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ABSTRACT

Monthly and annual rainfall data from 591 stations on

the island of Oahu, Hawaii, have been compiled as a comput

erized data set. Data from 76 stations are used in a pres

entation of the techniques and procedures for preparing a

rainfall atlas. The relative merits of the median versus

the mean as representative normal statistics are examined.

Normal is defined here as the central point of a distribu

tion about which the other values are evenly distributed.

It is concluded that the median is the better choice both

because it stabilizes more quickly and because it is less

affected by the extreme values often present in hydrologi

cal data.

A method of biased estimation, ridge regression, is

introduced as a technique for extrapolating long period nor

mal rainfalls from short records. Ridge regression is shown

to be superior to ordinary least squares regression, double

mass analysis, and a robust estimator of location for ex

trapolating Hawaiian rainfall normals.

Some aspects of the effects of topography on rainfall

are discussed. It is shown that, at points equidistant from

the crest, there is no substantial difference between rain

falls on leeward ridges and valleys on Oahu. It is sug

gested that aerodynamic, rather than topographic, effects

might explain the results of previous study which found the

valleys to be wetter than the ridges.
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It is concluded that maps of median rainfalls, con

structed using the technique of ridge regression, will best

represent the distributions of normal rainfall on the Hawai

ian Islands but, because of the many errors inherent in the

measurement of rainfall, exact rainfall maps cannot be pro

duced.
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1.0 INTRODUCTION

The preparation of a rainfall atlas involves the col

lection and processing of a heterogeneous data set. The

many stations differ as to period of record, frequency of

reading, siting and type of gauge, etc. Once the data have

been compiled a period on which the normal values are to be

based must be selected. Normal is defined here as the cen

tral point of a distribution about which the values are

evenly distributed. The length of this base period is often

dependent upon the statistic, usually the arithmetic mean or

median, chosen as representative of normal conditions. Fi

nally, methods for adjusting all records to the common base

period and for interpolating between gauges in data sparse

areas must be selected.

Some of the procedures currently used in the prepara

tion of rainfall atlases were developed many years ago. Re

cent advances in the field of statistics and the massive

power of today's computers permit the application of more

sophisticated techniques to the analysis of climatological

data. The primary purpose of this paper is to introduce a

new statistical method for homogenizing rainfall data and to

compare this method with those in common use. Mention will

also be made on the choice of normal statistic and on the

selection of the base period of record. The data used are

the monthly and annual totals for selected stations on the

island of Oahu, Hawaii. Since there is such a large diver-
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sity of both topographic and climatological regions on the

island it is expected that this new method should be appli

cable in many other locales. Furthermore, the method is not

limited to rainfall data; other meteorological parameters

may be similarly adjusted using this time-extrapolation

technique.
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2.0 PRELIMINARY WORK IN RAINFALL ATLAS PREPARATION

2.1 Problems in Rainfall Measurement

Rainfall is measured by gauges at specific locations.

Gibbs (1962) noted that there has been little progress in

measuring rain since the Fourteenth Century when a rain

gauge, not very different from those now in use, was used in

Korea. He attributed this lack of progress to the diffi

culty of the problem of accurately measuring rain, rather

than any lack of progress in the hydrological sciences. It

has been shown that even seemingly insignificant influences

in the vicinity of a gauge can produce significant varia

tions in its catch (Eichmeier et al., 1965). It is gener

ally agreed that the observed amounts are underestimates

(Nordenson, 1968; Morgan and Lourence, 1969), with the dif

ference between gauge catch and actual rainfall ranging from

5 to 30 per cent (Masatsuka, 1960).

Wind is the major cause of error in precipitation meas

urement. This error increases with gauge site wind speed

and is much larger for solid than for liquid precipitation.

For liquid precipitation at least 10% deficiency in catch at

10 mph can be expected. (Larson and Peck, 1974) Ramage et

al. (1977) have estimated long-term mean annual wind speeds

in excess of this amount for many locations on Oahu. Errors

associated with the turbulence generated by the introduction

of the rain gauge into the environment appear to be on the

order of only a few percent (Chou, 1968; Larson and Peck,
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1974) .

No single item is more important in the measurement of

rainfall than the physical surroundings of the gauge (WMO,

1969). In order to provide representative measurements, the

site should be chosen so as to provide some shelter for the

gauge, yet at the same time care should be taken so as not

to overshelter. Most of the rain gauges in Hawaii are pri

vately maintained and site selection is at the owner's dis

cretion. Thus, the accuracy of much of the data is suspect

and users of rainfall maps produced from these data should

not place blind trust in such maps. In fact, instead of the

proverbial "grain of salt", a whole salt-shaker might be

more appropriate!

The reliability of a point measurement in representing

the average depth over an area 1.13 n f'uncri.on of =

(1) Distance from the gauge,

(2) Size of the area,

(3) Topography of the region,

(4) Nature of the rainfall, and

(5) Local storm pattern characteristics

(Mockus, 1972).

In an area like the Hawaiian Islands both the rugged topog

raphy and the convective nature of the rainstorms (Baer,

1956) require a dense network of observing stations in order

to accurately depict the normal rainfall distribution. For

example, the depth-area curves of precipitation developed

for use in Hawaii (Schwartz, 1963) show a faster decrease of



5

rain with increasing area than those used in the other

states (D. S. Weather Bureau, 1962).

Because of the problems in measuring rain and in ex-

tending point measurements to average depth over an area it

is not yet (and may never be) possible to produce exact

rainfall maps. This may disappoint engineers and others

who require accurate quantitative rainfall data. It is most

important that these shortcomings be communicated to such

users. As Radock (1962) stated:

"I think the meteorologists should tell
them (the engineers) that it would be better
for all concerned if the engineer did not
think so much of his immediate requirements
but tried to understand more the actual
processes creating the data he gets from the
meteorologist. II

For its size the island of Oahu (area 1574 km
2)

has

perhaps the most dense climatological station network in the

world (Figure 1). Since 1837 over 700 reported climatologi-

cal stations have existed at one time or another, recording

various meteorological parameters (Department of Land and

Natural Resources, 1973). Monthly and annual rainfall to-

tals for 591 of these stations through the year 1975, with

periods of record varying from one month to 86 years have

been compiled as a computerized data set by the Department

of Meteorology, University of Hawaii. Due to numerous dis-

crepancies among several of the previously published data

summaries, whenever possible manuscript records were ob-

tained in order to verify the data. The authenticity of

both the monthly and annual totals was also evaluated.
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Figure 1. Island of Oahu, Hawaii, showing locations of long
record stations used in comparison tests of
several cornmon techniques for extrapolating mean
and median annual rainfalls. Eastern mountains
are the Koolausi western mountains are the
Waianaes.
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Monthly (annual) totals that included all and only all the

rain falling in that particular month (year) were deemed

authentic. All other data were labelled to distinguish them

from the authentic data. In addition, for statistical pur-

poses, those months (years) with 4 (8) or more days of miss-

ing data were discarded.

2.2 Data Sources

The primary data sources were:

a) National Climatic Center (NCC). Magnetic tape
(monthly totals), 1948 through l~nS for s t at.Lons
published in the official climatological record.
Magnetic tape (daily totals, 1965 through 1973
for stations published in Hourly Precipitation
Data (NOAA, 1965-1975). Data recorded earlier
were obtained from Climatological Data (NOAA,
1965-1975) and "Bulletin W" (Marvin, 1919).

b) Hawaiian Sugar Planters' Association (HSPA). Punch
cards for all HSPA plantation stations from start
of records through 1975.

c) State Department of Land and Natural Resources,
Division of Water and Land Development (DOWALD).
Carbons of manuscript records, 1948 through 1975.
Various data summaries and worksheets compiled by
National Weather Service, HSPA, DOWALD and Hawaii
Water Authority. Quadrangle maps showing station
locations. Current listing of all known gauges.

d) Pineapple Research Institute (PRI). Prepared
summaries of data from PRI stations. (Data pro
vided by P. Ekern, currently with Water Resources
Research Center, University of Hawaii.)

e) Private stations whose records were not included
in any of the above lists. These were solicited
by an advertising campaign in the local media.

2.3 Data Compilation

Every known climatological station in the state has
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been assigned a State Key Number (SKN) (Leopold et al., 1948

and Taliaferro, 1961). On Oahu the SKN's range from 700 in

the southwest to 913 in the northeast. In areas where all

whole numbers have been assigned a number and decimal point

are added, for example, 700.1.

The monthly and, where necessary, annual totals were

entered on punched cards, along with the SKN, year, and a

code indicating the source of the data. The data were ob-

served and recorded in U. S. customary units (hundredths of

inches) and were then converted to International units (mil-

limeters) by machine. In order to reduce arithmetical er-

ors whenever possible the annual totals were machine com-

puted from the monthly totals. An extensive data checking

procedure was implemented to minimize keypunching and tran-

scription errors.

I determined that a simple method for distinguishing

between authentic and questionable data would be most con-

venient and efficient. Experience has proved the NCC system

to be both computationally inefficient and in some cases,

ill-defined, resulting in conflicting data among their mag-

netic tape, the published monthly and the published annual

reports. I developed the following simple system:

a) All authentic data were entered without
modification.

b) Missing monthly totals were coded as -99.99,
missing annual totals were coded as -999.99.

c) Totals for periods in which the gauge over
flowed were preceded by a plus (+) sign and
a notation made on the tabulation sheet.
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with such a system users can easily obtain access to all the

data or may use only the authentic values, as their needs

require.

