m,p)

which consists of the following pSI+ •••+Sj.l points:

(7.2.7)

s·
where 13i e: GF (p 1) for i = 1, ••• , ].1+1.

Thus, the (d+l)-fold (j.l,N )th-order generalized Euclidean geometry

code of length pm_1 based on Co with generator polynomial g(X) of Equa­

tion (7.2.6) becomes a (j.l,Nj.l+I)th-order regular generalized Euclidean

geometry code.
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The decoding of a (d+l) -fold (ll,N )th-order generalized Euclidean
II

geometry code is similar to the decoding of an improved (d+l)-fold

(ll,s)th-order Euclidean geometry code. There is a set of

N = nO (-..jP,-S_l_+_'_••_+_S_ll l_)

Psll+l _ 1

(ll,d+l)-bundles that intersect on a (ll,N )-plate in GEG(m,p).
II

lows from Equation (4.1.7) that we have

nOd
r= -----

pSll+l _ 1

(7.2.8)

It fol-

(7.2.9)

Based on the arguments in Section 4.2, the properties of the inci-

dence vectors of N (ll,d+l)-bundles guarantee tha.t the (d+l)-fold

(ll,N )th-order generalized Euclidean geometry code of length pm-I is
II

capable of correcting

\!L= [-;-] (7.2.10)

or fewer errors by majority-logic decoding. Substituting Equations

(7.2.8) and (7.2.9) into Equation (7.2.10), we obtain

[
sl+•.•+sll - 1 ]1ML = -p-----

2d
(7.2.11)

Thus the (d+l)-fold (ll,N )th-order generalized Euclidean geometry code
II

is (ll+l)-step majority-logic decodable and is capable of correcting

[(pSl+···+sll-l)/2d] or fewer errors.



CONCLUSION

The improved multifold Euclidean geometIY codes fonn an important

class of majority-logic decodable codes. In this dissertation, we have

shown that the improved multifold Euclidean geometIY codes are more ef­

ficient than the IIU.lltifold Euclidean geometIY codes while retaining the

same majority-logic error-correcting capabilities. Furthennore, the

majority-logic decoding of the fonner code is simpler than the latter.

Thus, the improved IIU.lltifold Euclidean geometIY codes are attractive for

practical error control purposes.



APPENDIX A

The computer results on the number of infonnation symbols for

some binary (d+l) -fold (].l,s)th-order Euclidean geometry codes of length

less than or equal to 4095 are shm~'Il i.Tl the following table, where

msN = 2 -1

K = ntunber of infonnation symbols of the (d+l) -fold (j1,s)th-order

Euclidean geometry code

sn = 2 -1

ROOTS OF BASE POLY go (X) = powers of n as roots of the base poly­

nomial if n is a primitive n-th root

of tmity
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(m,ll,s) ( N, K, 1:w.) ( n, d) ROOTS OF BASE POLY gaeX)

(2,0,3t ( 63, 10, 10 ) ( 1, 3) 1,
(2,1,3) ( 63, 45, 3 ) ( ·7 , U NCNE

(2,1,3) ( 63, 57, U ( 1, 3) 1 ,

,2,0,4) ( 255, 13, ltZ) (15, 3) 1,
(2,0,4) ( 255, ZI, 4l) (15, 3) 1 , 5,
(2,0,4) ( 255, 13, 42) ( 1S , 3) 1, 7,
(2,0,41 ( 2S5, 37, 25) (15, 5) 1 , 3,
(2,0,4) ( 255, 21, 42» (15, 3) 1 , 5, 7,
(2,0,4) ( 255, 67, 18) (15, 7) 1, 3, 5,

(2,0,4) ( 255, 37, 25) (15, 5 ) 1 , 3, 7,

(2,1,41 ( 255, 1 S1, 1) ( 15, U ~~J\JE

(2,1,'1) ( 255, 223, 2 ) (I:>, 3) 1,
(2,1,4) ( 25'5, 231, 2 ) (l5, 3) 1 , 5,
(2,1,4) ( 255, 223, 2) ( 15, 3) 1, 7,
1'.1.1-" ! 2~57 239; l! (lj, S) 1, 3,.-p., ..
(2,1,4) ( 255, 231, 2) (15, 3) 1, 5, 7,
(2,1,4) ( 255, 247, U ( 15, 7) 1, 3, 5,

(2,1,/'> ( 255, 239, 1) (15, 5) 1 , 3, 7,

(3,0,3) ( 511, 19, 85) ( 7, 3) 1,
(3,1,31 ( 511, 1134, 31) ( 7, U I\lJNE

(3,1,3) ( 511, :3 C4, 10) ( 1, 3) 1 ,

(~,2,3) ( 511, 4; 5, 3) ( 7 , 1) NCNE
(3,Z,3) f 511, 50Z, 1) ( 7, 31 1 ,

(2,0,5) ( 1023, 16,170. (31 , 3) 1 ,

(2,0,5) (10Z3, 46, 102) ( 31 , 5) 1 , 3,
(2,0,5) (1023, 40,102) (31, 5) 1 • 5,
(2,0,5) (1023, 16,1C2) (31, 5) 1 , 7,
(2,0,5) (1023, 46.1G2t ( 31 , 5) 1 , '5, 11,
(2,O,5) on?3, 106, 73) (31 , 7) 1 , 3, 5,

(2,0,5t (1023, 46, 73) ( ~ 1 , 7) 1 , 7, 5,
(2,0,5) f 11) 2), 1 '16, 46) (31,11) 1, 3, 5, 7,
(2,0,5) (1023, 1E6, 46 ) (31,lU 1 , 3, 5,11,
(2,0,5) (1023, 40, 46) (31,11) 1, 3, 7,11,
(2,0,5) (1023, 376, 34t (31,15) 1, 3, 5, 7,11,
(2,l r 5) ( 1023, 813, 15) (31 , 1) NCt\i:
(2,1,5) (1023, a<13, 5) ( 31, 3) 1,
(2,1,5) (1·J23, S33, 3) (31 , 5) 1 , 3,
(2,1,5) (1023, S33, 3) (31, 5) 1 , 5,
(2,1,5) ( 1 ,)23, 893, J) ( 31, 5) 1, 7,
(2,1,5) (1023, <;33, 3 ) <31 , 5) 1 , 5, 1 1 ,
(2,1,5) ( 1:)23, <; 73. 2) ( ~ 1 , 7) 1, 3, 5,
(2,1.5) (1023, 933, 2) <31, 7) 1 , 7, 5,
(2,1,:) {1023, <;~3, U (31,1U 1 , 3, 5, 7,
(2,1.5) (11123, 9':3, 1) (31,1U 1, 3, 5 rl1,
(2rl,S) (1023, j33, 1) (31,11) 1, 3, 7,11,
(2,1,5) (1C2'3,lC13, 1) (31,151 1 , 3, 5, 7, 11 ,
(3,0.4) (/t d 95, 25, bcln ( 15 , 3) 1,
(3,n,Ct) h·)e 5, 4 j , b '.12 ) ( 15 , 3) 1 , c;J'
( 3,J,~) (4nY5, 2'j,b~?) ( 15 , 3) 1, 7,
(3,0"i) (40':/ 5 , It:1,~G'J) ( 1 S , 5) 1, 'J-,
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(ID,ll,S) ( N, K, ~) ( n, d) ROOTS OF BASE POLY go (X)
(3,0,4) (4095, 43,682) ( 15 , 3) 1, 5, 1,

(3,0,4) (40 0 5, 257,292) ( 15 , 7) 1, 3, 5,
(3,0,4) (4e95, 1C 1, 4C9 ) ( 15, 5) 1 , 3, 7,
(3,1,4) (40-15,1568,127) ( 15, U NJNE
(3,1,4) (40°5,2144, 42) (15 , 3) 1,

(3,1,4) (4095,23(6, 42) ( 15, 3) 1, c:;.. ,
(3,1,4) (4095 , 2 144, 42) ( 15, 3) 1, 1,
(3,1,4) (4095,2624, 25) ( 15 , 5) 1 , 3,

(3,1,4) (4095,23C6, 42) ( 15, 3) 1, 5, 7,

(3,1 ,4) (/+\)°5,3072, 18 ) ( 15 , 7) 1, 3, 5,
(3,1,'i) ( It 09 ') , 2 6 2 4 , 25 ) ( 15 , 5) 1 , 3, 7,

(2,0,6) (4095, 1-1,(82) (63, 3) 1,

(2,0,6) (4095, IS,6d2 ) (63, 3) 1,21,

(2,0,6) ( 409 5, 31,682) (63, 3' 1, 9,

(2,0,6) (4095, 1,682 ) (63, 3j f, 'i,

( 2,0,6) (4095, 19,682) (63, 3) 1,31,
(2,0,6) (4095, 19,682) (63, 3) 1, 7,
(2,0,6) (4l19 5, 19,082 ) (63, 3) 1,15,
(2,0,~) (4C95, 1,682 ) (63 , 3) 7,15,

(2,0,6) (4095, 43,6d2) (63, 3) 1, 5,
(2,0,6) (4095, 19,682 ) (63, 3) 1,11,

(2,0,6) (4C95, 55,4C9 ) (63, 5) 1, 3,

(2,0,6) C40tJ5, 19,40-1) ( 63 , 5) 1,21,31,

(2,0,6) (4095, 55,409) (63, 5) 1,21, 3,
(2,0,6) (4095, 5S,4C9) ( t: 3 , 5' 1,21, 5,
(2,0,6) (4Q9 5, 31,682) (63, 3) 1, S,15,

(2,0,6) (4095, 1,682 ) (63 , 3) 7, 9,15,

(2,0,6) ('tOgS, :n,682) (63, 3) 1, <;,11,

(2,0,6) (40~5, 19,40S) (03, 5) 1, 7, 27,

(2,0,6) (4095, 55,409) (63 , 5) 1 , 3,27,

(2,0,6) C4095, 67,4C1) (63, 5. 1, ~ , 'J,

(2,0,6) (4095, 82,4(9) (63, 5) 1, 5, S,
(2,0,6) C4095, 1<.1,409) (63, 5) 1,11,27,

(2,0,6) (41195, 67,409) (63, 5) 1, <;, 3,21,

(2,0,6) C4095, SS,29Z) (63, n 1 , 5, 9,21,

(2,0,6) C4095, 4~,682) (63, 3) 1 , 5,11,

C2,O,6) (40Q 5, 43,(82) (63, 3) 1, ~, 31,

(2,0,6) (4IJ95, 43,(82) (63 , 3) 1, 5,23,

C2,(),6) (409'5, 19,68L) (63, 3) 1,11,23,

(2,0,6) (4·)°5, 1<7,;)92) (63, 3) 1, 7, ; 1,

C2,O,t> (4C95, '13,6d2) (63, 3) 1 , 7, 5,
C2,O,6) (41)95, H"jd~) (63, 3) 1 , 1, 11,

( 2. , ,) , 6 ) (4()GS, It;,o8Z) (63, 3 ) 1,1:,11,

(2,O,C) (4(:-:;5, :: ~ , ,,. c :; ) (b3, 5) 1 , ; , 7,
C2, \) , 6 ) (4l19S, 55,40-'1) (63, 5) 1 , 3, 15,

(2,.),6) (4,)°5, '13,4 Cd U) 3, 5) 1 , 5, I?,
( 2,1),6) (<t()95, '35,'tC'-:i) (6J, 5) 1 , :3,11,
( 2 , oj ,IJ I (4()9S, L'],2'7?) (63, n 1, 1~, 31,

(~,\),{;) (4(r1 5, lC'';,2SZ) ((J3 , n 1 , 3, 5,
(£,O,6) (4C~3, 55,<t(9) (63, ,) 1 , 3,15,21,
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(m,lJ,s) ( N, K, 1ML) ( n, d) ROOTS OF BASE POLY gO(X)

(2,0,(;) (4CY5, ~8,292) (63, 7) 1 , k 9,21,27,J'
(2,0,6. (4095, 5~,292) (63, 7) 1, 5,15,21,
( 2,0,6. (4C95, 125,292) (63 , 7) 1 , 3, 5,21,

( 2,0,6) (4095, 19,292) (63, 7) 1,15,21,31,
(2,0,6) (40°' , 31'032) (63, 3) 1 , S, 11,15,
(2,0,6) (4G95, 31,682) (63, 3) 1 , 9,11,23,
(2,0,6) (4C95, 82, t.C9 ) (63, 5) 1, k 9,15,~,

