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CONNECTIVITY OF RANDOM NETWORKS

By Viqar Ahmed Minai

A dissertation submitted to the Graduate Division of the
University of Hawaii in partial fulfillment

of the requirements for the degree of
Doctor of Philosophy

ABSTRACT

The concept of message propagation over random networks is of

fundamental importance in such diverse problem areas as spread of an

epidemic in a closed population, design of survivable communication

networks, connectivity of neural networks, etc. Major limitations of
~

~'"

the approaches available in literature for dealing wtth the connectiv

ity of random networks, are as follows:

i) Exact methods have been developed for the analysis of specific

models. These become un-wieldy for large networks. A simplified pro

pagation model has been used by Solomonoff and Rapoport for determining

an approximate value for the weak connectivity constant of a particular

homogeneous random graph. However, a similar approach, when used with

some other homogeneous random network models, leads to un-realistic

results.

ii) Most studies on the connectivity of random networks make use

of homogeneous random graphs for modelling the network. However, a num

ber of practical communication networks cannot be adequately modelled
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by homogeneous random graphs.

In this thesis the problem of connectivity of random networks is

considered from the standpoint of developing new approaches applicable

to a broad category of homogeneous random graphs, and proposing and

analyzing new random graphs models for practical communication networks.

The following major results have been obtained:

i) A new propagation model has been developed for determining an

approximate value of the weak connectivity constant of homogeneous

random graphs. In contrast to the simplified propagation model of

Solomonoff and Rapoport, the new model takes into consideration the

possibility of termination of the message propagation process at any

intermediate step. The new approach has been tested with a number of

existing and new homogeneous random network models, and has been found

to give consistently good results in all these cases.

ii) An exact recursive approach has been developed for determining

the weak connectivity constant of outbundle independent homogeneous

random graphs. It is shown that the recursive approach can be used in

an indirect manner to determine the weak connectivity constant of in

bundle independent homogeneous random graphs. Upper bounds on the weak

connectivity constant, which can be evaluated in a straightforward

manner, have been obtained for outbundle as well as inbundle indepen

dent homogeneous random graphs.

iii) A homogeneous cluster random graph model is proposed for

communication networks with geographical distance bias. It is assumed

that the vertex set of the random graph could be partitioned into
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smaller subsets (clusters) such that the distances between vertices in

the same cluster are approximately equal. Under this assumption, direct

connections between a pair of vertices in the same cluster exist with

equal probability, while the edges connecting the vertices in different

clusters could be assigned probabilities depending upon inter-cluster

distances. A generalized recursive approach has been developed for

determining the weak connectivity constant of outbundle independent,

homogeneous cluster random graphs. In addition, a simplified recursive

approach has been found for determining an approximate value of the

weak connectivity constant of a special homogeneous cluster random

graph.
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CHAPTER 1

Introduction

1.1 Background

Communication over a network is of interest in a variety of

problem areas. Low-cost decentralized computer communication networks

could utilize propagation through a scattering of radio stations. Each

station, upon receiving the message, transmits it k times and then

discontinues transmission. The message is randomly picked up by some

adjacent stations and the process repeats itself. The process, known

as store and forward, could eventually contact the desired station

[1,2].

Random message propagation through networks is related to the

connectivity of networks. The concept of random message propagation

can be used to determine the expected number of vertices in a network

that can be reached starting from a given vertex. This quantity,

called the weak connectivity constant of a random graph becomes impor

tant in the study of neural networks [3-6], in the spread of an epi

demic in a closed population [6], in the design of survivable communi

cation networks [7-9] and in the study of growth of a new service in

a population [10].

A number of graph theoretic models have been suggested for the

study of the above-mentioned problems [4-15]. Landau [4] has used a

random walk model for the analysis of a particular kind of random
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graph called the "outwardly homogeneous random graph". Gilbert [11]

has used enumeration and recursion for studying the connectivity prop

erties of a random graph generated by the process of random erasure

of edges from a complete graph. For the same random graph, Mattei and

Fischl [13] have given a probabilistic analysis which takes into con

sideration all possible outcomes at each step of message propagation.

A propagation model, based on certain simplifying assumptions, has

been used by Solomonoff and Rapoport [6] for determining an approximate

value for the weak connectivity constant of the outwardly homogeneous

random graph. It has been shown [4] that the correspondence between

the approximate value thus obtained, and the value obtained by a formal

analysis is extremely good especially for large networks. However, a

similar approach used with other random network models sometimes yields

results which fail to take into account important network parameters.

Monte-Carlo programming and simulation have also been used for studying

the connectivity properties of random networks [14,15].

At present, there is no known analytical method to deal satisfac

torily with all the existing random network models. Exact methods

[4,5,11,13] have been developed for specific random network models.

They are cumbersome and do not always lead to a closed form solution.

The simplified approach of Solomonoff and Rapoport [6] gives good

results only for the outwardly homogeneous random graph. A possible

reason for this could be that the assumptions made in order to simplify

the analysis are realistic for this model but are inadequate in some

other situations. Lastly, it may be mentioned that in most cases the
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random graphs used for modelling the networks have to satisfy certain

properties which render them inadequate for modelling many practical

communication networks.

1.2 Research Goals, Results and Organization

In this thesis the problem of connectivity of random networks is

considered from the standpoint of developing new approaches applicable

to a broad category of homogeneous random graphs, and proposing and

analyzing new random graph models for practical communication networks.

The following major results have been obtained:

i) A new propagation model has been developed for determining

an approximate value of the weak connectivity constant of homogeneous

random graphs. In contrast to the simplified propagation model of

Solomonoff and Rapoport [6], the new model takes into consideration

the possibility of termination of the message propagation process at

any intermediate step. The new approach has been tested with a number

of existing and new homogeneous random network models, and has been

found to give consistently good results in all these cases.

ii) An exact recursive approach has been developed for determining

the weak connectivity constant of outbundle independent homogeneous

random graphs. It is shown that the recursive approach can be used in

an indirect manner to determine the weak connectivity constant of

inbundle independent homogeneous random graphs. Upper bounds on the

weak connectivity constant, which can be evaluated in a straightfor

ward manner, have been obtained for outbundle as well as inbundle
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independent homogeneous random graphs.

iii) A homogeneous cluster random graph model is proposed for

communication networks with geographical distance bias. It is assumed

that the vertex set of the random graph could be partitioned into

smaller subsets (clusters) such that the distances between vertices

in the same cluster are approximately equal. Under this assumption,

direct connections between a pair of vertices in the same cluster

exist with equal probability, while the edges connecting the vertices

in different clusters could be assigned probabilities depending upon

inter-cluster distances. A generalized recursive approach has been

developed for determining the weak connectivity constant of outbundle

independent, homogeneous cluster random graphs. In addition, a simpli

fied recursive approach has been found for determining an approximate

value of the weak connectivity constant of a special homogeneous clus

ter random graph.

In chapter 2 we introduce the terms and notations necessary to

formulate the problem and fOllow these up with a brief description of

message propagation process and a review of the important techniques

existing in the literature for dealing with the connectivity of random

networks.

In chapter 3 we give a summary of the important results obtained

in this thesis. These include the results obtained by the application

of existing techniques to certain random graph models, as well as the

results obtained by using the approaches developed in this thesis.

Chapter 4 is devoted to the discussion of the simplified
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propagation model of Solomonoff and Rapoport and its application to a

number of existing and new random graphs. The homogeneous outbundle

independent random graph, which includes some of the existing random

graphs as special cases, is introduced in this chapter.

In chapter 5 we introduce the concept of termination of the

message propagation process at an intermediate step and develop a

modified propagation model for the connectivity analysis of random

graphs. A number of random graphs have been analysed using the modi

fied model. In each case, an upper bound on the solution yielded by

the modified model has been obtained.

In chapter 6 we present a recursive approach for studying the

connectivity properties of a class of random graphs. In chapter 7

we introduce the homogeneous-cluster random graph and develop a gener

alized recursive approach (GRA) for the connectivity analysis of this

graph. A simplified recursive approach (SRA), suitable for the

analysis of a special type of homogeneous-cluster random graph, is

presented in chapter 8.

Concluding remarks and recommendations for further study are given

in chapter 9.
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CHAPTER 2

Preliminaries

2.1 Terms and Notations

In this section we introduce the terms and notations that are

basic to the understanding of the connectivity of networks.

A communication network consists of a set of communication centers

interconnected by lines over which information can be transmitted. This

network can be graphically represented as a graph.

A graph G is an ordered pair (V,E) where V= {Vl ,v2' .•• ,Vn} is a

set of n (O<n<oo) vertices and E ={{vi,vj)\vi,VjEV, i~j} is a set of

directed edges. Note that as the graph has been defined, at most one

edge is permitted between a distinct pair of vertices and self-loops

are not allowed. This does not result in any loss of generality, since

self-loops and parallel edges are inconsequential as far as the connec

tivity of a graph is concerned. Hence self-loops can be eliminated and

parallel edges between vertices can be replaced by a single edge with

out changing the connectivity of the graph.

The outdegree do{j) of a vertex vj is the total number of directed

edges with vj as the initial vertex. The indegree di{j) is the total

number of directed edges with vj as the terminal vertex.

An mxn matrix A = [aij ] is a Boolean matrix if aij E [0,1] for all

i =1,2, ••• ,m and j =1,2, ••• ,n. An nxn Boolean matrix satisfying

aii = 0 for all i can be associated with an n-vertex graph G such that
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otherwise .

By assigning a suitable probability measure to these

A is called the adjacency matrix of G. Conversely a graph G can always

be associated with an nxn matrix A defined as above.

Consider the sample space Q of all nxn Boolean matrices satisfying

a.. = 0 Vi.
11

Boolean matrices in Q we can define a probability space. The n(n-l)

off-diagonal elements of A are then binary random variables. The

ensemble of graphs associated with the matrix A, specified by the joint

statistics of these n(n-l) random variables will be called a random

graph G. In this thesis, upper case script letters will be used to

denote random variables. If, under the operation of re-labelling of

the vertices, the statistics of the n(n-1) random variables in A remain

unchanged then the associated random graph will be called a homogeneous

random graph.

The outbundle 0i of a vertex vi in G is the set of vertices that

are adjacent from vi:

O. = {v. I (v.,v.) E E}
1 J 1 J

Note that the number of elements in 0i is the outdegree of the vertex

vi. The inbundle l k of the vertex vk is the set of all vertices

adjacent to vk:
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A random graph will be called outbundle independent if

n
IT

j=l
Pr[O.=o.J Vo .•

J J J

An inbundle independent random graph can be defined in a similar way.

A random graph will be called a completely independent random graph if

it is inbundle as well as outbundle independent.

A vertex vj is a descendant of the vertex vi in G if there exists

a directed path in G from vi to vj . A graph G is said to be strongly

connected if for all i and j, ifj, there exists a directed path from

the vertex vi to the vertex vj . In addition we shall say that a graph

is totally connected from a vertex vi if all the vertices in G are

reachable from vi.

Let Ul and U2 be subsets of V. The set of vertices in U2 that are

reachable from at least one vertex in Ul will be denoted by CU1 ,U
2

:

= {Vj EU2 I vj is reachable from at least one

vertex in Ul } •

In a homogeneous random graph, the number of vertices that are descen

dants of any vertex V is a random variable. The fraction of the

vertices which are descendants of V, averaged over" the ensemble, is

called the weak connectivity constant, y, of a homogeneous random graph:

y = ~ E[ICv,v IJ

where ICv,v l denotes the number of elements in the set CV,V. A general
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connectivity constant~ p~ is also defined for a random graph [16]~ as

a random number between 1 and n such that p takes a value of k if there

are k components in Gn. A component in a graph G can be defined as a

maximal subgraph of Gwhich is totally connected from at least one

vertex in the subgraph. In this thesis we shall be concerned only with

the weak connectivity of a random graph.

In the following we give some examples of homogeneous random

graphs.

i) Fixed Outdegree-a Random Graph (FORG). The outbundles of G

are statistically independent. Moreover~ for all i

1/ (n=1)~ ~ if 10i l = a ~

Pr[O.=o.] =
1 1

o ~ otherwise .

ii) Fixed Indegree-a Random Graph (FIRG). The inbundles of G are

statistically independent. Moreover~ for all k

1/ (n=1)~ ~ if likl = a ;

o ~ otherwise .

iii) The Completely Independent Homogeneous Random Graph (HCIRG).

The n(n-l) off-diagonal elements of A are statistically independent~

identically distributed random variables~ with
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A different ensemble, called the outwardly homogeneous random

graph, has been considered by researchers in the field of bio-physics.

This graph permits up to a self-loop for every vertex and up to a

parallel edges between a distinct pair of vertices, in such a way that

each vertex has a fixed outdegree of a. The definition of random graph

given above can be extended to include this ensemble by allowing every

element of A to be a discrete random variable between zero and a.

Alternatively, we can transform the outwardly homogeneous graph of

degree a into an outbund1e independent homogeneous random graph without

self-loops and parallel edges by modifying the statistics of the out

bundles. In the transformed graph, the outdegree of each vertex would

be a random number between zero and a, rather than a fixed number a.

In the following we give a brief description of the message propa

gation process.

2.2 Message Propagation Process and the Weak Connectivity of a
Random Graph

Let {Vk}, k =O,l, ••• ,n-l be the set of all vertices whose mini

mum distance (in terms of the number of edges) from the vertex Vs E V

is k. Also let {Tk}, k = O,l, •.• ,n-l be the set of all vertices which

are within a distance of k from vs ' Clearly

k
{T} = U {V

J
,}

k j=O

It is evident that if a message originates at the vertex Vs and

propagates over the network, the vertices belonging to {V1} will be
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contacted at the first step. From these, the message would propagate

to the vertices belonging to {V2} at step 2. The vertices belonging

to {Vk} would be contacted for the first time at step k. It is also

obvious that all the vertices contacted up to, and including, the step

k belong to {Tk}. Let Zk and Xk denote the number of vertices in the

set {Vk} and {Tk}, respectively. Thus

Zk ~ Number of vertices contacted for the first time at step k,

Xk ~ Total number of vertices contacted up to and including
step k,

Yk ~ Number of vertices still uncontacted after step k = n-Xk.

Fig. 2.1 shows the quantities Zk' Xk and Yk at the end of step k.

In a random graph, the quantities Zk and Xk are random variables

related by

(2.1)

Clearly, the number of vertices that are descendants of vs in G is

given by Xn_1• The weak connectivity constant of a homogeneous

random graph is therefore given by

2.3 Literature Review

y = 1 E[X 1]n n- (2.2)

The connectivity of random graphs has received considerable

attention in the literature. Different random graphs have been used
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by different researchers for modelling the communication network of

their interest [3-15]. Several approaches have been used to determine

the connectivity properties of these network models. These include

enumeration [11,12], recursion [11], simple random walk models [4],

Markovian chains [5], message propagation models [6] and Monte-Carlo

programming and simulation [14,15]. In most cases the application of

a certain approach has been limited to the analysis of a particular

random graph. In this section we give a brief review of the important

network models and the techniques used for studying their connectivity

properties.

Aformal analysis for a particular outbund1e independent random

graph, namely the outwardly homogeneous random graph of degree-a, has

been given by Landau [4] by using a simple random walk model. Based

on this model the following expression for the weak connectivity

constant (y) has been obtained:

1 _ y = 1 nIl s.(n~l) (1 _ ni)(n-i)a, (2.3)
n i=l 1 1

where the Sils are constants which can be obtained by solving the (n-1)

linear algebraic equations

k = ~ S.(~)(l _i)(k-i)a
i=l 1 1 n

k = 1,2, ... ,n-1. (2.4)

For the same graph, Solomonoff [5] has used a Markov process model in

order to determine the weak connectivity constant. This method

requires the evaluation of (n2+1) probabilities at each of the (n-1)
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transition steps.

Using enumeration techniques, Gilbert [11] has obtained an

expression for the probability (p~) of the strong connectedness of an

n-vertex undirected completely independent homogeneous random graph:

( 2 12. 22. 2. )N-l n - Jl- J2-···-n I n(-1) (N-l)! n! r
j j j

. 1 . 1 (1 1) 1(21) 2 (I) nJl··· ·In·· .••• n.

