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| NTRODUCTI ON

The Anal ytical Framework

Popul ati on policy-makers unlike econom c planners, have
as yet no comprehensive theoretical basis to help them sel ect | ong-
term popul ation policy targets. Wat conplicates the sel ection of
rati onal population policy is the dynamc nature of the problem
The conditions surroundi ng the problem are constantly changi ng:
society's preferences change over tine; the econony grows because
of capital accunul ation and technol ogi cal change; the physica
envi ronnent changes; and popul ati on paraneters change. Any static
"solution" to the popul ation policy problemwould be quickly out-
dat ed.

Mbst of these dynamic difficulties can be elimninated, or
can at | east be brought under control, if we use dynam c optin za-
tion theory as our analytical tool. Dynamic optim zation theory is
an outgrow h of the classical variational calculus; in its npdern
form control theory, it can tell us much about sel ecting policies
in a changing environment. In this paper | shall use contro
theory to construct an analytical framework for the study of popu-
lati on policy, taking sone policy issues as exanpl es of how the
framewor k can be used. I shall try to preserve generality as far
as possible so that the franework can be used to exanm ne popul ati on
policy in an arbitrary context where the popul ati on, the econony,
and the physical environnment are interrel ated.

Besi des using a dynam c approach and a general setting

for the problem | shall enploy a general, arbitrary welfare



criterion. This general criterion is not nerely a neasure of
economic well-being. It may include any aspect of social welfare
related to popul ation. The cl assic study of Coal e and Hoover (1958)
concentrated the attention of population policy nmakers on econonic
effects of policy changes. Although it is useful to deduce the
econom ¢ effects of popul ation policy changes, when we reverse our
point of view and try to derive popul ation policies which nmaxi m ze
some economic effect we run into trouble. For example, under a
per-capita consunption criterion the optimal policy would be to run
the popul ation down to a |low |l evel (under nobst econoni c nodel s).

To avoid this enmbarrassnent, previous papers on optinal policy have
resorted to rather questionable practices. Pitchford' s (1968)
optinmal policy is constrained so that the popul ati on reaches a given
target level, but the population target level is arbitrary and.
therefore not "optimal." Das Gupta (1969), discards the per-capita
criterion and naxinizes the total consunption of the popul ation,
ignoring the ethical issues raised by this choiceof total welfare
and inplicitly biasing policy towards higher popul ations.

Gbvi ously the purpose of population policy is not solely
to naxi m ze sonme purely econonic criterion. A broader, nore suitable
criterion should recogni ze people's desire for conpany and for
children and the adverse social effects of overcrowdi ng, environ-
ment al danmage and pollution. By adopting an arbitrary wel fare
criterion in this paper, we can derive nore realistic policy solutions.
We can al so use the theory to test the effects of different soci al
preferences, different ethical positions, and the inportance of

initial assunptions.



The |l ssues

In using the theoretical framework to study policy inprove-
ment and optimnization it is of course possible to extract concrete
nurerical "solutions" in many applications. But nore inportant than
this is the insight that the theory can give on several issues
confronti ng policy makers.

1. What is the Shadow Price of a Marginal Birth? To

determ ne a rational popul ation policy we need a

fairly precise idea of the value of amarginal birth.

It is worth noting that every popul ati on policy
(including a |l aissez-falre one) attaches an inplicit
value tointroduci ng an additional person. The "shadow
price"” of a birth will be inportant for determni ning
policy inmprovenent and optimization, and, nore prac-
tically, for assessing the benefits of a birth control
schene. ! This problemis conplicated by the fact that
each birth carries a potential for further births,

for resource usage, and for capital accunul ati on.

This "growth potential” is extrenely inportant in
deternmi ning the value of an additional birth. W shoul d

li ke to know how the "further-growth potential" affects

There is a large literature on the topic of val uing
prevented births and on the rel ated probl em of neasuring the bene-
fits of birth control prograns or of reduced fertility. See for
example: Enke (1966, 1970); Zaidan (1967, 1968); Coal e and Hoover
(1958); Denmeny (1965); for a recent practical approach see King
(1971). These papers treat welfare in a purely econonic sense and
are directed towards fam |y planning in under-devel oped countri es.



t he shadow price And how t heshadow pri ce behaves
under clanging tastes and conditions and under dif-
feren.t ethical positions. The shadow price will be
derived assuming that non-optimal policies are opera-
ting. Throughout this paper we shall concentrate on.

i ssues under non-optimal. policies since non-optinmality
is (alas) nore commonly found in the real world.

What Constitutes an inprovenent in Policy? In many
cases we night be content with determ ni ng how present
policies can be "inproved" rather than "optim zed."

It is perhaps closer to political reality to assune
that policies are changed step by step with a viewto
i ncreasing society's welfare rather than "optim zed"
in one sweeping reform The question of policy

i nprovenent nmerits at | east as much study as the ques-
tion of policy optim zation. The problemis this:

how shoul d present or proposed policies be nodified
to increase social wel fare? Turned around, the ques-
tion becones: if a new policy is recommended, under
what ci rcunst ances can we say it is an "inprovenment"?
For exanpl e, under what conbination of social prefer-
ences would a policy which tends to | ower popul ation

growh in the U S. be an "inprovenment'?



3. Wien is a Policy Optimal? Being "'optimal" entails

stri king a bal ance between social and private costs.

In our anal Ysis we can make these tradeoffs between

private and social costs explicit and then study how

t hey change as preferences change. There are al so

intertenporal tradeoffs: to be "optimal" we nay have

to give up sone present utility for future utility.

How do t hese tradeoffs behave and how are they affected

by intertenporal discounting?

Answers to these three rEﬂEﬂEijolicy i ssues depend

critically on the selected criterion for social welfare. Wthout
a suitable welfare objective it is meaningless to tal k about
"inprovenent" or "optimality." However, choosing a suitable welfare
criterion is by no neans easy. Geoffrey McN coll (1971), in a paper
in this series, has pointed out that nmany ethical problens arise in
this area. For exanple: whose utility should be represented by
our welfare criterion? How should we weight the utility of future
gener ati ons and of unborn people (who are candi dates to be born)?
These problens are strictly questions of ethics; there are no
"correct"” answers. W can, however, use the anal ytical framework
to conpare the inplications of different welfare criteria, reflecting

di fferent ethical positions.



Tl : ORETI CAL__FRAVEWORK

The System

Ideally, policies should he analyzed within the context
of aconpl ex, interacting and changi ng system whi ch i ncl udes the
popul ati on, the econony, and the physical environnent. To descri be
the present and future behavior of this system we nust sel ect
suitable vari abl es. The particular variables to choose will be
determ ned by the problemin question, the required accuracy, and
the special feat res of the popul ati on and econony under study.

Sone of these variables, the "state variables," describe
the state of the system (e.g., population, capital stock, etc.).
These cannot be directly altered. Other variables, the "contro
vari ables," can he directly mani pul ated (e.g., the savings rate,
birth control expenditures, etc.). The values o:f the system
vari abl es change over timL,it is useful to think of each variable
as having a tine-path or trajectory. The control variable trajec-
tories determ ne the state-variable trajectories and hence the
behavi or of the system

We now have a system S, which is described by an
n-di mensional time vector of state variables, x(t). An mdinmen-
sional control vector, y(t), represents the values of the chosen
policy instrunents at tine t.

