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ABSTRACT

A steady state solution was derived and a stability analysis was carried out for a diffusion flame
produced by a reactant issuing from a spherical porous burner into a second quiescent reactant. A one-
step irreversible reaction using Arrhenius kinetics, an optically thin model for radiation, high reaction and
radiation activation energies and nonunity Lewis numbers were used. A small perturbation due to
wrinkling produced the trivial solution. The steady state solution showed flame existence and these results
suggest that the flame is absolutely stable. Numerical results were produced for steady state burning of
ethylene in air. Four different flames with the same stoichiometry and adiabatic flame temperature,
varying in flame structure and convection direction were analyzed. At low flow rates, kinetic extinction
due to reactant leakage was observed. Increasing radiative heat losses promoted kinetic extinction.
Increased flow rates resulted in increased residence times as well as increased radiative heat losses. At
high flow rates, radiative heat loss dominated residence time and radiative extinction was observed. A
parametric study on the Lewis number (Le) was performed. Increases in Le of the burner issuing reactant
and decreases in Le of the quiescent reactant promoted flame extinction. Flame extinction was more

sensitive to quiescent reactant Le variations than burner issuing reactant Le variations.
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NOMENCLATURE

a;; jth order expansion of the integration constants of variable i in the outer regions
By pre-exponential factor of the combustion reaction

B, effective pre-exponential factor of the radiative heat loss

C integration constants

Cos specific heat of the gas at constant pressure (J/(g-K))

c, specific heat of the solid material used to build the porous burner (J/(g-K))

D, mass diffusion coefficient of species i (cm’ /)

Da,  Damkdhler number of the chemical reaction (no unizs)

Da,  equivalent Damkdhler number for the radiative heat loss (no units)

E, activation temperature of the chemical reaction (K)

E, effective activation temperature of the radiative heat loss (K)
& parameter defined as (T, -T,)(i/#,)

& parameter defined as (T, —7.)(i/ )/ [exp(~i/ F, 5) - 1]

Le, species i Lewis number defined as (4,/¢,,)/(0,D,) (no units)

ratio of thermal diffusivity to mass diffusivity

m mass flow rate of the species issuing from the burner (g/s)
my fuel consumption rate (g/s)
0 oxidizer

combustion products

q, heat of combustion per unit mass of the reactant supplied from the burner (J/g)
qr heat of combustion per unit mass of the fuel (J/g)
qre  €nergy introduced into the flame by combustion (J/g)

qrp  cnergy leaving the flame by radiation (J/g)

r spatial coordinate in the radial direction (cm)
I inner radius of the porous burner (cm)
7, outer radius of the porous burner (cm)

flame radius (cm)
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steady state flame radius (cm)

Trs
t time (s)
T temperature (K)
T, temperature of the supplied gas at the center of the burner (K)
T, temperature at the burner exit (K)
T, flame temperature (K)
T, temperature at the inner surface of the burner (K)
T, ambient temperature (K)
u, radial flow velocity; u (cm/s)
u, flow velocity in the 6 direction (cm/s)
u, flow velocity in the vy direction (cm/s)
u radial flow velocity (cm/s)
u, radial flow velocity at the flame (cm/s)
v, flame volume
v, species i stoichiometry coefficient; number of moles of species i consumed per mole of reactions
W, species i molecular weight; unit mass of 1 mole of species i (g/mol)
Y, species i mass fraction; ratio of molecular mass of species i consumed to total molecular mass of
species i (no units)
Y, supplied value of Y, at the center of the burner (no units)
Y, value of ¥, at r=0 (no units)
Y, first order of species 1 reactant leakage past the flame region (no units)
z coordinate transformation from 6 to z for simplified mathematics; z=7=cosf (no units)
Greek Symbols
a parameter defined as ¢ +{[(p,c,)/(p,c, )1-@)};
o order of the radiation region; small expansion parameter defined as Tfs /E,  (no units)
K] order of the disturbance amplitude (no units)
€ order of the flame region; small expansion parameter defined as Tfs 1E, (nounits)
oy jth order expansions of the nondim. mass fraction of reactant i in the rxn region (no units)

viii



0, expansions of the nondimensionalized temperature function in the reaction region (no units)
0, expansions of the nondimensionalized temperature function in the radiation regions (no units)
Y spatial coordinate along the angular direction
@ porosity (void space/total space) of the porous burner (no units)
K Planck mean absorption coefficient & = x., Ko, + Xy 0Ky o (cm™); K=K/1, (no units)
Xco, ~ molar fraction of CO,
Xy, molar fraction of H,0
o Stefan-Boltzmann constant; o =1.36x10"*cal / (m* -sec: K*)
Ay reduced Damko6hler number for the reaction (no units)
A, equivalent reduced Damkohler number for the radiative heat loss  (no units)
A, thermal conductivity of the gas (W /(cm-K))
A, thermal conductivity of the solid material used to build the porous burner (W /(cm-K))
A combined thermal conductivity defined as Ao+ A (1-¢); (W/(cm-K))
) nondimensionalized combined thermal conductivity defined as @+ (A, /A )(1-@) (no units)
v, stoichiometric coefficient of species i (no units)
P, gas density (g/cm’)
0, density of the solid material used to build the porous burner
® frequency of the small disturbance
stretched spatial variable in the reaction region defined as (F-7,,)/e (no units)
stretched spatial variable in the radiation regions defined as (F-7,,)/0 (no units)
Subscripts
F fuel
g gas properties
0 oxidizer
P combustion products
0 specified value at the center of the burner
1 reactant supplied from the burner
2 quiescent reactant



b value of variables at the burner exit

f value of variables at the flame sheet

S steady state value

i quantities at the inner radius of the burner
© location of the ambient

Superscripts

~ nondimensional quantities
- solutions in the region between the burner exit and the flame sheet
+ solutions in the region outside of the flame sheet

- rescaled variable



CHAPTER 1. INTRODUCTION

Experiments and studies of flame behavior have been ongoing for millennia and continue to
evolve in relevant and important fields of modern science. One of the major objectives in the study of
flames is to obtain improved control of combustion processes. Some of the desired results include
improvements in fuel economy, the mitigation of undesired flame extinction such as the power loss in gas
turbine engines and industrial furnaces, improved fire safety in both normal gravity and microgravity
(outer space) environments, pollution reduction leading to a cleaner Earth and improved health, and more
controlled processes for the production of carbon black.

Conventionally, flames are classified as premixed flames or diffusion flames. In premixed flames,
the oxidizer and fuel are already mixed together before coming into contact with the flame front. In
diffusion flames, the oxidizer combines with the fuel by diffusion at or near the flame front. Combustion
can only take place where the fuel meets the oxygen, and burning rate is limited by the rate of mass
diffusion. Premixed flames are therefore more explosion prone than diffusion flames. In this study, the
focus is on diffusion flames.

The traditional paraffin candle is a classic example of a diffusion flame. The basic mechanism of
a candle's flame is as follows. An external heat source is applied to the wax near the candle's wick,
causing it to melt. Liquid wax is drawn up the wick by capillary action, further heated and vaporized. The
mixing of the heated paraffin vapor with surrounding oxygen results in combustion, emitting heat needed
to sustain the process. In normal gravity environments, the heated vapors naturally convect upward due to
the buoyant force caused by the effects of gravity, yielding an elongated, vertical flame. Incandescence
(emission of electromagnetic radiation, e.g., photons) of soot precursors in the flame is the cause of the
yellow glow. In microgravity conditions, natural convection no longer occurs and the flame becomes
spherical and more efficient. As a result of the improved fuel efficiency, fewer or no soot precursors are
formed and the flame tends to be blue in color from the ionizing of gas molecules in the flame.

Diffusion flame configurations commonly studied include the jet diffusion flame, the counterflow
diffusion flame, liquid fuel droplets and most recently, the burner-generated spherical diffusion flame,
which is the topic of this study. Convection direction, flame stoichiometry, flammability limits (flame
ignition/extinction), and parameters such as the kinetic Damkdhler number, the radiative Damkohler
number, and the reactants' Lewis numbers are all major components of flame behavior that influence
incomplete combustion, unsteady burning and soot production in diffusion flames.

The aforementioned Damkohler number is named after Gerhard Damkohler, who, in 1947,

published results from experiments with both laminar and turbulent Bunsen flames [1]. This publication



laid the foundation for work on combustion in open-flow systems [5]2]. Following his work, Fendell
performed the first theoretical work on ignition and extinction of diffusion flames using perturbation
methods applied to axisymmetric stagnation-point flow [3]. He adopted the Damkdhler number (Da), as
a critical parameter in flame extinction that relates the rate of heat transfer out of the reaction region by
diffusion or mass transport into the reaction region by chemical reaction in the form of a ratio.
Kinetic Extinction

In 1974, Linan first showed analytically that flame extinction occurs at a minimum Damkdhler
number [4]. Counterflow diffusion flame geometry was used without the inclusion of radiative effects and
asymptotic theory was employed via singular perturbation expansions. Da was defined as a measure of
the ratio of the characteristic chemical reaction time to the characteristic heat diffusion time, where
reaction time is a measure of the rate of heat generated by chemical reaction between the two reactants
and diffusion time is a measure of the rate of heat transfer out of the flame region by conduction. Lifian's

definition of Da is adopted in this study and specified as the kinetic Damkdhler number Da, . The
radiative Damkohler number, Da,, is discussed below. Lifidn showed that flame extinction occurs when

there is a drop in flame temperature or excessive leakage of reactants past the reaction region before
combustion occurs. Reactant leakage is directly proportional to the residence time in the flame region.
Therefore, flame extinction results from a low reaction rate due to low residence time in the flame region,

and occurs at a minimum Da,.

The year following Lifian's publication, Law performed a similar asymptotic analysis studying
flame ignition and extinction of a liquid fuel droplet [S]. In this work, Law showed that appropriate
transformations of the structure equation yield the same form used in Lifian's study of counterflow
diffusion flames. In 1976, Krishnamurthy et al. performed an asymptotic analysis of diffusion-flame
ignition and extinction in the stagnation point boundary layer of vaporizing fuel rods [6]. Experiments
were conducted and successfully demonstrated the predicted extinction limits qualitatively. In 1983,
Chung collaborated with Law, continuing work in asymptotic theory using counterflow diffusion flames.
Their work distinguished between heat transfer by molecular diffusion and heat transfer by conduction
with the inclusion of the Lewis number and showed that Lewis number variations have a direct impact on
variations in the flame extinction limits [7]. The Lewis number represents the ratio of thermal diffusivity
to mass diffusivity. None of these studies [4-7] included the effects of radiation.

Radiative Effects on Kinetic Extinction
Bonne (1971) was the first to experiment with the effects of radiation on ignition and extinction

of diffusion flames, predating Lifidn's seminal analytical study neglecting radiative effects [8]. Bonne



used laboratory flat diffusion flames to model small diffusion flames in zero-gravity environments.
Empirically, radiation loss was shown to reduce flame temperature and promote kinetic extinction at

higher minimum Da, than was found when neglecting radiative effects. More than a decade later in

1982, Sohrab et al. included radiative effects in an analytical study on counterflow diffusion flames using

asymptotic theory in which an effective radiative Damkoéhler number Da, was proposed that relates the

heat transfer out of the reaction region by radiation to the heat transfer into the reaction region by
chemical reaction in the form of a ratio [9]. However, the existence of radiative extinction was not
explicitly observed. In 1986, T'ien included radiative effects in a numerical study on diffusion flame
extinction at the stagnation point of a condensed fuel [10]. His numerical results showed that there are

lower and upper limits of Da, for a fixed radiation intensity beyond which extinction occurs. This study

was the first to present the possibility of another extinction limit in addition to the extinction limit at

minimum Da,, but additional analytical study was needed to validate the numerical results.

Radiative Extinction

In 1990, Chao et al. conclusively showed the existence of both lower and upper extinction limits
in an analytical study on fuel droplets [11]. The terms "kinetic extinction limit" and "radiative extinction
limit" were introduced to distinguish between the two types of flame extinctions occurring at minimum

Da, and maximum Da,, respectively. They are described as follows. When reactants are present, flame

extinction is always the result of low flame temperature. However, there are differing mechanisms that
cause the flame temperature to drop at the lower and upper extinction limits and these mechanisms
differentiate the two types of flame extinction. In kinetic extinction, a reduction in the reaction rates is the
primary mechanism that causes the drop in flame temperature. In radiative extinction, the high radiation
levels lower the flame temperature, causing the reaction rates to drop, which additionally lowers the flame
temperature. Also, as Bonne initially showed experimentally [8], Chao's work analytically verified that

small radiative losses (low Da,) promote kinetic extinction at low mass flow rates. In other words,
kinetic extinction corresponds to a higher minimum Da, when radiative effects are included at low mass

flow rates. However, radiation is a volumetric phenomenon directly proportional to the flame radius
cubed. Therefore, at high mass flow rates, radiation levels undergo a significant increase and become the
primary mechanism for heat loss from the flame.

At the turn of the 21st century, a series of analytical and experimental studies followed that
further confirmed the existence of a radiative extinction limit in addition to the kinetic extinction limit.
Analytical studies using activation energy asymptotics were performed by Chao and Law on a hot solid

fuel surface [12], by Liu et al. on counterflow diffusion flames [13], and by Zhang et al. on spherical

3



diffusion flames around liquid fuel droplets [14]. Microgravity experiments using liquid fuel droplets
were performed by Zhang et al. in both Japan's MGLAB 4.5-s drop tower [14] and NASA's Glenn
Research Center 2.2-s drop tower, by Nayagam et al. aboard the Space Shuttle Columbia [15], and by
Dietrich et al. in the International Space Station [16]. Additionally, Maruta et al. performed numerical and
experimental studies on extinction caused by radiative heat transfer for counterflow methane/air flames in
microgravity [17]. All studies [12-17] supported the existence of radiative extinction.

Motivated by the inherent transient behavior of the liquid fuel droplet burning as well as the fact
that radiative extinction can only be demonstrated for a single flame by increasing flame size, the
microgravity spherical porous burner was introduced as a new model for study. In this model, one of the
reactants is fed through a porous burner into the second, quiescent reactant surrounding the burner. By
adopting this model, not only is steady state achievable, but the flame size can be enlarged by raising the
mass flow rate of the reactant issuing from the burner. Additionally, the flow direction and stoichiometric
mixture fractions of the reactants can be controlled. In 1994, Patnaik performed numerical simulations
using spherical burner geometry that clarified the importance of gravity and heat losses to the burner [18]
and Santa et al. performed a numerical study and tested their results by performing experiments at
NASA's 2.2-s drop tower, observing radiative extinction during transient flame conditions [19]. Shortly
after, Mills and Matalon applied asymptotic theory to the microgravity spherical burner model, including
nonunity Lewis numbers in the analysis defined as the ratio of thermal diffusivity to mass diffusivity, for
simultaneous diffusion of heat and mass [20]. Multiple additional experimental studies using the
spherical porous burner model have since been performed in NASA's 2.2-s drop tower that further
addressed the influence of hydrodynamics, flame structure and soot behavior on flame extinction [21-24].
For example, using four different stoichiometric combinations of ethylene and air, Sunderland et al.
showed experimentally that the convection direction of soot precursors (hydrodynamic effect) was found
to have a smaller impact on soot inception than flame structure (changes in stoichiometry) [22]. In 2011,
Wang and Chao performed an analytic study on burner-stabilized diffusion flames including radiative

effects and the radiative Damkoéhler number Da, , as well as varying hydrodynamics and flame structures,

showing the existence of kinetic and radiative extinction limits in steady state conditions for various

flame structures and flow directions [25].



CHAPTER I1. FORMULATION

The purpose of this study is to verify and extend the work of Wang and Chao [25] by performing a
stability analysis, whereby a small periodic disturbance is introduced into the steady state problem in
order to determine its effect on flame stability. Additionally, nonunity reactant Lewis numbers are
included in the analysis to allow an examination of the distinct roles of heat transfer by thermal diffusivity
and by mass diffusivity in flame extinction.

A spherical diffusion flame is modeled by

reactant flow issuing from a spherical porous burner into Reaction Region

a second, quiescent reactant in a microgravity Radiation Region
environment. The gas issuing from the burner is species
1 and the gas in the ambient is species 2. The flow is
modeled as uniform in all directions. The darkened

region in Figure 1 represents the porous burner. Gaseous

Porous
Burner

reactant is injected into the void core region and passed
through the burner into what is classified as the external Flame Sheet
(or gas) region. An infinitely thin flame sheet is shown
as a circle around the burner at the flame standoff

. . .. . Figure 1: 2-D visualization of 3-D flow model
location, r,. The reaction (or flame) region is a very thin

region of order ¢, surrounding the flame sheet where the chemical reaction occurs. On either side of the
reaction region is the radiation region, which is also very small, of order §, but much larger than the
reaction region. Although the radiation region is distinct from the reaction region, radiation is accounted
for in both regions. In the external region beyond the radiation region, both the combustion reaction and
radiation are neglected because they are insignificant as a result of low temperature. This is specified as
the outer region, which is order 1, with ¢ <<d<<1.

Energy conservation and mass conservation are the two fundamental laws used in the development
of an analytical model for this problem.
Conservation of Energy

Changes in the temperature profile with respect to time and space result from heat transfer into or
out of the system by convection, conduction (heat diffusion), radiation, and chemical reaction. This is

modeled using the energy equation with spherical coordinates (r,0,y) as shown in Figure 2. Without loss

of generality, a two-dimensional perturbation is considered with disturbance imposed along (r,0) for



simplicity in the analysis. Therefore, even in the perturbed state, 9/dy=u,=0. Additionally, the
disturbance is too small to affect bulk flow velocity such that 4, =0. Pressure is assumed to be constant

with respect to both time and position and there is no frictional heating because of the low flow velocity

as compared to the speed of sound. Under these conditions, the energy equation simplifies to

oT aT |1 a(, ,oT 1 a9, . 0T Dq Dq ) 3
¢, —+pc U, ——|—— kr — |+ —| ksin@— ||= p| =& 4 —ZRAD |- (Wartts I m”) . 1
Pe at pesth or [rz ar( ar) rzsinﬁaﬁ( ae” p( Dt Dt ( ) M
Since the flow velocity is only in the radial direction, subscript 4

r is dropped from u . The material derivatives representing «(r, 0, 0)
the chemical reaction (RXN) and radiation (RAD) terms are '
replaced with models developed as follows.

The rate of energy introduced into the system by

chemical reaction per unit volume, p(Dg,,, / Dr), is modeled ¥y

using the Law of Mass Action for a one-step, irreversible,

pseudo first order reaction following Arrhenius kinetics. That %

is, d[A]/dt=-R[A][B]; R=B -E./T), where [A] and [B
LAl [AILB] s exp(-E /T) [A] LB1 Figure 2: Spherical coordinates

represent the molar concentrations of the two reactant species,

R represents the temperature-dependent proportionality relationship between [A] and [B], B, is a
measure of the collision frequency (m’/(mol-s)) and E, is the chemical activation temperature for the

reaction, representing the temperature barrier for the combustion reaction to be significant. It is preferable

to convert molar concentrations [A] and [B] into their respective species' mass fractions for the

subsequent mathematical analysis as mass is conserved. The mass fraction of species i (1 or 2) is a
nondimensional quantity defined as the ratio of the molecular mass of species i to the total molecular

mass of the gas. After converting the molar concentrations [A] and [B] to mass fractions ¥, and Y,,

substituting the temperature-dependent expression for R into the rate equation and absorbing constants

into B, which is therefore renamed as B, (mol/(m’-s)) , the reaction rate may be written as
d[A]/dt =-B)Y,Y,exp(-E, / T). Multiplication by the stoichiometry coefficient v, and molecular weight
W, of species 1, and the energy released ¢, from combustion of 1 kg of reactant 1 yields a final reaction
rate in Watts/m® of -BYY,exp(-E, /T)vW,q,p.; B, =B,/p., which is used in place of p(Dgyy, /D) in

equation 1.



The rate of energy leaving the system by radiation near the flame per unit volume, p(Dgy,,/ Dt), is

modeled as optically thin such that none of the energy emitted by radiation is reabsorbed into the system.

The heat loss rate due to radiation is —4ox(T*-T.'). Only CO, and H,O are considered to emit radiative
energy as accounted for in the Planck mean absorption coefficient, k. Radiation levels are highest in the
flame region and decline exponentially with distance from the flame. Therefore, (T'*-T.) is
approximated by B,exp(-E,/T), where B, is the effective pre-exponential factor of the radiative heat
loss (units K*) and E, is the radiation activation temperature, i.e. the temperature barrier for radiation to
be significant. This substitution yields E,~ 800K for temperatures between 1600K and 2500K. The
resulting rate of radiative heat loss in Watts/m’ is —40xBy exp(-E,/T), which is used in place of
p(Dgqy,, ! Dt) in equation 1.

The chemical activation temperature E, is much higher than flame temperatures for typical

hydrocarbon or carbohydrate fuels so that chemical reaction only occurs in the flame region, where the
temperature is highest. Radiation levels are largest in the flame region and decay exponentially with
distance from the flame as temperature decreases. Therefore, the equivalent activation temperature for

radiation E, is modeled as high, but much smaller than the chemical activation temperature, so that

radiation is accounted for in the flame region as well as the surrounding region, but is negligible further

out in the outer region, as was shown previously in Figure 1. The relationships ¢=7%/E, and
0= fﬁys /E, are derived later in the analysis with ¢ <<8<<1, where the tildes indicate nondimensionalized
terms and f/,s represents the nondimensionalized steady state flame temperature.

In the core (0 <r<r,), energy transport is by convection and conduction, so the energy equation is:

. JaT oT 19 T 1 d . 0T
Core Region: ¢ . —+p,c U——|——|kr’ =+ — | ksing=—||=0. 2
& PiCrs ot PiCrs ar [rz ar( ar) r’sin@ 66( 60)] @

In the porous burner (1, <r<r,), radiation from the burner is assumed to be negligible and there is no

burner cooling mechanism. The solid is in thermal equilibrium with the gas such that they share the same
temperature profiles. The total energy transport is therefore the sum of the transport by conduction

through the solid burner and by conduction and convection by the gas. The porosity factor (y), defined as

the ratio of void space to total space, accounts for the different cross sections through which the energy is

transported.

JaT oT 19 , 0T 1 J . 0T
c,,—+puc, ——|—=—|Ar —|+ —| A, sind—|[t =0 as
(P{pg 7% ot Pt ar [rz ar( ‘ ar) rsin@ 80( ¢ 86)]} (gas)



or [1a(, T 1 9 T
1- A.V — [+ A A’ inf—
( (P){p\ s ot |:r ar( s ar) rzsinﬁ 69( 9)

} 0 (solid)

After adding the above two equations, the following energy equation is obtained for the burner region.

. oT 10 T 1
Burner Region: ¢ p+pc(l- —+ uc, @p——|=—| ar*—|+ Asiné 0 (3
g [px ra®E s «{ (p)] P, ¥ ar [r 8r( ar) r*sin@ 60( 89” )

In the external region, the energy transport equations for the reaction, radiation and outer regions differ

only by inclusion or exclusion of chemical reaction and/or radiation.

. oT  oT J ] aT 1 d . 0T
Outer Region: pgcm(;HA;) [r ar(lgr2;)+r2sin9£(l" 51n9£)]=0 “)

. oT oT 10 oT 1 J . oT
Rad. Region: ¢, |=—+u—|-|=—| A — |+ —| A, sin@— ||=-40xB,exp(-E, /T) (5
& Ps "“(az 6r) [rz ar( ¢ ar) rzsinﬁaﬁ( ¢ ae” kexp(-E,/T) - (5)

Reaction Region:

b Lol [ 125 Lo
8\ ot ar) [rPor\'* oar) r’sinfo@

Conservation of Species

()L sm&a—g)]—qul B, p2YY,exp(-E, /T)-40kB,exp(-E, /T)  (6)

The conservation of mass derivation is similar to that of the conservation of energy. Mass is
unaffected by radiation and the chemical reaction term is zero everywhere except in the reaction region.

For each of the species in the external region, the mass conservation equations for species i=1 and i=2

are expressed in mass fractions with units kg/(m’-s) as follows:

pan I L[] a(lerzal,)Jr 1 a(stmH 0)

= _VIW]IBKIO,:YIYZ exp(-Ey /T)

Jt o | or ar ) r’sin@ a0
aY, ay, [1 a ay, 1 ]
pb— Pl 7—[?;(pg02r267:)+r — ae(pé 251n0—9)}=—VZWZBKp;Y]YZexp(—EK/T)

The independent variable transformation from 6 to z was applied to the energy and mass

conservation equations in all regions for simplified mathematics using z =7z =cos6. Note that —-1<z<1.

Boundary Conditions
In the center of the core, species 1 is introduced at a given, fixed temperature and mass fraction.
Penetration of species 2 into the burner is considered negligible. Far from the burner, temperature and
mass fraction of species 2 are considered constant, and the mass fraction of species 1 is negligible.
r=0: T=T, Y, =Y, Y,=0 (7a,b,c)

10°

r—o: T—T, Y, =Y, Y, =0 (8a,b,c)
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At the inner surface of the burner, r,, a control surface energy balance is performed. The only heat
transfer mechanism is conduction since convection is a volumetric phenomenon. By Fourier's Law,

k. (dT /1) _ = ky,,,, (3T /dr) ., where k

core core

=4, and k

burner

=4, the combined thermal conductivity of the
solid and gas. A similar control surface energy balance is performed at the outer surface of the burner, 7.
The following boundary conditions result:
r=r: AT /o) _=A@T /or),.. Y, =Y, Y,=0 (9a,b,c)
r=r,: )L(BT/ar)rh, =A,T/ 6r)r; (10)
The burner boundary temperatures 7, and 7, remain to be determined.

Additionally, control surface mass balances are performed at the outer surface of the burner for
both species 1 and 2. There is no diffusive component on the porous burner side for either species since

Y,, and Y, are both constant and diffusion is a consequence of the mass fraction gradient. On the external
region side, dY,/dr and Y, /dr are non-zero, so non-zero diffusion components exist for species 1 and 2.
They are 47r’p,D,(9Y,,/dr) and 4mr’p,D,(0Y,,/dr), respectively. The convection of the species mass
fraction may be described using mass flow rates. On the burner side, the mass flow rates of species 1 and
2 are 4m2Y10pgu and 0, respectively. On the external side, the mass flow rates of species 1 and 2 are
4mr’Y,,pu and 4zr’Y,,p.u, respectively. The following control surface mass balances result:
r=n,: Yoo, =Y,,pu, -pD Y, /0r), (11)
r=r: 0=Y,,pu, -pD,0Y,,/dr), (12)
Stability Analysis Modeling
The steady state solutions to equations (1) through (12) are represented by 7y (r), Y,5(r) and Y, ().

It is observed experimentally that a flame may undergo periodic pulsations or wrinkling due to a
disturbance. The flame pulsation or wrinkling may increase in amplitude over time until the flame
extinguishes, decrease in amplitude until all periodic motion ceases, or maintain constant amplitude in the
condition of neutral stability, which serves as the boundary between stability and instability. If the

disturbance is considered to be along (r,z), the flame standoff location r, may be described using the
steady state flame radius r,, plus a small perturbation that is periodic with respect to both space and

time. Because of the pattern of the flame location, the temperature profile is also perturbed by a function
that is periodic with respect to space and time. If the initial disturbance at t = 0 is too big such that

T(r,z,t=0)1s below T, required for a chemical reaction, then there is automatic flame extinction and a



stability analysis cannot be performed. Therefore, the perturbation is established as order § <<1, with a
bar superscript used to differentiate from order & of the radiation region. The temperature solution to the
perturbed problem is written in terms of the unknown function F as follows:
T(r,z.t)=T(r)+ 0 F(r,z,t) + O(87).

Flame oscillations of order ¢ are already absorbed into the steady state solution shown in Appendix B, so
the order of the disturbance must greater than O(e) to be relevant. Therefore, £ << <<1~ steady state
solution.

Since the perturbation function F is periodic, it may be expanded into a Fourier series with the
spatial variation written in the form of unknown 7/(r,2).

F(r,z,t)= E ¢ T'(r,z) 5 c,is the disturbance amplitude

n=-o

However, since the disturbance may either grow or decay with time, it is reasonable to include the time

dependence in the amplitude ¢, as a function that reflects the characteristic of exponential growth or
decay; ¢, =exp(w,t) , where w, is the complex frequency parameter.

F(r,z,t)= E e"'T!(r,z)

In order for the total function F to decay with time, every term in the series must also decay with time.

Therefore, an arbitrary term in the series is selected as representative of all of the terms, the subscript n is
dropped, and function F is simply expressed as F(r,z,t)=e”T'(r,z). Note that for complex o =w, +iw,, by
Euler's equation we have exp(wt) = exp(w,t)exp(w,t) = exp(w,t)(cosw,t +isinw,t). Since both cos and sin vary

only between -1 and 1, the exponential growth required for instability depends only on the real

component ,. In this work, only the cellular instability is examined. As such, w, =0 is considered, and
the subscript 0 is dropped from the real component such that o =w,. Therefore, the temperature and mass

fraction profiles are modeled as

T(r,z,t) =T, (r)+ 8" T'(r,2) + O(67) (13)
Y,(r,z,t) =Y, (r)+8e"Y, (r,2) + O(37) (14)
Y, (r,z,0) =Y, ((r)+0e”Y, (r,2)+O(5") (13)
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If the growth factor w>0, then exp(wr) will increase in magnitude with time and result in cellular
instability, whereas if w <0, all periodic motion ceases. Therefore, w =0 exactly represents the condition
of neutral cellular stability in the condition of periodic wrinkling.
Nondimensionalization

The characteristic length used in parameter nondimensionalization is the burner outer radius, r,.

The mass fraction Y, is rescaled using Y,. The characteristic temperature is Y,,q,/c,,, which is the

.8’
change in temperature of 1 kg of species 1 that results from the energy released from the consumption of
1kg of reactant 1. The stoichiometric mass fraction of Y, that corresponds to Y, is Y, ,(v,W, /v,W,), where

v,W, /vW, is the ratio of the reactant masses consumed in a stoichiometric reaction. The characteristic

mass flow rate is different in the burner than elsewhere in the gas phase due to the burner's porosity.

Nondimensionalizations and rescalings are as follows:

- - - T ~ E ~ E ~
le=i’ y2=£LWI, 7o Sost EK=CM7K’ ER=CF-37R’ ;L=(p+(1_¢)£!
Yo Y, vW, Yo Yo Y, A’g
- At c, m
F= L’ f=—F—, m=—tt— m,, ., = 4”72Pg’4‘i7’ My phase = 4”72Pg’4
T, 0., 5 4w, A,

The nondimensional kinetic and radiative Damkohler numbers and the species' Lewis numbers emerge in
the nondimensionalization of the problem and are defined as

_ v2W2BKY],0p§Cp.grb2
A

4

40K B,r ¢ Ac
, Dak=7/1 Rb pe Le, = 1%,
gqlYl.O

Da .
) p.D,

The nondimensionalized problem is given on the following page.
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Nondimensional Problem

Core Region (0<7<7)

x mdT 1| 0 (L0T\ @ 9T - -
T+—-— — +—| (1-7*)—|}=0 Y, =1 Y,=0 16a,b,c
P fz{ﬁ( af)+az[( )az” ’ b : (16a.b.c)
Burner Region (7 <7 <1)
@ahi’j@—ﬁ{ﬁ(f”f} ﬁ[u—*)"?”w, T-1,  £=0 (17ab.c)
FToar r|ar ar | 9% az
Outer Region
o mdT 1| 0 ~2af 2. 0T
OT +——-— +—(1-7*)— 0 18
P o7 72{37( ﬂr) 6'z( ) z” (19
) /RN S S A 004 A Y T2 8 1Y (19)
Feor  Lei” | dr\ dF ) 9% 14
Radiation Region
= mdT 1| 00T\ o N
e +—|(1-% =-D, E /T 20
P '72{(9;(" (7’7) (72[ 2)02}} a, exp( ) (20)
S ASULRO  JN ECRT ICH FOU S 1 B @1
F°OdF Lei” | dr\ JF) 92 z
Reaction Region
o mdT 1 20T\, 9 aT
T — Z| (1-22)Z= || = Da, Y, Y,exp(E,, / T)- D E,IT 22
w +;2 a7 ;z{(ﬁ( (;r)+(9z|:( )aZ:H (3 exp( )= Dag exp(- ) (22)
s maY, 1 | d(.,aY, af
A = 1- -Da, Y, Y,exp(E, /T 23
Lt E Le,.fz{af(r (7r) az[( 9z } a1y expl ) (23)
Boundary Conditions
F=0: T=T, Y,=1, Y,=0 (24a,b,¢)
F=i: T=T, (T/9F)_ =A@Tl1d7)., ¥ =1 Y,=0 (25a,b,c)
. = 1 9y, = 1 9Y.
F=1 T=T, AT 19F)_ =(dT 19 nY, - =m, nY,-——2=0 26a,b,c,d
r b ( P =( L mh Le, 9F nh Le, d7 ( )
F—sw: T-0, ¥,—0, Y,—0 (27a,b,c)
Perturbed Solutions
T(7.7,7) =T, (F) + 0™ T'(F,7) + O(5?) (28)
Y,(F,2,7) =Y, s(7F)+ 8" V(F,2)+ O(5”) (29)
Y,(7,2,0) =Y, ((F) + 87 Y, (7,7)+ O(6) (30)
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CHAPTER II1. SOLUTION

Steady State Solution

Initially, the steady state problem was solved with the inclusion of non-unity Lewis numbers. The
derivation uses asymptotic theory and numerical methods similar to that which is used in the stability
analysis and may be found in Appendix B. In the stability analysis that follows, the steady state solutions
are considered to be known functions.
Separation of Variables

Homogeneous equations 16a, 17a, 18, 19 and 21 were all solved similarly by separation of
variables. First, the nondimensional perturbed solutions given in equations 28, 29, and 30 were
substituted into the homogeneous equations. Equations 16b,c and 17b,c were also be solved at this time
by substituting in the nondimensional perturbed solutions. After rearranging and separating orders, the

first order problem emerged as the steady state problem, and the O(5) problem was as follows:

'

Core Region: @f’+mﬂ—l{&(f2 T J+i[(1_52)‘;
Z

ar ar ) 9z

~r

}=0, Y/ =0, Y,=0 (3la,b,c)

'

} =0, Y'=0, Y,=0 (32aby)

Burner Region: a”)af’+’~n(7T—A{(7(72(;T~J+;~[ (I—ZZ)ZT~
z z

P aF | oF ar
Outer Region: @T’+~ﬁ2£—~1—2 i FMT~ +5 (I—Zz)ﬂT =0 (33)
7o ar  FT|aF ar ) 9z 24
Outer & Radiation Regions: cb}’+~ﬂ2m/~ - 1~2 i FZ% + 2 (1—22)% =0 (34)
7o 0r  Le; 7" | dF ar | dz iz

As a case example for all of the above homogeneous relations, homogeneous equation

a7 } (5)

was used, where constant p is representative of either Le, or 1/ 4. To solve by separation of variables, a
solution was sought in the form Y'(7,7) = Y(F)A(Z). Note that the first term was eliminated for the condition

of neutral cellular stability because w=0. The separated equation with arbitrary constant —c is

1d(~2d?) . 1dvY ld( > dA)
Fr—|+ = 1- =—C

7 = S|t s o= D)—
Y dr dr Y di AdZ dz

By selecting the arbitrary constant —c =-n(n+1) for any integer n=0, the separated equation for A became

Legendre's differential equation, and solutions for A were found by the power series method to be finite

13



nth Legendre polynomials P,(Z). Since all Legendre polynomials P,(Z) are linearly independent for n =0,

the general solution for ¥, was found to be ¥'(7,2)= »'7,(F)P,(2). Only one arbitrary term in the series was

n=0
needed as a representative particular solution for ¥’ such that
Y(72)=Y(PE,Q2), (36)
with subscript n dropped on Y. After rearranging, the following problem remained to be solved for Y.
d.d¥| _d¥ 5
dF(r df) pm; n(n+1)Y =0 (37)
The detailed derivation of the solution of (37) is presented in Appendix C. Since (37) is second order, two

linearly independent solutions W, and W, form the general solution ¥ =¢&W,+&W,, with unknown

constants ¢, and ¢,. The first linearly independent solution W, was sought by power series method,

substituting ¥ =W, = 1+2c,j* into (37). Orders of 7 were equated, and ¥, was found by recursion.
k=1

i

K ~k
| [i(i—l)—n(n+1)])W} (38)

lpl(;sp)=1+2{(
k=1

Reduction of order was used to find the second linear independent solution W,. That is, solution

exp(-pm/7) .

Y=W,-BW, was sought in (37) where unknown B=B(7). Solving for B gave B= [ g
o rE

Therefore, W, = W]f%f;’?/r)dﬁ By the use of recursion (letting n=1,2,3... in W¥,), ¥, simplified to
- TR

k=1\ i=1

n k ~k
lPZ(F,p)=exp(—pnﬁ/F){l+E(H[n(n+l)—i(i—1)]]"Nk}_(_l)ﬂ‘{'] : (39)
k!(pm)
The above results gave solutions to 7(7) in the core, burner and outer regions as well as solutions to ¥,(7)
and Y,(7) in the outer and radiation regions. Constants ¢ and ¢, differed from region to region and

remained unknown.

A(‘()re(;:) = Y, (7, D+, W,(#1), ’f;mmer(;) = Clhlplb(fsi_l)"' Czhlpzzy(ii_]) (40a,b)
T, (F) =&, W, (7 1) + &,%, (F1), T, (F)= &, W,(F,1) + & ,W,(7,1) (40c,d)
Vi ou(P)= Y1 (F) =6, W, (F,Le) + &, W, (7, Le,) Vi (F)= V1,00 (F) = &, W, (7, Le,) + E5, W, (F, Le,) (40e,f)

V3 0d(F) =Y 3,00 (F) = 63, W,(F.Le,) +6,,W,(F. Ley) , Y3, (F)=Y3,,(F)=E5,W,(F.Le,)+ &3, W, (7. Le,)  (40g,h)

Boundary conditions were applied to the results in (40), resolving constants c,., c¢,.. ¢,
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completing the solution for the temperature profiles in the core and burner regions. Constants ¢;,, ¢;,,
¢, €1, &, and ¢, were also resolved, but constants ¢;,, ¢;,, ¢, ¢,, &, and ¢, remained unknown

and were expanded, along with the respective temperature and mass fraction profiles, and Lewis numbers

Le,, as shown below. Note that 7, was expanded in place of constant ¢;,, defined as ¢;, = A,,T, , where

A,, was used as shorthand notation for a lengthy expression of a known constant, given in Appendix A.

T, =[T,, +¢T,, + O+ T, +O(e)|+ O(*), &, =[a}, +edr, + O]+ (a5, + O(€)]+0(S%) (41a,b)
&, =1a;, +ea;, + O] +0la;, + O+ 0B%), &, =[a}, +ea, + O] +la;, + O()]+ 0() (41c,d)
Vi=[Vi, +eV;, +OE)+0Y,+0()]+0©*), Yi=[Vi +eV] +0()]+[V 7, +0()]+0(5%) (41e,h)
T~ =Ty +€T7 + 0]+ 815 +0(e)]+0(8%), T* =T + €I} +O(e*)]+ 8T} + O(e)] + O(6%) (41g,h)

Applying these expansions to (40c-f) and to boundary conditions gave expressions for Y7, ¥:

il

Y, T T 5> and fj in terms of remaining unknown constants. Notably, fl'(f) and f“l*(f) are shown below.
7 (7) =T, {A, WFED+[1- AW (LD, F.D /W, LD}, () =a;, W, () (42a,b)
The full solution to the homogeneous equation (35) is found in Appendix B.