(2.5)

The sum is extended over all non-negative integer solutions such that
n
k~lkjk = n. The letter N in the sum is N= jl+j2+.•.+jn. For large

values of n, the number of terms in the summation becomes extremely

large and it becomes easier to determine p~ using the recursive

expression

1 _ pi = k~l (k.-l) p~ (l_r)j(k-j )
k L k = 2,3, .•• ,n

j=l J-l J

(2.6)

with initial condition

pi - 11 -

Gilbert has also obtained an expression for the probability (R~) of the

existence of a path between a pair of vertices in an n-vertex undirect-

ed HCIRG:

1 _ R' = nf(n-2)p, (l_r)k(n-k)
n k=l k-l k

(2.7)
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An enumerative approach has been used by Heap [12] for obtaining upper

bounds on the probabilities pi and RI for an n-vertex directed HCIRG.
n n

These are good only for large values of r.

The difficulties of enumeration can be avoided by computing the

probabilities of all possible outcomes at each step of message propa

gation through the network. This involves the determination of the

probabilities of all possible values of Xk and Zk at each step k. Using

the law of total probability the joint probabilities of Xk and Zk' for

all k = 1,2, •.• ,n-1, can be determined recursively from the expression

(2.8)

with initial condition

PX Z (x,z) = ~ 1
0' 0 o ,

x = z = zo

otherwise
(2.9)

where Zo is the number of vertices that originate the message. The

summations in (2.8) extend over all permissible values xk_l ' zk_l at

step k-l. The conditional probabilities Px Z IX Z (xk,zk1xk_l'
k' k k-l' k-l

zk_l) can be determined from the knowledge of the probabilistic

structure of the random graph. In the case of an HCIRG, for instance,

it has been shown [13] that
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D, otherwise,

where

Zk-lrk = 1 - (l-r) •

From the joint distributions, one could determine the marginal distri

butions PXk(Xk) and PZk(Zk)' and the expected values of Xk and Zk at

each step k:

(2.1D-a)

(2.1D-b)

This approach has been taken by Mattei and Fischl [13] for the analysis

of the HCIRG.

Using a simplified propagation model, Solomonoff and Rapoport [6]

have shown that an approximate value for the weak connectivity constant

of large outwardly homogeneous random graph of degree ~ is given by the

non-zero root of the transcendental equation

'",.. -~y

Y = 1 - E • (2.11)

The major simplifying assumption in their model is that, for all
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k = 1,2, .•• ,n-1, the number of vertices contacted for the first time

at step k is actually equal to the expected number of vertices that

can be contacted at that step, given that Zj actually assumed its

expected values at all previous steps j = 1,2, .•. ,k-l. For a large

HCIRG, Mattei and Fischl have taken a similar approach in order to

determine an approximate value for the weak connectivity constant.

In view of the difficulties in obtaining analytical results,

Monte-Carlo simulation has been used by Baran [14] for studying the

connectivity properties of another special graph. The graph is in

the form of a grid in which each vertex is connected only to its

nearest neighbors, according to a specified rule. The vertex degree

has been used as a measure of complexity and curves have been obtained

for the mean fraction of the edge reliability. Monte-Carlo programming

has also been used by Wing and Demetriou [15] for studying the connec

tivity properties of certain random networks.
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CHAPTER 3

Discussion of Results

A number of important results have been obtained in this thesis.

These can be subdivided into:

i) Results for homogeneous random graphs using propagation models.

ii) Results for homogeneous random graphs using recursion.

iii) Results for homogeneous cluster random graphs using recursion.

In this chapter we give a summary of each of these, and discuss their

significance.

3.1 Results for Homogeneous Random Graphs Using Propagation Models

In chapter 4, the simplified propagation model of Solomonoff and

Rapoport [6] has been used to determine an approximate value of y for

the fixed indegree-a random graph and the homogeneous outbundle inde

pendent random graph (HOIRG) with E[IO.\l = ~. Table 4-1 summarizes
1 ..

the values of y and .y (the approximate value) for three different HOIRG
I II III I . II .G , G , and G • The random graph G 1S an FORG, G 1S a completely
n n n n n

independent homogeneous random graph (HCIRG), while in G~II the out-

degree of each vertex is specified by

Pr[IOil=O] = PR[IOi l=2a] 1= "2 Vi = 1,2, •.• ,n .

Graphs have been. considered with n = 20 and 50 vertices, with values of

a = 2, 3, and 4. The values of y and .y for an FIRG with n = 50 ver

tices and a = 2, 3, and 4 are shown in Table 4-2. In all the cases the
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exact values of y were determined by using the recursive approach in

chapter 6.

An examination of the results in Table 4-1 shows that the corre

spondence between the values of y and y is good only for the FORG.

Significant differences exist between the values of y and y for GIln
when ~ = 2, while for a = 3,4 small differences still persist. The

differences between the values of y and yare large in the case of

G~II for all values of a. In the case of the FIRG, Table 4-2 shows

that the value of y varies directly with a, while y takes a value of

unity irrespective of the value of a.

The simplified propagation model was originally proposed for

determining an approximate value of y for a particular outbund1e inde

pendent random graph, namely the outwardly homogeneous random graph of

degree-a. For this random graph, Landau [4] has shown that the values

of yare in excellent agreement with the exact values of y. It has

been asserted [6,16] that the expression for y obtained for this par

ticular graph (equation 2.11) would be also valid for other random

graphs in which each vertex independently has an average of a outwardly

directed edges. In the light of the results obtained for GIl and GIll,
n n

the above assertion seems to be invalid. Moreover, in the case of the

FIRG we see that the values of y do not reflect the effect of the fixed

indegree a--an important network parameter. A possible reason for the

differences in the values of y and y cited above, could be the assump

tion in the simplified propagation model that at each step of message

propagation, an expected number of vertices actually get contacted;
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that is, the message propagation process does not terminate at any

intermediate step. This assumption seems to be un-realistic in many

cases.

In chapter 5, the modified propagation model has been used to

determine another approximate value (y') for the weak connectivity

constants of G~, G~I, and G~II defined above, and the FIRG. The modi

fied propagation model incorporates additional assumptions which take

into consideration the possibility of the message propagation termi

nating at each intermediate step. The values of y' and y for the FIRG

are shown in Table 5-1. The values of y and y' for G~, G~I, and G~II

are shown in Tables 5-2, 5-3, and 5-4, respectively.

An examination of Table, 5-1 reveals that y' for the FIRG varies

directly with a and is in close agreement with the exact value y. It

was noted above that the approximate value y for the FORG was in

excellent agreement with the exact value y. An examination of Table

5-2 shows that for this random graph the close correspondence between

the approximate and exact values of the weak connectivity constant is

preserved, when the modified approach is used, as it should be if the

approach is to be consistent. Further, an examination of the Tables

5-3 and 5-4 reveals that as a result of the application of the modified

approach, the approximate value y' is in close agreement with the exact

value y, for both G~I and G~II. An idea about the extent of improve

ment in the approximate value of the weak connectivity constant by

using the modified model, can be formed by comparing the absolute value

of the percentage error in estimating y, when the simplified propaga-
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tion model and the modified propagation model are used respectively.

This has been done in Table 5-5 for the FIRG, G~I and G~II when n = 50

vertices in each graph and a, a = 2, 3, and 4. It is seen that in all

the cases where the application of the simplified model resulted in

large errors, the improvement is very significant. In the case of G~II ,

for instance, the percentage error in estimating y is 5.3%, 0.8%, and

0.2% for a = 2, 3, and 4 respectively, when the modified model is used.

The corresponding values of the percentage error when the simplified

model is used are 116%, 100%, and 97%, respectively. Similarly for G~I,

the values of the percentage error given by the simplified model and

the modified model when a = 2 and n = 50 vertices are 24% and 10%

respectively. It is generally observed that when a, a ~ 3 the percent

age error in estimating y is negligible when the modified propagation

model is used.

Since closed form solutions for y' are not obtained when the

modified approach is used, bounds which provide good estimates of y'

and which are easy to compute are of considerable significance. In

theorem 5.1 we show that for an HOIRG the expected number of uncontacted

vertices at each step k, obtained by using the modified model, is

bounded above by Yk which is the expected number obtained by using the

simplified propagation model. Using this theorem an upper bound on y'

for this graph is obtained as

Since y is close to y' only in case of the FORG, a refinement is
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obtained by considering the expected number of eventually uncontacted

vertices when it is given that the message has propagated to the first

step of the modified propagation process. The result in theorem 5.1 is

then used for upper bounding this number. This leads to the asymptotic

upper bound of (5.37) and the upper bound of (5.38) for finite graphs.

The values yielded by the refined bound in the case of G~, G~I, and

G~II are shown in Tables 5-2, 5-3, and 5-4 respectively. A simple

upper bound on y' has also been obtained in the case of the FIRG. The

values obtained by using this bound are shown in Table 5-1. Byexam

ining Tables 5-1, 5-2, 5-3, and 5-4 it is seen that the values obtained

by using the upper bound compare favorably with the values of y' for a,

3.2 Results for Homogeneous Random Graphs Using Recursion

A recursive approach for determining the weak connectivity con

stant of outbundle independent homogeneous random graphs is presented

in chapter 6. In section 6.2 we identify certain conditions that have

to be satisfied in order for a source vertex in Gn to have k descen

dants. Under these conditions the probability (P~) of total connectiv

ity of Gn from vs ' and the probability (Rn) that an arbitrary vertex

V € V-vs is a descendant of vs ' can be determined in terms of the

probabilities (P~) of total connectivity of certain k-vertex random

graphs Gk, k = 1,2, .•. ,n-1. The random graphs Gk are obtained from

Gn by the removal of certain vertices and their associated incoming and

outgoing edges. The weak connectivity constant of Gn is directly
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related to the probability Rn• In theorem 6.1 we prove that when Gn
is homogeneous and outbundle independent, the probabilities P~

Vk = 1,2, •.• ,n-l can be computed recursively, by showing that the Gk1s

for this case are homogeneous outbundle independent random graphs in

which the outdegree of each vertex depends on the value of k. Thus,

for an HOIRG the probabilities P~ could simply be written as Pk•

The recursive approach in chapter 6 has been used to determine Pn,

Rn, and y for an FORG and an HOIRG in which Pr[IOil= 0] = Pr[IOil=2~

= ~ for all i. Graphs have been considered with ~ = 10, 20, 30, 40,

and 50 vertices and a= 2,3, and 4. The values of Pn, Rn, and yare

shown in Tables 6-1, 6-2, and 6-3 corresponding to a = 2, 3, and 4,

respectively. For both these random graphs, the values of Pn are seen

to decrease monotonically when n increases while a remains constant.

However, R does not change much with n and seems to approach a non-
n

zero asymptotic value. This indicates that for a given a the probabil-

ity Rn, and therefore the weak connectivity constant y, is determined

primarily by the probability distribution of the outdegree of each

vertex, whereas the probability of total connectivity decreases with

increasing n.

Upper bounds on Pn and Rn have been obtained in section 6.3. By

using the upper bound on Pn we show that as n becomes large with a

remaining constant, the probability P approaches zero. The upper
n

bound on Rn approaches a non-zero asymptotic value which depends upon

the probability distribution of the outdegree of each vertex.

In section 6.4 we show that the recursive approach can be used
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indirectly to determine the weak connectivity constant of the fixed

indegree-a random graph. We also obtain an upper bound on y for the

FIRG and show that this bound is the same as the upper bound on the

approximate solution y. for the FIRG, obtained by using the modified

propagation model.

3.3 Results for Homogeneous Cluster Random Graphs Using Recursion

A generalized recursive approach (GRA) for determining the weak

connectivity constant of homogeneous cluster outbundle independent

random graphs is presented in chapter 7. Such graphs can be used for

modelling certain non-homogeneous communication networks. Basically,

the homogeneous cluster random graph is an outbund1e independent

random graph in which the vertex set Vn is partitioned into mdisjoint

sets (clusters) Vn ' Vn , ... , V such that the joint statistics of
1 2 nm

the outbund1es in the graph are invariant to the re-numbering of the

vertices within the clusters, and IVnjl =nj Vj = 1,2, .•• ,m. The GRA

is essentially a generalization of the recursive approach in chapter 6,

for graphs with multiple clusters. For the homogeneous cluster graph

we define Pn n n as the probability of total connectivity from
l' 2'···' m

the source vertex, where mis the number of clusters in the graph, and

nj is the number of vertices in the jth cluster. It is shown that the

probability P n n can be determined in terms of the probabi1i-
"1' 2'···' m

ties (Pk k I< ), 1<. ~ n. Vj, of the total connectivity of certain
l' 2'···' m J J

k-vertex homogeneous cluster random graph Gk, for all k = 1,2, .•• ,n
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m
such that k = j~lkj. The random graph Gk is obtained from Gn by

removal of certain vertices and edges. The main result of chapter 7

is stated in theorem 7.1 wherein we prove that when the statistics of

the outbundles in Gn satisfy certain conditions, the probabilities

Pk k k for all kl = 1,2, ... ,n, and k
J
. = O,l, ..• ,n. Vj i 1, can

l'2'···'m J
be computed' recursively. In addition, for all j = 1,2, •.• ,m, we define

R
j

as the probability that an arbitrary vertex V belonging
nl,n2,···,nm

to the jth cluster is a descendant of the source vertex, and relate

this probability to the weak connectivity constant of the jth cluster.

The GRA has been used to determine the weak connectivity constants

of individual clusters in a particular homogeneous cluster random graph

with two, three, and four clusters. For this 'homogeneous cluster random

graph, each cluster has nl vertices and for all i = 1,2, .•• ,m, each

vertex in the i th cluster is connected to every other vertex in the

same cluster with probability r, and to every vertex in the jth cluster

with probability s, j i i. The source vertex is assumed to be in

cluster 1. The values of Yj' j = 1,2, •.• ,m, are shown in Tables 7-1

to 7-7. The parameter a= (nl-l}r in the first column of each Table

represents the expected outdegree of each vertex within its own clus

ter, while e =n1
2.s is the expected number of edges that connect the

vertices in a pair of distinct clusters. Graphs have been considered

with values of a =2, 3, and 4 and e =1 , 2, 4, and 8 edges.

The results in Tables 7-1 to 7-7 show that the value of the weak

connectivity constant Yl is the same for all l = 2, ... ,m. Further, the
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value of Yl' l f 1, is seen to be significantly smaller than Yl when

S is small. This behaviour is explained by noting that the source

vertex is connected to the vertices in V
nl

with probability r, while

it is connected to the vertices in each of the remaining clusters with

probability s, and usually r»s. When S is small the probability that

Vs does not have any descendants outside of V is fairly high. This
nl

explains the small value of Yl' l f 1, in relation to Yl. When S is

large, as in Tables 7-3, 7-5, and 7-7, there is a high probability

that Vs will have at least one descendant in V
nl

, Vl 1 1. For this

case it is seen that the value of Y!' Vl f 1, is almost equal to the

value of Yl. Equal values for the weak connectivity constants Y!'

! 1 1, are explained by noting that the results shown in Tables 7-1 to

7-7 are for a particular graph in which the statistics of the outbundle

are invariant to any arbitrary re-numbering of clusters 2 through m.

In section 7.5 we show that when nj»l for all j, the computa
m

tional complexity of the GRA is of O(.IT n
J
.) in terms of the memory

J=l
requirement, and it is of O(.W n.2) in terms of the number of computa

J=l J
tions. In view of this, the GRA seems to be suitable for medium sized

networks with few clusters.

In chapter 8, approximate values of Yj' j = 1,2, ... ,m, for the

particular homogeneous cluster random graph discussed above, have been

obtained by using a simplified recursive approach (SRA). The complex

ity of the SRA is of Oem) in terms of memory requirement, and of O(m2)

in terms of the number of computations. The exact values of Yj

obtained by using the GRA, and the approximate values y. yielded by
J
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the SRA, for different combinations of nl , ~, and S, are shown in

Tables 8-1 to 8-5. Since each cluster has the same number of vertices,

and since the statistics of the outbundles in each cluster are the same,

the weak connectivity constant Yj is the same for the cluster 2 through

m. The same is true for the approximate value Yj' j ~ 1.

