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Abstract

This dissertation investigates algebraic block codes with multiple levels of error pro

tection on the information messages, also known as unequal-error-protection (UEP)

codes. New constructions of multi-level error correcting linear block codes specified

by their generator matrices and by their parity-check matrices are presented and

discussed. A family of nonbinary optimal LUEP codes, capable of correcting any

t or less random errors affecting the most significant information symbols, while

correcting any single random error in the least significant information symbols, is

constructed and analyzed. This class of codes is constructed by specifying their

parity check matrices, which are combinations of parity check matrices of Reed

Solomon codes and shortened nonbinary Hamming codes. Near optimal binary

LUEP codes, constructed by appending (also known as time-sharing) cosets of sub

codes of shorter linear Hamming codes, are proposed and analyzed. This class of

LUEP codes is specified by their generator matrices. By computing the Hamming

bound on binary LUEP codes with the same dimension and error correcting capabil

ities as the optimal binary LUEP codes, it is shown that this family of LUEP codes

requires at most one additional redundant bit. Furthermore, constructions of LUEP

codes by specifying their generator matrices allow the use of multi-stage decoding

methods, with reduced decoding complexity, as shown in this work. Certain fami

lies of known linear block codes are analyzed to determine their UEP capabilities.

We derive conditions for which some shortened Hamming codes, some nonprimitive

BCH codes and some cyclic codes of composite length are LUEP codes. Bounds

on the multi-level error correcting capabilities of these families of linear codes are

derived. The error performance of some binary multi-level error-correcting codes
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over binary symmetric channels and over additive white Gaussian noise channels

with BPSK modulation is considered. Some new block coded modulation (BCM)

systems using LUEP codes as component codes are presented. It is shown that these

schemes offer multiple values of minimum squared Euclidean distances, one for each

message part to be protected. In addition, the error performance of a BCM system

using LUEP codes and QPSK modulation with Gray mapping between 2-bit sym

bols and signals, is analyzed. In this dissertation, we also present a new multi-stage

soft-decision decoding, based on the trellis structure of LUEP codes.
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Chapter 1

Introduction

There are many practical applications in which it is required to design a code that

protects messages against different levels of noise, or messages with different levels

of importance over a noisy channel with the same level of noise power. Examples

of such situations are: broadcast channels, multi-user channels, computer networks,

pulse coded modulation (PCM) systems and source coding systems, among others.

This doctoral dissertation studies the problem of designing good multi-level error

correcting codes for situations, in which (1) an information source puts out messages

with different degrees of significance (e.g., PCM and other source coding systems),

or (2) messages are equally important, but are transmitted through a channel with

different levels of noise power (e.g., Broadcast channels or multi-user channels). This

work focuses on linear block codes that offer multiple levels of error correction.

As an illustrative example, consider the transmission of information in a com

puter network. Messages are transmitted in packets or blocks. In each packet, there

will be a header part, followed by a block of data bits. The header part contains

various control bits used to determine destination and origin of packet, priority, and

other important information. This header part must be protected against a larger

number of errors than the message part, since if lost, the whole packet could be lost.

One solution would be to use two separate encoders, one using an error correcting

code to encode the data bits, and another using a more powerful error correcting

code to encode the packet header. This solution is called a time-sharing coding
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scheme. In a time-sharing scheme, say of two codes C t and C2 , each codeword from

Ct is appended to (or followed by) a codeword from C2• Time-sharing of two codes

is usually denoted by ICt/C21or by lu/v/.

A similar situation occurs when a message consists of equally important mes

sage parts, but is transmitted over a channel with different levels of noise, e.g., a

broadcast channel. Such a channel can be modeled as consisting of a single source

transmitting information through f. parallel sub channels, one for each destination.

In this case, more protection must be provided to the message part that is transmit

ted through the subchannel with the highest amount of noise level, less protection

to the message part to be transmitted through the sub channel affected by the next

highest noise level, and so on, until the message part that is transmitted through

the subchannel with the smallest level of noise. Here again, one solution is to use e
different error correcting codes, each capable of correcting most of the errors induced

in the particular subchannel.

Unfortunately, the time-sharing coding scheme is very inefficient, in terms of

achievable rates (or, equivalently, redundancy), as has been shown by Cover [8]. An

alternative solution is to consider all message parts as most important. In this case,

however, more redundancy is required because the single-level error correcting code

utilized will need to correct more error patterns than a. multi-level error correcting

code. A more efficient solution is to use a single code that provides the different

levels of error correction required by either messages consisting of parts with different

levels of significance or by channels with different levels of noise. In [8], such a coding

scheme was called injormaiioii superposition. The basic idea is to cluster codewords

corresponding to the less significant message parts into clouds, and to associate each

cloud with the most important message parts. This idea, and the basic concepts of

unequal error correction, will be discussed in detail in chapter 2. For instance, going

2
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back to the example of packet transmission in computer networks, a single two-level

error correcting code can be used to encode the entire packet, protecting the header

part against more errors than the data part. This code will require fewer redundant

bits than its time-sharing counterpart.

A multi-level error correcting code is usually referred to as an unequal-error

protection (UEP) code. In this dissertation, the terms UEP code or multi-level

error correcting code are used interchangeably. The objective of this dissertation

is to present new constructive methods that yield families of efficient multi-level

error-correcting codes. Issues dealing with how to measure the efficiency of a UEP

code will be discussed. In addition, applications of UEP codes in conjunction with

proper modulation systems, to obtain efficient communication systems for band

limited channels, are investigated.

1.1 Previous work

Linear unequal error protection (LUEP) codes were first introduced by Masnick

and Wolf [34]. They discussed linear codes, specified by their parity check matrices,

providing a level of error correction beyond that provided by the minimum distance

of the code, for some codeword positions. Two construction methods were used:

matrix overlapping and basis method. They also derived Hamming and Varshamov

Gilbert bounds for UEP codes based on their construction methods. Gore and

Kilgus [16] introduced an example (15,9) binary cyclic code with minimum distance

4 that can correct one information bit against the occurrence of 2 errors. That is,

the most significant bit can always be recovered in the presence of any two errors in

a received vector. They showed an important result in the theory of LUEP codes:

that systematic cyclic codes provide equal error protection for every information

digit. The proof of this is that, if it is possible to correct a given number of errors
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and decode a particular message position, then there exists a decoding procedure

that will recover every position in a codeword correctly, when the same number of

errors are present in a received word.

Using random coding arguments, Cover [8] has shown that there exists a coding

scheme that will exceed the rate of the trivial time-sharing scheme, for the class of

binary symmetric broadcast channels for two users. In this paper, the important

concept of clustering codewords of a UEP code into clouds was introduced for the

first time. It is interesting to note that if a UEP code is linear, then these clouds of

codewords are cosets of a subcode. In this sense, it was also the first time that the

idea coset codes [13] was introduced, though not in this terminology. More on this

will be discussed in chapter 2.

Mandelbaum [33] and Kilgus and Gore [24] investigated majority logic decodable

LUEP codes. Mandelbaum presented constructions based on specifying the parity

check equations of the code, resulting in LUEP codes of rate 1/2. Kilgus and Gore

presented a method based on the generator matrix, to construct simple binary non

systematic cyclic LUEP codes that protect only one message position against more

errors than the minimum error correcting capability of the code. These two classes of

codes were later generalized by Dynkin and Togonidze [11], who constructed binary

nonsystematic cyclic LUEP codes where several information bits have additional

error protection.

A very important contribution to the theory of block LUEP codes was the paper

by Dunning and Robbins [10]. In this paper, the authors introduced for the first

time the concept of separation vector of a UEP code (not necessarily linear), and

the corresponding message set which is required to protect unevenly. They did

show that the separation vector is a generalization of the minimum distance of a

code, by considering maximum likelihood decoding of UEP codes. The separation
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vector of a UEP code has components equal to the minimum Hamming weight of

all the codewords associated with message parts, and should not be confused with

the distance spectrum of a code. In addition, the paper presented a procedure to

construct generator matrices of optimal LUEP codes, where by optimal LUEP code

is meant the shortest LUEP code for a given message set and separation vector. This

construction method was used by Van Gils [48], to perform an exhaustive computer

search of all binary optimal LUEP codes of length up to 15.

Other contributions to constructions of LUEP codes were [47] and [48], where

several optimal LUEP codes of short length, mainly based on generator matrices,

are analyzed. A table of binary cyclic UEP codes of odd length up tv 39 was

compiled in [48]. This table was later extended in [29] to include all binary cyclic

UEP codes of odd length up to 65. For the particular case of cyclic LUEP codes of

composite length up to 85, offering two levels of error correction, a computer search

was performed in this research work. These results helped to determine sufficient

conditions on the UEP properties of some nonprimitive BCH codes (see chapter 4).

In [48], the author also examined majority-logic decodable LUEP codes, very much

in the same line of argument as the paper by Dynkin and Togonidze [11].

Using simple forms of generator matrices, Dirssen [9] presented a class of LUEP

codes, based on unions of cosets of rate-l/2 codes, to obtain low rate LUEP codes

of moderate minimum distances. Van Gils [49], considered methods of combining

shorter LUEP codes using well known methods, such as the lulu +vi construction,

the product of two UEP codes, and the concatenation of a UEP code with a single

level error correcting code. In [7], an analysis of binary images of Reed-Solomon

(RS) codes was presented. Under some conditions, when shortened, these binary

image codes are LUEP codes. The authors showed that these codes are multi-level

concatenated codes [50] and presented a simple example to illustrate the decoding. A
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relatively unknown paper was [45], wherein binary UEP codes of rate 1/2, based on

specifying their parity check matrices and using adjacency matrices of rank-3 graphs,

were discussed. These codes have minimum distance 3 or 4 and provide additional

error correcting capability on half of the message symbols. Ma and Wolf [31] present

binary UEP codes constructed from binary convolutional codes, by the so called

generalized tail biting construction. These multi-level error correcting codes have

the advantage of yielding a range of rates and error correcting levels using the same

encoder structure.

In his doctoral dissertation [26], Lin introduced several classes of LUEP codes.

Constructions of two-level LUEP codes specified by their generator and parity

check matrices were analyzed. A class of optimal binary LUEP codes of minimum

distance 3, protecting the most important message part against 2 random errors, was

described. In addition, the author presented two-level LUEP direct-sum codes of

composite length, and showed their random and burst error correcting capabilities.

Direct-sums of product and concatenated codes and their decodings , for random

and burst errors, were also presented.

Another contribution to the theory of LUEP codes was that of Boyarinov and

Katsman [5]. In their paper, they presented necessary and sufficient conditions,

on the weight of an arbitrary codeword of a linear code, for the code to be an

LUEP code. This result extends to necessary and sufficient conditions on the linear

dependency between columns of the parity check matrix of an LUEP code. On

the other hand, the authors proved that if the set of minimum weight vectors of a

linear code C does not span C, then C has UEP capabilities. In addition, a class

of optimal binary 2-level LUEP codes, based on parity-check matrices of binary

BCH codes, was discussed. Constructions based on direct-sums of concatenated

and product codes were also introduced. Finally, the authors considered a majority
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logic decoding algorithm for LUEP codes.

In a milestone paper [3], Blokh and Zyablov generalized the class of concate

nated codes and introduced multi-level concatenated codes. In a subsequent pa

per [50], multi-level concatenated codes were shown to have UEP capabilil.ies, not

only against random errors, but also against burst errors, and against combinations

of both. In paper [50], a decoding algorithm for m-level concatenated codes - called

algorithm ¢(m) - was formulated and shown to be capable of correcting both ran

dom and burst errors. This is a class of very powerful UEP codes (both linear and

non linear) that has found many applications recently in coded modulation schemes.

Decoding algorithms for some classes of linear multi-level error correcting codes

were presented in a paper by Boyarinov [4]. He discussed a decoding procedure for

the class of optimal2-level LUEP codes constructed in [5]. A decoding procedure for

compound LUEP codes, specified by their generator matrices, was also introduced.

The author also considered a majority logic decoding procedure with generalized

metrics, and illustrated it for the case of direct-sums of product codes. In [26], [42],

[27], and [43], other decoding procedures were considered. Note, however, that soft

decision decoding for UEP codes has not been explicitly addressed in the literature.

The exception is in the case of combined coding and modulation schemes using multi

level concatenated codes [30], where in practical applications sub-optimal multi

stage soft-decision decoding is used.

The paper by Bassalygo et al. [2] presented asymptotic bounds on the rates of

2-level error correcting codes. The bounds were generalizations of the Varshamov

Gilbert lower bound and the Elias upper bound. In [23], asymptotic bounds for

linear UEP codes were considered. It was shown that linear UEP codes are asymp

totically inferior to nonlinear UEP codes. This observation was recently validated

in [12]. Van Gils, [47], [48], introduced bounds on the length of LUEP codes and
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some classes of simple LUEP codes based on generator matrices. Kasami et al.

[19], presented a class of direct-sum UEP codes to derive, using a graph-theoretical

approach, bounds on the achievable rates of a two-level UEP code for the binary

symmetric broadcast channel with two receivers.

In summary, research on multi-level error correcting codes started some 25 years

ago. Since then, several construction schemes have been devised. Most known

constructions concentrate in binary linear multi-level error correcting codes or LUEP

codes. Not much work has been done in designing efficient nonbinary LUEP codes.

Constructions based on specifying the parity check matrices of LUEP codes have

resulted in binary optimal LUEP codes of minimum distance 3. Specifying the

generator matrices of LUEP codes resulted in optimal LUEP codes that provide

additional protection only to a few information bits, or in optimal LUEP codes

of short lengths. In the area of analysis of linear codes, only shortened binary

images of Reed-Solomon codes have been shown to have multi-level error correcting

capabilities. The lulu. + vi construction is an efficient way of combining linear codes

to obtain longer linear codes, possibly with error correcting capabilities beyond

those provided by their minimum distances. Another construction method that

yields efficient LUEP codes is multi-level concatenation. Several decoding methods

of LUEP codes have been devised, but no soft-decision decoding methods for LUEP

codes have been considered so far. Finally, research effort has been invested in

deriving bounds on the rates and length of linear and nonlinear UEP codes.

1.2 Overview of this research work

In chapter 2, basic ideas and concepts necessary to understand the new constructions

and error performance of UEP codes are presented. In particular, the concepts of a

cloud and cloud partition of a UEP code, used intensively in this dissertation.
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Not much is known about nonbinary codes with multiple levels of error correc

tion. The only published work is on multi-level concatenated codes [3], [50], although

no result has been published on their particular application to construct nonbinary

UEP codes. Much less is known about optimalnonbinary LUEP codes. In chapter

3, a construction of a family of optimal nonbinary two-level error-correcting codes

is proposed, based on a combination of Reed-Solomon codes and Hamming codes

over a Galois field. These codes are specified by their parity-check matrices and can

be transformed into systematic form - that is, with information symbols appearing

explicitly within a codeword - with the same levels of error correction. It is shown

that these codes are asymptotically optimal in the sense of achieving the Hamming

bound on the number of redundant symbols, for two-level error-correcting codes

with the same dimension and error correcting capabilities, for large values of their

length.

In chapter 3, new constructions of LUEP codes by combining shorter linear

codes specified by their generator matrices are also presented. The results indicate

that it is possible to obtain optimal or nearly optimal multi-level error correcting

codes in this fashion. In addition, these constructions result in codes which are very

easy to decode, with multi-stage suboptimal decoding using either bounded distance

decoding or majority logic decoding for the component codes.

The analysis of families of conventional single level error correcting codes, to

determine their possible multi-level error protection capabilities, is an interesting

research problem that has not been reported before in the literature. In chapter

4 of this dissertation, nonprimitive BCH codes are analyzed and, using both their

concatenated structure and number theoretic arguments, sufficient conditions for

these codes to be LUEP codes are given. Shortened binary Hamming codes were

analyzed in [14] to determine their weight distribution and probability of unde-
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tected error. In chapter 4, based on the fact that the number of minimum weight

codewords decreases as the shortening length increases, we determine the lengths for

which a shortened Hamming code is a UEP code. The resulting two-level codes are

not good compared to other families of UEP codes. However, this result is of inter

est, because of the extensive use of shortened Hamming codes in computer network

communications. In addition, chapter 4 introduces an example (63,24,15) prim

itive BCH code, containing a (63,22,15) shortened Reed-Muller (RM) code, that

has UEP capabilities. This example breaks new ground on the analysis of binary

primitive BCH codes to determine their UEP capabilities.

In chapter 5, an analysis of block coded modulation schemes using ideas and

concepts from UEP codes is introduced. Many of the known block coded mod

ulation (BCM) schemes are particular cases of UEP codes based on the so-called

generalized concaienaiioii scheme [3], with inner codes used to encode labels of signal

constellations, defined in Euclidean space. Constructions of new families of BCM

schemes using other types of UEP codes are proposed. We present and discuss a

new multi-stage soft-decision decoding of LUEP codes (when combined with signal

constellations in Euclidean space). This multi-stage soft-decision decoding uses the

trellis structure of LUEP codes and its sub codes, and offers a good trade-off between

decoding complexity and error performance.

One of the results of this research is that criteria to determine the efficiency of a

multi-level error-correcting code have been found. In previously published results,

all the known bounds on the volume and length of single-level error correcting codes

have been generalized to cover codes with multiple levels of error protection. More

realistic measures of the efficiency of a code are presented. Specifically, we compare

of the redundancy required by single-level error-correcting codes, one for each level

of error protection, as opposed to a multi-level error-correcting code C. If the

10



latter requires redundancy between that of a single-level error-correcting code for

the highest level of error protection and that of a single-level error-correcting code

for the lowest level of error protection, then code C is said to be good. In chapter

5, an analysis of the error performance of multi-level error-correcting codes, for

the cases of (1) the binary symmetric channel (BSC) and (2) the additive white

Gaussian noise (AWGN) channel with BPSK modulation is made and compared

with conventional single-level error-correcting codes.