The systemis further described by

o= fIx(t),y(t),t] (1)



ax(t),y(t),t] <0 . (2)

The differential equations (1), describe the dynam c behavi or of
the system These equations m ght represent popul ati on grow h,
capital accunulation, etc. The inequalities (2) are a set of
constraints on the state vari ables and control policies; exanples
m ght be budgetary limtations or political restraints on control.
The Objective Criterion

We cannot discuss policy "inprovenent" or "optin zation"
wi t hout sonme criterion to inprove or optimze. For social policy
probl ens, it seens reasonable to choose as the objective criterion
the "amount of welfare"” received in the arbitrary tinme period
(to,tf). If Uis a neasure of the per-capita social welfare rate,

and wW(t) weights welfare at time t , the objective function is:2

I = "Towt)ux(t),y(t),t]dt
J to

2
Assuni ng wel fare received at different tinmes is conparable,

i.e., that we can integrate welfare over a tine period. In nost of
this paper, for convenience, | shall assunme wWt) is exp(-pt)
where p is zero. (That is,

J = tf Ux(t),y(t),t]dt.) ,» cases where tine discounting is
ato
i nportant, exp(-pt) will appear explicitly. Later, | shall discuss

sone inplications of the total welfare criterion,

J o= I L(t) Ux,y,t)dt where the per-capita welfare rate U is
to

wei ghted by the popul ation size.

In this criterion there are no end-targets, for we can
only choose an end-target statically which, in a dynam c problem
is a non-optimal procedure. For a qualitative discussion of this
poi nt see Myrdal (1968), pp. 2063-2066.
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So far the social welfare function U, is abstract.

Behi nd soci al welfare, however, lies a wi de range of factors which
are inportant to the "quality of life." In post-industrial countries,
these factors mght include the standard of living, the state of

the. environnment, health standards, ability to realize famly-size
goal s, etc.

We should like to be able to include such factors explicitly
in the analysis. This would enable. us to study the policy inplica-
tions of the relative preferences between the welfare factors. ['or
exanple, if tastes changed so that people wanted a cl eaner environ-
event, how shoul d popul ation policy change. ?°I shall now outli ne
how rel ati ve preferences can be included in the theoretical framework.
Broadeni ng the Wl fare Function

For popul ation policy problens we need only select welfare
factors which will be influenced by changes in popul ati on policy.

Such factors mght include the standard of living, famlial prefer-
ences, the state of the environnent, perception of crowding, and

so on. Denoting these factors by F. , we have

U= WF,F2)....Fk) , (3)

where there are k such factors. Since these welfare factors are

rat her vague. entities, we choose an index function, A; (X,y,t), to

3There is an added advantage in including welfare factors
explicitly. Constructing a welfare function in terns of quality-of-
life factors such as consunption, |eisure, etc., is easier in
practice than attenpting to construct one directly fromthe system
vari ables (e.g., popul ation, capital stock, etc.).



represent each factor, Ft , For exanple, to represent the factor
standard of |iving we m ght choose the index per-capita consunption
to represent the state of the environment we m ght choose a pollu-
tion index, and so on.

The i ndex functions Az(X,y,t) are known functions of
the system vari abl es. For exanple, per--capita consunption and the
chosen pollution index can be defined in terns of the system
vari abl es, popul ation, capital stock, etc. Thus every point (x,y,t)
in system space inplies a correspondi ng point (Al ,A2..... Ak) in
i ndex space. Since | shall be working partly in system space and
partly in index space, | shall call this a "two-space approach.”

Qur wel fare function is now U = U(FI,F2..... , Fk) whi ch

can be represented by:

U= UA,A2, ... AK) . (4)

Assunmi ng for conveni ence that the chosen indices are independent,

a small change in welfare is given by

T q

The smal |l wel fare change is due to changes in the welfare indices,

dA; . dA;, ., d, the index changes bei ng wei ghted respectively
by their relative inportance = — a Th i aht
) S e weights
AL N= ~ <
BU —g 3 aJ
DA, , DA, , e+, ~A canbe interpreted as the relative preferences



between the factors F1,F2,...,Fk (as neasured by the indices
A1, A2,...,AK).4

The wel fare changes due to a small change in a state
variable, x, (t) , or in a control variable, y*(t) , are given

respectively by

al _ au By pU .. BU BAk

X, BAl ax, + DA, axi + 9A. axi (6)
3U -_3U BA—+ gy LAy—+ . ay A .
By BAl By B By } BAL By (7

That is, a narginal additional unit of a systemvariable changes
eacr welfare index. This in turn changes the welfare function, U.
To illustrate this two-space approach | et us take a concrete exanple.
Example 1

Suppose we choose the indices: per capita consunption,
C ; population density, D; a pollution index, H; and average
famly-size, B . These represent the nore vague factors of standard
of living, "crowding," adverse effects on the environnent, and

fam | y-si ze preference.

LI‘The preferences change over tine and al so depend on the

val ue of the indices. Hence, we should wite “ [(AL,...,Ak), 1]

For notational sinplicity |I shall sinply wite 34 , and assume the
z

argunment is understood. Throughout this paper | drop tine argunents,
unl ess they are necessary for clarity. E.g., | wite Ux,y,t) for

U(x(t),y(t),t)

10



U =U(G,I),t;,A), €2)
and
= A db + Y dE + 2
du A dC + oD nE 9B dB (9)
The above equati on descri bes how social welfare will change for

smal | changes in per capita consunption, density, etc.

The partials *— , U and U can be thought of

as the relative preferences between nargi nal consunption, popul ation
density, pollution and famly size.

Measurenent of Relative Preferences.® _In npbst cases, by assum ng
these preferences are arbitrary we can study the effect of different
pref erence wei ghti ngs. However, if we w shed, we could neasure the

i ndi vidual's tradeoffs between marginal units of C, D, E and B. 6

°In dealing with dynamic optinization probl enms, we have
to use a cardinal criterion. An ordinal criterion carries |ess
information and is usually too weak to reduce the set of optinal
policies to a finite nunber. For exanple, under an ordinal criterion
policy ya(t) is "better" than policy yg(t) only if ya can

deliver preferred quantities of all welfare factors at all tines.
Since there are nearly always tradeoffs over tine, it is unlikely
that such a ya exists for yg. Hence, any policy yg unless

extrenel ¥ poor, is ''optimal" under an ordinal criterion and we have
gained little insight into what constitutes a good policy.

®The question of whose preferences should be represented
is discussed in McNicoll (1971). Under certain axions, it is inpos-
sible to find preferences that represent all of society--see Arrow
(1951.). We are interested in the policy inplications of a jguven
set of preferences. Hence, we shall avoid the neasurenent problem
and consider the arbitrary preference val ues as given.