An examination of the Tables 8-1 to 8-5 reveals that for a ~ 3

the correspondence between the approximate values Yl' Y2 and the exact

values Yl and Y2' is quite close. For a = 2, the correspondence bet

ween the approximate and the exact values is still good when S is

sufficiently large. This is apparent by examining the results in

Tables 8-1.c, 8-2.c, 8-3.c, 8-4.b, and 8-5.b. For a = 2 and small

values of S the discrepancies are probably due to the poor estimate of

the exact value Yl by the approximate value Yl.
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CHAPTER 4

The Simplified Propagation Model and its
Application to the Connectivity Problem

The recursive determination of all the probabilities in equation

(2.8) and the subsequent evaluation of the expectations in (2.10) is

a considerably involved task especially for large networks. The need

for simplified approaches that will cut down the number of computations

to manageable proportions, while providing good estimates for the weak

connectivity constant, therefore becomes apparent. The approach of

Solomonoff and Rapoport for the connectivity analysis of an outwardly

homogeneous random graph [6], referred to in this thesis as the simpli

fied propagation model, is the best known and the most extensively used

of such methods. Frank [7] has taken this approach in order to deter

mine the weak connectivity constant of a communication network after

it has undergone an enemy attack. Mattei and Fischl [13] have made

essentially the same assumptions as those of Solomonoff and Rapoport

in determining an approximate value for the weak connectivity constant

for a large HCIRG. In this chapter, we discuss the simplified propaga

tion model and consider its application to the analysis of certain

homogeneous random graphs.

4.1 The Simplified Propagation Model

The random variables Xk, Zk and Yk have been introduced earlier,

in connection with the description of the message propagation process.

We now define the quantities xk and zk' as follows:



Xk = E[Xk I X.=x., Z.=z. Vj~k-l]
J J J J

" "zk = E[Zk I X.=x., Z.=z. Vj~k-l]
J J J J

with the initial condition

k = 1,2, •.. ,n-l,

(4.1-a)

k = 1,2, ... ,n-l,

(4.1-b)
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The quantities xk and zk are, in general, different from the expected

values of Xk and Zk given by equation (2.10).

The major simplifying assumption in the approach of Solomonoff and

Rapoport is that, at each step k, k = 1,2, .•. ,n-l, the number of ver

tices contacted for the first time and the total number of contacted

vertices, actually equal the quantities zk and xk respectively. The

'quantities zk and xk are related by

(4.2)

The expectations on the R·H·S of (4.1) have been conditioned on

the values of Xj and Zj at all previous steps. In many cases, these

depend only upon the number of vertices available to continue the

propagation at the kth step (i.e. the vertices contacted for the first

time at the previous step) and the number of vertices that still remain

to be contacted, i.e., n-Xk_1 (see figure 2.1). For these homogeneous

random graphs, the expectations on the R·H·S of (4.1) can be evaluated

from a knowledge of the probabilistic structure of the graph. This
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leads to recursive equations for xk and zk in terms of xk_l ' Zk_l and

the parameters of the network, which can be solved either analytically,

or numerically using fairly simple algorithms.

4.2 Weak Connectivity of the Homogeneous Random Graph Using
the Simplified Propagation Model

In this section we consider the application of the simplified

propagation model to certain homogeneous random graphs with a view to

determining an approximate value for the weak connectivity constant.

a) The Homogeneous Outbundle Independent Random Graph (HOIRG):

The HOIRG is defined as follows:

i) It is outbundle independent.

ii) For all i, the probability that the outbundle 0i equals a

particular 0i is a function of 10i l only, that is

Pr[O.=o.] = f(lo·l)
111

Vi = 1,2, .•. ,n-l • (4.3)

where f(·) is a non-negative function, satisfying

n-l (n-l )l f(k) =
k=O k

1 • (4.4)

Note that the term (n~l) f(k) is the probability that the outdegree

n-l (n-l ) _10i l of the vertex vi equals k; k~l k k f(k) = a is the expected

value of the outdegree.

The following property permits the determination of a recursive

expression for zk for the HOIRG.
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Property 4.1:

For the HOIRG, the expected value of Zk conditioned on Z. = z.
J J

and Xj = xj Vj~k-1 is given by the following expression:

_ zk-1
E[Zk I Xj=xj , Zj=Zj Vj~k-1] = (n-xk_1)[1 - (l-n~l) ],

(4.5)

where n is the number of vertices in the random graph. The proof of

this property is given in Appendix I. Using equations (4.1) and (4.5)

we get the following recursive expressions for zk and Yk ~ n-xk :

and
"

A - zk_1
Yk = Yk-l(l - n~l)

(4.6)

(4.7)

Arecursive solution of (4.7) with Yo = (n-1) leads to
A

A - n-Yk-1
Yk = (n-1)(1 - ~) (4.8)n-1

An approximate value for the weak connectivity constant is thus given

by

1 "
Y = n xn_1

"Yn-1= 1 --n

n-.9n-2
= 1 _ n-1(1_ a. )

n n-1 (4.9)

For large values of n, an asymptotic expression for y can be obtained.

For this case y 1 ~ Y 2 ~ n(l-y). Taking the limit in (4.9), wen- n-

get



y = 1- ay
E
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which is the same as (2.11).

Table 4-1 summarizes the values of y and y for three different

outbund1e independent homogeneous random graphs G~, G~I and G~II. G~

is an FORG, G~I is an HCIRG and G~II an HOIRG for which the probability

distribution of 10i l is given by

1= "2 '

where

(
n-1 )Pk ~ k f(k).

b) Fixed Indegree Random Graph:-

A recursive expression for Zk+1 for the FIRG can be obtained in

the following manner: At the end of the kth step of message propaga

tion in accordance with the simplified propagation model, an arbitrary

vertex V will be one of the Yk verti~es that are still uncontacted if

all the a vertices adjacent to it are among the Yk-1 vertices left un

contacted at the end of the (k-1)th step, where a. is the fixed indegree

of each vertex in the graph. At the end of the (k+1)st step, the

vertex V will either be one of the zk+1 vertices contacted for the

first time at that step, or it will be one of the Yk+1 vertices still

left uncontacted. Thus, we find
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Pr[V is contacted for the first time at the (k+l)st step]

= Pr[V is contacted at the (k+l)st step I V is still

uncontacted at the end of kth step]

= 1 - Pr[V is not contacted at the (k+l)st step I V is

still uncontacted at the end of kth step]

= 1 - Pr[all vertices adjacent to V are among the Yk

uncontacted vertices at the end of the kth

step I all vertices adjacent to V are among

the Yk-l uncontacted vertices at the end of

(k-l)st step]

By using Stirling1s approximation for Yk » a, we find

Since the FIRG is an inbundle independent random graph, the probability

that m out of the Yk vertices uncontacted after the kth step, will be

contacted at the (k+l)st step, when Zk = zk and Yk = Yk' is given by a

binomial distribution:
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Thus we find

{4.10}

and

or

k = 2,3, ... ,n-l. {4.11}

A recursive solution of {4.11} with the initial conditions Yo = n-l,

Yl = {n_l}{n~l}~ leads us to

2 k
1

l+~+~ +••.+~
{!l::-}

n {4.12}

The following approximate value for the weak connectivity constant can

be obtained by using equation {4.12}:

...
= 1 _ Yn-l

Y n {4.13}

For large n and ~ = 1, it is seen that



AA AA AA 1\ A A A

(ZO,YO) (Zl'Y1) (Z2'Y2) (Zn~2'Yn-2) (Zn-1'Yn-1)
o ~ 0 ~ Ch-------O ~ n

Fig. 4.1: Message propagation process based on the Simplified Propagation Model.

w
U1
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-1y ~ 1 - E

while for a > 1 we find that y ~ 1, regardless of the value of a. The

values of y and y for an FIRG with n = 50 vertices and a = 2,3,4 are

shown in Table 4-2.

4.3 Discussion on the Simplified Propagation Model

An examination of the Tables 4-1 and 4-2 reveals that in many

cases the approximate value of the weak connectivity constant, yielded

by the simplified propagation model, significantly overestimates the

exact value. It was pointed out in chapter 2 that in a random graph,

the quantities Xk, Zk and Yk are random variables. The essence of the

simplified model of Solomonoff and Rapoport is the assumption which

admits of only one outcome, viz the expected outcome, at each step of

message propagation. The propagation process under the simplified

propagation model is depicted in fig. 4.1. The model does not admit

the possibility of the propagation process terminating at any inter

mediate step k < n-1. In a random graph, the propagation process

could terminate at any intermediate step k if none of the edges direct

ed out of the zk_1 vertices contacted at the (k-1)th step is incident

on any of the Yk-1 vertices still uncontacted after the (k-1)th step.

The simplified model of Solomonoff and Rapoport appears to fail

for random graphs in which the probability of the propagation process

terminating at any intermediate step is significant. In the following

chapter we develop a modified propagation model that removes this

inherent shortcoming of the approach of Solomonoff and Rapoport.
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TABLE 4-1. -- Weak connectivity of homogeneous outbundle independent
random graph, based on the simplified propagation model of

Solomonoff and Rapoport.

Expected n =20 n = 50
outdegree ,..
of each Y YI YII YIlI Y YI 'YII YfIl
vertex, CI.

2 0.859 0.832 0.673 0.427 0.823 0.810 0.644 0.381

3 0.965 0.957 0.912 0.500 0.951 0.947 0.896 0.476

4 0.991 0.988 0.976 0.519 0.985 0.983 0.968 0.500

YI = Weak connectivity constant of G~ ;

YII = Weak connectivity constant of G~l ;

YIII = Weak connectivity constant of G~ll.

TABLE 4-2. -- Weak connectivity of the fixed indegree
random graph with n = 50 vertices, based on the

simplified propagation model.

lndegree of ,.
each vertex Y Y

C\

2 1.0 0.810

3 1.0 0.947

4 1.0 0.980
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CHAPTER 5

A Modified Propagation Model for the Connectivity
Analysis of Homogeneous Random Graphs

5.1 The Modified Propagation Model

We now modify the propagation model by making assumptions that

take into account the possibility of the message propagation process

terminating at an intermediate step.

Suppose that the message propagation has continued through the

first k steps of the propagation process 0 < k < n-1. Let Ak denote

the event that the message propagates from the kth to the (k+1)th

step. Using the law of total probability, we find

Y.=y., Z.=z. Vj ~ k]
J J J J

and

• Pr[Ak I Yj=Yj' Zj=Zj Vj ~ k]

+ E[Zk+1 I YtYj' ZtZj Vj ~ k, A~]

• Pr[Ack I Y.=y ., Z.=z . Vj ~ k]
J J J J

E[Yk+1 I Y .=y ., Z.=z. Vj ~ k]
J J J J

(5.1-a)



. Pr[Ak I Yj=Yj' Zj=Zj Vj ~ k]

+ E[Yk+1 I Yj=Yj' Zj=Zj Vj ~ k, A~]

. pr[Ac
k I Y.=y., Z.=z. Vj ~ k] ,

J J J J (S.l-b)
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where A~ is the event that the message does not propagate from the kth

to the (k+1}th step and

For all k = 1,2, .•. ,n-1, let us define the quantities Y~ and Z~ as

follows:

" ]Y.=y., Z.=z. Vj ~ k-1, Ak-1J J J J
(S.2-a)

with the initial conditions

I

Yo = Y = n-zo 0

where n is the number of vertices in the graph. Given that the message

propagated through the first k stages, the number of vertices contacted

for the first time at step (k+1) is a random variable. The main sim

plifying assumption in our model is that this random variable can be

approximated by a binary random variable Z~+l which equals zk+1 or zero

with the following probabilities:
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(5.3-a)

(5.3-b)

For a homogeneous graph, the probability on the R·H·S of (5.3-b) is

given by

Pr[Ac
k I Y.=y~, Z.=z~ Vj ~ k]

J J J J

= Pr[none of the z~ vertices contacted at the kth

step is adjacent to any of the Yk uncontacted

vertices at the kth step]

(5.4)

Here again we have made use of the fact that the probability of a

particular outcome at step (k+1) conditioned on Yj = Yj and Zj = Zj

Vj ~ k usually depends on Yk and zk only. The probability on the R·H·S

of (5.4) can be determined from the knowledge of the probabilistic

structure of the graph. Using (5.4) it follows that if Z~ = 0 for any
I

k < n-1, then Zk+j = 0 for all subsequent steps.

The number of vertices still uncontacted after step (k+l) is

approximated by a random variable Y~+l defined as follows:

I

Y~l =

Y~ if A~ = True ;

Y, if AoA~ =True ,
(5.5)
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The random variables Yk and Zk are related by

Let us define

(5.6-a)

(5.6-b)

Since there cannot be a simple path of length greater than (n-l) in

an n-vertex graph, we impose the boundary condition

By using equations (5.6) repeatedly in conjunction with the definition

of conditional probability and noting that, in the context of the
m I

modified propagation model, the event IT A. implies the events y. =y.,
j=O J J J

Zj = zj for all j < m, we can show that

and

k
IT (l-S.)

j=O J

m
= Sk.IT (l-S

J
.) •

J=O

(5.7-a)

(5.7-b)

The modified propagation model can be characterized by the tree diagram

of fig. 5.1.

The probability in (5.7-b) is recognized as the probability that



(Yo'O)

(yi,O)

(Y2'O)

.... .... ..... .........
.....

(Y~_3,z~_3)

(Y~-2·Z~_2)

(Y~-3'O)

(Y~-2'O)

(Y~_l'Z~_l )

Fig. 5.1: Propagation process under the Modified Propagation Model.

..j::>o
N
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the message propagation stops at the kth step. This probability shall

be denoted by Uk. It is easily shown that the set of probabilities

{Uk} is exhaustive. The result follows by using equation (5.7-b) and

noting that

n-1
L Uk

k=O
=

= U + (l-S) +o 0

n-1
Using the boundary conditions Uo = So and Sn-1 = 1, we get k~OUk = 1.

We approximate the expected value of the number of vertices still

uncontacted after step k by E[Y~J. The following expression can be

written down directly by using the tree diagram in fig. 5.1:

k-1 k-1
= L U.y~ + y~ IT (l-S.)

j=O J J j=O J

By using equation (5.7) and noting that Yk - y~+l = zk+1' we find the

recursive solution

with the initial condition

E[Y~J

k
E[Y~] - z~+l IT (l-S.)

j=O J

I

= Yo = Yo •

(5.8)

The approximate weak connectivity constant under the modified propaga

tion model is defined as



y' = 1 - 1 E[Y' ]n n-1 =
1 n-1 •

1 - n .L UJ'YJ'
J=O
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(5.9)

Consider random graphs such that

(5.10)

Then, by using equations (5.1), (5.2), (5.6) and (5.10), we get

(5.11)

and

(5.12)

where q~ ~ 1-p~ Equations (5.11) and (5.12) constitute the basic

equations for our modified propagation model.