(2,0,6) (41')95, lS,-t-OS) (63, 5) 1, 7,11,27,
(2,0,6) (4C95, c;S,4C9) U:3, 5) 1 , 3,11,27,
(2,0,6) (4(195, lC,,4C9) (63, 5' 1,11,23,27,
(2,0,6) (40<:<5, 5S, It 09 ) (63 , 5 ) 1 , 3, 7,27,

(2,0,6. (4,)<)5, 1((:1,292) (63, 7) 1, 3, 5,27,

(2,0,6) (4095, 154,292) ( 63, 7) 1, 3, 5, C;,

(2,0,(;. (4095, 67,292) (63, 7) 1, 3, 9,31,

(2,0,6) (4095, ;1,2921 ( 63 , 7) 1,15, 9, ~ 1,

(2,0,(;) (40 C 5, 170,292) (63 , 7) 1, 3, 5, C;,21,

(2,0,6) (4 0<) 5, C;S,292) (63, 7) 1, 5, 9,21,31,
(2,0,6) (4095, 43,bd2) (63, 3) 1, 5,11,31,
(2,0,6) (4395, 43,(82) (63, 3) 1, 5,11,23,
(2,0,6) {40'-l5, 43,6d2. (63, 3) 1, 5,31,23,
(2,0,6) (4095, 43,(82) ( 63, 3) 1, 5, 7,11,
(Z,0,6) (4095, 43,682) (63, 3) 1, 5, 7,31,
(2,0,0 (4095, 43,(32) (63, 3) 1 , 5, 7,2;3,
(2,0,6) (4095, 19,(32) (63, 3) 1,11, 7,23,
(2,0,6) (4095, 19,682 ) (63 , 3) 1,11,15,23,
(2,0,6) (4095, 55,409' (63, 5) 1 , 3, 7,11,
(2,0,6) (4095, 55, ~ 09) (63, 5) 1, 3,11,23,
(2,0,6) (4095, 154,292) (63, 7) 1 , 3, 5, 9,27,
(2,0,6) (4095, lC9,Z92) ( 63, 7) 1, 3, 5, 15,
(2,0,6) (4095, 43,292) (63, 7) 1 , 5,11,]5,
~2,O,6) (409'), le9, zqn U:3, 7) 1 , 3, 5,11,

(2,0,6) (4095, 43,29Ll (63, 7) 1, 5,15,31,
(Z,0,6) (4 09 I), lC9,2'12) (63, 7) 1 , 3, 5,31,
(2,0,6) (4095, 43,2<7Z) (63, 7) 1 , 5,15,23,
(2,0,6) (4095, 10c;,29Z) (63, 7) 1, 3, 5,23,
(2,0,6) (4095, 67,292 ) (63, 7) 1, 3, 9,27.31,
(2,0,6) (4 1195, 5,,2')2 ) U:3, 7) 1, ;,15,31,
(Z,O,(.» (4,)95, 181,227> (63, C) 1, 3, I;;, 7,.. ,
(2,0,6) (4C95, S·h 2 g2) «(;3, 7) 1,21, 5,11,15,

(2,0,6) (41)95, 125,2921 (63, 7) 1,21, 3, 5,11,
(2,U,6) (4,)95, 12.5,2'12) (63 , 7) 1 , 2 1, 3, '5, 31,
(2,0,6) (4 1)95, 125,2\.)2) ( 63, 7) 1 ,21, 3 , 5,23,
( 2, I) ~ 6 ) (4,)g~, 55,? i2) ( cd, 7) 1 , 2 1. "3,15,31,
(2,0,6) ( 4''-::> l) , Cj,?27' (63, 9) 1 , 5 , 7,15,21,
(2,0,6) (4 1)95, IS7,~271 (63, -1, 1 , 3, 5. 7,21,
(2,O,6) (4')c,:>, ci, ,:. .2 7 I (t.3, ~) 1 , 5, C;,21,2i.~1,

(?,C.(;) (4CCf5, 5 ... ,221l ( {) 3 , y) 1 , 5, 15,21,~3,
(2,O,e) (4()'}~j, 1], ~' 27l ( t 3. 9) 1 , 7,15,21,3t,
(.'?,1J,6) (::. JO 5 • ~1,()Jt?) (uj, 3) 1 , S,11.15,1.3.
(2,0,6) (4f)'l5, 5 J' 't C9) ({;3, 5) 1 , 3, 7tl1,~7,
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(m, II ,s) ( N, K, 1Mr,) ( n, d) ROOTS OF BASE POLY go (X)
( 2,0,6) (4095, lc;,4C~) (63, 5) 1,23, 7,11,27,
(2,0,6) (4095, 55,4C91 (63, 5) 1,23, 3,11,21,

(2,0,6) (4095, 109,292) (63, 7) 1, 3, 5,15,27,

12,0,6) (4095, 154,2112 ) (63, 7) 1 , 3, 5,15, 9,

('2,0,6) (4095, 43,292) (63, 7) 1, 5,11,15,27,
(2,0,6) (4095, 82,2<12) (63, 7) 1 , ~,1l,15, 9,
(2,O,6) (4:)95, lC9,2921 ((::3, 7) 1 , 5, 11, 3,27,
(2,0,6) (41)9'5, 226,2921 ( (; 3 , 7) 1, 5, 11, 3, 9,

(2,0,6) (40~5 , 43,292) (63, 7) 1 , 5,15,27,31,
(2,0,6) (40')5, 82,292) (63, 7) 1 , 5,15, <;,31,

(2,0,6) (40"15, 10S,L92) (u3, 7) 1, 3, 5,21,31,

( 2,0,6) (4095, 154,2<121 (63, 7) 1 , 3, 5, 9,31,
(2,1),6) (4095, 43,2'j2) (63, 7) 1, 5,15,23,27,
(1.,0,6) (409 J , E2,292) (03, 7l 1, 5,15,23, 9,

(2,0,6) (40')5, !C'J,292) (63, 7) 1 , 3, 5,23,27,
(2,0,6) (4t)95, 1~4,292) (63, 7) 1, 3, 5,23, 9,
(2,0,6) (40c :; , 55,292) (63, 7J 1 , 3,15,21,31,

(2,0,6) (4C95, 181.,2271 (63, 9) 1, 3, 5, 7,27,

(2,0,6) (4095, 67,2271 (63, 9) 1, 3, 7, 9,31,

( 2,0,6l (4095, 31,227l (63, 9) 1 , 7, 9,15,31,

(2,0,6) (4095, 262,1861 (63,11) 1, 3, 5 , 7, 9,

(2,0,6t (-i-oc;5, 59,227) (Ca, 9) 1, 5,11,21,27,31,
(2,0,6) (4095, 9(3,227) (63, 9) 1 , 5,11,21, 9,31,

(2,0,6) (4095, '59,227) U:3, 9) 1, 5,11,21,23,27,

(2,J,6) (40 C S , S8,2271 (63, C;) 1 , 5,11,21,23, 9,
( 2,0,c) (4C95, 9 l:l, 227) (03, 9) 1 , 5,31,21,23, ':1 ,

(2,0,6) (4095, 59,2.27) (639 9) 1, ~ 7,11,21,27,... ,
(2,0,(:) (4095, 93,227) (63, 9) 1, 5, 7,11,21, 9,
(2,0,6) {4095, 98,2271 (63, 9) 1, ~ 9,11,21,15,.. ,
(2,0,6) (40 0 5, 59,227) (03, 9) 1, 5, 7,21,27,;1,

(2,0,6) (4C95, <;8,2~n ( 63 , 91 1 , 5, 7,21, 9,31,

(2,0,6) (4095, 125,227J (63, 9) 1, 3, 5,21,27,31,

(2,0,6) (40C:: 5, 59,227) (63, 9) 1, 5, 7,21,23,27,

(2,0,6) (40Q5, 9,),227l (63, 9) 1 , 5, 7,21,23, c;; ,

(2,0,6) (4095, 59,227) (63, 9) 1, 5, 15,21, 23,27,

( 2,0,6) (4095, «;8,227> (63, 9) 1 , 5,15,21,23, 9,

(2,0,61 (4')Q5, 125,221) ((::3, 9) 1 , 3, 5,21,2~,27,

(2,0,6) (409'), 55,2271 (63, 9J 1, 3,15,21,27,;1,

(2,0,6) (4~95, 59,1E61 (63,11) 1 , 5,11,15,21.27,

(2,0,6) (4 t,)C')?, 266, l:JtJ 1 (6'3,IU 1, ~, ') , ",11,21,
(2,O,6) (40SS, 17 \), 1 :J ,.) 1 (63,111 1, "J 5, S,-31,~1,.. ,
(2,C,6) (4C')5, UlJtieoJ (63,1ll 1, 3, 5, '; ,23 ,21 ,
(,{.O,6) (4,)95, 31,lc61 (c.3,11l 1, 7, J,15,21,31,
(2,0,6) (4CJc,:, 2-j~,tdc..1 (i,d,ll) 1 , 3, 5 , 7, ,) , ~ 1 ,
( ~,i},c) ( 4 :195, 43,\..:32) ( 63, 3) 1 , 5,l1,?-3,31,
( 2 , (1 , 6 ) (4,)'~; , 113,:;~L~1 UJ3, 3) 1, ~ , 7,11131,
(?,(),S) {4{)95, I.d,,,d?l (63, 3) 1 , 5, 7,11,23,

(::!,O,fJ) (4,,95, 4 ? , 0 tl (~ I (f~ 3, 3) 1 , 5, 7,~1,,~j,

( 2 , () • '::: ) (/+.'lC'), 'j ~, ''t (Ie; 1 ( c ;. , 5) 1 , ,; , 7,11,23,
(2,J,6) (40~5, 67,2921 Ud, 7) 1 , :3 , ':i,l5,~/')1,
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(m, 1-1 ,5) ( N, K, 1.«.) ( D, d) ROOTS OF BASE POLY go (X)

(2,0,6) Utl)C) S , 154,292) (63, 7) 1 , 3, 9,15,27, 5,

(2,0,6) (41195, 43,2<;2) ( 63, n 1, 5,11,15,31,

(2,0,6) (4095, lC9,292) (03, 7) 1, 5, 11, 3,31,

(2,0,6) (4C95, 43,2')2) (63, n 1 , 5,11,15,23,
(2,0,6) (4095, 109,2'i2) (63, 7) 1, 5, 11, ~, 23,

(2,0,6) (40 Q 5, 43,2<;2) (63, 1) 1, 5, 15,23, 31,

(2,0,6) (4095, €2,292) (63, 7) 1, 5, '1,11,15,27,

(2,0,6) (40Q 5, 220,292) ( 63, 71 1, 5, 9,11, 3,27,

(2,0,6) (4()95, 109,292) (cd, 7) 1 , 3, 5,11,15,

(2,0,6) (4095, €2,29Z) (6:3 , 7) 1, 5, 9,15,27,31,

(2,0,6) (4095, 154,292) (63, 7) 1, 5, 9, 3,27d1,

(2,0,6) (4 09 5, lC'1,292) (£13 , 7) 1, 3, 5,15,31,

(2,0,6) ( 4,195, E2,292) (63, 7) 1 , 5, 9,15,23,27,

(2,0,6) (40S S, 154,2<;2) (63, 7) 1, 5, 9, 3,23,27,

(2,0,6) (4C95, lC9,292) (63, 7) 1, 3, 5,15,23,

(2,0,6) (409S, (;7,227) ( t 3, g) 1, ~, 7, 9,27,31,

(2,0,6) (4095, 55,227) (63, S) 1, 3, 7,15,31,

(2,0,t:> (4095, 181,227> (63, 9) 1, 3, 7,15, 5,
(2,0,6) (4095, 43,227) (63, 'I) 1,11, 7,15, 5,