Logs were kept as the data were compiled, including a

more precise indication of the sources of data and station

histories, changes in observer, station name and/or gauge

location, frequency of reading and various miscellaneous re-

marks. This information was recorded on file cards for easy

access.

In addition to the data, "header" cards were punched

listing for each station the SKN, station coordinates, ele-

vation and current or most recent station name and observer.

Many computer programs were developed for manipulating and

processing the data, including one for computing station

statistics (period and number of years of record, extreme,

mean, median and quartile rainfalls, coefficients of varia-

tion and quartile variation for each month and the annual

totals), and another for plotting a map of any of the sta-

tistics for the entire island or any part thereof to any

specified scale. Also, an interactive program was developed

to handle inquiries from any individual or agency. That

program performs the following tasks:

a) Given any location in the state, locate and
display all the gauges within a specified box
centered on that location and compute the
distance of each from that location.

b) Given any st.at.Lon name, determine the SKN of
that station.
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c) Given any station, display either all the
available data or only the data for a speci
fied time period for that station. Also, if
requested, display the computed statistics
for that station.

d) If requested, produce a print-out of any or
all of the above information.

2.4 Data Verification

When data for the same station contained in several of

the sources were compared significant discrepancies were of-

ten found. It was therefore necessary to develop a "prior-

ity list" of sources based on the history of their develop-

ment (Appendix A). In general, first-hand sources were

assumed more accurate than second-hand; daily data more than

monthly or annual summaries; and widely published data with

amendment procedures more than "in-house" reports. In order

to eliminate most arithmetic errors monthly totals for all

available daily data were recomputed.

Even using the manuscript data it was often difficult

to ascertain the authenticity of a significant fraction of

the data, mainly because of the lack of a standard recording

system. Perhaps the most difficult problem was that of

blank daily records. Depending on the observer, blanks

could be interpreted as no record, rainfall to be accumu-

lated in the following reading, or a reading of zero rain-

fall. Such problems could be easily remedied by a statewide

recording standard -- for example, zero readings should be

recorded as such, accumulations indicated by asterisks, and

missing values recorded as M's.
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The most recently pUblished listing of all c1imatolog-

ical stations (Department of Land and Natural Resources,

1973) served as a starting point for station locations and

histories. It contains listings, both alphabetical and nu-

merical, of all known gauges. Quadrangle maps showing sta-

tion locations were also reproduced. Not only were errors

found in the various sections, but the report was found to

be internally inconsistent. Stations in the numerical list-

ing did not appear in the alphabetical list. Some stations

were not plotted on the maps while non-existent gauges were.

Plotted locations often corresponded to neither the stated

coordinates nor the elevations, which occasionally did not

correspond with any possible location on the islands. A

comparison among seven sources of station histories revealed

the currently published elevation to be more likely correct

than either the station coordinates or the plotted position.

Copies of the quadrangle maps were then carefully examined

and all possible corrections to station locations were made.

Revised coordinates were then computed from the corrected

maps.

Many of the problems encountered by previous studies in

terms of station names and locations still exist: others

were found to have recurred. Both Leopold et ale (1948) and

Taliaferro (1961) encountered the confusing multiplicity and

duplication of station mames. Many stations had been re-

named without changing location; others had been relocated

under the same name. As Taliaferro (1961) noted:
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"One station may be listed by the observer
under the same name used by another observer
for a second station; and this second station
mayor may not be in the same general area as
the first station. Including alternate and
former designations, one may be concerned with
a station identified by as many as five or six
names.

"In general, ranches identify their clima
tologic stations by geographical names which
appear in most instances on the larger topo
graphic maps. Plantations, on the other hand,
may use geographical names but frequently re
sort to field, station or gauge numbers (not to
be confused with the state key numbers of
Weather Bureau index numbers). Individual ob
servers may refer to their station by a geo
graphical name, a descriptive name -- Hawaiian
or otherwise -- which may have no geographical
connotations, or by their own name. Finally,
it is not unusual to find a station which is
(a) published under cnc name by the Weather
Bureau, (b) listed in plantation records under
another name, and (c) popularly known to the
observer in the field under yet a different
name."

More than one station may have had the same name at differ-

ent times. Because of this, data from several stations had

often been attributed to only one of the stations or, in

several instances, the same data were attributed to more

than one station.

A procedure was developed for again eliminating dupli-

cate names on any island. Station mames were restricted to

sixteen character positions. If more than one station were

found to have the same name, no more than one of the sta-

tions was identified by that name. For other stations bear-

ing the same name, a distinction was made by adding either a

hyphen and the observer's (individual or organization) name

or, when that was not possible, the station elevation in
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feet was added in parentheses (so as to be distinguishable

from field or gauge numbers). A computerized listing of the

current names of all stations and all known aliases is plan

ned for the near future.

Many of the problems encountered would not have oc

curred if there had been one individual or agency responsi

ble for coordination of all climatological observations in

the state. Currently there are many different individuals

and agencies, each collecting its own data in its own man

ner. Often several stations maintained by different agen

cies are found operating in close proximity while other hy

drologically important areas remain ungauged. It is the au

thor's firm hope that with the development and anticipated

continued maintenance of this data set it will never again

be necessary for future researchers to encounter the prob

lems that have now been resolved. Closer cooperation among

the various agencies could result in a coordinated network

of stations, providing standardized data that would serve

the needs of all users, possibly even at reduced expense to

all.

2.5 Selection of the Normal Statistic

Various measures for determining the central tendency

in a distribution include the arithmetic, geometric and har

monic means, the median and the mode. The arithmetic mean,

hereafter referred to as mean only, and the median are the

most widely used.
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The controversy over the use of mean versus median as

the measure of normal precipitation is long-standing. A

search of the literature reveals that the division has

existed for over forty years with each side firmly en-

trenched in its beliefs. Upon studying the advantages and

disadvantages of both statistics it was the unanimous recom-

mendation of the Committee on Median versus Arithmetical

Average of the American Geophysical Union that, at least for

hydrologic studies, "the expression of normals of precipita-

tion be defined by the median" (Church et al., 1941). Since

that time the use of computers to perform the tedius task of

data sorting and the common acceptance and comprehension of

the median by the general public have eliminated any remain-

ing objections to its use.

Researchers in the field of stoichastic hydrology gen-

erally require the mean, not as a climatological normal, but

merely as a parameter to describe the various probability

density functions (see for example, Snyder et al., 1978).

For this reason means should continue to be computed and

tabulated.

Andrews et ale (1972) compared 68 estimators of central

tendency using various distributions and sample sizes and

found the mean to be the worst estimator. As they ex

plained:

"The optimality questions of mathematical
theory are important for that theory and very
useful, as orientation points, for applicable
procedures. If taken as anything more than
that, they are completely irrelevant and mis-
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leading for the broad requirements of practice.
Good applied statisticians will either look at
the data and set aside (reject) any clear out
liers before using the 'mean' (which, as the
study shows, will prevent the worst), or they
will switch to taking the median if the distri
bution looks heavy-tailed."

The relative stability of the median as compared to the mean

is also important with regard to the amount of data required

to construct a definitive map of normal rainfall. Landsberg

(1951), using data from a station in Waimanalo, Oahu and the

following criteria:

(1) The particular statistic should lose any
one-sided trend, and

(2) The absolute change should drop to less
than 0.5 em.

found median monthly values generally reached stability be-

fore means and the amount of data required for a stable

value varied from 20 to 50 years. Mooley (1976) generalized

criterion (2) to read:

(2) The change from one value of the statistic
to the next is two per cent or less.

and computed stability periods of summer rainfalls for 39

stations in southern Asia. He found the mean generally sta-

bilized sooner than the median, with the number of years re-

quired for stability varying from 12 to 44. Note that these

results conflict with those of Landsberg.

Using annual totals from 35 stations on Oahu (Table 1)

and Mooley's criteria I found the median almost always

reached stability first and that a minimum of 30 years of

data were required. Both statistics for a few stations were



17

still unstable after 59 years, mainly because of a persis

tent trend toward smaller values. Apparently the inter

annual variation in Hawaiian rainfall is much greater and

more random than that of southern Asia; only persistent runs

of either below or above median rainfall would result in the

mean achieving stability first.

A measure of the distribution of the data about the

central value is also important. The coefficients of varia

tion and quartile variation, used with the mean and median

respectively, provide this information and allow for compar

ison between stations.

In view of the above results it is my opinion that,

particularly with regard to Hawaiian rainfall, the median is

the more representative statistic. However, since both maps

of mean and median rainfall will probably continue to be

produced for many years to corne the extrapolation techniques

presented below will be tested on both median and mean

values.

2.6 Selection of the Base Period of Record

The results of the previous section emphasize the de

sirability for the longest practicable base period in which

all the various climatic zones of the island are adequately

represented. The period chosen was 1916-75; prior to 1916

there were no stations with long, uninterrupted records es

tablished on the windward side of the Koolau mountains. It

should be noted that this selection was based only on the
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availability of data -- there are indications that this per

iod was relatively wet (Figure 2), and that estimates of

normal rainfall based on it may not be representative of the

rainfall in either past or future periods. (Yeh et al.,

1951; Woodcock and Jones, 1970; Schneider, 1976; Ekern,

1978) A total of 35 stations which had record lengths of at

least 54 years during the base period (Table 1 and Figure 1)

provided the basis for experimental tests of the accuracy of

the various adjustment techniques described below.
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Figure 2. Secular variation in Hawaiian mean annual rain
fall index (Meisner, 1976). Five year running
mean applied to winter indices. The winter in
dices are the mean of the October through March
monthly indices which, in turn, are the mean per
centile ranks of the monthly rainfalls at 27 sta
tions distributed evenly according to location,
aspect and elevation throughout the state. The
decades 1920-29 and 1940-49 were characterized by
persistently dry winters, when the bulk of the
annual rainfall is received. Estimation of long
record annual rainfall normals using only data
from these periods resulted in estimates which
were consistently too low. Techniques that were
able to perceive such dry periods compensated and
gave estimates which were closer to the actual
values.
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Tahle 1. List of Long Record Stat.ions Used in Comparison Tests
of Some Common Techniques for Extrapolating .Mean and
lfudian Rainfall Amounts.

