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Abstract

In this dissertation, we examine the problem of transmitting a first order Gauss

Markov process over a noiseless digital channel for large transmission rates. We

address the problem of of minimizing the time averaged mean square error, for a

fixed transmission rate of r bits per second, by finding the optimum sampling rate

and the optimum number of quantization levels.

The performance of different reconstruction filters is first examined. Optimal

nonlinear reconstruction filters are approximated by linear filters. Fine quantization

techniques are used to analyze the performance of different quantization schemes.

Fine quantization techniques have been traditionally used to evaluate the variance

of the quantization error. These techniques have been extended to evaluate expecta

tions of other functions of the quantization error. The results are used to study the

performance of mismatched quantizers, i.e. quantizers that are not optimized ex

actly for their source statistics. The optimum quantization of two different random

variables is also studied; approximations for the correlation between the input of one

quantizer and the quantization error of the other and for the correlation between

their quantization errors are found. These results form a powerful set of tools with

which more complex quantization systems can be analyzed.

We study the minimum time averaged error that can be achieved by different

quantization systems for a fixed transmission rate and also compare the power spec

tral densities of their quantization error. PCM, matched and mismatched DPCM

and Sigma-Delta modulation are analyzed. The improvement in performance that

can be obtained by adding memory to a quantizer is examined. To this end, a

modified PCM scheme that contains sufficient memory in the receiver to store the
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previous output of the transmitter is examined. We also describe a finite state slid

ing block quantizer and study its performance as a function of the memory in the

transmitter and the receiver.
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Chapter 1

Introduction

In this dissertation we examine the problem of transmitting an analog, continuous

time waveform over a noiseless, digital channel. A digital channel is a channel over

which one of a finite set of symbols can be transmitted at discrete time instances.

The input waveform is thus first converted into a discrete time signal and the ampli

tude of each sample is then transmitted over the channel. The constraint imposed

by the channel is that the number of bits that can be transmitted per second is

finite. Since the amplitude of the signal takes a continuum of values, it is not pos

sible to transmit its exact value and hence the original signal cannot be recovered

without error. Given a digital channel, we are then faced with the problem of de

signing a transmission scheme that minimizes the distortion between the input and

the estimated signal.

A model for such a digital transmission system is shown in figure 1.1. Most

transmission systems consist of the following components. The input signal may

be first passed through a preprocessing filter to make it suitable for transmission;

typically it is passed through a low pass filter to obtain a bandlimited signal. This is

followed by a sampler, which converts the continuous time input into a discrete time

signal. In order to transmit the amplitude of the samples over the digital channel, a

quantization scheme is used. Any quantization scheme can be decomposed into two

parts - a transmitter, which upon observing a sample transmits a symbol over the

channel and a receiver which forms an estimate of the input to the transmitter (or of

1
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Figure 1.1: A Digital Transmission System.

some previous sample d time instances ago) by observing the output of the channel.

Finally we have a reconstruction filter which constructs an estimate of the analog

signal from the estimates of the samples. In general there is a delay introduced by

the reconstruction filter and the estimated output is a delayed version of the input

signal.

1.1 A Mathematical Model

We shall assume that the signal to be transmitted is a zero mean, unit variance,

first order Gauss-Markov random process whose autocorrelation function is

E{X(t)X(t + to)} = e-1tol. (1.1)

The main reason for choosing this model is that it is mathematically tractable and

it illustrates the basic problems that are involved in the digital transmission of an

analog signal. In this case the sampled process X(jr), j E {... , -1,0,1, ...} is also

a first order Markov, Gaussian process.
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We assume that the transmission rate over the digital channel is equal to r

bits/second. If we sample the input process once every T seconds and if the out

put of the transmitter, Z(jT), can take n different values, then we find that the

transmission rate is

r = log2(n) bits/second.
T

(1.2)

(1.3)

The performance of the overall system will be measured by a time averaged, mean

square error which we shall call the smoothed error:

1jT/2 { _}earn = lim T E (X(t) - X(t»2 dt,
T-+oo -T/2

where X(t) is the output of the reconstruction filter. The average error between

the input to the quantization scheme Y(jT) and its output }r(jT) is called the

quantization error and will be denoted by eq :

(1.4)

In order to compare the performance of different schemes, the quantization error

and the smoothed error are normalized with respect to the input signal power and

this ratio is usually expressed in decibels as a signal to noise ratio.

Since the transmission rate is fixed, it is not possible to increase the the sampling

rate and the number of quantization levels simultaneously. Given a quantization

scheme, a reconstruction filter and a transmission rate of r bits per second, the

problem is to find the optimum sampling rate To and the optimum number of values

no, that the output of the transmitter can take, in order to minimize the smoothed

error. This is the basic problem that we investigate in this dissertation.

1.2 Discussion

Most analyses of source coding systems deal only with discrete time sources (excep

tions being [6] and [8]). Different transmission systems are compared on the basis

3



of their quantization error for a fixed transmission rate, where the transmission rate

is measured in bits per source symbol. This approach is justified by the following

argument (here we quote Jayant and Noll [9]), "minimization of the variance of the

reconstruction error in the discrete time domain ensures minimization of the vari

ance of the error between the analog versions as well and these two error signals

indeed have the same variances."

The argument is true only if the discrete time signal is obtained from a finite

bandwidth, continuous time waveform by sampling above the Nyquist rate and if

the continuous time waveform is reconstructed at the receiver by using an ideal low

pass filter. The approach then excludes the analysis of infinite bandwidth signals

and also neglects the error introduced by non ideal reconstruction filters. More

importantly it does not take into consideration the trade off between the number

of quantization levels and the sampling rate when the transmission rate is fixed at

r bits per second. Hence this approach cannot be used to minimize the smoothed

error of a transmission system by optimizing the sampling rate and the number of

quantization levels.

Our approach also enables us to compare the performance of different transmis

sion schemes more correctly. The reason being that certain quantization systems

like DPCM exploit the correlation between input samples while others like PCM

do not. Hence the performance of a DPCM system is far better than that of a

PCM system with the same number of quantization levels when the inputs are very

highly correlated. But the correlation between the samples can be increased only

by increasing the sampling rate which, for a fixed transmission rate of r bits per

second, can be accomplished only by decreasing the number of quantization levels.

It is then not obvious if we do indeed obtain a large gain with a DPCM system

over a PCM system. It is also important to use the time averaged error to compare
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the performance of different systems. Else, for any given transmission rate (in bits

per second), by sampling the analog input at a sufficiently slow rate, the number

of quantization levels can be made arbitrarily large and the quantization error at

the sampling instances will then be arbitrarily small. But this would indeed be a

very poor transmission system. Hence when comparing two systems like PCM and

DPCM, the sampling rate, the number of quantization levels and the smoothed error

must be taken into consideration. By considering only the quantization error and

disregarding the sampling rate, one cannot compare different transmission schemes

correctly.

In order to calculate the smoothed error of a system, we need to analyze the re

construction filter and the quantization scheme. Optimum reconstruction filters are

nonlinear and hard to analyze, so we investigate the performance of some subopti

mal linear filters instead. We believe that for large sampling rates their performance

will closely match the performance of the optimal reconstruction filter. Since the

filters are linear, standard techniques can be used to analyze their performance.

Quantization schemes are much harder to design. Many different kinds of quan

tization schemes exist and they can be classified according to the type of their

structure:

• Scalar quantizers are those that quantize each sample individually, without

regard to other samples.

• Vector quantizers are those that group the input samples into blocks or vectors

and quantize the vector. Theory shows that by increasing the dimension of

the vectors, the performance can be improved.

• Recursive quantizers store information about past inputs by means of a state

variable. The output of the quantizer is then a function of the current input
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and the state variable. The state variable is updated recursively at each time

instant. If the number of values that the state variable can take is finite, then

the quantizer is called a finite state quantizer.

• Sliding block quantizers map overlapping input vectors into code words; at

each time instance j, the input vector (X(jr), ... ,X((j - l)r)) is mapped

into a code word.

Different schemes are suitable for different types of inputs and some are more com

plex than others to implement. Scalar quantizers are the simplest to implement but

have the largest distortion for a given transmission rate. Their performance can

be improved by using vector quantizers but the complexity of the system increases

rapidly as the dimension of the vectors increases. Recursive quantizers are suit

able for the transmission of signals that vary slowly with time. They are relatively

simple to implement but can be sensitive to channel errors. Not much is known

about sliding block schemes but, if the block length of the receiver is small, then

one advantage is that it would be relatively robust to channel errors.

An exact analysis of most schemes is difficult due to the inherent nonlinear

nature of a quantizer; different approximations are used to estimate the performance.

Often one has to resort to simulations to test their performance. \Ve mention some

approximations that are commonly used .

• A Linear Additive Noise Model: The output of a scalar quantizer is modeled as

the sum of the input and an independent error signal. This is an over simplified

model of limited application since the error signal is determined exactly by the

input and hence is by no means independent of the input (see [9] for details).

6



• Transform Methods: In the case of uniform, scalar quantizers, the quantization

error is a periodic function of the input if the input is sufficiently bounded. It

is then possible to express the quantization error as a Fourier series and derive

useful formulae for various quantities (see [5] for some applications and results

using this method) .

• Fine Quantization Techniques: If the density function of the input is in some

sense "reasonably smooth," it is possible to derive approximations for the

quantization error and other quantities. This is the method that we develop

in detail in this dissertation.

The purpose of this dissertation is to develop sufficiently general results that will

enable us to study different systems for the transmission of a first order Markov,

Gaussian random process.

The material in this dissertation is arranged as follows. For the convenience of

the reader, we gather in the next chapter, the main results that have been obtained

in this dissertation and discuss their significance. In the third chapter we describe

and analyze three different types of reconstruction filters and derive some general

expressions for the smoothed error. In the fourth chapter we develop various for

mulae for analyzing scalar quantizers based on fine quantization techniques. In the

fifth chapter we use the results of the previous two chapters to investigate different

types of quantization schemes. Finally we conclude this dissertation by mentioning

some problems that remain for future research.

And finally a note about notation. Capital letters denote random variables

except for the letter 'E' which denotes the expectation operator. For example.

E{X} is the expectation of the random variable X. Script letters, for example R, S,

are used to denote sets. The value of the density function of the random variable X



at the point x is denoted by px(x). For simplicity, a periodically sampled function

x(jr), j = ... ,-1,0,1, ... will be denoted as Xj. The derivative of the function

f(x) will be denoted as j'(x). Partial derivatives of multivariate functions will be

denoted by explicitly listing the variables with respect to which the derivatives are

taken as a superscript; for example ry(x,y) denotes the partial derivative of the

function f(x, y) with respect to the variables x and y.

8



Chapter 2

Results and Discussion

In this chapter we discuss the results that we have derived in this dissertation and

compare the performance of different quantization systems.

The most significant result is that fine quantizer techniques can be used to ana

lyze a wide variety of problems. This is amply demonstrated in chapters three and

four. Although fine quantizer results are asymptotic approximations that converge

to the exact values only as the number of quantization levels tends to infinity, we

find that in general they converge quickly and are accurate even when the number

of quantization levels is small; in the case of Gaussian inputs we find that they are

applicable in certain cases for quantizers with just four levels.

Fine quantizer approximations were first used to derive approximations for the

variance of the quantization error [4, 10, 15]. We have extended this technique

to calculate the expectation of a wide class of functions of the quantization error

of an optimum quantizer. Another general set of results that we have obtained

is in the case when two different inputs are quantized by their optimal quantizers.

Under certain general conditions we can calculate approximations for the correlation

between the input of one quantizer and the quantization error of the other. We can

also approximate the correlation between the quantization errors. These results form

a powerful set of tools that can be used to analyze a wide variety of quantization

systems in a relatively simple manner.

9



We have also derived some general approximations for the smoothed error of

quantization systems for different types of reconstruction filters. We show that for

large transmission rates, the smoothed error is approximately equal to the sum of

the quantization error and the error due to the reconstruction filter. Analysis of

various systems shows that the error due to the reconstruction filters is larger than

the quantization error. It thus seems likely that we stand to gain more by designing

better reconstruction filters rather than by concentrating only upon improving the

quantization error.

We next discuss the performance of different quantization systems. We examine

the quantization error, the smoothed error and the flatness of the power spectral

density of the quantization error.

PCM Systems - The quantization error of PCM systems has been examined by

numerous authors. An asymptotic analysis of scalar quantizers was first published

by Bennet [1]. Optimal quantizers were first examined by Lloyd [10] and Max [11].

In the same paper, Lloyd also derived an asymptotic expression for the variance of

the quantization error of optimal scalar quantizers. Zador [15] derived mathemat

ically rigorous arguments for the asymptotic variance of the quantization error of

scalar and vector quantizers. The same results were rederived using more intuitive

arguments by Gersho [4]. All the above results deal with the quantization error and

to our knowledge, no results have been published that examine the smoothed error

of PCM systems for a first order Gauss-Markov input.

It is well known that the variance of the quantization error of an optimal quan

tizer for a unit variance Gaussian input is approximately equal to 2.7/n\ where n

is the number of quantization levels [10]. To our knowledge, no similar analytical

approximation exists for the asymptotic performance of a uniform quantizer in the

case of a Gaussian input. We compare the performance of an optimal quantizer and

10



a uniform quantizer and find that the variance of the quantization error of a uniform

quantizer is of the order of In(n) times larger than that of the optimal quantizer.

For large n the difference can be significant; for example, when n = 100, the SNR

of a uniform quantizer is smaller than that of an optimal quantizer by about 6.5

dB. We also compare the quantization error of a uniform quantizer with that of an

optimal quantizer in the case of a Laplacian input. \Ve find that the decrease in the

SNR is much larger in this case than in the case of Gaussian inputs. 'We attribute

this to the fact that a Laplacian density has a larger tail than a Gaussian.

However to design an optimum quantizer, the distribution of the input must be

known.. 'We examine the performance of an optimum quantizer when the distribu

tion of the input is not known exactly; namely, we examine the case when the the

mean and the variance of the input differ from the values for which the quantizer

is designed. \Ve show in the case of Gaussian inputs that it is the ratio of the error

in estimating the mean to the standard deviation of the input that is significant in

decreasing the SNR. H the error in determining the mean of the input is within one

half the standard deviation of the input, then the SNR decreases by at most 3 dB. H

there is a 10 percent error in determining the standard deviation of the input, then

the SNR decreases by about 0.5 dB while for a 20 percent error the SNR decreases

by about 2 dB. For larger errors, the SNR decreases at even a faster rate.

We also examine the smoothed error for a first order Gauss-Markov input. We

find that for a transmission rate of r bits per second, the smoothed error decreases

asymptotically as (cln(r))jr where c is a constant that lies between 0.3 and 0.14

depending upon the reconstruction filter (see section 5.1 for details). 'We find that

it is the error due to the reconstruction filter that is the dominant term in the

smoothed error. The smoothed error of a uniform quantizer is larger than that of

an optimal quantizer by about 2.3 dB. Unlike the quantization error, the difference

11



in the smoothed errors between an optimal quantizer and a uniform quantizer is

independent of the rate. Hence due to its simplicity, it may be preferable to use a

uniform quantizer. When we compare the smoothed error of PCM systems with the

distortion rate bound for this input, we find that the SNR of a PCM system is about

log(r) times smaller than the distortion rate bound. Thus the difference between

the maximum achievable SNR and the SNR of a PCM system grows infinitely large

as the transmission rate increases.

In the case of optimal quantizers we examine the autocorrelation function of the

quantization error to determine if its power spectral density is flat. In certain appli

cations like speech, it has been observed that the perceptual quality of the output

is better when the power in the quantization error is spread over a wide range of

frequencies (i.e., the power spectral density is flat) rather than being concentrated

over a narrow range of frequencies [9]. General conditions under which the quan

tization error is white and independent of the input have been obtained by Sripad

and Snyder [14] and Schuchman[12]. The quantization error of a scalar quantizer

has been analyzed by Gray [5] when the input is a sinusoid. To our knowledge, the

autocorrelation function of the quantization error of a PCM system has not been

examined in the case when the input is a first order Gauss-Markov input. We show

that even in the case when the correlation coefficient between the inputs equals one,

that by adding a dither signal, the quantization error increases by about 1 dB. A

more significant result is obtained when we optimize the number of quantization

levels and the sampling rate for a given transmission rate to minimize the smoothed

error. We find that for this choice of the sampling rate and number of quantization

levels, the correlation between the quantization errors at different time instances is

almost zero and hence the power spectral density will be flat. This implies that

dithering is not needed for PCM systems.

12



A Modified PCM System - We examine the asymptotic smoothed error of

a modified PCM system which consists of a memoryless transmitter and a sliding

block receiver of length two. The analysis of such systems has been previously

carried out only in the case of a binary quantizer [3]. We derive expressions for the

gain in the quantization error of such a system with memory only in the receiver,

over that of a PCM system. Results show that the gain in the smoothed error is

marginal; for example, at a transmission rate of 1000 bits per second, the gain in

the SNR is only 0.06 dB. We believe that modifying a PCM system by adding any

amount of memory only in the receiver does not improve the asymptotic smoothed

error significantly.

DPCM Systems - There is a large amount of literature that examines the

performance of DPCM systems. The analysis of delta modulation systems for first

order Gauss-Markov inputs was first carried out by Slepian [13]. He obtained a series

solution in Hermite polynomials but the computational procedure did not converge

for large sampling rates. This analysis was extended to DPCM systems by Hayashi

[6] but it suffered from similar convergence problems. Janardhanan [8] was the first

to obtain a computational procedure that converged for large sampling rates for

matched and mismatched DPCM systems. The method though is elaborate and

can be carried out only numerically. Our analysis, although approximate, is much

simpler and yields results that are in good agreement with the more accurate ones

of [8].

