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Abstract

The main focus of this dissertation is to design low decoding complexity and high

performance modulation codes for both the additive white gaussian noise (AWGN)

and the Rayleigh fading channels. The dissertation consists of three parts.

The first part presents a simple and systematic technique for constructing multi

dimensional MPSK Trellis Coded Modulation (TCM) codes. The construction is

based on a multilevel concatenation approach in which binary convolutional codes

with good free branch distances are used as the outer codes and block MPSK mod

ulation codes are used as the inner codes. Conditions on phase invariance of these

codes are derived and a multi-stage decoding scheme for the codes is proposed.

Codes have been constructed for both the AWGN and the Rayleigh fading channels

and compared with the existing multi-dimensional MPSK TCM codes. Study shows

that these codes perform very well and achieve significant coding gains over uncoded

reference modulation systems.

Part two of the dissertation uses the concepts developed in part one to de

sign nested concatenated coded 8PSK modulation schemes for the AWGN channel.

These schemes are designed to achieve good error performance, large coding gains

and high spectral efficiency with reduced decoding complexity. In the concatena

tion, Reed-Solomon (RS) codes, are used as the outer codes and multi-dimensional

trellis 8PSK codes constructed in part one of the dissertation are used as the inner

codes. These schemes are analyzed and upper bounds on their error performances

are derived. Results show that these schemes perform extremely well and achieve

impressive coding gains over uncoded reference systems.

The final part of the dissertation presents a powerful technique for constructing
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MPSK block modulation codes using product codes. Existing basic multilevel block

modulation codes turn out to be a special case of this construction. Codes have been

constructed for both the AWGN and the Rayleigh fading channel and compared with

the existing basic multilevel block modulation codes. Conditions on phase invariance

of these codes are derived and two multi-stage decoding algorithms for these codes

are proposed. Study shows that these codes perform very well and achieve significant

coding gains over uncoded reference modulation systems.
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Chapter 1

Introduction

1.1 Historical Overview

Conventionally in digital communications, channel coding and modulation are de

signed and performed separately. Error control is achieved by adding structured

redundant bits ( or parity-check bits) to each transmitted message. Transmission

of these redundant bits results in either a bandwidth expansion or reduction of data

rate. This type of channel coding is suitable for power limited channels which do

not bandwidth constraint, such as deep space and wideband satellite channels. Cod

ing gain ( or reliable data transmission ) is achieved at the expense of bandwidth

expansion. However, for many channels, such as voiceband telephone, terrestrial mi

crowave, mobile and some satellite channels, bandwidth is a very precious resource

and hence bandwidth expansion is not desirable or in most cases not possible. In

addition, current trends in data communications require achieving high data rates

for almost all applications. For all these reasons, conventional channel coding is

rarely used in these bandlimited channels.

To overcome the problems listed above, Massey in 1974 [19] proposed considering

coding and modulation as a single entity. Ungerboeck extended Massey's results,
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which were presented at the 1976 International Symposium on Information Theory

[29]. It was however not until 1982, when Ungerboeck finally published these results

in his landmark paper on combined coding and modulation [30], that the basic steps

associated with designing combined coding and modulation schemes came to be

known and understood. The modulation codes constructed by Ungerboeck in [30],

use convolutional codes as the basic building block, and in addition, the construction

technique relies heavily on computer search. Though Ungerboeck received most of

the credit for discovering what is today known as coded modulation, little credit has

been given to the work of Imai and Hirakawa [13], who in 1977 published a paper

on combined coding and modulation using block codes as the basic building block.

Unlike the technique proposed by Ungerboeck, the technique proposed by Imai and

Hirakawa is more algebraic and systematic in nature and requires no computer search

to construct modulation codes.

Since the publication of the celebrated paper by Ungerboeck in 1982 and the

paper by Imai and Hirakawa in 1977 on coded modulation, there has been a boom

of research in this area. Over the last twelve years researchers have proposed various

techniques of construction of modulation codes using both trellis codes ( a.k.a.,

convolutional codes) and block codes. The technique of construction of modulation

codes using trellis codes as the basic building block has come to be known as Trellis

Coded Modulation (TCM) [29, 30,31,21, 9, 3, 2, 33, 10, 11] and the corresponding

technique using block codes has come to be known as Block Coded Modulation

(BCM) [13, 12, 23, 25, 16, 4, 22]. Almost all existing techniques for constructing

TCM codes follow Ungerboeck's technique closely and rely heavily on computer

searches as a method to find good TCM codes. BCM codes on the other hand, have

the advantage of being extremely rich in algebraic structure as has been shown in

[13, 12, 23, 25, 16]. BCM codes however, have the disadvantage of being slightly
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poorer in performance at low SNR, as compared to TCM codes of the same decoding

complexity, due to the large number of nearest neighbors.

1.2 Motivation for the Proposed Research

Ungerboeck's results were primarily for 1 and 2 dimensional signal constellations

( MPSK, QAM and PAM) over the AWGN channel. Pietrobon et. al. ex

tended Ungerboeck's results to multi-dimensional MPSK signal constellations over

the AWGN channel [21]. They proposed a set partitioning technique for multi

dimensional MPSK signal constellations similar to Ungerboeck's set partitioning

technique ( to be discussed in the next chapter) and then used computer search to

design multi-dimensional MPSK TCM codes. Though the results presented in their

paper are specifically for the MPSK signal constellation, their technique is applica

ble to other signal constellations as well, and modifying the construction technique

for other signal constellations is straightforward. Multidimensional MPSK TCM

codes have various advantages over 2-dimensional Ungerboeck MPSK TCM codes,

the main ones being:

(1) Higher spectral efficiencies can be achieved;

(2) Codes constructed over multi-dimensional MPSK signal constellations have

better phase invariance properties than that of 2-dimensional Ungerboeck

MPSK codes; and

(3) Lower decoding complexities to achieve the same performance.

Phase invariance is a very important property of modulation codes, which helps in

fast recovery from loss of synchronization.

The computer search technique for finding TCM codes proposed by Ungerboeck

and then later used by Pietrobon et. al. works very well for low code rates and
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small complexities. However, for large code complexities and high rates, the search

becomes extremely time consuming ( if not impossible) and a more systematic and

practical technique of construction is required. In addition, the computer search

gives very little insight into the interplay between the various parameters of interest,

such as decoding complexity, error performance, spectral efficiency etc. Due to

computer search restrictions, Pietrobon et. al. did not go beyond 4 x 2-dimensions,

in their search for TCM codes. In addition, to reduce the search complexity, they

placed some other restrictions on the computer search.

The first part of the dissertation addresses the problems mentioned in the above

paragraph and presents a simple and systematic technique for constructing multi

dimensional TCM codes, with minimal computer search. In addition, to reduce

the decoding complexity associated with decoding of the multi-dimensional TCM

codes, a multi-stage decoding algorithm has been proposed. Though the main em

phasis has been to construct codes over the MPSK signal constellation, the results

are applicable to other signal constellations as well, and modifying the construction

for other signal constellations is straightforward. The proposed technique will be

used to construct good codes for both the AWGN and the Rayleigh fading chan

nel. In addition, examples constructed using the proposed technique show that the

technique can be used to construct TCM codes which have a performance/decoding

complexity advantage over the codes available in literature.

A common point to be noted among all the construction techniques available in

literature ( whether TCM or BCM ) is that the modulation codes constructed by

these techniques require large decoding complexity to achieve large coding gains.

The large decoding complexity of these codes make them impractical for applica

tions where high reliability and high data rates are required. Concatenated coded

modulation was proposed as a solution to this problem by Deng and Costello [6, 7],
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and Kasami et. al. [14]. In their schemes, Reed-Solomon (RS) outer codes were

concatenated with bandwidth efficient modulation inner codes in a single-level man

ner. Deng and Costello used trellis modulation codes as the inner codes, whereas

Kasami et. al. used block modulation codes as the inner codes. It was shown that

by an appropriate choice of the inner code, large coding gains and high spectral

efficiency can be achieved with reduced decoding complexity.

The main problem with the concatenated coded modulation schemes proposed in

[6] and [7] is that the inner codes are constructed by computer search. The computer

search gives very little insight into the interplay between the various parameters of

interest, such as decoding complexity, error performance, spectral efficiency etc. For

improvement to be possible over the results presented in [14, 6, 7], what is required

is a systematic construction technique for the inner codes, which would give us

more insight into the interplay between decoding complexity, error performance and

spectral efficiency.

The second part of the dissertation presents a new concatenated coded modula

tion scheme in which the interplay between decoding complexity, error performance,

and spectral efficiency is considered. In the proposed scheme, inner codes are multi

dimensional trellis coded modulation (TCM) codes which are constructed using the

technique proposed in part one of the dissertation. Outer codes are high-rate Reed

Solomon (RS) codes, including the NASA Standard (255, 223) RS code, for achieving

high spectral efficiency for a given error-correcting capability. Since concatenation

is used to construct both the inner and the overall concatenated TCM code, the

proposed scheme is referred to as a nested concatenated coded modulation scheme.

The main emphasis in the second part of the dissertation is to design nested con

catenated coded TCM schemes to achieve high performance (i.e., large coding gains)

and high spectral efficiency with reduced decoding complexity. Codes constructed
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using the proposed technique for the AWGN channel outperform the codes available

in literature by wide margins.

Even though single-level concatenation allows achieving high coding gains with

low decoding complexity, the question one may ask is, can these results be improved?

The answer, an emphatic yes. A major drawback of single-level concatenation is that

the outer code corrects all the output bits of the inner code decoder to the same

degree. For most single-level concatenated systems, all the bits at the output of

the inner code decoder do not have the same error probability, i.e., some bits have

a higher probability of error and some have lower. As such, it is desirable to have

a number of outer codes, with the error correcting capability of each outer code

chosen according to the bit error probability of the given bit that the outer code

is going to correct. This would result in increasing the overall spectral efficiency of

the modulation code, while maintaining a given level of reliability.

The third and final part of the dissertation presents a new and powerful technique

of constructing block modulation codes, using product codes as the basic building

block. The proposed codes, termed as product modulation codes achieve significant

performance improvement over the basic multilevel block modulation codes [12, 23,

25, 16], and in addition the basic multilevel block modulation codes turn out to be a

special case of the proposed construction. The proposed product modulation codes,

in combination with decoding algorithm 2 to be described in chapter 6, provide a

technique of preferentially correcting the output bits of the inner code decoder, to

a given level of reliability. As such, the proposed technique can also be termed as

multilevel concatenation.

Sub-optimal decoding techniques for modulation codes are gaining importance,

primarily because they allow significant reduction in decoding complexity, while

achieving performance close to that of optimal decoding. For ease of explanation,
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let us consider the case of 8PSK block modulation codes. The sub-optimal decoding

technique proposed in [23,25] break up the decoding of a BCM code in three stages.

In the event that a decoding stage itself is sufficiently complex, it is required that

the decoding stage should in some way be split up into a number of decoding stages.

How does one do this, such that the loss due to sub-optimal decoding is minimal?

Some work related to this problem has been done in [35] and [17], however the de

tailed answer to this question for any block code is still an open research problem.

The structure of the proposed product modulation codes allows a very natural de

composition of each decoding stage into a number of decoding stages. Proper choice

of the product modulation code allows performance close to optimal decoding to be

achieved, with significantly reduced decoding complexity.

Most of the codes available in literature have been constructed for the AWGN

channel. Very little work has been done on constructing modulation codes which

achieve good performance over the Rayleigh fading channel, and most of the the

construction techniques available in literature work only for low decoding complex

ities. The construction technique proposed in the third part of the dissertation can

be used to construct good modulation codes for both the AWGN and the Rayleigh

fading channel.

1.3 Outline of the Dissertation

In chapter 2, basic ideas and concepts associated with coded modulation are

introduced. In addition, results which we feel are most significant as far as the

theory of coded modulation are concerned will be elaborated upon.

In chapter 3, we introduce a new concept, which we will term as branch distance

of convolutional codes. Optimal codes in terms of branch distance for rates 1/2, 2/3
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and 3/4 have be constructed. These convolutional codes will be used extensively to

construct the TCM codes in chapters 4 and 5.

In chapter 4, we will present a simple and systematic technique for designing

multi-dimensional MPSK TCM codes with minimal computer search. The tech

nique will be used to construct good codes for both the AWGN and the Rayleigh

fading channels. Though the main emphasis has been to construct codes over the

MPSK signal constellation, the results are applicable to other signal constellations

as well and modifying the existing construction for other signal constellations is

straight forward. We will show that the codes constructed in [21] turn out to be a

special case of the proposed construction. Properties like phase invariance and spec

tral efficiency will be discussed. In addition, a multi-stage decoding algorithm for

the proposed codes is presented and it's decoding complexity is discussed. Bounds

on error performance of the proposed codes, using the multi-stage decoding algo

rithm are derived. Finally, we end the chapter by constructing examples both for

the AWGN and the Rayleigh fading channels. The constructed examples will be

compared to the codes available in literature. These examples show that the pro

posed technique can be used to construct codes which have a performance/decoding

complexity advantage over the codes listed in literature.

In chapter 5, a simple and systematic technique for constructing nested concate

nated TCM codes for the AWGN channel is presented. Reed-Solomon (RS) codes

are used as the outer codes and the inner codes are multi-dimensional TCM codes

constructed using the technique proposed in chapter 4. The rules associated with

designing low-complexity and high-performance nested concatenated TCM schemes

are discussed. Decoding strategies for the proposed codes are discussed and a mea

sure of the corresponding decoding complexity is introduced. Three specific nested

concatenated coded 8PSK modulation schemes for the AWGN channel are presented.
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The inner codes of the first two schemes are designed to show that the systematic

construction technique can be used to design inner codes with various levels of error

performance, decoding complexity and spectral efficiency. The inner code of the

third scheme is designed to show that for large dimensional cases, the algebraic

structure of the inner codes can be exploited to do suboptimal decoding to reduce

the decoding complexity. The error performance of these three specific schemes is

analyzed. It is shown that they outperform the concatenated coded modulation

schemes presented in [14, 6, 7].

In chapter 6, we propose a new and powerful technique of constructing block

modulation codes, using product codes as the basic building block. The proposed

codes offer increased flexibility in designing block modulation codes, as will be shown

in chapter 6. Basic multilevel block modulation codes as have been constructed in

[12, 23, 25, 16] turn out to be a special case of the proposed construction. Though

the main emphasis has been to construct codes over the MPSK signal constellation,

the results are applicable to other signal constellations as well and modifying the

existing construction for other signal constellations is straightforward. Conditions

on phase invariance of the codes are derived. Two multi-stage decoding algorithms

for the proposed codes are presented, and the corresponding decoding complexities

are discussed. The design rules for designing good codes using the proposed tech

nique for the AWGN and the Rayleigh fading channels are discussed. Codes are

constructed using the proposed technique and are compared with the codes listed

in literature. The constructed examples show that the proposed technique can be

used to construct codes which achieve significant performance improvement over the

basic multilevel block modulation codes [12, 23, 25, 16].

Chapter 7 concludes the dissertation, and discusses future research topics.
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Chapter 2

Coded Modulation Basics

Since the publication of the papers by Ungerboeck [30] and Imai and Hirakawa

[13] on coded modulation, a great deal of research has been done in this area. In

this chapter, we will list and discuss some of the most significant results. We will

start off by reiterating the problems associated with conventional coding, talk about

possible solutions and then discuss the most significant results associated with coded

modulation.

2.1 Why Coded Modulation?

In conventional digital communications, design of the channel coding scheme is per

formed independent of the choice of signal constellation to be used at the modulator.

The channel coding scheme, using either a block code or convolutional code is de

signed based on Hamming distance as the parameter of interest. For a given rate

R ( where R < 1 ) and decoding complexity, the channel coding scheme is chosen

such that the minimum Hamming distance of the code is maximized, and the corre

sponding number of nearest neighbors is minimized. The signaling constellation to

be used at the modulator is usually chosen to be a binary signaling constellation,

such as BPSK ( binary phase shift keying ), BFSK ( binary frequency shift keying
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) etc. For ease of explanation of the problems associated with conventional cod

ing techniques, consider the following scenario: Say, the rate of the channel coding

scheme designed to achieve a certain level of reliability is R, and BPSK is used

for transmission over the AWGN channel. Also suppose that the bandwidth of the

channel is fixed and can not be increased ( i.e., the signaling rate over the channel

is fixed and can not be increased ). In this case, usage of the channel coding scheme

results in a drop of the information data rate by a factor of R. If on the other

hand, additional bandwidth is available for the channel, the signaling rate of the

signals over the channel can be increased to push up the information data rate. In

either case, the overall communication system loses either in terms of data rate or

bandwidth. About 20 years ago these disadvantages did not seem to pose much of

a problem. Bandwidth was not exactly a precious commodity and was available in

abundance for most applications. Even the information data rates required for most

applications was not too high. Times have however changed. There are restrictions

on the available bandwidth and even the information data rates are being pushed

up. All these problems suggest that the technique of construction of channel coding

schemes needs to be changed drastically.

One way of getting around the problem discussed above, would be to replace the

BPSK signal constellation by a MPSK signal constellation where M > 2. Usage of

the MPSK signal constellation would definitely push up the data rate, and if the

signaling rate over the channel is kept the same, the bandwidth required in this

case would be the same as that for BPSK. Usage of the MPSK signal constella

tion solves the two problems mentioned above, however it creates another problem.

The performance of the system with the MPSK signal constellation is in most cases

substantially worse ( even if soft decision decoding is used) than that of the orig

inal system which uses BPSK as the signal constellation. The reason for this is
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as follows: The performance of any code over the AWGN channel depends upon

the Euclidean distance between the transmitted signal sequences. The Euclidean

distance between two signal points in the MPSK signal constellation is smaller as

compared to the Euclidean distance between the two BPSK points, assuming that

both signal constellations have the same energy. As such, the signals in the MPSK

constellation after the addition of noise, have a higher probability of being con

fused with adjacent signals as compared to the BPSK constellation. This results

in the performance degradation of the overall system. To overcome this problem

researchers tried replacing the channel coding scheme with a more powerful coding

scheme in terms of Hamming distance. This however did not seem to solve the prob

lem in most cases. The reason being, that in most cases optimizing the channel code

for Hamming distance did not correspond to maximizing the Euclidean distance be

tween the signal sequences transmitted over the channel. The only exceptions to the

above is when BPSK and gray coded QPSK signal constellations are used. In both

these cases, optimizing the channel code in terms of Hamming distance also results

in maximizing the Euclidean distance between the transmitted signal sequences. As

such, what is required is a channel code which maximizes the Euclidean distance

between the signal sequences transmitted over the channel.

Massey in 1974 [19] suggested that Hamming distance was not an appropriate

criterion for designing channel codes and in addition suggested that channel coding

and modulation should be considered as a single entity. The final design rules

associated with designing combined coding and modulation schemes were however

proposed by Ungerboeck in 1976 [29] and later published in 1982 [30]. Instead

of choosing the channel code based on Hamming distance, Ungerboeck suggested

doing a computer search, so as to select the channel code which optimizes the overall

system ( i.e, the channel coder and the modulator) in terms of a specific criterion.
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The criterion for the AWGN channel would correspond to maximizing the minimum

squared Euclidean distance between the signal sequences being transmitted over the

channel. Details of how the search is carried out, and how the overall modulation

code is decoded will be given later in this chapter.

For ease of explanation, we will restrict our initial discussion of the design of

combined coding and modulation schemes for the AWGN channel. Details of the

design of modulation codes for the Rayleigh fading channel will be given towards

the end of the chapter.

2.2 Basic Concepts

The basic concept of coded modulation is to encode information symbols onto an

expanded signal set, relative to that needed for uncoded modulation. To explain

this concept, let us consider an example. Say, we want to transmit at the rate of

2 bits/symbol. One way of doing this would be to transmit using uncoded QPSK

( Quadrature Phase Shift Keying). This would satisfy the rate criterion, however

the performance in most cases would be below the required level. To overcome this,

we introduce channel coding. Say a rate-2/3 convolutional code is chosen for the

channel coding scheme. To maintain the rate of 2 bits/symbol, we would choose the

8PSK signal constellation at the modulator. At each time instant, 2 uncoded bits

would be encoded by the convolutional code into 3 coded bits, which would then be

mapped onto an appropriate signal point in the 8PSK signal constellation ( since

the 8PSK signal constellation has 8 signals, each signal is uniquely represented by a

label of 3 bits ). The signal set expansion from QPSK to 8PSK represents the first

and most important step associated with coded modulation. The channel signal set

expansion provides the needed redundancy for error control without increasing the

bandwidth requirements. The channel coding scheme ( the rate-2/3 convolutional
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code in the above example ) is selected such that the structured signal sequences

being transmitted over the channel have the largest possible minimum squared Eu

clidean distance for a given decoding complexity.

2.2.1 Types of Coded Modulation

Based on code structure, coded modulation can be classified into two categories:

(1) Trellis Coded Modulation (TCM) in which convolutional ( or trellis) codes

are used, and

(2) Block Coded Modulation (BCM) in which block codes are used.

Based on modulation signaling, coded modulation is divided into two types:

(1) Constant-envelope-type coded modulation in which the modulation signals

have constant envelope, e.g., MPSK, and

(2) Lattice-type coded modulation in which the signal constellation has lattice

structure, e.g., QASK.

2.2.2 Modulation Codes and the Minimum Squared Eu
clidean Distance

In a coded modulation system, information sequences are coded into signal se-

quences over a certain modulation signal set ( e.g., 8PSK signal set ). These signal

sequences form a modulation code. Error performance ( or coding gain ) of a mod

ulation code over the AWGN channel is largely determined by its minimum squared

Euclidean distance and the corresponding number of nearest neighbors. Let s be a

point, (X(s), yes)) in a two dimensional Euclidean space R2. Let sand s' be two

points in R2. The squared Euclidean distance between sand S', denoted 4(s, S'),
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is defined as follows:

d1(s, S') ~ (X(S) - X(S'))2 + (Y(S) - Y(S'))2 (2.1)

Let v = (St, S2, ..., sn) and v' = (s~, s;, ... , s~) be two n tuples over R2. The squared

Euclidean distance between v and v', denoted [v - v ' 12, is defined as follows:

n

[v - v' 12 ~ l:)X(Sj) - X(S~))2 + (Y(Sj) - Y(S~))2
j=1

(2.2)

Let C be a modulation code with signals from a two-dimensional modulation signal

set S. The minimum squared Euclidean (MSE) distance of C, denoted 4;[C] is

defined as follows:

? 6.. '2 I '}dE[C] = minjlv - v I :v, v E C and v =J. v (2.3)

Suppose k information bits are encoded into a sequence of n signals based on C.

The spectral efficiency of C, denoted 7][C], is defined as:

6. k
7][C] = -

n
(2.4)

which is simply the average number of information bits transmitted per symbol. For

a given decoding complexity, the idea is to construct a modulation code with as

high a spectral efficiency as possible. High spectral efficiencies would lead to high

data rates.

2.2.3 Soft Decision Decoding

Assume that the channel is AWGN and all the code sequences of a modulation

code are equally likely to be transmitted. Let r = (Xt,Yl, X2,Y2,' .. ) be the output

sequence of the demodulator. Then the squared Euclidean distance between rand

a code sequence v = (SI' S2, ... ) in Cis:

[r - vl 2 = l)Xj - X(Sj))2 + (Yj - Y(Sj))2
i
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The modulation code is decoded using the MLD ( Maximum Likelihood Decoding

) principle, i.e., the received sequence r is decoded into the code sequence VI for

which the following condition holds:

(2.6)

for i #- 1. The above corresponds to finding the code sequence which is closest to

the transmitted sequence in terms of Euclidean distance. To perform a soft-decision

MLD, it is desirable for a modulation code to have a trellis structure so that Viterbi

decoding algorithm can be applied. In the absence of a trellis structure, decoding

complexity associated with the decoding of the modulation code is in most cases

horrendous.

2.2.4 Major Steps in Coded Modulation System Design

The design of modulation code can be divided into the following 4 major steps:

(1) Selection of the modulation signal set.

(2) Labeling the signal points.

(3) Selection of the channel coding scheme.

(4) Bits-to-signal mapping.

We will start off by discussing steps 2 and 4. Step 3 will be discussed in detail

when we talk about Block Coded Modulation (BCM) and Trellis Coded Modulation

(TCM). For ease of explanation, we will restrict our discussion to the special case

of MPSK signal constellations.
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2.2.5 Set Partitioning and Signal Labeling

Let S be a modulation signal set with 2' signal points, e.g., a 2'-ary PSK signal

constellation. Suppose S is the chosen signal set for the design of the coded mod

ulation system. For bits-to-signal mapping purpose, we need to label each signal

point s in S with a unique (binary) string of length I, denoted ala2 ... ai. If

..\ is the mapping from bits to the signals, then s = ..\(ala2 ... a,). This mapping ..\

must be designed to provide the resultant modulation code with the largest possible

minimum squared Euclidean distance when bits-to-signal mapping is performed.

Let X be a subset of the signal set S. Define the minimum squared Euclidean

distance of X as follows:

d1[X] ~ min {dHx,x'): x,x' E X} (2.7)

This distance is called the intra-set distance of X. Let X and Y be two subsets of

S. The MSE distance between X and Y, denoted dk[X,Y], is defined as follows:

dl[X, Y] ~ min {dHx,y) : x E X and y E Y} (2.8)

This distance is a measure of the separation of the two sets of signals and is called

the inter-set distance.

The most important step of the labeling process consists of forming a chain

of partitions of the signal set S, with increasing number of subsets, increasing

intra-set distances and set separations. This process consists of I steps. The first

step of the labeling process can be further divided into the following two steps:

(1) The first step consists of dividing the signal set S into two subsets of equal

size such that the separation between the two sets is maximized. Let us call

these two sets, Q(al = 0) and Q(al = 1).
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(2) Bit at of all signals in set Q(at = 1) is fixed to be 1, and bit at of all signals

in set Q(al = 0) is fixed to be O.

For 2 ~ i ~ l, the i-th step can be further divided into the following three steps:

(1) Pick a set obtained from the previous stages of the labeling process. The

following two steps are repeated for each set obtained from the previous stages

of labeling. For ease of explanation, let us pick Q(b1 b2 ••• bj-d, where bj for

1 ~ j < i is either 0 or 1.

(2) The second step consists of dividing Q(b1 b2 ••• bi-d into two subsets of equal

size such that the separation between the two sets is maximized. Let us call

these two sets, Q(bt b2 ••• bi-tai = 1) and Q(bt b2 ••• bi-taj = 0).

(3) Bit aj of all signals in set Q(bt b2 ••• bi-taj = 1) is fixed to be 1, and bit ai of

all signals in set Q(bt b2 ••• bi-taj = 0) is fixed to be O.

The above labeling process provides the resultant modulation code with the largest

possible minimum squared Euclidean distance when bits-to-signal mapping is per

formed [30].

Let us consider the specific case of 8PSK. Figure 2.1 shows an 8PSK signal

constellation, where each signal point is represented by an integer i from the set S

= {0 , 1 , 2 , 3 , 4 , 5 , 6 , 7 }. The squared Euclidean distance between two signal

points in S is given by

(2.9)

Note, that the above squared Euclidean distances have been calculated assuming a

unit energy circle for the 8PSK signal constellation. From (2.9), we find that

dk(I,O) = dk(2, 1) = 0.586
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dh2,0) = d~(5,3) = 2

dh4,0) = dk(5, 1) = 4

Figure 2.2 shows the partitioning process for the 8PSK signal constellation. The

partitioning process results in 3 partitions of S with increasing intra-set distances,

0.586, 2, 4 and 00. The intra-set distance at the last stage of the partition process is

denoted by 00, since there is just one signal point in each set. At each partitioning

stage, a subset of S is labeled by a binary sequence, and at the end of the partitioning

process, each signal point is labeled with a binary string of 3 digits. Figure 2.3 shows

the binary labeling for each signal point in the 8PSK signal constellation. The label

strings formed from the above partitioning process have the following important

properties :

(1) Two signal points with labels different at the first position are at a squared

Euclidean distance at least 8~ = 0.586 apart.

(2) Two signal points with labels identical at the first position but different at

the second position are separated by a squared Euclidean distance at least

t5~ = 2.0 apart.

(3) Two signal points with labels identical at the first two positions but different

at the last position are at a squared Euclidean distance 85 = 4.0 apart.

The monotonically increasing property of the distances 8~, t5~ and 155 is one of the

keys to the construction of bandwidth efficient modulation codes. These distances

are called the distance parameters of the signal label strings.
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Figure 2.2. 8PSK signal constellation labeling process
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Figure 2.3. 8PSK signal set and the binary labels
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2.3 Block Coded Modulation

In this section, we will present the basic steps associated with the construction of

modulation codes using block codes, a technique popularly known as Block Coded

Modulation. The construction technique associated with TCM will be easier to

explain after the discussion of BCM codes, and as such we will discuss TCM after

the discussion on BCM.

Block Coded Modulation (BCM) is a powerful technique for constructing band

width efficient modulation ( or signal space) codes. It allows us to construct

modulation codes systematically with arbitrary large minimum squared Euclidean

distance from component codes (binary or nonbinary) in conjunction with proper

bits-to-signal mapping. If the component codes are chosen properly, the resultant

modulation code not only has good minimum squared Euclidean distance but is also

rich in structural ( algebraic and geometric) properties such as: linear structure,

phase invariance property and trellis structure [23, 25, 16].

A modulation code with linear structure has invariant ( Euclidean ) distance

distribution, i.e., the distance distribution is the same for all the code sequences. As

a result of this distance symmetry property, the error probability over the AWGN

channel does not depend on which code sequence is transmitted. Linearity also

simplifies the encoding and decoding implementations [16].

Phase invariance ( or phase symmetry) property is useful in resolving carrier

phase ambiguity and ensuring rapid carrier-phase resynchronization after temporary

loss of synchronization. It is desirable for a modulation code to have as many phase

symmetries as possible [30, 15]. Let P, denote the set of angles under which S is

invariant, i.e., for any angle 0 E P, if the constellation is rotated by the angle 0

the resultant constellation is the same as S. Phase invariance is defined to be the

23



smallest angle, (} > 0 and (J EPa, which rotates any code sequence in the modulation

code to another code sequence. For rapid carrier-phase resynchronization, (J should

be as low as possible. For example for 8PSK, P, = { all multiples of 45°} So, if

a modulation code is constructed over 8PSK, the best phase invariance that can be

achieved is 45°.

If the component codes have trellis structure, the resultant BCM code also has a

trellis structure. A trellis diagram for a multi-level modulation code can be obtained

by simply taking the direct product of the trellis diagrams for its component codes

[16]. Trellis structure allows us to decode BCM codes with the soft-decision Viterbi

decoding algorithm. Furthermore, the multi-level structure ( this will be explained

later on in this section) allows us to decode a BCM code with multi-stage decoding,

i.e., component codes are decoded sequentially stage by stage and decoding infor

mation is passed from one stage to the next. This type of decoding reduces the

decoding complexity. This type of decoding is not optimum even though the decod

ing of each component code is optimum ( for the AWGN channel ). In this case, it

is sub-optimal decoding. If the component codes are chosen right, the performance

loss due to multi-stage decoding is minimal [27, 28]. The next couple of sections

will discuss the construction of BeM codes.

2.3.1 Signal Labeling and Distance Measure

Let S be a signal set with 21 signal points, e.g., a 21-ary PSK signal constellation.

Suppose S is the chosen signal set for the design of a coded modulation system.

For bits-to-signal mapping purpose, each signal point s in S is labeled by a unique

( binary) string of length f, denoted ala2 ... ai, as discussed in section 2.2.

In this case, the labeling is said to have 1 levels. Let L denote the set of all 21

binary label strings of length f. Also, let ,\ denote the one-to-one mapping from
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L to S defined by a specific labeling. If al a2 ... al is the label for a signal point

8, then 8 = A(ala2 '" al). The labeling (L, A) must be designed to provide the

resultant modulation code with the largest possible minimum squared Euclidean

distance when bits-to-signal mapping is performed. The mapping A chosen for the

design of BCM codes is the one obtained by the labeling process discussed in section

2.2.