(2,O,6) (4095, lElt2.27) (63, 9) 1,11, 7, 3, 5,

(2,0,6) (4095, 43,.2 27) ( (;3, 9) 1 , 5, 7,15,31,

(2,0,6) (4095, 181,227) (b3, 9) 1, 5, 7, 3,31,

(2,0,6) (4095~ 43,22]) (63, 9) 1 , 5, 7,15,23,

(Z,0,6) (4095, 181,227) ( l: 3 , 9) 1 , 5, 7, 3,23,

(2,0,6) (4\195, 262,18t.) (63,11) 1, 3, 5, 7, 9,27,

(2,0,6) (4C95, 125, 2 9~ ) (63 , 7) 21, 3, 1 , 5,11,31,

(2,0,6) (4095, 5S,227) (63, 9) 21,15, 1, 5,11,31,

(2,0,6) (4095, :>~,227 ) (63, 9) 21,15, 1, 5,11,23,

(2,0,6) (4095, 125,227> (63, 9) 21, 3, 1, 5,11,23,

(2,0,6) (4(l95, S9,Z27) (63, 9) 21,15, 1 , 5,31,23,

(2,0,6) (4095, S9,27.7) (63, 9) 21, 7,15, 1, 5, 11,
(2,0,6) (4095, 1G1,227) (63, 9) 21, 7, 3, 1 , 5 ,11,
(2,0,6) (4095, 125,221) (6:3, 9) 21,15, 3, 1, 5,11 i

(2,0,6) (4095, S'1,227) (63, 9) 21 , 7,15, 1, 5,31,

(2,0,6) (40Y5, 1<;7,221) (63, 9) 21, 7, 3, 1, 5,31,

(2,0,6) (4095, 125,227> (63, 9) 21,15, 3, 1, 5,~1,

(2,0,6) (4095, 5S, 2 27 ) (63, 9) 21,15, 7, 1, 5,23,

(2,0,6) (4095, lC)7,227) (63, 9) 21, 3, 7, 1, :,2:3,

(2,0,6) (40C.5, 12:>,227) ( C3 , <;:) 21, 3, 15, 1, 5,23,

(2,O,f.) (4(195, 5~,ZZ7) eta, C) 21, 3, 1S, 1 , 1,31,

(2,0,6) (4095, 1::17,227) (c3, <j) 21, 3, 15, 1, 7, 5,

( 2,0,6) (4C95, 67, 1 136 ) (6·.i,11l 21, 7,27, <;,31, 1 , 3,

(2,0,6) ( 't (\95, 27b,ld6) (1..13,11) 21, 7,27, 9, 5 , 1 , 3,
(2 , (i , (.. ) (,:,,(icS, 5:;,4.Y) (63, ?t 7,27, 3, 1,11,23,

( 2, 11 , 6 ) (4CQ5, 43,2 '12) (b 3, 7) 27,l~, 1 , 5,11,31,

(2,0,6) (<t095, H2,292) ( 03, 7) g, 15, 1, 5,11,;1,
( 2 ,J) , Co ) (4 OC S , lr.S,2~2) (03, 7) 27, J, 1, ~,11,j1,

( ? , I) , C ) (<tr, Q 5, 2;:6,2;2) ( t: 3 , 7) ", 3, 1 , 5,11,21,

( 2 , I) , 6 ) (/.. 095, 'tJ,2g2) ( 6 J, 7) 27,15, 1, 5,Il"d,
(2,0,6) hoe 5, E2,2?2) ( 03 , 7) 9,15, 1 , 5,11,23,



(m,ll,s)

(2,0,6)
(2,0,6)
(2,0,6)
(2,O,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,~)

(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,U,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,6)
(2,0,61
(2,0,6)
(2,0,6)
(::,0,11)
(2,0,61
(~,(/'u)

(2,0,6)
(2,0,0)
(2,d,6)
(2,n,~1

(2,o,6)
(2,0,0)

( N,
(4095,
(4095,
(4095,
(4095,
(4095,
(4095,
(4095,
(4095,
(4095,
(4095,
(4095,
(4 1)95,
(4095,
(4·195,
(4095,
(lt095 ,
(4095,
(4C9~,

(409~,

(41)95,
(4.)95,
(4095,
(4095,
(4C95,
{4095,
(411° 5,
{4095,
(4,')95,
(4095,
(4{,)95,
(4095,
(4C'J5,
(4095,
(4095,
{41195,
(4095,
(4CQ5,
(4095,
(41J<15,
(4()95,
(4f.95,
(4 (It: 5 ,
(4C<15,
(l,O'J5,
(4110'),

( 4,) YS ,
(It )~ 5 ,
( 4 i:') '5 ,
( I, !) (~') ,

(4 OC:;: 5,

K, tML)
10C;,292)
? 26,2 g2 )
154,292)

P.2,Zg2)
lC9,Z<iZ)
226,292)
1C<1,292)
154,292}
10 c ,2g2)
154,292 )

132,227)
1<31,227'

82,227)
lIH,2~7)

e2, 2l 7'
181,227)
43,186)

262,186'
262,186)
262,190)

43,157'
370,157)

59,227)
<;8,227>
59,227>
<;8,227)
59,227)
<:18,227)
<;8,22n
Sd,227>

125,227)
1<;7,1(6)
278,186)
266,186)
125,lE6)
59,186)

1<:17,100)
278,180)
125,13~)

27d,ld6)
5:>,lE6)
5~,lj7)

170,157)
17),157>

59 ,l3~.d

41).13b)
43,6£32)
1..3,0»-;)
; 3.2 '.,;n

IGS,2C1Z)

( n, d)

(63, 7)
(63, 7)
(63, 7)
(63, 7)
(63, 7)
(63, 7)

(63, 7)
( 63, 7)

(63, 7)
(63, n
( 63, 9)
(63, 9)
(03, <)
((:3, 9)
(63, 9)
( 63, 9)

(63,lU
(63,11)
(63,lU
( 03 , 11 )
(63,13)
(63,13)
(03, en
(63, q)

(o3, 9)
(63, g)

( 63, 9)
(03, <;)

(6j, 9)
(63, 9)

( 63, 9)
(03,1U
(63,1 U
(63,lU
(63,lU
(63,lU
(03,1 U
(fl3, 1 U
(03,111
(63,111
(03 tl U
«(;3,13)
(03,13)
(63,13l
(63,15)
(63,15)
(63, 3)
(b3, 3)

(03, 7)

(03, 7)

ROOTS OF BASE POLY go (X)

27, 3, 1, 5,11,23,
9, 3, 1, 5,11,23,
<:I, 3, 1, 5,31,23,
9,15, I, 5,31,23,

27,15, 3, 1, 5,11,
9,15, 3, 1, 5,11,

27,15, 3, 1, 5,31,
Y,15, 3, 1, 5,31,

27,15, 3, 1, :,23,
9,15, 3, 1, 5,23,
7, <),15, 5, 1,11,
7,27, 3, 1, 5,11,
7, Q,15, 1, 5,31,
7,27, 3, 1, 5,31,
7, ~,15, 1, 5,23,
7,27, 3, 1, 5,23,
7, 27, 15,31, 1, 5,
7, 9, 3,31, 1, 5,
7, 9, 3,23, 1, 5,
7, ':i, 3,15, 1, 5,
7,27,15, 1, 5,11,
7, 9, j, 1, 5,11,

21,27, 1, 5,11,31,23,
21,9, 1, 5,11,:31,23,
21, 7,27, 1, 5,11,31~

21, 7, 9, 1, 5,11,31,
21, 7,27, 1, 5,11,23,
21, 7, S, 1, 5,11,23,
21,9,15, 1,5,11,23,
21, 7, 9, 1, 5,31,23,
21,27,15, 3, 1. 5,23,
21, 7,27,15, 3, 1, 5,
21,7,9,15, ;, 1,5,
21, S, 3, 1, 5,11,31,
21,27,15, 3, 1, 5,11,
21, 7,27,15, 1, 5,31,
ll, 7,27, 3, 1, 5,31,
21, 7, ~, 3, 1, 5,31,
21,27,15, 3, 1, 5,31,
21, 1, 9, 3, 1, 5,23,
21. 7,27,13, 3, 1.31,
21,27,15,1,5,11,31,
21, S, J, 1, 5.31,23,
21, S,15, 3, 1. 5,31,
21, 7,27,I5, 1,5,11,
21, 7, 9, 3, 1, 5,11,

1,5,11,31,23,13,
1. ~,11,~1.2', 7,

15, I. 5,11d1,23,
3, 1, 5,11,31,23,

97
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(m,lJ ,s) ( . N, K, ~) ( n, d) ROOTS OF BASE POLY gO(X)

(Z,O,'.) (4095, eZ,292) (63, 7) 27, CI,15, 1, 5,11,31,

(2,0,0) (4095, 22b,292) (63, 7) 27, 9, 3, 1, 5,11,31,

(2,0,6) (4095, 11»,292) (63, 7) 15,
., 1, 5,11,31,-,

(2,0,6) (l,095 , 82,292) (63, 7) 27, S,15, 1, 5,11,23,

(2,0,6) (4CCJ5, 226,2(2) (03, 7) 27, S, 3, 1, 5,11,23,

(2,0,6) (4095, lC9,2~2) (63, 1) 15, ~, 1, 5,11,23,

(2,0,6) (4095, 154,292) (63, 1) 27, S, 3, 1, 5,~1,23,

(2,0,6) (4095, lC9,292) (6-3, 1) 15 , 3, 1, 5,31,23,

(2,0,6) (4095, 226,292) (63, 7) 27, <;, 15, 3, 1, 5,11,

(2,0,6) (40Q5, 154,292) (cd, 71 27, <;,15, 3, 1 , 5,31,

(2,0,6) (4C95, 154,292) (63, 7) 27, 9,15, 3, 1 , 5,23,

(2,0,6) (4095, 43,227) (63, 9) 7, 15, 1, 5,11,31,

( 2,0,6) (4 t)95, 151,227) (63, 9) 7, 3, 1 , 5,11,31,

(2,0,0) (4095, 43,227) (63, 9) 7,15, 1 , 5,11,23,

(2,0,6) (4095, 121,227) (63, 9) 7, ., 1, 5,11,23,-,
(2,0,6) (4095, 43,227) (63, 91 7,15, 1, 5,31,23,

(2,0,6) (4095, 181,227) (63, 9) 7,15, 3, 1, 5,11,

(2,0,6) (4095, 181,227) (63, S) 7,15, 3, 1, 5,31,

(2,0,6) (1,095, lE1,227) (63, 91 7,15, 3, 1, 5,23,

(2,0,6) (41)95, 82,1571 (c3,131 7,27, 9,15, 1, 5,11 ,

(2,0,6) (4095 , 370,157) (63,13) 7,27, 9, 3, 1 , 5,11,

(2,0,6) (ltu95, 262,157) (63,131 7,27, 9, 3, 1 , 5,31 ,

(2,0,6) (4095, 82,157) (63,131 7,27, 9,15, 1 , 5,23,

(2,0,6) (/,095, 5'1,227) (63, 9) 21,15, 1 , 5,11,31,23,

(2,0,6) (4095, 125,221) (63, 91 21, 3, 1, 5,11,31,23,

(2,0,6) (4095, 59,227) (03, 9) 21, 7, 15, 1, 5,1l,~1,

(2,0,6) (4095, lS7,22n (63, -;j 21, 7, 3, 1 , 5,11,31,

(2,0,6) (4095, 125,227) ( 63, 91 21,15, 3, 1, 5,11,31,

(2,0,6t (4095, 59,227) (03, C?I 21, 7, 15, 1, 5,11,23,

(2,0,6) (4095, IS7,227) (63, 9) 21, 7, 3, 1 , 5,11 ,23,

(2,0,,:>1 (4n95, 125,227) (t:3, 9) 21,15, 3, 1, 5,11,23,

(2,0,6) (4095, 5';,227) (63, 9) 21, 7, 15, 1, 5,~1,23,

(2,0,6) (4 1)95, 125,227) ( 63, 9) 21,l5, 3, 1, 5,31,23,

(2,0,6) (4 1)95, 197,227) (63, 9) 21, 1, 15, 3, 1 , 5,11,

(2,0,6) (40,)5, 197,227) (63, 9) 21 , 7, 15, 3, 1, ~,31,

(2,u,6) (1,095, IS7,2271 (cd, 9) 21, 7, 15, 3, 1 , 5,23,

(2,0,6) (40 Q 5, C;ci,l571 (03,13) 21,27, 9, 15, 1, 5,11,31,

(2,0,6) (40QS, S0, 1 36 ) (63,15) 21, 7,21, '1,15, 1 , 5,11,

(2,0,6) (4;)9 '), 41J,13(d (63,15) 21, 1,27, 9, 3, 1 , 5,11,

(2,0,6) (4 1)05, 27<3,1.3ul (63,15) 21, 7,27, 9, .3 , 1 , 5,31,

( 2, l) , 6 ) ( .','19 S, SJ,136) (':d,151 21, 7,27, Q,15, 1 , 5,23,

(2,0,SI (4 1)95, 43,2 '12 I ( 0.1 , 7) 27,15. 1 , ~,11,:;1,23,

(2,J,() (4,..,95, ~L,2()2) (63, n ~ , 1 j, 1 , 5,11,:31,23,
(2,O,/~) (41)9~, lCS,292) (63, 1) 27, .3 , 1, 5, 1 1 , :: 1 , 2. -j ,