Matching at the Outer and Radiation Region Boundary

Since the width of the radiation region is order 8, the stretched variable ¢ =(7-7,)/6 was defined

for use in this region such that 7 =7 +06¢. The flame location was defined as 7, =ffvx+5r}Pn(Z)e"~”~ where

7, =7, +&f,, +0(¢*). The exponential dependence ¢” dropped off since w=0. An inner expansion for the

temperature profile in the radiation region was defined as
i—v:

rad

=T, - €05 +O(e)]-0[6; +60; +0(e")]+0(8") ; ©:=0; +5Pe”05+0(3), j=123. (43a,b)
Functions ©% were assumed to be separable following the solution to homogeneous equation (35) such
that ©5; =05 ,(7) are known from the steady state solution, P, =P,(?) is the Legendre polynomial, and
(:)j = (:)j(;‘) are unknown functions. An inner expansion for 7, was defined as

Ty, =Ty + T, + O+ 0IT, + €T, + O +0S") 5 T7 =T;,+5Pe”T; +0(S7) . (44a,b)
s ; and f"_f represent steady state solutions and unknown functions respectively. (This notation is similar

in all preceding profile expansions.) The next step was to equate (43a) with (44a) at the shared
boundaries of the outer and radiation regions in a step referred to as 'matching'. Before matching could
take place, a Taylor series expansion of the outer region temperature expansion (44a,b) about the steady

state flame radius 7 ; was performed, resulting in the following equation
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. < a4 dT: . < | dTe dTe - dT:
== +OP Ty +7F,—22 +e{Ts| +OP|T7| +F,—2 7, —2L S(|T5| +—22
WLM 7l n 1o s .0 a7 | sy, w41 s 70 a7 fl di | s2; | dF ¢

Tts Tt.s s Tt.s

- |4 dTf: df: d*T? . dT; = |4 dTs:

+0PIT +7 5.2 Ol 47 SO el Ve ed( |TS| +—3L El+6P T +7, 53
s dr | di | " dR | T s dr |
s Tr.s Trs f.8 s
~ dfsiz d,fl: ~ d2 Tstl A dszio 2 2 %2
+7; : +7 4P, —=1 +0(07,€°,07).
Modr | di | 70 df? Mgt | ¢ ( )
Ty s Tt.s Tt.s Ty

Matching the above expansion with (43a) at £ —=» and equating orders resolved constants 7,, and &, ,
and yielded relations for use later in the analysis (e.g. simplifying relations, substitutions, etc.).
Radiation Region Temperature Profile Solution

Following the matching, the radiation region temperature expansion (43a) was substituted into the
radiation region energy equation (20), variable transformation from 7 to ¢ was applied, and the equation
was arranged according to order of magnitude. The three leading orders were kept, yielding the following

system of equations:

9207 /087 = - A exp(-0?) (44)
9°0% /08> = —A O exp(-0?) (45)
9°0r m-27,, 00 -, 2070

3 L2 2 A,|© 1= -0 46
Y ’7?',0 9E r[P3F : exp(-0y) (46)

with reduced radiative Damkdohler number A, =8Da,exp(-E, /T,) defined for simplification. The solutions
for @7, @: and ©: were found by solving this system of equations. The solutions are lengthy and are

therefore included in Appendix A. The derivation can be found in the full problem solution.
Matching at the Radiation and Flame Region Boundary

Since the width of the flame region is order e, the stretched variable &=(7-7,,)/e was defined
for use in this region such that 7 =7, +¢& where #,, =7, +0#,,P,(2)¢”. Additionally, the stretched variable
& was expanded as &=£ +5ff<,P”(Z)e’;”‘ . Inner expansions for the temperature and mass fraction profiles in

the radiation and flame regions were defined as

Trane =T, €0, - €20, + O(e")]+ O(¢ 1 6), 6,=0,5+P,(2)e”6, (47a,b)
Y, pane =186, + %6, + O, Gy =5+ BDET, (48a,b)
Ve = +eV 5+ 0]+ 015 +0(e)]+0(8),  Y5=Y7 s+ P(D)e™Y, (49a,b)

+

where 7, represents the flame temperature, 6,, ¢, and 171‘/‘5 represent the steady state solutions, and
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6,, ¢2 and 7, >, are unknown error functions. In order to match flame region (47a) and (48a) with radiation

region (43a), and (49a) at the shared boundaries of the flame and radiation regions, Taylor series
expansions and coordinate transformations were performed on radiation region (43a) and (40e,f,g,h). As

the radiation region approaches the flame region boundary, the stretched variable £ goes to zero.
Therefore, the radiation region temperature equation (43a) was Taylor series expanded about £ =0, and

mass fraction equations (40e,f,gh) were Taylor series expanded about 7 ;. The radiation region

temperature equation Taylor series expansion is shown below,

- - ~ 002 £z ~ 007 e\ 96 1(e2Y
T= |, =T -¢|©; 2l | ZE|+.+0ED) | -8{0 + = | LY
mdﬁfw&o { f £ 2§=n+ 6; 2_0(65)"' + (8 )} { 1§=0+ BC 5_0(55)4- aé_z :=02(6§) +
~ 00: €2 ~ EICH e2) 90| 1(ezY
+e|0@z + =3 |ZE|+..|+0(EH) =8O +— (7 )+ 4 7(7 ) +...+0() |+ 05
e © 9g :_0(65) ( )} Yo 9L, 5° g |2 5° €)[+0E)

which was matched to (47a) at & —=+w. The radiation region mass fraction equation Taylor series
expansions were matched with flame region equations (49a) at £ — +o. These expansions are lengthy and
can be found in Appendix C. Equating orders of the matched boundary relations resolved constants a;,,
as,, a4, G, kaa and a;,. Additionally, applying inner expansions (47b) and (48b) to the results
yielded the relations for qA)“ given in the preceding problem summary (69b) and (69c¢).

Flame Region Solution

Inner expansions (47a) and (48a) were substituted into temperature profile (22), and the variable
transformation from 7 to & was performed. A reduced kinetic Damkdhler number A, was defined for
simplification. The resulting leading order for the temperature profile was

0%,
98>

Species 1 mass fraction (23) was subtracted from species 2 mass fraction (23), inner expansions (47a) and

= APy, exp(=0)), A =€&'Dagexp(-E, /T) (50a,b)

(48a) were substituted into the resulting relation, and the transformation from 7 to & was performed. The
resulting two leading-order relations were integrated, yielding the two following relations with unknown

integration constants ¢, ¢, and ¢,.

&] 1 éz 1 ~ ~
ML _FE+C, 51
Le, Le, £+8 D
1 99 26 9, W+ 1 3¢, 28 ¢y, @ o, | -
LE + é: h _ — |- Lk + éi LT =0 |=G (52)
Le, 9§ Lef;, & F 0 Le, 0§ Leyt, & F 0

17



Species 1 mass fraction (23) was added to temperature profile (22), inner expansions (47a), and (48a)
were invoked, and the variable transformation from 7 to £ was performed. The resulting two leading-
order relations were integrated, yielding the two following relations with unknown integration constants

¢é,, ¢ and é.

~l_h=({~‘4§+55 (53)
Le,

36, 2800, i g) |\ 1 06y, 28 3y i g | o 1)

A& o 0E T, Le, 05 Lef,, 05 7},

Boundary conditions at & — =+ obtained from matching were applied to (51-54), resolving integration
constants ¢ through & , providing a system of four relations that were used to resolve constants a;,, a;,,

a,, and a;,, and yielding the boundary conditions shown below

6, =g +2A 1T, s, + SR T \ ) gi]+E}+0(3) (552)
(d6,1dE)|__ =-1(,)" +2A,1" +0(5") (55b)
0|, =) +2A1"{I(a; , + 6P, T} | )/8i1-81+0(") (56a)
(d6, 1d8)|__ =I(g}) +2A,1" +0(5). (56b)

Constants aj,, T, ,, and parameters g, and g, were defined in the steady state solution and introduced
into the stability analysis during the solution of the energy equation in the radiation region; a;, and fﬂ A

remained unknown; g; and g, are defined in (63a) and (63b) below.
Problem Summary
Equation 50 represents the flame structure equation in the flame region with boundary conditions

given in (55) and (56). Inner expansion of variables 6,, ¢,,, and ¢,, (47b) and (48b) were substituted

into the flame structure (50) and boundary conditions (55) and (56). After equating orders, the problem
separated into the steady state problem and the perturbed problem given as follows.
Steady State Problem:

d’6,

d&zj = AK¢1,I,S¢2,1,S exp(—H,ﬁS) (573)
Ousl,, =Ty 1 80)+ENN(8)* +2A,1", (0,5 1dE)|,  =~[(85)"+2A,1" (58a,b)
0,5, ==ai,[1-exp(in /7, )] +[(87)" + 24,17, (d6, s 1dE)|,  =[(g)* +2A,1" (59a,b)

S
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Perturbed Problem

2
d? 92 d 9]3 ¢1| L é] (603)
dg E ¢l.l.S ¢2 1.5
0, =-T| 1@ e s @ ras], =0 (61a,b)
b =-1i| wereandtrg, @b g =0 (62a,b)

Relations for g;, g, and 7, are known from the steady state analysis and given below.

g =T, s =T)(RIF,y), gy =T, s~ T IF )/ [exp(i/ F,5) =11,  Fs=Leym/In(1+Y,.) (63a,b,c)

Constants 7, , and a;, remained unknown in the steady state problem and constants ka_’1 and a;

remained unknown in the relations for 7~ and 7+ given in (42a,b). The steady state flame temperature,

Tf s, was resolved numerically using equations 63a,b,c, as follows.

Steady State Flame Temperature and Adiabatic Flame Temperature
The steady state analysis showed that
M7y =1(80)" +2A,1" -[(87)" +2A,1", (64)
which was used with expressions (63a,b,c) for g, g;, and 7,; to numerically determine 7, by the
Newton iteration method and to analytically approximate the steady state adiabatic flame temperature.

The adiabatic flame temperature was found in the limit of perfectly efficient combustion and an infinitely

thin flame. In this approximation, the flame is adiabatic (A, =0) since radiation is a volumetric effect,
and notation 7 was substituted for 7, in (63a,b) and (64), yielding 7/ =1+7, -(1+7,-T,)(1+Y, )", A

reference adiabatic flame temperature 7,, was fixed using Le, =1, so that

T,=1+T,-(+T,- T,)1+Y. ‘m)‘].

a

Lifian's Form
The resulting problem was converted into Lifian's form following the method described by Law

[5]. That is, 8 and & were defined as 6 =a"’ (6, + A& + B) and & = o'*(DE +G) with unknown constants
a, A, B, D and G; D>0. Shorthand notation y=-A/D was adopted and boundary conditions

(dg/dg)‘g%_x =-1 and (dé/dé)\gﬂ =1 were assumed. The variable transformations 6, —8 and & —&

were applied to the steady state problem (57-59), and the assumed boundary conditions were used to

solve for constants a, A, B, D, G and y, which are given in Appendix A. Variable transformations
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6,5 —0 and & —& were also applied to the perturbed problem (60-62), yielding the summarized problem

below.
Steady State Problem in Lifian's Form:
o

@ =(0-&)B +E)exp[-a (0 - yE)]

g Ley(1+7,,)

a -\2 12 =i .o
ga{ﬂmm (1] . ;_5, @ 16E), -1

0

. =a"(aj,/ Le)[1-exp(-Leyi /7, )] +&, (d6 / dé)\m =1

Perturbed Problem in Lifian's Form:
diél = dig él.l + qSZ.l él
dE*  dE*?

Le(0-E) Le,(08+E) o

By, =07 W, (7, o Le)+ Le {[(])" +2A,17 (a5, | g)W,(F, ;D +6}

rjys,

qsz.l =&;‘1qu(’7ﬁs’Lez)+ Le,{[(g; )2 + ZAR]UZ (&;‘1 /g)¥, (Ff,SJ) + él}

6,

s

[@)’+2A,0" 1gr, (d6,/dE)_ =0
TS S —>-%

-

=T

6]
[

()P +2A,1" g5 (6, 1dE)__=0

rs

Rescaling

(65)

(66a,b)

(67a,b)

(68a)

(68b)
(68¢)

(69a,b)

(70a,b)

The parameters ¢,, v,, v,, W,, W, and Y, used in nondimensionalization all depend on the type

of flame under observation. In order that the results from various flames can be compared, the

nondimensionalized terms were rescaled using flame A (later defined) as the reference flame. For flame

A, g =q., V=V, V,=v,, W, =W, W,=W, and Y,=Y,. The rescaled nondimensionalized terms,

notated with a bar superscript, are listed below and substituted for their respective former

nondimensionalized counterparts.

= — - ¢, T —  E — > E - T?
Y|=Ylv Y2=Y2VFWF, T=CP-E , EK=('P.g K, ER=LP"§ R7 5=7;nd’
VoW, qdr dr qdr E;
—  BwW,pkc,.r: _  40xB 2 _ L _ .
Da, = %W Da, = #, Ay =8Dayexp(-E, /T.,). A, =& Da, exp(-E, IT.,)
2 F%

Note: E./T,=E./T, and E /T ,=E./T

ad

Therefore,
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T=-T-4 | y-
Y,

E voWo VWi
Yo viWp v, W,

oA=L 1 (@Y )V (T, I T, expl E (T, =T;)1A,

The perturbed problem and the steady state problem were simultaneously solved numerically since steady

state values d’6,;/d&*, ¢, and ¢,,; were needed to solve the perturbed problem.

Numerical Program

A program was developed in the Python programming language to solve the system of equations
(65) and (68) subject to boundary conditions given in equations (66), (67), (69), and (70). The steady state
problem given in (65) subject to boundary conditions (66) and (67), was first solved as follows. An initial
value for the unknown constant a;, was guessed as a, =0 and the program was run using the fourth-
order Runge Kutta method from & =« approximated by & =50, to —» approximated by a constant value
value for df/dE from one step to the next. A caveat was included for negative values of (6 -&) or
(0 +&) representing negative concentration, whereby the program automatically exited from the Runge

Kutta loop and continued with the following incremental value of «/,. Resulting boundary conditions at

- were compared with (68b) in search of small error defined by —1-(df/d& )‘L_ . This process was

performed iteratively for successive incremental values of 4/, until the program produced a change in the
sign of error, at which point successive iterations were performed to zoom in on the correct value for «,
determined by small error. If no solution was found, the flame was considered to be extinguished. Steady
state values from & =—o to £ = were saved in arrays for use in the perturbed equation. The perturbed
problem given in (68) subject to boundary conditions (69) and (70) was then solved using a similar
method. An initial value for the unknown constant a;, was guessed as d;, =0, and the fourth-order

Runge Kutta method was run from & =« to & =— as in the steady state program, using boundary

conditions (69) and (70) in search of small error defined by 0—(dé/d§): . For flames B and C as

0

described in the following chapter, the program was adjusted to perform iterations from & = - to & = oo

to avoid numerical issues particular to the stiffness of the equation for these flame types.
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CHAPTER 1V. RESULTS AND DISCUSSION

Numerical calculations were performed using the following values representing the burning of
ethylene in air with outer burner radius size used in experiments conducted by Sunderland et al. [22].

T,=T,=298K, q,=47160J/g, c,=13232J/(g-K), A, =0.0012043 W/ (cm- K),

E,=24000K, E,=8000K, v.=1, v,=3 W.=28g/mole, W,=32g/mole, 1,=03175cm
Following the experimental model of Sunderland et al. [22], four different flames from stoichiometric
mixtures of ethylene and air varying in flame structure and convection direction were analyzed. The
stoichiometric reaction between ethylene and air is C,H, +(30, +11.286N,)=2CO, +2H,0+11.286N,. Flame
structure was varied by exchanging the inert gas between the oxidizer and the fuel such that the diluted
fuel was represented by a mixture of ethylene and nitrogen extracted from the air. Convection direction
was varied by interchanging the injected and quiescent gases. The four flames had the same stoichiometry
and the adiabatic flame temperature remained constant between flames. They are as follows:

Flame A: fuel (C,H,) issuing into air (79% N, and 21% O,)

Flame B: diluted fuel (8.1% C,H, and 91.9% N,) issuing into the oxidizer (0,)
Flame C: air issuing into fuel

Flame D: oxidizer issuing into diluted fuel

The following discussion uses results m, (mg/s)

obtained from the steady state problem

for Flame A only. The results for the 2500
6
other three flames are qualitatively 5300
similar and can be found in [25]. The :
R 2100 0
curves in Figures 4, 5 and 7 can be ) 4
< )
separated into upper and lower portions > 1900 3 =
from the minimum values of A, (Fig. 1700 ,
4) or m (Figs. 5, 7) to maximum values
1500 1
(where applicable). The upper portions
of these curves display analytical 1300 0 1 ) 3 4 s 0
solutions that do not exist in reality m (mgfs)
: Figure 3: Steady state flame temperature and radius
whereas the bottom portions are 8 ¥ p
p plotted against specified reduced radiative Damkéhler
representative of physical reality. numbers, mass flow rate and fuel consumption rate
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Section 1: Temperature Distribution

Steady state flame temperature T, ; and flame radius r,; plotted against mass flow rate of species
1 issuing from the burner and fuel consumption rate for varying values of A, is shown in Figure 3.
Results reveal that for fixed m, as the radiation intensity (and therefore A,) decreases, the flame
temperature increases, approaching the adiabatic flame temperature. Additionally, m is shown to be
directly proportional to the flame radius. From the analytical portion of this study, a qualitative analysis
of the effects resulting from mass flow rate variations demonstrates that the flame radius is directly
proportional to the mass flow rate and flame volume. The following qualitative analysis references (63c)
and equations for mass flow rate and sphere surface area.
FrsIn(l+Y,,)

Le,

~ ~ . _ 2 - . _ 2 -
m= m~Tg ) m=pudn(;) = r~lu; ) V,=¢ednr; = r,~V;

Figure 3 also reveals that for fixed A,, as m increases, flame temperature decreases. This is due to the
direct proportionality between mass flow rate and flame volume. Radiative heat loss is directly related to
flame volume since radiation is a volumetric effect. A qualitative analysis is shown below.

mt=r 1=V, 1 = radiative heat loss 1 =T |
The steady state flame temperature remains constant at the adiabatic temperature when A, =0.

Section 2: Kinetic Extinction

The curves in Figure 4 display the
_ m, =2mg/s
relationship between A,, A, and reactant Ag=10"

1 leakage past the flame region, ¥,,. For
fixed A, and fixed fuel consumption rate /
m, =2 mg/s, there exists a minimum A, 107

below which a solution does not exist and 4

N

steady burning is not possible, .
> 10
representing the kinetic extinction limit. )

107
As the radiation intensity increases, 0 C

0.00001  0.0001 0.001 0.01 0

increased radiative heat losses cause the i

10 100 1000

K

flame  temperature  to drop,  thereby Figure 4: Reactant 1 leakage plotted against reduced

promoting kinetic extinction and resulting kinetic Damkoéhler number and reduced radiative

. . o L L. Damkdhler numbers with fixed fuel consumption rate
in an increased kinetic extinction limit. As
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A, increases, reactant leakage decreases monotonically along the lower portion of the C-curve. The limit
of an adiabatic flame (A, =0) corresponds to the smallest kinetic extinction limit for fixed m,.
Section 3: Kinetic and Radiative Extinction

Reactant leakage is plotted against mass flow rate for fixed A, and varying A, in Figure 5. The

lower portion of the curves display that m, (mg/s)

L. . . 0 0.2 04 0.6 0.8 1 2
for fixed m and fixed radiation intensity, 16

a decrease in A, leads to an increase in 14 —
A =58x10"

reactant leakage with a minimum A, :

below which steady burning is not 510+

o~

possible. For fixed A,, a decrease in m
4.4x107

leads to increased reactant leakage and
there exists a critical minimum m that
corresponds to kinetic extinction. A :

qualitative analysis is shown below. N " o 06 s | s

m|=>r, | = u, 1= residence time | (¥, , 1) m (mg/s)

Figure 5: Reactant 1 leakage plotted against specified
reduced kinetic Damkéhler numbers, mass flow rate, and
fuel consumption rate

=T | = leading to kinetic extinction

It is known from previous analytical
studies that reactant leakage monotonically decreases with increasing m when A, =0 [5-7]. However, for
fixed A, values, the curves in Figure 5 display an increase in reactant leakage and flame extinction at
critical maximum mass flow rates. This type of extinction is not present when there are no radiative losses
and is therefore referred to as radiative extinction. Recall that Figure 3 displayed a decrease in flame
temperature due to radiative heat loss as m increases given fixed non-zero radiation intensity. The
combined results yield the following qualitative summary.

u 1 = residence time | (Y, 1)=>T, | = leading to kinetic extinction
m|= r = o ' ’ ) )
’ 7 | => radiative heat loss |, = T, 1=, | = harder to extinguish

u, | =>residence time (¥, |)=>T, 1 = harder to extinguish
mi= r 1= o ’ ) o o
’ V, t=>radiative heat losst =T, | =Y,, 1= leading to radiative extinction

As m decreases, the flow velocity at the flame increases. The resulting decreased residence time yields an

increase in reactant leakage and a decrease in flame temperature. For fixed A,, kinetic extinction is
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promoted when m decreases due to the decreased residence time, whereas an increase in m corresponds
to an increase in radiative heat loss since radiation is a volumetric effect. Radiative heat loss dominates
the effect of high residence time at high mass flow rates, leading to radiative extinction. Similarly, it can

be shown for fixed A, and varying A,, there exists a maximum A, above which steady burning is not
possible, indicating a flammability limit for the specified A,.

Section 4: Flammable Range m, (mg/s)

As discussed in Section 5, there 0.0

exists a minimum A, below which steady Ay =4x10

state burning is not possible for fixed A,. 0.015
2x10°7

This minimum A, represents the kinetic
KE

extinction limit for the specified A,. The il /
107

kinetic extinction limits (A,,) for fixed A,
0.005

values are plotted against mass flow rate and
fuel consumption rate in Figure 6. Steady

burning is not possible in the regions below I 5 2 25 3 35 4 45 5

. . m (mg/s)
the curves. As m increases, increased flame &

Figure 6: Kinetic extinction limit plotted against
specified reduced radiative Damkéhler numbers,
mass flow rate and fuel consumption rate

volume results in greater radiative heat
losses, promoting kinetic extinction. An
increase in radiation intensity (and therefore A,) also results in greater radiative heat losses, and there is
an increase in the kinetic extinction limits resulting from the corresponding drop in flame temperature.
Section 5: Lewis Numbers

A parametric study on the Lewis number was performed. Reactant 1 leakage was plotted against
mass flow rate for fixed A,, fixed A, and varying Le, and Le,, shown in Figure 7. The Lewis number
represents the ratio of thermal diffusivity to mass diffusivity. The dotted lines indicate the reference
condition with both Lewis numbers at unity. Figure 7a displays conditions when mass diffusivity is
greater than thermal diffusivity (Le, <1). When Le, <1, there is a higher amount of reactant 2 in the flame
region, which causes the flame radius to decrease as it searches for more of reactant 1. The relationship

between the flame radius and Le, is shown in (63c). As previously discussed, a decrease in flame radius
leads to increases in both u, and Y,, , causing a drop in flame temperature. However, Le, is inversely

related to flame temperature, as can be qualitatively shown using (63) and (64). Therefore, a decrease in
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m, (mg/s) m,. (mg/s)

0 0.2 0.4 0.6 0.8 1 1.2 0 0.2 0.4 0.6 0.8 1 1.2

Ag=10"
14 14 Ay =5x107
12 12 —_Le=1
Le, =
10 10 =
Y _
1L 8 Y]J, 8 N
N
6 6 Le, =1.005 N
N
4 A
i
0 0
0 0.2 0.4 0.6 0.8 1 1.2 0 0.2 0.4 0.6 0.8 1 1.2
m (mg/s) m (mg/s)
(a) (b)

Figure 7: Reactant 1 leakage plotted against mass flow rate and fuel consumption rate with fixed reduced
radiative Damkohler number and varying Lewis numbers

Le, yields a direct increase in 7, that dominates the effect of a smaller flame radius. On the other hand, a
decrease in Le, does not affect the flame radius. Stronger mass diffusion of reactant 1 causes reactant 1 to

pass through the reaction region more quickly. This causes an increase in reactant leakage that makes the

flame weaker, and flame extinction is promoted.

D2T=>r/¢=u/,1‘$YLLT=T/\|,

Le, | = =T,1 (stronger flame)

T; 1 (dominant effect)

Le, | =D 1=7Y, 1=T,| (weaker flame)

Figure 7b shows that the opposite is true for each of the reactants when their respective Lewis numbers
are greater than unity. Additionally, flame extinction is significantly more sensitive to variations in Le,
than Le,. This is because the reactants are O(¢) quantities in the reaction region and a decrease in Le,
only causes an O(e) drop in flame temperature, whereas temperature is directly affected by changes in
Le, . Therefore, since chemical reaction is modeled by high activation energy E,, flame strength is more
sensitive to changes in Le, than Le,.
Section 6: Flame Stability

The trivial solution was the only solution found solving the final system of equations (65 and 68)
in the stability analysis. This indicates that a neutral stability solution does not exist, so the flame is either
absolutely stable or absolutely unstable. Since the steady state solution and other numerical and

experimental papers [22, 25] show flame existence, it is expected that the flame is absolutely stable.
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CHAPTER V. CONCLUDING REMARKS

The stability analysis using non-unity Lewis numbers performed on a spherical diffusion flame
with linear perturbation due to wrinkling produced the trivial solution, indicating that a neutral stability
solution does not exist. Therefore the flame is expected to be absolutely stable since the steady state
solution showed flame existence. Numerical results in the steady state condition shown in sections 2, 3
and 4 of chapter IV are qualitatively the same as, but quantitatively different from those obtained by
Wang et al. [29]. This was expected due to a nondimensionalization error in the former study. However,
results in section 1 of chapter IV were unaffected by the nondimensionalization error and were identical
in both studies. At low mass flow rates of the species issuing from the burner, kinetic extinction due to
reactant leakage was observed. Increasing radiative heat losses promoted kinetic extinction. Increased
mass flow rates resulted in increased residence times as well as increased radiative heat losses. At high
mass flow rates, high radiative heat loss dominated high residence time and radiative extinction was

observed. A parametric study on the Lewis number revealed that decreases in Le, and increases in Le,
produced a stronger flame. Flame strength is more sensitive to changes in Le, than to changes in Le, due

to high reaction activation energy.
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APPENDIX A. ADDITIONAL EXPRESSIONS

w,(1,1)
W (L)W, (L)~ (LOW,(L1)

T2 T

ALY, (LAHW, (LA =W (LAWY, (LAD1+[Y, (LAHY, (7.A7)-W, (G AHW (LA Wh LD
W (LAWY, (A )-W, (R AW, (1,4 W, (1,1)

AW, G D+ (=D, E DY, (7AW, (5.4 -w, (5,4 (7.47)]
(W, D+ (=D)L (F DI (LA W, (7, A7) =W, (7,A7H W, (1L,AT)]
ALY, (7D +(-D)", (7, DI, (LA W, (7,47 - W) (7, A7) W, (LA}

T1 =

Oy, = m(1-{A,/[2(g ) 1yexp(g +& &)’ -& &g

05, =(T,54/8)(dO5, /dE) ==T,,,12(8;)" + Agexp(g +8 E)1/12(8;) ~Agexp(g; +&E)]

05, = m(1-{A,/12(g Y Iexp(gl - &) +& & —g =2/n(1-{A,/[2(g )’ Dexp(g - &) +& &~ g
0, =—(a;,/8)(d®},/dE)=—a; ,[2(8))" + Acexp(gl -85 O 1/[2(8) - Agexp(gi - g 0]

07 =05, -8 P ((T; +T; &)+ 2[T; (21 g) T +T; E1/{[2(85)* / Aglexpl-(g] + g5 £)1-1})+0(8%)

& -0, 1+5Pn{fc+ z_t(zgafARexp(_g;+_ggc>[T;_—<zz/gg>T,;+T_,;;]_ }w(éz)
' [2(gy) +Arexp(g +8,E)1[2(gy) —Agexp(g +& 6)]

6; =03, -0 P((T; +T; &) +2[T; +(2/ g)T; +T; C1/{12(g5 ) 1 Aglexp(g; &g )-13)+0(5”)

& -0, 1+5R,{fg+ 4g)" Aexp(g] - g Oy + 2/ Tr+ 17 2] }w(éz)
’ [2(85)" +Apexp(g -8, E)[2(8;)" —Arexp(g) -8, &)l

(7 s 2A, exp(—-07)+ (2
®§=g;:(f —%g; o){ A eXp(g )+(&) <z
0

28" V2 Acexp(-6)+ @)’ —gol 2>}

Ap 2 exp(-07)+ (8 ) +4;

%Jzz\ exp(-07)+ () [<f

205°) \/2ARexp(—éf)+(§§)2—go —(@ry _,@f
Ay \/ZAReXp(—@T)+(§§)2+go

2@ V2A,exp (=61 +(85) -
Ap 2 exp(-00)+(8:) +8

8o

} J2A,exp(-07)+ () ( g

g ==2m{[(1+[2A, /(g 1) +11/2} , & =[2/BT)I(T,5,/8))
g =-2m{[{(1+[2A, /(g N> +11/2y , g =-[2/3T)1(a;,/8)
8 =8 +OPT; +0(8*)=g [1+3P,(T; /g;)+0(8")] , & =g +OP,T,+0(3")

8 =8 {1+0 P [T ~(T; /g,)1+0(8”)}
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8 =8 -0 PT; +0(8*)=gi[1-8P,(I} 1g)+0(6)] , & =g +6 B, T;+0(5)
G =g 1+ PIT +(T; 1g)1+0(8Y)} & =gl (148 BT +(T; 1 g0)=2F,,[(m=2F, )" +7{1}+0(67))
T; =(dTA0’/dF);” +i0 G LURIFI) = (217 )], Ty =Ty (7o) + 8 GR1F)

T

(T, )47 851 Ty 47y (177

Ty =Tyy (7 )+ 8 BT ()47, (AT, 1dF), +F, 87 (7] 7)1+ 0(87)
Ty =Ty, () B )+ BT 1dF), +7 o (2 T5, 1dF), +7, 80 [ 17) = (217, )1} +0(57)

Ty =(dTy 1dF), ~Fo gl (mlF})=(21F7 )], Ty =T (F ) =F 8 G177y [exp(in/F,s)~1]

T} =[T} (7o) -ayp, 7o Gt I FE Yexp(= i1 7, )~ 7, g0 1/ af

Ty =T, (7 )+ 8 PALTS () 47,0 (A TS5 dF), = Fy gl G/ 7E5)  [exp (i 7 ) =113+ 0(87)

T} =-a;, (i 7} exp(= i/ 7, )+ PA(d T} 1Py, 47, (P TS, 1dF), =F, go L7 )= (217 )1} +0(87)
A={[(g) +2A, 1" —[(g ) +2A, 17312 =[(8y Y +2A, 1" [/ (27 )] =1/ (27 )1-[(8; ) +2A,1"
B=(aj,/12){Le;y[Y,../(1+Y,.)]+ Le;y [1-exp(~ Le,, it/ 7, )1}~ (Le,, | Le, )it/ (27, 5 ) |- af, [1-exp(= it/ 7, )]
D=[(g ) +2A, 1" = A=[(g5)" +2 A 17 ={[(g5)* +2 A, 1" = [/ (27} )1} = i/ (2F])

G=(a;,/2){Le;y[Y,../(1+Y, . )]~ Ley [1-exp(~ Le, o it/ F, )1}~ (Le,, / Ley )i/ (27, )]

y=1=2F 1m)[(g) +2A, 17 = (2F s 1im)[(g5) +2A, 17 -1

a=Ag (275 /m) Le, Le,,exp(yG + B)
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STEADY STATE BASIC SOLUTION
(A) Conservation Equations Boundary Conditions and Interface Conditions

For the steady state basic flame: 39t=01dz=0, 9ldF=d/dF, T=T;, Y, =Y, Y,=Y,
(a) Coreregion (0<7<7) 17[,S=1 ; Y25=0

in—zd—Tf—%i de—Tf = }2 d Ty -7 aTy =0 or rhNS—def = constant

Fodr 7 dr dar dr dr dar
(b) Within the porous burner (7 <7<1) ¥, =1 ; V=0

fn—zd—Tj—éi deT~ 1 d Ty - AF? dT; =0 or rh}—ifzdi} = constant

7 dr 7T drF dar P dF dr dar

(c) Gas region external of the burner (1<7 <)

de 1 d(,dTy\ 1 d{(.~. .dT,

S| =——|mT;-7 Da.Y .Y, .ex E /T Da, ex E /T
ZdF P dr( df) 7 dr( § dr) KTLs 728 p(- )~ Daexp(- )

rhd)is 1 d(,dVg) 14d(_ 5 2 dY o L

— = — —| 7 ——|mY,  —— =-Da,Y .Y, .exp(-E, /T,

P i Le P dr( ar )P ar|" Le, dr chistos xp (=B /T5)

mdY, 1 df.,dv, 1 d|.. dy. L L.
P4 L def(r- d?)= (mY”_ “) TPt E L)

Le, dr
(d) Boundary and interface conditions

¥=0: TS=T~0
F=fi: Ty=T, (tobe determined), (dTy/dF)_=A(dTy/dF),
7=1 T. =Tbs (to be determined), )L(dT 1dr),. —(dT 1dr),
. dy, ~ dy,
ﬁlY]s_L LS I’;l, ’,;ZYZS_L ZS=0
© Le d7 ~ Le, dr

P =T, Ty=0. fy—T,

(B) Solution of Temperature in the Core and Burner Regions
(a) Coreregion (0<7<7%)

; 7=0: TS=7~“0 ; r=1 T, =T,

Ty -7 (dTy /dF)=ic, = constant TS
i(Ty—c,) =7 (dTy 1d7)=F[d(Ty-¢,)/d7]  or  d(Ty—c,)/(Ty—c,)=m(dF/7)
In(Ty—c)=—(m/F)+c," or Ty=c +c,exp(-m/F)

7=0: TS=TO =Ty Note: exp(-m/F)=exp(-m/0)=exp(-x)—0
F=fi Ty=Ty -~ Ty=Ty+c,exp(=in/F) or ¢, =(T3-T))exp(i/F)
Ty =Ty +(T,s - Ty )explm (7 -]
(b) Within the porous burner (7% <7<1)
Ty - AF? (dT; /dF)=rc, = constant; F=fi: Ty=T, ; F=1: Ty =T,
(T =)= AP (dT, 1 dF)= AP [d(Ty-c,)/dF] or  d(Ty—c,)/(Ty—c,)= (il A)(dFIF*)
m(Ty—c)==m/(AF)+c,' or Ty=c +c,expl-m/(AF)]

Fei:To=Ty o Ts=c+cexpl-m/(AR)] 5 F=1: Ty=T,y .~ T,g=c,+c,exp(-m/i)
= o =T,-(T,,-T, ~exp~[—rh/(/lf,z] _ ¢, = _ DBs7hs
exp(-m/A)—exp[-m/(AF)] exp(-m/A)—exp[-m/(AF)]
f 7~: +(TbS—T ){exp[- m/()Lr)] exp[- m/()Lr)]}/{exp( m/)L) exp[- m/()Lr)]}
(c) F=F (dTS/dr),,_, =)t(dT5/dr),_*
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e MT, =T Om ! (AF)exp[-m/ (AF)]
T /7 1 =1 o bs ~tis . -
{( Y P )xpln (™ =F D11 { exp(—m/A)—exp[-m/(AF)] }_r

(T =Ty it/ 72 yexpl (7™ 7)) = (T, ~T )it/ 72 Yexpl =it/ (A7) / {exp (=it | 1) —exp[ -/ (A7)]}

(T, =Ty ){exp(=iit/ L) =expl =it/ (AF)1} = (T, s =T, s Yexpl -7/ (AF)]
T sexp(=r/ 1) =T, {exp(=m/ ) ~expl~i/ (A7)} +T, sexp[ -/ (A7)
T =T, {1-expl (i) A)(1-F )} +T, sexpl (i / A)(1-7" )1 =T, +(T, 5 - T, )expl (i / 2)(1-7")]
~-1

Core region: T T+(T,,5—T)exp[(m/l)(1 Ylexplin (7™ 1Y)

Burner Region: Ty = T, + (7, —T())exp[(m/z)(l_;-l )

(C) Outer Solutions in the Gas Region
In the outer regions, chemical reaction and radiation are negligible because of the low gas temperature.

