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Abstract

This dissertation analyzes several practical data compressionsystems using an asymp

totic approximation for quantizers with small step sizes. By using this high reso

lution quantization theory we present a simple formulation to analyze many source

coding systems in the same framework and give practical applications of such sys

tems.

The first part of the research focuses on the analysis of a digital transmission

system when the input to the system is a continuous time Gauss-Markov process

of any order. By using fine quantization approximations we derive expressions for

the time-average smoothed error for different quantization systems. We formulate

our problem in a state space framework. The quantization systems that we study

are: i) vector quantization of the original process, ii) state component and state

vector quantization, iii) differential state quantization, iv) a scheme of quantizing

the complex envelope of a narrowband process, and v) a sigma-delta modulator.

Reconstruction filters are derived to estimate the vector process from its quantized

value. The use of time average mean squared estimation error allows us to compare

systems with different sampling rates. The tradeoff between the resolution of the

quantizers and the sampling rate is shown both analytically and experimentally.

The issue of the optimum choice of the reconstruction filter is addressed. Finally,

we study the improvements, if any, brought by using optimized instead of uniform

vector quantizers in our analysis. The state space approach allows us to consider

Gauss-Markov processes of any order, or equivalently, processes with any arbitrary

rational spectrum.

It is shown that for most processes differential quantization of the state, an aug-
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mented process consisting of process and its derivatives, outperforms a simple state

quantization and the vector quantization of the original process. In particular, for a

second order lowpass process it is shown that when the overall rate R is high, the op

timal smoothed error is proportional to ~3 for the differential scheme. This is better

than the performance of DPCM and a modified vector DPCM, analyzed under the

same framework. For both these schemes the asymptotic variation of the smoothed

error is proportional to ~2' For differential state quantization, the resulting optimal

size of the vector quantizers are small and can be used in practice. For a bandpass

process the performance of all the schemes improves as the bandwidth decreases

but the differential scheme still performs the best. We show that as the process

becomes very narrowband the best quantization scheme, at low rates, is to differ

entially quantize the baseband complex envelope of the narrowband process. We

analyze the case when the narrowband process is input to a sigma-delta modulator

and derive simple asymptotic expressions for the quantization noise spectra.

Next we study a universal source coding scheme with a vector quantizer code

book transmission. Again by using high resolution quantization theory we derive

the optimal tradeoff between the quantizer resolution and the information used to

transmit codebooks. We derive a formula that tightly bounds the signal-to-noise

ratio of the universal coding system as a function of the interval between codebook

transmissions. Another scheme of vector quantizing the transmitted codebooks is

also studied and it is shown that under some reasonable conditions, uniform scalar

quantization of the transmitted codebooks performs as well as vector quantizing

them. We verify our results experimentally with stochastic and image data simula

tions.
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Chapter 1

Introduction

Transmission of information from a continuous source over a digital channel is

a classical problem in communication theory. To facilitate this transmission the

continuous source must be represented by a set of discrete variables which can then

be coded into the digital channel. The first step, that of representing the continuous

source with discrete variables, is achieved by sampling the source at fixed regular

intervals. The sampled process is then quantized and these quantized samples are

then transmitted over the digital channel. At the receiving end we have the inverse

process of mapping the channel bit stream to the receiver codewords. By using these

codewords, we then reconstruct our original process by some filtering process. We

refer to this overall system of sampling, quantization and filtering as a source coding

system. This dissertation analyzes several source coding systems using asymptotic

quantization theory. It gives a simple "analytical framework for comparing many

complex source coding systems without going into a rigorous analysis. Thus, we can

easily sort out a hierarchy of performance for many source coding systems and obtain

approximate results which are quite close, under the high resolution assumption, to

those obtained by a rigorous analysis. It also indicates the systems, and range of

parameters, to investigate more rigorously.
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The first aspect in the analysis of any source coding system is the characterization

of the source. For a large portion of this dissertation we will concern ourselves

with a stationary Gauss-Markov source. Many sources that we encounter in real

life, for example speech, are modeled as stationary Gauss-Markov. An exhaustive

description of Markov processes and their applications is given in [33]. For a majority

of this dissertation, we will do our analysis for a general case when the input to our

system is a stationary continuous time Gauss-Markov process of any order. Previous

works [60, 29, 58] in the source coding literature concerned with the analysis of

continuous time Gauss-Markov processes have been limited to a first order process.

For a higher order process the sampled process is no longer Markov, and hence the

analysis has to be modified accordingly. To describe an n-th order Markov process

in continuous time, we consider the process and its first (n - 1) derivatives. This

leads to the use of state space modeling. The state space model is a convenient

representation of the Gauss- Markov process and, as we will see, the state space

matrices can be related to the spectrum of the process. We will describe this state

space model in detail in the next chapter. In this introductory chapter we first

introduce the general problems that we are going to address in this dissertation.

Next we will describe the mathematical tools and the theoretical background on

whose premises our analysis is based. Here we describe previous research which has

motivated the issues addressed in this dissertation. Finally, we conclude this chapter

by outlining the organization of this dissertation.

1.1 Problem Formulation

The majority of this dissertation has concentrated on analyzing several source coding

schemes for a stationary, continuous time, arbitrary order Gauss-Markov process.

Figure 1.1 is the. block diagram of a communication system that quantizes an input

2
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Figure 1.1. Block diagram of a communication system which quantizes a higher
order Gauss-Markov process. S(t) is the state vector which is being quantized and
x(t) is the estimate of the continuous time process x(t).

continuous time Gauss-Markov process x(t). The goal of the system is to estimate

this process by x(t) which represents the original process as closely as possible. In

the next several chapters we will examine this problem in more detail for different

source coding systems. To represent a continuous time high order Gauss-Markov

process x(t), we consider a state vector S(t) consisting of the stationary process and

its derivatives. We sample this state vector and quantize the sampled state. In an

ideal situation we would want to sample as fast as possible and quantize as finely

as possible. In practice, however, the digital channel rate R is fixed. If we have a

scalar quantizer with N levels and we sample the signal x(t) every T seconds, then

the digital channel rate R is related to the sampling interval by :

R = log2 N.

T

For any source coding scheme we have a tradeoff between the sampling rate and the

efficiency of the quantizer. We analyze this tradeoff in detail and find the optimal

sampling interval for different source coding schemes. To compare the different

sch-emes fairly we introduce a measure, defined -previously in [60], and call it the

3
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Figure 1.2. A vector quantizer codebook transmission system

smoothed error. The smoothed error normalizes the dependence on the sampling

interval and gives a measure of comparison for different schemes having different

sampling intervals. The smoothed error is given by :

(sm(r) = lim.!- I" E{(x(t) - x(t»2}dt
0-00 C\:' Jo

= ~ r E{(x(t) - x(t))2}dt.r Jo (1.2)

Thus, this smoothed error gives the error averaged over one sampling interval. The

next four chapters examine this problem in detail using the asymptotic quantization

theory.

We also examine briefly the problem of a changing source and how some source

coding schemes perform with respect to this change. In particular we consider vector

quantization of a changing source and the subsequent transmission of the codebooks

to the decoder. Figure 1.2 gives the block diagram of such a source coding system.

We have a k dimensional vector source and after each C\:' source vectors we transmit

a vector quantizer codebook of some size N to the decoder. We try to answer

questions such as : i) What is the best tradeoff, for a fixed overall bits, between the

side information needed to transmit the codebooks and the information needed in

4



actual quantization of the source, when the codebook has been transmitted to the

decoder? , and ii) What is the difference in performance between vector quantizing

the transmitted codebooks and scalar quantizing them? We address these issues

in Chapter 6 and again use asymptotic approximations to find answers to these

problems.

1.2 Mathematical Tools and Background

The analytical framework that we build relies on the basics of probability theory and

random processes, linear system theory and state space representation, the basics

of information theory and source coding, and asymptotic and multi-dimensional

quantization theory. Probability theory and random processes are quintessential

in analyzing any communication system. We utilize the basic concepts [55, 62] to

derive reconstruction filters by using linear least mean square arguments. Also, we

use these ideas at many places throughout this dissertation. We utilize the basic

ideas of linear system theory [50, 44] to get a state space representation for the

Gauss-Markov process. The notation used is that followed in linear system theory.

Next come the main ideas of signal compression - source coding theory, vector

quantization, and asymptotic quantization theory.

Shannon [59] laid the foundations of source and channel coding theorems. Source

coding theory addresses the problem of minimizing the distortion of a system, for a

given signal, with a constraint on the overall rate or, equivalently, minimizing the

rate for a given distortion. In any application we are always concerned with getting

a high quality output from the overall signal compression system. An excellent

description of various waveform coding systems and techniques is given by Jayant

and Noll [42].

The basic building block of any signal- compression system IS the quantizer.

5



Quantization is the process through which a sampled signal, assuming values in an

infinite set of real numbers, gets mapped into a finite set of representation points.

The representation points are called codewords and the set of codewords is called the

codebook. Depending on the characteristics of the output points, a quantizer could

be uniform or non-uniform. A uniform quantizer has equally spaced output points

[42]. If we have a quantizer whose output points are optimized with respect to the

input probability distribution for some criterion, we call it an optimum quantizer.

Lloyd [46] and Max [49] independently came up with design algorithms for optimum

scalar quantization and for mean square error criterion. These algorithms and their

generalizations have been very useful in building many practical data compression

schemes. In recent years vector quantization (VQ), the generalization of one dimen

sional scalar quantization, has become'a practical work horse for many useful data

compression systems. VQ has several inherent advantages [47]: i) the space filling

advantage which is associated with the dimensionality of VQ, ii) the shape advan

tage corresponding to the probability density function shape, and iii) the memory

advantage which exploits both linear and non-linear dependencies between the vec

tor components.. In 1980 Linde, Buzo and Gray [45] gave a design algorithm for

VQ which was a generalization of the one dimensional case [46, 49]. Since then the

source coding community has been actively involved in the research of design, imple

mentation and applications of VQ based techniques for data compression. Gersho

and Gray [24] have summarized the state of the art techniques concerning VQ and

its applications in their recent book. In this dissertation we frequently use VQ, its

ideas, and the asymptotic quantization properties in our analysis.

Asymptotic quantization theory is based on the assumption that the quantizer

size, the number of representative levels in the quantizer codebook, is large. Ben

nett [3] in 1948 was first to use a companding model for nonuniform scalar quan-
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tization and gave a formula for the mean-square quantizing error in terms of the

source probability distribution, the slope of the compressor curve, and the number

of scalar quantization levels. Algazi [2] gave asymptotic results for an rth power

distortion measure in one dimension and gave expressions for the minimum distor

tion in terms of the quantizer size. Zador [64] was first to extend Bennett's result

for an arbitrary quantization dimension. Gersho, in [23], gave a rigorous method for

obtaining upper bounds on the minimum distortion for block quantizers. Yamada,

Tazaki and Gray [63] generalized Gersho's bounds to a general difference distortion

measure. Lookabaugh and Gray [47] summarized various results from asymptotic

quantization theory arid used them to characterize the vector quantizer advantage

for different sources. More recently Na and Neuhoff [51] have extended Bennett's

integral using an inertial profile. Jeong and Gibson [43] have developed an analyti

cal technique for piecewise linear multidimensional companding and have evaluated

the effectiveness of the multidimensional compandor designs for identically and in

dependently distributed Gaussian and Laplacian sources. In this dissertation we

have made similar approximations at many places and derived bounds for the quan

tization error and the covariance matrix of the quantization error. In addition to

optimum quantization asymptotic bounds, we have also derived some asymptotic

uniform vector quantization bounds.

Quantization systems like delta modulators and DPCM coders have been ana

lyzed in depth. A detailed theoretical and heuristic analysis for the optimization of

quantizer parameters in these systems was given by Jayant [39] and Slepian [60]. In

[41] the performance of a delta modulator with a first order Gauss-Markov input

was given. Most of the literature in the analysis of source coding systems deals

with discrete time processes. The measure of comparison for different systems is

. the quantization error or equivalently the SNR for a given transmission rate, where
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the transmission rate is measured in bits per source symbol. If a finite bandwidth

continuous process is assumed and the discrete time process is obtained by Nyquist

sampling, the minimization of the reconstruction error variance in the discrete time

domain is equivalent to that in the continuous time. However, no physical process is

of finite bandwidth and the errors in reconstruction cannot be ignored; the two error

variances are not the same. In such situations we define a time-average smoothed

error of our estimate, as done in [60]. Now, there exists a tradeoff between the

number of quantization levels and the sampling rate for a fixed overall transmission

rate in bits per second. The smoothed error serves as a good measure of perfor

mance for different schemes because the optimal sampling rates, for a fixed overall

transmission rate in bits per second, are different for different schemes.

A rigorous analysis of a delta modulation system for a first order Gauss-Markov

input was first presented by Slepian [60]. Hayashi [29] extended this analysis to

DPCM systems. Both these analyses had computational problems at higher rates.

In [37] a detailed computational procedure was given which converged for large

sampling rates for matched and mismatched DPCM systems. In [58] similar results

were obtained by an approximate, but much simpler analysis, which holds for high

rates. In chapters 3, 4 and 5 we extend the asymptotic analysis of [58] to the

general case of an n-th order Gauss-Markov process and derive fine quantization

approximations for the covariance matrix of the quantization error matrix and the

overall smoothed error.

In chapter 6 we use a similar asymptotic approach in analyzing a sigma delta

modulation system. Sigma-delta modulation was first introduced by Inose and Ya

suda [36]. Candy' et aI. [12] and Gray [27, 26] have done detailed analysis of

sigma-delta modulation system for a DC and a sinusoidal source. More recently,

Hein and 'Zakhor [31, 32] have analyzed some algorithmic aspects of sigma-delta
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modulation systems. Both Gray et al. and Candy et al. restrict their analysis to

either a DC or a sinusoidal input. With the exceptions of Chou and Gray [18], Wong

and Gray [61] and, more recently, Galton [22], almost all the analyses of sigma-delta

modulation systems are limited to deterministic inputs. In chapter 6 we analyze a

general case where a Gauss-Markov process is input to a sigma-delta modulator and

derive simple expressions for the quantization noise spectra. We use a state space

approach and asymptotic quantization theory and our analysis is much simpler than

other analyses found in the literature [27, 28, 18, 61, 22].

In many practical situations we have to model situations where the source is

changing periodically. The source coding system has to take into account such

changes. Ziv [67] has shown that, under some alphabet assumptions, there exist

universal algorithms for the class of all stationary sources that asymptotically do as

well for each source as an optimum source code designed for that source. Neuhoff

et al. [54] develop a unified theory for universal source coding and Matsuyama and

Gray [48] have applied the idea of universal coding to tree encoding of speech. Chou

[16] has designed weighted universal codes for image coding by using a finite collec

tion of predesigned VQ codebooks. A short binary index is occasionally transmitted

to specify to the decoder which codebook is being used. This scheme is limited in

the sense that the number of different codebooks that can be used is rather small

due to memory and complexity constraints.

Nasrabadi [52] used the notion of a "super-codebook", a large ordered codebook

available at both the encoder and decoder, from which the first N codevectors serve

as an operational vector quantizer in coding an image. The operational codebook

can be adapted by trickling vectors in the super-codebook to the top and allowing

others to fall down to lower positions. Their reordering method is heuristic in

nature, and depends on the statistics of the previously used codevector indices. One
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potential difficulty with this scheme is that being finite state in nature, it cannot

easily recover from channel errors. An earlier method for adaptive quantization

was proposed by Gersho and Yano [25] that adaptively replenishes codevectors as

the source statistics change, attempting to keep the partial distortions constant

at each stage. In [56] subsets of a universal codebook are used as reduced size

codebooks, which are then used to encode the source training set. Also, in [56],

adaptive quantization is performed by occasionally transmitting (as overhead) new

codebooks to a receiver.

In Chapter 7 we intoduce several universal vector quantization schemes. These

schemes utilize the above ideas of universal source coding and provide a new method

of transmitting the information of changing source statistics to the decoder. By using

aysmptotic quantization theory we analyze the tradeoffs between the side inforrna-

tion and the actual bits required to quantize the source vectors in the universal

source coding schemes. We also find expressions for optimal distortions for the

different uni versal source coding systems.

1.3 Organization of the Thesis

Having discussed the background and motivat.ion for this work, we now describe the

contents of the various chapters. In the next chapter we summarize the main results

of this dissertation. We compare the different source coding systems that we have

analyzed and give an ordering of these systems with respect to their performance.

In Chapter 3 we introduce the problem of quantizing a continuous time high

order Gauss-Markov process in detail. We introduce the state space model and con

sider the state vector consisting of the process and its derivatives. We use linear

least mean square ideas to derive two reconstruction filters _which estimate the state

of the process. The first filter is the prediction filter and the other is a smoothing
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filter. We find asymptotic expressions for these filters and derive an expression for

the smoothed error. By using asymptotic quantization theory, we obtain a uniform

vector quantization bound on the covariance matrix of the quantization error. Fi

nally, we compare three basic quantization schemes: i) vector quantization of the

original process, ii) state component quantization, and iii) state vector quantization.

In Chapter 4 we introduce a differential technique of quantizing a high or

der Gauss-Markov process which outperforms the other schemes. We call this

scheme Differential State Quantization (DSQ). We compare the performance of this

scheme with other traditional differential quantization systems like DPCM and vec

tor DPCM, and show that DSQ always outperforms these schemes.

Chapter 5 discusses the quantization of a narrowband process. We introduce a

scheme of tracking and quantizing the low pass complex envelope of the narrowband

process and compare its performance with other previously analyzed schemes. The

whole analysis is done in a state space framework. We address the issue of the

system robustness with respect to the changes in the input spectrum and compare

the robustness of different schemes.

In Chapter 6 we analyze the performance of a sigma-delta modulation system

when the input to the system is a high order Gauss-Markov process. We use asymp

totic approximations and derive very general expressions for the quantization noise

spectra. Following the paradigm of the previous chapters, we find expressions for

the smoothed error of a sigma-delta modulation system.

Chapter 7 addresses the issue of a changing source. In this part we deviate from

a Gauss-Markov source and consider a source coding scenario where the source is

changing. We consider a vector quantizer code book transmission scheme which

transmits the vector codebook periodically by quantizing it. Both scalar as well as

vector quantization of the codebooks is considered. By using asymptotic quantiza-
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tion theory we evaluate the optimal tradeoff, for a fixed overall rate, between the

side information required to transmit the codebooks and the number of bits required

for the actual quantization of the source vectors. We also find the expression for the

optimal signal to noise ratio and address some practical issues.

Finally, in Chapter 8, we conclude and discuss some practical applications of the

schemes analyzed in this dissertation. We also give pointers to some future work in

this area.
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Chapter 2

Results

In this chapter we summarize the main results and contributions of this disser

tation. For a continuous time stationary Gauss-Markov input, we study the perfor

mance of several source coding systems and rank them in terms of the smoothed

error. The issue of changing source statistics is also addressed and several vector

quantization codebook transmission schemes are analyzed. Fine quantization ap

proximations are used throughout this dissertation. Fine quantization assumptions

rely on the fact that the quantizer size, the number of levels in the quantizer, is

large. The fine quantization approximations provide an easy check on the perfor

mance and usefulness of many source coding systems. We can easily determine,

without a computationally expensive and rigorous analysis as in [29] and [37], which

quantization scheme would perform better on a particular input random process.

2.1 Analysis of a Gauss-Markov Source

The first set of results obtained in this dissertation are some source coding schemes

for a stationary continuous time Gauss-Markov process. We analyze and evaluate

the performance of a quantization scheme which takes an augmented vector, which

we call the state vector, or simply the state, consisting of an n-th order stationary
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Gauss-Markov process and its first (n - 1) derivatives. By using a state space

representation, we derive reconstruction filters for this state. We use linear least

mean square arguments to find continuous time filters which estimate the state

of this vector process based on its quantized values. Two such filters are derived:

one which predicts the value at a future instant based on the most recent past

quantized sample of the state vector and the other which gives a smoothed estimate

of the process based on immediate past and immediate future quantized samples

of the state. For small values of the sampling interval both estimates produce

nearly the same smoothing error. The relative importance of the quantization of

the derivatives is determined and the performance of different quantization schemes

on the filtered estimate of this vector process is studied. This work puts forward a

general framework for analyzing many source coding schemes for a continuous time

Gauss-Markov process.

In the third chapter we analyze three quantization systems. The first quantizes

the state vector. Both scalar, as well as vector, quantization of the state vector

components and vector quantization of the state are studied. We compare these with

a third scheme where the original scalar process x(t) is vector quantized (VQ). In

each of these schemes we derive the optimal tradeoff between the sampling rate and

the number of quantization levels. For each scheme we derive asymptotic expressions

for the smoothed error. While analyzing the state quantization scheme we find

approximations for the covariance matrix of the quantization error. We use fine

quantization approximations [64, 23] to upper bound this quantization matrix. By

using spherical symmetry and by performing a minimization of the quantization

error in an n dimensional space we arrive at fine quantization approximations for

uniform vector quantization of the source.

As an example we examine in detail a second order Gauss-Markov process. For
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a baseband spectrum with no zeroes and two complex conjugate poles we show that

vector quantization of the state outperforms VQ of the scalar process. Both scalar

quantization of the state components as well as the vector quantization of the state

vector are studied. For scalar quantization of the state components, under the high

rate assumption, the optimal smoothed error and the ratio of the number of levels in

derivative quantization to that in the process quantization is directly proportional

to the bandwidth and inversely to the overall rate in bits per second. Thus, under

these conditions, reducing the rate by half doubles the relative number of levels

in the derivative quantization and results in a 3 dB loss in the overall smoothed

error. While studying the vector quantization of the state components, we analyze

the tradeoff, for a fixed complexity, between the dimensions of the process vector

quantizer (kq ) and the derivative vector quantizer (kg). If the sum of the dimensions

of the process VQ and the derivative VQ is fixed, then it is better to choose a large

value of the dimension of the derivative VQ. The optimal sampling interval, with

kq + kg fixed, is insensitive to the choice of kq • The optimal sampling rate, for large

values of overall rate R, varies as lo~ e for state component quantization For vector

quantization of the scalar process this optimal sampling interval is slightly larger

and is given by the solution of a transcendental equation.

2.2 Differential State Quantization

We introduce a technique of differentially quantizing a state vector. The state vector

consists of the process and its first (n - 1) derivatives, for an n-th order process.

This scheme of differentially quantizing the state vector is a superior source coding

scheme. For a second order lowpass process the optimal" smoothed error for the

differential scheme is approximately proportional to ~3' where R is the overall rate

in bits per second. The performance of this differential scheme is better than state
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vector quantization, state component quantization and vector quantization of the

scalar process. The optimal vector quantizer size that we obtain is small and can

be used in practice; this is not true for optimal vector quantizers. The optimal size

of the vector quantizers required in vector quantization of the scalar process or in

vector quantization of the state vector is very large and impractical. This is a big

drawback in implementation. Thus, differential state quantization not only gives

improved performance, it also has a small, practical vector quantizer size.

We analyze two other known differential systems, DPCM and a modified vector

DPCM, under the same framework. The smoothed error for both these schemes is

approximately proportional to ~2' which is inferior to the ~3 of the differential state

quantization. Thus, differentially quantizing an augmented vector consisting of the

process and its derivative is better than DPCM of the process or even vector DPCM

of the process.

As an example, for a second order low pass Gauss-Markov process with param

eters W n = 1.0 and ( = 0.1 and at rate 2000 bits per second, differential state

quantization (DSQ) performs 45 dB better than VQ of the scalar process. At the

same rate DSQ performs 72 dB better than scalar quantization of the state vector,

44 dB better than DPCM of the scalar process, and 32 dB better than state vector

quantization (SVQ). It should be noted, however, that the comparison with state

VQ is done by taking a suboptimal and small VQ size. With optimal VQ size, which

is very large and impractical, the state VQ performance is very close, though still

inferior, to DSQ.