We have analyzed different versions of DPCM systems. In the case of matched

DPCM systems (matched DPCM systems are those where the correlation between

successive inputs is known exactly and this value is used in the prediction fil

ter), we show that the quantization error can be approximated by the expression

2.7 (1 - p2) / n2, where p is the correlation between two successive input samples

13



and n is the number of quantization levels. This is true whether the quantizer is

optimized either for its input or for the innovations process corresponding to the

sampled process. This result is important because optimizing the quantizer for its

input in a DPCM system is a hard problem. On the other hand the standard Lloyd

Max algorithm can be used to optimize the quantizer for the innovations process

since the distribution of this process can be easily found. Our results show that set

tling for this suboptimal quantizer does not cause the quantization error to increase.

Another important point to be noted from the approximation for the quantization

error is that it is dependent on the number of quantization levels and on the sam

pling period. This is unlike the case of PCM systems where the quantization error

is independent of the sampling rate. Hence the quantization error can be decreased

by either increasing the sampling rate or by increasing the number of quantization

levels. When we consider the smoothed error, we are better off by increasing the

sampling rate since the quantization error and the error due to the reconstruction

filters can be simultaneously decreased. This is precisely the reason why DPCM

systems perform so much better than PCM systems.

The asymptotic smoothed error of a matched DPCM system is equal to cjr

where c is a constant whose value lies between 0.8 and 1.4 depending upon the

reconstruction filter used. Hence in this case the smoothed error decreases at the

same rate as the distortion rate bound as the transmission rate increases. The SNR

of matched DPCM systems is within 1.4 dB of the distortion rate bound for large

transmission rates when the input is filtered before sampling and the an ideallowpass

reconstruction filter is used. This is a large improvement over the performance of

PCM schemes. In fact the difference between the SNR of a matched DPCM system

and a PCM system grows infinitely large as the transmission rate increases, although

quite slowly. For example at a transmission rate of 1000 bits per second, the SNR
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of a matched DPCM system is about 3 dB larger than the SNR of a PCM system

with the same reconstruction filter and about 4 dB larger at a transmission rate of

10,000 bits per second.

We also show that the autocorrelation function of matched DPCM systems de

creases geometrically from its maximum value; the ratio term of the geometric series

being inversely proportional to the number of quantization levels. Hence we expect

the power spectral density to be reasonably flat but PCM systems are better in this

respect. The spectral density of the quantization error process can be improved by

decreasing the sampling rate and increasing the number of quantization levels but

only at the expense of increasing the smoothed error. For example, for a trans

mission rate of 1000 bits/second, by using twice as many quantization levels as the

optimum number of quantization levels (i.e., we use a quantizer with 20 quantiza

tion levels instead of 10), the smoothed error of a matched DPCM system with a

low pass reconstruction filter increases by 0.5 dB but the correlation between two

adjacent quantization errors decreases by 6 dB.

Our analysis of mismatched DPCM systems (these are systems where the exact

correlation between successive inputs is not known and an estimate is used in the

prediction filter), shows that the quantization error is quadratic in the difference

between the correlation between two successive inputs and the estimate of this cor

relation that is used in the prediction filter. Perfect integrator systems are those

that do not use a multiplier in the feedback loop; they perform as well as matched

DPCM systems for large transmission rates. This is not surprising since the cor

relation between successive samples tends to 1 as the transmission rate increases.

This considerably decreases the complexity of a DPCM system. However for low

transmission rates when the sampling rate is low, the SNR of a perfect integrator

15



system decreases rapidly and when the correlation between successive samples of the

input is less than 0.5, the quantization error is larger than that of a PCM system.

Sigma-Delta Modulation - The Sigma-Delta modulation scheme was first

proposed by Inode and Yasuda [7]. A detailed analysis of Sigma-Delta modulation

systems has been published by Gray [5], but only for de and sinusoidal inputs. With

our approximations we have been able to obtain an approximate analysis in the case

of a first order Gauss-Markov input. Our analysis of Sigma-Delta modulation shows

that the quantization error is larger than that of a PCM system. The quantization

error is a function of the sampling rate but unlike DPCM it increases as the corre

lation between the input samples increases. In the worst case when the correlation

coefficient between the samples equals one, the variance of the quantization error is

roughly 3 dB larger than that of PCM systems.

On the other hand, the asymptotic smoothed error is approximately equal to that

of a PCM system. For a given sampling rate, the correlation between quantization

errors is smaller than in the case of PCM. Further, the optimum sampling frequency

needed to minimize the variance of the quantization error is smaller than in the

case of PCM systems. Because of these two factors, the power spectral density of

the quantization error is flatter than that of PCM systems. Hence in terms of the

smoothed error, a Sigma-Delta modulation system performs worse than a PCM or

a DPCM system but the power spectral density of its quantization error is flatter.

A Sliding Block Finite State Quantizer - Finite state quantization systems

are difficult to design and analyze and not many results have been published about

them except for those in [3]. Nor are there many good examples of finite state

quantization systems. We propose a sliding block, finite state quantizer which is

a feed forward approximation of a DPCM system. We investigate the amount of

memory that is required in the transmitter and the receiver to achieve a performance
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close to that of a DPCM system. Our results show that for a transmission rate of r

bits/second, to achieve a quantization error that is (1 +a) times that of a DPCM

system (0 < a < 1), the asymptotic state size of the transmitter increases as

n~2Iog(r/a) while that of the receiver increases as n~log(r/a). Here no is a constant

that depends upon the reconstruction filter used but typically, 5 ::; no ::; 10. Thus

the state size of the transmitter is larger than that of the receiver. We believe this

to be true because it is the transmitter that tracks the state of the receiver and not

the other way around.
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Chapter 3

Reconstruction Filters

In this chapter we analyze three different types of reconstruction filters and derive

expressions for the smoothed error. The optimum reconstruction filters are nonlinear

but if the quantization error is small, they can be approximated by linear filters.

The advantage in considering linear filters is that they are easier to analyze and

standard techniques can be used to determine their performance.

3.1 A Memoryless Reconstruction Filter

We first consider a transmission system which does not have any preprocessing

filter. The input to the quantization system at time j7 is X j and the output of the

quantizer is Xj-d, where dr is the decoding delay of the quantization system. A

memoryless reconstruction filter then forms an estimate of the input process X(t) in

the time interval {(j - 1/2)7, (j +1/2)7} using only Xj, the output ofthe quantizer

at time j 7. Thus the reconstruction filter has a decoding delay of 7/2 seconds and

there is an overall decoding delay of (d+1/2)7 seconds for this system (see figure

3.1).

The optimum estimate of X(t), given that the output of the quantizer x, equals

x, is the conditional expectation E{X(t)/Xj = x}. This is difficult to compute and

we approximate it with the conditional expectation E{X(t)/Xj = x} instead. If

the quantization error is small, this approximation should be close to the optimal

value. Since the input process X(t) is Gaussian, this conditional expectation equals
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Figure 3.1: A Memoryless Reconstruction Filter.

px where p is the correlation between X(t) and X(jr). Since the autocorrelation

function of the input process is equal to e-1tl, the output of the reconstruction filter

can be expressed as follows:

X(t) = e-lt-jrIXj, (j - 1/2)r < t < (j +1/2)r. (3.1)

We now calculate the smoothed error. Because of stationarity, it is sufficient to

average the mean squared quantization error over only one sampling interval". We

note that the input at any time t can be expressed as a linear combination of the

input at time t = 0 and an independent, zero mean, unit variance Gaussian random

variable:

X(t) = pXo+VI - p2U. (3.2)

1We point out that in the mathematical model set up here, the sampled process is not stationary
in the strict sense because the origin of the time axis is fixed to coincide exactly with a sample,
namely Xo. This can be rectified by making the sampling instances random as follows: we assume
that the jth sampling instance is now equal to (jr+T), where T is a uniformly distributed random
variable over the interval (0, r) and independent of the input process. The random processes
X(t),Xj,Xj and X(t) are now all jointly stationary. The analysis of the system can now be
carried out by first conditioning on T. Since this random variable is independent of the input
process, the conditioning does not effect the remaining analysis and hence we ignore this point and
assume that T equals zero.
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The smoothed error can then be expressed as

(3.3)

The input Xo and the random variable U are uncorrelated. If the quantization error

is small, the estimate Xo will be approximately equal to the input X o and hence

will also be approximately uncorrelated with U. With this approximation the above

equation simplifies to

(3.4)

The above equation can be easily evaluated and the smoothed error can be expressed

as

(3.5)

When the sampling interval is small, this expression can be approximated by the

first few terms of its Taylor series in 7:

(3.6)

The first term is the error due to the reconstruction filter and for large sampling

rates it varies linearly with 7. The above equation then states that the smoothed

error is approximately the sum of the error due to the reconstruction filter and the

quantization error.

3.2 A Reconstruction Filter with a Unit Delay
Memory

We next examine a system without any preprocessing filter that uses a reconstruction

filter which forms an estimate of X (t) in the time interval {(j - 1)7 < t < j 7} using

x, and Xj - 1 (see figure 3.2). This reconstruction filter was first analyzed by
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Figure 3.2: A Reconstruction Filter With a Unit Delay Memory.

Hayashi [6]. There is now a decoding delay of r seconds at the receiver. The best

estimate of the input equals the conditional mean of X(t) given that the outputs of

the quantizer at time ir and (j - 1)r equal x and x' respectively. This is difficult

to compute and as in the previous section we approximate it with one that is easier

to calculate, namely E {X(t)/Xj _ l = x',Xj = x}. When the quantization error is

small this estimate will be close to the optimal estimate. Since the process X(t) is

Gaussian, this suboptimal estimate is linear and is given by the following expression:

X(t) = a(t)xo +b(t)XI 0::::; t < T, (3.7)

where

xQ = qx(X(O)), Xl = qx(X(r)) (3.8)

and
e-t + e t-2r e-(r-t) _ e-(-r+t)

a(t) = 2' b(t) = 2'1- e r 1 - e- r
(3.9)
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To calculate the smoothed error we proceed in a manner similar to the memo-

ryless case. It can then be shown that

1 + p2 1 sinh 2T - 2 7 cosh 7 - sinh 7 A Aesm = -1-2 - - + 2 T. h2 eq + . h2 E {(Xo - XO)(XT - X T ) } •
- P 7 sin 7 7sm 7

(3.10)

For sufficiently small 7, this expression can be approximated by the first few terms

of its Taylor series expansion in 7 and the following approximation can be obtained:

(3.11)

The first term is the error due to the reconstruction filter and we see that it

has decreased by approximately 1.8 dB when compared to the memoryless recon

struction filter. Also, the smoothed error now depends not only on the variance of

the quantization error but also on the correlation between the quantization errors

at two adjacent time intervals. We note that this correlation is less than or equal

to the variance of the quantization error and hence the smoothed error is bounded

from above by the sum of the error due to the reconstruction filter and the variance

of the quantization error. We also note that we would not expect the performance

to improve very much by increasing the complexity of the reconstruction filter by

adding memory to remember more of the quantizer outputs. This is because the

sampled process {Xj} is a first order Markov process and hence x, will also be 'ap

proximately' first order Markov. This implies that using more samples to estimate

X(t) should not significantly effect the smoothed error.

3.3 A Low Pass Reconstruction Filter

An alternate technique to reconstruct an analog signal from its samples is to first

bandlimit the input process by passing it through a lowpass filter of bandwidth

1/(27). The output of the filter is then sampled every 7 seconds. The sampled
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process is quantized and transmitted. The receiver reconstructs the input process

by passing the quantized samples through a lowpass filter of bandwidth 1/(27).

Bandlimiting the input process before sampling eliminates the aliasing error. The

decoding delay for this scheme is infinitely large. We denote the output of the

lowpass filter at the transmitter as Y(t), the sampled process as }j, the output of

the quantizer as fj and the output of the reconstruction filter as Y(t) (see figure

3.3). The smoothed error can be expressed as follows:

IjO/2 {lim Li E (X(t) - Y(t)2} +
()-+OO {J -0/2

2E {(X(t) - Y(t))(Y(t) - Y(t))} + E {(Y(t) - Y(t))2} dt. (3.12)

We next evaluate each of the expectations within the integral in the above equa-

tion. Since the lowpass filter is a linear, time-invariant system, it can be shown

using standard techniques that the average mean square error between the input to

the lowpass filter X(t) and its output Y(t) is given by

(3.13)
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To evaluate the second expectation within the integral in (3.12), we first note

that the random process yet) is a low pass signal whose power spectral density is

zero for frequencies greater than (1/(4T). We then note that (X(t) - Yet)) is a high

pass process whose power spectral density is zero for frequencies less than 1/(4T).

Since Yet) is derived from the process X(t) by passing it through a linear, time

invariant system, it follows that yet) and (X(t) - yet)) are uncorrelated because

their power spectral densities are disjoint. Further since X(t) is a Gaussian process,

it follows that the two processes are independent. The random process Yet) is a

function only of Yet) and hence is also independent of (X(t) - yet)). Since the

mean of X(t) is zero, we then have the result that (X(t) - Yet)) and (Y(t) - yet))

are uncorrelated (in fact they are independent). The second term is thus equal to

zero.

To evaluate the third term, we note that the processes Yet) and yet) are band

limited, and hence by the sampling theorem the signals can be represented as a sum

of sine functions:

00 C'Yet) = .2: Yi sine ~JT) and
}=-oo

yet) 00 A C-jT)= .2: Yi sine -- .
}=-oo T

We then obtain the following identity:

(3.14)

(3.15)

lim !() jO/2 E {(yet) - Y(t))2} dt =
0-'00 -0/2

00 00

2: 2: E {(Yi - fj)(Yi- ~)}
j=-oo [=-00

lim _()1 jO/2 sine (t - jT) sinc (t - IT) dt.
0-00 -0/2 T T

The functions {.iT sine (t-/)} (here j takes all integer values) form an orthonormal

set and hence, in the above summation, the terms when j is not equal to 1are equal

to zero. Also, the ratio ()/ T is equal to the number of samples in the time interval
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f) and hence we can rewrite the above equation as

1 jfJ/2 { _} 1 m { ~}lim -f) E (Y(t) - Y(t))2 dt = lim (2 ) L E (lj -lj? . (3.16)
fJ-+oo -fJ/2 m-+oo m +1 .

]=-m

Since the processes lj and fj are stationary, the mean square error between lj and

fj is independent of j. We thus obtain the result that the smoothed error between

Y(t) and Y(t) is equal to the error in quantizing the random variable lj (note that

the variance of this random variable is equal to (2/1r) tan"! (71"/7)).

The above results can be combined to obtain the following expression for the

smoothed error:

2 -I / 2 -I( /~8m = 1- - tan (1r 7) + - tan 1r T)~q.
1r 1r

(3.17)

For small 7, this can be approximated by the first few terms of the Taylor series in

T. The above expression for the smoothed error can then be simplified as follows:

(3.18)

3.4 Discussion

Based upon the above results, it is reasonable to make the assumption that the

asymptotic smoothed error for any system is of the form

(3.19)

where 0:: and (3 are constants. In general 0:: will depend upon the reconstruction filter

and the quantizer while (3 will depend only upon the reconstruction filter. The term

(37 is the error due to the reconstruction filter in reconstructing the estimate of the

analog input from the quantized samples. From the above examples we see that (3

does not vary greatly with the type of reconstruction filter being used. Since it is also

independent of the quantizer, increasing the number of quantization levels does not
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effect this term. The only way that it can be decreased is by increasing the sampling

frequency. The first term is the error arising from the quantization process. If the

quantizer is memoryless, this term is independent of the sampling interval '( and

can be decreased only by increasing the number of quantization levels. When the

transmission rate is fixed, it is not possible to simultaneously increase the sampling

rate and the number of quantization levels. This puts a limit on the performance

that can be achieved with a memoryless quantizer. But it is possible that by adding

memory to the quantizer, the quantization error can be made to depend upon the

sampling frequency. Then both the terms contributing to the smoothed error can be

decreased simultaneously by increasing the sampling frequency. If this is possible,

then it definitely would pay to increase the complexity of the quantizer rather than

that of the reconstruction filter.
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Chapter 4

Fine Quantizers

In this chapter we examine minimum mean square error fine quantizers. We limit

our investigation only to scalar quantizers. Fine quantization techniques have been

used to approximate the mean square error that occurs when quantizing an input

with a known distribution [4, 10, 15]. In this chapter we extend these techniques to

calculate more general expectations. We then use these results to study the effects

of some simple mismatches between the input and the quantizer; mainly the case

when the mean and the variance of the input differ from the values that the quantizer

was designed for. We also study the optimum quantization of two different random

variables; we approximate the correlation between the input of the first quantizer

and the quantization error of the second and also the correlation between the two

quantization errors. While these results are interesting in their own right, their

main importance will be seen in the next chapter where they will be used to analyze

various quantization schemes.

4.1 Minimum Mean Square Error Quantizers

A scalar quantizer is a function (which we shall denote by qO) that maps the real

line into a finite set of numbers called representative points. An n level quantizer is a

quantizer with n representative points which we shall denote as qo,ql, ... , qn-l. The

quantizer partitions the real line into n disjoint regions called quantization regions
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which arc given by the following equation:

Si={X:q(X)=q;} i = 0, ... ,n-1. (4.1)

In the context of a communications system, this quantizer can be subdivided into a

transmitter and a receiver as follows. If the input lies in the quantization region Si,

the transmitter transmits the index i over the channel and the receiver upon observ

ing this value, chooses the representative point qi as its output. Thus the transmitter

is associated with the quantization regions while the receiver is associated with the

representative points.