2.3.2 Distance Parameters

Let 4(8, s") denote the squared Euclidean distance between two signal points sand

s' in S. For 1 ~ i ~ £, let Q(al a2 ai) denote the set of signal points in S whose

labels have the same prefix al a2 ai. The set Q(al a2 ... ai) is in fact the same

as that obtained at the i-th stage of the labeling process discussed in section 2.2.

Define the intra-set distance of Q(al a2 ... ai) as follows:

(2.10)

Also, define the i-th distance parameter D; of S as follows:

(1) D~ ~ min{4(s,s'): s,s' E Sand s # s'}

(2) For 1 < i ~ £, 8; ~ min{4(al a2 ... ai-d : aj E {O, I} for 1 ~ j < i}

Note, that for 1 ~ i < t,

(2) If two labels al a2 ... al and a~ a~ ... a~ differ for the first time at the i-th

position (i.e., ai # aD, then the corresponding signal points are at a distance

at least Dr apart.

(3) These distance parameters depend on the choice of the labeling (L, A).
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2.3.3 Construction of Block Modulation Codes

Suppose a signal set S and a labeling (L, A) for S are given. Since the mapping

from L to S is one-to-one, constructing a code over S is equivalent to constructing

a code over L. Let m be a positive integer less than l +1. Each label is segmented

into m sub-labels. Also, let j1,h,'" ,jm+! be m + 1 integers such that 1 = j1 <

j2 < ... < jm < jm+! = l + 1. For 1 :s; i :s; m, let L(i) denote the set of substrings

from the ji-th symbol to the (ji+1 - 1)-th symbol of strings in L, i.e,

Then

L = L(1) * L(2) *... * L(m)

(2.11)

(2.12)

where * denotes the concatenation operation ( it simply denotes putting the labels

together end to end ). L(i) is called the i-th level sub-labeling. Note, that a sub-label

w E L(i) represents a subset of signal points in S whose i-th sub-labels are identical.

Consider an n-tuple v = (Vb V2, ••• ,Vn) over L. For 1 :s; j :s; n, the j-th

component Vi of Y can be expressed as the following concatenation of substrings in

Vi = Vi1 *Vi2 * ... *Vim (2.13)

where Vii E L(i) for 1 :s; i :s; m. For 1 :s; i :s; m, form the following n-tuple over L(i):

y(i) - (V1' V2' ••. V ')
- " " ,nt (2.14)

This n-tuple y(i) is called the i-tli component n-tuple of v, and v can be expressed

as follows:

y = V(1) *y(2) * ... *y(m)
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For 1 $ i $ m, let c, be a block code of length n overL(i). From G1 , C2, " ' , Cm,

form a block code of length n over L as follows:

Cjmage ~ {V(l)*V(2) * ... *v(m) : V(i) E C, for 1 $ i $ m} (2.16)

This code is called an f-Ievel code with m components. If each component of a

codeword v in Cjmage is mapped into its corresponding signal point in the signal

set S, we obtain a block modulation code. The block modulation code G, is denoted

as follows:

C = A(Cjmage)

= A(G1 *G2 * ...*Gm ) (2.17)

Suppose S is a two-dimensional signal constellation. The spectral efficiency of Cis:

~ 1
77[G] = -log2lGI

n
(2.18)

where log21GI denotes the number of information bits being input into the modu-

lation code. The above expression can be simply viewed as the average number of

information bits transmitted per symbol.

Let u = (U1' U2,"', un) and v = (VI, V2,"', vn) be two vectors in Cimage' The

squared Euclidean distance between u and v is defined as follows:

n

dk(u, v) ~ 2:dHA(Ui),A(Vi)]
i=l

The minimum squared Euclidean distance of C is given by

d~[G] ~ min{d~(u, v) : u, v E Gimage and u ¥= v}

(2.19)

(2.20)

For 1 $ i $ m, let wand w' be two different sub-labels in t». Let

Q(W1 ... Wi-1W) and Q(W1 ... Wi-1W') be the subset of signal points in S whose
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labels have prefixes WI ... Wi-IW and WI ... Wi-IW' respectively. The separation (

or distance) between Q(WI .,. Wi-IW) and Q(WI ... Wi-IW') is defined as:

_12 ' t::.aE [ Q(WI'" Wi-IW), Q(WI Wi-IW)] =

min{dMs,s') : s E Q(WI Wi-1W) and s' E Q(WI .. , Wi-IW'n (2.21)

Define a distance measure between wand w' as follows:

d(i)(W,W') ~ min{4J[Q(wI" 'Wi-IW) , Q(WI'" Wi-IW')] : Wj E Lei) for 1 ~ j < i}

(2.22)

Note that d(i)(W,w') is simply the minimum separation between two subsets of signals

whose labels have the same prefix WI ... Wi-l but different i-th sub-labels.

Let u = (Ul' U2, ••• , un) and v = (VI, V2, ••• , vn) be two vectors over L(i). Define

n

d(i)(u, v ) ~ Ed(i)(Uj,Vj)
j=l

Define a distance measure for C, as follows:

(2.23)

(2.24)

The above leads us to the following theorem:

Theorem 2.1: The minimum squared Euclidean distance of an i-level block mod-

ulation code

is lower bounded as follows:

(2.25)

Proof: The proof can be found in [16].
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2.3.4 Basic Multi-level Block Modulation Codes

Let us consider the case for which m = i. Then, we obtain an i-level block

modulation code C formed from i binary component codes Gb G2 , ••• ,Gt , and

C = ..\(C1 * C2 * ... * Ct). Note, that L(i) = {O, I} and let d(i)(O,l) = 6; for

1 ~ i ~ m. Let di be the minimum Hamming distance of c.. Then

(2.26)

and

(2.27)

An i-level code with i component codes is called a basic i-level block modulation

code.

In order to clarify the above concepts, let us consider an example.

Example 2.1: Let i = 3. Consider the 8PSK signal constellation and its labeling

as shown in figure 2.3. The distance parameters are:

6i = 0.586, 6~ = 2.0, 6~ = 4.0

The above values have been calculated assuming a unit energy circle for the 8PSK

signal constellation. Let n = 8. Choose the binary component codes, G1 , C2 and

C3 as follows: (1) C1 is the simple binary (8,1) repetition code with minimum

Hamming distance d, = 8; (2) C2 is the (8,7) even parity code with minimum

Hamming distance d2 = 2; and (3) C3 is the binary (8,8) code consisting of all the

binary 8-tuples. Using the given labeling,

is a basic 3-level 8PSK block modulation code with 7J[C] = 2 bits/symbol and

4[G] = 4.0. This code has a very simple 4-state, 8-section trellis diagram as
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shown in figure 2.4. This trellis can be used for soft-decision decoding of the block

modulation code.

Kasami et. al. [15] have derived conditions for phase invariance of block mod

ulation codes. A straightforward application of these conditions gives us the phase

invariance of the above code to be 450
•

2.3.5 Multi-stage Decoding of Block Modulation Codes

If the component codes of the block modulation code have a trellis structure, then

the overall modulation code has a trellis structure, which is obtained simply by

taking the direct product of the trellises of the component codes. In the event that

this trellis structure is too complex, multi-stage decoding could be adopted to reduce

the decoding complexity. If the component codes of the block modulation code are

chosen right, the loss due to multi-stage decoding is minimal. In the following we

describe the multi-stage decoding algorithm proposed by Sayegh [23] and Tanner

[25]. For ease of explanation we will consider the specific case of a 3-level basic

multi-level block modulation code over 8PSK. The technique however is applicable

to modulation codes over any signal constellation.

Let C = A(C l * C2 * C3 ) be the 3-level block modulation code over 8PSK,

where Ct, C2 and C3 are the component codes. Let the length of C be n. The

decoding proceeds in three stages. The component codes are decoded with soft

decision maximum likelihood decoding, one at a time, stage-by-stage. The decoded

information at each stage is passed to the next stage. The decoding process begins

with the first-level component code and ends at the last-level component code. Let

r = (Tl'T2, .•. r, ... ,Tn) be the received sequence at the output of the demodulator

where r, = (Xi,Yi) E R2.
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Figure 2.4. Trellis diagram for the code in example 2.1
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First stage of decoding:

Let a = (al,a2, ... ai ... ,an) be a a code sequence in C1• Let 4[ri,Q(ai)]

be the minimum squared Euclidean distance between ri and the points in Q(ai).

Recall, Q(ail is the set obtained after the first step of the labeling process described

in section 2.2. For every codeword a in Cll we compute the distance

n

dHr, a) ~ E d~[r;, Q(ail]
i=1

(2.28)

and then decode r into the a for which 4(r, a) IS mimmum. Let this decoded

codeword be a.
Second stage of decoding:

The decoded information a, obtained from the first stage of decoding is passed

to the second stage. Let

(2.29)

Also, let

(2.30)

be a a code sequence in C2. Let 4[ri, Q(tZibi)] be the minimum squared Euclidean

distance between r; and the points in Q(tZibi)' Recall, Q(aibi) is the set obtained

after the second step of the labeling process described in section 2.2. For every

codeword b in C2 , we compute the distance

n

dMr,a* b) ~ 'LdHri,Q(Uibi)]
i=1

(2.31)

and then decode r into the b for which 4(r, a* b) is minimum. Let this decoded

codeword be b.
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Third stage of decoding:

The decoded information, aand b,obtained from the first two-stages of decoding

are made available to the third stage of decoding. Let

Also, let

c = (Cl' C2, ••. c, ... ,en)

(2.32)

(2.33)

be a code sequence in C3 • For every codeword c in C3 , we compute the distance

(2.34)

and then decode r into the c for which 4(r, a*b) is minimum. Let this decoded

codeword be c. Then, (a, b, c) forms the decoded set of codewords. This completes

the third and final stage of decoding. The decoding complexity associated with the

multi-stage decoding technique is equal to the sum of the decoding complexities of

the three decoding stages.

Multi-stage decoding leads to error propagation. In order to limit the effects

of error propagation, the first two stages of decoding should be chosen to be more

powerful as compared to the third stage of decoding, i.e., the minimum squared

Euclidean distance of the first two stages ( which for the special case of the 3-level

8PSK HeM code considered above is 0.586 . d1 and 2.0 . d2 respectively; d1 is the

minimum Hamming distance of C1 and d2 is the minimum Hamming distance of

C2 ) should be chosen to be slightly higher than the minimum squared Euclidean

distance of the third and final stage ( which for the case considered above is 4.0· d3 ;

d3 is the minimum Hamming distance of C3 ).
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2.4 Trellis Coded Modulation

In this section, we will discuss the basic steps associated with the design of TCM

systems. The design of a TCM system takes the same basic steps as the design of a

BCM system, except that a convolutional code is used. Again proper partitioning a

signal set into subsets with increasing minimum intra-set distances and labeling the

signal points play a central role in TCM design. The distance concepts developed

for BCM apply to TCM. A general TCM encoder/modulator takes the form shown

in figure 2.5, in which a rate- k]k +1 convolutional code is used.

The signal set S consists of 2n +I signal points. In binary partitioning, the signal

set S is partitioned into a chain of n +1 levels. For 1 :::; i :::; n + 1, the i-th level

partition consists of 2i subsets. Each subset at the i-th level is labeled by a binary

sequence, (al,a2, ... ,ai). The subset with label (alla2' ... ,ai) is denoted with

Q(all a2, ... ,ad. The set Q(all a2, ... ,ai) is the same as that obtained at the i-th

step of the labeling process described in section 2.2. At the last level of the partition

chain, each subset consists of a single signal point, which is labeled with a binary

sequence, (all a2, ... ,an+d. Two signal points in S are in the same subset at the

i-th level partition if and only if their labels have the same prefix (al' a2, ... ,aj).

Let 8; denote the minimum intra-set distance at the i-th level partition. Then

(2.35)

where 8; denotes the intra-set distance of the signal set S. Two signal points whose

labels have the same prefix, (al' a2, ... ,aj), are separated by a distance at least

bf+I' Normally, S may be regarded as a group, and each subset at a particular

partition level is a coset of a subgroup of S. At the i-th partition level, each coset

consists of 2n+I - i signal points.
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Figure 2.5. A general TCM system
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2.4.1 Encoding Operation

At the time t, n information bits denoted,

(1) (2) (n)
Ct ,Ct , ••• ,Ct (2.36)

appear at the inputs of the TCM encoder/modulator shown in figure 2.5. The k

information bits,

(1) (2) (k)et ,Ct , ••• ,C/

are encoded into k +1 bits, denoted

(0) (1) (2) (k)
Vt ,Vt ,Vt • •• ,Vt

The other n - k information bits,

(HI) (k+2) (n)
Ct ,Ct ,,,·,et

(2.37)

(2.38)

(2.39)

are left uncoded. Let v~O), V~I), v!2), •.. ,v~n)denote the n +1 bits which appear at

the inputs of t.he signal mapper. Then

V
(i ) - c(i)
t - t

r k l' The i (0) (1) (2)lor + ~ z ~ n. e input v; ,Vt ,Vt ,

(2.40)

,V~n)) to the signal mapper is

regarded as a label for a signal point in S. The bits-to-signal mapping is achieved

in two steps. At the first step, the k +1 coded bits,

(0) (1) (2) (k)
Vt ,Vt ,Vt ,'" ,Vt

selects one of the 2k+1 cosets at the (k + 1)-th partition level. This coset

Q( (0) (1) (2) (k))
Vt ,Vt ,Vt , ••. ,Vt
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has label (V~O), V~1), V~2), ••• v~k»). At the second step, the n - k uncoded bits choose

a signal point from the coset

(2.43)

Therefore, the n information bits, cP), ~2), ... ,~n) are encoded into a signal point

in S. Here we see that n information bits are encoded into an expanded signal set with

2n +l signal points. It contains twice as many signal points as needed for an uncoded

modulation scheme. The signal set expansion provides the needed redundancy for

error control.

2.4.2 Coset Code and Code Trellis

Note, that the output of the coset selector is a sequence of cosets from the (k + 1)

th level partition. All the possible sequences of cosets at the output of the coset

selector form a coset code [10]. Since information sequences are encoded into coset

sequences by a convolutional encoder, the resultant coset code has a trellis structure

in which each branch represents a coset at the (k +1)-th level partition of the signal

set S. This trellis is called coset code trellis. This trellis is directly related to the

rate - k]k+1 convolutional code. In this coset code trellis, the path on which each

branch represents the coset Q(O,O, ... ,0) with label (0,0, ... ,0) is regarded as

the all-zero path, denoted O. Since the convolutional code is linear, this all-zero path

can be used as the reference for computing the free distance of the coset code.

2.4.3 TCM Code and Code Trellis

At the time t, the input to the signal selector is the coset,

Q( (0) (1) (2) (k»)
Vt ,Vt ,Vt . •• ,Vt ,
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which consists of 2n - k signal points. The uncoded information bits,

(k+I) (k+2) (n)
et ,et ,'" ,et , (2.45)

then choose a signal point from this coset for transmission. Therefore, the output

of the signal selector is a sequence of signal points from the signal set S. All the

possible sequences of signal points at the output of the signal selector( or signal

mapper) form a TCM code. This TCM code has a trellis structure in which two

adjacent nodes ( or states) are connected by 2n - k parallel branches ( or transitions

) which represent the 2n - k signal points in a coset at the (k + 1)-th level partition

of S. This trellis is simply obtained from the coset code trellis by expanding each

branch into 2n - k parallel branches. Two paths in the code trellis of a TCM code are

said to be parallel if they are identical except at places where they diverge through

parallel branches. Two parallel paths actually correspond to the same path in the

coset code trellis. In fact, a path in the coset code trellis represents a group of

parallel paths in the code trellis of the TCM code.

2.4.4 Free Minimum Squared Euclidean Distance of the
TCM Code

Suppose the squared Euclidean distance is used as the distance measure. Let d'lree

denote the minimum squared Euclidean distance between nonparallel paths in the

TCM code trellis. Since two parallel branches correspond to two signal points in the

same coset at the (k + 1)-th partition level, the distance between them is at least

l5~+2' Consequently, the free minimum squared Euclidean distance of a TCM code

is given by

(2.46)

Dfree determines the performance of a TCM code. Using the above TCM code,

each transmitted signal point carries n information bits. Therefore, the spectral
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efficiency of the code is TJ = n. In the special case for which k = n, the TCM code

trellis does not have parallel branches.

2.4.5 Convolutional Codes for Trellis Coded Modulation

The rate-k/k + 1 convolutional code used in a TCM system shown in figure 2.5 can

be either systematic or nonsystematic. For explanation, we will consider the case

of feedback systematic codes ( since this was the case considered by Ungerboeck in

his 1982 paper). A feedback systematic rate-k/k +1 convolutional code is specified

by k +1 parity-check sequences:

(2.47)

for 0 ~ i ~ k with h&O) = 1. The k input sequences are:

__ (1) (1) (1) (1»
Co 'CI 'C2 , ••• , Ct , •••

( r~2) c(2) C2(2) ••• Ct(2) .•• )
-u , l' , , ,

(2.48)

(r~k) C(k) C(k) ••• C(k) ••• )
- -u,I'2' ,t,

and the k +1 output sequences are:

yeO) (0) (0) (0) (0»- Vo 'VI 'V2 ,.'., v; , •••

y(1) = (V(I) V(I) V(I) ••• v(I) ••• )
o , 1 , 2' ,t,

y(2) - (v(2) V(2) v(2) .•• V(2) ••. )
o , 1 , 2' ,t, (2.49)
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In systematic form, v(O) is the parity check sequence and v(i) = c(i), for 1 ~ i ~ k.

The k + 1 output code sequences satisfy the following parity-check equations:

(2.50)

The parity-check bit at the t-th time unit is

(2.51)

Let us now consider the TCM encoder/modulator. The convolutional encoder to

gether with the n - k (uncoded) input lines may be regarded as a rate-n/n + 1

convolutional encoder which generates a rate-n/n+ 1 systematic convolutional code.

At time t, the output code block is

The code sequence is then

(
(0) (1) (n»)v, = Vt , v; ,"', v; (2.52)

(2.53)

This code sequence is then mapped into a sequence of signal points by the signal

mapper. This sequence is a path in the TCM code trellis.

2.4.6 Evaluation of Free Minimum Squared Euclidean Dis
tance

Let

and

U=(UO,Ut,···,Ut,···)
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be two distinct code sequences of the rate-nfn + 1 convolutional code. Since the

code is linear, there exists a unique nonzero code sequence

e = (eo, el, ... , et, ... ) (2.56)

such that e = u +v. We regard u., Vt and et as labels for the signal points in

S. Then the distance between two signal points labeled by u, and v, is equal to

the distance between the signal point labeled by et = u, +Vt and the signal point

labeled by the zero sequence 0 = (0,0,' ",0), i.e.,

(2.57)

The distance £i2(et, 0) is called the squared Euclidean weight of the signal point

labeled with et, denoted w(e.). Hence, the distance between U and v is

d2(u ,v) ~ L: d2(ut,v.) = L: w(et) ~ wee)
t t

(2.58)

Suppose that Ut and Vt agree in the first it positions but disagree at the (it +1)-th

bit iti . (j) (j) c 0 <:» . d (i,)...J. (i,) Th th fi . I di1 POS1 ion, i.e., u; = Vt lor _ J < Zt an ii; I Vt. en, erst Zt ea mg

bits of et are zero and e~i,) = 1. Thus, we have

(2.59)

where Ori,H) is the (it + I)-distance parameter of S. Now, let e be a nonzero code

sequence which is not parallel to the all-zero sequence in the TCM code trellis. Let

it be the maximum length of the prefix of et which consists of zeros, i.e.,

e (O) - e(l) - ... - e(i,-l) - 0t-t- -t -

and e~i,) = 1. Then the squared Euclidean weight of e is

wee) 2: L:O[iIH)
t
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It follows from the definition of tiiree and (2.58) that

dlree = min{w(e)} (2.62)

where the minimization is over all the nonzero code sequences which are not parallel

to the all-zero code sequence O. Based on the theory of convolutional codes, the

minimization can be carried out over all the nonzero code sequences e which diverge

from the all-zero sequence 0 at time 0 and remerge with it at a later time (not

through parallel transitions). Equations (2.46) and (2.62) give the free minimum

squared Euclidean distance of a TCM code.

2.4.7 Search for Optimum TCM Codes

For a given sequence of distance parameters, 8~ :$ 8i :$ ... :$ 8~+2' a signal constel

lation and a chosen memory order m, a convolutional code with the largest possible

value of tiiree can be found by computer search to find the k + 1 parity-check se

quences which satisfy the parity-check equation of (2.50). The most important rule

followed in the code construction is: The 2k branches diverging from or merging into

a node in the coset code trellis should correspond to the 2k (k + 1)-th level cosets

which are contained in one of two first level cosets, Q(O) or Q(l).

2.4.8 Optimum TCM Codes over Multi-dimensional Sig
nal Constellations

Pietrobon et. al. [21] proposed a technique for constructing TCM codes over multi-

dimensional signal constellations for the AWGN channel. Their construction tech

nique is very similar to Ungerboeck's search technique, with the only difference that

different distance parameters, 8~, 8i, ... are used. The distance parameters depend

upon the choice of the multi-dimensional constellation used in the construction of

the multi-dimensional codes.
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2.5 Modulation Code Performance Criterion for
AWGN and the Rayleigh Fading Channels

The previous sections of this chapter were focused on construction of modulation

codes for the AWGN channel. As was pointed out earlier, for modulation codes

over the AWGN channel, the main parameter of interest is the minimum squared

Euclidean distance between transmitted code sequences. If the channel is changed

to a Rayleigh fading channel, the codes designed for the AWGN channel no longer

perform well, simply because the design parameters of a modulation code which

need to be optimized for the Rayleigh fading channel are different from that for the

AWGN channel. In this section, we will discuss the parameters of a modulation

code which need to be optimized for good performance over the AWGN and the

Rayleigh fading channels.

We will first define some important distance parameters of a modulation code.

Let C be a modulation code with signals from a certain modulation signal space S.

The error performance of C depends on several distance parameters. Let 4(x,y)

denote the squared Euclidean distance between two code sequences, x and y, in C.

The minimum squared Euclidean distance of C, denoted 4[C]' is defined as follows:

dHC] ~ min{dHx,y) : x,y E C and x -:f y} (2.63)

The symbol (or Hamming) distance between two code sequences x and y, denoted

bH(X, y), is the number of different symbols between the two sequences. The min

imum symbol distance of C, denoted bH[C], is defined as the minimum symbol

distance between any two code sequences in the code. The product distance between

x and y denoted by ~;(x, y) is defined as follows:

n

~;(x,y) = II dHxk' Yk)
k=l,Xk"l-Yk
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where dk(Xk, Yk) is the squared Euclidean distance between k-th signals, Xk and Yk,

of x and y. The minimum product distance of C, denoted ~;[C], is the minimum

product distance between any two code sequences with symbol distance 8H[C] in

the code.

For the AWGN channel, the error performance of a code depends primarily on its

minimum squared Euclidean distance and path multiplicity [30]. For the Rayleigh

fading channel, the error performance of a code depends primarily on its minimum

symbol distance, minimum product distance and path multiplicity [8]. It depends

on the minimum squared Euclidean distance to a lesser extent.

Let v be a code sequence in C. If v is transmitted over the AWGN channel,

the error event probability that this code sequence is decoded into another code

sequence v'is upper bounded by the following expression:

P(v~ v') s Q(V4;(v, v ')/2u) (2.65)

where u 2 is the noise variance and Q(.) denotes the Q function from probability (

it should not be confused with the cosets mentioned earlier in this chapter ). The

Q function is defined as follows:

6100

1Q(x) = ~exp(-y2/2)dy
x y21r

(2.66)

If dk[C] denotes the minimum squared Euclidean distance of the code, and N[C] is

the average number of codewords at a squared Euclidean distance from any trans-

mitted codeword, then using (2.65) and the union bound, the error event probability

for large signal to noise ratios can be approximated to be:

P(error) ~ N[C] . Q(Vdk[C]/2u)
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On the other hand, the corresponding error event probability for the Rayleigh

fading channel is upper bounded by the following expression:

(2.68)

where K denotes a constant. A straightforward application of the union bound

to (2.68) would give us the asymptotic error event probability expression for the

Rayleigh fading channel. The expression (2.68) assumes slow fading, coherent de-

tection, no channel state information, independent symbol fading and minimum

squared Euclidean distance as the decoding metric. Slow fading implies that the

fading varies from symbol to symbol, however is fixed for duration of each symbol

interval. We also assume that the fading affects only the amplitude of the signal

and leaves the phase unaltered ( or if the phase is altered it can be tracked ). Even

though minimum squared Euclidean distance is not the optimum decoding metric

for the Rayleigh fading channel, most researchers use it, since the decoding of the

code is easy using this technique. Independent symbol fading means that the fad

ing experienced by the symbols is independent of each other. Independent symbol

fading helps in improving the performance of the system. Independent fading is usu

ally achieved by infinite interleaving. Most practical systems use a finite interleaver,

however if the interleaving depth is large enough, the fading experienced by symbols

can be assumed to be almost independent. Channel state refers to the amount of

fading the channel is experiencing at a certain instant. In most cases, knowledge

of the channel state is difficult, and as such assuming that the channel state infor

mation is unknown is a very valid and practical assumption. All the results that

have been derived in this dissertation assume no channel state information. If on

the other hand, channel state information is known, the performance of the system

improves, however the general nature of the error event expression remains the same
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as in (2.68). All the simulations for the Rayleigh fading channel codes constructed

in this dissertation have been carried out under the aforementioned assumptions.

As can be seen from expressions (2.65) and (2.68) the parameters of interest

for code design for the AWGN and the Rayleigh fading channels are different. In

either case, the parameters of the modulation code need to be chosen such that the

appropriate error event expression is minimized.

To clarify the concepts given above, let us consider the special case of the a

3-level BCM code over 8PSK. Let C = A[C1 *G2 *C3] , where G1, G2 and C3 are the

three binary component codes. Also, let the minimum Hamming distances of C, be

di for 1 :::; i :::; 3. Recall, from the pervious sections, that the distance parameters

obtained from the set partitioning process for 8PSK are: 8; = 0.586, 8~ = 2.0 and

8~ = 4.0. The distance parameters of the above 8PSK modulation code can be

expressed in terms of the minimum Hamming distances of its component codes and

are given in the following distance theorem:

Distance Theorem: Let ~[C], 8H[G] and .6.;[G] denote the minimum squared

Euclidean distance, minimum symbol distance and minimum product distance of

the 3-level 8PSK code, G = >'[C1 *C2 * G3 ], respectively. Then 4;[G], 8H[G] and

.6.;[C] are given as follows:

(1) 4;[C] = min{8fdi : 1 ~ i ~ 3}

(2) 8H [G] = min {di : 1 :::; i s 3}

(3) Let k be the smallest integer in the index set I = {1, 2, 3} for which 8k = 8H[C].

Then
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Proof of Distance Theorem: The proof of (1) above can be found in [16] and

the proofs of (2) and (3) can be in found in [34].

From the expressions for the minimum squared Euclidean distance and prod

uct distances of a multilevel modulation code given by (1) and (3) of the distance

theorem, it is clear that the intra-set distances should be kept as large as possible

during the signal set partitioning and labeling process. The distance theorem pro

vides general guidelines for constructing good multilevel modulation codes for both

the AWGN and fading channels. For the AWGN channel, the error performance of

a modulation code depends mainly on its minimum squared Euclidean distance. In

this case, expression (1) of the distance theorem should be used as a guideline for

code construction. For a given minimum squared Euclidean distance, the compo

nent codes should be chosen to maximize the spectral efficiency and minimize the

decoding complexity and path multiplicity. For the Rayleigh fading channel, the

error performance of a modulation code depends strongly on its minimum symbol

and product distances. Both these distances should be as large as possible, and they

play different roles in determining the error performance of a code. At low SNR, the

minimum product distance is more important, whereas at high SNR, the minimum

symbol distance becomes more important [8]. In designing modulation codes for the

Rayleigh fading channel, expressions (2) and (3) of the distance theorem should be

used as the design guidelines.

Note, the above distance theorem would hold if the entire modulation code is de

coded in a single-stage. If multi-stage decoding is adopted, similar to that described

in section 2.3.5, then the performance of each decoding stage ( excluding the effects

of error propagation ) would depend on the distance parameters of that particular

stage only. The distance theorem, associated with the i-th stage of decoding, where

1 :::; i :::; 3, would then be modified to:
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(1) d1£[i-th stage] = Sld i

(2) SH[i-th stage] = di

(3) ~~[i-th stage] = (Sl)di

The conditions for optimal performance over the AWGN and the Rayleigh fading

channels discussed above, apply to TCM codes also.
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Chapter 3

Branch Distance
of Convolutional Codes

In this chapter, we will present a new concept denoted branch distance of convolu

tional codes, which will be used extensively in the next two chapters. Note, that in

the following, a zero branch of a convolutional code will refer to a branch in the

trellis of the convolutional code with all the coded bits on the branch being zero.

Definition 1: For two code sequences U and v in a binary linear convolutional

code, the branch distance between them, denoted db(u, v), is defined as the number

of branches in which u and v differ ( or equivalently this is simply equal to the

number of non-zero branches in u E9 v, where E9 denotes binary addition ).

Definition 2: For a code sequence u in a binary linear convolutional code, the

branch weight of u denoted Wb(U) is simply the number of non-zero branches in u

( or equivalently Wb(U) is the branch distance between u and 0, where 0 refers to

the all-zero code sequence, i.e., Wb(U) = db(u, 0)).

Definition 3: The minimum free branch distance of a convolutional code C, de

noted dB-free is the minimum branch distance between any two code sequences,

i.e.,

dB-free ~ min{db(u, v) : u, v e O and u f. v}
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Theorem 3.1: For a rate kin feedforward binary linear convolutional code of total

encoder memory " it's minimum free branch distance (dB-free ) is upper bounded

by 1+ blkJ.
Proof: Let the k inputs to the encoder be denoted as 11,12 , ••• ,h and let the

encoder memories associated with the input I, be Ii for 1 :5 i :5 k. Let min{Wb( uj}

denote the minimum branch weight among all the code sequences associated with

the binary linear convolutional code. Let the index of the minimum of the Ii be j,

i.e., min7=1 Ii = "ti- Consider that the binary sequence (1,0,0,·" ) is fed into the

input Ii and the all zero sequence (0,0,0, ... ) is fed into the remaining inputs. The

branch weight of the resulting code sequence is upper bounded by 1 + Ii' Hence,

min{Wb( un :5 1 + Ii, Since the code is linear, this also corresponds to an upper
k

bound on the minimum free branch distance, i.e., dB-free :5 {I + rplr Ii}. Given any
k

I and k, the idea is to maximize dB-free' Hence, max(dB_free):5 max{l +~n lil,
"'(,k "'(,k 1-1

k
i.e., the best dB-free for a given I and k is :5 {I +max{~n,d}. It is readily seen

"'(,k 1-1
k

that the value of max{ 111in Id is b IkJ.
"'(,k 1=1

Theorem 3.2: If dB-free = 1+ b /kJ, then NB-free' the number of codewords with

branch weight dB-free' is lower bounded by (2P - 1) where p is the number of inputs

of the convolutional encoder which have an encoder memory of l,/kJ associated

with it.

Proof: Let ei denote the binary sequence (1,0,0, ... ) i.e., 1 followed by the all zero

sequence and let eo denote the all zero binary sequence (0,0,0,' .. ). Consider any

non-zero code sequence u. Then Wb(U) ~ 1+ l,/kJ. Let the p inputs which have an

encoder memory of b /kJassociated with it be Ii for 1 :5 j :5 p. Consider that eo is

fed into the inputs Ii for p+ 1 :5 j :5 k. Consider that the inputs Ii for 1 :5 j :5 p can
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take only one of the two sequences eo or el. Then the convolutional encoder under

this constraint has (2P - 1) distinct non-zero input sequences. Each of the (2P - 1)

sequences will have branch weight :5 1 + b / kJ. Since dB-free = 1 + l'Y/ kJ, each of

the (2P-1) sequences thus have branch weight 1+h/kJ. Hence, NB-free ~ (2P -1).