The results that we derive are very general and can be extended to continuous

time Gauss-Markov process of any order and with any arbitrary rational spectrum.

These results provide an easy way of verifying the relative performance of various

differential source coding systems.
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2.3 Narrowband Quantization System

We introduce a technique of tracking and quantizing the complex envelope of a

narrowband process. By modeling the narrowband process in a state space domain,

we evaluate the performance of the narrowband quantization system. By using

the same framework, as for the previous schemes, we evaluate the tradeoff between

sampling and quantization for several narrowband schemes.

We show that the hierarchy of performance (worst to best) in terms of the

smoothed error is as follows: i) State Vector Quantization (SVQ)' ii) Scalar Quan

tization of the Envelope (SCE), iii) Differential Quantization of the Envelope (DNB),

iv) Differential quantization of the Complex State (DCS), and v) Differential State

Quantization (DSQ). As an example, we show that for a second order narrowband

process with center frequency W n = 10.0 and bandwidth <: . W n = 0.01, differential

quantization of the complex state (DCS) performs 6 dB better than SCE and ap

proximately 8 dB better than SVQ at a rate 100 bits per second. Differential State

Quantization (DSQ), however, outperforms DCS by 5 dB at the same rate. For

the same process at 2000 bits per second, corresponding to a 1f ratio of 100, DCS

performs 5 dB better than SCE, 7 dB better than SVQ, and approximately 5 dB

worse than DSQ. Thus, the scheme of tracking and quantizing the complex envelope

performs better than all the other schemes, except differential state quantization.

Next we consider the case when the receiver is designed for a set of parame

ters which are different from the paramters of the actual input. We consider the

sensitivity of different schemes under such a mismatch. We model this mismatch

by varying our state space matrices and rank the different schemes with respect

to their robustness to these changes. We conclude that for both differential state

quantization (DSQ) and differential quantization of the complex state (DCS) the
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change in smoothed error .6.(sm (T) is approximately proportional to a product of

three quantities: i) the input power, ii) the change in input power, and iii) the sam

pling interval. For a second order narrowband process the change in the smoothed

error for DCS is slightly smaller than that in DSQ. However, this difference is only a

second order term. So, within a second order term, both DSQ and DCS are equally

robust.

2.4 Sigma-Delta Modulation

In chapter 6 we analyze the performance of a sigma-delta modulation system when

the input to the system is a Gauss-Markov process. By using fine quantization

approximations and a simple analysis, we derive expressions for the quantization

noise spectra for a general high order Gauss-Markov input.

Candy et al. [12] have done a detailed analysis of sigma-delta modulators and

the associated quantization noise spectra for DC, or sinusoidal input. In [27] Gray

has done an extensive analysis of the quantization noise spectra for the same inputs.

In the analysis in [27] the quantizers are assumed to be uniform and it is assumed

that the quantizers do not overload. By restricting the input to the no-overload

region the quantizer error is periodic and it is expanded as a Fourier series. After

intensive analysis, involving Bessel functions, Gray [27] shows that the quantization

noise spectra is not white. For a DC input the spectrum is purely discrete, with the

locations and amplitudes of the spectrum heavily dependent on the input signal.

For a sinusoidal input, the output spectra is not continuous or white. In [12] Candy

and Benjamin had reached a similar conclusion for DC inputs by using a slightly

simpler analysis.

Both Gray and Candy et al. restrict their analysis to either a DC or a sinusoidal

input. With the exceptions of Chou and Gray [18], Wong and Gray [61] and, more
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recently, Galton [22], almost all the analyses of sigma-delta modulation systems are

limited to deterministic inputs. In [61] Wong and Gray considered the input to the

single loop sigma-delta modulator to be an independent and identically distributed

(i.i.d) Gaussian process which is unbounded in magnitude. By using a continuous

time model and doing a rigorous analysis they found a closed form expression for the

quantization noise spectra when the input is a constant signal overriden by a Gaus

sian noise. It was shown that the quantization noise spectra is smeared into bands

in contrast to the discrete line spectrum in the DC case. Recently, Galton [22] has

given a rigorous analysis for the case when the input to the sigma-delta modulator

is a sequence consisting of a desired input plus an additive independent and iden

tically distributed random component. Explicit expressions for the autocorrelation

of quantization noise are also derived.

In this chapter we develop an approximate theory to analyze the quantization

noise spectra of a sigma-delta modulator when the input is a Gauss-Markov process

of any arbitrary order. The approximations that we use are meant for an optimum

and fine quantizer and in that sense are different from the analysis of Gray et al.

and Galton. Consequently the input need not be restricted to a no overload region

as in their analysis. The results of our analysis could be extended, without much

difficulty, to uniform quantizers. An advantage of our approach is that the input

is a Gaussian random process with any arbitrary rational spectra. Furthermore, in

the limit as the bandwidth of a narrowband process goes to zero, we approach the

sinusoidal input considered by Gray [27, 28]. The case of a DC input can also be

analyzed by considering a very narrow bandwidth first order Gauss-Markov input.

We show that -the quantization noise spectra can always be approximated as

a simple expression in terms of the state space matrices. The quantization noise

spectra for a narrowband process follows the input spectra. In particular, for a nar-
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rowband process with unit variance, we observe just one peak in the quantization

noise spectra. This supports the results of the rigorous analysis of Wong and Gray

[61] for large input variance for independent and identically distributed Gaussian

inputs. They showed that as the input variance of the i.i.d Gaussian sequence in

creases, the quantization noise spectra has primarily just one peak and the presence

of harmonics diminshes. For a narrowband process with very narrow bandwidth the

experimental autocorrelation for uniform quantizers approach the theoretical values

predicted by our analysis for optimum fine quantizers. Furthermore, as we make

the dynamic range of our quantizers very large, the autocorrelation of the quantiza

tion error assumes a sinusoidal-like nature. This corresponds to a binary quantizer

case, since only two quantizer levels are used. This is similar to the binary uniform

quantizer analysis of a sinusoid by Gray [27].

Finally, we compare the time averaged smoothed error for the sigma-delta mod

ulation system with that of previously analyzed schemes. We show that the per

formance of the sigma-delta modulation system is worse in terms of the smoothed

error than those of the state quantization schemes and the differential quantiza

tion of state. However, the sigma-delta modulation scheme is quite robust. For a

narrowband process, the magnitude of the quantization error remains the same for

changing values of the center frequency.

2.5 Universal Source Coding Analysis

In chapter 7 we address the problem of changing source statistics and how some

source coding schemes behave with respect to such change. In particular we study

a vector quantizer codebook transmission system which conveys the information

of the .changing source to the decoder by transmitting the codebooks periodically.

Two schemes' of codebook transmission are studied. In the first scheme the vectors
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from the VQ codebook are transmitted by quantizing them component wise. In

the other scheme the codebook is vector quantized with a bigger codebook, which

we call the universal codebook. We call the first scheme scalar quantization of the

codebook, and the second scheme as vector quantization of the codebook. When the

rate (bits per sample) is fixed, for both schemes there is a tradeoff between the side

information needed for transmitting the information to the decoder and the number

of bits needed for actual quantization of the source vectors. By using asymptotic

quantization theory we analyze this tradeoff and find expressions for the optimal

side information and the optimal overall distortion.

Figure 1.2 shows the source coding situation considered. A k dimensional vector

source is changing periodically and is being quantized by a vector codebook of size

N. After every a source vectors, we transmit the codebook to the decoder. For the

scalar quantization of the codebook, if we assign b bits for quantizing each dimension

of the k dimensions vectors from the codebook of size N, the total number of bits

B required to code the block of a source vectors is given by :

B = ark = (bNk +o log, N), (2.1)

where r is the overall rate in bits per sample. The first term (bNk) is the side infor

mation that is used in transmitting the codebooks and the second term (a log, N)

is the cost of vector quantizing the block of a source vectors. In chapter 7 we show

that the optimal side information is given by :

(2.2)

where C2 and C1 are constants dependent on the probability distribution of the

source. Similarly, an expression for the optimal distortion is given by :

(2.3)
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In chapter 7 we give detailed results on experiments done on gaussian and laplacian

sources which confirm the analytical derivations based on asymptotic quantization

theory.
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Chapter 3

Analysis of High Order
Gauss-Markov Process

Analysis of any quantization system inherently depends on the probabilistic nature

of the source that is being quantized. Many sources that we encounter in real life,

for example speech, are modeled as Gauss-Markov. An excellent and exhaustive

description of Markov processes and their applications is given in [34]. In this chapter

we analyze a quantization system whose input is a continuous time, stationary,

Gauss-Markov process. In the next section we describe the state space model that

we use for representing an n-th order Gauss-Markov process. Section 2 gives two

different reconstruction filters for estimating the continuous time process. In section

3 the different quantization schemes are analyzed and the various tradeoffs involved

between the quantization of the process, their derivatives and the sampling interval

are derived. Section 4 gives a comparison of the performances of different schemes.

Finally, in section 5, we conclude this chapter giving the main results.

3.1 The State Space Model

In studying the continuous time n-th order Gauss-Markov process, x(i), we define

the state as a vector consisting-of the process and its first (n-L) derivatives. The state
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vector is first order Gauss-Markov and is given by S(t) = (x(t) x(t)

We are interested in analyzing the sampling and quantization tradeoffs of the original

n-th order Gauss-Markov scalar process x(t). First we form reconstruction filters for

the state S(t) which help in estimating the process in terms of its quantized values.

Following the same steps as for the scalar case and using linear least mean square

arguments we arrive at approximate expressions for the estimate S(t) of the state.

The ultimate goal is to find an expression for the time-average error for the estimate

of the process and find an optimal tradeoff between the quantization parameters of

the process, its derivatives and the sampling interval.

3.1.1 Continuous Time Model

Figure 1.1 shows a block diagram of a.communication system which estimates and

quantizes a vector random process. The input to the system is an n-th order Gauss-

Markov process and we estimate the state, which is an augmented vector process

consisting of the process and its first (n - 1) derivatives. The state space represen

tation of the vector process S(t) is given, for t > 0, as ([50])

S(t) = AS(t) + Bw(t),

where A€'R.n x n , B €'R.n x 1 and w(t) is white Gaussian noise. The covariance of the

noise process w(t) is given by

E{w(t)w(s)} = 8(t - s),

where 8 is the Dirac delta function and we assume that the white noise w(t) has

intensity 1. This is without loss of generality because we can always scale our input

with B. We can write down the original process as

x(t) = CS(tJ,
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(3.2)

where C = [10···0] is the output state space matrix. The power in x(t) is nor

malized to unity without loss in generality, since we can always scale our quantizers

and hence the resulting error variance. To insure the stationarity of the process,

the initial autocorrelation matrix is given by the solution of the following algebraic

Riccati equation:

o = ARss(O) + Rss(O)AT +BBT
,

where Rss(O) = E{S(t)S(tf}.

This state space specification is equivalent to specification of the power spectral

density or the autocorrelation function. If the initial condition S(O) is known then

S(t) can be written as

S(t) = eAtS(O) + I t
eA(t-slBw(s)ds,t ~ O. (3.3)

The autocorrelation matrix of the state satisfies the following equation for t ~ O.

(3.4)

In other words Rss(t) is the solution of the generalized controllability Lyapunov

equation

(3.5)

For the stationary case, the covariance matrix of the process S(t) is given by the

solution of equation (3.5) when Rss(t) = o. We also have the following relation

(3.6)

The power spectral density of the input process 'l/Js(w) can be written in terms

of the state space matrices as

'l/Js(w) = (jwI - A)-lBB*(jwI - A)--.
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The power spectral density of the original scalar process can be similarly written as

(3.8)

(3.9)

(3.10)

Thus by an appropriate choice of the state space matrices A and B we can model

any rational spectrum. We assume that 1/Jx(w) satisfies the Paley Wiener criteria

(see [55]) and hence we can express 1/Jx(w) as a rational expression with poles and

zeroes symmetric about both the real and the imaginary axes. Satisfying the Paley

Wiener criteria deletes the case where we have poles on the imaginary axis. We

always choose the pair (A, B) which gives a stable, controllable and observable

state space realization. The eigenvalues of A are the left half plane singularities of

1/Jx(w). We can write any given symmetric matrix A, with distinct eigenvalues as

A =. 2: Ak<;k<;k'
k

where r:;k is the eigenvector corresponding to the eigenvalue Ak. Since the matrix

A is assumed to be real, the eigenvalues of A occur in conjugate pairs. For the

distinct eigenvalues case we express the power spectral density in its partial fraction

expansion as

~ Ak Ai;
1/Jx(w) = L,: jw - Ak + jw - A;;

= L: (C*<;k)2(r:;;B)2 2.
k w2 - 2jW(kAk +IAkl

This partial fraction expansion has a set of poles and zeroes which are symmetric

about both axes. The matrix C is chosen such that C = Li Ajr:;j. Thus, given a

stationary random process and its spectrum that satisfies the Paley Wiener criteria,

we can always find a corresponding stable, controllable and observable state space

realization: For the case when the eigenvalues are not distinct the same representa-

tion holds good if we take two eigenvalues, say A and A+8, which are infinitesimally

close to each other and take the limit as 8 ---. 0 of the resulting expression for 1/Jx(w).
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3.1.2 Discrete Time Model

The corresponding discrete time process, for a sampling interval r , is given by

(3.11)

We let SUr) = S, and IrJ eA(r-slBw(s)ds = rWi +1 to obtain

(3.12)

where 0: = eAT, W j +! is a vector of independent, zero mean, unit variance Gaussian

random variables and

(3.13)

The sampled scalar process Xi = x(jr) can be written as

(3.14)

where C is the output state space matrix. By using the above discrete time model, we

can find the discrete time autocorrelation functions and the power spectral densities.

3.2 Reconstruction Filters

We are interested in finding an estimate of the state vector. By using the model

described in the previous section, we find two such estimates of the state S(t) based

on its quantized values. The first filter estimates the state at a future time based on

one quantized value. The second filter is a smoothing filter which gives a smoothed

estimate of the state at time t _between two quantized values. When the sampling

interval r is.small both the filters give the same expression for the overall smoothed

error.
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3.2.1 The Prediction Filter

The least mean square estimate of the vector S(t) in the future given the quantized

observation s, = s at a time t > jr for a time t is given by

S(t) = E{S(t)IS(jr) = s}. (3.15)

We next assume the expectation conditioned on the quantized quantity s, = q(Sj)

is approximately equal to that conditioned on the actual sampled process Sj. This is

a good assumption when dealing with small quantization errors. A simple estimate

S(t) = eAts results. A rigorous justification of the above approximation can be given

as follows:

S(t) JE{(S(t)ISj = s+ €,E = €)}PEISj(€I(s + €))d€

J(E{S(t)ISj = s + €} +E{S(t) - E{S(t)ISj = s + €}IE = €})

PEISj(€I(s + €))df

= JeAt(s + €)+E{(S(t) - eAts)IE = €}PEISj(€I(s +€))d€

~ eAts + O(€), (3.16)

where the random vector E is the difference between the sampled state and its

quantized version and PElS] (fls) is its conditional probability density function given

Sj = s. O( €) is an integral which contains terms in € and is very small when

€ is small. Here we have utilized the fact that S(t) is given by equation (3.3).

Also, we have utilized the fact that for three random variables, say X, Y and Z,

E{XIZ, Y} = E{XIZ} + E{(X - E(XIZ))IY}. Thus, we see that the conditioned

expected value can be closely approximated as eAts when the error vector e is small.

As a final step towards evaluating the error covariance matrix of such a recon

struction scheme, we define an error in the estimate of a future state Set) :

S(t) = S(t) - S(t) ~ eAt($j - 5j ) + it eA(t-s)Bw(s)ds, t ~ jr.
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The time dependent error covariance matrix cS(t) is

where in taking the expectations above we have utilized the whiteness of the noise
A A T

w(t). By doing so the cross terms are zero. cs . = E{(Sj - Sj )(Sj - Sj) } is the
]

quantization error matrix which will be encountered in section 4 when we talk about

different quantization schemes.

3.2.2 The Smoothing Filter

A better estimate of the process is the smoothed estimate; here we estimate our

vector process S(t) between two adjacent quantized observations. Our task is to

find an estimate of S(t) based on the two quantized values Sj = q(Sj) and S(j+I) =

q(S(j+I»). As before the least mean square estimate S(t) is given by the following

conditioned expectation

(3.18)

where A(t) and E(t) are two matrices which are to be to be determined by the

orthogonality of the observables from the error. Here again we approximate the

expectation conditioned on the quantized observation by that conditioned on the

unquantized samples. This can be justified using a slight generalization of the

same arguments as for the prediction filter. Now we have an expectation of a

Gaussian vector conditioned on a jointly Gaussian vector. Since the least mean

square estimate is linear for jointly Gaussian vectors, the expectation is as given by

equation (3.18).

The two basic equations required to determine these matrices are given by the

orthogonality principle ([55]). The first equation giving the orthogonality of the
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observation at t = ir with the error and the second equation is given by the or-

thogonality of the observation at t = (j + 1)1' with the error. The first equation

IS

E{(S(t) - S(t))Sj+l T} = O,jT ::; t::; (j + 1)1'.

This leads us to :

E{S(t)S/} = A(t)E{SjS/} +~(t)E{Sj+IS/},

By substituting the form of S(t) from equation (3.1) and taking expectations we

find the above equation reduces to

(3.19)

In a similar way, by utilizing the fact that the future observation is orthogonal to

the error we get

E{(S(t) - S(t))Sj+I T} = O,jT ::; t ~ (j + 1)7.

By following the same steps we arrive at the other equation

Since the state of our system is stationary, we find

E{SjS/} = E{S(t)S(tf} = E{Sj+lSj+/} = Rss(O). (3.21)

By using equation (3.21) we modify (3.20) to become

(3.22)

Simultaneous solution of (3.19) and (3.22) gives the following final expressions

for A(t) and ~(t).

A(t) [Rss(O)e-At _ eA(t--r) Rss(O)e-AT -r]

[Rss(O) - e-A-r Rss(O)e-AT-r] -1.
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L;(t) _ [RSS(O)eAT(T-t) - eAtRss(O)eATT]

[Rss(O) - eATRss(O)eATTr1
.

Finally, the smoothed estimate is given by

where the matrices A(t) and L;(t) are given by equations (3.23) and (3.24).

(3.24)

(3.25)

In our analysis we are ultimately interested in the asymptotic behaviour of the

filters, when T, the sampling interval, is small. For this condition, we can express

the matrices A(t) and L;(t) in Taylor series about t = O. The smoothing filter at time

t is the average of the two quantized states weighted by the relative distances from

the two sampling instances. As shown in Appendix A the asymptotic expression for

the time varying covariance matrix can be written as :

where E is the covariance matrix of the quantization error and £1 = E{(S(O) 

S(O»ST(O)}. The smoothed error is approximately given by :

(3.27)

where C = [1,0", ,,0] is a row vector. The overall smoothed errors for the prediction

filter and the smoothing filter are asymptotically the same. This is because the last

term is multiplied by (T - 2t), which integrates to zero over the interval 0 ~ t ~ T.

Thus, under the small T assumption, if we look only at the first order terms in r, the

smoothing filter performs no better than a prediction filter. In all of our analysis we

concentrate on evaluating the bounds for the smoothed error using this asymptotic

expression (3.27).
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3.3 Quantization Systems

Now that the filters to reconstruct the state vector have been found, our next step

is to analyze the performance of different quantization schemes. We consider several

schemes. The first is where we do a component quantization of the state vector.

This amounts to having n parallel quantizers, one each for the process and its (n-1)

derivatives. Both scalar, as well as vector, quantization of components is studied.

The next scheme is where we vector quantize the state vector. We refer to these

schemes as state component quantization and state vector quantization respectively.

Finally, we compare these schemes with the case where we do VQ of the original

scalar process. We analyze these systems using fine quantization approximations

and compare their performance with respect to the time-average smoothed error.

3.3.1 State Component Quantization

First we consider a component wise quantization of our state vector. The process

and its (n-1) derivatives are quantized by quantizers as shown in Figure 3.1. We are

interested in finding the time-average error for such a quantization scheme. For a

fixed rate R, in bits per seconds, we find the optimal tradeoff between the sampling

interval T and the number of quantization levels that are required for the process

and for each of its (n -1) derivatives. That is, we find the number of bits allocated

to the actual process and to its derivatives as a function of the sampling interval

T. To calculate the quantization errors for each of these quantizers we will make

fine quantization approximations ([3],[64]) and write down the quantization errors

for each quantizer in terms of the number of levels for that quantizer.

The time dependent error covariance matrix cSt(t) is given by equations (3.17)

and (3.26) for the prediction and the smoothed error respectively. The off-diagonal
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Figure 3.1. Scalar quantization of the state. 5(t) is sampled and each component
of the sampled vector 5i is scalar quantized.

terms of the covariance matrix of quantization error, E, are of the form E{(xk(O)-

xk(O))(Xi(O) - xi(O))}, where xk(O) and xi(O) are the k-th and j-th derivative of

the process and xk (0) and xi (0) are their quantized versions. This expectation is

identically equal to zero (without any approximations) when (j +k) is odd since the

covariance of a stationary process is even. When (j +k) is even, this expectation can

be approximated by using fine quantization approximations (see [58]) as follows:

(3.28)

where J( is a constant depending on the densities of xk(O) and xi(O), p is the

correlation between the two random variables xk(O) and xi(O), and Nqk and NqJ are

the size of the respective optimal scalar quantizers. The diagonal terms are of the

form E{(xk(O) - Xk (O))2} and their fine quantization approximation ([3],[64]) can

be written as : E{(xk(O) - xk(O))2} ~ N
K;\, where J{xk is a constant depending on

;;k
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the density of xk(O) and Nxk is the size of the scalar quantizer. Thus, we get a fine

quantization approximation for the covariance matrix of the quantization error E.

Optimal Sampling and Quantization Tradeoff

The time dependent error covariance matrices are given by equation (3.17) and

(3.26) for the prediction and the smoothing filters respectively. In either case, for

small sampling intervals T, the overall smoothed error is given by :

(3.29)

where £ is the covariance matrix of the quantization error.

Now we use fine quantization approximations to relate the quantization errors

of each of the quantizers to the number of levels in each quantizer. If the quantizers

are optimized to the respective densities and have a sufficiently large number of

levels, then the quantization error (qk can be approximated as ([3],[64],[23]) ~qk =

N~92k/n. Kqk = C(n,2)lIpqk(x)lIn~2' where C(n,2) is a constant depending on the
q

dimension n of the quantizer (for scalar quantizer n = 1) and for Gaussian process

IIpqk(x )ll-!!..- = (72(!!±l)(2+
n

/
2), where n is the dimension of the vector quantizer for

n+2 n .

the k-th derivative of the process and (72 is the variance of the k-th derivative. If

h . .~. d f onti h C 40' k
2ln N

k h N't e quantizers are unnorrn instea 0 optimum t en l"qk = (2/k k) q , were qk IS
(N k 9 -1)

q

the size of a kqk dimensional uniform vector quantizer used for the k-th derivative.

By using this approximation we can write equation (3.29) as

(3.30)

where g(.) is the appropriate functional form giving the smoothed error in terms of

_ the number of quantization levels of the different quantizers (Ns) -and the sampling

interval (T) after substituting the asymptotic expression for the covariance matrix
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of quantization error in (3.29). For a fixed rate R in bits per second, Ns and T

1 d b R 1 (log N log N· log2 N n-I ) h k kare re ate y = - ~ +~ +... + q were···· .. are the
T kq kq kqn_I ' q, q,

dimensions of the respective vector quantizers. Therefore, to find the least value

of the smoothed error (am, for a fixed rate R, equation (3.29) has to be minimized

subject to the constraint on R. This problem can be restated in a Lagrangian

formulation where we minimize the functional G(Nq , Nrj, Nij," " Nqn-I, r, >.) given

by;

G _ ( x(log2 Nq log2 Nrj . . . log2 Nqn-l _ R )
- am + k + k; + + k 1 r .q q qn-

(3.31)

We can also write the above in a more compact form in terms of the matrices E, A

and B as

(3.32)

where Nqi is the size of the vector quantizer for the i-th derivative of the process,

kqi is the dimension of this vector quantizer and E can be approximated, in most

cases, as a diagonal matrix depending on (q, (rj, ... etc.