The dissertation finishes with some conclusions and a number of recommenda

tions on future research problems dealing with this increasingly practical area of

channel coding.
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Chapter 2

Basic concepts

In this chapter, basic concepts of the theory of block codes with multiple levels

of error correction are presented. These concepts are necessary to understand the

proposed new constructions and in the analysis of UEP codes.

2.1 Separation vector

When a code is used to provide multiple levels of error protection, the conventional

definition of minimum distance must be generalized. Since different levels of error

protection are possible with a UEP code, a vector of minimum distances, one for

each level of error protection, needs to be defined, as shown below.

Let C be an (n, k) block code (not necessarily linear) over a finite alphabet A,

n ;::: k. That is, C is a one-to-one mapping from A k to An, i.e.,

C
1--7

where

Ak=AxAx···xA.
\" "...

k times

As usual, an element 111 from Ak is called a message, and an element c(m) from

C is called a codeuiord. In other words, a message is a k-tuple with elements from A,

while a codeword is an n-tuple with elements from A. Ak is known as the message

set.

12



Let A k be decomposed into the direct product of £ disjoint message subsets, Aki,

1 :s; i ::; e. such that

and a message III E Ak can be expressed as

where each rn, is called the i-th message part, 1 ::; i ::; £.

The separation vector of C is defined as the £-tuple s = (SI' S2,'" ,Sl), where

where d(x, x') denotes the Hamming distance between x and x' in An. Note that

there are no constraints on the j-th message parts, mj, for j ::f. i, in the above defi-

nition of separation vector. Assume that C has all the components of its separation

vector distinct and arranged in decreasing order, i.e.,

81 > S2 > ... > Sl,

so that C is an (n, k) block code of minimum distance Sl. Code C is said to be an

(n, k) E-leuel UEP code with separation vector

for the message set Akl X Ak
2 X ... X A k(.

This work concentrates on linear block multi-level error correcting codes. That

is, A is taken to be the Galois field GF( q) of q elements, where q is a power of a

prime. For a linear multi-level error correcting code, or LUEP code, each element

of the separation vector is given by

s, 6. min{wt(c(lll)) : m, #- 0, Illj E GF(q)k i
} , 1::; i:S; f. (2.1)

13



A linear code C is said to be an (n, k) (-level LUEP code with separation vector

s = (s., S2,"', Sl), for the message space GF(q)k1 X GF(q)k2 X .• , X GF(q)kt •

In general, it is very hard to determine the separation vector of a code C. This

task involves considering all possible decompositions of the message set. Further

more, for a given decomposition of its message set, a code may have several separa

tion vector values. This is to say that, for a given message set, there might be several

codes, of the same length, that yield different separation vector values. In [48], a

table of all LUEP codes of length up to 15 is presented. In some cases, there exist

several LUEP codes for a given value of its length n and dimension k. For instance,

there are two different (8,3) binary LUEP codes [48]:

(1) An (8, 3) 2-level LUEP code with separation vector s = (6,2) for the message

space {a, I} x {a, IP; and

(2) an (8,3) 2-level LUEP code with separation vector s = (5,4) for the message

space {a, I} x {O,IP.

In this work, the following more practical problem is considered:

Given eand a message set to be protected with eerror correcting levels, find the

shortest possible linear UEP code C with a separation vector whose elements

are at least as large as the minimum distances corresponding to desired error

correcting capabilities.

In other words, given the dimension k and the decomposition of the message set

GF( q)k into ( message subspaces GF( q)ki , to be protected against any t, or less

random errors, 1 :::; i :::; e, the problem is to find an (n, k) LUEP code over the same

message space (and subspaces) such that the separation vector of C, (s},"', sz), has

components s, ~ Zt, +1, 1 :::; i :::; f!, with n as small as possible. An (n, k) {-level

14
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UEP code with separation vector

will sometimes be called an (17., k) (tt, t 2 , ' .• ,t()-error correcting code. An example

of a binary LUEP code is presented in Example 1 below.

Example 1: Let C be a linear code defined by the mapping:

00 ~ 0000

10 ~ 1011

11 ~ HOI

01 ~ 0110

Then,

8t min{wt(1011),wt(1101)} = min{3,3} = 3,

82 min{wt(1101),wt(01l0)} = min{3,2} = 2,

and C is a (4,2) two-level LUEP code with separation vector s = (3,2) for the mes

sage set {O, I} x {O, I}. Note that the redundancy of C is between the redundancy

of a (3,2,2) parity-check code and the redundancy of a (5,2,3) shortened binary

Hamming code. D:. D:.

Note that for LUEP codes, definition (2.1) of the separation vector involves

the generator matrix. As a result, linear multi-level error correcting codes can be

constructed by specifying their generator matrices. The generator matrix is selected

such that all the elements of the separation vector are distinct, so that, for example,

s = (6,2,2) is the same as s = (6,2). Several constructions of LUEP codes using

this approach are presented in chapter 3.
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Another way of defining a linear code is by specifying its parity-check matrix,

H. That is, we need to specify the different levels of error protection in terms of the

linear dependence between the columns of H. Let C be a conventional linear single

level error-correcting code. The minimum distance of C is given by the following

theorem [37],

Theorem 1 Let C be an (n, k, d) linear code with parity-check matrix H. The

minimum distance of the code is at least d if and only if every combination of d - 1

or fewer columns of H is linearly independent.

Proof: See [37], p. 44.

For multi-level error correcting codes, the minimum distance is generalized to the

separation vector. Accordingly, the separation vector of an i-level error correcting

code C, s= (Sl,S2,"',St), defines the linear dependence relation among columns

of its parity-check matrix. Let H be the parity-check matrix of C. Assume that

H can be transformed into systematic form, say H', and that the equivalent linear

systematic code, whose parity-check matrix is H', has the same error-correcting

capabilities and message space as the original code. Then

H' = (IIP) (2.2)

where I is the (n - k)-by-(n - A~) identity matrix, and P is an (n -- k)-by-k matrix

that defines the parity-check equations of the code. If the parity-check matrix can

be written as in (2.2), then we have the following result, which is a generalization

of Theorem 1 for LUEP codes (see [34]):

Theorem 2 Let C' be an (n, k) i-level L UEP code with separation vector

16



for the message space M = GF(q)kl X GF(q)k2 X ..• X GF(q)k t • Then every com

bination of s, - 1 01' fewer columns from H', with at least one column from the first

k1 + k2 +...+ k, columns of H', is linearly independent, for 1 ::; i ::; .e.

Proof: See [34], Theorem 1, p.601.

It should be noted [10] that it is not always possible to transform a nonsystem

atic LUEP code into an equivalent systematic LUEP code, with the same separation

vector and message space. This means that there might be codes with multi-level

error-correcting capabilities but protecting code positions instead of message posi

tions. This is to say that it is not always possible to have an LUEP code protecting

message bits explicitly, as can be seen in the case of some LUEP codes specified by

their generator matrix (see section 3.2).

2.2 Partition into clouds

Multi-level errol' correcting codes have the following useful set theoretic interpreta

tion. Let C be an £-level UEP code with separation vector s = (51,82,'" ,8() for

the message set Akl X Ak
2 X .•. X Akt. For 1 ::; i ::; £, consider the set of codewords

such that the first message part, 1111, is fixed, i.e.,

The set of codewords C £(Xii) is called a first-level cloud. It is clear that the volume

(number of codewords) of a first-level cloud equals IAlk2+k3+·..+kt. The number of

first-level clouds equals the number of choices for Xl, i.e., IAlkl. These first-level

clouds are disjoint and partition code C, in such a way that C can be expressed as

17



a union of first-level clouds,

C = U Cf(Xi l )

Xii EA"I

where Xii runs trough all distinct elements in Akl. This is called the first-level

partition of C, and is denoted CjCf(ii.1d.

Similarly, define a second-level cloud as the set of codewords of C such that the

first and second message parts are fixed,

Each second-level cloud consists of /Alkd .. ·+kt codewords of C, and the number of

second-level clouds is equal to the number of choices of values of the first and second

message parts, Xii and Xi2, which equals IAlkl +k2 • Note that each first-level cloud

can be written as a union of second-level clouds,

Cf(l'lld = U Cf(lll}, Xi2)'
Xi2EA"2

where Xi2 runs through all distinct elements in Ak
2 . After the second-level partition

of C, denoted CjCf(l'fldjCf(lll}, m2), C can be expressed as

C = U U Cf(Xip Xi2)
Xii EAkl Xi2 EA k2

where Xii runs through all distinct elements in Akl, and Xi2 runs through all distinct

elements in Ak
2 .

This process of partitioning a UEP code into clouds can be continued until the

t'-th level partition of C is reached, using f-level clouds, which are defined as

Each of these f-Ievel clouds consists of a single codeword, and the number of t'-level

clouds is equal to the volume of the code, IAl k • After the l-leuel partition of code
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c= u u U Cf(Xill"', Xit)
XitEAHt

Recently, Forney [13] introduced the concept of coset codes, based on partitioning

codes into cosets. If a UEP code is linear, then the cloud partition process just

presented is equivalent to the coset decomposition process used by Forney. Further-

more, the cloud concept for codes for the binary symmetric broadcast channel for

two users was first introduced by Cover [8].

2.3 Encoder structure

An encoder for a multi-level error-correcting code, based on its cloud partition,

consists of interconnected blocks, one for each partition level. A block diagram of

an encoder for a two-level error correcting code is shown in Figure 2.1.

The first block is a first-level cloud selector, using the first message part m1

as input. Message part 1111 serves as index for first-level clouds. Once a first-level

cloud is selected, it is used as input for the second-level cloud selector, which in

addition uses the second message part 1112 as input, so that a second-level cloud is

indexed by both 1111 and 1112. Intermediate cloud selectors work in a similar fashion.

For the i-th cloud selector, one input comes from the previous (i - I)-th level cloud

selector while the another input is from the corresponding i-th message part. Thus

i-level clouds are indexed by 1111, 1112, "', 111i. Finally, the f!-level cloud selector

will output codewords from C, indexed by IU = (IUt, 1112,' •. ,lIlt) Note that the

partition process gives a nice interpretation of the encoding process, where each

message part, of a given message to be encoded by a UEP code C, selects clouds at

the corresponding level of the partition of C.

As an illustrative example, consider an (n, k) 2-level UEP code C over An with
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I

m}
CjCf.(ad

Cf(Iil} )

m2 c(m},
cuuucu»; a2)

Figure 2.1: Encoder of a two-level error-correcting code
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separation vector s = (81,S2)' where 81 > 82, for the message set Akl X Ak
2 . Then

C admits a two-level partition into clouds. The encoding of C can be viewed as

follows:

(1) The first message part l'i11 E Akl selects a l-leuel cloud Cf(1111), which consists

of IAl k
2 2-leve1 clouds (codewords).

(2) The second message part 1112 E A k
2 selects a 2-1evel cloud Cf(m1' 1112) (sim

ply a codeword) from the IAl k
2 2-level clouds (codewords) in the previously

selected (indexed by lIlt} l-Ievel cloud.

This particular case of a 2-level UEP code will be used to give a set theoretic

interpretation of the separation vector. Note that the minimum distance between a

codeword c in a l-Ievel cloud C/!(Xi l ) and a codeword c' in a distinct l-Ievel cloud

81 = min{d(c(111),c'(1'1l'» : Xii =j:. x~J

while the minimum distance between a codeword c from a 2-level cloud C/!(m1' m2)

and a codeword c' from another 2-level cloud C /!(1111, IllZ) is equal to the minimum

distance of the code, i.e., 52, because in the case of 2-level UEP codes, 2-level clouds

are simply codewords.

2.4 Relationship between separation vector and
clouds

Define the inter-set distance between sets U and V, U ~ An, V ~ An, as follows,

diU,V] ~ min{d(u, v) : u E U and v E V}
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where d(y,z) denotes the Hamming distance between s, z E An. The minimum

inter-set distance between any two distinct l-level clouds, C£(Xi1 ) =I C£(xU, is

Therefore, the first component of the separation vector of a UEP code equals the

minimum inter-set distance, or separation; between I-level clouds. This set theo

retic interpretation of the separation vector holds at every level of the partition,

so that the j-th component of the separation vector is equal to the minimum

inter-set distance or separation between j-level clouds, i.e., for C£(Xip'" ,Xij) =I

C£(X~I' ... ,X~j)'

for 1 :::; j :::; £, and under the assumption that the separation vector is arranged in

strictly decreasing order, i.e., 81 > 82 > ... > St.

Viewing an i-level error correcting code as partitioned into clouds in estages is

useful in: (1) analyzing the structure of this class of codes; (2) designing multi-stage

decoding methods for multi-level error-correcting codes; and (3) analyzing block

coded modulation (BCM) schemes. For example, in BCM each partition level is

associated with a corresponding label partition stage. Tanner [44] was the first to

point out the connection between BCM and UEP codes. In this dissertation, con

cepts from the theory of multi-level error correcting codes are used in constructing

block modulation codes (see chapter 5).

2.5 Summary

In this chapter, we have presented basic concepts necessary to understand the theory

of multi-level error correcting codes. In this dissertation, only linear UEP codes
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(LUEP codes) are considered. We have defined the separation vector of an LUEP

code, which constitutes a generalization of the minimum Hamming distance of a

linear code. This separation vector has one component for each message subspace,

and provides information about the multi-level error correcting capabilities of the

code, just as the minimum distance gives information about the error correction

capability of a (single-level) linear code. The problem of finding efficient LUEP

codes is difficult, because sometimes there is no unique mapping for a given message

space that will provide some predefined multi-level error correcting capabilities.

This dissertation concentrates on the problem of designing and analyzing multi

level error-correcting codes of the shortest length for a given message space and

separation vector. An LUEP code can be specified by the linear dependency among

the columns of its parity-check matrix. However, this method of construction can

only be useful when the resulting LUEP code can be transformed into a systematic

LUEP code with the same message space and separation vector, or when it is of

interest to protect codeword positions instead of message positions. The partition

into clouds of an LUEP code has been presented. It was shown that the components

of the separation vector of an LUEP code correspond to the minimum Hamming

distance between codewords in different clouds at the corresponding partition level.

The number of levels of the partition of an LUEP code into clouds is thus equal to

the number of component of its separation vector. The cloud structure of an LUEP

code served to give an interpretation of the encoding process, as one of selecting

clouds at different levels of the partition. It was also mentioned that the cloud

structure also serves to design multi-stage decoding methods for multi-level error

correcting codes, and in analyzing some block coded modulation schemes.
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Chapter 3

Constructions of LUEP codes

In this chapter, new families of optimal or near optimal linear multi-level error

correcting codes are introduced. Optimality of an LUEP code C is shown using the

Hamming bound on the number of redundant symbols for an LUEP code with the

same separation vector and message space.

3.1 Specifying the parity check matrix

In this section, a new family of optimal nonbinary LUEP codes, whose parity-check

matrix is a combination of the parity-check matrices of Reed-Solomon codes and

Hamming codes, is introduced. An asymptotic form of the Hamming bound for

LUEP codes over the field GF(28
) is derived. It is shown that these codes are

optimal in the sense of achieving the Hamming lower bound on the number of

redundant symbols for an LUEP code with the same separation vector and message

space.

3.1.1 Optimal binary (2,1)-error correcting codes

Boyarinov and Katsman [5] have constructed binary LUEP codes with separation

vector S ~ (2t +1,3), t ~ 2, based on specifying a parity check matrix constructed

as a combination of the parity check matrices of binary BCH codes and Hamming

codes. These codes are optimal in the sense described in the previous paragraph. In

[28], for the case t = 2, these optimal binary LUEP codes are generalized by using,
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instead of the parity check matrix of a Hamming code, the parity check matrix of a

shortened Hamming code, as follows.

Let 0' be a primitive element of GF(2m ) . Let C be the binary linear code with

parity check matrix,

0'2"'_2

0'3(2"'-2)

O(
(3.1)

where each power of 0' is represented by a binary column vector of length m, Om

represents the all zero column vector of length m, and, for f 2:: 0, 131, ... ,132",+L2'"

represent all binary column vectors of length m + Rhaving the last Rentries not all

zero.

Theorem 3 C is a (2m +( - 1, 2m +( - 2m - R - 1) L UEP code, with separation

vector S = (51,52), 51 2:: 5, and 52 2:: 3, for the message space M = M1 X M2 , where

2". 1 2"'+£ 2m (M1 = {O, I} -m- and Jo.12 = {O, I} - -m-.

Proof: See [28].

3.1.2 Optimal nonbinary (2,1}-error correcting codes

A construction of a class of LUEP codes over the field GF(2s
), obtained from

generalizing the above class of binary LUEP codes is proposed. Instead of par

ity check matrices of BCH codes OVC1' GF(2), parity check matrices of BCH codes

over GF(2S
) are used. The idea is to obtain optimal LUEP codes with separation

vector S = (51, 52), where 51 2:: 5 and 52 2:: 3, this time over the field GF(2S
) , for

s 2:: 2. The parity check matrix of the proposed class of nonbinary LUEP codes is

specified as follows. Let 'Y be a primitive element of GF(2m s ) over GF(2S
) . Let

C(2 S
) be the linear code over GF(2S

) with parity check matrix,
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1 , 2l!1fU_2 Om am,
1 ,2 2{2 ..n - 2) Om am,

H= 1 ,3 3{2,m-2) (3.2),
1 ,4 4{2,m-2) ¢1 ¢nb,

Ot Ot at

where each power of , is represented as a column vector of length mover GF(28),

s > 1, OJ represents a (28-ary) column vector of i zeros, and ¢1,"', ¢nb represent

column vectors, not multiples of each other, of length 2m +eover GF(28) for which

the last f entries are not all zeros, where

Note that H can be written as,

(

Haa
H= Hab

Oba

where,

(3.3)

u, = (Haa)
Hab

is the parity check matrix of a BCH code Ca over GF(28) of length na = 28m
- 1,

dimension ka ~ 28m
- 4m -1, and minimum distance da ~ 5; Haa is the parity check

matrix of a BCH code Caa over GF(28
) , which contains Ca, of length na, dimension

kaa ~ 28m
- 2m - 1, and minimum distance daa ~ 3;

is the parity check matrix of a shortened Hamming code Cbof length nb = 228m(28t_

1)/(28
- 1) = 22 8 111(2 8 {t - 1) +'" +28 +1), dimension kb = nb - 2m - f and minimum

distance db ~ 3; and Hbb is the parity-check matrix of a linear code Cbb over GF(28)'

containing Cb, of length nb, dimension kbb ~ nb - eand minimum distance dbb = 2.
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Theorem 4 C is an (n, k) LUEP code over GF(28
) , s > 2, with parameters,

n = 22 8 111(28 (l - 1) +28(l - 2) +... +28 + 1) +28 m
- ] j

k > n -4m - f- ,

k1 2:: 28 111
- 2m - 1, and

In other words, C protects the first 28m - 2m - 1 information symbols against any

combination of 2 or less symbol errors, and the remaining information symbols

against any single symbol error.