Years of ?lean Median
Elevation Record Rainfall Rainfall

Gauge Stat ion Cm , ) 1916-75 I mm, ) (mm.)

700 Waimanalo (E,m) 23 60 532 545
704 Hono i ul u Subs t a Hon 15 60 658 649
70,' l'1akiki 15 58 968 929
712 l'Ianoa-Ke ller 55 57 1533 1471
713 Univ. of Hawaii 24 58 996 974-
72~1 l'Jakapuu Point 165 58 698 666
727 Pump 10 (Ewa) 9 60 528 538
732 Reservo ir 6 27 60 570 597
733 Field 105 91 56 708 736
736 Reservo ir 8 47 60 606 629
741 E'I'.'a rH II 12 60 563 565
750 Waipahu-Oahu Sugar 18 60 701 723
756 Fielc1 610 61 54 955 935
761 Field 625 139 54 1196 1122
770 l'Ioanalua 6 60 933 913
775 Nuuanu Reservoir 5 125 60 2327 2246
782 Lower Laukaha 268 58 3255 3165
783 Nuuanu Reservoir 4 320 60 3202 3151
798 Waianae 3 54 521 548
803 Wa Lanae !'Iaulta 710 58 1787 1735
833 Koolau Dam 323 60 2699 2830
836 Wa Lawa 244 59 3869 3802
837 Wa iaho Ie 227 60 3624 3377
847 Wa ia lua 5 60 786 773
863 Wahiawa Dam 261 51 1150 1168
870 Opaeuln (1060) 323 60 1515 1503
871 He leraano Reservor 314 58 1334 1364
881 lIe leraano Intake 389 58 2001 1945
883 IGhana-Oahu Sugar 244 60 6101 5960
885 Waikane 244 60 3801 3688
89(. Kawa f l oa 4 52 57 942 945
892 Wa imea 3 128 60 1235 1206
903 Laie 2 60 1257 1204
907 Kahuhu Pump 2 2 55 1093 1090
912 Kahuku 8 58 1060 992

21
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3.0 ADJUSTMENT TECHNIQUES -- HISTORICAL BACKGROUND

Various methods for adjusting data from short record

stations to a longer base have been proposed. Many other

techniques developed for interpolation of missing records

either have been or may be used for extrapolation purposes.

Rippl (1883) suggested the use of mass curve analysis.

He assumed that future (or past) observations would be a du

plicate of the historic record, repeated in its entirety as

many times as necessary to span the base period. Obviously,

if the base period is an integer multiple of the historic

period the means and medians of both would be the same and

in no manner could this method correct for an extended anom

alously wet or dry period, the so=called Joseph Effect

(Mandelbrot and Wallis, 1968), within the historic record.

Glasspoole (1928) proposed extrapolating rainfall rec

ords using a method of normal area ratios, based on the as

sumption of a constant ratio between the rainfall at any

given station and the mean of the other stations in the

area. Such a method does correct for anomalous wet or dry

historic records and is very similar to the normal ratio

method of Paulhus and Kohler (1952), which uses only the

three closest stations in interpolating storm totals.

Paulhus and Kohler noted that their method was a pseudo

regression technique, with the ratios of the normal precipi

tations serving as computationally efficient estimators of

the actual regression coefficients. The disadvantage of
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these ratio methods is that they require a minimum of three

long-record stations within the same general area as the

station to be adjusted. Usually we do not enjoy this lux

ury.

Merriam (1937) introduced the concept of double-mass

analysis, in which the accumulated rainfall at the short

record station was plotted against the average accumulated

rainfall of the long record base stations. With the same

assumption as Glasspoole, he determined that the slope of

such a plot should be characteristic for each station. Any

change in slope reflected a change in catch and adjustments

to the data could then be made. Although Merriam did ex

plain how the double-mass method might be used to estimate

long record mean rainfalls from short records, he used the

method only as one of three to test and correct existing

records. Kincer (1938) argued that Merriam made too many

subjective corrections to his data and Kohler (1949), in in

troducing the method to the meteorological community, cau

tioned that a great deal of care should be exercised in de

termining what constitutes a significant change in slope.

He also advised, "Neglecting to make a questionable adjust

ment is a sounder course than adjusting records which may,

in reality, be comparable as observed." Recent ly, Nordenson

(1968) listed both the normal ratio and double-mass tech-

niques as suggested methods for extrapolation of rainfall

records.

Both single- and multiperiod Markov models have the a
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priori assumption of steady state the extrapolated data

have the same mean and, depending on the assumed frequency

distribution, median as the historic record. Any more elab

orate time series models, using techniques such as cross

spectral analysis, would be no more than extensions of the

regression methods, adding unwarranted complexity to the es

timation of the central tendency of the rainfall distribu

tions.

None of the above references gave any indication of the

error to be expected in applying the various methods.

McDonald (1957) tested an objective estimation technique

similar to the normal ratio one of Paulhus and Kohler but

applied to seasonal, rather than storm, totals. Using data

from stations in Arizona, he found errors in the neighbor

hood of 20 - 30%. He also determined that the magnitude of

the errors erratically decreased as the number of base sta

tions was increased from one to four, with two being a ro

bust choice. (Robust is used here in the statistical sensei

a robust method is one which, although not the best in a

particular situation, performs well under a wide variety of

circumstances.) He also concluded that distance between

base and estimated station was not in any way correlated

with the error of estimation.

More recently Kruizing and Yperlaan (1978) tested eight

different weighted average techniques on twelve years of

daily rainfalls on a climatologically homogeneous area in

the western part of the Netherlands. Mean interpolation
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errors ranged from 34 - 119%, dependent on both the season

and the technique used. Several of the techniques performed

equally well. They also noted the interpolation error was

only weakly dependent on the density of the base station

network.
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4.0 MATHEMATICAL THEORY

4.1 Introduction

Most of the proposed techniques are of the type:

Y = xb
"" ,-,.,N

(1)

where Y is a vector of the estimated values, X the measured
/V /V

rainfalls at the surrounding base stations plus a column of

ones, and b is a vector of the applied weights plus a con-
/"-'

stant value, often set equQl to zero.

The reader will recognize this as the familiar matrix

notation for mUltiple linear regression. I have specifi-

cally chosen this notation in order to conveniently intro-

duce my proposed estimation technique. The various estima-

tion methods differ only in the determination of the coeffi-

cients in the b vector. Some methods use normal ratios,
.-"oJ

others use functions of the distance, exposure, elevation,

etc. of the base stations.

4.2 Best Linear Unbiased Estimation

In ordinary least squares regression (OLS), the coef-

ficients are determined by solving:

b = (X'X)-l X'Y
/V /V "V ,....- tV

where the prime indicates the transpose of the matrix.

(2 )

There are a number of reasons, both practical and economic,

for limiting the number of variables in the final expres-
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sion. The number of variables which are retained in the fi-

nal equation is generally denoted as p. The "best" p-term

regression model is often chosen as that with minimum resid-

ual mean square (RSS) of all possible models of size p. In

most of the commonly used adjustment techniques p is chosen

as 3 or less.

Hocking (1976) gave an excellent review of the "state

of the art ll in determining the regression coefficients and

the "best" subset of predictor variables, including all pos-

sible regressions, stepwise methods and various criteria

functions.

In OLS the method of determining the unknown b vector
,,-v

is Gauss-Markov -- linear functions of y that are unbiased
rV

and have minimum variance. This estimation procedure works

well if XIX, when in the form of a correlation matrix, is
.A/~

nearly a unit matrix (well conditioned). On the other hand,

when it has small eigenvalues, indicative of inter-correla-

tion among the predictor variables -- usually the case in

rainfall estimation, it is unlikely that the estimates of b
A/

will be close to the actual values. Additionally, the more

ill-conditioned XIX becomes, the further one may move the
."V~

estimates of b from that given by (2) without any signifi-
~

cant increase in RSS.

4.3 Biased Estimation

In probability theory, a known mean and standard devia-

tion are used to predict behavior. In statistical theory
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the opposite is true; from observed data the population mean

and standard deviation must be inferred (Effron and Morris,

1977). From maximum likelihood theory, the basis of OLS,

the sample mean is the best estimator of the population mean

and is "unbiased", in the sense that it favors no selected

value of the actual mean. The key word here is theory, re-

call the criticism of the mean by Andrews et al. (1972)

above.

The OLS estimator can be generalized to:

b = (XIX + kQ)-l Xly
"-/ /V ,-v rv .-v ~

( 3)

where Q is a positive definite matrix and k a non-negative
,-v

scalar. Two general classes of biased regression estimators

exist: 1) the James-Stein estimators result if Q = XIX
/V /V /V'

(Stein, 1960 and James and Stein, 1961), while 2) choosing

Q = I, a unit matrix, gives the ridge estimators of Hoerl
/'V /V

and Kennard (1970a, 1970b). Both techniques "bias" the re-

gression coefficients towards zero. The principle differ-

ence between the two is Llet the J3.~e=-St~in method. shrinks

all components equally while ridge regression applies more

drastic shrinking where it has more effect in reducing RSS.