( 2, I) , to ) (4 ,lC~ S, ?.20,2c;21 ( oj , 7) S, 3, 1, 5,11,~1,23,

( :?, (l • (. ) (4,)o!j, H '1, ? 92 ) (b3, n 27,1'.>, 3, 1, 5,11dl,

(2,oJ,".;) \ it (" i 'j , 226,2<.J2l ( 6"3 , ?) ~, 1::, 3, 1 , 5,11,31,

( 2. , J , C, ) ("1 .' :.: i , 11~ C , L c. 2 l (~j , 7) 27,1':>, 3, 1, :;,l1,~j,

(1,O,(.) ( 4 -:.-, ~j , 2;2 t., i (j 21 (ld, n g , 1 :> r ] , 1, 5,11,23,

(2,0,t) ('11)9~, 11~ '), 2. '1? ) ( (l3 , 7) 27,lj, 3, 1, 5,31,23,
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(m,lJ,s) ( N, K, ~1L) ( n, d) ROOTS OF BASE POLY gO(X)

(2,0,6) (40Q 5, 132,227> (63, 9) 7, 9, 15, 1, 5,11,31,

(2,0,6) (4095, 181,227) (63, 9) 7,21, 3, i, 5,l1,31,

(2,0,6) (4095, E2,227) (63, 9) 7, 9,15, 1, 5,11,23,

(2,0,6) (4095, 181,227> (63, 9) 7,21, 3, 1, 5,11,23,
(2,0,6) (4095, e2,~27) (63, 9) 7, 9,15, 1, 5,~1,23,

(2,0,6) (4095, 181,186) (03,1 U 7,27,15, 3, 1 , 5,31,

(2,0,6) (4095, 43,1,1) (63, 13) 7,27,15, 1, 5,11,23,
(2,0,6) (It 095 , ~70,151) (63,13) 7, 9, 3, 1, 5,11,23,

(2,0,6) (40CJ5, P~1,15l) (63,13) 7,27,15, 3, 1, 5,11,

l2,J,6) (It!)c;' 5, !tJ,l30) (63,15) 1,27,Ei, 1, 5,11,31,

(2,0,6) (4i)<)5, 37C,13lJ) (63,15) -f, CJ, 3, 1, 5,1l,31,

t2,Od'» (4'195, 262,13c) (63,15) 7, 9, 3, 1, 5,31,23,

(2,0,6) (/t OO5, 262,13u) (03,15) 7, <;,15, 3, 1, 5,:n,
(2,0,6) (4095, 262,136) (63,15) 7, ~,15, 3, 1 , 5,23 ,

(2,0,6) (4095, CJ£3,227) ( 03, 9) 21, S, 1, 5, 1l,31,~3tl3,

(2,0,6) (4095, 5<),227 ) (63, q) 21, 7,27, 1, 5,1l,31,23,

(2,0,6) (4095, Qa,227) (63, 9) 21, 7, 9, 1, 5,11,31,23,

(2,0,6) (40 C 5, 1c;7,18u) (63,lU 21, 7,27,15, 3, 1, 5,31,

(2,0,6) (4095, '59,136) (6~,I5) 21 , 7,27,15, 1 , 5,11,31,

(2,0,6) (4095, 410,130) (63,13) II f 7, 9, 3, 1 , 5,11,31,

(2,0,6) (4095, 59,136) (63,1;» 21, 7.27,1:, 1 , 5,11,23,

(2,0,6) (4G95, 410,130) (63,15) 21, 7, '1, 3, 1, 5,11,23,

(2,0,6) ( 4~)9 5, 278,136) (63,15) 21, 7, 9, 3, 1, 5,31,23,

(2,0,6) (4 OC 5, 1<;7,136) (63,15) 21, 7,27,15, 3, 1 , 5, ll,

(2,0,6) (4095, 410,136) (63,15) 21, 7, 9,15, 3, 1, 5,11,

(2,0,6) (4095, 270,136) (63,15) 21, 7, 9, 15, 3, 1, 5,31,

(2,0,6) (4095, 278,13ba (63,15) 21 , 7, 9,15, 3, 1, 5,23,

(2,0,6) (4 C9 5, 43,08l) (63, 3) 7, 1, 5.11,31,23,13,
(2,0,6) (4095, 43,29Z) (63, 1) 15, 1, 5,11,31,23,13,

(2,0,6) (4095, E2,2 n ) (63, 7) 27, 9, 15, 1, 5,11,:31,23,

(2,0,6) (4095, 226,292) (63, 7t 27, 'i, 3, 1, 5,11,31,23,

(2,0,6) (4095, 109,292) (63, 7) 15, 3, 1, 5,11,31,23,

(2,0,6) (4095, 226,292J (63? 7) 27, «;,15, 3, 1, 5,11,31,

(2,0,6) (4095, 226,2«;l) (63, 7) 27, 9, 15, 3, 1, 5,11,23,

(2,0,6) (4095, 154,2<12) (63 , 7) 27, 9, 15, 3, 1, 5,31,23,

(2,0,6) ( 4095, 43,227) (63, 9) 7,15, 1, 5,11,31,23,
(2,O,6) (4095, 181,227) U:3, 9) 7, 3, 1, 5,11,~1,23,

(2,0,6) (40Q5, 181,227) (63 , 9) 7,15, 3, 1, 5,H,31,

(2,0,6) (4095, Ifll,227l (63, 9) 7, 15, 3, 1, 5,11,23,
(2,0,6) (40°5, 1p.1,r~7) (63, 9) 1, 15, 3, 1, 5,~1,23,

(2,0,6) (4095, ~2,l5n (03,13) 7,27, 9,1, , 1, ~,1l,23,

(2,0,6) (4~)95, S2,l3o) (63,15) 7,27, 9, 15, 1, 5,lld1,

(2,O,6) ( 4:)05 , 262,120) ledd 7) 7,27, 9, 15 p 3, 1 , 5,23,
(2,0,6) ( It 'I Y5 , 5~J,227) U:3, 9) 21,15, 1 , I) ,11 ,31 ,23 ,13,
(2,1),6) (4n Q '5, ')'·J,227) (63, 91 21, 1, 1S , 1, 5.11,31,23,
( ? , I) , C) (4,,'15, 1 G7,~: ? n (63 , l) 21 , 7, 3, 1 , 5,11,31,23,
(2,O,6) ( 4 C·<)?, 125,,~2l) ( (; 3 , 9) 21,1<;, 3, 1 , :i.1l,31,23,

U"I,6) ( it (i'· 5 , 1c. 7 , " 2 7 ) ( t. , , C) 21, 7, 15, 3, 1, 3,11,31,

( :2, 'j , I; ) ( 4 r rf "> , 1';7,;~27) (63 , 0) ? 1 , 7, 15, j, 1 , 5dl,23,

(2,0,6) (4n'15, lC;1,~217) ( 03, y) 21, 7, 15, 3, 1, 5,31,23,
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(m,Jl ,s) ( N, K, 1Mr,) ( n, d) ROOTS OF BASE POLY go (X)

(2,0,6) (4095, <;0,136) (63,15) 21, 7,27, 9,15, 1 , 5,11,31,

(2,0,5) (4095, 2713,107) (03, 19) 21, 7,27, g, 3, 1 , 5,31,23,

(2,0,6) (41)95, 358,292) (63, 7) 9, .3 , 1 , 5,11,31,23,13,

(2,0,(;) (4095, 1:2,292) (63, 7) 9,15, 1 , 5tl1 ,~1 ,23.13,

(2,0,6) (4u95, IG9,292' (ta, 7) 27,15, 3, 1, 5tl1,31,23,

(2,0,6) ('te95, 226,292) (63, 7) 9,15, 3, 1, 5tl1,31,2J,

(2,0,6) (4095, 82,227) (63, q) 7, 9, 15, 1, 5tl1,31,2J,

(2,0,6) (40°5, Un,22"f) (63, 9) 7,27, 3, 1, 5,11,31,23,

(2,0,{;) (4C95, 43,136) (63,15) 7,21,15, 1, 5.11 ,31 ,23,

(2,0,f:)) (41)95, 370,131.1) (63,15' 7, S, 3, 1, 5,11dl,23,

(2,0,6' (4095, 310,136' (63,15) 7, 9,15, 3, 1 , 5,11,31,

(2,0,6) (4()Q5, un, 120) (63,17) 7,27,15, 3, 1 , 5,11,23,

(2,0,6) (lt095, 370,120) (63,17) 7, c;,15, 3, 1, 5,11,23,

(2,0,6) (4095, 1el,lCn (63,19' 7,27,15, 3, 1 , 5,31,23,

(2,0,61 (4095, 1€1, gl) (63,21) 7,27,15, 3, 1 , 5,11,31,

(2,0,6) (40 Q 5, Sf3,227) (63, 9) 21, 7, 9, 1, 5,11,31,23,13,

(2,0,6' (4C(15, 59,136) (03,15) 21, 7,27,15, 1 , 5,11.31,23,

(2,0,6) (4095, 410,136) (63,15) 21, 7, 9, 3, 1 , 5,11,31,23,

(2,0,6) (40<; 5 , 410,136' (63,15) 21, 7, 9, 15, 3, 1 , ~rl1,31,

(2,O,~1 ('t095 , IS7,107) (63,19) 21, 7,27,15, 3, 1, 5,11,23,

C2,O,~d (4095, lCH,10n (63,19) 21, 7,27,15, 3, 1 , 5,31,23,

(2,0,6) (4095, IS7, 89' (63,23) 21 , 7,27,15, 3, 1 , 5,11,31,

(2,0,6) (409'5, 4C6,292) (63, 7) 27, 9, 3, 1, 5,11,31,23,13,

(2,0,6) (4095, 109,2(2) «:a, 7) 15, 1 1, 5,11,11,23,13,-,
(2,0,6) (ltO<J5, ~26,292) (63, 7) 27, 9,15, 3, 1 , 5,11,31,23,
(2,0,(:) (4C95, lt3, 2 27) ( 63, 9) . 7,15, 1, 5,11,31,23,13,

(2,0,6) (4095, 181,227) (63, 9) 7,15, 3, 1, 5,11,31,23,

(2,0,6) (4095, 370,120) (63,17) 7,27, 9,15, 3, 1 , 5,11,23,

(2,0,6) (4095, 262,107) (63,19) 7,27, 9, 15, 3, 1, 5,31,23,

(2,0,6) (40S5, 370, g7) {63,211 7,27, 9,15, 3, 1 , 5,11,31,

(2,0,6) ( 4095, 59,227) ( 63, 9) 21 , 7,15, 1, 5,i.1 ,31 ,23tl3,

(2,0,6) (4095, 125,227) (63, 9) 21,15, 3, 1, 5,11,31,23,13,

(2,0,6) (I; C95 • lS"r,22lJ (63, 9) 21 , 7, 15, 3, 1 , 5,11,31,23,

(2,0,6) (4l195, 410, 8'1) (63,23) 21, 7,27, 9, 3, 1, 5,11,31,23,

(2,0,6) (lt j"l95, It 1O, 8S) (03,23) 21, 7,27, fi,.l5, 3, 1 , 5,11,31,

(2,0,6) (4095, 1C'-),292) (63, 7) 27,15, 3, 1 , 5 ,11 ,31 ,23 ,13 ,

(2,0,6) (4095, 82,227) (63, 9) 7, 9, 15, 1, 5,11,31,23,13,

(2,0,6) (40C 5, 56ti,l3td (63tl5) 7, 9, 3, 1, 5,11.31,23,13,

(2,0,6) (4i1'15, 1El, ..; 7) (td,211 7,2/,15, 3, 1 , 5,11,31,23,

(2,0,6) (4\)95, 37,) , S7) (63,2 U 7, ", 1 j, 3, 1 , 5tl1,31,23,

(2,0,6) (It (']95, <Jhl,136) (63,15) 21, 7, "J , 3, 1 , 5,11,31,23,13,

(2,0,6) ( 4, )~) 5, 1 c; ( , 89) (£.3,231 21, 7,21,15, 3, 1 , 5rl1,31,23,

(2,L';6) (4 'j( :), 41O, 7:; ) (03,27> 21, 7, J, 15, 3, 1 , 5,11,31,23,

(2,0,6) (40°5, 't(f, ,2Y21 (63 , 7 ) 27, 9, 15, 3, 1 , 5,11,31,2~'}3,

(2,0,0) (4 1)9 5, 1'11,227) ( 63, 9) 7,1; , 3, 1, 5d1.;;1,23,lJ,

(2,0,6) (/t eS5, 37\), e7) (03,2 U 7,27, 9, 15, 3, 1 , 5,11.31,23,

(~,o,6) (/t r.-)5, II) 7 t2. rll ( 63, C/) 21, i,15, 3, 1 , j, 11 ,31,23,13,

(?,n,b) ( it,'H) 5 , In, HI (c.d,211 7,27,1'J, 3, 1 , 5tll,?1,23rl~,

U,1,6) (4C C "l,l,31, 31) ( C3 , LJ f !:~. F
(2,1,6) ('.,f)Cl',3623, 10) ( 63, 3) 1 ,
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(m,1l,S) ( N, K, ~1L) ( n, d) ROOTS OF BASE POLY gO(X)