We shall be interested in the case when the input to the quantizer is a continuous

random variable X with known density function px(x). A minimum mean square

error quantizer is one that minimizes the mean square error between its input X and

its output q(X). Throughout this dissertation, any such quantizer will be referred to

as an optimal quantizer. We denote the quantizer optimized for the random variable

X by qxO and the corresponding quantization error by 77XO, i.e.,

77X(x) = x - qx(x). (4.2)

For ease of notation we will omit the subscript X when referring to a quantizer or

the quantization error if it is obvious that the quantizer has been optimized for a

particular input and use the notation qO and 770 instead.

There are two necessary conditions for a quantizer to be optimal (see [10, 11]):

and

qi = E {X/ X E Si} (4.3)

s, = {x :Ix - qil2 = mjn Ix - qjl2} . (4.4)

These conditions are referred to as the Lloyd-Max conditions for an optimal quan

tizer. From the first condition we see that the representative point of a region is the
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centroid of the region. The second condition implies that the optimal quantization

regions are intervals whose endpoints lie midway between the representative points.

Thus if the representative points are ordered such that qo < ql < ... < qn-l, then

the quantization regions can be described as follows (also see figure 4.1):

S, = {x: r, < x < r;+d i=O, ... .n-L (4.5)

The points ri, i = 1. .... n - 1. separate the quantization regions and lie midway

between the representative points, i.e.,

ri = (qi-l + qi)/2 i = 1. .... n - 1, (4.6)

and ro = -00 and rn = 00. The quantization error that occurs when the input lies

in either of the two unbounded intervals So or Sn-l is called the overload error and

the error that occurs when the input lies in any of the bounded regions is referred

to as the granular error.

Other important properties of optimal quantizers follow quite easily from the

two conditions given in (4.3) and (4.4) (for proofs, see [9]). 'Ve next list some of the

properties.
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1. The mean of the output equals the mean of the input, i.e.,

E{qx(X)} = E{X},

and hence the mean of the quantization error equals zero.

2. The output and the error of an optimal quantizer are uncorrelated, i.e.,

E{qx(X)77X(X)} = o.

(4.7)

(4.8)

3. The input and the error are correlated and this correlation equals the mean

square error, i.e.,

E{X77X(X)} = E{77~(X)}. (4.9)

The main difficulty in designing optimal quantizers is that (4.3) and (4.4) cannot

be explicitly solved for the representative points and regions, except in some simple

special cases. Iterative solutions are used to design the quantizer for a specific input

and number of quantization levels. Thus there is no explicit formula for the mean

square error of an n level optimal quantizer optimized for an input X with density

function PX (x).

A word is in order about the scaling of quantizers according to the mean and

variance of the input. Let qxO be an optimum quantizer for a unit variance random

variable X. Then the optimum quantizer for the random variable Y = aX + J.L is

a shifted, scaled version of the optimum quantizer for X. This can be argued as

follows. The average mean square error in quantizing Y can be expressed as shown

below:

E{(Y - qy(y»)2} = (}"2 E { (X _ (;qy((}"X + J.L) _ ;))2}. (4.10)

But by the definition of an optimum quantizer, the expectation on the right hand

side is minimum when (~qy((}"X + J.L) - ;) is the optimum quantizer of X, i.e.,

~qy((}"X + J.L) - !!:. = qx(X).
()" ()"
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This implies that the optimal quantizer for Y is a shifted, scaled version of the

optimal quantizer for X, i.e.,

(
y - /1)

qy(Y) = uqx -- + /1.
u /

(4.12)

Thus the random variable Y can be quantized in the following steps. First the mean

is subtracted from the input and the difference is divided by the standard deviation

a, The resulting value is quantized by an optimum quantizer for a zero mean, unit

variance random variable. Finally, the output of the quantizer is multiplied by the

standard deviation a and added to the mean /1. An alternate interpretation of the

above equation is that if the representative points of an optimum quantizer for a

zero mean, unit variance input are given by (qo, ... , qn-I) and the endpoints of the

quantization regions equal (rI, ... ,rn-I), then the optimum quantizer for an input

with mean /1 and variance u2 has representative points (uqo+ /1, ... ,uqn-I +/1) and

the endpoints of the quantization regions equal (urI + /1, ... ,urn-I + /1). Further,

if the mean square error in quantizing a zero mean, unit variance random variable

X is €2, then the mean square error in quantizing the random variable Y = a X + /1

4.2 Fine Quantizers

We describe a quantizer as fine when the density function of the input is approxi

mately constant within each of the bounded quantization regions and the probability

of overload error is negligible. In this section we discuss an approach used to derive

approximations for the quantization error of optimal, fine quantizers and state the

main results that follow from this approach (for details see [4] or appendix A). We

show how these results can be extended to calculate other quantities of interest. We

also compare the performance of optimal quantizers with that of uniform quantizers.
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4.2.1 Asymptotic Quantization Error of Optimal
Quantizers

Fine quantizer arguments have been used to derive approximations for the mean

square error of an optimal quantizer. The asymptotic expression for the variance of

the quantization error assumes that the number of quantization levels is sufficiently

large so that the density function is approximately constant throughout each of

the bounded quantization regions and is equal to the value of the function at the

midpoint of the interval. We note that this is essentially the first term in the Taylor

series expansion of the density function about the midpoint of the interval and thus

by using higher order terms in the Taylor series, more accurate approximations can

be obtained. Another assumption made in deriving the asymptotic expression is

that the probability of overload error is negligible. The main result that has been

derived using these approximations is that the mean square error of an optimal

quantizer is approximately given by the following equation1 :

where kx is a constant dependent on the density function of the input:

1 (100

1/3 )3kx = 12o} 00 Px (x)dx

(4.13)

(4.14)

We shall henceforth refer to kx as the fine quantizer coefficient for the random

variable X. For large n, the terms of order 1/n3 and higher are negligible and the

term in 1/n2 is a good approximation to the mean square error. For a Gaussian

input the fine quantizer coefficient is approximately 2.72 while for a Laplacian input

it is approximately 4.5. A consequence of the assumption that the density function

is approximately constant in a region is that the representative point of the region

lThe notation X n = O(f(n)) means that there exist positive constants c and no such that
Ixnl ~ clf(n)1 for all n> no.
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approximately equals the midpoint of the interval. If we define ri to be the midpoint

of the quantization region Si, i.e.,

i = 1, ... ,n - 2, (4.15)

then,

i = 1, ... ,n - 2. (4.16)

We also denote the length of a quantization region S, by bi, i.e.,

bi = ri+! - rio (4.17)

Another important result of the fine quantizer analysis is that the length of a quanti

zation region (for an optimal quantizer) is proportional to the inverse of the product

of the number of quantization levels and the cube root of the density functiorr':

i = 1, ... , n - 2. (4.18)

In figure 4.2 the exact mean square error and the error predicted by the asymp

totic approximation in (4.13) are plotted for a Gaussian input as a function of the

number of quantization levels. We see that for values of n as small as two, the

asymptotic approximation is of the same order of magnitude as the exact error.

When the number of levels is greater than ten, the asymptotic formula is within

twenty percent of the exact error. In figure 4.3 we plot the quantization error for

a Laplacian input. As in the Gaussian case we see that the asymptotic formula is

a good approximation for all values of n. We thus use the asymptotic formula to

approximate the quantization error for inputs with different distributions even for

a small number of quantization levels.

2We point out that this expression for the length of a quantization interval is obtained by
retaining only the term in I/n2 in the approximation for the mean square error. If we wish to
calculate the terms of order I/n3 , the problem of determining the optimal regions becomes more
difficult (see appendix A).
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Some other approximations follow from the properties of optimal quantizers. We

state some useful ones below.

1. The correlation between the input and the quantization error can be approx

imated as follows:

(4.19)

2. The variance of the output of the quantizer is given by

(4.20)

This condition implies that the variance of the output of the quantizer, is

smaller than the variance of the input random variable.

3. Given that the input is in the quantization region Si, the quantization error

can be approximated as px(fi)8l!12. Substituting for 8i from (4.18), the

conditional error can be expressed as 12kx (j~ / (12n3
) , which is independent

of the region i. Thus we obtain the well known result that each quantization

region contributes approximately an equal amount to the quantization error.

4.2.2 Asymptotic Quantization Error of Uniform
Quantizers

A uniform scalar quantizer is a scalar quantizer whose quantization regions are

all of the same length. Uniform quantizers are easier to implement than optimal

quantizers whose quantization regions are in general of varying lengths. Also, unlike

optimal quantizers the exact density function of the input need not be known to

design a uniform quantizer. In this section we compare the performance of a uniform

quantizer to that of an optimal one.

We consider a uniform quantizer with n+2 quantization regions, n of which are of

a finite of length 8. These n regions extend from rl to rn+!' We shall assume that the
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density function of the input is approximately constant within each of these bounded

quantization regions. The representative points are then approximately equal to the

midpoint of the regions. The quantization error can therefore be approximated as

eq ~ ~l~i+l (X-fi?PX(1:;i)dx+ J:~ (X-qO)2px(x)dx

+100

(x - qn+l?PX(X) dx.
r n +l

(4.21)

In the above equation, the terms in the summation form the granular error while

the remaining two terms are the overload error. We denote the length of the interval

from rl to rn+l as a, i.e., rn+l - rl = a and hence 8 equals a/no For large n, the

summation can be approximated by an integral and the quantization error can be

approximated as follows:

The points rl and rn+l must be chosen to minimize the quantization error. This

choice depends upon the density function of the input.

We first consider the case when X is a zero mean, unit variance, Gaussian

random variable. The representative points of the two unbounded intervals are

approximately equal to -a/2 and a/2 respectively. The quantization error can

then be expressed as

(4.23)

(4.24)

where ¢O is given by
rOO e- x 2

/ 2

¢(a) = l« V2i dx.

This expression for the quantization error can be optimized with respect to a and

the minimum quantization error that can be achieved with a uniform quantizer
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optimum

can be found. We plot the difference between the quantization error of an optimal

quantizer and a uniform quantizer in figure 4.4, where the optimum c¥ was found

numerically.

To obtain an analytical estimate, we first note that for large c¥, ¢(o) can be

approximated closely as follows:

(4.25)

By retaining only the significant terms in c¥, the quantization error can then be

approximated by

(4.26)

The first term on the right hand side increases as c¥ increases while the second term

decreases for values of c¥ greater than VB. Hence for large n, the optimum c¥ at

which the quantization error is minimum can be estimated by the point at which
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the two terms are equal:

(4.27)

The quantization error of a uniform quantizer for a unit variance, Gaussian input

can then be approximated as

(4.28)

This approximation states that the variance of quantization eror of an n level uniform

quantizer is larger than that of an optimal quantizer by a factor of O.5ln(3n2 ) for a

Gaussian input. A comparison with the exact error shows that this approximation

is an upper bound.

In a similar fashion it can be shown that for a unit variance Laplacian input the

quantization error is given by

(4.29)

This expression must be minimized with respect to a. We plot the difference in the

SNR between an optimal quantizer and a uniform quantizer for a Laplacian input

in figure 4.5.

We note that the performance of a uniform quantizer relative to an optimal

quantizer is worse in the case of a Laplacian input than in the case of a Gaussian

input. This is because the tail of a Laplacian distribution decreases more slowly

than that of a Gaussian distribution. Hence a is larger in the former case and the

width 0 of each of the bounded quantization regions is larger than that of a uniform

quantizer with the same number of levels for a Gaussian input.

4.2.3 Other Asymptotic Approximations

We now outline a method for calculating expectations of the form E{f(X, qx(X»},

where fO is some function of the input X and the output of an optimal quantizer.
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optimum

The approach used will be similar to that used in calculating the fine quantizer

approximation for the mean square error. However in order to calculate all the

terms of order 1/n2 , it is necessary to expand the density function as a Taylor series

and use the higher order terms as necessary.

We first calculate a better approximation for the representative points. By defi

nition we have,

(4.31)

(4.30)

J:'i+l xpx(x) dx
qi = j,'ri+1 () d .

ri PX X x

By expanding the density function px(x) in a Taylor series about the point ri and

assuming that px(ri) is not equal to zero we get,

_ J~i+l (x - ri)(px(ri) 1- (x - fi)p'x(ri) +...)dx
qi = ri + J~i+l (px(fi) + (x - T"i)P'x(T"i) +...)dx

- p'x(r;) c2 O(C4) .= ri+ (_)Ui+ Ui z=1, ... ,n-1.
12px r,
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For our purposes it is sufficient to calculate all terms up to order 03
• (Note that for

calculating the approximation for the mean square error in (4.13), the first term in

the above expression is sufficient).

We now return to the problem of calculating E{f(X, qx(X))}. Since fO is a

function only of the random variable X, the expectation can be be expressed as

follows:

(4.32)

(4.33)

We expand the function f(X,qi)pX(X), in the ith quantization interval, in a Taylor

series in x about the midpoint ri and denote the coefficient of the jth term of this

Taylor series by gj(ri, qi) to make explicit its dependence on ri and the representative

point qi:
00

f(X,qi)pX(X) = Lgj(ri,qi)(X - rd i , x E Si.
j=O

By substituting this Taylor series expansion into (4.32) and interchanging the order

of summation we obtain

(4.34)

The integrals in the above equation can be easily evaluated as follows:

j odd

(4.3.5)
j even.

By substituting the above results into (4.34), we obtain the expression given below:

(4.36)

We note that the representative point of a region qi and the length of a quantiza

tion interval Oi, are functions of the midpoint ri of the interval and the number of

quantization regions n (see equations (4.31) and (4.18)). Hence the term within the
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parenthesis in the above equation can be expressed as a function of only ri and n.

We call this function hj(ri,n):

ho(ron) = 1 . (1'01'0 PX(ri)(12kxO'~)2/3) ((12kxO'~)1/3)j
zv » 2i(J·+1) 9, '" + 12 2 5/3(_) 1/3(_)n Px r, npx Ti

The expectation E{f(X, qx(X))} can then be approximated as

n-1

E{f(X,qx(X))} ~ E E hj(ri,n)6;.
jeven i=O

(4.37)

(4.38)

Since the quantizer is fine, the summation over the index i can be approximated by

an integral and we obtain the following expression:

E{f(X, qx(X))} ~ E 100

hj(x, n) dx.
ieven -00

(4.39)

This formula expresses the required expectation as a function of the number of

quantization regions n. We note that the above formula is accurate only in the term

in 1/n 2 since the expression for OJ in (4.18) is obtained by minimizing only the term

in 1/n 2 of the quantization error (see appendix A for a further discussion regarding

this point). In the rest of this dissertation, we shall refer to the above sequence

of arguments to approximate an expectation of a function of the output of a fine

quantizer as the fine quantizer approximation.

We illustrate the above method by calculating the expectation E{X317x(X)}.

By definition we have

(4.40)

The function within the integral can be expanded quite easily in a Taylor series

about rio We evaluate the resulting integrals, substitute the approximation for the

representative point qi from (4.31) and arrange the terms in increasing powers of 6;.

We then obtain the following equation:

(4.41)
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By substituting the approximation for 8j from (4.18), the above equation can be

rewritten as follows:

n-l (- 2(12k 2 )2/3 1/3(- ))
E{X31]x(X)} ~ t; rj x::

2
Px ri 8j +O(8t).

This expression can then be approximated by an integral:

(4.42)

(4.43)

In the case when X is a zero-mean, Gaussian random variable with variance 01,

the integral can be easily evaluated and we get the approximation,

(4.44)

In figure 4.6 we plot the above asymptotic approximation and the exact value of

the expectation. We note that the approximation converges quite rapidly to the

exact value.
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We state similar approximations for two other expectations that we will need in

the next section (here X is a zero mean Gaussian random variable):

E{X277~(X)}

E{X477~(X)}

3 x 2.7oJ
~

n2

27 x 2.7ai
~

n2

(4.45)

(4.46)

4.3 Fine Quantizer Approximations For
Mismatched Quantizers

In this section we consider the problem when the quantizer is not optimized for the

input. We examine the case when the mean and the variance of the input differ from

the values for which the quantizer was designed. Thus, if the quantizer is designed

for a zero-mean random variable X with standard deviation ax, we consider the

case when the input to the quantizer is the random variable (1+€)X +€'. The mean

of this random variable is equal to £ and the standard deviation is (1 + €)O"x. We

will show that it is possible to to derive a Taylor series expansion in € and €' for

various expectations (like the mean and variance of the quantization error) and that

the coefficients of e and €' in this series expansion can be approximated by using

fine quantizer approximations.

We first calculate an approximation for the mean of the quantization error. By

defining the random variable Y as

Y = (1 +€)X + e',

we can express the expected value of the quantization error as follows:

E{77x((l + €)X + €'n = L: 77x(Y)PY(Y) dy.

(4.47)

(4.48)

The density function of Y can now be expanded in a Taylor series in the variables

43



e and € as shown below:

1 (y - €')
py(y) = 1+€PX 1+€

~ px(y) - €(px(y) +yp'x(y)) - e'p'x(y)
2

+ €2(pX(Y) +2yp'x(y)+ ~ PX(Y))
€,2

+ -PX(y) + €€'(2P'x(y) +YPX(y)) +... (4.49)
2

By substituting this expansion into (4.48), we obtain the following expression for

the mean of the quantization error:

2E { (X) (2XP'x(X) X
2PX(X))}

+ € TJx PX(X) + 2px(X)

+ «e {TJX(X) (2P'x(X) + XPX(X))};
PX(X) PX(X)

(4.50)

we have used the result that the mean of the quantization error of an optimal

quantizer is zero. The expectations in the above equation can be evaluated using

the fine quantizer approximation and thus an approximation for the mean of the

quantization error can be derived for any input if its density function is known.

