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The Influence of. Lateral Mass Efflux on Free Convection

Boundary Layers in-a Saturated.Porous Medium

by
Ping Cheng*

Department of Mechanical Engineering
- University of Hawaii
Honolulu, Hawaii 96822

The effects of lateral mass efflux with prescribed temperature and
velocity on vertical free convection boundary layers in a saturated porous
medium at high Rayleigh numbers is studied analytically in this paper,
Within the framework of boundary layer theory, similarity solutions are
obtained for the special case where the prescribed temperature and velocity

A and x(l'])/z respectively. The effects of mass efflux

of the fluid vary as x
on surface heat transfer rate and boundary layer thickness are shown. Applica-
tion to warm water discharge along a vwe]]\or fissure to an aquifer of infinite

extent is discussed.
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- NOMENCLATURE

constant defined by Eq. (3a)
constant defined by Eq. (3b)

specific heat of the convective fluid

. dimensionless stream function defined by Eq. (10)

lateral mass efflux parameter
acceleration due to gravity

permeability of the porous medium

| thermal conductivity of the porous medium

Tength of the source or sink

mass transfer rate

~ over-all surface heat transfer rate

local heat transfer rate

‘modified local Rayleigh number, Ra = p 9BK|T -T_[x/uo

temperature

velocity component in vertical direction
velocity component in horizontal direction
vertical coordinate

horizontal coordinate

equivalent thermal diffusivity

coefficient of thermal expansion .

 boundary layer thickness

dimension]ess simi]arity variable defined by Eq. (9)

‘value of n at the edge of boundary layer

dimensionless temperature defined By Eg. (11)
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A constant defined by Eq. (3a)

H viscosity of convective fluid
p density of convective fluid
/] stream function |

- Subscript
© ~ condition at infinity

W condition at the wall

iii



’

‘Introduction

The effects of blowing and suction a]qng a vertieal flat plate'bn free
convection in air or water have been the subject of numerous investigations.
Eichhorn [1] studied these effects for a class of problems where both wall
temperature and the blowing er suction velocity are prescribed-power‘functions
of d1stance from the leading edge Based on the boundary layer approximations,
Eichhorn shows that s1m11ar1ty solutions for the prob]em are possible if the -
exponents in the prescribed power functions are related in a,part1cu1ar manner.,
Sparrow and Cess [2] studied the more general problem with arbitrary values
of exponents by a perturbation method.) The problem was also studied by
Mabuchi [3] who used an 1ntegra1 method.

The ana]ogous problem of the effects of recharge or w1thdrawa1 of fluid

along a vertica1 11ne source or sink on free convection in a porous med1um at

high Ray]elgh numbers, where both the temperature of the f1u1d along the 11ne
source or sink (Tw) and the blowing and suct1on velocity (vw) are prescribed
power functions of distanee, is studied in the present paper. If the boundary
layer approximations similar to those employed by Wooding [4], McNabb [5],
Cheng & Minkowycz [6], and Cheng & Chang [7] are invoked, and if the prescribed
power functions are given‘by Tﬁ = Tw;AxA and‘vw = ax", it is found that
similarity solutions areapossible ifn =»(A-1)/2. The problem has a number of

important engineering and geophysical applications. For example, the residual

warm water discharged from a geothermal pdwer plant is usually disposed of through

subsurface reinjection wells which can be idealized as vertical line sources
in a porous mediume If the temperature of the injected fluid differs from
that of the receiving groundwater in the rock formation, the injected fluid

would experience a positive or negative buoyancy force (depending on the



relative temperature difference) which results in a conyective movement of'r
-groundwater near the we11. Simi]ar1y, convection of gr9undwater also occurs
near the vertical fissures or cracks during the natural recharge of aquifer,-
whenever the temperature of the groundwater discharged from the fissures and'
cracks differs from that of the feceiving water in the aquifer. |
Analysis )