6.6.

A binary linear feed-forward convolutional code is said to be optimal in terms

of branch distance if it achieves the upper bound as stated in Theorem 3.1 for a

given 'Y and k. Also, a code is said to be optimal in terms of the free Ramming

distance (dR-free) if it achieves the maximum dR-free possible for a given 'Y, k and

n as specified in [18]. Note from Theorem 3.1, for a given dB-free' higher encoder

memory is required to achieve the same dB-free as k increases, i.e., given a certain

fixed dB-free' there is a tradeoff between complexity and rate. In addition, as is

shown in Theorem 3.2, NB-free also increases as the rate increases and hence there is

also a tradeoff between rate and performance. A search has been performed on rate

1/2, 2/3 and 3/4 codes to find the best ones in terms of dB-free and NB-free (i.e.,

maximize the minimum free branch distance and minimize the number of nearest

neighbors ). The results are given in tables 3.1, 3.2 and 3.3.

An important point to note is that codes optimum in terms of branch distance

may not be optimum in terms of the free Ramming distance dR-free. For small

values of 'Y, it was observed that codes optimum in terms of branch distance are

also optimum in terms of dR-free' however, the same does not hold for higher values

of 'Y. From table 3.1 we notice that up to 'Y = 7, the search yields a code which

meets the upper bound in terms of dB-free' however from that point on the best

codes start falling short of the upper bound by 1. Codes shown in tables 3.2 and

3.3 meet the upper bound, however as the complexity increases, NB-free also starts

51



Table 3.1. Optimum branch distance rate 1/2 codes

G - - - -

1 I 4
)R 2 1 2 1

2

2 I
5

)R 3 1 3 1
2

3 I 5
4 1 5 1

64 R
4 I 44 ) 5 2 5 1

32 R
5 I 62

)R 6 2 7 3
35

6 I
51

7 4 8 2
664

"
7 I

344

)" 8 6 9 2
532

8 I
622

)" 8 1 10 4
575

9 l 355
)R 9 1 11 2

6244

10 3576 ) 10 3 12 2
6322 "

t : Total encoder memory
t : Minimum free branch distance
t:::. : Number of codewords with branch distance dB-free
II : Free Hamming distance
* : Number of codewords with Hamming distance dH-free
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Table 3.2. Optimum branch distance rate 2/3 codes

G - - - -
2 ( 6 2 6

)R 2 4 3 2
2 4 4

4 ( 0 4 3 ) 3 5 3 1
750 R

6 I
0 54 64 ) 4 7 6 3
54 74 14

R

8 I
76 26 46 ) 5 14 6 1
64 0 36 R

10 I 75 57 0
IR

6 30 6 1
66 64 55

Table 3.3. Optimum branch distance rate 3/4 codes

G - - - -

(i 6 6

D.3 6 2 2 11 3 3
2 2

U
1 0 n.6 7 1 3 16 5 8
5 6

C4 2 34
o )9 44 7 74 74 4 30 5 1

54 0 4 74 R

t : Total encoder memory
i : Minimum free branch distance
l::. : Number of codewords with branch distance dB-free
II : Free Hamming distance
* : Number of codewords with Hamming distance dH-free

53



increasing. Also listed in the tables is the dH-free' the free Hamming distance of

the code and NH-free' the number of codewords with dH-free. The code generators

in the tables have been listed in octal! with the lowest degree on the left and the

highest on the right, e.g., (622)s == 1 +D + D4 + D7 • As an example, consider the

8th code listed in table 3.1. This is a rate-l/2 convolutional code with generators

1 + D + D4+ D7 and 1+D2 +D3 +D4+D5+ D6 + DS and dB-free = 8.

1 Let z , y and z denote 3 binary bits. Then, the octal representation of xyz is 4·;r; + 2· y + z
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Chapter 4

Multi-dimensional MPSK
TCM Codes

In this chapter, we will present a simple and systematic technique for construct

ing multi-dimensional MPSK codes. The proposed construction technique can be

used to construct good codes for both the AWGN and the Rayleigh fading channel.

The proposed multi-dimensional MPSK codes are constructed using a q level

concatenation approach as shown in figure 4.1. Outer codes in the multi-level con

catenation may be either block or convolutional, binary or non-binary. However, in

this dissertation we will consider binary convolutional codes as the outer codes.

4.1 Code Construction

Outer Codes:

The outer code, Gi , at the i-th level for 1 $ i $ q is chosen to be a convo

lutional code of rate kdni with optimum branch distance for the given rate and

state-complexity. The parameters k; and ni depend upon the choice of the inner

codes, as will be clear after the discussion of inner codes. Each outer code is se

lected from the tables mentioned in chapter 3. The reasons for selecting an optimum
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branch distance convolutional code will be clear after the discussion on theorems

4.1,4.2,4.3 and 4.4.

Inner Codes:

Let 8 denote the two-dimensional MPSK signal constellation which consists of

21 signal points. Let S": denote the set of all m-tuples over S, where m is a positive

integer. Since S is a two-dimensional signal space, S": is an m x 2-dimensional

signal space in which each signal point is a sequence of m MPSK signals. In the

construction of multi-dimensional trellis MPSK codes, the signal space is chosen as

a subspace of S'"; denoted Ao. We choose Ao to be a block modulation code, the

construction of which was explained in chapter 2.

For 1 ~ i ~ t, let CO,i be a binary (m, kO,i, OO,i) linear block code of length m,

dimension kO,i and minimum Hamming distance OO,i. Using notation developed in

chapter 2 for block modulation codes, let

Ao = ),(COI1*CO,2* ... *CO,l) (4.1)

where). denotes the bits-to-signal mapping. In this dissertation, we will use). to be

the mapping specified by Ungerboeck [30]. Let CO,l *CO,2* ... *CO,l be denoted by

no. Then Ao = ).(no). no has 2ko,I H o,2+ ···HO,l vectors. Hence, the dimension of no

is (10 = kO,l +kOl2+ ... +kO,l • Recall, that for 1 ~ i ~ q, ni denotes the number of

output coded bits of the convolutional encoder at the i-th stage of encoding. Choose

n1 + n2 + ... + n q = kO,l +kOl2+ ... + kOll = (10 (4.2)

Suppose Ao has minimum squared Euclidean distance ~6 and minimum symbol

distance o~. The minimum symbol distance of Ao is given by [8]:

o i.
0H = mmOOi

i=l I
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In the following, the subspace Ao of S": will be used as the signal space for

constructing multi-dimensional trellis MPSK codes. Before presenting the code

construction, we need to define a subspace of no for partitioning no. For 1 :::; j :::; (,

let C1,i! C2 ,il "', Cq ,; be a sequence of linear subcodes of Co,; such that

Cq,; S;;; Gq- 1,; S;;; ••• S;;; C1,; S;;; Go,;. (4.4)

Let ki,; be the dimension and Oi,; be the minimum Hamming distance of Ci,; for

1 :::; i :::; q. Then c., is an (m, ki,;, Oi,;) code. For 1 :::; i :::; q, define n, to be as

follows ( again, we use the same notation as in chapter 2) :

n i = Ci,l *Ci,2 * ... * Gi,l

The dimension of this code is

a, = ki ,l + ki ,2 + ... + ki,l

It is clear that for 1 :::; i :::; q,

(4.5)

(4.6)

(4.7)

It follows from (4.7) that nil n 2 , "', n q form a sequence of subspaces of no and

(4.8)

For 1 s i :::; q, let

(4.9)

Then, Ai is a subspace of 8m with dimension, dim(Ai) = ai. Let the minimum

squared Euclidean distance of Ai be .6.~ and minimum symbol distance be ok.
Equations (4.8) and (4.9) imply that A1 , A2 , "', Aq form a sequence of sub

spaces of Ao and

(4.10)
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Suppose the binary codes c., with 1 :5 i :5 q and 1 :5 j :5 eare chosen such that

(4.11)

It follows from (4.2) and (4.11) that

0"1 = n2 +n3 +...+ nq

0"2 = n3 +... +nq

O"q-l = nq

O"q = 0

0 0 and its subcodes n1 , O2, ••• ,Oq are used to form a sequence of coset codes [10].

Let VI *V2 * ... *Vi be a vector in 0 0 but not in 0 1 , Then

VI *V 2 * ... *Vi + 0 1 (4.12)

is a coset of 0 1 in no and VI * U 2 * ... * V l is called the coset representative.

Recall nl = 2:f=1 (ko,; - kIt;). Hence, there are 2n 1 cosets of 0 1 in 0 0. These 2n 1

cosets of 01 form a partition of no. Let 00/01 denote the set of cosets in no modulo

0 1 • 0 0/01 is called a coset code. Let [Oo/OIl denote the set of coset representatives

of the coset code 00/01 , Hence, 00/01 = [00/01] + 0 1. 0 1 can be further

partitioned using O2 , in the same way as is outlined above. Partitioning each coset

of 0 1 in 0 0 on the basis of O2, we form the coset code 00/0t/02. Let [0I/n2] denote

the set of coset representatives in the partition nt/02' Hence each coset in the coset

code 00/01/n2 can be written in the form [Oo/OIl + [0t/02] + O2. Proceeding

in this manner, we form the following sequence of coset codes.

B1 = Oo/fh
B2 = 00/n1/02

For 1 :5 i :5 q, each coset in

(4.13)
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consists of 2n j cosets modulo !1i. These coset codes are used as the inner codes in

the multi-level concatenation in which B1 is used at the first level and Bq at the

q-th level.

Let Wo and w~ be two distinct points in no. If these two points are in two distinct

cosets of B1 then the squared Euclidean distance between s = A(Wo) and s' = A(W~)

is at least ~5 ( the minimum squared Euclidean distance of Ao ). If the two points

Wo and w~ are in the same coset of B1 but distinct cosets of B2 , then the squared

Euclidean distance between sand s' is at least ~~ ( the minimum squared Euclidean

distance of AI). Generalizing in this manner, it is easy to see that if the two points

Wo and w~ have identical coset representatives in Bj for 1 ~ j < i, but distinct coset

representatives for B, then sand s' have a squared Euclidean distance of at least

~~-l ( the minimum squared Euclidean distance of Ai-I). Hence, B1 is the least

powerful and B q is the most powerful coset code in terms of Euclidean distance.

The same arguments as above will also hold if the minimum squared Euclidean

distance at each stage is replaced by the corresponding minimum symbol distance.

Encoding:

Encoding is accomplished in q stages and for 1 ::; i ::; q, the i-th level encoding is

accomplished in two steps: (1) At any time instant t, a message of k; bits is encoded

based on the convolutional outer code C, into an ni-bit coded block; and (2) The

ni-bit code block then selects a coset from the coset code B; = no/nI/·· . /ni.

The output at the i-th level encoder is a sequence of cosets from Bi. All the

possible coset sequences at the i-th level form a trellis, and each branch in the

trellis corresponds to a coset in Bi, and this trellis is isomorphic to the trellis of

Ci • Let Vi denote a code sequence in the convolutional code O, and let <Pi denote

the mapping from the ni coded output bits of the convolutional code to the 2n j

cosets. Hence, <Pi(Vi) denotes the sequence of coset representatives at the i-th stage
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of encoding, corresponding to the code sequence vi. Hence, any code sequence in

the m x 2-dimensional TCM code can be written in the form

(4.14)

At every time instant t, the encoder puts out m MPSK signals.

A very interesting and special case of the proposed codes occurs when q = 2 and

the second level outer code is left uncoded, as shown in figure 4.2.

This structure is equivalent to the structure used for the construction of the

multi-dimensional codes in [21]. A computer search was used in [21] to find the

convolutional code to be used at the first level. The computer search selected a

convolutional code which optimized the multi-dimensional code both in terms of

Euclidean distance and number of nearest neighbors.

Definition 4.1: A multi-dimensional code is said to be linear with respect to binary

addition, if for any two code sequences in the multi-dimensional code,

(4.15)

and

v = ).(¢l(Vl) + ¢2(V2) + ... + ¢q(vq )) , (4.16)

t::.
UEBV = ).((¢1(Ul)+¢2(U2)+ ... +¢q(Uq ) ) + (¢1(Vl)+¢2(V2)+··· +¢q(Vq )) )

(4.17)

is also a code sequence, where Ui and Vi for 1 ~ i ~ q denote output code sequences

of the convolutional code encoder C, at the i-th level.

Linearity of the code ( in terms of binary addition) simplifies the error analysis

and in addition leads to a simpler encoder and decoder.

The above structure leads to the following theorems on the linearity, minimum

squared Euclidean distance and minimum symbol distance of the proposed multi

dimensional TCM codes.
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Theorem 4.1: A multi-dimensional code is linear with respect to binary addition

if all the mappings ¢>i, for 1 $ i $ q are linear.

Proof: Recall, that any code sequence in a multi-dimensional TCM code can be

written in the form

(4.18)

where Vi for 1 $ i $ q denotes the output code sequence of the convolutional code

C, at the i-th level. The proof then follows trivially from the definition of linearity.

Theorem 4.2: The minimum free squared Euclidean distance of a coset trellis code

at the j-th level, for 1 $ j $ q is lower bounded by

D 2 > ~2 d(j)
(i), free - j-I' B-free

Proof: Consider two distinct code sequences,

and

(4.19)

(4.20)

(4.21)

where Ui and Vi for 1 $ i $ q denotes two output code sequences of the convolutional

code C, at the i-th level. Assume that Ui = Vi for 1 $ i < j and Uj # Vj. At a

particular time instant t, let >.(w) and >.(w') be the corresponding transmitted signal

points for U and V respectively, where wand w' E no. Since Ui = Vi for 1 $ i < j

and Uj # Vj, hence wand w' have identical coset representatives in B, for 1 $ i < j

and hence the minimum squared Euclidean distance between >.(w) and >.(w') is at

least ~;_I' Since the convolutional code at the j-th level of encoding has minimum

free branch distance d~~free' hence the two sequences Uj and Vj are distinct in at
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least dB(i) f branches. Therefore, the squared Euclidean distance between U and- ree

V is at least ~~-1 • dW-free'

Theorem 4.3: The minimum free squared Euclidean distance of the overall TCM

code is lower bounded by

D2 > min {~~ . ii) }
free - l:S;i:S;q ,-I B-free (4.22)

Proof: Consider two distinct code sequences U and V. Using the same notation

as developed in theorem 4.2, consider that Ui = Vi for 1 :5 i < j and that Uj # V}

Then theorem 4.2 gives us the minimum squared Euclidean distance between the two

sequences. Since j is arbitrary, the minimum squared Euclidean distance between

the two sequences is obtained by taking the minimum over all the q levels, i.e., if

DHU, V) denotes the squared Euclidean distance between the two sequences U

and V, then

DHU, V) 2:: min {~~-l . dB(i)f }
l:S;,:S;q - ree

Since U and V are any two sequences, the theorem follows.

(4.23)

Theorem 4.4: The minimum symbol distance of the overall TCM code is lower

bounded by

c > . { ci d(i) }
UH _ mm UH' B f

l:S;,:S;q - ree (4.24)

Proof: The proof is similar to that in theorem 4.3, with the only difference that

instead of minimum squared Euclidean distance we now consider minimum symbol

distance.
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4.2 Properties

4.2.1 Spectral Efficiency

At each encoding time instant, k1 + k2 + ... + kq bits are fed into the encoder

(figure 4.1), and the corresponding output is m MPSK signals. Hence the spectral

efficiency is :

(k1 + k2 +...+kg) / m

4.2.2 Phase Invariance

bits/symbol

Phase symmetry of a code is important in resolving carrier-phase ambiguity and

ensuring rapid carrier-phase resynchronization after temporary loss of synchroniza

tion [31]. It is desirable for a modulation code to have as many phase symmetries

as possible.

Recall, that the proposed multi-dimensional modulation codes are constructed

using q convolutional codes and q + 1 basic i-level block modulation codes (figure

4.1). The phase invariance of the proposed codes is a function of both the inner codes

and the outer codes. If convolutional codes are used at all the q levels, the phase

invariance of the constructed modulation codes would depend upon the structure of

the convolutional codes used, and for most cases the constructed modulation codes

would have no phase invariance. A special case of the proposed codes occurs when

the outer code at the q-th level is left uncoded ( figure 4.2 shows this special case

for q = 2 ). Most of the codes constructed using this special case do have phase

invariance. Kasami et. al. in [15] derived conditions on phase invariance of basic

i-level block modulation codes. A slightly modified form of the conditions proposed

in [15] will be applicable to the proposed codes.
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The following theorem gives the conditions for the proposed modulation codes

to be phase invariant under rotation for this special case..

Theorem 4.5: Let Ao = -X( CO,l *CO,2 * ... *CO,l) and let Aq- l = -X( Cq-l,l *Cq-l,2*
... * Cq-l,l), where CO,i and Cq-l,i for 1 ~ i ~ £ are binary linear block codes of

length m. For 1 ~ h ~ £, the multi-dimensional MPSK TCM code is phase invariant

under 1800/21- h phase shifts if:

1 E Cq-l,h and

CO,h . CO,h+! ... CO,i-l ~ Cq-l,i for h < j ~ £

(4.25)

(4.26)

where 1 denotes the all-one binary sequence of length m, and for two-binary m-tuples

t::.
a = (a},a2' ... am) and b = (b},b2, ... bm), a· b = (al' b},a2' b2, ... ,am' bm),

where ai . bi, for 1 ~ i ~ m denotes the logical product of ai and bi.

Proof: Appendix A

If the outer code at the q-th level is left uncoded, sequences of signal points from

Aq- l are valid code sequences. The best phase invariance that can be achieved for

the overall multi-dimensional code in this case is equal to the phase invariance of

Aq- l . The conditions as stated in theorem 4.5 provide a set of conditions which

guarantee a certain phase invariance for the overall multi-dimensional MPSK TCM

code independent of the convolutional codes chosen. Most codes designed using the

proposed technique, do achieve the best possible phase invariance (i.e., of Aq- l ).

4.3 Multi-stage Decoding Algorithm

One obvious way of decoding a TCM code proposed in section 4.1 is to form a super

trellis for the code, which is obtained by taking the direct product of the trellises

of the convolutional codes at the q levels. The complexity associated with this

technique ( for most cases ) would be tremendous. We will focus on a multi-stage
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decoding scheme, in which the decoding is carried out in q stages, corresponding to

the q levels of the multi-dimensional TCM code.

Let V = (81,82,83,' •• ) be the transmitted code sequence, where s, for 1 $; i $; 00

denotes a signal point in the MPSK signal constellation and let R = (rl' r2, r3,"')

denote the corresponding received sequence. Using (4.14), V can be written in the

form

(4.27)

where Vi for 1 $; i $; q denotes a code sequence in the convolutional code at the i-th

level, c;

First stage of decoding:

At the first stage VI is estimated using the received sequence R. Recall, that at

the first stage of encoding, the trellis is isomorphic to the trellis of the convolutional

code Cl used at the first level, with each branch of the trellis corresponding to a

coset in B l • Each coset in B1 can be written in the general form Wo +nI, where

Wo E [nO/nl ] . Let us call this isomorphic trellis C1• Hence, each branch of C1

consists of 2,,"1 points, corresponding to the 2,,"1 points in nl • The trellis C1 is used

to form the trellis >.(Cd, where

- A ->'(Cd = {>.(v) : V E Cd. (4.28)

The trellis >.(( 1 ) will be used for decoding at the first stage. Any code sequence in

>.(Cd can be written in the form

(4.29)

where UI is a code sequence in C1 and WI is a sequence of points from n1 , i.e.,

(4.30)
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Standard soft-decision Viterbi decoding'' is performed on R using the trellis

.\(Cd. This yields a code sequence .\(</>1 (h) +wd in .\(t\) which is closest to the

received sequence R in terms of squared Euclidean distance. The code sequence

VI forms an estimate of the sequence VI. WI denotes a sequence of points from

0 1. Since VI is a code sequence in 01, the estimate of the information sequence

associated with the first level can be obtained from VI'

The i-th stage of decoding:

The second and subsequent stages of decoding are very similar to the first stage

of decoding. For 2 :5 i :5 q, let us consider the i-th stage of decoding. The previous

i-I stages of decoding give us estimates of Vj, denoted by vi for 1 :5 j :5 (i - 1).

Using arguments similar to that given above, we form the isomorphic trellis c..
where any code sequence in Ci can be expressed in the general form

(4.31)

where Ui is a code sequence in the convolutional code at the i-th level, OJ and Wj is

sequence of points from OJ. Each branch of c. consists of 211
; points, corresponding

to the number of points in OJ. The trellis c. is used to form the trellis .\(Ci), where

- l:>. -.\(Oi) = {.\(v) : V E Cd. (4.32)

The trellis .\(Cj ) will be used for decoding at the i-th stage. Standard soft-decision

Viterbi decoding is performed on R using the trellis .\(Ci ) . This yields a code

sequence

(4.33)

in .\(Ci ) which is closest to the received sequence R in terms of squared Euclidean

distance, where Vi is a code sequence in the convolutional code used at the i-th level,

2We will use minimum squared Euclidean distance as the decoding metric for both the AWGN
and the Rayleigh fading channel.
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Ci, and Wi is a sequence of points from n i . The code sequence Vi forms an estimate

of the sequence Vi. Since Vi is a code sequence in Ci, the information sequence

associated with the i-th level can be obtained from Vi.

The branch metric ( squared Euclidean distance) for each branch in A(Ci ) , 1 $

i $ q is calculated by taking the m received signals corresponding to that branch

and finding the element in the coset corresponding to that branch, which is closest

to the m received signals in terms of Euclidean distance. This process of finding

the closest element in the coset is termed as closest coset decoding. The Euclidean

distance corresponding to the closest element in the coset becomes the branch metric.

If m is small, calculation of the branch metric does not represent a formidable task,

however if m is large and if ni , 1 $ i $ q has trellis structure then a trellis can be

used to calculate the branch metric. In addition, if the number of states associated

with the trellis structure of ni is big, multi-stage decoding for n i can be used to

further reduce the decoding complexity. Multi-stage decoding of ni would be carried

out in the same way as proposed in [23, 25] ( refer section 2.3.5 ).

Another way of reducing the decoding complexity associated with closest coset

decoding would be as follows: Consider a trellis 6~up, where any code sequence in

the trellis 6~up can be written in the following form:

(4.34)

where w?u
p

is a sequence of points from n?u
p,

and the rest of the sequences are as

before. If n i C n?u
p

then the trellis c. is a subcode of the trellis C~uP. As such,

instead of using o. we can use C~up at the i-th stage of decoding. n?up can be

chosen to have a simpler trellis structure as compared to that of n i . This would

reduce the complexity associated with closest coset decoding and hence reduce the

decoding complexity associated with the i-th stage of decoding.
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Multi-stage decoding leads to error propagation. To reduce the effect of error

propagation, the first couple of decoding stages should be powerful.

A special case of the decoding algorithm occurs for q = 2 and k2 = n2. If closest

coset decoding at the first stage is carried out in a single-stage, then the overall

decoding of the multi-dimensional code is also one-stage. If m is small, then one-

stage closest coset decoding is feasible, however if m is large, multi-stage closest coset

decoding could be adopted to reduce the decoding complexity. The overall decoding

in the latter case would then be multi-stage.

4.3.1 Decoding Complexity with the Proposed Decoding
Algorithm

The complexity of the proposed schemes will be measured in terms of the number of

computations required for the decoder to produce an estimate of each 2-dimensional

PSK signal. For 1 ::; i ::; q , let Ii be the total encoder memory of the convolu

tional code used at the i-th level in the proposed scheme. Consider the i-th stage

of decoding. Then, due to the Viterbi algorithm alone, the complexity is 2"Yi+ki

additions and 2,,),i (2ki - 1) comparisons, per m x 2-dimensions ( since each branch

has m MPSK signals ). The branch metric calculation forms an additional com

plexity and depends upon the choice of the inner codes. Let us call this complexity

BCi' Hence the total complexity per m x 2-dimensions is: (1) E?=l 2"Yi+ki additions;

(2) E?=l 2"Yi(2k; - 1) comparisons; and 'LJ=l Bci . Dividing this total complexity by

m would give us the number of computations required per 2-dimensions (i.e., the

number of computations required to decode a single MPSK point ).
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4.4 Performance Analysis

In this section, we will derive a general expression for the bit-error-probability of

the multi-dimensional TCM code constructed in section 4.1.

For 1 :5 i :5 q, let Xi be a random variable, where the value of Xi denotes the

number of bit errors at the i-th decoding stage, at a particular time instant t. Hence,

o :5 Xi :5 ki. Then, the bit-error-probability of the multi-dimensional TCM code,

denoted Pb( e), is:

q q

Pb(e) = E (LXi)/Lki
i::::l i::::l

q

+ E (Xq )) / L ki
i::::l

(4.35)

(4.36)

where E (.) denotes the expectation operator. For 2 :5 i :5 q E (Xi) can be broken

up into two terms, the first one being the expected number of errors at the i-th stage

assuming that the previous i-I stages of decoding are correct and the second one

being the expected number of errors at the i-th stage due to erroneous decoding at

either one of the previous i-I stages of decoding, i.e., the error propagation term.

Hence,

E (Xi) = E (Xdlerror propagation

+ E (Xi)h-th stage error

where

E (Xi) lerror propagation

denotes the error propagation term and

E (Xi)li-th stage error

(4.37)

denotes the term due to erroneous decoding at the i-stage, assuming that the pre

vious i-I stages of decoding are correct. Hence, (4.36) can be rewritten in the
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following form:

q

Pb(e) = (~~)E (Xi)lerror propagation) +
i=2

q q

L:)E (Xi)li-th stage error))/ E ki
i=l i=l

(4.38)

Except for a few specific cases, it is not possible to obtain a general expression for

the expected number of bits in error due to error propagation. The expected number

of bits in error due to error propagation, depends on both the choice of the inner

codes as well as the outer codes, as will be shown in the examples to be discussed

later on in this chapter. As such, we will therefore derive a general expression for

the rest of the terms in (4.38).

Let V be the transmitted code sequence. Using (4.14 ) V can be written in the

form:

(4.39)

where Vj for 1 :::; i :::; q denotes a code sequence in the convolutional code at the i-th

stage, O;

For 1 :::; i :::; (q -1), let us consider the term E (Xdli-th stage error. Recall from

section 4.3, that at the i-th stage of decoding, we form the trellis >.(Oi), where a

code sequence in >.(C j ) is of the following form:

(4.40)

where Uj is a code sequence in the convolutional code at the i-th level, OJ, Wj is

sequence of points from Sl and for 1 :::; j :::; (i - 1), Vj denotes the estimate

of Vj. Since we are considering the term E (Xi)li-th stage error ,Vj = Vj for

1 :::; j :::; (i - 1). Also, since C, is a linear code, the code sequence Uj can be written

in the following form:

Uj = Vj + e
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where e is code sequence in Ci . As such, (4.40) can be rewritten in the following

form:

(4.42)

Say, that the decoder at the i-th stage of decoding decodes the code sequence as

sociated with the convolutional code to be Vi +e, and let the probability that the

event occurs be Pe. Then Pe is of the form given by (2.65) and (2.68) for the AWGN

and the Rayleigh fading channels respectively. Let Ie denote the number of non-zero

information bits associated with the sequence e. Then the expected number of bits

in error ( per decoding time instant ) due to the sequence e is:

t.. Pe (4.43)

Since e is any arbitrary code sequence in the convolutional code Gi , the total number

of bits in error at the i-th stage, E (Xi)li-th stage error is obtained by considering

all the possible code sequences and adding up all the terms of the form given by

(4.43), i.e.,

E (Xdh-th stage error ~ E t., Pe (4.44)
eeC i

where C, denotes the set of all the code sequences in the convolutional code, C«.

E (Xq)lq-th stage error depends on whether the q-th level of encoding uses a

convolutional code or is left uncoded. If a convolutional code is used at the q-th

level, then the expressions for E (Xq)lq-th stage error are the same as those derived

above. However, if the q-th level is left uncoded then E (Xq)lq-th stage error can

be upper bounded as follows:

E (Xq)lq-th stage error ~ BERq • kq (4.45)

where BERqdenotes the decoding error probability ( i.e., the block error probability

) for the last stage of decoding, i.e., the block of kq bits at the q-th stage of decoding
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would be declared to be in error if at least one of the bits is in error. The block

error probability would depend on the decoding algorithm used at the q-th stage,

i.e., single-stage or multi-stage. The block error probability can be calculated using

results of [16].

A very interesting and special case of the proposed codes occurs when q = 2 and

the second level outer code is left uncoded, as shown in figure 4.2. For this special

case, we can get a closed form expression for Pb(e). Using (4.36) and (4.37), Pb(e)

can be written in the following form:

Pb(e) = (E (XdI1-st stage error + E (X2)12-nd stage error

+ E (X2)lerror propagation)/(kl +k2 ) (4.46)

E (XdI1-st stage error can be derived using (4.44). E (X2)12-nd stage error can be

upper bounded as follows:

(4.47)

Let V be the transmitted code sequence. Then, using (4.14), V can be written in

the form:

(4.48)

where VI is a code sequence in the convolutional code used at the first level, C1 and

"'2 is a sequence of points from fh. Let the decoded code sequence associated with

the convolutional code be VI +e, where e is a code sequence in CI' Pe gives us the

corresponding probability of this event. Let wb(e) denote the branch weight of e.

Hence, the error sequence e will cause at most Wb( e) blocks of k2 bits at the second

stage to be in error, i.e., the number of bits in error at the second stage of decoding,

due to the error sequence e is :5 k2 • Wb ( e). Using arguments similar to those used to
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derive (4.43) and (4.44), E (X2)lerror propagation can be upper bounded as follows:

(4.49)

Upper bounds for the Rayleigh fading channel usually tend to be very loose, and

as such are not a true reflection of the performance of the system. Bounds for the

AWGN channel are comparatively tighter, and as such are more useful. As such,

for the codes constructed in this chapter, we will only derive bounds for the AWGN

channel.

For the results derived above, let us consider the special case when the channel

is AWGN. Let V given by (4.39) be the transmitted code sequence. Let V given

by (4.42) be the decoded code sequence. Let D~ denote the minimum squared

Euclidean distance between V and V. Since v j for 1 ~ j ~ (i - 1) are arbitrary,

D~ has been taken to be the minimum over all possible transmitted code sequences

for a fixed e. This is the worst case scenario, and as such the minimum squared

Euclidean distance D~ gives us an upper bound on the performance of the code.

Also, let Ne be the number of codewords at a squared Euclidean distance of D~

from V. The probability that V is decoded incorrectly depends upon both D~ as

well as Ne ( refer (2.65) ). The code sequences Vi and e can be written in the general

form:

and

V' = (vol Vo 2 ••• Vo ••• )1 I,", , 'liP'

e - (el e2 ... e ... )- " ,p,

(4.50)

(4.51)

where Vj,p and ep for 1 ~ p ~ 00 denotes the output sequence ( nj bits) of Vi and

e respectively at the p-th time instant. The minimum squared Euclidean distance

between V and V at the p-th time instant depends only on ep and let this squared
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Euclidean distance be denoted by D~p' Also, let Nep be the corresponding number

of nearest neighbors [21]. Then,

and
00

Ne = II«,
p=l

(4.52) and (4.53) can be evaluated using the technique proposed in [21].

4.5 Design Rules for Good Codes

(4.52)

(4.53)

Design of codes using the proposed technique is a very systematic process. The

performance of codes designed using the proposed technique, depends upon various

factors. If all the design considerations are followed strictly, the codes usually would

achieve good performance and in some cases, with reduced decoding complexity.

Some of the most important design considerations are:

(1) The number of levels, q, in the multilevel concatenation should be kept as low

as possible. The advantages of this are twofold. First, reducing the number

of encoding levels, would reduce the number of decoding stages and hence

reduce the decoding complexity. Secondly, reducing the number of decoding

levels also decreases the amount of error propagation which occurs as a result

of the multi-stage decoding. To reduce the error propagation due to multi-

stage decoding, the first few levels should be chosen extremely powerful, so

that the amount of error propagation is decreased. This however leads to

higher decoding complexity for the first few levels.