As an improvement over OLS, Hoerl and Kennard (1970a)

showed for an ill-conditioned XIX, it was possible to intro-
;v A../

duce a little bias and substantially reduce the variance,

thus improving the mean square errors of estimation and

prediction.

Dempster et al. (1977) conducted a simulation study in
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which, for 160 artificial data sets, OLS was compared with

56 alternatives which pulled some or all estimated regres

sion coefficients some or all the way to zero (biased esti

mation). They concluded that drastic improvements over OLS

were indicated, especially through the technique of ridge

regression, and especially when a high degree of correl&

tion existed among the independent variables, as is the case

with areal rainfall data.

The actual application of ridge regression can be quite

complicated. The first problem is the proper selection of

the value for the constant, k. Hoerl and Kennard (1970a)

proved the existence of a k which gives an estimator with

smaller mean distance from the actual value than the OLS es-

timator and recommending using a "ridge trace" as a means of

estimating k. With the "ridge trace" the regression is com-

puted with successively larger values of k; a plot of the

regression coefficients versus k then indicates the ideal

value. Many other procedures for estimating k have been

suggested (eg. Mallows, 1973; Farebrother, 1975; Hoerl et

al., 1975). The value normally lies within the range 0.01

to 0.30 with the larger values producing the greater bias.

The second problem lies in the selection of the "best"

p-term subset of the predictor variables. Ideally, each

subset size requires a different value for k and computa

tions for all subsets should be made. For twelve independ

ent variables this would involve 2 1 2 - 1 (4095) separate

regressions. Hocking (1976) proposed a compromise procedure
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by combining a stepwise regression algorithm with ridge re-

gression, using a fixed value of k. Marquardt (1970) and

Banerjee and Carr (1971) have shown that an OLS analysis of

the model:

AI=I~I (4 )

will yield the ridge estimators, provided the data have been

standardized (For each station the data are transformed so

as to have zero mean and unit variance). This was the pro-

cedure I followed in the computations below.

4.4 A Robust Estimate of Location

In their comparative study of location estimators

Andrews et a l., (1972) found that an adaptive, three param-

eter Hampel estimate (ADA) gave good results, especially for

small sample sizes. It involves computing an influence

curve given by:

1jJ (Xi abc) = sign x • x)a
b

o < Ixl < a
a < lxl< b

b < IxJ< c
Ixl> C

(5 )

The estimate T is found by solving:

where s is the median of the absolute deviations from the

(6)

median of the observed data. The equation is solved itera-

tively, starting at the median. The parameter, a, is a
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function of the estimated tail length of the distribution,

defined by:

Then:

L = ave (s/ I x(i) - median I

for Ix(i) - median I > s

(7)

{

1.0
a = (75L - 25)/8

2.5

L < 0.44
0.44 < L < 0.60
0.60 < L

(8 )

Parameters band c are set at 4.5 and 8.0 respectively.

Such a method iqnores extreme outliers. The disadvant-

aqe of any point estimator is that it can be used to locate

only one point in the distribution; reqression methods may

be extended to estimate other points such as maximum, mini-

mum, quartiles, etc.
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5.0 APPLICATION TO HAWAIIAN RAINFALL MAPS

5.1 The Experimental Data Set

As mentioned above 35 stations with a minimum of 54

years of data during the base period 1916-15 were available.

An additional station at Wahiawa Dam was chosen because of

its central location on the plateau between the two mountain

ranges. No data were available for that station for the

period 1927- 1935. Values for the missing years were syn

thesized using multiple regression with the other stations.

The synthesized values were closely examined for consistency

with the observed data.

Data for all the stations were subjected to both sta

tistical and graphical tests for consistency. Doubl& mass

and cumulative distribution curves for each station were

computed and examined, as were the means, medians and meas

ures of variance, skewness and kurtosis. One station, cur

rently called Mokulama (SKN 794), was discarded because of

several inconsistencies in the data and significant changes

in the location of the gauge. (Note: This was the Waimanalo

station used by Landsberg (1951) in his stability study.

The inconsistencies and location changes all occurred after

1944 and in no way alter his results.) One station, Koolau

Dam, appeared to have experienced a change in catch begin

ning in 1945, although no record of any location change was

found. Data for that station prior to 1945 were adjusted to

the current location by the double-mass technique.
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5.2 Preliminary Experiment ~-·A Qualitative Comparison of
Some Common Adjustment Techniques

While final assembly and verification of the data were

underway, a preliminary experiment was conducted using 23

stations from all parts of the island. Correlations between

all stations were computed and 14 candidate base stations

from all parts of the island and with minimum inter-correla-

tion were selected. Then, using only the data from each

decade (1920-29, 1930-39, etc.) estimates of the actual 60-

year base period mean and median rainfalls were computed by

stepwise OLD and double-mass (means only) techniques. (The

exact procedure will be explained in detail in the next sec-

tion.) These estimates were then compared with the unad-

justed decade statistics as base period estimators. The

qualitative results are presented in Tables 2 and 3.

Estimates using either of the adjustment techniques

were only marginally better than the unadjusted values. Any

advantage was due only to exceptionally better performances

during the decades 1920-29 and 1940-49. Both of these per-

iods were characterized by anomalously dry winters (Figure

2) when the bulk of the annual rainfall is usually received

(Riehl, 1949; Meisner, 1976). During the other periods the

adjustments were more often away from the correct value. In

addition, errors in the extrapolated values often exceeded

20% in all the periods when using the adjustment techniques.



TobIe 2. Es tima tors of Long Per iod (1916-75) Stll t Io n Stn tis tics -- QuaIi t a tivo
Comparison between Stepwise Linenr Regression a nd UnadJusted Decnde
Vnlues.

l'Ieoll Values l'Icdinn Values

Gauge 1920's 1930's 1940's 195()'s 1960's 1920's 1930's 1940'R 1950's 1960's

700 II n n 1'/ II n ,'/ n n n704* n S II B B S n S n W724* n II n B B n W 1f B W72,' B n ,'/ n n n ,'/ W B 1'/732 n n n 1'/ n n ,'/ n 1'l ,'/736 B n n n B n W B 1'f B7<101* B n ,'/ B 1'/ B 8 W n ''I'750 B W n W n B B n W 1'/770 ,'/ ,., D W n B II n 1'/ D775:1: D W n 1'1 n n D D ''I' ,..,
703* B D D D 1'/ n B D W W79H D W W S w n 1'1 n S D011 n 1'/ D n W B W W D W033* II 1'/ S W W ,'/ D B ''I ,'/
836* B D ,'/ W W W n ,'/ l"1 ,'/837:1: W ,'/ 1'/ n W W D n ,'/ w84,'* 1'/ ,'/ B B B ,,/ W D n n863* n B n n B n B B II n870* B W n B W W B n n w883* 1'/ n B ,'/ 1'/ W n n n n885 W D n n 1'/ 1'1 n B ''I n892* S W n ''I B D W n n S912* n W n 1'/ n n n B B W

Tot.nls:
n 16 11 17 12 13 15 14 17 12 BS 1 t t 1 0 1 0 1 1 IW 6 11 5 10 10 7 9 5 10 14

Key:
:;: iml ico tes c a nd Ldo to base s ta t ion.
D imlicates regression values gnve better estimate than decnde vo Lue ,
W imllcntes regress ion va I ue gave 'Worse e s t linn te thnn decnde value.
S indicates regression value gave same est\nmte os decade value.

w
~
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Table 3. Estimators of Long Period (1916-75) Station
Sta-tistics-- Qualitative Comparison between
DOlwle-mass Analysis and UnadJusted Decade Heans.

Gauge 1920's 1930' s 1940' s 1950's 1960's

700 W W B W S
704- lor W B S B
724 W W B B W
727 loT W B W B
732 lor B B lor B
736 loT W B W B
741 W W B W B
750 W B B B loT
770 W B B B B
775 W B B B loT
703 S B B W W
798 W W B B B
8lI W lor W B B
833 S W B loT B
836 1'; B W B 'ii
837 W B loT B W
847 B B B S B
863 loT B B W B
870 1'r' B B B B
883 W B B W W
885 W B B B B
892 W W B W B
912 S W B B B

Totals:
B 1 12 20 It 15
S 3 0 0 2 1
1{ 19 11 3 10 7

Ke1r:
B indicates double-mass values gave better es t Ima te than decade value.
W in<l ica tes double-mass va lue gave worse est ima te than decade value.
S indicates doub I e-imae s value gave same estimate as decade value.
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5.3 Final Experiment -- A Quantitative Comparison of
Adjustment Techniques

With final verification of the data completed, a simi-

lar experiment was performed using all 35 stations. Again,

correlations between all the stations were computed. Twelve

stations, representing the various climatic zones of the is-

land (Blumenstock and Price, 1967) and with minimum inter-

correlation were selected as candidate base stations (Table

4). In addition to the stepwise OLS and double-mass tech-

niques, estimates were also computed using the stepwise

ridge regression (RIDGE) and adaptive Hampel estimate (ADA)

methods discussed above. (see Appendix C)

For both OLS and RIDGE a stepwise algorithm, BMDP2R

(Dixon, 1977), was used. In agreement with McDonald's

(1957) findings, the maximum number of independent variables

included in the final expression was limited to three. The

algorithm was permitted to compute more than three steps --

the variables in the last 3-term subset were used, if in-

deed, that many were selected. The stopping rule was deter-

mined by using F-to-enter and F-to-remove values of 4.0 and

3.9 respectively. For RIDGE several values of the constant

k in the range 0.01 to 0.2 were tried. I found the value

k = 0.10 gave extrapolated values closest to the actual nor-

mals.