T
i=1: Ty =T,5, A(dT,/dF). =(dTs/dF),, m¥-(1/Le)(dYy/dF)=in,
¥y —(1/Le,)(dY; g/ dF)=0
Fow: Ty—T,, Y5—0, Y. -V,
— solutions between the burner and the flame ; + solutions out side of the flame
) jr( Vs L; ddY;S]=0 or = Y- L; ddY;S
Le, (Y- ¢t )= (dY5 1 dF)=F[d(Y5—-c)/dF]  or  d(Yi-c) /(Y —c)=Le m(dF/7)

lev -

= /¢ = constant

(Y -c;)=—(Le,/F)+& or }7,?5=c,=+c§exp(—Le,rh/f)
Vi =V, +¥5, +O(E) 1401175, +0()1+0(8*) 5 ¢ =[cy+ech +0(e)1+3[c +0(e)1+0(8)
(Ley is independent of radiation)
{i(Yo+e¥5,) -7 (1 Le)[(d Y5, /dF)+e(dY g, /dF)]+--}+0(3)
=i(c +ect ++)+0(0)
(P I Le ) (d Yo | dF) =Y o = —iics, 5 (P21 Le ) (d* Y, /dF*)~[m—-(2F/ Le)1(dY 5,/ dF)=0
(F* 1 Le, )(d’ Yo 1A )=~ (4F I Le, ) I(d® Vi 1 dF*)+(2/ Le ) I(d Y5y 1 dF) =0
(F* | Le )(d’ Y7o 1A )=~ (2F | Le ) (d® Yo 1 dF) + [ (27 ] F) = (2/ Le ) 1(d Vo 1 dF) = 0
(1 Le )(dY75, 1dF)= (il Y, = =cf il 7
(U Le )(d> Vi, 1 dF) = (il PP (d Y, | dF)+ (200 P Y, =2¢ ml 7
At F=1: m¥-(1/Le)(dY/di)=in = ¢ =1 .. cy=1, =0 and ¥y =1+c;exp(-Le in/F)
1/ Le))(dY5, /dF)- (il 7)Y, =0
(/Le )(d* Y5, 1dF) = (il Py(d Yy, | dF)+ (2 FH Y, =0
Expand ¢; as:  ¢; =—{[aj, +¢a;, +O(¢*)]+6[a;, +0(e)]+0(58°)}
Y =l+ciexp(-Le,m/F)=1-{[a], +&aj, +O(¢*)]+8[a;, +O(e)1+0(8* ) yexp(-Le, i/ F)
=1—{[a;0+5a;l+0(52)]+6[a;2+O(s)]+0(62)}[1—0(5)]exp(—Le]rh/f)
= {[1-a;,exp(~Leyit/ #)] - ea;, exp(~Le i | F) + O(e*)} - 8l ar, exp(~Le,iit | ) + O(e) ]+ O(S%)
=[Yjo+&¥ 5, +O(e)]+8[ Y5, +0(£)]1+0(8%)
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Vio=l-aj,exp(~Lei/F) =  dY¥y,/dF =-aj,(Le /7 )exp(-Le i/F)

Yis,=-aexp(-Lem/7) ; Y,=-a,exp(-Leml/F)
As Foow: Yi—0 = f+c;=0 or ci=-¢ . Yy=c[l-exp(-Lei/F)]
Let c=[c/y+ec), +0(e")1+d[ct, +0()1+0(8*) =[afy +eal, +O()1+8[a+0(e)1+0(8)
Yi's = cf [1-exp(~Ley iit/7) 1= {[afp +eaf1 + O(e%) |+ 8l afo + O(e) 1+ O(8°)}[1-exp (- Ley iit/7) ]
={laf,+ea;, +0(e)]+3[a}, +O(£)]+0(8*)}{1-[1-0(e)lexp(- Le, i/ )}
={af,[1-exp(-Le i /7)) +e{aj [1-exp(~ Le,m/F)])+O(&*)}
+6{[a:2[1—exp(—Lelﬁ1/?)]+0(s)}+0(62)
= [V5o+el5, +0() ]+, +O(e)]1+0(8%)

Yio=aj,[1-exp(-Le,m/F)] Y5, =a,[1-exp(-Lemn/7)]

Y5, =aj,[1-exp(-Le im/7)]

2) d[mYsz—Lf;d;i:S]=0 = ﬁcﬁiS—Li—;ddL?=ﬁ1cf=constant
Le,m(Yys—c)=F(dY5s 1dF)=F[d(Vig-ci)1dF]  or  d(¥is—cf)/ (Yig—ci)=Le,m(dF [ F)
(Y —c)=—(Le,in/ F)+& or  Yig=ci+ciexp(-Le,m/F)

Vi = Vi + €5, +O(E)N+0[V, +O()+0(8%) 5 ¢ -1y +ecii +0(e)]+015 +0(e)1+0(8)
(Ley is independent of radiation)
{(Vys o+ €¥5s) = P2 (1] Ley)(dYys o | dP) + e(dY, g, [ dF)]+.. 3+ O(8) = ii(cisy + ¢ +.) + O(O)
(P I Le, )(d Yo 1 dF) = Y5y =—tict, 3 (F1Le, ) (d*Yigo/dF*)~[i—(2F/ Le,)1(d Yo/ dF)=0
(7?1 Le, )(d* Vi o 1 A7 )~ [ - (4F | Ley ) 1(d? Vs 1 dF° )+ (2 Ley ) [(d ¥y, /1 dF)=0
(7 1 Le, )(d* Vi o 1 A7) == (2F | Ley ) 1(d” Yo / A7)+ (271 F) = (21 Ley ) 1(d Yy /A7) =0
(11 Le,)(dY5g, | dF)= (il 7)Yy, = —chyim ! 72
(1 Ley))(d* Yy, 1 dF) = (i) PP (d Y5, 1 dF)+ (200 ) Y5, =25 il
At 7=1: mY,—(1/Le,)(dY,3/dF)=0 = ¢ =0 .. ¢,;=0 and Y, 5=c;exp(-Le,m/F)
(1/Ley)(dY; g, /dF)~ (i 7)Yy, =0
(1 Ley))(d* Yy, 1dF*) = (] )(d Yy, 1 dF)+ (21 7)Y, =0
Expand ¢; as:  ¢; =[ay,+£a;, +O(&)]+68[a;, +0(£)]+0(8%)
Yy =ciexp(~Le, /i) ={[a;, +&a;, +O(e*)]+0[a;, +O0(e)1+0(8” ) yexp(- Le, i/ F)
={[a;, +£a;, +O(£*)]+8[a;, +O(£)]1+0(8 )} 1+O0(&* )lexp(~ Le, it/ 7)
={a; exp(~Le,ii/ ¥)+ea;, exp(-Le,iit | F) + O(e* )} + 8l a; , exp(~Le, i | 7) + O(€)]+ O(87)
=[Yigo+€¥ss, +O()]+0[ Vs, +£¥5 s, +O(e7)]+0(8)
léfsv():az’vr,exp(—LezﬁHF) ; 172’_&,=a2",exp(—Lezﬁ1/F) ; 172"&2=az’vzexp(—Lezﬁ1/F)
As Foow: Y=Y, = c+ci=Y,, or ¢=Y,,-ci - Y=Y, —cill-exp(-Le,ii/F)]
Expand ¢} as: ¢} =[a}, +£a;, +O(&*)]+8[a;, +O(£)]+0(8)
e =lefy+ec, +O(ENN+0(8) =Y, ~c; =¥, ~[a5, +eai, +O(e)+0(8) .. ¢ =-aj3,

(1/ Le, )(d Y5, 1 dF) =il 7)Yy, = ay, i ] 7
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(1 Le, )(d? Vg, 1d7? )= (il (A Yy, | dF)+ (2l 7)Y, ==2af il 7
Y=Y, —cill-exp(-Le, i/ F)]=Y,, ~{[a}, +ea;, +O(*)]+0[ai, +O(e)]+0(8*)}[1-exp(~ Le, iir/ )]
=Y, —~{la;, +ea;, +O(e*)1+8[al, +0(e)1+0(8°)H{1-[1+0(&* ) lexp(~ Le, it/ 7)}
= YM —(az*\u[l—exp(—Lezrh/F)]+s{a;,[l—exp(—Lezrh/F)]}+0(£2)>
-0{a;,[1-exp(~Le, i/ F)]+0(£)}+0(5%)
=[VSgo+e¥5s, +O()]+0[¥;5, +O(e)]+0(8)
Yiso=Yrn—aioll—exp(~Le,m/F)] = dYjs,/dF=a3j,(Le,iin/ 7 )exp(-Le,iit/F)

Vi, =—a; [1-exp(=Le,ii/ F)] 5 Yy, =—a;,[1-exp(-Lein/ )]

3) %(%TN;—FZ ddT§’)=0 = -7 dde’ = et = constant
r r r

Ty =)= (dT; 1d7)=F[d(Ty =ct)/dF] or  d(T; —c)I(Tg =cf)=m(dF/7)
=  I(TF-c)=—(m/F)+& or Ti=c +ciexp(-m/F)
At F=1:  A(dTy/dF). =(dTy/dF),
(AT, =T/ (A7) lexpl (i) A)(A=F)1} . =Lc (i) 7 Yexp(= /)],
(fb_s—fb)rh=c;ﬂ16xp(—rh) or c2’=(7~‘b_S—T~0)exp(rh) = T~S’=c,’+(7~‘b_S—T~0)exp[rh(l—r~’l)]
Ty =T,s o Ts=c+{(T,s-T)explm(1-F ")}, =c]+(T,5-T,) or ¢ =T,
= Ty =T,+(T,s-Ty)expli(1-7)]
As F—o: Ty =T, = ¢ +ci=T, or ¢ =T,-c; . Tf=T,-c;[l-exp(=i/7)]
Expand fb,S and ¢; as
Ty =[Tys0+eT, 5, +O(e)1+0[T,5, +0(e)]1+0(5*)
c; =—{la},+ea;, +O(e)]+0[a;, +0(£)]+0(8)}
Ty =Ty + (T, 5~ Ty)explm(1 - F ) = Ty + {[{T, 5, + €T, 5, + O€*)) + T, 5, + 0()) + O] - Ty yexpln(1-F )]
=[T5o+eT5, +O()]+0[T;, +O(£)1+0(58%)
Ty =Ty+(Ty5o-T)explm(1-F")] = dTy,/dF=(T,z,-T,) (/7 explm(1-F")]
Ty, =T, explm(1-F")] = dTy,/di=T,;, (/7 )explm(1-F")]
Ty, =T,soexplm(1-7)]
Ty =T, -c[1-exp(~/7)]|=T, +{[a},+ea;, +O(*)+3[a;, +O()]+0(8)}H1-exp(-ii/F)]
=[T§, +eT5, +O()]+0[T5, +0(£)1+0(8%)
Tiy =T, +a;,[1-exp(-im/F)] = dTj,/di=-a;, (/7 Yexp(-/F)
Ty =a; [1-exp(-m/F)] = dTy,/dF=-a;, i/ 7 exp(-m/F)

T§, = ar,[1-exp(-m/F)]
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(4) Summary
Ty =[T5, +&T;, +O(e*)1+0[T;, +O(£)]+0(8%)
Too=Ty+(T,50 -T)explm(1-F")] ,  dT;,/dr=(T,5-T))( /7 )expli(1-F")]
T5, =T,gexplm(1-F")] , dT;, /di =T, (/7 )explm(1-F")]
Ty, =T,s,explimn(1-7)]
Ty =[T5,+eT5, +O(e) 40l T3, +0(e)1+0(8%)
Tyo =T, +aj [1-exp(-m/F)] , dTg,/dF =-a; (/7 )exp(-m/F)
Ty =ap [1-exp(-/F)) , dT§,/dF=-a;, (/7 )exp(~i/F)
Ty, =ap,[1-exp(=ii/F)]
Vs =[¥0 +e¥5, +O()1+0[ Y5, +O(e)1+0(8)
Yio=l-aj,exp(=Le,i/F) , dY¥5,/dFi=-aj,(Le /7 )exp(-Le m/F)
Y. =-a,exp(-Le,m/F) ., Y5,=-a,exp(-Lem/F)
(7?1 Le )(d* Yo | dF*)~[—(2F /| Le)1(d Y 5o/ dF) =0
(7?1 Le, )(d* Vg0 1 A7) =i = (2F | Le)(d* ¥y o 1 A7) +[ (271 F) = (2/ Le)I(d ¥ 50 / dF) =0
(1 Le))(dY, /dF)= (il i)Y, =0
(/Le ) (d* Yy, 1dF) = (il P(d Yy, | dF)+ (21 FH Y, =0
Vs =[5 + ¥, +0(£)]+ 01, + 0(£)]+0(8)
Y50 =aio[1-exp(~Le, it/ F)]
Y~,fsvl=a,*_,[l—exp(—Le,r7l/F)]
Y~,fsvz=afz[l—exp(—Lelﬁ1/F)]
(1) Le (AT, 1 dF)= (i) 7Y, = -maf, |7
(U Le ) (d* Y, 1 dF) = (il Py(d Y5, | dF)+ (2 FHY, = 2ma), |7
Yig =[Vigo +€¥os, +O(e)1+0[¥ss, +0(£)]+0(8%)
)72_,5_0 =a,,exp(—Le,m/7)
Y;s, =d;, exp(~ Le, it/ )
Yi5,=da;,exp(~Le,m/F)
(1/ Ley )(dY5g, /dF) = (il 7 Yyg, =0
(1) Le, )(d* Yog, 1 A7)~ (i) ) (d Y5y, | dF)+ (271 F Yy, =0
Vs = [V + V55, +O(e)]+0[ V)5, +O(£)]+0(8%)
Viso=Yon—ai[1—exp(=Le,m/F)] , d¥js,/dF=a3,(Le, il )exp(~Le,i/F)
Vs =—a; [1-exp(-Le,/F)] , Y, =—ai,[1-exp(-Le,m/F)]
(7?1 Le, )(d* Yy 1 dF*) [ = (27 | Le, ) [(d Yy, / d7) =0
(F 1 Le, )(d* Y50 1 A7)~ [ = (2F | Ley ) 1(d* Vs o / dF* )+ [ (2101 F)= (2 Ley ) [(d ¥y o / dF) =0
(1/ Le,)(d Yy, | dF)= (it 7 Yy, = ab i 7
(U Le, (A Vo, 1d 7)) = (il #2)(d Yy, 1 dF)+ (21 7)Y, = =24 il 7

Note: the outer solutions of ¥% and ¥;, are applicable to the Radiation Regions.
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(D) Expansion of Energy Equation in the Radiation Regions
1 d ( TS_FzLﬁ)=m—2f@_d2f.

S = —Dagexp(-E, /T,
7 d7 i) ar ap PRt EIT)
Define stretched variable: = (7-7,5)/6 or F=f +6f = dF=0d{
P =(Fg+08) =F7g+0(2F,s£)+0(8%) _rfs[l+5(2§/rfs)+0(6 )]
Define inner expansions and the small expansion parameter:
T";=[7~"f—£®§’2+0(£2)]—6[®§11+£®§13+0(52)]+0(62)

U Tg =1/4{[T, -0, +0(e)]-8[ 05, +£05,+0(¢°)]+0(5)}
- [Tf -£05, +O(.92)]"<1—6{[(~);1 +s(~)§_3+0(£2)]/[7~"f -£05,+0(eH)1}1+0(8 )>_1

1 1
T [1-6(05,/T,)+0(e)] 1-8([03, +0%,+0(e)/{T, [1-£(O%, I T,)+ O (") 1})+0 ()

=T;'[1+8(05,/T,)+0(){1-(8/T))[ 05, +£05,+O(*)][1+£(O5, /T,)+O(£*)]+0(6°)}'
=(UT)[1+£(05,/T,)+0(e){1+(8/T,)[ 0, +£05,+0(*)1[1+£(05, /T,)+O(£*)]+0(6°)}
=(1/T)[1+£(05,/T,)+0(e){1+(8/T,)[ 0, +£(0;,+05, 05, /T,)+0(°)]+0(5°)}
=(U/T){[1+£(O5, / T))+O(")]+(8/T))O, +£(O%, + 05,05,/ T,)+ O()][1+£(05, / T,) + O(*)]+ O(5° )}
=T ){[1+£(05, /T )+0()]+(8/T,)[OF, +£(05,+(205, 05, /T,)) +O(°)]+0(8° )}

Define small expansion parameter: 6= T}%/ Er
exp(-E, /T;) = exp(~(Ep I T {1+, / T,) + O]+ (8 /T,)[05, + (05, + (205,05, / T,)) + O(e)]+ O(5°)})
=exp(-E, I T))exp{-e(E, 1 T})I05, + O(@)]yexp(=0(E, / T {65, +€l 075 +(205,05, / T))l+ O(e*)} + O(8%))
=exp(-E, /T, exp{~(£/0)[O, +O ()1} exp(-{ O}, +£[0;,+(205, 05, /T,)1+0(*)} + 0(9))
=exp(-E, /T, ){1-(e/8)[05, + O(e)] +...}exp(-05, ) exp(-£{[O5 , + (205,05, / T,)]+O(e)}) exp[O(S)]
=exp(- Eg/Tp)exp(- 081 {1~ (£/0)[@%p + O(e) 1+ {1~ e[ O%3+(2051 055 /Tf ) 1+ O(£*)}[1+ O(5)]
=exp(- Eg/Ty)exp(- 051 )({1-(£/0)[ @52+ O(e) |- £[ O53+ (2051 052/ Ty ) 1+ 3+ O(8))
m;zzr%—ddz;s=—DaRexp(—ER/7~"S)
=27 +0(8) d{[T, -£0;,+0(£)1+0(8)} d*{[T,-£0;,+0(s*)]-8[05, +£05,+0(£*)]+0(8°)}
Fl +0(6) 8d¢ 8*dg?
=-Dagexp(- Eg/Tyg)exp(- 051 )({1-(£/8)[ @52+ O(e) |- £[ O3+ (2051 052/ Tf ) 1+ 3+ O(8))
{m 2115 +0(6) { +0(5)}+“d2®§~1+gd2®§»3+0(gz)]+s[d 952 L 0(e)
s dg dg 8| d&?
=-0Dazexp(~E, /T, )exp(-05){1-(£/0)0;, - e[ O, + (205,05, /T, )]+}
Define  Agr=0Dagexp(-Er/Tf) Then
d*05,/dE* =—Azexp(-05,)  ;  d*05,/dE = A, 05, exp(-065,)
d’@5, m-27;des,
dg’ s dg

Energy conservation equation:

d;’éz +0(¢)

+0(5)}

= A4[05,+(205,05,/T,)lexp(-05,)
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(E) Matching the Outer Solutions with the Solutions in the Radiation Region
In the common regions between the outer and radiation active regions, 7=7rg+06C

Ts =[T5,+eTg +O(E)+0[T5, +eT5, +O(°)1+0(8%)
= {15y (7, ) +(dT5y 1 dF), (8E)+O(8)1+el T, (7 )+ (dT5, 1dF), (88)+0(8°)]+0(*)}
+0{[T5, (7, )+ O(0)]+ €[ Ty5 (7, )+ 0(8) 1+ 0(€7) } + O(8%)
={[T,-£0;,+0(¢")]-0[0, +£0;, +0(£)]+0(8" )}, ...

(1) &—-o Define g =(T,-T,)(m/i7s)>0, g =T,s,explm(1-i5)1, T,5,=T,5 expli(1-7y)]
To(F)=T, 0 T, =T+ (T, -T)explm(1-F)]  or  T,5,=T,+{(T, - T,)/exp[i(1-F )]}
05, (& = —0) = =Ty, (7, )~ (d T, /dF), & ==T, s explmn(1-7 )= (T, 5, - T, ) (/7 explm(1-7 )18

=-T,soexplm(1-F )= (T, ~T) i/ FE)E=-gi -8, & =
(dO5,1dE), .. =—(T, ~Ty) (i F}5) =g,
05, (& —=-0)==Ty, (7, 5)=-T, 5, explm(1-7)]=-T,5, : (dO;,/dE).. . =0
054 (8 = =) = =Ty, (7, )= (dT5, 1 dF), | & ==Ts (7 ) =T, 5, (] 7 Yexplin(1-775)1E
(dO5,/dE), ., =-T,5, (il FF)explm(1-F )] =T, (/)

(2) &—o Define gy =(T,~T.)(m/F)/[exp(i/F:)-11>0 , gl =aj,[1-exp(-m/F )] ,
ay,=ap,[1-exp(-m/F )]

T3 (Fes)=T, . T, =T, +aj [1-exp(-m/F ()] or aj,=(T,-T.)/[1-exp(-m/F,)]

@;vl(g—>00)=—7~";‘2(Ff>5)—(d7~";'0/df),._mC=—a;yz[l—exp(—rh/Ff'S)]+a;D(ﬂ/?ﬁs)exp(—rh/@.ys)C
=—a;,[1=exp(= /7, ) 1+{(T; = T) (/7 Yexp(= i/ F, )/ [1-exp(= i/ F, )} E = - g/ + 85 & —> @

(dO5,1dE), ... =(T, =T (il F})exp(- i/, o)/ [1-exp(-m /7,5 )] =g

05, (= ®)=-T4, (7, 5)=—a;, [1-exp(-m/F )=-a;, 5 (d©},/dE)...=0

055 (§ =)= =T, (7 )= (d Ty, 1dF), & ==T,(F g +ay, (il 77 exp(= i/ 7 )&

(dO},1dE), ., =aj, (/7 )exp(~i/F, )

(F) Solution of Energy Equation in the Radiation Regions
(1) d°05,/dE* =-Azexp(-05,) . dO; (d°0;,/dE*)=-Azexp(-05,)d O},
d(d®;,/dE) =2A,d[exp(-0;,)] or (dO;,/dE) =2Aexp(-0;)+(c))
dO;,/dE =+[2A,exp(-03,)+(c;)’1” [ From (E), we know that d®j,/df<0 and d®},/d{>0 ]
Let w*=exp(-05,) then dw*/df=-exp(-05,)(dO5,/dl)=-w"(dO5,/dE) or
de;,/dE=-(w*)"(dw/dE)
= (W) @WdE)==[2A,w+ ()] or  dw I {W [2A,w+(c; )17} =FdE
£3 +\2 9172 £3 £3 =2 9172 +
1 /m [2A,w +(c,*)2]”2—|c,~| ~ETE or [2Axw +(C],)z]m_lcl,l
lef 1 [[2A, W™+ () 17+ | [2Aw +(c) T+l |
{2A,w* +(c ) 1 =1c 1Y
{[2A W (i) 1741 e B{I2A,, W™ + () 1=l el 1}
_ 2w ()N 2 A w4 )17 )
2A,w*
+ = + + +.\2 + + +\241/2
G exp(FI G I0)(ARw™) = ARw™ +(c1 ) =1 T 12Agw™ +(c1 )" ]

=cexp(Fleg1E) ., >0

cexp(Fle18) =
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lef II2A,w* +(ci Y17 =(cf ) +[1-c; exp(Fl i 1E) (A, w*)

Y 2A W +(c )Y 1= () +2(c ) [1=ciexp(FI ¢ 1E) 1A, w) +[1=c exp(Fl el 1) (A w*)
[1-ciexp(FIc1E) P (Agw )Y =2(ci Y cexp(Fl el 1E) (A w*)=0
Since A,w*=0 , [lI-ciexp(Flc 1) (Agw*)=2(c;) cexp(Fle1€)=0
w*=[2(c) 1A 1k exp(Fl el 1E) /[1-ciexp(Fl ¢ 1E)T =exp(-05,)
exp(05,) =[1-c;exp(Fl 7 1)1 H{[2(¢])/ Aglcs exp(Flcf 1E)}
05, = m[1-csexp(Fl e 1E)F = m{[2(c; )’/ Agles b=l 1E
O, =/m[l-c,exp(lc; Ié‘)]z-,én{[Z(cl‘)z/AR]cg}—lc,' I&
§—>—c0:

05, —>-g-8¢ - lgl=g

exp(le; 1) =exp(g, &) —exp(-»)—0, én[l—cﬁexp(lc{l@)]2 —/nl=0

g =m{[2(c)) / Agles = n{[2(8;) 1A le;}  or  3={AR/[2(85)* }exp(gi)
(d©5,/dE) =2 Azexp(-05,)+(gy) deys,1dE =-[2Azexp(-65,)+(g;)’ 1"
05, =m{1-[A,/{2(g ) )exp(g +8 &)} -8 & -8
exp(-0j,)=exp(g +& &)/ {1-[Ag/{2(g; ) Yexp(g +g; &)}
doyg,
dc

= or

_ 2{1—[AR/<2(g6)2>]eXp(g(+g5§)}{—g6[AR/<2(g5)2>]eXp(g(+g5§)}_g,
{1-[Ap7{2(g5)* ) lexp(g; +8,8)} 0
o A28 Bexp( +85E) - 2(8) +Agexp(gr+8; )
CI-{AR /1208 hexp(gr +8,8) T T 2(85)" ~Agexp(g; +8,6)
05, =n[l-c;exp(-lcf ISP —m{[2(c) ) I Agles y+1cf 1
- 05 —=-g+8&¢C

et - 80
exp(—ley 18)=exp(-g,; &) —exp(-»)—=0, Kn[l—cz*exp(—lcl*lg)]z—>/{nl=0
& =m{[2(c) ) I Agles y=n{[2(8;) I Aglcsy  or  ci={A./[2(8 ) I}exp(g))
= (dOj,/dE) =2Aexp(-05,)+(g)"  or  dOf,/dE=[2Aexp(-65,)+(g)’ 1"
O, = m{l-[A,/(2(g) )lexp(g -8 &)Y +& & -8/
exp(-07%, ) =exp(g — g5 £)/{1-[ A, /(2(g; )" Yexp(gl - g5 &)}
dO5,  2(1-{Ax/12(g)’ 1rexp(g; -85 5))(g {Ar/[2(g5)" 1rexp(g;
dg (1-{Ag /12(g)) Iyexp(g; - g5 ©))

0ot AAR/12(g) ) IYexp(gi -85 &) g = L2085 Y +Agexp(gl -85 8)
- 0 +12 + + 0~ 50 + + +
1-{A/[2(g;) 1exp(g -5, &) 2(g;)’ —Apexp(g —g; &)
(2) d*0%,/dE* =A%, exp(-03,) de3, (4203, /dE* )= A, ©%,exp(- O3, )d %,

_ngC)>+gg

de:, de:, . d*e: . . . [d*e:
d|—2L= 752|405, — 51 =05, d[- Ayexp(-05,)]=05,d 3
g dg g g
+ + 2 + 2 + 2 + + + 2 +
4 de;, deg, ) _ 0:.d d @25,1 d ®§_2d @2&, 4 ®§,zd @2&, o de;, de;, Cets ®§,zd @2&,
dt d¢ d¢ d¢ d¢ dg¢  dg d&
L—x0

d®;,/dt—0, ©%; — constant, d°©j,/dt’ =0, dO%;/df — constant
des, dey, .. d’6j, _o 4(d65,/dE) d®s, d(de,/df)
g dt T agr Y dg 0;, de;/dt

ot =0
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fn%ﬁn(d@mj AN e 208 A (g T 50

+¢* or O5,=c —=xc" gy ) F—
dg dg 2(8y) —Agexp(g 78 8)
E—-w: O5,—>-T,,, dO;/di—-g . cg=TI,
05, =(T,54/85)(dO5, 1dE)==T, 5, [2(85 ) + Agexp(gr +85 E)1/12(g )" ~ Agexp(g) +8&6)]
f—w: O, —>-a;,, dO;/di—g; S cTgy=—ar,
O5,=—(a;,/8)(dO5, /1dE)=-a; ,[2(g) +Arexp(g) -85 E)1/12(g5) - Agexp(g) -85 &)l
4O, m-2F de;,
dg’ iy dg
= A ©5,exp(-65,)+(2/T,)05, [ A, 05 ,exp(-65,)]= A, O5,exp(-05,)+(2/T,) 05, (d° O, 1dE?)

Related integrations

3) = A, [05;+(205, ®§‘2/7~"f)]exp(—®§_l)

J dx =J d(x+p®) =Jd(x+p2)/(x+p2)”2 =J2d(x+p2)”2 _ [ d(x+p”)"”
x(xe+p?)"? Jx(esp?)” x x+p’-p’ [(x+p*)" = pll(x+p*)"” +p]
172 172
_ZJ 1 [ 11/7 11/2 ]d(x+p2)1/2 l[J d(x+p]/2) J d(x+p|/2) ]
2p| (x+p)"?-p (x+p) +p (x+p?) [(x+p*)?+p]

172 25172
”d([ix:; o Jf([(xx++§))m:5]]}=;{fn[(xwz)"z pl=tnl(e+ ) + pl)

12 _

1, (x+p*)
p G+ p )1/2+p
J(x+p )2 dx J(x+p )1/2(x+p )2 dx [(x+p2)dx J xdx J pzdx
7

+
X x(x+p )2 x(x+pz)”2 x(x+p2) x(x+pz)”2
d(x+p* dx x+pH)”? x+pH)"”?
=J ( 2pl/z+ ZJ ENTE 2(x+p)”’+p[ g p)w 2(x+p2)”2+pﬁn( Pt )1/2
(x+p) x(x+p7) P x+p)+p (x+p)+p
J(x+p2)3/2dx_J(x+p2)(x+p2)”2dx_Jx(x+p2)”2dx+Jp (x+p*)?dx
X X X by
2312 12
=f<x+pz)”Zaz<x+pz)+pzjM B L PPy LR CAT Il
(x+p*)?+p
+ 1/2
——(x+p )3/2+2p (x+p )”2+ *fn %
(x+p*)?+p
d (1 1 1 [(ax d L|fdx [d Hi_ L
e e Lo A T e
x(x+p°) |p\x x+p p X X+p P X xX+p P’ p xX+p
J dx _Ji(x+p2—x)dx_LJ x+p’ _ X }dx LJ dx _Jd(x+p2)
x(x+p2)3/2 pZ x(x+p2)3/2 2 X(X+p )?/2 x(x+p2)3/2 2 x(x+p )1/2 (x+p2)3/2
172
) f (x+pz)1/z + 2 1/2]
prlp (x+p)?+p (x+p?)
J Ja+p)Pop  dx _[ WGP =p 1l G p?)” ) —p
(x+p’ )”2+p x(x+p*)” G app | e )”2+p 217 (x+p° )”2+p
dx (x+pH)"?-p . .
/m integration by parts:  fudv=uv-[vdu
JX(X+P2)3/2 (x+p’ )”2+p
x+pH)"?-p pdx . dx 11, G+ D 2
u=n ( 72 = du= 2N172 dv= T = v=—|—f L 72 Ly
x+p)+p x(x+p7) x(x+p°) (x+p) +p (x+p?)
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3/2 1/2

J dx (x+p Y -p

x(X+p2) T ep
1 P H2_p 2 L G+p H2_p dx x+pH)"-p 2dx
=721 172 2112 172 2 1/_/ 172 2
p|p (X+p) +p] (x+p9) (x+p) +p Jx(x+p) c+p)P4p ) xxep?)
2 2
1 &) -p 2 (x+p*)"” - )" -pl 2, x
=7 172 + 2512 n n——=" 5 7€n72
r|p (x+p) +p] (x+p7) (x+p*)" +p 2p (x+p)?+p| p x+p
1/2 1/2
=i3 5 (X+P )1/2 2P7 1/2/ (X+l72)”2—17 2/n al 2
p|2 (X+p) +p] (x+p7) (x+p" )" +p X+p
Back to the problem.
Define g, =[2/GT)1(T,5./8) - & =-12/GT)(a;,/8)
& =lm-2F )7 J(T,5,18) . & =-[(m=-2F)/FJ(a;,/g)
then [(m-2F, )/ F 0%, =g (dOF, /dE) =~ [(-2F )7 J(dO5,/dE)=gi(d O, /dE?)
(2/T,)05,=385(d65,/dE) - (2/T,)(d*05,/dE*)=3g;(d’ 05, 1dE?)
d*e: ,d*e: . . . 4’ e: d (d*O:
dgzm_g; dé.zs‘]=AR®§.3CXP(_®§,|)+3g5®§1 dCSI—A £ ©5,exp(-05,)+38, 05, — de dé.zs'l
d*e: d (d*e: \de:
dgzsz_gg[ Agexp(- 631)] A @536XP( ®S,)+3g2 SldGS][ dgzm) dgl

(d*©5,/dE*)+ (05, - g )[-Agexp(-05,)]=3g; 05, {d[- Ay exp(-05)1/dOF, }(dOF, /dE)
Let ©;,=0;,-g; then d0©;,/df=d®;,/d; , d’0;,/dt’=d"0;,/d’

(dz 623 /dCZ)+@§,3[_AReXp(_®§,| )] =i3g2=®;,| ARCXP(_GEJ )\/2AR6XP(_®§\| )+(g3)2
d@;_l(d2 e:, /dCz)+(:);‘,3[—A,i,exp(—®§_l )1d O, =+3g5 0%, Apexp (-0, )\/ZARexp(—G);, Y+ (go) doyg,

de;, deg,| d'ej _ " .
S1 7 283 SLd O, +05,d[Agexp(-05,)] =385 0%, Agexp(- 65,)\/ZARexp(—va,H(gg)zd@);’,

g dg g’

do;, do;, dz@)z;l 487, -8%,d dz@)z?,l _ (465, d65,)  (d*65, 5,

g dg g g g d¢g dg?

= £33 03, A, oxp(-03,)y 2, exp(- 03, ) +(g;)’ 46,
(d©5,/dE)(d8;,/dE)-(d* O, /dE* )0, =cf ¢3g;j 0, Agexp(-05, )\/ZAR exp(-0;,)+(g;)’ dO;,

Integrate the term J OF, Agexp(-0y, )\/ 2Apexp(-05,)+(g;) d©,

J%AR exp(-05, )\/ZAR exp(-05,)+(g;)” dO5, = [05,[2A ,exp(-07 ) +(g5)* 1"’ [ A exp(-65 ) d 65, ]
=-(1/2)] 65,2 A exp(-65,)+(g5 )’ 1" d[2A gexp(- ©5))]
==(1/2)[ ©5,[2Aexp(- 0%, )+ (g5 ) 1 d[2A 4 exp(- 0%, ) +(g5)*]
=-(1/2)[ ©5,d{(2/3)[2A exp(-©5,)+ (g ) I}
=—(1/3)[ {d1©7, (2 A, exp(=05)+(g5 ) ) 1-(2 A exp(- 05 ) +(; )’ )7 d O}
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=—(1 /3){j d[©5,(2A,exp(-05,)+(g5)" )2 1- [[2Agexp(- 05, )+ (g5 )’ I d 65, }

[2A,exp(-05,)+(g)’ I
2AR exp(_g;,] )

[2A,exp(-05,)+(g5 )’ T d[2A,exp(-05,)]
2Akexp(—®;,)

= _;{@;_1 [2Azexp(-05,)+(g5) T —J [2Aexp(-0©5,)d 65, ]}

1] . . .
- _3{8&1 [2Azexp(-05,)+(g5) T +J

1] . . 2 2 . 2 - . .
= _E{@);‘, [2Agexp(-05 ) +(g5) T + 5[2AR exp(-03 )+ (g5 )’ 17 +2(g5 )’ [2Ar exp(-05 ) +(g5)* 1"

+

+(g;) in “Let x=2Azexp(-©5,) , p=g

[2A,exp(-05,)+(g:)" 1" &
[2Agexp(-0O5,)+(g Y1 +8

—é{ (05, +§)[2AR exp(-05,)+(g) 17 +2(g5 )’ [2Aexp(- 05 ) +(g5)* 1"

+(g;)

[2Ak eXP(-gz,l )+(g; )2 ]]/2 -g;
[2A,exp(-©5,)+(g5)* 17 + g}

(dO5,1dE)(dO5,1dE)-(d* O, /1dE*)65,

= g3 {105, +(2/3)2Aexp(-03)+ (85 T2 +2(g5)* 2 A exp (=03 )+ (g5 )’
+(85) ([ 28, exp(=©,)+ (g5 —(g)1/[\ 24 .exp(-05,)+(g; )’ +(g5)])}
d0;, d8;, 4’5, 5. _d6; d6;,de;, 4’6, 5. (de;, )2 d6;, 46}, .
dg d¢  dg* % dg dei, dt  dgr %\ dg ) de:,  dgt 7
=[2A,exp(-0;,)+(g; ) 1(dO;,/d O, ) +[Agexp(-Of,) 105,
Divide the equation by [2A,exp(-05,)+(g;)’]
(d85,/d05,)+{[Agexp(-05)1/[2A exp(-O5,)+(g5 ) 1105,

.
G

e L2 = 2(5;)
- M @.w—) A exp (05 (5 ) +
2R exp(-03)+ (8 ) {( M3 I T 2 Aexp (- 05+ ()

(g 2R X (07 + () -85 }
2AReXp(_®§,l)+(g§)2 \/2Akexp(—®§‘l)+(g§)2+g§

For (dy/dx)+p(x)y=q(x) , the general solutionis y=exp[-[p(x)dx]{c+[q(x)exp[[p(x)dx]dx}

For this equation: y=0j,, x=0;,, c=&, p(0;)=[Azexp(-0;)1/[2Azexp(-05,)+(g;)’]

< 4o = | Aeexp(-65)) .1 di2A.exp(-65)]
[p(85,)de5, _[2ARexp(—®§,.)+(g;)2 aex, 2J2Akexp(_®§.l)+(&?)z
=_1Jd[2ARexp<—®§_l)+<g;)21=
2] 2Azexp(-65,)+(8;)

=—In[2A,exp(-05,)+(g; )12 = (n[2Agexp(-05,)+(g VT

~(1/2)(n[2A pexp(=©5,)+(85)’]

exp[ [p(©5,)d 05, ]= exp{/n[2Azexp(-05 )+(g5 ) 1"} =[2A,exp(-05,)+(g5)* T
exp| - [ p(©5,)d 03, |=exp{in[2Aexp(-©5,)+(g;)* 17 } =[2A,exp(- O, ) +(g; )’ 17
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[a(&5 exp [p(5,)d 65, |d65, = [q(65)[2Aexp(-05,)+(g; ) 7 d 65,

[2Azexp(-05,)+(g5)’ T 2Aexp(-05,)+(g; )’
1 2Aexp(-O5)+ (& 17— 85 o
[2A4exp(-0;)+(gs)’ I? [2A,exp(-05,)+(g5) 1 +gp
J der, _ J ~2Agexp(-03,)d63,
2A,exp(-0;,)+(g:) 2A,exp(-0%,)[2A exp(-05,)+(g5 )]
=_J d[2Aexp(-65,)] _ L 2Mexp(-65)
2A,exp(- 05 )[2A,exp(-05)+(g5)° 1 (85)  2Azexp(-05,)+(g)’
Note: Let x=2Azexp(-05,), p=g
J der, =_J —2Aqexp(-©3,)d 63,
[2Azexp(-05)+(g5 ) T 2A,exp(-O; D[2A,exp(-0; )+(g; )’ T
J d[2A,exp(-0%))]
2A,exp(=0%,)[2Aexp(-05 ) +(g5 )’ 1
_ { 1280 0xp (=05 )+ (8501 -85 | 2 }
@7 | & [2Aexp(—03)+(g3) 1748 [2A0exp(-03,)+(g) 1
J 1 i 2Arexp(=05)+(g5)° 1" - &
[2A,exp(-0;)+(g5 ' I [2A,exp(-05)+(g; ) 17 +gs
=J€n[2AReXp(_®§'l)+(g5 Y17 -g 2A,exp(-07,)dOr,
[2A,exp(-05)+(g5) 1" + g5 2A,exp(- 05 2 A exp(-05 ) +(g5 ) T
=_[/ [2A,exp(-05,)+(g5)’ 17 - g d[2Agexp(-65,)]
[2Agexp(- ®Sl)+(g0) ]”2+g0 2A,exp(- 05 N2Aexp(- 951)"'(80) 12

. d o5 . dos;
=c [ - 2+g£J(®m+ )d@ 1+2g2(gn) J >

7% (8 )3J

Note: Let x=2Aqexp(-03,),

(&) [2Azexp(-05 ) +(g;)’ 17 +g5 2Aexp(=05,)+(g;)°

28 [2A,exp(-03,)+(g5)" 1" -85 }

1 {2[€ [2A,exp(-0%,)+(g:)’ ]"Z-go] o in 2Beexp(=65))

n > N
[2A exp(-05,)+(g; )’ 1" [2Azexp(-©5,)+(g5) 17 +g;

(®§‘,1)2+2 2 0% ZARexP(_®§,1)
T 2A.exp(-05))+(g;)’

g é J2Akexp(-65)+(57)* -3 | 2
(&) \/ZA exp(-0; ) +(g ) +g; \/ZA exp(-0; ) +(g)’

[

2
ce [ \/2A exp(-©%,)+(g0)’ gg]_un 2Aqexp(-65%,)

J2Aexp(-0;)+(g3) +4: 2Azexp(-05,)+(g)
28; \/ZA exp(-05,)+(g ) - &

T2 e -5 \/ZA exp(-05,)+(g) +8 }

g 2+\/2ARexp(—®§_1)+(g0 \/ZA exp(-0%)+(g5) - g
(&) & \/2A exp(-©5,)+(85) +8
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\/ZA exp(-0;,)+(g;)’ _go]

+82 [2A exp(-©3,)+(g5)* [ tn
2 JzA exp(-03%,)+(g; )’ +8;

\/2/\ exp(-03; ) +(g5)’
J2Aexp(-05)+(g2)* +42
As {—zxoo: O —=xgil-gi—>®, exp(-0§,)—=0, O, —>-T5 (7 )-(dT5,/di), &

V2R exp(-03,)+(25)” = () {1+12 / (2)*1exp(-03,)1)” =[(85)"1 {1 +[2A / ()" Texp(-©3 )}
[2A,/(83) 1exp(=©F )4} = g {1+[ Ap /(8 1exp(= ©F ) +---}

x2g; g, /n

=8 +(Ag /8 )exp(=O5 )+ =gy +- (note: g; are defined to be non-negative)
N 2AReXDCOT )+ (65) ~85 _, [85+(Ag/8)eXP(=03 ) 1=85 _, (Ag/85)exp(=63,)+
\/2/\ exp(-@;)+(g;)" +g;  [8+(Ar/g)exp(-O5,)+]+g 285+

=m{A,/[2(g5) I} +nlexp(=05,)+--1={A, /[2(g5 1} - 05, +-
-T5y(Frg)-(d T, 1dF), &g
=—Lef /(85 M2+ { AL /12(85) 1} =05, ) £ (&5 12) 85 (M { A /12(g5)° 1} - 65, )’
285 g (M{A,/12(g5 )V 1}-0%, )+ (c; 745 {[(0;,)° /121+(2/3)05, })

al 8 inAe ]@)* +cigh [2+m Ar } [1/ Ag +2}1€n Ay
{<g0>2+g’g°[3 27 || O 2 M |25 2 M 2 M
ot 8 M | PO [P e
{( )2 +gogo[3 C 2( )j|}( gUC g1)+C2gU 73)2[ +/(n Z(go) gzgo 2, Z(gg)z ,nz(gg)2

) dT;l . e —glgl[8+ o ) o _+gigi[§+zn Ay }ii dTy,
ar | ey 3 gy @) U3 2 | e dr ),

rs 1S

+

. A o A x| Loy A A
“T55(F5)- 8 =-8 F&& |+ 2= ] +C38) ——1 [z’ffnif}ig’g’[*zn 2 +2}1{n .
53U7s) =8 @) ek 3 2g)7 )| 280772 2 2g)’

N dT: drT:
—Ts’,s(7,~,s)—g;=ig%% +C5 8 - igz’gé[§+fn Af‘z}ii. — [ZMH A’fz]
&\ dr ). 300 2&) ] &\ dF ) 2(8)

TS

1g2’g5[l€n A’f2+2]€n A’fz
2 2(g) 2(8)

g;g§[§+fn Af,]—l,[”f-‘] [Mn o }
30 20&) | &\ df ) 2(g; )

2] Ay
22 o) 2(g(.