(2,1,6) (4(;.,5,36?3, 10) (63 , 3) 1 ,21,

(2, 1~6) (4095,3671, 10) (63, 3) 1, S,
(2,1,6) (40C;5,34~1, 10 ) (oj, 3) 7, S,
(2,1,t,) (4095,3623, 10) (63, 3) 1,31,
(Z,1,6) (4095,3623, !O) (63, 3) 1, 7,
(2,1,6) (4095,36?3, 10) (63, 3) 1,15,

(2,1,~) (4095,3431, 10) (63, 3) 7,15,
(2,1,6) (4095,3719, 10 ) (63, 3) 1, 5,
(2,1,6) (4095,36?3, 10) (63, 3) 1 ,11,

(Z,1,tl (4('95,3719, 6) (63, 5) 1 , 3,

(2,1,6) (1.0 c 5 , 3 (; 23, (;) (63, 5) 1,21,31,

(2,1,6) (4Cc)5,"=371~, 6) (63, 5) 1 ,21, 3 ,

(2,1,6) (lt I1 95,3735, 6) (6J, 5) 1,2 1, 5,
(2,1,6) (40c;5,36 7 i, 10i (63, 3) 1 , <;,15,

(2,1,6) (4C95,3',31, 10) (63, 3) 7, <;,15,

(2,1,6) (4(195,3671, 10) (63, 3) 1, S, 11,
(2,1,6) (4CQS,36?3, 6) (63, 5) 1 , 7,27,

(2,1,6) (4095, J719, 6) (63, 5) 1, 3,27,

(2,1,6) (4095,37t-{, 0) (td, 5) 1, ~, 9,
(2,1,6) ('t09'),37 i;7, 6j t 03, 5) 1 , 5, 9,

(2,1d:) (4095,3623, 6) (c 3, 5) 1,11,27,

(2,1,6) (';'095,3767, 6 ) (63, 5) 1, C:, 3,21,

(2,1,6) (4C95,3783, 4) (63, 1) 1 , 5, 9,21,

(2,1,6) (4095,3719, 10) (63, 3) 1, 5, 11,

(2,1,6) (40°5,3719, 10 ) (63, 3) 1, 5,31,
(2,1,6) (4095,371«;, 10) (63, 3) 1 , 5,23,
(2,1,6) (4095,3623, 10 ) (63, 3) 1,11,23,

(271,6) (4095,3623, 10) (63, 3) 1 , 7,31,

(2,1,6) (4095,371<;, 10) (63, 3) 1, 7, 5,

(2,1,5) (lt095 , 3623, 10 ) (63, 3) 1, 7, 11,

(2,1,6) (4095,3623, 10) (63, 3) 1,15,11,
(2,1,6) (4095,3719, 6) (63, 5) 1, 3, 7,
12,1,6) (40c;5,3719, 6) (£13, 5) 1, 3, 15,

(2,1,6) (4C95,3719, 6) (63, 5) 1 , 5,15,

(2,1,6) (4095,3719, 6) (63, 5) 1, 3, 11, ..

(2,1.6) (4095,3623, 4) (63, 7) 1,15,31,

(2,1,6) (40')5,3;:J15, 4) (63, 7) 1 , 3, 5,
(2,1,6) (4~195, 3719, 6 ) (63, 5) 1, 3,IS,21,

(2,l,I:l) (4CCJ5,37S3, 4) (63, 7) 1 , 5, 9,21,27,

(2,1,6) ('d)95,3735, 4) (t3, 1) 1 , 5,15,21,

(2,1,6) ('.("S5, J:,)31, 4 ) (63, 71 1 , .::, 5, 21,

(?,1.f:) ( It G«; ? , "1 f. ? :3 , .;.) (63, 71 1,15,21,31,

(;2,1,6) ( 4 '-YJ I) , 1 ~ 7 1, 1',) ) ( 6.3 , 3) 1 , S,Url?,
(2,1,~d ( 1+'1 ~ :; , , 'J 7 1 , 1,) ~ (L3, 3) 1 , '7,11,23,

(2,1,6) ( 4 ,; 9 5 , .3 1 f; I , 0) ( 63, 5) 1 , ?, 9,15,

(?,l,""l) ( .;. ") () '5, 3;) ~ 3, t; ) ( 6 j, 5) 1 , 7,11,27,
(2,1,6) (4j :: S , 3 7 ! '.: , ~) (t 3, 5) 1 , 3,11,1.7,

( 2, 1 , (J) (/Jlc.5,3f)J.3, t) ( 63, 5) 1,11,23,27,

<2,1,tJl ( "t ' 1'i -) , ., 7 19 , /J ) (:JJ, 5) 1 , .) 7,2.7,-,
(2,l,c) (-=tG'15,1Ql~), ttl (03 , n 1 , :;, 5,? 7,
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(m,Jl,s) ( N, K, 1ML) ( n, d) ROOTS OF BASE POLY go (X)

(2,1 ,6) ( 4.)9 5 ,3 :-H: 3, 4) (63, 7) 1, 3, 5, S,

(2,1,6) (4095,3767, 4) (63, 7) 1 , 3, 9,31,

(2,1,6) ( 41195, 3671, 4) (63, 7) 1,15, 9, ~ 1,

(2,1,6) (4095, 1~~ 79, 4) (63 , 7) 1, 3, 5, <.1,21,

(2,1,6) (4095,3783, 4) ( 63 , 7) 1 , 5, <1,21,31,

(2,1,6) (4095,3719, 10 ) ( 63 , 3) 1, ~,11,31,

(2,1,6) (4095,3719, 10) (03 , 3) 1 , 5,11,23,
(2,1,6) (409S,371S, 10 ) ( 63 , 3) 1 , 5.31,23,

(2,1,0) (4095,371c:, 10 ) (63, 3) 1 , l:: 7, 11,... ,
(2,1,6) (4(;-j5,371c;, 10) (63, 3) 1 , 5, 7,31,

(2,1,6) (4095,1719, 10 ) ( 63, 3) 1, 5, 7,23,

(2,1,6) ('t095,3623, 10 ) (03, 3) 1 , 11, 7, 23,

(2,1,6) (4C95,3623, 10 ) «:3, 3) 1,11,15,23,
(2,1,6) (4095,';719, 0) (63, 5) 1 , ";I 7,11,-,
(2,1,6) (40S5,371S, 6) (63 , 5) 1 , 3,11,23,

(2,1,6) (40<)5,3863, 4) (63, 7) 1 , 3, 5, '1,27,

(2,1,6) (4095,3815, 4) (03, 7) 1, ~, 5, 15,

(2,1,6) (4r95,3719, 4) (63, 7) 1 , 5,11,15,

(2,1,6) (4095,3815, 4) (63, 7) 1, 3, 5,11,
(2,1,6) (40~5,3719, 4) U:3, n 1, 5,1:,31,

(2,1,6) (4t:95,3315, 4) (63, 7) 1 , 3, 5,31,

(2,1,6) (4095,3719, 4) U:3, 7} 1, 5,15,23,
(2,1,6) (4095,~815, 4) (63, 7) 1, 3, 5,23,

(2,1,6) (1,(95,37(;7, 4) ( (; 3 , 7) 1 , 3, 9,27,31,

(2,1,6) (4095, .3719, 4) (63, 7) 1, 3,15,31,

(2,1,6) (4095,38£:3, 3) (63, 9) 1 , 3, 5, 7,

(2,1,6) ( 4 c) 95 , 3 73 5, 4) (63, n 1,21, 5,11,15,

(2,1,6) (4095,3831, 4) (63, 7) 1,21, 3, 5, 11,

(2,1,6) (4C95,38~1, 4) (63, 7J 1 ,21, 3, 5,31,

(2,1,6) (4095,3831, 4) ( tJ3 , 7) 1,21, 3, 5,23,

(2,1,6) (4C~5,371<;, 4) (63, 7) 1,21, 3,15,31,

(2,1,6) (-10095,3735, 3) (63, CJ) 1 , 5, 7,15,21,

(2,1,6) (4095,3819, 3) ((;'3, 9) 1, 3, 5, 7,21,

(2,1,6) (4095,3 -r fU, 3) (63, (j) 1, 5, 9,21,27,31,

(2,1,6) (4C95,3735, 3) (03, 9) 1, 5,15,21,23,

(2,1,6) ( 4\)95, 3623, 3) (63, 9) 1, 7,15,21,31,
(2,1,(;) ( 4 I) 9 5 , 3 f; 71 , 10) (b3, 3) 1 , 9,11,15,23,

(2,1,6) (4095,3719, 6) (63, 5) 1 , 3, 7,]1,27,

(2,1,6) (4 1)9 :, , 30 2 3 , 6) (63, 5) 1,23, 7,11,27,

(2,l,fJ) (4C95,3719, 6) (&3, 5) 1,23, 1,11,27,
(2,1,6) ( 40'15, .3 q 15, 4 ) ( 63, 7J 1, ~, 5tlS,27,

(2,1,6) (4<1S5,3JbJ, 4) (63, 7) 1, ~ , :5,15, 9,

(2,1,6) (4f)'J5, 31'~9, 4) (63 , 7) 1, 5,11,15,27,
(2,1,6) (4 11 9,:>,3767, 4) ( t; 3 • 7) 1 , 5,11,15, ~,

,12,1,0) (40 C 5,381:>, .,) (63, 7) 1, " 11, 3,27,

(~,1,6) ( 't r. '6, ~ '1 11, 4) (63, 7) 1 • :';,11, 3, <i ,

(2,1,6) (4;)95,371'J, 4) ( t 3, 7) 1, ~, 15,27,31,

(2,1 ,6) (/,·)e'), ,71: 7, "t ) ( S3, n 1 , 5.15, J , 3 1 ,

(2,l,u) ( 4.)'p). '" t ') , f, ) { (; 3, 7) 1 , ~ , 5,27,l1,

(2,1 ,I)) (4tN5,3StJ, .. ) (<;3, 7) 1, 3, :i , S, :; 1,
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(rn,ll,s) ( N, K, tML) ( n, d) ROOTS OF BASE POLY go (X)

(2,1,6» (4095,371'j , 4) (63, 7) 1, 5,15,2?,27,

(2,l,6) (4095,3767, It) (63, 7) 1 , 5,15,23, 9,

(2,1,6) (4095,3815, 4) (63, 7) 1, 3, 5,23,27,

(2,1,6) (4095,3863, 4) (63, 7) , 3, 5,23, '7,... ,
(2,1,c) (4095,3719, 4) (63 , 7J 1, 3,15,27,31,