All methods were used to adjust 1930-39 (a near "nor-

mal" period) and 1940-49 (a anomalously dry period) data.

The error between the actual and estimated amounts, defined



Table 4. List of Base Stations Offered as Candidate
Predictor Stations to Stepwise Regression
Algori t hm,

Windward Low'lands:

912 Kahuku

704 Honolulu Substation
74! E'I'."a Ui ~ 1
798 Waianae

Interior Lowlands:

836 'Wa 12w3
847 1oI'aialua
863 Wahiawa Dam

Rainy Mountain Slopes:

783 Nuuanu Reservoir 4
885 Wa ik.ane

Lower ~Iounta in Slopes:

775 N'uu811u Reservoir 5
870 'Opae]us (1060)
881 Helemano Intake

37
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as:

estimate - actual
actual

was computed for each estimate. For each extrapolation

technique the mean error, the mean absolute error, and the

standard deviations of the errors were determined (Tables 5

through 8).

In general the results could have been anticipated. All

methods performed almost equally well when the amount of

necessary adjustment was relatively small, with both OLS and

RIDGE being marginally better than the others. When the ab-

normally dry period was used in the calculations, both ADA

and the unadjusted decade values gave estimates which were

too low; neither of these methods were able to "sense" that

the period was dry since each was limited to just the infor-

mation contained in the decade data for that station. The

other techniques, with the additional information from the

other decades, compensated and subsequently gave higher es-

timates, with both dcuble-mass and OLS tending to either

over- or underestimate more than RIDGE. What is particu-

larly striking is that RIDGE performed equally well in both

periods -- the errors associated with OLS grew with the

amount of adjustment required.

Double-mass also performed rather consistently as the

theory dictates. The slope of each station's plot (barring

changes in catch) should be essentially the same regardless

of the time period chosen and the mean annual accumulated



TABLE 5. ·Comparison of Errors .in Extrapolation of Base
Period (1916-1975) Mean Rainfalls using Data
from the Decade 1930-1939.

Extrapo la t.Lon Method

Decade Double
Gauge Mean l'Iass OLS RIDGE ADA

700 -2.07- -9.37- -0.87. -1.47- 1.6~

704 -0.4 -10.9 0.8 -0.9 -0.9
707 8.7 2.3 2.0 6.8 9.3
712 4.9 -1.7 -0.5 0.6 5.0
713 7.6 -1.2 13.5 -6.5 -7.7
724 -0.8 -9.2 0.2 1.8 1.0
727 -0.4 -5.9 0.5 0.2 3.0
732 -1.1 -9.7 -0.7 -0.6 0.5
733 -5.8 -14.1 5.0 -0.6 -5.0
736 -1.9 -HLB -1.5 -1.3 -0.2
741 -1.3 -9.9 0.8 -1.1 -3.4
750 9.8 5.5 10.8 8.1 .12.1
756 -4.2 -10.5 -3.9 -3.6 o -......
761 -9.3 -15.5 -8.5 -10.7 -7.8
770 10.4 5.7 11.3 15.0 13.0
775 3.2 -2.6 -5.7 -1.7 4.6
782 15.0 9.4 1. 1 -2.1 16.8
783 14.2 8.4 10.3 11.9 12.7
798 0.0 -6.4 2.7 -1.3 1.0
803 3.5 1.0 12.4 1.2 1.9
833 8.6 4.6 7.4 1.2 1.4
836 6.6 0.6 -0.7 2.8 7.9

• 837 20.9 11.7 11.8 10.3 21.9
847 1.5 -1.6 -2.3 0.4 -1.6
863 -2.4 -7.6 -5.5 -5.4 1.3
870 11.0 6.3 -4.6 -7.8 11.0
871 6.8 1.4 -1.1 0.6 8.3
881 8.4 2.7 3.6 2.2 8.5
883 11.2 7.6 3.4 2.7 10.2
885 10.5 5.7 6. 1 5.5 10.2
890 9.8 3.5 1.0 0.9 9.3
892 1.3 -5.9 -4.4 -3.4 0.3
903 -0.3 -5.1 1.5 -1.5 2.4
907 25.8 21.9 26.9 23.1 23.7
912 -0.9 -7.0 0.9 -2.1 3.4

Statistics fcor ac tua 1 errors:
MEAn 4.8 -1.3 2.7 1.2 5.0
SDEV 7.6 8.3 7.0 6.4 7.4

Statistics fcor absolute errors:
l'IEAN 6.6 6.9 5.0 4.2 6.5
SDEV 6.0 4.6 5.5 5.0 6. 1

39
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TABLE 6. Comparison of Errors in Extrapo·lation of Base
Period (1916-1975) Mean Rainfalls using Data
from the Decade 1940-1949.

ADA

-14.070
-20.6
-19.2
-19.6
-5.4

-22.9
-15.0
-18.6
-9.8

-18.2
-20.6
-22.4
-20.3
-18.1
-23.9
-17.B
-17.0
-24.1
-23.3
-15.3
-8.9
-6.B
-6.4

-27.7
-15.7
-19.8
-11.2
-9.B

-12.4
-14.0
-10.9
-15.9
-19.3
-17.B
-15. ';'

RIDGE

-4.1
-3.4
-4.6
15.4
-2.7

-7.470
-0.5

1.1
-2.8
3.2

-10.6
-5.0
0.7

-4.0
0.8

13.8
-3.8

-11.8
-5.1

0.5
-1.4
-1.1
-4.5
-1.3
-7.8
-1.3
-2.2
0.6

-16.6
-0.7
-2.6
-1.5
0.6

10.1
2.7

OLS

-8.970
-0.8
-1.0
-3.6
18.7

-21.8
38.3
0.6

21.8
2.1

40.B
-5.0
8.1

-1.8
-1.1
-8.1
-9.7
-5.7
-3.5
-6.3
-5.0

7.2
1.5

-19.B
1.2

-10.9
0.1
4.5
7.0

-3.1
7.5

-1.7
-1.3
-5.0
-3.0

Extrapolation Uethod

Double
Hass

-9.9'"
-8.9
-6.4
-5.8
11.4
-7.0
-6.9

-10.7
-1.9

-12.6
-12.4
-12.5
-7.6
-6.4

-10.8
-13.3

1.9
-6.3

-13.4
-2.2
-0.5
11.7
19.4
17.2
3.4

-8.1
2.9
9.2
6.4
5.5
4.1

-0.4
-4.2

5.5
0.0

Decade
Uean

-19.7~

-21.5
-20.1
-19.9
-4.8

-21.4
-16.8
-19.0
-9.9

-19.5
-20.6
-21.4
-18.2
-18.6
-22.4
'-16.6
-14.9
-19.8
-20.8
-15.6
-8.9
-6.5
-3.0

-27.3
-13.7
-19.2
-10.0
-7.2
-8.8

-11.7
-10.0
-14.8
-15.0
-16.7
-12.9

Gauge

700
704
707
712
713
724
7~...-,
732
733
736
741
750
756
761
770
775
782
783
798
803
833
836
837
847
863
870
87l
881
883
885
890
892
903
907
912

St::ltistics for actual errors:
~~Arf -15.6 -2.0 0.9
SDEV 5.7 8.B 12.8

-1.6
6.2

-16.5
5.5

Statistics for absolute errors:
~~AN 15.6 7.6 8.2
SDEV 5 . j' 7. 5 9 •8

4.5
4.5

16.5
5.5



TABLE 7. Comparison o£ Errors tn Extrapolation of Base
Period (1916-1975) Median Rainfalls usinp; Data
from the Decade 1930-1939.
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~trapolation Method

Gauge

700
704
707
712
713
724
727
732
733
736
741
750
756
761
779
775
7e.2
783
798
803
833
836
837
847
863
870
871
88!
883
885
890
892
903
907
912

Decade
!'led ian

-2.0%
-1.5
Hi. 3
11.8
5.5
0.0

-1.8
-6.0
-6.2
-5.9
-6.7
7.8
3.4

-3.3
15.6
in.s
20.2
12.5
-2.8
3.7

-4.2
7.8

25.3
5.4

-2.1
1.4
1.3
6.7

10.9
12.5
-0.7
-0.2

,'.3
18.4
10.9

OLS

-2.97
2.6
4.1
2.4

21.3
5.4

-1.1
-6.5
-0.2
-6.3
-2.5
7.8

-2.8
-2.2
14.2
-3.6
2.4
7.7

-0.6
20.0
-1.3
-1.0
20.6
-2.5
-5.3
-7.8
-5.8
6.2
6.4
4.4

-2.3
-3.5
7.2

19.6
9.0

RIDGE

-3.5%
-0.7
5.8
3.9
4.2

-0.8·
-1.5
-6.6
-4.4-
-5.8
-2.5
6.3

-2.4-
-4.6
18.0

1.0
-0.3
7.6

-0.8
3.6

-3.4
3.7

18.8
1.6

-4.6
-10.8
-5.5

4.1
3.5
0.5

-2.4
0.2
4.1

22.0
8.8

ADA

-0.9%
0.4

13.8
9.5

10.2
3.8
0.9

-4.1
-8.6
-3.7
-3.9
8.8
2.3

-1.7
15.6
8.4

20.2
14.5
-3.8
5.0

-3.3
9.8

30.8
3.4

-2.8
11.9
5.9

11.6
12.8
13.5
9.0
2.7
6.9

24.1
10.5

St~ltistics fClr actual errors:
!'JEAN ~.L 9 2.9
SDEV 3.3 8.1

Statistics for absolute errors:
!'JEAN 7.4 6.3
SDEV 6.1 5.9

1.6
7.1

5.1
5.2

6.7
8.7

8.5
6.8



TABLE 8. Comparison of Errors in Extrapo.1ation of Base
Period (1916-1975) Median Rainfalls using Data
from the Decade 1946-1949.