Proof: Note first that H b is of the form

where

1Ilj = ( 0,
Il'

... e2'~-2)

. . . Il' , °< i < 2
8l

- 2- - ,

~ is a primitive element of GF(22 slII
) , and It is a primitive element of GF(28l

) . That

C has minimum distance 82 = 3 follows from the fact that all columns of matrix

H in equation (3.3) are different, and we can find 3 columns from submatrix H2 in

equation (3.3) that add to the all-zero vector [37]. By Theorem 1 of Chapter 2, it

follows that 82 = 3. It remains to show that 81 ~ 5. Let iW) denote the i-th column

of submatrix H, in equation (3.3), for j = 1,2. We will prove that any column

hPj is linearly dependent on no less than four other columns of H. We do this by

considering linear combinations of columns of H, dividing into two cases: (1) linear

combinations of three columns, and (2) linear combinations of four columns.
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(1) Three columns:

(i) li~~) + li~~) + li~~) f:. 0, by definition of e; the parity check matrix of a

BCH code of minimum distance 5.

(2) Four columns:

4

(i) L li~:) f:. 0, by definition of tt; the parity check matrix of a BCH code
j=l

of minimum distance 5.
3

•. "" - (1) - (2) -. - (2) -(11) c: h j j + hi4 f:. 0, since hi4 f:. O.
j=l

(iii) h~~) + lig) + li~:) + li~:) f:. 0, since all columns are different.

-(1) <I -(2) -. -(1) -
(iv) h i l +L:j = 2 h i j f:. 0, since h i l f:. O.

As in the binary case (previous section), code C can be transformed into a

systematic code with the same parameters and separation vector [5, 28]. Note that

for m = 1, Ca and Caa are Reed-Solomon (RS) codes over GF(28
) . It should be

noted that the proof of Theorem 4 is much simpler than that used in [28] for the

binary case. Example 2 illustrates a code in this class.

Example 2: Let e= m = 1 and s = 3. C is then a (71,66) two-level LUEP code

over GF(23 ) , with 5 information symbols protected against any two or less random

errors, and 61 information symbols protected against any single random error. In

the next subsection we will show that this code achieves the Hamming lower bound

on the number of redundant symbols from GF(23 ) with equality. Code C is an

example of an optimal two-level (2,1)-error correcting code over GF(23
) . 66
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Hamming bound

For a binary linear (tl,t 2)-error correcting (12, k) code, the following Hamming bound

was derived by Boyarinov and Katsman [5],

(3.4)

For the codes of Theorem 4, we obtain a lower bound on the number of redundant

symbols as follows: (i) the number of cosets is now 28 (n- k) ; (ii) the number of vectors

in (GF(2 8
) )" of weight less than or equal to t2 is,

and (iii) the number of vectors over GF(2 8
) of Hamming weight w, such that

t2 < W :::; t l , with at least one nonzero component in the kl most significant po-

sitions is,

.t t (12 ~ k
l

) ( .~ i) (2
8

- l)j
)=12+1,=0 J

The Hamming bound for a linear two-level (t l , t 2)-error correcting code over GF(2 8
)

is obtained as follows: The number of cosets of a linear code in GF(28 )n must be at

least equal to the number of correctable error patterns, i.e.,

28 (n- k ) ;::: t (~'(28 _l)i + t t (12 ~ kJ
\ (.~ :)(28 _l)i (3.5)

i=O \ zJ j=12+J i=O \ Z ) J Z

For the class of codes of Theorem 4, we let t l = 2 and tz = 1 in (3.5), obtaining

28 (n- k ) ;::: 1 + (28 111 -1)(28
- 1) + (28 m

- 2m - 1)(2 8 01
-

1 +m - 1)(28
- 1)2

+228m(28l _ 1)[1 + (2'111 - 2m - 1)(28
- 1)]

(3.6)

Evaluating (3.6) for different values of E, sand m helps us to determine that

Theorem 4 gives optimal codes for ni = 1, s > 2 and e> o. From (3.6) with m = 1,

we have that
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where

_21- s( _ 23-s +23-8l-s + 23-28 _ 23-sl-2s

and 0 < ~ < 1, for m = 1, s 2:: 3 and f. > O. Therefore, n - k 2:: f. + 4. Note that

for m = 1, codes from Theorem 4 have redundancy n - k = e+ 4.

Theorem 4 gives optimal codes for m = 1, s > 2 and f. > O. It follows that

(2,I)-error correcting codes over GF(28), with parity check matrix of the form (3.2)

and m = 1 (i.e., the upper left submatrix is the parity check matrix of an RS code),

are optimal codes in the sense of achieving the Hamming lower bound on the number

of redundant symbols with equality.

3.1.3 Optimal (t, I)-error correcting codes over GF(2S
)

In this section, we generalize the results of the previous section, to construct a family

of (t, I)-error correcting codes over GF(2S
) , with t 2:: 2. Instead of using the parity

check matrix of a 2-error correcting nonbinary BCH code, the parity check matrix of

a t-error correcting nonbinary BCH code is used to obtain nonbinary LUEP codes

with separation vector s = (81,82),81 2:: 2t +1 and 822:: 3. In addition, we show

that if the parity check matrices of RS codes and shortened nonbinary Hamming

codes are combined, then asymptot-ically optimal nonbinary (t, 1)-error correcting

codes are obtained. Let C be the linear code over GF(2S
) with parity check matrix

as in equation (3.3), where Ha is now the parity check matrix of a t-error correcting

BCR code Ca over GF(2S
) of length na = 28m -1 and dimension ka 2:: 2sm - 2mt -1,

and Haa is the parity check matrix of a (t - I)-error correcting BCH code Caa over

GF (28
) of length naa = 28m

- 1 and dimension kaa 2:: 28m
- 2m(t - 1) - 1.
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Theorem 5 C is an (n, k) LUEP code over GF(2 8
) , .s > 2, with parameters

k 2:: n - 2mt - e

k l ;;:::: 28m
- 2m(t - 1) - 1 and

(3.7)

Proof: (Similar to the proof of Theorem 4) The minimum distance of C is 52 = 3.

That any column liP) from submatrix HI in (3.3) is linearly dependent on no less

than 2t other columns of H is shown by considering the linear dependency among

columns of (3.3) in the following way. Let li~j) denote the i-th column of submatrix

tt, in (3.3).

m 2t-2-m
(1) Up to 2t - 2 columns: '" liP) + '" li~2) = 0 contradicts the definitionL..J "j L....J 'i' '

j=l j'=l

of Haa , the parity check matrix of a (t - I)-error correcting BCH code, for

1 :s; m :s; 2t - 2.

m 2t-l-1II

(2) 2t - 1 columns: L li~J) + L li~2,> = O. Divide into the following cases:
j=l j'=l J

(i) m = 2t - 1, contradicts the definition of Ha , the parity check matrix of

a t-error correcting BCH code.

(ii) 1:S; m :s; 2t - 2, contradicts definition of Haa , the parity check matrix of

a (t - I)-error correcting BCH code.

m 2t-m

(3) 2t columns: L lL~J) + L ,~~~,) = O. Divide in three cases:
j=l j'=l J

(i) m ::::: 2t, contradicts the definition of Ha , the parity check matrix of a

t-error correcting BCH code.
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(ii) m = 2t - 1, impossible because h~~! =I- O.
J

(iii) 1 ::; m ::; 2t - 2, contradicts definition of Ha a , the parity check matrix of

a (t - 1)-error correcting BCH code.

As in Theorem 4, code C can be transformed into a systematic code with the same

parameters and separation vector [5, 28]. Note that for m = 1, Ca and Ca a are

Reed-Solomon (RS) codes over GF(28
) .

Hamming bound for s = (7,3)

Let t 1 = 3 and t2 = 1 ill inequality (3.5). Then

With m = 1, we have for codes from Theorem 5, using the parameters in (3.7),

28(n - k ) ;::: 1 + 228(28l - 1) + (28 - 1)(28 - 1)

+(28 _ 5)(28-1 - 3)(28 - 1)2

+228(28l
- 1)(28 _ 1) + 4(28 - 5)(28 - 1)2

+t(28
- 5)(28 - 6)(28 - 7)(28 - 1)3

+{2 28(28l _ 1)(28 _ 1)2 + 4(28 _ 1)3}(28- 5)(28 - 3)

After some manipulation, we have that

where

.6 = 1 + [2 28(28l + 1) + (28 _1)2 + (28- 5)(28-1 - 3)(28 - 1)2
+228(28l

_ 1)(28 - 1) + 4(28- 5)(28 - 1)2
+ H28- 5)(28 - 6)(28 - 7)(28 - 1)3] X 21- 8(( +6)

_2 1- 8l _ (28+3 _ 15)(28(l +-l ) _ 248) X 21- 8(( +6)

_(28((+2) - 228)(28+1 - 1)(228 - 28+3 + 15) x 21- 8({+ 6)

+4(238- 3 X 228+ 3 x 28+ 1)(228- 28+3 + 15) x 21- 8(l+ 6)
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L..-..

and -0.075 < ~ < 1, for s ~ 4 and f. > O. Therefore, a linear nonbinary two

level (3,1 )-error correcting code with parameters as in (3.7) requires at least f +6

redundant symbols. For t = 3 and m = 1, the codes given by Theorem 5 have

2t +f. = f +6 redundant symbols and therefore are optimal.

Asymptotic Hamming bound

For t l = t, t > 3 and t z = 1, the Hamming bound (3.5) becomes practically

impossible to evaluate. In this subsection, we derive an asymptotic equivalent for

the class of nonbinary LUEP codes given by Theorem 5. From (3.5), we obtain

28
(n- k ) ~ n(2 8

- 1) +1 +t (k~) (28
- l)j + (n - kl ) t (.~ .) (28 -l)j (3.S)

j=Z J j=Z J Z

We are going to derive an asymptotic equivalent of (3.S), for fixed t and large s. A

good lower bound on (3.S) is obtained by taking only the most dominant term,

28 (n - k ) > (n - kdi: (. k1 )(28 -l)j
j=2 J - 1

A lower bound on the sum of binomial coefficients is [37]

(3.9)

By double application of L'Hopital rule, we can show that

k1 {H (~) __1 log, [SkI (~) (k1
- t +I)]}

1
. kl 2k1 k1 k1 1
nn =1----

n--+oo i.n (t - 1) 2(t - 1)
k1

(3.11)

(3.12)

33



In addition,

(
t - 1)k1H ---,;;- > (t - 1) 10g2 k1 - (t - 1) 10g2(t - 1)

and

1· (t-1)10g2kl 1
un =

k1-00 (t - 1)10g2 k1 + (t - 1)10g2(t - 1)

Using (3.11)-(3.14) in (3.10), and the inequality (28
- l)t > 2(s-1)t, we obtain

(3.13)

(3.14)

+ (1 - 2(t ~ 1)) [(t - 1) 10g2 k1- (t - 1) 10g2 (t - 1)] + (8 - l)t

(3.15)

where a(n) ,....., b(n) (read a(n) is asymptotic to b(n» means that

. a(n)
11m -b() = 1.

11-00 11.

In other words, the expression on the right hand side (RHS) of (3.9) is asymptotic

(after taking logarithm base 2) to the RHS of (3.15), and at the same time, the RHS

of (3.9) is greater than the RHS of (3.15).

Inequality (3.15) can be rewritten as follows:

8(11. - k) ,(,10g2 11. + (t - 3/2) 10g2 k1 + si
(3.16)

+10g2(1 - kdn) - [(t - 3/2)10g2(t -1) + t].

Now, let c(t) = (t - 3/2) 10g2(t - 1) + t, a constant that depends on t but not on 8,

11. or k1 . For large 8, we have that

c(i)
-~o.

8

In addition, we assume that k1 < en, where 0 :::; c « 1. It follows from (3.16) that

(11. - k) ,(, r~ [10g2 11. + (t - 3/2) 10g2 kd + tl '

34

(3.17)



which is the desired asymptotic Hamming lower bound, on the number of redundant

symbols of a (i, I)-error correcting code, over GF(2 S
) . For codes with parameters

as those in (3.7) we have, for large s,

n 2:, 2s(2m + l - 1) and k > 2sm - 1
'1 rv • (3.18)

Let m = 1. It follows from (3.17) and (3.18) that the number of redundant symbols

has the following asymptotic Hamming lower bound

because (i - 3/2)/s ~ O. Note that, for 111 = 1, LUEP codes of Theorem 5 have

exactly 2t + f. redundant symbols, and thus achieve the Hamming bound. We have

shown that the LUEP codes obtained from Theorem 5 are optimal when their parity-

check matrices are combinations of parity-check matrices of z-error correcting Reed-

Solomon codes and parity-check matrices shortened Hamming codes, both over the

field GF(2S
) , for large s. In Table 3.1, a list of some optimal nonbinary LUEP codes

is presented.

3.2 Specifying the generator matrix

In this section, constructions of LUEP codes by appending (or time sharing) cosets

of subcodes in linear codes using 'very simple constituent linear codes are proposed.

Two specific families of ve1'-y good LUEP codes are presented. These codes are

good in the sense of requiring only one to three redundant bits more than LUEP

codes achieving the Hamming lower bound, on the number of redundant bits with

equality. A simple two-stage decoding is proposed and it is shown that decoding up

to the unequal error protection capacity of the LUEP code is possible using only the

decodings of the constituent codes. This is an important feature that makes this
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Table 3.1: Some optimal (t, l l-error correcting codes over GF(2 8
)

s f n k k1 k2 t
3 1 71 66 5 61 2
3 2 583 577 5 572 2
4 1 271 266 13 253 2
4 1 271 264 11 253 3
4 2 4367 4361 13 4348 2
4 2 4367 4359 11 4348 3
5 1 1055 1050 29 1021 2
5 1 1055 1048 27 1021 3
5 1 1055 1046 25 1021 4
6 1 4159 4152 59 4093 3
6 1 4159 4150 57 4093 4
6 1 4159 4148 55 4093 5

type of LUEP codes attractive for practical applications. When compared to known

constructions of LUEP codes, the proposed new codes are better or very close in

terms of number of redundant bits. One important advantage of the new LUEP

codes presented in this section, is that they have a two-stage (suboptimal) decoding

which uses only the decoding of very simple constituent codes. Finally, the use of

LUEP codes as component codes themselves in these constructions is considered. In

particular, we analyze the case when an LUEP code is combined, using construction

X, with a linear code partitioned into cosets of its linear subcode. Optimal LUEP

codes may be obtained in this way. This adds to the attractiveness of designing

LUEP codes using constructions based on combining cosets of subcodes in linear

codes.

36



3.2.1 Near-optimal LUEP codes based on construction X

For i = 1,2,3, let C, denote a linear (nj, k j , d j ) binary code. Assume C3 ~ C2 , so

that k3 :::; k2 and d3 2:: d2 • Let Cx be the linear code whose generator matrix is

(
GI

Gx = 0

where Gil [GJ Gj]T and G3 are the generator matrices of CI , C2 and C3 respectively

(Note that it is required that kl = k2 - k3 ) . Then Cx is an (nl + n3, kl + k3 ) linear

code with minimum distance dx = min{d3 , dl +d2 } , [32]. This method of combining

shorter linear codes to obtain a linear code with increased length and minimum

distance is known as Construction X. It is interesting to note that Cx can be viewed

as dividing C2 into cosets of its subcode C3 and appending (or time sharing) a

codeword of C, to each coset of C3 in C2• In this sense, construction X constitutes

a generalization of the so called lulu +vi construction. The UEP capabilities of

linear codes, obtained from combining shorter linear codes, using construction X,

were analyzed previously in [26, 4] in a different context. The separation vector of

Cx is

for the message space l!.f = {O, 1}k1 X {a, 1}k3 •

In this section, we present two specific families of near optimal binary LUEP

codes using construction X.

Example 3: Let Cl be the (7,3,4) code, C2 be the trivial (i.e., no coding) (7,7,1)

code and C3 be the (7,4,3) Hamming code. Then Cx is a (14,7) LUEP code with

separation vector s = (5,3), for the message space {O, 1P x {O, 1} 4. In other words,

ex protects 3 message bits against any 2 errors, while the remaining 4 message bits

are protected against any single error. Note that the dimension of Ox is between the
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dimensions of a (14,8,3) shortened Hamming code and a (14,6,5) shortened BCH

code. Time sharing an (11,3,5) shortened BCH code and a (7,4,3) Hamming code,

gives an (18,7) LUEP code with the same message space and separation vector,

requiring 4 more redundant bits than code Cx. Note in addition that there exists a

(15, 7) shortened generalized concatenated (GC) code [50], with the same separation

vector and message space, that requires only one more redundant bit than Cx . l::,.l::,.