We next consider the case when X is a zero-mean, Gaussian random variable

with variance 01. We note that in this case the density function is even and that

'Tlx(x) is an odd function of x. Further the following equations hold:

X
- O"} and Px(X) = (-1 + X

2)
~

px(X) O"} O"}'
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By substituting the above relations into (4.50) and using the fact that the expecta

tion of an odd function of X is zero, we simplify (4.50) to the following expression:

f' {(X3 3X) }E{17x«l + f)X + t:')} ~ -2E{X17X(X)} + ft:'E """"4 - -2 17X(X) . (4.52)
Ux Ux Ux

By using the fine quantizer approximations derived in (4.19) and (4.44), we obtain

the following approximation in the case when X is a zero-mean, Gaussian random

variable:

(
2.7 + 16f)

E{17x«l +€)X + €')} ~ t:' n2 • (4.53)

We note that the above expression is independent of the variance of X and linear

in €' with slope (2.7 + 16€)jn2
• In figure 4.7 we plot the approximation in (4.53)

for the case when e = 0 as a function of €' along with the exact curves which were

computed numerically. These curves have been plotted for a 4-level and an 8-1evel

quantizer. We note that the approximation is quite close to the exact curve for
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values of epsilon as large as 1. When e is not zero (see figure 4.8), the range over

which the linear approximation is accurate, decreases. For negative values of e, the

variance of the input becomes small and for fixed n, the fine quantizer assumption

that the density function is smooth in each quantization region breaks down. In the

other case, as e increases, the variance of the input increases and for a fixed n, the

assumption that the overload error is negligible breaks down. When e' is zero (i.e.,

the mean is matched), the mean of the quantization error is zero for all values of e.

This is obvious from the symmetry of the input.

In the general case when the input X is not Gaussian, expressions can be derived

for the expectations in (4.50). Since the algebra is involved, we do not state these

results here but we observe for future reference that the most significant term in n

for the expected value of the quantization error is of order 1/n2 and can be expressed

in the form k(e, e')/n 2 , where kO is some function of e and e'.
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Another quantity of interest is the correlation between the input and the quanti

zation error. This correlation will also be useful in analyzing different quantization

systems in the next chapter. An approximation for this correlation can be derived

in a manner similar to that used to approximate the mean of the quantization error.

If we define the random variable Y to be equal to (1 + €)X + i, then the Taylor

series expansion in € and €/ for this correlation is as follows:

E {Y7]x(Y)} ~ E{X7]x(X)} - €E {X7]X(X) (1 +X~~~~~) }

+ €,2E JX7]x(X) Px(X) }
l 2px(X)

+«s {X7]X(X) (2P~(X) + XPx(X))}.
px(X) px(X)

(4.54)

Fine quantizer approximations can be used to evaluate the expectations above.

When X is a zero-mean, Gaussian random variable, the above equation reduces

to the following expression:

{ ( )}
2.7 2 210"k ,2 11

E Y7]X Y ~ -2O"x + €-2- + € 2".
n n n

(4.55)

The correlation is linear in e and quadratic in e', Hence it is more sensitive to small

mismatches in the standard deviation than to a small mismatch in the mean.

We will need to evaluate correlations of the form E{X7]x(X + €'n later in this

dissertation. By using (4.53) and (4.55), we obtain the following relation when X
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is a zero mean Gaussian random variable:

{
r r ')} 2.7(7~ a 8

E X7]x(X + € ~ --2- + E "2'
n n

(4.56)

We plot this approximation and the exact curve in figure 4.9. \\ie see that the

approximation is valid for values of €' as large as 1, even when the number of

quantization regions is as small as 4.

Finally we consider the variance of the quantization error of a mismatched quan

tizer. It can be shown that this variance can be approximated as follows:

-es {7]2.(X)p~dX)}
.l; px(X)

48



'E{2.( '\r) (2PX(X ) XPX(X)})+€€ Til' ~'\. PX(X) + PX(X) . (4.57)

In the case when X is a zero-mean, Gaussian random variable, the expectations in

the above expression can be evaluated using fine quantizer approximations and we

obtain the approximation

2 2.7o} ( 2 n )E{Tlx((l + €)X + €')} ~ ---;2 1 + 2€+ 7€ + e fa} . (4.58)

From the above equation we see that the variance of the quantization error IS

quadratic in €' and hence any mismatch in the mean leads to its increase. On

the other hand for sufficiently small e, it is approximately linear in the mismatch

of the variance and hence the noise power decreases if the variance of the input

decreases which is to be expected, We plot these approximations in figures 4.10 and

4.11 and note that the approximations are quite reasonable even when the number

of quantization levels is as small as 4.

We next use the above approximation to examine the signal to noise ratio of a

mismatched quantizer. The variance of the input Y is equal to (1 + €)2 and using

the above approximation for the variance of the quantization noise, we obtain the

following expression for the SNR of a mismatched quantizer:

1Olog" C.7~n') + lOloglo (1+ t;;)')
+ 10log1o (1 - 10€2) . (4.59)

The first term in the right hand side of the above equation is the SNR of a matched
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quantizer (in dB). The second term is the error due to the mismatch in the mean

from which we see that it is the mismatch in the mean relative to the variance of the

input that determines the decrease in the SNR. The third term is the error due to

the mismatch in the variance. We note that any mismatch in the mean or variance

causes the signal to noise ratio to decrease. When the variance is matched, i.e.,

e = 0, we see that for e' = 0.50"x, the SNR decreases by 1 dB and for e' = o"x, the

SNR decreases by 3 dB. On the other hand when the mean is matched, i.e., e' = 0,

we see that for € = 0.1 (which corresponds to a 10 percent error in estimating the

standard deviation of the input or a 21 percent error in estimating the variance),

the SNR decreases by 0.46 dB while for e = 0.2 (which corresponds to a 20 percent

error in estimating the standard deviation or a 44 percent error in estimating the

variance), the SNR decreases by 2.2 dB.

4.4 Fine Quantizer Approximations For Two
Optimal Quantizers

We next consider the problem where two different random variables X and Y are

quantized by their optimal quantizers, qxO and qyO respectively. We shall use the

results derived here to analyze various quantization schemes in the next chapter.

We calculate the correlation between the input of the first quantizer, say X, and the

quantization error of the second quantizer, 77Y(Y). We also calculate the correlation

between the quantization errors of the two systems. The difficulty that arises when

• working with two different random variables is that although the marginal densities

of the random variables may be smooth (and thus the quantizers qx 0 and QY0 are

individually fine), the joint density of the two random variables may not be smooth.

Hence when the quantizers are viewed jointly as a two dimensional quantizer, the

fine quantizer assumptions may not be valid. Our approach is to express one of
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the random variables as a linear combination of the other and an uncorrelated

random variable. Then we assume that the joint density of these new uncorrelated

random variables is sufficiently smooth and hence fine quantizer approximations

can be used. Note that although two random variables are uncorrelated, their joint

density function need not be smooth as we assume''. Thus there are situations where

the results of this section will not hold.

4.4.1 An Approximation for E{7]x(X)Y}

In this section we calculate the correlation E{rJx(X)Y}. The simplest case in which

this correlation can be calculated is when the two random variables are indepen-

dent. Since the mean of the quantization error of an optimal quantizer is zero, the

correlation in this case is zero. In the general case when the random variables are

not independent, we assume that X and Y are zero-mean, unit-variance, random

variables. It is then always possible to ex-pressY as a sum of X and an uncorrelated

random variable U as follows:

where '')" is the correlation coefficient between X and Y, i.e.,

-: = E{XY}

and

E{XU} = o.

(4.60)

(4.61)

(4.62)

The correlation between Y and the quantization error in X can then be expressed

as follows:

E{'7x(X)l'} = -:E{'7x(X)X} + /1 - ;2E{'7x(X)U}. (4.63)

3Let X be a zero-mean, unit-variance Gaussian random variable and let Y equal X:? Then X
and Y are uncorrelated but their joint density is impulsive and definitely not smooth.



The first expectation on the right side of the above equation can be approximated

by using the fine quantizer approximation in (4.19). In order to evaluate the second

expectation we assume that since X and U are uncorrelated, the conditional density

of X given U is smooth. Hence it can be approximated by the first few terms of

its Taylor series ex-pansion in x about the point Ti within each of the bounded

quantization intervals Si. With this assumption, the expectation in the second term

can be evaluated as follows:

E{77X(X)U} ~ 100

upu(u) ~lri+l (x -f- _ P'x(f;)t51)
-00 i=O ri a 12px (fi)

(PX/U(f;/U) + (x - fi)PX/u(f;/U)) dx du, (4.64)

where we have used the approximation in (4.31) for the representative point qi. By

integrating with respect to x and applying the usual fine quantizer approximations,

the above ex-pression can be approximated as follows:

( k )2/3 { u e .(U/X) }E{1Jx(X)U} ~ 12 ~ E 23 Pup. - .
nx pj (X)pu/x(U/X)

(4.65)

vVe note that if X and U are independent, then the above term is equal to zero as

expected, By using (4.63), we can now obtain an approximation for the correlation

between the random variable Y and the quantization error of X when X and Y are

unit variance random variables:

k (l?k .)2/3 { ti « .(U/ X) }
E{7]x(X)Y} ~ i-{- + - -; E 2 3 P~/"'" - _ _ ,

nx nx pj (.."'<)Pu/x(u/-,-)

where U is defined in (4.60).

(4.66)

IT X and Y are not unit variance random variables but still have zero mean, then

by defining the unit variance random varia.bles R and S as

R = X/ux and S = Y/uy,
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we can express the the correlation between Y and the quantization error in X as

follows:

E{Y7]x(X)} =O"XO"yE{7]R(R)S}. (4.68)

The expectation on the right hand side of the above equation can be evaluated using

(4.66).

From the above results we see that if X and Y are jointly Gaussian, then

kx
E{Y7]x(Xn ~ O"XO"Y-2/.

nx
(4.69)

Hence the correlation between the random variable Y and the error in quantizing

X is linear in the correlation between X and Y. Finally we note that if Y = 7]z(Z),

i.e., Y equals the error in quantizing the random variable Z, then the expression in

(4.66) cannot be calculated unless the joint density of X and 7]z(Z) is known. Such

joint densities are hard to find in general and in this case we would like to find an

expression for the correlation between the quantization errors in terms of the joint

density of the inputs. We address this problem in the next section.

4.4.2 Approximations for E{17x(X)17Y(Y)}

In this section we calculate the correlation between the quantization errors 7]x(X)

and 7]y(Y). A bound on the magnitude of this correlation is obtained quite simply

by observing that

(4.70)

Using the fine quantizer approximation for the mean square error, we obtain the

following inequality:

(4.71)
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where nx and ny are the number of quantization levels in quantizers qxO and e-O

and kx and ky are the fine quantizer coefficients for X and Y respectively. Thus

when both quantizers have an equal number of quantization levels, the maximum

value that the correlation between the quantization errors can take is of the order

1/n2
•

The simplest case when the correlation can be calculated is when X and Y are

independent. Then,

(4.72)

and since the mean of the quantization error of an optimal quantizer is zero, the

quantization errors are uncorrelated.

We next consider the general case when X and Yare not independent. Our

approach is to consider two different cases; one is when the correlation between the

inputs is very small and the other is when the inputs are very highly correlated.

We use these asymptotes to approximate the correlation between the quantization

errors as a function of the correlation between the inputs. For convenience we shall

assume that the inputs have zero mean and unit variance and express Y as a linear

combination of X and an uncorrelated random variable as before (see (4.60)).

Weakly Correlated Inputs

We first examine the case when " the correlation between the random variables X

and Y, is small. By conditioning on X, the correlation between the quantization

errors can be expressed as follows:

where

E{1]x(X)7lY(Y)} = E {7]x(X)f(X)} ,

f(x) = E {1]Y (V1 _,2U +,x) /X = x}.
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We next make the assumption that the optimum quantizer for the random variables

U and Y are the same; i.e., quO ~ qyO. We note from (4.60) that this is true

when "'I equals zero and hence when the correlation between the inputs X and Y is

small, this is a reasonable assumption to make. With this approximation, f( x) is

the expected value of the quantization error of a mismatched quantizer. Vve assume

that the conditional density pu/x(ujx) is relatively smooth and that the number of

quantization regions ny is sufficiently large so that the fine quantizer approximations

can be used to evaluate this conditional expectation.

The conditional expectation can then be expressed as a function of "'I, X and

ny, where it follows from the discussion on mismatched quantizers that the most

significant term in ny is of the form k('Y, x) j n~. The exact form of k('Y, x) will

depend upon the conditional density function pu/x(ujx) but can be calculated from

(4.50). Thus we find that the correlation between the quantization errors of two

weakly correlated random variables is

1
E{7]x(X)7]y(Y)} ~ -2E{7]x(X)k('Y,X)}.

ny
(4.75)

This remaining expectation can be evaluated by again using the fine quantizer ap

proximations. In the case when X and Yare jointly Gaussian, the conditional

density pu/x(ujx) is Gaussian and does not depend upon X. The result of (4.53)

is thus directly applicable here and we obtain the following expression for k('Y, X):

(4.76)

By retaining only the terms in "'I, one can easily show that the correlation between

the quantization errors is approximately

(4.77)
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This expression is true when X and Y are unit variance, weakly correlated, Gaussian

random variables. When X and Yare not unit variance random variables, but are

still weakly correlated, the correlation between their quantization errors is

(4.78)

Thus in the case when qx0 and qy 0 are identical quantizers and the inputs are

jointly Gaussian and not highly correlated, the correlation between the quantization

errors is of the order of 1/n4
•

Strongly Correlated Inputs

We next investigate the case when X and Yare strongly correlated, i.e.,

(4.79)

where € is small. For convenience, we assume that X and Yare unit variance random

variables. We shall restrict ourselves to the case when the marginal density of X

and Yare identical; this implies that the optimal quantizers sx 0 and qy 0 are also

identical, i.e., qxO = qyO = q(). Although the quantizers are individually fine, the

random variables X and Yare now highly correlated and hence when qxO and qyO

are viewed jointly as a two dimensional quantizer, fine quantizer approximations are

no longer valid for the vector input (X, Y).

We begin by examining the expectation E {(,7]x(X) _7]y(y))2}. We note that

the correlation between the quantization errors can be expressed quite simply in

terms of this expectation:

E {7]y (Y)7]X (X)} = 2~ (,2E{7]i(X)} +E{1]~(Y)} - E {(,1]x(X) -1]y(y))2}) .

(4.80)
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It turns out that the algebra in evaluating this expectation is less involved than the

algebra in calculating the correlation between the quantization errors directly. We

first express Y as a linear combination of X and an uncorrelated random variable

U as in (4.60). We then have the relation

where

XPx,u(x, u) dudx, (4.81)

(4.82)
Tj -,x

I j = vI _,2'
In order to evaluate the integrals we note that when the number of quantization

levels is fixed and the correlation between the inputs is sufficiently large (i.e., €

is sufficiently small), most of the probability mass of the random variable U will

lie within the intervals (-8;/.J2f., 8;/ .J2f.). This assumption implies that if the

input X lies in the quantization region Si, then the input Y lies in either the same

quantization region or in one of the two adjacent quantization regions Si-1 or Si+1.

This is to be expected when X and Yare strongly correlated. Then for each i, we can

approximate the integral by integrating from -8;/.J2f. to 8;/.J2f. along the U-axis.

We next make the assumption that the number of quantization levels is large and

the marginal density of the inputs is sufficiently smooth so that it is approximately

constant within each of the quantization intervals. Hence the representative points

qi are approximately equal to the midpoints Ti of the regions", We also make the

assumption that the conditional density of X given U is sufficiently smooth, so that

it is also approximately constant in the intervals (Ti, Ti+t}. The integration can then

4We shall retain only terms of order lin in the final expression and hence this is a sufficient
approximation for the representative points and the more exact approximation of (4.31) is not
needed.
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be conveniently carried out by interchanging the order of integration and breaking

up the region of integration between into five disjoint parts as shown in figure 4.12.

By retaining only the terms in y'€ and €, we obtain the following approximation:

i: i:r l~jH (VI - i 2u - qj+iqi)
2

px,u(x, u) du dx ~
1=13=1 I IJ

i: ( )2 )+ Qi+l v'2€u - €ri - 8i px/u(ri/u)dx pu(u) du

where
Ti - V2€u

Q:i=
1-€

(4.83)

(4.84)

These integrals can be evaluated using the usual fine quantizer approximations

and we then obtain the following approximation (for details see appendix B):

E{('TJY(Y) _ i'TJX(X))2} ~ y'2(12kx )1/3 E { lUI } .,j€
n p~3(X)

_(2 + (12kx )1/3 E {xsgn(u)}) e
n p~3(X)

(
2v'2(12kX )1/3E { lUI }) I:+ 1/3 €y €. (4.85)

n Px (X)
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Figure 4.12: Regions of Integration, E{1Jx(X)7JY(Y)}.
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By substituting this result in (4.80), we can obtain an approximation for the corre

lation between the quantization errors of two highly correlated, unit variance inputs

with identical marginal distributions, when quantized by identical quantizers.

In the case when X and Y are jointly Gaussian, the random variable U is also

Gaussian and independent of X. The expectations in the above equation can be

evaluated and by using (4.80) we obtain the following approximation for the corre-

lation between the quantization errors of two highly correlated, Gaussian random

variables:

E{1]x(X)1]Y(Y)} ~ (2.7 _~ ~+(1 _ ')') _ ~(1 - ')')3/2) O'XO'y.n2 n Vi -7 n (4.86)

We note that the above approximation is a Taylor series expansion in y'I'"4 about

the point zero. By choosing a sufficient number of terms of the expansion, we can

obtain good approximations for the correlation between the quantization errors of

highly correlated random variables.