42

Extrapo In t ion Me thod

Gange

700
704
707
712
713
724
727
732
733
736
741
750
756
761
770
775
782
783
798
803
833
836
837
84,'
863
870
871
881
883
885
890
892
903
90...·
912

Decade
Nedian

-18.6~

-19.7
-17.7
-17.8
-3.4

-21.6
-12.6
-21.9
-20.7
-28.3
-22.6
-26.9
-18.8
-13.3
-24.0
-13.9
-14.1
-22.3
-24.2
-13.8
-15.8
-6.2
-3.2

-25.1
-16.7
-18.2
-11.6
-,'.8
-9.4

-10.1
-13.9
-13.5
-16.3
-22.8
-10.0

OLS

-9.6~

-I.6
0.6

-2.4
17.8

-18.0
32.5
-2.9
17.3
-I.0
35.4
-8.4

9.7
3.3

-I.9
-6.3
-9.3
-6.0
-3.0
-3.2
-3.8
4.7
4.6

-16.8
0.9

-11.2
-1.1
5.2

-6.9
-1.1
5.2
1.9

-3.4
-12.5

4.0

RIDGE

-8.2~

-1.1
2.5

-1.9
3.9

-8.0
-4.1
-2.8
-4.8
-1.5
11.2
-6.4
-9.9
-0.9
-2.2
-0.1
0.0

-4.4
0.1

-0.8
4.6

-3.0
6.4

-14.9
-1.6
-3.0
-3.3
0.8
8.1
4.4

-5.0
-4.2
-5.8
8.7
4.5

ADA

-16. 1~

-19.5
-15.9

I -16.2
-3.2

-19.2
-16.8
-22.3
-13.2
-21.1
-21.0
-24.7
-18.6
-12.7
-22.1
-14.9
-14.6
-22.9
-27.0
-12.7
-14.9
-5.2
0.5

-26.5
-17.0
-19.1
-13.2
-7.2

-10.3
-11.3
-11.3
-13.9
-15.8
-17.5
-9.9

Statistics for actual errors:
~mAN -16.5 0.4
SDEV 6. 4 11. 5

-1.2
5.5

-15.6
6.2

Statistics for absolute
l·mAN 16.5
SDEV 6.4

errors:
7.8
8.3

4.4
3.4

15.7
6.1
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rainfall of the base stations in constant for the base per-

iod. Since the double-mass estimate is computed by taking

the product of these two values, it too should be essen-

tially the same no matter what the time period chosen. Com-

pared with RIDGE, however, the absolute errors associated

with double-mass averaged 66% greater.

The variance of the errors associated with RIDGE were

substantially less than those of OLS, i.e. all the errors

were of about the same magnitude. Thus, the relationships

of rainfall among stations, often as important as the actual

magnitudes, would be more accurately presented on a rainfall

map prepared using RIDGE than on one prepared using any of

the other methods. Finally, although the regression coeffi-

cients computed by RIDGE are biased, the rainfall estimates

are not. RIDGE is a proven robust estimator of normal rain-

fall amounts.

5.4 Rainfall and Topography -- Rules of Thumb and Estima
tion Techniques

Once the data have been homogenized and plotted on a

topographic map, there may be regions where the data are

spares. Analysis of these regions requires the application

of some general principles regarding rainfall and topography.

Many of these "rules of thumb" have withstood the demanding

test of time. They include:

(1) Up to a certain altitude, the rainfall on
the windward slope of a hill increases from
the lower to the higher levels, although
not necessarily at a uniform rate.
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(2) The rainfall on the leeward slope of a hill
is frequently great9r at some point on the
slope than at the summit.

(3) When two portions of land of similar config
uration have the same exposure to the pre
vailing wind, the distribution of rainfall
on them is similar.

(4) Mountain ranges at right angles to the pre
vailing wind receive more rain than ranges
in the direction of the wind.

(5) Valleys that face the sea to windward have
a smaller rainfall at the mouth than similar
valleys facing other directions and have a
smaller gradient of rainfull up the valley
than do the others.

(6) When there are a number of mountain ranges
parallel to one another and at right angles
to the wind the first few squeeze out the
major portion of the moisture and the last
few ranges, even though these may be higher,
receive relatively less rainfall.

Rules (1) to (3) are from Mill and Salter (1916), (4) and

(5) from Glasspoole (1928), and rule (6) is from Dhar and

Bhattacharya (1976).

Using concurrent data from existing gauges on Oahu

Minegawa (1977) computed both rainfall and topographic pro-

files for several transects· of the Koolau range. These were

compared with one produced by Mink (1960) (Figure 3). Two

of the transects clearly showed rainfall maxima to the lee

of the crest. Those had the higher densities of gauges

along the transects. The absence of any leeward maxima in

the other transects is probably due to the gauge locations

-- in both cases no gauges existed with 4 km of the crest,

the zone in which the maxima were found to occur along the

other transects. These results confirmed the applicability
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Figure 3. Profiles of the Koolau ~1ountains and annual rain
falls along the transects. Transect 3-4 is from
Mink (1960), the others are from Minagawa (1977).
The horizontal scales vary. For each transect
the upper curve represents the variation in an
nual rainfall along the transect; the lower curve
represents the variation in topography. Tran
sects 1-2 and 3-4 clearly show rainfall maxima to
the lee of the crest. That such is not evident
on the others is probably because of the absence
of any gauge within the zone of maximum rainfall.
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of rules (1) through (3) above to the Hawaiian rainfall dis-

tribution.

Methods for estimating precipitation in rugged terrain

include the coaxial graphical correlation technique (Linsley

et al., 1958) in which numerous parameters are tested for

inclusion in the final equation by a pseudo-multiple regres-

sion method, an anomaly method (Peck and Brown, 1962) in

which precipitation-elevation relationships for various cli-

matic zones are determined and departures from the relation-

ships mapped, and a semi-graphical method developed by

Whitmore (1972) that uses curve fitting procedures.

5.5 Rainfall and Topography -- Leeward Ridges versus Lee
ward Valleys

Little work appears to have been done on the question

of the relative rainfalls on leeward ridges and valleys. The

leeward side of the Koolau Range on Oahu is primarily com-

posed of narrow, deep valleys separated by sharp ridges

oriented parallel to the prevailing northeast trade winds.

The question remains, at points equidistant from the crest

of the range, do the valleys receive more, less or equal

amounts of rain as the ridges? In a detailed, three-year

study of the Kipapa Stream watershed Mink (1960 and 1961)

found that gauges placed in the bottom of the valley con-

sistently caught 10 - 20% more rain than those on the ridge.

He postulated that subsidence between the leeward ridges

would result in a deeper column of rain-laden air over the

valley than that over the ridges, with wind effects acting
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as a secondary mechanism by diverting rain from the ridges

into the valley.

In order to determine whether this relationship held

for other ridge-valley pairs along the range, I prepared

maps of adjusted mean and median annual rainfall for the

Honolulu quadrangle (Figures 4 and 5). This area contained

the most dense network of long record stations along the

range. All stations with ten or more years of record during

the base period 1916-75 were included excepting one station

with a non-standard device for recording rainfall. Compared

with other stations in the surrounding area, its readings

were about double what might be expected. A few stations

with shorter records were also included where necessary to

fill large gaps between the stations. Adjusted data for

such stations were more subject to error because of their

short records. The adjustments were made using the RIDGE

method described above. A previously published map of the

same general area that showed no distinction between the

amount of rain falling in the valleys or on the ridges is

also presented (Figure 6).

Tables 9 and 10 list the stations, giving both their

historic and adjusted annual rainfalls. A preliminary at

tempt at analyzing maps of unadjusted data proved impossible

to complete in any sensible manner. With the adjusted data

my analysis showed no significant difference in rainfall for

points equidistant from the crest, regardless of their loca

tion (ridge or valley). The trend towards smaller amounts
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Figure 4. Analyzed Honolulu quadrangle map of adjusted mean
annual rainfall. For each gauge the upper number
is the adjusted annual rainfall in millimeters;
the lower number is the length of record during
the base period 1916-75. Data were adjusted to
the base period by the RDIGE technique (see text).
Dashed isohyet indicates extrapolated maximum
rainfall. Principal valleys from northwest to
southeast are Kalihi, Nuuanu, Manoa and Palolo.
Maximum mean annual rainfall occurs near the head
of Manoa valley, in the lee of the highest peak
on this part of the Koolau Range. Principal dif
ferences between this and the preceding figure
are larger rainfall gradients, particularly to
windward, and an extended rainfall maximum along
the ridge, parallel to the crest.
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Figure 5. Same as Figure 3 but for adjusted median annual
rainfalls. With one exception (station 783),
the median values are less than the means, par
ticularly at the lower elevations. This indi
cates that the annual rainfall distributions
are skewed towards the larger values. The dis
tribution of rainfall is essentially the same as
that of the previous figure, with no significant
difference between leeward ridge and leeward
valley rainfalls at points equidistant from the
crest.
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Figure 6. Annual rainfall, City of Honolulu. Prepared
jointly by Hawaiian Sugar Planters' Association
and Pineapple Research Institute, circa 1955.
Analysis shows no substantial difference between
ridge and valley rainfalls.
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Tab Ie 9. .His tor ic and AdJus ted :Mean Amma I Ra infaJ.1s for Sta t ions
in the Honolulu Vicinity. AdJusted values are for the
base period of record 1916-1975.
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Gauge