A family of very good (2,1)-error correcting codes is obtained using construc

tion X and generalizing the previous example as follows. Let code C2 be the triv

ial (2m
- 1, 2m

- 1,1) code (no coding), let code C3 be a (2m
- 1, 2m

- 1 - 771.,3)

Hamming code, and let code C1 be the shortest length linear code obtained from

an extended (2/,21
- I - 1,4) Hamming code, of dimension k1 = k2 - k3 = 771.. In

other words, C1 is a (21
- S, 2/ - S - 1- 1,4) linear code, where I is such that

21 - s - I - 1 = 771..

Applying construction X to these three codes, a (2m +21 - s - 1, 2m - 1) LUEP

code Cx with separation vector s = (5,3) for the message space {0,I}k1 x {0,I}k2 ,

where kI = 771. and k2 = 2m
- 1 - 111, is obtained.

To evaluate the effectiveness of this family of codes, we use the Hamming lower

bound on the number of redundant bits of an LUEP code with the same length,

same separation vector s = (2tI +1, 2t2 +1), t I 2:: t2 , and same sub dimension kI •

Upon substituting the parameters of the family of codes in question in (3.4), we
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have that

2n
-

k ~ (2m
- 1 +21 - 8) +Hm2 - m) + (2m

- 1 +21 - 8 - m)m

= (2m
- 1 +21 - 8) +Hm2

- m) + (2m - 1 +21 - 8 - m)(21-1- 8 - 1)

= 2m +1- 1{2+221-m-I+1 - 2-m - 1+t (2m+21)(1 +s) - (8+1)2-m - 1+l

+(m +s +1)(1 +8 +1)2-m - l+ 1 +Hm2
- m)2-m

-
1+1

}

= 2".+1-1(1 + .6.),
(3.19)

where

.6. = 1 +21- m +1 - 2-m - 1+l(2m - 21)(1 - 8) - (8 +1)2-m - 1+1

+(m +8 + 1)(/ + s + 1)2-".-1+1 + Hm2 - m)2-m
-

I+1

and °< .6. < 1, given that the shortening length s is such that 0 ::; 8 ::; 21-1 - 1.

Since m = 21- 1- 8 - 1, it follows from (3.19) that

12 - k 2: 21
- 8 - 1.

On the other hand, code CX requires (n - k) = 21- 8 redundant bits. It follows that

code Cx requires only one more redundant bit than an optimal LUEP code (i.e., a

code achieving the Hamming bound (3.4) with equality), with the same separation

vector s and same subdimension k1• Table 3.2 lists the first codes from this family

of LUEP codes. In Table 3.2, /:).l/ is the difference between the number of redundant

bits of the LUEP code, and the Hamming bound on the number of redundant bits

of an LUEP code with the same parameters. The next Example 4 shows how to

obtain a binary (3,2)-error correcting code using construction X.

Example 4: Let C1 be a (8,4,4) extended Hamming code, C2 be a (15,11,3)

Hamming code and C3 be a (15,7,5) BCH code. Then Cx is a (23,11) LUEP

code with separation vector s = (7,5) for the message space {O,I}4 x {O,lV. In
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Table 3.2: LUEP codes with s = (5,3) based on construction X

m I s C2 C3 C1 Cx t::. H
3 3 1 (7,7,1) (7,4,3) (7,3,4) (14,7) +1
4 3 ° (15,15,1) (15,11,3) (8,4,4) (23,15) +1
5 4 6 (31,31,1) (31,26,3) (10,5,4) (41,31) +2
6 4 5 (63,63,1) (63,57,3) (11,6,4) (74,63) +2
7 4 4 (127,127,1) (127,120,3) (12,7,4) (139,127) +1
8 4 3 (255,255,1 ) (255,247,3) (13,8,4) (268,255) +1
9 4 2 (511,511,1) (511,502,3) (14,9,4) (525,511) +1

other words, Cx protects 4 message bits against any three errors, while 7 bits are

protected against any two errors. Note that the dimension of Cx is between the

dimensions of a (23, 13,5) shortened BCH code and a (23,8,7) shortened BCH code.

Time sharing a (14,4,7) shortened BCH code and a (15,7,5) BCH code, results in

a (30,11) LUEP code with the same message space and separation vector, requiring

7 more redundant bits than Cx . It is also interesting to note that there exists a

(35,11) binary cyclic UEP code [29], with the same separation vector and message

space, that requires 12 more redundant bits than Cx.

From construction X, and generalizing Example 4 above, a family of good two-

level error correcting codes, with separation vector s = (7,5), is constructed as

follows: Let C1 be the shortest length linear code obtained from an extended

(2/,21 -I - 1,4) Hamming code, of dimension kl = k2 - k«, i.e., a (21 - s, , m, 4) lin

ear code, where I is such that 21 - 1-1 - s = m; let C2 be a (2m -1, 2m -1 - m, 3)

Hamming code; and let C3 be a (2m -1,2m - 1 - 2m,S) double-error correcting

BCH code, contained in C2• Applying construction X to the these three codes, a

(2m + 2/ - s -1,2m -1- m) LUEP code Cx with separation vector s = (7,5) for

the message space {O, 1}1ll X {O, IFIII
- l - 2m is obtained.
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Table 3.3: LUEP codes with s = (7,5) based on construction X

m I s C2 C3 Ct CX t::. H

4 3 0 (15,11,3) (15,7,5) (8,4,4) (23,11) 0
5 4 6 (31,26,3) (31,21,5) (10,5,4) (41,26) +1
6 4 5 (63,57,3) (63,51,5) (11,6,4) (74,57) +2
7 4 4 (127,120) (127,113,5) (12,7,4) (139,120) +2
8 4 3 (255,247,3) (255,239,5) (13,8,4) (268,255) +2
9 4 2 (511,502,3) (511,493,5) (14,9,4) (525,502) +2

For this family of LUEP codes, the Hamming bound (3.4) contains more terms

and is difficult to evaluate. For short lengths, these codes are very good, in the

sense of requiring only 1 or 2 redundant bits more than optimal codes, as shown

in Table 3.3, where a list of (3,2)-error correcting codes based on construction X is

presented, and where t::.H is the same as in Table 3.2.

3.2.2 LUEP codes based on construction X4

The key idea in construction X4 is to do a double-sided construction X, using four

linear codes, as follows. A linear code CX 4 is constructed by dividing a linear code

C2 into cosets of its proper sub code Ct , and dividing a second linear code C4 into

cosets of its proper sub code C3 , and appending (or time sharing) a coset of Ct to a

coset of C3 in all possible ways [41]. For 1 ::; i ::; 4, let C, denote a linear (ni, ki , di )

binary code. Let d, ~ d3 • Assume Cl ~ C2 , so that kt :::; k2 and dl ~ d2 , and

C3 ~ C 4, with k3 :::; k4 and d3 2: d4 • Then CX4 is the linear code whose generator

matrix is

Gx , = (~: iJ
where c., [GJ G;JT, G3 and [GJ GJF are the generator matrices of Ct, C2 , C3 and

C4 respectively Note that k2 - Ii:, = 1.:4 - k3 = fl. Code Cx. is a (n} + n3, k2 + k3 )
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linear code with minimum distance dX 4 = min{dI, d2 +d,d [41].

Theorem 6 Code Cx" is an (11,1 + 11,3, k1 + k3 +p) 3-1evel LUEP code with separa-

tion vector s = (81, 82, 83), where

81 ;:::min{d1,d2+d4 } ,

83 ;::: min{d3 , d2 +d,,},

for the message space {O, l}k l X {O, 1}J.I X {O, l}k3
•

(3.20)

Proof: Let 111 be a message from {0,I}kl+J.I+k3 to be encoded using code CX4.

Divide 111 into three message parts, 1111 E {O, 1}kl , m2 E {O, 1}J.I and m3 E {O, 1}k3
•

Let C(I11) be a codeword of eX 4. Then

= (1111 G 1 + 1112G2, 1112G4 +11l3G3)

and the Hamming weight of C(111) is thus given by

By considering all cases where different message parts are nonzero, it is possible to

obtain the separation vector of code Cx". We arrange such cases in a table, where

111; = 1 indicates that the i-th message part is nonzero, as shown in Table 3.4,

where, for i = 2,4, 8; denotes the minimum distance of a linear (11,;, p) code D;

whose generator matrix is G j • Note that D, C Ci, so that 8i ;::: d..

It follows that the separation vector of Cx" is s = (81,82,83), where

81 ;::: min{d},d2 + 8",d1 + d3,d2 + d4 } = min{d1,d2 +d4 }
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Table 3.4: Bounds on the separation vector for construction X4

1111
1
1
1
1
o
o
o

1112 1113 wt(x)
o 0 wt(l111Gr)
1 0 wt(1111 G1+11l2G2) +wt(IfI2G4)
o 1 wt(I'i11Gr) +wt(1113G3)
1 1 wt(1111Gl + 1112G2) +wt(1112G4 + 1113G3)
1 0 wt(1112G2) +wt(1112G4)
o 1 wt(1113G3)
1 1 wt(1112G2) + wt(1112G4 + 1113G3)

Bound
d1

d2 +84

dl +d3

d2 +d4

82 +84

d3

82 +d4

Code CX 4 mayor may not be a three-level LUEP code. This will depend

on the relationship between the minimum distances of the component codes. In

other words, in order for CX4 to have unequal error protection capabilities, we re-

quire that d1 < d2+d,,, or d3 < d2 + d,,, Suppose dl 2:: d2+d4 and d3 < d2+d4.

Then CX 4 will be a two-level LUEP code with separation vector s = (SI,S2), where

51 2:: d2 +d4 and 52 2:: d3 , for the message space {O, 1}k1 +11 X {O, 1}k3
• Example 5 be

low illustrates a code belonging to this case. On the other hand, if both dl < d2 +d4

and d3 < d2 + d,,, then CX 4 will be a three-level LUEP codes with separation vee-

Example 5: Let C2 be a (31,16,7) BCR code and Cl be a (31,11,11) BCR code.

Then It = 5. So let C4 be a (31,30,2) even-weight code and C3 be a (31,25,4)

shortened even-weight Hamming code. Then CX4 is a (62,41) LUEP code with

separation vector s = (9,4) for the message space M = {0,lP6 X {0,1}25. Note

that the dimension of Cx 4 is between the dimensions of a (62,55,4) shortened even

weight Hamming code and a (62,38,9) shortened BCH code. By time sharing a
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(36,16,9) linear code (obtained from shortening a. (37, 17,9) quadratic residue code,

from the table of best linear codes in [3]) and a (31,25,4) shortened even-weight

Hamming code, we obtain a (67,41) LUEP code with the same separation vector and

same message space that requires 5 more redundant bits than CX 4' Note also that

there exists a (63,43) binary cyclic UEP code [10], which when shortened results

in a (61,41) LUEP code with the same separation vector and message space, that

requires one redundant bit less than CX 4'

Although the code from Example 5 above has one more redundant bit than an

LUEP code obtained from shortening a binary cyclic UEP code, it has the advantage

of very simple component codes, and can be decoded using a two-stage decoding

(see section 3.2.4 below).

3.2.3 Dual codes of optimum binary LUEP codes

The class of linear codes obtained by construction X4, contains the duals of the

optimum binary LUEP codes discussed in section 3.1.1. Let C be a binary LUEP

code with separation vector s = (5,3) and parity check matrix (3.1),

where each power of a is represented by a binary column vector of length m, Om

represents the all zero column vector of length m, and, for f. ~ 0, (31, ... ,(32m+l-2m

represent all binary column vectors of length m +f having the last f entries not all

zero.

Comparing the above matrix with the generator matrix of a linear code based

on construction X4,
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it is clear that the dual code of code C has generator matrix of this form, where

generates a simplex (or maximal-length) (2m -1,m,2m - 1
) code,

generates the dual of a double-error correcting BCH code, i.e., a (2m
- 1,2112, dz)

linear code, with minimum distance

dz = {

The matrix

m 2:: 2 odd;
m 2:: 4 even.

1 Q' Q'

generates a linear code whose coclewords consist of 2m copies of a codeword in a

(2l - 1, f, 2£-1) simplex code. Therefore,

Finally, matrix

1
1

Q'

1 1

generates a (2m+ l - 2m
, m + e, d.. ) linear code which consists of time-sharing 2l - 1

translates of a (2m
, 112,2m

-
I ) (extended) simplex code. As a result, the minimum

distance is given by

On the other hand, from matrix G.. it follows that 64 = d,t, while

G2 = (1 3
Q'
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generates a (2m
- 1, m, 2m- I) simplex code, and 02 = (2l - 1)2m

-
1 = 04'

From the results of section 3.2.2, we have that the components of the separation

vector of the dual code of an optimal binary LUEP code with s = (5,3) are,

{

min{2m- l , 2m-1 _ 2(m+I)/2-1 + 2l+m-1 _ 2m-I},

~ min{2m- 1, 2t11-1 _ 2(tII+2)/2-1 + 2l+m-1 _ 2m- I},

m ~ 3 odd;

m ~ 4 even.

={
min{2m-I,2l+m-l _ 2(m+l)/2-1},

min{2m-I.2l+m-1 _ 2(m+2)/2-1},

odd;

even.

min{2m+l- 1 _ 2m- I, 2t11-1 _ 2(m+l)/2-1 +2m+l-1 _ 2m- I,

2711+l- 1 _ 2711-1 +2m+l-1 _ 2m- I}, > 3 ddm_ ,0 ;

min{2m+l-1 _ 2m- I, 2m-1 _ 2(m+2)/2-1 +2m+l- 1 _ 2m-I,

2m +l - 1 _ 2m- l +2m+l-1 _ 2m- I}, > 4m _ ,even.

= 2m+l - 1 _ 2m- I, and

It follows that CX 4 is a (2t11+l - 2til , 2m + e) two-level LUEP code with separation

81
{

Inin{2"1-1,2t11+l-1 _2(m+I)/2-1},

~ min{2t11- l , 2t11H-1 _ 2(tII+2)/2-1},

m ~ 3 odd;

m ~ 4 even.

for the message space M = {a, 1}m X {O,1}m+l.

Tables 3.5 and 3.6 show specific examples of duals of optimal binary LUEP

codes with separation vector s = (5,3). The variables in the tables are those from

Theorem 3 and the following,

kd = kdl + l.~d2 : dimension of the dual code,

Sdl , Sd2 : components of separation vector of the dual code,
for the message space M = {a, 1}kd l X {a, 1}kd2 •
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Table 3.5: Length 31 codes

ill e k k1 k2 kd kdl kd2 Sdl Sd2

0 5 26 0 26 5 0 5 16
2 3 24 1 23 7 2 5 2 14
3 2 23 4 19 8 3 5 4 12
4 1 22 11 11 9 4 5 8 8
5 0 21 21 0 10 5 5 12

Table 3.6: Length 63 codes

ill i! k k1 k2 kd kd l kd2 Sdl Sd2

0 6 57 0 57 6 0 6 32
2 4 55 1 54 8 2 6 2 30
3 3 54 4 50 9 6 3 4 28
4 2 53 11 42 10 4 6 8 21
5 1 52 26 26 11 5 6 16 16
6 0 51 51 0 12 6 6 24
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For example, the dual code of the (31,24) binary optimal LUEP code, protecting

1 bit against any two or less random errors and 23 bits against any single random

error, is a (31,7) binary LUEP code that protects 5 bits against any six or less

random errors and detects an error in the remaining 2 information bits.

3.2.4 Multi-stage decoding of constructions X and X4

Constructions X and X4 have been provided with decoding procedures in the original

paper [41]. When these constructions yield LUEP codes, the decoding will be carried

out in two stages, with the first decoding stage used to decode the most important

message part [4]. For example, in construction X the separation vector is s = (s., S2),

with S1 ~ d1 +d2 and S2 ~ min{ d3 , d1 + d2 } . If d3 < d, +d2 , then we have an LUEP

code which can be decoded first by using decoders for codes C1 and C2 in the first

decoding stage, to correct up to l(d1 +d2 - 1)/2J errors, and then use the decoded

first message part and a decoder for subcode C3 to decode the least significant

message part, which is protected against up to l(d3 - 1)/2J errors. In the case

of construction X4, decoding will also be carried out in two stages. In the first

decoding stage, decoders for codes C2 and C'l will be used to recover the most

significant message part, which is protected against l(dz + d<j - 1)/2J errors. The

second decoding stage uses the decoded first message part and a decoder for subcode

Ct, or a decoder for subcode C3 , or both, to estimate the least significant message

part.

Recently, a coset decoding [17] has been proposed for codes based on the so

called lulu +vi construction. This method can be applied for constructions X and

X4, which are also based on partitioning a linear code into cosets of its subcode, and

either appending codewords of another code (as in construction X), or appending

cosets of a subcode in another linear code (as in construction X4). If the component
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codes in constructions X and X4 are majoritY'l()g~<::._.~~~odable, then the resulting

LUEP code will also be majority logic decodable. This can be shown as follows.

Consider construction X. For i = 1,2, let code C, be majority-logic decodable in L,

steps. Suppose x = lilG is a codeword of LUEP code Cx. Then x = (Xl,X2), where

Xl E Cl and X2 E C2• Let l' = (1'1, 1'2) be the received vector. Let

1111 = <l>il)(rt}, 1 ::; k ::; dl - 1

1111 = <l>i2)(r2), 1 ::; k ::; d2 - 1

be a set of dl +d2 - 2 equations orthogonal on the first message part ml, based on

codes C l and C2 , respectively. To obtain the d, + d2 equations required for majority

logic decoding, we add the trivial equations 1111 = 111~j), where 111~j) is the estimated

first message part based on code Gj , for i = 1,2. Once the first message part ml

has been decoded, we form the message (Ill}, 0) to obtain a codeword C2 E C2• We

then proceed as indicated in [3], subtracting C2 from the second part of received

vector, 1'2, and decoding the resulting vector 1'2 - C2 using the decoding (which may

or may not be majority logic decoding) for code C3 to obtain an estimate of the

least significant message part 1112.