Strictly speaking we cannot justify the above Lagrangian formulation since the

NqiS are integers. But letting our quantizer sizes have continuous values and carrying

out the Lagrangian minimization yields values of the NqiS that are indeed close to the

optimum Nqi given by a discrete optimization carried over all the possibles values of

Nqis. Reference [24) gives a rigorous justification of this approach. To solve for the

. i h eo 0 ec 0 ec 0 so 0 d eo 0optimum ,>am we ave to set 8Nq = , 8Nq = "', 8Nqn_
1

= '8T = an 8,\ = .
We also verify numerically that the optimum (am so obtained is indeed a minimum.

A simultaneous solution of these (n + 2). equations gives us the expression for the

optimum smoothed error (am(r*) and the optimum sampling interval r",
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Figure 3.2. Block diagram of a continuous time second order Markov process.

A Second Order Example

Figure 3.2 gives a block diagram of a white noise driven continuous time system

which generates a 2nd order Gauss-Markov process x(t). The state space represen-

tation of a second order system is given by ([50])

[ x(t )] [0 1] [x(t)] [0]
x(t) = -wn

2 -2(wn x(t) + c w(t), (3.33)

where w(t) is white Gaussian noise with mean zero and covariance, E{w(t)w(s)} =

8(t - s). The parameters ( and W n characterize the second order baseband Gauss

Markov process. The bandwidth of the process is determined by W n and ( determines

the width of the resonant peak. Figure 3.3 gives the spectrum of this process for

three different values of ( when w~ = l.

Solution of the algebraic Riccati equation (3.2) gives the stationary state co

variance matrix Rss(O) =" [~ w~2 ], where we normalize our source to be of unit
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Figure 3.3. Spectra of the second order process for three different values of (. The
spectra are normalized to have unit area.

variance by taking c2 = 4(wn 3. Even if our source was not of unit variance, we can

find approximations for the covariance matrix of the quantization error by doing a

matrix transformation (see Fig. 3.4). We show this in section 3.3.2 where equation

3.51 gives the expression for the covariance matrix of quantization error for a general

case.

We now evaluate the time-average smoothed error for the process x(t). The

Gauss-Markov process x(t) is given by the state space equation (3.33). The variance

of x(t) is normalized to unity. For small values of t, we can approximate eAt ~ I +At,

o~ t ~ T. By using this approximation we can write down the following expression

for the state equation :

[
x(t)]
x(t) [ 1 t ] [x(O)]

-Wn 2t (1 - 2(wn t ) X(O)

+ JC [-wn2ft- s) (1 - ~~~(; - s))'] [J4~Wn3] w(s)ds. (3.34)
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Figure 3.4. Orthogonalization of a Gaussian vector to be fed into the quantizer. r
is the orthogonalizing transformation and once the vector is orthogonalized then the
input to the quantizer is a vector with i.i.d. zero mean and equal variance Gaussian
random variables.

38



By using equation (3.34), we obtain:

x(t) = x(O) + tx(O) +I t

V4(wn3(t - s)w(s)ds.

In a similar fashion, by using equation (3.15), we find:

x(t) = x(O) + ti(o).

The time-average smoothed error (sm (r) is now given approximately by :

(3.35)

(3.36)

(3.37)
1 r A 2 r 2 1

(sm(r) = ;.Jo E{(x(t) - x(t)) }dt =eq + 3 eq+ 124( wn
3
r

3
,

where eq = E{(x(O) - X(O))2} and (q = E{(x(O) - ±(O))2} are the quantization

errors of the process and its derivative and r is the sampling interval.

For a fixed rate R, in bits per second, we are interested in optimizing the

smoothed error (3m with respect to Nq , Nq and r, By using the Lagrangian for

mulation of the previous section with identical notation we find

G = ( A ( 10g2 Nq log2 Nq) _ R )
sm + k + k: r

q q

= -.!5.L r
2
~ 4(Wn

3
3 A (10g2 Nq log2 Nq) _ R ) (338)

N
q
2/kq + 3 Nq2/ k q + 12 r + k

q
+ kq T , •

where kq and kq are the dimensions of the vector quantizers for the process and

its derivative, respectively. The vector quantizer constants are given, for our unit

variance Gaussian source, as :

k +2 (2+kq/2)

](q = C(kq , 2)(-7;-) ,
q

and

k: + 2 (2+kq/2)

«, = C(kq, 2)wn 2(T) .
q
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We have assumed that the quantizers are optimum quantizers, optimized to the

Gaussian density, If uniform quantizers are used, instead of optimum, the expres-

. ~ th ti iven b . ~ - 40' q 2
ln N q d ~ _ 40'q

2
ln N qsions lor e quan izer errors are gIven y. l."q - (2/k) an l."rj - (2/k') •

(Nq q -1) (N. q -1)
q

These expressions can be derived by using the general approach outlined in the next

section. Here CTq
2 and CTrj2 are the variance of the process and its derivative and

Nq and Nrj are the size of the respective vector quantizers of dimensions kq and krj'

Equation (3.38) is modified accordingly.

To complete the optimization we take the derivatives of the above functional G

with respect to N q , Nrj, r and A and set them to zero. We get four simultaneous

equations; by solving them we get, for optimum quantizers, We have the following

set of equations

A simultaneous solution of these yields

N.* = (.!-J J(rj R *) k

q

N *kq/kq = {3kqN .kq/kq

q R 31( r q q,
q

(3.41)

(3.42)

where 11 = ('jf ('t;').;<+2 ( k:~')-";-+' }RT"). This is the relation between the op ti

mal number of quantizer levels dedicated to the derivative and to the process itself,

as a function of the vector quantizer dimensions kq and krj and the optimal sampling

time r", We also have the following relation between .the number of quantization
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levels of the quantizer of the process (Nq") and the optimal sampling interval (T*) :

(3.43)

Equations (3.42) and (3.43) also lead to the observation that the error terms due

to the process quantization and the derivative quantization are equal. That is, we

have

(3.44)

Finally, we obtain the following relation for the optimal smoothed error for all values

of kq and kq :

(3.45)

where the following transcendental equation

(3.46)

determines the optimal sampling interval T*. The dependence on the vector quan
~+2

tizer dimensions kg and kq comes through the constants Kg = C(kq,2)(k'1+2)
2

q
k·

and K q = C(krj,2)(ki~2)T+2. The theoretically optimal case would be to take kg
q

and kq, the dimensions of the vector quantizers, as large as possible. If we put a

constraint on complexity, by fixing the sum kg + krj = M, we can study a tradeoff

between these two dimensions. Solving for the optimal smoothed error using this

constraint leads to a complex set of equations. In section 4.3 and figure 3.9 we give

an example, by solving (3.46) for kq+ krj = 6, and show this tradeoff in detail.

Having found an optimal T, we use equations (3.43) and (3.42) to find the optimal

number of quantization levels Ng* and Nrj * and the tradeoff that exists between them.

Thus, we have succeeded in finding the best triplet (Nq*, Nq*, T*) for a second order
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Gauss-Markov process given by equation (3.33) which gives the least smoothed error

((sm (r*» for a fixed R, the rate in bits per second.

We can find an important approximation for the optimal T by neglecting the sec

ond term in equation (3.46). We can do so if the rate R is large or if the parameters

of the process are such that 4(wn
3 «: JK~Kq~. Under these conditions equation

(3.46) gives an optimal T such that RT* :::::: log, e for all R. The first term of the

smoothed error in (3.45) now goes as hand the second term as ~3' Thus, for high

rates, we can approximate the optimal smoothed error as

(

1 k 2 :i+2 k ~+2)2 og2 e (--.'L±...-) 2 ( __q _) 2 W n .

V3e kg kq +2 R
(3.47)

For fixed dimensions of the vector quantizers (kq and kg fixed), we then have

(3.48)

Thus, doubling the rate results in a 3 dB increase in the optimal smoothed error.

Finally, under the high rate assumption, the number of derivative quantizer levels

Ng is related to the number of process quantizer levels Nq by

w k· ~
N·* :::::: (",--2:) q N k q

q IRq , (3.49)

(

:i ~
where / = IO~3e (kq+2)

2 +2(2.L) 2 +2 . For scalar quantization of both the pro-
kq kq +2

cess and its derivative (kq = kg = 1), we have

(
10g2e) wnNV3 R s: (3.50)

Thus, for this case, doubling the rate halves the relative" number of quantization

levels required for the derivative quantization.
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Figure 3.5. Vector Quantization of the state.

3.3.2 Vector Quantization of the State Vector

We now look at vector quantization of the state vector. Figure 3.5 gives the block

diagram for quantization of the state vector. As before, the time varying error

covariance matrix is given by equation (3.17) as (for jT .~ t ~ (j + l)T)

where Sj = q(Sj) is the vector quantized state at the sampling instance t = jT and

we denote the quantization error matrix by E = E{(Sj-Sj)(Sj - Sj{}. In the next

section we evaluate bounds for this matrix using fine quantization approximations.

We consider the case where Sj is a Gaussian vector, with each component statis

tically independent with mean zero and variance (]"2. This means that the covariance

matrix of Sj is given by E{SjS/} = (]"2I, where I is the identity matrix. Even when

this is not the case we can always do an orthogonal transformation S~ = I'S, .(see
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Fig. 3.4) such that E{(S~S~T)} = (1'21. The covariance matrix of the quantization

error £ for the original vector 5 j is related to that of the transformed vector S~ by

the following relation :

(3.51)

Asymptotic Approximations for the Quantization Matrix

We use a uniform vector quantization approach where we try to approximate the

matrix by tiling our n dimensional space by equispaced polytopes. We find an

approximate expression for the matrix E by assuming that our n dimensional space

is tiled by identical spherical polytopes; this is a generalization of one dimensional

uniform quantization. If S is the vector to be quantized using a uniform vector

quantizer of size N, Y, is the i-th codevector corresponding to a region R; and 5 is

the final quantized vector; then £ can be approximated as follows

£ = E{(5 - 5)(5 - 5{}
N

= t;ki (5 - Vi) (5 - yi)Tps(5)dS. (3.52)

Pre and post multiplying the matrix E by yT and y, where y E nn, we obtain

(3.53)

The quantity inside the integral is positive and hence we can upper and lower bound

the quantization matrix E by inner and outer bounding the i-th Voronoi region by

two regions Ri,u and ~,I respectively. This can be expressed as

£x = (~ki.: (5 - Yr) (5 - yi)Tps(S)dS) ,
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for x = 1,u. Since this holds true for any y, £ is bounded above and below in the

sense that the difference of the upper bound to the error matrix and that of the error

matrix to the lower bound is non negative. Thus, we can bound the non-negative

definite matrix E by inner and outer matrices.

We now approximate the upper bound matrix [11.'

N

£11. = L i (S - Vi) (S - y;)Tps(S)dS
i=l R, ...

N

~ L ps(Yi)i. (5 - Vi) (S - yi)TdS,
i=l R"u

(3.55)

where we assume that N, the number of levels in the vector quantizer, is large enough

so that we can take the probability ps(S) to be constant and equal to ps(Yi ) and

thus remove it from the integral. By applying the change of variable 5' = 5 - Y,

we obtain

(3.56)

In obtaining equation (3.56) we make use of our assumption that we can upper

bound the quantization regions (Voronoi regions) by shifted n dimensional regions

and thus each region R,u - Yi can be replaced by Ro , the region nearest th-e origin

(see Figure 3.6). Now the first term is merely the sum of the probabilities of X

falling in each of the N possible regions. That is, Pr(S E R) ~ ps(Yi ) ' fRo dS' and

hence E~l ps(Yi ) . fRo dS' ~ E~l Pr(S E Ri ) = 1. Therefore, the approximation

(
f S'S'TdS')

of [11. becomes [11. = RJRodS' . By applying a coordinate transformation, such

that the integrals in equation (3.56) are evaluated in spherical coordinates, and

assuming R; is a an n dimensional hypersphere we obtain, after integrating [33],

[11. ~ (~:~/, where I is an n x n identity matrix. Here r is the radius of the
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Figure 3.6. N hyperspheres, each of radii T which lie within a support consisting of
a sphere of radius R. Each of the small hypersphere bounds a Voronoi region in the
n dimensional hyperspace. This geometry is used in deriving the upper bound on
the quantization matrix for the vector quantization of the state vector.

hypersphere which outer bounds the region Ro • This matrix is diagonal because of

the spherical symmetry. Thus, we have

(3.57)

In a similar way we also have a lower bound on E. When n, the dimension of the

vector quantizer, is large the upper and the lower bound approach each other and

are equal to the matrix E in the limit.

After bounding the quantization matrix in terms of the radius T of the similar

hyperspheres, the next step is to find a relation between the radius T and the param

eters of the process. The probability density of the n dimensional Gaussian vector

S = (Xl,' .. ,xn)T with mean 0 and variance (72 is given by :

(3.58)

-00 ~ Xl, X2,' •• ,Xn ::; 00. We have assumed our n dimensional space to be tiled
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by N Voronoi regions, each of which can be bounded by similar hyperspheres of

radii r, We let R be the radius, in the n dimensional space, which encloses these

N hyperspheres. The probability density given by equation (3.58) has spherical
. .2

symmetry and can be expressed as ([33]) p(r) = knr(n-l)e-~, 0 :$ r :$ 00. Here kn

is a constant which can be given by integrating the probability density over all of

its support.

The approach we follow is to minimize the overall quantization error of the

uniform vector quantizer consisting of anyone granular region (the N polytopes

tiling the origin and space around it) and an overload region consisting of the region

lying outside the support which is bounded by an n dimensional hypersphere of

radius R. The overall quantization error in the granular region is given by N times

that in the hypersphere of radius r which bounds the origin. A differential volume

in spherical coordinates is given by dV = knr(n-l)dr. Thus, we have the following

approximate relationship between the two radii rand R

This gives the following relationship between rand R: R ~ r N~. The overall

granular error is then given by (for n even 1)

e
g T

= N ·iT

r2knr(n-l)e-~ dr

Nkn u2
• [-O;;/r (~(~!.),(2<T2);(r2)\'-i + (2<T2)\'(~)!]. (3.60)

i=O 2 J. ~

In a similar fashion the error in quantization when the input S falls in the overload

region is given by (n even)

(3.61)

IThe expression for the case of odd n is slightly different and can be derived in similar fashion.
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Finally, we can express the overall error, etot = egr + e ov, as a function of r by using

the preceding three equations To obtain a relationship for a case where the overall

error is minimum, we set the derivative of etot with respect to r to zero and obtain:

(3.62)

This leads to the following relationship between the size of the vector quantizer N,

the dimension n (n even) and the variance of the input (12

40-2 InN
- 2 •

n (Nn -1)

By substituting this relationship between r 2
, (12 and N we obtain

(3.63)

40-2 InN I
(n + 2) (N~ - 1) ,

(3.64)

where I is, as before, an n X n identity matrix.

Analysis of State Vector Quantization

The input to the quantizer is the state vector S(t). We approximate the covariance

matrix of the error vector between the state Sj and its quantized value Sj using

equation (3.64). To use this equation we need to transform the state vector S,

to a vector with each component an independent Gaussian random variable with

unit variance. That is, we do an orthogonal transformation (Figure 3.4) and obtain

S~ = rS j such that E{S~S~T} = I, where I is the identity matrix. The covariance

matrix of the quantization error of the original vector Sj is then related to that of

that of the transformed vector by equation (3.51). For-a two dimensional case one

such r is given by :

1
fiil -

1

((~ )2r22-ru)
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where the Tij are the elements of Rss(O), the solution of the algebraic Riccati equa-

tion. By following the same procedure as before, we obtain, for a vector quantizer of

size N, the following expression for the time-average smoothed error of the second

order example considered.

(3.66)

The above expression (3.66) when optimized with respect to -r , or equivalently

N, gives an optimal value of N, the vector quantizer size, which is large. In equation

(3.66) the first term, which is due to the quantizer, dominates the filtering error term.

The optimal sampling time that we obtain numerically is larger than that obtained

in state component quantization. The optimal choice of N (N = 22R7" ) is very large.

As an example, for a second order baseband process with parameters ( = 0.1 and

w = 1.0, at rate 1 Kbps, the optimal vector quantizer size is N* = 219
. We, therefore,

choose a smaller vector quantizer which can be implemented in practice. The vector

quantizer size that we choose corresponds to a sampling time r' = 7"4·' where r" is

the optimal sampling time. At rate 1 Kbps, for example, this suboptimal vector

quantizer size (with k = 2) is N' = 120. The smoothed error of this suboptimal

vector quantizer is more than the theoretical optimal case. We have a tradeoff

between the performance and the practicality of our vector quantizer.

3.3.3 Vector Quantization of the Scalar Process

We now look at vector quantization of the scalar process. One way to reconstruct

the process is by passing it through an ideal lowpass filter of bandwidth 2
17"' We

derive an expression for the smoothed error for vector quantization of the scalar

high order Gauss-Markov process which has a baseband spectrum:
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If x(t) is the original scalar process, y(t) the output for the reconstruction filter,

Yj is the sampled process and Yj the quantized sample. The smoothed error in this

case can be expressed as

1jT/2 2
lim T E{(x(t) - y(t)) } +2E{(x(t) - y(t))(y(t) - y(t))}

T-oo -T/2

+ E{(y(t) - Y(t))2}dt (3.67)

The second term in the integral of (3.67) is zero and the sampling theorem ([55]

pp. 331-338) is used to write down the expansions for y(t) and y(t). In [58] an

expression was derived for the smoothed error for a source coding system for a first

order Gauss-Markov process with a low pass reconstruction filter. By following the

same arguments as in [58], and using vector quantizers instead of scalar quantizers,

the integral in (3.67) can be approximated for small T as :

(3.68)

(3.69)

where ~q is the quantization error for a zero mean unit variance Gaussian process

and since T is small we have used the Taylor series for small T to approximate the

integrals. Appendix B gives the steps involved in obtaining the above integral. The

asymptotic expression for the quantization error for an N level vector quantizer,

optimized to the source density, can be written as ~q = J(VqN - 2/
k

, where

- k +2 ~+2
J(1Jq = C(k, 2)lIp(x )lIk/(k+2) = C(k,2)(-k-)

for a zero mean and unit variance Gaussian process. C(k,2) is a constant and k is

the dimension of the vector quantizer. Thus, the overall smoothed error for an N

level quantizer can be written as

(3.70)
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Figure 3.7. The theoretical optimal smoothed error for different quantization
schemes. The figure plots 10 loglo( 'C.:), where (sma is the smoothed error for scalar
quantization of state components at R = 1Kbps. The process is the same baseband
process analyzed in section 4. The parameters of the second order process are :
( = 0.1, W n = 1.0 and (72 = 1.0. The different curves are from bottom to top: i)
Scalar Quantization of the State, ii) VQ of the scalar process and iii) VQ of the
State.

Now we take, as an example, of the same second order process. For comparison

purposes we take a vector quantizer of dimension two. We can write (3.70), for rate

R, as:

(3.71)

The optimal sampling interval r" is given by the solution of the following tran-

scendental equation:

(3.72)

The optimum smoothed error (sm(r*) is given by using this value of r" in equation

(3.71). Furthermore, d2~;;(-r) Ir=ro > O. Thus, the optimal smoothed error at r =' -:

is indeed a minimum. The optimal sampling interval t" for VQ of the scalar process

is larger than that for scalar quantization of state components. These optimal
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sampling intervals are compared in Fig. 3.10. The smoothed error as given by

equation (3.71) has two terms. The first term is due to filtering and the second is

due to quantization. We can write down the optimal sampling interval as :

(3.73)

Thus, the ratio of the filtering error and the quantization error in the optimal case is

given by ,Com/ill = (In 2)Rr*. As an example, for the second order process considered
.smquant

(J(vg = 4.187 and k = 2), the filtering error is 8 times larger than the quantization

error at 1 Kbps and 10 times larger at 10 Kbps.

3.4 A Comparison of Different Schemes

In this section we give a numerical comparison of the different quantization schemes

based on the analysis of the previous sections. In Section 4 we have derived ex-

pressions for the smoothed errors for different quantization schemes. We have used

a second order Gauss-Markov process. This process has a baseband power spec-

tral density with its shaping filter having two poles and no zeroes. The input to

the quantization system is an augmented process consisting of the process and its

derivative. For each of these schemes, if we fix the overall rate in bits per second,

we have a tradeoff between the sampling rate and the number of levels that our

quantizer can have. For each scheme we end up with a transcendental equation

which has to be solved numerically. The solution of this equation in each case gives

a sampling interval r" and a smoothed error (sm(r ").

Figure 3.7 gives the result of the optimization of the smoothed error for this sec-

ond order process given by equation (3.33) for different quantization schemes. The

curves in the figure give the optimal smoothed error as a function of the overall rate R
~

in bits per second. The op_timal smoothed error varies approximately as ~ for state
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Figure 3.8. Uniform Quantizers versus Optimum Quantizers for scalar quantization
of the state components. Uniform quantizers give smoothed errors which are, as
expected, more in the optimal case than the corresponding smoothed error obtained
by using quantizers optimized to the input Gaussian density. The parameters of the
second order process are ( = 0.1 and W n. = 1.0. The two curves are (top to bottom)
: i) Uniform VQ of Scalar Process and ii) Optimum VQ of Scalar Process.

component quantization (equation (3.47)). For vector quantization of the scalar

process, the optimal smoothed error was evaluated in the previous section (3.73).

This expression assumes an ideal low pass reconstruction filter for a two dimensional

vector quantization of the second order process. The figure plots 10loglO ~.:a, where

(sma is the smoothed error for scalar quantization of state components at 1 Kbps

and Csm is the smoothed error at different rates. As Figure 3.7 shows, the optimal

smoothed error that we get by vector quantizing the state vector is the smallest

among all the schemes considered. In the optimal case the quantization error dom

inates the filtering error. An approximation for a sub-optimal smoothed error can

be obtained by equating the terms due to the filtering and quantization errors. This

sub-optimal smoothed error varies approximately as ~3' As mentioned in section

3.3.2 we tradeoff performance with practicality of our vector quantizers.

Figure 3.8 gives the deterioration in the optimal smoot~ed error when we use
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Figure 3.9. The effect of using vector quantizers in state component quantization.
The process is the same baseband process analyzed in section 4. The parameters of
the second order process are: ( = 0.1, Wn = 1.0 and (J2 = 1.0. The figure shows the
variation of the optimal smoothed error, for different rates, as a function of kq , the
dimension of the process vector quantizer, when kq + kq = 6. The five curves are
(from top to bottom) i) R = 2 Kbps, ii) R = 4 Kbps, iii) R = 6 Kbps, iv) R = 8
Kbps and v) R = 10 Kbps. The optimal smoothed error decreases with decreasing
values of kq •

uniform, instead of optimum, vector quantizers in the scalar quantization of state

components. The optimum quantizers always give a lower bound on the smoothed

errors.

Figure 3.9 gIves the effect of using vector quantizers in the state component

quantization of the second order process. We constrain the complexity, by fixing

the sum kq + kg = 6. Now we study the optimal tradeoff between kq and kg, the

dimensions of the process and the derivative vector quantizers by solving equation

(3.46) with kq+kq = 6. The figure shows the variation of the optimal smoothed error

as a function of kq for different rates R. The optimal sampling interval is insensitive

to the variation of kq , with kq + kq = 6. The optimal smoothed error decreases as

kq, the dimension of the derivative vector quantizer, increases. This is obtained by

subsituting the values of kq and kq, along with the optimal T, in equation (3.45).