~ 2
- Talre o 1 (dT, [gmwn A’fz}ig; LI Afz+1[fn Afz]
g g\ dF ) 2(87) 373 2 2| 2(8p)

& o gzg:PM" Ay }_1(&) 5 N2AR X5+ (8)° |, 2Aexp(-65)+(5) ~ g3
5 03 28] &\ dF s & \/ZA exp(-03 ) +(g;) + g

W

- =, .l dT,
¢ 8 =-T53(Fr5)- & +g=(d;1] +
0 7

s

+8& go[
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2
. 2Aexp(-0%,)+(g2)’ - gt v o, \2Apexp(-05)+(g5) - g
:%2\/2AR<>XP(—®EJ>+(gS)2 [fn\/ 2 XPCOs)+ (5) g”} tZg‘gafn\/ S e T T

V20, exp(-0; ) +(g) +8: V28, exp(-05 )+ (8)’ +g:

+\/2AR exp(- 05, )+(g ) x

FE o~ ! = ars ()
_T5v3(rf«75+)+g3 T } 5 dT{-' g +2+/n A *g: 16 §£n Af > +l(£n Af ) 78 ( 51)
& (g)°\ dr s 2(g5)? 33 2g)? 2\ 2Ag)’ 2
B (AT [l 2Arexp-OL () | J2Arexp(-O5 )+ (81 -8 Ay
3T g\ ar ) & \/ZA exp(-0%,)+(g )+t 2(&)

A J2Aexp(-05)+ ()’
2(g)° &

.. 2A,exp(-05)+(8:) - g;
F2g 8 m—=—-Fglin \/2A exp(-05,)+(g; ) pn\/ R j,l (i? (i
2( %) 2( o) J2Aexp(=05)+(80)* +8;

2

5 2A . exp(—0% )+(g°) —g* A
72\/21\ exp(-65,)+(g )’ \/ xexp (O )+ (8) & n—2—
N Ao gy g 2

—-—|fn
208" [2Aexp(-05)+ (850 +; 2L 2(8)
* 52 +
+2g=g={fnJ2ARexP(_®“)+(g°) “6 D
- 280

R Y
J2Aeexp(-05 )+ (g0 +g5 2(&) 2(g5)

2A,exp(-03 )+ -8 1], A, |
tgéJZARGXP(—@)E,IH(%)Z{KH Afﬂn‘/ PO (&) ~% [( R)]

Fu o 7 A O )4 (a" )
TS R exp-0n) () 7L (d 3 A0 D)
8o dr ), 8o

s

_3 dfsi.l \/ZARSXP(_(');,])*'(gg)Z ii dTSt,l /n Ag \/ZARexp(—(-);])+(gg)2
&\ df ), & o\ dF 2(g) &

\/2A exp(-05)+(&) 8 . .. A, [J2A.exp(-0%)+(g;)
=g 8 /n ) N
& 3 2(8y) &

2 .
\/2A exp(-0%,)+(g2) F [( 5.) +305,

V2 Acexp (-0 )+ ()’

3 2Aeexp-03 )+ [,
&

2(80) \/2A exp(- 931)"'(8’0) -8 2
Ap 2, exp(-03,)+(85) +

2
> - (®§.u )2

J2Arexp(-03 )+ (85) +5

2857 2 Arexp(=03)+(g3) - g;
J2Aexp(-05)+(g3) +4;

:g?i\/ZARexp(—G;, )+(g§)2 <Zn

2807 \/ZA exp(-0;,)+(g;) - &
Ay J2A,exp(-0;)+(g0) +8;

=285 8, {Z =
8o

}_f{S(Ff.S)*'g;
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=(qT: 2Apexp(-05)+(g5) 2 . . . .
?iﬂ(d;'] 20 = — iggz‘@;n/mkexp(-@;]>+(35)2
0 7 0

Trs

d03,/dE=d8;,/dE=(d8;,1d6},)(d6;,/dE) == |2\ exp(-65,)+(g;)* (485, /d63))

d\/ZARexp(—GE,.H(gE)Z 1 -2A,exp(-©5,) Agexp(-©5,)
25 ) 2Arexp (=05 )+ (g; ) —gg”

a6y, T2 2Aexp -5+ (8P 2 Agexp(-0% )+ (0 )
d
—4/n
dey, { Ap \/ZAR exp(-03,)+(g)" +g&
= {d [\ 2 exp(-©3,) +(g; ) - 851/ dO%, }—{d [\ 2 exp(-©3, ) +(g; ) +8;1/d©%, )
= (1/2)[-2A,exp(=0; )1/ {[2A,exp(= O3, ) + (85 V' [\ 2Aexp(- O3, ) +(85 ) -85 1)
—(1/2)[-2 A, exp(= 0% )1/ {y) 2A,exp(-0; )+ (g3 [ 2A,exp(-03 )+ (g5 + 45 1}

_ Agexp(-65,)
) J2Aexp(-05)+ ()’
L Aexp(=0%) [ 2Aexp(-05)+(g5)" +85 1-[y 2 A exp(-6; )+ (8)’ — g |
28,00 (=05) () [2Aexp(=05)+() — ;1Y 2Aexp (=03 )+(g5) +5:]
_ Aexp(=6) 260 g

J2Aexp(=05 )+ (g2)? 28xexP(=05,) oA, exp(-©3,)+(g; )

a0, =+[8g=g= _1(df;.) 250" 2 P03+ ()’ —ga}_2>
- 3 280 ~

1 1
J2Arexp(=03)+(83)* —85 [ 2A,exp(-0% )+ () +5: }

Agexp(-05,) /Zn
& \/2AR exp(-65,)+ (gg)z \

\/ZAReXp(—®§'1)+(85)2 2
g \/ZARexp(—®§,1)+(g§)2

ox A 2 exp(-03 ) +(g0) +;

LB e 1 (dTS,
N T
Trs

-I‘—I

2
2(83)2\/ZARGXP(—®§,1)+(g§)2_gg]> (83,7

> Agexp(- 9;1 ) /
n = ——
Ap J2Aexp(-07 )+ () +8:

2 [2A,exp(-€%)+ (g0

28,

2827 2Arexp(=03)+(g0) - g
J2A exp(-0%,)+ (g5

Ap J2M,exp(-0;)+(g)) +4;

T 20 exp(-05) 4 (55)" n

%
\/2ARexp(—®§J)+(g§)2
Sl Aewcol) (%) _ heeyicory
& J2Mexp(-05)+ ()" 8\ dF ) g [2 A exp(-05)+(g5)’
Apexp(-05,)
J28,exp(=03,)+ (g5 )
2550 2Axexp(-05)+(85)' -85 |
Ax 27 exp(-03)+ () +8;

?%\/ZARQXP(—('D;I )+(85)" (205)F285 8

2. " =2 ..
¢§g5\/2/\kexr>(—®§,l )+(g ) =38 05,

8 .. 1(dTg
== ggzgo_*

Apexp(-05,) /Zn
82 A L exp(-03)+ (550" |

1+

&\ dF
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Ar J200exp(-07 )+ (g0 ) +8;

?gE ARexp(_faE.l) _ /n
2 [2A,exp(-©5,)+(g5)

2
28" 2Aeexp(-65,)+ (51" -3 D -6,

28" 2 Aeexp (=03 )+ (85’ -5
Ag \/ZARexp(—G;, V() +g

dfy, )
g &)\ dF

F& &M

. N A . 2
¢g5\/2AReXP(—®;_. )+(g5)’ (65,. +§)

f;,,w(ff.s)"'g; . &

Agexp(-05,)  _ 285(8)°

+ - e N 2
\/ZAR exp(-05,)+(g;) \/ZAR exp(-05,) +(g)

8 65,

Trs

dO%,1dE ==\ 2A,exp(-05,)+(g:)* (d©%,/dO3)

df;.l
dr

A 20,exp(-05)+(g5) +4:

& \/2AR exp(=05,) +(g&5 Y +Ag exp(—@}yl)<fn

8 . 1 2(8)" V205 eXD(-05 )+ (g5)’ ~ 85 _
=138 773
3 (&)

2
+ =2 J2Aexp(-0O%,)+(g5) - g8 . 8 . 8
—%Akexp(—G;,) <Zn 2(g) \/ #eXp(=65,)+(&) go}> _(65,1)2"'5@5,1"'

Ay J2A,exp(-0;)+(g0) +4;

= = .8
- 8385 2A,exp(- 03 ) +(g5)* (n 95,1+*)

3

208)" 2 AP OI )+ -8 | )2(
2 0
Ar 2Aexp(-05)+(5) +8i

Tz (7, : = [ .
RPESIGT VAL SO ("T&'] Agexp(-©5,)

2% (g3)°\ dF

From (C-4): (dTy,/dP), =T,s,(m/7) ; (dT5,1dF), =-ay, (il 7l yexp(-i/F )
(5) Summary
O3, =m{l-[A,/(2(8;)* )exp(g +8 &)Y -g &-g
exp(-05,) =exp(g; +8, O)/{1-[ A, /{2(g; ) Ylexp(g +8, &)}
dO5,/dE=-[2A,exp(=0,)+(g5) 17 =-g7[2(85)* + Arexp(g; +8 ) 1/[2(85)" - Agexp(g; +8,6)]
05, =T,/ 85)(dO5, 1dE) = =T, ,[2(8;) + Agexp(gr + 2, E)1/[2(g5)* ~ Apexp(g] +85 &)1
8 =(T,=T)hI7s), g =T,syexplin(1-Fx)1, Ty, =T,5,explm(1-77§)]
& =12/GBTHNT,5,18), & =[(m=2F )/ FF1(T,5,/8)
O%, = m{l1-[A,/{2(g) )lexp(g g )} +eg & -8
exp(-05,)=exp(g - g5 &)/ {1-[ Ay /(2(g)* ) lexp(gl - g5 &)}
dO5,/dE=[2A,exp(-05,)+(g5) 17 = g5 [2(g5 )’ + Agexp(gl - g5 §)1/[2(g5 )’ - Agexp(gf - g &)1
O, =-(a7,/8)(dO5,1d5)=-a; ,[2(g) +Agexp(g) -2 E)1/12(g) — Agexp(g) -8 &)1
g =(T,=T)(m/7) [expin/ 7, )-11, g =aj,[1-exp(-m/F )]
8 =-12/3T))(a;, /1 g). & =-[0h=-2F )17 1(a; /8y) + a5, =af,[1-exp(-/F, )]
8 .. 1(dly V27, exp(-05 )+ (g)® / ol 287 J2Aexp(-63)+(85)’ ~ 8 _2
3g2g°_g6(dfl 2 % 1A oA @)+ @) 48

93,3 =%

Trs
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2
2060 V20w (O3 + (8 i |\ _ o s
Av J2A,exp(=05)+(80 ) +;

%JZARexp(—@;lmgs)z </€n

=2 J2Aexp(-0% )+(g) g T (P )+ gt
+2g: g3 { | 2(80) J2Auexp( 05 (si ) i || 3‘3(rf’i)+83x/2AReXp(—®§,1)+(g3)z+g§
Ap J2A,exp(-05,)+(g0) +8; %
=(dTy 2A,exp(-O5)+(g) _2 . . . N
ﬁ(;] RS AET: 805, 2A,exp(-0,)+ (5
8o r P 8o
de:, (8 . 1 (di: . — . 2(gl)? 2Aexp(-05))+(8))’ - g,
”=fg;-—=2( ] G5By 7 G + Agenp(-3) ] 288 V2RO 66 -ad |
e |37 (g)'\ dF ), A 2 exp(-0%)+(g0) +82

20" V2Aeex0 O3+ -gi ) _ o
Ap J2Aexp(-05)+(g0) +4; '

_%EAR exp(-0y5,) <fn

2(g2 ) 2 Arexp(-03)+ (g5 ) —gg}

-85 85\ 2Agexp(-0%,)+(g;) /n
a2 e Ar J2A,exp(-03 )+ () +8:

6120, exp(-05,) 4 (5 5,4

Agexp(-05,)-2g;(g)’

7 (7 + + =
T N L
8o (g)\ dF 3

(G) Inner Expansions
Define stretched variable:  §=(F-7;s)/¢

PP =(Fg+e8) =F+e(2F s E)+0(*) =F [1+£(2E /7, s )+ O(£)]
VF=1/(Fg+e8)=1/{Fs[1+e(E/F )} = (1 F [ 1+(E1F )T =1/ F)[1-€(E 17 )+ O(€7)]

or F=Fs+e§ = di=ed§

1P =17 ) [1-e(E /7 )+ O(e) T =(1/ 7o) [1-£(2E /7, )+ O(£)]
Define inner expansions and the small expansion parameter:
Ty=[T,-£6,-£"0,+0(*)]+0(5)+0(£/9)

)7]5=[£¢H+62¢]v2+O(£3)]+0(6)+0(£/6) ;

Define small expansion parameter: &= ffz 1E,
exp(~E/Ty)=exp{-E/[T, -&(6,+-)+O(e* )}y =exp(- E/{T,[1-£(6,/T,)+--1})

)72'5 =[ep,, +,52¢2'2 +0(£3)]+O(6)+0(£/6)

=exp{-(E/T,)[1+£(6,/T, )+ 1} =exp(-E/T,)exp[-(E/T} )6, +--]
exp(—EK /71.)=exp(—EK/ff)exp[—£(Iz~‘K /77)191 +~~~]=exp(—EK/ff)exp(—B,)+---
exp(—ER /fs) = exp(—ER /f/)exp[—s(ER /ffz)H, +-]= exp(—ER /f})exp[—(s/é)ﬁ, +--4]
=exp(-E, /T,)[1-(e/8)6, +-+-]
Define reduced Damkohler number: A, =&’ Da, exp(-E, / T})

1
D =2 |\mT, -
()72 s dF

dd~( I fzﬁ)=DaK17,_S Yz_sexp(—l*:“,( /fs)—DaRexp(—E"R /fs)
7
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1+0(e) d d[T,-£6,+0(& )+
ffz.s ed§ ed&

=Day (e¢,,+)(e¢y, ++-){exp(- Ey /T, )exp(=6,)++-} = Dagexp(- E, I T,)[1+0(£/6)]
={&" Dagexp(~Eg /T,)¢,, ¢, exp(=06,)+-+-} [ Dagexp(= £ /T, )+--]
=& {[Ag ¢y, 0, exp(=6)+--1-(£/8)(Ag+---)}

The leading order term is d*6, /dE* = A ¢, ¢,,exp(=6,)

{m[f,-+0(s>]—fﬁ;1+0(s>]

1 d(.. 7 ady, - R
2 fzdf(mYlS_Le d;s)=_DaKYl,SY2ASeXp(_EK/TS)
1
1 d(.. 7 dY. .
;ﬂcﬁ(mY”_Le d;SJ——DuKY]SYZSeXp( ! Tg)
. Py, 5 P dY,
}Ti ﬁlYZ.S—Ld 2~'S _..12 d~ my, s - rd ILS =0
Frdr Le, dr 7o dr Le, dr
_ 72 dY, ~ Y, ~ Y, =
i mst—r—d—'f -4 mY, - 7 dhs =0 or [mY, - Cdhs ~|mY, - P dt, —L5 | = constant
dr ~ Le, dr dr ’ Lel dr ’ Le2 dar ’ Le1 dr

ﬁl[8¢2;l+O(82)+..-]—11~1[£¢11+O(8 Yeoo]

d[8¢2,1 +e’ ¢2‘2 +O(33)+...]
ed&

d[€¢1,1 +& [/ +0(53)+‘.‘] _
ed§

—[rf¥+g(2rfS§)+0(£ )][L +O(€* )]

€,

1

+[Fl+e(2F, s E)+O(&? )][L +0(¢ -)]

Keeping the two leading order terms

~2 ~2
ol T @ g o LB L0 (g L) (i Le) = E vy

Le, d€ Le, dE Le, d& Le, d&
o Lleldjé”(Lelzfm g]djg _%'p“ Lle2 dféz (Lezzfm E)dd(p;] _f?i‘p“}:q‘
3) %%(m }—fzd;;}‘)=0 Y, Y, sexp(~Eg /Ty) - Dagexp(~E, / Ty)
! ddf(mﬁ'S_Lrel ddf;s Dy 7.7, exp(— Ey I To)
;(m}-fﬂi{?)wdf(mﬁ_s Z;f'rs) —Da, 7P exp(-E, I Ty)
jg{m[Tf 60 +-)+O(e)) =[5 +£(2Fs s E)+ O(D)] [Tf_egl_8§52+o(£3)+"']}
+£j§{7h[€¢li+0(82)+"']_[ff2,s+€(2 40 )][ - L0 )]d[sfﬁl..+52¢:2;0(£3)+~-~]}

==& (e/8)[F5+0()I(Ag+--)
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Keeping the two leading order terms

2 =2 2 2 2
72,40 A o LA LA g (p,iLe)=c,Ere

d& Le d& dE* LeI dE* '

27
d ~fzsd3 27 4% e, d /Sd¢12 rf'S";: d¢l‘l_’h¢1,1 _
d§ d& d& d§ Le, d& Le, d&
or @_'_%iﬂ_ggl 1 d¢12 2~ g d¢1‘1 - |=ce
d§& Trs d& g Le1 d§ Le 7 d& Frs

(4) Summary, the structure equations in the inner, chemically reactive region are
d*6,/dE =Ny ¢, 9,,exp(=6,) 3 Ay =¢ Dagexp(-Ey/T,y)
(¢, /Le))= (¢, / Ley)=c,E+c, 5 6,—(¢,/Le)=c,5+cq

1m+(2§]d¢u 1%+(2§)d¢21 - } e

Le, d& \Le7y ) dE i | | Le, dE \Leyiy ) dE 2™

do, 2£d6, Ldg, (2 ,)de,
77_791 - ~ ‘S _7¢11

dE Frs d§& s Lel d& Le, 7 d& g

(H) Matching
Species equations: Between the inner and outer solutions
Energy equation: Between the inner solution and the solution in the radiation region
In the common regions between the outer and inner regions, 7 =7, +£&

Since 7=7,;+0f, wealsohave 7=7,  +0C =7, +e& and hence {=(e/6)§
)7if5=[1/,50+s 51+0(5 )+0[ ‘52+0(s)]+0(62)
= {5 (7 )+ (d Y 1 dF), (eE)+(d* Y5, /A7), (26 /2)+0(e))]
+E[Y,.‘jgvl(rm)+(dY,.‘g,/dr) (e85)+0())]1+0(€* )}+6{[Y§,(r §)+0(e)]+0(5)}+0(62)
=[g¢i_,+52¢,2+0(s3)]+0(é)+0(5/5)\b=
= Vio(Fs)=0 5 Vi,(F)=0 5 ¢, (§—>=x0)=Y5, (7 )+(dV5,/dF), &
(A, 1dE)s... =(dY5, 1dF), +(d*Yio1dF), &
:=[Tf—e®§_2+0(£2)]—6[®§1,+£®§,3+0(£2)]—62[®§v4+0(e)]+0(63)
={T, -£[05,(£=0)+0(e/8)|+0(*)}~6{[ 05, (L =0)+(d O}, /d )., {(e/8)E)+O(e/5)]
[055(£=0)+(dO5,/dE).{((e/0)E)+0(e/5)' 1+0(e”)}
=~ {[05,4(C =0)+(dO5 ./ dL). (e )E) +(dO . 1 dT*). o {(e/8)'E* 12) + O(e/ 8)' 1+ O(e)} + O(8")

=[ff's—891 —-€
= 0;,(£=0)=0 ; 6(E—>=xx)=0,(£=0)+(d0Of,/dE).. &
(d6,1dE). ..., =(dO5,1dE), o +(d*O5, 1dE?), &
(1) )7].’5'0(?].5)=1—aioexp(—Le]n"1/ff_s)=0 s aexp(=Leml/ig)=1 or a,=exp(Leml/T, )
Ylj&z ('7/5 )=-—a;,exp(-Le, ’ﬁ/ff.s)= 0 a,=0 = YNljs,z =0

B (§ = =)=V, (F o) +(dY g, [ dF), &
=-a;, exp(-Le ﬁl/Ff_S)—a;0 (Le, rh/?f_s)exp(— Le, lh/F,‘S)g

=-a;,exp(-Le;m/7;¢)-(Le rh/?ﬁs)§
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(Ao, 1dE);. . =(dY5, | dF), =-LemlFls (d¢1_2/d5)§ﬂ=(d1ﬁj5_l/df),.,r_s+(d217ljw/d72)m§

1 d¢y, 2 A 1

1 d9, _ —T¢11

Le, d& \Lefys ) dE Tis

(1 Le)[(dTy, [dF), +(d ¥y 1d7), E1+12/(Le,F, )E1 (¥, dF), |
G T G ) (AT 17, £

=[(1/Lel)(d}7l_’&1 /df)—(rh/;ﬂ));lf“]

£

s

~({lm—-(2F/ Le) (Y, / dF) = (F* I Le,)(d* Y5 1dFP)}IF), E=0

() Yo (Fg)=af [1-exp(-Le /7 )]=0 . aj,=0 and Yj,=0

(1/Le, )(dY 5, 1d7) - (il 7Y, = —ma), |72

(U1 Le )(d* Y], 1 dF*) = () P (d Y, | dF)+ (2 ) FHY = 2ina), |7

Vo (Fg)=aj,[1-exp(-Le,m/7,)1=0 . a/,=0 and Y,=0

G (& =)=V, (7 ) +(dY o /dF), E=V (7 )

=a;,[1-exp(-Le /7, 5)]=aj,[1-exp(-Le m/F, )]

(d,/dE)s...=0

(dy,/dE)e =(dY)s, | dF), +(d* Y5y 17, &= (dY, 1 dF),

1 d¢l.2 2 d¢],] I’;l
+ = § 2 Yl

Le, d§ Lef, g~ | d§ 7

() Yigo(Frg)=dioexp(-Leyiit/F,)=0 o a5,=0 and Y;5,=0

(/Le))(dYy g, /dF) = (i) P Yy, =0 5 (1/Ley)(d* Yo, 1dF) = (il F*)(d Yy, 1dF)+ (200 7)Y, =0

=[(1/ Le,)(dY 5, 1 dF) =0~/ )Y, ]

E—o

-
= _“;l(m/rjxs)

Trs

Vi, (Fg)=a;,exp(-Le,m /7, s)=0 . a;,=0 and Y;5,=0

¢y, (§—=—)= Yz_,s,l (ffﬂs)"'(dfz_,s.o /df')f/_A §=f2_.s,1 (Frs)=ay,exp(=Le,m /T ) ;0 (dgy, /dg)g—»ac =0

(Ao, 1dE). . =(dY;s, | dF), +(d* Y5, /di), E=(dYsy, 1dF), =a;,(Leyinl 7} Jexp(~Le, /7 )
1 d 2 d m _m Le,m mo Le, m

7ﬂ+ —& &—T@J =a,,—CXp - -0-—-a;,exp|- —2— =0
Le, d& Le, 7, ¢ d& s o s 7 s 7

& f.s f.s
) Yo (Frs) =Y, —as,[1-exp(~Le, /7, )]=0

ao[1-exp(-Le,m/F )=V, or aj,=Y,,/[1-exp(-Le,ii/F:)]
Yy, (Fg)=-a3,[1-exp(-Le, /7 )]=0 . aj,=0 and Y,,=0
$ (E—> )=V (7 g)+(dYg, dF), &
=—a2+1,[l—exp(—Lezn~1/r~f‘s)]+a2+‘0(Le2rh/?ﬁs)exp(—Lezrh/Ff’S)E
=—a2+1,[l—exp(—Lezrh/FfYS)]+(a;0M/ffys)exp(—Lezrh/Fm)(Lez/r}‘s)g

=—a},[1-exp(-Le,ii 7, )| +{¥, . (7 | 7, Jexp(=Le,ii | 7, ;) | [1 - exp(~Leyiit | 7, )|} (Le, | 7, )&
=—a},[1-exp(=Le, it/ F, )|+ {¥,,. (] 7, 5 ) [exp(Le, it/ 7, s )~ 11} (Le, I 7, )&
(d,,1dE). .. =5, (Leyin 7l exp(~ Ley /7, s )
=Y,.(Le,inl7})exp(~Leyin /7, s)/[1-exp(~Le, i/, )1} =Y, (Le, it/ 7 ) /[ exp(Ley i /7, ) =11}
(A, 1dE) ., =(dVSg, 1dF), +(d* Vs 1dF?), &
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=a;, (Le, /7] )exp(- Le, i/ 7, ) +a3, [ (Ley i/ 7l ) = (2 Ley i/ 7 ) lexp(— Le, i [ F, )&

1 do¢ 2 d M
= % £ X _ ~"21 ¢y,
Le, d§ Le,7, g~ ) A& T .

=a, (rh/rfs Yexp (= Le, /T g)

+a;n[Lez(rh/Ff2’S)2—(2r?z/r~f3_s)]exp(—Lezr?z/ff_s)§+a;’o(2/ffﬁs)§ (ﬁl/ffz,s)exp(—Lezrh/Ff,S)
+(n~1/fjf215){a;vl[l—exp(—Lezrh/i’f’s)]—(a{nrh/Ffﬁs)exp(—Lezrh/ffﬁs)(LeZ/FfYS)§}
=a;,(m/ 7f2§)

(5) ©5,(E=0)=n(1-{A./[2(g) Irexp(g)))’ =g =0 . n(1-{A,/[2(g) Iyexp(g))’ =g/
exp(g) =(1-{ A, /[2(g5) Iyexp(g)) =1-[A, /(g5)" lexp(g))+{ A, /[2(g;)" 1}" [exp(g))’
{AR/12(85)° 1 [exp(gi) I = {1+[ Ay /(g5)* 1rexp(gy)+1=0
exp(gi) = ({1+[AR /(& I =l{1+[ A /(g5) 1} = 4{A 11285 1 1" ) /{24 A, /12(&5 ) 1}*)

= (L[ AL /(85 1= [1+42A, /(g5 ) IH2 ) {2{ A 112(5)° 1}")

=2(1+[Ag /(g5 1= {1+[2A, /(g5 1" ) [ AR /(5T

=[085/ AR T2+ 20 A/ (g5)" 1= 2{1+[2A, / (g5)" 1}"")

=[085 /A P{I=2{1+[2A, /(5" I} +{1+[2A, /(5)*1})

=[(83)" /AR P (1= [1+42A, /(850" 13"7)" = (1(g5)" / A I = {1+ 124,/ (g5)° 11
In the non-radiative limit, A, =0 , we have g~ —0. Thus

exp(g;) ={[(g5)" / Ag IN={1+[2A, /(g5 1" 1)" ={[(&5)* / AR I{1+[2A, /(g5)* 1} -11)°

2
e [2he )] ey 2 a, g 1y - DG+ 124, /g 1+ |
Ae W (&) A (1+12A, /(g5 P Y7 41

={<g§>2 14124, /() 1-1 }:{(g;)z 2A,/(g) }={ 2 }
Ap {14120, /(g5 1} +1 Ap {1+[2A,7(g5) 137 +1 {4120, /(851" +1
g = M(2/H{1+[2A, /(g5 ' +11)" = =2 ([{1+[2A, /(g5 13" +11/2)
Since g =T, explm(1-7 )] = T, ==2m{[{(1+[2A,/(g)* 1) +11/2}exp[m(Fs - 1)]
Since g =ay,[1-exp(=i/F )] : a5, ==-2m([{1+[2A,/(g; )1} +11/2)/[1-exp(-7/F, )]
(6) 6,(5—=-%)=03,(5=0)+(d0O;,/dE). &
From (F-2): ©5,=(T,5,/8)(dO5,/dg) ; From (F-1): dO5,/d&=-[(g;) +2Azexp(-05,)]"”
When £=0: ©5,=0 . exp(-O5)=1 , (dO;,/d&).,=-[(g) +2A;1"
0,(§ —=-0)=[(T, 5,/ 85)+ENdO5, 1d L)y ==[(T, 5,/ 85 )+E (85 ) +2A,1"
(d6,1d&). ., =-[(g))+2A,1"
0,(§—>2)=05,(£=0)+(d0j,/dE). &
From (F-4): O, =-(a;,/8,)(d®s,/df) ; From (F-3): d@;l/dC=[(gg)2+2A,ee)(p(—®;])]1/2
When £=0: ©5,=0 .. exp(-03)=1, (dO},/dl).,=[(g5) +2A4]"
6,(E—=o)=[-(as,/g)+ENdO5, 1dE).o=-[(a7 ,/8;)-EN(g ) +2A,1"
(d6,/1dE)... =1(g) +2A,1"
(T (Q+12A, 7 ()P "2 +1)* = {0+[2A 5 1 (g5)* 13+ 2{1+[2A 5 /(g5 13" +1=2(1+[ A / (g5)* 1+ {1+ [2A / (g5)* 1}"?)
Apexp(gi) =4 A [{{1+[2A, /(g5 ) I} +1)* =4(g5 ) [Ag /(5 1 ({1 +[2A, /(g5 1} +1)
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2085V +Agexp(gr) =208y Y +4A, /{({1+[2A, /(g5 1} +1)

=4(g) (1+12A, /(g5 ) 1+ {1412, /(5 ) /({1 +12A, /(g5 1317 +1)°

=4(g ) {I+[2A5 185 B ({1+12A, /(83 ' I +1) /({1 +[2A, /(g5 132 +1)?

=4(gs P {I+[2A, /(85 P 1{{1+12A, /(5 1} +1)
2(85) = Apexp(gr)=2(8) =4 A, [ ({1+12A, /(g5 )’ 17 +1)

=4(ge Y (1 {1+[2A, /(5 ¥ I ) (L1 +[2 A, /(g5 P TP +1)7 =4 (s ) /({1 +[2A, / (g5 )’ 17 +1)
28 +Apexp(gr)]  4(gr Y {1+[2A, /(g I I{{1+[2A, /(g 1} +1 .
bgg;z—ARengrH: s 4[(g;>2/(31)+][}2AR</{<g3521}"2ffg)]} A

4(g) {1+[2A, /(g 11" 4(g5)
{4[2A, 1(g) T +1 {1+[2A,/(g2)* 13" +1

=16(g ) {1+[2A, /(g5 ) I I{{1+12 A, /(g5 12 +1) = 4(gs ) {1+[2A, /(g5 ) 1} exp(gr)
4(85) Arexp(gr)/{12(85 ) + Aexp(g)I[2(85) = Agexp(g) 1t =[Ag /(g5 1/ {1+[2A, /(g 13"

[2(g5)" +Apexp(gi)1[2(g5) —Agexp(g)]=
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(8) Summary

0;,(£=0)=05,(£=0)=0

& ==2m{[{(1+[2A, /(g 2 +11/2} 5 exp(gy)=(2/[{1+[2A, /(g ) 1} +11)*

2(85)" +Apexp(gr) =4(g5 ) {1+12A, /(g5 I 1{({1+[2A, /(g5 1} +1)

2(85) = Apexp(gr)=4(gs ) /{({1+[2A, /(g 1}"* +1)

[2(g5)* + Agexp(gr)]/[2(g; ) - Agexp(gi)]={1+[2A, /(g5 )’ I}

4(85)" Arexp(gh)/{12(85)" + Apexp(gi)I2(85)* — Agexp(g)]} =[Ag /(g5 1/ {1+[2A, /(g5 13"
Tyso==20{[(1+[2A, /(g ¥ D +11/ 2 explm(Fs-1D] 1 T,5, =T, explm(1-7))]
6,(§ =>-0)=—[(T,5,/8)+EN(g ) +2A,17 = 5 (d6,/dE).._,=-[(g) +2A,1"
(d6,/dE).._,=(dO;;/dE)o+(d* Oy, 1dE7), &
ai, ==2([{1+[2A, /(g )’ " +11/2) {1 -exp(-m/F; )] 5 af.a=atgll-exp(-m/Fss)]
0,(E—=w)==[(a,/g)-E1[(g V¥ +2A,1" = ;  (d6,/dE). .. =[(g) +2A,1"
(d92/d§)§%,=(d®§‘3/d;);:0+(d2®§‘4/d§2)5205
a, =exp(Le /), aip=0, YltS,O =0
¢, (§ = -)=—aj,exp(-Le, /7, )~ (Le, | FF)E 5 (dey,/dE). ., =—(LeymlFs)
¢, (E > o) =aj [1-exp(-Le,m/F,5)] 3 (dpia/dE)g—se=0

1d(ﬂ|,2+( 2 E)d(pl.l_ m (/71‘1} _ 1d(p272+[ 2 \d‘pz,] _m 21} -0

Le, dE '\Lei,, | dE 72, Le, d& \Ler, ) dg 77
1d 2 d i )

7ﬂ+ —& P - =—a, 5

Le, d& Le 7y d& s . s

a20=0, Y350=0, a3y =Y, /[1-exp(~Ley i/, )]

¢y, (§ = -x)=a;, exp(—Le,m/i;g) 5 (doy, /dg)ga-w =0

. o - m exp(-Le,m/7,g) (L
$,,(§ >®)==~a; [1-exp(-Le, /7 5)1+Y,, ~m P — (ﬁg
Frg l—exp(—Lezm/iff'S)krfys

(dey, 1dE)s .. = YZW(Lezrh/}7/35)exp(—Lezrh/Ffvs)/[l—exp(—Lezrh/Ff'S)]}

Ldey, [ 2 \doy, m _
— + = -0, =0y =5
Le, d§ \LeyF } d§ 7 . s

(I) Inner Solutions
(1) (¢,/Le))-(¢,,/Ley)=c, 5+,

E——or ¢, —>—ajexp(-Lem/F o)~ (Ll ii)E, ¢ —>arjexp(-Leygi/Frs)
e =-mlFly , ¢, =—(aj,/Le)exp(~Le /7, s)~(a;, /Le,)exp(~Le, /)
E—oo: ¢, —al,[1-exp(-Ley /7, )]
0, —>—a;vl[1—exp(—LeZﬁ1/ff_s)]+{Y2‘m(ﬂ/ffvs)/[exp(Lezrﬁ/f/'S)—1]}(L62/ff'S)E
o ==, (i) 725) /[exp(Ley i 7, §)~1]

c, =G 1-exp _L~e,m o 1-exp _szm
Le, Trs Le, Trs

52




= Y, /[exp(Leyi/F,)-11=1 or exp(Le,in/F g )=1+Y,
l-exp(~Le, it/ 7, ) =Yy, [(14Y,,),

D1 || _exp| - LA
Le, rfs

a3y =T, [1=exp(-Ley it 7)1 =147,

L€2 1+Y Le,

Frs Le, 147,
aj, _a{,l _Lem a21 a21 =ﬂ+@
Le, Frs Y,. Le Le,
P P _ all a21 fzx _ E
Le, Le, Le] L€2 1+Y,, rf s
1d 2 d 1d 2 d m
@) 1 do, [ £ b ey bo | £ ¢2.1_~2 o |=c
Le, d& Lefrg ) dE Trs Le2 d& Le,iig ™) d§  Tps

E—_w: L dg, 2~ g d¢“—%¢1,1—>0 : 1 49, #g d¢2"—g¢z,1—>0
Le, d§ \Lef,s ) d§ i Le, d§ \Leyj,s ) d§ T

[
c3=0

Iy = a3,

=2 ’ ~ 2.1 201722

5s "rs Le, d& \Leyys g 7.5 Tis
~ 2

-(af,+a;))(m/i;g)=0 or a; =-a;

(17 Le, )(d Yy, [ dF) - (il P Yy, = ab, il 7

— 00 Ld¢1~2 2 d¢1,1 ; +i . L% 2 d¢ i
§ ’ Le, d& +(Lelff15§) de 7 by +[ )

~ ~2
=—a/ \m/7"

(1 Ley)(d*Yy5 1d7?) = G| P )(dYs Yy, 1 i)+ (2 Y = =2atm I 7 = 2at i/ 7

From (1): Gy =y exp _szm R TRl ¥ 1 a
Lez rf.S

.
a
— =Dl 2L
Le, 1+Y,, Le Le,
.

a,t+ay, 1

al, —ay, Lem| (1 1
— = exp|—— -af|—-—
Le, 1+Y,, Le, Frs Le, Le,
_ - Le m . Le
ay, =(1+Y,,)| (af, - all)eexp[ rl ]+au(1—L;)
| X

7_( K “fl)&exp -Lf'm +aj, Lo 4
1+Y ’ Le, ’jf,S ’ Lel 1+7

&, . Y., Le| _ Le,in| Le, it
>— =aqa, = ——=4a,,exp|—— +a/,|1-exp| -———
1+Y,,, 1+Y,,  Le ' e ' T
3) 6,-(¢,/Le))=c,E+cs
§— o

6, —-[( bSA/g[;)+§][(g(;)2+2AR]I/2
¢ =—1(80) +2A, 1" + (1 75)

5 ¢y~ —a;exp(=Len /T g) - (Lelnﬁ/ffzs)g
(T, 8)(85) +2A, 1" +(af, / Le,exp (- Le, i)

0, —=-[(a;,/8)-E1(g5) +2A,1",

=[(g5) +2A,17,

E—o: ¢1,1=a:1[1_exp(_L€1’;’/’7f"s)]
=—(a} ./ 8)(gy ) +2A,17 = (aj, / Le,)[1-exp (- Le, it/ 7, 5 )]
—[g ¥ +2A, 17 + (/) =[(gg) +2A, 17 or

[(85)° +2A, 12 +[(85) +2A, 1 =i /72
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(a7 1 @G +2 A, 17 = (T, 5,/ 85)1(g5 ) +2A,17

+Le;' {aj, exp(-Le,m /7, )+ay, [1-exp(-Le, /7, )]} =0
6, = (¢, / Le))==[(a; o/ g5)-E1(8s )’ +2A, 1" = (a],/ Le,)[1-exp(- Le, it/ 7, 5 )]
iy =a, [1-exp(-Le,m /7, )1+ Le {l (a7, / 85 )= E1(g; ' +2A, 17 +6,}

( Lelrh]
1-exp|-— +
T

or
+ > ~
a, Y, m

Pu P G = M
Le, (14Y,,) 7

Le, Le, Le

From (1):

a, Y. _m £
= pes)

0, - Put o [ B4 g (gr Y 420,17+
" Le, 1+Y,,. g

Le, o
a; R al Ym _
__ 1;/\[(gg)2+2AR]1/2—izi;—[(go)2+2/\,e]1/2§
8o Le, 147,

G =a5, [V, [ (A+ Y, )1+ Le, {(ap /g (g5 ) +2 A 1" +1(85 ) +2A, 17 E+6,}

de, 25de6, 1 do,, 2 \de, m
4y [4Y% 2540, M g4 | 1 49, LR
@) [d§+r}.s s ) {Lel e +[Lelfm§) e iﬁs¢.,.} .
0, = ~[(T,5,/8)+EI(g ) +2A, 1", (d6,/dE)—>-[(g ) +2A,1"
— 2 2 1 d¢12 2 d¢|| m
— _ _ —_ > L -0
(d6,/dE)—(dO53/dT)z_o+(d°O54/dE )0, Lo dE +(L617f,s ) %

.»;-'—>—oo:

dg il
(d* 05, /dE )y - Fry[2- (il F )8 ) +2A,17 =0
o =(dO51dE) o+ (I FF (T, 5,1 85)[(g ) +2A,1"

E—w: d0,/dE—=>(dO;1dE), +(d* O, 1dE%).0E, d6/dE—[(g) +2A,1"

1 d¢ 2 de¢,, I
0 ——[(at /o )= +2+2A 1/2’ L 1A2+ L —_—qf —
v llara e =S V20T, T e F e T e T T

(d*O5,1dE )y +F75[2- (1 F )8y ) +2A,17 =0

o =(dO5,/dE), o+ (mIF)(a; ] (g ) +2A,17 +af, (] FFy)
(dO5,/dE).—(dO5,1dE). = (/i ){(a7, ] 8(8) ) +2A 1" = (T4 1 8)1(85) +2A, 1"+, }
exp[-©5,(£=0)]=exp[- O, (£=0)]=1

=

From (H-5): ©,(£=0)=0;,(£=0)=0

- + - -2 -\2 o
DO )[40 Se- 12(”5‘) 8V} +2A, +Ag( 2() (g0)2+2AR L )
ac )., \ae ), 3% @i ) A gy +20,+5;

2
8 A Lyl 2080)7 N (&) +2Ak -8y e g P r2A n 2087 ) (85 +2A, g5
R 280 0 R 2 -
2 A (g +2A, 48 A (g +20,+g;
2 Ty (Fog)+gs - (dT; o
—28 (g ) +2A, 1+ Ay —‘“g+g() -28; ()
3 & (8)°\ d7 ]|