Figure 1 shows the problem of recharge or withdrawal of fluids along a
vertical Tine source or sink embedded in a saturated porous medium, where
the temperature along the source or sink is given by Tw = TmtAxA'(with T,
denoting témberature at infinity and A>0) and the discharge or withdrawal rate
- is given by Vy = ax" where a>0 for discharge of fluid and a<0 for withdrawal
of fluid. If we assume that (i) the convective flow is due to the density
difference between the sburce (or sink) and-at infinity, (ii) the temperature
~ of the fluid is everywhere below the boiling point, (iii) the convective fluid
and the porous medium are everywhere in local thermodynamic equilibrium,
(iv) properties of the fluid and the porous medium are constant, and (v) the
Boussinesq approximation is employed, it can be shown that the governing |

- equations with boundary layer simplifications are given by [6]

2%y = % PPIK a , (1)
ayz Y ' oy : |
%1 1w aT awar) @
. 2 o 9

ay 3y oX yax Qy

~ where the "+" and "-" signs in Eq. (1) are for the cases of Tw>Tm (Fig. 1a)

and Tw<T°° (Fig. 1b) respectively. In Egs. (1) and (2), p, u, and B are the



: density,4viscosity;'and:thézthermaT:expansiOn-coéffiéient of the fluid; - " -

‘g is the gravitational acceleration; K is the permeability of ‘the porous™ =~~~ -7

: medium;*d.= k/(.pwcp)f is the equivalent thermal diffusivity with k denoting -
the thermal conductivity of the porous medium and:(pwcp‘)f .the density and
 specific heat of the fluid; ¢ is the stream function defined in the usual
5 =Y ;= - 3
manner, i.e., U 3y and v X
For the coordinate system shown in Fig. 1, the boundary conditions are

‘given by
y=0 , T = T, :-ﬁxl s Y= - %%4= ax" s (3a,b)
o0 " = '=>.a_‘£= .
y -+ s T=T, . u 3y o . (4a,b)

With the exception of boundary condition (3b), Eqs. (1)-(4) are}identica] to

the governing equations and boundary conditions for the prob1em of free
convection about a vertical flat plate embedded in a porous medium where
similarity solutions have been found [6]. It can be shown that similarity
solutions to Egqs. (1)-(4) exist if n = (A-1)/2, and that under such a restricted
condition the governing equations and boundary conditions can be»transformed
into |

fll - el » (5)

n
o
-

or + LA ot - afto=0 , (6)



with bohndary conditions given by -
n=0 , e=1 , f=f , | (7a,b)
N 6=0 , f =0 , (8a,b)

where the simi]ariiy'Qariab1es,n; f, and 6 are defined by

1/P9BK(T,~T,) o
n =v/* oK Yy ’ | (9)
op,98K(T ~T_)x
=V ! fin ’ (]0)
H .
() = (1)
é(n) = === ,
| T
< 1/2

B /[ap,,,gm
and fw = -2a ™

and negative for the discharge of fluid. In terms of the new variables, the

] (1#1) which is positive for the withdrawal of fluid

vertical and horizontal velocity components are given by

i pmgs(Tw-Tm)K
m

u

f'(n) ’ , (12)

and

BK(T -T ‘ :
V= '|/2vdp°°'g ixw m) L(-a)nf* - (:)F] . (13)

With the éid of boundary condition (8), Eq. (5) can be integrated to give
f.'e = 0 ’ ‘ ' ) (]4)

which shows that veftical velocity and temperature have the same shape.



Results and Discussion
.,quuations;(lﬁ),'(G),-(Z) and (8a) or (8b). are the'éqverning.equationsd _
and boundary conditions for-the_problem; which can be integrated numerically
by means of the Runge-Kutta method incorporated with the shooting technique
for a systematic gueésing'of e'(O) Numerical results for f(n), 8'(n), f'(n)
or 6(n) for selected values of A with f = -1.0 to 1.0 are shown in Figs. 2-4.
It is noted that fw =0 corresponds~to an impermeable vertical flat plate
embedded in a porous'medium. ;
Figure 2 shows that the value of 6 or f' decreases from 1 to 0 as n is
increased from zero at different values of fw’ If the edge of the boundary
. layer thickness (denoted by “6) is defined as the value of n where 6 (or f')
has a value of 0.01, it follows from Eq. (9) that the expresston for the