(2) The number of dimensions, i.e., m x 2, should be kept as low as possible.

As m increases the number of nearest neighbors associated with the code also
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start increasing, which limits the performance of the code. On the other hand,

increasing m usually helps in decreasing the normalized decoding complexity

associated with the code.

(3) Theorem 4.3 gives us the minimum squared Euclidean distance of the overall

multi-dimensional TCM code. For a given minimum squared Euclidean dis

tance of the TCM code, dB-free of the convolutional codes chosen to form

the multi-dimensional TCM code should be chosen to be as small as possi

ble. Lower dB-free would imply lower decoding complexity associated with

the convolutional code decoding. The above also holds for theorem 4.4.

(4) The branch computation complexity Bo; at the i-th stage of decoding depends

upon Ai. If Ai is chosen to have a simple trellis structure, the corresponding

branch computation complexity will be minimal. If on the other hand, the

trellis for Ai is sufficiently complex, techniques described in section 4.3 can

be used to reduce the computation complexity. These techniques however,

usually lead to degraded performance.

(5) Construction of codes with good phase invariance, places restrictions on codes

as per theorem 4.5 and hence in most cases this would limit either the perfor

mance and/or the achievable spectral efficiency.

Most design considerations mentioned above lead to conflicting requirements.

Hence, there is a tradeoff involved between performance, decoding complexity, spec

tral efficiency and phase invariance.
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4.6 Codes for the AWGN Channel

The following set of examples show that the proposed algebraic technique is a very

powerful technique of constructing codes which compare very favorably with the

optimal codes of Pietrobon et. al. [21]. Examples 4.1 and 4.2 show that simple

algebraic construction yields codes which are either optimal or very close to opti

mal. Examples 4.3 and 4.4 shows that the proposed algebraic technique along with

the multi-stage decoding algorithm can be used to construct codes which have a

performance/decoding complexity advantage over the optimal codes in [21].

Example 4.1: Consider the case of m = 1 and q = 2 and choose S = 8PSK. Hence

f. = 3. Figure 2.3 shows the two-dimensional 8PSK signal constellation of unit

energy, in which each signal point is uniquely labeled with 3 bits, abc, where a is the

first labeling bit and c is the last labeling bit. The labeling is done through signal

partitioning process [30]. It can be shown that [30]: (1) Two signal points with labels

different at the first bit position are separated by a squared Euclidean distance of

at least 0.586; (2) Two labels identical at the first bit position but different at the

second bit position are separated by a squared Euclidean distance of 2.0; and (3)

Two labels identical at the first two bit positions, but different at the last bit are at

a squared Euclidean distance of 4.0 apart.

Choose CO,l = CO,2 = CO,3 = (1,1) code, i.e., 0 0 = (1,1) * (1,1) * (1,1). The

minimum squared Euclidean distance of Ao = '\(00 ) is 0.586 [16]. Choose C1,l =

C1 ,2 = (1,0) code, i.e., the code containing just the 0 bit. Choose C1,3 = (1,1)

code, i.e., 0 1 = (1,0) * (1,0) * (1, 1). The minimum squared Euclidean distance of

Al = '\(0.) is 4.0 [16]. Let us choose the encoder structure shown in figure 4.2, i.e.,

the second level will be left uncoded, i.e., k2 = 1, and a convolutional code will be

used at the first level. The partition 0 0/01 has 4 cosets, i.e., n1 = 2. Since k1 < nil
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hence a rate-l/2 code will be used at the first level. Let the rate-l/2 code be the

'Y = 2 code in table 3.1. Let the two output bits of the convolutional encoder at the

first level be denoted by VI and V2. Hence

where u(D) denotes the input sequence at the first level and G(D) the generator

matrix of the convolutional code. Let the mapping from the output bits of the

convolutional encoder to the coset representatives be denoted by 4>1. Choose the

mapping 4>1 to be:

(4.54)

where the 0 indicates that the bit is zero for that label position. At any time instant

one information bit is encoded by the convolutional encoder into two code bits,

which select a coset from nO/nl at the first level. Each coset consists of 2 points.

The uncoded bit at the second level then choses a specific point from each selected

coset. Hence, the output sequence ( a single 8PSK signal) of the encoder at a given

time instant t is :

(4.55)

where WI E n1. The mapping 4>1 is linear, and hence the constructed code is linear

with respect to binary addition, as per theorem 4.1. The phase invariance of this

code can be derived by a straightforward application of the conditions in theorem

4.5 and is 1800
• Spectral efficiency of the code is 2 bits/symbol. The structure of the

code used at the first level is such that the diverging and converging transitions have

VI = 1 and V2 = O. As mentioned above, this gives a squared Euclidean distance

contribution of 2.0 for the diverging and converging transitions, hence the minimum

squared Euclidean distance of the code is ( using theorem 4.3 ):

min{4.0, (2.0 +0.586 +2.0)} = 4.0
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Table 4.1. List of codes constructed in example 4.1

Generator matrix dfree Nfree
I dB-free of rate-2/3 of convolutional of proposed

convolutional code code used codes
used at first level at first level

3 2
3 4 2

)~ 4.58 2.0
4 2 0

4 3 ( 1 4 2 ) 5.17 2.25
4 3 2

~

5 3
34 4 1

5.75 2.625
4 3 2

~

6 4
34 5 0

I 6.34 4.5625
4 04 3

~

dfree : Minimum squared Euclidean distance of the code
Nfree : Average number of codewords at dfree from any given code sequence. The
number of nearest neighbors have been calculated using the technique proposed in
[21].
Note: The generator matrix coefficients have been listed in octal, with the lowest
degree coefficient on the left and the highest on the right, e.g., (34)8 == D+D2 +D3.

This code is in fact equivalent to the 4-state, spectral efficiency 2 bits/symbol Unger

boeck code over 8PSK.

We now change Ot to : Choose Ct,t = Ct ,2 = Gt,3 = (1,0) code, ie., the code

containing just the °bit, i.e., Ot = (1,0)*(1,0)*(1,0). Oo/Ot contains 8 cosets, i.e.,

nt = 3. A rate-2/3 code will be used at this partition. Hence the spectral efficiency

is 2 bits/symbol. A computer search was carried out to find out the best rate

2/3 codes, such that the overall modulation code is optimum in terms of squared

Euclidean distance and number of nearest neighbors, for I = 3 to 6. The results are

listed in table 4.1.
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It was observed that the convolutional codes obtained by computer search are

also optimum in terms of branch distance for the given encoder memory and con

volutional code rate.

Example 4.2: Consider the case of m = 2 and q = 2 and choose S = 8PSK.

Hence i = 3. Choose CO,l = C1,2 = (2,1) code, i.e., the repetition code of length 2

and minimum Hamming distance 2. Choose CO,2 = CO,3 = C1 ,3 = (2,2) code, i.e.,

the trivial code of length 2, containing all the possible binary tuples of length 2.

Choose C1,1 = (2,0) code, i.e., the trivial code of length 2, containing just the all

zero code sequence. Hence no = (2,1) * (2,2) * (2,2) and 0 1 = (2,0) * (2, 1) * (2,2).

The minimum squared Euclidean distance of Ao = >.(no) is 1.172 and that for

A1 = >.(nt} is 4.0 [16]. The encoder structure will be the same as that in figure

4.2, i.e., a convolutional code will be used at the first level and the second level will

be left uncoded, i.e., k2 = 3. The partition nO/o1 has 4 cosets, i.e., n1 = 2. Since

k1 < n1, hence a rate-l/2 code with 'Y = 2 and dB-free = 3 ( table 3.1 ) will be

used at the first level. The phase invariance of the resulting code is 90° and can be

derived by a straightforward application of theorem 4.5. The spectral efficiency is

equal to (3 + 1)/2 = 2 bits/symbol. Let the two output bits of the convolutional

encoder at the first level be denoted by V1 and V2. Hence

where u(D) denotes the input sequence at the first level and G(D) the generator

matrix of the convolutional code. Let the mapping from the output bits of the

convolutional encoder to the coset representatives be denoted by ¢J1' Choose the

mapping ¢J1 to be:

¢J1 (0,0) = (0,0) * (0,0) * (0,0)

¢J1(1,0) = (0,0) * (1,0) * (0,0)
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tPl(O, 1) = (1,1) * (0,0) * (0,0)

tPl(l,1) = (1,1) * (1,0) * (0,0)

Since the mapping is linear, the proposed code is linear with respect to binary

addition. The structure of the convolutional code used at the first level is such that

the diverging and converging transitions have Vl = 1 and V2 = o. As a result the

chosen 'coset for the diverging and converging transitions is ((0,0)*(1,0)*(0, O)+n l ) .

This gives a squared Euclidean distance contribution of 2.0 for the diverging and

converging transitions. Hence, minimum squared Euclidean distance of the code is

(refer theorem 4.3):

min{ 4.0 , (2.0 + 1.172 +2.0)} = 4.0 (4.57)

Since m is small in this case, we will focus on the optimal decoding of the multi

dimensional code.

Using (4.14), any code sequence in the super trellis can be written in the following

form:

(4.58)

where VI is code sequence in the 1/2- rate convolutional code used at the first level,

and Wl is sequence of points from nl • Each branch of the super trellis can be

expressed in the following form:

(4.59)

where Wo E [nO/nl]' Since nl has 23elements, hence each branch of the super trellis

has 23 parallel transitions. nl has a 2-state, 2-section trellis diagram [16]. Hence,

each branch of the super trellis has a 2-state, 2-section trellis, which is isomorphic

to the trellis of nl . Standard Viterbi decoding can be used on every branch of
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super trellis using this 2-state, 2-section isomorphic trellis to find the most probable

parallel transition.

The super trellis for the 2 X 2-dimensional code is isomorphic to the trellis of the

convolutional encoder used at the first level, with each branch of the trellis consisting

of 23 parallel transitions corresponding to the 23 elements of 0 1 • In fact, the trellis

of the overall multi-dimensional code can be viewed as a nested trellis diagram, i.e.,

a trellis within a trellis. This nested trellis is used for optimum decoding of the

multi-dimensional code.

The following gives the number of computations associated with the optimal

decoding algorithm for the 4-state trellis. Henceforth, we will denote the complexity

associated with the distance calculation between a fixed 8PSK signal point and a

received point as 1 distance computation.

Computation Complexity: 11 = 2 and k1 = 1.

The branch decoding complexity BCI is : (1) Since there are two 8PSK points

per branch, the distance computation complexity per branch is 16; (2) Survivor

calculation for the parallel branch transitions in 0 1 requires 8 comparisons; (3)

The Viterbi decoding for 0 1 requires 2 additions and 1 comparison to calculate the

final survivor. Since there are 4 cosets, the total complexity is 8 additions and 4

comparisons ( assuming the survivor for the parallel transitions for 0 1 has been

found ), i.e., BC I = 8 additions + 12 comparisons + 16 distance computations.

Therefore, complexity per 2 x 2-dimensions is: 16 additions + 16 comparisons + 16

distance computations, or 8 additions + 8 comparisons + 8 distance computations

per 2-dimensions.

Figure 4.3 shows the simulation results of the bit-error-performance of the op

timal decoding algorithm. An upper bound on the bit-error-rate of the proposed

code using the optimal decoding algorithm has been derived in appendix B and is
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also shown in figure 4.3. As can be seen from figure 4.3, the code achieves a coding

gain of 2.6 dB over uncoded QPSK at the bit-error-rate of 10-6 •

We will compare the proposed TCM code with the 4-state, 2 x 2-dimensional

Pietrobon code over 8PSK. Both codes, i.e., the proposed code and the Pietrobon

code, have the same spectral efficiency, same decoding complexity and almost the

same performance. However, the Pietrobon code has phase invariance 45°, which is

better than the proposed code.

The proposed code compares very favorably in almost all respects with the op

timal code of Pietrobon et. al.

Example 4.3: Consider the case of m = 8 and q = 2 and choose S = 8PSK. Hence

f = 3. Choose CO,1 to be the first order Reed-Muller (RM) code of length 8 and

minimum Hamming distance 4, i.e., CO,1 = (8,4) code. Choose CO,2 = C1,2 = (8,7)

code, i.e., the parity check code of length 8 and minimum Hamming distance 2.

Choose CO,3 = C1,3 = (8,8) code, i.e., the trivial code of length 8, containing all the

possible binary tuples of length 8. Choose C1,1 = (8,1), i.e., the repetition code of

length 8 and minimum Hamming distance 8. Hence, 0 0 = (8,4) * (8,7) * (8,8) and

0 1 = (8,1) * (8, 7) * (8,8). The minimum squared Euclidean distance of Ao = >'(00 )

is 2.344 and that for Al = >'(Ot} is 4.0 [16]. The encoder structure will be the same

as that in figure 4.2, i.e., a convolutional code will be used at the first level and the

second level will be left uncoded. The partition 0 0/01 has 8 cosets, i.e., nl = 3. A

rate-2/3 code will be used at the first level. Two choices will be considered for the

convolutional code at the first level. The first choice is the 4-state, dB-free =2 code

from table 3.2 and the second choice is the 16-state, dB-free = 3 code from table 3.2.

The phase invariance of the resulting code is the same for both the choices and is 45°

and can be derived by a straightforward application of theorem 4.5. The spectral

efficiency is also the same for both the choices and is equal to (16 +2)/8 = 2.25
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Figure 4.3. Bit error performance of example 4.2
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bits/symbol. The mapping <PI used is given in appendix C. Since the mapping is

linear, the proposed codes are linear with respect to binary addition. The following

gives a detailed discussion for both the choices:

4 state:

The 4-state code used at the first level has minimum free branch distance of 2.

Hence, the minimum squared Euclidean distance of the code is (refer theorem 4.3):

min{4.0,2.344 . 2} = 4.0 (4.60)

The super trellis for this code is isomorphic to the trellis of the convolutional en

coder used at the first level, with each branch of the trellis consisting of 216 parallel

transitions corresponding to the 216 elements of 0 1• 0 1 has a 4-state, 8-section trellis

diagram [16]. The details of forming the super-trellis are identical to that in example

4.2, hence will not be mentioned here. The trellis of the overall multi-dimensional

code can thus be viewed as a nested trellis diagram, i.e., a trellis within a trellis.

This nested trellis is used for optimum decoding of the multi-dimensional code.

As also mentioned in example 4.2, the branch decoding complexity for optimum

decoding is significantly reduced by using the 4-state, 8-section trellis of 0 1 • Stan

dard Viterbi decoding is performed using a trellis isomorphic to 0 1 to find the most

probable parallel transition on every branch of the nested trellis.

A further reduction in the decoding complexity can be achieved by using the

multi-stage decoding algorithm proposed in section 4.3. The decoding now proceeds

in two stages. Let V be the transmitted code sequence. Using (4.14) V can be

written in the form:

(4.61)

where VI is a code sequence in the convolutional code C1 used at the first level, and

w~r is a sequence of points from 0 1 , At the first stage of decoding, we form the
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trellis 6:up where any code sequence in 6:up can be written in the form:

(4.62)

where w~up denotes a sequence of points from O~up and UI is a code sequence in

C1 • The details of how the trellis 6~up is formed were mentioned in section 4.3

(refer equation (4.34)). O~up is chosen to be the following:

(4.63)

o~up has a very simple 2-state trellis structure. On the other hand, 0 1 has a 4-state

8-section trellis diagram which is more complex than the trellis structure of O~uP.

This helps in reducing the closest coset decoding complexity associated with the first

stage of decoding. Standard Viterbi decoding is performed on the received sequence

using the trellis ).(6~up) to obtain an estimate of VI, denoted VI. This completes

the first stage of decoding.

At the second stage of decoding, we construct the trellis 6 2 where a code sequence

in 6 2 is of the form:

(4.64)

where WI denotes a sequence of points from 0 1• Consider the p-th time instant.

The structure of 6 2 at the p-th time instant is of the form:

(4.65)

where Vl,p is the component of VI at the p-th time instant. This trellis 62,p is

isomorphic to the trellis 0 1 and this trellis can be used to obtain an estimate of wl~

where wl;p is the term in wlr corresponding to the p-th time instant.

The decoding complexity associated with the second stage of decoding can be

further reduced by using the 3-stage decoding technique for 0 1 proposed by Sayegh
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[23] and Tanner [25] ( refer to section 2.3.5 ). We will carry out the second stage of

decoding using the 3-stage decoding technique mentioned above 3.

The multi-stage decoding algorithm does lead to a slight degradation in perfor-

mance, however as will be shown in the performance curves, the loss is negligible as

compared to the reduction in complexity. The following gives the number of com

putations associated with both the optimal and the multi-stage decoding algorithm

for the 4-state trellis. The complexity calculation for the multi-stage decoding algo

rithm has been carried out assuming the 3-stage decoding for the second stage, as

mentioned above.

Computation Complexity - Optimal Decoding Algorithm: 11 = 2 and k1 =

2.

The branch decoding complexity BCI is : (1) Since there are eight 8PSK points

per branch, the distance computation complexity per branch is 64; (2) Survivor

calculation for the parallel branch transitions in 0 1 requires 32 comparisons; and

(3) The Viterbi decoding for 0 1 requires 52 additions and 27 comparison to calculate

the final survivor ( assuming the survivor for the parallel transitions has been found

). Since there are 8 cosets, the total complexity is 416 additions and 216 comparisons,

i.e., Bel = 416 additions + 248 comparisons +64 distance computations. Therefore,

complexity per 8 x 2-dimensions is: 432 additions + 260 comparisons + 64 distance

computations, or 54 additions + 32.5 comparisons + 8 distance computations per

2-dimensions.

Computation Complexity - Multi-stage Decoding Algorithm: 11 = 2 and

k1 = 2.

The branch decoding complexity is :

3Note, the first stage of the 3-stage decoding process for Q 1 can actually be combined with the
first stage of decoding of the TCM code, i.e, the stage which uses the trellis ~up.
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First stage of decoding:

(1) There are eight 8PSK points per branch, hence the distance computation

complexity per branch is 64; (2) The sub-optimal distance estimates [25] require 48

comparisons; (3) Viterbi decoding of n~up requires 14 adds and 1 compare. Since

there are 8 cosets, the total complexity is 112 additions and 8 comparisons.

Second stage of decoding:

(1) The multi-stage decoding technique requires 26 additions and 13 comparisons.

Hence, the total branch complexity is: 138 additions +69 comparisons +64 distance

computations. Therefore, complexity per 8 x 2-dimensions is: 154 additions + 81

comparisons + 64 distance computations, or 19.25 additions + 10.125 comparisons

+ 8 distance computations per 2-dimensions.

Figure 4.4 shows the simulation results of the bit-error-performance of both

the optimal and the multi-stage decoding algorithm. An upper bound on the bit

error-rate of the proposed code using the multi-stage decoding algorithm has been

derived in appendix C and is also shown in figure 4.4. Also shown in the figure is the

bit-error-performance of a hypothetical uncoded PSK system of the same spectral

efficiency [7].

Figure 4.4 shows that the multi-stage and optimal decoding curves converge

around Eb/ No = 8 dB, and the performance of the optimal curve is only slightly

better at low SNR. The proposed code achieves a coding gain of 2.8 dB at the de

coded bit-error-rate of 10-6 over the uncoded reference system of the same spectral

efficiency [7]. In addition, the decoding complexity of the optimal decoding algo

rithm is roughly about 3 times the decoding complexity of the sub-optimal one.

Hence, the multi-stage decoding algorithm is a better choice for this code.

Pietrobon et. al. do not have a comparable code over 8 x 2-dimensions, hence

comparison will be made with a 4 x 2-dimensional code over 8PSK with 'Y = 2 and
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phase invariance = 45°. Spectral efficiencyof this code is 2.25 bits/symbol, same as

that of the proposed code. The performance curve of this code, taken from [20], has

also been shown in the figure. The complexity of the Pietrobon code is 96 additions

+ 68 comparisons + 32 distance distance computations per 4 x 2-dimensions, i.e., 24

additions + 17 comparisons + 8 distance distance computations per 2-dimensions.

As can be seen from the figure, the proposed code outperforms the Pietrobon code

by roughly 0.4 dB at 4· 10-6 bit-error-rate, and in addition, the complexity of the

proposed code with multi-stage decoding is less than that of the Pietrobon code.

16 states:

The 16-state code used at the first level has minimum free branch distance of 3.

Hence, the minimum squared Euclidean distance of the code is (refer theorem 4.3):

min{4.0,2.344· 3} = 4.0 (4.66)

The super-trellis in this case is very similar to the 4-state trellis discussed above,

with the only difference that the 4-state convolutional code at the first level, has

been replaced by the 16-state trellis. Both the optimal and the multi-stage decoding

techniques will be investigated for this case also. The complexity associated with

the optimal and the multi-stage decoding technique are:

Computation Complexity - Optimal Decoding Algorithm: /1 = 4 and k1 =

2.

The branch decoding complexity BCl is the same as the 4-state case. Therefore,

complexity per 8 x 2-dimensions is: 480 additions + 296 comparisons + 64 distance

computations, or 60 additions + 37 comparisons + 8 distance computations per

2-dimensions.
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Computation - Complexity - Multi-stage Decoding Algorithm: 1'1 = 4 and

k1 = 2.

The branch decoding complexity is the same as the 4-state case. Therefore,

complexity per 8 x 2-dimensions is: 202 additions + 117 comparisons +64 distance

computations, or 25.25 additions + 14.625 comparisons + 8 distance computations

per 2-dimensions.

Figure 4.5 shows the bit-error-performance of the both the optimal and the sub

optimal-decoding algorithm. An upper bound on the bit-error-rate of the proposed

code using the multi-stage decoding algorithm has been derived in appendix C and

is also shown in figure 4.5. Also shown in the figure is the bit-error-performance of

a hypothetical uncoded PSK system of the same spectral efficiency [7].

Figure 4.5 shows that the multi-stage and the optimal decoding curves exhibit the

same characteristics as the 4-state case. The two curves converge around Eb/NO =

6.54 dB, and the performance of the optimal curve is only slightly better than the

optimal curve at low SNR. The proposed code achieves a coding gain of 3.2 dB at

the decoded bit-error-rate of 10- 6 over the uncoded reference system of the same

spectral efficiency [7]. In addition, the decoding complexity of the optimal decoding

algorithm is roughly about 2.5 times the decoding complexity of the multi-stage

one. Hence, the multi-stage decoding algorithm is a better choice for this code.

Pietrobon et. al. do not have a comparable code over 8 x 2-dimensions, hence

comparison will be made with a 4 x 2-dimensional code over 8PSK with l' = 3 and

phase invariance = 450
• Spectral efficiency of this code is 2.25 bits/symbol, same

as that of the proposed code. The performance curve of this code, taken from [5],

has also been shown in the figure. The complexity of this code is 192 additions +
128 comparisons + 32 distance distance computations per 4 x 2-dimensions, i.e., 48

additions + 32 comparisons + 8 distance distance computations per 2-dimensions.
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The performance of the proposed code is slightly better than the Pietrobon code and

in addition the complexity of the Pietrobon code is about 2 times higher than that

of the proposed code with multi-stage decoding. The proposed code with the low

decoding complexity and better performance definitely represents a more practical

choice.

The 16-state proposed code with the multi-stage decoding algorithm achieves

better performance than the 4-state proposed code with the multi-stage decoding

algorithm at the cost of slightly increased decoding complexity. The improvement

in performance is due to the higher minimum squared Euclidean distance of the first

decoding stage of the 16-state code. This leads to better performance at the first

decoding stage and in addition reduced error propagation onto the second decoding

stage.

Example 4.4: Consider the case of m = 16 and q = 3 and choose S = 8PSK.

Hence £ = 3. Choose CO,I to be the (16,4) code. This code is obtained from the

first order Reed-Muller code of length 16, by removing the all ones vector from the

generator matrix of the (16,5) code. The minimum Hamming distance of CO,I is 8.

Choose C2,2 = (16,11) code, i.e., the second order Reed-Muller code oflength 16 and

minimum Hamming distance 4. Choose CO,2 = CO,3 = CI ,2 = CI ,3 = C2 ,3 = (16,15)

code, i.e., the parity check code of length 16 and minimum Hamming distance 2.

Choose CI,I = C2,1 = (16,0) code, i.e., the code consisting of just the all zero

codeword. Hence, 0 0 = (16,4) * (16,15) * (16,15), 0 1 = (16,0) * (16,15) * (16,15)

and O2 = (16,0) * (16,11) * (16,15). The minimum squared Euclidean distance of

Ao = ..\(00 ) is 4.0, that for A} = ..\(!1t} is 4.0 and that for A2 = ..\(02 ) is 8.0 [16].

The partition Oo/O} has 16 cosets, i.e., n} = 4. A rate-3/4 code with 64-states will

be used at the first level. Let us call this code CI. This code is the second code in
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table 3.3 and the dB-free of this code is 3. The partition fh/n2 also has 16 cosets,

i.e., n2 = 4. The same rate-3/4 code used at the first level will be used at the second

level. Let us call this code C2 • The phase invariance of the resulting code is 90°

and can be derived by a straightforward application of theorem 4.5. The spectral

efficiency is equal to (3 + 3 + 26}/16 = 2 bits/symbol. The mappings <P1 and <P2

used at the first and second encoding levels respectively are given in appendix D.

Since the mappings are linear, the proposed code is linear with respect to binary

addition. The minimum squared Euclidean distance of the code is greater than or

equal to (refer theorem 4.3):

min{8.0, 3·4.0, 3· 4.0} = 8.0 (4.67)

Note here that the theorem gives the minimum squared Euclidean distance associ

ated with the first encoding stage to be at least 12.0. A quick verification of the

partitions given above shows that the minimum squared Euclidean distance is actu

ally 3 X 8 X 0.586 = 14.064. This is obtained by considering the squared Euclidean

distance due to the (16, 4) code of no and multiplying it by the free branch distance

of C1•

Optimal decoding of the multi-dimensional code would require a trellis with

26.26 = 212 states. Optimal decoding of the code using this 4096 state trellis would be

extremely complex, and as such we will focus on the multi-stage decoding technique

proposed in section 4.3. The multi-stage decoding of the multi-dimensional code

proceeds in 3 stages.

Let V be the transmitted code sequence. Using (4.14) V can be expressed in

the form:

(4.68)

where Vl is a code sequence in the 64-state convolutional code C1 , V2 is a code
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sequence in the 64-state convolutional code C2 and W2 is a sequence of points from

First stage of decoding:

To simplify the trellis decoding complexity associated with the first stage of

decoding, instead of forming the trellis 6 1 we form the trellis 6:up, where any code

sequence in 6:up can be written in the form ( the details of this were given in

section 4.3 ):

() sup
¢>1 Ul +WI (4.69)

where w~up is a sequence of points from n~up and U1 is a code sequence in C1•

O~up is chosen to be:

n~up = (16,0) * (16,16) * (16,16) (4.70)

where (16,16) denotes the trivial code of length 16, consisting of all the vectors of

length 16. n~up has a very simple l-state trellis structure. On the other hand,

0 1 has a 4-state trellis diagram which is more complex than the trellis structure

of n~uP. This helps in reducing the closest coset decoding complexity associated

with the first stage of decoding. Standard Viterbi decoding is performed on the

received sequence using the trellis 6:
up

to obtain an estimate of VI, denoted 'h.

This completes the first stage of decoding.

Second stage of decoding:

To simplify the trellis decoding complexity associated with the second stage of

decoding, instead of forming the trellis 6 2 , we form 6~up, where any code sequence

in 6~up can be written in the form ( the details of this were given in section 4.3 ):

(4.71)

where w~up is a sequence of points from n~up and U2 is a code sequence in C2•
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n~up is chosen to be:

n~up = (16,0) * (16,11) * (16,16) (4.72)

where (16,16) denotes the trivial code of length 16, consisting of all the vectors of

length 16. n~up has a 8-state trellis structure [11]. On the other hand, fh has a 16

state trellis diagram which is more complex than the trellis structure of n~uP. This

helps in reducing the closest coset decoding complexity associated with the second

stage of decoding. Standard Viterbi decoding is performed on the received sequence

using the trellis 6~up to obtain an estimate of V2, denoted V2' This completes the

second stage of decoding.

Third stage of decoding:

The third stage of decoding is identical to the second stage of decoding discussed

in example 4.3. The three stage decoding technique proposed by Sayegh [23] and

Tanner [25] is used to split up the decoding of fh into three stages. The first stage

decoding of n 2 is trivial. Note, the second stage of the 3-stage decoding process

for O2 can be combined with the second stage of decoding of the multi-dimensional

TCM code.

Computation Complexity - Multi-stage Decoding Algorithm: '1'1 = 6, k1 =

3,'1'2 = 6,k2 = 3.

The branch decoding complexity is :

First stage of decoding:

(1) There are sixteen 8PSK points per branch, hence the distance computation

complexity per branch is 128; (2) The sub-optimal distance estimates require 96

comparisons; (3) Viterbi decoding of n~up requires 3 adds. Since there are 16

cosets, the total complexity is 48 additions.
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Second stage of decoding:

(1) Closest coset decoding for O~up requires 184 additions + 87 comparisons,

which is the trellis decoding complexity of the (16, 11) code [11]. Since there are 16

cosets, the total complexity is 2944 additions and 1392 comparisons.

Third stage of decoding:

(1) The multi-stage decoding technique for O2 requires 58 additions and 29 com

parisons. Note, that only the decoding complexity of the (16, 15) code has been

taken into account. The decoding complexity of the (16, 11) code is included in the

second stage of decoding for reasons mentioned above.

Therefore, complexity per 16 x 2-dimensions is: 4074 additions + 2413 compar

isons + 128 distance computations, or 254.625 additions + 150.8125 comparisons +
8 distance computations per 2-dimensions.

Figure 4.6 shows the simulation results of the bit-error-performance of multi

dimensional TCM code. As can be seen from the figure, the code achieves a 4.2 dB

coding gain over uncoded QPSK at 10-6 bit error rate. An upper bound on the

bit-error-rate of the proposed code using the multi-stage decoding algorithm has

been derived in appendix D and is also shown in figure 4.6.

Pietrobon et. al. do not have a comparable code over 16 x 2-dimensions, hence

comparison will be made with a 2 x 2-dimensional code over 8PSK with I = 7 and

phase invariance = 90°. The spectral efficiency and phase invariance of both codes

is the same. This Pietrobon et. al. code is the best in performance among all the

codes listed in [21] for rate 2 bits/symbol. The performance curve of this code, taken

from [5], has also been shown in the figure. The complexity of the Pietrobon code is

roughly about 2 times higher than that of the proposed code. As can be seen from

the figure, the proposed code has performance comparable to the Pietrobon code at
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high SNR. As such, the proposed code represents a more practical choice than the

optimal code proposed by Pietrobon et. al. [21].

4.7 Codes for the Rayleigh Fading Channel

In this section, we will use the technique proposed in section 4.1 to construct good

codes for the Rayleigh fading channel. Since the minimum symbol distance and

minimum product distance is the dominant parameter of interest, we will design the

codes such that both these parameters are maximized. All the simulations carried

out in this section assume coherent detection, no channel state information, inde

pendent symbol fading and minimum squared Euclidean distance as the decoding

metric.

Example 4.5: Consider the case of m = 2 and q = 3 and choose S = 8PSK.

Hence f = 3. Choose CO,I = CO,2 = CO,3 = C1,2 = C1 ,3 to be the (2,2) trivial

code consisting of all the vectors of length 2. Choose C2,3 = (2,1) code, i.e., the

repetition code of length 2 and minimum Hamming distance 2. Choose C2,1 = C2,2 =

C1,1 = (2,0) code, i.e., the code consisting of just the all zero codeword. Hence,

0 0 = (2,2)*(2,2)*(2,2),01 = (2,0)*(2,2)*(2,2) and O2 = (2,0)*(2,0)*(2,1). The

minimum symbol distance of Ao = '\(00 ) is 1, that for Al = '\(01 ) is 1 and that for

A2 = '\(02) is 2 ( refer section 2.5 ). The other distance parameters associated with

the three block modulation codes can be found by a straightforward application of

the distance theorem in section 2.5. The partition 0 0/01 has 4 cosets, i.e., nl = 2.