257 (&) + 274 —g;}_2>}

Ag \/(85)2+2AR +8

2050 (g + 27 —g;}

Ay J(g P +2A,+g;

{ggd(gg)z+2AR+AR<€n
2
2 +132 + 2+2A ot .. "
(g0’ (&) +2A, gH N T

A (gl +2A,+g;

|8 L (4T,
37 @)\ dr )

g
+22 A4 /n
2 R{
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2 2
+Z2g (@) +2A,1-A
ER e T

dr

Tos(Frs)+es | g (”) }+2g;<g5)2
7},3

In the limit of A, —=0:

VG +2A, = gi {14+2[ A /(85 1} = gi {1+[ Ag /(g5 1+ O(AR)} = 8 + (A 1 g5)+ O(A})

2080’ V(850 +2A, ~ g5 Mn[zwsf g:+<AR/g;)+o<Ai>—g;}=[n 2g;+o<AR>]QM=O
Av (g +2A,+8: Ay g +O(Ap)+g5 24, +0(Ay)

(dO5,1dE)y (O, /dE).o = (T}, 1dF), [\ (g5 +2A, /g 1= (dT5, 1 dF), [\ (85) +2A, /g ]
=—(ay, 1))l 7 yexp(=iml 7 )(gy V' +2 A 1" = (T, 5,/ )/ )I(85 ) +2A, 17
==/ FE (a5, 1 83 )exp(=ml 7 )8y ) +2 M1 + (T 5,/ 850185 ) +2A, 17}

Since ﬂ1/725¢0

(ay, /g =exp(=i/ 7 )I1(8s ) +2A,17 = (T, 54/ 8585 V' +2A,17 +ay,
=—(a;, /gy )exp(=m /7 (g ) +2A,1"7 = (T, 5,/ 8)(8) +2A,1"
or  (ay,/8)[(g) +2A,1" =-a,
From (E)-(2): a7, =az, [1-exp(-m/F; )]
(a7, 8)(8s Y +2A, 17 = (a7, 1 80)(gs) +2 A, 1" [1-exp(=/ 7, )] =—a;, [1-exp(=7i/F, ;)]
From (3):
(@541 8(gs V' +2 A1 (T, 5,1 8585 +2A, 17
+Lel‘1 {a;, exp(—Lelﬁt/Ff_S)+aI,[l—exp(—Lelnﬁ/Ff'S)]}=0
—aj [1=exp(=m /7 )1=(T, 5,/ 85)1(8 ) +2A,1"
+Le1’1 {ay, exp(—Lelrh/ff‘S)+a;][l—exp(—Lelnﬁ/Ff'S)]}=0
a; exp(-Leyit [ 7, 5) +ay [1-exp(-Leyit /7, )] = Le, {(Tys4! 8)0(g) +2A 41" +aj,[1-exp(~ii/ 1
ap, exp(—Lelrh/Fm) = Lel{(fbm /g(;)[(g(;)2 + 2AR]”2 +a/[1 —exp(—ﬁz/Ff'S)]}— alfl[l—exp(—Le,ﬁq / 7,'5)]

- Y~ ~ ~
From (2): —21 - aj, —% Lo a;, exp —Lf‘ " sar, [ 1-exp —Ifﬂ
1+Y,,, 1+ Y,. Le ’ Trs ’ e

a5, [ (1+Y, ) =al Yy [ (14 Y, )~ Ley {(T, 5,/ 83)[(8 V' +2 A, 1" +af, [1-exp(= i/ 7, )1}
(5) Summary
Frs=Ley/in(1+Y,,) or exp(Leyi/fg)=1+Y,,
[(8) +2A, 1" +[ (g Y +2A, 17 =/ 7 (determines T, iteratively)
(a;',] /g0) (g ) +2A, 1= -a, a;,] = ‘a1+,1
a exp(=Lei | 7, o) = Le {(T, 5., / 8)(g5 )" +2A,1"7 +af,[1-exp(=iit/ 7, )|} — af, [1- exp(~Le,it | ;. )]
a5, 1A+ Y ) =ah Yo, (14 Yy, = Ley {(T, 5.,/ 85)[(8) ) +2A, 17 +af, [1-exp(~ i/ F, )1}
The structure equation is
d*6,/dE* =Ny ¢, §,, exp(-6,) where Ay =€ Dagexp(-E,/T,y)
0,(§ = -0)=—[(T,5,/8)+E1(g ) +2A,1",  (d6,/dE).. . =-[(g) +2A,1"
Tb,S.A = ~b,s.l exp[m(1 _’7/715 )]

6,(§ =) —>-[(a; ,/85)-E(g )’ +2A. 17, (d6,/dE). =[(g) +2A,1"
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¢|,| = a]f] [I—CXP(—Lel rh/i:/‘,s)]"'Le] {[(H;A /ga)_g] [(g(; )2 +2AR]I/2 +0|}

¢y, =ay, 7. /(1+Y2,m)]+L€2{(a}_A 1g(gs Y +2 A1 +1(gy )’ +2 A1 E+6,}
(J) Adiabatic Limit

In the adiabatic limit, Dag = Ag =0, T, =T}
[(gg)z+2AR]”2+[(g§)2+2AR]”2=rh/Ff2_S is reduced to
miils =g +g = (T} =T) (1 77)+ (T} =T) (| i) Lexp (i | Fy ) =11
or  T{=1+T,-(1+T, -T,)(1+Y,,.) "
In the limit of Ley = 1, we have the adiabatic flame temperature: T, =1+, -(1+T, -7, )(1+Y,_)"
(K) Summary
5=fﬁ/ER, s=ff2/EK
(1) Bulk flame behavior
T =1+Tyexp(-m/F ) =1+T, -1+ T, -T)(A+Y, )" T,

Ty =1+T, =1+ T, = T,)(1+Y, )"
Fg=Leym/in(1+Y,,) or exp(-Le,m/F)=1/(1+Y,,)
[(gy ) +2A, 17 +[(gl) +2A,1" =/ 7]

" 3 Ag =6DaRexp(—ER/7~’/)
g = (T, =TI 7s),

0 (determines Tf iteratively)
(T, -T,) (il i)/ [exp(inl F, ) ~1]

8
fb,S.A = Nb,S.l eXP[’;’(l_;fl‘)] >
(2) Structure equation
d? 0, 1d&* = Ay, 9,,exp(=6,),

ar, =ar, [1-exp(-1/F )]

Ay =€ Day exp(—EK /Tf)
0,(§ —=-0)=—[(T,5,/8,)+E1(g ) +2A,17,

(dO,/dE)o_, =—[(85) +2A, 1"
0,(5§ =)= —[(a7 ./ 85)-E10(g5) +2A,17,

(de, /d&)gﬁao =[(gg)2 +2AR]”2
¢ =a,[1-exp(=Le, /7, )1+ Le {[(a7 , / 8,) = E1[(83)" +2A, 1" +6,}

oy =ty [ | (14T, )1+ Ley {(ai, /8080 ) #2817 +1(83 ) +2A, 17 E+6,)
(3) Solution in the core and burner regions ¥, =1 ; ¥,;=0
Core Region: Ty =T, +(T, s ~T,)exp[(1it/ A)(1 -7 ) lexp[ (7~ —77")]
Burner Region: T~S = TO +(fb_s - fo Yexp[(m/ AD(A=-F1]
(4) Outer solution of ¥,; and ¥,

Yis = [Yisp+O0(8%)]+¢[ Yis1+0(8)1+O()

Yoo =l-explLem(iis-F")]1 1 Yy, =-ajexp(-Lem/F)
dYioldF=—(Le /7 Yexp| Le, (g —F)] (dfl:g_o/df);/‘&=—(Lelrh/fﬁs)
dYy, /di =—(/7)a;, Le exp(~ Le, it/ )
(7 1 Le, )(d* Yy 1 dF* )~/ —(2F | Le )1(d Yy, /dF)=0

(P 1 Le )(d* Yy o 1 7)== (27 | Le ) (d” Yy 1 A7) +[ (27 / F) = (2/ Le ) 1(d ¥ 5o 1 dF) =0
(1/Le,)(dYyy, /dF) (il 7)Y, =0
(U Le, (d* Yy, 1 dF* )= () Py (d Yy, 1 dF)+ (2 FH Y5, =0

Y =€V, +0()]+0(*) 5 Y, =aj[1-exp(-Le /)]

5 )}']tm (Ffﬁs ) = (l:l [] - (] + )72x )_L(‘]/Le2 ]
dY}s, 1 dF =—a;,(Le il F* )exp(~ Le, i/ F)

s (dYs, 1dF),  =-al,(Leyml 7l )exp(-Le,m i 7 )
(1/ Le,)(dY}, 1 dF) - (i | Y, =—mnaj, |75 (1 Le (d°Y 5, 1 di*) = (] P )Y, | di)+ (26 | PV, = 2ima), |7
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Vi =e[Vo +0(0)1+0(7) 5 Yog =ay,exp(-Le,/F) 3 Yy (F5)=ay,/(14Y,,)
dY¥y, ldi=a;,(Le,in/ P )exp(-Le,m/F) (defS‘,/df),._,_S=a;v,(Le2rh/F/2'S)/(l+Y2_w)
(1/ Ley)(dY¥5g, 1 dF) = (il 7 Ysg, =0 3 (1 Ley)(d*Ysg, 1 dF*) = (it 7°)(d Yoy, [ dF)+ (2701 7 ¥5g, =0

Vg =¥ +O(8*) 1+e[ Y, + O(8) 1+ 0(&?)

Yiso =Yy —~(1+Y, ) 1-exp(~Le, it/ 7)]= (1+Y,, )exp(~ Le, it/ F) -1

dY¥yso/di =(1+Y,,)(Le, /7> Yexp(~Le,m/F) (d)?;ysio/df);/s=(Le2n~1/fﬁs)
Y5 =ah[1-exp(-Le,in/7)] (a3, =-aj,)
d¥;g, 1 di=-(it/ 7 )a}, Le,exp(-Ley it/ F)
(7 1 Le, )(d Yy 1 A7) [ — (27 ] Le,)[(d Yy, /1 dF) =0
(7 I Le; )(d* Y5y | dF) == (27 | Ley ) \(d” Yy o | A7) +[ (210 7) = (2 Ley )1 (d ¥y'so /A7) =0
(1/ Ley)(dY5g, 1 dF) = (il 7 Yy, =—ar, i) 7>
(1/ Le,)(d* Yy, 17~ (i) 7 (d Y5, 1 dF)+ (2 1 7)Y =2at m /7
(a7, /g [(g) +2A, 1" =-aj,
ay exp(-Lei /7 g) = Le, {(Tys4 7 8)1(g3) +2A,1" +aj [1-exp(=ii/ )1} — af [1-exp(-Leym / 7, )]
ay [ (1+Y, ) =aly Y 11+ Y, ) - Le, {(T, 5, 1 85)1(85) +2 A, 1" +a), [1-exp(- /7, )1}
ay, =-a;,

(5) Temperature at the burner exit

Tys=[T, 50 +€T, 5, +0(*)1+0[T, 5, +0(£)]+0(8%)

Ty50=To +{(T, = Ty) /expl(1-F§)1}
T,5o =g /explm(1=7)1==2m([{1+[2A, /(g5 132 +11/2) /explmn(1-775)]
& =(T,-T)0RIF) 5 g ==2m{[{(1+[2A,/(g)’ )" +11/2}
8o =(T, =T/ ) lexpGi/F )-11 3 g ==2{[{1+[2A, /(g )’ )" +11/2}
(6) Outer solution of T
Ty =[Ty, +&T;, +O(e*)1+0[T;, +O(£)]+0(8%)
Ty =Ty +(T, 5 - Ty)explin(1-7)] =T, + (T, - T, Jexpl i (F; s 7)1
dT;, 1dF =(T, - T,) (i |7 explin(i7y -]
d*Tgo 1dF* = (T, =Ty) (| 7)[ (/7 ) - (2/ F)expli(F s -F )]
Ty, =T, s explm(1-7")]=T, sexplm(Fs - 7))
ATy, 1 dF =T, s, (i P (1=F)] =T, 5 (it P (77 =7 )]
Ty, = g explm (i g =)= =2 {[{1+[2A, /(g,)* )"* +11/ 2}explm (75 -7 )]
dTy,1dF =g (/7 Yexp[m(Fry—F")]
T =[T5,+eT5, +O(e)+0[ 15, +0(e)1+0(8%)
Tgy =T +(T, = T,)[1-exp(~si/F)]/[1-exp(= /7 )]
dT§,/dF =—~(T, - T.)(i /7 Yexp (- /F)/[1-exp(-/F, )]
d* Ty 1dF* =~(T, = T,) (i | F)[ (77 )~(2/F)lexp(= i/ F)/[1-exp(= i/ F; )]
75 =ar, [1-exp(-m/F)]
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dTg, /dF =—ai, (il 7 )exp(~i/F)
&) = g [1-exp(=m/F)V[1-exp(-iit/Fsg)]
dT5, 1 di =g/ (17 )exp(=in/F)/[1-exp(=i/F, )]
(7) Solution of Tg in the radiation regions
T =[T, -£0;, +0(£)]-8[ 05, +£0;,+0(*)]+0(5")
05, =m{l1-[A,/(2(g;)" Yexp(g +& &)Y - g -8
dOy, 1dg = -[2A,exp(=05,)+ (g5 ) 1" = - g;12(87)” + A exp(g; + &)1/ [2(g;)* = Agexp(g +8,8)]
05, =(T,54/85)(dO5, 1dE)==T, 5, [2(g5 )’ + Agexp(g +8 )1/12(g)" - Agexp(g] +8;6)]
Ty =[T, -0}, +0(")]-0[ O}, +£0;,+0(¢*)]+0(58%)
05, = m(1-{A/[2(g}) 1rexp(g/ -2 &) +g &g
Oy, 1dE =[2A ,exp(-05,)+(g)" 1" = g5 [2(g3) + A explg; - 8:5)1/12(85)° = Agexp(g) - &)1
O, =—(a7,,/8;) (dO, 1dE)==a; ,[2(8;)’ + Agexp(g’ =85 E)1/[2(g5)" - Arexp(g) -5 &)1
g ==2m{[{1+[2A,/(g5) )" +11/2} 5 exp(gr)=4/({1+[2A,/(g5) I} +1)?
2085)" + Agexp() = 4(5 ) {1+12A, /(85 I /({1 +12A, / (5)° 1} +1)
2085 ) = Agexp(gr)=4(gs ) /({1+[2A, /(g5 137 +1)
[2(g5)" +Apexp(gi)1/12(g5) - Agexp(gi)]={1+[2A, /(g5 )’ 3"
4085 Agexp(gh)/{12(85) + Apexp(g)112(85)" = Agexp(gh) 1} =[Ag /(g5 1/ {1+[2A, /(g5)* 1}

(L) Conversion of the Structure Equation into Lifidn’s Form
d’0,/dE = Ay ¢, ¢,,exp(-6,) where AK=£3DaKexp(—EK/Tf)
6,(§ —=>-0)==[(T, 5,/ 8)+E11(g;) +2A,1"
6,(§ > o) —>-[(ay,/g)-E11(g ) +2A,1"
¢, =ai [1-exp(-Le, i/ 7, )1+ Le {[(a; ./ 85)-E11(g5 )’ +2A, 17 +6,}
¢y =afi [V /(A4 Y, )]+ Ley {(ar o 1 g)L(8s Y +2 A, 17 +1(g5)° +2A, 17 E+6,}
[(8 ) +2A, 17 +[(g) +2A,1" =i /7 :  Ap=0Dagexp(-E,/T,)
& =T, -T)ORIF) 5 g ==2m([{1+[2A, /(g5 1}'* +11/2)
8o =(T, =T )/ s) lexp(i/F)-11 5 g ==2n([{1+[2A,/(g) 1}"* +11/2)
afy =—(aj,/g) (g ) +2A,1"
Define§=a”3(81+A§+B) ; §=a”3(D§+G), D>0
Then &E=(aE-G)/ID ; As E—zx, E—zw
=00 -AE-B=a"0-(A/D) (@ E-G)-B
(1) 6,(E—=-2)=-[(T,5,/8)+E11(g) +2A,1"
a0 -(AID)E ]z, +[(AGID)-Bl=~{(T,5,/g)+[(a""E-G)/ DI} (g, +2A,1"
a {0 -[{A-1(8)) +2A. 1"}/ DIEY; ., =~(T, 541 8)1(85) + 241" =(G{A-[(g;)" +2A,1"°}/ D) + B
Want:  {A-[(g)) +2A,1"}/D=-1 or D=[(g) +2A,]1"-A
= aP(O+8) . =—(T5./8)1(8) +2A,1 +G+B
0(§ —-0)=-a""{(T,5,/8)( ) +2A;17-G-B}-E , (d0/d&), _ =-1

58



2) 0(E—>m)=—{(a7,/8)-E} (8 ) +2A,]"
a"[6-(AID)E]-_, +[(AG/D)-Bl=-{(a;,/ g)-1(a""E-G)/DI}[(g5)* +2 A, 1"
o {0 -[(A+1(g)) +2A, 1)/ DIE}; ., =—(a; o/ &8s +2A, 1" ~(G{A+[(g; )’ +2A, 1"}/ D)+ B
Want:  {A+[(g5) +2A,1”}/ D=1 or D=A+[(g)+2A,1"
From (1):  D=[(g)) +2A,1"-A . A={[(g) +2A,17 -1[(g Y +2A,1"}/2
Thus: o (0-&)._, =—(a7,/8)(g) +2A,1”° -G +B
6(5 >o)=-a"{(a7,/8)(g) +2A,1*+G-B}+E, (dO/d&): =1
Since  [(gy)’ +2A, 17 +[ (g5 )" +2A, 17 =/ 7
A={1(87)" +2A,1" —[(85) +2A, 17}/ 2 =[(g)* +2A, 1" =L/ i )l =/ (277 )1-1(g5)* + 241"
D=[(g )V +2A,17 = A=[(g V¥ +2A, 17 = {[(g )V +2 A1 =[m 1 (27} )1} =i/ (27y)
Define  y=-A/D=1-(2Fs/m)[(g;)’ +2A,1" = (27 s 1m)[(gs ) +2A,1" -1
O=a"0-(AID) @ E-G)-B=a""0+y(a"E-G)-B=a(+yE)-yG-B
E=(a"E-G) D=7 /m)a"E-G) or E=ad[m/QF)E+G = dE/dE=a"[ml(2F})]
(3) ¢, =ai[1-exp(-Le, /7, )1+ Le{[(a7,,/ 85)-E11(8; ) +2A, 17 +6,}
=af\[1-exp(-Le, /7, )]+ Le,(a; /g (85 ) +2A, 1" + Le {6, -[(g5)* +2 A, 17§}
= aj,[1-exp(-Le, /7, 5) 1+ Le, (aj . / g3 )[(g5 )’ +2A,1"
+Le{a0 - (a"E = G)(Q2F s I m)(85)” +2A, 1" = 1) = B=[(8)" +2A 1 2775 [ )(a & - G)}
=a [1-exp(-Le /7 5 )]+Le (ay , 1 8 (g5 ) +2A, 1"
+Le{a™" 0 -(a P E -G /m)([(g ) +2A, 1" +[(g5)* +2A,1"7)-1]-B}
Since (277 /m){[(gy ) +2A, 1" +[(g5 ) +2A, 1" }=1=2F s /) (i F}g)-1=1
¢, =af,[1-exp(-Le, i/ 7, )+ Le, (a} ./ g)[(g5 ) +2A ;17 + Le, {a™ 0 - (@™ E - G)- B}
=a\[1-exp(-Le; /7, )1+ Le (ay . / g (g5 ) +2A, 17 + Le, [ (0-& )+ G - B]
Want:  a[1-exp(—Le /7, )1+ Le {(a; . / g5 )[(g5) +2A, 1" +G-B}=0
= (aj,/g)(g) +2A, 1 +G~B=—(a;,/ Le)[1-exp(~Le, i/ 7, )]
B=(af,/Le))[1-exp(-Le, i/ 7, )1+ (ay , / g (g5 ) +2A, 17 +G
Then: ¢, =Le,a™(6-§)
0(& —o)=-a"{(a] ,/g)(g) +2A,1* +G-B}+& =" (q], / Le,)[1-exp(- Le, it/ F, )]+ &
@ ¢y =an 1V /(A4 Y, )]+ Ley {(a7 o 1 80)1(85 ) +2A, 1 +1(85)° +2A, 17 E+6,}
=), [Yo /(14 Y, ) 1+ Ley (a7 4 1 8918y V' +2A, 1" + Le, {6, +1(85)° +2A, 17 &}
=a\ [V, [ (1+Y, )1+ Ley(a; . /g (g Y +2A,1"
+Le,{a 0 - (a7 E-G{(2F s /)[(g5 ) +2A, 17 =1} - B+[(g,)’ +2A, 1" 275 i) (a " E-G)}
=4, [Yo /(14 Y, ) 1+ Ley (a7, 1 8185 ) +2A, 17 + Ley [ (6 +E) -G - B]
Want: g, [Y,,./(1+Y, )]+ Le, {(a}, /g (gs ) +2A, 1> ~G-B}=0
=  G+B=(a,/Le)V,, /(1+7, ) ]+(a;, /g (&) +2 A, 1"
Since  aj, =-(aj,/g)[(g5) +2A,1"
G+B=(af,/Le,))[Y,. | (1+Y,,)]-a, [1-exp (= /F, )]

59



or  B=(a),/Le,))[Y,. /(1+Y,,)]-a [1-exp(-iit/F,)]-G
From (3):  B=(aj,/Le)[1-exp(-Le, i/, )1+ (ay ./ g (g5 ) +2A, 17 +G
=(a,f,/Le,)[l—exp(—Le,rh/r}_s)]—a{l[l—exp(—rh/flvvs)HG
5 G=(a), 12){Le}' [V, | (1+Y,, )]~ Le;' [1-exp(- Le, it/ F, )1}
B=(a}, 12{Le;'[Y, . | (1+Y,,)]+ Le; ' [1-exp(-Leyiit/ 7, )1} - ay, [1 - exp(-ri [ 7, )]
Then: ¢, =Le,a (6 +&)
(5) d*6,/1dE =Ag¢, ¢y exp(-6,) ; dE/dE=a"[m/(2F})]
6,=a(@+yE)-yG-B ; ¢,=Lea(0-5) ; ¢, =Le,a(0+E)
d6,/dE=(d6,/1dE)dE/dE)=a[(dO1dE)+y Ko [l (27 )1}y =1/ (27 )](dO /1dE)+y]
A2 /dE> = d(d6,/dE)/dE =[d(d0y/AE)/dE (AE/dE) = {[m/(27Fs)(d> 0 /AED) ' P [m/(277s)1}
=a[m/(2F} ) (d* 0 /dE?)
a1l (2F ) (d*0/dE* )= Ay[Le, o (0 -&)][Leya™ (B +&)]expl-a™" (B +yE)+yG +B]
d*61dE* =a Ay (275 /) Le,y Le,exp(yG+B)(8 & )(8 +& )exp[-a (6 +7E)]
Want a'lAK(ZrN_,fS/rh)zLelLezexp(yG+B)=l or a=AK(2fé5/rh)2LelLezexp(yG+B)
Then: d*8/dE*=(0-E)(A+E)exp[-a™ (B +7E)]
(6) Summary
d*01dE* =(0-E)O+E)expl-a" (0 +7E)]
05 =) =—a"{(T, 5.,/ 8)1(85)" + 204" + i [1=exp(=rit | F; )= (a5, / Ley)[Yy . | 1+ Y, )} =&
d0/1dEN_._,=-1
6(&E =)=a"(af,/Le)[1-exp(~Le,m/F, )]+ &
dBl1dE), =1
a=AK(2Ff2§/rh)zLelLezexp(yG+B)
y=1-QF 1m)(g5) +2A,17 = (27 m)(g) +2A, 1" -1
G=(af,12){Le;' [V, 1 (1+Y,,)]- Le;' [1-exp(- Le, i/ 7 )1}
B=(af, 12){Le;' [V, [ (1+Y,,) 1+ Le]' [1-exp(~ Le, i/ 7, )1} - af, [1 - exp(=i / 7. )]
aly=-(a7, 1 g) (g +2A,1"
[(g5)° +2A, 17 +1(g +2A 12 =iy 5 g =T, =T)mIF), g =T, =T ) /7l) /lexpinl 7, ) ~1]

Eow

Fog=Leyi/tn(1+Y,,)
T =14T,-(1+T, - T)(1+Y,,) " o T, =1+T,-(1+T,-T,)(1+Y,,)"
Ag=0Dagexp(-E,IT,), Ay=¢'Dagexp(-Ey/T,) : 06=T;/E,, e=T}/E,

Ey=c, Ex(q V), Ex=c, Exl(qY,y), (40n,1A)(q;Yo/c,,VK(T*~T})=Dayexp(-E,IT)

P8
Day =v,W, By p;c, 1i Yo/ A, . Day=40r c, kKBy/(AqY,,)
(M) Rescaling

Define 7,-Y,, =YW T

Ly, T=c,Tlq, ER=CMER/qF, EK=Cp.gEK/qF
VoW

6=T,/E,, =T, /E,, Dar=40r;c, kBy/(Aq;), Dax=v,W,Byp.c, 1y /A,

Ay =0Darexp(-E,/T,), A,=8 Daxexp(-E,/T,) note: E /T, =EIT,, Ex/T,u=Eg/Ty

a
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(1) T=c, TI(qY0)=[q;/(qY, )1, T/q:)=q: 1 (g ¥ )IT
Similarly: Eq=[q, /(q,Y,)1Eq, Eg=1q,/(q,Y0)1E,

) Y]=YI/YI.O=YI/YI.0 : sz: wW, Y, =(V1Wl V{)W{))VFWF£=(VIVVI VOW())L

VW Yo \vaWo v W v W, Yy \v, W, v W )Y
3) 5=£=T2 TZ{ de ?R T {[qF/(qIYIO)]T;zd} 5 Ey _ 4 f 5
Ey Tﬁ! T E; E; Tuzd T [qF/(qIYLO)]ER R Tuzd

Similarly : =7} /E, =[q, /(q, Y, )T, /T, )&
(4) Day=4071}c, KBy (A qY,)=lq, (g, Y,)407 c, KB/ (A,q:) =14, /(q,Y,4)]Dar
5) DaK=v2WzBKp§cpvgrb2Y,VO//lg=(v0WUBKp§cpvgrb2//lg)[(vsz/voWU)Y,VO]=[(v2W2/vUW0)YLO]mK
6) =6DaRexp(—E /f’)
={lqy (g, Y, )UT, 1T, 6}l q; 1 (q,Y,)]Dar}exp(- I, )exp(Ey I T, )exp (- E, / T))]
=1, /(q,Y,)V (T, 1T, ) expl Ex (T,; -T;')16 Darexp(- E T )
=1q, 1(q Y, )P (T, I T, Y expl Ex (T, -T;)1A,
(7) Ag=¢€Dagexp(-E,/T,)
={lq; (@Y )T, I T,V &Y {[(v, W, /v, W)Y, 1Dax Y exp(-Ey I T, Yexp(Ey I T, Jexp(- Ey I T, )]
=1q; /(@ Y, )P T, Wy Ivo W )Y, 1T, T, ) expl Ey (T, - T;')18° Dak exp(- E, IT,,)
=1q; /(@ V)L, W vy Wo )Y, 1T, /T, ) expl Ex (T, =T;')1A
(8) O —=-0)=-a"{(T,5,/g)(g) +2A,1" +aj,[1-exp(= [, )] (aj, | Le;)[Y, . | (1+Y, )]} -&
—(§+§)_m/al/3=(Tb_S>A/ga)[(ga)2+2AR]”2+a:l[1—exp(—rh/}7f_s)]—(a;1/Lez)[f2>m/(l+f2m)]
(Ty54780)0(8 ) +2A,17 +a), [1-exp(=iit/ F, )= (a), | Le, Y, [ (1+Y,,)]-[(0 +&)_, /]
a{l[f 1(1+7,, )]—Lez{(fM'A/g;)[(g(;)z+2AR]”2+a{1[1—exp(—rh/7fj)]}=Lez[(§+§)_w/am]
Ty ={(a), [ Le)IY, . [ (14 Y, )]=a [1=exp(=m [, )]-[(0 +&) . /" 1} g /1(g5 )’ +2A,1"
9 a,/(1+Y,,)=a, zvx/(1+)72'x)—Lez{(TM.A/ga)[(ga)2+2AR]”2+alfl[1—exp(—r71/7/'5)]}
=Le,[(B+E) . /a"]
(10) 6(& =) =a'"(aj,/ Le,)[1-exp(~Le, i/ F, )1+ &
(g—g)m=a”3(a,*_,/Le,)[l—exp(—Le,rh/ffyx)]
af,=Le,[(F-&),/a"1/[1-exp(-Le, /7, )] =Le[(B =), /o 1/[1-(1+Y,,) "]
(11) Leakage of the burner reactant : ¥ (7, i) =&Y, +--
Vi (Fg) =V, (F)+ o V(P Vg ={lap (@ Y )NT, 1 T, )V E}, (Frg)+ -
Vi (Frg) = (g /g (T, I Ty Y, (7 )+ = (g 1 g (T, 1 T ) afy [1= (14 Y, )5 o = E X+
Vi =(a 1g)NT, T, ) af (1= (14 Y, )" 1= (g, | q)UT, 1T, Ley[(0-8). /']

(12) Leakage of the ambient reactant : Y, (F. ) =&Y, +-
S S vW v, W\ Yo (F ) P P
Y, s (Frg)=€Yg, (Frg)+ - ( Lo 0) 2L ={lqr (g N )IT; /T, ) E}Y, 5, (Fp )+
) VoW, v W Yo )
Y (7 s) = (VZW Ve ¥ )qb (T 1T, 5Y7s1( )= E[VZW Ve W )qﬁ (T IT.,) G +oe=Ely
W voW, ) g vwWi voW, ) g +Y2,oo

Yo =, Wy (v, WDV, Wy [ (Vo W, )](qF/ql)(T IT, Y Le,[(B+E)_. 1a"]
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(13) Burner temperature correction: T, =T, +&T, 5, + 3 T, =T, exp[m(Fs-1)]

Tb.s = ~1;.5.0 +5fb.x.1 +e S gy /(41)]1.0)]71.5 =[gr /(qlYl.o)]TMn +[g. /(g YIU)](Tf /f;zd )zgfb,s.l +e
Tb,s = 717,5.0 +E(Tf /iad ) ib.S,l toee= 717,5.0 +ETb.S,I +e

Tysy=(T T,V T, =(T, I T, ) T, s sexplin(F; s —1)]
(N) Determine Ty by the Newton iteration method
Let F(T,)=[(g) +2A;17 +[(g} Y +2A, 1" -m/F}; ; Want F(T,)=0

& =T =T)RIF), g =T, =T)0RIF) lexpil Fy ) =11, Ap=(T, 1 T,)) expl Ex (T, -T;) 1A,

dgyldT, =mlis, dgi/dT,=(mlF )/ [exp(im/F,g)-1]

dAg 1dT, =[q, 1(q, V)V {2(T, I T )expl Eg (T, =T;)1+(T, /T, Y (Eg | T} Yexpl E (T, =T, )1} A,
=[Q/T)+(Ep | T qp 1 (q Yy )P (T, 1T, Y expl E (T =T; A g = Ag[2+(E I THI/T,

e e e
=1(80)" + 2, 1"[gy (1) 77 ) + (AN, 1 AT)I(85) +2A 1" ({gg ([ 7E)  [exp(i |, ) =11} + (dA 1 dT,))

Initial guess: Tf_] (e.g. T,,~001 in the program)
Algorithm: T}, =T, ~[F(T; )/ (dF /dT,); ]

Solution is found when Tf.M = Tf/
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APPENDIX C. STABILITY ANALYSIS

il }=
[0

1- ~7) }=Dakf,Yzexp(—Ek/f)—DaRexp(—ER/f)

(A) Conservation Equations and Boundary Conditions
(a) Coreregion (0<7<%)

~ - T T 1 0T
Yi=1, ¥,=0, T, md LA PN A
at 7 or JF Jar | 9z

(b) Within the porous burner (7<7<1)

of ol A{

?1=1, YZ=O, o—+—
af (7r F

ar

) A OB SPLE
Ir dZ dzZ

(c) Gas region external of the burner (l<?<oo)
oT m dT 1{(~2¢9T) p)

+7
ar ar) 9z

of P aF 7

ay, m(?Y 1 | a(nd7) @ .Y, - - .
1 —| =L |+—=| (1-Z")—L |} =-Da, Y, Y,exp(-E, /T
FIAEET: Le]fZJ[af( JF) 77| az” ki Yoexp(- £ /T)

Y, mad¥, 1 |d(.dY, 2.7, . .
2,7 —|7 1-7 =-Da, Y, Y,exp(-E, /T
ot aF Lezfz{ﬁ( (7r) 9z [( )az ]} xhiYoexp(= £ /T)

(d) Boundary and interface conditions
r=0: T=Ty

=% T=T (Tobe determined), (ﬁf/ﬁ?);_ = )1(61"/&?)?

T'=Tj, (Tobe determined), A(9T /3F7)_=(JT/dF), , mﬁ-iﬂlﬂa, Y, - —22 =

=t
I
—_

1
1
1

foow: T—T,, ¥,—0, -
Note : -1=z=<1
(B) Conservation Equations and Boundary Conditions of the Disturbance Field
(D) Introduce a periodic O(6) small disturbance with e«d«1 to the basic solutions
T(7.2,0) =T, (F)+d T'(F,.2)e” +O(8%)

[§)
)

o

Y, (F,2,7) =Y (F)+8 Y, (F,2)e” +0(5%)

Y, (7.2,7) =Y, (F)+8 7Y, (7,2)e” +0(5%)

exp(-E, IT)=exp{-E, /[T, +0T e” +0(8*)1} =exp{-E, /{T,[1+6(T"e”" /T, )+ 0(5*)1)}
=exp{ E[l S(T'e w]:/T )+0(62)]} exp( )exp gE’ T'e‘“’+0(52)}
N

[1+6 ’T’e“”+0(6 )}exp( i)

S N
. 9T moT 1| d(.,0T) o 2. 9T

1) Core region —+———-—4 —| 7 + 2| 1-3
M & It IF Fz{ﬁ( ﬁr) az[( )

~ ~ — o~y ~y

(R0 =Y (F)+8 7 (71" +0(8*) =148 (7)™ +0(8%)=1 = ¥/ =0

——
I
[«
~
I
—_
o<t
I
=]

s(F)+0T, (F,2)e” +0(87)=0+08T,(7,2)e” +0(67)=0 = ¥,=0
Sofer v (4 5T i) 110 el AT, 5T i) 5.2 ) (1-z2) 7L oot | 0(5%) -0
dar ar i aF dr ar az iz
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Since ——5-—— de—Tf =0, wehave @T'+———-=
d 7o dr dr N

(2) Within the burner al+ﬂ£ ﬁ — Fzﬂ +i~ (1-7*)=—=
gt PP oF F ¥4 a

Similarto (1) : ¥/ =0
e 57T A{ ﬁ[;z(%aﬂem)]w;[a_zz)f; e”""”+0(62)=0
Z

dwaT e” + | == _
o\ dr ar
s T )“{ J (72£)+%[(1-22)‘?T~ ”=o
Z

Since ——3-2— erd—Tf = _
Fodr rodr dr ar dz

@ L mdl 140 0dl), 01 9L\ pa, ¥ ¥ exp(-Ey I T) - Dagexp(-Ey I T)
Jdt roadr rT|dr a7 ¥4

2dTy s f" 52 aT’ o 52
o0— 6— 1- oo
+ )]+ 7% ( )(}Z ”+ (07)

56¢)T’e‘”’+~ﬁ7 dTS+5(;T~ e —i 72
aF dr Jar

r\dr ar
=Da [V +07, ™ +O(3)[Y,5+0Y,e” +0(8)1+8 (Eg ITHT e +0(5%)]exp(- E, /1 Ty)
—Da,[1+8 (Ep ITH)T' e +0(5*)lexp(-E, I Ty)
=Da, ¥, Y, sexp(=Eg I T)[1+8 (¥, 17, )™ + 081+ (Y, 1Y, )e” +0(5%)]
[+ (Ey ITHT ¢ +0(8%)]- Dag[1+8 (Ey /T Te™ +0(8?)exp(- E, /Ty)

=Da ¥, Y, sexp(- Eg IT){1+8[(V, 1Y, )+ (¥, 1V, )+ (E, I T2 T 1™ +0(5)}
—Day[1+08 (Ep ITHT ¢™ +0(8%)]exp(- E, /Ty)

de ! d(f2dT5)=DaK}7,YSY~LSexp(—EK/fs)—Dakexp(—ER/fY), we have

Since ——=-—
2 dF P dF dr
wf’+ﬁ2£—i — fzﬁT 9 (1— )E = Da,¥, Y, cexp Ee b b +€—’2‘T’ - Dagexp _Ee E’;T’
r-or or oF 9z o I, \Ys Yo Ty T, )T
Y, maY, 1 d (.37, N4 N
4 14— —| 7 1- -Da YY ex /T
@ It P I Lelfz{af( ar) o"z[( 3z } xhiaexp(=E IT)
SwY e dY‘S 6Lfe“”. - A 72 d¥.s 6(”7 +6— 1-z% Y e 1Ly 0(8%)
: dr ar Le 7 IF dar ar 124

—DaKY,bY“exp( E /T, {1+5[(Y /Y,b)+(Y /Y“)+(E /TZ)T]e’“’+0(6 )}

md¥, 1 d N,di

Since — — |7 =—Da,Y Y, exp(-E,/T,), wehave
7 dF Le 7 df( df) xhshosexp(=Ec/Ty)

oY ﬂzﬁ-% i ~2ﬁ +i~ (1-22)£ -Da, Y, Y, ;exp _Ex L+Lz+i§f'
- dr Ler” |dr Jar | 9z 24 T, \YVs Yo Ty

&Y2+m% ! {&(iﬂo—‘ 2)+&[(1—22)2{:|}=—DHKY’:1YZCXP(_E[(/T)
Z z

5 2 2
©) df 7 IF  Le, 7
may, 1 {a[iza)f]a[(l )(Zy

Y Y, Egz

N

}= —Day I?1.5 Yz.s exp(—%

Similar to (4): oY, + jf_i
7° dr Le,7 7




!

6) 7=0: T=T, = T,+6Te¢"+0(5*)=T,+56Te" +0(6*)=T, or T=0
T

(7 F=f T=T., (T/10F).-=AdTIoF).. = T'=T, (aT’/a?)?_=i(aT'/a?)~+

®) F=1: T=T,, A@TIoF)-=0TI0F)y., wv- L0 5 ,;,;_Lﬁ 0, =T,
Le, dF > Le, dF
AT 19F). =(9T'197),.

,;,()715.,_5)71’6“"7)_LM+0(32)= ,m?ls_idiylf +5 mﬁ’_L% e +0(8%)

’ Le, ar ~ Le drF Le, d7

=m+d rm?,’-i‘yy e +0(8%) =1
Le, d7
rhYl'—L%=O similarly: ¥, —Lﬁ =0
Le, o7 Le, 97

9) Foo: T—T, Y,—0, Y,—=Y,, = T1-0, ¥ =0, ¥,—0
(10) Summary
Core region (0<7<7)

T + 'ﬁ”—} 7~2¢7T +i~ (1_22)£ =0, ¥ =0, Y,=0
JdF  FT|dF Jr az az

Within the porous burner (% <7<1)
(I)af'+m&T A{ J (fﬂ;{) i (1-z (97:
r

ar

=0, Y'=0, ¥,=0
4 JZ

Gas region external of the burner (1<7<®)

0] T~’+fnﬁT~_~12{~(~7 T )‘*7[(1— ﬁz‘}}= Da, Y, Yz.sexp(_i)

57 {2{&[;2”] [(1_ 7!