11



For exanple, holding E and B constant, we can question the
i ndi vidual as to how nmuch consunption he would trade for |less (or

nore) density. In a tradeoff, where there is no change in utility,

du =0 ="*"dc+ oD dD (10)

Let us call 9C, the utility increase for a marginal unit of per
capita consunption (at a certain standard (C, D, E B)), one unit--a
"vibe." W can now use the tradeoff information, dD and dC, and.

equation (10) to derive aUin "vibes." In this way, we can
deternmine the relative preferences for each factor, over the entire
i ndex space. 7

Wl fare Effect of an Additional Person. The welfare effect of a

mar gi nal change in population, L(t) , is given by

u u ¢ BU Df) AU aE K OB
AL dCalL +iD OL 9E dL + M)B AL

(11}

The inpact on the welfare rate of a nargi nal person is the sum of
his effect on per capita consunption, density, pollution, and famly
size; each index being weighted by its "relative preference." The
partials of the welfare indices D , , etc., are known fropn the
consunption and density functions; the preference partials au and
EH are arbitrary or can be neasured if necessary.

Thi s two-space approach enables us to include arbitrarily
broad wel fare functions in our analysis, with arbitrary preferences

"For an alternative nethod and di scussion of sone of the

experimental difficulties in nmeasuring nultiattribute ordinal utility
functions, see. McCrimon and Toda (1969).

12



between the indices. It also facilitates interpretation of the
partials “? and fu , which often arise in the theory.

¢ X ay

We now have a suitab:Leformat in whi ch co enbed popul ati on
policy problens and a nmeans of introducing an arbitrary wel fare function
explicitly into the anal ysis. Before we turn to the issues outlined
in the introduction, | shall develop one or two theoretical results

fromcontrol. theory. These will be fundanmental to the | ater anal ysis

of policies and shadow prices.

The Effect of Maina olicy Changes Over Ti me8

Let us start with a nonminal time curveof the policy vector,

y(t) . We should like to deternine the effect of small changes in
y(t) on the objective function, J . Know edge of the effect of
mar gi nal control changes will give usthetheoretical results basic

to the discussion of the policy issues in the foll ow ng sections.

It might help the reader to have a concrete exanple in nind.
Suppose we can control only governnment expenditures on birth control.
Then the schedul e of expenditures on birth control is the control
variable, y(t) . It is reasonable to ask: what is the total
wel fare effect of narginal changes in the birth control expenditure
trajectory?

Suppose we perturb y(t) slightly, so that the new control

function is slightly different at each point in tinme. ° The

8The reader who finds difficulty in followi ng this section
is referred tolntriligator (1971) or to Bryson and Ho (1969).
Ei t her of these texts provide a good background to this material.

°This analysis is valid whether y(t) is a single variable
or a vector of control variables.

13



di fference between the nom nal and the perturbed functions is called

Sy(t) , the variation in y(t) . (See Figure 1.)

y(t)

pert ur bed
trajectory \ i
\tea
|
f
nom nal
trajectory
Sy(t)
1 t
to tf (tinme)
Figure 1

The arbitrary control variation fy(t) , produces a correspondi ng

variation in the state variables Sx(t) , and a change ®J in the
obj ective function J To determ ne the change in bJ due to the
variation by(t) we first adjoin the systemdifferential equations

x = f(x,y,t) to the objective function, using a vector of arbitrary

mul tiplier functions p(t):

14



' \/1

J= R(U(X Yt) + Epi(t) [ fi(x,Y,t)-i]dt ..10 (12)
The new objective function, J , is the same as the old one, J
because the expression in square brackets is zero as |long as the
dynam c equations hol d. The arbitrary multipliers p. (t) are
i ntroduced to bring the constraints x = f(x,y,t) into the objective
function. (This device is nerely a mathematical trick which wl|l
sinplify the solution procedure. It is sinmlar to the use of
Lagrange nmultipliers to handl e constraints.)

The expression U(x,y,t) + p'  (t)f(x,y,t) occurs frequently,

and for notational conveni ence we shall denote it

1I(x‘ylt) :f(x‘yyt) +pi(t)f(eryt). (13)

(In the literature, H(x,y,t) is called the Hanm | toni an of the

system)

Now, J=ftT111(x, Y, t) > pt(t)x] dt . (14)
to

Integrating the last termon the right by parts,

_ tf
J=-p " (te)x(tr) -- P (to)x(to) + [HOGY, ) + .7 (1)x(1)] dt . (15)

to

We can now determ ne the effect on . T of a control
variation by(t) which produces the state variable variation ~x(t)

10
For convenience, | shall wite pifl(x,y,t) in the

vectornotation pT(t)f(x,y,t) where p'(t) is the transpose of p(t)

15



T
7T =-p (te)Sx(Lf) + pT(t0O)Sx(t0)

tf

+ A [fix + PTOX Sx@® FSY(I) dt (16)

It would be tedious to deternine the variations d x(t) produced by

a given control variation Sy(t) , so we choose the multiplier

functions p(t) to cause the coefficients of fx(t) in (16) to

vani sh. That is, we set

P' (%) x=-axX p"(" (17)

and

pT(t:) =0. (18)

Then, provided we define p(t) using equations (17) and (18), the
change in the objective function for an arbitrary control variation
Sy(t) is given by

tf

dI=P" (to)Fx(t?) + { : any(t)dt (19)
(0]

Since x(t o) , the starting vector for the state variables, is

gi ven, the control variation nmust be chosen so that x(t o) stays

fi xed. Hence, "x(tgy) 1is zero and we have:

16



X , Y(Hd - (20)

tA

Equati on (20) now shows the effect on the objective function of a

smal |l change (variation) in the nomnal control trajectory y(t)

Interpretation of the Miultiplier Functions

From equation (19), for 6 y(t) = O, aunit increase in

the starting value of the state variable, x; , adds p;i(tog) to
the objective function. Thus, we can interpret pi (to)] as

the value of a marginal unit of variable x; at tine t ¢Si nce
the starting tine, to , is arbitrary, we could as easily start at
timet . It foll ows that p,g‘t) is also the val ue of a nmarginal
unit of vari abl e )ﬁ at time t

W now have the theoretical framework and the results
necessary to examne the three policy issues raised above, nanely
the value of a marginal, birth, policy inprovenent, and policy

optim zation.

11 Equations (17) and (18) are expressed in vector notation.
For each xf there is a corresponding p, . Hence, PTCE) and
it( ! are n-dimensional vectors, ain (17) isan n X n matrix.
tf

Equation (20), witten nore fully is ~J ="~ 2 + pT(t)ay ] dy(t)dt
to

—f
y

Here y(t) is an mdi nensional vector, is an inx n matrix

and 8d is a scalar.

12 provided that no constraints are violated, the noninal
policy curve y(t) can be quite arbitrary. Note that result (20)
hol ds whether y(L) is optimal or not. W are al so assuning that
the variation "y(t) is permissible, that is, that it does not
viol ate any constraints.