54



0.014r----.---,..--__---,-----.---....----..------...---,

10875 6
Rate (Kbps)

432

. ......... ~ ··········f··········f··········f··········f··········f··········!··········
; ;;; ~ ; .

.... ···1·········· ··········1··········:··········:··········"/"··········,··········r········

....... , ·········T·········!·········r········r········r······ , .

..... " ... .. ..... . ~ :. :;. , :;. :- : .i a of ProFess i : ! I .
::::::::r::::::J:::::.. ::::.... :::::;::::::::::~:::::::::r······T········r········

: State! compcre n t Sc~lar ant( i

0.01

0.002

~ 0.01

~
~ 0.008
0>..a
0-

liiO.006
en
n;

J§ 0.004
8"

Figure 3.10. The theoretical optimal sampling intervals for the three schemes. The
process is the same baseband process as analyzed in section 4. For the second order
process the parameters chosen are: ( = 0.1, W n = 1.0 and (72 = 1. The curves are,
from top to bottom: i) VQ of the state, ii) VQ of the scalar process and iii) Scalar
Quantization of the State.

Figure 3.10 gives the theoretical optimal sampling intervals, for the same pro-

cess, as the overall rate R, in bits per second, varies. The optimal sampling interval

is approximately lo'Ji efor scalar quantization of state components. For vector quan

tization of the scalar process, reconstructed by an ideal low pass filter, the optimal

sampling interval is given by the solution of the transcendental equation (3.72). This

is larger than that for state component quantization. Thus, the state component

quantization requires faster sampling rates, or equivalently smaller optimal sampling

intervals, than VQ of the scalar process. The optimal sampling interval is largest

for state vector quantization.

Figure 3.11 gives the results of simulations for the state VQ for the same second

order process for which numerical optimizations on the smoothed error were per

formed. For the simulations the sampling interval chosen is r', where r' = 7"4· and r"

is the optimal theoretical sampling time for vector quantization on the state vector.

We note that the smoothed error at this sampling interval would be larger than
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Figure 3.11. Simulation results for VQ of the state for the same second order
baseband Gauss-Markov process. The parameters for second order process are:
( = 0.1, W n = 1.0 and (72 = 1. The sampling time used is r' = ~., where r" is
the optimal sampling time for VQ of the state. This sampling time is sub-optimal
and results in higher smoothed errors -. The two curves are, from top to bottom :
i) Uniform VQ of State (theoretical upper bound) and ii) Optimum VQ of State
(experiments).

the optimal case. We choose this sampling interval because the value of N*, the

optimal size of the vector quantizer, that corresponds to r" is too large for practical

purposes. For example, for a second order process at rate 1 Kbps with ( = 0.1 and

W n = 1.0 the optimal vector quantizer size is N* = 219
. We, therefore, use a smaller

vector quantizer size and tradeoff performance with practicality. At rate 1 Kbps

this vector quantizer size is N' = 120. The theoretical curve is higher because of

the fact that it is an upper bound approximation. Also, the theoretical curve gives

the uniform vector quantization upper bound and the simulations are done for a

quantizer optimized for the source. Thus, the experimental curve is expected to lie

below the theoretical one, which is for uniform vector quantization of the source.
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3.5 Conclusion

In this chapter a high resolution analysis of a several source coding systems is given

when the input to these systems is a higher order Gauss-Markov process. We use

a state space representation to derive reconstruction filters for the state vector con

sisting of the process and its first (n - 1) derivatives, where n is the order of the

Gauss-Markov process. For any quantization scheme, for a fixed overall transmis

sion rate in bits per second, there exists a tradeoff between the sampling rate and

the resolution of the quantizer. This tradeoff is examined both analytically and

experimentally for several quantization systems. The quantization systems that are

analyzed are i) vector quantization of the original process low pass filtered, ii) state

component quantization and iii) state. vector quantization. By using fine quanti

zation results we derive approximations for the quantization matrix for the case

where we do a uniform vector quantization on the augmented vector. State vector

quantization gives the least smoothed error among all the schemes considered. The

optimal size of the vector quantizers in this case are large and we have to tradeoff

the vector quantizer size with the performance in practical situations. The optimal

smoothed error is quite insensitive to the choice of the reconstruction filter when

the sampling interval is small.
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Chapter 4

Differential State Quantization

In Chapter 3 we described the general problem of quantizing a high order Gauss

Markov process. In this chapter we extend that analysis and examine the problem

of tracking and differentially quantizing a continuous time Gauss-Markov process

by differentially quantizing a sampled state vector consisting of the process and its

derivatives. We present a new differential state quantization scheme and compare

its performance with other previously analyzed schemes and some other differential

schemes by extending the approach of chapter 3.

We analyze and evaluate the performance of a quantization scheme which differ

entially quantizes an augmented vector, which we call the state vector, consisting

of an n-th order Gauss-Markov process and its first (n - 1) derivatives. We show

that for a second order baseband process the optimal smoothed error for the dif

ferential scheme is approximately proportional to ~3' where R is the overall rate

in bits per second. The performance of this differential scheme is better than state

vector quantization, state component quantization and vector quantization of the

scalar process. The optimal vector quantizer size that we obtain is practical; this is

not true for optimal vector quantizers. It was shown in chapter 3 that the optimal

size of the vector quantizers required in vector quantization of the scalar process or

in vector quantization of the state 'vector are impractical. This is a big drawback
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in implementation. Thus, differential state quantization not only gives an improved

performance, it also has practical vector quantizer sizes.

We consider an example of a bandpass spectrum and analyze the performance

of the differential scheme as the bandwidth of the bandpass process varies. It is

shown that for all the quantization schemes, the performance deteriorates as the

bandwidth of the bandpass process increases. The differential scheme still provides

the best performance.

Finally, we analyze two other known differential systems, DPCM and a modified

vector DPCM, under the same framework. The smoothed error for both these

schemes is approximately proportional to ~2' which is inferior to the ~3 of the

differential state quantization. Thus, differentially quantizing an augmented vector

consisting of the process and its derivative is better than DPCM of the process or

even vector DPCM of the process. The results that we derive are very general and

can be extended to continuous time Gauss-Markov process of any order and with any

arbitrary rational spectrum. Although they use fine quantization approximations,

these results provide an easy way of verifying the relative performance of various

differential source coding systems.

This chapter is organized as follows. In the next section we review the state

space model of chapter 3 that we use for representing an n-th order Gauss-Markov

process and evaluate the asymptotic expressions for the smoothed error. In Section

4.2 we describe differential quantization of the state. In section 4.3 we consider a

bandpass process and examine the performance of the differential scheme as the

bandwidth of the bandpass process decreases. Section 4.4 describes a comparison

of two other traditional differential schemes with differential state quantization.

Finally, in section 4.5, we conclude giving the main conclusions of this chapter.
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4.1 Gauss-Markov Model and Reconstruction Fil
ters

Figure 1.1 shows a block diagram of a communication system which estimates and

quantizes a vector random process. The input to the system is an n-th order sta

tionary Gauss-Markov process with a state S(t), which is a vector process consisting

of the process and its first (n - 1) derivatives. The state space representation of the

vector process S(t) is given, for t > 0, as

S(t) = AS(t) + Bw(t), (4.1)

where A€nnxn, B€nnxl and w(t) is zero mean, white, Gaussian noise. We can

express the process to be quantized as x(t) = CS(t), where C is the output state

space matrix. The covariance of the noise process w(t) is given by E {w(t )w(s)} =

8(t - s), where 8 is the Dirac delta function. The white noise w(t) has intensity

1; this is without loss of generality because we can always scale our input with the

vector B.

Since any process x' (t) can be expressed as x' (t) = J(x(t), where x(t) is a unit

variance process; the variance of the quantization error can be written as :

(4.2)

when x'(t) = J(x(t). Since both the power in the signal x'(t) and the variance of

the quantization error are multiplied by the constant J(2 j without loss of generality,

we assume the original process x(t) to be of unit variance. In fact, we could scale

our state S(t) to have an identity covariance matrix. If Rss(O) is the stationary

covariance matrix of the original state S(t) having state space matrices A, Band

C, then the scaled state S'(t) has the matrices A' = Rss(QrtARss(O)t and B' =

Rss(OrtB. If we work with this scaled state S'(t) then the ex-pressions for the
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reconstruction filters that we use are considerably simplified. For the second order

example that we consider, we don't do such a scaling. However, we note that, such

a scaling simplifies the formulation to a large extent for higher order processes.

We are interested in analyzing the sampling and quantization tradeoffs for the

original n-th order Gauss-Markov scalar process x(t). The quantity that we want

to minimize is the overall mean squared error averaged over one sampling interval

while keeping the total rate in bits per second fixed. The ultimate goal is to find

an expression for the time-average error for the estimate of the process and find an

optimal tradeoff between the quantization parameters of the process, its derivatives

and the sampling interval.

We are interested in finding an estimate of the state vector. In chapter 3 we

derived two simple estimates of the process. The first estimate based on the imme

diate past sample of the state vector, which we call the predicted estimate, is given

by (for jr < t < (j + 1)r) ;

S(t) (4.3)

where s, is the quantized state at time instance t = Jr.

The second estimate is the smoothed estimate which is based on two adjacent

sampled values of the state vector. As shown in chapter 3, the smoothed estimate

is given by

(4.4)

where the matrices A(t) and ~(t) are given by equations (3.23) and (3.24).

In our analysis we are ultimately interested in the asymptotic behavior of the

filters, when r, the sampling interval, is small. For this condition, we can express

the matrices A(t) _and E(t) in Taylor series about t = O. The smoothing filter at.
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time t is the average of the two quantized states weighted by the relative distances

from the two sampling instances. The asymptotic expression for the time varying

covariance matrix can be written as :

where £ is the covariance matrix of the quantization error and £1 = E{(S(O) 

S(O))ST(O)}. The smoothed error is given by:

(sm(r) = ~ lr Ccs(t)CTdt ~ C£CT+C(A£ +£A T +BBT)CT~, (4.6)

where C = [1,0, '" ,0] is a row vector. The overall smoothed errors for the prediction

filter and the smoothing filter are asymptotically the same. Thus, under the small

r assumption, if we look only at the first order terms in T, the smoothing filter

performs no better than a prediction filter. In all of our analysis we concentrate

on evaluating the bounds for the smoothed error using this asymptotic expression

(3.27) which is valid for both the smoothed and predicted estimates.

4.2 Differential State Quantization

In this section we analyze the performance of a differential quantization of the state

vector. The quantizer is shown in Fig. 4.1. To analyze the performance of an n-th

order Gauss-Markov process x(t), we consider the augmented state vector consisting

of the process and its first (n - 1) derivatives. This augmented vector is now the

input to the quantizer. We analyze this system in detail and use fine quantization

approximations for the covariance matrix of the quantization error, £, which results

from the vector quantization of the error vector e in Fig. 4.1. We use the filters of

the preceding section to evaluate the time averaged smoothed error for the original

scalar process x (t). Finally, we find an optimal tradeoff between the number _of

levels N of the vector _quantizer and the sampling interval r.
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Figure 4.1. Differential State Quantization. The figure gives the standard DPCM
loop through which the sampled state vector Sj is quantized.

4.2.1 Iterative Equations for Differential State Quantiza
tion

The discrete time vector equations for the state vector are given by

(4.7)

where a = eAT, rrr = f; eA(T-S) BBTeAT(T-S)ds, and W j is a zero mean Gaussian

vector with identity autocorrelation matrix. If s, is the estimate of the vector Sj

resulting from the Differential State Quantizer (DSQ), then the governing equations

for the quantizer (Fig. 4.1) can be written as the nonlinear state equation:

(4.8)

and the error vector equation :

(4.9)

Here q((€j+d is the quantized value of the error vector €j+l and we take the initial

condition to be zero, that IS, SO = O. The above equations imply:

(4.10)
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This says that the error between the discrete time vector Sj+l and its estimate

is equal to that between the error vector tj and its quantized version. Another

important relation between the error vector tj and the corresponding quantization

error q£( tj+l) is :

(4.11)

This is a non linear iterative equation driven by white noise. Finally, by using (4.11),

we arrive at the following iterative equation for the covariance matrices

(4.12)

where the cross terms are zero because of the independence of the zero mean noise

vector Wj+! and I£(tj). We can rewrite the above equation as

(4.13)

where cs(j) is the autocovariance matrix of the random variable Sj. Thus, equation

(4.13) describes the evolution of the covariance matrix c£(j+1) with time. Eventually

we are interested in the steady state behavior of our system which corresponds to a

stationary state where c£(O) = c£(j) = c£(oo). Thus, we have

(4.14)

where Cy(£)(O) is the covariance matrix of the quantization error for the state Sj.

4.2.2 Sampling and Quantization Tradeoff for Differential
State Quantization

After having derived the equations which govern the differential state quantization

structure, we derive an expression for the overall time averaged smoothed error. For

this the covariance matrix of the quantization error £ has to be evaluated. When
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each dimension of the vector S, the input to the quantizer, is a sequence of inden

tically and independently distributed, zero-mean, unit-variance Gaussian random

variable, then the covariance matrix of the quantization error can be approximated

as ([4])

A A T 4 InN
£ = E{(Sj - Sj)(Sj - Sj) } = (k + 2) (N2/k _ 1)1, (4.15)

where N is the size of the k-dimensional vector quantizer. Here we are interested in

deriving an expression for E = G.y(f)(O) = E{iA€j)-yf(€jl}, where the components of

the vector e, the input to the quantizer, are not i. i. d. Gaussian random variables.

To use the approximation (4.15) we do an orthogonal transformation €~ = Te, such

that E {€~€/} -= I. That is, the given transformation T results in a vector which

has an identity matrix as the correlation matrix.

We can now use the fine quantization approximations of [4] to write the quanti-

zation matrix for the case when this vector is fed to the quantizer. We are eventually

interested in the error covariance matrix of the vector € for which we have the fol-

lowing relationship

{( )( )T} -1 {(' ")(' " )T} -TE f.j - i j f.j - i j = T E f.j - f.j f.j - f.j T . (4.16)

An approximation to the covariance matrix of f. can be found by solving the non

linear iterative equation (4.14). An asymptotic solution for equation (4.14) can be

obtained by using the fact that for small r , a ~ 1+ Ar and rrr ~ [BBTr +

ABBT"; +BBTAT~2 + ABBTAT,,;] ~ BBTr. By using these asymptotic approx

imations, and equations (4.16) and (4.15), equation (4.14) becomes:

Cf(O) ~ C-Y(f)(O) + BBT r

~ J(cf(O) + BBT r,
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where, J{ = (k~2) (N~7tl)' The second step in the above equation follows by using

equations (4.16) and (4.15). Thus, the asymptotic approximation of the steady state

autocorrelation matrix of € is given by :

(
I T

c, 0) ~ 1 _ J{ BB T.

The steady state result (for small TS) (and for k = 2) is given by

{ T } 1 TE (€j€j) ~ InNrr.
1--N-l

(4.18)

(4.19)

Knowledge of the covariance matrix of c allows us to determine the transformation

T. This can then be used in equation (4.16) to calculate the required quantization

matrix. We can then use this in equation (3.27) to get an expression for the smoothed

error.

4.2.3 A Second Order Example

As an example we consider a second order system with A = [ 0
-wn

2

B = [J4~Wn3]' Figure 3.3 gives the spectrum of this process for three different

values of (.

We now derive the smoothed error for the Differential State Quantization (DSQ)

structure (Figure 4.1). The vector quantizer operates on the error vector. The fine

quantization approximation for the quantization matrix of the diagonalized vector

€' is given by (4.15)

, • , • T InN
E{(€ - c')(t: - €') } ~ (N _ 1/' (4.20)

where N is the number of levels in the two dimensional uniform vector quantizer

and I is the identity matrix. By using this equation, equation (4.16) becomes
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Finally, by substituting this expression in (3.27) and considering only two dimen

sional vector quantizers (k = 2) such that N = e2(ln 2)Rr, we get the following

expression for the smoothed error.

8((ln 2)w~ -' 

e2(ln 2):" "" - 1 - 2(ln 2);: r'
,3

r
+ 4(12' (4.22)

where r' = wnr. This expression is to be optimized with respect to N, or equivalently

r'. By expressing the smoothed error in terms of N and varying N, yields the

optimum value to be N = 2. If we increase our quantizer levels more than this,

the overall smoothed error will increase. Thus the optimal uniform vector quantizer

for differential state quantization of this second order process is one having two

quantizer levels. This is a simple quantizer to implement.

An interesting approximation results if we neglect the terms higher than /3 in

equation (4.22) and express it as

,3
In N 14( 13 (r 1 ,

(N-l)-lnN 3 r +-3-= (quant(r)+(/ilt(r), (4.23)

where (quant( r') is the term due to the quantization error and (/ilt( r') that due to

. the filtering error.

The optimal smoothed error, obtained by substituting N = 2 in equation (4.23)

and using the fact that N = e2(ln 2)R.,. , is :

(4.24)

where a~IN=2 - 214[i~~; + 1] ~ 1.359. Thus, the optimal smoothed error varies

~s (1f )3. The ratio of the quantization error and the filtering error is constant,

independent of the rate R and is equal to (quan,(R) = 141n2 =31.62.
, (fil,(R) 1-1n 2
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Since the asymptotic expression may not be valid for N = 2, we now investigate

the performance for larger values of N. A suboptimal solution for the vector quan

tizer size N can be obtained by equating the two error terms in equation (4.23).

The optimal N is the solution of the following transcendental equation:

15ln N +1 - N = O.

Thus, N* = 63 and T* = ~~~~ ~ i. The optimal smoothed error is :

(4.25)

(4.26)

where aNIN=63 = ~e~\~;)2 = 18.04. Thus, this approximate optimal smoothed error

varies as 18.04((~)3 and the suboptimal sampling time varies as~. Thus, a

general expression for the smoothed error for differential state quantization can be

written as (sm(R) ~ a((!]f )3, where the coefficient aN is a function of the vector

quantizer size N and, hence, the rate R. Figure 4.2 gives the variation of the

coefficient aN when the optimal vector quantizer size N varies from 2 to 30.

Figure 4.3 gives a comparison of the performance of this differential scheme with

state component quantization, state vector quantization and vector quantization of

the scalar process. These schemes were analyzed in chapter 3. In each of these

schemes there exists a tradeoff between the size of the quantizers and the sampling

rate. We have a different optimal sampling interval for each scheme. In state com

ponent quantization we quantize each component of the state vector and the overall

smoothed error is proportional to 1f for the second order process. Vector quan

tization of the scalar process performs better than state component quantization.

Finally, in state vector quantization, where we vector quantize the state vector,

the optimal smoothed error varies approximately as (1f)3 and thus is comparable,

though still. inferior; to this differential scheme.
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Figure 4.2. Variation of the coefficient aN in the expression of the smoothed error
with respect to the optimal vector quantizer size N for differential state quantization
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Figure 4.3. The optimal smoothed error (in dB) for different quantization schemes.
The process is the baseband process analyzed in section 3. The parameters of
the unity variance second order process are: ( = 0.1 and W n = 1.0. The figure
plots 10 loglO( ~mo), where (smo is the smoothed error for scalar quantization of the
state compone~ts at R = l Kbps. The different curves are from top to bottom:
i) Differential State Quantization, ii) State Vector Quantization, iii) DPCM of the
scalar process, iv) VQ of the scalar process, and v) Scalar quantization of the state
components.
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Figure 4.4. A comparison of the optimal sampling intervals of the differential scheme
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curves are (from top to bottom) i) Differential State Quantization (( = 0.1), ii)
Differential State Quantization (( = 0.7), iii) State Vector Quantization (( = 0.1)
and iv) State Vector Quantization (( = 0.7).

The vector quantizer sizes that correspond to the optimal sampling intervals in

the state vector quantization are impractical. For example, as shown in chapter 3,

for a second order process a.t rate 1 Kbps with ( = 0.1 and W n = 1.0 the optimal

vector quantizer size is N* = 219 . On the other hand, we found, for the differential

scheme we have vector quantizer sizes which are very small, and independent of

the overall rate R and the process parameters. Thus, differential quantization of

the state performs better than the other schemes considered. The figure also gives

the relative performance of DPCM of the process which we will analyze in section

4.4. Figure 4.4 gives, for the same second order baseband process, a comparison

of the optimal sampling time of the differential scheme with the other schemes

previously analyzed in chapter 3 and with DPCM of the process which we analyze

in section 4.4. Figure 4.5 gives the effect of variation of the parameter _( on the

performance of differential state quantization and state vector quantization. As (
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decreases, corresponding to a narrower bandwidth spectrum, the performance of

both schemes improves. Differential state quantization always performs better than

state vector quantization, which is constrained in performance due to the huge sizes

of the vector quantizers. The best performance vector quantizer sizes for the state

vector quantization are too large to be used in practice, so we have to use smaller,

practical sizes of vector quantizers.

4.3 A Bandpass Example

In the previous section we saw the performance of different schemes when the input

spectrum was fixed to be baseband with no zeroes and two complex poles. Now

we consider a bandpass process with a zero and two poles and deduce that the

performance of the different schemes follows the same trend.

We examine the performance of the different source coding schemes for a Gauss

Markov process with a bandpass spectrum. We will restrict ourselves to a second

order process. Any other case can be studied following the same approach. The

bandpass process is determined completely by choice of the state space matrices A

and B. The scalar second order Gauss-Markov process which we wish to quantize

is x(t). As before, we look at an augmented process consisting of the process and

its derivative. We choose, for our study, a normalized spectrum having a zero at

the origin. For this the A and B matrices are given by A = [-~n Z -2~wn]'

B = (3 [_2ZZwJ and C = [1 0]. The form of the B matrix insures that the

power spectrum will have a zero at w = o.
The corresponding bandpass spectrum is

This normalized power spectrum has a zero at w = 0 and is maximum at w = Wn-
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Figure 4.6. Spectrum of the bandpass process for three different values of the ratio
/32 = ~. The curves correspond to /32 = 3200, /32 = 8000 and /32 = 16000. The
larger values of /32 correspond to narrower bandwidth spectrum.

The parameter (wn is the 3 dB bandwidth of the process. To compare different

schemes, we normalize the power of the process to unity. The stationary covariance

matrix Rss(O) of our augmented process S(t) = [x(t) x(t) F is given by the solution

of the following equation

(4.28)

After solving this equation for the above A and B matrices, we find

(4.29)Rss(O) = [Txx(O) Txx(O)] = /32 [~ -~] .
Txx(O) Txx(O) -Si- (wn((2 + t)

Thus, the power of the original scalar process x(t) is Txx(O) = i;,;. For unity power

we have /3 = 21¥.
Our interest lies in examining the performance of the different source coding

schemes as the parameters of this bandpass process vary. Another variation we are

interested is time scaling of the process. If the original continuous time process is x (t)

with autocorrelation function Rxx(;) and the scaled process is x' (t) with Rx'x'(T) =

Rxx( 1:1)' then the new parame~ers of the proces~ with the power normalized to unity
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are: Wi = ,:, and (' = ~. Thus bandwidth (' and the center frequency Wi of the

scaled process are related by the following relation

w' w /32
= -=-

(' (4
(4.30)

The higher the value of {3, the narrower the spectrum shape would be. Figure 4.6

gives the plot of this spectrum for several values of (.

By following the same steps as before we derive expressions for the smoothed

error and examine the tradeoff between the quantization and filtering error for dif-

ferent schemes. In all the cases we express the overall smoothed error as a sum of

two error terms. One due to the filtering and the other due to the quantization. In

each case we have to optimize the expression for the smoothed error (sm with respect

to the sampling interval and find the optimal sampling interval, quantization-levels

tradeoff.