5.2 Weak Connectivity of Some Homogeneous Random Graphs Using
the Modified Propagation Model

In this section we will determine approximate values of the weak

connectivity constant of certain homogeneous random graphs, using the

modified propagation model.

a) FIRG:-

By using an argument similar to that used in section 4.2 for the

FIRG, we find that when Yk » a, the probability qk is approximately

given by
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(5.l3)

We recall that this is the probability that a vertex still uncontacted

at the kth step is not ad~acent from any of the zk vertices contacted

at the kth step. By using the definition of Sk and the statistical

independence of inbundles in the FIRG, we get

(5.l4)

. l-(Sk/qk}
Let us def,ne ok = l-Sk for all k = 0,1 , ... ,n-l.

solution of (5.l2) with the initial condition y~ =Yo'

leads to

A recursive

for the FIRG,

(5.l5)

(5.l6)

By using equations {5.9} and (5.l5), the approximate value of the weak

connectivity constant for the FIRG is obtained as
j-l . k-l .
Let' Let'

n-l { k-l i=O } [ Yo i=O ]y' = 1 L II o. (-)
k=O j=O J n

An upper bound on the approximate solution, y', for the FIRG can be

obtained as follows: The term in square brackets on the R·H·S of
A

(5.15) is recognized as Yk for the FIRG (of equation 4.l2). Since
n

qj ~ 1 Vj, the product term involving the powers of ° is always less



1

than unity, glvlng (y:)
"y yl
nk , and therefore nk ,

"

< (Yk) for all k. Now, for a > 1, the term
n

approaches zero rapidly with increasing k.
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Thus, by retaining only the first term in the summation on the R·H·5

of (5.16) and changing the equality into an inequality we get

(5.17)

If exactly one vertex Vs originates the message in the network, then

yl =Y = (n-l) ando 0

50 = Pr[vs is not adjacent to the remaining n-l vertices]

= = (1 _~)n-l
n-l

The inequality (5.17) then becomes

yl ~ 1 _ (n-l)(l _ ~)n-l
n n-l (5.18)

The values of y, yl and of the bound on yl given by (5.18), for fixed

indegree random graphs with n = 50 vertices and a = 2,3,4 are summa

rized in Table 5-1.

b) HOIRG:-

B¥ using equations (4.5) and (5.10) it follows that qk for the

HOIRG is given by
Zl

1 a k
qk = (1 - n-1) (5.19)
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In determining the value of Sk for the HOIRG we make use of the

following property

Property 5. 1:

For the HOIRG the probability of the event Ak conditioned on

z. = z. and X. = x· Vj skis given by
J J J J

Pr[Ak I Z.=z., X.=x. Vj s k]
J J J J

= , (5.20)

where Pm = Pr[\Oil=m]. The proof of this property is given in

Appendix II. By using equation (5.20) and Stirling's approximation

for n»l, we find

Sk = Pr[Ak I Z.=z~, X.=x~]
J J J J

(5.21)

l-(Sk/qk)
Once again by defining ok = l-S

k
and using equations (5.19) and

(5.~0) recursively, we get

(5.22)
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with

The approximate value of the weak connectivity constant is given by

I

1 - y. = ~ n~lUk Yo{ ~~\J.} (l - n~l)n-Yk-l
k=O J=O

We shall now obtain bounds on y. for the HOIRG.

Theorem 5.1:

For the HOIRG

(5.23)

\fk = 1,2, ••• ,n-1 , (5.24)

where Yk is given by equation (4.8). In proving theorem 5.1, we make

use of the following lemma:

Lemma 5.1:

The following hold true for the HOIRG:

i) I " \fk = O,l, ••• ,n-l (5.25)Yk :::; Yk

"

ii)
I zk

\fk = O,l, •.• ,n-l (5.26)zk :::; .
kill (1-5.)
j=O J

Given this lemma the proof of theorem 5.1 is at hand. Assume that

(5.24) is true for k = m. Then, by using inequalities (5.8), (5.26),

and (5.24), we find



m
E[Y~] - z~l IT (l-S.)

j=O J
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A A A

Ym - Zm+1 = Ym+1

The proof follows by induction upon noting that

Proof of lemma 5.1:

l-(S./q~)
i) Since OJ = 1-~. J < 1 for all j, it follows from

J
inequality (5.22) that

Now assume Yk-1 ~ Yk-1 . Then, since (l-t)a is monotonically

decreasing in a for 0 ~ t ~ 1, we get

Hence, by using equation (4.8) we find

I A

Since Yo = yO = yo ' the proof follows by induction.
A

- z·
ii) Let qj ~ (1 - n~l) J for all j = O,1, ... ,n-2 and assume

(5.26) to be true for k =m. Then by using equation (4.7) we find
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m-1
II (1-S.)

~
a z~ f j=O J

q""m ~ (1 - -)n-1

m-1
II (1-S.)

·-0 J
= (q~)J-

Since (l_t)a ~ 1-at for 0 ~ t ~ 1 and 0 ~ a ~ 1, we obtain

m-l
II (1-S.)

1-p~ ~ (l_P,)j=O J
m m

m-1
~ 1-p· II (1-S.) ,

m • 0 JJ=
(5.27)

where Pm = l-qm' P~ = l-q~. Finally by using (5.11), (5.25), (5.27)

and (4.6), we find that

Zm+1

m
II (l-S.)

j=O J

""
_ zl

The proof follows by induction upon noting that z~ - r:s- .
o

By using (5.24) and the definition of y and y., we get

(5.28)

This is a good bound on y. only for the FORG. By using theorem 5.1,

we can obtain a better bound on y. for the general HOIRG in the

following manner: By using the definition of Uk·s we can write

,
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or

(5.29)

where

- - -Consider the sequence {Yl'Y2' ••• 'Yn-l} characterized by the recursive

relationship
-

- I ( _ ct )YO-Yk
Y = Yl 1k+l n-l

with the initial condition

k = 1,2, ••• ,n-2 ,

- - -We also define the sequence {zl,z2, ••• ,zn_l} such that

- --
zk+l = Yk - Yk+l

with the initial condition

k = 1,2, .•• ,n-2 ,

The sequences {Yl'Y2' ..• 'Yn-l} and {Zl,z2, ..• ,zn_l} can be interpreted

as the sequences of values of Yk and Zk that would be obtained if, from

the first step onwards, the propagation process were approximated by

the simplified propagation model of Solomonoff and Rapoport. We can

re-arrange equation (5.22) as
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k = 2,3, .•. ,n-1 .

(5.30)

By using reasoning analogous to that used in proving theorem 5.1, it

can be shown that, for all k = 2,3, •.. ,n-1

1 I 1 1E[Yk Y·=Y·, Z.=z. l$i$k-l] ;;::
1 1 1 1

from which, we obtain

(5.31)

[
1 I 1 1E Y 1 Y.=y" Z.=z.n- 1 1 1 1

(5.32)

(5.33)

Thus, E[Y~_l] may be lower bounded by lower bounding Yn-1. In order

to do this, consider the message propagation according to the simpli

fied propagation model, in an HOIRG with n vertices out of which a

number zi is initially contacted. Let Yk+1(n,z~) denote the number

of vertices still uncontacted after the (k+1)st step and recall that

Yk+1(n,z~) follows the recursive relationship

_ n-Yk(n,z~)

= (n-z~) (1- n~l)

We show that

(5.34)

Assume (5.34) to be true for k = m. Then by using (5.33) and noting

that n =yO+zO =yi+zi+zo ' we get

- YO-Ym+1= ( 1+ )(1 ~)Y1 Zo - n-1
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Hence, by using the definition of the YkIS, we find that

Finally, using (5.33) and noting that z~ = YO-y~ =YO-Y1 ' we obtain

Therefore, by induction, (5.34) is proved. The desired lower bound on

Yn-1 follows by using (5.34) and noting that Yn_1(n,z,) ~ Yn_2(n,z,):

(5.35)

By substituting (5.35) in (5.29) we obtain

or equivalently

I Yo [Yn_l(n,Z~) zo]
y ~ 1-5 - - (1-5 ) - -o nOn n (5.36)

An asymptotic bound on yl can be obtained by using (5.36). For large

values of n it can be shown that

where Y is given by (2.11). Also yO -7- 1 and Zo -7- O. Hence, in the
n n

limit, (5.36) becomes

.(5.37)
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For the case of finite n, it can be shown that

I
zl - n

(1- -)(1- ~1)n n-
I .

zl - n
1 - "ii"{1- -)(1- ~)

n n-1

Hence, a simpler bound for this case is given by

yl ~ 1 SoYo
n

I
zl - n

(1-5
0

) [-1_{_1-_-_n_
l

2-(~--_n_~l-)--n _ :0] .

- a. (1- -n)( 1- n~1)

(5.38)

The values of y, y' and (y')bound of (5.38), for the random graphs G~,

G~I and G~II considered earlier in chapter 4, are shown in Tables 5-2,

5-3, and 5-4, respectively.

5.3 Discussion on the Modified Propagation Model

An examination of the results in Tables 5-1, 5-2, 5-3, and 5-4,

shows that the approximate value of the weak connectivity constant (yl)

yielded by the modified propagation model is in good agreement with

the exact value y, for all the different random graphs that were

considered. In the case of the FIRG (Table 5-2) we note that the value

of yl obtained by using the modified model varies directly with the

fixed indegree a. and is in close agreement with the exact value of the

weak connectivity constant. In the case of the FORG, it was seen in

chapter 4 that the approximate value y obtained by using the simplified

propagation model is in close correspondence with the exact value y.
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This close correspondence between the approximate and the exact value

of the weak connectivity constant is preserved when the modified

propagation model is used for determining the approximate value. In

fact, it was seen that in the case of the FORG, the approximate value

y' obtained by using the modified model is bounded above by the

approximate value y. In the case of G~I and G~II, where the applica

tion of the simplified propagation model for approximating the weak

connectivity constant sometimes resulted in significant errors, it is

observed that the approximate value y' yielded by the modified model

(Tables 5-3 and 5-4) compares favorably with the exact value y.

An idea about the extent of improvement in the approximate value

due to the modified propagation model, can be formed by comparing the

absolute value of the percentage error in estimating the exact value

of the weak connectivity constant, when the simplified propagation

model and the modified propagation model, respectively, are used. This

has been done in Table 5-5 for the FIRG, G~I, and G~II when n = 50

vertices in each random graph and a, a = 2, 3, and 4. It is apparent

by examining the results in Table 5-5 that in all the cases where the

application of the simplified propagation model resulted in large

errors, the improvement is very significant.

The modified propagation model seems to take into consideration

the important features in the probabilistic structure of a random

graph. Some discrepancies still exist between the approximate value

y' and the exact value of the weak connectivity constant. However,

the percentage error in estimating the value of y seems to approach
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zero with increasing a (or a) in the case of all the random graphs

with which the model has been tested. In all cases it is seen that

the approximate value y' is within 10% of the exact value y when a,

a = 2, while for a, a ~ 3, the percentage error in estimating the

value of the weak connectivity constant is negligible.
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TABLE 5-1. -- Weak connectivity of the fixed indegree random graph,
n = 50 vertices, based on the modified propagation model.

Indegree of
y'

1 n-1 ,
y' - n-1(1_ -!L)

n-1
,each vertex y = 1- - LU.y. u·b -n j=O J J n n-1

a

2 0.8108 0~8545 0.8722

3 0.9474 0.9495 0.9549

4 0.9834 0.9813 0.9865

TABLE 5-2. -- Weak connectivity of the fixed outdegree random graph,
n = 50 vertices, based on the modified propagation model.

Outdegree of
each vertex

a

2

3

4

0.810

0.947

0.983

1 n-1 ,
,y'=l--Iu.y.

n j=O J J

0.821

0.950

0.983

. ,.
Yu·b = y

0.823

0.951

0.985
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TABLE 5-3. -- Weak connectivity of the completely
independent homogeneous random graph, n = 50
vertices, based on the modified propagation model.

Expected
outdegree
of each
vertex, a

2

3

4

y

0.643

0.896

0.968

...,'

0.710

0.908

0.968

0.716

0.908

0.970

TABLE 5-4. -- Weak connectivity of a homogeneous outbund1e" independent

random grap~ with E[!OiIJ =a; Po = P2a =1/2, based on the

modified propagation model.

Expected
outdegree
of each
vertex, a

2

3

4

0.427

0.500

0.519

n =20
y'

0.441

0.505

0.520

0.497

0.537

0.547

...,

0.381

0.476

0.500

n = 50

...,'

0.402

0.480

0.501

·0.445

0.498

0.513



59

TABLE 5-5. -- Comparison of the percentage error in estimating the
value of the weak connectivity constant due to the simplified and

the modified propagation models.

a or a FIRG GIl GIll
n n

,.
e l " e l ,.

e le e e
.

2 23 5.2 24 10 116 5.3

3 5.5 0.21 6.1 1.3 100 0.8

4 1.8 0.20 1.7 . 0.0 97 0.2

a = Fixed indegree of the FIRG;

a = Expected outdegree of G~l and G~ll;

e = IY;yl x 100% ;

e l = Iyl_yl x 100% •
y
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CHAPTER 6

A Recursive Approach for the Connectivity Analysis of
Outbundle Independent Homogeneous Random Graphs

6.1 Introduction

Among the exact methods for determining the weak connectivity

constant of a random graph, the important ones are due to Landau [4],

Solomonoff [5] and Gilbert [11]. Landau has used a simple random walk

model for the analysis of a particular outbundle independent random

graph. Solomonoff ' s approach uses a Markovian process and, at each

step, requires the computation of n2+1 quantities, where n is the

number of vertices in the graph.

Gilbert [11] has used recursion for determining the probability

of strong connectivity (P~) and the probability of the existence of a

path between a pair of vertices (R ' ) in the n-vertex undirected HCIRG.
n

For this graph, the probability that vertex 1 can reach exactly k

vertices including itself is the same as the probability that there

exists a k-vertex strongly connected subgraph of Gn, which is not

connected to any of the remaining (n-k) vertices. Since any k-vertex

subgraph of an HCIRG is itself an HCIRG, the Pk'S can be recursively

computed from the expression

1 _ P~ = kf (~-l) P~(l-r)j(k-j)
j=l J-l J

with the initial condition

k = 2, ••. ,n (6.1)
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pi - 1
1 -

Moreover, there does not exist a path from vertex 1 to vertex 2 when

ever vertex 1 can reach a set of k vertices which does not include

vertex 2. Thus, the probability (l-R~) of this event is given by

1_RI = nIl (~-2) p~{l_r)j{n-j) .
n j=l J-1 J

(6.2)

For an n-vertex graph, Gilbert's approach requires the computation of

n quantities in order to determine both p~ and R~. Gilbert has also

obtained upper and lower bounds on both p~ and R~. The upper bounds

on (l-P~) and (l-R~) have been obtained by bounding each Pk by unity

and then upper bounding the resulting summations. The lower bound

on (l-pl) is obtained as the probability that at least one vertex in_ n

Gn is an isolated vertex. Similarly, a lower bound on (l-R~) is the

probability that either vertex 1 or vertex 2 is an isolated vertex.

Gilbert has shown that:

1 - pi
n

n-1 n-1! n-l- -u nu
2

, (6.3)

1-P~ " un- 1 { (l+un2\ (n-ll _ u(n-llz(n-z) } + u~ {(l+u"2\ (n-1) _ 1} ,

(6.4)

and

I

1-Rn
, (6.5)
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where

u = 1 - r •

As n becomes large, with r remaining constant, both bounds on (l-P~)

go to zero, while the bounds on (l-R~) converge to 2un- l . Hence, for

large n it follows that

P ~ 1n

and

R ~ 1 - 2un- l
n

Hence, when n increases without bound, both P~ and R~ approach unity.

This is not surprising when we recognize that for this case, the

expected number of edges directed out of each vertex also becomes

unbounded. In many practical situations one is interested in the

behaviour of P~ and R~ when the expected outdegree of each vertex

remains fixed while the number of vertices in the graph becomes large.

In this chapter we develop a general recursive approach for

determining the weak connectivity constant of homogeneous random

graphs. For this more general case, let Pn be defined as the probabi

lity that all the vertices in the graph are reachable from a set S of

one or more source vertices. Also Rn is defined as the probability

that an arbitrary vertex vj ' not belonging to the set S, is reachable

from at least one vertex in S. We show that when the random graph is

homogeneous and outbundle independent, the probabilities Pn and Rn
can be computed recursively. Upper bounds on Pn and Rn have been
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obtained in section 6.3. From these it follows that as n becomes

large, with the expected outdegree of each vertex remaining fixed,

the probability Pn approaches zero. In section 6.4, we show that

the recursive approach can be used indirectly to determine the weak

connectivity constant homogeneous inbund1e independent random graphs.