In figures 4.13, 4.14, 4.15 and 4.16 we plot the the above approximation and

the exact correlation between the quantization errors as a function of the correlation

between the input random variables for different quantizers. We see from the graphs

that this approximation is a reasonably good estimate of the exact curve for large

')'. The asymptote at ')' = 0 is also a good approximate of the exact quantization

error. As ')' decreases from its maximum value of one, the correlation between

the quantization errors decreases very rapidly and is almost equal to zero. If we

approximate the correlation between the quantization errors for large values of ')' by

the first two terms of the Taylor expansion in (4.86), then we see that the correlation

is equal to zero when to ~ 0.81/n2
, Thus a reasonable approximation is that the

quantization errors are uncorrelated when the correlation coefficient between the

61



0.17 .--------r---~-____,,...._----__r_----____,_----_.

0.8

1
--*" -exact 1__asymptote

0.60.40.2

!
:
!
i
!-------r--·--·----·r-·---·-r-·-----·-r-·------

. t u •••••••••••J J 1 .

I I I I :J..................................1"" ···..··r..···..·············..···········T···..·····..··..·..···..··········r···················..····..·/..

: :: ~I

l:' l : - _ ....
-------~---*---t-- I

o

0.085

0.1275

0.0425

......

Figure 4.13: E{1Jx(X)1JY(Y)} VB. 'Y, n = 4.

0.17 .------r----,----.---,..------r---r---.----,,..-----"T--...,

--exact

0.99

..............................~ .

I
0.980.97

---1
0.96

_ _first two terms of (4.88) !
- - -first three terms of (4.88)-·------r--·-----r--- ;;;;r-

-·------4----------1---~--~-+----::::4-----
_- -1- -,- ~,/ I

: : ~ i.................................t ~ :
l ~

o =-_........__-L.._---'__-'-__-'--_-.1__-'-__.L..-_-L__...J

O~5 1

0.085

0.0425

0.1275

......-

Figure 4.14: E{1Jx(X)1JY(Y)} VB. 'Y, 0.95 < 'Y < 1, n = 4.

62



10.8

--asymptote

- - -exact

0.60.40.2

~
••••••••••••u ~•••••••••••••••••••• • • • • • • • • • • • • • • • • .:. : .