Consider now decoding of construction X4. Assume, as in Example 5, that

d l 2 d2 +d4 and d3 < d2 +d4 • For i = 2,4, let code C, be majority-logic decodable

in L, steps. Let X = (Xl, X2), Xl E G2 , X2 E C4 , be the transmitted codeword, and

let l' = (1'1, 1'2) be the received vector. Let

(1111,1112) = <l>P)(rd,

(1111,1112) = <l>t
l)(r2)'

1 ::; k ::; d4 - 1

be a set of d2 + d4 - 2 equations orthogonal to message part (1111,1112) E {O, 1}k1 +1',

based on codes C2 and C4 respectively. To obtain the required d2 +d4 orthogonal

equations for majority-logic decoding, we add the trivial equations
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where (1'111, 1112)(i) is the estimated message part based on code Gi , for i = 2,4. Once

message part (1111,1112) is estimated at the first stage, we form message (ri12'0) to

obtain a codeword C4 E C4 , and decode vector 1'2 - C4 using the decoder for sub code

C3 to obtain an estimate of the least significant part, 1113. Finally, if d1 < d2 +d4

and d3 < d2 +d4 , then at the first stage of decoding we use the following set of

d2 +d4 equations orthogonal to message part 1112:

1112 ¢P)(- ) 1 :::; k :::; d2 - 1= k 1'1,

1112 ¢}4)(- ) 1 :::; k:::; d4 - 1= k 1'2,

1112 = l11f)

1112 = 111~4)

where as before, for i = 2, 4, 111~i) indicates the estimated message part 1112 using code

Cj • At the second decoding stage, we form message (0, 1112) to obtain a codeword

C2 E C2 , and form message (1112,0) to obtain a codeword C4 E G4 • We then decode

vector 1'1 - C2 using the decoding for subcode G1 , and decode vector 1'2 - C4 using

the decoding for sub code G3 , to obtain an estimate for message parts ml and m3,

respectively.

It is interesting to point out that in all of the above two-stage decodings, the

first decoding stage is equivalent to finding to which coset the received vector is

closest, while the second decoding stage finds a codeword, within that coset, which

is as close to the received vector as any other codeword.

3.2.5 Construction X using an LUEP code as component
code

Given optimal (or good) LUEP codes, it may possible to obtain longer LUEP codes,

with increased separation vector, by combining these shorter LUEP codes with linear
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codes. This was done in [49] for the lulu +vi construction. In this section, we

consider using construction X to obtain good LUEP codes based on shorter LUEP

codes.

Let C1 be an (nl, k1 = kIl +k12 ) LUEP code with separation vector s = (S1'S2)

for the message space M = {a, 1}kll X {a, 1}k12 • Then C1 has generator matrix of

the form

where GIl and G12 are kn-by-n1 and k12-by-n1 matrices respectively. Let C2 and

C3 be (n2' k2,d2) and (n2' ke, d3 ) linear codes such that C3 c C2. Combining the

three codes above using construction X, we obtain an (n1 +n2, k2 = kIl + k12 + k3 )

LUEP code Cx.

Separation vector

Again, we need to consider cases with message parts 1111 E {a, l}k ll , 1112 E {O,1}k12

and 1113 E {a, 1}k3 nonzero. vVe start by writing the generator matrix of Ox as

Gx = (~i: ~:)
for some G21 and G22 such that G2 = [Cr1 Gr2J T

, where [Gr1 Gr2GJF and G3 are the

generator matrices of codes C2 and C3 respectively. Then we form a table listing

all cases where the message parts are nonzero, just as we did for construction X4.

Let x be a codeword of Cx . Again, let I11j = 1 indicate the i-th message part being

nonzero. Table 3.7 shows the resulting cases.

As a result, the separation vector of Cx is 5' = (S'1,S'2,S'3), where

for the message space AI = {O,lVll x {O,1}k12 X {O,l}ka •
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Table 3.7: Bounds on the separation vector for construction X

1
1
1
1
o
o
o

o
1
o
1
1
o
1

m., wt(x)
o wt(m1Gll) +wt(m1G21)
o wt((111l,1112)G1) +wt((m1,11l2)G2)
1 wt(III1Gll) +wt(III1G21 +1113G3)
1 wt( (1111, 1112)Gd +wt( (1'111, 1112)G2 +11l3G3)
o wt(11l2G12) +wt(1112G22)
1 Wt(1113G3)
1 wt(1112G12) +Wt(1112G22 +1113G3)

Bound
51 +d2

51 +d2

51 +d2

51 +d2

52 +d2

d3

52 +d2

Example 6: Let C1 be an (5, 3) optimal LUEP code with separation vector s = (3,2)

for the message space {O,l}1 x {O,l}2. Let C2 be a (15,14,2) even parity code

and C3 be a (15,11,3) Hamming code. Then Cx is a (20,14) optimal LUEP code

with separation vector s = (5,4,3) for the message space {O, 1P x {O, 1P x {0,1}1l.

Note that Cx has dimension between the dimensions of a (20,10,5) shortened BCH

code and a (20,15,3) shortened Hamming code. Time sharing a (5,1,5) repetition

code, a (6,2,4) shortened even-weight Hamming code and a (15,11,3) Hamming

code, we obtain a (26,14) LUEP code with the same separation vector and same

message space that requires 6 more redundant bits than Cx.

3.3 Summary

In this chapter, we presented construction methods of linear multi-level error cor-

recting codes, by specifying their parity-check matrices or their generator matrices.

A new family of optimal nonbinary LUEP codes was introduced. These optimal

nonbinary LUEP codes are specified by their parity-check matrices, which are a

combination of parity-check matrices of RS codes and parity-check matrices of short-

ened nonbinary Hamming codes. It was shown that these codes are optimal in the
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sense of achieving the Hamming lower bound on the number of redundant symbols.

These nonbinary LUEP codes have minimum distance 3 and in addition provide an

error correcting capability against t 01' less random errors for part of the message

symbols. We also presented constructions of LUEP codes by appending (or time

sharing) cosets of linear sub codes in linear codes. These codes are constructed by

specifying their generator matrices. Two new families of efficient binary two-level

error correcting codes were introduced. These new families of LUEP codes were

obtained by combining very simple constituent codes, such as Hamming codes, ex

tended Hamming codes, and 2-error correcting BCH codes. We obtained binary

LUEP codes of minimum distance 3, protecting some information bits against 2

or less random errors, whose number of redundant bits is only one more than the

number of redundant bits required by optimal LUEP codes of the same separation

vector and message space. We also introduced short to moderate length binary

LUEP codes of minimum distance 5, protecting some information bits against 3 or

less random errors. These LUEP codes require only one to two more redundant bits

than optimal LUEP codes. The duals of some optimal binary LUEP codes were

characterized, and their multi-level error correcting capabilities determined. In ad

dition, these generator matrix based constructions lend themselves quite naturally

to multi-stage decoding methods. In this section we have presented a multi-stage

decoding method, using majority logic decoding of constituent codes, for LUEP

codes based on specifying their generator matrices.
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Chapter 4

Analysis of known linear codes

The analysis of well known families of linear codes, such as BCH and Hamming

codes, is presented in this chapter to determine conditions for these linear codes to

be unequal error protection codes.

4.1 Binary nonprimitive BCH codes

One way of constructing UEP codes is by direct sum. Let C be a linear block code

and C(ll1) a codeword in G, corresponding to a message 111 E M. Let

be a linear block code for the message space 1'.1;, for 1 ~ i ~ e. Suppose Gt,C2, ••• ,Ct

satisfy the following conditions:

- - Im, = m..

Then

is the direct sum. of GI , G2 , ' •. ,Gt , denoted

In [26], it was shown that if the minimum weight of codewords in

(4.1)
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is at least d., and d1 2:: d2 2:: ... 2:: de, then C is an f-Ievel LUEP code with separation

vector S = (S1,S2"" ,se), where s, 2:: dj , for 1 ::; i ::; f. Using the terminology of

chapter 2, the set given by (4.1) is an i-th level cloud.

4.1.1 Binary cyclic codes of composite length

Let 11. = 11.111.2, where 11.1 and 11.2 are two odd positive and relatively prime integers,

and let a be an n-th root of unity from the field GF(2 Q) . Then fJ = ani and, = an 2

are elements of orders 11.2 and 11.1 respectively. For i = 1,2, let C, be an (11., kj )

binary cyclic codes with generator polynomial gj(x) and parity-check polynomial

hj(x) = (x n +1)jgj(x).

Suppose h1(x) and h2(x) are relatively prime in GF(2)[x] modulo (x n + 1).

Then the only polynomial common to C1 and C2 is c(x) = 0, and the direct sum

C = C1 EB C2 is an (11., k 1 + k2 ) binary cyclic code with generator polynomial

g(x) = gcd{g1(x),g2(x)}

and parity-check polynomial h(x) = h1(x)h2(x).

Since gcd( n1, 11.2) = 1, there exist two unique integers f and m such that any

element in GF(2 Q
) can be uniquely represented as a P = f3 l ,m,where 0 ::; p < 11.,

0::; f::; 11.2 and 0 ::; 1Tt < 11.1. For i = 1,2, let Cj(x) be a code polynomial of Ci. Then

Tl2-1

Cj = L Aj(x)Xj
,

j=O

where

It can be verified that
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where
112

aim)(x) = L A j(,n1)Jm
j x j .

j=O

Let i = 1,2 and 0 ~ m < nl' Let v(m)( Gj ) be a cyclic code over GF(2q1 ) of length

n2 and zeros {f3i: 0 ~ e< n2, cj(aP) = aim )( f3 l ) = O}, where ql is the multiplicative

order of 2 modulo nl and Cj(x) E Ci. Let d(n1)(Cj) denote the minimum distance of

v(m)(CJ Associated with a code polynomial Cj(x), define the following sets,

I A ..,\
\ "1:.~}

J(G j ) = {O, 1,,,,, nIl - J(Cj )

Jj = n .J(Gj )

Cj(x)#OECj

Jj = {O, 1,"', nl - I} - J,

Let code

v(m) = U V(m)(Cj )

ci(,,)#OECj

have minimum distance di'II). Let

Then d(m)(c j ) 2': dim) 2: D j , and there are at least D, nonzero polynomials Aj{x),

0:::; j < n2, associated to an arbitrary nonzero polynomial Cj(x) E Cj. Based on

Wj = U W(Gi ) ,

Ci(x)#OECj

where W(Ci) is a binary cyclic code of length nl with zeros {(, n 2 t ' : m E J(C1 )} ,

and J( C j ) is given by (4.2). Then 1V = 1Vl EB 1V2 is a binary code associated with

C = C l EEl C2. Let d, d l and d2 be the minimum distances of codes W, WI and W2

respectively. Then dl 2: d, dz 2': d and it can be shown that if c(x) =J 0 and
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(1) if c(x) E C - C2, then wt(c(x)) 2: DId, and

(2) if c(x) E C2 , then wt(c(x)) 2: D2d,

where wt(c(x)) denotes the Hamming weight of c(x) E C. If DId ~ D2d2 , then Cis

a two-level binary cyclic UEP code in which k, information bits are protected against

any combination of l(Sj - l)/TJ or less errors, where SI 2: DId and 82 ~ D2d2 •

With the aid of a computer, a systematic search for good two-level cyclic UEP

codes of composite length n, n :::; 75, was performed. The BCH lower bound was

used to estimate the minimum distance of the associated code. In this search, a code

is good if its minimum distance dmin is greater than or equal to the largest minimum

distance d" among all binary cyclic codes of the same length and dimension. The

true minimum distance of codes was determined from [37]. Some good cyclic UEP

codes of composite length found in our search are presented in table 4.1.

4.1.2 A class of two-level UEP BCH codes

Let CI be a (3]),2p +1) modified Fire code with generator polynomial

where cPI (x) is the minimal polynomial of (1', a 3p-th root of unity in the field GF(28
) .

Let C2 be a (3]),p) repetition code with parity check polynomial h2(x ) = xP +1.

Note that hl(x) = (x3
]J + l)/gl(x) and that htCx) and h2(x) are relatively prime.

The direct SU111 C = CI EfJ C2 is a (3]J,2p +1) binary nonprimitive BCH code with

generator polynomial g(:v) = <pd x). The minimum distance of C is exactly 3 [37].

To determine the separation vector of code C, we use the analysis outlined in

the previous section, and an array of exponents of (1', shown in Table 4.2. A number

p (mod 3])) appearing at the m-th row and }i-th column of the array of Table 4.2,
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Table 4.1: Some good cyclic UEP codes of composite length

n k n1 n2 "~1 k2 81 82 d* dbch Nonzeros
15 9 3 5 1 8 5 4 4 3 Q,I,7
21 13 3 7 1 12 7 4 4 3 Q,I,5
33 23 3 11 12 11 5 3 3 3 5,11,0,3
35 11 5 7 4 7 7 5 5 5 1,0,5,15
39 27 3 13 14 13 6 3 3 3 7,13,0,3
39 15 3 13 1 14 13 10 10 7 Q,7,13
45 33 5 9 1 32 9 4 4 3 Q,I,3,7,21
51 34 3 17 18 16 7 6 6 4 11,17,19,3,9
51 19 3 17 1 18 17 14 14 11 Q,11,17,19
55 15 5 11 4 11 11 5 5 5 11,0,5
57 39 3 19 20 19 5 3 3 3 5,19,0,3
63 13 7 9 1 12 27 24 24 15 Q,3,13
69 56 3 23 12 44 5 4 4 3 0,3,1,5
75 53 3 25 5 48 5 4 4 3 0,15,1,5,7,35
75 34 3 25 4 30 10 6 6 6 15,5,7,25,35
75 29 3 25 1 28 25 8 8 8 Q,I,5,35
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Table 4.2: Array of exponents of a

0 1 2 ... p-1
0 0 3 6 ... 3(p - 1)
1 P p+3 p+6 " . p +3(p - 1)
2 2p 2p+3 2p +6 ... 2p + 3(p -1)

indicates that o" = j3l',Ill, where 13 = a3 and, = aP, for 0 :::; p < 3p, 0 :::; m < 2 and

o:::; fl < p. Equivalently,

3Jl +pm =p (mod 3p).

Following the analysis of the previous section, we find that J1 = {1, 2}, J2 = 0,

D2 = 1, d2 = 3, and d = 1. Hence 81 ~ D1 , and 82 = 3, where D1 will be found

using the BCH lower bound, by counting the number of consecutive roots of ¢1 (x)

in the second and third rows of the array in Table 4.2, i.e., the number of consecutive

zeros of code ,~(1) or 1~(:l).

Let

c; ~ {p: ¢1(aP) = O,a P = ,2131',0 < fl <pl.

Then C; and C; are the sets of zeros (also known as defining sets) of codes ~(1) and

~(2), respectively. The exponents of the roots of ¢1 (x) are grouped in a cyclotomic

coset [32]:

C* = {1,2,4,S,"',2S
-

1
} ,

where 8 is the multiplicative order of 2 modulo 3p. We have that C* = C;UC;,

and if p is a prime number and 2 is primitive modulo p, then IC*/ = p - 1 and thus

a E GF(2P-
1

) . Let L, and Le be the sets obtained from taking the elements in C;

and C; modulo p, respectively. Let Q and N be the sets of quadratic residues and

nonresidues modulo ]J, respectively. Suppose 2 is a primitive root modulo p. Then
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C* is a complete set of residues modulo p and we have either Q = L~ and N = L:,

or Q = L: and N = L~. Number theory permits us to find sufficient conditions on'

a prime number p, such that a given element in the set {I, 2, 3,'" ,p} belongs to Q

or N [36].

Example 7: For p = 11, we have the following 3-by-11 array of exponents of a, a

33-th root of unity in GF(2 1O
) . The rows are indexed by m while the columns are

indexed by /1,

0 1 2 3 4 5 6 7 8 9 10
0 0 3 6 9 12 15 18 21 24 27 30
1 11 14 17 20 23 26 29 32 2 5 8
2 22 25 28 21 1 4 7 10 13 16 19

e.g., 0: = /34,2. We have,

C* = {I, 2,4,8,16,32,31,29,25, 17},

c; = {2,8,32,29,17}, C; = {1,4,16,31,25},

L~ = N = {2,8, 10, 7,6}, and L: = Q = {1,4,5,9,3}. 6,. 6,.

The next lemmas give sufficient conditions on p such that some 3 consecutive

integers in Q or N exist.

Lemma 1 If p == ±19, ±29 (mod 120) then 4,5,6 E Q.

Proof: From elementary number theory [36], it is known that

(i) if p == ±3 (modS) then 2 E N,

(ii) if p == ±1 (mod 5) then 5 E Q,

(iii) if p == ±5 (mod 12) then 3 E N.
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The conclusion of the lemma follows from the fact that if a, bEN then ab E Q, and

therefore 4 E Q and 6 E Q. Solving the set of congruences (i) to (iii) above, using

the Chinese remainder theorem, we obtain p == ±19, ±29 (mod 120). D. D.

All the proofs of the lemmas presented in this section follow the same line of argu

ment as for Lemma 1 and thus their proofs are omited.

Lemma 2 If p == ±1, ±ll (mod 60) then 3,4,5 E Q.

Lemma 3 Ifp == ±1l,±13,±61 (mod 168) then 6,7,8 E N.

Combining Lemmas 1-3, we obtain sufficient conditions for codes V;(1) or V;(2) to

have some three consecuiiue zeros. It follows from the BCH lower bound that 81 2': 4

and we have proved the following result.