JF JF 24

T

Yis Yy TSZ

R AL R i*“?y (1—~2)ﬁ = —Day ¥ ¥y gexp| - L | Ly X Be
F° dF  Le,7* | dF o Ty )\Ys Y5 T
Boundary and interface conditions
7=0: T'=0
Fef:  T'=T ., (9T107).- =0T 0F)
1 1
Fol: T=T.  ATI0F)- =0T 107), LW o ap - L%
Le, a7 Le, o7

foow: T'—0, ¥ -0, ¥,—0

(C) Determine the function of the disturbance in the transverse (6 or 7 ) direction
} 0
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Use the 17,' equation (without reaction) as the indication

d));,,+ﬂﬁ— 1 9 ,72‘9Y1 i (1-%2 ‘ﬂi
r ¥4

Jar | 9%




or @ Le 7 Y+mLe107Y 3(72071]‘)— J (l—Zz)i—YN‘ =0
Z

aF  dF| dF | a9z

Solve by separation of variables: let 171' (F,2)= Yl (F)A(Z) then

@Le, fzﬁAJrnaLelAﬁ—Ai fde ?i
dr dr dr 'dz

2 dA
1-zH)==|=
dz

Divide the equation by ¥, A and re-arrange: @ Le, 7 +mLe,id—Y ii ~2dY~ _Lld (1- )dA
dr Y dr dr | Adz dz

Since the LHS is a function of 7 only and the RHS is a functlon of Z only, the only possibility to satisfy the equation is
that they both equal to the same constant. Let the constant be —c, then
1dY, 1d(,d) 14d 52\ dA
L (1-7)—=|=-¢
Y, dF Y dF\  dF TAdz Z dz

@ Le,7* +Le,—

The equation that determines A is ——[(1—"’)d =—c or %[(1 ”)— +cA=0 , -l=Z=l
Z Z
This is the Legendre’s equation. To have a non-trivial solution bounded on -1<Z =<1, c=n(n+1) where n is
any nonnegative integer. The solution of this equation is then A= P,(Z) where P, is the nth Legendre
polynomial. Based on this result, we can further split the disturbance variables to
T'(7,2)=T(HP(2); Y (FD=Y(FE(Z), Y,(72)=Y,(F)P ()
Perturbed flame location: 7, (Z, f)= Frs+ or P, (5)e®; ff = ffo +gff] +0(€%)
Define 7,(Z,7)=F, +6rf0 P,(3)e”"  then P (2,1) =T, +68rf1 P(3)e”!

(1) Coreregion (0<F<7): ¥ =0, ¥=0 = Y=0, ¥,=0

oML L) 9[0T, 91 27T\
ar | 9z 9z
2 \dP
p+id]a- 0
ook H

Since - (1—22)ﬁ +n(n+1)P,=0 : TP +~ﬂ2dTPn—i d ”de:
dz dz dr dr

o mdT 1 d ~2dT
& 4
F dr

7
dr

jP"—n(n+1)Pnf =0

P d2

—[@F+n(n+)IT=0 or +(2r m)——[d)f2+n(n+1)]T 0

dF\ dF
For this equation, 7=0 is an irregular singular point.
(2) Within the porous burner (ji<7<1): ¥'=0, ¥,=0 = ¥ =0, Y,=0

(;,aff+f'1”_’1{(~2‘”~) 9 (1_»@
ar ar

L7 T _}{‘9(72”] - [(1—”)”
Z

ar ar 9z

di

d (def) dT
—| 7

Comparing the equation with that of (1), we have

. ) s
A [pdl)_mdT d)gf2+n(n+1)]f'=0 or de~3+(2f—ﬂ~)d7j— d)gfz+n(n+1)]T=0
dr\ dF) Adr A dr A)dr A
3) a}f’+~ﬁ2£—% — FzﬁT 2 (1-z (ﬂ: =Da, Y, Y, sexp E gL +E~—’2‘f’ —Da,exp| =& @—’; '
FTOF 7| OdF ar ) dz [ T, )\ Yy Y5 T T, )T




The LHS of this equation is the same as that of (1)
ot B4l _11d L Y
Frdr FT|dr dr
=D“K)71.5)72,SCXP _ﬂ (~YI £ Elz(T Pn—DaRexp(—ET ilzefpn
7:? YIS YZ,S T TS TS
ifzg —rhﬂ—[dn’z+n(n+1)]T I Dayexp —& EZT DaKYlSstexp —@ L+§,—2+k:—’2‘f"
dr\ dr dr T, ) T; T, \Ys Y5 T
TR QLR AN S N VAR P 8 4 A %
PP OF  Let| aF|  oF 9z S T, \Vs Vo5 10
@ Le,7*Y, P, +Le1”dY‘P "i 7 dh +?,i (1-2)4h
dr dr dr dz dz
Lo Day YYP(E)( L b B,
TS YLS YZ,S N
Pi“dY —n(n+1)PY, Lemd—YP ~@Le*Y,P, = Le,i* DayY, Y, sexp _Ex J+¥2+b:’§f"Pn
" dr dr 7 T s Yas T§
Alpdh) g, "d——[wLelF2+n(n+1)]Yl=LeIF2DuKI7]SI7”eXp B b b +i§f
dr dr dr o T, \Yis Y5 T
(5) gy o L} 0ol ), —|a- 'Z)WZ, =-Da, ¥ ¥, sexp|- E X, % Eg
YRR Lar | o\ aF iz e s\ Vs Y TS
Similar to (4) i 7 4b —Le md——[wLezr +n(n+l)]Y Le, 7 DaKY,SY”exp -—K ?—‘+¥—2+€—’2{T
dr T, \Yis s T
6) 7=0: T'=0 = T(F=0)P(3)=0 or T(7=0)=0 (P,is independent of 7)
(T F=f: T'=T, (af'/ar) —/l((?T/ﬁr)
T(F=i)P(2)=T R () or T(=7)=T,
(dT/dF)_P,=A(dT/dF).P, or (dT/dF). =A(dT/dF)
®) =1 T=T,, A@T197), =@T197),, ¥ -———M_o mp- L%,
Le, d7 Le, J7
T(F=1)P(2)=T,P () or T(F=1)=T
A(dT1dF) P, =(dT/dF), P, or AdT/dF) =(dT/dF),
1dy‘P 0 or mﬁ—Ld—):‘=O Similarly rh);,—id)iz=0
Le, d7 Le, d7 e, dr
) Foo: =0, ¥ -0, V,-0 = T-0, ¥%—-0, ¥,—0
(10) Summary
Core region (0<7<7)
_dT (@7 +n(n+1)]T=0; ¥ =0; ¥,=0

A [pdl md—T—[wr +n(n+ )T
dr dr dr d7?
Within the porous burner (7 <7<1)
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ai\" ar ) T dr dF

Gas region external of the burner (1<7<®)

Day exp(—%)%f -DaY, Y, exp(— Ex )

~ L ZA ~ ~
d (j2dT) mdl [wgr2+n(n+l)} Fz—d];+(2F—ﬁ)dT—[(I)gF2+n(n+1)]f"=0; ¥,=0:7%=0
i dr i i

d(;z‘”)_ ~‘L_[wr +n(n+DIF = 7

di\" dF) T dF s ) T: TNV, Y T}
Alpdh) g, "d——[wLelf2+n(n+1)]Yl=L6172DuKI7]SI7256Xp B b b +i§f
dr dr dr o T s Y Ty
Alpdh) g, md——[wLezr +n(n+1)1¥, = Le,7* Da, ¥, . 7,  exp| - L || Iy 1o +Q’§f
dr dr dr T \ Vs Ve Ts
Boundary and interface conditions
7=0: T=0
F=i: T=T, (dT/dF)_=AidT/dF).
Fel: T=1,, Af1dr) =@diidr),, mfh-4N_o @yt dy, _
Le, dr Le, dF
Fsw: T-0, Y—-0, ¥, —0
Perturbed flame location : 7, (Z,7)=7, 4+ EA ="v3+5[ff efy, P (3)e” +0(&’ )]—r/0+6[6“ P, (5)e” +0(e")]

Fp=7pg+EF,, +0(&); Fm=ff3+6r/0 P (%)e""
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Cellular Instability
To study the cellular instability, we let w = 0 and the system is reduced to
T(7.25)=T(F+8 BT () Y(F.D=V(P+3P (DY (F) . i=1.2

F(Z)=F+0F P (2)=F o +8[ef P(D)+0(*)] 3 F =F+ef,+0(e")

Core region (0<7<%): d(FZdT) MZ—T—n(nH)T 0 ; Y=0 ; Y,=0

dr dr 7
Within the porous burner (%<7<1): iN fsz —ﬂd—T—n(rHl)T 0o )}]=0 ; )}2=0
dar dr | AdrF
Gas region external of the burner (1<7<o)
i 72d—T: —~d——n(n+1)T 7| Dagexp —& ERT Da, Y, Y, sexp ET L+ 572 +I€—’2‘f
dar dr dr T s T, \Ys Y5 T
4 ;ZLIG —Lein ~d—~—n(n+1)Y = Le,7* Da, Y, Y, sexp Bl h Y By
dr dr dr s)\Ys L T
i 72‘“? —Lezrhd——n(rwl)Y =Le,7* Da, ¥ Y, sexp _E¢ L‘+¥7Z+i§f
dr dr dr I, \Yis Y T
Boundary and interface conditions
7=0: T=0;
F=i: T=T, (dT/dF)_=AidT/dF).

F=1: T=T,, AdT/dF). =(dTIdF),, mY,~Le'(dY,/dF)=0, m¥,~Le;'(dY,/di)=0
F—o0: T—>(), Yl—>0, )”\2—>0
(A) General solutions of chemically inert equations

From Appendix D, for 4(72 dY)—pnﬁ%—n(nH)); =0, the general solution is ¥ = ¥ +c, ¥,
r

7 dr

~k

W, (7, p) = 1+2{H[l(l—1) n(n+1)]}m

7

S —— A N
Do }( ), (7.p)

W, (7,p)= e”'ﬁ/f{1+2 [ N[n(n+1)-i(i- 1)]]
k

Differentiation of the functions

: ko
wwm———}{ z(z—l)—n(n+1>]}W,
\P;(F,p)=d‘P2/d7=e"’WI;T{ +“[H[n(n+1) i(i- 1)]]m}

k! }_ L dY,

noT g
- pinlf I D—i(i-1
+e {k [ [n(n+1)-i(i )]](k!)(p}h)k T

i=

-1

_ _pwr ) P NE L. (k7 + pin )2 et
= {;2+g[£11[n(n+1)—1(1—1)]](k!)(w}—(—1) W (F.p)

AtF=0: W (0,p)=1, W,(0,p)=(-1)"
. W,-0

69



(B) Coreregion (0<7<7)
ddf(f“j;) m‘;l-n(nu)r 0
From (A): p=1 and T=cl‘I’,(F,l)+cz‘P2(F,1)
At§=0: T=0 W, =1, W,=(-1)"=~(-1)
-(-)"¢,=0 or ¢ =(-1)'¢, = f"=cl[‘Pl(f,l)+(—1)"‘l‘2(7,l)]
AtF=f: T=T, o ¥ @GED+E)"W,GEDI=T,  or ¢ =T /(¥ GED+(-1)"W, D]

5 lpl(;’l)*_(_l)"lpz(f,l) a m(r - . u
T_TilIf,(Fi,l)+(—1)”lIJZ(Fi,1) {1+2[f_1 n(n+1)-i(i- 1)]] KAt }

J\]

. -1
{1+2[H[n(n+l) i(i- 1)]](k‘)~}

A -~ S~y ~ke2 ~k -
dT=7ie’ﬁ<f"f‘>{;'z‘+§[ﬁ[n(n+1)—i(i—1)]](k”m2’kH E[H[n(n+l) ii- 1)]]( ")4}

dF (k)i &

(C) Within the porous burner (7<7<1)
d(fsz)—de— (n+1)T=0

dF\" di | XdF

From (A): p=i" and T=¢W¥, (FA")+c,W,(FA")

AtF=i: T=T o WGEIY+W,GA)=T o ¢=[T-¢W FAHP,F L")
f=c|\pl(f,i )+[T W, (F AW, (FA) /W, (7,47

NP, (7 A7 W, (rl )- ‘P(}j,)& W, (F A7 )W, (rl )
{Ti‘Pz(l,)L )+cl[lIJI(1,)t )‘Pz(ri,)L )—‘Pl(r,,)t )‘I‘z(l,l )]}/‘Pz(ﬁ,i'])=fb

FAY-TW, (LAY, (LAY, (7,47 -, (7,47 W, (1,A7)]

o =[T,%,(

FoF ‘PZ(F,)E‘I) LY,(AD-TY,(LAY)  WEADY,GEAD - EADY, AT
WL(EATY W (LAWY, (R, AT =W (R AW, (1,47 w, (7,47
TIW, (LAY, AT =W, (F AW, (LA T, F AT, (AT - W, (AW, (FATD]

B lI‘l(l,/l )ll‘z(i,)t )- lI‘](,.,)t )‘Pz(l,l )

dl _ T[W, (LAY, | di) - (d¥, 1 d)W, (LA + T, 1Y, / dP)W, (7. A7) - W, (7, A" )(dW, / dF)]
W (LAWY, (FAT) -, (7AW, (1,47

di
_ T, (LAY AT - W AW, LA+ T, A Y, G AT - W, (G AW (R AT]

W LAWY, (FATD)-w, (7AW, 1,47

At F=F:  (dT/dF)_ =A(dT/dF).

T, W, G+ (=D" W, D)

AW, FED+(-1)"W, (7,1)

LI, (LAY, (AT W G AT, LA+ W, G AW, (AT -, (. A AT
W (LAY, (7,47 -V, (7AW, (1,A™)

Fof  AWEDHED Y, GO EADY, EAD - EADYGEAD] sy

CI B+ (=D WL EDINY (LA W, (A7) - W (7AW, (1LAT) v

— AL, (R D+ (= 1) W, (7, DI, (LA™ WS (7,A7) =W (7, A7) W, (LA}

Thus:
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szAn[lp(m N, (F AT =W (F AT, (LA +[W,(F AW, (7. A7) - W, (7AW, (F.AT]
W (LAWY, (FA)-W (7AW, (1,47
AAT,[IP(I/l W AT - W F AT, (LAY +[W F AT, (R A7) - W, (7. AW (F AT
W (LAWY, (R A=W (7AW, (1L,AT)

dt
E_
(D) Outer solutions in the gas region
(1) {d[7(dY*1di)]/dF}-Le,m(dY? 1d7)=n(n+1)¥7 =0
From (A) : p=Le; and Y*=&W,(FLe)+&W, (7 Le,)
At 7=1: m¥ -Le'(dY, /di)=0 iiLe,[¢TW, (1, Le,) +&W, (1, Le,) ] - [¢TW] (1, Le, ) + & W5 (1, Le,) = 0

o LW, (1,Le)- W (1, Le,) and)ﬁ'=6,‘[‘l’](f Le)- ﬁ1Lel‘Pl(1,Lel)—‘PT(1,Lel)IPZ(F Le)

= G =-C = = -
iLe,W,(1Le,) - W, (1, Le,)

mLe,W,(1,Le,)- Wy ,(I,Ley)
Expand ¥ =[¥;,+&¥;+0()]+0[V, +0(e)|+0(8%) ; & =[aj, +ed;, +O(e*)]+dlar, + O(e)]+0(5)

{d[F*(dY, | i) dF } = Le, i(dY,, | di) = 72 (d*Y, | di*) - (Leyin = 27 )(dY;, | dF) = n(n+ )Yy,

LiiLe, ‘Pl(l,Lel)—lPi(l,Lel)]lpz(f Lel)}
[/ile, W, (1,Le,)- W, (1,Le,)]

LinLe, (1, Le) =W, (LLe) (1
[/iLe,W,(1,Le,)- W, (1,Le,)] T

YA’ljo = &[o{qjl (F,Le))-

15 =é;]{‘v,<ue,>—

3) jF(dedY:)—de:—n(n+l)f+=O From (A) : p=1 and T =W, (F,)+W,(71)
As F=o @ =0 , |W|-x |, W,-0 . =0 and T =cW,(7D
Expand 7% =[T; +eT; +0(*)1+0[T; +0(e)1+0(8%) ; ¢ =, +¢eas, +O(e)+8dr, +0()]+0(8”)
[Ty +eT; +O(e)1+ [Ty +0(e)1+0(8%) = {[&}, +¢edr, +O(e)1+3[dr, +0(e)1+0(8) YW, (7,1)
Ty =ap W, (7)) 5 Tr=ap,W,(F) ;5 Ty =ap,W,(71)
At 7=1 : o T7=1T, T,=c]W,(L)+c;W,(L1)  or ¢ =[T,-¢fW,(L1)]/ W, (1)

f”’=cl’lpl(F,l)+c2’lP2(f,1)=cl’lP](F,1)+[fb—cl’1111(1,1)]‘112(17,1)/‘{12(1,1)

A(dT1di), =(dT/dF),

7 ALY, QLAY A=W LAY, AT+ [P LAY, AT - W, E AW 1,47
Y (LAY, (AT -, (FAHY, (1,47

=W (L) +[T, L—cor W (L)W (L) /W, (1,1)

e T,W,(1,1)

W (LD, (LD -, (L) W an

(W, (1AW (LA™ - W) (LAY, (LA [W, (LA YW, (R, AT - W, (7AW, (1,4 Dl W (1,1)
W (LAY W, (R, AT -, (7AW, (1,47 Ww,(11)

ATl

=fbAT2
T==T,{A, W, (F1)+[1- A, W, (1L,D]W, (7,1)/ W, (1,1)}
Expand T~ =[T; +eT7 +0(¢*)]+0[T; +0(e)1+0(8%) ;
T=T, {A, W, (FD+[1- A, W (LD, (7,1) /¥, (LD}

;=

T, =11, +¢T,, +O(e)1+3[T,, +O()]+0(5*)
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(4) Summary
T =[T; +eT +0(e)]+6[T; +0(£)]+0(8%)
17 =T, {A, W, (F.D+[1- A, W, (LD W, (7,1 /¥, (L1)}
W, (11) )
W(LHW, (1,1)-, (1,1) W, (1,1)
{iATl[w1(1,i-1)w’;(1,i-1)-w’;u,i-l)wza,i-l)]+[w’l‘u,i-l)wz(fi,;1-1)-ml(fi,i-l)w’;(l,i-l)]_\p;(m)

Apy =

W (LA, (7, AT - (7AW, (1,47 w,(1,1)
AW ED D" DI (G AW, (R AT - W (R, AT WS (7, AT
T G+ (D) WL E DI, (LA WL (7 AT - W (7AW, (1LAT)]
= AL (R )+ (= 1) W, (B DI, (LA WS (7, A7) - W) (7,47 W, (1LA™)]}
T* =[Ty +€l; + O+ 0lT5 +0(e)+0S) 5 Ty =ar W,(71) 5 T =at, W, (F1) ;5 Ty =a,W, (7))
Y = [V +e¥ +0(e)]+0[V, +0(e)1+0(8*) 3 7(d*Yy/dFi*)-(Le,in-2F)(dY,,/dF)=n(n+1)¥

s N LiiLe, W, (1,Le,) - W (1,Le,)] v, -
Yo = 7 Le )— 1 X 1 L gy L
Y a"o{ ) e, (LLey) W (Lzep)] 2 e')}
7 =&.’.{‘P.<f,Le.>— LiaLe, ¥, (1.Le,) =P, (1. Ley)] %(rﬂLel)}
’ ’ [mLe,W,(1,Le,)-W,(1,Le )]
L, &;0{ _ AW (1.Le) _LiiLe W, (1,Le) - W, (1,Li,)]rh‘P2(lz,Le,)>qu " Lel)}
iiLe, W, (1,Le,)- W, (1,Le, ) [iLe,¥,(1,Le,)- W, (1,Le,)]

[iLe, W, (1,Le,)- W, (1,Le,)]
[iLe,W,(1,Le,)- W, (1,Le,)]

Y =1V +e¥ +0(e)1+0[ Y, +0(e)1+0(8)
Vi =a, W, (FLe) ;5 Yi=a,,W,(7.Le) ; Y5=a,V,(FLe)
f{=[f2f0+£l?2fl+O(£2)]+6[l?2f2+O(£)]+O(62)
_[iLe, W, (1,Le,) =W, (1, Le, )]
[/iLe, W, (1,Le,) W, (1,Le,)]

[/Le, W, (1,Le,)— W, (1,Le, )]
[iLe,W,(1,Le,) =W, (1. Le,)]

_DiLe, W, (1,Le,) =W (1, Le,)]
[/Le,W,(1,Le,)-W, (1,Le,)]
Yy =[V, +e¥, +0(e*)]+0[Y,, +0(e)]+0(8%)
Vo=@, W, (FLey) 5 Y5 =a,W,(FLe,) 5 Y, =di,W,(FLe,)
(E) Expansion of the Energy Equation in the Radiation regions
Define inner variable: £ =(7-7,)/0 or F=F+08=F[1+3(8/F)] = dF=0d ; FfV0=Ff'S+5ff'(,P,,(2)
VF=/F)+8(EIF)T =[1=8(5 /7 )+O()VF, 5 1R =[1-8(L/F)+0(8") /7 =[1-8(2L /7 )+O0(8)1/ 7}
Fo=Fog+0(Fg+ef VP (Z)=F,s[1+0(F /7 )P, (2)]+£8 P, (2)F, =F o +£8 P, (D)7,
P =l +0(e)=F X148 (2F,, /7, )P, +0(8*)]+0(e)
V7, = (1) +0(e) = (17 )[1=8 (7 177.5) P, (2)+ 0(67) ]+ O (e)
V7 ={[1-8 (27, P, 17, )+ O(8)]/ 7} +0(¢)

);1,_z=&1_,2{1p1(’7’L31)— lI’z(f,Le])}

Yy = &;,(){IPI (F,Le,)

lPZ(F,LeZ)}

);2_.1=&z__1{q!1('7’Lez)— 'PZ(F,LeZ)}

Y,,= &g,z{qﬂ (7,Le,)

‘Pz(?,Lez)}
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Define inner expansion: 7 =[T, - £0; +0(¢*)] - 80 +£05 + 0(e*)]+0(8"); O =0O%, +5P,()O%(C)

From steady state analysis: 1/ =(1/T,){([1+&(0;/T,)+0(&*)1+(8/T,){6; +&[0; +(20; 03 /T,)1+0(*)} +0(5))

exp(~Eq /T*)=exp(=E, /T, )exp(= 0] ){({1-(/0)[0; +O(e)]-£[0; +(20; O3 /T, )]+ } +0(9))

m”_1{3(72”)+‘7 (1—22)(”:”=—Dakexp(—lz~“k/7~")— M 0000 +(e/0)8; +e0; 4]

P oF P oF\ oF) 9z 9z Frote 698

1-8QE /7 )+ | 0 . . 3I[O; +(e/6)0% + 03 +..]
+)%“){M[réo [1 +0(28 /7 0)+ ] 5,7;2 3 +0(8)

=-Dagexp(- Er/Ty )exp(- OF )({1-(£/6)[65 + O(¢)1- €[ 85 + (267 65 /Tf) 1+ 3+ O(5))
Since A, =d0Dayexp(-E,/ ff) , The 3 leading order terms are :

[\

@
—

@
W

&Zéi _ ﬁ’l—szn &é;
9c i, IC
(F) Matching the Outer Solutions with the Solutions in the Radiation Region
Recall: Ty, (7 y)=T, . (dT5,/dF), =g . (d’TsyldP), =g (/)= (2/7 )]
fY_,l(Ff‘S)=7:h.S,A s (dfs_.l /d'j);“ =Tb.S,A(ﬁ1/Ff2.S) 5 fs_.z('?fﬂs)=g1_ ’ (dfs_,z /d'j);-,»S = gl_(’/h/;f.s)
T (F)=T, , (I 1d7), =-g . (&T5,/dP*), =-gi[(mlif)=(21F )]

PO 9E =-Apexp(-0F) ; 7OI/9E=A,O%exp(-0OF)

T (Fs)=ar, (df;l/df);m=—a}v1(rh/7/2'5)exp(—rh/if.s)

T3, (Fo) =g, (AT, 1dF), =-g GRlFi) lexpUilF)-11 g =(T,=Ty)(m/7’s)

g =(T, =T (/) exp(imlF) =11, [(85) +2Ax17 +[(g5) +2A, 17 = /77

g ==2m{[(0+[2A, /(g Y D" +11/2} . g ==2m{[{1+[2A, /(g ) 1) +11/2}

& =12/BT)I(T,5./8) » & =-12/G3T)1ar,/8)) & =10a=2F )/ 1(T,5,/ )

g =-L(m=27 )7 1a;,/80) s Tosu=Tosiexplm(-F9)1, ar, =a;,[1-exp(=m/f )]

In the common regions between the outer and radiation active regions, 7 =7, + ot Fr=Frg +5(ff_0 + 8I¢f'1 )P, (2)
T* = [T +eT +0(e) ]+ O[T +eT7 +0(£7)]+0(8)

={lT5 () +(3T5 1 9F), (8L)+O0(8"))+el T (7)) + (9T 1 97), (8E)+0(8") ]+ 0 (")}
+0{[T; (7)) +0(8) 1+ &[5 (7 )+ 0(8)]+0(°)} +0(8)

={IT5, (7)+ 8 B, Ty (7)1+01(dT5, 1 dF), +8 P,(d Ty 1d7), 16}
+e{[ T, (F)+0 P, T (7,)1+0[(dT;, 1dp), +5Pn(dT‘ﬁ/df);/ 16}
+ O[T, (7 )+ 8 P15 (7 )1+ el T (7,)+ 8 P, T5 (7)1 + 087,67

= {1y, (7 s +0 7, P)+ O P, Ty (7,5 +0 7, P)+0[(dT5, | dF) +O P (dTz1dF),

r

s+O7 P, ]C}
+0 P (dT* 1dF), 516}

5 +0F P,
+e {155 (P +67 )+ 8 B, T (7 s+ 87, B)+01(dT5, 1dF), 5, ,
+O{[T55(F, s +07,P) + O, T (7, s + OF, P+ e[ Ty (Fy s + 07, P) + O P, T3 (7, s + OF, P} + O €7)
= ({5, (7 )+ 8 (Fro+ R, OB (dT5y 1dF),  +O(8°)1+8 B, [Ty (75)+0(8)1}
+0{[(dT5, 1dF), +0(Frg+eF, )P (d* T5y 1dF*), +0(85°)1+8 P,I(dT; /dF)
+ ({155 (Fy )+ 8 (P + 7, VB (dT5, 1 dF), +0(87)]+8 PIT} (7, )+ O(8)]}
+0{(dT5, 1dF), +8(Fyy+ef, )P (d* T5, 1dF*), +O(8*)1+8 P, [(dT} 1dF), +0(8)I}E)

+ {155 (7 )+ O (7 g + 68, )P, (dT5, 1 dF), | +0(3M)1+0 B[ 15 (7,5)+0(3)1}

+0(O)1}E)

Trs
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ey
(@)

3

C))

5

+e0{[T5(F 5 )+ (7 +8F, )P, (dT5/dF), +0(8°)]+0 P, [T} (7, 5)+0(3) 1} +0(8.€)
=({T, + P,[T; (F )+ 70 (dT5, 1dP), +efy, (dT5, 1 dF), 1}
+0{(dT;, 1d), | +5Pn[(df0=/dr~);,_$ +ffv0(d27~‘;()/d;72);w +ef (d°T;, 1 dF ), 13E)
+e({T5 (F )+ 8 PITY (7rg) 47, (AT 17y, +efy, (dT:, 1diy, 1
+8{(dTg, 1dF), | +5Pn[(dfl=/df)m +P (AP T5y 1dF), +ef (P T5, A7), 1}E)
+ 04T (7 )+ O PITS (7, ) 4 Fr o (T3, 1 dF), +efy (AT, 1dF), 1%
+e0{T (7,5 )+ O P [T (Fr g )+ 7y o (dT, 1dF),  +ef, (dTg, 1 dF), 13+0(8,6%,6°)
={T, + S P[T;; (, )+ 7, o (dT5, | dF), Ty +e{T5,(F, )+ OPIT (7 )+ o (dT5, 1dF), +F,,(dT5, | dF), 1}
+ O( T () + (T, | ), L1+ SR AITS (7o) + 7, o (dTs, [ dF), 1+1(dTy | dF), +F,o(d*T5, 1 dFP), 1E})
+e0([Tg, (7, )+ (dTy, /di)m§]+5P,,{[f}=(rfﬂ5)+rfm(dis=_3/df)m +7,(dT5, 1dF), | ]
+[(dfﬁ/df);/_s +ig (AP T5y 1dF), | +7 (P T5, 1d7?), 183)+0(6%,6%,6°)
={[T,-£6;+0(¢7)1-016; +£6; +0(¢7)1+0(8")} ...
ﬁf(fm)ﬁm(df;o/di),._m=0 or f0=(r*fys)=-rfm(df;_o/df)fm
07 (£ —+0)=05,(L = x%)+5 P, 0; (§ = 2)
=115 5)+(d T, 1dF), E1-6 P ATy () + 7, (dTy, 1dp),
+H(d Ty 1dP), +F o (d*T5, /A7), 1E3+0(5%)
(08} 19E), ... == (dT5y 1 dF), | =8P,[(dTy | dF),  +Fo(d'Ts, 1di?), 1+0(8%); (967 /E”),.... =0
B5(E = £0) =03 ,(£ = 20)+5 P, 03(£ —20)
= =T (F )= O BT (F )+ o (d T3, 1 dF), +7,, (dT5y 1dF), 1+0(87)
(063/38), =0
B3(L = %0) = 05 ,(£ = 20)+0 P, 03 (L — x)
=155 (F ) +(dT5, 1d7), C1-8 PALT (7 g)+Fro (d T, 1dF), +F,,(dT5, 1 dF), ]
+[(dT? 1dF), +Fo(d T,/ d7? ), +Fp(d? Ts, 1 d7> ), 1E3+0(0%)
(005/08); e ==(dT5, | dF), =8 PITT 1dF), +F, (& T3, 1dF), +F, (& T5, /A7), 1+0(87)
Ty (Fog)==Fpg (dT5, 1dF),  ==Froges Ty =T, {Ap W, (F1)+[1- A, W, (LDIW, (F,1)/W, (11)}
Ty {An W, (75, D+[1= A, W, (LD, (7, . 1)/ W, (LD} = =7, 8
or  Tyy=—Frg8 [ {An ¥, (F s D+ [1=Ap, W, (LDIW, (7,5, 1)/ ¥, (L1}
Ty == 080 {An WL (LW, (7, ) +[1= A, W (LDIW, (F. D} LA, W, (LDW, (7, 5, 1)
+{1- AP, (LDIW, (7, 5, D}
dly | di = ~F; .85 (A, W, (L)W (7, 1) +[1- Ay, ¥ (LD, (D} AW, (LDW, (7, 5, 1)
H1- A, W (L)W, (7,5 1)}
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(6) Ty (Frs)==Fo(dT5, 1 dF), =Frogs 3 Ty =ar, W, (7))
ar W, (FrsD)=Fro8y  or  arg=7,8 /W, (Fs1)
Ty =Foge W, (F)/ W, (7,5 ) 3 dTy 1dF=F g0 W5 (F1)/ W, (7 5.1)
(G) Solution of Energy Equation in the Radiation Regions
(1) 367198 =-A,exp(-67)

O3, = n{1-{A, /[2(;) 1} exp(g; + &) - g€ - & =2n(1-{A, /[2(g;) I exp(g; +8,5)) - && - &

dOy, | dg =-[2  exp(-05,)+(2,)° 1" == g5[2(g5)" + A g exp(g; + &0/ [2(85)" = A exp(g; +g,E)]

0%, = n{l-{A, /[2(;) 1 exp(gl — g8 +8:E— g =2n{l-{A, /[2(g;) I} exp (g - L)) +8:C - &

O3, /dE =[2A,exp(-05,)+(g5) 1" = g12(2))" + A exp(g] - g30)1/[2(8)* — Agexp(g) - &E)]

—-o
Define: Ty =(dTy | dF), +F g L) 5 ) =217 )1 5 Ty =Ty (Fog)+F, g Gl i)
& =8 +OP T +0(8°) =g [1+3 P, (T;/8;)+0(8")] ; & =g +8P,T; +0(5%)
(8)=(8) +0 P28 T, +0(8%)=(g, ) [1+8 P,(2/g)T; +0(5°)]
1/(85)" ={(8 " [1+8 B, (2/ g)T; +O(8*) 1} = (85)[1-8 P, (2/ ;) T; +0(8™)]
exp(§; &) =exp{[g; +0 P,T; +O(8)15} =exp(g;8)explSR,T;E+0(5%)]
=exp(g; 1+ SR +0(57)]
exp(g;)=explg +d P, T; +0(8”)]1=exp(g; )exp[d P, T; +0(5*)]=exp(g)1+3 P, T; +0(5)]

O = -1, (7 ) +(dTsy [ dP), E1-8RAUT; (o) + 7o (dT5, 1dF), 1+ Ty 1dF), +74(d T, 1dF), 16} +0(8%)
== (g +88) = OP(T5 () + g &y G/ FE+ (AT | dF), +7, 08010017 ) = (21 F, )}E) +O(5%)
==&+ O =0 P (T, +T,£)+0(8%) =4 - &

96;/0t =g, =6 P T, +0(8")=- 4

Since the equation and matching conditions are similar to those of the steady state problem, we have:
67 =2/m{1-[A;/(2(2;) )exp(§ +& )-8 -8
=20n(1-{A; /[2(g; " H1-8P,(2/ g)T; +O(")lexp(g, 1+ 3B, T; + O(3*)lexp(gy&)
T1+8PTE+08" )-8, +0 P, T; +O(57)1E -1 g +d P, T; +0(87)]
=20n(1-{ A, /12(g Y Trexp(g) +& E)1+S B[ T; (21 )Ty +T;£1+0(8%)}) - (g +8, &)
=5 P,(T; +T;£)+0(5°)
=20n(1-{A, /[2(g,)" 1rexp(g; + 85 &)= O P,2[T, —(2/ g) Ty +T;E1/{[2(85)" / Aglexpl~(g; +8,E)]1-1}
~(8 +8 E)=0 P, (T; +T; L)+ 0(5?)
=05, -8 P ((Ty +T; &) +2[T; -(2/g)T; +T; £1/412(g5)* | Ay lexpl- (g +8,E)1-13)+0(57)
907 19E =(dO5, /dE)-8 P(T; +2T; 1{12(g5 ) / A lexpl-(g; +5 &)1}
~2[T; (21 g)T; +T;E112(85)*  Aglexpl-(gy +83E)1(=g3) /{12(83)* / Aglexpl—(g; +8,5)1-1}2)+0(3?)
de;, - A 2(g0)  + AL exp(e +go A IS 4(g P A, ex T+ g <
B U v MU o e e M
=d®;,,<l+6p{'ﬁ;+ 48y Agexp(g) +g Oy -2/ g) Ty 4721 }+0(52)>
dg "o [2(85) +Agexp(g; +85 £)I2(g; )" —Agexp(g +; 0]

{—oo

Define: Ty =(dly /dF), ~F, 8307/ 7l)= Q21701 5 Ty =15 )= Fro 87 71175 [exp(ii /7, ) ~1]
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& =8 -0PT; +0(8°)=gi[1-8P,(T; /g)+0(3")] 5 & =g +dP,T; +0(5”)
(8)=(8) -0P2g Ty +0(85”)=(g; )’ [1-8 P,(2/g)T; +0(6™)]
1/(85) ={(85 P [1=8 B, (2/ g T +O(8*) 1} = (5) (148 B, (2/ g5) T3 +0(87)]
exp(-&8) =exp{l-g; + O P,T; + 0(5")15} = exp(-gi&)expld P,T;E +0(5)]
= exp(-gi&)[1 + 8P T E+0(57)]
exp(8')=explg +8 P,T; +0(8)]1=exp(g )exp[d P, T; +0(82)1=exp(gH[1+3 P, T +0(8%)]
O = —[T5, (7 )+ (dT5, | ), E1=SPAITY (Frg)+ 7o (dT5, 1 dF), 1+1(dTy | dF); |+, o(d° TSy 1dF), 16} +0(8%)
= (8} - 8s8) = O P ({T; (7 )~ Fy 81 (1 1725)  lexplin /7, ) = 11} +{(d1;) 1 dF),
~F oGl (R IR ~(21F, )1} E)+O(8%)
=—(g -8 O)-O P (T +T£)+0(8*)=-§/ +& &
90 /9t —g -8B, +0(8%)=§;
Since the equation and matching conditions are similar to those of the steady state problem, we have:
67 = {1-[Ay/{(2(8 ) Vexp(& -8 &) +25 -8
=2n(1-{A, /[2(g; " 11+ 5P, 2/ g)T; + O3 )exp(gh1+3PT; + O3> )exp(-g;)
TI+8PT;E+0(8") )+l gs - P, T; +O(87)1E -1 +6 P, T; +0(57)]
=20n(1-{ A, /12(g5 Y 1yexp(g] - &3 1+ B, [T} +(2/ )T+ T E1+0(87)}) - (g -85 ©)
=S P,(T; +T;£)+0(57)
=20n(1-{ A, /12(g5 Y 1yexp(g] -5 £)) =8 P, 21T, +(2/ g)T; +T; E1/412(85 )/ Ag]
-exp(g; & -8l ) -1} +(g E~8/ )= P,(T; +1; £)+0(3”)
=05, -0 P, ((Ty +T; &)+ 2[T; +(2/ g )T; + T E1/412(85)* 1 Aglexp(g; E-gl)-1})+0(5%)
90] /9 =(d®, /dE) =S P,(T7+2T7 1{12(g)) / Ay lexp(gg E-g)-1}
20Ty + (21 g +TE112(g5) 1 Aglexp(get - 87)8s 1 {12(80)" 1 Aglexp(gi& — gD -11") + O(3”)
_99% 5p {ﬁ 280)" + Ay eXP(8 = GE) ey ) i g (80) Anexple! —g3§>2}+ 05
dg 2(g9)" — Agexp(g) - &) [2(g5)" — Agexp(g) - £0)]
=‘mh<1_5ﬂ{f§_ 450" Apexplgl = g DIy +(2185)T; + 3 ) }+0(62)>
dg g [2(g) +Azexp(g -8 E)2(gy ) - Agexp(gf — g &)1
(2) 0%/9E* =N, O exp(-0F)
Oy, =T,/ 85)(dO;,1dE) = =T, ,[2(8,) + Agexp(gr + 2, E)1/[2(g5) - Apexp(g) +8, &)1
O, =-(a7,/8)(dO5,1d5)=-a; ,[2(g) +Agexp(g) -2 E)1/12(g) — Agexp(g) - g &)1
Tysul&5=T,s [I+OPT + 0B/ g3 1+ 3P(T; / g5)+ 0]}
=(Ty5u ! 8) 40P, T ~(T; / )] +0(3)}
i, 18 =at N+3PT; +ON)]/{gi[1-0P(T; 1 82)+ O]}
= (a7, 1 g1+ SPITS +(T; 1 g)]+0(57)}

Define: 7 ={[T; (F, )+, 85 1/ 50} 470 (1 F5)

fg =[7Awl+(r~fs)_a;,1 ;f,[)(rh/ffz,s)exp(_rh/;ﬂs)_fﬂ] gS]/a$,A

Tosa=Tysall+8 RTZ+0(87)] 5 a7, =a;,[1+8 P, T, +0(6%)]
E——0: 905/ =0, 007 /9 ——-8; =—g5 -OPT; +0*)=—-g;[1+8P,(T; 1 g)+0(6%)], 9*6; /9> —0
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(:);—>—7~"S’l(f )-8 PIT; (Frg)+F Fro(dTs, | dF), +r“(dT50/dr) 140(6%)
=-T,5a 5P[T( v)"' 70 HA(m/ 9)"' 1g0]+0(5)
=T, ,[1+0 P, T +0(87)]=

Since the equation and matching conditions are similar to those of the steady state problem, we have:
0, =(T,54 /zé(;)(a@; 198)

hS'A

Tosaly 5 fc_f;] 905 (1 5p | Te M) Apexpler + DMl ~@1g)Ty + T38|\, 552,
& & )| d & [2(g)" +Agexp(gy +g,E)2(g;)" - Agexp(g +g,6)]

o 1+ap{“ 4(80)" Apexp(g; +85 O T, - (2/ )Ty +T; £ }+0(52>
52 "1 1208 ) + Agexp(g +85E)112(g; ) — Agexp(gr +8;E)]