Figure 4.7 gives the results for the second order bandpass process considered in

the previous section. This bandpass process has a zero at the origin and two complex

poles. We study the variation of the performance of the systems as the shape of

the spectrum changes. This can be done by varying the ratio~. In this figure

we show the performance of the differential state quantization with respect to state

vector quantization for several values of this ratio. Differential state quantization

always performs better than the state vector quantization, whose best performance

vector quantizer sizes are too large to be used in practice. As the ratio T increases

from 80 to 4000, corresponding to a narrower bandwidth spectrum, the performance

improves for both the schemes.
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Figure 4.7. Comparison of the performance of the differential scheme with State Vec
tor Quantization. The figure gives the optimal smoothed error for the two schemes
for the bandpass spectrum for two different values of /P = 4'{". The different curves
are (from top to bottom) : i) State VQ at f32 = 3200, ii) Differential State Quan
tization at /P = 16000, iii) State VQ at f32 = 3200, and iv) Differential State
Quantization at /32 = 16000. Larger value of f32 corresponds to narrower bandwidth
spectrum.

4.4 A Comparison with Other Differential Sys
tems

We now analyze several other differential systems with the same techniques we uti-

lized for differential state quantization (DSQ). The objective is to compare the rela

tive performance in terms of the time average smoothed error for different schemes.

Two systems are analyzed. The first is DPCM of the original process and the second

a vector DPCM of the same process.

4.4.1 DPCM of the Original Process

DPCM can be viewed as a special case of the state quantization scheme. Thus, by

using the same state space analysis we can compare a DPCM system with other

previously analyzed schemes. We do this comparison for a second order process.
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Figure 4.8. DPCM as a special case of State Quantization Scheme. The figure
shows DPCM quantiztion of the process for a second order case. The derivative of
the process is not quantized at all.

Any other process can be analyzed in a similar manner. Figure 4.8 gives the block

diagram for DPCM of a second order process, viewed as a special case of the state

quantization scheme. We consider the state, an augmented vector consisting of

the process and its derivative. The first component of this state vector is input

to a DPCM system; and the second component, corresponding to the derivative,

is neglected. The state is given by S, = [XI,j X2,j V, the quantized state S, is

s, = [Xj oV.
By following a procedure similar to that for the differential state quantization,

we can write the following expression for the covariance matrix of the quantization

error £ :

(4.31)

where we have approximated the expectation E{X2,j(XI,j -:- XI,j)} as zero. This is

valid because X2,i is the sampled value of the derivative, which is uncorrelated with

the sampled process and is approximately uncorrelated with the error between the

process and its estimate [4]. An asymptotic approximation for the above expectation
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can be written as [4, 58] : E{X2,i(Xl,i - XI,i)} ~ 1]:~l~, where 1] = E{XI,iX2,i}, J{XI

is a constant and NXI is the size of the quantizer. Since 1] = E{XI,ix2,i} = 0, the

approximation made in equation (4.31) is correct. 1]D2 is the quantization error

incurred in DPCM of the process and W n is the resonant frequency of the second

order process. By using this expression for £, we get the following approximation

for the time average smoothed error :

(4.32)

For the second order process considered, a fine quantization approximation for

the DPCM error is approximately

(4.33)

where 1112 = 4(W;31'3 and we have used the equations for the second order process

and fine quantization approximations for the scalar quantization of the error in the

DPCM loop.

Finally, by substituting equation (4.33) into (4.32) and neglecting the terms in

7 3, we obtain, for small 7 :

,2 ,2
7 J{q 7

K N2+-3'1- W
(4.34)

where 7' = W n7. To obtain an optimal value of the smoothed error, we differentiate

this expression with respect to 7' and equate it to zero. The solution of this tran

scendental equation gives the optimal sampling interval and hence we can obtain

the optimal smoothed error for the DPCM of the second order process. A subopti-

mal smoothed error can be obtained by equating the two terms on the right hand

side of equation (4.34). By-doing so we obtain : t" ~ Ti, and (3m*(R) ~ 1(~)2,

h 2 2 d In(2.jl(;)- dR' h II . bi dwere 1 3// an v =_ 2iI12' an IS t e overa rate III Its per secon .
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Thus, we see that DPCM of a second order process gives a suboptimal smoothed

error which is proportional to (7f)2. The smoothed error is proportional to (7f)3

for differential state quantization. Thus, when everything else remains the same,

the improvement in performance by using differential state quantization instead of

DPCM is proportional to 10loglO B: dB for the second order process.
Wn

Figure 4.3 gives the relative performance of DPCM with respect to other previ

ously analyzed schemes for the second order process analyzed in this section. We

observe that DpeM of the process has poorer performance than differential state

quantization and even state vector quantization, whose best performance vector

quantizer sizes are too large to be used in practice. Thus, taking into account the

derivative of the process, as in the differential state quantization, gives a better

differential scheme. Figure 4.4 gives a relative comparison of the optimal sampling

intervals for different schemes. In the next section we consider a vector DPCM,

another important differential system. In a vector DPCM we quantize a vector con

sisting of the process and its past sample. This is different from differential state

quantization where we quantize a vector consisting of the process and its derivative.

4.4.2 A Modified Vector DPCM

Now we compare another natural extension of the previous scheme, vector DPCM.

Figure 4.9 shows the system. We note that this is different from the state differential

scheme where we were differentially quantizing a sampled vector consisting of the

process and its derivatives. In this modified vector DPCM the vector that is differ

entially quantized consists of the sampled process and its past or future samples, not

the process and its derivatives. We can analyze this scheme in the same framework

as before if we consider an augmented vector Xi = [Xj X'J Xi+l Xj+! jT, which

consists of the state at the current time and the state at the next sampling instance.
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Figure 4.9. A Modified Vector DPCM : Augmented vector Xs,j+l is input to the
differential loop. Quantizer Q operates only on a part of the error vector.

We analyze a modified vector DPCM system using the same second order system

of section 4.2.3. The corresponding discrete time process is given by equation (4.7).

We consider an augmented discrete time vector X Si = [Xj X'J
. ]T
Xj+l

and do vector DPCM on a portion of this vector which has the process and the

normalized difference between a future sample and the process. The reason we

chose the normalized difference is because, as we will see, it leads to a unity matrix

as one of the components of the covariance matrix that we encounter in the DPCM

loop. This skewed vector X SJ is related to X, by a linear transformation. More

precisely,

(4.35)

where

o
o
1
o

o
_1_
Wn'l"

o
o

The other part of the vector which has the derivative and its future sample is zero,

as in the analysis of DPCM. The final quantized vector is given by XSi = [Xli 0 f.
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Xi±1-
X

j V is the portion of X s}· that is quantized by the modified
WnT

quantizer. The other portion of X Sj is not quantized at all.

State Equations For the Modified Vector DPCM

Now we write down the equations which govern the modified Vector DPCM given

in Figure 4.9. Since x, +1 = T [SSj ], by using equation (4.7) we can write down
} i+!

the following equation :

(4.36)

where p = T [~ ~] T- 1
, Y = T [~ ~] and Vi+! = [';:~l] is a white Gaussian

vector with zero mean and identity covariance matrix.

The two equations which describe the DPCM loop are:

(4.37)

and

(4.38)

These two equations imply the following important relationship:

(4.39)

Another relation that follows from the above equations is :

(4.40)

By using (4.40), we find:

(4.41)
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The steady state solution of the above algebraic equation, with fine quantization

approximations made for the appropriate component, gives us the final solution for

the covariance matrix of the quantization error E{(fj - Ej)(fj - €jf}.

The error vector fj+l can be written as fj+l = [fljt1 f2j+1 ]T, where fl j+ 1 cor-

responds to the error in the estimate of the part of X S j +1 that corresponds to the

process and f2j+1 corresponds to the error in the estimate for the derivative part

of X S j +1 We can write down the following approximation for the autocorrelation of

this error vector fj+l :

(4.42)

Here we have utilized the fact that the process and the derivative are uncorre

lated at the same sampling instance, and are approximately un correlated at two

adjacent time instances [4, 58]. In fact the cross correlation E{ tlJ t 1f2J+1 T} =

E{ [ Xjt~~X1 ] [Xj Xj+l]}, when evaluated by using the state space equations and
Wn T

under the small T approximations, can be shown to be approximately zero.

The output of the quantizer in this modified vector DPCM (Figure 4.9) can be

written as : Ej+l = [Eljt1 0f, where, as was done in the analysis of DPCM, the

quantizer operates only on the process. As a result of this we can approximate the

covariance matrix of the quantization error as :

o ] T
E{C2]C2/} ~

(4.44)

= [E{(flj - EIJ(fl] - EIJT}
P 0

+ TyT.

Finally, we approximate the covariance matrix of the quantization error for CI) by

using the fine quantization approximations, as was done in Differential State Quan

tization. By using the approximate relations given by equations (4.42) and (4.43)

we can rewrite equation (4.40) as :

[
E { Cl1+0f l1+i T } 0 ]

E {f21+1f2]+1 T}
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The steady state solution of this equation, with the fine quantization approxima

tion substituted for E{(€lj - 1\)(€lj - E1jf}, gives the final approximation for the

covariance matrix of the quantization error.

For the second order process the solution of equation (4.43), with the fine quan-

tization and small 7 approximations, is :

(4.45)

where £11 = ;;~ [~;::3 -W2n73]
and £22 = W n2[~ ~ ]. The augmented vector

X Si and the state vector Sj are related by

100 0
where, t, = [0 0 1 0]' The covariance matrix of the quantization error of the

original sampled state Sj can now be written as :

Thus, the previous two equations lead us to the following approximation for the

covariance matrix of the quantization error for the state :

[

In N 2 0]
CO _ T C' TT,...., N -1 W n 7
c:. - s'-s s ,...., 0 2 .

Wn
(4.48)

By using this expression, we find the smoothed error is given by (see equation (3.27)
/2 /3

/ InN /2 1 7 (7
(smv_DPCM(7) ::::: N -1 T W

n
+ 3 + -3-' (4.49)

where 7' = W n7. By using the fact that N = 22R r we can then optimize this

smoothed error with respect to 7, the sampling interval. This smoothed error is

approximately close to that obtained for the DpeM of the second order process in

equation (4.34) and is inferior to that obtained for Differential State Quantization

of the same process (equation (4.23)). Figure 4.10 gives a comparison of this scheme

with differential state quantization.
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Figure 4.10. Comparative performance of the modified Vector DPCM with differen
tial state quantization for the second order process. The figure plots 1010glO( ~::o),
where (smo is the smoothed error for the modified Vector DPCM for ( = 0.1 at
R = 1I<bps. The two curves are (top to bottom): i) Differential State Quantization
and ii) Modified Vector DPCM.

4.5 Conclusion

In this chapter a differential technique of tracking and quantizing a continuous time

high order Gauss-Markov process is studied. We use a state space representation

and estimate a state vector consisting of the process and its first (n -1) derivatives,

where n is the order of the Gauss-Markov process. For any quantization scheme, for

a fixed overall transmission rate in bits per second, there exists a tradeoff between

the sampling rate and the resolution of the quantizer. This tradeoff is examined

for this differential scheme and it is verified, both analytically and experimentally,

that the differential quantization of the state (an augmented vector consisting of

the process and its derivative) outperforms: i) vector quantization of the original

process, ii) state component quantization, iii) state vector quantization, iv) DPCM

of the original process, and v) vector DPCM of the original process. The optimal

size of the vector quantizers for the differential scheme are small and can be used
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in practice. For vector quantization of the scalar process and vector quantiza.tion

of the state vector the optimal size of the vector quantizers are very large and

cannot be used in practice. We analyze the variation of the input spectrum and

how it affects the relative performance of different schemes. It is shown that for a

second order process, the performance of all schemes improves as the input spectrum

becomes more and more narrowband. Differential quantization still gives the best

performance among all the schemes analyzed.
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Chapter 5

Narrowband Process Quantization

In many applications we encounter signals which can be modeled as narrowband

processes. Portions of the signal can often be modeled as narrowband in speech

processing. Quantization systems to track and quantize the speech signal must

be designed for such applications. In many such situations, the input is modeled

as a Gauss-Markov process. We introduce a technique of tracking and quantizing

the complex envelope of a narrowband process, which is a continuous time Gauss

Markov process of arbitrary order. The narrowband process is modeled in a state

space framework and several schemes for tracking the inphase and the quadrature

components of the narrowband process are considered. These inphase and quadra

ture components are baseband processes, and thus are much more slowly varying

than the original narrowband process. The advantage of such a scheme lies in the

fact that the sampling in such a system is less sensitive to timing errors.

Figure 5.1 gives a block diagram of the narrowband source coding system. The

low pass complex envelope is sampled and tracked. This is different from sampling

and tracking the narrowband process itself. Once we obtain the inphase and the

quadrature components, we quantize them independently, or together by considering

them- as a complex state. These quantized values are then used to find an estimate

of the original narrowband process. Performing our analysis in the paradigm of
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Figure 5.1. Block diagram of the quantization system that tracks and quantizes the
complex envelope of a narrowband process

chapters 3 and 4, we analyze the tradeoff between the resolution of the quantizers

and the sampling rate for a given transmission rate. We compare the required opti-

mal sampling intervals for the different envelope quantization schemes and compare

their performance with that of the differential state quantization. We also define a

measure of robustness for different source coding systems, when the input spectrum

changes. It is shown that differential quantization of the complex state performs

slightly better, in terms of robustness, than differential state quantization.

This chapter is organized as follows. The next section describes the state space

model of the narrowband process in terms of its low pass complex envelope. Section

5.2 describes a consistent measure of performance, the smoothed error, for comparing

the performance of different envelope quantization schemes and the differential state

quantization scheme. In section 5.3 the various quantization schemes are described

and expressions are derived for the optimal smoothed error. In section 5.4, we

define a measure of robustness for different source coding systems, and compare

the performance of differential state quantization and differential quantization of

the complex state. Section 5.5 summarizes the comparison between the different
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schemes and, finally, section 5.6 gives a brief summary of the main results of this

chapter.

5.1 Modeling the Narrowband Process

A narrowband process x(t) is modeled in a state space framework by considering

its low pass complex envelope. We investigate a source coding scheme which tracks

and quantizes the baseband complex envelope of the narrowband process.

The complex envelope x(t) of x(t) is given by

(5.1)

where xc(t) and xs(t) are respectively the inphase and the quadrature components

of the zero mean narrowband process. Both xc(t) and xs(t) are baseband processes.

The process x(t) is given in terms of xc(t) and xs(t) as

(5.2)

We assume that the narrowband process x(t) that we are interested in is at least

wide sense stationary. By using this fact and equation (5.2) we have the following

relationships between the autocorrelation functions of xc(t) and xs(t).

and

Rxcxc (T) = Rx•x• (T), (5.3)

(5.4)

The power spectral density of the narrowband process can then be written in

terms of the baseband components as

(5.5)
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For the special case when the cross spectrum of the two baseband processes is zero,

we have

1'2 [1Px cxc(w - wo) + 1PxcX c(-w - wo)]

1
= '2 [1Pxcxc(w - wo) + 1Pxcxc(w +wo)] . (5.6)

Thus, knowing the power spectrum of the baseband process, we can find the corre

sponding narrowband spectrum.

Our interest lies in tracking the complex envelope of x(t). The state space

representation of this complex envelope is given by

£(t) = Ax(t) + Bw(t), (5.7)

where now A and B are complex matrices and w(t) = wc(t) + jws(t).Writing A =

AR+jAr and B = BR+jBr, we get the following modified state space representation

This can be succintly written as

S(t) = AS(t) + Bw(t), (5.9)

where we define the state S(t) as S(t) = [xc(t) xs(t)f, w(t) = [wc(t) ws(t)]T,

and the matrices A. and Bare as given by equation 5.9. The process x(t) is given

- T
by x(t) = C(t)S(t), where C(t) = [coswot - sinwot] .

5.2 The Smoothed Error

We are interested in comparing the performance of various schemes of tracking and

quantizing this continuous time narrowband process. We address our problem in

the framework introduced in chapter 3. For any given continuous time process,
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there exists a tradeoff between the rate of sampling and the resolution of quantizers.

Since different schemes have different optimal sampling intervals, we define a time

averaged smoothed error and use it to compare various schemes. This smoothed

error is the mean squared error averaged over one sampling interval. More precisely,

if x(t) is the input process and x(t) its estimate; then the smoothed error for a

sampling interval r is given by :

1 l T

2(sm(r) = - E{(x(t) - x(t)) }dt.
r 0

(5.10)

Having modeled our process as in the previous section, we now proceed identi-

cally as done in chapter 3 for a baseband, second order Gauss-Markov process and

derive the expressions for the smoothed error for the quantization of the narrowband

process x(t). In this representation S(t) and S(t) are the state and its quantized

form respectively. The error in the estimate of the actual bandpass process is given

by

e(t) = (x(t)- x(t)) = C(t) (S(t) - S(t)). (5.11 )

The form of S(t), and hence e(t), depends on the source coding scheme used for the

quantization of S(t). The time-average smoothed error (sm(r) is given by

_ ~ r E (e(t)2)dt
T Jo

_ ~ iT C(t)E ( (S(t) - S(t)) (S(t) - S(t)) T) C(tfdt. (5.12)

The error covariance matrix of the state css(t) is given by

css(t) = E ( (S(t) - S(t)) (S(t) _ S(t)) T) ;

Cij( t) is the (i, j)th component of the error covariance matrix.
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By using the last two equations we can write down the smoothed error as

(sm(r) = !:. r [coswot -sinwot] [Cll((t)) C12((t))] [ co~wot ] dt
r Jo C21 t C22 t - smwot

- ~ loT [Cll(t)COS2wot - C21(t) sinwot coswot] dt

+ ~ loT [C22(t)sin2wot - C12(t) sinwot coswot] dt

~ ~ loT [Cll(t)cos2wot + C22(t)sin2wot] dt

~ -.!.- I" [cll(t) + cn(t)] dt. (5.14)
2r Jo

Here we have used the fact that the terms C12(t) and C21(t) vary much slowly than

the term sin 2wot over the interval 0 :s; t :s; r and the integrals of these term evaluate

to zero. By using the same argument, in the last step after expanding cos?wot and

sin 2wot, the terms corresponding to sin2wot integrate approximately to zero and we

obtain equation (5.14).

For the special case when the spectrum of the in-phase and the quadrature

component are equal, we can write down equation (5.14) as

(5.15)

where (smbb(r) is the smoothed error of the baseband processes xc(t) and xs(t).

Thus, tracking and quantizing the complex envelope of a narrowband process

results in an overall smoothed error which is equal to that obtained by quantizing

the baseband in-phase or quadrature component of the narrowband process. Here we

assume identical quantizers for the quadrature and the in-phase components. Thus,

both the in-phase and the quadrature components are quantized in an exact same

fashion. Next we introduce several techniques of tracking and quantizing the low

pass complex envelope of the narrowband process and compare their performance

with other previously analyzed schemes in chapters 3 and 4.
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Figure 5.2. Spectra of the low pass inphase and the quadrature components of the
narrowband process for three different values of k.

5.3 A Second Order Narrowband Process

Our second order narrowband process x(t) has mutually independent baseband in

phase and quadrature envelopes having the same power spectral density given by

k2

"l/Jxcxc(w) = "l/Jx.x.(w) = 2 + 2a W

Figure 5.2 gives a plot of this spectrum for several values of the constants k and a.

The constant a is the 3 dB bandwidth of the baseband process and k is a normalizing

constant for the input power of the narrowband process. The power spectral density

of the narrowband process is given by :

2 + 2k2 W wn

1/Jxx(w) = (w2 + wn2 ) 2 _ 4w2wn2(1 _ (2)·

Figure 5.3 gives the spectra of the narrowband process for several different values

(5.18)

91



60r-----r-----.-------,------~---_.,....---___,

10040

. ................. -: ···················t··················
: Z _ 0.OOOpoo1

............... . .:. .............. .... . ~ .
; z - 0.OOOP1

20

:: •....... ····f····r················r·
~ 0 ·········r·················l·················· ~ .

i -20 ·······r::::::::::::::::r:::::::::::::::::: ::::::::::::::::::::::::::::::::::::::
; z - 0.<>0,1

w

Figure 5.3. Spectra of the second order narrowband process.

For a fixed value of W n, for narrowband processes, as ( decreases the bandwidth

of the spectrum becomes narrower. (wn is the 3 dB bandwidth of the narrowband

process. ( ~ 1 for narrowband processes, and we have E{(x(t))2} ~ k22~n' Thus,

if we start with a unit variance process x(t), (w n = a ~ ~2.

We define a complex process x(t) = xc(t) + jx3(t). xc(t) and xs(t) are the cor-

responding baseband in-phase and quadrature components. We track and quantize

these baseband processes. By defining the complex state as S(t) = [::gn and

modeling the complex process as in equation (5.9), the state space matrices are

- [ -a 0] - [k 0]given by A = 0 -a and B = 0 k' By following the same steps as before

the overall smoothed error is given by

If the in-phase and the quadrature components have the same power spectral density

and their cross spectrum is zero, then we have E {( x(t) - x(t) )2} = E {( xc(t) - xc(t))2}

and the overall smoothed error is given by (3m(r) = (3mJr). Thus, the overall

smoothed error, when we track and quantize, in an identical fashion, the two low

pass processes xc(t) and x3(t), is given by the smoothed error that we get by quan-
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tizing either one of the two symmetric baseband processes. We now describe several

schemes of quantizing the complex envelope of the narrowband process.

5.3.1 Differential Quantization of Components

In the first scheme we track the in-phase and the quadrature components of the

process seperately. We quantize each of these components differentially and recon

struct the original process based on these quantized samples. The continuous time

baseband processes are given by

(5.20)

and

(5.21)

where wc(i) and ws(i) are two independent white Gaussian noise processes. The

corresponding discrete time process is given by

(5.22)

where p = e-ar and I = k*. E{WkWj} = bk,j, where Ok,j is the Kronecker delta

function. An identical expression holds for the discrete time quadrature component

Xs,k·

Equation (5.20) gives the following equation:

xc(t) = e-atxc(O) +it ke-a(t-S)ds,

and the corresponding estimate of x c( i) is given by :
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Figure 5.4. Differential quantization of the in-phase component of the complex
envelope. An identical structure holds good for the quadrature component also.

where xc(O) is the quantized value of xc(O). By using equation (5.24) and equation

(5.23) and the defintion of the smoothed error, the expression for the smoothed error

can be written as :

(5.25)

where (q is the quantization error incured in differentially quantizing X Ck ' which is

a zero mean Gaussian random variable.

Figure 5.4 gives the standard DPCM loop to which X q is an input. The input

to the quantizer is the random variable ek+ll which is the difference between the

random variable X c,k+1 and its estimate. The following equations hold good for the

differential loop in figure 5.4 :

(5.26)

and

(5.27)
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The above two equations give the following important relation between the error

between the process and its estimate and the error between the input to the quantizer

ek and its estimate:

(5.28)

By using this relation (5.28) and equation (5.22) we obtain:

(5.29)

Finally, by squaring this above equation, taking expectations, and using the fine

quantizer approximations,we obtain;

(5.30)

where CTe
2 = E{ek+1 2 } = E{ek2

} , I is the dimension of the quantizer, and we utilize

the fine quantization approximation [64, 23] to approximate the error in quantizing

ek+l as follows ;

(5.31)

where Nek is the size of the I dimensional optimal vector quantizer used in the

quantizer loop. f{ek = C(l,2)IIPe(x)II-L, where C(l,2) is a constant depending on
1+2 .

the quantizer dimension [64], Pe(x) is the probability density function of the random

variable ek+ll and the functional 11.llt is given by

1

Ilj(x)IIt = (j j(x)tdx)" .

By using these relations, we obtain the following approximation for a;2 ;

(5.32)

K '1- N27T
"'k
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where J(, as explained before, depends on the quantizer dimension l. For scalar

quantizer (l = 1) and Gaussian density function, we have J{ = 2.71. Finally, the

expression for smoothed error can be approximated as, by using equations (5.33)

and (5.25),

2 (J( 1 1)
(3mc (T) ~ k T K 2/1 N 2/1 + 2" .