! ~ i
: : :

~~~~-=~~t=~~~::t~=--_-.:=:t~~~.~: ..t.:=:::_-:
..................................1.. 1.. .1.. .1 .

..................................1. ..1. .1. ..1. .

I I I I J................................../""" ··············r·································T·..··· · · · · ·· · · · · · · · · · · · · · · · · · ·· · ··r··· · · · · · · · · · · · · · · · · · ·~··Ji

·································T···································r·································T···· :::= ==t ::: =- .
: : - ---

0.04

0.035

tr 0.03

bl<.... 0.025--8
>. 0.02!="

s
l< 0.015!="

iir
0.01

0.005

0
0

Figure 4.15: E{7]x(X)1]y(Y)} VS. "I, n = 8.

0.9960.9920.988

--exact

0.984

..................................: -:- .
! i~ ! - -first two tenns of (4.88)

~-~_-._-._---=I-"=:~~:--=-.F:-.~·~~-l:~~:_:;:~~2.

=::~:-·~:~I·~=:;=~l~==::F"~~;~--~:_-.~·::
.:.:.:.:; ~. ·····~························ ..···········t········..·······················~·············· ..···..···..········T .

i i ,~ i
····························..····1····..··············· -r / ~ ························r····························· .

1 ".( 1 i
OL..--'----''--....L.---'-_.J-----L._L:::......l...---'_....L.----L_..L----L._L...-..L..---''-....L.----L_..1---J

0.98

0.04

0.035

b>' 0.03

bl<.... 0.025--8
>. 0.02!="

s
l< 0.Q15!="

iir
0.01

0.005

'Y x,y

Figure 4.16: E{1]x(X)1]y(Y)} vs. "'I, 0.98 < "I < 1, n = 8.

63



inputs is less than 1 - O.81/n2
• On the basis of these results, we next examine the

effect of adding a dither signal to the input.

4.5 Dithering

In certain applications, as in the quantization of speech signals, the quality of the

quantized signal depends not only on the mean square error but also on the shape

of the power spectral density of the quantization error process. It is believed that

it is desirable for the quantization error to have a flat power spectral density, i.e.

the quantization errors at different time instances should be uncorrelated (see [9]).

If the input is a sequence of independent random variables, then it is obvious that

the quantization errors at two different time instances are also independent and the

power spectral density will be white. When the inputs are correlated, a sequence of

independent, identically distributed random variables, known as the dither signal, is

first added to the input and the resulting process is quantized. The dither signal is

also independent of the input signal. It is obvious that there will be a degradation

in the mean square error but one gains a flatter power spectral density for the

quantization error. In this section we investigate the effect of adding a particular

dither signal to a sequence of correlated Gaussian random variables.

Let the input {Xi} be a sequence of unit variance, correlated, Gaussian random

variables and let {Ni } be a sequence of independent, identically distributed, unit

variance, Gaussian random variables which is also independent of the input sequence

{Xi}' The input sequence is scaled by (1 - e) and the sequence {Ni} by v'2€ - /;2.

This scaling ensures that the input to the quantizer has unit variance. The two are

added to form a unit variance signal which is the input to the quantizer:

(4.87)
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Figure 4.17: A Dithered Quantization System.

We first calculate the mean square error for a dithered quantization system. We

note that the random variable Uj is Gaussian and hence the optimal quantizer for

X j and Uj are the same. The mean square error can then be expressed as follows:

E{(Xj - Xj )2} = E{'1]~(Uj)} +2€+2€E {Xj nx ((1- €)Xj +V2€ - €2Nj)}

- 2V2€ - €2E {Nj '1]x ((1- €)Xj + V2€ - €2Nj)}. (4.88)

The expectations in the above equations can be approximated for small dither by

first conditioning on Nj and then using the mismatched quantizer approximations

in (4.53) and (4.55). Note that X j and N j are independent as required. We then

obtain the approximation

{

A 2} 2.7 ( 2.7)E (X· - X·) ~ - + 2€ 1 - - .
J J n2 n 2 (4.89)

The results of the previous section show that the correlation between the quan-

tization errors of two Gaussian random variables is approximately equal to zero, if

the correlation coefficient between the inputs is less than 1 - O.8/n2 (we assume

that the first two terms of (4.86) are a sufficiently good approximation in this case).
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Thus if we ensure for any input signal that the correlation coefficient between Uj

and Uj+k is less than 1 - 0.8/n2 for all k f. 0, then the quantization errors will

be approximately uncorrelated. The correlation between Uj and Uj +k is equal to

(1 - €)2E{XjXj+d and we obtain the following condition that must be satisfied if

the quantization errors are to be uncorrelated:

( 0.4) 1
€~1- 1-- -

n2 ~'
(4.90)

where

{ }
0.8

'Y = maxE XjXj+k ~ 1 - -2.
k~O n

(4.91)

With this value of e, the quantization error equals

A 2 ( 1) 1(6.1 )E{(X·-X·) }~2 1-- +- --2.7 .
3 3 ~ n 2 Vf (4.92)
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In the worst case when the inputs are constant, i.e., Xj = Xj+k for all j and

k and I = 1, the quantization error is about 1 dB larger than that of a PCM

system without dither. In figure 4.18, we plot the difference in the signal to noise

ratios of a dithered system and an undithered PCM system as a function of I for

different quantizers. It is obvious that as the number of quantization levels increases,

the degradation in the signal to noise ratio due to the addition of a dither signal

decreases. In certain applications this degradation incurred due to the decrease in

the signal to noise ratio is more than offset by the improvement in the spectrum of

the error process.
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Chapter 5

Analysis Of Some Digital
Transmission Systems

In this chapter we investigate different methods of transmitting a first order, Gauss

Markov process over a noiseless, digital channel. We are mainly interested in the

minimum smoothed error that can be achieved by a particular scheme for a given

transmission rate. In order to minimize the smoothed error with the constraint

that the transmission rate is fixed, we are led to investigate the trade off between

the number of quantization levels and the sampling period. Depending upon the

type of reconstruction filter used, the smoothed error can be expressed in terms

of the variance and other statistics of the quantization error. For the schemes

under consideration, it is possible to derive difference equations for these statistics

but the equations are nonlinear and exact solutions are difficult to obtain. We

use the fine quantizer approximations developed in the previous chapter to obtain

approximate solutions instead. In the design of the quantizer itself, the criterion

that one usually tries to minimize is the variance (average power) of the quantization

error. This is equivalent to minimizing the area under the power spectral density of

the quantization error. In certain applications like speech, the shape of the power

spectral density of the quantization error also plays an important role in determining

the quality of the reproduced output (see [9]). Often a flat power spectral density

is preferred because the energy is then distributed over a wide range of frequencies.

We shall also investigate this aspect of different quantization schemes.
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5.1 PCM

In PCM systems the quantization scheme used is a scalar, memoryless quantizer

and each sample is quantized into one of n levels. In this section we study the

performance of optimal and uniform quantizers.

5.1.1 Optimum Quantizers

The quantization error of an optimum quantizer can be approximated with the fine

quantizer approximation given in (4.13). Using (3.19), the smoothed error of this

system for a unit variance, Gaussian input can be approximated as follows:

2.7esm ~ a-2 + /3T.
n

(5.1)

Given the constraint that the transmission rate is r bits/second, we are interested

in designing the system to minimize the mean square error, i.e., we wish to find the

optimum sampling rate To and the optimum number of quantization levels no. But

the number of quantization levels is equal to 2r T and by substituting this expres

sion for n into the above expression, we obtain the following equation relating the

smoothed error to the transmission rate and the sampling period:

2.7esm ~ a-2- + f3T.2 rT
(5.2)

We can now minimize the smoothed error with respect to the sampling period T

to obtain an expression for the optimum sampling period To:

In(r) In(3.7a//3) d
To ~ -- + secon s.

1.4r 1.4r

The optimum number of quantization levels no, is then given by

J3.7arno ~ -f3-
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Thus as the transmission rate increases, the number of quantization levels increases,

which implies that the complexity of the quantizer increases. Also, as r tends to

infinity, we have the result

(5.5)

This implies that the sampling period decreases at a rate faster than that at which

the number of quantization levels increases. The minimum smoothed error that can

be achieved for a transmission rate of r bits/second is given by

c ,8 In r ~ (,8 (3.78 +3.7ln (3.70:/,8)))
1,,8rn + .

l.4r r 5.18
(5.6)

For large rates the first term dominates and thus the smoothed error decreases

asymptotically as O(log(r)/r). This term arises due to the reconstruction filter.

Hence in the case of peM, it pays to improve the performance of the reconstruction

filter.

We next examine the autocorrelation function of the quantization error to deter-

mine if the power spectral density of the quantization error is constant. It follows

from the results in section 4.4.2 (see equations 4.78 and 4.86) that the correlation

between the quantization errors at two different time instances can be approximated

as follows:

if p> 1 _ 0.81
n 2

(5.7)
otherwise.

Here p is the correlation between Xj and Xj+l and is equal to e-11rl• For large

transmission rates, the number of quantization levels is large and hence we can

approximate the term of order 1/n4 by zero. The above equation can then be

rewritten to obtain a condition when the the correlation between quantization errors
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at two different time instances is negligible:

if
0.283

ill> Qln(3.7~Q/P) (5.8)

By substituting the values of Q and Pfor different reconstruction filters, we see that

for small vaules of r, two adjacent quantization errors are approximately uncorel-

lated.

\Ve now calculate the smoothed error for different reconstruction filters. For a

memoryless reconstruction filter, Q is equal to 1 andzi is equal to 0.5 (see equation

3.6). Hence the optimum number of number of quantization levels, the optimum

sampling rate and the smoothed error can be approximated as follows:

:::::: ~ (5.9)no t .or,

In 7.5r
(5.10)To "-"-

l.-!r
1.1 Inr

(5.11)c ""' -+-.,>sm ""' r 2.8r

It can also be seen that for these values of Q and ;3, the quantization errors are

approximately uncorrelated since the condition in (5.8) is satisfied even for 1= 1

for rates as low as 5 bits/second. Thus the power spectral density of the quantiza-

tion error is approximately white. This is a desirable property and it implies that

dithering is not necessary in this case.

If a reconstruction filter with a unit delay memory is used, we would expect the

optimum sampling rate to be less than or equal to the optimum sampling rate for

the memoryless reconstruction filter (for after all we now have a better reconstruc-

tion filter). The correlation between the quantization errors at two adjacent time

instances will then be negligible. It then follows from (3.11) that Q is equal to 2/3

and (3 is equal to 1/3. The optimum number of quantization levels, the optimum
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sampling period and the smoothed error for this system are given by

no ~ V7.5r, (5.12)

To ~

In(7.5r)
(5.13)

1.4r
,

~sm
0.72 In(r)

1,= , 4 \
~ -+--. \ ~,"'7: I

r 4.2r

Note that the number of quantization levels and the sampling rate are the same as

in the case of the memoryless reconstruction filter. The smoothed error though is

smaller and for large rates the improvement in the SNR is approximately 1.8 dB.

When a low pass filter is used as a reconstruction filter, the optimum number of

quantization levels, the optimum sampling period and the smoothed error equal

no ~ V18.7r, (5.15)

To ~

In(18.7r)
(5.16)

1.4r

~sm
...... 0.56 In(r)

(5.17)...... -+--.
r 6.9r

For the same transmission rate, the optimum number of quantization levels is about.

1.6 times larger than that of the other reconstruction filters which implies a more

complex quantizer. For large rates, the SNR is about 2.2 dB larger than that of a

PCM system with a reconstruction filter with a unit delay memory and about 3.9 dB

larger than the smoothed error of a PCM system with a memoryless reconstruction

filter.

By comparing the smoothed errors we can see that in terms of the smoothed error

and the power spectral density of the quantization error, a low pass reconstruction

filter is the best, followed by the reconstruction filter with a unit delay and the

smoothed error is largest for the memoryless reconstruction filter. Not surprisingly,

to obtain better performance, a more complex system is needed. Not only does

the complexity of the reconstruction filter increase, but the quantizer becomes more
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complex since, for a given transmission rate, the number of quantization levels is

larger. But for large rates, the smoothed error in all three cases is of the same

order of magnitude, namely O(log(r}/r). Also, the power spectral density of the

quantization error for all three systems is approximately white. A final point to

note is that the sampling period decreases at a rate faster than that at which the

number of quantization levels increases.

'Ve next compare these results with the distortion-rate bound. 'Ve note that the

power spectral density of this first order Markov, Gaussian random process equals

2/(1 + (2.. f)2). It can then be shown that for large rates the minimum possible

distortion achievable can be approximated by (see [2], problem 4.23)

0.58
c;.sm.minimuna ~ --.

r
(5.18)

Thus for large rates we see that there is a big gap between the performance of a

PCM scheme and the rate distortion bound. For example, at r = 1000 bits/second.

the PCM scheme with prefiltering and a lowpass reconstruction filter is 4.3 dB away

from the distortion-rate bound while atr = 10,000 bits/second, it is 5.1 dB away.

As the transmission rate tends to infinity, the difference between the distortion rate

bound and the smoothed error of a PC:M system also becomes infinitely large.

5.1.2 Uniform Quantizers

In this section we analyze the performance of a uniform quantizer in a PCM system.

W'efirst note that for the same number of quantization levels, the quantization error

of a uniform quantizer is greater that that of an optimum quantizer. Hence for a

given transmission rate. we will expect the optimum number of quantization levels

for a uniform quantizer to be larger than that for an optimum quantizer with the

same reconstruction filter. Since the quantization errors at different time instances
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are almost uncorrelated for an optimal quantizer, we will expect the same to be true

for uniform quantizers. Thus the smoothed error can be approximated as follows

(see equation (4.28)):
4ln(3n2 )

~$m ~ 3n2 + {Jr,

where {J depends upon the type of reconstruction filter being used.

(5.19)

For a given transmission rate, this expression can be minimized with respect to

the sampling period r as in the previous section. In this case we end up with a

transcendental equation which can only be solved numerically. Instead we can find

an upper bound to the performance by assuming that the optimal sampling period

in this case is approximately equal to the optimal sampling period for a PCM system

with an optimal quantizer. The smoothed error is then approximately equal to

,.... 1.2f3ln( r 1.8)
~.s,n ,...,.,.", •

r
(5.20)

Comparing this approximation with that for the smoothed error of an optimal quan-

tizer (5.6), we see that for the same reconstruction filter we lose at most 2.3 dB in

the smoothed error by using a uniform quantizer instead of an optimal one.

5.2 A Modified PCM Scheme

In this section we consider a modified PCM quantization scheme in which we add a

unit delay memory in the receiver. The output of the receiver is thus a function of

the current and the previous output of the transmitter: hence the receiver is a sliding

block machine of length two. The transmitter itself is a memoryless device. In spite

of the apparent simplicity of this system, we have been unable to find any method

of optimizing the transmitter-receiver pair. This is unlike the case of memoryless

quantizers where the Lloyd-Max conditions give us an iterative algorithm by which

locally optimal quantizers can be found (see (10)).

74



To get around this problem, we assume that the optimal transmitter in this case is

similar to the transmitter of a memoryless quantizer. Hence the quantization regions

are disjoint segments as shown in figure 4.1. We believe that such a transmitter will

also be optimal in this case. Once the transmitter is fixed, the optimal representative

points (i.e., the receiver) can be calculated. The quantization error of such systems

is smaller than that of memoryless systems (see [3] for an analysis of such a system

with a binary quantizer). In this section we investigate if with this addition of

memory in the receiver, the asymptotic smoothed error is better than that of PCM

systems for large transmission rates.

The quantization error of this modified PCM scheme is given by the expectation

(5.21)

For convenience we shall denote the event that XI: lies in the quantization region S,

and X k - 1 lies in the quantization region Sj, as Ri,j. Given the event Ri,j, the output

of the receiver is denoted by qi,j. The quantization error can then be expressed as

follows:
n-1 n-1

~q = L L E {(XI: - qi,i)2/Ri,i} Pr{R;,j}
i=O i=O

(5.22)

By adding and subtracting the midpoint of the ith quantization interval, the above

expression can be expressed as follows:

n-1

~q = L E {(XI: - fi)2} Pr{Xk E Si}
i=O

n-1 n-1

+L L Pr{Ri,j} (fi - qi,i - E {XI: - f;jR;,j} )2
i=O i=O
n-1 n-l

- L L Pl'{T<-;,j}(E {XI: - f;jRi,il)2
i=O i=O

(5.23)

We note that only the second term on the right hand side of the above equation is

a function of qi,j and that this term is nonnegative. Hence in order to minimize the
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quantization error, the representative points should be chosen as follows:

q. . - 1'· - E{Xk - r-·j-n· .}a" - a a /'\-a" • (5.24)

We also note that the first term in the right hand side of (5.23) is the quantization

error of a PCM system.

The quantization error of the modified PCM system can then be expressed as

follows:

(5.25)

The summation on the right hand side is the gain that we obtain over a PCM

system by adding a unit delay memory in the receiver. Each term in the summation

is positive and thus the quantization error of this system is indeed smaller than that

of PCM.

To evaluate this gain we expand the joint density function PX/"Xk_1 (x, y) in a

Taylor series in x and y about the point (1'i,1'j). For ease of notation, we drop the

subscripts and denote PX/c,Xk_l(X,y) by p(x,y). With some algebra we obtain the

following expression for the quantization error:

2 X(- -) xyy ( - - )C4C2 (x(- - ))2 XX(- - )C6P ri,rj P r;,rj ViVj P ri,rj P ri,rj Vi
+ 3456p(1'i,1'j) - 3456(p(1'i,1'j))2

(5.26)

This expression can be simplified with the usual fine quantizer approximations. We

have been unable to solve the problem for an optimal quantizer (see appendix A for

a discussion of the difficulties involved). Instead we assume that the quantization
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regions are all of the same length 8 (as in a uniform quantizer) and lie in the interval

from -a(n)/2 to a(n)/2. Note that a is a function of the number of quantization

levels and it must be chosen to minimize the quantization error. The above equation

can then be simplified and the quantization error can be approximated as

(5.27)

The expectations can be evaluated and by expanding the resulting expression in a

Taylor series in T, we obtain the following approximation:

(5.28)

For a given transmission rate of r bits/second, the optimum number of quantiza-

tion levels no, the optimum sampling period To and the optimum a(n) can be found

so as to minimize the smoothed error. We perform this optimization numerically

and find that the gain in the smoothed error is marginal. The smoothed error for a

system with a low pass reconstruction filter is smaller than that of a PCM system

with a memoryless, uniform quantizer by 0.02 dB at a transmission rate of 1000

bits/seconds and by 0.06 dB at 10,000 bits/second. We believe that a similar result

will hold even if an optimum transmitter were designed.

From the above results, we conjecture that adding a unit delay memory in the

quantizer does not significantly improve the asymptotic smoothed error. Further,

since the input to the quantizer is a first order Markov process, it seems unlikely

that using more samples will improve the quantization error significantly. Thus
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we conjecture that the addition of any amount of memory in the receiver end of a

memoryless quantizer will not significantly improve the performance of the system.

5.3 DPCM

DPCM is a recursive quantization scheme that takes into account the correlation

between input samples. The transmitter uses the outputs of the receiver to predict

the next input (note that the receiver output can be duplicated at the transmitter

since we assume the channel to be noiseless). The difference between the input and

its predicted value (this signal is called the error signal) is quantized and transmitted.

The receiver adds the output of the transmitter to the predicted value of the input

to construct its output. For a given transmission rate, the main problem then is

to find the optimal sampling rate, the quantizer and the prediction filter. We shall

examine DPCM systems which use simple linear prediction schemes where only the

previous output of the receiver is used to estimate the current input.

5.3.1 Optimized DPCM Systems

Figure 5.1 shows a DPCM scheme in which the estimate of the current input is

calculated by multiplying the previous output of the receiver with the correlation

between two successive input samples. We shall assume that the quantizer is op

timized for its input Nj (this is the reason that we call the system an optimized

DPCM system). The error signal Nj is a function of the current input and the past

output of the quantizer and hence its statistics depend upon the quantizer. At the

same time, the design of the quantizer also depends upon the statistics of its input.

Due to this circular dependency, it is difficult, if not impossible, to optimize the

quantizer for its input, but we shall proceed with this assumption.
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Figure 5.1: A DPCM System.

We first note that the sampled process {Xj} can be modeled as the output of a

linear, time-invariant system driven by a sequence of independent, zero-mean, unit-

variance, normal random variables {Nj } (known as the innovations process). The

following equation describes this system:

(5.29)

Here p is the correlation between two successive input samples, i.e.,

(5.30)

By cascading this system with the DPCM system, we can view the innovations pro

cess as the input. The innovations are independent and this simplifies the analysis.

The DPCM scheme is described by the following set of equations:

Xj+! = qilNj+1) + pXj j ? 0, (5.31)

NjH = X j+1 - pXj j ? 0, (5.32)

Xo = O. (5.33)
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The last equation describes the initial condition of the system. We note that the

transmitter and the receiver have the same initial state and since we assume the

channel to be noiseless, the state of the transmitter and receiver are equal for all j.

We next derive some important properties of this system. By adding (5.31) and

(5.32), we obtain the relation

(5.34)

This is the well known result (see [9]) that the difference between the input Xj+l

and the output of the receiver Xj +1 is equal to the error in quantizing the error

signal Nj H . Another important relation can be derived from (5.29) and (5.31):

(5.35)

This is a nonlinear, first order difference equation in the variable IVj • An impor

tant result that follows from it is that IVj is independent of the random variables

Nj+l' 1 ~ 1.

Variance of The Quantization Error

The quantization error can be estimated using the above equations. By squaring

(5.35) and taking expectations, we obtain the following expression for the variance

of the error signal:

(5.36)

As j tends to infinity, we assume that the system reaches a steady state. We denote

this steady state variance by O"R' An approximation for the variance can then be

obtained from the above equation by substituting the fine quantizer approximation

of (4.13):

(5.37)
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We can solve this equation for the variance of ilj • By keeping terms only of the

order of 1/n2 , we obtain the approximation

(5.38)

The variance of the error in quantizing ilj can then be approximated as shown

below:

(5.39)

In order to determine kiI we need to know the distribution of ilj • This distribution

is not known and instead we make the approximation that Nj is approximately

Gaussian which is reasonable especially if the error in quantizing ilj is small (see

equation 5.35). Then kN is approximately equal to 2.7 and the variance of the

difference between X j and k, (which by (5.34) equals the error in quantizing ilj )

can be approximated as

(5.40)

An important point to be noted from this equation is that the quantization error is

a function of the sampling rate and the number of quantization levels. Hence the

quantization error can be made small by either increasing the number of quantization

levels or by increasing the sampling rate.

Autocorrelation Function of the Quantization Error

We next calculate the autocorrelation function of the quantization error. An ap

proximation can be obtained by assuming that ilj and Nj+/ are jointly Gaussian

and using the results of section 4.4.2 (note that this assumption is stronger than