903198 =T,/ 8)( 7 ] 19E")
E—w: d0;/9—0 , 5*0F /95> =0, 90} /9L — g5 = g0 —OPT; +0(8%) = gy [1-0P,(T; 1 g3)+ 03]
0 = =T, (7,5 )= O P LT, (75 ) + 7y (TS, 1 dF),  +F,,(dT5, 1 dF), 1+0(5%)
=—a;, - SP"[YA",* (7 5) - a.,!,rf_o(m/rfys)exp(—m [T ) =Tr 1801+ 0(6%)
=—a} [1+0P T +O(6)] =~y ,
Since the equation and matching conditions are similar to those of the steady state problem, we have:
éz=—<a;.A/§a><dér/da>

|y g (e o D) (9950 [y _gp AT 4s0)*Agexp(e! - gDy + g3+ TiE) |\, sy
g() go dC 8o [z(go) +AReXp(g1 _gué)][z(go) —ARGXp(gl _gog)]

+42 + + oy N AT
-e, 1+(5P”{fg+ i‘(fo) ARCXP(+g| _+gUC)[TBj-(22/gO)TA+7:A C]+ }+0(52)
’ [z(go) +AReXp(g1 _go C)][z(go) —AReXP(gl _go g)]
963198 =~(a;,18;)( " 67 19E*)

2 A\* "’_2"’ N\ - A\E - - - - - -
@) L8 M0 00 _p 16: 2000 e (67 ) = A O exp(-67 )+ 2 A, O BZ exp(-67)
4 Fro  9E T, T,

30,108 =(T,5, /800, 19C) + 903108 =—(a7,18)( 5 O] 19E)
(m=2F, )/ 7}y =(m=2F, =0 27,  P)[1-8 (27,4 P,/ F, i)+ O(8)1/ 7
=(m=2F, ){1-8 P,[2F,, / (m=2F, )}[1-8 P, (27, 1 F, )+ O(8*)1/ iy
=[(m=2F )P} 1{1=6 P, 27, [(m =27, )" +7; 51+ 0(67)}
Define 2, =[2/(3T)(T,5,/8,)=12/B3T)(T,5,/8) {1+ P,[T; ~(T; / 8;)1+0(8")}
=g {1+3P,[T; ~(T; 18,)1+0(8)}
85 =-12/(3T)1(a; 41 8)=-12/(3T,)1(a; /85 ) {1+ B, [T} +(T} /1 g5)1+0(5° )}
=g {1+ P [T +(T; /1 g5)1+0(5)}
& =L(m=27,) /7 1(T, 5.,/ &)
=[(m- ers)/ fs]{l 6P2rm[(m 2rf5) +Ff‘s]+0(6 )}(T,,SA/gO){1+6P[T —(T /go)]+0(6 )}
=g3<1+(§P{T —(T /go)—eryo[(m—Z s) +*“]}+0(6 )>
8 =-[(m=27 )17, 1(a5 . 185)
= —[(m =27, ) | FA {1 =8P, 27, o[(m =27, )" +F 51+ O3 ) May . / g {1+ S PIT + (T 1 )]+ 0B}
=g (1+8 P T +(T; 1 85) =27, [(m=2F, )" +F 513 +0(5%))
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Ty =T, (F g

Ty =T, (/) +8 B AT, | dF), |
TD =];,3(rf.x)+(§Rl{[];+(’jf,s)+r?f,0(d7;',3/d;)ifvs
Ty =-ay, (| 7 )exp(=in | F, )+ SP AT} 1dF), +

g—zw @ OF
(:);_)_[Ts}
+[

=_[TS,B(rf.S)+T;;,S,A(m/r/S)C]_6R1<[T (r/5)+r,0(dTm/dr)., +f/.vlgl’(rh/
H{T AP, 47 (T, 17, 47, gL 071725) = (217, ) 1}E)+0(8%)

=-T, -

)+ 8 BT (7 g )+ (dT5y  dF), +Fy, g (] 7)]+0(8”)

rf.O(d Ts1/d") +7 1g0[(m/ s) (277,

s

7 $)13+0(8°)

—ff,g, (m/rfs)/[exp(m/rfx)—l]}+0(52)
o(d TS*I/dFZ)H—“gO[(m/ P)-(Q2/F 5)]}+0(52)

e T 1
(FS)+(dT /dr),[SC] 6P{[T( S)+ U(dTm/dr) +r 1(dTSZ/dr)
di 1dF), 470 (&2 T, 1dF*), +F,,(d* Tgo 1dF?), 1E}+0(8%)

;¢

Gl

0 == [Ty (F )+ (dTg, | dF), C1-8 PALTY (Fog)+Fro (dT5/dF), +F,,(dT{, 1dF), | ]
+[(dTA|*/dr~);,_s_+r}v0(d2T;_l/dfz);/v)+rf4,(d2T;_0/dfz),.f_s]§}+0(6 )
= T3 ) —ay (| 7 )exp(-i | 7, $)E1- O P, ({[f*(f S)+f,0(dfsz/df)_

+{(dT*/dr) A, o (dP TS 1dF

=T} -

;¢

)i~

1S

POl 7L ) = (217, OYE) +0(87)

Since the equation and matching conditions are similar to those of the steady state problem, we have :

3
&

:2§;§;{én

96z [8

ac |37

+A

2(82) 2 Aexp(-67)+

&

:%JzARexp(—éf)ugg)z <

e (T2 8. 2A,exp(-08)+(85)
®§=g§t(f—§g£g(§) 2+\/ s /

Ap  J2Azexp(-67)+

208 2 Aeexp(=07)+ (8 -5

Ap J2M,exp(-07)+(8:) +2:

@) —go} )
(go) +80

2
> ~(67)-36;

2082 2 Agexp(-

O+ (&) -&

Ty+8 =

Ap 24 exp(-

O HE) +& &

} \/2A exp(- @ )+(gg) (~= s 81

OQ
=)

&)

P e Tot0s

R€Xp(= o 1) S
(”g)z Yog

~83 82 Arexp(=07)+ (25 ) fn

I; } 20, exp(=07) +(83)” + A exp(-O; )<

&

2

2820 2Aexp(-0) +(8) - &;

2

\/ZA exp(-6* ]+(g0) +g0

2087 2 A0exp (-6 +(8) - &
Ap J20eexp(-01)+(8) +4
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e e[ ~e 8
—g;(ga)2(®1‘+§)

=+2 8.
‘(GI)Z"'EGI"'*

i)

}

Ar J2M,exp(-07)+ (8 +4;

m 2(g0) V27 exp(-67)+(5;)° -G
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(4) Summary
Oy, =m(1-{A, /[2(g )V Iexp(g +8 )Y -8 &g/
dO5,/dE=-[2A,exp(-05,)+(g;)" 17 =-g;[2(8;)* + Agexp(g +& &) 1/[2(85)* - Agexp(g; +¢ &)1
05, = (T, 8)(dO5, 1dE)==T, ,[2(5) +Arexp(gr +8 &)1/12(g )" — Agexp(g; +&,6)]
0%, =m{1-{A, /[2(8 ) Irexp(g -8 £))* +8s & -8 =2/n(1-{ A, /[2(g; )" 1rexp(gl -85 &))+8. & -8
dOy, /dE=[2Aexp(-0%)+(g5 ) 1" = gy [2(gs )’ + Apexp(g) — g5 £)1/[2(g5 )’ — Agexp(g) — g5 )]
O3, =—(a;,/g)(dO;, 1dE)=—a; ,[2(8;)" +Apexp(g/ — g5 E)1/[2(g5)* - Agexp(gl — g5 &)1
fo' = —Afyogg{A”‘Pz(l,l)‘Pl(7,1)+[1 -Ap, ‘lf,(l,l)]ll‘z(F,1)}/{A”\PZ(I,I)II‘I(F”,1)+[1 —ATZIIJ,(I,I)]lIfz(FfYS,l)}
dT}' /dr =- }Yogg{ATz‘lfz(l,l)le(F,l)+ [1 —Arz‘lf](l,l)]lPI*(F,l)}/{ATZIIJZ(I,I)WI(F/YS,IH [1- Anll‘l(l,l)]‘}'z(ff_s,l)}
fo*=ffvogg‘l—’z(F,l)/lpz(nys,l) ; df};/df:ff_ogglIJ;(F,l)/\I—g(ff'S,l)
6 =05, -0 P ((Ty +T; )+ 20T —(2/ g) Ty +T; E1/412(85 Y / A lexpl- (g + 85 £)1-1})+0(5%)
96, _dey, <1 V5P {T‘+ 4" Arerp (g +6 Oy =21 )T+ T €1 }+0(62)>
Jf  dg 8 [2(gy) +Agexp(gr +8,E)12(g)" —Agexp(g +g,8)]
@;=®;v2<l+6ﬂ{fg+ é_t(zg;fARexp(_g;+_g;§)[fg;gz/ga>fg+f;§1_ }+0(62)>
[2(85)% +Apexp(g; +85 £)112(g )~ Agexp(g; +8,0)]
07 =05, —S B, ((T; +T; 0)+21T; +(2/ g T +T; E1/412(8) ' 1 Ay lexp(gy E- g1 )=1})+0(87)

aér_d®;,l< 5 {T*_ 48’ Apexp(gl —gs O Ty +(2/g)Tr+T; ] }+0(52)>

-v

Jc  dg g [2(g) +Agexp(g —gs O2(gs )" - Agexp(gl g )]

4(85)° Agexp(s! - g O T; +(2/g) T +T1 L] }w(az)
[2(g )" + Agexp(g) — g E)1[2(8y )’ — Agexp(g - g &)]
é;=§;i(£_ g;g;) 2+\/2ARCXP(A_*@|=)+(§§) z(g’(:) \/2A exp(- @ )"’(go -8

& \/2/\ exp(-07)+(2;) +8;

@; =®§12<1+6Pn{ AC"+

28 2 Arexp(-07)+ (3 -éo -8y —f@’
\/ZARexP(—@T)+(§§)2 +§0

ig—j\/ZARexp(—@)f)+(§g )2 |<én

I+

20800 2 A, exp(-07) +(8;) -2
Ar J284exp(-67)+(2;) +4;

>‘00)

i

&= E

[Sa

+2§§§8{/n

J2Aep (=00 +(8) (T
go

v
wCD

[SA_ T

& 3% @y

] G2y TG+ Ay oxpl-n)| tn| 2ED Y 20XPCOD i) i |,
Ap 20, exp(-07)+(E0) +8:

2
o 8z 8
g;{<z > —(@1)-+3®,+3]

2(@; ) J2A,exp(-67)+(g ) - AJ] g;(gg)z((:)1=+§)
ko 2Aexp(-O0)+(20) + 8 3
éa=g5+5ﬂf;+0(52)=g5[1+311(fA/g0)+0(6 s g =T, =T/ Fy)
gf g;+5pff+o<5’> s ogr==2m{[(1+[2A, /(g5 )* 1) +11/2}
=g {1+0 P [1; ~(T; /1g)1+0(8*)} 3 & =[2/BT)(T,5,/8)

2(85) N 2Apexp(-07)+(8;) -8

+Apexp(-07F)
Ay \/2A exp(-07)+(8;)" +8;

L fea

= Ty+85
o

(0)

-$8 \/2A exp(- ® )+(&5 =)2 fn
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A’=g§(1+5P{f’—(TA’/gJ)—2 Fol(m=2F ) +F 13+0(8%)) 5 g5 =[0n-2F )/ F1(T,5.78)
—(a'T /dr) + 0 80 (m/r,s) (2/F S)] ; TE’=TZ’( )T 0gl(m/rfs)

T =T (o) + 7y 80 1 Ty Y+ G
=T, (7 )+ O B [T5 (7 )+, o (AT, 1 dF), +F, 8 () F)]+0(87)

Ty =T, 5, ()40 BT 1 dF), +#,(d” T /APy, 47, 8L (1) = (217, )1} +0(87)

25 =8-0P T +0(8")=gi[1-0P,(T; 1g)+0(8°)] g =(T,~T)(nli})/[exp(in/F )-1]

G =g +dRT;+0(8%) 1 g =-2m{[(1+[2A,/(g ) )" +11/2}

& =g (148 PIT +(T; 1g)1+0(8%)}y 5 & =-12/BT)Na;,/g)

& =g (148 PAT +(T7 1 85) =27 [(m=2F, ) +F i 13 +0(87)) 5 g3 ==[(=27,)/ 7 1(a; ./ &)

fX=(dﬁ,*/dF) P& LI Y =QIF O] 5 Ty =T () =P &5 () FY I Lexp (i F, ) =1]

o =1} (Fy )=y, Fro G 17 exp(=inl 7 ) =Fy gV ay,, 5 ap a=afa[l-exp(=m/Fs)]

Ty =T, (7 )+ 8 PALTS (7 )+ 7,y (A TS dF), =7y g5 Gl 7E5)  [exp (i 7 ) =111+ 0(87)

Ty =-a;, (/7 )exp(~ i/ 7, V)+6P{(dT*/dr) +F (&P T /d?z) ~F gl 7))~ (21F )13 +0(8%)
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(H) Inner Expansions

Define stretched variable: &=(7-7;,)/¢ F=f,+e§ and di=ed§ ; 7 o=T +5ff_0 P (2)

F2 = (Frg+EE) =T, +£2F, 0 E+ O(e%) = F} [1+£Q2E /7, )+ O(e)

“ff,o =1/ {;f,s[l +5I)u(;f,0 /;f,s)]} = (1/;[15)[1_5Pn(;:f’0 /IN‘f’S)+ 0(52)]

V7= U =0P, (g | Fr )+ OO = (/75 1= 0P, (2F,, /7, )+ O(87)]
Define inner expansions and the small expansion parameter:

T=[T,-£0,-'0,+0()|+0(/0) ; Y, =[e,+'G,+0()] ; Y,=[eh, +&°¢,, +0(e)]

exp (—E/ff)=exp{—(lz"/[ff—en§, —8252 +0(eH1} =exp<—E~/{T"f[l—,s((;I /T;)—gz(éz /f”f)+...]}>
=exp{~(E/T,)[1+&(6,/T,)+€ (0,/T,)+1} =exp(-E /T, )expl-e(E/T} )0, - " (E/T} )0, +---]
exp(-E IT)=exp(-E, /ff)exp[—s(EK /ffz)él -2 (E, /ffz)é2 +

T =exp(= Ey 1T, )exp(~ ) exp(-ef, +---)
=exp(_EK /Tf)eXP(—él )(1—852 +o0)

exp(-E, /T) = exp(—ER /T )exp[—s(ER /ff2 )0~, +..]= exp(—ER /Tf)exp[—(f/é)é, +..]= exp(—ER IT)I[1 (8/6)5 +...]

(7 oo~ .. ..
,72 7 97 P73 [(1 (92]=DaKY,Yzexp(—E,(/T)—DaRexp(—ER/T)

i Ag=0Dayexp(-E,/T,)

Ag=¢"Dagexp(-E, I T,)
T, -£6,+0(&)] B I’[T,-€6,-¢0, +0(e)] | 1 +0(8)
ed& e2 9 &>

{m 210 4 0(e) {(1 2)‘”Tf‘£§‘f0(£2)]}
r/‘.o rf0 9z
= Day (ed, + € G, +.. )y, + &, +..)exp(=Ey / T, )exp(=0,)(1 - €0, +..)]- Dagexp(~E, / T,)[1+O0(¢/ )]

={& Day exp(_EK /’ff)[él,l ‘132,1 +5(‘131‘1 ‘132‘2 +‘132‘1 ‘131‘2 _qsl,l ‘132.1 éz )+"']CXP(—0~1 )} —[Day exp(_ER /ff)+"']
=& {Ax [431,1 432,1 +5(‘131,1 ‘52,2 +¢32,1 431,2 _‘131.1 ‘52‘1 éz)+-~~]exp(—é] )=(e/6)(Ag+--)}

The two leading order terms are
76,1 95" = AK‘i’l 1432 1exp(-0,)

s 0°6,/ 98" ~[(n- 2;1"0)/;/“2,0](&51 108) = Ay (Do + by - &1,1‘]32,1é2)exp(_é1)

1

=-7 DaKYYexp( E /T)

}
}] 2o 2l o

Koy t€ g v )] ’{[(1-22)’9(8"3@”')”
9z 9z

mﬂ(s@,l+~-~>_ ! { i [ (1+g+
(23 Le, | €d&

Fro

(23

et { [/o[1+£2§ .]’?(8¢1~‘”¢‘-2+"')}+{[(1 ) ey +) )” 0
ed& Le e0& o ed& 14

dz
The two leading order terms are
bu_Pul_y - P )z oand P Pu_ieic
0752 Le, Le, &E Le, Le, Le

0|1 09 [ 28 06y g | 0| 1 od [ 28 Y06y g | g
Le, 9§ \Le,i, ) 9§ 72 Tl

JE Le, 98 \Lef,) 98 7,7 (95 7o
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1 %+ 28 ‘M;z.l_iq; -
Le, 9& Le,7y) 9§ 2 }

26 )0431,1 FY

|

|

or | L%, L
Le, J& Le, r}_o 123 Fro
3) mﬂ—i(f“;f —i[u—zz)g =7 [Da, Y, Y,exp(-E, I T)-Dayexp(- E, /T)]
ar  dr ar ) dz 24
LY, 1| d(.0%) o 2.3, > - -
— 1 2|7 +— (1 —L | t==F"Da, Y, Y,exp(-E, /T
a7 Lel{(ﬁ( af) az[( )&z” xfi T exp (- By /1)
AN ekl IR IS LAl LTSRS A PoLATH R FORE AT | Y, VS T
ar Jr ar ) 9z dr Le | dr ar ) 9z a9z
al0ime0t o gy 28 |00 =eb=eT0, )| 0 ) )90 me0i+)
23 as| o 23 124 14
- . -
ep@ut) L) 0 e ly 28, (0@ EPat)) 0l o) HE +-)
ed& Le, | €95 | Fro ed& 9z (24
=& (e/0)[775+O(e) (AR +-)
Keeping the two leading order terms
i - - o
9 (g -%ulo0 . Z{6-%u)-z and  §-Paiogeeg,
23 Le, 23 Le, Le, ’
(98, 2800 i g\ 0|1 b [ 28 Yodu g |,
WIS ro 125 o dE | Le, 9§ Le, 7, 23 Fro
e e e A
125 Fro

Le, Fro

or L"u%jﬂ_ggl b
125 Tro 125 o Le, d&
(4) Summary, the structure equations in the inner, chemically reactive region are

D—'zél/&gz=AK¢ZI,I$2,16XP(_§]) ; AK=E3DGK€XP(—EK/Tf5)

|

&1] ¢77] ~ ~ n ¢]] ~ ~
—-—==¢&5+¢, ; O -——=¢&5+c
Lg] Lez ]g 2 1 Lel 4& 5
L9, [ 25 \9d, i - L 9y, (28 |y iz |_.
- + = = P || — + = el N Il
Le, 9§ Le7;y ) 0 g Tro Le, 98 Le, 7y 2 Tro
96, 2806, i ; 1 3¢ 28 \dg, m - | .
72"';71_791 -| L 2% + ? LR —=u =G
23 ro 23 I Le, J& Le 7y, 123 I

(I) Matching
Yiso (r/.s )=Y,= YITS.U = YITS,Z =Y, 50=Ys5,= 2+.S.U (r/.s )= Yzfs.z =Y = Y,,=0
Y o/ dF’ ), =—(Leym /) (Leyin /7y ) =2]

(d¥igo/dF), ==Lyl i) ; (d*Y,
(Yo /dPy, =(Le,ml i) 5 (Y, di*), =(Leyml7i)[(Leynl 7y g)~2]
Vi (Fg)=—ajexp(-Le il F.g) , Y (Fo)=aj,[1-exp(-Le, i/, )]

(dl?ljgyI /df),./_s =—(ﬁ1/}7f2§) ar, Le exp(-Le m /7y 5)

(dYs,/dF), =-af,(Lejm/F}g)exp(-Leym /7, )
@7, 1d7?),  =ajexp(-Le il 7, ) 2= (Ley /7y )I(Le /7

Y~27,S.l(r/.s)=a£.1/(1+Yz,x) ; I?Zs.l(’7/.5)=al+.1[17.oc/(1*'Yac)]
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(dY5s,/dF),  =a;, (Leym /i) (1+Y,,)

(Y, 1dP), ==Onlil)[a) Le, | (1+Y,,)]

(d* Y5, 147, = aj\(Leyi | 73)exp(-Le, i 7:)[ 2~ (Leyii /7))

fA’=(df0’/dF);m+ff'0g(][(ﬁz/if2'5)—(2/ffvs)] o Ty =Ty (Fo)+Fa gy GIFY), To = {1 (7 )+ 70,851/ Tys 0t
Ty =(dTy 1dF), ~Fogo (1T =(217: )] o Ty =Ty (7 )= F,o 85 (i 1775) [exp(i] 7y ) =1]

TS =11} (Fr5) -1, 851 af

Species equations: Between the inner and outer solutions
Energy equation: Between the inner solution and the solution in the radiation region

In the common regions between the outer and inner regions, F=F,+£&, 7 ,=F +6F,F, (%)
Define £=£-8P,(3)7,, then dE=d&
Since F=F,+68=F,+&0P,(2)F, +6L=F,,+¢E , we also have ;=(s/5)[§-5pn(z)ffvl]=(s/5)§
7= =T, -£0; +0(£*)]-0[ 07 +£603 + 0(¢)]-6° [0 +0(£)]+0(8)
={T, —£[@3(£=0)+0(e/8)]+0(e*)} - 5({O; (£ =0)+(90; /9E)., [(£/8)E]1+0(/5)*}
+6{02(E=0)+(d0%/9E).[(e/0)E]+0(e/8)*}+0(e*))
—8({O2(E=0)+ (00238, (e/O)E+(F* O 19E). o [(£15)*E*12]1+0(e/8)' 1 +0(£))+0(8)
=[7~’/—s(§,—5252+0(83)]+0(£/5)L%m
= O (£=0)=0; Gi(E—>22)=B5(L=0)+(06]/08)z-0E= 05 (5 =0)+(96F /08 )0l E-0 Py(2)if1]
(90,1 9E), ... = (003 1 9E),_y + (3O 1 7)o & = (903 1 9E),_y +(9°0% 1 IE%), L [E 5P, (D)7, ]
V=Y +eY 5 +0(2)1+0[Y5+0(e)1+0(8%)

= {5 (Fr0) + (Y 1 0F), (€8)+ (Y 1 0F%), (€87 12)+ O(e)+ el Y3(F, )+ (Y 1 F);  (£8)+O(e)]+ O(e”)}
+0{[Y5 (7, )+0(£)]+0(£)}+0(8)
=[eg, +°6,+0(e)]+0()+0(e /)|
= YNi,ZU(f/,O)=0 ; f,‘(,f

(F)=0 ;¢ (E—>=2®)=Y(F,)+(dY5/dF)
(0,3 0E)z s =(d -vl/df);/bo+((?217if)/(?l72) E 5 (3¢, /08)e.. = (075 1 0F)
(1) By (Frg) =Ygy (g )+ 0 B Yy (g ) = ¥y (g #0 By )48 Yy (g + O By )
=[Yi5o (7 )48 Py (Y, | dF), +O(87)]+8 P,1Y (7 5)+0(8)]
= Vo (Fy )+ 8 PLT, (7 ) 4y (AT 1 dF), 1+0(87) =8 B [X (Frg)=Fy (Leyg i/ F5)1+0(87) =0

Tro Tro

);l._o(if,s)_;'\f,O(Lelﬁ/l/ifz.s)=0 or );ljo(rff‘s)=l’el’¢f,0’h/7f2,5
[/Le,W,(1,Le,)-W,; (1,Le,)]
[/ Le, W, (1,Le,) -, (1,Le,)]
[/Le,W,(1,Le,) W, (1,Le,)]
[Le ¥, (1,Le, )~ W, (1, Le,)]
i [mLe,W,(1,Le,)-W, (1,Le,)]W, (F,Le, )~ [t Le, W,(1,Le,) - W, (1,Le,)1W, (7, Le,)

s [mLe,W,(1,Le)- W, (1,Le)1W, (F; 5. Le, )~ [/ Le, W, (1,Le, )~ W, (1,Le ) 1YW, (F, 5. Le,)

Yl?o(ff.é' )=dr, { v, (ff,s’Lel )- v, (ff,s’Lel ) } =Le, ;f,o ”~1/r~f2,s

ary =Le, f,.'o(m/f;s)/{ W, (7 5. Le) - W, (7, 5. Le, )}

Yio=Lei;,

(7 (d* Y,y | dF* )= (Ley = 2F)(dYy 1dF)),  =n(n+ )Yy (Frg)=n(n+1)Le, Fry i | 7
() Vi (Fro) =Y (Fr)+8 PIV, (Frg)+ g (Y, 1 dF), 1+0(87) =8 P,Y} (7 5)+0(87) =0
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Uy (Frs)=aly W, (FrgLe)=0 o aj,=0 and ¥, =0
() Yo (Fg)=Yiga (F )+ B IV, (Fg)+Fr o (d Y, /dF), 140(8°)=8 Y, (7 )+0(8°)=0
[/Le, W, (1,Le,) -, (1,Le,)]
[7Lle, W, (1,Le,) -, (1,Le,)]
) 5 () =Y, (F)+ 8 PIY (Fog)+ g (Y, 1 dF), 1+0(87) =8 B, (7, 5)+ 0(87) =0
Y (Frg) =5, W, (FrgLe)=0 o a/,=0, Y5,=0
(5) Yoo (Frg)=Yigy (Fpg )+ 8 B[ Y5y (g )47y (dV;5 1dF), 1+0(87) =8 P, Y5 (F5)+0(57)=0

?,jz(fm)=a;2{wl(r}_s,Le,)- ‘Pz(ff_S,Lel)}=O . G2=0, Yi3=0

[7iLe, W, (1,Le,)— W, (1,Le,)]
[/Le, W, (1,Le, )W, (1,Le,)]

(6) Yzfo (Fro)= ?;S.O(Ffj )+ an [YA';,U (F/S) + ;f 0 (d?;s.o / df)i/_: 1+0(8%) = SPn [YA2+0 (Frs)+ ’ﬁf.o(Le2"~1 / Ffzs )]+0(6%)=0

);27,0(;/'.5)=&27.0{qj1 (Ff.s’Lez)_ qu(’:/.vaez)}=0 ‘A‘;,U =0, ?27,0 =0

Vo (r )+ g (Ley it FE) =0 or ¥y (7 )= a5y W, (Frg.Ley ) = —Ley iy g it/ 7
a3y ==Ley#, (] F}) W, (Fog.Le,)  and Y5y =—Leyfry (/77 )[W,(F.Le,) I W, (7, 5, Ley)]
(7 (d* Yy, /diz)—(Lezrh—Zf)(d}};_O/df)],._“ =n(n+ )Yy, (7o) ==n(n+1) Le, 7, it ] i/l
() Yoo (pg)=Yogo (ps )+ 8 P LYoy (Frg )+ 7y (dYsg, | dF), 1+0(87) =8 P, Yy, (7 )+0(87)=0
[iLe, W, (1,Le,)~ W, (1,Le,)]
[7Le, W, (1,Le,)- W, (1,Le,)]
®) )72*'2(?/‘0)=Yz*vsvz(i/_s)+5Pn[f2f2(f/vvs)+ff'0(dl72fsvz/d?)m]+0(52)=5R,f2f2(7fv5)+0(52)=0
Y5, (Frs)=a5, W, (Frs.Le,)=0 . a5,=0 and Y;,=0

?zjz(ff_s)=a;2{lp,(fm,Le2>- ‘Pz(ff’S,Le2)}=O L d5,=0, Y¥,=0

) 67(£=0)=05,(£=0)-8 P, (T; +2[T; -(2/85)T;1/{12(g; )’ | Aglexp(- ) )=1})+0(8)=0;  ©5,(£=0)=0
Ty +207; = (2/g) T 1/412(85)* / Aglexp(=g))=13=0  or T, =47, /(g {12(g)*/ Aglexp(-g))+1})
Since T =Ty (7 )+ o8 (IF) Ty =T,,{A, W, (F.1)+[1- A, W, (LD W, (7,1)/ W, (L1}

T, o {Ap, W, (7, 5 D+ (1= A, W (LW, (7 1)/ W, (D} = 4T /(85 {12(85)" / Aglexp(-gr )+ 1}) = F, o8 (i 1 77)

7:_= 4fA’ _; g_i AL W (FD)+[1-A,L, W (L)W, (F,1)/¥,,1)
P g {12(g0 ) I Aglexp(=g)+1} T R | A WL (s D +[1- Ay, WL (LDTW, (5, 1) /W, (L)

" . L . . AP DY (F G D+H[1-A, P, (LDIY (7 1) @ 2
T, =(dT; /dr);,s.+rf,0go[(Wl/rfz,s)-(Z/rf,s)]=‘rf.ogo L — L — -t
s : AW, (DY, (F o, D +[1- A W (LD, (7 1) 7y Fog

exp(-g7)=[ ({14128, /(g7 P 13" +1) /2]

(10) 87 (£=0)=0%,(£=0)-8 P,(T; +2[T; +(2/ )T 1/{[2(g5 ) | Aglexp(-g)=1})+0(5°)=0:  ©},(£=0)=0
Ty + 2075 +(2/ )T 1/A12(85) I Alexp(-g/)=13)=0 or T, ==4T; /(g {[2(2})" / Aglexp(- g/ )+1})
Since Ty =T, (F,)~F, o 87 (il Fi) I [expGin/ Fo ) =11, T =ap, W, (7.1)

i =[P o g (i1 FE) Texp (il 7y )= 11y =4T; /(g3 {12(83)" 1 A lexp(= g1 )+ 13) |/ W, (7 501)

T3 =[ (R 8 G 725) lexpUin /7 ) =113 =41, /(2o {1285 1 Ag lexp(= g )+ 13) |1, (7 1)/ W, (7 5.1)]
Ty =(dTy 1dF),  =F L] 7T )= (217, )] =y g {LW5 (F )/ W, (7 D= G ) + (217, )}
exp(-g) = ({1+[2A, /(g0 P 1} +1)/2]

(11) ¢, (§ = -o0) =¥, (7 )+ (0¥ | 9F); & = (¥, (Fro)+ 8 BV (7 )1+ [(d Yy, dF),  +8 B (dYy /dF), 1E+0(5)
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=V (B + B P LY 47, o (d Y, /AP, Y+ {(dY g /dF), +8 BI(d Yy [dF)+F,o(d* Vi, 1dF)], YE+0(8%)
= [~ ey exp(-Legit /7, )+ BB (7 )= o 0 7 et Ley expl-Lein 1, )} ]
+<—(Le,rh/r’f_zs)+5l’,l{(dﬁ}]/drN);/_S —Fo(Ley il 72 (Ley i/ Fr )= 213)E+0(8%)
(9, 198Dz =(d V5, | dF), | +3 B [(dY, 1 dF)+7, o (d* Y, 1dF*)];  +0(8%)
=—(Le, | 7%)+8 PA(dY,, 1 dF), ~# o (Leyitl 7 ) (Ley i/ 7 ) =213 +0(87)
(12) §,,(§ = ) = Y17, )+ (¥, 1 0F), | E =¥, (7o) + O RV (Fo )+ 1(dYy's o 1 dF),  + O P, (dYyy | di), 1E+0(5%)
= V5, (Fr )+ ORIV +F, (Vs 1 AN, Y+{(dY 5 1 dF), + 8Py | dF)+ 7, o (Y5 1dFP)), YE+O(S7)
= Yis1(Fr5)+0 Pal Vi + 710 (V51 /d ) b s+ O(37)
=af\[1-exp(~Le, i/ 7, )1+ 8 P,[¥} (Fr s ) - af, Py (Ley i | 77 Yexp (= Le, it/ 7, )]+ 0(57)
(0, 19E)e, =0
(13) 6, (& = =0) = Y, (7 )+ (0¥ | 0F); | & = (Y55, (F )+ O PYs, (Fo )+ (Vs | dF), | +OP,(dYs, /dF), 16 +0(5%)
= (V5. (7, )+ O P [V, + 7, (a5, 1dP), Y +{dYg, Idi), +6. P[(dY5, | dF)+7,(d Y5, 1dF*)], 3E+0(5%)
=Yy, (Frs )+ O P [V + 7,0 (d Vs, 1di)l, +0(8%)
=[5, [ (1+Y, )1+ 8 PAYs, (7o) +Fpol a5, (Ley i /775) 1 (14 Y, )11+ 0(8%)
(0, 19E)s. =0
(14) ¢y, (& = 0) =1y, (70 )+ (VS 1 97), &
=[V)5, (Fy)+ 6P, Y;,(fﬁo)p[(df;sﬂ/df),._m +5P"(dl?zfo/df),._/.n]§+0(52)
= {Vy5, (7 ) + O PV, + 7, o (dYSs, 1di), Yy +{(dYg, ! dF), +8P, [(dY5, | dF)+ 7y oAV, | dF ), JE+0(8%)
= [T 4 Ty D14 BT, ) =g G 2L ey 114, 1)
+((Ley i 7)+ O P A(AYS [ dF), +7y o (Ley il FX) (Ley it 7 ) =213)E+0(87)
0y, 19E)s... =(d)72f5»0/df),._/.s +3g[(d1?;0/df)+f,,0(d2?;m/dfz)],,m +0(6%)
=(Le, i/ F)+8 PA(dY; 1 dF), +F,(Ley it/ F)[(Ley i F, ) =213 +0(8%)
(15) (3¢, 198, = (9 19F), +(3° Y, /9F%), &
=[(d)71_'s‘1/df);/_"+5Pn(dY,f, 1dF), 1+[(d* Y,/ dF* );M+5P,,(d2)?,f0/dfz),._m]§
={l(dY,1dF), +8P,Fo(d Yy, /dfz);,_g]+5P,l(dlﬁ] /dF), +0(6%)}
(&Y, 1dF?), 48P F, o (d' Yy 1P, 1+8 B (d* Yy 1dF), +O(57)1}E
={(dY5,1dF), +8P,[(dY;/dF)+F, o (d Y5, /dF)], 3
H(d V50 1dF), +8 P Yy | dF )+ (4, | dF)], YE+O(S7)
1 3, [ 28 \dd, m -
=(1/Le){(dY;5, 1dF), +8 B[(dY,;/dF)+F,(d* Y, /dF)]; )}
+(1/ Le){(d* Yy, /A7), +8 B, [(d? Yo /di?)+Fp, (d° Yigo/dF)]; }E
+[2/(Le,F )-8 P, (o /7o ) (dY gy 1 dF), +8 PI(dY 1 dF) 47, (d* Y,/ dF)], }E

_(ﬁi/;'fz,s)“ _SPn(erf.o /;jf‘s)]{};],_5‘,1(;?;“5)4'5}31[),}1,_1 +ff,0(d)}‘ljs,l /df)];,_s}
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=GR =8 P, (2Fy Ty YN (AT 5y [dF); 48 BT [dP)+Fy (4 Vs A7), YE+O(87)
=[(1/ Le,)(d¥y5, 1dF), ~(il PV, ),
+8 P A1/ Le,)(dY;y | dF)= (il 7)Y, 1,
4o [(1/ Le)(d* Vi, /AP = () YA Y, | dP)+ (2 F) Y, 0, )
H{(P 1 Le)(d* Ty | P ) =it = (27 | Le))(d Vi 1 dP)} I 7), &
+S (17 (@ ¥y 147) = (Leyy i =27)(dFy, 1P (Ley 7)),
({7 Le (@'Y 5 P )= = (2F | Le )Ty P + (2] F)= 2 LedF, 5 1dP}I ), | E+0(5)
=8 P AL Le) (@Y} [ dF)= (il P ), +F,o[n(n+ D/ 7163+ 0(8%)
(16) (91, /98)z .. = (¥, A7), + S PV, [ dF) 4y (d*F s, A7), )
H(d V5o 17, +8 PV 17 ) +7g (7o /P, +0(87)}E
= (s, 1dF), +8 PUAT 1d) + iy (427, /A7), +0(5)
1&¢3L2+( 2§ )17(51,1 m s }
Le, 0§ \Lery, ) 08 7, 7|
=(1/Le){(d¥5, | dF), +8 B L(dY 1 dF)+Fyo (4 Y5, /7)), |}
ORI =8 B (27,017, )Wy )+ S BT 7,0 AV, 14P)), 3 +0(5%)
=[(/ Ley)(d¥;g, 1dF)= (Rl PO T +8 B AL Le) (Y 1dF) =G/ 7)Y ]
7o [(1 Ley)(d* ¥y, 1 A7) = ) (d Yy, [ dF)+ (27 PV, 1 +0(87)
=—a} (17 +8 PAL(L/ Le AV, 1dF) =GR/ PV, +2a0, o (7))} +0(8%)
(07) (9, 1 9E)o. . ={(dYsg, [ dF),  +8 PI(dY;, [ dF)+F, o (d*Yog, [ dF)] )
H(d V5, 17y, +8PI(d Yy | dF) 47y (d° Vg 7)), +0(8°))E
- (A5, 14F), +S RAAT 147) i (0 V5, 1)), +0(8Y)

1(?4;2,2_'.( 28 )‘9432.1_’;1(5 }
~2 2,1

Frs

Le, 9§ Le, 7, | 0§ 7/,
=(1/Le;){(d Y5, 1dF), +8 P[(dYy, /dF)+7,,(d* Vs, 1dF*)], +0(8)}
—(m/fﬁs)[1—513”(%.'0/fm)]{ﬁj&l(@'S)+SP"[1?2]+ff'0(d?2js'l/df)],._/_s+0(52)}
=[(1/Ley,)(d Y5y, 1dF) (i | 7)Y5, 1, +0 P{[(1/ Ley)(dY;, [ dF)=(in/7*)Y5, ]
+F,o[(1/ Le, )(d* Y, 1dF? )= (il P2 )(d Vg, 1 dF)+(20m ) 7)Y, 1, 3+0(8)
=8P, [(1/Le,)(dYy, [dF)= (/7)Y ], +0(8%)

(18) (3¢, / 9E);.. ={(d VS5, 1 dF), | +O P,[(dYy, 1dF)+7,o(d* Yy, 1d7P*)], +0(8%)}
+{(d2172f3,0/d72);m+5Pn[(d2?2*_0/d72)+ffv0(d3fzfs,o/dij)]%+0(52)}.§

1 a@h[ 26 gy - }

Le, 9& Lezfj._a} & iy, .