17



THE VALUE OF A MARG NAL BI RTH

The first issue is that of deternining the "val ue" or
"shadow price" of a marginal birth. 3at is the net benefit (or
cost) of introducing an extra person into the systen? | shall
define this shadow price as the contribution the person would nake
to the objective criterion, i.e., to "welfare,” in the tine period
(t0o,tf)-

Recall fromthe previous section that if popul ation,
L(t) , is one of the state variables of the system then p (t) i s
the "val ue" of introducing a narginal person at tinme t . From (17)

and (18), we chose p_(t) so that

au
pL BT, + pT(t) aL (21)

PL(tf) =0 . (22)

Changes in the Shadow Price Over Tine

The above equations, determning p_(t) , at first sight
bear little relation to our intuitive idea of the value of intro-
duci ng anot her person into the system But we can interpret them
in the follow ng way. According to our objective function, the world

13

In this theory we are ignoring tinme |lags. The term

"margi nal birth" will he used interchangeably with the term
"margi nal person." Here, the newly born can work and breed i mmedi -
ately. Provided the system changes slowy, this is not a serious

error. The author hopes at a later date to i nprove the analysis
by taki ng account of tine | ags.

18



ceases to exist at tine t ¢ . (1,ater we shall taket  at infinity.)
A birth just before t ¢+ would have little opportunity to contri bute
to the total welfare in the tine interval. and its value, would he zero.
Thi s explains equation (22). The other equation, (21), describes
how t he shadow price p;: (t) changes over tine. As tinme runs out
there is progressively |less opportunity for a potential birth to
contribute to welfare in the period (to,t¢) . Equation (21) states
that the shadow price | oses value at the rate at which "opportunity”
to contribute to the objective function is |lost. The opportunity in
the next tinme unit is made up of two conponents: the instantaneous
wel fare change due to introducing the person, and the value of the
new person's instantaneous contribution to further growh. (These
conponents are represented by L and F- p; (l) & , respectively.)

Exanple. 2 A systemcontains two growh equations, L = f L and

14

k = descri be popul ation growth and capital growth respectively.

From (21) and (22),

A of
PL(t) - + PL (D) + P (D) a_ r 23

PL (tf) = 0 .

By waiting an instant to introduce the nmargi nal person, opportunity

is lost. The opportunity here is the nargi nal person's potenti al

 Not ati on: The subscripts L and K on f and fE

are used to identify the growh equations--they do not denote par-
tial derivatives.
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i mpact on welfare plus his potential contribution to further births
and to accunul ating new capital. Equation (23) tells us that the

shadow price falls at the rate this opportunity is | ost.

The Shadow Price under an Infinite Time Horizon

Choosing the welfare criterion on a finite interval enables
us to derive the equation for p(t) , but unfortunately the shadow
price p_(t) depends on the choice of t; , the tine horizon. Since
a nodel where everything stops at t ¢ i s somewhat questionable, we
should like to take the time horizon at infinity. In this case we
m ght guess that p_(0) , the present value of introducing a person,
isinfinite or el se converges to an asynptotic val ue, changing slowly
as preferences and system paraneters change. Let us derive p (0} ,
t he shadow price at time zero, in the context of a sinple nodel.
Exanple 3 __We shall take a sinplified situation wherecapita
formati on and ot her non-popul ati on growth processes are det erni ned
exogenously with respect to popul ation. Further, let us assune
that the inpact of an additional person on welfare, . is constant
(or changes slowy relative to the discount rate). Lastly, in this
nodel the control policy isl aissez-faire, andcrude popul ation
growh remains steady, at the rate n, in the indefinite future.
Ve wish to determinethe present value of a marginal birth, p(0) ,
di scounting welfare at a rate p over tine.

In this nodel, is constant and popul ation growth is

gi ven by

L --n L(t) . (24)
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Adding tinme discounting to (21),

nf

Pn(®) _ - aL e - PL(Y) s P(t) =0, (25)
which, from (24) , becomes

—PL(Y) = EUSP L (Y P () =0 (26)

The solution to this differential equation is easily derived as

Nt ¥ (o -(P-n)t
PLO M n-pLe - € I. (27)
From (27), the present shadow price, p.(0) , is given by
-(p
@ Yt e - 1] (28)

And in particular, the infinite tine horizon present value is

'innp_ (0) , which gives theresult:

b

PL(®) = (29)

Let us exanm ne the two cases, where p<n and p>n .
Case 1: Infinite Shadow Price, psn _ If the discount rate, p

is less than or equal to the population growh rate, n , the present
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val ue of an additional person, from (29) , beconmes infinite. *® Why
is this? The narginal person, in Exanple 2, derives his value from
being able to contribute to present utility and to further popul a-
Lion growth. Under a | ow di scount rate, his potential for
i ntroducing an infinite nunber of descendants namkes his "value"
infinite. Thevalueispositive or negative depending on the sign
of dU aL

In many countries it is reasonable to assune that positive
growmh rates will persist for sone tine---at |east until the advent
of a contraceptive revolution. In that case the assunptions of the
above, crude nodel mMmight be reasonably valid. if anmargi nal birth
had an infinite (or extrenely |l arge) val ue, popul ation policy should
| ogi cally consi st of super-encouragenent or Super--di scouragenent of

bi rt hs (encouragenent or discouragement depending on t he sign of

aRl /al) .
Case 2: Finite Shadow Pricepp=mnn . If we are willing to accept a

di scount rate p larger than n , then we di scount the popul ati on
growt h potential of the new person heavily enough that his shadow
price converges. The shadow price, although finite, can still be
| ar ge under hi gh popul ation growh rates or a | ow di scount rate.
For the discussions of policy in the foll ow ng sections, we shall
assune p_(0) is finite.

“Even if n were |l ess than p eventually, p, (0) woul d
still be very large.

In the macro-econom c nodel s of Coal e- Hoover (1958) and

Demeny (1965), the above condition that the shadow price is infinite
if p<n is equivalent to the case where the two i ncone streans (wth

and wi thout reduced fertility) diverge indefinitely at a rate greater
than the discount rate. In that case on an infinite time horizon
the benefits of reducing fertility would be infinite.
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Choice of Discount Rate
Gbvi ously, the value of a marginal birth in exanple 2 is
extrenely sensitive to the choice of discount rate, as indicated in

Figure 2. Mre conplicated modelswould show much the same behavior.16

PL(0)

Val ue
of a

mar gi nal
birth

(exanpl e

2)
P
0 n

Di scount rate
Figure 2

INn fact, we areled to a dil emma. D scount rates high enough to
converge p.(0) may put very little weight on the utility of
succeedi ng generations. On the other hand low di scount rates such
as Ransey (1928) advocated, would inmply infinite (or under nore
realistic nodels, extrenely high) shadow prices. The present woul d
be al nost conpl etely subservient to the future. Thus, if high

di scount rates are unethical and | ow di scount rates are inpractical

we are left with the problemof choosing a suitable rate in the

16pr obably in nore conplex nodel; an even hi gher val ue of
P woul d be necessary to converge pb(0) INn amodel with an economic
growth sector, | would conjecture that P nust be at |east as |arge as
t he econonic growh rate for convergence. For a nunerical exanple of

sensitivities of policies to the discount rate in a moreconplicated
model see Arthur and McNicoll (1972).
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regi on where the shadow price is npst sensitive