A rate-1/2 code with 16-states will be used at the first level. Let us call this code

C1 • This code is the fourth code in table 3.1 and the dB-free of this code is 5. The

partition 0t/02 has 8 cosets, i.e., n2 = 3. A rate-2/3 code with 16-states will be

used at the second level. Let us call this code C2• This code is the second code in

table 3.2 and the dB-free of this code is 3. The phase invariance of the resulting
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code is 1800 and can be derived by a straightforward application of theorem 4.5.

The spectral efficiency is equal to (1 +2 +1)/2 =2 bits/symbol.

Let the two output bits of the convolutional encoder at the first level be denoted

by vi and V2' Hence

where u(D) denotes the input sequence at the first level and Gt(D) the generator

matrix of the convolutional code Ct. Let the mapping from the output bits of the

convolutional encoder to the coset representatives be denoted by 4Jt. Choose the

mapping <Pt to be:

Also, let the three output bits of the convolutional encoder at the second level

be denoted by Vt, V2 and V3. Hence

where [Ut(D)U2(D)] denotes the input sequence at the second level and G(D) the

generator matrix of the convolutional code C2• Let the mapping from the output

bits of the convolutional encoder to the coset representatives be denoted by <P2.

Choose the mapping <P2 to be:

Since the mappings are linear, the proposed code is linear with respect to binary

addition. The minimum symbol distance of the code is ( refer theorem 4.4 ):

min{2, 3 ·1,5· I} = 2 (4.73)

Since the minimum symbol distance of the overall modulation code is the minimum

symbol distance of A2, hence the minimum product distance, .6.; of the modulation

code is (4.0)2 = 16.0 ( refer to section 2.5 ).
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The decoding of this code is carried out in three stages and proceeds exactly as

discussed in section 4.3. The second and third stage of decoding can actually be

combined into one single stage of decoding. The computational complexity calcu

lated below assumes that the second and third decoding stages have been combined.

Since the decoding of the proposed code proceeds in stages, the performance

of the overall code depends upon the performance of each of the decoding stages

and the performance of each decoding stage in turn depends only upon the dis

tance parameters associated with that particular decoding stage. This point was

also discussed in section 2.5. For this particular example, let us consider the dis

tance parameters associated with each decoding stage. The first decoding stage has

minimum symbol distance OH = 5, which is the free branch distance of C1 times

the minimum Hamming distance of CO,I ' The minimum product distance is (0.586)5

(straightforward application of the distance theorem in section 2.5 ), and the cor

responding squared Euclidean distance is 5 . 0.586. The second decoding stage has

minimum symbol distance OH = 3, the minimum product distance is (2.0)3 and the

corresponding squared Euclidean distance is 3 . 2.0. The third decoding stage has

minimum symbol distance OH = 2, the minimum product distance is (4.0)2 and the

corresponding squared Euclidean distance is 2 . 4.0.

The minimum symbol distance of the first stage is chosen to be higher than the

rest of the decoding stages, so as to reduce the effect of error propagation.

Computation Complexity - Multi-stage Decoding Algorithm: /1 = 4, k1 =

1, /2 = 4, k2 = 2.

The branch decoding complexity is:

First stage of decoding:

(1) There are two 8PSK points per branch, hence the distance computation

complexity per branch is 16; (2) The sub-optimal distance estimates require 12
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comparisons; (3) Viterbi decoding of fh requires 1 add. Since there are 4 cosets,

the total complexity is 4 additions.

Second and third stage of decoding:

(1) Viterbi decoding of fh is 2 additions + 1 comparisons. Since there are 8

cosets, the total complexity is 16 additions and 8 comparisons.

Therefore, complexity per 2 x 2-dimensions is: 116 additions + 84 comparisons

+ 16 distance computations, or 58 additions + 42 comparisons + 8 distance com

putations per 2-dimensions.

Figure 4.7 shows the simulation results of the bit-error-performance of the pro

posed code. The performance of this code will be compared with the 16-state rate

2/3 code over 8PSK constructed by Schlegeland Costello [24] for the Rayleigh fading

channel. The spectral efficiency for both codes is the same, however the Schlegel

Costello code has no phase invariance. The performance curve of the Schlegel

Costello code is also shown in figure 4.7. As can be seen from the figure, the

proposed code outperforms the Schlegel-Costello code by about 1.6 dB at 10-4 bit

error rate. In addition, the complexity of the Schlegel-Costello code is 64 additions

+ 48 compares + 8 distance computations per 2-dimensions which is slightly higher

than that of the proposed code.

As such, the proposed code represents a more practical choice than the Schlegel

Costello code.

Example 4.6: Consider the case of m = 8 and q = 4 and choose S = 8PSK. Hence

i = 3. Choose CO,l = C2,2 = C3,2 = C3 ,3 to be the first order RM code of length 8

and minimum Hamming distance 4, i.e., the (8,4) code. Choose CO,2 = C1,2 = (8,7)

code, i.e., the parity check code of length 8 and minimum Hamming distance 2.

Choose CO,3 = C1,3 = C2,3 = (8,8) code, i.e., the trivial code of length 8 consisting
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of all the vectors of length 8. Choose G1,l = G2,l = C3 ,l = (8,0) code, i.e., the

trivial code of length 8 consisting of just the all zero codeword.

Hence,Oo = (8,4)*(8,7)*(8,8),01 = (8,0)*(8,7)*(8,8), O2 = (8,0)*(8,4)*(8,8)

and 0 3 = (8,0) * (8,4) * (8,4).

The partition 0 0/01 has 16 cosets, i.e., n1 = 4. A rate-3/4 code with 8-states

will be used at the first level. Let us call this code C1• This code is the first code in

table 3.3 and the dB-free of this code is 2. The partition 0 1/02 has 8 cosets, i.e.,

n2 = 3. A rate-2/3 code with 16-states will be used at the second level. Let us call

this code G2 • This code is the second code in table 3.2 and the dB-free of this code

is 3. The partition O2/03 has 16 cosets, i.e., n3 = 4. A rate-3/4 code with 64-states

will be used at the third level. Let us call this code C3 • This code is the second

code in table 3.3 and the dB-free of this code is 3.

The phase invariance of the resulting code is 1800 and can be derived by a

straightforward application of theorem 4.5. The spectral efficiency is equal to (3 +

2 + 3 + 8)/8 = 2 bits/symbol.

The mappings, <PI, <P2' and <P3 used to construct the code are as follows: Let the

four output bits of the convolutional encoder at the first level be denoted by VI, V2, V3

and V4. Let G1 be the following generator matrix:

Also, let

(

1 1
1 0

G1 = 1 1

o 0

001100)
10101 0
1 1 000 0
00111 1

Then,

where 0 denotes the all zero sequence of length 8.
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Let the three output bits of the convolutional encoder at the second level be

denoted by Vb V2 and V3. Let G2 be the following generator matrix:

Also, let

Then,

(

0 0 0 1 0 0
G2 = 0 0 0 0 0 1

o 000 0 0

01)o 1
1 1

where 0 denotes the all zero sequence of length 8.

Let the four output bits of the convolutional encoder at the third level be denoted

by Vt, V2, V3 and V4. Let G3 be the following generator matrix:

Also, let

(

0 0
o 0

G3 = 0 0

o 0

~~~~~~)
o 0 0 0 1 1
o 0 000 1

Then,

where 0 denotes the all zero sequence of length 8.

Since the mappings are linear, the proposed code is linear with respect to binary

addition.

The decoding of this code is carried out in four stages and proceeds in a manner

similar to that in example 4.4. The first stage of decoding is similar to the first

stage of decoding in example 4.4. n~up used to simplify the decoding complexity is:

sup
0t = (8,0) * (8,8) * (8,8)
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n~up has a very simple l-state trellis which is less complex than the 2-state trellis

of n,
The second and third stage of decoding is carried out exactly as described in

section 4.3.

The fourth stage of decoding is carried out using the multi-stage decoding tech

nique for n 3 ( as was explained in example 4.3 ). The multi-stage decoding of n 3

proceeds in two stages. The first stage of decoding decodes the code C3 ,2 and the

second stage decodes the C3 ,3 code. The decoding of C3 ,2 can be merged with the

second stage of decoding of the proposed code, and the decoding of C3 ,3 can be

merged with the third stage decoding of the proposed code. The complexity calcu

lations given below assume that the fourth stage of decoding of the proposed code

has been merged with the previous stages.

Let us consider the distance parameters associated with each decoding stage.

The first decoding stage has minimum symbol distance CH = 8, which is the free

branch distance of C1 times the minimum Hamming distance of CO,l ' The minimum

product distance is (0.586)8 (straightforward application of the distance theorem in

section 2.5 ), and the corresponding squared Euclidean distance is 8 . 0.586.

The second decoding stage has minimum symbol distance CH = 6, which is the

free branch distance of C2 times the minimum Hamming distance of C1,2' The min

imum product distance is (2.0)6 and the corresponding squared Euclidean distance

is 6·2.0.

The third decoding stage has minimum symbol distance OH = 3, which is the free

branch distance of C3 times the minimum Hamming distance of C2,3 ' The minimum

product distance is (4.0)3 and the corresponding squared Euclidean distance is 3·4.

The fourth decoding stage is further split up into two stages. The first decoding

stage of the fourth stage has minimum symbol distance CH = 4, which is the mini-
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mum Hamming distance of 0 3,2' The corresponding minimum product distance is

(2)4, and the squared Euclidean distance is 4 . 2. The second decoding stage of the

fourth stage has minimum symbol distance ~H = 4, which is the minimum Ham

ming distance of 0 3 ,3 , The corresponding minimum product distance is (4)4, and

the squared Euclidean distance is 4 . 4.

The minimum symbol distance of the first couple of stages is chosen to be higher

than the rest of the decoding stages, so as to reduce the effect of error propagation.

Computation Complexity - Multi-stage Decoding Algorithm: /1 = 3, k1 =

3, /2 = 4, k2 = 2, /3 = 6, k3 = 3.

The branch decoding complexity is:

First stage of decoding:

(1) There are eight 8PSK points per branch, hence the distance computation

complexity per branch is 64; (2) The sub-optimal distance estimates require 48

comparisons; (3) Viterbi decoding of n~up requires 7 adds. Since there are 16

cosets, the total complexity is 112 additions.

Second stage of decoding and the 1st stage of the fourth stage of decod

mg:

(1) Closest coset decoding complexity is 36 additions and 11 comparisons, which

is the trellis decoding complexity of the (8, 4) code [11]. Since there are 8 cosets,

the total complexity is 288 additions and 88 comparisons.

Third stage of decoding and the 2nd stage of the fourth stage of decoding:

(1) Closest coset decoding complexity is 36 additions and 11 comparisons, which is

the trellis decoding complexity of the (8, 4) code [11]. Since there are 16 cosets, the

total complexity is 576 additions and 176 comparisons.

108



Therefore, total complexity per 8 x 2-dimensions is: 1616 additions + 864 com

parisons + 64 distance computations, or 202 additions + 108 comparisons + 8

distance computations per 2-dimensions.

Figure 4.8 shows the simulation results of the bit-error-performance of the pro

posed code. The performance of this code will be compared with the 64-state rate

2/3 code over 8PSK constructed by Schlegel and Costello [24] for the Rayleigh

fading channel. The spectral efficiency for both codes is the same, however the

Schlegel-Costello code has no phase invariance. The performance curve of the

Schlegel Costello code is also shown in figure 4.8. As can be seen from the fig

ure, the proposed code outperforms the Schlegel-Costello code by about 1.5 dB at

2 . 10-4 bit error rate. In addition, the complexity of the Schlegel-Costello code is

256 additions + 192 compares + 8 distance computations per 2-dimensions which

is higher than that of the proposed code.

As such, the proposed code represents a more practical choice than the Schlegel

Costello code.
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Figure 4.8. Bit error performance of example 4.6
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Chapter 5

Nested Concatenated
8PSK TCM Codes

In this chapter, we will present a simple and systematic technique for construc

tion of single-level concatenated 8PSK TCM codes for the AWGN channel. The

codes constructed by this technique outperform the codes available in literature by

wide margins.

5.1 Construction of Nested Concatenated 8PSK
TCM Codes

The proposed codes are constructed using a single-level concatenation approach.

The general architecture associated with q level concatenation was shown in figure

4.1. In this chapter, we consider the special case of q = 1. Outer codes in the single

level concatenation are chosen to be Reed-Solomon (RS) codes, simply because they

provide a high rate for a given error correcting capability. The inner codes are

multi-dimensional 8PSK TCM codes constructed using the technique proposed in

chapter 4. For sake of completeness of this chapter and for better understanding

of the concepts, we are going to reiterate some of the construction steps associated

with construction of the multi-dimensional TCM codes discussed in chapter 4.
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5.1.1 Encoding Procedure for the Nested Concatenated
8PSK TCM Codes

The encoding proceeds in two stages. At the first stage of encoding, the information

bits are encoded by the outer code encoder into a code sequence. The code sequence

at the output of the outer code encoder is then encoded by the inner modulation

code encoder into signals for transmission over the channel. The encoding procedure

is the same as that discussed in [14, 6, 7).

5.1.2 A Simple Construction of Multi-dimensional Trellis
8PSK Codes

In this section, a simple and systematic technique for constructing multi-dimensional

8PSK trellis modulation codes is presented. This technique is a special case of a

general multilevel concatenation technique presented in chapter 4. The codes con-

structed by this technique will be used as the inner codes of the proposed nested

concatenated TCM schemes. The construction is achieved by using 2-level concate

nation, in which convolutional codes of good free branch distance are used as the

outer codes and multi-dimensional 8PSK signal spaces are used as the inner codes.

We restrict ourselves to 2-level concatenation, primarily to keep the decoding com-

plexity and effective error coefficient low.

Let 8 denote the two-dimensional8PSK signal constellation with unit energy as

shown in figure 2.3, in which each signal point is uniquely labeled with 3 bits, abc,

where a is the first labeling bit and c is the last labeling bit. Let S'" denote the

set of all m-tuples over 8. Since 8 is a two-dimensional signal space, then S"' is an

m x 2-dimensional signal space in which each signal point is a sequence of m 8PSK

signals. In the construction of multidimensional trellis 8PSK codes, the signal space

is chosen as a subspace of s», denoted Ao. For construction of the proposed codes
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Ao is chosen to be a block modulation code over 8PSK ( refer section 2.3). For

1 :5 i :5 3, let Ai be a binary (rn, ki , di ) linear block code of length rn, dimension ki ,

and minimum Hamming distance bj. Then Ao is chosen to be:

Let 0 0 = Al * A 2 * A3 • Then Ao = ..\(00 ) , Using (2.27), the minimum squared

Euclidean distance of Ao is:

(5.2)

The above equation assumes a unit energy circle for the 8PSK signal constellation.

In the following, the subspace Ao of S": will be used as the signal space for

constructing multidimensional trellis 8PSK codes. Before presenting the code con

struction, we need to define a subspace of Ao for partitioning Ao. For 1 :5 i :5 3, let

B, be an (m, k;, t/;) linear subcode of Ai with minimum Hamming distance t/;. Then

k; :5 kj and t/; ~ d; for 1 :5 i :5 3. Choose n, such that:

Then 0 1 is a subcode of 0 0 and Al = ..\(n1 ) is a subspace of Ao = ..\(no). The

minimum squared Euclidean distance ( or the intra-set distance) of Al is ( using

(2.27) ):

(5.4)

Let a * b * c be a vector in 0 0 but not in n1 • Then

is a coset of 0 1 in no and a * b * c is called the coset representative. Let n =

k1 - k~ + k2 - k; + k3 - k;. There are 2n cosets of 0 1 in no. These 2n cosets of 0 1
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form a partition of 0 0 • Let 0 0/01 denote the set of cosets in 0 0 modulo 0 1 . 0 0/01

is called a coset code. Let (a * b * c + 0 1 ) and (a' * b' * c' + 0 1 ) be two distinct

cosets in 0 0/01 , Then, the minimum squared Euclidean distance ( squared inter-set

distance) between >'(a*b*c+Od and >.(a' *b' *c' +fh) is 4;[Ao].

The proposed construction of multidimensional trellis 8PSK codes IS accom

plished by concatenating an (n, k, v) convolutional outer code C of good free branch

distance and a properly chosen m x 2-dimensional 8PSK signal space Ao and its

subspace Al as shown in figure 5.1.

During each encoding interval, a message of k + r information bits is applied

to the input of the encoder where r = k~ + k; + k;. This message is divided into

two parts, a k-bit message sub-block and a r-bit message sub-block. At the first

step of encoding, the k-bit message sub-block is encoded into an n-bit code block

based on the (n, k, v) convolutional outer code. This n-bit code block then selects a

coset from the coset code 0 0/01 , At the second step of encoding, the r-bit message

sub-block selects a vector from the coset selected at the first stage. The selected

vector is then mapped into an appropriate signal point in the signal space Ao using

the mapping >.(.). The output of the bits-to-signal mapper is a sequence of signal

points from Ao. All the possible code sequences at the output of the overall encoder

form an m X 2-dimensional trellis 8PSK modulation code.

Let [Oo/OIl denote the set of representatives of cosets in 0 0/01 , Let v denote

a code sequence in the convolutional code C and let </> denote the mapping from

the n coded output bits of the convolutional code onto [00/01] , Then, </>(v) is the

sequence of coset representatives at the first stage of encoding, corresponding to the

code sequence v. Hence, any code sequence in the m X 2-dimensional TCM code
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Figure 5.1. A trellis-coded m x 2-dimensional 8PSK encoder
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can be written in the form ( refer (4.14) )

A( 4>(V) +Wt}

where WI denotes the following sequence of vectors in fh and

(5.6)

(5.7)

with WI,i E 01 for 1 ~ i ~ 00. Let diree denote the minimum free squared Euclidean

distance of the code. Then d7.f is lower bounded as follows (refer theorem 4.3):ree

(5.8)

where 4;[Ao] and 4;[A I ] are the minimum squared Euclidean distances of the signal

spaces Ao and Al respectively, and dB-free is the minimum free branch distance of

the convolutional code C.

From (5.8), we see that the minimum squared Euclidean distance diree of a

multidimensional trellis 8PSK code described in this section depends on the mini

mum free branch distance dB-free of the convolutional code. It is desirable to use

a convolutional code of a given total encoder memory and rate with the largest

possible minimum free branch distance. Appropriate selection of 4;[Ao], d};[AI ]

and dB-free allows one to construct a multi-dimensional trellis code with arbitrarily

large minimum squared Euclidean distance.

From (5.6) it is obvious that, the trellis structure of the modulation code con

structed above is isomorphic to that of the convolutional code C. In the code trellis,

two adjacent states are connected by 2T parallel branches which correspond to the 2T

points in a coset of 0 0/01 , Since k+r information bits are encoded into a sequence

of m 8PSK signals, the spectral efficiency of the code is

1/ = (k +r)/m bits/signal

116

(5.9)



5.2 Decoding of the Nested Concatenated 8PSK
TCM Codes

The decoding of the nested concatenated 8PSK TCM codes is carried out in two

stages. At the first stage, the inner code is decoded, using the technique proposed in

chapter 4, and then the decoded bits are passed on to the outer code decoder which

performs hard decision decoding to recover the information bits. This decoding

strategy is the same as that proposed in [14, 6, 7].

In the following, for sake of completeness we describe the decoding procedure

used for the inner codes of the nested concatenated codes.

5.2.1 Decoding of the Inner Codes

One obvious way of decoding the multi-dimensional 8PSK TCM inner codes is to

form a super-trellis of the modulation code and then apply the optimum Viterbi de-

coding. As mentioned above, the super-trellis of the modulation code is isomorphic

to the trellis of the convolutional code C, with two adjacent states connected by 2r

parallel branches. If r is small, finding the survivor of the 2r parallel branches does

not represent a formidable task. However, if r is big, then the branch survivor com-

putation complexity can be very large. Recall, each coset in Oo/fh can be written

in the form a *b *c + 0 1 • Hence, each coset has a structure which is isomorphic to

the structure of Oil i.e., the 2r parallel branches between two adjacent states have

a structure which is isomorphic to the structure of 0 1 • If r is big and if 0 1 has a

trellis structure, then this trellis can be used to find the branch survivor using the

Viterbi algorithm. In this particular case, the overall modulation code has a nested

trellis structure, i.e., a trellis within a trellis.

In the case that 0 1 has a complex trellis diagram, a multi-stage soft-decision
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suboptimum decoder can be devised for decoding the multi-dimensional TCM code,

based on the multilevel structure of 0 1[13, 23, 4, 27, 28]. A properly designed multi

stage soft-decision suboptimum decoding algorithm achieves good error performance

with reduced decoding complexity. For ease of explanation, let us assume that the

decoding is carried out in three stages, and ¢>(v) is associated with just the least

significant bit of the 8PSK signal constellation. Let V be the transmitted code

sequence. Using (5.6), V can be written in the form

..\(¢>(v) +wt}

where v is a code sequence in C and

(5.10)

(5.11)

with W1.i E 0 1 for 1 ~ i ~ 00. It follows from (5.3) that for 1 ~ i ~ 00, W1.i can be

written in the following form:

(5.12)

where UI,i E Bll U 2,i E B2 and U 3 ,i E B3 • The first stage of decoding estimates

v and UI,i. At the second stage of decoding, the decoded information from the

first stage of decoding along with the received sequence is used to form an estimate

of U 2,i . The decoded estimates from the first two stages along with the received

sequence are then used to form an estimate of U 3,i at the third and final stage of

decoding.

First stage of decoding:

Define OP) to be:

(5.13)

where B; denotes the binary (m, m, 1) universal code of length m and dimension m.

Next, we construct a trellis GI , in which a path ( a code sequence) is of the form
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..\(¢(v) + ",P»), where v is a code sequence in C and ",~l) is a sequence of vectors

from np). The trellis Cl is isomorphic to the trellis G, with two adjacent states

connected by 2In~1)1 parallel branches, where Inp)1 denotes the number of points in

n~l). If B l has a trellis structure, then np) has a trellis structure isomorphic to

that of B l • Viterbi decoding is performed on the the received sequence to obtain a

code sequence in Gl , which is closest to the received sequence in terms of Euclidean

distance. Let the decoded sequence be ..\(4>(v) +wP»), where v denotes a code

sequence in G and wP) is sequence of points from OP). The code sequence vgives

us an estimate of the information sequence associated with the convolutional code

C. The sequence W~l) is of the following form:

(5.14)

where for I ~ i ~ 00,

(5.15)

A A(l) A(l) A
with Vl,i E B l , V 2,i E B; and V 3,i E Bu. Vl,i gives us an estimate of Vl,i and

the information sequence associated with the least significant label a of 0 1 can be

obtained from Ul,i. This completes the first stage of decoding.

Second stage of decoding:

Define n~2) to be:

(5.16)

where (0) denotes the all-zero sequence of length m. If B2 has a trellis structure,

then 0~2) has a trellis structure isomorphic to that of B2 • For I ~ i :::; 00, define

WIst i to be:,
A f:::. A

WIst,i = VI,i * 0 * 0 (5.17)

where Ul,i is the estimate of Vl,i obtained from the first-stage of decoding. To

decode V 2,i for I :::; i ~ 00, we form the trellis C2 in which the i-th branch on the
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path ( code sequence ) is of the form:

(5.18)

where Vi denotes the i-th branch of V and W~2) denotes a point from n~2). The

i-th branch of the trellis C2 has a trellis structure which is isomorphic to the trellis

of n~2). Viterbi decoding is then performed on the received sequence to obtain a

code sequence in C2 , which is closest to the received sequence in terms of Euclidean

distance. Let the i-th branch of the decoded sequence be .\(4)(Vi) +WIst i +wF»),,
where w~2) E 0~2) and

d 2) = 0 *V . *V(2)1 2,1 3,1 (5.19)

V2,i forms an estimate of U 2,i and the information sequence associated with the

middle labeling bit b of 0 1 can be obtained from V2,i . This completes the second

stage of decoding.

Third stage of decoding:

The third stage of decoding is similar to the second stage of decoding. Define

0~3) to be:

(5.20)

If B3 has a trellis structure, then n~3) has a trellis structure isomorphic to that of

B3 • For 1 ~ i ~ 00, define w2nd i to be:,

• t::. • •
w2nd,i = U1,i *U2,i * (0) (5.21)

where VI,i and U2,i are the estimates of U 1,i and U 2,i obtained from the first two

stages stages of decoding respectively. To decode U 3 ,i , we form the trellis 0 3 in

which the i-th branch on the path ( code sequence) is of the form:

(5.22)
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where W~3> is a point in Op>. The i-th branch of the trellis C3 has a trellis structure

which is isomorphic to the trellis of 0~3>. Now, Viterbi decoding is performed on the

received sequence to obtain a code sequence in C3 , which is closest to the received

sequence in terms of Euclidean distance. Let the i-th branch of the decoded sequence

be A(<p(Vi) +w2nd i +w~3», where W~3> E n~3> and,

wp> = (0) * (0) *U3•i (5.23)

U3 ,i forms an estimate of U3,i and the information sequence associated with the

most significant label c of 0 1 can be obtained from U3,i . This completes the third

and final stage of decoding.

If the trellises of C2 and C3 are simple, then the second and third stages of

decoding may be combined into a single stage of decoding to reduce the effective

error coefficient.

The sub-optimal decoding procedure as described above reduces the decoding

complexity significantly. The major reduction in decoding complexity as compared

to the optimal decoding occurs at the first stage of the sub-optimal decoding. Recall,

that in the optimal decoding, each branch of the super-trellis has a trellis structure

isomorphic to that of 0 1 • On the other hand, each branch of the trellis C1 used at

the first stage of the sub-optimal decoding has a trellis structure isomorphic to that

of np>. The trellis structure of Op> is usually much simpler than that of 0 1 , thus

resulting in the decoding complexity reduction.

Sub-optimal decoding as described above, leads to error propagation. To reduce

the effect of error propagation, the minimum squared Euclidean distances of the

first two stages of decoding should be chosen to be slightly larger as compared to

the overall minimum squared Euclidean distance. If the first two stages are chosen

properly, the loss in performance as compared to optimal decoding is minimal.
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5.3 Design of Concatenated TCM Schemes

The fundamental question that one is faced with in the design of concatenated TCM

schemes is, how does one choose the outer and inner codes, such that the overall

scheme achieves a high spectral efficiency and a given level of performance with

the lowest decoding complexity possible. RS codes form an excellent choice for the

outer codes, primarily because high rates can be achieved for a given error-correcting

capability. Longer lengths of RS codes offer higher rates for a given error-correcting

capability at the cost of increased complexity. RS codes over GF(28 ) have become

more or less the industry standard and as such we will design our concatenated

codes using RS codes over GF(28 ) .

The next question that one is faced with is, what error-correcting capability to

use for the RS code? Let t denote the error-correcting capability of the RS code

and let Pa denote the 8-bit symbol error probability of the RS code. The overall

performance of the concatenated code depends on both t as well as P» of the RS

code. The performance of the inner code provides a certain Pa to the RS code (

assuming soft-decision decoding of the inner code followed by hard error correction

by the outer code) and the error-correcting capability t of the RS code then decides

the overall performance.

Say, we are interested in achieving 10-6 bit-error-rate for the overall concatenated

system. Then, for a given t, the Pa required to achieve overall 10-6 bit-error-rate

can be found. Say this 8-bit symbol error probability is P:' The inner code should

be designed to achieve this 8-bit symbol error rate at as Iowa SNR as possible, and

with the lowest decoding complexity possible. Low values of P: imply low values

of t required to achieve a certain level of overall performance, and high values of

P: imply high values of t. Since, the overall performance can be achieved by either
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having a low or high value of t, the optimum value of t should be chosen as the

one which results in the overall concatenated system having the lowest decoding

complexity. Low values of p: imply highly complex inner codes, since low values

of p: imply extremely good performance of the inner codes at a specified SNR. As

will be explained in the next section, the decoding complexity of the inner code is

the major contributor to the overall decoding complexity of the concatenated code.

As such, high values for t should be chosen for the RS code, since it results in low

complexity inner codes being chosen to achieve the desired level of performance.

The above justifies the use of RS codes with high t for use in a concatenated

system. The question that one may ask is, how high should t be? As was pointed

out above, high values of p: typically require high values of t. Typically, most

modulation codes have a cross-over point with uncoded systems around 10-2 bit

error-rate, i.e., p: is roughly around 8 x 10-2 ( using the union bound ). Hence,

designing inner codes which achieve p: > 8 x 10- 2 and at the same time perform

better than the uncoded systems, is difficult, if not impossible. As such, moderate

values of t ( say 10 - 20 ) are good choices for concatenated systems. Since the

NASA standard code has t = 16 and the decoder is widely available, it forms an

excellent choice as the outer code in a concatenated system.

If the NASA standard code is used as the outer code, then the overall bit error

performance reaches the range of 10-6 when the symbol error probability is 2 x 10- 2 •

Therefore, the main intention should be to choose an inner code which achieves this

symbol error probability at as Iowa SNR as possible. This does not imply choosing

a high coding gain code as the inner code. High coding gain codes usually have

large number of nearest neighbors. As a result, the performance of these codes is

poor at low SNR. In fact, at low SNR, low coding gain codes with small number of

nearest neighbors may perform better than these high coding gain codes. However,
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low coding gains, low complexity and small number of nearest neighbors are not the

only points of consideration. What is also important is the rate of the inner code.

It is important that the inner code should have high rate while maintaining good

performance so that after the rate reduction due to the RS code, the overall rate is

still high.

5.4 Complexity of the Proposed Nested Con
catenated Coded Modulation Schemes

The complexity of the proposed codes will be measured in terms of the number of

computations required for the overall code decoder to produce a decoded estimate

of the information bits. Since the decoding of the overall nested concatenated TCM

code proceeds in two stages ( as was mentioned in section 5.2 ), the overall decoding

complexity is the sum of the decoding complexities of the RS outer code and the

multi-dimensional TCM inner code. Let us assume that the outer code being used

is a (N, K) RS code over GF(2q) with error-correcting capability t. Let us consider

the decoding complexity of the outer code first.

5.4.1 Outer Code Decoding Complexity

The RS code decoding complexity is [1] ( Chapter 11 ) typically 2· t2 multiplications

and 2· t2 additions over GF(2q ) ( assuming Berlekamp-Massey decoding algorithm

). This is the total decoding complexity for decoding one block of the RS code.

5.4.2 Inner Code Decoding Complexity

Let I and kin denote the total encoder memory and the rate of the convolutional

code used in the inner code. Then, due to the Viterbi algorithm alone, the com

plexity is 2"Y+k additions and 2"Y(2k - 1) comparisons per k + r decoded information
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bits. Recall from section 5.1, that the number of information bits input into the

multi-dimensional code encoder at every time-instant is k+r. Hence, there are k+r

bits associated with each branch of the trellis of the multi-dimensional trellis code.

The branch metric calculation forms an additional complexity and depends upon

the particular inner code chosen. In addition, the branch decoding complexity also

depends upon whether one-stage optimal decoding or multi-stage sub-optimal de

coding is performed on the multi-dimensional trellis inner code. Let us call this

complexity Be. Hence, the total complexity per k + r bits of decoded data is:

2"f+k additions + 2"Y(2k - 1) comparisons + Be branch metric computations. If

f. = q/(k + r) then, the total decoding complexity per block of the RS code, i.e., N

symbols, is:

N . f.. ( 2"f+k adds + 2"f(2k - 1) compares + Be branch metric computations)

Let us call the total inner code decoding complexity Xinner' Then, the total

decoding complexity per one block of the RS code is:

Xinner + 2· t2 additions over GF(2q
) + 2· t2 multiplications over GF(2q

)

For moderately small t ( say t ~ 20 ), the RS code decoding complexity is very

small as compared to the decoding complexity of the inner code and hence can be

neglected. Henceforth, we will only consider the decoding complexity of the inner

code and refer to it as the total decoding complexity of the nested concatenated

coded modulation scheme.

Note, that faster algorithms for decoding RS codes which have a decoding com

plexity much smaller than that listed above are currently available. We however

chose to list the Berlekamp-Massey algorithm since it is more widely accepted as a

decoding algorithm for RS codes. Details of these algorithms can be found in [1] (

Chapter 11 ).
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5.5 Specific Nested Concatenated Coded 8PSK
Schemes

In this section, we will propose three bandwidth efficient concatenated coded mod

ulation error control schemes for high-speed satellite communications. In these

proposed schemes, RS codes over GF(28 ) with various error correcting capabilities,

including the NASA standard (255,223) RS code, are used as the outer codes, and

multidimensional trellis 8PSK codes are used as the inner codes.

5.5.1 Scheme-I

In this scheme, the 2 x 2-dimensional trellis 8PSK code given in example 4.2 is used

as the inner code. Since the super trellis of the multi-dimensional code is not too

complex, as was shown in chapter 4, hence optimal one stage soft-decision decoding

will be used to decode the inner code.

The first proposed concatenated TCM scheme is shown in figure 5.2. The outer

code is a RS code of length 255 over GF(28
) . Each code symbol is an 8-bit byte.

The RS outer code is properly interleaved. Suppose the interleaving depth is m = 5

as shown in figure 5.3.

Five RS codewords form an array with 255 columns, each column consisting of 5

bytes. The array is further encoded based on the trellis inner code and transmitted

column by column. Each 8-bit byte in a column is divided into two 4-bit blocks.

Each 4-bit block is encoded into two 8PSK signals based on the trellis inner code.

The order of encoding of the ten 4-bit blocks in a column follows the integer sequence

shown in figure 5.3. The interleaving as shown in figure 5.3 is done to make the

errors in the adjacent symbols of the RS code independent. Since the dB-free of the

convolutional code used to construct the inner code is 3, hence most of the error
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sequences associated with the convolutional code are of length 3. As such, choosing

an interleaving depth of 5, more or less approximates ideal interleaving.

A decoded sequence of 255 x 10 = 2550 blocks ( one block = 4 bits ) at the

output of the inner code decoder is de-interleaved and rearranged into an array of

5 rows and 255 columns. Each row is then hard-decision decoded based on the RS

outer code.

To reduce the encoding and decoding delay, two or more pairs of inner code

encoder/decoder can be used. Since the trellis inner code is chosen to have low

decoding complexity, the duplication adds just a little more VLSI implementation

cost but greatly increases the decoding speed.

The scheme has been analyzed and an upper bound on the bit error probability

has been derived ( see appendices E and F ). The error performance is measured

in terms of block ( 4 bits ) error probability. The code achieves 2 x 10-2 block

error probability at approximately an SNR of Eb/ No = 5 dB. When this code is

concatenated with the NASA standard (255 ,223) RS outer code, the overall system

achieves a bit-error rate of 10-6 around 5 dB. Table 5.1 gives a list of2 concatenations

of 2 RS outer codes over GF(28 ) and the 2x2-dimensional trellis inner code. For each

concatenation, the SNRs required to achieve a bit-error probability of 10-6 (or 10-9 )

and coding gain over an uncoded reference system of the same spectral efficiency

are given [7].

Figures 5.4 - 5.5 show the upper bounds and the simulation results on the bit

error probability for the cases considered in table 5.1. The simulations have been

carried out with an interleaving depth of 5.

From table 5.1 we see that both concatenations achieve good error performance

and large coding gains. The first concatenation achieves a bit-error probability of

10-6 at a SNR of Ei]No = 5.13 dB, and the performance curves drops like a waterfall
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Table 5.1. Performance of scheme-I

Case RS Spectral Eb/No Eb/No Coding Coding
code efficiency @ @ Gain Gain
used (bits/ 10-6 10-9 @ 10-6 @ 10-9

symbol) bit bit bit bit
error error error error
rate rate rate • rate •

Case 1 (255,223) 1.749 5.13 dBt 5.41 dB; 4.92 dBCo 6.64 dB~

Case 2 (255,247) 1.938 5.95 dBt 6.56 dB~ 4.44 dBCo 5.83 dB~

• Coding Gain is calculated with the reference being a hypothetical uncoded PSK
system of the same rate [7].
t Simulation
Co Coding Gain calculated from simulation
~ SNR values calculated using the simulation values of the inner code

for Eb/No ;::: 5 dB. From figure 5.4, we see that the coding gains over the uncoded

reference system of the same spectral efficiency [7] at the bit-error-probabilities of

10- 6 and 10-9 are 4.92 dB and 6.64 dB respectively. The coding gains over the

uncoded QPSK at the bit-error-probabilities of 10-6 and 10- 9 are 5.42 dB and

7.14 dB respectively. The spectral efficiency of the first concatenation is TJ = 1.75

bits/symbol. Higher spectral efficiency can be achieved by using a higher rate RS

outer code, e.g., either the (255 ,239) RS code or the (255 , 247) RS code.

Decoding Complexity of the Inner Code of Scheme-It / = 2 and k = 1.

Henceforth we will denote the complexity associated with the distance com

putation between a fixed 8PSK signal point and a received point as 1 distance

computation.

Branch Decoding Complexity:

Recall, that two adjacent states of the super-trellis of the multi-dimensional inner

code are connected by 8 parallel branches, which have a trellis structure isomorphic

to n1. 0 1 has a very simple 2 state trellis and the trellis can be used to find the
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survivor of the 8 parallel branches. This reduces the branch metric calculation

complexity. The trellis for 0 1 has 2 parallel transitions per 8PSK signal. The

branch decoding complexity Be consists of the following terms: (1) Since there

are two 8PSK signal points per branch, the distance computation complexity per

branch is 16; (2) The Viterbi decoding for 0 1 requires 2 additions and 1 comparison

to calculate the final survivor. Since there are 4 cosets, the total complexity is 8

additions and 4 comparisons; and (3) Survivor computation for the parallel branch

transitions in 0 1 requires 8 comparisons( per 4 bits of decoded data ). Hence Be =

8 additions + 12 comparisons + 16 distance computations.

The total complexity per block of decoded data ( 4 bits) is thus 16 additions +
16 comparisons + 16 distance computations, i.e., complexity per symbol of the RS

code is 32 additions + 32 comparisons + 32 distance computations.

5.5.2 Scheme-II

In this scheme, a 7 x 2-dimensional 8PSK signal space Ao is used as the signal set for

the construction of TCM inner codes. This signal space is constructed from three

binary codes of length 7 as follows. Let Al = (7,3,3), A2 = (7,7,1), and A3 =

(7,7,1). Hence Ao = ..\((7,7,1) * (7,7,1) * (7,3,3)) which consists of 217 points.

The (7,3,3) code has been taken from [21] ( partition IV). Each signal point in Ao

consists of seven 8PSK signals. The squared intra-set distance of Ao is 1.758. This

signal space is partitioned into 8 cosets based on the following subspace: Let B1 =

(7,1,7), B 2 = (7,6,2), and B3 = (7,7,1). Hence Al = .-\((7,7,1)*(7,6,2)*(7,1,7)).

Each coset in the partition 0 0/01 consists of 214 points. The squared intra-set

distance of each coset of ..\(00/01 ) is 4.0. Furthermore, each coset in 00/01 has a

4-state 7-section trellis diagram [14] ( since 0 1 has a 4-state 7-section trellis diagram

). This trellis structure is very similar to the trellis diagram for example 2.1.
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The trellis inner code for the second proposed concatenated TCM scheme is

formed from a 4-state rate- 2/3 convolutional code and the signal space Ao through

concatenation as shown in figure 5.1 with k = 2 and r = 14. The generator matrix

of the convolutional code is:

G(D) = (1 bD f 1i D )

and the free branch distance is 2 ( the first code in table 3.2 ).

At each time instant, 16 information bits ( one block) are applied at the input

of the trellis inner code encoder. Two information bits are encoded by the rate

2/3 convolutional encoder into 3 coded bits. These 3 coded bits select a coset from

the partition 0.0/0.1 , and then the other 14 information bits select a point from the

selected coset. Hence 16 information bits are encoded into seven 8PSK signals. All

the signal sequences at the output of the trellis inner code encoder form a TCM

code with spectral efficiency TJ = 16/7 = 2.286 bits/symbol. In the trellis diagram

of this TCM code, two adjacent states are connected by 214 parallel branches ( which

have a 4-state 7-section trellis structure ), with each branch corresponding to seven

8PSK signals. The overall minimum squared Euclidean distance of the TCM code

is 3.516.

The second proposed concatenated TCM scheme is very similar to that shown

in figure 5.2. The only difference is that a different inner code is used. The inner

code decoding is the optimal soft-decision Viterbi decoding as discussed in section

5.2. Since the parallel branches between two adjacent states have a 4-state 7-section

trellis diagram, the most probable branch can be determined by using the Viterbi

decoding algorithm. The trellis inner code actually has a nested trellis diagram, i.e.

trellis within a trellis.

An upper bound has been derived for the error performance of the inner code

and is given in appendices E and G. The error performance is measured in terms of
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Table 5.2. Performance of scheme-II

Case RS Spectral Eb/No Eb/No Coding Coding
code efficiency @ @ Gain Gain
used (bits/ 10-6 10-9 @ 10- 6 @ 10-9

symbol) bit bit bit bit
error error error error
rate rate rate * rate *

Case 1 (255,223) 2.0 6.20 dB; 6.47 dB; 4.35 dB; 6.09 dB;
Case 2 (255,247) 2.214 6.91 dB; 7.44 dB; 4.22 dB; 5.69 dB;

* Coding Gain is calculated with the reference being a hypothetical uncoded PSK
system of the same rate [7].
t SNR values calculated using the simulation values of the inner code

block ( 16 bits) error probability.

Table 5.2 gives a list of 2 concatenations of the trellis inner code and 2 RS outer

codes over GF(28 ) .

Both concatenated schemes have spectral efficiency Tf greater than or equal to 2

bits/symbol. An upper bound on the bit error probability has been derived for all

the cases considered, ( see appendices E and G ) and is shown in figures 5.6 - 5.7.

The concatenation of the NASA standard (255,223) RS code and the 4-state

TCM inner code achieves a bit-error probability of 10-6 at a SNR of Ei]No = 6.2

dB. From figure 5.6 we see that the coding gains over the uncoded QPSK at the

bit-error-probabilities of 10-6 and 10- 9 are 4.35 dB and 6.09 dB respectively. We

see that the second proposed concatenated TCM scheme achieves higher spectral

efficiency at the expense of higher SNR and decoding complexity, as compared to

Scheme-I.

Decoding Complexity of the Inner Code of Scheme-II: 'Y = 2 and k = 2.

Branch Decoding Complexity:

Recall, that two adjacent states of the super-trellis of the multi-dimensional inner
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code are connected by 214 parallel branches, which have a trellis structure isomorphic

to that of 0 1 • 0 1 has a 4-state 7-section trellis and the trellis can be used to find

the survivor of the 214 parallel branches. This reduces the branch metric calculation

complexity significantly. The trellis for 0 1 has 2 parallel transitions per 8PSK signal.

The branch decoding complexity Be consists of the following terms: (1) Since there

are seven 8PSK points per branch, the distance computation complexity per branch

is 56; (2) The Viterbi decoding for 0 1 requires 44 additions and 23 comparison to

calculate the final survivor. Since there are 8 cosets, the total complexity is 352

additions and 184 comparisons; and (3) Survivor calculation for the parallel branch

transitions in 0 1 requires 28 comparisons ( per 16 bits of decoded data). As a

result, Be = 352 additions + 212 comparisons + 56 distance computations.

Therefore, complexity per RS symbol is 184 additions + 112 comparisons + 28

distance computations.

5.5.3 Scheme-III

In this scheme, a 15 x 2-dimensional 8PSK signal space Ao is used as the signal set

for the construction of TCM inner code.

This signal space is constructed from three binary codes of length 15 as follows.

Using notation of section 5.1, let A1 = (15,4,7), A2 = (15,14,2), and A3 =

(15,15,1). Hence Ao = '\«15,4,7) * (15,14,2) * (15,15,1)) which consists of 233

points. The (15, 4, 7) code is obtained by removing the first column and the last

row of the generator matrix of the (16, 5, 8) Reed-Muller code. Each signal point

in Ao consists of fifteen 8PSK signals. The squared intra-set distance of Ao is 4.102.

This signal space is partitioned into 8 cosets based on the following subspace: Let

B1 = (15,1,15), B2 = (15,14,2), and B3 = (15,15,1). Hence, A1 = '\«15,1,15) *
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(15,14,2) *(15, 15, 1)). Each coset in the partition no/fh consists of 230 points. The

squared intra-set distance of each coset of ,\(nO/n1) is 4.0.

The trellis inner code for the third proposed concatenated TCM scheme is formed

from a 4-state rate- 2/3 convolutional code and the signal space Ao through con

catenation as shown in figure 5.1 with r = 30 and k = 2. The generator matrix of

the convolutional code is:

G(D) = (1 t D ~ 1~ D )

and free branch distance of this code is 2 ( the first code in table 3.2 ). At each time

instant, 32 information bits ( one block) are applied at the input of the trellis inner

code encoder. Two information bits are encoded by the rate- 2/3 convolutional

encoder into 3 coded bits. These 3 coded bits select a coset from the partition

nO/nl, and then the other 30 information bits select a point from the selected coset.

Hence 32 information bits are encoded into fifteen 8PSK signals. All the signal

sequences at the output of the trellis inner code encoder form a TCM code with

spectral efficiency 'T/ = 32/15 = 2.1333 bits/symbol. In the trellis diagram of this

TCM code, two adjacent states are connected by 230 parallel branches, each branch

corresponding to fifteen 8PSK signals. The 230 parallel branches have a 4-state 15

section trellis structure [14]. The overall minimum squared Euclidean distance of

the TCM code is 4.0.

The third proposed concatenated TCM scheme is very similar to that shown

in figure 5.2. The only difference is that a different inner code is used. Optimum

one-stage decoding could have been used to decode the inner code, in a similar

manner as was done for Scheme-II. However, we chose to decode the inner code by

the multi-stage suboptimum soft-decision Viterbi decoding technique described in

section 5.2. The overall decoding of the multi-dimensional inner code is carried out

in two stages. (Since the second and the third stage of decoding are combined
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Table 5.3. Performance of scheme-III

Case RS Spectral Eb/NO Eb/No Coding Coding
code efficiency @ @ Gain Gain
used (bits/ 10-6 10-9 @ 10-6 @ 10-9

symbol) bit bit bit bit
error error error error
rate rate rate .. rate ..

Case 1 (255,235) 1.966 5.88 dBt 6.27 dBl 4.60 dB~ 6.21 dBl