Theorem 7 Let p be a prime number such that 2 is primiiiue modulo p and at least

one of the [ollounnq congruences is saiisfied:

(i) p s: ±1l,±19,±29,±59 (mod 120)}

[ii} p =±ll, ±13, ±61 (mod 168).

Then there exists a (3]), 2p +1) iuio-leuel BCH UEP code which provides single-error

correction. and double-error detection f01' k1 = P +1 information bits} and sinqle

error correction. fOT the remaining k2 = p information bits. In other words} the

separation vector 'is s ;::: (4,3)} fOT the message space {O, 1}P+l X {O, l}p.

Stronger conditions for the existence of 4 consecutive integer in Q or N are given

by the next lemmas.

Lemma 4 If p is a prime iiumber sucli that

p = ±13, ±107, ±157, ±323, ±347, ±397 (mod 840),

then 5,6,7,8 E N.
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Lemma 5 If p is a prune number such that

p == ±19, ±29, ±139, ±149, ±221, ±389 (mod 840),

then 4,5,6,7 E Q.

Lemma 6 If p is a prime number such that

p == ±37, ±83, ±107, ±133, ±157, ±227, ±347, ±397 (mod 1320),

then 9,10,11,12 E Q.

Lemmas 4-6 prove the following theorem.

Theorem 8 Let p be a prime number such that 2 is a primitive root modulo p and

at least one of the following corujruences holds

p == ±13, ±19, ±29, ±107, ±139, ±149, ±157, ±221, ±323, ±347, ±389,
±397 (mod 840),

p = ±37, ±83, ±107, ±133, ±157, ±227, ±347, ±397, ±493, ±563 (mod 1320).

Then there exists a (3p,2p +1) two-level BCH UEP code with separaiioti vector

S 2: (5,3) for the message space {O, l}1)+l X {O,l}p.

Even when 2 is not a primitive root modulo p, but (p - 1)/2 is a prime number,

there still exist two-level BCH UEP codes, as the following Theorem 9 shows.

Theorem 9 Let p be a prime number such that 2 is not a primitive root mod-do p

and p = 2q + 1, where q is a prime number q > 3. If p == ±1 (mod 24), then there

exists a (3p,2p +1) two-level BCH UEP code with separaiioti vector s 2: (5,3) for

the message space {O,l}p+l x {O,l}p.
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Proof: The powers of 2 form a complete set of residues modulo q. Moreover, if

p == ±1 (mod 8) and p == ±1 (mod 12), then 1,2,3,4 E Q. Using the Chinese re

mainder theorem we obtain the congruence shown in the theorem. 66

Some two-level BCH UEP codes with a higher lower bound on 81 are given by

the following Theorem 10.

Theorem 10 Let p be a prime number sucli that 2 is not a primitive root modulo

p and the following cotujruences are simsilieneousls) sat-isfied:

(i) p == ±53, ±187, ±197, ±283, ±307, ±317 (mod 840),

(i'i) p == ±3, ±5, ±17, ±21, ±31, ±33, ±35, ±37, ±39 (mod 92),

(iii) p == ±7, ±11, ±13, ±21, ±23, ±29, ±33, ±35, ±37 (mod 76),

(iv) p == ±1,±5,±7,±9,±19 (mod44).

Then there exists a (3p, 2p +1) two-level BCH UEP code with separation vector

s;::: (7,3) for the message space {O, 1}p+1 X {O, I}",

Proof: The set of congruences given in the theorem corresponds to sufficient con

ditions for which (18 + i) E N, for 0 :::; i :::; 5. 66-

In Table 4.3, a list of two-level BCH UEP codes is presented. In the table, the

theorem corresponding to each code, when applicable, is indicated.

4.2 Binary shortened Hamming codes

An analysis of multi-level error-correcting capabilities of binary shortened Hamming

codes is presented in this section. First it is shown that shortening a Hamming

code by 0, 1 or 2 bits does not result in an LUEP codes. The proof of this result

is very simple and involves examining a generator matrix of a binary Hamming
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Table 4.3: Some two-level BCH UEP codes

12 k P k1 k2 81 82 Nonzeros Theorem
33 23 11 12 11 4 3 5,11,0,3 1
39 27 13 14 13 5 3 7,13,0,3 1,2
57 39 19 20 19 5 3 5,19,0,3 1,2
69 47 23 24 23 5 3 5,23,0,3,15 3
87 59 29 30 29 5 3 5,29,0,3 1,2

111 75 37 38 37 5 3 11,37,0,3 2
141 95 47 48 47 5 3 5,47,0,3,15 3
159 107 53 54 53 7 3 11,53,0,3 4
177 119 59 60 59 6 3 5,59,0,3 1
183 123 61 62 61 7 3 5,61,0,3 1
201 135 67 68 67 7 3 7,67,0,3
213 143 71 72 71 7 3 7,71,0,3,21
237 159 79 80 79 7 3 7,79,0,3,9
249 167 83 84 83 8 3 11,83,0,3, 2
303 203 101 102 101 8 3 5,101,0,3 1
309 207 103 104 103 8 3 5,103,0,3,9
321 215 107 108 107 7 3 7,107,0,3 1,2
393 263 131 132 131 9 3 5,131,0,3 1
417 279 139 140 139 6 3 5,139,0,3 1,2
447 299 149 150 149 7 3 .§., 149,0,3 1,2
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code. In addition, a procedure to obtain a lower bound on - and sometimes the

exact value of - the number of linearly independent minimum weight vectors of a

shortened Hamming code is proposed. The unequal error protection capabilities of

some shortened Hamming codes will be determined using this approach, for code

lengths from 7 to 1023.

In order to analyze the multi-level error correcting capabilities of shortened Ham

ming codes, we need the following definition: Let C be an (n, k, d) linear code and

denote by lvI the set of minimum 'We-ight codeuiords,

M ~ {e E C : wt(c) ::; 28, 8> t}, (4.3)

where wt(c) is the Hamming weight of vector C, and t = l(d - 1)/2J. Denote by r u

the number of vectors of the maximum linearly independent subsystem of vectors

in M, i.e., rM is the rank of 111. The following result is known [5]:

Lemma 7 To provide the protection. level 8 for at least k* information digits of a

(n, k, d) linear code C, it is nccessarij and sufficient that the rank rM of the set of

minimum. 'We-ight codeuiords M be no greater than k - k",

Proof: See [5].

In other words, if the minimum weight codewords in a linear code C do not span it,

then C is an LUEP code. In analyzing Hamming codes, we use the following special

case of (4.3),

M ~ {c E C : wt (c) = 3}. (4.4)

Let Cu be a (2111
- 1, 2m

- 171, - 1,3) binary Hamming code. Let M denote the

set of minimum weight vectors in Cn, as defined in (4.4). Then there exists a linear

subspace of Cll , denoted S, such that

Ai r;, S and
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i.e., 5 is the span of A1 (sometimes denoted < A1 ». Without loss of generality,

the generator matrix of CHis

G=U
0 0 0

~: ) U:)1 0 0
= (4.6)

0 0 1

It is clear that

Lemma 8 CH is spanned by its minimum weight vectors.

Proof: Suppose that dim(5) < k. Then there exists an integer i, with 1 :::; i :::; k,

such that Ui tI. 5 and wt(Vi) ~ 3.

Let io be an integer such that Uio tI. 5 and

wt(Uio ) = min{ wt(u : U tI. 5 and U E CH }

Since wt(ViJ ~ 3, there exists a Uj such that

wt(Uj) = wt(UiJ - 1

and

wt( Uio +Uj) ::-; 3.

(4.7)

(4.8)

From equations (4.7) and (4.8), we conclude that Uj E 5. On the other hand, from

(4.8) it follows that iiio + Uj E 5. Hence Uio E 5, a contradiction. We have shown

that 5 = CH •

Combining Lemmas 7 and S, we conclude that a Hamming code CH has no multi-

level error correcting capabilities. The proof of Lemma 8 can be extended to the case

of (2111
- 1 - e,2/11 - '1/1 - 1 - e, 3) shortened Hamming codes, for shortening lengths
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f = 0,1,2. The argument is that, for any iii with wt(iid ;::::: 3, there are at least

three possible vectors iii E CH such that wt(iii + iii) = 3. This assertion can be

easily verified by direct examination of the generator matrix (4.6) of the Hamming

code CH.

When the shortening length t » 2, we treat CH as a binary cyclic code with

generator polynomial g(x) (a primitive polynomial) of degree rn, Let Cs denote

the shortened cyclic code obtained from CH by deleting the 1! leading high order

coefficients in code polynomials. Then Cs is an (2m
- 1 - E, 2m

- 1 - m - e, d ;::::: 3)

linear code and is no longer cyclic. To find the minimum weight polynomials of

Cs , we start by defining the following set of integers associated with the generator

polynomial of Cu, g(x) [14]

13 g {i: X
i
-

l +xi +1 mod g(x) = 0 and 0 < j < i ::; 2m
- I}

Let ao, al be the smallest integers in 13 such that al > ao. Consider the case n s ;::::: ao.

Then the following polynomials are linearly independent:

v(x) =xao- l+xi+l

xv(x) = x ao + x i +l + X

where 0 < j < ao-1. This set of linearly independent polynomials belongs to a basis

of 5, the linear subspace of Cs containing the set of minimum weight polynomials,

M'. Therefore, the dimension of 5 is given by

dim(5) ;::::: », - ao + 1, for n; ;::::: al;

dim(5) = ns - ao +1, for al > ti; ;::::: ao.

These conditions, with ao, al E 13, are equivalent to the following:
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• If ao = m + 1 then no linear UEP code exists because

dim(S) ;::: (2m
- 1 - e) - (m +1) + 1

• If ao > m + 1 then we have three cases:

(i) For 2 :::; e :::; 2m
- 1 - al (17,. ;::: al), we need to examine S directly because

dim(S) ;::: 2m
- ao - e and

(ii) For 2'" -al :::; e:::; 2m -1-ao (al > 17,. ;::: ao), c, is a linear UEP code with

separation vector s ;::: (4,3) for the message spaces M, = {O,1}ao- l - m

2'" eand M2 = {O, I} -ao-. This is true since

dim( S) = 2m
- ao - e< 2m

- 1 - m - e= k,

(iii) For 2m
- ao :::; e:::; 2m

- tn - 3 (17,. < ao), no codewords of weight 3 exist,

and we must check again conditions but this time for some other integers

l w ~ {i : X i - l + :1:]1+ .•• + :1:]",-2 +1 mod g(x) = 0,

o< jl < ... < jw-2 < i-I < 2m
- I}

With the aid of a computer, the values of ao,al E 13 , for all primitive polynomials

of degrees 3 :::; ni :::; 10 were determined. The results are shown in Tables 4.4-4.6.

Note that given a polynomial g(x) of degree m with fixed ao and aI, the reciprocal

polynomial of g(x), g*(x) = xlllg(X- I) has the same values ao and al' Therefore, only

one polynomial from {g(.-r),g*(x)} is listed in Tables 4.4-4.6. From these Tables, we

find values of g(x) that result in linear UEP codes with minimum distance 3. Tables

4.7-4.9 show LUEP codes Cs with separation vector s = (81,82), 81 ;::: 4, 82 = 3 for
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the message spaces .1111 = {O, I} k 1 and 1112 = {O, I}k2
• The range of the length and

subdimension k2 of each code are shown, i.e.,

Although LUEP codes obtained from shortening Hamming codes are not optimal,

the analysis presented in this work is of interest because of the many applications of

shortened Hamming codes for error control in data communications. For example,

shortened Hamming codes are used in local area networks, under IEEE Standard

802.3.

4.3 Binary prirnitive BCH codes

A recent result [1] suggests that binary primitive BCH codes, those containing

second-order Reed-Muller codes as proper subcodes, are not spanned by their set

of minimum weight codeworcls. In view of Lemma 7, these codes are LUEP codes.

The purpose of this section is to introduce an example of this class of LUEP codes,

and to present a table of some binary BCH LUEP codes.

Example 8: Let C be a (63,24,15) BCH code. Then C contains a (63,22,15)

second-order Reed-Muller code, CRllI , as proper subcode. It is known [21], [22] that

a boolean polynomial representation of two codeworcls which form a basis of the

coset leaders of C/ CRIll is

All three nonzero coset leaders have Hamming weight 18. By explicitly evaluating

the weight distribution of all the cosets of CRM in C, we have verified that all
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Table 4.4: Values of ao,at E 13 for 3 ::; m ::; 8

1n g(x) ao at
3 1101 4 6
4 11001 5 9
5 101001 6 11

111011 8 12
111101 9 10

6 1100001 7 13
1101101 9 14
1110011 12 16

7 11000001 8 15
10010001 8 15
10111001 11 21
11010011 22 28
11010101 20 22
11100101 15 22
11110001 20 22
11110111 20 21
11111101 14 20

8 101100101 24 27
101101001 17 33
101110001 22 26
110001101 21 24
110101001 14 27
111000011 28 34
111100111 28 32
111110101 14 27
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Table 4.5: Values of ao,at E 13 for m = 9

m g(x) ao at

9 1000010001 10 19
1001011001 37 43
1100110001 62 63
1000101101 21 34
1001110111 42 60
1101100001 30 44
1011011011 12 23
1110000101 20 39
1111101001 30 46
1111100011 30 38
1110001111 40 48
1101101011 12 23
1001101111 14 27
1111001101 58 64
1101110011 16 31
1111001011 30 50
1001111101 20 34
1111010101 46 47
1010010101 40 58
1010111101 27 35
1111111011 56 60
1100010101 37 62
1010110111 28 52
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Table 4.6: Values of ao,at E 13 for m = 10

m g(x) ao at
10 10000001001 11 21

10100001101 50 66
11111111001 66 82
10001101111 24 47
11101001101 14 27
10111111011 27 53
10000011011 40 43
10100100011 38 75
10100110001 66 82
11000010011 61 86
11101100011 33 65
10111100101 18 35
10100011001 54 80
11001111111 52 64
11101010101 58 86
10110001111 18 35
11100111001 36 71
11011010011 24 45
11101000111 56 58
11110010011 84 99
10111000111 33 47
10011010111 15 29
11010110101 58 71
10000101101 56 66
11101111101 25 49
11001111001 62 65
10000100111 50 55
11000010101 50 71
11011011111 80 81
11010001001 41 51
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Table 4.7: LUEP Shortened Hamming Codes with s;::: (4,3)

111 g(x) ninj n sup k1 k2 ,in j k2 ,sup

5 111011 8 11 2 1 4
111101 9 9 3 1 1

6 1110011 12 15 5 1 4
1101101 9 13 2 1 5

...,
10111001 11 20 3 1 10I

11010011 22 27 14 1 6
11010101 20 21 12 1 2
11100101 15 21 7 1 7
11110001 20 21 12 1 2
11110111 20 20 12 1 1
11111101 14 19 6 1 6

8 101100101 24 26 15 1 3
101101001 17 32 8 1 16
101110001 22 25 13 1 4
110001101 21 23 12 1 3
110101001 14 26 5 1 13
111000011 28 33 19 1 6
111100111 28 31 19 1 4
111110101 14 26 5 1 13
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Table 4.8: LUEP Shortened Hamming Codes with s 2:: (4,3)

111 g(x) ninJ nsup k1 k2,inJ k2,sup

9 1001011001 37 42 27 1 6
1100110001 62 62 52 1 1
1000101101 21 33 11 1 13
1001110111 42 59 32 1 18
1101100001 30 43 20 1 14
1011011011 12 22 2 1 11
1110000101 20 38 10 1 19
1111101001 30 45 20 1 16
1111100011 30 37 20 1 8
1110001111 40 47 30 1 8
1101101011 12 22 2 1 11
1001101111 14 26 4 1 13
1111001101 58 63 48 1 6
1101110011 16 30 6 1 15
1111001011 30 49 20 1 20
1001111101 20 33 10 1 14
1111010101 46 46 36 1 1
1010010101 40 57 30 1 18
1010111101 27 34 17 1 8
1111111011 56 59 46 1 4
1100010101 37 61 27 1 25
1010110111 28 51 18 1 24
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Table 4.9: LUEP Shortened Hamming Codes with s ~ (4,3)

111 g(x) ninj n sup k1 k2,in j k2 ,8 UP

10 10100001101 50 66 39 1 17
11111111001 66 82 55 1 17
10001101111 24 47 13 1 24
11101001101 14 27 3 1 14
10111111011 27 53 16 1 27
10000011011 40 43 29 1 4
10100100011 38 75 27 1 38
10100110001 66 82 55 1 17
11000010011 61 86 50 1 26
11101100011 33 65 22 1 33
10111100101 18 35 7 1 18
10100011001 54 80 43 1 27
11001111111 52 64 41 1 13
11101010101 58 86 47 1 29
10110001111 18 35 7 1 18
11100111001 36 71 25 1 36
11011010011 24 45 13 1 22
11101000111 56 58 45 1 3
11110010011 84 99 73 1 16
10111000111 33 47 22 1 15
10011010111 15 29 4 1 15
11010110101 58 71 47 1 14
10000101101 56 66 45 1 11
11101111101 25 49 14 1 25
11001111001 62 65 51 1 4
10000100111 50 55 39 1 6
11000010101 50 71 39 1 22
11011011111 80 81 69 1 2
11010001001 41 51 30 1 11
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Table 4.10: Some binary primitive BCH LUEP codes

rti n 8 kB CH kRM k1 k2

6 63 15 24 22 2 22
7 127 31 36 29 7 29
8 255 63 55 37 18 37
9 511 127 85 46 39 46

10 1023 255 133 56 77 56

the minimum weight vectors of C are contained in CRM • Therefore, C is a two

level error correcting code with separation vector s = (18,15) for the message space

{O,I}2 X {O,1}22.