704
705
705.1
705.4
706
707
707.3
709
710
711
711. 1
712
712.1
712.2
7W
714
71~j.. 1
715
7Hi
716.7
716.8
717
718.1
721
722.2
770
778
778.1
774
77~j.. 1
774.2
774.3
774.4
775
775.2
776
780
780.3
780.5
780.7
780.8
782
788
783.1
783.3
784
785
786
7SB
789

Name

Hono. Substation
Beretania Pump
Craigside
US !lava 1 Station
Pac if ie He ights
~1akiki

Al ihi lani
Punchbowl Crater
Nutridge
P.R.I. Dole
Kalmuki Pumping
~!an(la

l'lanoa-Beaumont
Oahu Avenue
Un Lv, of Havmii
Tantalus
Keahi
W'a ia lae Kaha l a
.~lanoa Tunne I 2
Waahi La
l'!anoa Wood lawn
Black Point
Ol¥11lpus
Wi Ihe Imina Rise
Kaha La
~Ioana l na
Kapalama
Ka 1 ihi UG Shaft
Kalihi U.S.G.S.
Jack Lane Nursery
Lnsane Asylum
Ka 1 ihi Va 11ey
Ka 1 ihi Duncan
Nuuanu Reserv. 5
Kapa lama Kamana
Kalihi Tunne 1 2
Tanta Ius Peak
Tanta Ius Nauka
Tanta Ius Dr ive
Tantalus Exp Sta
Dov..se tt HUands
Lower Laukaha
Nuuanu Reserv.4
Lanihnli
Old Pali Road
Pauoa Flats
Hanoa HSPA
Nuuann Pali
St Stephens Sem.
Konahuanui

Years of Historic
Record ~Iean (mID.)

59 658
25 791

7 1412
22 666
38 1827
58 968
25 1370
24 972
45 1976
26 964
26 691
57 1533
16 1681
12 2473
56 996
41 2710
27 2560
51 664
48 3592
10 1797
9 3215

41 537
10 1888
47 1015
15 764
59 933
50 1429
25 1244
44 2401
28 1971
13 997
26 2658
23 2664
58 2327

9 3050
48 3556
44 3098
13 2741
22 2756
10 2572
14 2816
53 3255
59 3202

9 2010
15 2968
49 4218
47 4026
39 2524
33 1973
10 2604

AdJusted
Mean (mm.)

658
829
13'~7

662
18(}2
968

14'~9

993
2Hl
1009
681

1539
1639
2167
1022
2822
2743

694
3616
1756
2907

607
1841
1015
599
933

1474
1310
2772
2043

895
2525
2788
2327

·2802
3678
3320
2661
2996
2521
2884
3255
3202
1859
2994
4337
4077
2505
2039
2438



Table 10. His tor ie and AdJusted Med ian Ann1l3 I Rainfa lIs for Sta t ions
in the Hono lulu Vic ini ty. AdJusted va lues are for the
base period (I f record 1916-1975.

Years of His tor ic AdJTls ted
Gauge Name Record I'Ied ian (mm. ) I'Ied ian ( 1IIIlI. )

704 Hono. Snbsta t ion 59 649 649
705 Be r-e tania Pump q- 741 755....0

7m'.1 Craigside 7 1531 1244
705.4- US Na va I Stat ion "? 610 579...-
706 Pac if ic He ights 38 !G13 1662
70,' Makiki 58 929 929
707.3 Al ihi l an t q- 1332 1364... 0

709 Punc hbo w l Crater 24 964 934
710 Nutridge 4,5 1963 2057
711 P.R. I. Dole 26 915 918
711 . 1 Ka irnuki Pumping 26 659 560
712 Nanoa 57 1471 1497
71~~. 1 Nauoa-Beaumont 16 1755 1566
712.2 Oahu Avenue 12 2552 1973
713 Univ. of Hawa i i 56 974 988
714 Tan t a Ius 41 2608 2632
714.1 Keahi 27 2646 2684
715 Waialae Knha 13 51 665 6'~4

716 I'func,a Tunnel ... 48 3576 3512...
716.7 Waahi la 10 1728 1686
716.8 Hano a l'loo<lla'm 9 3376 2789
71,' Black Po iut 41 501 478
7lB.l Olympus 10 174.·0 1783
721- Wi Ihe Imina Rise ~j.7 1020 1002
722.2 Kaha l a 15 654 595
770 l'1oa11a lua 59 913 877
773 Kapa lama 50 1394 1440
773.1 Ka 1ihi UG Shaft q- 1223 1234-,.0

774 K.oli hi U.S.C.S. 44 2535 2684
774.1 Jact. Lane Nursery 28 1959 1960
77~}. 2 Insane Asylum 13 986 Bl8
774.3 !CaBhi Valley ')~ 2614 2436,.':)

77~}. 4 Ka lihi Duncan 23 2723 2679
775 Nuuanu Reserv. 5 58 2156 2156
775.2 Kapa Lama Kamana 9 2997 2616
776 Ka I ihi Tunne I 2 48 3627 3610
780 Tanta Ius Peak 44 3125 3225
780.3 Tantalus PIauka 13 2821 2615
780.5 Tanto Ius Drive 22 2769 2866
780.7 Tan t a Ius Exp Sta 10 2436 21·89
780.8 Dowse t t Hi lands 14 2649 2673
782 Lo we r- LOllkaha ~,3 3282 3282
78a Nuuann Reserv. 4 59 3267 3267
783. I Lau iihll I i 9 1951 1754
783.3 Old Pa Ii Road 15 3035 2874
784 Pauoo Flats ~r9 4373 4227
785 I'funoa HSPA 47 404.·3 4037
786 Nuuanll Pa 1 i 39 2465 2459
788 St Stephens Sem. 33 1943 2004
789 Konahuanui 10 2380 2191

56
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to the southeast was due to a "corner" effect -- the air

flowed around the island rather than being forced over the

mountains; the reduction in forced ascent resulted in less

rainfall.

The valleys included in my study were both deeper and

broader than Kipapa Gulch, hence any subsidence between

ridges should have been greater, resulting in a pronounced

ridge-valley rainfall contrast. That none was apparent in

dicated that other physical mechanisms might have acted to

produce Mink's results. My own observations of cloud and

raindrop motion in Manoa valley have also indicated the ab

sense of any preferred movement away from the ridges and

into the valley. Although the period of Mink's study (1957

59) was characterized by below normal rainfall, additional

data from two wetter years (Mink, 1978) also showed the

gauges in the valley caught more rain than their counter

parts on the ridge. One possible explanation was that the

dense vegetation in such a narrow valley acted to reduce the

airflow in the valley. The ridge gauges, which may have

been more exposed, would have been affected by the greater

airflow around them. (James, 1964) Thus, their catch would

have been less than the more sheltered gauges in the valley.

The effect may have been aerodynamic, rather than topo

graphic.

Sherretz (1970), using ten years of concurrent data for

seven stations in Nuuanu Valley and six stations on Tantalus

Ridge (Figure 6), also found no significant difference in
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rainfall between the ridge and the valley. He concluded

that the additional subsidence and subsequent warming of the

air entering the valley would result in sufficient evapora

tion to offset any convergence effect.

5.6 Geographic Variation in Rainfall

The extreme geographic variations in rainfall observed

in Hawaii are not found in any other Pa~ific islands (Stidd

and Leopold, 1951) and may be unique. Annual rainfalls at

stations within sight of one another can differ by more than

an order of magnitude. These extremely large rainfall grad

ients and the complex pattern of rainfall distribution make

the preparation of a rainfall atlas most difficult.

On Oahu, 20% of the area of the island receives approx

imately 45% of the total rainfall (Voorhees, 1929). As

shown above, this elongated area lies along the Koo1au

range, with its axis to the lee of the crest. Assuming a

constant mixing ratio in the layer beneath the trade wind

subsidence inversion, Baer (1956) showed that the logarith

mic spacing of the isohyets could be explained using the

hydrostatic equation. He further stated that the amount of

moisture available and the amount of lifting of the moist

air appeared to be the controlling factors in the distribu

tion of rainfall in Hawaii. Mordy (1955) and Riehl (1949)

related the annual variation in rainfall along the wet moun

tain slopes to variations in the height and strength of the

trade wind inversion. They showed that the magnitudes of
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the rainfalls were directly related to the height of the in

version layer. Since the inversion acts as a "lid" on con

vection, during periods when the inversion was lower (and

generally stronger), there was less lifting and subsequently

less rainfall. Conversely, during periods when the inver

sion was higher, the amount of lifting would be greater and

more rain was produced. Additionally, Nakamura (1933)

showed that the variability for these high rainfall stations

was less than for the others on the island, confirming that

they receive a large part of their rainfall from the rela

tively persistent tradewind weather conditions.

Schroeder (1977) found that on Oahu orographic influ

ences interact with the synoptic scale wind patterns to pro

duce persistent local rains. Such an influence is responsi

ble for the localized rainfall maximum to the lee of the

crest of the Koolaus. The nearly vertical windward slopes

channel the moist air into updrafts strong enough to prevent

nearly all but the largest raindrops from falling on the

windward side of the crest. Once the rain-laden air passes

over the crest, the updraft is replaced by subsidence and a

"downburst" results. All the rain that was supported by the

updraft falls out within a short distance from the crest,

resulting in a very localized rainfall maximum.