6.2 Determination of the Weak Connectivity Constant Using Recursion

Let Gn be a homogeneous random graph on Vn = {1,2, .•• ,n}. Let

5 be a set of m (m ~ 1) source vertices in Gn. The number of descen

dants of the source set 5 in Gn is a random variable. If this number

takes the value k, then we can partition Vn into Vk and Vk such that

Vk is the set of k descendants of 5 (see fig. 6.1). Let V~ =

{1,2, ••• ,k} be one particular set of k descendants of 5, with the

vertices in 5 numbered 1 through m, where m= 151. Clearly, the

vertices in Vk have no descendants in Vk • Thus, by using the homo

geneity of Gn and the definition of conditional probability we get:

, (6.6)

where we define AV~'Vk(Gn) as the number of edges in Gn with

initial vertices in Vkand terminal vertices in Vk. Let

their

(6.7)



--f----

Fig. 6.1: Partitioning of the vertex set of Gn•

64
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Then by summing over all k, we can write

n n-l (n-m) n
1 - P = L k Pk · Pr[AV* v*(Gn)=O] .

n k=m -m k' k
(6.8)

Moreover, if Rn is the probability that Vj E (Vn-S) is reachable from

S, then by using the definition of P~IS and the law of total probabil

ity, we find:

1 - Rn
n-1 (n-m-l) n= L k Pk . Pr[AV* v*(Gn)=O] .
k=m -m k' k

(6.9)

The weak connectivity constant y can be determined in terms of Rn as

follows: Using the identity (n-
k
m-1) = n-k (n-m) in (6.9) we get
-m n-m k-m

The summation on the right hand side is recognized as the expected

number of vertices in Gn that are not reachable from S, which is equal

to n(l-y) by the definition of the weak connectivity constant. Hence,

we obtain

1 - R = --'L (l-y)
n n-m

(6.10)

It will be seen in section 6.4 that this relationship also permits the

determination of y for an FIRG by using indirectly the recursive

approach developed in this chapter.

The homogeneous outbund1e independent random graph (HOIRG) was

defined in chapter 4, with the following properties:
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(A) Gn is an outbund1e independent random graph,

and

(B) The probability that 0i equals 0i is a function of the number

of elements in 0i' i.e.,

Pr[O.=o.] = f (\0.1)
1 1 n 1

n-1 (n-l ) n
wh~re fn(·) ~ 0 and l~O l fn(l) = 1 • We will show that the Pk's

for this graph depend only on the value of k and can be recursively

computed. In order to do this, we prove first the following lemma:

LelllTla 6.1:

Let Vk = {1,2, ... ,k} be a subset of Vn. Then, for the HOIRG, the

following hold true.

(6.11 )

(6.12)

where

f (.)
n

(6.13)

Proof:

Since Gn is outbundle independent, we find
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k
pr[Avk,vk(Gn)=O] = pr[Ai,Vk(Gn)=O, Vi~k] = TI Pr[A. -V (G )=0] .i=l 1, k n

Now, by using the definition of conditional probability and the out

bundle independence of Gn, it follows that

=

=

Pr[Oi=oi &Ai,Vk(Gn)=O, Vi~k]

pr[Ai,Vk(Gn)=O, Vi~k]

k
TI Pr[Oi=oiIAi V (G )=0]

i=l ' k n

which proves (6.11).

If 0i C Vk we find that Pr[Oi=o; &Ai,Vk(Gn)=O] = Pr[Oi=oi] ;

otherwise it is zero. Moreover, by using the law of total probability

and the homogeneity of Gn, we get

k-1 IPr[A. - (G )=0] = I Pr[A1· -v (Gn)=O IO·I=l] . Pr[I01·I=l] ,
1,Vk n l=O' k 1

k-1 k-1)
= .I ( fn(l).

l=O l
(6.14)
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Finally, by using the definition of conditional probability, it follows

that for all 0i C Vk

=

Pr[O.=o.]
1 1

This completes the proof of lemma 6.1. The main result of this chapter

may now be stated in the form of the following theorem:

Theorem 6.1:

For an HOIRG, the probabilities P~, defined by (6.7), for all

k = m+l, ••• ,n depend only upon k and can be computed recursively from

the expression

l-P
k

= kt (~-m)P. . P [A ()]
j=m J-m J r Vj ,Vj Gk =0

with the initial condition

P = 1m

k =m+l, .•• ,n

(6.15)

(6.16)

where Vj ={1,2, •.• ,j}; Vk, Vj=Vk-Vj and Gk is a random graph obtained

from Gn by deleting the vertices in the set Vk and their associated
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incoming and outgoing edges. The probability pr[AVj,Vj(Gk)=O] in

(6.15) is given by

(6.17)

where fk(') is defined by (6.13).

Proof:

Since ICS(Vk)1 = 0, the vertices in Vk and their associated in

coming and outgoing edges play no part in determining ICS(Vk)1 and

can be deleted without affecting the connectivity properties of the

resulting random graph Gk• Moreover, by using (6.11) and (6.12) it

is seen that Gk is conditionally an outbund1e independent graph and

the probability Pr[Oi=oi' Vi~k] depends conditionally on the number

10i l only. It follows that Gk is itself an HOIRG. The statistics

of 10i l in Gk can be obtained directly by using (6.12) and (6.13) or

from the statistics of the outbund1es in Gn. Thus, we find that

By using the definition of conditional probability and equation

(6. 14), we get

(
k-l)= j f k(j) .

(6.18)
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It can also be shown by using (6.12) and (6.18) that the statistics,

of the outbundles in Gj j ~ k ~ n, are the same regardless of whether

Gj is obtained as a subgraph of Gk or Gn• Hence, the probabilities

P~ Vk = m+l, •.• ,n-l depend only on the probabilistic structure of Gk
and can be computed recursively by writing an expression of the form

of (6.8) for each k and replacing P~ by Pj . This leads to equation

(6.15). Furthermore, by using the homogeneity and the outbundle

independence of Gk, we find

(6.19)

Now, by using the law of total probability and (6.18) we get

(6.20)

The desired expression (6.17) follows upon substituting (6.20) into

(6.19), completing the proof of theorem 6.1.

The recursive determination of all the P~IS in (6.8) paves the

way for the determination of the weak connectivity constant of Gn•

By using (6.17) we find the expression (6.9) for the probability Rn
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now becomes

n-1 (n-m-1) {k-l (k-1) }kl-R = L p. o=L
O

0 fn(l) .
n k=m k-m k .(.; .(.;

(6.21)

The weak connectivity constant, y, can then be determined by using

(6.10) .

The quantities Pn, Rn and y were computed for two different out

bundle independent homogeneous random graphs G~, and G~II by using

equations (6.15) to (6.21). G~ is an FORG, while G~II is an HOIRG

with

P
_ P _ 1

o - 2a - 2"

n-l)and Pk ~ (k fn(k). Graphs have been considered with n = 10, 20, 30,

40 and 50 vertices, and values of a = 2, 3 and 4. The results are

summarized in Tables 6-1 to 6-3. It is seen that in all the cases Pn
decreases monotonically with increasing n and constant a, while Rn and

y approach non-zero asymptotic values. It is interesting to compare

this behaviour with the behaviour of a particular outbund1e independent

graph called the "outwardly homogeneous random graph of degree-a". For

this graph, Landau [4] has shown that as n becomes large, Pn approaches

zero while y tends asymptotically to a constant value which is in
"excellent agreement with the asymptotic value of y obtained by using

the simplified propagation model.
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6.3 Bounds on Pn and Rn

Bounds on Pn. and Rn can be obtained by using an argument parallel

to that used by Gilbert. However numerical calculations indicate that

the upper and lower bounds on Pn diverge to the trivial situation

o ~ Pn ~ 1, when n increases for the FORG.

In a general HOIRG, it is possible to infer the behaviour of Pn
when n becomes large with ~ remaining constant, from an alternate

bound obtained as follows: Since (l-Pk) is a probability, each term

in the summation on the R·H·S of (6.15) is bounded by unity. Then

for k = nand j = n-l, we obtain

( n-m ) Pn-l . Pr[AV V (Gn)=O] ~ 1
n-m-l n-l' n-l

(6.22)

Noting that Vn_l =vn and using the outbundle independence of HOIRG,

we find

(
a. )n-l= 1-n-l

Then by using (6.22) we get

Pn- l ~

1

a n-l
(n-m)(l- n-l)

(6.23)

From the last expression we infer that as n becomes large Pn ~ Pn-l
~ O. This explains the monotonically decreasing behaviour of Pn ;n

Tables 6-1 to 6-3.
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A lower bound on (l-Rn) is the probability that either

or

ii) vj € Vn-S has zero indegree, i.e. 11jl = 0 •

Hence, by using the definition of the probability of the union of two

events, we find

l-Rn ~ pr[As,vn-s=O] + Pr[\ l j l=O] - pr[As,vn-s=O' \l j l=O] .

(6.24)

Now, by using the homogeneity and outbundle independence of an HOIRG,

we get

Pr[AS,V _s=O] = {Pr[Al V _s=O]}m = { mI
l

( m-l ) f (l)'} m ,
n ' n l=O l n

and

n-l
= {Pr[Al,v.=O]}

J

= (1- a )n-l
n-l

m n-m-l
= {Pr[Al,v _s=O]} . {pr[Al,v.=O]}

n J

Substitution of these values in (6.24) gives
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{
m-1 (m-1) } m{ - n-m-1} - n-1

1-Rn ~ .e.~O .e. fn(.e.) 1-(1- n~l) + (1- n~l)

(6.25)

In the case of an FORG with m= 1, (6.25) becomes

R ::;; 1 _ (1- ~)n-l
n n-l'

while for G~II with m= 1, (6.25) gives

1 1 2- - n-2
R :::; - - - (1- ---.£.)(1- ~) •n 2 2 n-l n-1

As n becomes large the bounds above asymptotically approach (l_€-a)

1(1 -a) I I IIand 2 -€ for Gn and Gn ' respectively. The values of Rn together

with those obtained from the upper bound of (6.25) for G~ and G~II are

summarized in Tables 6-4 to 6-6. It is seen that for both these graphs

the correspondence between Rn and the bound of (6.25) is extremely good

when a ~ 3.

6.4 Weak Connectivity of the Fixed Indegree-a Random Graph

The recursive approach developed above cannot be applied directly

in the case of the FIRG. This is because the random graph Gk generated

by deleting the vertices in Vk and their associated edges, is not

necessarily an FIRG. However, an expression for Rn for the FIRG can

be obtained in an indirect manner as follows: The event that a vertex

vj E Vn-S is a descendant of S is the same as the event that at least

one of the vertices in S is an ancestor, in Gn, of Vj. This event is
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equivalent to the event that, in an FORG, at least one of an arbitrary

set of m vertices is a descendant of a given vertex Vo. The probabil
J

ity (R~) of this event can be obtained directly from the knowledge of

the Pk's for the FORG:

n-m (n-m-l) {(k-l) } kL k 1 Pk fn{a)
k=a+l - a

(6.26)

The Pk's for this case are computed recursively by using the expression

k-1 (k-1) {(j -1 ) }jl-Pk = 0 L 0 1 PJo f k(a)
J=a+l J- a

with the initial condition

Finally, in view of the equivalence of the events established above,

we find

Indeed, if we define a homogeneous inbundle independent random graph

with an expected indegree of a, then by using the above reasoning it

can be shown that the weak connectivity constant for this graph can be

determined in terms of the Pk's for an HOIRG in which the statistics

of the outbundles are identical to the statistics of the inbundles in

the original graph.

We can also obtain an upper bound on Rn for the FIRG. Since the

event IIjl = 0 is an impossibility, (6.24) reduces to
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(6.27)

The event As,Vn-S = a is the event that there are no edges with their

initial vertices in S and terminal vertices in S = Vn-S, which implies

that a message originated by the set of vertices S will not propagate

beyond S. With reference to the modified propagation model of chapter

5, this is the event that the message propagation process terminates

at step zero. The probability pr[As,vn-s=O] is thus recognized as

probability So in the modified propagation model. Then, by using

(6.27) and (6.10) and noting that (n-m) = n-IS\ = n-zO = yO in the

terminology of chapter 5, we find that an upper bound on the weak

connectivity constant y for the FIRG is given by

the

y ~ 1 - SoYa . (6.28)

It is interesting to note that this bound on y is identical to the

bound on the approximate solution y' obtained by using the modified

propagation model (of eq. 5.17). In particular, if the number of

vertices originating the message is one, then it can be shown that

(6.28) gives

1 _ n-l (1- ~)n-l
y ~ n n-l (6.29)
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No. of
FORG HOIRG with Po = P2~ = 1/2

vertices Pn Rn y Pn Rn yn

10 0.3020 0.8578 0.8720 0.2537 0.4425 0.4983

20 0.4975x10-1 0.8240 0.8328 -1 0.3967 0.42690.6805x10

30 0.8262xl0-2 0.8143 0.8204 0.1865x10-1 0.3802 0.4008

40 0.1374x10-2 0.8097 0.8144 0.5124xl0-? 0.3724 0.3881

50 0.2287x10-3 0.8070 0.8108 0.1407xl0-2 0.3684 0.3810

TABLE 6-2. -- Pn and Rn for the HOIRG, a= 3 •

FORG HOIRG with Po = P2a = 1/2
No. of

vertices Pn Rn y Pn Rn yn

10 0.7764 0.9711 0.9739 0.4465 0.4910 0.5422

20 0.4484 0.9557 0.9579 0.2891 0.4744 . 0.5007

30 0.2571 0.9505 0.9521 0.1855 0.4691 0.4868

40 0.1472 0.9480 0.9493 0.1187 0.4669 0.4803

50 O.8430x10-1 0.9464 0.9414 -1 0.4659 0.47660.7587x10



TABLE 6-3. -- Pn and Rn for the HOIRG, a = 4 •
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No. of
FORG HOIRG with Po = P2a = 1/2

vertices Pn Rn Pn Rnn y y

10 0.9547 0.9948 0.9953 0.4954 0.4994 0.5495

20 0.8018 0.9881 0.9886 0.4318 0.4940 0.5193

30 0.6647 0.9855 0.9859 0.3685 0.4919 0.5088

40 0.5497 0.9842 0.9845 0.3129 0.4910 0.5037

50 0.4514 0.9834 0.9837 0.2653 0.4904 0.5006

TABLE 6-4.-- Bound on Rn for the HOIRG, (i'" = 2 •

FORG HOIRG with Po = P2a = 1/2
No. of

vertices Rn (Rn}bound Rn (Rn)boundn

10 0.8659 0.8998 0.4425 0.4628

20 0.8240 0.8791 0.3967 0.4466

30 0.8143 0.8741 0.3802 0.4417

40 0.8097 0.8716 0.3724 0.4393

50 0.8070 0.8702 0.3684 0.4378



TABLE 6-5. -- Bound on Rn for the HOIRG, a = 3 •

FORG HOIRG with Po =P2a = 1/2
No. of

vertices Rn (Rn)bound Rn (Rn)boundn

10 0.9711 0.9739 0.4914 0.4934

20 0.9557 0.9618 0.4744 0.4844

30 0.9505 0.9578 0.4691 0.4813

40 0.9480 0.9449 0.4669 0.4797

50 0.9464 0.9547 0.4659 0.4788

TABLE 6-6. -- Bound on Rn for the HOIRG, a = 4 •

FORG HOIRG with Po =P2a = 1/2
No. of

vertices Rn (Rn)bound Rn (Rn)boundn

10 0.9948 0.9949 0.4994 0.4994

20 0.9881 0.9887 0.4940 0.4958

30 0.9855 0.9864 0.4919 0.4943

40 0.9842 0.9853 0.4910 0.4934

50 0.9834 0.9845 0.4904 0.4929

79
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CHAPTER 7

A Generalized Recursive Approach for the Connectivity
Analysis of the Homogeneous Cluster Random Graphs

7.1 Introduction

In most studies of communication over random networks, graph

theoretic models make use of homogeneous random graphs for modelling

the network [4-7,10-13]. A basic property of homogeneous random graphs

is that the probability of the existence of an edge (vi,vj ) is the same

for any pair of distinct vertices. This assumption of lI un-biasedness ll

becomes a major limitation in the case of many practical communication

networks. In the networks with IIdistance bias", for instance, the

probability of connection between a pair of distinct vertices depends

upon the distance between them. Clearly, such a network cannot be

modelled adequately by a homogeneous random graph.