In Table 4.10, we present some (2m
- 1, kB CH , 8) binary primitive BCH codes

C with LUEP capabilities, where 8 is the designed minimum distance, n = 2m
- 1,

kRM denotes the dimension of a second-order Reed-Muller code of minimum distance

8 contained in C, and k1 and k2 are the dimensions of the message subspaces, with

corresponding separation vector s = (81,8). Only for the first code in this table we

have shown that 81 = 18. Values of 81 for the other codes in the table remain to be

solved.

4.4 Summary

In this chapter, an analysis of the multi-level error correcting capabilities of some

families of well known linear codes, such as binary Hamming codes and binary BCH

codes, was presented. A table of some good binary cyclic UEP codes of composite

length, obtained from a computer search for two-level error correcting codes among

all binary cyclic codes of composite length up to 85, was introduced. It was shown

that some nonprimitive binary BCH codes of composite length 3p, where p is a

prime number, are actually multi-level error correcting codes. We derived sufficient
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conditions on a prime number p, such that (3p, 2p +1) nonprimitive binary BCH

codes of minimum distance 3, providing additional error correcting capabilties for

p +1 information bits, exist. We also presented an analysis of the multi-level error

correcting capabilities of shortened binary Hamming codes. By examining the set of

minimum weight codewords, we obtained ranges of shortening lengths such that the

resulting codes have at least two levels of error correction. We analyzed all primitive

polynomials over GF(2) of degree m, where 3::; m ::; 10. Finally, we introduced

an example (63,24,15) binary primitive BCH code, C, that is not spanned by its

set of minimum weight codewords. Vve determined the multi-level error correcting

capabilities of this example code, by analyzing the weight structure of four cosets

of a (63,22,15) cyclic Reed-Muller, a sub code of C. An open research problem is

to find other cases of binary primitive BCH codes having multiple levels of error

correction.
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Chapter 5

Applications in block coded
modulation

In 1974, Massey [35] introduced the idea of considering channel coding and modu-

lation as a single combined operation, to improve the performance of digital com-

munication systems. Active research on the design of bandwidth efficient communi-

cation systems, combining error-correcting coding and digital modulation, started

in 1982 with the classic work of Ungerboeck [46]. Since then, extensive research

has been done in this area. When block error-correcting codes are used, then the

resulting systems are known as block coded modulation (BCM) systems. Combined

coding/modulation schemes can be constructed based on partitions of a set of ele-

rnentary signals into non-intersecting subsets, each of which has a minimum squared

Euclidean distance greater than that of the set of elementary signals [15]. Most of the

known HCM systems are in fact an adaptation of the ideas of generalized concate

nated codes [3] to signaling systems with arbitrary signal distance. In this chapter,

we present several techniques of combining multi-level error correcting codes and M-

PSK modulation systems to achieve coded modulation schemes that offer distinct

values of squared Euclidean. distance, one for each message part to be protected. In

this way, most important message parts will have a larger squared Euclidean distance

between code sequences than that corresponding to less important message parts.

If data transmission is performed over an additive white Gaussian noise (AWGN)

channel, and the channel code is selected properly (a soft-decision decoding and
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a small number of nearest neighbors), then at high signal-to-noise ratios, we will

have a smaller probability of bit error for the most important message parts than

for the rest of the message. To fully achieve the performance promised by a given

minimum squared Euclidean distance, in this chapter we present a new multistage

soft-decision decodinq of block linear multi-level error correcting codes, that uses

their trellis structure.

5.1 Introduction

The building blocks for most coded modulation systems are phase shift-keying (PSK)

or quadrature amplitude modulation (QAM) signal sets. In this work, we consider

bandwidth efficient data communication over a power-limited channel, such as the

satellite channel, for which M-PSK signals are used. In a 211-PSK signal constel-

lation, 211 signal points are equally spaced on a circle of radius p, centered at the

coordinate origin. The average signal power is Pa v = p2 and the minimum squared

Euclidean distance, normalized with respect to the average signal power is

d
2

( 1r )82 = _e = 4sin2 _
JI Pau 211

(5.1)

Only block LUEP codes will be considered, although convolutional LUEP codes, and

even nonlinear UEP codes, may be used as well. Advantages of using block codes as

component codes in coded modulation systems include no error propagation and low

complexity decoding. Among the disadvantages of using block coded modulation

systems the most important is the high number of nearest neighbors (code sequences

separated by the minimum squared Euclidean distance), which causes a drop in the

coding gain. In this research, we focus our attention on the following techniques of

combining error correcting codes and modulation:

(1) One technique used here to construct a block modulation code is the so-called
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mappmg by set partitioning, in which the signal constellation is partitioned into

subsets with increasing intraset minimum squared Euclidean distances. For a 21J

PSK signal constellation, a Jl-stage partition is made, and Jl conventional error

correcting codes are used, one for each partition stage [18],[40],[15],[39]. Modulation

codes obtained this way are usually known as multi-level modulation codes.

(2) A second way of designing BCM systems using 21J-PSK signal constellations is

as follows. A (pn, Jlk, d) binary error correcting code, C, is used. Each codeword in

C is decomposed into n Jl-bit symbols and each symbol is placed in correspondence,

via an appropriate label-to-signal mapping, with a signal point in the 2Jl-PSK signal

constellation [38].

(3) Another way of obtaining a block modulation code is to use an (n, k, d) block code

Cover GF(2 I' ) . Then each code symbol selects, again by an appropriate symbol

to-signal mapping, a particular signal point in the 21J-PSK signal constellation. For

the case Jl = 1, we have a trivial BCM system in which code bits of a codeword in

a binary error correcting code select one of two phases in a BPSK (2-PSK) signal

constellation.

5.1.1 Performance over binary symmetric channels

Before analyzing combined UEP coding and modulation schemes, we examine the

error performance of LUEP codes over binary symmetric channels. It is shown that

the additional error correcting capabilities of UEP codes result in a reduction of

the probability of a block error, Pe , compared to that of single-level error correcting

codes.

We start by considering an (n, k, d) conventional linear error correcting code C,

of length n, dimension k and minimum distance d. Suppose we use a bounded

distance decode?'. The probability of correct decoding, denoted by Ped, is given
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by the probability of occurrence of error patterns of Hamming weight up to the

error correcting capability of C, t = l(d - 1)/2J. If we suppose that errors are

independent over a BSC with crossover probability p, then the probability of a

specific error pattern of weight i over a span of n transmitted bits is given by

pi (1 - p)n-i. Correct decoding will take place whenever 0 :::; i :::; t, and there are

(7) such patterns, so that the probability of correct decoding is

Now let C' be an (n, k) two-level UEP code with separation vector s = (S1,S2) for

the message space 1'.1 = {a, l)kI X {O,1}k2 , with k = k, + ka, and t1 2:: t2 , where

t, = l(s; -1)/2J, i = 1,2. That is, C' protects k1 information symbols against up

to t 1 errors and k2 information symbols against up to t2 errors. The error patterns

that C' is capable of correcting (using a bounded-distance decoder) are those whose

Hamming weight is:

1. Up to t2 (The minimum error correcting capability of the code).

2. Greater than t2 but less than or equal to tt, affecting k1 information bits.

Then the probability of correct decoding Ped is given by the following expression,

(5.2)

Note that we are assuming a linear systematic UEP code, so that the k1 most

significant information bits can be identified explicitly in some k1 bit positions within

a codeword.
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Block error probability.

For a code (not necessarily linear) of length n and number of codewords M, the

block error pTObab'ility, Pe is

1 M
P; ~ M?= Pr{~ 'I X(lllj)lx(mj) sent}

1=1

where k is the received word, and X(ll1;) is the transmitted codeword corresponding

to message 111;. For linear binary codes, if e denotes an error word induced by the

channel, and we use standard array decoding (i.e., maximum likelihood decoding),

then

P; = Pr{ e is not a coset leader}

Let Q'; denote the number of coset leaders of weight i. Then the probability of a

block error is
n

P, = 1 - I>,l:izi(l - pt-i
i=O

Note that Li~o Cl:i = 271
-

k
, the total number of coset leaders, or the volume (number

of words) in a decoding sphere centered around each codeword. It is also interesting

to point out that the probability of correct decoding - using maximum likelihood

decoding - is
n

P:d = EQ'iZi(l- p)"-i
i=o

and therefore

An upper bound on the block error probability of a code is obtained when instead

of P:d we use the probabili ty of correct decoding using bounded-distance decoding,

Pu, so that

(5.3)
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Table 5.1: Optimal 2-level LUEP codes of length 31

31 23 4
31 22 11

19 5 3
11 5 3

Table 5.2: Optimal 2-level LUEP codes of length 63

n k k1 k2 81 81

63 54 4 50 5 3
63 53 11 42 5 3
63 52 26 26 5 3

It follows from (5.2) that the block errol' probability for a binary lineal' UEP code

has an upper bound as follows:

If a code is optimal in the sense of achieving the Hamming bound with equality (i.e.,

packing the space), then this bound on the probability of block error is achieved

with equality. Figures 5.1 and 5.2 present the performance of several optimal linear

UEP codes (from [26] and [48]), comparing their block error probabilities (since

the codes are optimal, the bounds are achieved) with those of conventional single-

level error correcting codes. In Figure 5.1 the optimal two-level LUEP codes shown

in Table 5.1 are compared with a (31,26,3) Hamming code and a (31,21,5) BCH

code. In Figure 5.2 we compare optimal two-level LUEP codes in Table 5.2 with a

(63,57,3) Hamming code and a (63,51,5) BCH code [26].
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Figure 5.1: Block error probability for optimal 2-level LUEP codes of length 31
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Figure 5.2: Block error probability for optimal 2-level LUEP codes of length 63
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5.2 LUEP BPSK block modulation codes

In this section, we analyze the error performance of some optimal LUEP codes and

compare it with the error performance of conventional linear error correcting codes

used in an additive white Gaussian noise (AWGN) channel with BPSK modulation.

We show that for short lengths, LUEP codes combined with BPSK modulation

perform no better than conventional linear codes of the same minimum distance,

due to their lower rates, which are not compensated by increased minimum squared

Euclidean distances.

Block error probability

The probability of bit error in data communication over an AWGN with BPSK

modulation is given by

p = ~erfc (~) (5.5)

Let C be an (71., k; d) error correcting code. We consider using C to transmit data

over an AWGN simply by mapping bit symbols into the phases of a BPSK mod-

ulated signal. To compare the performance of C over the uncoded case, we need

to derive the probability of block error ( or block error rate, BER) expressions for

both the uncoclecl and the coded cases. For the uncodecl case, we assume a block

of k information bits to be transmitted using BPSK modulation. In this case, the

BER is the probability of at least one bit error among the k bits within a block.

Assuming that symbols in the BPSK signal are independent, we have

BER = 1 - (1 _ p)k (5.6)

where p is given by equation (5.5).

In the coded case, we assume that the system works at the same data rate, that

is, over a block time period, the same number of bits are sent to the user. Under
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this assumption, the amount of energy per coded bit Ec is smaller than the original

energy per bit Eo by a factor of kin (the rate of code C). The expressions for the

block error rate in this case are the same as equations (5.3) and (5.4), i.e.,

t (n) . .P, ::; 1 - L . pi(1 - Pt-·, and
;=0 z

r; ::; 1 - t (1~)1/(1 -»r:' - t t (n ~ k
l
) (.: .)pi(l - p)"-i.

;=0 1. i=t2+ l ;=0 Z J Z

but where now the probability of bit error is given by

1 . (~c) 1 ({f1;'Eb)P = :-erfc - = -erfc --
2 No 2 nNo

(5.7)

(5.8)

(5.9)

In Figures 5.3 and 5.4, the error performance of some optimal LUEP codes of lengths

63 and 255 [26] is presented and compared to that of Hamming and two-error-

correcting BCH codes of the same length, and with uncoded BPSK of appropriate

block lengths. It is clear that UEP codes in this case are worse than Hamming

codes of the same length, mainly because of their lower rates. It is also clear from

these results that, as the length increases, the performance of optimal LUEP codes

improves,

These LUEP BPSK block modulation codes have very low rates and do not offer

significant coding gains (savings in signal-to-noise ratio between coded and uncoded

systems to achieve the same bit error rate) over uncoded BPSK modulation. To

improve both the rate and the coding gain we have to use an expanded signal

constellation and more powerful codes.

5.3 LUEP QPSK block modulation codes

In a QPSK signal constellation with gmy mapping between labels and signal points,

depicted in Figure 5.5, the squared Euclidean distance between signal points is twice
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Figure 5.3: Block error probability for optimal LUEP BPSK codes of length 63
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Figure 5.4: Block error probability for optimal LUEP BPSK codes of length 255
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Figure 5.5: A QPSK signal constellation with Gray mapping

the Hamming distance between the corresponding labels. We say that a QPSK signal

constellation forms a second-order Hamming space [25].

By mapping 2-bit symbols into signal points in a QPSK signal set, we can com-

bine (2n, k, +k2 ) 2-level LUEP codes and QPSK modulation to achieve a block

coded modulation system that offers two values of minimum squared Euclidean

distances, one for each message part. The resulting LUEP QPSK block modula

tion code has the same minimum squared Euclidean distance as the best QPSK

block modulation code with the same rate and length, while offering an addi-

tional squared Euclidean distance between code sequences associated with most

important message parts. The proposed construction is as follows: Let Cb be a

(2n, k l + k2 ) binary LUEP code with separation vector s = (51,52) for the message

space {O, 1}k1 X {O, 1 }k2 • Let 5 denote the QPSK signal set and define the following
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(Gray) mapping M between 2-bit symbols and 5,

00 I-t 0
01 I-t 1
11 I-t 2
10 I-t 3

Then C = M(Cb) is a 2-level LUEP QPSK block modulation code of length n,

dimension J.~ and rate

R = kin (bits/T),

where T indicates the time duration of a signal. Then the squared Euclidean sepa-

ration vector of C is

As in the case of single-level block modulation codes, given the minimum squared

Euclidean distance (MSED) and rate of a modulation code, an asymptotic coding

gain G is defined for an AWGN channel [13]. For high signal-to-noise ratios, G

equals the ratio of the MSED of the coded system to the MSED of an uncoded

system transmitting at the same rate (number of bits per signal). Accordingly, for

each component of SSED we have an asymptotic coding gain value. In this work we

define an asymptotic coding gain oector as

where, for i = 1,2,

[
2sj ]

G, = 10 log 10 . 2 ( I R)4 S111 1r 2
(dB)

Note that, as in the case of conventional block coded modulation systems, these

asymptotic coding gains can only be reached if a soft-decision decoding is available.

In section 5.6, we address the problem of soft decision decoding of LUEP codes, using

their trellis structure. To illustrate this construction method, in Table 5.3 some
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Table 5.3: Some LUEP QPSK block modulation codes

211. k kl k2 81 82 R (bits/T) c. (dB) G2 (dB)
4 2 1 1 3 2 1 1.76 0.00
8 5 1 4 4 2 5/4 3.28 0.27
8 5 4 1 3 2 5/4 2.03 0.27
8 6 1 5 3 2 3/2 2.71 0.95
10 5 1 4 5 4 1 3.98 3.01
10 7 1 6 4 2 7/5 3.65 0.64
10 7 4 3 3 2 7/5 2.40 0.64
10 8 1 7 3 2 8/5 3.06 1.30
12 6 1 5 6 4 1 4.77 3.01
12 6 2 4 5 4 1 3.98 3.01
12 9 1 8 4 2 3/2 3.96 0.95
12 9 4 5 3 2 3/2 2.71 0.95
12 10 1 9 3 2 5/3 3.32 1.56
14 7 1 6 7 4 1 5.44 3.01
14 7 4 3 5 4 1 3.98 3.01
14 8 1 7 5 4 8/7 4.07 3.10
14 11 1 10 4 2 11/7 4.21 1.20
14 11 4 7 3 2 11/7 2.96 1.20
14 12 1 11 3 2 12/7 3.51 1.75

LUEP BPSK block modulation codes are listed. Codes in Table 5.3 have the same

minimum squared Euclidean distance as that of the best QPSK block modulation

code with the same values of rate and length [40], and provide additional coding

gain, or equivalently smaller probability of bit error, for the kl most important

message bits. To increase the rate of a block coded modulation system with LUEP

codes, we must use an expanded signal constellation. In section 5.5, we present a

construction method of LUEP 8-PSK block modulation codes.
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5.4 Nonbinary LUEP M-PSK block modulation
codes

Another construction method of BCM schemes is to use a linear code over GF(2tJ )

and a mapping M : GF(21J ) ~ 5, where 5 is a 2tJ-PSK signal constellation. In

chapter 3 we introduced a new family of optima12-level LUEP codes over GF(21J ) .

In this section, we propose to use this codes to obtain 21J-PSK block modulation

codes as follows. Let e be a 2-level (n, k) LUEP code over GF(21J) with separation

vector S = (S1' S2) for the message space

Let 0; denote minimum Euclidean distance of a 2JI-PSK signal constellation. After

mapping symbols into signal points, we obtain an (n, k) 2tJ -P SK block modulation

code eM, with squared Euclidean separation vector

(5.10)

and rate
pk

R = - (bits/T).
n

Note that any mapping between GF(2 JI ) and 5 will give the squared Euclidean

separation vector (5.10).

Example 9: Let e be a (71,66) LUEP code over GF(23
) with separation vector

s = (5,3) that protects 5 information symbols against the occurrence of any two

random errors and the remaining 61 information symbols against any single random

error. This is the code from Example 2, presented in Chapter 3. Then eM is a

(71,66) 8-PSK block modulation code with rate

3 x 66
R = -- = 2.788 (bits/T},

71
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and squared Euclidean separation vector SSED = (2.93,1. 76). A hypothetical ref

erence system working at the same rate would have a minimum squared Euclidean

distance d~ = 4sin2(1r /22.
788) = 0.77 and coding gain vector G = (5.80,3.68), for the

message space M = {O, Ips x {0,1}l83. f:::,f:::,

Although codes constructed using this technique have relatively good squared

Euclidean distances, they require a soft decision decoding of nonbinary codes, which

requires a large number of computations. In addition, as the size of the signal

constellation grows, LUEP codes with increased values of minimum distance (or

separation vector) are required. This is not the case for the family of optimal

nonbinary 2-level LUEP codes introduced in chapter 3, which always have the same

minimum Hamming distance. Finally, as with most block modulation codes, there

is a large number of nearest neighbors, resulting in error performance reduction. For

the nonbinary optimal LUEP code of example 8 above, the number of codewords of

weight 3 is 28244, while the number of codewords of weight 5 is 144207.