1- - e"s.,
(5.34)

To get an optimum value of this smoothed error, we have to minimize this expression

with respect to the sampling interval T. A sub optimal value of smoothed error can

be obtained by equating the two terms in equation (5.34), the first of which is due

to the quantizer error, the second due to the filtering error. The final expression for

this smoothed error, at an overall rate R, is given by

(5.35)

where J{(l) is a constant depending on the dimension of the quantizer I, and ( and

W n are the parameters of the narrowband process. For a scalar quantizer (l = 1)

and Gaussian probability density function, J{(l) = 3.169.

5.3.2 Scalar Quantization of the Complex Envelope

After having considered the differential quantization of the envelope components,

we also mention the case where the in-phase and the quadrature components of the

complex envelope are scalar quantized. The smoothed error, for such a scheme is

given by equation (5.25) as

(5.36)

where (q is the quantization error incured in scalar quantizing the inphase or the

quadrature component of the complex envelope. For the case when both the inphase
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and the quadrature components are unit variance Gaussian random variables, we

have (q ~ ~;, where N is the size of the scalar quantizer. For a rate R in bits per

second and for a sampling interval r seconds, we have N = 22R-r. By using these

relations (5.36) can be rewritten as :

(5.37)

P = 2(wn from the normalization of the input power. To find the best possible

tradeoff between sampling rate and the size of the quantizers, we differentiate this

expression with respect to r and set that to zero. The optimal sampling interval r"

is given by :

»: = (w n In [(1.38)(2.7)R].
(wn 1.38R. (wn

(5.38)

Finally, the expression for the optimal smoothed error is obtained by substituting

this expression for r" in equation (5.37) and is given by :

i (*) '" (w n [ 1 [(1.38)(2.7)R]]
,:>sm r '" 1.38R 1 + n (wn . (5.39)

It can be shown that the second derivative d~2(sm(r*) is positive, hence the optimal

smoothed error is indeed the least possible. In section 4.3 we compare the reIa-

tive performance of this scheme with other envelope quantization schemes for the

narrowband process considered.

5.3.3 Differential Quantization of the Complex State

Next we consider the complex state S(t) = [::~g]. We model the narrowband

process as in equation (5.9). The state space matrices are given by A = [~a ~a]

- [kand B = -0 ~] .
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The covariance matrix of the state S(t) is given by

_ ~ _ ~ T
Cg(t) E{(S(t) - S(t))(S(t) - S(t)) }

(5.40)

_ ~ _ ~ T

where E = E{ (Sj - Sj )(Sj - Sj) } is the correlation matrix of the quantization

error. Sj is the sampled state and is given, for sampling interval r , by ;

(5.41 )

where a = eAT, f'f'T = J; eA(T-3)i3f3TeAT(T-3)ds, and W j +1 is an i. i. d. Gaussian

random vector with identity covariance matrix. Finally, the smoothed error is given

by (see chapter 3)

(5.42)

where C = [1 0 ... 0 f. To obtain an expression for E, we follow the same

steps as in differential state quantization. The discrete time state Sj+l is input to

the DPCM loop and the input to the quantizer is the error vector Cj+!, the difference

between the sampled state and its estimate at the time instance j. The following

equation holds good:

(5.43)

where cf(O) = E{cjc/}. Finally, by using a two dimensional vector quantizer for

the narrowband process of order two and the same arguments as in chapters 3 and

4, we get the following expression for the covariance matrix of the quantization error

e~ In N f'f'T ~ k2r InN 1,
N - 1 - InN N - 1 - InN

where P = 2(wn and 1 is the identity matrix.
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By utilizing this above equation, for a second order process having power spectral

density given by (5.17) and a correlation matrix given by (5.18), the final small T

approximation for the smoothed error is approximately given by :

[
1 InN]

(am ( T) ~ 2(W n T 2" + (1 - a)N _ 1 _ In N ' (5.45)

where a is the 3 dB bandwidth of the baseband in-phase and the quadrature com-

ponents of the complex envelope, ( and W n are the parameters of the second order

process, and N is the size of the two dimensional vector quantizer. To obtain the

optimal smoothed error, and the optimal sampling and quantization tradeoff, we

must optimize equation (5.45) with respect to N for a fixed transmission rate R.

In section 5.5 we give the result of such an optimization, when the optimization is

carried on numerically by varying N for all possible values.

5.3.4 Vector Quantization of State

Having considered several schemes which track the low pass complex envelope of the

narrowband process, we now compare their performance with vector quantization of

state. As described in chapter 3, we track and quantize a state vector S(t), which is

a vector comprising of the narrowband process and its derivative. The narrowband

process is completely specified by the state space martices A = [_ 0 2 _')~ ]
W n ~"Wn

and B = k [:J.- The state covariance matrix is given.by equation (5.18).

The state space equation in discrete time, for a sampling interval T, is given by :

(5.46)

with identity covariance matrix. As described in chapter 3 the- smoothed error is

given by :
-

(sm(T) ~ C£CT + C(A£ + £AT + BBT)CT~,_
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A A T A •

where E = E{(Sj - Sj)(Sj - Sj ) }. Sj is the quantized state vector obtained by

VQ of the state. A, B, and C are the state space matrices and T is the sampling

interval.

To evaluate £, we follow the same steps as in chapter 3. We transform the

state vector Sj to a state vector S~ having identity covariance matrix; that is,

S~ = TSj, for some transormation T. The covariance matrix of quantization er

ror, for the transformed vector S~, is given, for a two dimensional VQ of size N

by (see chapter 3) :

£' = E{(S'. - 5' ·)(S'. _ 5' .{} = InN I
J J J J N-1 ' (5.48)

where I is the identity matrix. Finally, £ = T-1£'T-T. By using this relation for

£, and the previous two equations, we can write down the following expression for

the smoothed error in VQ of the narrowband process :

(5.49)

where N = 22R T is the size of the two dimensional VQ used in quantizing the state

vector. Optimizing this expression on T for the least smoothed error leads to a value

of N which is very large and cannot be used in practice. A suboptimal solution is

obtained by equating the two terms in equation (5.49), the first of which is due to

quantization and second due to filtering. The suboptimal solution for the smoothed

error IS:

( ( T ' ) ~ (wn I [21n2R 1]
sm In2R n (w

n
+ ,

and the suboptimal sampling interval is given by :

r 1 [21n 2R ]
T = 2ln 2R In (w

n
+1 .

(5.50)

(5.51)

In section 5.5 we give the comparative performance of State VQ with other envelope

quantization schemes.

100



5.3.5 Differential State Quantization

Next we consider differential state quantization (DSQ). The state vector, as in VQ,

consists of the process and its derivative for a second order process. This scheme

of differentially tracking the state vector was a much better quantization scheme

than vector quantization of the scalar process, vector quantization of state, DPCM

of the process or a modified vector DPCM. In this section we show that for a

narrowband process the schemes that track the complex envelope of the narrowband

process give comparable, though slightly poorer, performance than differential state

quantization.

The state covariance matrix is given by equation (5.18) and the expression for

the smoothed error is approximately given, for a two dimensional vector quantizer

of size N, by (see chapter 3) :

( [
In N 2 r W n r

2
]

(3m r)~2(wn -N(r+2wnr )+-+-- .
-1 2 3

(5.52)

Again we optimize this expression with respect to N for a fixed rate R. The optimum

smoothed error is the least smoothed error possible for a given rate R. In section

5 we give the .relative performance of differential state quantization with respect to

VQ and other envelope quantization schemes.

5.4 A Measure of Robustness for Source Coding
Systems

We encounter many situations where the input process is changing at regular in-

tervals. In such situations the performance of the system which is designed for one

particular input process deteriorates as the input spectrum changes from its original

value. In this section we model this change in terms of the state space matrices A

and B and quantify the deterioration which accrues due to a change in the spectrum.
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The original process is given by the state space matrices A and B. Due to

changes in the spectrum these state space matrices change to A' = A + 6.A and

B' = B + 6.B respectively. The modified state space equation is now given by :

S(t) = e(A+~A)tS(O) +1t
e(A+~A)(t-3)(B + 6.B)w(s)ds

~ (1 + (A +6.A)t)S(O)

+ 1\1+ (A +6.A)(t - s)](B +6.B)w(s)ds, (5.53)

where we have expanded e(A+~A)t in a Taylor series for small t. The estimate of the

state is still based on the original matrix A, and is given by (see chapter 3):

S(t) ~ eAtS(O)

~ (1+At)S(O). (5.54)

By using the above two equations, and following the same steps as in chapter

3, we arrive at the following expression for the time-averaged smoothed error (C =

[1 0 . .. 0 f) :

(3m(T) ~ C [E + (AE +EAT +BBT)~ + AEAT~2] CT

+ C [(26.BBT + 6.B6.BT)~ +E6.AT~ + ~T2AE6.AT] CT. (5.55)

Thus, the change in the smoothed error is given by :

For differential quantization of the complex state, the state space matrices are A,

iJ, and C. The change in the smoothed error due to the changing input spectrum

is given by :

~ ~ t' C[iJ6.iJT + 6.f:Jf:JT]CTtdt
T Jo

+ ~ r 2CAE6.ATcre«
T Jo
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Next we compare differential state quantization (DSQ) with differential quantization

of the complex state (DeS) with the measure of performance being .6.(sm(r). For

any source coding scheme, the smaller the .6.(sm(r), the better is the robustness to

the changing input spectrum.

For a second order process, for differential state quantization, we have A =

[-~n 2 -2~Wn]' B = k[1 0 f, and C = [1 0]. Here Wn is the center frequency

of the narrowband process, (wn is the 3 dB bandwidth and k is a parameter related

to the input power. The changes in the input spectrum are reflected in the state

space matrices A and B. .6.A = [0 0] and .6.B =
-2wn.6.wn (-2.6.(wn - 2(.6.wn)

[..6.k (.6.wnk + .6.kwn)f. Finally, the change in the smoothed error, due to the

change in the input spectrum is given by equation (5.56) as :

.6.(smDSQ(r) ~ C [2B.6.BT + 2.6.A£ + .6.B..6.BT] CT~

~ CB.6.BTCTr

(5.58)

Thus, the change in the smoothed error varies linearly with the parameter k, its

change .6.k, and the sampling interval r.

For the same second order process, for differential quantization of the complex

state, the state space matrices are : A = [-~Wn -~Wn]' B = [~ ~], and

G = [coswot - sinwot}. By using these and equation (5.57), after some algebra

we arrive at the following expression for the change in the smoothed error due to a

change in the input spectrum:

(5.59)

where eij is the ij-th component of the covariance matrix of the quantization error

and (for two dimensional case) is proportional to ~~' where N is the size of the
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two dimensional vector quantizer (chapter 3). Thus, the change in the smoothed

error for differential quantization of the complex state (DeS) is slightly less than

that in differential state quantization. However, the difference between the two

expressions (5.58) and (5.59) is quite small, and is proportional to ;.:;. Therefore,

the robustness of the two schemes, in response to the changing input spectrum, is

approximately the same.

5.5 A Comparison of Different Schemes for a
Narrowband Process

In this section we compare the performance of the envelope quantization schemes

with differential state quantization for the second order narrowband process an

alyzed in the previous section. The state covariace matrix for differential state

quantization is given by (equation (5.17)

-~]
~ .
2(

As noted before, for a fixed W n , and for a unit variance process x(t), ( ~ _2
k 2

• Thus,
Wn

as ( decreases, corresponding to the narrower spectrum, the power in the derivative

increases. This is because E{x(t)2} = ~, which increases as ( decreases for a fixed

. wn . Figure 5.5 gives the relative performance of the different envelope quantization

schemes relative to differential state quantization for the narrowband process (5.17)

with ( ~ 0.001 and W n = 10. The hierarchy of performance within the different

schemes is (from best to worst) : i) differential state quantization, ii) differential

quantization of the complex state, iii) differential quantization of the inphase and

the quadrature components of the complex envelope, iv) scalar quantization of the

inphase and the quadrature components, and v) state vector quantization. Thus

the envelope quantization schemes perform .better than state vector quantization
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Figure 5.5. Comparison of the performance of the different envelope quantization
schemes. The figure plots 10loglO ((.:0, where (3m o is the smoothed error for state
vector quantization at rate 20 bits per sec. The process is the unit variance narrow
band process considered in section 4 with W n = 10.0 and ( = 0.001. The figure plots
the optimal smoothed error (in dBs) for the various envelope quantization schemes
as a function of rate and compares their performance with differential state quanti
zation. The different curves are (from bottom to top): i) state vector quantization
(SVQ) , ii) scalar quantization of the envelope (SCE), iii) differential quantization of
the envelope (DNB), iv) differential quantization of the complex state (DCS), and
v) differential state quantization (DSQ).
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Figure 5.6. The performance of the differential quantization of the envelope as the
bandwidth of the narrowband process varies. The figure plots 1010g1o ',.:0, where
( 3mo is the smoothed error for ( = 0.001 at rate 20 bits per sec. The process is
the unit variance narrowband process considered in section 4 with W n = 10.0. Two
different values of ( are considered, ( = 0.001 and ( = 0.0000001.

but worse than differential state quantization. Figure 5.6 shows the performance

of the differential quantization of the complex state for several values of ( when

W n = 10.0.

5.6 Discussion

In this chapter we have introduced and analyzed a scheme of tracking and quantiz

ing a narrowband process by quantizing its complex envelope which is a baseband

process. This new technique tracks the slowly varying in-phase and quadrature com-

ponents of the narrowband process and estimates the narrowband random process

based on the quantized envelope. The performance of this scheme is only slightly

worse than the differential state quantization scheme. In fact, when the input spec-

trum changes, the performance of the narrowband scheme, in terms of robustness, is

slightly better than differential state quantization. The narrowband scheme which

takes a complex state, a vector comprising of the in-phase and the quadrature com-
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ponents, is close to the differential state quantization of the narrowband process.

x(t), the narrowband process, is given by :

(5.60)

where xc(t) and X.,(t) are the inphase and the quadrature components of the nar

rowband process and Re(.) denotes the real part of a quantity. The derivative of

the process is then given by :

(5.61)

Thus, the derivative is a scaled (by wo ) and shifted (by 90 degrees in phase) version of

the original narrowband process. The narrowband scheme, which tracks the inphase

and the quadrature components as the complex vector, approximately mimics the

differential state quantization, which tracks a state vector consisting of the state

and its derivative for a second order process. Thus, we are able to get the derivative

information just by cosidering the two baseband processes xc(t) and X.,(t). We

do not have to worry about getting the derivative estimate which is an important

bottleneck in the implementation of the differential state quantization scheme.

107



Chapter 6

Sigma-Delta Modulation

In this chapter we analyze a sigma-delta modulation system with a Gauss

Markov process as its input. Sigma-delta modulation has long been a preferred

modulation scheme for oversampled analog to digital converters. The advantages of

the system lie in the inherent tradeoffs between the resolution of the quantizers and

the oversampling rate, robustness under input variations, and better spectral char

acterstics than those of delta modulation systems [26]. A sigma-delta modulator

(Fig. 6.1) is motivated from the idea of dithering. The signal independent additive

noise in dithering is replaced by a signal dependent deterministic quantization noise.

This was first introduced by Inose and Yasuda [36] to overcome some inherent lim

itations of delta modulation systems while transmitting DC signals, or signals with

low inter-sample correlation. In a sigma-delta modulator the sampled system is first

integrated and then quantized with a DPCM transmitter. The integration helps in

increasing the intersample correlation.

We begin this chapter by modeling a Gauss-Markov process in a state space

framework. Next we introduce the equations which govern sigma-delta modulation.

By using these equations, the state space equations, and the fine quantization ap

proximations, we derive approximate expressions for the quantization noise spectra.

We compare our analysis with Gray's [27] analysis for a sinusoidal input. Finally,
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Figure 6.1. A Sigma-Delta Modulation System.

following the paradigm of the analysis of chapters 3 and 4, we compare the time

averaged smoothed error for sigma-delta modulation with that of other previously

analyzed source coding schemes. We show that the performance of the sigma-delta

modulation system is worse in terms of the smoothed error than those of the state

quantization schemes and the differential quantization of state. However, the sigma-

delta modulation scheme is quite robust. For a narrowband process, the magnitude

of the quantization error remains the same for changing values of the center fre-

quency.

This chapter is organized as following. The next section gives a state space

model of the Gauss-Markov process. In section 2, expressions are derived for the

quantization noise spectra for a Gauss-Markov input. We consider, as an example,

a second order narrowband process and analyze its performance when it is input to

a sigma-delta modulator. Section 3 compares the performance of the sigma-delta

modulation system with some other source coding schemes for a fixed transmission

rate. Finally, in section 4, we conclude giving the salient contributions of our work.
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6.1 Gauss-Markov Process and its Model

Most of the analysis of sigma-delta modulation systems [26, 27, 12] is restricted to

DC or slowly varying processes. One of the main thursts in this chapter is to give a

general fine quantizer approximate analysis of sigma-delta modulation systems which

is valid for any Gauss-Markov process. Continuous time Gauss-Markov processes

are modeled conviniently in terms of the process and its derivatives. If x(t) is the

continuous time n-th order Gauss-Markov process, then the state vector S(t) is

given by S(t) = [x(t) ftx(t) !t(:-=.ll)j x(t) f. The state space equation which

describe the process is given by :

S(t) = AS(t) +Bw(t), t > 0, (6.1)

where A€nnxn, B€nnxi and w(t) is white Gaussian noise statistically independent

of the initial state S(O). The covariance of the noise process driving the system,

w(t), is given by :

E{w(t)w(s)} = 6(t - s),

where 8 is the Dirac delta function. We assume that the white noise w(t) has

intensity 1 without loss of generality, because we can always scale our input with

B. We can write down the original process as

x(t) = CS(t), (6.2)

where C- is the output state space matrix. The power in x(t) is normalized to unity

without loss in generality, since we can always scale our quantizers and hence the

resulting error variance. To insure the stationarity of the process, the initial auto

correlation matrix Rss(O) is given by the solution of the following Riccati equation

[50]:

o
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The power spectral density of the input process 'l/Js(w) can be written in terms

of the state space matrices as

'l/Js(w) = (jwI - Arl BB*(jwI - At*. (6.4)

The power spectral density of the original scalar process can be similarly written as

'l/Jx(w) = C(jwI - Arl BB*(jwI - A)-*C*. (6.5)

Thus by an appropriate choice of the state space matrices A and B we can model

any rational spectrum. A discrete time process, with a sampling interval r , is given

by

S((n + l)r) = eATS(nr) +IT
eA(T-slBw(s)ds.

(6.6)

(6.7)

where W n+l is a vector of independent, zero mean, unit variance Gaussian random

variables. The sampled scalar process X n = x(nr) can be written as

(6.8)

where C is the output state space matrix.

6.2 Sigma Delta Modulation

We now discuss the case when a Gauss-Markov process X n is input to a sigma

delta modulator. For an n-th order Gauss-Markov process, the discrete time state
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equation is given by equation (6.7). Figure 6.1 gives the block diagram of a sigma

delta modulation system. The sigma-delta modulation loop gives the following

equation:

Un = CS n - 1 + (Un-l - q(un-d)

= Xn-l + (Un-l - q(un-d), n 2: 0, (6.9)

where Un is state of sigma-delta modulator, and C = [1 0 ... 0f. Finally, the

sigma-delta modulator output is :

(6.10)

We are eventually interested in finding the quantization noise spectra. For this, we

first find the autocorrelation of the quantization error. This is given by

(6.11)

where we have used equation (6.9) in getting (6.11). Here (un - q(un)) is the

quantization of the state of the sigma-delta modulator at the n-th time instance.

The quantization noise spectra is given by the taking the Fourier transform of this

autocorrelation .Hu[l], and is given by:

00

Se(J) = L R"[l]e- 2j ,,.f l .

-00

(6.12)

We find asymptotic expressions for the quantization noise spectra for a Gauss-

Markov input. We obtain approximate expressions for the behaviour of the quanti

zation noise. The expressions that we we derive are very general and hold good for

Gauss-Markov process of any order and having any arbitrary rational spectrum.

We use the same notation as in Gray's analysis [27]. If we consider a narrowband

Gauss-Markov process; in the limit as the bandwidth of the narrowband process
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(6.13)

(6.14)

goes to zero, the narrowband process approaches a sinusoidal input with a constant

amplitude and a statistically independent phase. Gray's analysis is restricted to DC

or sinusoidal inputs as opposed to our analysis which holds good for any Gauss

Markov process with arbitrary rational spectrum. Our analysis is different from

that of Gray's. It is approximate and uses optimum quantizers as opposed to the

uniform quantizers of Gray. Although the optimum quantizers can be viewed as a

practical drawback; they also enable us to lift the restriction on the no overload.

Furthermore, our analysis can also be extended to uniform quantizers.

'vVe now use the difference equation for the sigma-delta modulator and the input

state equation to obtain recursive equations for the correlation of S; and Un-i. We

use the fine quantization approximation ([58]) that for two random variable X and

Y

E{Y(X - q(X))} ~ I<x
2E{XY},Nx

where Nx is the number of levels in the scalar quantizer and I<x is a constant

depending on the probability density of the random variable X; for example K; =

2.71 when X is a zero mean, unit variance Gaussian random process. By using the

above relations we derive the following equation for the cross correlation between

the state S; and time delayed state Un-i of the sigma-delta modulator :

= aE{Sn-l(Un-i-1 - q(un-i-d)} + aE{Sn_ISn_I_ITCT

x; { } { T} T~ --20E Sn-lUn-l-l + aE Sn-lSn-l-l C,
Nu

where we have made. the fine quantization approximation (6.13). (6.14) is a differ-

ence equation which when solved recursively gives a steady state solution for the

correlation between Sn and Un'

Now we further simplify the relation for the cross correlation (6.14). By using

the state space equation (6.7) and by utilizing the orthogonality of the Gaussian
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vector with the state vector we can write the correlation between two different time

instances of the sampled state as :

(6.15)

By utilizing the fact that at steady state E{Snun-d = E{Sn-IUn-l-d, and the

above relation, the cross correlation (6.14) simplifies to ;

1> 0

1< O.
(6.16)

Finally, the correlation between two different time instances of the state of sigma-

delta modulator can be approximated as :

{

K [ K] -1 I T

{ }
'" Jif;;E{UnUn+l-d + C 1- f:t:'Ia a Rss(O)C

E Un+lUn+l-1""" K . [ K] -1 _Tl T
~E{UnUn+l-d + C I - ~a Rss(O)a C

1> a
(6.17)

1< O.

When the size of the quantizer is large (Nu :;}> 1), the above equation simplifies to :

(6.18)

The autocorrelation of the quantization noise in the sigma-delta modulation is

given by :

Ru[l] E{(un - q(un))(Un-l - q(un-z))}

= E{(un+l - xn)(Un-1 - q(un-z))}

~ ~~ [E{Un+1Un-d - E{Xnun-d]

= :u2E{(Un - q(un))Un_l}

«, tc; { }
~ N/' N

u
2 . E Un Un-l . (6.19)

In deriving equation (6.19) we have made use of the sigma-delta loop equation and

the- fine quantization approximation (6.13). In particular, the two approximations
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in the above equation come from using (6.13). Next we substitute the relation for

the correlation between the state vectors at two different time instances (6.18) in

the above equation (6.19) and obtain:

(6.20)

Our ultimate interest lies in finding the quantization noise spectra for the Gauss

Markov input. To obtain this we take the Fourier transform of equation (6.20). The

quantization noise spectra Se(J) is given by :

00 -00

Se(f) = L Ru[l]e-j21rfl + L Ru[l]e-j21rfl - Ru[O]
1=0 1=0

~ ~::C [(I - ae-j21rfrl Rss(O) + Rss(O)(I - aTej21rf)
-1 - Rss(O)] CT

= ~::C(I - ae-j21rfrl[Rss(0) - aRss(O)a'P](I - aTej21rfrlCT

~::C H(J)HUfCT
, (6.21)

tion (6.21) is a general expression for the quantization noise spectra when a Gauss

Markov process characterized by the state space matrices A, B, and C is input to a

sigma-delta modulator.