In this chapter we develop a generalized recursive approach (GRA)

for the connectivity analysis of an outbund1e independent homogeneous

cluster random graph. Such graphs could be used for modelling non

homogeneous random networks with distance bias by partitioning the

vertex set into smaller subsets (clusters) and making the assumption

that the distances between the vertices in the same cluster are

approximately equal. The local structure of each cluster could then

be modelled by a homogeneous random graph, while the edges connecting

the vertices in different clusters could be assigned probabilities

depending upon the inter-cluster distances.
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For the purpose of this thesis, a cluster in a random graph will

be defined as a maximal subset (Vn.) of the vertex set such that a
J

re-labelling of the vertices in Vnj does not change the joint statis-

tics of the outbundles in Vnj . A formal definition of the homogeneous

cluster random graph is given below.

Definition 7.1:

The homogeneous cluster random graph, Gn, is defined as follows:

(A) Gn is an outbundle independent random graph.

(B) The vertex set of Gn is partitioned into m disjoint sets

Vnl , Vn2 , •.• , Vnm with nl , n2' •.• , nmvertices, respectively. Further,

the outbundle 0i of the vertex vi can be partitioned into mmutually

independent sub-outbundles 0i,k' k = l, .•. ,m, where 0i,k connects vi

to the vertices in the set Vnk such that

(7.1)

In section 7.2 we introduce the basic idea with the help of a two

cluster example. The GRA for the homogeneous cluster random graph is

developed in section 7.3. Based on this approach, a computer program

has been written for a special homogeneous cluster random graph in

which vi is connected to the vertices in Vnk with probability r jk ,

k =1,2, •.. ,m, for all vi € Vnj , and all connections are statistically

independent of each other. The program has been used to determine the

weak connectivity in two, three, and four cluster random graphs.
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7.2 A Two-Cluster Example

Consider an n-vertex random graph, Gn, with the following basic

property: The vertex set Vn is partitioned into two sets Vnl and Vn2
with nl and n2 = n-nl vertices, respectively, such that for every pair

of distinct vertices vi,vk where vi E Vni and vk E Vnj (i,j = 1,2),

there exists a directed edge (vi,vk)' independent of all other edges,

with probability r ij , 0 ~ rij ~ 1. The random graph Gn can be dia

grammatically represented by the arrangement in fig. 7.1, wherein the

two clusters are represented by circles and their local structures are

specified by n1, r 11 and n2, r22 , respectively. The directed edge r12
connecting Vnl to Vn2 is symbolic of all the nl n2 possible edges that

connect a vertex in the set Vnl to a vertex in the set Vn2 ; similarly

for the edge r 2l .

Let Vs be a source vertex in Gn. Without loss of generality we

assume that Vs E Vn1 • The number of descendants of Vs in the sets

Vnl and Vn2 are random variables denoted by \Cvs ,vn1 1 and ICvs ,vn2 1,

respectively. If these random variables take the values kl and k2
respectively, then the sets Vnl and Vn2 can be further partitioned into

Vkl' Vk1 and Vk2 , Vk2 ' as shown in fig. 7.2. Vkl and Vk2 are the sets

of kl and k2 descendants of Vs in Vn1 and Vn2 ' respectively and Vkl =

Vni-Vki' i = 1,2. It is clear that there cannot exist any edge

(vi,vm) with Vi E Vki and vrn E Vkj (i,j = 1,2). Therefore, it becomes

apparent that in order for the joint event [ICvs,vn.l=ki , i=1,2J to
1

occur, there must exist subsets Vk1 and Vk2 (\Vkil=ki Vi) of the sets
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Fig. 7.1: A two-cluster random graph.

Vk Vk1 r12 2

- r
21

_

- ----- --_....c.._
..-- -

Vk - r12 -- Vk
.1 2

r21

Fig. 7.2: Partitioning of Vnl and Vn2 in the two-cluster
random graph.
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Vnl and Vn2 such that ICVS,Vki l = ki Vi and Avk,Vk{Gn) = 0, where

Vk ~ VkllJVk2 and Vk = Vn-Vk. In view of the homogeneity of individual

clusters, the number of sets Vkl and Vk2 that satisfy the above condi

tions is (~~~~)( ~~). Thus, by using the definition of conditional

probability, we can write

. Pr[AV* v*{Gn)=O] , {l.2}
k' k

V
l 1 1 1 d 2 2 2 2 } . . 1where kl = {Vl ,v2,···,Vkl} an Vk2 = {Vl ,v2, ... ,vk2 1S a part1cu ar

pair of sets satisfying IV~ll=kl' IV~21=k2' and Vk= V~llJV~2. Let us

define

Then, by summing (l.2) over all kl and k2, we can write

(l.4)

The following observations are pertinent at this point:
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i) Since ICvs,vk{Gn)\ = 0, the vertices in ~ and their associ

ated incoming and outgoing edges may be removed and the resultant graph

will have the same connectivity. The random graph Gk, obtained in this

manner clearly satisfies the basic property of the two-cluster graph in

fig. 7.1, i.e., for each pair of distinct vertices vi,vm such that

vi € Vki and vrn E Vkj (i,j ~ 1,2), there exists a directed edge (vi,vrn ),

independently of all other edges, with probability rij .

ii) In view of the outbund1e independence of Gn, and with V~

defined as above, it follows that

2 2
Pr[AV* V*=O] = II II pr[Avki,Vkj=O]k' k i=l j=l

2 2 k·{n·-k·)
= II II (l-r .. ) 1 J J

i=l j=l lJ

In light of these observations, the probabilities Pk1 ,k2 can be com

puted by using equation (7.4) recursively as follows:

l-Pk k
l' 2

=

k
1

= 1,2, .•• ,n1

k2 = 0,1, ••• ,n2 '

(7.5)

with the initial condition



Pl,O = 1 .

Furthermore, for all j = 1,2 let us define

(7.6)
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R~1,n2 ~ Pr[there exists a directed path from Vs to V E Vnj ] ,

Then, the following expressions for R~1,n2 and Yj' j = 1,2, can be

written in terms of the probabilities Pk
l

,k
2

:

nl-l n2 (n,-2)( n2 ) 2 2 k.e. (nm-km)
= k~=l k~=O k,-l . k2 Pkl ,k2 .e.~l m~l (l-rlrn) ,

(7.7)

(7.8)

Yl = n~ kf:l k~~O k1C~~~ )(:: hI ,k2 l~1 11 (l_rRm)k
l

(n
m

-k
m
).

(7.9)

1 °1 n2 (nr 1)( n2 ) 2 2 k.e.(nm-km)
Y2 = n2 kf=l k~=O k2 kl-l k2 Pkl,k2 .e.~l m~l (l-rlm) ,

(7.10) ..
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( n-i1) -_ nn-i (n
i

) ,·n (7.7) andMoreover, upon using the identity

(7.8), it follows that

and

nl
= -1 (1-Yl)

nl-
(7.1l)

(7.12)

The weak connectivity constant (y) of Gn with respect to Vs E Vnl is

given by

Y = (7.13)

(7.14)

7.3 Weak Connectivity of the Homogeneous Cluster Random Graph

We now develop a generalized recursive approach (GRA) for the

homogeneous cluster random graph defined in section 7.1. As a first

step towards establishing the main result of this section, we prove

the following lemma:

Lemma 7.1:

Consider Gn satisfying properties (A) and (B). Let Vk be a

k-vertex subset of V and for all j = 1,2, ..• ,m, define Vk. = Vk()Vn.
. n J J

with IVkjl = kj . Then, with Vk ~ Vn-Vk, the following hold true:

k
i) Pr[Oi=oi ~v,.EVkIAV V=O]·= .IT Pr[Oi=o,·IAv. V =0]

k' k ,=1 " k



88

ii) For all vi E Vnj , j = 1,2, ••• ,m

Pr[O. 0=0. 0 V,e=1,2, .•• ,m!Av. -V =0]
',.(.. ',-l. " k

m
= IT Pr[O. 0=0,. 0IAv. -V =0]

,e=1 ' ,.(.. ,.(.. ,'k,e
Vo. 0 C Vk ', ,-l. - i.

(7.15)

iii) For all vi E Vnj ' j = 1,2, ••• ,m

k .
pr[Oi,,e=Oi,,eIAvi,Vk,e=O] = fji.(loi,,eI)

n
= c·o·f·o(lo. 01)J-l. J-l. , ,-l.

where

(7.16)

{
k,e,j (k,e,j) n }-lI fJ.,e(t),
t=O t

and k,e,j = ki.-0,e_j' 0,e_j being the Kronecker delta.

Proof:

i) Since Gn is outbundle independent, it follows that

k
Pr[AV V =0] = IT Pr[Av V =0] •

k'k i=l i'k

Therefore, by using the definition of conditional probability and the

outbundle independence of Gn, we find
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Pr[O.=o. Vv.EVkIAV V =0] =
, , 1 k' k

=

which proves (7.14).

k
IT pr[Oi=oiIAv",Vk=O] ,

i=l

ii) By using the definition of conditional probability, we find

Pr[O. 0=0. 0 V£.=1,2, ..• ,mIA -V =OJ
1,-L 1,-L vi' k

Pr[Oi,£.=Oi,l Vi &Avi,vk=O]
=

Pr[A - =0]vi'Vk

If 0i,£. C Vkl ' it follows that

Pr[O,' 0=0. 0 'fIl & A . -V =0] = Pr[O. 0=0. 0 Vi.] .
,-L 1,-L v" k ',-L 1,.(..

(7.17)

Now by using the statistical independence of the sub-outbundles 0i,£.

V£. =1,2, ••• ,m, we get

and

m
IT Pr[Oi,o=oi,t] ,

1.=1 -L
(7.18)

m
pr[Av",Vk=O] = IT Pr[Av -V =0]

1.=1 i' k1.
(7.19)
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The desired expression (7.15) follows upon substituting (7.18) and

(7.19) into (7.17).

iii) By using the definition of conditional probability, we get

Pr[01' 0=0. olAv. -V =0] =
,-l. 1,-l. l' k.e.

Pr[O. 0=0. 0 & Av. -V =0]
1,-l. l,-l. l' k.e.

Pr[Av' -V =0]
l' k.e.

(7.20)

Now Pr[Oi,.e.=oi,.e. &AVi,Vk.e.=O] = Pr[Oi,.e.=oi,.e.] if 0i,.e. C Vk.e.; other

wise it is zero. Moreover, by using the law of total probability, we

find

k.e.,j
Pr[Avo V =0] = L Pr[A. V =011 0; .e.1=t] • Pr[IOi,.e.I=t] ,

l' k.e. t=O v1 , k.e. '

(7.21)

where k.e.,j = k.e.-0.e._j and 0.e._j is the Kronecker delta. Furthermore, by

using the property (B) of the homogeneous cluster random graph, we find

no . = no-o o .,
-l.,J -l. -l.-J

(7.22)

and

Pr[Avo -V =011 0
1, ol=t]

l' k.e. ,-l.
=

(l:j)
(l:j)

(7.23)
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By using equations (7.22), (7.23), and (7.21), we get

k,e,j (k,e,j) n
Pr[Av. -V =0] = L f ·o(t) •

l' k,e t=O t J~
(7.24)

Using this value and property (B) of the homogeneous cluster random

graph in equation (7.20), we get

Pr[01' o=oi olAv. V =0]
,~ ,~ l' k,e

=

This completes the proof of lemma 1.

We now show that the weak connectivity constant of the homogeneous

cluster random graph can be determined in terms ,of certain probabili

ties than can be computed recursively. Let Vs be a source vertex in

Gn and, without loss of generality, assume that Vs € Vn1 • The number

of descendants of Vs in Vn£., for all £., are random variables denoted

by lev v I. If these random variables take the value ko Vi = 1,2,s, n£. ~

.•. ,m, then each Vn£. can be further partitioned into Vk£. and Vk£.' where

Vk£. is set of k,e descendants of Vs in Vn,e and Vk£. = Vn£.-Vk£.' By

analogy with the two-cluster example in section 7.2, we find that

AVki,Vkj = 0, j,£. = 1,2, ••• ,m. Moreover, in view of the homogeneity

of individual clusters in Gn it follows that the number of sets
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Vk1' Vk2' ... , Vkm is (n1-
1

) . ( n2 ) ..• (nm). Let Vk ~ .~ Vk. and
k1-1 k2 km J=l J

Vk ~ Vn-Vk• Then by using the definition of conditional probability,

we can write

Pr[ICv V I=k o V.e=1,2, ..• ,m]
s' n.e .(..

= Pr[!Cv V I=k o V.eIAV u =0] . Pr[AV -V =0]
s' k.e.(.. k,vk k' k

• Pr[Av* "*v=0]
k' k

(7.25)

.e_.e.e .e .ewhere Vk.e - {V1,v2, .•. ,vk.e} is a particular set satisfying 1Vk.e1 = k.e'

* m.eand Vk = UVko . Let us define
.e=l .(..

Pk k k = Pr[ICv V.e I=ko V.eIAv* "*v=0], (7.26)
l' 2'···' m s' k.e.(.. k' .k

Then, by summing over all kl = 1,2, ... ,n1; k2 = 0,1, ..• ,n2;

km= O,l, ..• ,nm, we find

....,

n1 n2 nm (n,-1) ( n2 ) nm
1 = l: l:. .. L ... ( )Pk k k· pr[AV* \j*=0]

k1=1 k =0 k =0 k1-1 k2 km l' 2'···' m k' k2 m

(7.27)
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We can now state the following theorem concerning the determination of

the probabilities Pk k k :
l' 2'···' m

Theorem 7.1:

For a homogeneous cluster random graph, the probabilities

Pk1 k2 k defined in (7.25) can be computed recursively by using, , ••• , m

the expression

k1 = 1,2, •.• ,n1

ki =O,l, •.• ,ni Vi~l

(7.28)

with the initial condition

p = 11,0, .•. ,0 , (7.29)

where Gk is a random graph obtained from Gn by removing the set of

vertices Vk and their associated incoming and outgoing edges and vj,

j < k, is a j-vertex subset of Vk such that Vii = vj()Vni, IVjil = ji

and Vj = Vk-Vj . The probability pr[Avj,Vj(Gk}=O] is given by

Pr[AV~ 'i7'kV.=0]
J' J

m m {jX,i(jx i) k } ji= n n· L ' f (t) ,
i=l x=l t=O t ix

(7.30)
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, k
where jx,i = jx-ox-i ' and f£X(') is defined by (7.16).

Proof:

Since ICVS,Vk l = 0, the vertices in ~ and their associated

incoming and outgoing edges play no part in determining ICv Vi I for
s' ki

all i = 1,2, .•• ,m, and may be removed without affecting the connectiv-

ity of the resulting random graph Ok' Now, in view of equation (7.14),

(7.15), and (7.16), proved in lemma 7.1, it follows that the random

graph Ok conditionally satisfies the properties (A) and (B) in section

7.1. Furthermore, by using equation (7.16) in conjunction with

property (B) it can be shown that the joint statistics of the out

bundles in OJ' j < k < n are the same regardless of whether OJ is

obtained from Ok or On' Thus, by analogy with the two-cluster example

in section 7.2, it follows that the probabilities Pkl k2 k can be, , ••• , m

computed by using equation (7.28) recursively. In order to prove

(7.29) we note that in view of the statistical independence of the

sub-outbundles in Ok (cf eq. 7.15) and the fact that Vj is the union

of the disjoint sets Vjl' the probability pr[Avj,Vj=O] can be written

as

m m
Pr[AV~ ~=O] = IT IT Pr[Av{ ~ =0] •

J' J l=1 x=1 Jl' J x
(7.31 )

Equation (7.30) now follows from (7.31) by using (7.24) and the statis

tical independence of the outbundles in Ok'

By using the probabilities Pk k k we can determine the
l' 2'···' m



95

probability that a vertex V € Vnj is a descendant of the source vertex

vs ' and the weak connectivity constant of the jth cluster. For all

j = 1,2, .•• ,m, let us define

= Pr[v€vnj is a descendant of vs] ,

and

1
YJo = n:- E[ ICv V I] .

J s' nj

Then by analogy with the two-cluster example in 7.2, we can write for

all j = 1,2, •.. ,m,

1 - Y1 = n1 ( - R1 )n1-1 1 n1 ,n2 , ••• ,nm '

(7.32)

(7.33)

vj :f 1 (7.34)

where ni,j = ni-oi_j' i = 1,2, •.• ,mo The overall weak connectivity

constant (y) of Gn with respect to vs € Vn1 is given by

Y =
1 mn L nJoYJo

j=l
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A computer program based on the GRA has been written to determine

the weak connectivity of a special homogeneous cluster random graph

with up to five clusters. For this graph, a vertex in Vni is connected

to each vertex in Vnj , j = 1,2, ... ,m, with probability rij , and all

connections are statistically independent of each other. The program

has been used to determine the weak connectivity constant of individual

clusters in two, three, and four cluster random graphs when IVnl ' = nl

~l=1,2, ... ,m, r ii = r Vi=1,2, ... ,m and rij = s Vj~i. The values of

Yj' j = 1,2, ..• ,m, are shown in Tables 7-1 to 7-7. The parameter

a = (nl-l)r in the first column of each Table represents the expected

outdegree of each vertex within its own cluster, while S = n~.s is the

expected number of edges that connect the vertices in a pair of dis

tinct clusters. Graphs have been considered with values of a = 2, 3,

and 4 and S = 1,2,4, and 8 edges.