This discount rate problemarises for all attenpts to cal cu-
late the benefits of preventing a birth. For exanple, to converge the
stream of benefits caused by a proposed fam |y planning schene in
Jamaica (in a paper by King (1971))we woul d need a discount rate of
10 per cent. The traditional escape route of using a cut-off tine

hori zon is highly questionable. 17

Effect of Preferences

Let us use the "two-space theory" to determ ne whether the
present value of a marginal birth is positive or negative. Using the
wel fare indices C, U E and B(per capita consunption, density,

pol lution, and famly-size),

1 _BU 1 AU LC 2U ab uU.E iuB

PLOOV  pnal p-naCal + +DEal + DB 3,3 (30)

(Here BR/aL is zero, because the average nunber of children per famly

is not significantly altered by the addition of one person to the system)

"Ethically, we could argue that for any finite time hori-
zon, T, we should be interested in the welfare of generations
beyond T and thus that a finite tinme horizon should not he used.
Anal ytically, we can illustrate the tine horizon effect using the
simple nodel. Define the time horizon error as [pL(0) - p"(0)] /p-(0)

where the superscript denotes the time horizon. Then from (28) and
(29) the error is e (P ™ T when p>n , and infinite when pin .
End-error 1S nbst severe at low tinme horizons and where the di scount
rate is close to n . The effect of a finite tinme horizonis to
nmake the shadow prices smaller in an absol ute sense, since growth
effects become |ess inportant. Thus, a finite time horizon is

equi val ent to choosing a higher discount rate whose actual val ue
rises as we approach the tinme horizon. Wien we are basing our
pol i ci es on shadow prices which contain termnal error, there wll
be a corresponding "policy error” which may build up systematically.
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Now i n nbst cases, introducing an extra person neans | ower
per-capita consunption (unless there are significant positive returns
to popul ation), higher density, and higher pollution. If we favor
nore consunption and | ess pollution, pr(0) is likely to be negati ve,
unl ess a strong preference for conpany overcones these effects (i.e.,
where all/aD , the preference for density, is strongly positive).
From equati on (30), we can see the effect on the shadow price of
changes in taste in this si npl e nodel .

Because of the broad wel fare function, we can eval uate the
contribution to the shadow price of non-economc welfare factors such
as "crowdi ng" and the "state of the environnment." This facilitates

policy analysis in post-industrial countries.

The Benthanite Shadow Price

So far, |I: have assuned that U is a per-capita welfare
function--the welfare of the average individual. Babies or innigrants
are valued only in terns of their welfare i npact on the average
i ndi vi dual already present in the system A w der notion of welfare
woul d al so consider the welfare of the potential entrant, in val uing
the margi nal person. The total welfare (or Benthanmite) criterion does
this; per-capita welfareiswei ghted by the number of people in the
system The total welfare ethic naturally puts a different vauation

on the marginal birth. '8 | n the sinple nodel, equations (29) and (30)

are replaced by

1%
In our notation, the total. welfare rate is L(t)U(t)

The choi ce between per-capita or total welfare is an ethical problem
For a nore conpl ete di scussi on see McN coli (1971).
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1 fLU

aL (31)
] U 3C DU 2D U dE 7U 3B
pL (O} =p_n U L 2C alL + "D aL AE'AL + "B "L } (32

The sign of p (0) is determined by the sign of the terns
in the square brackets, which show the change in the welfare rate due
to an additional person. This is the newy-found utility of the
entering person plus the effect of his presence on the total. popu-
lation. From (32), p.(0) will be positive if the new person's
wel fare gain, U, outweighs society's net welfare | oss. Presum ng
happiness is still to be found in this society, Uwll be positive
and the total-welfare or Benthamte shadow price will be positive in
many situations where the per capita shadow price is negative. In
nost cases then, a. Benthamite ethic will encourage births relative
to a per capita ethic.

Sunmary

For a realistic nunerical solution to the shadow price
problem we would naturally use a much nore conpl ex nodel than the
one in exanple 3 above. However, the sinple nodel does give us sone
insight into valuing marginal births. It was seen that the value is
extrenely sensitive to the choice of discount rate. Under |low inter-
temporal di scount rates the "further-growth-potential” of the margina
birth may nean that the shadow price is infinite or at |east extremely
| arge. Again, in valuing a marginal birth, different ethical posi-
tions yield widely different results. The per capita valuation may
be negative while the nore generous Benthamite valuation is positive.
The sinple nodel al so showed how t he shadow price woul d behave under
changes in preference.
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POl CY | MPROVENMENT

Let us now exani ne the problem of inproving popul ati on
policy. I shall say that policy A, with the tinme vector of policy-
i nstrunent variables, ya(t)

, is better than policy B (with yB(t))

if

t¢ tf
W)U X(t),ya(t), tldt Wt) U x(t),y$(t), t]dt . (33)

o to

That is, policy A is better_than policy B if it produces nore
welfare in the tine period (t ot ¢). 1° This approach is useful for
conparing two potential. policies. The Coal e-Hoover nethod is a
practical case which is simlar to this approach. Coal e and Hoover
(1958) conpare the per capita inconme resulting fromtwo potenti al
fertility-rate trajectories to estinate how much "better" one
trajectory is than the other.

Al t hough in practice we would want to study how the system
responds to different control trajectories, in this paper we are
interested iNgaining insight into what constitutes policy inprove-
ment. For our purpose it is better to concentrate on the effect of
marginal changes in the control trajectory (i.e., variations in

y(t)).

"9For sinplicity | assume a per capita welfare ethic.
The argunents in the case of a total welfare ethic are sinlar.
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Margi nal Policy | nprovenent

Recal | that each control policy, y(t) , has a set of cor-
responding nultiplier functions p(t) (value of a marginal unit of
capital, shadow price of a birth, etc.). 20 Then, since we know from

(20) the effect of a control variation 5 y(t) on the objective

function, we have

tf

p(t) Y] y(H)dt. (34)

t0
Let us define oy(t) , the margi nal policy change, as an jnprovenent

if 6Ji.spositive--that is, if fy(t) yields a net increase in the
wel fare received in (to,tf) . From (34), at timet , asmall
i ncrease in the value of y(t) over the next time unit (provided we

subsequently stay cl ose toO the nominal path), will be an jnprovenent

if

y+1l) (t)a 0 (35)

pol i cy changes. 2* In the case of atwo-dinensional policy vector,

20For marginally different control trajectories, the
shadowv prices, p(t) , will remain the sane.

21We must, however, be careful. If we want to deternine
whether apresent policy instrunent value is "too high" or "too | ow'
relative to the optimal policy valuewe should use p*(t) , the )
optimal shadow prices, in (35). | n the above | use the shadow Prices
p(t) , corresponding to the real future policy (probably non-optimal)
since these valuations, not the optinal ones, will be realized in the
future. Also note that this analysis is valid only for small policy
changes. It tells us the correct direction inwhich to change policy.
Large control changes could cause the shadow prices to change.
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this is illustrated in Figure 3; the arrows indicate the policy

i nprovenent direction over tinme in ahypothetical case.