5.5 LUEP 8-PSK block modulation codes

To increase the rate of block modulation codes we need to encode the labels of an

expanded signal constellation set, as mentioned in section 5.3. The idea is to use

the same construction of LUEP QPSK codes for the second stage of a partition of

an 8-PSK block modulation code where 8-PSK signals are decomposed into QPSK

signals and an additional error correcting code selects which coset of QPSK in 8-PSK

is to be used. This is illustrated in Figure 5.6. The original 8-PSK constellation

is partitioned into 2 QPSK signal sets, and each code bit from a codeword of a

(n, k1 , dl ) binary code C1 selects which QPSK signal set is to be used. Once a

QPSK signal set is selected, each code bit in a codeword of a (2n, k2 ) binary LUEP
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Figure 5.6: Block diagram of an encoder for an LUEP 8-PSK block modulation code

code C2 is used to select, via Gray mapping, a QPSK signal from within the selected

set to be transmitted.

Let C2 be a (2n, k2 ) binary 2-level LUEP code with separation vector s = (s}, 52)

for the message space

where k21 + k2 2 = ~~2' The resulting code is an (n, kl + k2 ) LUEP 8-PSK block

modulation code of rate

R = kl + k21 +k22 (bits/T),
n

and squared Euclidean separation vector

where 51 = min{0.586x d1 , 2 x sd and 52 = min{0.586 x dl , 2 X 52}' for the message

space

In table 5.4 some LUEP 8-PSK block modulation codes are listed.
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Table 5.4: Some LUEP 8-PSK block modulation codes

n k:1 d1 k21 k22 1(1 1(2 81 82 81 82 R
7 1 7 1 11 2 11 3 2 4.10 4.00 13/7
8 1 8 1 13 2 13 3 2 4.87 4.00 15/8
9 1 9 1 15 2 15 3 2 5.27 4.00 17/9
10 1 10 1 17 2 17 3 2 5.86 4.00 19/10
11 1 11 1 19 2 19 3 2 6.00 4.00 21/11

5.6 Multi-stage soft-decision decoding of LUEP
codes

In previous sections of this chapter, we have presented several alternatives of combin-

ing linear block multi-level error correcting codes and 2JJ-PSK modulation systems.

Other combinations are possible and may lead to coded modulation schemes with

increased minimum squared Euclidean distance or increased rate. However, as men-

tioned before, to achieve the coding gain promised by a given minimum squared

Euclidean distance between code sequences, a soft-decision decoding method is re-

quired. The penalty in coding gain caused by performing hard-decision decoding

is so much (2 to 3 dB), that in some cases it will result in a system that performs

worse than the uncoded modulation system. In this section, a new multi-stage soft-

decision decoding of multi-level error correcting codes is introduced. It is shown

that using the trellises of component codes of a multi-level error correcting code, its

trellis structure can be derived. The trellis of an LUEP code can then be used to

perform soft-decision decoding using the Viterbi algorithm, with squared Euclidean

distance as metric. Multi-stage decoding of BCM schemes was introduced by Imai

and Hirakawa [18], and widely used ever since. Multi-level error correcting codes

lend themselves naturally to a multi-stage decoding, as mentioned in chapter 3.
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Let C be an (n, k) two-level LUEP code with separation vector S = (Sh S2) for

the message space {O, l}k l X {0,I}k2 • Then C can be represented as the direct sum

of subcodes C l and C2 , C = C, EB C2 , i.e,

where C2 is an (n, k2 , S2) subcode which contains all codewords of minimum weight

of C, and Cl is an (n, kl , SI) linear code spanned by a system of coset representatives

of C2 in C. Let T; be a trellis for subcode Cj of C, i = 1, 2. Then a trellis of C will

be equal to the direct product of T, and T2 , T, (9 T2 , where the direct product of

two trellises is defined as replacing each branch of T, at the i-th stage by the i-th

stage of T2 • Viterbi maximum likelihood decoding algorithm can then be applied

to T to estimate the most likely codeword of C using soft decisions. To reduce

the number of computations in soft-decision decoding of a block code, a technique

called multi-stage decoding is commonly used [18],[39],[20]. A two-stage soft-decision

decoding of LUEP codes is as follows:

1. Using soft-decisions (squared Euclidean distance) and the Viterbi algorithm,

determine the closest path (;1 in T, to the received sequence. At this decoding

step, the most significant message part is estimated.

2. Using soft-decisions and the Viterbi algorithm, determine the closest path (;2 in

(;1 +T2 to the received sequence, to estimate the less significant message part.

Here (;1 +T2 indicates that the metrics of (;1, obtained in the first decoding

stage, are used at each decoding stage of the Viterbi algorithm operating on

trellis T2 •

This two-stage soft-decision decoding can be generalized to i-level error correcting

codes as follows: If C is an ('11, I.:) {-level error correcting code, then C can be
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represented as

and can be decoded in R stages using Ti of Gi , i = 1,2" .. ,R, and maximum

likelihood decoding using the Viterbi algorithm. Although at each stage the decod

ing is maximum-likelihood, the multi-stage soft-decision decoding method described

above is suboptimal. At each decoding stage, the most likely path is estimated

using only part (Td of the trellis T of G. This suboptimal multi-stage soft-decision

decoding also increases the effective number of nearest neighbors. However, in many

cases there is only a fraction of coding gain lost using this multi-stage soft-decision

decoding method [25], [G].

Example 10: In this example we construct an LUEP QPSK block modulation

code of length 7, and decode it using a two-stage soft-decision decoding algorithm.

We use the so-called lulu + vi construction, which can be viewed as a particular

case of construction X from chapter 3, where G1 = G2 is a generator matrix of

a linear code G1 containing codewords u, and G3 is a generator for a linear code

G2 containing codewords v. Let G1 be a (7,6,2) parity-check code and G2 be a

(7,1,7) repetition code. Then applying construction X we obtain a (14,7) LUEP

code with separation vector s = (7,4), for the message space {O, IP x {O,I}6. Now

we combine this LUEP code with QPSK modulation just as described in section 5.2.

With Gray mapping between 2-bit symbols and QPSK signals, we obtain an LUEP

QPSK code G of length 7, rate R = 1 (bits/T) and squared Euclidean separation

separation vector SSED = (14,8). The reference uncoded system is BPSK, which

has a MSED of 4. It follows that the asymptotic coding gain vector for this block

modulation code is G = (5.44,3.01). The trellises of codes C1 and G2 are illustrated

in Figure 5.7.
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Figure 5.7: Trellises of (7,6,2) and (7,1,7) codes
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Figure 5.8: Trellis diagram for an LUEP QPSK code of length 7

To obtain the trellis for code C, we repeat each branch of TI , the trellis of code C1

twice. This is the lulul part of the construction. This is equivalent to substituting

°by 00 and 1 by 11. We then modify trellis T2 of code C2 by interleaving a °
before each branch, thus constructing the 10lvi part of the code. In this case, this

is equivalent of replacing °by 00 and 1 by 01. The trellis of the LUEP code is

then the direct product of T1 and T2 , T1 0 T2 , corresponding to lulul +101vl. After

this is done, we apply Gray mapping and replace each 2-bit symbol by a number in

{O, 1,2, 3}, the label set for the QPSK signal points. The resulting trellis is shown

in Figure 5.8.

Note that the minimum squared Euclidean distance between the subtrellis on

the top and the subtrellis on the bottom is 2 x 7 = 14, while the minimum squared

Euclidean distance between paths within a sub trellis is 2 x 4 = 8. Also, the signals
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points used in a sub trellis belong to the same BPSK signal subconstellation, i.e.,

{O,2} for the top sub trellis and {1,3} for the bottom sub trellis. A two-stage soft-

decision decoding can now be performed using the Viterbi algorithm and squared

Euclidean distance as a metric. At high signal-to-noise ratio on an AWGN channel,

the probability of block error P; is dominated by the probability of taking a path in

the trellis at minimum squared Euclidean distance, which can be approximated by

a2 is the average signal power. For this LUEP QPSK block modulation code, the

probability of block error depends on what message part is being considered. For

the least significant bits, we have

Pe2 = 21Q (aJ2) + 35Q(2a) + 7Q (aVS) ,

while for the most significant part (one bit in this case),

In both of the above expressions, we assume zero-mean unit-variance additive white

Gaussian noise. In Figure 5.9, we plot the probability of bit error for uncoded BPSK

and compare it with the bit error probability of the least significant message part,

which is approximately Pb2 ~ Pe2 / "~2, and that of the most significant message part,

Pbl = Pel' vVe see form the plot that at Pb = 10-10 , the real coding gain of this

LUEP QPSK block modulation code is about 2.8 dB, while in addition for the most

important bit there approximately a 5.4 dB gain.

Example 11: To illustrate the trellis structure of LUEP codes, in this example we

use more powerful codes as component codes in the lulu +vi construction. Let C1 be

a (16, 15,2) parity-check code, and C2 a (16,5,8) first-order Reed-Muller code. Then
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Figure 5.9: Error performance of the LUEP QPSK modulation code of example 10
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we obtain a (32,20) LUEP code with separation vector s = (8,4) for the message

space {O, 1}5 X {O, Ip5. By mapping 2-bit symbols into the set {O, 1,2, 3} of labels

of the QPSK signal constellation, we obtain an LUEP QPSK block modulation code

of length 16 and rate R = 5/4 (bits/T), with squared Euclidean separation vector

S = (16,8). The asymptotic coding gain vector, with respect to a hypothetical

PSI< system transmitting at the same rate, is G = (6.3,3.28) (dB). A two-stage

soft-decision decoding of this code uses the Viterbi algorithm on two trellises, as

mentioned above, one for each decoding stage. The trellises are shown in Figure

5.10.

For LUEP codes based on construction X of section 3.2.1, a two-stage soft

decision may be performed as well, although it is more difficult to determine the

trellis structure of component codes.

Example 12: In this example we construct the trellis of a LUEP QPSK block

modulation code based on construction X. Let C1 be a (8, 4, 4) first-order RM code,

Cz be the (8, 8, 1) trivial code and C3 be a (8, 4, 4) first-order RM code contained

in Cz. Then applying construction X to these codes we obtain a (16,8) LUEP

code Cx with separation vector s = (5,4) for the message space {a,1}4 X {O,I}4.

Using the method of section 5.2, we obtain an LUEP QPSK block modulation code

of length 8, rate R = 1 (bits/T), that has a squared Euclidean separation vector

S = (10,8). The asymptotic coding gain vector with respect to uncoded BPSK is

G = (3.98, 3.01) (dB). The trellises for each decoding stage are presented in Figure

5.11. 66
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Figure 5.10: Trellises for the LUEP QPSK block modulation code of example 11
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Figure 5.11: Trellises for the LUEP QPSK block modulation code of example 12
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5.7 Summary

In this chapter, we presented some applications of multi-level error correcting codes

in channels such as the binary symmetric channel (BSC) and the additive white

Gaussian noise (AWGN) channel. Bounds on the probability of a block error were

derived for the BSC, and shown that optimal binary LUEP codes outperform single-

1 ... 1'· 1" ,1 • • ,. , , ,....... •• ,. ..
lc:;vc:;r Huect! LULIe::> ur ~ue sanre IUIUUIllUU uiscance, oecause or tlleu anumonat error

correcting capabilities. Error performance graphs were presented, comparing LUEP

codes of minimum distance 3, and error correcting capability against 2 or less ran-

dom error for some message bits, against single-error correcting Hamming codes

and double-error correcting BCR codes of the same length. We also examined the

error performance of LUEP codes over the AWGN channel with binary phase-shift

keying (BPSI\} Bounds on the probability of a block error were derived. It turned

out that, in this application, optimal LUEP codes perform worse than single-level

error correcting codes of the same minimum distance, unless the length is large

enough. This degradation in performance seems to be caused by the lower code

rate of LUEP codes, as compared to single-level error correcting codes, which is

not compensated by their additional error correcting capabilities. It was also shown

that, using quaternary phase-shift-keying (QPSK) and Gray mapping between two

bit symbols and signals, efficient block modulation codes may be obtained. These

LUEP QPSK block modulation codes have rate between those of uncoded BPSK

and uncoded QPSK, and offer two levels of error correction. Error correction in this

application is measured by the minimum squared Euclidean distance among signal

sequences associated with a particular message part to be protected. Consequently,

we defined a squared Euclidean separation vector (SESV) and a asymptotic coding

gain vector. A table of good LUEP QPSK block modulation code was presented. In
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addition, the possibility of mapping symbols from GF(2 S
) into labels of a 2s-PSK

signal set was considered. Again, a SESV and an asymptotic coding gain vector

were defined. An example showed that reasonable asymptotic coding gains can be

achieved, using au optimal nonbinary LUEP code over GF(2 3
) , if a soft-decision

decoding is available. We introduced LUEP 8-PSK block modulation codes. These

codes are constructed using a two-level partition of an 8-PSK signal set. At the

first level, a partition of an 8-PSK signal set into two QPSK signal sets is used, in

conjunction with a single-level error correcting code. At the second level, once a

QPSK signal set sequence is selected, the QPSK signal sequence to be transmitted

is chosen by an LUEP QPSK block modulation code. The corresponding SESV and

asymptotic coding gain vector were derived, and a table of efficient LUEP 8-PSK

block modulation codes was presented. Finally, to achieve the potential coding gains

promised by a given minimum squared Euclidean distance, multi-stage soft-decision

decodings were considered. III particular, a two-level soft-decision decoding was pre

sented and illustrated through several examples, showing the trellis structure of the

component subcocles decoded at each stage. A plot of the average probability of a

bit error against signal-to-noise ratio was presented for a particular LUEP QPSK

block modulation code, to show that it is possible to obtain very good performance

using LUEP QPSK block modulation codes, while at the same providing a smaller

probability of bit error for the most important message part.
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Chapter 6

Conclusions and future work

In this thesis, three aspects of multi-level error correcting codes have been consid

ered. First, we have presented several methods of synthesis of LUEP codes, by

specifying their parity-check matrix or their generator matrix. Optimal and near

optimal LUEP codes were constructed and analyzed. A family of nonbinary op

timal LUEP codes, capable of correcting any t or less random errors affecting the

most significant information symbols, while correcting any single random error in

the least significant information symbols, was introduced. These codes are specified

by their parity check matrix, which is a combination of the parity check matrices of

Reed-Solomon codes and shortened nonbinary Hamming codes. Near optimal binary

LUEP codes, constructed by time-sharing cosets of sub codes in shorter linear Ham

ming codes, were proposed and analyzed. This class of LUEP codes is specified by

their generator matrix. All important advantage of LUEP codes specified by their

generator matrix is that they allow the use of multi-stage decoding methods, with

reduced decoding complexity. Multi-stage decoding was presented for the case of

hard-decision by majority logic and also for soft-decision using trellises of sub codes

in an LUEP code. Future research in the area of synthesis of LUEP codes includes

the construction of repeated-root cyclic codes, which are based on the lulu +vi

construction. A general construction of nonbinary multi-level error correcting codes

based on Reed-Solomon codes, which would have a variety of values of separation

vectors, is worth future consideration and research effort.
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Second, the analysis of some classes of linear binary block codes was presented.

We performed a computer search for good binary cyclic codes of composite length.

Using number theoretic arguments, bounds on the multi-level error correcting ca

pabilities of some nonprimitive binary BCH codes were derived. Conditions on the

shortening length of shortened binary Hamming codes, for which we obtain two-level

error correcting codes, were derived. In future research, the analysis of primitive

BCH codes, those whose minimum weight codewords do not span them, must be

performed. In particular, primitive BCH codes containing second-order Reed-Muller

codes have been shown to have multi-level error-correcting capabilities. Determining

the separation vector of these codes remains to be done. Not only primitive BCH

codes containing second-order RM codes may be multi-level error correcting codes.

Primitive BCH codes containing r-th order RM codes in general may also have

multi-level error correcting capabilities. This is a good research problem certainly

worth future research effort.

The third aspect covered in this work was the application of multi-level error

correcting codes in block coded modulation schemes. In this direction, we presented

the error performance of some binary multi-level error-correcting codes over binary

symmetric channels and over additive white Gaussian noise channels with BPSK

modulation. To improve the rate and minimum squared Euclidean distance, two

new block coded modulation systems using LUEP codes and QPSK or 8-PSK signal

constellations were introduced and analyzed. It was shown that with these BCM

schemes it is possible to offer multiple values of minimum squared Euclidean dis

tances, each associated with a message part to be protected. The error performance

of a specific Berv! system using a two-level LUEP code and QPSK modulation with

Gray mapping between 2-bit symbols and signal points, was analyzed. Future re

search in other methods of combining multi-level error correcting codes and M-PSK
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or M-QAM signal sets is promising. As in the case of conventional BCM, new con

structions should offer higher rates and higher real coding gains, while at the same

time trying to keep the decoding complexity as small as possible.

An important finding of this thesis is a new multi-stage soft-decision decod

ing, based 011 the trellis structure of LUEP codes. Although suboptimal, this type

of decoding permits to achieve most of the coding gain promised by the squared

Euclidean separation vector, with reduced decoding complexity (measured by the

number of paths and states in the trellis). The analysis of the error performance of

multi-stage soft-decision decoding of LUEP codes is a good research problem which

deserves further attention.
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