An examination of Tables 7-4 through 7-7 revelas that the value

of the weak connectivity constant is the same for the clusters 2

through m. This is to be expected since each cluster has the same

number of vertices and the same values of a and s. The probability

that the source vertex has at least one descendant in Vnj , j ~l, is

directly related to S. This probability seems to playa significant

role in determining the weak connectivity constant of clusters Vn2
through Vnm• In order to understand this consider the following

heuristic argument with reference to a two-cluster graph. If the

source vertex has no descendant in Vn2 , then the weak connectivity

constant of that cluster would be zero. Further, since the clusters
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are identical in terms of the number of vertices in each cluster and

the values of a and S, it seems reasonable to expect that, given at

least one descendant of Vs in Vn2 , the weak connectivity constant Y2

will be approximately equal to Yl. Since the source vertex has on

the average nlYl descendants in Vnl , the probability that Vs has
. nlYl·nlno descendants in Vn2 is roughly of the order of (l-s) =

n 2y
(l-~) 1 1 ~ €-SYl for n1 2 »1. Thus, we can expect the value

nl

of Y2 to be somewhere near (1-€-
8Y

l}Yl . Consider the specific case

of the two-cluster graph with nl = 10 vertices in each cluster, u= 2,

and 8 = 1. From Table 7-1 we see that, after discounting the effect

of s, the value of Yl is approximately 0.75. This gives (1-€-SY1}Yl

~ 0.418, which is surprisingly close to the value of Y2 (O.397) given

by the GRA. Further, we would expect Y2 to be almost equal to Yl

whenever the value of B is such as to make €-SYl ~ O. This is clearly

borne out by the results in Tables 7-3, 7-5 and 7-7 in which the

values of 8 are sufficiently large.

7.4 Computational Complexity of the GRA

The recursive approach developed in section 7.3 requires the

computation of all the joint probabilities Pk k k ' kl=1,2, ... ,nl ,
12'···' mm

k.e=O,l, ••• ,n.e V.e=2,3, ... ,m. There are nl· IT (n.e+l) such probabilities.
~2

Thus, for an m-cluster graph with n.e »1 V.e=l, .. ,m, the complexity in
m

terms of the memory requirement is of O( IT no). If the evaluation of
~l ~

each term in the summation in (7.23) is accepted as a basic computation~
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we have the following theorem concerning the total number of computa

tions for the GRA:

Theorem 7.2:

For an m-c1uster random graph, the total number of computations
m m

for the GRA is given by N1 oIT (1+NJo)-n1.IT (l+n
J
o) , where nJ

o is the
J=2 J=2

number of vertices in the jth cluster and

N1 ~
n1 (l+n1)

2

11 0(l+n 0)
N. ~ no + J J 'u'j=2, •.• ,m.
J J 2

Proof:

For a one cluster graph, the number of terms in the summation for

the probability Pk1 , is (k1-1). Therefore, for this case, the total
n1 n1

number of computations is given by I_ (k1-1) = I_ k1-n1 = N1-n1 .
k1-1 k1-1

For a two-cluster graph with nl and n2 vertices respectively, the

number of probabilities to be computed is n1{n2+1). Of these nl are

of the form Pk1 ,O and n1n2 are of the form Pkl ,k2 (kl ,k2>O). The

number of computations needed to evaluate the probabilities of the
n1

form Pkl 0 is I (k1-1), while, for the probabilities of the form
, k1=1

Pk
1

,k
2

(k1,k2>O), the number of computations needed is

n1 n2I L {k1{k2+1)-1}. The total number of computations for this
k1=1 k2=1

case is, therefore,
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By extending this reasoning it follows that the total number of compu

tations needed in the case "of a graph with mclusters would be
m m

N1 IT (l+N.) - n1 IT (l+n.) , completing the proof of theorem 7.2.
j=2 J j=2 J

For nj»l Vj=l, ••• ,m it follows that the complexity of the GRA

in terms of the total number of computations is roughly of O(.W n
J
.2).

J=l
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TABLE 7-1. -- Weak connectivity of the two cluster random graph with
"1 vertices in each cluster; S = 1 edge.

"1 = 10 " = 20 n1 = 301
-a Yl Y2 Yl Y2 'Yl Y2

2 .7605 .3979 .6844 .3332 .6615 .3153

3 .9469 .5788 .9164 .5481 .9061 .5385

4 .9908 .6244 .9778 .6100 .9725 .6046

TABLE 7-2. -- Weak connectivity of the two cluster random graph with
"1 vertices in each cluster; S = 2 edges .

"1 = 10 "1 =20 " = 301
-a Y1 Y2 Yl Y2 '\' , Y2. I

2 .7863 .5977 .7011 .5094 .6742 .4836

3 .9529 .8076 .9213 .7706 .9098 .7585

4 .9918 .8571 .9791 .8403 .9736 .8339
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TABLE 7-3. -- Weak connectivity of the two cluster random graph with
nl vertices in each cluster; ~ =8 edges •

n1 =10 n - 20 "1 =301 -
-a Yl Y2 Yl Y2 Yl Y2

2 .8997 .8837 .7995 .7790 .7522 .7324

3 .9777 .9745 .9454 .9413 .9291 .9253

4 .9958 .9952 .9850 .9838 .. 9788 .9776

TABLE 7-4. -- Weak connectivity of the three cluster
random graph with 10 vertices in each cluster;

a = 1 edge •

-a

2

3

4

.7782

.9519

.9916

.5075

.7193

.7704

.5075

.7193

.7704



TABLE 7-5. -- Weak connectivity of the three cluster
random graph with iO vertices in each cluster;

f3 =.8 edges •

a

102

2

3

4

.9610

.9908

.9982

.9563

.9897

.9980

.9563

.9897

.9980

TABLE 7-6. -- Weak connectivity of the four cluster random
gr~ph with 5 vertices in each cluster; f3 = 1 edge •

-a

2

3

.9263

.9958

.7866

.8922

.7866

.8922

.7866

.8922

TABLE 7-7. -- Weak connectivity of the four cluster random
graph with 5 vertices in each cluster; f3 =4 edges •

-a

2

3

.9923

.9995

.9903

.9994

.9903

.9904

.9903

.9904
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CHAPTER 8

A Simplified Recursive Approach for the Connectivity
Analysis of a Homogeneous Cluster Random Graph

8.1 Introduction

It was seen in chapter 7 that for a homogeneous cluster random

graph with m clusters, the GRA has a computational complexity roughly

of O(.W nj) in terms of the memory requirement and of O(.W nJ.
2) in

J=l J=l
terms of the number of computations, where nj is the number of vertices

in the jth cluster, n»l, Vj=1,2, •.• ,m. The GRA becomes increasingly

cumbersome as the graph becomes large in terms of the number of clus

ters, or the number of vertices in each cluster. Thus, with a four

cluster graph with ten vertices in each cluster, the number of basic

computations is of the order of 108. The GRA is therefore suitable

only for medium sized networks with few clusters.

In this chapter we present a simplified recursive approach (SRA)

for determining approximate values for the weak connectivity constants

of individual clusters in a special homogeneous cluster graph, by

making certain simplifying assumptions. For the homogeneous cluster

random graph considered in this chapter, all the clusters have the

same size and each vertex vk in the ith cluster is connected to every

vertex in the jth cluster with probability r if i = j, and with

probability s if i f j, and all such connections are statistically

independent of each other. For an m-cluster graph, the complexity of

the SRA is O(m) in terms of memory requirement and of O(m2) in terms
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of the number of computations. The SRA has been used to determine

approximate values of the weak connectivity constants of homogeneous

cluster random graph with two, three, and four clusters. It is shown

that when ~= (~ -l)r ~ 2 and there is a sufficiently high probability

of Vs having at least one descendant in Vnl Vlr1, the results yielded

by the SRA compare favorably with those obtained by using the GRA.

8.2 The Simplified Recursive Approach

Consider the random graph Gn with the following basic property:

The vertex set of Gn can be partitioned into msubsets Vnl , Vn2 , .•. ,

Vnm each with ne =~ vertices, and each vertex vk E Vni is connected

to each vertex vi E Vnj , independently of all other connections, with

probability r if i = j and with probability s if i r j.

Let Vs be an external source vertex which is connected to each

vertex in Vnl with probability r and to every vertex in clusters Vnj ,

j = 2, .•• ,m, with probability s, all connections being statistically

independent of each other. A diagrammatic representation of Gn with

Vs is given in Fig. 8.1. A cluster will be said to be "excited" if

the number of descendants of Vs in that cluster is greater than zero.

In a general homogeneous cluster random graph, the number of clusters

that are excited as well as the number of descendants of Vs in an

excited cluster are random variables. Let the event that there are j

excited clusters in G be denoted by ~. if the j-excited clusters
n J

include the cluster Vnl , and by Aj if the j excited clusters do not

include Vnl • Furthermore, for all l = 1,2, .•. ,m, let the number of
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descendants of Vs in Vnn be denoted by ICv V I .
.(.. s' ni

The major simplifying assumption in the SRA can be stated as

follows: For all i = 1,2, ••. ,m, the random variable Icv V I is
s' ni

approximated by the random variable Ci which, in the event that there

are j excited clusters in Gn, takes the values Cji and dji with proba

bilities P(Aj ) and P(~j) respectively, where we define

and

j = 1,2, ••. ,m ,

j = 1,2, ••• ,m ,

(8.1)

with the initial condition

(8.2)

The quantities CjR.. and dji defined above can be determined in the

following manner: Consider the event Aj first, corresponding to the

situation when Gn has j excited clusters excluding the cluster Vnl •

The j excited clusters with the source vertex Vs are diagrammatically

shown in Fig. 8.2-a. It is easily seen that the joint statistics of

the outbundles are invariant to the re-numbering of the clusters in

this j cluster graph. It follows that for this case, the expected

number of vertices that are descendants of Vs in a cluster is the same

for all clusters, i.e.,
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Fig. 8.1: The m-c1~ster random graph Gn.

(a) (b)

Fig. 8.2: Two possible subgraphs of Gn with j excited clusters;
(a) excluding cluster 1 (b) including cluster 1.
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The quantity Cj can be approximately estimated as follows: A vertex in

Vnl will not be a descendant of vs if all of the following occur:

i) It is not adjacent from vs • The probability of this is (l-s).

ii) It is not adjacent from any of the Cj d:scendants of Vs in

Vnl. The probability that this happens is (l_r)Cj.

iii) It is not adjacent from any of the cj descendants of Vs in

each of the remaining (j-l) excited clusters. The probability that

h · h . ( ) (j-l)Cj .. (A) ht 1S appens 1S l-s . Hence, the probab1l1ty R t at a vertex

V E Vnl is a descendant of Vs is approximately given by

"1 - R (8.3)

However, since we assume that there are Cj descendants of vs in each
A •

cluster, the probability R is also given by

1 "R = -c.
ne J

(8.4)

In view of equations (8.3) and (8.4), cj can be determined by solving

the transcendental equation,

" Cj l+(j-l)cj
c. = n {l-(l-r) (l-s) } •
J e

Since s is usually quite small and (j-l)cj » 1, the last equation

above can be simplified to
A

C •

C. '" ne(l-w J)J -
(8.5)
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where

w = (l-r)(l-s)j-l

Next consider the situation corresponding to the event ~j' when j clus

ters including Vnl are excited in Gn. The j excited clusters together

with the vertex Vs are diagrammatically shown in Fig. 8.2-b. Here, we

note that the joint statistics of the outbundles in Gn is invariant to

the re-numbering of the clusters Vn2 to Vnm. Denoting by djl and dj2 ,

the expected number of descendants of Vs in cluster Vnl and the clus

ters Vn2 through Vnm , respectively, and using the same kind of argument

as above, we obtain the following expressions:

djl l+djl (j-l)dj2
--- = 1 - (l-r) (l-s)ne

dj2 dj2 l+djl (j-2)dj2
= 1 - (l-r) (l-s) (l-s)ne

(8.6)

(8.7)

A

If we assume djl » 1 then equations (8.6) and (8.7) give the solution

(8.8)

This result also seems reasonable from an intuitive point of view. We

recall that Vnl differs from the other clusters only in that the ver

tices in Vnl are connected to the source vertex Vs with probability r

whereas the vertices in the remaining clusters are connected to Vs
with probability s. If r»s, then the probability that Vnl is excited
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will be significantly greater than the corresponding probability for

any other cluster. However, given the event ~j that j clusters are

excited, it seems reasonable to expect that the average number of

descendants of Vs in each excited cluster would be the same.

Recursive expressions for the probabilities peAk) and P(~k) will

now be obtained. For brevity let these probabilities be written as

PAk and P~k respectively. It is easily seen that when the event Ak

occurs, the vertices in the m-k un-excited clusters, since they do

not contain any descendant of vs ' may be removed together with their

incoming and outgoing edges and the resultant graph will have the same

connectivity. The random graph GAk obtained in this manner is a homo

geneous cluster random graph in which a vertex vi E Vni is connected

to a vertex Vx E Vnj , with probability r if i = j, and with probability

s if i f j, and all connections are independent of each other. More

over, the source vertex Vs is independently connected to each vertex

in the k clusters with probability s. It follows that PAk is the

probability that all the k clusters in the homogeneous cluster random

graph GAk are excited. In a similar manner we can show that P~k is

the probability that all clusters in a homogeneous cluster random

graph G~k are excited, where G~k differs from GAk only in that the

source vertex is connected to the vertices in Vnl with probability r

rather than with probability s. The random graphs GAk and G~k can be

represented diagrammatically by fig. 8.2-a and 8.2-b respectively if

we replace j with k. Recursive expressions for determining PAk and

P~k approximately, can be obtained as follows: In order to remain
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un-excited, all the ne vertices in a cluster must be disconnected from

all the descendants of Vs in each of the excited clusters. This has

been indicated in figs. 8.3 and 8.4 when j out of k clusters are

excited in the random graphs G~k and GAk respectively, by drawing

broken arrows from each excited cluster to a typical un-excited cluster

and labelling it with the appropriate probability. Note that there

are two ways of having j excited clusters in G~k' corresponding to

the events Aj and ~j. These are shown in fig. 8.3-a and fig. 8.3-b

respectively. By using the law of total probability, the following

approximate expressions for P~k and PAk are obtained:

k-l ( k-1)' jne(k-j )Cj
= .L . 1 p~J.(l-s)

J=O J-

Vk = 1,2, •.• ,m, (8.9)

and

Vk = 1,2, ... ,m-1

(8.10)

Approximate values of the weak connectivity constant Y!'

l = 1,2, ••• ,m, remain to be determined. In order to do this, we
"approximate the average number of descendants of Vs in Vnl by E[Cl ],

for all l = 1,2, ..• ,m. The approximate values of the weak connectivity
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constants are then given by

"il.e. = 1,2, ..• ,m.