"l nmproveirx_nt" direction for policy variables yl/y2

Yi

Y2

Fi gure 3

Under wvhat G rcunstances Should a Country |ncrease or Decrease its
Population Growth Rat e?

Suppose the popul ation growh rate, n(t) , is one of the
control variabl es. 22 Equation (35) says we shoul d increase the

population growthrate if

The populationgrowth rate n(t) can be treated asa
control variable if we can elimnate one of the real control vari abl es
Y (), (e.g., fanily planning expenditures) and replace it by

Y (D) - n(b) .
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an+ pT()- F > 0. (36)

Conversely, we should decrease the population growth rate if

an+PT®ON - O . 37)

In an actual analysis, we would use a fairly conpl ex nodel, perhaps
i ncorporating several geographical regions, econonic sectors, the
age-distribution, time |lags, and so on. To illustrate the method

we shall use a fairly sinple nodel.

Exanpl e 4. Let us take a sinple nodel where wel fare depends on the
indices: C, per capita consunption; D, density; E , the environ-
ment; and B, famly size. In this nodel there are two growth

processes, for popul ation and capital respectively,

L —f., (38)

ket —/—m=——

The partials jD/ 3n and aF/ an are zero, since popul ation density

and pollution are not directly functions of population growth. From

(37), we shoul d decrease popul ation growh if

N N

aCan+QBan+P"(t)/\”l_"'p)((t)z)n <O. 40)

That is, in exanmple 4 we should decrease the growh rate if having

f ewer people (~f L /fin) plus the eased dependency burden (dC/ en)
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nore than conpensate for giving up desired children (aB/an) and
| osing sone capital. growth (afK/ dn) 23 Conversely, we should
increase the growh rate if parental desires for extra children plus
a strong popul ation growh stinmulus to i nvestment outweigh the nerits
of nobre consunption (due to fewer children) and having fewer
potenti al people.
Ef fect of Tastes . _Wiether we shoul d increase or decrease popul ation
growt h depends on the preferences between the welfare factors. W
see this nore clearly if we phrase the problemin this way: under
what preferences can we say a certain policy change woul d be an
improvement ?

Taki ng exanple 4 of the previous section, and substituting

for p_(0) , we can say a reduction in growth rate is an Loprovenment if

-Pt U C C U dD DU<QE 2L 24
e (———+ uRe |, 1 (U < aldD . DRUS = -0,

aC 3n XB 3n p—N aC al aD DL aE dL 2n (41)

Whet her popul ation grow h shoul d be encouraged or di scouraged depends

on the social preferences ubDC, avJD, aU dE , dUu ~"3B . One

conbi nati on of social preferences mght indicate a higher growth

rate, another combination a lower growh rate. Stated nore precisely,
231n this paper, we are not interested in the specific form

of the partials aClan , aB/fin , af ,/fin, DX g/an , etc. The reader

who wants to explore these partials further should consult the exten-

sive literature in this area. Robinson and Horl acher's (1971) paper
is useful as an overview and has a good bi bl i ography.

The cost of raising or |owering popul ation growth may
al so be part of c Pn.

* To be consistent with exanple 3 where we derived p (Q |,

we nmust assune that af /Bn = 0 and that there is positive discounting,
-Pt
e

31



let there be a "preference space,” P, the space of all possible

pr ef erence conbi nati ons:

N N At
p_CuUu . "NU < U At (42)
dcC a3 [ H al3
Let F, the "reduction-favorabl e space,” be the subspace of P
where preferences would indicate reduction in growh rate, i.e.,
= NN au
F =aJ ' “U Inequality (41) holds]. 43)

ac ab ' aE aR

If an individual's preferences lie within FF he will favor | owering
the popul ation growth rate; if they lie outside he wil | favor raising
it (under this nodel). This is illustrated in two di mensions in

Figure 4 ; the di agram shows the spread of individual tastes, sonme

peopl e favoring the policy change, others not.

U
9A,
A
F
_ i ndi vi dual .
oo preferences
p=t au XDUI
=t aAlan}
au.
aA.1
Figure 4
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Concl usi ons . The above anal ysis enables us to | ay down sone

condi ti ons on what can be said about the currently debated probl em of

whet her a country should attenpt to increase or decrease its popul ation

growh rate. Views on this issue cover a wide spectrum fromthose of

Paul Ehrlich to those of Colin Cark, with | ess extrenme positions in

between. Inplicit in each argunent is the idea of inproving welfare,

whet her that of nenbers of the biosphere, of underdevel oped countries,
of the church or of any other group. Also inplicit is sone valuation
of future versus present welfare and a set of welfare preferences. The
argumentsusual |y purport to "prove" that tradeoffs are such that
growth or reduction in growh is highly desirable.

When we fornmalize this process, as we have done, it is clear
that even under perfect know edge of all interactions and under perfect
data, rigorously speaking, no absol ute "concl usion" on the issue is
possi bl e. Any conclusion is relative to one s Wl tanschauung and one's
rel ati ve preferences.

For those who would attenpt to resolve this issue for any
gi ven country, the follow ng caveats apply.

1. To determ ne whether a country should increase or decrease its
growt h rate, one nust know (a) the future paraneter val ues of the
system and (b) the conplete trajectory of policy instrunments in
the future. Wthout a preci se know edge of the future, one cannot,
strictly speaking, properly value growh effects, (or in our

%> The above arguments would equally well apply to the

question: Should a country increase or decrease its birth contro
ex . .e

P~ nditures/savings rate/inmrigration rate (or any other conbi nation
of policy variables)?
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fi
context, derivethe "correct” shadow prices p(t). ) For

example, a good nodel, with reasonabl e assunpti ons about future
behavi or, tastes and policies, my show the U S. growh rate to be
"too high." But suppose we expect that a | arge national, disaster
is going to elinm nate 90 per cent of the population in ten years
tine. W would then estimate the shadow prices differently in
conpari son with the no-di saster future, and perhaps even concl ude
that the U S. should increase its growth rate. Uncertainty about
the future nmeans uncertainty about present policy nodifications.

2. There is no "correct"” way to view the problem Different system
models may lead to di fferent concl usions. Even very sophisticated
model s are abstractions of the real world and hence pernit sone bias
in conclusions drawn from them

3. The concl usi on depends on the assuned rel ative preferences in the
model . Individuals with different tastes may arrive at different
results. Since we cannot, according to Arrow (1951), find a set of
preference tradeoffs which represent society as a whole, how can we
find a "conclusion"” that represents society as a whol e?

4. The concl usi on depends on the ethical position taken in the choice
of the welfare function. A Bentharnite ethic would probably give a
result quite different fromthe per capita ethic, yet either ethic
is perfectly defensible.

26Th the case of uncertainty about the future, we could
define 5y(t) as an iLnprovement if it increased the expected val ue

of J . The growth rate problemis then decidabl e under uncertainty,
provi ded we know the rel evant probability distributions.
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5. The choice of interte npor.al discount rate also affects the
conclusion. Yet, there is no '"correct” way to value the welfare

of future generations.