Ramage (1978) has suggested that this process may not

completely account for the extreme rainfall gradients ob

served (Figures 4 through 6). His hypothesis is that a

downward reflection of the lifted air from the inversion
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layer further concentrates rain in the "downburst" zone.

The air then passing down the leeward slopes would then be

depleted of all but the smallest drops. Most of the rain

falling on the lower leeward slopes appears to be the result

of advection from above the higher slopes, the so-called

"mauka showers drifting makai". (1-1auka and makai are Hawai

ian words, meaning towards the mountains, and towards the

sea, respectively.)

5.7 Comparison of Maps of Mean and Median Annual Rainfall

The differences between the Hawaiian Sugar Planters'

Association and Pineapple Research Institute (HPSA/PRI) map

(Figure 6) and the map of adjusted mean annual rainfalls

(Figure 4) were many. While there was general agreement be

tween the two at the lower (and better gauged) elevations,

the HSPA/PRI map indicated substantially greater average

rainfalls at the middle elevations. The analysis indicated

a very localized maximum near Mount Tantalus with equal

rainfall gradients to windward, leeward and along the crest.

My analysis showed that the gradients were larger, particu

larly to windward, and that the zone of greatest rainfalls

spread along the range to the lee of the crest.

A comparison between the maps of adjusted mean and med

ian rainfalls (Figures 4 and 5) showed that the pattern of

rainfall distribution was essentially the same on both. The

principle difference was that, with one exception (station

783), the median values were less than the means. This
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indicated that the annual rainfalls were not normally dis

tributed, but instead were skewed toward the larger values.

The largest differences between means and medians were found

at the dry, lower elevations. The differences at stations

receiving the largest rainfalls were much less and may have

only been the result of the small sample sizes. Thus, par

ticularly at the lower elevations, there have been more

years with rainfalls below average than years with rainfalls

above average. This relationship between means and medians

was also noted by Landsberg (1951). To reiterate, the med

ian gives a better indication of the amount of rainfall that

one would normally expect to receive at any given location.
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6.0 SUMMARY

The techniques and procedures for constructing a map

of normal rainfalls have been discussed.

Using data from 35 long record stations on Oahu, I have

confirmed that the median annual rainfalls stabilize sooner

than the means and that the base period of record for compu

tation of normal rainfalls should be the longest practica

ble. For adequate representation of all climatic zones of

the island, I have selected the base period of 1916-75. I

have pointed out that rainfalls during this period may not

be representative of those in other periods. The selection

was limited by the availability of data.

I have demonstrated that the technique of ridge regres

sion is superior to the commonly used methods for extrapo

lating long period normal rainfalls. Some aspects of the

effects of topography on rainfall and gauge catch have been

discussed. Using maps of adjusted mean and median rainfall,

I have found no substantial difference between rainfalls on

leeward ridges and leeward valleys on Oahu. I have sug

gested that aerodynamic, rather than topographic, effects

may explain the results of a previous study which found the

valleys to be consistently wetter than the ridges.

Maps of adjusted annual rainfall indicate that the

gradients are larger than those shown previously, and that

the median annual rainfalls, particularly in the low leeward

regions, are less than the means, indicative of distribu-
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tions skewed toward the larger values.

It is my conclusion that for hydrological purposes maps

of median rainfall, constructed using the technique of ridge

regression, will best represent the distributions of normal

rainfalls on the Hawaiian Islands, but, because of the many

errors inherent in the measurement of rainfall and in the

extrapolation of point measurements to average depth over an

area, exact rainfall maps cannot be produced at this time.
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PRIORITY LIST OF DATA SOURCES

Description of source:
I. Original manuscript records made

at time of measurement.

11. Origi na 1 annual summari es
compiled by observer.

III. Delayed or amended records
published by Weather Service.

IV. Daily records compiled and
published by Weather Service.

V. Annual summaries compiled and
published by Heather Service.

VI. 9ai1y records comoi1ed from
sources listed above.

VII. Summary records compiled from
sources listed above.

VIII. Summary records compiled from
previous compiled records.

IX. Data from doubtful or unknown
sources.

Source:
A. Monthly Rainfall Records of Hawaii (HSPA/PRI)

(bound volomes with green~s)

B. DOIIAlD Da i1y Comoutati ons
(data in file cabinets)

C. Misc. manuscript data
A. Annual summary of Rainfall Records of Hawaii

(HSPA/PRI)

B. Annual summary of DOWAlD Daily Comoutations
A. Delayed or amended data in Climatological Data

A. Climatological Data - monthly issues

A. Climatological Data - annual summaries

A. Records for Unofficial Non-Rated Stations

B. Bulletin W(pre-1919 issue only)

C. Rainfall Record of Honolulu and Hawaiian Islands
1890-1903\IT9iitbro\~n book)-

D. National Weather Service Green Ledgers

E. Annual Summary· Rainfall Records of Hawaii
(Dml~lD) (va1urnes with brown covers)

A. HSPA Cal cula ted "Normals"

B. Hawaii Water Authority transcriptions

C. Rainfall - Island of Maui (Sam O. Hirota report)
(volume with yellow cover)

D. Selected rainfall records from An Inventory of
Basic Water Resource~ Data: Island of~

E. Bulletin W-- 1919-1952. 1951-1960, etc.

This 1ist should tlOI"k in at least 99% of cases encountered. The data recorder should use
her/his discretion where one source is obviously better than the other.



71

APPENDIX B. SOME SAMPLE COMPUTATIONS

Using the data from gauge #700, station Waimanalo

(Ewa), I will demonstrate the various computations required

for arriving at an estimate of the base period mean (532 rom)

and median (545 rom) from the data for the decade 1930-39.

(1) Decade statistics:

For the period 1930-39 the median annual rainfall was

534 rom, the mean rainfall was 521 rom and the standard devia

tion was 132 rom.

(2) Double-mass analysis:

Beginning with the most recent year, 1939, the accumu

lated annual rainfalls at the station were plotted against

the accumulated mean annual rainfalls at the base stations.

The slope of this line was 0.296. For the base period the

average mean annual rainfall at the base stations was 1632

rom. The estimate of the long period mean rainfall for gauge

#700 was computed by taking the product of these numbers:

estimate = 0.296 * 1632 rom = 483 rom

where the asterisk indicates multiplication.

(3) Ordinary least squares regression:

The regression equation produced by the stepwise algo

rithm was:

estimate = 46 rom + 0.856 * gauge #741

Only one base station was included before the stepping cri

teria were met. The estimate of the median was computed by

substituting the value of the base period median at gauge
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#741 (565 rom).

estimate (median) = 46 rom + 0.856 * 565 rom = 530 rom

Similarly, the estimate of the base period mean was computed

by substituting the value of the base period mean at gauge

#741 (563 rom).

estimate (mean) = 46 rom + 0.856 * 563 rom = 523 rom

(4) Ridge regression:

The data were first standardized by subtracting the

station means and then dividing by the standard deviations

of the respective stations. In addition to the ten years of

data, the data matrixes were supplemented as described in

the text. For twelve candidate base stations and a value of

0.10 for the ridge constant k, the data matrix for gauge

#700 was supplemented by 12 zeros while the base stations

data matrix was supplemented by a diagonal matrix with each

of the twelve diagonal elements set equal to the square root

of 0.10. The stepwise algorithm then proceeded as before.

The regression equation obtained was:

correction factor = -0.021 + .838 * gauge 741

One could not simply substitute the base station mean as

above since the data had been standardized (the mean was

zero). Instead the correction factor was given in units of

3930's standard deviations. For the value of the selected

base station, one must substitute:

(base period value - decade mean) * (decade

standard deviation)-l

For the median and mean values for gauge #741, there were
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0.070 and 0.050 respectively. The correction factors were

then:

correct (median) = -0.021 + 0.838 * 0.070 = 0.038

correct (mean) = -0.021 + 0.838 * 0.050 = 0.021

where these were in units of the estimated gauge's 1930's

standard deviations. The estimates were then:

estimate (median) = decade mean + correct (median)

* decade s. dev. = 521 rom + 0.038

* 132 rom = 526 rom

and

estimate (mean) = decade mean + correct (mean) * decade s.

dev. = 521 rom + 0.021 * 132 rom = 524 rom

(5) Robust estimate of location:

Since this estimate was solved by an iteration proce

dure, the actual computations are rather tedious to repro

duce. The reader is therefore referred to the book by

Andrews et al. (1972) for a complete description of the pro

cedure.
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APPENDIX C. SAMPLE MATRICES

I follow the general notation for linear regression in

defining the matrices:

1

1

x =""'(n x p+l)

1 Xn l Xn 2 . . . Xnp

Yl b O

Y2 b l

Y =--'

12-(n x 1) =
(p+l x 1)

Y bn p

where the row subscript indicates the case and the column

subscript indicates the number of the dependent variable;

for twelve candidate predictor stations and ten years of

data, p = 12 and n = 10. In RIDGE the data matrices are

first standardized and then supplemented by "bogus" data to

become:
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x =
(n+p X p+l) 11k o

x =
(n+p x 1)

y
n

o

1 0 -"IK o o

1 0 o o

and the stepwise algorithm proceeds as with ordinary least

squares regression. Including the column of ones in the

standardized data matrix assumes the constant b will be in-

eluded in the final expression. In actual practice the com-

puted values are rather small the regression can be com-

puted with a zero intercept. Hocking (1976) is not clear on

which method is to be preferred.

In either method the regression model is then:

Y = Xb
'" AlN

and the coefficients are solved by computing:

b = (X'X)-l X'y
rv /V .-v ;v N