6.2.1 A Second Order Narrowband Example

After having derived a general expression for the quantization noise spectra for

a Gauss-Markov input, we consider, as an example, a second order narrowband

Process. The second order narrowband process is given by A = [0 1]
-wn

2 -2(wn

and B = k [~n ]. The spectrum of this process is given by :

(6.22)
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where k is the normalization factor for the input power, W n is the resonant frequency,

and (wn is the 3 dB bandwidth of the narrowband process. Figure 5.3 gives the

spectra of the narrowband process for several different values of the constants k, (,

and wn • The stationary covariance matrix for this process is given by

-t]
~ .
2(

(6.23)

For a fixed W n, as ( decreases the bandwidth of the spectrum becomes narrower. For

an input process with unit variance we have: ~: U( + (+ 1) = 1. The quantization

noise spectra when this process is input to a sigma-delta modulator is given by

expression (6.21).

Next we present the case when W n = 0.4542, ( = 10-9 and T = 1.0. The

frequency W n = 0.4542 is the same as that of the sinusoidal input considered as an

example by Gray [27]. Under our set of assumptions the quantization noise spectra

follows the input spectra. The difference between the two spectra is more or less

constant or white. Figure 6.2 shows the different spectra. This is the case when the

input is a narrowband Gauss-Markov process with unit variance. Similar observation

was made by Wong and Gray [61] for independent and identically distributed (i.i.d)

Gaussian inputs. They showed that as the input variance of the i.i.d Gaussian

sequence increases, the quantization noise spectra has primarily just one peak and

the presence of harmonics diminshes. Figure 6.3 shows the results of simulations

for autocorrelation of the quantization noise. The simulations are done with a

uniform quantizer whereas the theoretical results correspond to our analysis, which

is based on optimum quantizers. As the dynamic range of the uniform quantizer

increases, the autocorrelation decreases. But again, for a fixed number of levels,

if the dynamic range becomes too large, the autocorrelation of quantizer shows

a sinusoidal-like behavior. This case corresponds to Gray's result of quantization

116



. .
D!fference spec~ra

20r------,-----.,------,-----,.-------,

....................: .

-20 - -;- f- -! ~ .

~ ~ 1 1j -40 ··················f··················1···················~···················f··················

1-~! ..··.···.Atj!H·······I················
-::2FT:~~::;:.:~F=~
-1200 0.1 0.2 0.3 0.4 0.5

frequency

Figure 6.2. Quantization Noise Spectra for narrowband input at W n = 0.4542,
( = 10-9 and at T = 1.0. The quantization noise spectra follows the input spectra.
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Figure 6.3. Autocorrelation of the quantization noise in sigma-delta modulator.
The figure shows the simulations versus the theoretical results for the case when
the input to sigma-delta modulator is a narrowband Gauss-Markov process with
W n = 0.4542, ( = 10-9 and at sampling interval T = 0.01. The number of levels in
the quantizer are 32.
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Figure 6.4. Autocorrelation of the quantization noise in sigma-delta modulator. The
figure shows the effect of increasing the dynamic range of the uniform quantizer for a
Gauss-Markov input to sigma-delta modulator. As the dynamic range increases, the
autocorrelation of quantization error decresese and approaches that of an optimum
quantizer.

noise spectra for a sinusoidal inputs with a binary quantizer in the sigma-delta

modulator. Gray observes several lines in the spectra for a binary quantizer. These

correspond to a mixture of sinusoids in the autocorrelation. In our simulations, if we

let the dynamic range of our uniform quantizer become large, the quantizer behaves

practically as a binary quantizer. Thus our autocorrelation does approach that

obtained by Gray for a sinusoidal input to a sigma-delta modulator with a binary

uniform quantizer. We should note, however, that our input is not exactly a sinusoid

but a very narrowband Gauss-Markov process with peak at the same frequency as

the sinusoid considered by Gray. Figure 6.4 gives the effect of increasing the

dynamic range of the uniform quantizer for the same narrowband input. Figure

6.5 shows the sinusoidal-like behavior of the autocorrelation for very large dynamic

range of the uniform quantizer. This corresponds to the binary quantizer considered

by Gray.
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range of the uniform quantizer. The input is a very narrowband process and the
autocorrelation is observed to be almost periodic.

6.3 Sigma-Delta Modulation Performance in Terms
of Smoothed Error

In this section we compare the error variance of the sigma-delta modulation system

with that of other source coding systems. The input to the source coding system

is the same second order narrowband process of (6.1). The overall source coding

system is given in figure 1.1. In chapters 3 and 4 we analyzed the performance of

many source coding systems by tracking and quantizing the state vector S(t). The

state vector is sampled and its quantized version is used to find an estimate of the

state. As a consistent measure, we consider the time average smoothed error, which

is independent of the sampling interval for any scheme. If x(t) is the scalar input

random process, and. x(t) its estimate, for a sampling interval r the time averaged

smoothed error is defined as :

(sm(r) = lim ~ f~ E{(x(t) - x(t))2}dt
a-ex> a 10

= ~ r E{(x(t) - x(t))2}dt.
r 10
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Figure 6.6. Block diagram for Sigma-Delta modulation of the state vector. For a
second order process the derivative part is not quantized at all.

Figure 6.6 shows the block diagram of the system which is used to evaluate the

smoothed error for sigma-delta modulation of a second order process. For a second

order process the first component of the state vector is input to the sigma-delta

modulator and the derivative part nof the state vector is not quantized at all.

The state vector is given by S(t) = [x(t) x(t)f. We model the narrow-

band process as in equation (6.1). The state space matrices are again given by

A = [_ 0 2 _./( ] and B = k [ 1 ]. The parameter W n determines the center
W n ~ W n Wn

frequency, ( . W n is related to the bandwidth, and k is related to the input power of

the narrowband process. The covariance matrix of the state S(t) is given by

cs(t) = E{S(t)S(tf} = eAt£'eATt + lot eA(t-s) BETeA(t-s)Tds, (6.25)

where E = E{ (Sn - Sn)(Sn - Sn{} is the correlation matrix of the quantization

error. The sampled state, Sn, satisfies the difference equation

(6.26)

where a = eAT, T is the sampling interval, rr" = J; eA(T~S)BBT eAT(T-S)ds, and

- W n+l is a sequence of stationary, identically distributed, zero mean Gaussian vee-
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tors with an identity covariance matrix. Finally, the smoothed error is closely ap-

proximated by:

(6.27)

Now we have to find the covariance matrix of the quantization error E. The quan

tized state vector is (Figure 6.6) : s, = [xn 0 f. Therefore, the expression for the

covariance matrix of the quantization matrix becomes

(6.28)

where we have made the approximation [58] :

(6.29)

since E{ xnXn} is zero. The constant K; depends on the probability density of the

random variable X n ; Kx = 2.71 for a unit variance Gaussian random variable. The

size of the scalar quantizer used in quantizing X n is Nx . Thus, the offdiagonal terms

can indeed be approximated to zero in (6.28).

To calculate the other two expectations in equation (6.28) we utilize the sigma

delta loop equation and the state equation. We obtain, from the state covari

ance matrix (equation (6.23)) E{x;} = P~. To calculate the other expectation

E{(xn - xn )2}, we make use of equation and the state equation to obtain:

E{(xn - xn)2} = E{(un+l - Un+l )2} + E{(un ~ Un)2}

2E{(un - un)(Un+l - Un+I)}

= 2E{(un+l - Un+I/} - 214.[1]
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where K; is a constant depending on the probability density function of the ran-

dom variable Un, a.,2 is the variance of Un, Nu is the size of the scalar quantizer

used, and we have used the fine quantization approximations and equation (6.20).

By substituting Q = eAT and the expression for Rss(O) from equation (6.23) and

approximating the resulting expression for small T, we get :

(6.31)

where k 2 ~ 2(wn for a unit variance narrowband process. For the cases when

N'; is large, the above approximation reduces to E{ (xn - Xn)2} ~ 2~(ju2. Thus,

the magnitude of the quantization noise for a given input spectrum in sigma-delta

modulation is independent of the process parameters.

By using these relations, we can approximate the smoothed error (3.27) as :

(6.32)

where we have made use of the sigma-delta loop equations and the fine quantization

approximations for a scalar quantizer of size Nu to approximate (ju 2 by (1 +2~~).

For a fixed rate R in bits per second we have N = e2ln2RT. By substituting this in

equation (6.32), and equating the derivative with respect to T to zero, we get:

T*= 1 In(4J(u ln 2R),
(2In2)R (wn

(6.33)

which is the optimal sampling interval for the sigma-delta modulation system. The

optimal smoothed error is given by :

1 ( (wn
) [ (R In2) '](Ei.\(R) ~ 2 Rln2 In (w

n
+ In(4b.ue) .
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Figure 6.7. A comparison of performance of Sigma-Delta modulation system with
scalar quantization of the envelope for the second order narrowband process consid
ered with ( = 0.001 and W n = 10. The figure plots 10log1o ~::Q, where (smo is the
smoothed error for Sigma-Delta modulation at 20 bits per second. The four curves
are (from top to bottom) : i) Differential State Quantization, ii) Differential Quan
tization of the Complex State, iii) Scalar Quantization of the complex envelope, and
iv) Sigma-Delta Modulation.
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Figure 6.8. A comparison of performance of Sigma-Delta modulation system with
scalar quantization of the envelope for the second order narrowband process for
two different values of (. The figure plots 10loglo (,::'0, where (smo is the smoothed
error for Sigma-Delta modulation at 20 bits per second. The four curves are (from
top to bottom) : i) Scalar Quantization of the Envelope (SQE) (( = 0.0000001), ii)
Sigma-Delta modulation (( = 0.0000001), iii) SQE (( = Q.001), and iv) Sigma-Delta
modulation (( =0.001).
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We can now compare the performance of this sigma-delta modulation system

with other source coding schemes. In chapter 5 we had analyzed the performance of

several quantization schemes for a narrowband input random process. The schemes

considered in chapter 5 were: i) scalar quantization of the complex envelope of the

narrowband process, ii) differential quantization of a complex state vector consisting

of the inphase and the quadrature component of the low pass complex envelope of

the narrowband process, and iii) differential state quantization. Figure 6.7 gives

the relative performance of these schemes with respect to the sigma-delta modula

tion system for the second order example considered in the previous section. The

smoothed error for sigma-delta modulation is the largest among all the schemes.

Figure 6.8 gives the relative performance of the sigma-delta modulation system and

scalar quantization of the envelope for two different values of (. The two schemes

perform almost the same in terms of the smoothed error, with sigma-delta modula

tion performing slightly worse. As ( decreases, for a fixed value of W n, corresponding

to a narrower spectrum, the performance improves for both the schemes.

6.4 Conclusion and Discussion

In this chapter we have analyzed a sigma-delta modulation system, with a Gauss

Markov input, using fine quantization techniques. This analysis is different from

most analyses in literature since it is approximate and assumes optimum, as op

posed to uniform, quantizers. Although difficult to implement, optimum quantizers

remove the requirement that the input lie in the no overload region. Furthermore,

the approximations that we derive are very general and hold good for any Gauss

Markov input having any arbitrary rational spectrum; unlike the previous analyses

[27, 12, is] which are restricted to either DC or a sinusoidal inputs. The same

approximate analysis can be extended to uniform quantizers also. Finally, we com-
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pare the performance of the sigma-delta modulation system with other envelope

quantization schemes with respect to the smoothed error. For a fixed transmission

rate, the optimal smoothed error for the sigma-delta modulation system is worse

than that of other source coding schemes. However, many other advantages of the

sigma-delta modulation systems are: i) absence of a feedback at the decoder and

consequently the absence of error accumulation at the decoder, ii) relative insen

stivity of the quantization noise to the input frequency (for a sinusoidal input), and

iii) ability to transmit slowly varying and DC inputs. These advantages still make

sigma-delta modulation a preferred source coding scheme for oversampled analog to

digital converters.
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Chapter 7

Adaptive and Universal
Source Coding

Till this point in this dissertation we have concentrated on analyzing several source

schemes for a continuous time Gauss-Markov process. In most real life situations,

the source is changing periodically and the source coding schemes have to be modi

fied to take into account these changes. In this penultimate chapter we address this

issue of a changing source and analyze some vector quantizer codebook transmission

schemes for lossy universal and adaptive source coding. Vector Quantization (VQ)

plays a critical role as an important building block of many lossy data compression

systems and is generally designed based on the long term statistical behavior of a

source. In many situations, however, (e.g. image coding) nonstationary sources are

encountered where real-time adaptation is desirable. An approach to achieving this

is to design a quantizer to be both adaptive and universal in nature. An adaptive

quantizer is one in which changing source statistics induce changes in the quanti

zation procedure or parameters, and a universal quantizer is one which is able to

successfully encode a large class of distinct sources without any prior knowledge of

the statistics of the source. These two notions are very closely related
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In this chapter, we mathematically analyze a universal quantization technique

based upon the occasional transmission of new codebooks. The number of input

vectors between successive codebook transmissions will be called the block size. The

main idea is that periodically, as the source statistics change, a new target VQ

codebook, Ct , of size N, is designed in real-time for the current source statistics

and is then transmitted to the receiver. The real-time VQ design issue will not

be addressed here, though we note that some fast design algorithms do currently

exist. These include a fast "on-line" clustering technique [20], [10], a method using

Kohonen's self-organizing feature maps [53] and gradient descent algorithms [14].

Transmission of some approximation of the target codebook to the receiver re

quires that side-information be sent. If large amounts of side information are used

to describe each new target codebook then these transmitted codebooks can be con

veyed quite accurately and the actual quantizer that the receiver uses will perform

very close to the intended quantizer. However, doing so takes away bits from the

overall rate that could instead be used to transmit VQ indices from higher resolution

codebooks. Thus, for a fixed transmission rate, there is a performance tradeoff in

how many bits are sent as side information and how many as codevector indices.

By using high resolution quantization theory we derive a formula for the optimal

tradeoff based on an upper bound to the mean-square error of the system. The

formula shows that for large block sizes, the optimal number of bits used to transmit

each codevector component grows as the logarithm of the block size. Upper and

lower asymptotic bounds are given for the optimal amount of side-information to

be transmitted for each codebook component as a function of the block size.

For large transmission rates the optimal codebook size can be quite large. Since it

is a:ssumed that the codebook is designed on-line using the input vectors-in the block

as a training set, it is important that a large enough training ratio be maintained
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in order to properly use a design algorithm. This in turn requires a large enough

block size. Under the assumption of a constant training ratio constraint and a fixed

rate we derive the optimal codebook and block sizes to minimize the overall mean

squared error. The optimal codebook size in this case is asymptotically equal to

2r k, the size of a codebook used to do k-dimensional VQ in the usual sense on the

source at a rate r.

vVe use high resolution quantization theory to analyze the performance of the

universal coding system. Specifically, the optimal tradeoff between overhead bits

used for transmitting new codebooks and the encoding bits sent as codevector in

dices is determined for various universal codebook designs, and is compared with

experimental results. Two methods of codebook transmission are considered: 1)

uniform scalar quantization of the codevector components, and 2) vector quantizion

of the codevectors themselves. In the second scheme, which we call the vector uni

versal scheme (see [24] pg. 620), the main idea is that periodically, as the source

statistics change, a new target VQ codebook, Ct , of size N is designed for the source

and then matched in a nearest neighbor manner to the N closest vectors in a large

universal codebook, Cu , of size M. The N matched vectors from Cu constitute the

operational codebook, Co, which is used for coding by both the encoder and receiver

as an approximation to Ct. The operational codebook can be conveyed to the re

ceiver by transmitting side information specifying some N-vector subset of Cu' In

this manner, the vector quantizer is itself being vector quantized for the purposes

of transmitting its codebook. This technique generalizes and improves upon those

described in [16] and [52]. A theoretical and experimental comparison is given for

the two schemes considered arid we conclude that the two schemes perform approx

imately the same in the limit as the block size Cl:' increases.
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Finally, the question of the choice of optimal block size for each of these universal

schemes is addressed. Simulations results show that for a fixed source, as the block

size increases the SNRs increase and the optimal amount of side information required

for a given rate decreases. In practice, however, source statistics often vary quite

quickly as in an image. Thus, there is a tradeoff in the choice of block size. For a

smaller block size, the model is allowed to be more universal, whereas choosing a

large block size improves the performance.

This chapter is organized as follows. The next section describes the universal

source coding scheme using quantization and transmission of the codebooks. Both

the scalar and the vector universal schemes are discussed. In Section 2 derivations

are given for the optimal side information for both cases using high resolution quan

tization theory. Section 3 investigates the choice of block size under a training ratio

constraint. In section 4 we give experimental results of simulations with stochastic

data which confirm the theoretical predictions. Finally, we conclude in Section 5

giving the main results of this chapter.

7.1 Universal Source Coding with Codebook Trans-. .
mISSIon

Let X be a k-dimensional random vector with density j, and suppose a samples of

X are encoded by a k-dimensional quantizer Q having a codebook of size N. Further

suppose that a partial description of Q is transmitted to the receiver consisting of b

bits per scalar component for each of Q's codevectors. Let T be the overall average

rate of this quantization system measured in bits per input vector component. De-

note Q's codebook by Ct (the "target codebook") arid denote the code book derived

from the received description of C, by Co (the "operational codebook"). For every a

inptit vectors, a new target codebook C, is designed and partially transmitted and a
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new operational codebook Co is received and then used for quantization. The overall

rate in bits can be divided into two parts. The first is the number of bits actually

used for encoding a source vectors, and the second is the number of bits used for

transmitting the codevectors to the decoder. Equating two expressions for the total

number of bits transmitted between codebook updates gives

ark = a log, N + kbN (7.1)

The term kbN is the total number of bits used to quantize and transmit Ct and

a log2 N is the number of bits transmitted as codevector indices for encoding the

source. Solving this equation for b yields

b = a(rk -log2 N)
. Nk

(7.2)

For a fixed number a of input vectors to quantize with Co, and a fixed transmis

sion rate r, the overall system's mean-square error (MSE) is a function of band N,

subject to the constraint in (7.1). As b is increased, the codebook Ct is transmitted

more accurately so that Co becomes a closer approximation of Ct. This will help

reduce the overall MSE by ensuring that input vectors are quantized by codevectors

that are accurate representations of their intended codevectors, thus reducing the

additional component of "distortion formed by an inaccurate description of Ct. How

ever, as b increases, the constraint equation (7.1) demands that the codebook size N

must decrease, thus reducing the quantizer's resolution and increasing the system's

MSE. Using high resolution quantization theory, we now analyze this tradeoff to

find the optimal pair (bopt, Nopt} minimizing the overall MSE.

For each i, denote the it k codevector and partition cell of C; by Yiand R; re-

spectively, and the corresponding quantized approximation codevector in Co and its

cell by Yi and R.-. For any codebook C let D(C) denote its mean-square distortion.
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Assume Ct is optimally designed for the source so that each codevector Yi is the cen-

troid of its cell R; and each cell R; is a nearest neighbor region and further assume

that the cells R; of Co are nearest neighbor regions (though the codevectors of Co

are not in general centroids of these cells). Then we have:

1~ A 2 A

k ~PiE(IIX - viii IX E R;)
.=1

< ~ t PiE(IIX - vill21X
E R;)

.=1
1 N 1 N

= k?= PiE(IIX - yilI 21X
E R;) + k ?= PillYi - Vi 11

2

.=1 .=1
- D(Ct ) +D(Cq )

(7.3)

(7.4)

(7.5)

(7.6)

where Pi = Pr[X E Ri], Pi = Pr[X E R;], and D(Cq ) = t 2:f::l Pillvi - vill2 is

the quantization distortion when the codevectors Vi are treated as a source and are

quantized with the Vi'S.

The inequality in (7.4) follows from the fact that the encoding regions R; are

optimal for the codebook Co. Equation (7.5) is obtained using the fact that the

codevectors of C, are centroids of their cells.

The upper bound (7.4) is asymptotically accurate as Q -t 00 since in this case

D(Cq ) -t o. Furthermore, experiments show that the inequality in (7.4) can ef-

fectively be replaced by "~". Thus, the overall quantizer distortion can be ap-

proximated as the distortion of the target quantizer plus the distortion incurred in

transmitting the target codebook.

Zador's formula [64J gives the asymptotic rth-power distortion of an N-point,

k-dimensional vector quantizer having a density f,

(7.7)

where br,k is a constant independent of f and N, and IIfll p = (IRk Ifn 1
/

p
•
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The asymptotic value of the distortion term D(Cd can be computed from (7.7).

The quantity D(Cq ) is the distortion resulting from tnnsmitting an imperfect de

scription of the codebook Cq • This is the error incurred by quantizing Cq , using on

average b bits per codebook component. Here, Cq is viewed as a source, whose prob

ability density is the same as the point density of the original quantizer. Its mean

square distortion D(Cq ) drops proportional to 2-2b so that the average distortion of

the upper bound in (7.4) can be expressed explicitly as a function of band N:

(7.8)

where the values of Nand b satisfy the constraint (7.1) for a fixed transmission rate

r (bits per sample). Equation (7.7) gives C1 = b2,kllfll k/(k+2) whereas the constant

C2 depends on what quantization scheme used to encode the codebook Cq •

Two possibilities for quantizing Cq are considered: (a) uniform scalar quantiza

tion of each vector component of Ct , and (b) vector quantization of C, with a larger,

"universal" codebook Cu'

7.1.1 Uniform Scalar Codebook Quantization

Suppose each scalar component of every codevector in the codebook C, is uniformly

quantized The mean square error of a high resolution uniform scalar quantization

of Ct with 2b output levels spread over a support region [-V, V] is approximately

(7.9)

Simulations were conducted for various cases for the scalar quantization of the

codebook to examine the bit tradeoff. Fig. 7.2 shows the results for an i.i.d. Gaus

sian source for rate 2.0. The dimension k of C, is fixed to be 4 and b, the number

of bits used for scalar quantizing the codebook components, is varied, keeping the
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codevector in a larger, universal codebook.

overall rate at 2.0. We fix the block size a to be 50000. It is seen that the overall

SNR first increases and then decreases. The place where the SNR peaks gives the

optimum tradeoff of bits. Two experimental curves are given. The Experimental

Curve 1 gives the SNR for equation (7.3) and Experimental Curve 2 gives the SNR

for equation (7.5). We note that the Experimental Curve 1 for scalar quantiza

tion of the codebook lies above the curve based on the asymptotic formula. This

is because this experimental curve (SNR) is based on the probability Pi of (7.3) -

the probability that a source vector is matched to the quantized codevector and its

corresponding quantized region k; These are the nearest neighborhood partitions

and hence the distortions that we get are smaller than the the term we are approx-

imating (7.5) by the asymptotic formula. As a result the experimental SNRs for

equation (7.5) are lower than Experimental Curve 1.
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7.1.2 Vector Quantization of the Codebook

In this section we examine the case where the N vector target codebook C, is encoded

for transmission by a k-dimensional "universal" vector quantizer with codebook

C; containing M codevectors. The size M codebook C; is available to both the

encoder and the decoder. As before, a description is transmitted to the receiver

by vector quantizing Ct's codevectors to form an operational codebook Co' As in

the scalar case, the target codebook is designed in real-time based on the current

(but unknown a priori) source statistics. For each codevector in C, the nearest

codevector in Cu is determined and put into Co' If a codevector in Cu is chosen twice

it is thrown out and instead the next nearest unused codevector in Cu is put into

Co' This scheme is described in [24J and a similar method is given in [56]. This

scheme generalizes the uniform quantization scheme previously discussed. It will be

seen that asymptotically as the block length a grows, both VQ and uniform scalar

quantization of the codebook Ct perform about equally well.

The target codebook C, is treated as a vector source that is itself quantized by

Cu' The universal quantizer, however, is in general mismatched to the statistics of

the codebook source C, since the input source X is assumed unknown ahead of time.