Concl usions on this issue are possible of course; the
pol em ci st need not give up. However, the above conditions show t hat
a conclusion on this issue is a highly relative entity. A mathe-
mati cal analysis has the advantage that it forces one to state

explicitly one's assunptions and ethical position at the outset.
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OPTI MALI TY

In the previous section, we assuned an arbitrary nom nal
policy trajectory, y(t) , and asked: VWhat margi nal changes in this
policy constitute inprovenent? When the nomnal trajectory is
al ready optinmal, the objective function, J , cannot be increased

by policy changes. 27 That is, for policy variation, 6y(t) ,

f ay dy(t)dt O. (44)

c

For a 6y(t) of arbitrary sign, this condition can only hold if

along the optimal trajectory

(t) =O,for all t (45)
Witten out nore fully, the necessary condition for optimality is that

- o
F+pi . =0, for all t ~° (46)
Along with this condition, the earlier conditions nust al so obtain:

the systemdifferential equations nmust hold and p(t) nust satisfy

the multiplier equations (17) and (18).

27Under uncertainty about the future there is no opti nal
trajectory._ A policy which optim zes Expected(J) does exist, however,
at each point in the state-space. See Dreyfus (1965), Chapter VII.

28 WWen the control vector is optimal, the corresponding
mul tiplier functions p(t) are witten p "~ (t)

The notation here is concise. Recall that x(t) is
n-di nensional and y(t) is mdi nensional; therefore, we have m
equations (46), one for each y; . There are n p-val ues and of/ ay
is an mx n dinensional matri x.
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The Optimali ty Equation.

Howdo we interpret (46) in the context of population
policy? Optimality in population policy is a matter of bal anci ng
wel fare tradeoffs. Suppose we adjust the value of the policy instru-
ment at tinme t ; as we approach the optinmal value the costs of
i ncreasing control becone as |large as the penefits of increasing
control. 2° W shoul d stop increasing control when the welfare costs
equal the benefits of a further unit of control. The marginal unit
of control has an inmediate inpact on welfare wWay , plus a | onger-
termeffect on the systemgrowh of/ay (with present value p(t)).
Equation (46), states that for optimality the net contribution to

t he objective function of any margi nal change in control, nust be zero.

pimality Tradeoffs

To illustrate the tradeoffs in maintaining optimality, |et
us take exanple 4 again, but this time with p = 0. In this nodel,
there are two dynamic processes: L = f | (t) for population growth
and K = f «(t) for capital growth. Assuming we control the popul a-

tion growth rate, n(t) , the necessary condition for optimality is

au K + U aB + B (t%_lﬁ()f _
ac an di3 an P an pl£( ) An O. (47)

Along the optimal trajectory, if we make an arbitrary
mar gi nal decrease in the growth rate, there will be private welfare

effects. For optimality, the net inpact on welfare received, J ,

9
Assuming we nmaintain an optimal policy after tine t
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nmust be zero (el se we could inprove the trajectory, and n(t) would
not be optimal). Thus, in this nodel , for a marginal decrease in
gromh rate at timet , the private welfare effects of the reduced
dependency burden plus thesmaller famly size nmust bal ance the soci al
effects of fewer people and a (possibly) |lower capital growth rate.
There are also tradeoffs between receiving welfare in the
present and in the future. For changes in control there will be an
i medi ate inpact on U, the welfare rate, but although the growh
equations al so are changed now, the welfare effect of growh changes
is spread over the future (p(t) gives the present val ue of these
longer-termwel fare effects). Optimal control theory sets policy
| evel s so that these tradeoffs between present and future wll

bal ance al ong the optinmal trajectory.

Particular Population Control Schenes
These social/private and intertenporal tradeoffs will vary
from one popul ation control scheme tothe next. For a schene coercing

a lower growth rate, the chief tradeoffs are: foregoing children

versus achieving a | ess crowded environnment; for a bribery/tax schene:

expense of the transfer paynents versus achieving a | ess crowded

environnment; for fanmly planning clinics in under-devel oped countries:
expense of the schene versus achi eving a reduced dependency burden

and hi gher per capita incone.

It is not the purpose of this paper to exam ne particul ar

30

pol i cy schemes. In constructing a theoretical framework for

30

For a nore detail ed analysis of optimal policies under
di fferent control schenes see Arthur and McN.icoll (1972).
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exam ni ng these schenes, however, we provide a neans whereby the
particul ar tradeoffs in each schenme can be brought into the open
and anal yzed. The study of specific prograns in this manner is an

area where further research woul d be usef ul

Optinmal Policy and Overpopul ation

Let us define a society to be overpopulated if at tinme t ,
the per-capita welfare rate could be increased if the popul ation
were marginally reduced; that is, if aU 3L is negative.

This is not the only possible definition of overpopul ation;
it is atine static one, but it has intuitive appeal. A correspondi ng
Bent hamite definition could be proposed

A reduction in population will have associ ated soci al and
private benefits and costs. Although the net costs may indicate that
society is overpopulated in the static sense defined above, the optim
policy may well be to increase the population |evel

The optimal policy nmust consider not only present welfare
but future wel fare; working through the dynam cs of the system
present policies affect the future and this effect nust be costed

into the decision. W see this clearly in the optinality equation (46).

Optimal Policy Paths and Soci al Adj ust nent
It is interesting to ask the question: To what extent do
societies follow an optimal popul ation path? In a frontier society,

there are significant increasing returns to popul ation for econonic
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(and possibly mlitary) reasons. The soci al value of a nmargina

birth woul d be positive. According to the optimality condition in

t he above exanple, we would expect an optinizing frontier society to
produce children until: a) people already had nore than they privately
desired or they could properly afford, or b) the limts of the child-
beari ng capacity were reached. On the other hand, in the post-

i ndustrial society, high population density plus a deteriorating

envi ronnent conbine to make the shadow price of a nmargi nal person

negati ve. W& woul d expect this type of society to discourage popul ati on
growt h, at least until the "cost of control" (expense of social disrup-

tion, unfulfilled parental desires, etc.) began to outwei ght the benefits.

O course, the decision to have children rests with parents
rather than with society as a whole. The socially optinmal policy
will only be realized if society can influence parents to act inits
interest. Here, we are perhaps unnecessarily inputing a tel eol ogi ca
meaning to the word "society." Society is nerely a collection of
i ndi vi dual s and these individuals do collectively possess wel fare
preferences and sone judgenent as to what is in their collective
interest. The question to what extent society perceives welfare
tradeoffs and readjusts its institutions to cone closer to optinmality

may be an interesting area for further research. 31

% This question is decidable only under assuned soci al
wel fare preferences, ethics and tinme preferences. O it may be pos-
sible to assune society's tine path optimal and to try to deduce the
correspondi ng preferences and ethics.