(2,1,6) (4095,3863, 3) ( 63, 9) 1, 3, 5 , 7,27,

(2,1,6) (4095, 37 (; 7, 3 ) (63, C;) 1, 3, 7, <;,31,

(2,1,6) (4095,3671, 3 ) (63 , 9) 1 , 7, 9,15,31,

(2,1,6) (4095,3911, 2 ) (63,11) 1, 3, 5, 7, 9,

(2,1,6) (4()Q5,3735, 3) ( (;3 , 9» 1, 5, 11,?1,27,~1,

(2,1,6) (4095,3781. 3) (63, 9) 1 , 5,11,~1, 9,31,

{2,1,6} (4095,3735, J) ( 63, 9) 1, 5,11,21,23,27,

(2,1,6) (4JC?5,37BJ, 3 » (63 , 9) 1 , 5,11,21,23, 9,

(2,I,t) (4095,3783, 3) U:3, 11) 1, 5,31,21,23, 9,

(2,l,6) (4')95,3735, 3) U:3, 9) 1, 5, 7,11,21,27,

(2,1,6) (4G95,3783, 3) (63, 9)
, 5, 7,11,21, 9,4 ,

(2,1,6) (4t195,3783, 3) (63, <.) 1 , 5, 9,11,21,15,

(2,1,6) (4,)95,3735, 3 ) (63, S) 1, 5, 7,21,27i~1,

(2,1,6) (40~5,3783, 3 ) (63, 9) 1, 5, 7,21, 9,31,

(2,1,6) (4095,3831, 3 ) (63, 9) 1, 3, 5,21,~7,~1,

(2,1,6) (40°5,3735, 3) (63, S) 1, 5, 7,21,23,27,

(2,1,6) (4095,37E3, 3) (63, 9) 1, 5, 7,21,23. 9,

(2,1,6) (40q5,37~5, 3) ( 63, 9) 1, 5,15,21,23,27,

(2,1,6) (4095,3783, 3. (63, 9' 1, 5,15,21,23, 9,

(2,1,6) (4()95,38~1, 3) ( 63 , 9) 1, 3, 5,21,23,27,

(2,1,6) (4095, 37L~, 3) (63, 9) 1, 3, 15,21,27,~1,

(2,1,6) (4095,3735, 2) (b3,1 U 1 , 5,11,15,21,27,

(2,1,6) (4095,3927, 2) (63, 11) 1, 3, 5, 11,11,21,

(2,1,6) (/..095,3879, .U {o3, III 1, 3, 5, C;,31,~1,

(2,1,6) (4095,337:;, 2) (63,11) 1 , 3, 5, 9,23,21,

'2,1,6) (4095,3671, 2 ) (63,11) 1, 7, 9,15,21,~1,

(2,1 ,6) (40095,3927, z) (63,1lt 1, 3, 5, 7, 9,21,

(2,1,6) (4095,371S, 10) (63, 3) 1, 5,11,23,31,

(2,1,6) (4095,3719, 10) (63, 3) 1, 5, 7,11,31,

(2,1,6) (4095,3719, 10) (63, 3) 1, 5, 7,11,23,

(2,1,6) (4095,3719, 10) ( t 3, 3) 1, 5, 7,31,23,

(2,1,6» (4095,371 :." 6» (61, 5) 1 , ~, 7,11,23,

(2rl,t) (4095,31':.7, 4) (63, 7) 1 , 3, 9,15,27,~1,

(2,1,6) (4095, 3~f..~, 4) (63, 7) 1 , ., 9,15,27, 5,~ ,
(2,1,6) (4(195,371<;:, ~) (63, 7) 1, 5,11,15,31,

(2,1,61 (4CY5,3El5, 4) (&3, 7) 1 , :>,11, :3, 31 ,
(2,1,6) (4095,3719, 4) ( 6.3 , 7) 1 , 5,11,15,23,

(2,l,td h,lc :>,3e1S, .. ) ( 63, 7) 1, 5, 11, 3, 2"3,

(2,1,6» ( 4 n :J l) , , 7 1.; , 4) ( (; 3 , 7) 1 , ,,15,23,31,

(2,1 d.d ( 4 (19 5 , 3 7 6 7 , 4) ( (; 3, 7J 1 , &.: gtll,15,27,~,

(2,1,0) (4nS5,3 c 11, 4) ( 6 ) , 7) 1 , 5, 9,11, 3,27,
(2,1,6) (/~()'-)5, 3El?, 4 ) ( 6.:3 , 7) 1 , ~ , 5,11,15,

(2,I,u) (',ns,:>, 17(.7, 4 ) ( t 3, 7) 1 , 5, 9,l5,27,31,

(2,1,6) (4r;Orj,H':3, 'i ) ( (;"3 , n 1 , I) , '1 , 3,27,31,

(2,1,6) ( 4 i) <) ~, H 15, 4' ( 63, 1) 1 , ") :;,15,31,-,
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(m,ll,s) ( N, K, \rr.) ( n, d) ROOTS OF BASE POLY go (X)

(2,1,6) (4095,3767, 4) (63, 7) 1, 5, 9,15,23,27,

(2,1,6) (4095,3863, 4) U:3, 7) 1, 5, 9, 3,23,27,

(2,1 ,6) (4095,3bl~, 4) (63, 7) 1, 3, 5rl5,23,

(2,1,6) (4095,3767, 3) ({;3, 9) 1 , 3, 7, 9,27,31,

(2,1 ,6) (4095,3719, 3) (t3, 9) 1, 3, 7,15,31,

(2,1,6) (4C95,3e63, 3) (63, 9) 1 , 3, 7 rl5, 5,

(2,1,6) (4095,3719, 3 ) (63, 9) 1,11, 7,15, 5,

(2,1,6) (4095,3863, 3 ) ((;:3, 9) 1,11, 7, ':I 5,-,
(2,1,6) (4C95"~71<j, 3) (63 , 9) 1 , 5, 7,15,31,

(2,1,6) (4C95,38c3, 3 ) U:3, 9) 1 , 5, 7, ;,31,

(2,1 ,6) (4095,3719, 3) (63, S) 1, 5, 7,15,23,

(2,1,6) (4r.95,3e{;3, 3) «;3, 9) 1 , 5, 7 , 3,23,

(2,1,6) (41195,3911, 2) (63,11) 1, 3, 5, 7, '1,27,
(2,1,6) (4("l~5,3831, 4) (63, 7) 21, 3, 1 , 5,11dl,

(2,1,6) (4095,1735, 3) U:3, 9) 21,15, 1 , 5,11,31,

(2,1,6) ( 4095 , '37:3 5, 3) (63, 9) 21,15, 1 , 5tll,23,

(2,1,6) (4095,3e31, 3) (63. 9) 21 , 3, 1 , S,11,23,

(2,1,6) (4095,3735, 3) (03, 9) 21,15, 1 , 5,31,23,

(2,1 ,6) (40c.:5,3735, 3) (tl3, 9) 21, 7, 15, 1, 5,11,

(2,1,6) (40S5,3E79, 3) (63, 9) 21, 7, 3, 1, 5,11,

(2,1,6) (4095,3831, 3 ) ( (; 3, 9) 21,15, 3, 1, 5,11,

(2,1,6' (4 ()C< 5 ,37'35, 3) (63, C) 21, 7, 15, 1, 5, 31,

(2,1,!;) (4C95,337Y, 3) (63, "1) 21, 7, 3, 1, 5,31,

(2,1,6) (4095,3831, 3) (63, 9) 21,15, 3 9 1 , 5,31,

(2,1,6) (4C95,3735, 3) (63, 9) 21,15, ., , 1, 5,23,

(2,1,6) (4095,3819, 3) ( 63 , 9) 21, 3, 1, 1, 5,23,

(2,1 ,6~ (4095,3831, 3) ( (; 3, 9) 21, 3, 15, 1, 5,23,

(2,1,6) (4095,3719, 3 ) (63, 9' 21, 3,15, 1, 1,::1,
(2,1,6) (4C95, 387<), 3) ( 63 , 9) 21, 3,15, 1, 7, 5,

(2,1,6) ( 40c;. S , 3767, 2 ) (03,11. 21, 7,27, G,31, 1 , 3,

(2,1,6) ( 4 ;) 95 , :. S2 7 , 2 ) (63,11) 21, 7,27, 9, 5, 1, 3,

12,1,6) (4095,371Q, 6) (63, 5) 7,27, 3, 1,11,23,

(2,1,6) (40C:5,371C:, 4) (l: 3 , 7) 27,15, 1 , 5,11,31,

(2,1,6) (4C95,37t7, 4) (63, 7) q,1~, 1 , ~,1l,31,

(2,1,6) ( 4.) 95, :. 8 15, 4) (63,. 71 27, 3, 1, 5,11,31,

(2,1,6) (40S5,3S11, 4) (63, 7) 9, 3, 1 , 5tl1,31,

(2,1,6) (4095,3719, 4) ( (; 3 , 7) 27,15, 1 , 5,11,23,

(2,),6) (4C95,3767, 4) (63, 7) g,15, 1, 5tll,23,

(2,1,6) (4r.C,5,3GI5, Ii" ) (63, 7) 27, 3, 1 , 5,11,23,

(2,1,6) ('+CS5,3Slt, it ) ( (; 3, 7) e, , 3, 1 , 5,11,23,

(2,1,6) (4017-5,3-36.3, it I ( t:> , 7) <; , 3, 1, 5,31,23,

(2,1,6) (4C9'5,3767. itl (63 , 7) '},15, 1 , 5,31,23,

(2,1,f,) ( 4 i' () :; , "3 8 1 5 • ·tl Ud, 7) 27.15, :3 , 1, 5,11,

(2tl,td ( 4 CC 5 ,i c 1 1 , 't ) Ud, n 9, 15, 3, 1, 5, 11 ,
(2,1,6) (4CQ5,3615, it) \ t; 3 , 7) 27,15, 3, 1, 5,; 1 ,

(2,1.b) ('ti)q?, ~e6"l, 4) (d, 7) <i,15, 3. 1 , 5 , 31,

(2,1 ,~l ( {t\)C j ,3 G15 , 't ) (63 , 7) 21,15, 3 , 1 , 5,23,
(2,1,0) (4("Iq~i,~clt3, 4) ( ~"3 , 7) <;,15, 3 , 1 , :>.23,
(2,1,6) (4fJ(j'-', 17f:. 7, :3 ) ( t 3, 9) 7, <;,15, :: , 1,11,

(2,1,6) ( it i) () 5 , .~ Efd , 3 ) ( 63 , en 7,21, "3 • 1 , 5,11,
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(m'll's) ( r-r, K, ~1L) ( n, d) ROOTS OF BASE POLY go (X)

(2,1,6) (4095,376"7, 3) (63, 9) 7, c;,15, 1, 5,~1,

(2,1,6) (4095,3€t3, 3) (63, 9) 7,27, 3, 1, 5,31,
(2,1,6) (4095,3767, :3 ) ( 63, 9) 7, 9, 15, 1, 5,23,
(2,1,6) (4095,3863, 3 ) (l:3, C?) 7,27, 3, 1, 5,23,
(2,1,6) (4095,3719, 2) (63,11) 1,27,15,31, 1 , 5 ,

(2,1,6) (4095,3911, 2 ) (63,IU 7, 9, 3, ~ 1, 1, 5,
(2,1,6) (4095,3911, 2 ) (63,1 U 7, 9, 3,23, 1, 5,
(2,1,6) (4095,3911, 2 ) (63,IU 7, g, 3, 15, 1 , 5,
(2,1,6) (40C?5,3719, 2 ) (03,13) 7,27,15, 1, 5,11,
(2,1,6) (4095,3S59, 2) (63,13) 7. 'I, 3, 1, 5,11,
(2,1,6) (4095,3735, 3 ) (63, 9) 21,27, 1 , 5,1l,~1,23,