It should be noted again that Y.e. has the same value for all .e. ~ 1. The

following expressions can be written down directly by making use of

figs. 8.3 and 8.4 and letting k =m:

and

= _1 I c. (m-l) P .(l_s)j(m-j)necj
Yl ne j=l J n-l ~J

, (8.1l)

~ A (m-2) ( )j (m-j )neCj
+ L c· P l-s

j=2 J j-2 ~j
(8.12)

The values of Yl and Y2 have been determined by using the SRA for

the homogeneous cluster random graph described in the beginning of

this section, with two, three, and four clusters. Graphs have been

considered with values of a = (ne-l)r = 2,3, and 4 and values of
2 A A

S = ne·s = 1,2,4. and 8 edges. The values of Yl and Y2 and the exact

values Yl and Y2 obtained by using the GRA, are shown in Tables 8-1

to 8-5.

An examination of the results in Tables 8-1 to 8-5 shows that

for a ~ 3 the approximate values ~l and Y2 are in close agreement with
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the exact values Yl and Y2. For a = 2, the correspondence between

the exact and the approximate values is still reasonably good when S

is sufficiently large. This is apparent by examining the results in

Tables 8-1.c, 8-2.c, 8-3.c, 8-4.b, and 8-5.b. For a = 2 and small

values of S the discrepancies between the exact and the approximate

values are probably due to the poor estimate of the expected number

of descendants of Vs in a cluster when j clusters are excited in the

graphs, by the quantity Cj .

8.3 Computational Complexity of the SRA

For an m-cluster graph, the SRA developed in section 7.2 requires

the determination of mprobabilities of the form PPk and (m-l) proba

bilities of the form PAk' Thus, the complexity of the SRA in terms of

the memory requirement is (2m-l). The number of terms in the summation

in (8.9) for PPk is 2k-2, while the corresponding number if the summa

tion (8.10) for PAk is k-l. If the evaluation of one such term is

considered a basic computation, then the complexity in terms of the

total number of computations is

m m-l
L (2k-2) + L (k-1) =

k=l k=l
l m2 - i m+ 1
2 2

Thus, it is seen that the complexity of the SRA in terms of the memory

requirement is of O(m), while the complexity in terms of the number

of computations is of O(m2).



Comparison of the GRA and the SRA for a two cluster graph with
n = 10 vertices in each cluster.

TABLE 8-1.a: l3 = n2·s = 1 edge •e

a = .(ne-1)r Y1 Y1 Y2 Y2

2 .7605 .8126 .3979 .4904

3 .9469 .9583 .5788 .6028

4 .9908 .9925 .6244 .6285

TABLE 8-1. b: l3 = n2·s = 2 edgese

A

a = (n -l)r Y1 Y1 Y2 Y2e

2 .7836 .8822 .5977 .7040

3 .9529 .9626 .8076 .8318

4 .9918 .9933 .8571 .8611

TABLE 8-1. c: l3 =n2·s =8 edgese

A A

a = (n
e
-1)r Y1 Yl Y2 Y2

2 .8997 .9162 .8837 .9158

3 .9777 .9809 .9745 .9806

4 .9958 .9965 .9952 .9963
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Comparison of the GRA and the SRA for a two cluster graph with
n = 20 vertices in each cluster.

TABLE 8-2.a:
2 .

edge .f3 = n ·s =1e
,.

a. = (ne-l)r Y1 Y1 Y2 Y2

2 .6844 .7535 .3332 .4367

3 .9164 .9289 .5481 .5765

4 .9778 .9802 .6100 .6171

TABLE 8-2.b: 28 = ne·s = 2 edges.

,. ,.
a. = (ne-~)r Y1 Y1 Y2 Y2

2 .7011 .7670 .5094 .6328

3 .9213 •9328 .7706 . .7991

4 .9791 .9813 .8403 .8471

TABLE 8-2.c: 8 = n2·s =8 edges •e
,. ,.

a = (ne-l)r Y1 Y1 Y2 Y2

2 .7995 .8347 .7790 .8339

3 .9454 .9515 .9413 .9512

4 .9850 .9864 .9838 .9861
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Comparison of the GRA and the SRA for a two cluster graph with
n = 30 vertices in each cluster.

TABLE 8-3.a: e = n~.s = 1 edge •

A

a = {n -1)r Y1 Y1 Y2 '2e

2 .6615 .7326 .3153 .4178
• 3 .9061 .9178 .5385 .5665

4 .9725 .9748 .6046 .6123

TABLE 8-3.b: S = n2.s = 2 edgese

... ...
ex = {n -l)r Y1 Yl 'Y2 'Y2e

2 .6742 .7425 .4836 .6064

3 .9098 .9208 .7585 .7862

4 .9736 .9757 .8339 .8410

TABLE 8-3.e: a = n~'s = 8 edges.

... ...
ex = {n -l)r Y1 "(1 Y2 'Y2e

2 .7522 .7954 .7324 .7945

3 .9291 .9363 .9253 .9359

4 .9788 .9804 .9776 .9800
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Comparison of the GRA and the SRA for a three cluster graph with
n =10 vertices in each cluster.

TABLE 8-4.a: l3 = n2·s = 1 edge •e

a = (n -1)r
A A

Y1 Y1 Y2 Y2e

2 .7782 .8286 .5075 .6207

3 .9519 .9619 .7193 .7464

4 .9916 .9932 .7704 .7750

TABLE 8-4.b: 2l3 =n ·s = 8 edgese

Ci = (n -1)r
A A

Y1 Y1 Y2 "'2e

2 .9610 .9642 .9563 .9642

3 .9908 .9917 .9897 .9917

4 .9982 .9985 .9980 .9985
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Comparison of the GRA and the SRA for a four cluster graph with
n = 5 vertices in each cluster.

TABLE 8-5.a: 13 = n2·s = 1 edge •e

A A

ex = (n -l}r Yl Y1 Y2 Y2e

2 .9263 .9426 .7866 .8442

3 .9958 .9970 .8922 .8960

TABLE 8-5.b: 13 = n~.s = 4 edges •

A

<i"= {ne-1}r Y1 Y1 Y2 Y2

2 .9923 .9931 .9903 .9931

3 .9995 .9996 .9994 .9994
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CHAPTER 9

Concluding Remarks and Recommendations for Further Study

9.1 Concluding Remarks

In this thesis we have considered the problem of the connectivity

of random networks and have developed approaches--approximate as well

as exact--applicable to a broad category of homogeneous random graphs.

We have also proposed new random graphs that could suitably model

certain non-homogeneous networks, and have developed recursive

approaches for analyzing these random graphs.

A fundamental shortcoming of the existing works in the area of

connectivity of random networks, is the lack of a precise definition

of the term "random graph". A survey of the existing literature reveals

that most studies have concentrated on the analysis of specific models

--which is probably the reason why the need for a general definition

was never felt. Hopefully, the definition of a random graph in chapter

2 removes this obstacle.

A modified propagation model for determining approximate values

of the weak connectivity constant of homogeneous random graphs is

presented in chapter 5. The modified model is based on an extension

of a simplified approach used by Solomonoff and Rapoport for deter

mining the weak connectivity constant of a particular homogeneous

random graph, and incorporates additional assumptions which take into

consideration the possibility of the message propagation process
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terminating at any intermediate step k. 0 $ k $ n-l. Whereas the

simplified approach of Solomonoff and Rapoport gives good results only

for the outwardly homogeneous random graph, the modified model gave

good results when tested with a number of existing and newly proposed

random graph models for which the simplified approach appears to fail.

Although closed form solutions are not obtained, the equations of the

modified propagation model can be solved numerically using fairly

simple algorithms. In addition, upper bounds on the approximate solu

tion (yl) have been obtained which can be evaluated in a straight

forward manner.

A recursive approach for determining the weak connectivity con

stant of homogeneous outbundle independent random graph was found. The

basic condition that has to be satisfied whenever a vertex Vs in an

n-vertex random graph has exactly k descendants, 1 ~ k $ n, allows

the weak connectivity constant of a homogeneous random graph to be

expressed in terms of certain probabilities, which, in the case of an

HOIRG, can be computed recursively. The recursive approach in chapter

6 seems to be superior to the exact approaches existing in literature

in that it is applicable to a broader class of random graphs, and for

an n-vertex random graph, it requires the determination of only n

quantities in order to compute y. Although the approach is directly

applicable only to outbundle independent random graphs, it can be used

indirectly to determine the weak connectivity constant of a fixed

indegree-a homogeneous random graph.

The recursive approach in chapter 6 has been extended to develop
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a generalized recursive approach (GRA) for determining the weak

connectivity constant of a homogeneous cluster random graph. Such a

graph can be used for modelling certain non-homogeneous communication

networks with distance bias. Little is available in the existing

literature in terms of analytical results for such networks [17]. The
m

GRA has a computational complexity of O(.IT n
J
.) in terms of the memory

m J=l
requirement and of O(.IT n

J
.2) in terms of the number of computations,

J=l
for an m-cluster graph with nj vertices in the jth cluster. The GRA

is suitable for analyzing medium-sized networks with few clusters.

In view of the prohibitive complexity of the GRA for large

networks, a simplified recursive approach (SRA) has been developed for

determining the approximate values of the weak connectivity constants

of individual clusters in a special homogeneous cluster random graph.

For an m-cluster graph, the SRA has a computational complexity of O(m)

in terms of memory requirement and of O(m2) in terms of the number of

computations. The results obtained by using the SRA compare favorably

with the exact results when the expected outdegree of each vertex in

its own cluster is greater than or equal to 2 and there is a suffi

ciently high probability of the source vertex Vs having at least one

descendant outside of the cluster which contains vs .

In conclusion, it is felt that a certain measure of success has

been achieved in developing unified methods for analyzing a broad

category of random networks, and in establishing and analyzing new

graph-theoretic models for non-homogeneous communication networks. In

the following section, possible extensions of the approaches developed
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in this thesis are discussed, and problems that could be subjects of

further study are pointed out.

9.2 Extensions and Recommendations for Further Study

Some of the approaches developed in this thesis could be used for

obtaining useful insight into some interesting problems. In a homo

geneous random network, the fraction of vertices that are descendants

of a source vertex Vs is a random quantity. Let us denote this fraction

by o. The behaviour of this fraction around its mean value y could

be of significance from the point of view of design of communication

networks. With reference to the description of the message propagation

process given in chapter 2, it is seen that

n-1
o = 1 ~ z.

n . 0 JJ=

that is, 0 is the sum of n random variables divided by the number of

vertices in the network. Although these random variables are neither

statistically independent nor identically distributed, it would be

interesting to see if the kind of behaviour prescribed by the central

limit theorem obtains for large networks. The recursive approach

in chapter 6 could be used directly for determining the variance of 0

in outbund1e independent homogeneous random graphs. The approximate

behaviour of 0 around its mean value y could also be determined for

homogeneous random graphs by using the modified propagation model.

The comparison of the approximate and the exact behaviour could be
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helpful from the point of view of seeking refinements to the model.

Another important problem which remains open is concerned with the

determination of the probability of the existence of a path between a

given pair of vertices in a general non-homogeneous network in which

the vertex vi is connected to the vertex vj with probability Pij , and

all connections are statistically independent of each other. Some of

the existing algorithms [15] have a complexity of 0(2e) in terms of the

memory requirement, and presumably of 0(22e) in terms of the number

of computations, where e is the number of edges in the networks. For

dense networks e is of 0(n2), n being the number of vertices in the

graph. The generalized recursive approach (GRA) in chapter 7 could be

used for analyzing the above network by shrinking each cluster into

a vertex. It can be shown that the complexity of the GRA in this case

would be of 0(2n) in terms of memory requirement and of 0(3n) in terms

of the number of computations. Networks with up to ten vertices could

be analyzed, presumably without serious problems.

In view of the fact that exact approaches become unwieldly with

large networks, the need for simplified methods that give good approxi

mations, hardly needs to be emphasized. In this thesis, the modified

propagation model, and the simplified recursive approach (SRA) for

a special homogeneous cluster random graph, are both attempts in this

direction. Whereas the modified propagation model gives good results

in almost all cases of practical interest, it would be worthwhile

investigating what additional or alternate assumptions could lead to
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better approximations in cases where there are discrepancies. Regarding

the SRA, alternate ways of estimating the quantities cjl in equation

(8.1), have to be sought. In addition, the need still remains, for a

simplified approach applicable to a broader class of homogeneous clus

ter random graphs.
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APPENDIX I

In this appendix we re-state and prove property 4.1 of the HOIRG.

Property 4.1:

For an HOIRG, the expected value of the number of vertices

contacted for the first time at the (k+l)st step, conditioned on

Xi = xi and Zi = zi for all i ~ k, is given by

(1.1)

where n is the number of vertices in the graph and a is the expected

outdegree of each vertex.

Proof:

The proof can be given by recursion. Let the zk vertices contacted

at the kth step by numbered 1,2, .•• ,zk and let N(zk) be the number of

vertices, among the n-xk uncontacted vertices after the kth step, that

are adjacent from at least one of the vertices 1,2, .•• ,zk. Furthermore,

let N(zk-l) be the number of vertices, among the n-xk uncontacted

vertices after the kth step, that are adjacent from at least one of the

vertices 1,2, •.• ,zk-l. It should be noted that N(zk) is the number of

vertices contacted for the first time at the (k+l)st step, when Xi = xi

and Zi = zi ~i~k, as a result of tracing the outwardly directed edges

of the zk verti~es contacted at the previous step, according to the

following rule: If the number of outwardly directed edges, IOm l , is



127

equal to l for the vertex m (l~m~zk)' then the l vertices adjacent

to this vertex are selected from the n vertices in the graph in such

a way that all possible choices, that do not result in self-loops and

parallel edges, are equiprobable. We first obtain an expression for

the expected value of N(zk) conditioned on N(zk-l) = j. It is apparent

that when N(zk- l ) = j, the number of vertices still uncontacted at

the time that we start tracing the outwardly directed edges of the

vertex zk' is n-xk-j. Therefore, the probability that N(zk) equals

(i+j) given that N(zk-l) is equal to j, is equal to the probability

that the vertex zk is adjacent to exactly i vertices out of the n-xk-j

uncontacted vertices defined above. By using the law of total proba

bility and the rule for tracing the outwardly directed edges of each

vertex, discussed above, we find that

, (1. 2)

where Pt = pr[IOzkl=tJ. By using equation (1.2) it follows that

=
t

j + r
i=O
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=

(I.3)

The inner summation on the R·H·S of (I.3) is the mean of a hypergeomet

ric distribution with probabilities given by the bracketed term on the

R·H·S of (I.2) for all values of i. It is known that this mean is
n-xk-j

equal to n-l t. Since the expected outdegree of zk is a, equation

(I.3) reduces to

. n-xk- j _= J + a
n-l

Thus, one finds

- n-xk
= {l- ~l)j + -- a (I.4)

n- n-l

- n-xk
= (l- ~l)E[N{zk-l)] + ---- a

n- n-l
(I. 5)

The recursive solution of (I.5) with the initial condition E[N{O)] = 0

leads to
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APPENDIX II

Proof of property 5.1:

We have to prove that, for the HOIRG

=

(ILl)

where Ak is the event that the message does not propagate from the kth

to the (k+l)st step, and p = (n-l) f = Pr[IO.I=m] •m m n 1

Let {Dk} be the set of zk newly contacted vertices at the kth

step, and let {Tk} be the set of xk vertices contacted up to and

including the kth step. Then, it follows from the homogeneity and

outbundle independence of the HOIRG, that

Pr[Ak I Z.=z., X.=x. Vj ~ k]
J J J J

=

= (IL2)

Finally, by using the law of total probability and noting that all

possible outbundles of the vertex 1, that do not result in self-loops

and parallel edges, are equiprobable, we find

=



=
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Substituting this last value in (11.2) we get the desired result:

Pr[Ak I Z.=z., X.=x. Vj ~ k]
J J J J

=
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