40



SUMVARY AND_ CONCL USI ONS

In this paper | have attenpted to provide atheoretical
framework for the study of macro-popul ati on policy. Since popul ation
policy inpinges on the econony, the environment, and naturally the
popul ati on, | have selected a broad systens approach, so that policy
can be analyzed in the context of a changing, interrel ated denographic-
econom c-environnmental system The systens approach enables us to
preserve generality in the formul ati on of policy problens. The user
of this framework is free to choose the npdel and the system vari abl es
whi ch best suit his particular problem In the devel opnent of the
theory we have relied on the mathenatics of control theory. The
advant age here is that control theory can recognize the dynanic
nature of the changing system-we are not confined to a tine-static
node. .

The framework also allows the possibility of an arbitrarily
broad social welfare function. In the literature, npbst normative
policy studies have rested on a very sinple welfare criterion, such
as per capita consunption or the economic growth rate. %2 Sinple
criteria, such as these, have usually produced untenabl e policy
recommendati ons. Hence, we nust resort to an approach which can
handl e a wi de range of welfare factors which night be affected by
popul ati on policy (for exanple, crowding, family size, the environnent,

leisure, etc.). By extending the welfare criterion to include an

32 This paper differs fromthose of the so-called Pontryagin
school in another respect. Etere., control theory is used to investi-
gate several issues under non-optinal policies. The sections on the
value of a marginal birth, policy inprovemrent and on whether a
country's growmth rate is "too high" assunme the conti nuance of policies
whi ch are not necessarily optinal
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arbitrary number of such factors, we can analyze the role of relative
preferences anong factors in determ ning rational population policy.
This is especially useful in the study of population policy in
devel oped countries, where non-econonic welfare factors are inportant.
An inportant feature of this type of analysis is that
preci se functional relationshi ps need not be specified. Problens can
be anal yzed in general terns; if nunerical, results are required,
the inplications of assunming a given functional relationship stand
out clearly at the solution stage and are not obscured by prior
anal ysi s.
By neans of sinple exanples, plus a little variational
cal cul us theory, we have exani ned three policy issues:
1. The Shadow Price of a Margiinal, Birth
Mbst studies of the value of preventing a birth have obscured
the role of the tine-discount factor, and the potential contribution
of the marginal birth to further popul ati on and economi c grow h.
Al so, the role of non-economic factors in determ ning the appropriate
shadow price has been ignored. Qur analysis allows us to make the
contribution of each of these factors explicit. One result of the
analysis is that, under reasonabl e assunptions, the shadow price of
a marginal birth may be infinite unless the discount rate is greater
than the popul ation-growh rate. A marginal birth carriesthe poten-
tial for introducing infinite descendants with infinite inpact on
the future econony and f'uture welfare. Thus, the shadow price is
extrenely sensitive to the choice of the intertenporal discount rate,

raising again the probl em of sel ecting a suitable value. Al so,
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different welfare ethics cause major changes in the shadow price.
For exanple, a per capita welfare criterion. may indicate a. negative
value of a. marginal birth, dtotal-welfare (Benthamte) ethic may

i ndi cate a positive val ue.

2. Policy Inprovenent

The second issue we exam ned was the question of inprovenent.
Mar gi nal policy changes (in any policy tine curve, optimal or non-
optimal) cause short and long-termwel fare tradeoffs if the net
benefit is positive, then we define the marginal policy change as
an improverent .__ Which policy changes then qualify as inprovenents?
It is also interesting to turn the probl em around: under what range
of social preferences is a given nmarginal policy change an improve-
nment.? Under one individual's preferences a certain policy change
may be aninprover nt, under the preferences of another it may not.

The study of policy inprovenments gave us a neans of deci ding
when a country should attenpt to increase or decrease its popul ation
growm h rate. The conclusion is affected by the assuned social pref-
erences, the ethics of the welfare criterion, thediscount rate, and
the assuned paraneters and dynamics of the nodel. However, in a
particul ar study, we m ght exami ne the "robustness" of the concl usion,
that is, deternine whether the solution holds over a w de range of

pl ausi bl e assunpti ons.

3. Optimi.i.ty
Finally, we exami ned the problemof optimality in popul ation

Policy. Because of the changing conditions surrounding the policy
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problemthere is no such thing as a popul ation optimumor a single
optimal popul ation growh rate. Optimality in population policy is
a matter of adjusting population policy so that at the margin it
does not pay to adjust policy further. This inplies the existence
of welfare tradeoffs to maintaining optingl. policy. Qur analysis
can show explicitly these tradeoffs between social and private

wel fare as well as tradeoffs between present and future welfare.

The theoretical framework presented in this paper is quite
general . W are not restricted to sinple nodels containing four
wel fare factors and two grow h equations. Qur goal, in this paper
was to obtain sone insight into the structure of the policy issues
and | have therefore avoided conpl ex nodel s which woul d have added
little and merely cluttered the argunent. Naturally, to analyze
actual popul ation problens, planners would use fairly conplicated
models. The main use of this type of analysis would be not so mnuch
to determine actual policies but to bring to the surface the key
i ssues which must be faced by planners in a given situation

Study of the sinple nodels enabled us to add sone insight
and new rigor to such problens as what constitutes "optimal" policy
and under what circunstances a suggested policy i s an "i nprovenent. "

Ri gorously, we can tal k about "optimal population policy,"” but we
shoul d renenber that theconcept exists relative to the chosen nodel
the selected welfare ethic and discount rate, and the assuned present

and future relative social preferences. In addition, to talk about

the "val ue of preventing a birth" and "policy inprovenent” we need
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precise assumptions (or at | east probability di stributions) on the
value of future policy instrunents.

Theexi stence of atheoretical framework does not "sol ve"
the population policy problem. The fundanmental ethical problems
renmain: What isa suitable welfare ethic? Wose relative prefer-
ences shoul d be consi dered? And how should wewei ght the utility of
succeeding gener ati ons? However, given a particular set of answers
to these questions, the theoretical framework allowsthe planner to

exan ne thelogical policy inplications of his ethical position.
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ABSTRACT

Many wel | -defined policy problens can be formally
described as follows: Let x(t) be an n-di nensional vector
describing the state of a systemat tinmnet , and y(t) be an
m di mensi onal vector of policy instrunent variables at time t
Let U= Ux(t),y(t),t] be a nmeasure of the condition or "welfare"
of a systemin state x and adopting policies y at tine t

Then it is possible to evaluate any specified policy fy(t),Ot_<T)
by its inpact on J :JUdi . In particular, an optinmal policy
0

is one that maxi m zes J subject to whatever constraints on x
and y are applicable.

Anal yzing this formulation by means of the cal cul us of
vari ations enables one to relate a variation Sy(t) in policy to
the variation 83 in J that it induces. This relation involves
also a set of multiplier functions (anal ogous to Lagrange mnulti -
pliers) that can be interpreted as the "shadow prices" of the state
vari abl es.

In this paper, population policy is analyzed in the above
format, with stress on the denmographic insights that follow from
the vari ati onal approach. Particul ar problens investigated in
terms of sinmple but fairly general nodels are: the value of a
margi nal birth (the shadow price of the state variable, population);
the conditions under which Sy is a policy inprovenent, i.e., SJ
is positive (enabling, inter alia, a rigorous definition of "over-

popul ation"); and the characteristics of an optimal policy.
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