(2,1,6) (4")~5,3783, 3 ) (63, 9) 21, <;, 1, 5,11,31,23,
(2,1,l:) (4(;'15,3735, 3) (63, 9) 21, 7,27, 1, 5,11,31,
(2,1,6) (41)95,3783, 3) (63~ 9) 21. 7, CJ, 1, 5,11,31,
(2,1,6) (4095,3735, 3 ) (63, 9) 21, 7,27, 1, 5,11,23,
(2,1,6) (4095,37!.n, 3) (63, <1) 21, 7, 9, 1, 5,11,23,
(2,1,6) ( 4095, 3783, 3 ) (63, <;) 21, c;,15, 1, 5,11,23,
(2,1.,6) (4095,~783, 3 ) (63, 9) 21, 7, 9, 1, 5,31,23,
(2,1,6) (lt095,38?1, 3 ) ((:3, 9) 21,27,15, 3, 1 , 5,23,
(2,1,6) ( ...;.9S,3~79, 2) (03,IU 21, 1,27,15, 3, 1 , 5,
(2,1,6) (4~95,392", 2) (63,IU 21, 7, 9,15, 3, 1 , 5,
(2,1,6) (4()95,3927, 2 ) (63,11> 21, 9, 3, 1, 5,11,31,
(2,1,6) (4095,3831, 2) (63,11) 21,27,15, 3, 1 , 5,11,
(2,1,6) (4095,3735, 2 ) (63,lU 21, 7,27,15, 1 , 5,31,
(2,1,6) (4095,3879, 2) (63,11) 21, 7, 27, 3, 1, 5,31,
(2,1,6) (4C95,3S27, 2 ) (63,IU 21, 7, 9, 3, 1, 5,31,
(2,1,6) (4095,38;1, 2 ) (63,IU 21,27,15, 3, 1, 5,31 ,
(2,1,6) (4095,3S27, 2 ) (63,1 1> 21, 7, 9, 3, 1, 5,23,
(2,1,6) ( 4095,3719, 2 ) (63,11) 21, 7,27,15, 3, 1 ,31 ,
(2,1,6) (4095,3715, 2) (63,13) 21,27,15, 1, 5,11,31,
(2,1 ,6) (40c 5,38?S, 2) (63,13) 21, 9, 3, 1, 5,31,23,
(2,1,6) (4C95,381Y, 2) (63,13) 21, '.i, 15, 3, 1 , 5,31,
(2,1,0) (4095,3735, 21 (63,15) 21, 7,27,15, 1 , 5,11,
(2,1,6) (40Q 5 ,3 975, 2 ) (63,15) 21, 7, 9, 3, 1 , 5,11,
(2,1,6) (4Cl95,371g, 10) (63, 3) 1, 5,11,31,23,13,
(2,1,6) (4095,3719, 10 ) (63, 3) 1, 5,11,31,23, 7,
(Z,l,ld (4nQ5,171.:j, 4) (63, 7) 15, 1, 5,11,31,23,
(2,1,6) (41l95,1815, 4) U::3, 7) 3, 1, 5,11,31,23,
(2,1,6) (4(lc5,3767, 4) (63, 7) 27, S,15, 1, :;,11,31,
(2,1,(,) ( 4 ClJ 5 , "3 C; 1 1 , 4) (63, 7) 27, 9, 3, 1, 5,11,31,
(2,1,6) (41)95,3815, 4) (t:3, 71 15. ::, 1, 5,11,31,
(Z,1,f,) ( 4 () c: 5 , -\ 7 t:: 7 , 4) ( t: 3 , 7) 27, S,15, 1, 5,11,23,
(2,1,6) (4CCJ5,3'111, 4) ( 63, 7) 27, <;, 3, 1, ~,l1,23,

(2tlnd ( It (~, I I) , ~ :"\ 1') , 41 ( t.; j, 71 15, ~ , 1 ~ 5,11,23,
(2,1,6) ( 4 '-) S " ,j ': r~ 3 , it ) «('3, n 27, 'J, "j , 1, S,31,23,
( 2, 1 , () ( 4 C '-I :>, "J, "~ t 5 , 41 (63, n 1 :) , J 1, J,31,2j,-,
(Z,l,b) (lt ij C/,),3911. " ) (c3, 7) 27, c, 15, ~ , 1 , ~., 11 ,
(2,1,6) ( o.f ," ,", :J , ~ ,1 '.; ~1 , "t I ( II J , 7l 2 7 , 'j, 1'), 3, 1 , 5, J 1 ,
(2.,l,,61 ( [, " I tj-j ,3d: 3 , [, 1 ( t; 3 , 7) 27, 'j, b, 3, 1 , ;,2 j ,

(2,1,0) (4nq~) ,~71~, j I «c 3 , (n 7,1:i, 1, 5,l1,~1,
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(m,ll,s) ( N, K, 1.«.) ( n, d) ROOTS OF BASE POLY go eX)
(2,1,6) (4095,3863, 3) (c3, 9) 7, 3, 1, 5,11,31,

(2,1,6) (40q5"~719, 3) (63, 9) 7,15, 1 , 5,11,23,

(2,1,6) (4095,3863, 3 ) ( (: 3, 9) 7, 3, 1, 5,11 ,23,

(2,1,61 (4 09 5 , 3 7 19 , 3 ) «(:3, 9) 7, 13, 1, 5,31,23,

(2,1,6) (4C95,3863, 3 ) (63, 9) 7,15, 3, 1, 5,11,

(2,1,6) (4095,3863, 3 ) ({:3, 9) 1,15, 3, 1, 5,31,
(2,1,6) (4095,3863, 3) (63, 9) 7,15, 3, 1, 5,23,

(2,1,6) (4095,31(;7, 2) (63,13) 7,21, 9,15, 1 , 5,11,

(2,1,6) (4095,3Q59, ? ) (63,13) 7,27, 9, 3, 1 , 5,11,

(2,1,6) (4095,3911, 2. (il3,13) 7,27, 9, 3, 1 , 5,31,

(2,1,6) (4095,3761, 2l (63,13) 1,27, 9,15, 1 , 5,23,

(2,1,6) (4095,3 1 35, 3 ) (63, 9) 21,15, 1, 5,11,31,23,

(2,1,6) (41195,3831, 3) (63, 9. 21, 3, 1 , 5,11,31,23,

(2,1,6) (40<15,3735, 3) (63, 9) 21, 1,15, 1 , 5,11,31,

(2,1,6) (4{)95,3.379, '3 ) (63, 9) 21, 7, J, 1, 5,11.31,

(2,1,6) (4095,3831, 3 ) «(,3, 9) 21,15, 3, 1 , 5,11,31,

(2,1,6) (4095,373:;, 3) «.3, 9) 21, 7, 15, 1, 5,11,23,

(2,1,6) (40 C 5,3879, 3) (63, S) 21, 7, 3, 1, 5,11,23,

(2,1,6) (4095,3~331, 3) (63, 9) 21,15, 3, 1, 5,11,23,

(2,1,6) (4n95,3735, 3) (63, 9) 21, 7, 15, 1, 5,31,23,

(2,1 ,6) (<t095,3B31, 3 ) (63, 9) 21,15, 3, 1, 5,31,23,

(2,1,6) (4095,3879, 3) (lJ3, 9) 21, -1,1 ~, 3, 1, 5,11,

(2,1,6) (40Q5,3879, 3) (63, 9) 21, 7, 15, 3, 1 , 5,31,

(2,1,6) (4095,38B, 3) (l:3, 9) 21 • -/ , 15, 3, 1 , 5,23,

(2,1,6) (4095,3783, 2l (63,13) 21,27, 9,15, 1 , 5,11,31,

(2,1,6l (4nq 5, :3 7 e 3, 2) (63,15) 21, 7,27, S,15, 1, 5,11,

(2,1,6) (4095,3<J75, 2 ) (63,15) 21, 1,27, 9, 3 9 19 5,11,

(2,1,6) (4095,3<;27, 2) (63,15) 21, 7,21, 9, 3, 1, 5,31,

(2,1,6) ( 4 (lS 5 , 3783 , 2) (il3,1:» 21, 7,27, S, 15, 1, 5,23,

(2,1,6) (4095,3719, 4) (63, 7) 21,15, 1, 5,11,31,23,

(2,1,6) (4095,3167, 4) (63, 7) 9,15, 1, 5,1l,:H,23,

(2,1,b) (4095,3815, 4 ) (63, 7) 27, 3, 1, 5,11,31,23,

(2,1,6) (4095,3911, 4) (£.3, 7l 9, 3, 1 , 5,11,31,23,

(2,1,6) (4095,3eI5, 4) (63, 7) 27,15, 3, 1, 5,11,31,

(2,1,6) (4CJ95,3911, 4) (63, 1) 9,15, 3, 1, 5,ll,3l,

(2,1,6) (4095,3815, 4) (63, 1) 27,15, 3, 1, 5,11,23,

(2,1,6) (40 0 5,3S11, 4) (63, 7) 9,15, 3, 1, 5,11,23,
(2,1,6) (4C95,3e15, 4) (63 , 7) 27,15, 3, 1, 5,31,23,

(2,1,6) (4095,3767, 3 ) ( 63 , 9) 7, ':J, 15, 1, 5til,31,

(2,1,6) (40c :j ~3e(;3, 3 ) (63, 9) 7,27, 3, 1, 5,11,31,
(2,1,6) (4fi Q 5,37f:1, 3) (63, 9) 7 , '1,15, 1, 5,11,23,

(2,1,6) (4n95,38C3, .: ) (63, 9) 7,27, 3, 1, 5,11,23,

(2,1,6) (40 C 5,37f:7, 3 ) (63, 9) 7, '1,15, 1, 5,31,23.
(2,1,1)) (4\)95,3bcJ, 2l U:3,111 1,27,15, 3, 1 , 5,31,

(2,1,6) (4(;95,371-7, 2) (63,13) 7,27,15, 1, 5,11,23,

(Z,I,f..d ( 4 r: <J 5 , :3 C) 5 :;, 2 ) (63,13) 7, 'I, 3, 1, 5,11,23,
(2,1,6) (4(;c)5,3F.t3, 2) (63,13) 1,27,15, 3, 1, ~dl ,

U,l,6) (4 1IS5,371(', L) (:;3,1:.i) 7,:7,15, 1, 5,11,21,
(2,1,l.d ( 4 (. c: 5 , 1'; ') ,; , n (C3,1;) -, , ", 3 , 1 , 5,11,31,

(2,1,6) (4095,3<)11, 2 ) 163,15) 7 , '7, 3, 1, 5,~1,2j,



(rn,lJ,s)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1 ,6)
(2,1,6)
(2,1 ,6)
(2,1,(;)
(2,1,6)
(2,1 ,6)
(2,1,6)
(2,1,(;)
(2,1,0)
(2,1,6)
('~,1 ,::')
(2,1 ,6)
(2,1,6)

( N, K,
{4095,3<H1,
(4095,3911,
(4095,3183,
(4095,3735,
(';'O~5,3783,

(4095,3879,
(4095,3735,
(40S5,3975,
(4095,3735,
(4095,39 7 5,
(40C;5 ,3S2 7,
(409,,31i19,
(4095,3<;75,
(4095,3<;27,
(4095,3927,
(4·195,3719,
(4095,3719,
(4095,3767,
(40°5,3911,
(4095,3815,
(4095,3911,
(4C95,3<;11,
(4095,3863,
(40°5,3719,
(4095,3863,
(4C95,3i363,
( 4 ,)9 5 , 3 (3 6 3 ,
(4C95,3i363,
( 4095, 3 7 f; 7 ,
(4095,37~7,

(4095,3<;11,
( 41)() 5 , 3 7 3 5 ,
(4C95,3735,
(4095,3879,
(40Q5,3831,
(4095,387<;1,
(4C;c)S,381C;1,
(4;'95,3>37<:1,
(lt095,37t3,
(4:195,3927,
(4()95, ~q~l),

{/t I)95, 3767,
( 409 5 ,~ Al ;j,

(l:t095,3<)11,
(4095,3767,
{ 't I")C:: :> ! 'j d (; 3 ,
( 4 e"15 , :3 11 :'j,
( It nC) 5 , -~ (; 'j '-1 ,

("I')C ~l' 3 C:5'';,
( It ) 9 ;, 3t (, 3 ,

~)
2)
2)
3)
3)
3 )
2 )
2 )
2)
2)
2)
2 )
2)
2 )
2)
2)

10 )
4)
4)
4)
4)
4)
4)
4)
3 )
3)
3)
3 )
3)
2)
2 )
U
3 )
3)
3 )
3 )
'3)

3)
3)
2)
U
4 )
4)
4 )
Id
3 )
.:\ )

2)
~ )

;' )
U

(n, d)
(63,15)
(63,15)
«63, 9)
(63, 9)

({;3, 9.
(63,11)
(63,15)
(63,15)
(63tl5)
(03,15)
(63,15)
(63,15)
(63, Ed
(63,15)
(03,15)
( 63, 3)
(63, 7)
( 63, 7)
(63, 7)

( 63, 7)

(63, 7)

(63, 7)
(63, 7)
(63, 9.
(63, 9)
(63, 9)
( 63, 9)

((;3, 9)

(03,13)
(63,15.
(63,17)
(63, 9)
(63, 9)
( t3, 9)
(63, 9)
(63, 9)
((;3,9)
(63, 9)
(03,15)
(t3,19)
( 63, 7)
(63, 7)

((;3, 7)

(63, 7.
( 63, q)