Case 2 (255,239) 2.0 5.98 dBt 6.49 dBl 4.57 dB~ 6.07 dBJ
Case 3 (255,247) 2.066 6.50 dBT 7.03 dBJ 4.23 dBA 5.43 dBJ

.. Coding Gain is calculated with the reference being a hypothetical uncoded PSK
system of the same rate [7].
t Simulation
c: Coding Gain calculated from simulation
t SNR values calculated using the simulation values of the inner code

into one stage of decoding). npl has a very simple 2-state 15-section trellis, with

two adjacent states connected by 4 parallel branches. n~2l has a very simple 2-state

15-section trellis, with 2 adjacent states connected by 2 parallel branches.

n1 has a 4-state 15-section trellis, with 2 adjacent states connected by 2 parallel

branches. This trellis is substantially more complex than the trellis for n~ll. This

helps in reducing the decoding complexity, as explained in section 5.2. Also, the

loss in performance due to sub-optimal decoding is negligible, primarily because the

first stage is much more powerful in terms of Euclidean distance as compared to the

second stage.

An upper bound has been derived for the error performance of the inner code

using the proposed multi-stage decoding algorithm, and is given in appendices E and

H. The error performance is measured in terms of block ( 32 bits) error probability.

Table 5.3 gives a list of 3 concatenations with 3 RS outer codes. The simulation

results listed in table 5.3 have been carried out with an interleaving depth of five.
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An upper bound on the bit error probability has been derived for all the cases

considered, ( see appendices E and H ) and is shown in figures 5.8 - 5.10.

Decoding Complexity of the Inner Code of Scheme-III: / = 2 and k = 2.

Branch Decoding Complexity:

There are fifteen 8PSK points per branch, hence the distance computation com

plexity per branch is 120; The sub-optimal distance estimates require 90 compar

isons. In addition the branch decoding complexity Be consists of the following

terms:

First stage of decoding:

Recall, that at the first stage of decoding we form the trellis CI . Two adjacent

states of the trellis G'I are connected by parallel branches, which have a trellis

structure isomorphic to that of np>. Viterbi decoding of np> requires 28 adds and

1 compare. Since there are 8 cosets, the total complexity is 224 additions and 8

comparisons.

Second stage of decoding:

Viterbi decoding of n~2> requires 54 additions and 27 comparisons.

Hence, Be = 278 additions + 125 comparisons + 120 distance computations,

i.e., complexity per RS symbol is 73.5 additions + 34.25 comparisons + 30 distance

computations.

5.6 Comparison of Results with [14,6,7]

The proposed schemes outperform those in [14, 6, 7] both in terms of coding gain

and decoding complexity.

Consider the first scheme proposed in [14]. This scheme achieves 10-6 bit-error

rate at Eb/No of 5.61 dB and 10- 10 at Eb/No of 6.07 dB with a decoding complexity

of 4 states. As is shown in table 5.1 and figure 5.4, Case 1 of Scheme-I outperforms
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Figure 5.8. Bit error performance of case 1 of scheme-III

142



1413121110876
10.10L..U...J..J..L.L.J..J...L.w...u...L.L..J...U...Ij\U-J-l-L..u..w..L..u..u...L.u....u...J...u....u...J...u....u...J...u....u...J...u....u...J...J...J....L..L..J...J....L..L..J...U..L.L.J...J....L..L...Jf-I-'-l..l..1.J..UJ

5

10·Z :~.J L ..J. 1... 1... 1..... -t- simulation
iii iii - ~- bound(s)

J ~~.............. ] .1. ...1 1... 1..... -i- uncoded QPSK
.~ 1\ I I I I I --<-'Upperbound

O :::::::
~ \: : : : : : :

~---!~i,-\-+-f---l----t-·T--r-l---
1o· 8 l #i ~ j... ; ; ; : ........; l .

I . XI i bound obtained using simulation data : I. \ . . .
.................1 4. of inner code and formula for RS code ~ .) .

I ~, \1 I 1 I' I

Figure 5.9. Bit error performance of case 2 of scheme-III

143



14131211109876

I0. 10LU.J...l..l.J..J..J...l..I..J.,J.J",Ju..u...J...J...I..l..W.4#-J-L.L.l..U...L..L.U..U.J..l.J...U..L.l..U...L..L..I....L.I....l.J..J..J...l..l.J..J..J...l...LJ.J..J..L..L.U..!..LJ..U.J..l..I..4Qll-U-U..u..J

5

2 : : : : : -+- simulation10" ·················i···················j················...j...........••....•.j-••••••••••••••••••1-••••••••.

: i I I I --i- bound(s)
...............1.. i ) ; L. -+- uncoded QPSK

I : i ! I -+-2~ 2* 1.0332) PSK
,q 10.4 i······ ·········1···················j········ ]. ]. -0- Upper bound

~ i;!!!' I I
Q) . .., .,

~ 1t8-~~~~r--~-:-i _-_-~~r::::I:::I:~:I:_~r::~~[-:-::
1 l 1 l 1 1 1

........................................... '. .. bound obtained using simulation data . .
I I of inner code and formula for RS code j

Figure 5.10. Bit error performance of case 3 of scheme-III

144



this particular scheme by almost 0.48 dB at 10-6 bit-error-rate and by about 0.6

dB at 10- 10 bit-error-rate. The decoding complexity of the first scheme in [14] has

a decoding complexity of 26 additions + 29.5 compares + 32 distance computations

per symbol of the RS code [14]. This complexity is comparable to the decoding

complexity of Case 1 of the proposed Scheme-I. The second scheme proposed in [14]

has a decoding complexity higher than that of Case 1 of Scheme-III and both of the

schemes have the same spectral efficiency. Case 1 of Scheme-III outperforms this

scheme by about 0.69 dB at a bit-error-rate of 10-6 and by 0.63 dB at a bit-error-rate

of 10-10 •

Now consider the schemes proposed in [6]. For spectral efficiencies less than

2 bits/symbol, Example 2.2 of [6] provides the best performance with a decoding

complexity of 256 additions + 192 compares + 32 distance computations per RS

symbol[6]. Comparable performance is achieved by Scheme-I with much lower de

coding complexity as is shown in section 5.5. Example 2.1 of [6] with PTVTC

trellis codes have a much higher complexity than that of Scheme-I and in addition

Scheme-I outperforms Example 2.1 of [6] by by 0.3 dB - 1.8 dB at a bit-error-rate

of 10-6 and by 0.2 dB - 1.5 dB at a bit-error-rate of 10-9 • For spectral efficien

cies 2:: 2 bits/symbol, Example 2.1 of [6] provides the best performance with a 16

state rate-7/9 PTVTC. The complexity of this scheme is 146.29 additions + 105.14

comparisons + 27.43 distance computations per RS symbol. Scheme-III has a much

lower complexity as compared to this one and has comparable performance. How

ever, what is not reflected in the complexity calculations is the hardware complexity

involved in implementing the decoder of the PTVTC code. The decoder has to

change periodically to decode the information bits which essentially would be un

desirable for high speed applications.

Schemes proposed in [7] use multidimensional trellis codes as the inner codes.
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The scheme shown in figure 4 of [7] with 8 states gives the best performance for

spectral efficiencies less than 2 bits/symbol. Scheme-I gives slightly better perfor

mance with a decoding complexity which is approximately 2 - 2.5 times less than

that of figure 4 of [7]. Figure 3 of [7] gives the best performance for spectral ef

ficiencies 2:: 2 bits/symbol. An equivalent code as this one can be constructed

~y replacing Ao and At in Scheme-I by Ao = )'((3,3,1) * (3,3,1) * (3,3,1)) and

At = >'((3,1,3) * (3,3,1) * (3,3,1)) respectively. Scheme-II and Scheme-III give

us better performance than figure 3 of [7] at the cost of slightly higher decod

ing complexity. Scheme-II and Scheme-III have comparable performances, however

Scheme-II gives us higher spectral efficiencies at the cost of slightly increased de

coding complexity.
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Chapter 6

Product Coded Modulation

In this chapter, we will present a simple and systematic technique for construc

tion of modulation codes using product codes and block modulation codes as the

basic building block. The proposed technique can be used to construct good mod

ulation codes for both the AWGN and the Rayleigh fading channels.

6.1 Review of Product Codes

In this section, we give a brief review of the construction of two-dimensional product

codes. Let C1 be an (Nt, J(1) binary block code and C2 be an (N2, J(2) binary block

code. The product of C1 and C2 , denoted C1 x C2 , is formed in three steps. A

message of J(1 . J(2 bits is first arranged in a J(2 x J(1 array of J(2 rows and K 1

columns as shown in figure 6.1.

Each row of this array is encoded into an N1-bit codeword in C1 • This row

encoding results in a J(2 x N1 array of J(2 rows and Nl columns. Then, each column

of this second array is encoded into an N2-bit codeword in C2 • As a result of the

two-step encoding, we obtain an N2 X N1 code array as shown in figure 6.1. This

code array is then transmitted column by column (or row by row). The collection of

all the distinct code arrays form a two-dimensional product code. If the minimum
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Hamming distances of Cl and C2 are dl and d2 respectively, then the minimum

Hamming distance of their product C, X C2 is dl • d2 [18]. Henceforth, the code Cl

will be loosely termed as the horizontal code of the product code and C2 termed as

the vertical code of the product code.

6.2 Construction of 8PSK Product Modulation
Codes

In this section, we will formulate the basic construction technique for the proposed

product modulation codes. For ease of explanation, we will consider 8PSK. The

technique however, is applicable to other PSK constellations as well, and generalizing

the construction to other PSK constellations is straightforward.

Some of the construction steps outlined below are the same as that for block

modulation codes discussed in chapter 2. However, for the sake of completeness we

will discuss the major steps again.

A product 8PSK modulation code is formed by combining three 2-dimensional

product codes through bits-to-signal mapping onto an 8PSK signal set S [30]. For

bits-to-signal mapping, each signal point in S is labeled with 3 bits, abc, as shown

in figure 2.3, where a is the first labeling bit and c is the last labeling bit. Recall,

that (1) Two signal points with labels different at the first position are at a squared

Euclidean distance at least 8~ = 0.586 apart; (2) Two signal points with labels

identical at the first bit position but different at the second position are separated

by a squared Euclidean distance of hi = 2; and (3) Two signal points with labels

identical at the first two bit positions but different at the last bit position are at a

squared Euclidean distance 8~ = 4 apart.

For 1 ~ i ~ 3, let Ci,l = (N, ki,l' di,d be a binary block code with minimum

Hamming distance di,l and Ci ,2 = (n, k i ,2, di,2) be a binary block code with minimum
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Hamming distance di ,2 ' Now we form 3 product codes, P1 = C1,l X C1,2 , P2 =

C2,1 X C2,2 and P 3 = C3,l X C3 ,2' Let A, B, and C be three code arrays from Pt, P 2

and P3 respectively. For 1 s j s N, let

aj = (aj,l , aj,2 , ... , aj,n)

b· = (bj ,l , bj,2 , ... ,bj,n)J

Cj = (Cj,l , Cj,2, ... ,Cj,n)

(6.1)

be the j-th columns of the code arrays, A, B, and C respectively. We form the

following sequence:

For 1 ~ i ~ n, we take aj,ibj,iCj,i as the label for a signal point in the 8PSK signal

constellation as shown in figure 2.3. Let ).(.) be the mapping which maps the label

aj,ibj,lCj,l into its corresponding signal point Sj,l, i.e., ).(aj,lbj,iCj,i) = Sj,l' We will

consider). to be the mapping as specified by Ungerboeck in [30]. Then

= (Sj,t,Sj,2"" ,Sj,n) (6.3)

is a sequence of n 8PSK signals. Next, we form an n x N array of 8PSK signals,

denoted ).(A*B*C), where the j-th column of this array is Vj. The array ).(A*B*C)

is a codeword in the proposed product modulation code. Consequently, the following

collection of distinct arrays of 8PSK signals,

(6.4)

form a product 8PS/( modulation code of length nN, dimension k1,1 • k1,2 + k2,l '

k2,2 + k3,1 • k3,2 , and minimum squared Euclidean distance
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Proof of (6.5): The minimum Hamming distance for P, is d1,1 X d1,2 ; for P2 is

d2,1 X d2,2 ; and that for P3 is d3 ,1 X d3 ,2 [18]; The rest of the proof of (6.5) follows

on the same lines as the proof of the minimum squared Euclidean distance of basic

multilevel block modulation codes in [16], and hence is omitted here.

Note, that for 1 :5 j :5 N, the columns aj, bj, and Cj are codewords from

the vertical codes C1,2 , C2,2 and C3,2 respectively. Then, for 1 :5 j :5 N, vs =

A(aj * bj *Cj) is a codeword in A, where

A ~ A(C1,2 *C2,2 *C3,2 )

= P(UI * U2 * U3) : UI E C1,2 , U2 E C2,2 and U3 E C3 ,2 } (6.6)

A forms a 3-level 8PSK modulation code [16] of length n, dimension k = k1,2 +k2,2+
k3 ,2 , and minimum squared Euclidean distance

(6.7)

In fact, each row of A(A *B *C) is a code sequence in the following 3-level8PSK

modulation code:

Therefore, n may be considered as the product of A and 3. We call A and 3 the

vertical and horizontal component codes of n.
It follows from the above, that any transmitted code sequence V can be written

in the form

(6.9)

where Vj E A for 1 :5 j :5 N. The transmission of the signals in the 8PSK signal

array A(A *B *C) is done column by column, i.e., VI is transmitted first, followed

by V2 and so on.
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A very interesting and special case for the above occurs when the horizontal

codes for all the product codes are left uncoded, i.e. kit1 = N for 1 :5 i :5 3. The

overall product modulation code 0 in this case reduces to the basic 3-level block

modulation code A.

Note, that in the above we considered binary linear block codes to be the hori

zontal codes for the product codes. Alternatively, we could also consider non-binary

codes (e.g., RS codes) of length N to be the horizontal codes. The construction

technique would remain the same even in this case, with the only restriction that in

all the product code encodings, the horizontal encoding should be done first followed

by the column encoding. This is to ensure that the columns of the n x N signal

array are codewords in A. The reason for this will be clear in the next section",

The structure of the proposed product modulation codes allows a lot more flex

ibility in the design of the modulation codes as compared to basic multi-level block

modulation codes [16]. To construct a 8PSK product modulation code the designer

has a choice of six codes, as opposed to three codes in the case of basic multilevel

block modulation codes.

6.2.1 Spectral Efficiency of the Proposed Codes

The effective spectral efficiency of the product modulation code in terms of the

number of information bits transmitted per symbol is:

17[0] = E~=} kit} • k it2 bits/symbol
u .«

(6.10)

4If binary linear codes are used both for the horizontal and vertical codes, the rows of the
product coded array are codewords in the horizontal code, and the columns are codewords in the
vertical code of the product code. This holds irrespective of the order of encoding of the product
code array[18].
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6.2.2 Phase Invariance of the Proposed Codes

The phase invariance of the proposed codes can be found by a straightforward

application of the conditions derived in [15]. A slight variation of this condition will

be discussed in section 6.4.

603 Decoding

One obvious, though impractical way of decoding the proposed product modulation

codes is to compare each received code sequence with all the possible code sequences

and find the best one in terms of the decoding metric. The decoding complexity

associated with this technique would in most cases be simply enormous, even if a

trellis diagram exists for each product code. As such, we will focus on a multi-stage

decoding procedure primarily because it helps in reducing the decoding complexity.

In this paper, minimum squared Euclidean distance will be used as the decoding

metric for both the AWGN and the Rayleigh fading channel. The reasons for this

were mentioned in section 2.5.

Again, for ease of explanation, we will use 8PSK as the signal constellation. Let

V be the transmitted code sequence. V can be written in the form .\(A * B *C),

where A E PI, B E P2 and C E P3 • The multi-stage decoding of V proceeds in

three stages. A is estimated first, followed by B and then finally C. The decoding

complexity associated with the decodings of A, Band C depends not only on the

algebraic structure of PI, P2 and P3 respectively, but also on the decoding technique.

The decoding of each of the three product codes may be carried out in one-stage,

or may be split up into multiple stages to reduce the decoding complexity.
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In this section, we will propose two decoding algorithms, which split up the

decoding of the product code into multiple stages, so as to reduce the decoding

complexity, while maintaining performance.

If each of the three product codes, PI' P2 and Pa have a nice and simple trellis

structure, then this trellis structure can be used to do a one-stage decoding of each

of the three product codes. To illustrate this point, let us consider an example.

Example 6.1: Consider CI ,2 ' C2 ,2 and Ca,2 to be the (16,15,2) even parity-check

code with minimum distance 2. CI,1 and C 2,1 to be the (2,1,2) repetition code

with minimum distance 2, and Ca,l to be the (2,2,1) universal code with minimum

distance 1. The overall spectral efficiency of the product modulation code is 1.875

bits/symbol.

PI and P2 have a very simple 2-state, 16-section, 2 bits per branch trellis. The

trellis structure of PI and P2 is isomorphic to the trellis structure of the (16, 15, 2)

parity check code [14], with the only difference that on every branch of the trellis of

the (16, 15, 2) code, the bit "I" is replaced by two "I" and the bit "0" is replaced

by two "0". Pa has a very simple 2-state, 32-section, 1 bit per branch trellis. The

trellis for Pa is obtained simply by placing two trellises for the (16,15,2) code end

to end.

Multi-stage decoding as proposed by [23] and [25] will be used to decode the

proposed code. This technique was described in detail in section 2.3.5. The decod

ing proceeds in three stages. At the first stage of decoding, the trellis for PI along

with the received sequence is used to decode the information bits associated with

Pl. The decoded information bits from the first stage of decoding are then passed

onto the second stage, where the trellis for P2 , along with the received sequence

is used to estimate the information bits associated with P2 • The third decoding

stage proceeds in a manner similar to that of the second stage. The total decoding

154



complexity associated with this decoding strategy is the sum of the decoding com

plexities associated with the three decoding stages. All the three product codes have

a very simple 2-state trellis structure, and as such the overall decoding complexity

is very low.

Divsalar and Simon in [8] showed that the performance of a modulation code

over the Rayleigh fading channel, with no CSI ( channel state information ) and

minimum squared Euclidean distance as the decoding metric depends upon the

minimum symbol distance, the product distance, the number of nearest neighbors

and to a lesser extent the squared Euclidean distance. A short summary of the

results presented in [8] was given in section 2.5. The dominating parameter is in

fact the minimum symbol distance for moderate to large SNR. For the proposed

product modulation code with the multi-stage decoding algorithm, the performance

of each decoding stage for large SNR, neglecting error propagation, would depend

mainly on the minimum symbol distance of the product code being decoded, which

in this case would correspond to the minimum Hamming distance of the product

code. The overall performance of the product modulation code for large SNR would

be dominated by the product code which has the least minimum symbol distance.

The parameters dominating performance for multi-stage decoding were discussed in

section 2.5. The minimum symbol distance for PI and P2 is 4 and that for P3 is

2. The minimum product distance of the third decoding stage is .6.; = (4.0)2 =

16.0 ( straightforward application of results from section 2.5 ). For large SNR the

performance of the proposed code is dominated by the third decoding stage, however

for low to moderate SNR, the performance is dominated by the first decoding stage,

due to error propagation. For large SNR the error propagation from the first two

stages to the third stage is minimal due to the larger minimum symbol distance of

the first two product codes. Figure 6.2 shows the bit error performance for this code
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over the Rayleigh fading channel. The simulation has been carried out assuming

no channel state information, infinite symbol interleaving (i.e., independent symbol

fading ), and minimum squared Euclidean distance as the decoding metric. The code

achieves 9.88 dB coding gain over uncoded QPSK at 10-3 bit error rate, and 26.59

dB coding gain over uncoded QPSK at 10-6 bit error rate. The phase invariance of

the proposed code can be derived by a straightforward application of the conditions

derived in [15]. A simple calculation yields the phase invariance to be 900
•

The decoding strategy presented in the example above would work fine if the

trellis structure associated with the all the three product codes is relatively sim

ple. However, if any of the three product codes have a complicated trellis structure,

one-stage decoding of that particular product code would be cumbersome and im

practical. In the following, we propose two decoding algorithms, which break up

the decoding of the product code into multiple-stages, thus reducing decoding com

plexity drastically, while maintaining performance.

6.3.1 Algorithm 1 - Soft Decision Rowand Column De
coding

Without loss of generality, let us say we need to do multi-stage decoding of Pl.

Using notation developed in section 6.2, PI = GI,I X G1,2. The algorithm assumes

that both GI,I and G1,2 are binary codes and have a nice and simple trellis structure.

Let V be the transmitted code sequence. V can be expressed in the form ..\(A *
B *G), where A E PI, B E P2 and G E P3 • The first stage of decoding of V involves

the decoding of H, to estimate A. Algorithm 1 to be described in this section,

breaks up the estimation of A into three stages.
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First stage of decoding:

V can be expressed in the form given by (6.9), and using (6.3), each of the

v/s can be expressed in the form Vj = >.(aj * h j * cj}, For 1 ~ j ~ N, Vj E A.

This forms the fundamental basis for the first stage of decoding. Let r j denote the

received sequence of 8PSK signals corresponding to Vj. Using rj, the trellis for GI ,2

and the multi-stage soft-decision decoding algorithm for A proposed in [23] and [25]

(described in section 2.3.5), we obtain an estimate of aj, denoted aj. For 1 ~ j ~ N,

aj gives us an estimate of A. Let us call this estimate Avertical' This completes

the first stage of decoding.

Second stage of decoding:

For 1 ~ i ~ n, let Ai denote the i-th row of A. Since the codes, GI,I and GI ,2

used to construct the product code PI are binary codes, hence Ai is a codeword in

GI,I' This holds true irrespective of the order of encoding [18]. Using the received

sequence of signals, the trellis for GI,I and the multi-stage soft-decision decoding

technique proposed in [23] and [25], we can get an estimate of A;, denoted .4;. This

gives us yet another estimate of A, denoted Ahorizontal' In fact, the decoding

procedure is similar to that followed in the first stage of decoding, with the only

difference that instead of estimating the columns of A, we estimate the rows of A.

Third stage of decoding:

The two estimates, Avertical and Ahorizontal are compared and bit positions

where the two do not match are declared to be erasures. If the estimates, Avertical

and Ahorizontal match in every bit position, then there are no erasures, and the

decoding is assumed to be perfect. In this case Avertical ( or Ahorizontal ) is used

to obtain the information bits associated with the first product code, Pl.

If the estimates, Avertical and Ahorizontal do not match, then the number of

erasures IS non-zero. Wainberg [32] proposed an error-erasure decoding technique
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for product codes. A straightforward application of his technique would give us the

information bits associated with the first product code, Pl. This completes the third

and final stage of decoding.

Decoding Complexity:

Let the trellis decoding complexity of CI,I and C1,2 be XCI,I and XCI ,2 respec

tively. The first stage of decoding involves N decodings of CI ,2 and the second stage

of decoding involves n decodings of C1,1 . The complexity associated with the third

stage of decoding is small as compared to the decoding complexities of the first

two stages of decoding, and as such will be neglected. Hence, the total decoding

complexity associated with the decoding algorithm 1 ( for multi-stage decoding of

PI ) is:

N . XC1•2 + n . XCI,I (6.11)

The decoding complexity listed in (6.11) is in most cases substantially smaller than

the decoding complexity associated with one-stage decoding of PI-

6.3.2 Algorithm 2 - Soft Decision Column and Hard Deci
sion Row Decoding

Algorithm 1 described above considered the situation where the horizontal code of

the product code PI had a trellis structure. In the event, that the horizontal code

either does not have a nice trellis structure or the trellis structure is too complicated,

we may do hard decision decoding for the horizontal code. Algorithm 2 to be

described below, considers the aforementioned scenario.

Again, for ease of explanation let us say we need to do multi-stage decoding

of Pl. Let V be the transmitted code sequence. V can be expressed in the form

-\(A *B *C), where A E PI, BE P2 and C E P3 •

The first stage of decoding of V involves the decoding of PI, to estimate A.
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Algorithm 2 to be described in this section, breaks up the decoding of H into two

stages.

First stage of decoding:

The first stage of decoding for algorithm 2 is identical to the first stage of decod

ing for algorithm 1. However, for sake of completeness we will list the major steps

associated with the decoding again.

V can be expressed in the form given by (6.9), and using (6.3), each of the v;'s

can be expressed in the form Vj = ,x(aj *b, *Cj). Let rj denote the received sequence

of 8PSK signals corresponding to Vj. Using rj, the trellis for C1,2 and the multi

stage soft-decision decoding algorithm for A proposed in [23] and [25], we obtain an

estimate of aj, denoted aj. This completes the first stage of decoding.

Second stage of decoding:

Let I(a)j denote the corresponding information sequence associated with aj.

Note, I(a)j has k1•2 bits. We then construct a k1,2 x N array, Afirst, where for

1 :5 j :5 N, the j-th column of Afirst is I(il)j' Each of the rows of the array Afirst

are then hard-decision decoded using the code C1•1. In the event C1•1 is non-binary,

two or more rows will be simultaneously hard-decision decoded. The rows of the

array Afirst are replaced by the decoded codewords. Let this new array be denoted

by Asecond' Each of the columns of Asecond are then encoded using the code C1,2

to form a n x N array, A. This new array A is the decoded estimate of A, and

the corresponding information sequence associated with PI can be obtained from A.

This completes the second and the final stage of decoding.

Decoding Complexity:

Let the trellis decoding complexity of C1•2 be XCI ,2 • The first stage of decoding

involves N soft-decision decodings of C1•2 and the second stage of decoding involves

kl •2 hard-decision decodings of C1•1• The complexity associated with the second
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stage of decoding is small as compared to the decoding complexity of the first stage

of decoding, and as such will be neglected. Hence, the total decoding complexity

associated with the decoding algorithm 2 ( for multi-stage decoding of Pl ) is:

(6.12)

The decoding complexity listed in (6.12) is in most cases substantially smaller than

the decoding complexity associated with one-stage decoding of Pl'

To summarize the results presented above, we proposed two decoding algorithms

for the product codes. The decoding of the overall product modulation code may

be carried out using a combination of the decoding algorithms presented above. For

example, Pl may be decoded with algorithm 2; P2 with algorithm 1 and P3 with the

one-stage decoding algorithm presented in example 6.1. The actual choice of the

decoding algorithm for each product code depends upon the choice of the product

codes and in addition on the desired performance and the maximum allowed decod

ing complexity. For example, algorithm 1 would in general give better performance

than algorithm 2, however at the cost of increased decoding complexity. Unless the

improvement in performance is substantial, algorithm 2 may be chosen instead of

algorithm 1. The final choice of the decoding algorithm depends upon the system

designer and the system design constraints. As such, there is a great amount of flex

ibility available in the choice of the decoding algorithms for the proposed product

modulation codes.

6.4 Design of Good Product Modulation Codes

The overall performance of the product modulation codes depends not only on the

choice of the product codes, but also on the decoding strategy. Since multi-stage

decoding is used to decode the overall product modulation code, ( i.e., PI is decoded,
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followed by P2 and finally P3 ) the first two product codes, i.e., Pt and P2 should

be chosen to be better in performance as compared to P3 so as to reduce the effect

of error propagation, and thereby improve overall performance. The performance of

each product code depends upon the decoding strategy adopted for that particular

product code, i.e. whether the decoding is one-stage or multi-stage using algorithm

1 or multi-stage using algorithm 2. However, in certain situations there might not

be a choice for the decoding strategy. Complexity considerations might force one to

choose the the decoding strategy with the lowest decoding complexity, which in this

case happens to be algorithm 2. In the following, we discuss the parameters affecting

performance for the various decoding techniques considered in section 6.3. We will

in the discussion exclude the performance degradation due to error propagation.

6.4.1 One-stage Decoding

In this case, the performance of the product code depends upon the minimum

squared Euclidean distance and the number of nearest neighbors for the AWGN

channel [30] ( refer section 2.5 ). For good performance over the AWGN channel,

the minimum squared Euclidean distance should be maximized and the number of

nearest neighbors should be minimized. If the product code is to be designed for the

Rayleigh fading channel the main parameters of interest are the minimum symbol

distance ( which in this case corresponds to the minimum Hamming distance ), the

product distance, the number of nearest neighbors and to a lesser extent on the

squared Euclidean distance. These parameters should be chosen so as to minimize

the bit error probability expression given by Divsalar and Simon in [8] (refer section

2.5 ).
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6.4.2 Multi-stage Decoding using Algorithm 1

If the component codes of the product code are chosen right, our simulation studies

have shown that the performance of the product code using algorithm 1 approaches

the performance achieved with one-stage decoding, for high signal to noise ratio. In

this case, the design criterion are the same as for one-stage decoding. If the hori

zontal and the vertical code of the product code are chosen to be equally powerful,

this ensures that the performance of the product code, using decoding algorithm

1 will approach the performance achieved with one-stage decoding. We will argue

this claim intuitively. Consider the scenario, where one of the component codes of

the product code is less powerful as compared to the other component code. On

decoding, the component code which is less powerful will on an average tend to

produce more errors than the component code which is more powerful. This will

result in an increase in the number of erasures, as compared to if the component

codes of the product code were chosen to be equally powerful. An increase in the

number of erasures will lead to deterioration in performance.

6.4.3 Multi-stage Decoding using Algorithm 2

The situation here is analogous to that of single-level concatenation [14, 6, 7], with

the only difference that we have a number of outer codes, instead of a single outer

code. The first stage of decoding in algorithm 2 can be viewed as equivalent to inner

code decoding in single-level concatenation and the second stage of decoding can

be viewed as the outer code decoding. The design rules associated with algorithm

2 are very similar to that of single-level concatenated systems. In the following,

we derive an approximate bound on the bit error probability of the product code

decoded using algorithm 2. The derivation will give us more insight, as to how

does one choose the component codes of the product code for good performance
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over a certain channel. For ease of explanation, let us say PI needs to be decoded

using algorithm 2. Also, let us assume that the horizontal component code of PI is

binary. The first stage of decoding of algorithm 2 forms estimates of the columns of

the product code. Let P» denote the probability that a column is decoded in error.

Since p, only depends upon the parameters of the vertical component code of PI, it

is the same for all the columns [23,25]. Ideal interleaving guarantees that the errors

among the columns are independent 5. At the start of the second stage of decoding,

we form a kl ,2 x N array, denoted Afirst. Let P denote the bit error probability of

the bits associated with this particular array. P» forms an upper bound on P, since

the columns of Afirst are formed from the columns estimated in the first stage of

decoding. Upper bounds on p, can be derived by a straightforward application of

the results in [16] for the AWGN channel, and the results in [8] for the Rayleigh

fading channel. These bounds were discussed in section 2.5. The second stage of

decoding of algorithm 2 performs hard-decision decoding on Afirst using Cl,l. The

overall bit error probability, Pb,l after the second stage of decoding is the same as

the performance of Cl,l over a BSC ( binary symmetric channel ) with transition

probability P, i.e.,[18]

81 1 ~ (N) . N .Pb,l ~ -' LJ . p'(l - p) -,
N i=t+l 't

(6.13)

where 81 ,1 is the minimum Hamming distance of Cl,l and t is the error correcting

capability. In most cases finding bounds on P is much harder than finding bounds on

Pll. As such a simpler ( albeit somewhat loose) upper bound on Pb,l can be derived

by simply replacing P by P» in (6.13). The bound in this case would hold true even

if Cl,l was non-binary.

Equation (6.13) is similar to the bit error probability expression obtained in the

5Note, that this assumption is not required for the AWGN channel, however, is essential for the
Rayleigh fading channel.
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case of single-level concatenation, with the only difference that p in the case of single

level concatenation is the probability that the inner code decoder makes an error.

As such, the design rules associated with choosing t and p for good performance are

the same as that in single-level concatenated systems. These rules were discussed

in chapter 5.

Consider the case when all the three product codes in the 8PSK product modu

lation code are decoded using algorithm 2. The situation in this case is analogous to

single-level concatenation, with the only difference that we have a number of outer

codes, and as such the proposed product modulation code can be viewed as a multi

level concatenated code with A as the inner code and the horizontal component

codes of the product code forming the outer codes. A is chosen for reasonably good

performance over the selected channel, and the horizontal component codes improve

reliability by correcting errors made by the inner code decoder, similar to that in a

single-level concatenated system. The error correcting capability of the horizontal

codes is chosen according to the bit error probability of the bit ( or a number of bits,

if the horizontal code is non-binary) that the horizontal code is going to correct.

This multi-level concatenation setup allows more preferential correction of the bits

at the output of the inner code decoder than is possible using single-level concatena

tion. The multi-level concatenation setup introduces a slight variation in the phase

invariance condition. The normal protocol adopted for single/multi-level concate

nated systems is to resolve the phase invariance after the inner code decoding, i.e.,

before the outer code decoding. This leads us to the following theorem.

Theorem 6.1: The phase invariance of the product modulation code n is the same

as that of A.

165



Proof: Recall that a codeword in n can be written in the form

(6.14)

with Vi E A for 1 ~ i ~ N. From the above structure it is obvious that the phase

invariance of n is the same as that of A.

6.5 Examples

Example 6.2: In this example, we will construct a product modulation code over

8PSK for the Rayleigh fading channel. Various combinations of decoding techniques

will be considered for the proposed code, and tradeoffs between the various decoding

techniques will be studied.

Choose C1,2 to be the (32,16) Reed-Muller code with minimum Hamming dis

tance 8, C2,2 and C3 ,2 to be the (32,26) Reed-Muller code with minimum Hamming

distance 4. Consider A = ,\(C1,2 *O2,2 *0 3 ,2 ) ' A is a 3-level block modulation code

over 8PSK [16]. The spectral efficiency of A is 2.125 bits/symbol and the phase

invariance is 900
• The performance of this code over the Rayleigh fading channel is

shown in figure 6.3.

The simulation has been carried out using 3-stage decoding [23, 25] ( discussed

in section 2.3.5 ), assuming no channel state information, infinite symbol interleav

ing (i.e., independent symbol fading) and minimum squared Euclidean distance

as the decoding metric. The overall performance of A over the Rayleigh fading

channel is dominated by O2,2 which has symbol distance 4 and product distance

~; = (2.0)4 = 16.0 [8]. In order to improve the performance of A, we need to re

place the code associated with the middle bit with a more powerful code. One way

to do this, would be to replace the (32,26) code by the (32,16) code. This would
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Figure 6.3. Bit error performance of the code in example 6.2
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definitely improve performance, however the overall spectral efficiency would be

drastically reduced and the complexity also would increase, since the trellis decod

ing complexity of the (32,16) code is substantially higher than the trellis decoding

complexity of the (32,26) code [11]. The proposed construction technique allows

constructing a product modulation code which improves upon the performance of A

while maintaining almost the same decoding complexity, but with a slight reduction

in spectral efficiency. Choose C1,1 and C3,1 to be the trivial (32,32) code with min

imum Hamming distance 1. Also, choose O2,1 to be the (32,26) Reed-Muller code.

The overall spectral efficiency of the product modulation code is 1.9726 bits/symbol

and the phase invariance is 900
• We will consider various combinations of decoding

techniques for this product modulation code.

Case 1: PI and P3 are decoded using algorithm 2. Since the horizontal compo

nent codes of these two product codes are uncoded, hence algorithm 2 decoding for

these two product codes consists of just the first stage of decoding. The horizontal

component codes for PI and P3 are specifically chosen to be uncoded, since the

performance of the vertical component codes for these two product codes, excluding

the effects of error propagation, is substantially better than the performance of the

vertical code of P2' As such, there is no need for further performance improvement

of PI and P3 by choosing non trivial horizontal codes.

P2 is decoded using algorithm 2. The second stage of decoding for P2 is carried

out using majority-logic decoding. Since the (32,26) code used as the horizontal

code has minimum Hamming distance 4, hence the second stage of decoding of

algorithm 2 improves reliability by correcting single errors in the column estimates.

Figure 6.3 shows the bit error probability for this particular case. The proposed

product modulation code improves upon the performance of A by 2.58 dB at 10-5

bit error rate, with only a small reduction in spectral efficiency. The decoding
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complexity of the proposed product modulation code and A is almost the same, and

so is the phase invariance.

Case 2: This case is similar to case 1, with the only difference that P2 is decoded

using algorithm 1. This further improves the performance of the proposed code,

however at the cost of slightly increased complexity. Figure 6.3 shows the perfor

mance of this particular case. As can be seen from the figure, use of algorithm 1

improves the performance of the product code by about 0.76 dB over algorithm 2

at 10-5 bit error rate.

The next question is, how good is the performance of P2 with algorithm I? To

answer this question, we would have to simulate the performance of the product

modulation code, with one-stage decoding for P2. The one-stage decoding complex

ity of P2 is horrendous, and simulating it on the computer is practically impossible.

So we do the next best thing; we replace the one-stage decoding algorithm for P2

with a genie algorithm which always finds the correct bit estimates for P2 l irre

spective of the other stages of decoding. The performance of the overall product

modulation code, with this genie algorithm being used for P2 , would form a lower

bound on the performance of the product modulation code, with one-stage decoding

for P2 • Figure 6.3 shows the performance with this genie algorithm and as can be

seen from the figure the genie curve converges with the curve for case 2, substanti

ating our claim that the performance with decoding algorithm 1 approaches that of

one-stage decoding.

Example 6.3: In this example, we will construct a product modulation code over

8PSK for the Rayleigh fading channel.

Consider A to be the same 3-level 8PSK block modulation code which was con

sidered in Example 6.2. The decoding complexity for A with 3-stage decoding is
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equal to the sum of the trellis decoding complexities of the three codes used to form

the block modulation code. The (32,16) code has a 64-state trellis and the (32,26)

code has a 16-state trellis [11]. As such, the major decoding complexity comes from

the first stage of decoding. The question is, can a code be constructed with lower

decoding complexity and higher spectral efficiency with performance comparable to

that of A? The answer - an emphatic yes.