: boundary layer th1ckness § is

x [0

\/—;i— , ()
VR,

where Ra, = pngBx(Tw-Tw)/ﬁd is the modified Rayleigh number, and the value
of ﬁ& for selected A is presented in Table 1 ahd plotted in Fig. 5, where it
is shown thét the boundary layer thickness decreases as the.vaIue of fw
‘increases from -1.0 to 1.0. The expression for local heat flux can be shown

to be

| ‘ — -
| o_gBK 5
aloy) = L= w222 e (6)

where the value of -0'(n) is plotted in Fig. 3, which shows that its value
‘ decreases from a maximum value to zero as n is increased from zero. The

express1on for surface heat flux g(x) is g1ven by Eq. (16) with n = 0 and the



total surface heat rate (per unit width perpendicular to. the x-y plane) along

the line soﬁrce 6r sink with a height L is
L 55 LI
= = 1 ad/2Y[ 7 2 rogt
Q- Ib alx)ix = a2 (FL® re@1 . (7

~ where the value'of:[-éi(o)] for selected values of A is tabulated in Table 1
and is plotted in Fig. 6, Which éhows that heaf transfer rate fﬁcreases as the
value of fw is increased. Consequently, the values of q(x) and Q increase as
the value of f_ is increased.

With the aid of Eqgs. (13)'and:(8b); the horizontal velocity component at

infinity is given by

- 11 foo g8K(T -T . |
IR AU Y )

ﬁhich can be positive or‘negative depending on the sign of f(«), which in tufn,
depending on the value of fw' It iskshown in Fig. 4 that although f(«) is
positive for the range of parameters considered, it cou]d be negative for
sufficiently large negative values of fw’ i.e., for strong discharge rates.

JFina]ly, the total mass transfer rate (per unit width perpendicular to the
x-y plane) along a verticdl ling source or sink with a length L is |

\ an

v(x)dx=20aL.2 /1), (19)

‘m = P, J
o]

where we have made use of Eq. (3b).
As is discussed in Ref. 6, the range of A for which the problem is
physically realistic is 0<i<1 which fo]]ows’from the simultaneous consideration

of Egs. (13) and (15). We sha11'how discuss the variation of § and q(x), as



~given by Eqs,.(ls) and . (16), for the special cases of A = 0, 1/3, and 1.

- (a) A= o'correspondihg to the:case of Unfform-wa]lrtemperature<withrrv*- -

v, v V2 50 k12 ang qnx V2,
(b) X = 1/3 corresponding to the case of uniform heat flux with

. vy 13, T, @ /3 and &~ x/3,

(d) Z = ] corresponding to the case of uniform wall velocity with

v

TQ @ X, & = constant and q N X,

TQ gain some insight on the magnitude of various physical quantities,
consider the discharge of warm geothermal water at 90°C (i.e., A =0) from a
fissure crack or well of 500m to an aquifer at 15°C with f_ = 1.0. We used

- the following value of pﬁysica1 properties for computations: p_= 0.92X1069m/m3,
C=1 cé]/gmfc, k = 0.58 cal/sec-c-m, y = 0.3, g = 9.8m/sec2, u = 0.68 gm/sec-m
and K = 10'10m2. From the definition of f&-and Eq. (19), we found that the
discharge kate is approximately 45 gal/hr per‘meter width perpendicu]af to the x-y
plane. The correspondinéiboundary layer thickness aé_éiVen by.Eq. (15) is

approximately 30m at x = 500m. \
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TABLE 1 Values of -6'(0) and & for Selected Values of f,, and A

- -6'(0) g

f, : | —
| =0 A=1/3 =1 =0 | a=1/3 =1
-1.0 .2043 . .3971 .6180 | 7.84 7.58 7.20
- .8 ";2432 .4416 6770 | 7,58~" 7.21 6.67
-.6 | .2865 4917 .7440 7.29 | 6.81 6.12
L4 3345 .5476 .8198 6.98 6.40 5.59
- .2 .3870 .6096 .9049 6.65 | 5.98 5.08
0 4438 .6776 1.000 6.31 5.57 | 4.60
.2 .5050 .7517 1.104 5.96 5.17 4.16
4 .5701 .8316 1.219 5.61 4.79 3.77
6 .6389 o169 | 1.344 5.28 4.44 3.42
.8 1M 1.007 1.477 4.96 4.1 3.12
1.0 .7863 1.102 1.618 4.65 3.81 | 2.85
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