(03, S)
(b3tlS)
(63,15)
(63,15)
(cJ,17)
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7, 9,15, 3, 1,5,31,
7,9,15, 3, 1,5,23,

21, 9, 1, 5,11,~1,23,13,

21, 7,21, 1, 5,11,31,23,
21, 7, 9, 1, 5,11,31,23,
21, 7,27,15, 3, 1, 5,31,
21, 7,27,15, 1, 5,11,31,
21, 7, 9, 3, 1, 5tI1,31,
21, 7,27,15, 1, 5,11,23,
21, 7, 9, 3, 1, 5,11,23,
21, 7, 'I, 3, 1, 5,31,23,
21, 7,27,15, 3,'1,5,11,
21, 7, 9,15, 3,1,5,11,
21, 7, 9,15, 3, 1, 5,31,
21, 7, 9,15, 3, 1, 5,23,
7, 1, 5,11,31,23,13,

15, 1, 5,11,31,23,13~

27, 9,15, 1, 5,11 ,31,23,
27,9, 3, 1, 5,11,31,23,
15,3, 1,5,11,31,23,
27,9,15, 3, 1,5,11,31,
27, 9,15, 3, 1, 5,11,23,
27, 9,15, 3, 1, 5,31,23,

7,15, 1, 5,11,~1,23,

7, 3, 1, 5,11,31,23,
7,15, 3, 1, 5tI1,31,
7,15, 3, 1, 5,11,23,
7,15,3, 1,5,31,23,
7,27, 9,15, 1, 5,11,23,
7,27, 9,15, 1, 5,11,31,
7,27,9,15,3,1,5,23,

21,15, 1, 5,11,~1,23,13,

21, 7,15, 1, 5,11,31,23,
21,7, 3, 1, 5,11,31,23,
21,15,3,1,5,11,31,23,
21,7,15, 3, 1,5,11,31,
21, 7,15, 3, 1,5,11,23,
21, 7.15, 3, 1, 5,31,23,
21, 7,27, 9,15, 1,5,11,31,
21, 7,27, 9, 3, 1, 5,31,23,
9, 3, 1, 5,11,~1,23,13,

9,15, 1, 5,11,31,2:;,13,
27,15, 3, 1, 5,11,31,23,
9,15, 3, 1, 5,11,31,23,
7, 9,15, 1, 5,11,31,23,
7,27, 3, 1, ?,l1,31,:n,
7,21,lj, 1, 5,11,31,23,
7, 4, 3, 1, 5,11,31,23,
7,9,15, 3, 1, 5,l1,H,
7,2."1,15, 3, 1, 5,11,23,



(m,ll,S)

(2,1,6)
(2,1,6l
( 2 ,1 , (; )
(2,1,6)
(2,1,6»
(2,l,t.d
(2,1,6l
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1'0)
(2,1,6)
(2,1,0)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(2,1,6)
(4,2,3)
(4,2,3l
(3,2, ... )
(:~,2,'d

(3,2"i)
(3,2,4)
(3,2,ti)
(3,2,4)
(3,2,4)
(3,2,'d
(3,2,'t)

( N, K, 1?rr..)
(40<75,3<;59, 1)

(4095,38£:3, 1)
(40c;S,3d63, 1)

(4C95,3763, 3)
(4095,37~5, 2)
(4095,3975, 2)
(4(\95,1975, 2)

(4095,3879, U
(4095,3879, 1)
(409CJ,vnl, 4)
(4095,3815, 4)
(4G<;5,3911, 4)
(4095,3719, 3)
(4095,3863, 3)
(4095,3959, U
(4095,3Qll, 1)

(4095,3<;59, 1)

(4095,3735, 3)

(4095,31:'31, 3)
(4095,317'i, 3)
(4095,3975, U
(It I) c:; , 3 c; 7:> , U
(4C95,3BI5, 4)

(40'15,3767, 3)
(40C?5,40C7, 2)
{4()95,38(;3, U
(4,)95,3959, U
(-i-095,4C'.-7, 2)
(4095,3ti79, 1)

(4095,3 G 75, 1)
(40<;5,3911, it)
( 41)95, 3 H (;:"1 , 3)
(40 0 5,3959, 1)
(4095,1~t9, 3)
(4095,3863, 1)
(4095,2°21, 31.
(4095,3521, 10)
(4.)95,3921, 7)
(4t:C;5,4C~9, 2)
( 4 ,) 9 5 , Ii 0 It 7 , 2 )
(40S:i,3 c 21, 2)
( 't C'/? , It e:? g , 2 I
(4')')5,41165, 1)
(it.)Q5,4047, 2)
( 4 ,) 9 'J , 4 (') E3 , U
(4CIC.15,411l::i, 1)

(n, d)

(63,11)
(63,19)
(63,21)
(63, 9)
(63,15)
(63,15)
(63,15)
(63,1<;)
(63,19)
(63, 7)
(63, 7)
(63, 7)

U:3, 9)
(03, 9)
(63,17)
(63,19)
(63,21)
(63, 9)
«(;3, 9)
(63, 9)

({;3,23)
(c;3,23)
( 63, 7)
({;3, 9)

(63,15)
(63,2 U
«(;3,2 U
(63,15)
(63,23)
(63,27)
(£'3, 7)
( 63, 9)
(63,21)
(63, 9)
(63,21)
( 7, 1)
( 7, 3)
(15, U
(15,3.
(15, 3)
(l~, 3 J
05, 3)
(15, 5)
05, 3)
05, 7)
<15, 51

108

ROOTS OF BASE POLY gO(X)

7, <;,15, 3, 1, 5,11,23,
7,27,15, 3, 1, 5,31,23,
7,27,15, 3, 1, 5,l1,31,

21, 7, 9, 1, 5,11,31,23,13,
21, 1,27,15, 1, 5,l1,31,23,
21, I, ':i, 3, 1, 5,11,31,23,
21, 7, 9,15, 3, 1,5,11,31,
21,7,27,15, 3, 1,5,11,23.
21, 7,27,15, 3, 1, 5,31,23,
27, 9, 3, 1, 5,11,~1,23,13,

15, 3, 1, :5, 1l,;1,23,13,
27, 9,15, 3, 1, 5,11,31,23,

7,15, 1, 5,11,31,23,13,
7,15, 3, 1, 5,11,31,23,
7,27, 9,15, 3, 1, 5,11,23,
7,27, 9,15, 3, 1, 5,31,23,
7,27, 9,15, 3, 1, 5,11,31,

21, 7,15, 1, 5,11,31,23,13,
21,1:, 3, 1, 5,11,31,23,13,
21,7,15,3, 1,5,11,31,23,
21, 7,27, g, 3, 1, 5,11,31,23,
21, 7,27, 9,15, 3, 1, 5,11,31,
27,15, 3, 1, 5,11,31,23,13,
7, 9, 15, 1, 5, 11 ,31 ,23, 13 ,
7, <), 3. 1, 5,11931,23,13,
7,27,15, 3, 1,5,11,31,23,
7, 9,15, 3, 1, 5,11,31,23,

21, 7, 9, 3, 1, 5,11,31,23,13,
21, 7,27,15, 3, 1, 5,11,31,23,
21, 7, 9,15, 3, 1,5.11,31,23,
27,9,15, 3, 1,5,11,31,23,13,

7,15, 3, 1, 5,11,31,23,13,
7,27,9,15, 3, 1,5,11,31,23,

21, 7,15,3, 1,5,11,31,23,13,
7,27,15, 3, 1, 5,11,31,23,13,

N:3l\E
1,

NCNE
1,
1, 5,
3, !:,
1, 7,
1, 3,
1, 5, 7,
1, 3, 5,
1, 3, 7,



APPENDIX B

The computer results on the ntunber of infonnation symbols for some

binary (d+l) -fold (ll,s)th-order Euclidean geometry codes with base poly-

nO (d-l)n
nomial gO(X) = 1 + X + ... + X a of length less than or equal to

4095 are shown LTl the following table.
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(m, ll, 5) ( N, K, 1.fi) ( nO' d)

( 1, 0, 4) ( 15, 9, U ( 3, 5)
( 1 , 0, 4) ( IS, 1, 2) ( 5, 3)
( 1, 0, 6) ( 63, 4S, U ( 3, 211
( i, 0, 6) ( 63, 21, 3' ( 7, C3)

( 1, 0, 6' ( 63, 37, 4) « 9, 7)
( 1, 0, 6) ( 63, 13, It) ( 21, 3)
( 1, 0, 8) ( 255, 225, U ( 3, S5)
( 1, 0, 8) ( 255, 2C1, 2) ( 5, 51)
( 1, 0, 8) ( 255, 81, 7j ( 15, 17)
( 1, 0, 8) ( 255, 175, S) ( 17, 15)
( 1, 0, 8) ( 255, 37, 25) ( 51, 5)
( 1, 0, 8' ( 255, 21, 4", ( 85, 3)
( 1, 0, 9) ( 511, 343, 3) ( 7, 13), 1, 0, 9) ( 511, 139, 3e) ( 73, 11
( 1, J,10) (1023, 961, 1) ( 3, 34H
( 1, 0,10) n023, 833, 5) ( 11, ~3)

( I, 0,10 ) (1023, 243, 1~) ( 31, 33)
( 1, 0,10) (1023, 781, 16. ( 33, 311
( II! 0,10) ( 1023, 151, 4td « 93, lU
( I, 0,10. (1023, 31,l7C' ( 341, 3)
( 1, 0,11) (2047,1211, 11) ( 23, es)
( 1, 0, III (2041, 573, 44) ( 89, 23)
( 1, 0,12) (409S,396S, 1) ( 3,1365)
( 1, 0,12) (4095,3871, 2' ( 5, 819)
( I, 0,12) (4095,3315, 3. ( 7, 585)
( 1, 0,12) (4095,3753, 4) ( 9, 455), 1, 0,12' (4095,3611, 6) ( 13, 315)
( I. 0,12) (4095,24Cl, 7) ( IS. 213)
( 1, 0,12) (4095,2673, 1C) ( 21, 1 <;5)
( 1, 0,121 (4095,21C1, 11) ( 35, 117), 1, 0,12) (4095,2262, IS. ( 39, lC5)
( 1, 0,12. (4095,2014, 22) ( 45, S1)
( 1, 0,12 ) (4095, 129, 31) ( 63, 65)
( 1, 0,12) (4095,3367, 32J ( 65, 63)
( 1, 0,12) (4095,164S, 45) ( (H, 45)
( 1, 0,12' (4095,1393, 52. ( 105, 3S)
( 1, 0,12) (4095,1028, 5 SJ ( 117, 35)
( 1, 0,12) (4095, 964, S1J ( IS5, 2U
( I, 0,12) (409~,1317,136J ( 213, IS.
( 1, 0,12 ) (4095, 337,151) ( .315, 13)
( 1, 0,12) (409.5, 19"1,221J ( 455, 9.
( I, a tl2. (4095, 4C6,292) ( 585, 7)

( 1, 0,12) (4095, 1C1,40S) « 819, 5)
( I, O,l~J (4C95, 'd,68.2' (1365, 3'
( 2, 0, 4' ( 255, 37, 25' ( 3, 5)
( 2, 0, 4) ( 2~5, 21, 42) ( 5, 3'
( ~, i, 4' ( 255, 231, 2' ( 5, 3)
( 2, I, 4) I 255, 23<;, lJ ( 3, 5)
( 3, 0, 4) (409~, lCl,4CS) ( 3, 5)
( 3, 0, ,,) (4095, 43,o8~J ( 5, 3'
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(m, it, 's) ( N, K, tw.) ( nO' d)

( 3, J., 4) (4095,2307, 42) ( 5, 3)

( 3, 1, 4) (4095,2625, 25) ( 3, 5)
( 3, 2, 4J (4095,4C41, 2) ( 5, 3)

( 3, 2, 4) (4095,4C65, 1) ( 3, 5.
( 2, 0, 6) (40c;5, 964, (1) ( 3, 21>
( 2, 0, 6) (4095, 1C;7,221) ( 7, ~)

( 2, 0, 6) (4095, 406,292) ( 9, 7)
( 2, 0, 6) (4095, 43,682) ( 21, 3)
( 2, 1, 6) (',095,311C;, 1e) ( 21, 3)

( 2, 1, 6) (40S5,3S11, 4) ( 9, 1)

( 2, 1, 6) (4095,387S, 3) ( 7, 9)

( 2, 1, b) (4095,3167, 1) ( 3, 2U
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