assuming that the variables are only marginally Gaussian). We need to first derive

an expression for the correlation between the inputs Nj and Nj+/ (for convenience
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we assume that 1 is positive). By substituting for Nj+1 from (5.35) we obtain the

relation

(5.41)

(5.42)

(5.43)

(5.44)

As noted earlier, Nj is independent of Nj+l for 1 > 0 and hence their correlation

equals zero. The correlation between Nj and TJf/Nj +I- 1) can be approximated using

the result in (4.69). We then obtain the approximation

_ _ pkN --
E{NjNj+/} ~ -2E{NjNj+l-d

n

This is a linear, first order difference equation whose initial condition is given by

(5.38). By solving this equation, we obtain the result that the correlation between

Nj and Nj+1can be approximated as follows for all I:

_ _ (PkN) III 2

E{NjNj+d ~ --;2 U it

Hence it follows that the correlation coefficient between Nj and Nj+1 is given by

(
Pk-) IIINi- - ,..., --

Nj,Nj+l ,..., n 2

Since kN is approximately equal to 2.7, the correlation coefficient between the vari

ables Nj and Nj+1 is smaller than 1 when 1is not equal to O.

We can now apply the results in section 4.4.2 (see equation 4.78), to calculate

the correlation between the quantization error at two different time instances:

(5.45)

Here 'l/J(1) is the Kronecker delta function which is defined as follows:

1/>(1) = {
1 1= 0

o otherwise.
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From the above equations we see that the autocorrelation function is the sum of

two terms. The first term is a Kronecker delta function whose magnitude is of

the order of 1/n2 and the second term is an exponentially decreasing series. From

this approximation we see that the autocorrelation function decreases rapidly as I

increases. For example, when n = 5, the correlation between adjacent quantization

errors is about 19 dB smaller than the variance of the quantization error. Hence the

power spectral density of the quantization error process is quite flat.

An alternate expression can be derived for the correlation between the quantiza

tion errors with one further assumption; namely, N j and Nj +1 are jointly Gaussian

for all I, By using (5.35) we can obtain the following expression for the correlation

between the errors in quantizing Nj and Nj +1:

E{TJN(Nj)TJN(Nj+l)} = :2 (E{Nj+lNi+l+d - pE{ ~Nj+lTJN(Nj+l)}) .

(5.47)

The first expectation on the right hand side has already been evaluated. We next

calculate the correlation between the innovation at time j + 1 and the error in

quantizing the error signal at time j + I where I is positive.

We make the assumption that that Nj+1 and Nj+l are jointly Gaussian. We then

obtain the following approximation using (4.69):

(5.48)

By substituting for Nj+1 from (5.35) and noting that Nj+l and Nj+/ are independent

when I > 1, we obtain the difference equation

The initial condition for the above difference equation can be obtained by evaluating
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the correlation between vr=fliNj+1 and 'TJil(ilj+l) in a similar manner:

(5.50)

By solving the above equation we obtain the result

1;::: 1. (5.51)

We can now calculate the autocorrelation function of the error process. Substi-

(5.52)1= ... ,-1,0,1, ....

tuting the results from (5.43) and (5.51) into (5.47), we obtain the expression

_ N (1 - p
2 )kil (Pkil ) III

E{"'il(Nj)'TJiI(Nj+l)} ~ n2 --;2'

This result states that the autocorrelation function decreases exponentially with

1. Even for small n, the correlation between two adjacent quantization errors is

small. For example, when n = 5, the correlation between two adjacent quantization

errors is approximately 9.7 dB smaller than the variance of the quantization error.

Further, the power spectral density can be made flatter by increasing the number

of quantization levels and decreasing the sampling rate but, only at the expense of

increasing the quantization error. At a transmission rate of 1000 bits per second,

by doubling the number of quantization levels from 5 to 10, the smoothed error of a

DPCM system with a unit delay reconstruction filter increases by about 0.5 dB and

the correlation between two adjacent quantization errors decreases by about 6 dB.

The first approximation (5.45) predicts the power spectral density to be flatter

than the approximation in (5.52). But in either case the power spectral density

of the quantization error process is almost white. We have been unable to resolve

the question as to which of the two solutions is a better approximation to the

autocorrelation function of the quantization error. An analysis of a similar system

in the next section using different methods leads us to believe that the result in
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(5.52) is more accurate. The difference in the two solutions also leads us to question

the validity of the assumption that Ni and Ni+[ are jointly Gaussian.

Variance of the Output

Other statistics like the variance of the output can also be estimated. From (5.31)

we obtain the relation

(5.53)

(5.54)

By assuming steady state and by making the approximation that Xi and Nj H are

jointly Gaussian and by using the fine quantizer approximations in (4.20) and (4.69),

one finds that the above equation can be simplified as follows:

(1 - p')E{XJ+!) '" (1 - :~) E{ NJ+tl +2p (1 - :~) E{XjN;>tl·

In order to calculate the correlation on the right hand side of the above equation,

we use (5.31) and (5.35) to obtain the nonlinear equation below:

(5.55)

(5.56)

We note that Ni+l is independent of Ni and Xj-1 and that the output of an optimum

quantizer is uncorrelated with the quantization error. By using the fine quantizer

approximation in (4.69), the above equation then simplies to

p2k -. - N·-
E{XjNj+d ~ -2-E {X j- 1Nj } .

n

By assuming steady state, we then obtain the result that the output x, and Nj H are

uncorrelated. By substituting this result into (5.54) and using the approximation

for the variance of Ni from (5.38), we obtain an approximation for the variance of

the output:

(5.57)
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This result implies that the variance of the estimate is smaller that that of the

input x;

Optimization of the Smoothed Error

We next calculate the optimum number of quantization levels and the optimum

sampling period to minimize the smoothed error. For large sampling rates, the

correlation between adjacent samples is approximately equal to 1 - T. It then

follows that the smoothed error can be approximated by the equation below (see

equation 3.19):
5.4T

~8m ~a-2- + {3T.
n

(5.58)

We now find the optimum number of quantization levels and the optimum sampling

period in order to minimize the smoothed error. For a transmission rate of r bits

per second and a sampling period of T, the number of quantization levels equals

2n r T
• By minimizing the smoothed error with respect to T, it is easy to show that

the following condition must be satisfied by the optimum sampling interval To:

(322 r To
- a10.8(1n 2)rTo In(2) - a5.4 = o. (5.59)

We rewrite the above equation in terms of the optimum number of quantization

levels:

(3n~ - al0.8(1n2) In(no ) +a5.4 = O. (5.60)

This equation is independent of the transmission rate r and hence the optimum

number of quantization levels must be independent of the transmission rate.

For a memoryless reconstruction filter, a = 1 and {3 = 0.5. The closest integer

solution to (5.60) is then equal to 5. By substituting these values in (5.58), we find

that the optimum number of quantization levels, the optimum sampling period and
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the smoothed error equal

no ~ 5, (5.61)

2.3
(5.62)To ~

r

esrn
1.6

(5.63)~

r

Thus for large rates, a relatively coarse quantizer is sufficient but the sampling rate

is high which makes the input samples highly correlated. For large rates we now

have an improvement over PCM since the smoothed error is now of the order of l/r.

Thus the smoothed error decreases at the same rate as the distortion-rate function

(see (5.18)) and for large rates the SNR of this scheme is 4.4 dB smaller than the

distortion-rate bound.

We next calculate the smoothed error for the reconstruction filter with a unit

delay memory. For this reconstruction filter, f3 is equal to 1/3. Since the quantiza

tion errors are approximately uncorrelated, a equals 2/3. The optimum number of

quantization levels, the optimum sampling period and the smoothed error equal

no f"V 5, (5.64)f"V

2.3
(5.65)To ~

r

earn
1

(5.66)~

r

The quantizer and the sampling rate are the same as that for a memoryless recon-

struction filter but the the SNR is larger by 2 dB. When compared to the distortion

rate bound, the SNR of this scheme is 2.4 dB smaller.

For a low pass reconstruction filter, a = 1 and f3 = 0.2. It then follows that

for this system, the optimum number of quantization levels, the optimum sampling

period and the smoothed error equal
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no "" 10, (5.67)""
3.3

(5.68)To ~

r

~sm
0.8

(5.69)~

r

The smoothed error is smaller than that of the other two systems. The SNR of this

system is larger than that of a system with a memoryless reconstruction filter by

3 dB and larger than that of a system with a unit memory reconstruction filter by 1

dB. It is smaller than the distortion-rate bound by 1.4 dB. Also, since the quantizer

is finer in this case, the power spectral density of the quantization error will also be

flatter.

Thus the low pass reconstruction filter performs the best but for large rates

the smoothed error is of the same order of magnitude for all the three systems.

Also, the quantizers are coarse and the number of levels does not increase with the

transmission rate as in the case of PCM systems. This is an advantage in terms of

the complexity of the quantizer in addition to the fact that the smoothed error is

also smaller. We also see that the spectrum of the the quantization error can be

made flatter by increasing the number of quantization levels but at the expense of

increasing the smoothed error. The performance of these systems is close to the rate

distortion bound and it is unlikely that any system of comparable complexity will

outperform a matched DPCM system.

5.3.2 Unoptimized DPCM Systems

An assumption made in the previous section is that it is possible to optimize the

quantizer within the feedback loop of a DPCM system. We pointed out that this

optimization is difficult and it is more realistic to use a suboptimal quantizer. Since

the error signal is in some sense similar to the innovations process, a good quantizer
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will be one optimized for the random variable ...;r=(iiN j • We denote this quantizer

by qNO. Since the quantizer is not optimized for its input, we call this system an

unoptimized DPCM system. We now analyze this unoptimized DPCM system.

It can be easily verified that equations 5.31 through 5.35 hold for this system if

qNO is replaced by qNO. Thus the property that difference between the random

variables X j and Xj equals the error in quantizing the error signal Nj holds. Further

we have the relation

(5.70)

As in the case of optimized DPCM systems, this nonlinear difference equation in IVj

is the key to analyzing this system.

Variance of the Quantization Error

By using the above equation, we express the variance of the quantization error as

follows:

(5.71)

Since the random variables IVj and ...;r=(iiN j are similar, the variance of Nj will be

approximately equal to (1- p2). Thus the probability that Ip77N(Nj )!exceeds (1- p2)

will be negligible if the quantization error is small. IT we make this assumption, then

we are justified in using the results derived in section 4.3 for mismatched quantizers.

To evaluate the expectation on the right hand side of the above equation, we

first condition on lVi-I. Since Nj and Ni - I are independent random variables, the

conditional expectation is nothing but the variance of the error in quantizing a

random variable with a quantizer whose mean is not matched to that of the input.

By using the result in (4.58), we then obtain the result

(5.72)
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If we assume that the process {Nj } is stationary, the variance of the quantization

error can be solved for and we obtain the following result:

(5.73)

This result is the same as that obtained for a matched quantizer in the previous

section. Hence we conclude that the performance, as measured in terms of the vari-

ance of the quantization error, does not degrade by using a mismatched quantizer.

This simplifies the design of a DPCM system. Further, the results derived in the

previous section for the smoothed error hold good in this case too. Thus for large

rates a 5 level quantizer is optimal when using a memoryless reconstruction filter or

a reconstruction filter with a unit delay memory. If we prefilter the input process

before sampling and use the same low pass filter as the reconstruction filter, then a

10 level quantizer is optimal. For a transmission rate of r bits/second, the smoothed

error varies approximately as l/r for these systems. A suboptimal DPCM system

with a reconstruction filter with unit delay was analyzed by Janardhanan [8] using

elaborate numerical techniques. There is less than a 5 percent error between his

exact results and our approximations.

Autocorrelation Function of the Quantization Error

We next examine the autocorrelation function of the quantization error. Using (5.70)

we can express the correlation between quantization errors 1time instances apart as

follows:
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Since Nj+l is independent of Nj and N j+l, we can use the result (4.53) for mismatched

quantizers to convert the above nonlinear equation into a linear difference equation:

(5.75)

The initial condition is provided by (5.73). Solving this difference equation, we get

an approximation for the autocorrelation function of the quantization error:

(5.76)

This result is the same as that obtained in (5.52) for an optimized DPCM sys

tem. Since we expect the performance of an optimized and an unoptimized DPCM

system to be similar, we are more apt to believe the result in (5.52) than the result

(5.45) since (5.76) has been derived without making any assumptions about the joint

density of the random variables Nj +l and Nj • As noted earlier (see the discussion

following (5.52)), the above result implies that the power spectral density of the

quantization error is approximately white.

5.3.3 Mismatched DPCM Systems

In this section we examine the the prediction filter used in DPCM systems. In the

previous sections, the input sample was predicted by multiplying the previous output

of the receiver by p, which is the correlation between two adjacent input samples.

We now choose a prediction filter whose output is the product of the output of the

receiver and some other constant p' (when p is not equal to p', the system is called a

mismatched DPCM system). We first derive an approximation for the mean square

error and find the optimum p'. We also examine the effect on the mean square error

when p' is not equal to the optimal value. Finally we study the case when p' equals

1 (such predictors are called perfect integrators). Perfect integrator systems are
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practically important because the system is simplified by eliminating the multiplier

in the feedback loop. Also, we usually do not know the exact value of the correlation

between input samples. But by sampling at a very high rate, we can ensure that the

correlation between the samples is close to 1 which would justify the use of a perfect

integrator. To simplify the analysis we assume that the quantizer is optimized for its

input. From the results of the previous section, it is reasonable to assume that the

choice of the quantizer does not substantially effect the mean square error. Hence

an analysis of this scheme should still provide a reasonable estimate of the behavior

of practical DPCM schemes.

The mismatched DPCM system is described by the following equations:

Xj +1 = p'Xj + qfiNj+l ) , > 0 (5.77)J_

Nj +! - X j +! - p'Xj '>0 (5.78)J_

XO = O. (5.79)

By adding (5.77) and (5.78), we see that the difference between the input X j +1 and

the estimate .X"j+! equals the error in quantizing Nj +! . The following equation can

also be easily derived from (5.29) and (5.77):

(5.80)

This is the basic difference equation that describes the system.

Variance of the Quantization Error

By squaring the above equation and taking expectations, we obtain the following

nonlinear equation for the variance of the error signal Nj :
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To simplify the above expression we assume that the system reaches a steady state.

\\le denote this steady state variance of ;;\~j by O'k~' The first. expectation on the

right hand side of the above equation can be estimated using the fine quantizer

approximation in (4.13). To evaluate the second expectation, we assume that the

input X j and J.\~ are jointly Gaussian. Then, using (4.69), we obtain the following

equation:

l2k -~ 21., -""
:1 .:\ :! • ( ')2 . ( 2) ;;\, ')E{;i"- V" }

(T ,'"" ~ --... -0' ,,,.T P - P .... 1- p + -:1-P (p - p ;;\'j_'l..j.
;;\ n-;;\ n

\Ve next calculate the correlation between X j and s; From (5.29) and (5.80)

we see that

(5.83)

This equation can once again be simplified by assuming steady state and by using

the fine quantizer approximation from (4.69). The correlation between Sj and X j

can then be approximated as follows:

(5.84)

By substituting the above expression into (5.82). we obtain the following approxi

mation for the variance of ;;\'j:

u~, '" (p - p')' +(1 - p'») (I+ P::_'i-)
21..·.. ( pp'k __ ) 2

+ ~' P'(p - p')«l- p2) + p{p - p')) 1 +~
n- n-

The variance of the quantization error can then be approximated by

(5.86)
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Thus the optimum value of p' is equal to p. When p' is not equal to this optimum

value, the quantization error increases quadratically with the difference between p'

and p. We also see from the above equation that the square error between p and p'

must be much smaller than (1- p2), or else the second term on the right hand side

will dominate and the performance of the system will degrade significantly.

Perfect Integrator Systems

When p' is equal to 1 (i.e. a perfect integrator), the quantization error is given by

k
N

~q ~ 2(1 - P)-2 .
n

(5.87)

The error thus increases linearly with the difference between 1 and p and when p is

less than 0.5, the quantization error of this system is larger than that of PCM. If we

assume that Nj is Gaussian, then by comparing the above result with (5.40), we see

that for the same input {Xj}, the quantization error of a matched DPCM system

is (1 + p)/2 times smaller than that of a DPCM system with a perfect integrator.

Thus for large sampling rates, i.e. as p -7 1, the performance of the two systems is

almost the same.

From the above expression for the quantization error, we see that the asymptotic

smoothed error for a perfect integrator system can be expressed as:

5.4T
~sm ~ a-2- + f3T,

n
(5.88)

where we have assumed that kN~ 2.7. This is the same expression as the smoothed

error for a matched DPCM system and hence the same results hold for perfect

integrator systems for large transmission rates.
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5.3.4 Comparison With Other Methods of Analysis

In this section we compare the results derived for the mean square error in the

previous sections with those obtained by a different approach (see [9]). By squaring

both sides of (5.34) and taking expectations we obtain

(5.89)

In order to estimate the variance of Nj , we approximate Xj by X j and rewrite (5.32)

as follows:

(5.90)

This approximation is good when the error between the input X j and the estimate

Xj is small. The variance of Nj is then approximately equal to (1 - p2). The mean

square error can thus be approximated as follows:

k -
A 2 2 N

E{(Xj+I - Xi+d } ~ (1- P )-2.
n

(5.91)

This result is the same as the result in 5.39. In a similar fashion, the results in

(5.86) and (5.87) can be derived. This is an assurance that our method of solving

these types of nonlinear difference equations is valid.

It does not seem possible though, to generalize the above method to calculate

other quantities like the autocorrelation function of the quantization error or the

variance of the estimate x; Further, it is crucial that (5.34) should hold. This

particular relation is true only for systems where the state of the transmitter and

receiver are the same (such systems are called tracking systems). But it may be

possible to obtain difference equations for nontracking systems and thus derive ap-

proximations for the mean square error and other statistics, which would not be

possible using this method.
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Figure 5.2: A Sigma-Delta Modulator.

5.4 Sigma-Delta Modulation

Sigma-Delta modulation is a recursive quantization scheme which was first pro-

posed to overcome certain limitations of Delta modulation systems like the inability

to transmit de signals and that the inputs need to be highly correlated. The sam

pled signal is first integrated and then quantized with a DPCM transmitter. By

integrating the input, the correlation between the samples is increased. Further,

the receiver is simplified since there is no need for an integrator. Figure 5.2 shows

a schematic of a Sigma-Delta modulation scheme which uses a DPCM transmitter

with a perfect integrator. It is customary to combine the integrator at the input

with the integrator in the feed back loop of the DPCM system and have instead one

integrator before the quantizer. The receiver also usually passes its input through a

lowpass filter (see [9]). Vie shall ignore the effect of this filter at the receiver in our

calculations.
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The Sigma-Delta modulation scheme is described by the following equations:

y. = Y}-l +x, (5.92)3

U' - Y} - Sj (5.93)3

Sj+l = s,+qu(Uj) (5.94)

x. - qu(Uj). (5.95)3

By manipulating (5.92), (5.93) and (5.94), we can derive the following difference

equation for the random variable U]:

Uj =X, + 'TJu(Uj-d· (5.96)

Thus the input to the quantizer is the signal X j plus the quantization error from

the previous time instance. This is similar to the addition of a dither signal to

the input. The process {Xj} can be considered as the output of a linear, time

invariant system driven by a sequence of independent, identically distributed Gaus

sian random variables (see equation (5.29)). From the above equation we then see

that Uj is a function only of the variables Nj, Nj-l, .. . and hence is independent of

Variance of the Quantization Error

In order to calculate the mean squared error between the input X j and its estimate,

we first calculate the correlation E{XjUj-d for 1~ o. By using (5.29) and (5.96)

we get

(5.97)

(5.98)

By making the assumption that X j and Uj - 1 are jointly Gaussian, we can use the

fine quantizer approximation (4.69) to obtain the relation

E{XjUj-d ~ / (1 + P:~) 1~ O.
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(5.99)

We next compute the variance of Uj • By squaring (5.96) and using the approxi

mations (5.98) and (4.13), we obtain the result

2 ko
au ~ 1 +2(1 +2p)

n

and hence the mean square error in quantizing Uj equals

(5.100)

We are now in a position to calculate the mean square error between X j and

its estimate Xj. By substituting for Xj from (5.95) and using the approximations

derived above, we obtain the following result:

(5.101)

With the assumption that Uj is Gaussian, we have the approximation that ko ~ 2.7

and hence the mean square error of this system is larger than that of a PCM system.

For large sampling rates, p ~ 1 and the quantization error is 3 dB larger than that

of a PCM system.

Autocorrelation Function of the Quantization Error

We next examine the autocorrelation function of the quantization error. To calculate

the correlation between Uj and Uj - 1, we use (5.96) and obtain the following equation:

(5.102)

The first expectation has already been evaluated in (5.98)). By assuming that Uj - 1

and Uj - 1 are jointly Gaussian, we can use the fine quantizer approximation in (4.69)

to evaluate the second expectation on the right hand side of the above equation.

We then obtain the linear difference equation shown below

I ( pku ) ku
E{UjUj_t} ~ p 1 +~ + n2E{Uj-1Uj-t}.

98

(5.103)



The initial condition is given by (S.99) and solving this difference equation we obtain

The correlation coefficient " between Uj and Uj _ 1 is then given by

'" I ( pl+
1
kU )I"'P 1- 2 •n

(S.104)

(S.10S)

Hence the correlation between Uj and Uj_1 is smaller than the correlation between

Xj and Xj-I. If we assume that Uj and Uj_1 are jointly Gaussian, we then see that

the spectrum is better than that of a PCM system.

Smoothed Error

With the assumption that the correlation between quantization errors at different

time instances is negligible, the smoothed error of this system can be approximated

as follows

5.4 (3esrn ~ -2 + T,
n

(S.106)

where (3 is a constant that depends upon the reconstruction filter that is used (see

(3.19)). For a given transmission rate, the optimum number of quantization levels

and the optimum sampling period can be found as in the case of PCM systems:

Topt ~ _l_ ln (7.sr)
1.4r (3

nopt ~ J7;r.
Retaining only the significant terms in r, the smoothed error is given by

(S.107)

(S.108)

From the above results we see that the optimum number of quantization levels

for a Sigma-Delta modulation system is larger than that for a PCM system for the
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same transmission rate and the sampling rate is smaller. The asymptotic smoothed

error is the same for both systems; it is the error due to the reconstruction error that

dominates in both cases. The spectra of the quantization error is flatter in the case

of Sigma-Delta modulation than in the case of PCM systems. But as we have seen

in our analysis of PCM systems, if we choose the optimal number of quantization

levels and sampling rate for a given transmission rate, then the quantization process

is already reasonably white and thus there is not much to gain by adding a dither

signal.

5.5 A Finite State Sliding Block Quantizer

From the results of the previous sections we know that PCM is a memoryless quan

tization system with an asymptotic smoothed error that decreases as O(log(r)/r)