Choose C1,l , C1,2 , C2,2 , C3 ,2 to be the (32,26) Reed-Muller code, with Hamming

distance 4. Choose C2 ,l and C3 ,l to be the trivial (32,32) code with minimum

Hamming distance 1. The overall spectral efficiency of the product modulation

code is 2.2852 bits/symbol and the phase invariance is 90°. The decoding of Pt is

carried out using algorithm 1 and the decoding of P2 and P3 is carried out using

algorithm 2. Figure 6.4 shows the performance of this code over the Rayleigh fading

channel.

The simulation has been carried out assuming no channel state information,

infinite symbol interleaving (i.e., independent symbol fading) and minimum squared

Euclidean distance as the decoding metric. As can be seen from the figure, the

performance of the product modulation code almost converges with that of A around

10-5
. At low SNR, however the performance of the product code is worse than that

of A primarily due to: (1) The (32,16) code is substantially more powerful than the

(32,26) code. As such, at low SNR the (32,26) code decoding makes more errors

as compared to the (32,16) code, and which result in more erasures and hence poor

performance; and (2) Error propagation from incorrect decoding of PI to incorrect

decoding of P2 and P3 •

The decoding complexity of P2 for each column is the same as the decoding

complexity of the second level of A. Also, the decoding complexity of P3 for each

column and the third level of A is the same. The decoding complexity of PI, using the
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formula derived in the previous section, is roughly equal to two times the decoding

complexity of the (32,26) code, normalized to 64-dimensions. The trellis decoding

complexity of the (32,26) code is 16-states [11]. On the other hand, the decoding

complexity of the first stage of decoding of A, normalized to 64-dimensions is the

trellis decoding complexity of the (32,16) code, which is 64-states [11]. Hence,

the decoding complexity of PI is substantially smaller than the trellis decoding

complexity of the first stage of decoding of A.

The spectral efficiency of the proposed product modulation code is substantially

higher than that of Aj phase invariance is the same; decoding complexity is less,

and the performance is comparable to that of A at 10-5 bit error rate. As such, the

proposed code is a better choice than A for high signal to noise ratios.

The overall performance of the proposed code is dominated by the performance

of the first decoding stage, i.e., Pl. Any improvement in the performance of the first

decoding stage, would improve the performance of the overall product modulation

code. The question is, can the performance of the first decoding stage be improved?

To answer this question, we again take the help of the genie decoding algorithm. The

reasons for choosing the genie decoding algorithm are the same as in the previous

example. The first product code, i.e., PI is now decoded using the genie decoding

algorithm and the remaining two product codes are decoded using algorithm 2.

Figure 6.4 shows the performance of the product code with the genie decoding

algorithm. As can be seen from the figure, the genie decoding algorithm is only 1.0

dB away in from the actual simulation at 10- 5 bit error rate, and the nature of the

actual simulation curve shows a tendency to converge with the genie curve, again

substantiating our claim that the performance of the product code with decoding

algorithm 2 approaches that of one-stage decoding.
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Example 6.4: In this example, we will construct a product modulation code over

8PSK for the AWGN channel. The decoding for all the three product codes will be

carried out using algorithm 2.

Consider C1,2 to be the (8,1,8) repetition code with minimum distance 8, C2,2

to be the (8,7,2) even parity code with minimum distance 2, and C3,2 to be the

trivial (8,8, 1) code with minimum distance 1. These three vertical codes are used

to form A. Also, let C1,l be the (255,187) BCH code with error correcting capability

t = 9. Two RS codes are used at the second level to form C2,l . The first one is the

12 error correcting (127,103) RS code over GF(27 ) . The second one is the 12 error

correcting (128,103) extended RS code over GF(27 ) . C3,1 is chosen to be the six

error correcting (255,243) RS code over GF(28). The overall spectral efficiency of

n is 1/ = 1.75147 bits/symbol and the phase invariance of A is 45°. Both the (8,1,8)

repetition code and the (8,7,2) even parity code have a very simple 2-state trellis.

The decoding complexity associated with the (8,8, 1) code is negligible and hence

will be neglected. Figure 6.5 shows the simulation for the probability of bit error.

Also shown in the figure is an approximate lower bound on the probability of

bit error. This bound has been calculated using (6.13) for each product code and

neglecting error propagation; p used in (6.13) was evaluated by simulation. Both

curves, i.e., the actual simulation and the bound are practically on top of each other,

which signifies that the error propagation effects are negligible, even for low signal to

noise ratio. The reason for this is as follows. If error propagation is to be accounted

for, then p in (6.13) should be replaced by p + PD E , where PD E is the probability of

decoding error from the previous decoding stages (i.e., the previous product codes )6.

If the first few product codes are chosen powerful enough, then PDE is substantially

6The expression p + PDE can be derived by a straightforward application of Bayes rule and
laws of probability.
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Figure 6.5. Bit error performance of the code in example 6.4
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smaller than p and hence can be neglected. In this case, the overall performance

of the product code is limited only by the distance parameters of the individual

product codes, and is not limited by error propagation. The horizontal component

codes listed above were chosen such that the error propagation effects are minimal.

The overall product modulation code achieves a 5.38 dB coding gain at the bit

error rate of 10- 6 and 6.82 dB coding gain at 10-9 bit error rate over uncoded

QPSK. The coding gain at 10-6 has been calculated using the exact simulation and

the coding gain at 10-9 has been calculated using the approximate lower bound.

Also shown in figure 6.5, is the bit error probability obtained for the single

level concatenation of A with the 16 error correcting NASA standard (255,223) RS

code over GF(28 ) [14]. Both the systems (i.e., the single-level concatenation and

the proposed modulation code) have the same spectral efficiency and comparable

decoding complexity, however the performance of the proposed product modulation

code is better than the single level concatenation by about 0.28 dB at 10- 6 bit error

rate, due to the preferential error correcting capability of the proposed code.

Example 6.5: In this example, we will construct a product modulation code over

8PSK for the Rayleigh fading channel. The decoding for all the three product codes

will be carried out using algorithm 2.

Consider C1,2 to be the (8,4,4) RM code with minimum distance 4, C2,2 to

be the (8,7,2) even parity code with minimum distance 2 and C3,2 to be the even

parity (8,7,2) code with minimum distance 2. These three vertical component codes

are used to form A. Note, that A has been designed specifically for the Rayleigh

fading channel. The code has minimum symbol distance c5H [A] = 2 and the product

distance ~; = (2.0)2 = 4.0 ( refer section 2.5). The performance of A over the

Rayleigh fading channel is reasonably good.

Also, let C1,l be the (127,106) BeR code with error correcting capability t = 3.
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C2,1 is chosen to be the 9 error correcting (127,109) RS code over GF(27
) . C3,1

is chosen to be the four error correcting (127,119) RS code over GF(27 ) . The

horizontal codes are chosen so as to minimize the effects of error propagation. The

overall spectral efficiency of n is TJ = 1.988 bits/symbol and the phase invariance

of A is 90°. The (8,4,4) RM code associated with the first labeling bit of A has

a 4-state trellis [11]. The (8,7,2) even parity code associated with second and the

third level of A has a very simple 2-state trellis.

Figure 6.6 shows the simulation for the probability of bit error. The simulation

has been carried out assuming no channel state information, infinite symbol inter

leaving (i.e., independent symbol fading) and minimum squared Euclidean distance

as the decoding metric. As can be seen from Figure 6.6, the product modulation

code achieves 13.29 dB coding gain at the bit error rate of 10-3 and 40.935 dB cod

ing gain at 10-6 bit error rate over uncoded QPSK. Also shown in the figure is an

approximate lower bound on the probability of bit error. This bound was calculated

in the same way as mentioned in example 6.4. Note that the simulation curve and

the bound are practically on top of each other, signifying that the error propagation

effects are minimal. The reason for this is the same as mentioned in the previous

example. The proposed code outperforms all the codes available in literature, both

in terms of performance and complexity.

A number of other cases similar to the previous two examples were also consid

ered both for the AWGN and the Rayleigh fading channel and tables 6.1 and 6.2

list the important parameters of interest for the AWGN channel and tables 6.3 and

6.4 list the important parameters of interest for the Rayleigh fading channel.

All the product codes listed in tables 6.1, 6.2, 6.3 and 6.4 are decoded using

algorithm 2 and the performance curves for all these cases are very similar to that

shown in figure 6.5 for the AWGN channel and figure 6.6 for the Rayleigh fading
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Table 6.1. Construction parameters of the proposed codes for the AWGN channel

Scheme Horizontal Vertical Spectral Phase
codes codes efficiency Invariance
used used (bits/ of

symbol) A

C1,l = (255,199) BCH C1,2 = (8,1,8) 1.74902 45°
Scheme-l C2 ,l = (255,199) BCH C2,2 = (8,7,2)

C3 ,1 = (255,247) RS C3 ,2 = (8,8,1)

C1 ,l = (255,207) BCH C1,2 = (8,1,8) 1.74902 45°
Scheme-2 C2,l = (255,207) BCH C2,2 = (8,7,2)

C3 ,l = (255,239) BCH C3 ,2 = (8,8,1)

C1 ,l = (1023,788) BCH C1,2 = (8,1,8) 1.74829 45°
Scheme-3 C2,1 = (1023,808) BCH C2,2 = (8,7,2)

C3 ,l = (1023,983) BCH C3 ,2 = (8,8,1)

C1,1 = (255,91) BCH C1,2 = (16,5,8) 1.7363 45°
Scheme-4 C2,l = (255, 187) BCH C2,2 = (16,15,2)

C3 ,l = (255,239) BCH C3 ,2 = (16,16,1)

C1,l = (1023,648) BCH C1,2 = (16,5,8) 1.9968 45°
Scheme-5 C2 ,1 = (1023,893) BCH C2 ,2 = (16,15,2)

C3 ,1 = (1023,1003) BCH C3 ,2 = (16,16,1)
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Table 6.2. Performance parameters of the proposed codes for the AWGN channel

Scheme Complexity Eb/No Eb/No Coding Coding
of @ @ Gain Gain

Vertical 10-6 10-9 @ @

Codes bit bit 10-6 10-9

error error bit error bit error
rate rate rate * rate *

C1,2 : 2 states 5.495 dB! 6.344 dB+ 5.055 dB~ 6.205 dB+
Scheme-1 C2,2 : 2 states

Ca,2 : 1 state

C1,2 : 2 states 5.717 dB! 6.60 dB+ 4.833 dB~ 5.95 dB+
Scheme-2 C2 ,2 : 2 states

Ca,2 : 1 state

C1,2 : 2 states 5.05 dB! 5.86 dB+ 5.5 dB~ 6.69 dB+
Scheme-3 C2,2 : 2 states

Ca,2 : 1 state

C1,2 : 8 states 5.633 dB! 6.62 dB+ 4.917 dB~ 5.93 dB+
Scheme-4 C2,2 : 2 states

Ca,2 : 1 state

C1,2 : 8 states 5.55 dB! 6.45 dB+ 5.00 dB~ 6.1 dB+
Scheme-5 C2 ,2 : 2 states

Ca,2 : 1 state

* Coding Gain is calculated with the reference being QPSK
t Simulation
to. Coding Gain calculated from simulation
t SNR values calculated using expression (6.13) with p found using simulation
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Table 6.3. Construction parameters of the proposed codes for the Rayleigh fading
channel

Scheme Horizontal Vertical Spectral Phase
codes codes efficiency Invariance
used used (bits/ of

symbol) A

C1,l = (255,231) BCH C1,2 = (8,4,4) 1.983334 90°
Scheme-1 C2,l = (255,207) BCH C2,2 = (8,7,2)

C3 ,l = (255,239) BCH C3,2 = (8,7,2)

C1,l = (1023,903) BCH C1,2 = (8,4,4) 1.990348 90°
Scheme-2 C2,l = (1023,848) BCH C2,2 = (8,7,2)

C3 ,l = (1023,963) BCH C3,2 = (8,7,2)

C1,l = (255,247) BCH C1,2 = (4,1,4) 1.733334 45°
Scheme-3 C2,l = (255,231) BCH C2,2 = (4,3,2)

C3,l = (255,207) BCH C3,2 = (4,4,1)

C1,l = (1023,983) BCH C1,2 = (4,1,4) 1.740958 45°
Scheme-4 C2,l = (1023,903) BCH C2,2 = (4,3,2)

C3 ,l = (1023,858) BCH C3,2 = (4,4,1)

C1,l = (255, 187) BCH C1 ,2 = (16,11,4) 2.01152 90°
Scheme-5 C2,l = (255, 187) BCH C2,2 = (16,15,2)

C3 ,l = (255,223) BCH C3 ,2 = (16,15,2)

C1,l = (1023,658) BCH C1,2 = (16,11,4) 2.01202 90°
Scheme-f C2,l = (1023, 768) BCll C2,2 = (16,15,2)

C3 ,l = (1023,943) BCH C3 ,2 = (16,15,2)

C1,l = (255, 187) BCH C1,2 = (16,11,4) 1.98995 90°
Scheme-7 C2,l = (255,247) BCH C2,2 = (16,11,4)

C3 ,l = (255,223) BCH C3 ,2 = (16,15,2)

C1,l = (1023,678) BCH C1 ,2 = (16,11,4) 1.98717 90°
Scheme-8 C2,l = (1023,993) BCH C2,2 = (16,11,4)

C3,l = (1023,943) BCH C3 ,2 = (16,15,2)
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Table 6.4. Performance parameters of the proposed codes for the Rayleigh fading
channel

Scheme Complexity Eb/No Eb/NO Coding Coding
of @ @ Gain Gain

Vertical 10-3 10-6 @ @

Codes bit bit 10-3 10-6

error error bit error bit error
rate rate rate • rate •

C1,2 : 4 states 12.26 dBt 15.39 dBt 13.09 dB£> 39.86 dB£>
Scheme-l C2,2 : 2 states

C3 ,2 : 2 states

C1,2 : 4 states 11.875 dBl 13.25 dBl 13.475 dB~ 42.00 dB£>
Scheme-2 C2,2 : 2 states

C3 ,2 : 2 states

C1,2 : 2 states 12.3 dBl 16.79 dBl 13.05 dB£> 38.46 dB£>
Scheme-S C2,2 : 2 states

C3 ,2 : 1 state

C1,2 : 2 states 11.59 dBt 13.67 dBl 13.76 dB£> 41.58 dB~

Scheme-4 C2,2 : 2 states
C3,2 : 1 state

C1,2 : 8 states 13.0 dBl 14.5 dBl 12.35 dB~ 40.75 dB£>
Scheme-S C2,2 : 2 states

C3 ,2 : 2 states

C1,2 : 8 states 12.25 dBt 13.355 dBt 13.1 dB£> 41.895 dB~

Scheme-6 C2 ,2 : 2 states
C3 ,2 : 2 states

C1,2 : 8 states 13.17 dBt 14.67 dBt 12.18 dB£> 40.58 dB£>
Scheme-7 C2,2 : 8 states

C3 ,2 : 2 states

C1,2 : 8 states 12.77 dBt 13.585 dBt 12.58 dB£> 41.665 an-
Scheme-S C2,2 : 8 states

C3 ,2 : 2 states

• Coding Gain is calculated with the reference being QPSK
t Simulation l::. Coding Gain calculated from simulation
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channel. The horizontal component codes for the product codes were chosen so as

to reduce the effects of error propagation. The codes listed in the tables significantly

outperform the codes available in literature.
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Chapter 7

Conclusion and Future Work

7.1 Conclusion

The main emphasis in this dissertation has been to construct low decoding complex

ity and high performance modulation codes for both the AWGN and the Rayleigh

fading channel. Various techniques of constructing low decoding complexity and

high performance modulation codes using both trellis and block codes have been

presented.

In chapter 4, a simple and systematic technique for constructing multi-

dimensional MPSK TCM codes for both the AWGN and the Rayleigh fading chan

nels is proposed. Multilevel concatenation is used for construction of the proposed

codes, in which binary convolutional codes with good free branch distances are used

as the outer codes and block MPSK modulation codes are used as the inner codes.

Codes have been constructed and compared with the existing multi-dimensional

MPSK TCM codes. Conditions on phase invariance of these codes have been de

rived and a multi-stage decoding scheme for these codes is proposed. Analytical

performance bounds and simulation studies show that these codes perform very

well and achieve significant coding gains over uncoded reference systems.
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In chapter 5, a simple and systematic technique for construction of nested con

catenated coded 8PSK modulation schemes for the AWGN channel is proposed. In

the concatenation, Reed-Solomon (RS) codes, including the NASA standard (255 ,

223) RS code, are used as the outer codes and multidimensional trellis 8PSK codes

constructed in chapter 4 are used as the inner codes. Sub-optimal low complexity

decoding strategies for the inner codes are proposed. Three schemes with various

levels of decoding complexity and error performance have been proposed. Upper

bounds on the bit-error-performance of these schemes are derived. Analytical and

simulation results show that these schemes perform extremely well and achieve im

pressive coding gains over the uncoded reference system in the bit-error-rate range

of 10-3 to 10- 9 • In addition, these codes outperform the codes in [14, 6, 7] both

in terms of coding gain and decoding complexity. The good performance of the

proposed schemes with reduced decoding complexity makes them excellent choices

for the new NASA bandwidth efficient coding standard for high-speed satellite data

communications.

In chapter 6, a systematic technique for constructing block modulation codes

using product codes has been proposed. Basic multi-level block modulation codes

turn out to be a special case of the proposed construction. The proposed tech

nique is used to construct good codes for both the AWGN and the Rayleigh fading

channels. Two multi-stage decoding algorithms for the product codes have been pro

posed. These decoding algorithms result in a significant reduction in the decoding

complexity, while maintaining performance.

7.2 Future Work

The results presented in this dissertation show that performance comparable
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to optimal codes designed by Ungerboeck [30] and Pietrobon et. al. [21] can be

obtained with much lower decoding complexity. As such, these modulation codes

represent a more practical choice for high data rate applications. Is further improve

ment possible? The answer is probably yes. I believe the main emphasis for further

improvement should be placed on more efficient multi-stage sub-optimal decoding

techniques, which allow performance close to optimal decoding to be achieved with

significantly reduced decoding complexity. The results that I have derived in my

dissertation are for both the AWGN and the Rayleigh fading channels ( slow fading

). I intend to derive similar results for the fast fading Rayleigh channel, which is

more accurate channel model for conditions where the mobile vehicle speeds are

high. In addition, I intend diversifying into the VLSI area and implementing some

of my designed schemes on chips.

Lot of block codes are eliminated as potential candidates for the component

codes of a block modulation code, simply because the codes either do not have a

simple trellis structure or the trellis structure is unknown. Soft-decision decoding of

these codes without a simple trellis structure, would in most cases be too complex.

The trellis structure of Reed-Muller (RM) codes and some BCH codes of length

up to 64 is known. However, there is still a large class of good codes whose trellis

structure is unknown and requires investigation.

One possible way of constructing extremely powerful modulation codes is to use

long length block codes as the component codes of the block modulation code. One

stage decoding of the block modulation code would be extremely complex in this

case. In fact, multi-stage decoding of the block modulation code with one-stage

soft-decision decoding of each block code could also be too complex, due to the

large number of trellis states for each block code. As such, what is required is a

multi-stage soft-decision decoding technique for these long length block codes which
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reduces the decoding complexity tremendously while maintaining good performance.

I intend to investigate sub-optimal decoding techniques for block codes in the future.

Lot of emphasis is being placed these days on HDTV and image coding. The im

age data which is transmitted over the channel, requires different levels of protection

and as such the modulation codes have to be designed such that they provide varied

levels of protection to the image data. This technique is known as unequal error

protection (UEP). Very little work has been done on construction of UEP modula

tion codes. I intend to diversify into this area and find techniques of construction

of good UEP modulation codes.

I would also like to work on codes for partial response channels, specifically the

magnetic recording channel. In addition, to the above mentioned topics, I would

also like to investigate techniques for joint source and channel coding.
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Appendix A

Proof of Theorem 4.5

The proof follows very closely the derivation of the phase invariance conditions

in [15]. For the code to be phase invariant by 1800 j2l - h , any code sequence in the

multi-dimensional code when rotated by 1800 j2l - h should produce another code

sequence. Let V be the transmitted code sequence. Let vrot denote the code

sequence V rotated by 1800 j2l - h • Recall from section 4.1, that the basic building

block of the proposed multi-dimensional codes is AOl hence any valid code sequence

in the multi-dimensional code can be considered to be a sequence of points from

Ao. Consider the j-th time instant. Let Vj = >'(VIj * V 2j * ... * Vlj) be the

transmitted sequence of m MPSK signals at the j-th time instant, where Vij E CO,t

for 1 < i < f Also let vrot = >'(Vr~t *vr~t * ... *Vr!lt) be the sequence of m- -' 'J IJ 2J lJ

MPSK signals for V r ot at the j-th time instant, where, Vfjot E CO,t for 1 :::; i :::; f.

Using results of [15], vfot can be written in the following form:

(A.l)

where vi j = 0 for 1 :::; i < h, V~j = 1 and vi j = Vhj . Vh+lj'" Vi-lj for h <

i :::; f and 0 denotes the all-zero sequence of length m. Form the sequence V', such

that the j-th time instant of V'is:

(A.2)
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Then, for the code to be phase invariant under rotations of 1800 /2l - h , V' should also

be a valid code sequence. Sequences of signal points from Aq- 1 form a valid code

sequence. Hence, if vj E Aq- 1 then the multi-dimensional code is phase invariant

under rotations of 1800 /2l - h , i.e., if

and

1 E Cq-1,h

Vhj . Vh+lj··· Vi-lj E Cq-1,i for h < i ~ e,

(A.3)

(A.4)

then the multi-dimensional code is phase invariant under phase rotations of

1800 /2l - h . Since the above should hold for any transmitted sequence V, the theorem

follows.
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Appendix B

Upper Bound on the
Performance of Example 4.2

In this appendix we will derive an upper bound on the bit-error-probability for

the code given in example 4.2.

Using the notation developed in section 4.4, table B.l lists D~p and Nep for the

various non-zero possibilities of ep = (VI, V2) 7. The values have been derived using

the technique proposed in [21]. Note, that the values have been derived assuming

a unit energy circle for the 8PSK constellation. (4.52) and (4.53) can then be used

to calculate the corresponding minimum squared Euclidean distance and number of

nearest neighbors for e.

BER2 can be derived using results of [16] and is as follows:

BER2 ~ 6.0Q(1.414v1P)

where Q(.) is defined in (2.66) and p = 7J • Eb/ No. 7J is the spectral efficiency of

the code in example 4.2 and since 7J = 2.0 bits/symbol, hence p = 2.0· Eb/No. A

straightforward application of (4.44), (4.47) and (4.49) leads to the following upper

bound on the bit-error-probability of the code in example 4.2 (the first three terms

7 VI and V2 are as defined in example 4.2.
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Table B.1. Distance parameters for example 4.2

(1 ,0) 2.0 4.0

(0 , 1) 1.172 2.0

(1 , 1) 1.172 2.0

in the distance spectrum have been considered):

Pb(e) s 80.0Q(1.608104yp) +448.0Q(1.7810109V/i)

+ 2304.0Q(1.9385562yp) +4.5Q(1.414y'P)
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Appendix C

Upper Bound on the
Performance of Example 4.3

In this appendix we will derive an upper bound on the bit-error-probability for

the codes given in example 4.3. The upper bounds will be derived for the sub-optimal

decoding case. The bounds obviously also hold for the optimal case.

Let G(D) denote the generator matrix of the convolutional code used at the first

level. Let u(D) = [ul(D) , u2(D)] denote the information sequence input to the

convolutional code. Let VI, V2 and V3 denote the output bits of the convolutional

code. Then

Table C.l gives the mapping <Pl(Vt , V2 , V3) used for the derivation of the upper

bounds:

In table C.l, 0 denotes the all-zero code sequence. Using the notation devel

oped in section 4.4, all the non-zero values of ep have the same D~p = 2.344 and

Nep = 32.0. The values have been derived using the technique proposed in [21].

Note that the values have been derived assuming a unit energy circle for the 8PSK

constellation. Equations (4.52) and (4.53) can then be used to calculate the cor-
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Table C.l. Distance parameters for example 4.3

(0,0,0)

(0,0,1)

(0) * (0) * (0)

(0,0,0,0,1,1,1,1) * (0) * (0)

(0,1,0) (0,0,1,1,0,0,1,1) * (0) * (0)

(0,1,1) (0,0,1,1,1,1,0,0) * (0) * (0)

(1,0,0) (0,1,0,1,0,1,0,1) * (0) * (0)

(1,0,1) (0,1,0,1,1,0,1,0) * (0) * (0)

(1,1,0) (0,1,1,0,0,1,1,0) * (0) * (0)

(1,1,1) (0,1,1,0,1,0,0,1) * (0) * (0)
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responding minimum squared Euclidean distance and number of nearest neighbors

for e.

BER2 can be derived using results of [16] and is as follows (three-stage decoding

has been assumed, as described in example 4.3):

BER2 :5 256.0Q(1.5310127yIP) + 120.0Q(1.414y1P)

where Q(.) is defined in (2.66) and P= TJ • Ei]No. TJ is the spectral efficiency of the

code in example 4.3 and since TJ = 2.25 bits/symbol, hence p = 2.25· Eb/ No.

A straightforward application of (4.44), (4.47) and (4.49) leads to the following

upper bounds on the bit-error-probability of the codes in example 4.3.

4 state: (first three terms in the distance spectrum have been considered )

Pb(e) < 7680.0Q(1.5310128y1P) + 1407203.6Q(1.8751JP)

+ 2.26142 . 108Q(2.1651789JP)

+ 227.56Q(1.5310128JP) +106.67Q(1.414y1P)

16 state: (first two terms in the distance spectrum have been considered)

H(e) :5 453290.67Q(1.8751y1P) +1.19478· 108Q(2.1651789JP)

+ 227.56Q(1.5310128JP) + 106.67Q(1.414JP)
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Appendix D

Upper Bound on the
Performance of Example 4.4

In this appendix we will derive an upper bound on the bit-error-probability for

the codes given in example 4.4.

The mappings, 4>1 and 4>2 used to construct the code are as follows: Let the four

output bits of the convolutional encoder at the first level be denoted by V1, V2, V3

and V4. Let G1 be the following generator matrix:

(0 0
0 0 0 0 0 0 1 1 1 1 1 1 1

DG1
o 0 0 0 1 1 1 1 0 0 0 0 1 1 1

= o 0 1 0 0 1 1 0 0 1 1 0 0 11
o 1 0 1 0 1 0 1 0 1 0 1 0 1 0

Also, let

V1 = [V1V2 V3V4] • G1

Then,

4>1(Vt,V2,V3,V4) = V1 * 0 * 0

where 0 denotes the all zero sequence of length 16.

Let the four output bits of the convolutional encoder at the second level be

denoted by Vt, V2, V3 and V4' Let G2 be the following generator matrix:
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u
0 0 0 0 0 0 0 0 0 0 0 0 0 1

nG2
0 0 0 0 0 0 0 0 0 0 0 0 1 0

= 0 0 0 0 0 0 0 1 0 0 00 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0

Also, let

Vi = [VIV2 Va V4] • G2

Then,

<P2(Vll V2, Va, V4) = 0 *Vi *0

where 0 denotes the all zero sequence of length 16.

First stage of decoding:

Using the notation developed in section 4.4, all the non-zero values of ep have

the same De
2 = 4.688 and N; = 256.0. The values have been derived using the

p p

technique proposed in [21]. Note that the values have been derived assuming a unit

energy circle for the 8PSK constellation. (4.52) and (4.53) can then be used to

calculate the corresponding minimum squared Euclidean distance and number of

nearest neighbors for e.

A straight-forward application of (4.44) leads to ( only the first term in the

distance spectrum has been considered ):

E (Xdh-st stage error = 8.5563802.1Q8Q(2.6517918JP)

where Q(.) is defined in (2.66) and p = 1] • Eb/ No. 1] is the spectral efficiency of the

code in example 4.4 and since 1] = 2 bits/symbol, hence p = 2· Eb/No.

Since the minimum squared Euclidean distance of the first decoding stage is

much higher than the rest of the decoding stages, the error propagation from the

first decoding stage to the rest of the decoding stages is minimal and as such will

be neglected.
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Second stage of decoding:

E (X2)12-nd stage error +E (Xa)lerror propagation only due to 2-nd stage' can

be calculated using (4.44) and (4.49), and the following considers only the first term

in the distance spectrum:

E (X2)12-nd stage error + E (Xa)lerror propagation only due to 2-nd stage

- 42565632.0Q(2.4494897v"p)

Third stage of decoding:

BERa can be derived using results of [16] and is as follows:

BERa ::; 2360.0Q(2360y'P)

The above leads to the following upper bound on Pb(e):

Pb(e) s 26738688.0Q(2.6517918JP) + 13330176.0Q(2.4494897JP)

+ 1917.5Q(2.0JP)

where p and Q(.) are as defined above.
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Appendix E

Upper Bound on the
Performance of Nested

Concatenated TCM Codes

All the three proposed schemes use inner codes constructed by using two-level

concatenation. The performance of the inner code is measured in terms of block

error-probability, where a block refers to the number of bits put out by the inner

code decoder at each decoding time instant ( i.e., k + r bits). The block is said to

be in error if at least one of the decoded bits in the block is in error. Let [nO/n1]

denote the set of all coset representatives in the partition nO/n1 • Each block of the

inner code can be written in the form e +WI, where e E [nO/n1] and WI E n1 • Let

e +WI denote the decoded estimate of the block. Let Pr(A) denote the probability

of occurence of event A. Then, the probability of block error Pr(block error) = Pr(

e +WI 'I e +WI ). As per the decoding strategy adopted, e is estimated first and

then WI' Hence,

Pr(block error) = Pr((e 'I e) or (Wl 'I wIle = e))

::; Pr(e'l e) + Pr(wl 'I wile = e)
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Pr(Wt =1= wde = c) can be calculated using results of [16]. We will now derive an

upper bound for Pr(e =1= c). Recall, that the convolutional codes used in the con

struction of the inner codes are good branch-distance codes. Let B(X) denote the

branch-distance generating function of the convolutional code. Hence, in general

B(X) can be written in the following form:

00

B(X) = L: NbXb

b=B"ee

(E.l)

where Nb denotes the number of non-zero paths in the convolutional code with

branch-distance b.

Consider the first stage of decoding, i.e., the convolutional code decoding. Let

Pb denote the probability that the convolutional code decoder selects a path which

is different from the correct path in bbranches. Using B(X), Pb, laws of expectation

and arguments similar to that stated in [18] ( pg. 327 ) it follows that

(E.2)

represents the expected number of branches in error at each decoding time instant

of the convolutional code decoder. Hence,

00

Pr (c =1= c):5 L: bPb
b=B"ee

(E.3)

Note, that in general H is of the form NbQ (db/2u), assuming that the noise is

AWGN with mean 0 and variance u2• N; denotes the average number of nearest

neighbors associated with paths at squared Euclidean distance of ~ from any given

sequence. If p denotes an upper bound on the block-error-probability of the inner

code, then
00

p:5 L: bPb + Pr (Wt =1= wde = c)
b=Bfree
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Ideal interleaving and de-interleaving will be assumed between the outer code

and inner code. This will ensure that the error in the individual RS symbols over

the length of the RS code (255 symbols) are independent.

In Scheme-I, two symbols of the inner code form one symbol of the RS code

(since the RS code is over GF(28 )) . Ideal interleaving and de-interleaving would

ensure that the errors in these two blocks are independent. Hence, the symbol error

probability of the RS code, P8' can be upper bounded by Ps = 1- (1- p)2 ~ 2p for p

sufficiently small. For Scheme-Il.Two symbols of the RS code form one block of the

inner code. p can be taken to be an upper bound on the symbol error probability of

the RS code. Hence, P8 ~ p. For Scheme-III, four symbols of the RS code form one

block of the inner code. p can be taken to be an upper bound on the symbol error

probability of the RS code. Hence, P8 ~ p.

Using the upper bounds on the symbol error probability of the RS code, the

bit-error-rate Pb(E) of the entire concatenated scheme can be approximately upper

bounded by the following expression [26]:

where N denotes the length of the RS code ( 255 in this case ), dmin denotes the

minimum Hamming distance of the RS code and t the error correcting capability of

the RS code.
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Appendix F

Bound on the
Performance of Scheme-I

In this appendix, we will derive an upper bound on the block-error-probability

of the inner code of Scheme-I, using notation and results developed in appendix E.

The conditional probability Pr (Wl # wlle = c) can be calculated using results of [16]

to be:

Pr (WI # wlle = c) ~ 6.0Q(1.414y'P) (F.1)

Now we will calculate Pr (c # e). At each time instant the 2 output bits of the

1/2 rate convolutional code select one of the 4 possible coset representatives. Pb(E)

depends on the particular mapping used between the output bits of the convolutional

code and the coset representatives. Let </> denote this mapping and let (VbV2) denote

the two output bits of the 1/2 rate encoder, where

and u(D) is the input sequence. The following mapping </>(VI' V2) is used, both for

simulation purposes, as well as for bound calculations:

</>(0,0) ---+ (0,0) * (0,0) * (0,0)
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¢(O,1) -. (1,1) * (0,0) * (0,0)

¢(1,0) -. (0,0) * (0,1) * (0,0)

¢(1, 1) -. (1,1) * (0,1) * (0,0)

Using (5.6), any transmitted code sequence V in the multi-dimensional code can

be written in the form:

V = A(¢J(v) +WI) (F.2)

where v denotes a code sequence in the convolutional code C, and WI is a sequence

of points from n1 • Due to noise, the received sequence is of the form:

(F.3)

where e denotes a code sequence in the convolutional code C, and WI' is a sequence

of points from n1 • Let ~ denote the minimum squared Euclidean distance between

V and V, Ne the corresponding number of nearest neighbors and (J"2 is the noise

variance. Then, the probability that the error event occurs is:

where

6100

1Q(x) = r.L exp( _y2 /2)dY
x y27l"

The code sequences v and e can be written in the general form:

v = (VI V2 ••• V ••• )" , p,

and

e = (el e2 ... e ... )" ,p,

(FA)

(F.5)

(F.6)

(F.7)

where Vi and ep for 1 ~ p ~ 00 denotes the output ( 2 bits) of v and e respectively

at the p-th time instant. The minimum squared Euclidean distance between V and
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Table F.l. Distance parameters for scheme-I

(1 ,0) 2.0 4.0

(0 , 1) 1.172 2.0

(1 , 1) 1.172 2.0

V at the p-th time instant depends only on ep ' Let this squared Euclidean distance

be denoted by ~p' Also, let Nep be the corresponding number of nearest neighbors.

Then,

and
00

Ne = II Nep

p=l

(F.8)

(F.9)

(F.8) and (F.9) can be evaluated using the technique proposed in [21].

Table F.l lists ~p and Nep for the various non-zero possibilities of ep = (Vh V2)'

The values have been derived using the technique proposed in [21], and assuming a

unit energy circle for the 8PSK constellation. Equations (F.8) and (F.9) can then

be used to calculate the corresponding minimum squared Euclidean distance and

number of nearest neighbors for e.

Using the above and results from appendix E, the following upper bound is

calculated using the first five terms of the branch distance spectrum.

Pr (c =I- c) < 96.0Q(1.608JP) + 512.0Q(1.781JP) + 2560.0Q(1.939JP)

+ 12288.0Q(2.084JP) +57344.0Q(2.220y'P)
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Hence,

p :s; 96.0Q(1.608JP) + 512.0Q(1.781JP) + 2560.0Q(1.939JP)

+ 12288.0Q(2.084JP) +57344.0Q(2.220JP) +6.0Q(1.414y'P)

where p = 1/Eb/No and 1/ is the spectral efficiency of the overall concatenated

scheme.
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Appendix G

Bound on the
Performance of Scheme-II

In this appendix, we will derive an upper bound on the block-error-probability

of the inner code of Scheme-II, using notation and results developed in appendix E.

At each time instant the 3 output bits of the 2/3 rate code select one of the

8 possible coset representatives. Pb(E) depends on the particular mapping used

between the output bits of the convolutional code and the coset representatives.

Let ¢J denote this mapping and let (VI, V2, V3) denote the three output bits of the

2/3 rate encoder, where

and (uI(D),U2(D)) is the input sequence.

The following mapping <p( VI, V2, V3) was used, both for simulation purposes, as

well as for bound calculations:

¢J(O, 0, 0)~ (0,0,0,0,0,0,0) * (0,0,0,0,0,0,0) * (0,0,0,0,0,0,0)

<p(O, 0, 1)~ (0,0,0,1,1,0,1) * (0,0,0,0,0,0,0) * (0,0,0,0,0,0,0)

¢J(O, 1, 0)~ (0,0,1,1,0,1,0) * (0,0,0,0,0,0,0) * (0,0,0,0,0,0,0)
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4>(0,1,1)~ (0,0,1,0,1,1,1) * (0,0,0,0,0,0,0) * (0,0,0,0,0,0,0)

4>(1, o,~) ~ (0,0,0,0,0,0,0) * (1,1,1,1,1,1,1) * (0,0,0,0,0,0,0)

4>(1,0, 1)~ (0,0,0,1,1,0,1) * (1, 1, 1, 1, 1, 1, 1) * (0,0,0,0,0,0,0)

4>(1,1,0)~ (0,0,1,1,0,1,0) * (1,1,1,1,1,1,1) * (0,0,0,0,0,0,0)

4>(1,1, 1)~ (0,0,1,0,1,1,1) * (1,1,1,1,1,1,1) * (0,0,0,0,0,0,0)

Using the same technique as in Appendix F the conditional probability

is upper bounded as follows:

Pr (WI =J:. wIle = c) ~ 128.0Q(1.4J2JP) + 91.0Q(1.414JP)

This conditional probability is derived using multi-stage decoding for Al[13, 23, 25,

27, 28] which forms an upper bound on the optimum soft-decision decoding of AI.

Pr (c =J:. e) can be found using the same approach as in appendix F. Table G.I

lists ~p and Nep for the various non-zero possibilities of ep = (Vb V2, V3)' The values

have been derived using the technique proposed in [21], and assuming a unit energy

circle for the 8PSK constellation. Equations (F.8) and (F.9) can then be used to

calculate the corresponding minimum squared Euclidean distance and number of

nearest neighbors for e.

Pr (c =J:. c) is upper bounded by (only the first two terms in the distance spectrum

have been considered):

Pr (c =J:. e) ~ 64.0Q(1.326JP) +256.0Q(1.432JP) + 256.0Q(1.53IJP)

+ 224.0Q(1.371JP) +448.0Q(1.474JP)

+ 4032.0Q(1.66IJP) + 16128.0Q(1.747...;p) + 16128.0Q(1.829JP)
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Table G.l. Distance parameters for scheme-II

(0,0,1) 1.758 4.0
(0,0,1) 2.344 8.0

(0 , 1 , 0) 1.758 4.0
(0 , 1 , 0) 2.344 8.0

(0,1,1) 1.758 4.0
(0,1,1) 2.344 8.0

(1 , °,0) 2.0 14.0

(1,0,1) 1.758 4.0
(1,0,1) 2.344 8.0

(1 , 1 , 0) 1.758 4.0
(1,1,0) 2.344 8.0

(1,1,1) 1.758 4.0
(1,1,1) 2.344 8.0
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+ 1536.0Q(1.624JP) +9216.0Q(1.712JP) +18432.0Q(1.795JP)

+ 12288.0Q(1.875JP) +2352.0Q(1.697JP) +4704.0Q(1.781JP)

+28672.0Q(1.875JP) +229376.0Q(1.952JP) +688128.0Q(2.025JP)

+917504.0Q(2.096JP) +458752.0Q(2.165JP) +78848.0Q(1.907JP)

+ 473088.0Q(1.982JP) +946176.0Q(2.055JP) +630784.0Q(2.125JP)

+75264.0Q(1.939JP) +301056.0Q(2.013JP) +301056.0Q(2.084JP)

where P = TJEb/ No and TJ is the spectral efficiencyof the overall concatenated scheme.

The probability p can be obtained by adding Pr (WI =f wIle = c) and Pr (c =f c).
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Appendix H

Bound on the
Performance of Scheme-III

In this appendix, we will derive an upper bound on the block-error-probability

of the inner code of Scheme-III, using notation and results developed in appendix

E.

At each time instant the 3 output bits of the 2/3 rate code select one of the

8 possible coset representatives. Pb(E) depends on the particular mapping used

between the output bits of the convolutional code and the coset representatives.

Let ¢J denote this mapping and let (Vb V2, Va) denote the three output bits of the

2/3 rate encoder, where

and (Ut(D),u2(D)) is the input sequence.

The following mapping 4>(Vb V2, Va) was used, both for simulation purposes, as

well as for bound calculations:

(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
¢J(O, 0, 0) --l- *(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

*(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
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(0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 1)
4>(0,0,1) --. *(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

*(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

(0, 0, 0, 1, 1, 1, 1, 0, 0, 0, 0, 1, 1, 1, 1)
4>(0,1,0) --. *(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

*(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

(0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1, 0, 0, 0, 0)
4>(0,1,1) --. *(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

*(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

(0, 1, 1, 0, 0, 1, 1, 0, 0, 1, 1, 0, 0, 1, 1)
4>(1,0,0) --. *(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

*(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

(0, 1, 1, 0, 0, 1, 1, 1, 1, 0, 0, 1, 1, 0, 0)
4>(1,0,1) --. *(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

*(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

(0, 1, 1, 1, 1, 0, 0, 0, 0, 1, 1, 1, 1, 0, 0)
4>(1,1,0) --. *(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

*(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

(0, 1, 1, 1, 1, 0, 0, 1, 1, 0, 0, 0, 0, 1, 1)
4>(1,1,1) --. *(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

*(0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

Using the same technique as in Appendix F the conditional probability

Pr (WI # wIle= c)

is upper bounded as follows:

Pr (WI # wIle = c) ::; 32768.0Q(2.096y'P) + 435.0Q(1.414y'P)
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Table H.I. Distance parameters for scheme-III

p

(0 , 0 , 1) 4.102 128.0
(0 , 0 , 1) 4.688 256.0

(0 , 1 , 0) 4.102 128.0
(0 , 1 , 0) 4.688 256.0

(0,1,1) 4.102 128.0
(0,1,1) 4.688 256.0

(1 , 0 , 0) 4.102 128.0
(1 , 0 , 0) 4.688 256.0

(1 , 0 , 1) 4.102 128.0
(1 , 0 , 1) 4.688 256.0

(1 , 1 , 0) 4.102 128.0
(1 , 1 , 0) 4.688 256.0

(1,1,1) 4.102 128.0
(1,1,1) 4.688 256.0

This conditional probability is derived using multi-stage decoding for Ad13, 23, 25,

27, 28].

Pr (c =I c) can be found using the same approach as in appendix F. Table H.l

lists ~p and Nep for the various non-zero possibilities of ep = (Vl, V2, V3). The values

have been derived using the technique proposed in [21], and assuming a unit energy

circle for the 8PSK constellation. Equations (F.8) and (F.9) can then be used to

calculate the corresponding minimum squared Euclidean distance and number of

nearest neighbors for e.
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Pr (c =f. e) is upper bounded by (only the first two terms in the distance spectrum

have been considered):

Pr (c =f. e) ~ 131072.0Q(2.025v1P) +524288.0Q(2.096y'P)

+524288.0Q(2.165JP)

+94371840.0Q(2.480vIP) + 5.6623 x 108Q(2.539y'P)

+ 1.13246 x 109Q(2.596y'P) + 7.54974 x 1Q8Q(2.651JP)

where P = TJEb/ No and TJ is the spectral efficiencyof the overall concatenated scheme.

The probability p can be obtained by adding Pr (WI =f. wIle = c) and Pr (c =f. e).
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