On the other hand, the quantizer Ct is assumed to he matched to the statistics of

the source X, since it is designed "on the fly" by applying the generalized Lloyd

algorithm to recently observed training set vectors. The overall system is shown in

Fig 7.3.

As M increases the operational codebook more closely approximates the target

codebook, but more of the available bits must be dedicated to transmitting side

information. We determine the optimum tradeoff between M and N,for a fixed

overall rate r (bits/sample), analogous to the previous section. We treat Co as a

"source" to Cu and assume its probability density equals the k-dimensional point
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density function given by asymptotic theory as [23]

(7.10)

The codebook quantization error D(Cq ) may expressed as

(7.11)

where in (7.11) Au(X) is the point density function of the universal codebook which

is a size M VQ codebook designed for a source with pdf Ao(X).

As before, a block of c¥ k-dimensional source vectors is quantized by Co for each

new operational codebook transmitted. The total number of bits of side-information

needed to describe an operational codebook Co is the same as the number of bits

required to specify an arbitrary subset of size N from a larger set of size M. Thus,

the average rate, b, in bits per codevector component is given by

(7.12)

If the value of b in (7.12) is substituted into the constraint equation (7.1), then for

a fixed c¥, r, k, and a particular N, the value of M can be determined by iterative

solution.

The quantity (3 = ~ will be called the codebook ratio. For a fixed codebook ratio

(3, using Stirling's formula x! ::::::~ in (7.12) gives

1 ( (M)N( M )M-N /N(M - N))
b ::::: kN log, y'2; N M - N V M. .

= ~ [(3log2 (3 - ((3 -1) log2((3 - 1)]+ 2:N log2 [21l"N (1 - ~)]
1

-? k [(3log2 (3 - ((3 - 1) log2((3 - 1)] (7.13)

That is, the side information rate b is constant in N, the size of the target codebook.
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For a fixed operational codebook size N, and for a large codebook ratio /3, b can

be approximated from (7.13) as

The side information has a logarithmic dependence on /3, the codebook ratio, when

/3 is large.

To describe a codebook by transmitting b bits as given In (7.12) requires a

sophisticated encoding scheme for determining which b bit word corresponds to

which N vector subset of the M vector codebook Cu' In principle, though, this can

be done with a reasonable computatiorial complexity as outlined in [21]. A related

technique used for source coding is described by Cover [19]. To reduce the complexity

of describing the appropriate N vector subset of Cq , one of two simplified techniques

can be used. The first involves transmitting N binary words each containing log2 M

bits that describe the "addresses" of the N codevector subset of Cq • The second

technique uses M bits to say whether each codevector of Cq is either in Co or not.

Using simple combinatorial inequalities related to these schemes it follows from

(7.12) that b~ min{log~M, :J,} .
Fig 7.9 shows the comparative SNRs of the universal source coding scheme for

a truncated laplacian source. Here we are assuming that the codebooks are scalar

to begin with i.e. k = 1. The curve shows that the universal scheme performs as

good as Lloyd-Max case for practically all rates. The next figure (Fig 7.8) shows the

comparative performance of the scalar quantization of the codebook with respect to

different schemes. The bottom most curve is obtained for a uniform scalar quantiza-
- .

tion of the source. The next two curves correspond to the universal scherne applied
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to scalar codebooks and Lloyd-Max quantization respectively. As in the previous

curve the universal scheme for k = 1 performs almost the same as the Lloyd-Max

case. Finally, the curve for scalar quantization of the codebook outperforms, as

expected, all the previous cases. It is to be noted that the value of the block size

is fixed at 50000 for all these curves. We also have the curve for an optimum VQ

(k = 4) where we assume that the codebook (of dimension 4) is already known

apriori both at the encoder as well as the decoder. The difference between the op

timum VQ curve and the Lloyd-Max curve is the advantage of VQ over optimum

scalar quantization. We observe that the scalar quantization of the codebook tries

to achieve this advantage despite knowing the vector codebook at the decoder.

7.2 Resolution Tradeoff Between Codebook Trans
mission and Source Quantization

Our aim is to determine the optimal tradeoff between Nand b for a given r as

the blocksize a varies. As shown below, an explicit solution can be given with the

assumption that a is large. Chou and Effros [17] have obtained similar results using

a Lagrangian formulation.

Taking the derivative of the distortion in (7.8) with respect to b gives

a 2 _1 .: 1 aN -2bln2
abD(N, b) = -"kC1N k ab - 2C21n 2e , (7.14)

where N = N(r, b) is implicitly given by (7.1). Though (7.1) can not be solved for

N, since r is fixed (7.1) implies

aN k
ab = - a/ In2 + kbN'

Now setting ~~ = 0 in (7.14) and substituting (7.15) we get

22b = N2/k~: (~ + kbln2).
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After taking the logarithm of both sides and rearranging terms we have

1 1 (2) 1 C2 1 ( Nkbln 2)b = 2"ln0: + 2" k - 1 10g2 N + 2"10g2 C
1
+ 2"10g2 1 + 0: . (7.17)

Thus for block size 0: the optimal value of b must satisfy (7.17). A simple argument

shows that the last term in (7.17) becomes negligible as the block size increases;

therefore for large 0: the optimal b is explicitely given by

1 1 (2) 1 C2
bopt = 2"ln 0: + 2" k - 1 10g2 N + 2"10g2 C

1
. (7.18)

(7.19)

It should be noted from above that bopt does not depend on the rate r when 0: is

large. To show that

. 1 ( Nkbln 2)lim -? 10g2 1 + = 0,
0-"00 6J a

use the inequality (7.8) to get D(N, b) .~ C12-
2r , which follows from the fact that

N S 2kr • This implies that lim inf D(N, b) ~ C12-
2r

. If we make the dependence
0 ....00

of Nand bon 0: explicit by introducing the notations N(o:) and b(o:) it is easy to

see that this lower bound is achieved in the limit if and only if lim N (0:) = 2kr and
0-00

lim b(o:) = 00. But this is possible if and only if lim b(o:)/o: = 0 and lim b(o:) =
0-+00 CJ-+OO 0-00

00. This in turn implies

kbN kb2kr

-- < -- -+ 0 as 0: -t 00,
0: - 0:

(7.20)

and (7.19) is proved.

Since 0 ::::; N ::::; 2r k
, asymptotic upper and lower bounds on bopt can be obtained

from (7.18). For k = 1:

For k = 2:
1 1 C2

b = -In 0: + -10g2 -
2 2 C1
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Figure 7.4. Variation of optimal side information (bopt) with a. Truncated Laplacian
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straight lines obtained by putting log, N = rk and log2 N = 0 respectively. The
experimental curve is the optimal b obtained from experiments and the theoreti
cal curve is the optimal b obtained by putting the theoretical optimal N into the
equation for distortion.

For k 2:: 3:

1 (k) 1 G2 1 1 G2
- In a - r - - 1 + - log2 - < b < - In a + - log, 
2 2 2 G1 - - 2 2 G1

(7.23)

Since N -t 2r k as a -t 00, for large input block sizes, bopt approaches the lower

bound if k 2:: 3 and the upper bound if k = 1. This behavior is depicted in Fig. 7.4

where b is plotted versus In a. The upper and lower bounds are given by the two

parallel lines.

One can likewise derive the optimal distortion for large a. By substituting (7.18)

into (7.8), we find:

D () G N -2/k GIN 1-1 G N -2/k ( Nopt)
opt a = 1 opt +~ opt k = 1 opt 1 +~ . (7.24)

As observed above Nopt -t 2Tk as a -t 00, thus considering signal-to-noise ratios

(SNR) we have for large a,

(
?Tk)

SNR,pt(a) = SNRLM -10log10 1 + ~a ' (7.25)
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source is from i.i.d. zero mean, unit variance, Laplacian data truncated to [-4,4],
and k = 1, r = 8 bits/sample. The experimental and theoretical curve follow each
other very closely and approach the optimum Lloyd-Max performance as a becomes
very large.

where SNRLM is the signal-to-noise ratio of the optimal (Lloyd-Max) k-dimensional

quantizer with rate r per sample. As a grows, the minimum MSE of the universal

quantization scheme approaches that of an optimal quantizer for a source that is

known a priori (i.e. no codebook transmission). The cost of transmitting the code

book becomes negligible as the number of input vectors encoded with it increases.

Equation (7.25) gives a precise way to determine how closely the codebook trans-

mission scheme performs to the case where the source statistics is known beforehand

both to the encoder as well as the decoder. The MSE of a uniform quantizer can be

used as a simple lower bound to the MSE of any universal quantization system. In

Fig.7.5 the optimal SNR is plotted for a truncated laplacian data as a function of a.

The uniform quantizer lower bound and the Lloyd-Max upper bounds are given as

well. The graph can be used to determine how large a needs to be to achieve near

. optimal performance.
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7.3 Optimality with a Training Ratio Constraint

Vector quantizer design algorithms based on statistical sampling of a source require

large enough training sets to guarantee a sufficiently accurate statistical represen-

tation of the source. This condition can be specified by requiring that the training

ratio, / = ~, the ratio of the training set size to the codebook size, be large enough,

hence lower bounded. On the other hand, in many applications such as image or

voice coding, the number of available training vectors may be quite limited when

compared to the codebook size, implying an upper bound on the ratio.

It can be shown that as a function of both N and a, the average system distortion

function is convex U (by showing its Hermitian matrix is positive semidefinite) so

that minimizing the distortion with the constraint that the training ratio be upper

and lower bounded can be performed numerically. However, to obtain a meaningful

analytic solution it is useful to examine the constraint that the training ratio / be

held constant, or equivalently that the training ratio's upper and lower bounds are

equal.

For scalar quantization of the codebook the equations are modified appropriately.

Equation (7.2) becomes

b =/ (r _log2 ~ah))_

The distortion equation is given by

D(Co ) = C1N - 2/ k +C22-~a Nlft

= C, (~(' +C,2-'" (~r/

(7.26)

(7.27)

To determine where this expression attains its minimum with respect to a, we set

~~ = O. This gives the optimum value of a as

(7.28)

142



9a567
b (bits per codebook sample)

43

5
pptimum VO (k-4)

o ...............:............... = ..... -- .... ..... .... .... ..
~ ! ! ! universai (50000)

:k3~F=f~~;~~·II~O~,
5 .... .... ·.."r.. ......... ~ ..............·1···············"t·············· ·1···············
a ........ .., .... : ... ....... . .... , ........ ·univ~rsal·t1000)' i' ..............
5 ... .... .., '" .... .... ········j"···············t······....~
7

7.

10.

S!
en e.

9.

Figure 7.6. Effect of variation of blocksize Q for scalar universal scheme. Signal-to
noise ratio is plotted against the average number of bits b per codevector component
used to transmit the codebook. The source is from i.i.d. zero mean, unit variance,
Gaussian data truncated to [-2,2], and k = 4, T = 2 bits/sample. As a increases,
the signal-to-noise ratio curves versus b (bits per codebook sample) shift up and
the optimal b increases. The top curve is the performance of a 4-dimensional VQ
matched to the source.

In the limit of a large training ratio (, -l- 00) implies

N ~ 2r k •opt '- (7.29)

Note that for large training ratios, Nop t is the usual size of a VQ codebook with no

universal system.

7.4 Experimental Results

Fig. 7.6 shows the curves for scalar quantization of the codebook for different values

of a. The source is taken to be gaussian and the curves give the variation of SNRs in

scalar quantization of codebook as the side information (bits per codebook sample)

varies. As before, the curves are maximum at a: value of side information which

is optimal for that block size. As the block size increases, the whole curve shifts
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cases and approach the optimum VQ performance (k =4) as a becomes very large.

up. The figure also gives the rate distortion bound for the gaussian distribution at

rate 2.0 and the optimal VQ performance i.e., when the source is assumed to be

completely known a priori both at the encoder as well as the decoder.

Figure 7.7 shows a comparison of the scalar universal scheme and the vector

universal scheme (which is the scheme corresponding to the vector quantization of

the codebook). As the curves show, the scalar quantization of the codebook slightly

outperforms the vector case. The curve also shows the comparative SNRs for the

case where we do a uniform scalar quantization of the source and for the case where

the source is assumed to be completely known both at the encoder and the decoder

and we vector quantize the source at the given rate and dimension.

Figure 7.8 gives experimental results for a Gaussian data truncated to [-2,2].

The block size is fixed at a = 50000 and the curve shows the results for simulations

for the scalar quantization of the codebook and its comparison with other schemes.

Figure 7.9 shows the performance in SNR for different schemes. The simulations
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are done for a Laplacian data truncated to [-4,4] and the block length a is 50000.

We show that the experimental results match very closely with the theoretical data.

7.5 Conclusion

In this chapter we have generalized the concept of codebook quantization for adap

tive and universal vector quantization. By using high resolution quantization theory,

we have derived explicit formulas for distortion in two different cases. One in which

we do a uniform scalar quantization of the initial codebook and the other in which

we vector quantize the vector codebook. In both the cases there exists a tradeoff

in the number of bits dedicated as side information and the number of bits used

in specifying the codebook vectors once the codebook starts getting used. Asymp

totic analysis gives a theoretical justification of this tradeoff and this is confirmed

by experiments. The effect of block size on the performance of both the schemes is

discussed and simulation results are presented for some specific source distributions.

For small block sizes.the performance of niether schemes is good and for a fixed dis

tribution the performance (SNR) increases as the block size increases. Experiments

on identically and independently distributed gaussian and laplacian sources and on

images confirm the fact that the amount of side information as a fraction of the

overall rate decreases with the block size.
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Chapter 8

Some Practical Problems
and Future Work

In this concluding chapter we summarize the main source coding schemes introduced

in this dissertation and give instances where some of these schemes can be used

in practice. We also mention some promising areas where ideas presented in this

dissertation can be extended and applied.

8.1 The Speech Coding Problem

A large part of this dissertation has concentrated on analyzing different source coding

schemes for a Gauss-Markov input. In particular, we introduce a scheme of tracking

and quantizing a high order Gauss-Markov process by considering a state vector

which consists of the process and its derivatives. We call this scheme differential

state quantization (DSQ). This differential scheme performs an order of magnitude

better in terms of smoothed error than other differential systems like DPCM or

vector DPCM of the original scalar process. For a rate R, in bits per second, the

smoothed error is proportional to ~3 for DSQ, whereas it is proportional to ~2 for

DPCM and vector DPCM of the scalar process. SO DSQ is a superior quantization

scheme for any high order Gauss-Markov .input.
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Among the real life sources, speech is most of the times modelled as being Gauss

Markov. Differential State Quantization system can be used as a speech coding

method when the speech is modelled as a high order Gauss-Markov process. The

performance of DSQ in terms of the smoothed error is superior to other schemes

and the optimal vector quantizer sizes are small. SO DSQ offers to be an attractive

alternative as a speech coding method.

One of the implementation bottlenecks for DSQ is the estimation of the deriva-

tives of the process. One way to get over this problem is to oversample the signal

by a large amount and then estimate the derivatives based on this oversamp led

data. For example, for a second order process if the oversampling interval is Tau, the

estimate of derivative at time k is given by ±= Xk-Xk_l.
To.

In the presence of noise the estimation of derivatives generates additional dis-

tortion. So in such a case we need to devise methods of estimating the derivatives

which take care of the noise in the source. Prefiltering at the front end might be

one of the ways to overcome this problem. Some more analysis needs to be done to

estimate the effects of the overall performance of DSQ scheme in presence of noise.

In chapter 5 we introduced a scheme of quantizing a narrowband process which

tracks and quantizes the complex envelope of the narrowband process. Speech can

be sometimes modelled as a narrowband process. In such cases -this narrowband

quantization scheme is an attractive source coding scheme. One of the main ad-

vantages of this scheme is its performance in terms of the smoothed error and its

robustness to the changes in the input spectrum.

8.2 Universal VQ Technique and Image Coding

In chapter 7 we discussed two codebook transmission schemes which enable the

decoder to get information about the changing source. The source coding scenario
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is as given in Fig. 1.2. After every a source vectors the source changes and this

information has to be conveyed to the decoder by transmitting the VQ codebooks.

Such situations are frequently encountered in image coding. We might have a stream

of different still images which we would like to compress. In such situations we have

to transmit the codebooks to the decoder periodically. The original codebook (the

target codebook) can be generated by running a generalized Lloyd-Max algorithm

locally. We note that such a design is computationally quite exhaustive. We would

not address this issue here and concentrate on demonstrating the applicability of the

universal codebook transmission scheme. However, we do mention that real time

VQ can be done and with the growth of silicon technology this has become more

and more realistic.

One of the schemes that we analyzed for the VQ codebook transmission involved

VQ of VQ codebooks. This was done by having one huge universal codebook both

at the encoder and the decoder. A locally generated VQ codebook is generated at

the encoder. This is called the target codebook C; in terminology of chapter 7. A

nearest neighborhood match with the universal codebook vectors is made and we

generate a quantized codebook which is called the operational codebook Co' To tell

the decoder which codevectors from the universal codebook are used in the encoding

process, a small amount of side information is transmitted. The overall scheme is

shown in Figure 7.3.

Figure 8.1 shows the results of encoding of a still image by using universal VQ

technique. As the ratio of the universal codebook to the operational codebook

increases, the performance of the universal scheme improves. In another experiment

we divide the image into several blocks and generate a local target VQ codebook

for each block. All these local target codebooks are then quantized by a universal

codebook which is available to both the encoder as well as the decoder. Figure
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8.2 shows the overall scheme. As the number of blocks per image increases, the

performance of the universal scheme improves. This is expected also because by

dividing the image into smaller and smaller blocks we are extracting more and more

local features from the image. Figure 8.3 gives the results of this experiment on one

of the images.

The universal VQ codebook transmission scheme is a good universal quantization

scheme and could serve as the quantizer block for many source coding scheine.

Figure 8,4 gives the block diagram of one such application. Here an image is first

transformed using nCT and the nCT coefficients are then fed to the universal

quantization system. This is similar to the JPEG compression algorithm [1] used in

still picture compression. Here we are trying to model a situation where the images

at the source change and the universal quantizer is able to adapt to these changes.

Such a universal quantizer would replace the ordinary "table lookup" quantization

process by the universal codebook transmission approach.
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One of the more difficult issues in this universal scheme is the design of the uni-

versal codebook. The universal codebook is supposed to represent a large number

of input classes. An optimal way to incorporate information about different sources

into one "universal" codebook still remains an open problem. The design of an opti-

mal universal codebook is thus an important area where ideas of practical universal

source coding can be extended.

8.3 Final Remarks

In this dissertation we presented an approximate theory to analyze several source

coding systems. A very general method to analyze a high order Gauss-Markov source

was presented and we analyzed and compared many source coding schemes for a high

order Gauss-Markov process. The techniques developed in this dissertation could be

used in many more source coding situations and thus provide a basic tool for analysis

and evaluation of any data compression system. Besides developing tools for analy-

sis, we also introduced several superior source coding schemes which could be used

in many real life applications like speech and image coding. As discussed in the be-
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ginning of this chapter, DSQ in indeed a potentially useful scheme for speech coding

applications. The narrowband quantization scheme which tracks and quantizes the

complex envelope of a narrowband process is a useful scheme in the cases where we

can model speech as a narrowband Gauss-Markov process. The asymptotic analysis

of a sigma-delta modulation system provides a simple and general framework for

analyzing this important source coding system. The universal source coding ideas

introduced are very simple and are motivated more towards practical applications

than deriving information theoretic bounds. So, in that sense, it presents a more

realistic approach towards the problem of changing source statistics.
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Appendix A

Asymptotic Filters and
Asymptotic Smoothed Error

In this appendix we find asymptotic approximations for the time varying covariance

matrix in the most general form. The asymptotic prediction filter is given by

S(t) ~ eAtS(O) ~ (I +At)S(O).

The smoothing filter is given by :

S(t) = A(t)S(O) +E(t)S(r).

(A.l)

(A.2)

The asymptotic expression for the smoothing filter can be obtained by approximat

ing the above equation and the equations obtained from the orthogonality of error

from the observables as Taylor series for small ts. The equations obtained from the

orthogonality of the error from the observables are:

and

A(t) = 1 +At - E(t) [1+AT]
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Equations (A.3) and (A.4) result in, for small values of t, the following expressions

for ~(t) and A(t) :

and

~(t) (A.5)

t
A(t) ~ 1(1- -).

r
(A.6)

Thus, in the limit of small sampling intervals, the smoothing filter interpolates

between the two observed values at t = jr and t = (j + 1)r. The asymptotic

smoothing filter can then be written as

5(t)
t • t •

~ -5(0) +(1- -)5(r)
T . T

= (I + At)5(0) + (r - 2t)A5(0), (A.7)

where we have subsituted the prediction filter asymptotic estimate at t = r for S( r)

to simplify computations in future steps. This is a good approximation when r is

small. The asymptotic error in the estimate is now given by

S(t) = (I + At) [5(0) - 5(0)]

(r - 2t)A5(0) + lot [1+A(t - s)] Bw{s)ds. (A.S)

By using this expression, the time varying covariance matrix is given by

cs(t) E{S(t)S(t{}

= (1 + At)£(1 + ATt) + (r - 2t)2 AE{5(0)ST(0)}AT

+ It [1 + A(t - s)]BBT [1+ AT(t - s)] ds

- (1 + At)£lAT(r - 2t) - A£?(I + ATt)(r - 2t), (A.9)
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where £1 = E{(S(O) - 5(0))5 T(0)} and E = E{(S(O) - 5(0))(S(0) - 5(O))T}. This

expression further simplifies, neglecting all the terms of order greater than t, as

cs(t) ~ E + (A£ + £AT + BBT) t

[£lAT +A£/] (r - 2t).

The smoothed error is given by

(sm.m(r) ~ r Ccs(t)CTdtr Jo
_ C£CT +C(A£ +£AT + BBT)CTi

(smpred (r ),

(A.IO)

where C = [1,0"",0] is a row vector. Thus, the overall smoothed errors for the

prediction filter and the smoothing filter are the same. This is because the last term

gets multiplied by (r - 2t), which integrates to zero over the interval 0 ::; t ::; -r,

Thus, under the small r assumption, if we look just at the first order terms in r ,

the smoothing filter performs no better than a prediction filter. If we consider the

second order terms also, then the following expression results:

r 2

(smpreAr) - "3CA [£ - Rss(O) + E{S(O)S(O)}] ATCT

+ ~2 CA [E{5(0)S(0{}] ATCT, (A.H)

where (smpred(r) is the asymptotic smoothed error for the prediction filter, £ is the

covariance matrix of the quantization error and Rss(O) is the state covariance matrix.
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Appendix B

Smoothed Error For
VQ of Scalar Process

In this appendix we outline the steps involved in obtaining the expression for the

smoothed error for VQ of scalar process with a low pass reconstruction filter. The

Gauss-Markov process we consider is a lowpass process with power spectral density

given by :

(B.l)

An ideal low pass reconstruction filter with bandwidth ; IS used. The overall

smoothed error is given by

. (sm(r) = hoo

1/Jxx(w)dw + [1~ 7Pxx(W)dW] (q

(1 - 11) + II(q, (B.2)

".

where 11 = JoT 7Pxx(w)dw. Making a change of variable W= Wn tan () and rearranging

we obtain:

II = 4( (r:n dx
7r Jo x4+(4(2-2)x2+1

". x +! -x +!
4( (n:;; 4~ 2 4Jl-(2 2

= -;- Jo (X2 +2~x + 1 + X2 - 2J1- (2 X+ 1 )dx.
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=

+

~

~

where we have made use of the fact that r is small in approximating the above

integral and made use of the Taylor series of tan-1(x) when x is small. By performing

Riemann integration of expression (B.2) we verify that our approximation indeed

holds good when r is small. As an example, for ( = 0.1, W n = 1.0 and r = 10- 3

we have [l ap p r oz = 0.9999999 and [lnurnerica/lower = 0.9999688 and [lnurnerica/upper =
1.0000312, where the numerical values are calculated for a step size of 0.00001 in

the Riemann integration,
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