while DPCM is a recursive, infinite state system whose asymptotic smoothed error

decreases as O(l/r). Thus by adding memory to a PCM system, we would expect

that it is possible to construct a family of quantization systems whose performance

approaches that of DPCM as the state size increases. We are also lead to the more

general question - what is the best finite state quantizer for a given state size and

transmission rate? This problem has been defined more formally in [3] but is a diffi

cult problem that has not been answered. In this section we provide an example of

a finite state quantizer, which in the limit as its state size becomes infinitely large,

is equivalent to a DPCM system. We examine the number of states needed in the

transmitter and in the receiver in order to achieve a performance close to that of

DPCM.

The system that we shall describe is a sliding block quantization system. A

sliding block quantizer is one that at each time instance j, maps the input block

(Xj, .. . ,Xj-l+d (where 1 is some positive integer called the block length) to
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its output. Thus a sliding block transmitter encodes overlapping vectors into their

channel alphabet and a sliding block receiver reconstructs the input by decoding

overlapping channel vectors. It is possible to have systems where both the transmit

ter and the receiver are sliding block or to have systems where only one of them is a

sliding block machine. Although it has been shown that it is possible to achieve per

formances arbitrarily close to the rate distortion bound with time invariant sliding

block coders and decoders by making the block length arbitrarily large, no algo

rithms exist for designing such codes. We would like to point out that although

the input is a sequence of continuous random variables, the system that we shall

propose is a finite state quantizer. The transmitter does not explicitly store the past

inputs X j - 1 , ••• ,Xj _ I+! , but only a finite valued function of these variables. Thus

the system that we will describe is a finite state, sliding block quantizer.

In order to illustrate some of the difficulties involved in designing sliding block

quantizers, we first design a sliding block (although not finite state) transmitter by

modifying DPCM in the following simple manner. We replace the estimate Xj (see

figure 5.1) by the input Xj and thus obtain a sliding block transmitter of block

length two (if this works, it can be further modified by storing a quantized version

of X j instead, to obtain a finite state transmitter). Then at timej, the transmitter

quantizes the innovation V1- p2Nj (see equation 5.29). If we use a DPCM receiver

with this transmitter, then this system is described by the following equations:

with the initial condition of the receiver given by

Xo=o.

(5.109)

(5.110)

We now show that such a simple approach does not work by calculating the

mean square error. The mean square error of this system can be expressed in terms
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of the innovations as follows:

(5.111)

The innovations are a sequence of iid random variables and the above expectation

can be easily evaluated by expanding the square since the expectation of the cross

terms is equal to zero. The mean square error between Xi and Xi is thus the sum

of the mean square errors in quantizing the innovations from time 0 to time j. For

large j we thus obtain the result that

(5.112)

This is the same quantization error that we would obtain by using a PCM system.

We note that the innovations are obtained by passing the input sequence {Xi}

through a linear filter. The receiver in this case is also a linear filter which is the

inverse of the filter at the transmitter. We believe that any such system where the

input is passed through a linear filter before quantization and where the receiver

is a linear filter will not lead to any appreciable improvement in performance over

a PCM system. Our belief is based on our attempts to design such filters (using

gradient descent techniques), none of which met with any success. It thus seems

likely that nonlinear functions are needed to map the input block to its output in

order to achieve a good performance.

The reason that the system described in (5.109) and (5.110) fails is that the

quantization errors accumulate with time. In DPCM this does not happen because

the state of the transmitter and the receiver are equal at each time instant. Such

machines are called tracking systems and it has been conjectured that tracking

systems are optimal (see [3]). In order to have a tracking system with a sliding block

transmitter, one would require the block length of the transmitter to be infinitely
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long. By storing all the past inputs, the transmitter could then calculate the state

of the receiver at any time instant. But an infinite block length is impractical. We

next discuss how a finite state, sliding block transmitter that approximately tracks

the state of the receiver can be obtained from a DPCM system.

5.5.1 A Finite State Sliding Block Transmitter

The transmitter that we describe in this section is a time-invariant, feed-forward

approximation of a time varying DPCM system, in which a different quantizer is

used at each time instant to quantize the error signal. The following set of equations

describe the sliding block transmitter:

Xj+l.O qo(Xi+d,

Xi+l.s - qs(Ni+l.s) + pXi,s-l, S = 1, ... ,1- 1,

Ni+l,s - Xi+l - pXi,S-l, S = 1, ... ,1.

(5.113)

(5.114)

(5.115)

This structure is obtained by explicitly expressing the output of a time varying

DPCM system at any time instance j, as a function of the current and the past

j - 1 inputs. We then obtain an 'unfolded' DPCM structure. The structure grows

infinitely large as j tends to infinity, but the size can be kept finite by truncating

the structure (see figure 5.3).

There are (l + 1) levels (which are labeled from 0 through 1and are indexed by

the variable s) in the transmitter described by the above equations. The input to the

transmitter at time (j+1) is Xi+l and the output is ql(Ni+l.I ) . The quantizer at level

S is labeled qsO and the number of quantization levels is ns. The variables Xi,s, s =

0, ... ,1 are each stored at level s and take one of a finite set of values. For example,

since X i•o is the output of quantizer qoO, it can take no different values. Since Xi+l,l

is a linear combination of Xi.O and the output of quantizer qlO, it can take nOn}
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distinct values. In general Xi,s can take nOn1 ... n s-1 distinct values. These variables

can be viewed as successive approximations to the output of an infinite state DPCM

system. They also represent the state of the transmitter since the knowledge of the

input and these variables at any time instant is sufficient to calculate the output

and the value of the state variables at the next time instant. The number of states is

equal to the number of distinct values that the state vector (Xi,o, Xi, 1 , ••• , Xi ,I- 1) can

take which equals nOn1 .•. n'-1' Hence if the number of levels in the transmitter is

finite, it is a finite state transmitter. It can also be easily verified that a transmitter

with 1+ 1 levels is a sliding block machine whose block length is also equal to

1+ 1. Finally, we shall see that it is more convenient to work with the variables

Ni+1,s, s = 1, ... ,1, instead of the state variables X i+1,s, s = 0, ... ,1.

We next derive a set of difference equations in the variables Nj+l,s, s = 1, ... ,1.

By using (5.29), (5.114) and (5.115), we obtain the following relation:

By using (5.29), (5.113) and (5.115), we obtain the relation

Ni+1,1 = PTJo(Xj) +~Ni+1'

(5.116)

(5.117)

By defining the variable Nj,o as equal to X j, the above equations can be expressed

as

(5.118)

This is a system of first order nonlinear difference equations with initial condition

(5.119)

From (5.118) and (5.119) it can be seen that the variables Nj+1,s, s = 0, ... ,1 are

a function only of the variables Nj+1, Nj, ... and hence are independent of NiH for

allk> 1.
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We next analyze the transmitter and calculate some quantities of interest. We

shall assume that as j tends to infinity, the transmitter reaches a steady state and

that an equilibrium distribution for the state variables exists. In our analysis we

shall assume that the quantizers qoO, ... ,q,O have been optimized for their inputs

(there is no feedback in the structure and unlike the case of DPCM, the distribution

of the inputs to the quantizers can be calculated and hence the quantizers can be

optimized). It then follows that the variables Ni H ' 8 and Xi +1 , 8 are all zero mean

random variables.

Variance of Ni,8

We first calculate the variance of the random variables Ni+1,8. Since Nj+l and Nj,B

are independent, by squaring equation 5.118 we obtain the following relation:

s = 1, ... ,1. (5.120)

We denote the steady state variance of the variables Nj,s, S = 0, ... ,1 by 0"1•. By

substituting the fine quantizer approximation for the variance of the quantization

error from equation 4.13, we obtain the linear difference equation

whose initial condition can be obtained from (5.119):

2 -1O"No - •

S = 1, ... ,1, (5.121)

(5.122)

By solving this difference equation we obtain the following expression for the variance

of the random variables Ni ,8' s = 1, ... ,1:

(5.123)
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To simplify the above expression, we consider the case when the number of

quantization levels in each level is the same (to say n). We make the assumption

that the fine quantization coefficients kil,-I"'" kilo are all equal (to say k). The

variance of the random variable s; can then be approximated as

(5.124)

The first term is the steady state solution and the second term is a transient term.

If we assume that the variables Nj,s are Gaussian, then the fine quantizer coefficient

k is equal to 2.7 and the transient term decreases as s increases. This transient term

can be neglected when it is smaller than the steady state solution. By defining the

variable 1* as

I" = log ((1 - p2) (1 + p2kj n2)) ,
log (p2k j n2 )

(5.125)

we see that for s > 1*, the variance of Nj,s is approximately constant. We denote

this variance by (TN- and note that it can be approximated as

2 ( 2 ( 2.7
p2

)(TN';::j 1-p) 1+---;2 . (5.126)

We note that 1* is typically quite small; for p = 0.9 and n = 4, 1* = 1 while for

p = 0.999 and n = 4, 1* = 4. As n tends to infinity or as p tends to 1, we see

that 1* increases, although very slowly. These results were found to agree well with

simulation results.

Approximations for E{r71(Nj ,d7]s(Nj l,s)}

To simplify the algebra, we shall henceforth assume that the number of quantization

levels is the same for all qsO, s = 0, ... ,1 - 1. We first examine the correlation

between the quantization errors of the variables Nj,l and Njl,s, j =I i', where for

107



convenience we assume that j' < j. By substituting from (5.118) we obtain the

relation

(5.127)

Both the terms on the right hand side are at most of order 1/n2 and hence the

correlation between the inputs is small. Thus we make the approximation that the

correlation between the quantization errors of the variables Nj,' and Njl,s is negligible

when j :f. j'.

We next examine the case when j = j' and s = I - 1. For convenience we

denote the correlation coefficient between Ni,S+1 and Nj,s by 'Ys+1 and the correlation

between their quantization errors by 8s+1' From (5.118) and using the fact that for

s > 1*, the variance of Nj,s is approximately constant, we obtain the following

relation for the correlation coefficient 'Ys+1 :

s> 1*. (5.128)

We can obtain a lower bound on the correlation coefficient 'Ys.+1 by assuming that

0,. is negligible. Then

(5.129)

We can also relate the correlation between the quantization errors of Ni,s+1 and

Ni,s to the correlation coefficient between them by assuming that Ni,s+l and Ni,s

are jointly Gaussian and that their correlation coefficient is sufficiently large to use

the approximation in (4.86). By substituting for 'Ys from (5.128) we then obtain the

following difference equation in Os:

3pu N
n

2.7uAr 2 (2.7UAr )
---:2"::";" - 8s +P --2- - Os ,

n n
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We can obtain an initial condition for this equation by assuming that the correlation

between the quantization errors is negligible when S = 1*.

By substitution we can verify that the above difference equation has two steady

state solutions:

. 2.7<T/ir
Iim Os = 2 and
s-+oo n

2.70'/ir ( 9 2 )
lim 8s = -- 1 - P .

s-+oo n2 2.7(1 + p2)2
(5.131)

For the given initial condition, the steady state solution equals the second solution.

This is much smaller than the variance of the quantization error and is intuitively

incorrect. Simulations also show that this solution underestimates the actual value

of the correlation (see figures 5.4, 5.5, 5.6 and 5.7). This leads us to believe that

our assumption that Nj,s+! and Nj,s are jointly Gaussian is incorrect.
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However on the basis of simulations we hypothesize that the correlation between

the quantization errors satisfies the following difference equation:

s > 1*. (5.132)

Unlike (5.130), this is a first order linear difference equation. Also by substituting

for Os from (5.128), we can obtain a relation between Os+l and Is+1:

(5.133)

for all Is+! such that Os+! is nonnegative. This equation implies that the correlation

between the quantization error is linear in the correlation between the inputs. For

Is+1 = 1, the correlation between the quantization errors equals 2.7(1 - p2)Jn2

and it decreases linearly with 18+1' This is unlike the case of jointly Gaussian
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(5.134)s> Z·
s ::; Z·.

random variables, where the correlation between the quantization errors decreases

as Jl - Is+!'

We also make the approximation that 01• = O. With this initial condition the

difference equation in 8s can be solved easily:

{

2.7(1-p2>(1-(2P-p2>,-I·)

8s = n 2 ,

0,

These solutions have been plotted in the above figures and we see that they agree

well with the simulation resuts. We note that as p increases, 8s converges more

slowly to its limiting value. We also note that this limiting value equals the variance

of the quantization error as expected.

Approximations for E {Xj-m (TUCFlp,/) - PTJI-l(Np-l,/-l))}, j' 2:: j - m

We first consider the correlation E{Xj-mTJ,(Nj',t}}, j' 2:: i - m. By assuming that

X j - m and Nj , ,I are jointly Gaussian, we obtain the approximation

(5.135)

By substituting for Nj", from (5.118), we can then show that

(5.136)

Hence the above correlation is zero for i' > j - m and equals (1 - p2)2.7/n2 when

j' = j - m. These results agree with the simulation results.

5.5.2 The Receiver

The receiver of a DPCM system is a linear, recursive filter. It is thus equivalent to

an infinite length sliding block system and a finite state approximation is obtained
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quite simply by limiting the block length. This receiver is described by the following

equation:
m

Xj = Lq,(Nj-i,I).
i=O

(5.137)

The block size of the receiver is m, i.e., it stores the past m inputs. Thus the state

size of the receiver is equal to nj, where n, is the number of quantization levels of

the quantizer q, in the transmitter.

5.5.3 Mean Square Error

In this section we calculate the quantization error E{(Xj+l - Xj+d 2 } . By using

equations (5.29) and (5.137) we can express the quantization error as follows:

m

~q = E{(pm+lX
'_

m + L/(~Nj-i - q,(Nj_ i,d))2}.
i=O

(5.138)

We next use (5.118) to rewrite the above expression in terms of the quantization

errors at level 1- 1 and 1in the transmitter as follows:

(5.139)

To evaluate this expectation, we expand the square and take the expectation of

each term. Since the random processes {Xj} and {Nj,s} are stationary, the above

expression can be simplified as follows:

nl nl-i

2 L L p2i+kE{(7JI(Nj,d - P7JI-l(lVj-1,I-d) (7JI(Nj- k ,d - P77I-1(Nj- k - 1,I-d)}
i=O k=l

m

+ 2pnt
+l L/E{Xj-m(l11(Nj- i,d - P7JI-l(.7\rj-i-l,l-d)}.

i=O

(5.140)

We next examine each term in the above expression. Since X j is a unit variance

random variable, the first term in the above equation is p2(m + l ) . To evaluate the
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quantization errors at two different time intervals are almost uncorrelated 'Ve thus

obtain the approximation

To evaluate the expectations in the third term, we expand the product and evaluate

the expectation of each resulting term. Since the quantization errors at different

time instances are uncorrelated, all the terms can be neglected except for the case

when k = 1. 'Ve then obtain the following approximation:

m m-i

2L L /i+kE{{Jll(]\7j .l ) - PJ]I-1 U~7j-l,l_d)( Jll(.l\J-k,l) - P'71-1 U\7j _ k_IJ_d )} :::::
i=O L=1

The last term in (5.140) has already been evaluated earlier (5.136).

By combining these results, we can approximate the quantization error as

where the correlation in the above equation can be evaluated using (5.134).

5.5.4 Memory Requirements

'Ve now examine the memory requirements in the transmitter and the receiver. We

first note that as the number of structural levels, 1, in the transmitter becomes

infinitely large. the correlation between the quantization errors of 5tj .l and ":\-j.l-l

equals 2.•(1 - p?')/n1 (see equation (5.134)). Thus as the block size of the receiver.

m, also becomes infinitely large, the quantization error of the system equals that of
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a DPCM system:

(5.143)

To study the memory requirements in the receiver, we set the number of struc

turallevels in the transmitter equal to infinity. The quantization error can then be

approximated as

~ '" 2.7(1 - p2) 2(m+l)
~q'" 2 +p .

n
(5.144)

(5.145)

We note that the first term on the right hand side of the above equation is equal

to the quantization error of a DPCM system. We denote the ratio of the difference

between the errors of the sliding block and the DPCM system to the quantization

error of a DPCM system as 0':

~q - ~q.dpcm
0'= .

~q,dpcm

We can then express the block length of the receiver in terms of n,p and 0' as follows:

1 (n2

)m=-ln -- .
2/ 5.40'/

(5.146)

For large transmission rates and large receiver block length, we know that the per-

formance of this system approaches that of a DPCM system. Hence the optimal

number of quantization levels becomes independent of the rate and equals a constant

no and the optimal sampling rate equals f3 [r where f3 is a constant that depends

upon the reconstruction filter (see section 5.3.1). Hence the block length m can be

expressed as

m ~ ;p In (5~;P) . (5.147)

Typical values of no and f3 are 5 and 2.0 respectively. Hence for a given value of 0',

the block length of the receiver increases asymptotically as O(r In(r)). Thus for an

infinite state size transmitter, the state size of the receiver increases asymptotically
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We next examine the memory requirements in the transmitter. We assume

that the block length of the receiver is infinite. With the same assumptions used in

analyzing the memory requirements of the receiver, we can approximate the number

of structural levels in the transmitter as

(5.148)

The state size of the transmitter then increases as n~2ln(r).

Thus we see that more memory is required in the transmitter than in the receiver.

Intuitively we can see that the it is the transmitter that makes the effort to track

the state of the receiver and not the other way around and hence we would expect

that the state size of the transmitter is larger than that of the receiver.
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Chapter 6

Future Work

To conclude this dissertation we mention some directions in which this work can be

extended and some problems that remain to be investigated.

Extensions of the problem that we have examined would be to investigate the

performance of digital transmission systems when the input is a second or higher

order Markov process or when the input is not Gaussian. An important property

of Gaussian random variables is that if two jointly Gaussian random variables are

uncorrelated then they are also independent. We have used this property extensively

in solving the difference equations that describe a quantization system. It remains

to be seen if this property is crucial or if our methods of analysis can be applied to

non Gaussian inputs. The difficulty with second and higher order Markov processes

is the fact that the corresponding sampled process is not Markov. This may not be

a major difficulty, since in our analysis we do not make use of the Markov property

directly; it is more important that difference equations, similar to those obtained in

this dissertation, can still be derived. It may then be possible to find approximations

to the solutions of these difference equations using fine quantization techniques, even

though the sampled process is not Markov.

A problem that remains to investigated is to determine the joint distribution

of the state variables of a DPCM system at two different time instances. Our

results indicate that they are not jointly Gaussian although their marginal distribu

tions are approximately Gaussian. This can be further investigated by deriving the
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appropriate Chapman-Kolmogorov equations and solving than numerically as in

[6, 8]. This would also help in determining the exact behavior of the sliding block,

finite state system investigated in chapter 5 where we have had to resort to simula

tions.

As we have pointed out earlier, the fine quantization approximations that we

have developed are valid in evaluating terms up to the order of 1/n2 , but higher

order terms cannot be evaluated. The problem lies in determining the lengths of the

quantization regions more accurately. In appendix A we have obtained the required

equations but have been unable to find any simple solutions. This is another problem

that needs to be examined.
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Appendix A

Asymptotic Mean Square Error
of Optimum Quantizers

In this appendix we outline the steps in deriving the fine quantizer approximation

for the mean square error of a scalar quantizer. We also demonstrate the difficulty in

extending the approach if we retain terms of order 1/n4 and higher. Our approach

follows that of [4].

We assume that the density function px(x) of the input X can be approximated

by the first few terms of its Taylor series in x within each of the bounded quantization

regions and that the overload error can be neglected. The quantization error can

then be approximated as follows:

where the representative point qi can be approximated as in (4.31):

_+p'(fi)8? + (P"'(fi) P'(fi)P"(fi)) ,,4
~~D - ~

12p(fi) 480px(fi) 288p2(fi) .
(A.2)

(A.3)

By evaluating the integrals in the above equation and retaining the terms up to 8y,
we obtain the following approximation:

c '"~ (81px(fi) 8{p"(fi) _ 8{P'1(fi)) c.
':.pw '" LJ + ( ) UI"

i=1 12 160 72px fi

In order to simplify the above equation, we assume that for each n there exists

a function .\nO such that the length of the quantization region S, is given by

1
8i ~ n.\(fi)·
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The intuitive idea behind this assumption is that the length of a quantization region

will vary inversely with the number of quantization regions. Further the length of

an interval centered at ri will be a function of px(rd. If the density function at ri is

small, then the length of the interval at. this point will be large and vice versa. The

function >'nO is introduced to take this factor into account. We also assume that as

n tends to infinity, the function >'nO tends to a limiting function >'0.

We first note that by rearranging the terms in equation AA and summing over

the regions, we obtain the relation

n-1

I: >.(r, )8i = 1.
i=O

In the limit as n tends to infinity, we obtain the relation

L: >.(x)dx = 1.

(A.5)

(A.6)

Also in the limit as the number of quantization intervals tends to infinity, the ex

pression for the quantization error in (A.3) can be approximated as follows:

100 ( px(x) 1 (p"(x) P'i(X)))
epw ~ -00 12n2>'2(x) + n4>.4(x) 160 - 72px(x) dx. (A.7)

Thus the function >'0 has to chosen so as to minimize this expression for the quanti

zation error while satisfying the constraint in (A.6). This is a problem in the calculus

of variations and it can be shown that >'0 must satisfy the following equation:

(A.8)

(A.9)

where J.t is a constant that must be chosen to satisfy the constraint in (A.6). We do

not know of any way to solve this equation for >.(x). But we note that if the term

of order 1/n4 is neglected, then it is easy to solve for >.():

1/3( )

>.(x) = 100 P~/3~ ) d .
-ooPx x x
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This leads to the result in (4.18). This expression minimizes only the term in

1/n2 • This can be easily seen by substituting the above expression into (A.7) and

evaluating the terms in 1/n4 •
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Appendix B

Derivation of E{1JX(X)1JY(Y)} for

Highly Correlated Inputs

In this appendix we derive the result in (4.85). We first note that (4.83) can be

written as follows:

n ...2L ri+l 2

Ll~ 1. (~u-efi) px,u(fi,U)dxdu
;=1 -~ r.

j/fri

t" (2(~u - ef;)8i + 8n px,u(fi, u) dx du (B.1)
-~ t;

Evaluating the integrals with respect to x is trivial since the integrand is not a

function of x. We also note that as the correlation between the input random

variables tends to one, the ratio 8;/~, i = 1, ... , n - 1 tends to infinity when

the number of quantization levels is fixed. We can thus substitute +00 and -00

for 8;/V€ and -8;/V€ in the limits of integration in the above equation. If we

assume that the joint density of X and U is small for large values of X, then we

can approximate the quantity r;Je/2 i = 1, ... , n by O. By substituting these
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approximations into the above equation, we obtain the following approximation:

(B.2)

We substitute for G:i from (4.84) and simplify the integrand by retaining only the

terms up to the order of Dr and c3/2
• This expression can be further simplified with

the usual fine quantizer approximations, i.e., we substitute for D; from (4.18) and

approximate the summation over i by an integral. We then obtain (4.85).
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