=[(1/ Le,)(d Y, /dF),  ~(al 7)Y}, ]

7y s

+8 P{[(1/ Le,)(d Y5, /dF) = (i /7)Yy, ]

7 s
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+F, o [(1/ Le, )(d* Vg, 1 dF? )= (i /P2 )(d Y, 1dF)+ (20 7)Y 1, )
+{({(F* | Ley)(d* Vg | A7) == (2F | Le,) W(dYys, | dF)YFP), &
+5PN{([f2(d2Y2f0/df2)—(Le2ﬁ1—2F)(d}?2f0/df)]/(Lezfz));”
+F, o ({2 Le, (Y gy | dF°) == (2F | Le)))(d°Ys's o | dF*) +[(2i0 ] F) = (2 Ley)[(dYss o 1 )} 72, }5 +0(5%)
=—(ai, /) +8 PAL Ley )Y, 1dF)= (il PV |, +Fy a7
—Fo[n(n+ 1)/ 183+ 0(8%)
(J) Solution of the Inner Equations
(1) (f,/Le)~(p,,/Le,) = E+E,
E—-o 1§, —lay /(1+Y, )+ BTy, (7o) +F,[as, (Ley it/ ) [ (1+7,,) 1} +O(8?)
¢, — {~ay, exp(=Lein | 7, )~ (Le;in | 77 )E} + O P (LY, (Fr ) —ap Fy o (Leyii 1 77 Yexp(=Leyn /7, )}
+{(d1?,_’0/d;7)a.5—f/.vo(Le,rh/fﬁS)[(Le,rh/f/.vs)—Z]}§>+O(52)
& ==(mIF)+ S BAL(dY | dF), | Le 1=, (i 7o) (Ley i /T ) =213 +0(87)
& =—(a;,/ Le,)exp(~ Le, i/ 7, s)~{a;, /[ Le, (1+Y,,,)]}
+SP,,{[?[](ffvs)/Le,]—a[lffvo(rh/ffzvs)exp(—Lelrh/fm)—[?zfl(ffvs)/Lez]—ffvo[az",(rh/ffz_x)/(l+fsz)]}+0(52)
E—o ¢, —a [1-exp(-Le /7 )1+ P,[Y} (7, 5) - a7, o (Ley it ] 77 exp (= Le, it/ 7, )1+ 0(87)
By =), [V, | (147, ) 1+ (Ley it 7 )EY+0 P (Y, (Fr ) =Laf, 7y (Ley it 7)1 (1+,,)]
+{(d);2f0/df),./‘5+r}‘0(Lezrh/Ff3ys)[(Lezn~1/r~f‘s)—2]}§)+0(52)
El=—(ﬁ1/Ff'S)—gR,{[(dY2f0/df)m/Lez]+f/._0(r71/7/&?5)[(Lezr71/ff_5)—2]}+0(52)
&, =(aj,/ Le)[1-exp(~Le, i /7, )1~ (af, / Le) Yy, 1 (1+Y,.)]
+O P ALY, (7o) Le) | =[Y5, (s )/ Ley 1+ af o Gt/ 72O (14 Yy, ) —exp(= Le, it/ 7 )]} +0(5%)
(@) [(dY,/dF), | Le 1+ [(dY;,/dF), | Le,1=F,(ii* /75 )(Le, ~ Ley)

o ﬂz {[rizLeﬁPz(l,Lel)— ‘I’%(l,Le. )]lPT(i}»S,Le,)-[n?Lellp,(l,Le,)- ‘I’Z(I,Lel )]lp;(ifm,Lel) B lp*z(ff,s,LQ)}
Frs |mLe W, (1, Le)) =W, (1, Le) IV, (7, 5. Le, )~ [nLe, W, (1, Le,) = W, (1, Le )IW, (7 5, Le) W, (7 5, Le,)
= o (i [75)(Le, — Ley)
This equation is satisfied only for #,,=0. Thus 7, =Ty =¥, =¥, =Ty =T, =T, =T} =T; =T; =0, #=F
6/ =65, 0=05,, O5,E=0)=-T,5,/g)&) +2A1"; ©5,(E=0)=~(a7,/8)l(g;)* +2A41"
&=8, &=gl+0PTZ+0(8M)), T =1 ()47, 851/ 50, T¢ =1 (o) =7y 831 a7
(0) [Y], (7 5)/ Le 1= [Y5, (7 5) Ley 1= Yy (7 )/ Le) =[5, (75 Ley ]
Note: The leading order terms are satisfied in the steady state analysis.
a”{ W7, e, [;szeLqu, (1,Le, )—\I—’z(l,Lel )
[mLe o W,(1,Le,)-W,(1,Le)]

ar
W (7, Le ) p——
2 ( TS 1)} Le,

v, (6‘.S’L€1 )

€
At

- a -
v, (r/'S,LeZ)}_ sz] v, (rf'S,Lez)
2

-l
2 230 2 230 2

( Le, rh]
l-exp|-——
Trs

(2) 0,-y,/Le)=E,E+E;s

)

.
a Y,

Le, 1+Y,,

~ - o
©) P _ P _
Le, Le, Le

6P,

LV g
—W (7, ., Le,)—-—=W (F .,Le,) |[-—&E+0(6
Le, 2 (P 5. Ley) Le, 2 (s 2)} Ffzsg (67)
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E—-o 1§, —{-ajexp(~Le /i, )~(Le il 77 )E}+0 P, (7, 5)+0(8%)
6, = 05(£=0)+(dO5, /dE),(E~OPF, ) =~\(83)" +2A4[(T, 5,/ )1+ O PT: )+ (E- 8B, )]+ 0(8”)

&=\ (8 +2A, +(/F1)+0(5)
&=\ (8 ) +2A, [(Ty5., /85 )(1+8 B, 17 )-8 P, 7, 1+ {la;, exp(~Le, /7, )~ O P, Y, (7, 5)1/ Le, } + O(3”)
¢, — a, [1-exp(=Le, i/ 7, )1+ P, Y’ (7, )+ 0(8%)

0, = B1(E=0)+(d6}, /D).y (E -8R F, ) = (8 +2A (65 4/ g1+ SR T) ~(E -8R f )+ 0(5?)
& =g +2A, +0(5%)
E=—(g) +2A[(a . 1 g)A+ S P, T+ B, 7y, 1-{{a, [1-exp(~Le, it/ F, )1+ B, Y, (7,5)}/ Le, )+ O(8%)
(a) —MHW[/F& )= m already satisfied in the steady state analysis
(b) —\(g)* +2A[(a; 4 / g )1+ ST ) +7, 5P, 1-(af, | Le)[l - exp(-Leyin| 7, )= S P, [V, (Fy )/ Le 1+ O(5%)
=\ (&) +2A, [(T,5,/8)A+8 P,T)=0 P, 7, 1+ (a;, / Le, Yexp(~ Le, it/ 7, )~ 6 P, [ Y, (7, 5)/ Le, 1+ O(8°)

From the steady state analysis :

—(ay4 1854/ (85) +2A, ~(ay,/ Le)[1-exp(-Le /7, ¢)]

= (fb.s.A /804 (& )2 +2Ag +(a;, / Le, )exp (- Le, I’T’l/ffvs)
_(fb.S.A /804 (& ) +2A, {[fli(f/,s )+ff.l g(;]/f;;,&A 4 (& ) +2A, ;'/.l _[);1] (Ff.s)/Lel]

= (a7 18N (8 + 2 MG [T (Fo)=Fry 8o 1/ @y = (83 ) + 2 Mgy =10 (75 ) Ley ]
(@ P+ 2, 1T (7 ) 1851~ (80P +2 A [T (7o) g0 1= 10, (7 ) Ley 1= 17 (7 ) Ley |

[V () +2A, /gg]TA,),1 {Ap ¥, (7 g, D+ 1= A, W (LD W, (75,1 /W, (LD} =14 (& Y +2A, /& laz, W, (7 5,1)

a, Ipz(;fS’Lel )_h 11][ (;fS’Le] )_ [l:"1L€] qJI(LLel )_LIJL(LLeI)] Ipz(;fs’Lel)
Le, ’ Le, ’ [mLe,W,(1,Le, )-W,(1,Le )] ’

(©) 0,-@, /Le,)=~(aj ./ g\ (85)* +2 A, —(af, / Le)[1—exp(~Le, it/ 7, )1 ++] (g5 ) +2A, &

“OP,[\ (g +2A, (a0, 1 gV, (s ) +(a), | Le )W, (7, 5, Le )]+ O(8%)

E—oo

From (1) :
~ g + ~ + Y’“v _ At At ~ _
P oG ep| LA | |_ G _Yox | 5p | D W, (Frg L))~ 2L W, (7, Ley ) |- & +0(5?)
Le, Le, Le T Le, 1+Y,.) Le, ’ Le, o7 Frg

6,- I Ley) =—(aj, | Le)Yy, | (1+ Y, )] =(ai [ g\ (85 P +2 A5 =/ (g5} +2A4 &

=PI\ (g +2A, (@5, 1 g, (Fr 5, 1) +(a5, | Ley )W, (Fr 5, Ley) + O(S7)

1 ¢, 28 \dg, i - 1 9¢ 2 gy, i - -
L 2% + ? LY % L 9%, + E~ LTI 0 |=G
Le, 9§ Le 7y 123 o Le, 9§ Le, 7

25 Tro

3

E—>—oo : L&¢l,2+ 2%‘ 07¢1.1_~’;1 5511_>5Pn
Le, 9§ \Leiyg '

+0(8%)

1 (d¥; sl
( ]’]) _ﬁyl,l(rf,s)

Le \ dF Pl
! s IS

125 i

¢ rs 7o~ -
L 9% [ 28 0by g 5
Le, 9§ Le,F, g

+0(6%)

1 (dY;, o

- -—Y, (Vs

Lez( dF 7l 2 (Frs)
Trs N

123 Frg
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~ L= |1 (avy, o -
¢, —-a,5-+0F, (”) -5 1 () +0(8°)

" .1a¢1.2+[ 28 ]Mi.l i

CLe, 9& \LeFig) 05 7l Le, \ dF 2
1 3¢ 2 ad,, i - L o< | 1 (dYy Mo - -
_ ¢2‘2+ §~ ¢2,1_~ ¢2‘]—>—a1‘17+6Pn e % —Tyzyl(rfys) +0(62)
Le, 2 Lez,o Irs 23 Trs Tis Le, \ dF Trs
Trs ”
N N AT R AR A N S
—|== | || G- Gol=— || || - G- Ya (s
Le,(df) Lez(df . ffs[ ur) =75 " e ) ffs[ )T )l
Trs s N Trs A

Le, dr Le, \ dr

Trs Trs

dy;, dy;, P S dv; dyy LI SO
1( ) —1( ) —;?[Yu<f,<s>—m<r,,s>1=L'e( ) —‘( ) =L )= )
.S 2 .5

Frs

|

7Lle W, (1,Le, ) - (1,L W (F. ., L i
e o) G %”[ Wielln) Ty, te,)

o "p?(;fzs’l‘el,o)_ﬁ\p (7. Le.,)
P2y T iLe, W, (1,Le 0 )~ (1,Le, )] Le,, 72

Le,, Trs

=a,, {

-ay, R (7 5.Le)/ Le, ]—(rh/ffz_s YW, (7 5.Le )}

W (F 5. Ley) i .
—l - — W (#,,Le,)
Le, i F8

_LiLe, W, (1,Le,) - W, (1, Le, )]
[7iLle, W, (1,Le,)- W, (1,Le,)]

W, (Fr5.Ley) .
L - W, (g Ley)
Le, Frs

-a;, R (Ff.s’Lez)/Lez]_(’;’/’ﬁs YW, (7 5,Ley)}

30, 28360, m 1 0, | 28 \og, m - | - .
4 I 29 9% M o = . A - . -
@ ( " ] Le, 9 +(Le1f,-.o) G %} o 7 0TS

& g 95 Ty
A= +\2 *\2 *

((9@3) = N (55) +2A, +A, | fn| 280 (g°)2+2AR_g° -2
i ), Ag \/(g;) +2A, +g;

2
n| e T B <[n 2<g;>2\/<g;)2+zAR—g3}> .8

() g 2 A g r+2n,+g|) 3

. — 2 12 , + 2+2A ot 8,\_, .
g g\ (g7 2 A, | 280 (gi')z f 28 2E ()
A gy +20, 48] 3

Ty =T, A (il 7L+ 0 PA(AT, 1dF), +F,, 85 [ L) = (217, )1} +0(57)

T,;=-a;l(rh/@%S)exp(-m/fm)dpn{(df;/df),.,/_s-}Jgg[(ﬁz/fﬁs)—(z/f.s)]}+0(52)
In the limit of A, =0 : /(g +2A, =g +(A /&)
{1208 T AN (8 +2A, ~ g5 1/1Y (8) +2A, +85 310
(0651080 =-T; = (905/98). =-T;\(8) +2A. /8

Eoro L07¢|,2+ 2% 07¢|,1 _~m él.l_)gpn L LYLI _ﬁﬁ;(fﬁs) +0(52)
Le, 0§ Le, Fro 23 o Le \ dF Frs

0, =~ (80 +2A, [(Ty 5,1 8)1+8 P, T )+ (-8 P,7,)]+0(8°)
360,108 = -[(g5) +2A, 1" +0(5%)
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30,10& = (903 /dE), o +(9°0;19C), \[E-O P, 7, ]
=T (g5 P +2A, /6 14(F 0,198, [E-8 P, 7, ]
" (POIE )y + (R T~ ()8 + 28,1 =0
o= ~IT\ (6 +2 0 16,1-8 BT 61198 )y 4 (RO +2 001,
+( 12N (85 ¥ +2 85 (Tys,1/ 80)(1+8 B, T ) =8 B[ Lejyy (Y, 1dF),
(/7)Y (7 5)1+0(5%)
=Ty GO (86 +20, 183 1=8 BT, 1dF),  +F,, 8516717
“S P, (217 (g Y +2Ag 17 Fyy 4Ty, (120N (85 +2 A0 /851
@17 &Y + 20 ) g+ BP, 1 P2 NG+ 200 Ty 8T G )4 108511 T}
BB [Ley! (V] d7), ~ Gl 75 )F ()14 0(8)
=SB L@T 147, =G TOT G0V (507 + 200 /g3 1- B [Lef" (@Y1 dF,,
(7)Y (7 5)]+0(8%)

1 d¢ 26 |0y, - L <o | 1 (dY . <
o 7&*' ? i _ S0 a5+ P | — | —= - 1) +0(8%)
Le, 98 \Lefs) 9§ i Trs Le \ d7 ) 7
Frs E

afy=ab, [l—exp(-m/F )] 5 af,=—(ap, 1g5) (g ¥ +2A,
30,105 = -[(g5)* +2A,17+0(58%)
E—o 1 6 —=-\(8)+2A,1(a},/g)(1+8 P,T)-(E-8 B,7)]+0(87)
=& +2A, ({la} ,+8 BT (7, )1/ 5 1= €)+O(87)
36,108 =\ (g8 +2A, +0(8%)

From the steady state solution :
7 6, 198 = Ag ¢, 9, exp(-6,)

E——w 0, —=(T,5,/8)+EN(g) +2A,17 1 db,/dE ——[(g;)" +2A,]"
E—oo 1 6 —>-la7,/8)-E(g) +2A,17 5 db,/dE —[(g;) +2A,]"
¢, = af\[1-exp(-Leyn | 7, )1+ Le{[(a7 , / g5) - E1l(gg)* +2A,1" +6,}
By = a1V, [ (147, )]+ Ley{(ay ./ g)(3) + 20,17 +1(g5) +2A,17E+6,}
Inner expansion : 6, =6,+8P8, ; ¢, =0, +3Pp, : ¢, =0, +0Pp,,
(@) exp(-0,) =exp[-(6, + 8 P,0,)] = exp(-0,)exp(-8 P9, ) = exp(=6, )1 -8 P,6, +...)
90, +3P,0)19E* = A (¢, + 3PP, )@y, + PG, )exp(=0,)(1 =S P, +..)
= Al s, +OP (D ibsy + 62,111 — B2 0+ - Jexp(=6,)
Since d’6,/d&* = Ay ¢, ¢,,exp(-6,)
d*6,1dE" = N (y,y, + 5,1, — P00 exp(=0,) = (d 6,1 dED(By, [ ¢, + (s, $,) = 6]
(b) = - : 0,+3R6,—-\(g) +2A, ({75, + 3BT, () g3 +E)+0(3")
Since 6, ——{(T,,/85)+E(g;)" +2A,1"

6, — Ty G (g +2A, /g, and b, /dE—0
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(©) &= 1 6,+3R6, =g +20, ({lay,, +ORT (7 )1/ 833 -E)+0@)
Since 6, ——{(a7 , / g)-E11(g5)* +2A,1"
6, = -T (g +2A, /g, and  d6,/dE—0
() 6,+5P,6)~[(p, +5Ph,) Le1= (a7, gy (g’ +2A, = (af, / Le))[1 - exp(~Le, it/ 7, )]
V(&) +2AE=OPA(g5) +2A, (@5, 1 )W, (7 01)
+(ay, / Le, 0)W, (7, g Le; )} +0(8 D)
Since 6, (@, /Le,) =~ (a; o/ g3 W (80 +2A, ~(af, / Le, 1 -exp(~Leyin /7, )1+ (8] ¥ +2A, &
0, 1 Ley) =~(()? +2A 5 (@7, | )W, (7, 5. 1)+ (@], / Le)W, (5. Le,)}
or ¢A’|.1 = &;]‘Pz(fﬁs,Lel )+ Lel[\/(gg )2 +2A, (&;,1 /gg)‘{'z(?m,l) + él]
(€) (6,+0P,0)~[(9,, +OP.$,,)/ Le,]
=~(a, I Le)lY, . 147, 1= (a7 4 g W (85 + 20, —\(g5) +2A,E
—SP (@) + 20 afy | gy g )+ (@, | Ley) W, (F, 5. Ley) ] +O(3?)

Since
0, = (9, / Le,) == (a, | Le) [V, | A+ Y, 1= (a5, 1 8585 ) +2A,17 = [(85) +2A,17 &

él - (¢?2.1 /Le,) =—[ (gg)2 +2A,(ay, /g(;)‘yz(;f,yl)*‘(&;.l /Lez)‘yz(ff_s,Lez)]
or qsz.] = d;,llpz (;_'/.S!sz)"' Le, [+ (ga)z +2A; (d;,l /g(;)qu(fr.s’b"' é1]
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(6) Summary

L W (7 Le)—[’Me‘Wl("Lel)_‘p;(l’Lel)]lp (. g, Le,) Gy (7. s.Le,)
Le | "7 [imLe, W, (LLe)-W,(LLe)] = T Ley T

a, -
==Y (F,Le,)—
[e { ]( f.S 2)

2

[/le, ¥, (1,Le,)-W; (1,Le,)]
[7iLe, W, (1,Le,)- W, (1,Le,)]

- Hw, (fM,LE,)_gq]I(;” Lel)}_[MLEIWI(I,LEI)—‘I’,(I,Lel)]

. a .
v, (rfﬁs,Lez)}—Lie'lll’z (7,Le,)
2

W, (7rsoLe) i

11 = o - lpz(;f.S’Lel)
Le, [mLe,W,(1,Le,)-W,(1,Le,)] Le, Tis
=G5, {[ W, (Fg.Le)  Le 1= (| 7l )W, (7 5. Le, )}
=a, Rl (r}_x,Leiz)_ _rzl W, (7 5. Le,) |~ [r~71Lez WI(I’LEZ)_WL(]’L%)] ‘PZ(rf'yLEZ)_ng(;r‘,va"z)
Le, Frs ’ [mLe,W,(1,Le,)-W,(1,Le,)] Le,, Frs

-5, {[W (Fr5.Le,)  Ley |- (i | 7l )W, (Fr g, Ley )}

V@& +2A, (YA",,J 18 AR Y, (7, D+ 1= A, W, (LD, (75, 1) /W, (L)} =/ (& Y +2A, (a7, /85)W, (7 5,1)

[thel IPl (I’Lel )_IPT(LLEI)]
[iLe, ¥, (1,Le,) - W, (1, Le, )]

iy (s ar, - 7
=—W (¥ ., Le,)—— W, (F .,Le ) - W, (7 ¢, Le)
Le, 2 Ty g5 L€ Le, { 1Ty g, L€ 2 Ty g5 1€

T, [N (85 +2A 5 | 85 KA LW, (g 1) = (/72 )W, (7 5 D]+ {1 = A, W, (LD]/ W, (LD WS (5 1) = (/72 )W, (7, 5, D))
—ap [N (g0 +2 A, 1 gL, (7 D= (i )W, (7 1)

=G} (W) (Fs.Le))  Le, )~ (i FL )W, (7, 5. Le, )}
: UL W, (uLe) =W (Le )V W Gl iy o

_&"‘{ [ Le, W, (1,Le,) -, (1,Le,)] Le, 7l
0,/ Ley) == (a7 ] 8N (&) +2 Mg = (ajy / Le)[1=exp(= Leyit/ 7, )1+ (25)° +2A &

0PN (g +2A, (a5, /g5) W, (Fr 5. 1)+(a5, | Le )W, (F, 5, Le )} +O(87)
0, -y I Ley)==(a}, I Le) Vs, [ (1+V, ) =(ab, /g (g0 +2A5 (85 )P +2A4 &

W (Fs.Le) i

=2
Le, Frs

W, (7 5. Le,)

|

=8P\ (8 +2 A, (G5, / g)¥,(F, 5 1)+ (@3, / Le, )P, (F, 5. Le,) + O(5%)
d’6,/dE = Ay ¢, ¢,,exp(=0,)
iy =an[1-exp(-Leyi | 7 )|+ Le {l(a7. . / g) - E1l(g5) + 24,17 +6,
oy = afy [V (14 Y, )= Ley () 7 o)+ Ley o {(a7 4/ g9)1(85) +2A 17 +1(85) +2A, 175 +6,}
E=-0 1 =T,/ g)+E(g) +2A,0" 1 dO,1dE—~[(g5)" +2A,]"
E—w 1 0, —>-l(a,/g)-El(g) +2A,1" 3 d6,/dE—>[(gy) +2A,]"
d*0,1dE* = Ng(§y, s, +bs, 10+ 01, 00,0 exp(=0,) = (d* 6,1 AED(By, 1,)+($, 192,)-6,]
By =01 W, (7, g, Ley) + Le|[\(g5)? +2A4 (G5, / g)W, (7)) +6,]
Goy =3, W, (g, Ley) + Ley (8 + 20, (a7, | 8, (Fr 5+,
Es—o B =T )(g) +20, /gy 3 df/dE—0
T (Fog) =T, {4, Y g D +[1= AW (LD, (i, D)/ WL (LDT}
Emoo =TGN @) 2A, g 5 dBIdE=0 3 TG =, WG
From the steady state solution:
d*6,1dE = [/ (2F} ) (d*8/dE?)
¢ =Le(0-E)/a” , ¢, =Le,(0+E)/a"”
dE1dE=a"[m/(2F})]

From the stability analysis:
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d*6,1dE =(d*0,1dE") (b, /9,,)+(hy,/9,,)-6,]
Gy =5, W, (7o Ley )+ Ley [\ (80 +2 A (a5, 1 85 )W, (7 5. 1)+6,]
$yy = a5, W, (Frg.Ley )+ Ley [ (85 ) +2 A, (a5, / )W, (75, 1) +6, ]
E——o 1 6, >-T7 (7,0)\ (8 +2A, 18} 1 df/dE—0
f"l’(ifﬂs)=fbvl{ATZ'IJI(FfVS,l)+[1—AT2‘lJI(1,1)]‘1’2(@'3,1)/11‘2(1,1)}
E—oo : 6, —=-T7(F )\ () +2A, /gs 5 dO1dE—0 5 T (F)=a;, W, (750

Transform the stability equation to Lifidn’s variables

24 - T 2 - \? 3 2 3 2

dﬁl T =df1 ol M a 7¢1,17 ¢ 7¢2,17 _
dE? 27 dE? 275 ) | Le(B-8) Le,(A+&)
L I T

d&® dE°| Le(0-&) Le,(0+E) o

Esooo : 0, >-T7(F)\J(g)+2A, /) 3 d6,1dE—0

Emo : 0, =T () (&) +2A /g, 5 db/dE—0

From the steady state solution, you have d* 5/(1’:;?2 s (é—é) and (6 + 5)
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APPENDIX D. HOMOGENEOUS EQUATION SOLUTION

. . o d[padY)  _dY -
Differential Equation: d;(r iF )—pm i7 -n(n+1)Y =0

Because 7=0 is an irregular singular point for this equation, only one fundamental solution can be solved
by the conventional power series solution.
(A) Fundamental solution that can be solved by the conventional power series solution
Let the solution be ¥ =,
V=W =1+ Scpf¥ =l4ciFrer FRaesFo e it ves P +cg PO+ (let ¢,=1)
k=1

dY dw¥

7= g7 =D+ )F+e3(3)F2 +eg (4P +¢5(5)F +¢6(6)7 +--

72 i1;=,72 ddq;l =1 (DF2 +¢5 (2)F2 +¢3(3)F* +4 (4)F +05(5)F0 +c6 (6)F +-+-

d.2dY\_d(d¥\_ . 23 T 5\:5 6176
d;(r d}’)_d}’(r Y =c1(2:D)F+cp(3:2)F“+c3(4-3)F  +c4(5:4)F" +¢c5(6:5)F° +c(7-6)7° +

Applying the solution into the equation, we obtain the following:

;0 ;.l ;2 ;:3 ;4 ;5
d(.,dY
d;(r2 d7] 21Dy (3-2)cp (4-3)c3 (5:4)cy (6:5)cs
—prh(df//d;’) —-pic -2pmcy -3pmcy —4dpincy -Spmcs -6 prcg
-n(n+1)Y -n(n+1) —n(n+1)c -n(n+1)cy -n(n+1)cs -n(n+1l)cy —-n(n+1)cs

(1) For 79 terms: - pric;—n(n+1)=0 , ¢; =—n(n+1)/(pi)
(2) For all other higher order terms, a recurrence relation can be found as follows:
—kpimcg+k(k=1)cp_j—n(n+1l)cy_1=0 or ¢ ={lk(k=-1)-n(n+D)/(kpm)}cry , k=2
_2(2-1)-n(n+1)

_22-D=n(n+l)-n(n+1) _2(2=D=n(n+1) 1(1-1)=n(n+1)
: 2pi ! 2pi piit 2pi

1pm
_Ii[l[i(i—l)—n(n+1)]
T @y

Therefore, ¢,=0 and ¢;=c¢,=c¢;=c,=...=0 when n=1.

2

L _3G=D=n(nsl) - _3(3=D)-n(ue GUC-D-ntr+ D] HHGD-n(n+ D]

1
3

3pm ’ 3pm @h(pmy’ (3N (pm)’
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Therefore, ¢, =0 and ¢, =c,=c¢,=c,=..=0 when n=2.

¢ 4(4-1)-n(n+1) 4(4=1)=n(n+1) i 1[l(z D-n(n+1)]
4 =

Hl[i(i—l)—n(n+l)]

apm T apm (B)(pin)

Therefore, ¢,=0 and ¢;=¢;=c,=c;=..=0 when n=3.

These results yield:
k=1 k=

i=1

At 7=0: Y(0,p)=1 and as 7—>o: |P(,p)|—>x

As F— o ‘lpl(oo’p)‘—)oo ‘W](oo’po)‘eoo
Only one fundamental solution is found from this approach.

Expressions for ¥, and ¥,

n=l: nn+D)=11+1)=2

1 k ~k ~ ~
-2 _p0-2) 12
21 {l 1 [i(i-1) ]}(k!)(prh)k + o7 o

1 ~k ~
%{H[t(z 1)- M}[(kl)apkﬂk (- 2) 2r

n=2: n(n+1)=22+)=6

2 k ~k
Y=1+3 {H[i(i—l)—é]}r—l +(0- 6) ~+(0 6)(2-6)
i1 Lis (kD(prin)*

R 2 [k ~k 2
%=k§1{g[i(i_l)_6]}wk+lk 0-6)—— 2 +(0-6)(2-6)—%— '; 2

n=3: n(n+1)=33+1)=12

~k

W=l {fl[i(z 1)- 12]}
1 =1

@ )( i’

L (0-12)F (0-12)(2-12)F

@hH(piny*

0 n ~k
f=11’1(7,p)=1+ > ck7k=l+ > {H[l(l 1)- n(n+1)]}
1

(k)(pin)*

67 127%

—+——
~pim (pm)

6F 2472

pzrh p’m

S-t"32

L (0-12)(2-12)(6-12)F

k=

(kD (pr) pii

_ 127 607 1207
pim (pm) (pm)

n=4:nn+1)=4(4+1)=20
~k

k
- 1+2{ (k)(pin)*

i=1

[i(i-1)- 20]}

@Y(pm)’

(3H(pm)’

L (0-20)F (0-20)(2- 20)72 L (0-20(2- 20)(6 20)7 ,(0-20)(2-20)(6- 20)(12 20)7*

pim Q@(prn)* 3)(prn)®
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207 1807% 8407 16807*
sl — s —
pm-(pm)~ (pm)” (pm)

(B) Determine the second fundamental solution by Reduction of Order

Let Y=, =Y,%¥, (let the second solution be v,)

dY o d¥ . dY
a2 g
i~2d? _d|.2 d¥ dYy, Ai 2dP\ .2d¥ d?z i~2d?2 ~2dY2 dw
df(’ d?)_df (Y2 T T | e Ul e a1 Ul M T

=Y 4 72 ¥ + d [;2dY +2}72dl{,1 dY~2
dr dr
Substitute these back to the original equation

7 d( 2dlIfl) w d(Nng2)+2;2dlIfl dv,

) AW,  d¥,
2q7\" Tar )TVaR\" Tar ai ar P

=t J-n(n+1)1?21y1=0

Y

o [ d (2d® _dw d (-2 dYp | odWid¥, o dY;
Yz[d?(r ar ) P"aF M 7 U T A e P AL P
Because W, is a solution of the equation, ;; (72 ddqul )— ddl{,l -n(n+)¥) =

dn2dVs) odWdVs . dY,
Wld;(’ ar |2 g g im0 or

2 d ~2dY2 2. dWP d);z N 2d);2_
# dr( ) 2P gy P =0

;F(leplzcg;z)_p ,I,ldez_O or d(~2q,2dY2) PM(;le,ldez)

dF dF dr |~ 72 dr
.2 O ~ v .
d[r ‘1’1 (dY,/dP)) p;nd~ or  in|F2u? dY~z _PR g2 dY~2 o PIF
FPwl(dY,1dF)  F dr r dr

dY- —-pml7 . -pml¥ _
d~2=:~7 or  Yy=cx|—F5—5dF canletc=0
r 7 q[l

Since W, grows with 7 (i.e., |¥]l—>x as 7 —), we would like to have ¥, decay with 7. Therefore, we

. ;e—prﬁ/f’ ;e—pﬁi/?
choose Y, = 5> di  or P =¥ 5> dF such that ¥, -0 as 7 —o.
ol W ol W

Let z=pm/F  then dz=—prhi1—; , As F—o [ z=0.
r
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Z

—z z .
Thus, ‘I’2=’I’1J' _Le sdz=— IPINJ e—zdz
0 pm"pl pm 01111

-z
Since pm is a constant, we can drop it from W, to yield ¥, =—%J e—zdz
o
n ~k n 1
W=1+3 {H[l(l - n(n+1)]} =1+ 3 {H[l(l - n(n+l)]} T
k=1 (k) pin)* k=1 (k) 2
1 [ n—-k
"+ E II[i(i-1)- n(n+1)]]
7" k=1 (k1)
- . -pmlF_,_ PM (pm) (pﬁi) (pm) pm (pi)* _(pin)* (pm)
As F—oo: e P o1- = > gt =l 2 3 ~4
(2’)r 3hHr 4hHr 2r 67 247
_ 22 22
(1) n=1: Y=1-—=-=1 o=

(z-2)2 =72 -dz+4=72-4(z-2)-4 22 =(2-2)" +4(z-2)+4=(2-2)* +4[(z-2)+1]

‘e C 2t ‘ 2 -z 4 _ _
J'ezdzzj e 2dZ=J {(z-2) +4[(z—22)+1]}e dz= f Zdz+4J[ z ez}dz
o 0(z=2) 0 (z-2) oL 2" (2-2)

c(ei-ny-a| o L) e*7(1+i)+1 B P P

) -2 -2 z-2 W,

=_[e-pm/7(1+r~ 4 )+1
pm¥,

Using integration by parts, let u= -1

(z-2)?

-z -z -z -z -z nt4
JLdF_L_ g or || |
=2 =2 - =2 (z-2) -2

Z -z s ~ s ~ ~
W= | Lo dz=- - e_pm/r(l T4 )+1 _pm/r(lll +£)+‘PI _pm/r(l—z—}:+ 47 )+II/1
N pmW pm pm

pm  pm
-pmlf 2F mir ;k 1
=e? I+——[+¥=e7? 1+ E H[n(n+1) i(i-1)] — % -(-1)'y
pn k=1 (kH(pm)

As F—oo: W —e'"'"/’(1+2 )+11! —>[1—M+0( )](Hﬁ) ( 27 )_1 ﬁ-zw( )+1—£
pm pm r

pi pm pm

-z

1 and dv=e%dz = du= s v=—e
z-2

- o(i) 0 (as should be)
r
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~ 2
Q) n=2: W= 6r~+ 12~r l—é %_2 —6§+12
(pin)? Z z z

(22=62+12)% =(2% ~62+12)(z% ~62+12) =22 (22 62 +12) = (62-12)(z> —62+12)
—24—623+1222—6(z—2)(zz—6z+12)
4 2 2 2 2
=z -6z(z°-6z+12)-36z"+72z+12z°-6(2z-2)(z"-62z+12)

2 =22 =62+12)2 +12[(z=1)(z2 = 62+12)+22(z=3)]

J'Z‘g_zdz= ¢ z4e_z dz= {(z —6z+12) +12[(z- 1)(z —6z+12)+2z(z-3)}e
o (P -6ze12)t (22 =67+12)2

-2

dz=—e_z‘ 25
0 z —6z+12

o B
=—(e7=1)- 127 B U =-[e‘z(1+£)-1]=-[e‘1’””’(1+ i 12) 1]
2-67+12 2-67+12 W pm ¥

< -2 Z
~fretazann | | EmDe 22
0 olz —6z+12 (22 -67+12)?

Let u=% and dv=(z-1)e *dz = du= 2‘(22‘6) 5= 2'2(2'3) = v=—ze™
z°-6z+12 (z°-6z+12)° (z°-62z+12)
_1\»"% -z _ -z
(ZZ De dz= zze - 25(2 e Zdz or
z°-6z+12 z°-6z+12 | (z°-6z+12)
(2 De™* 22(2 3)e? doe- ze™t
Z —6z+12 (z —6z+12) zz—6z+12
\pz =_‘P1[ e;;dz=—ll—'| _|i€_pﬁ‘/’ (]+ r 2) 1:| _pm/r(lpl"'lzf)—q"l
o ¥ pm¥ pm
=e-PW"[1—6—7~+ 12f22+£}-w]= “”""[1 L 57, 127 ] w
pm (pm)” pm pim (pm)’
. [« 7k
= 4 [H[n(n+1)—i(i—1)] — (-1,
g i=1 (kl)(
I 2 .
As Fosa: Yo Pl| 1 O 127 S |-¥ -1~ pm (”m) +0( 3) 145, 1272 16, 1272
P (piiny?* P P PR (priny?* P (piiny?*
= -2 = -2
=1+ 6r~ + 127 5= 12r ( ) 6r~ _ter 2=0(£)—>0 (as should be)
Pm (i) pin AT (pnt) r

~2 -3
() n=3 w12, OF 107 | 12,60 120 2¥-12+60:-120

P e () 2 2 2
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(z8-1222+602-120)? =(2° -122% +602-120)(2> -122° +60z-120)

=23(2%-1222+602-120)-(122° -602+120)(2z% -122% +602-120)

=2°-122°+602* -1202° -12(2* -52+10)(2° -122° +602z-120)

=7° —12[25 -5z%+102° +(z2 —52+10)(z3 -127% +60z-120)]

=2°-12[2%(2%-122% +602-120)+12z* -6023 +1202z2 -52z* +102°
+(22-42)(2° -122% +602-120)-(2-10)(z° -122% +602-120)]

=2°-12[(22%-42)(23-122% +602-120)+7z* -502% +1202% - (2-10)(2z> -122% +60z-120)]

=2%-12[(22% -42)(2° -122% +602-120)+72z* -502° + 1202 - (z-10)(2° 122> +602z-120)]

=2%-12[2(2%-22)(2° -122% +602-120)+22%(32* 24z +60)+z* -22°
~(2-10)(2°-122%+602z-120)]

=2%-12{2[(2%-22)(23-122% +602-120)+2%(32° =242 +60) ] +z(2° =122* +602-120)
+122°-602% +1202-22° - (2-10)(2% -122? +60z-120)}

=28 -12{2[(2%-22)(2%-122% +602-120)+2z%(32° =242 +60)]+10(2°> -6 2% +122)
+10(2°-122% +602z-120)}

=2 -24{[(2%-22)(2%-122% +602-120)+2z* (322 -242+60)]+5(2z% -122% +602-120)
+5(622-482+120)+5(z>-122% +602-120)}

=2%-24{[(2%*-22)(2%-122% +602-120)+2z%(32° 242 +60)]+10(z° =122 +60z-120)

+10(37> -247+60)}

z 14 -2z L (322 -242+60)
(=122 +607-120)> 22-1222+60z-120 (=127 +607-120)>
1 377 -247+60
+10 3 2 + 3 2 2
77 -12z"+60z-120 (z'-12z" +60z-120)
z z 6 -z < 2 -z 2 2 _ -2z
[dez=1 : 2z e 2dz=f(‘;e'zdz 4 i (z ;22)6 . 12(32 224z+60)e i
o i 0 (271227 +60z-120) oL 2 -1227+602-120 (z°-12z"+607-120)

: -z 2 _ 2
+10 : ze + E3z 34z+60)e _ldz
77-12z2"+60z-120 (z°-12z"+60z-120)

0
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2 -z < -z
=—e_z‘z+24 = 10—+
0 77 =122"+60z-120 |, 77 =127"+60z-120 |,
2 -z -z
—— (e -)-2d| 5 10| 5—% !
22-1222+602-120 |23 -127%2+60z-120 —120

- 2477 +240
=—|ef|l+ —7TF———
[ ( 7 -12722+60z-120 ] [

1

Let u= and dv=(zz—2z)e_zdz = du=

22212722 +602-120

-z

—pinlF ~ ~3
87 +240) 1] =_{e [‘Pl+& 2407

—(37%-247+60)

v,

+
pim (pit)

J (ZZ—ZZ)e_Z e 226

Z
221272 +60z-120 221222 +607-120

(z7-2z)e ¢ z2(3zz—24z+60)e_Z

3,2 I3 2 7 |[d2=-
z°=-12z"+60z-120 (77 -12z°+60z-120)

Let u= ! and dv=e¢*dz = du=

2221272 +602-120

_J 12(312 —247+60)e”*

(3 -127% +607-120)2

Zze—z

221272 +602-120

(372 -247+60)

(23 <1272 +602-120)2

dz

(322 -247+60)e”"

z

e’ e’
3 2 dz=-— 2
727 -12z"+60z-120 z7-12z2"+60z-120

(372 -247+60)e~?

Z
e
N
”z3—12z2+60z—120 (z3-122%+60z-

z o2 e—pﬁz/r
¥, =-% ?dz =Y 073 ¥

07l

127 6072 120;3+24; 2407

120)

v

2}dz=—
3 ~
) }+1}=e‘pm/r[‘lfl 24r+
) pi

:|+lpl =e—pﬁz/?

[(13—1212+6OZ—120)2

e—Z

(23 -122% +602-120)2

221272 +602-120

12r 6072
" pi (pm)

"oy

607 —20+0(l)+1—
) P

AL P U RN AN S
PR (piny? (pin)’ PP (pin)?
~k 3
e Pl 2 H[n(n+1) i(i- 1)]] —(-D’y,
k=1]i=1 (kD(prn)*
~2
As Fo0: W, = "W{1 ML }upl
pm (pm)’
~ ~ ~ ~2
L1 28 R () o[ L)1, 2, ST
F 27" 67 7 pm (pm)
~2 ~3 ~ ~2
1 12r 607 +12()~r3_]2_607~r_120~r2+30+
pn (pM) (pm) pm  (pm)

=0(é)—90 (as should be)
r

100

(pm

12073] [ 127
+1-—+

pm

oy

24073
(pin)?

-3
120r W

607> 1207°

(pmy  (pm)

127 607
—+

pi (pm)’

H

_ 1207

(pm)’



@ n=4nn+1)=44+1)=20

7

4 k ~k
W =1+ 3 {H[i(i—l)—n(n+1)]}(

ko1 L=t k(pin)*
_ 1, (0-20)7 (0=20)(2-20)7> N (0-20)(2=20)(6-20)F> N (0=20)(2=20)(6-20)(12-20)7*
pi @h(pim)® @h(pm)? (an(piny*
207 1807> 8407° 16807 20 180 840 1680 z*-20z>+180z>-8407+1680
e Ay e Sy R R i 4
pm-(pm)~ (pm)’ (pm) Tz 2 z z

(z*-202 +18022 - 8402+1680)% = (z* -202° +1802% -8407+1680)(z* -202° +1807> - 8402+1680)
=z*(2*-202 +1802° -840z +1680)- (202> -1802% +8402z -1680)(z* - 202> +1802% -840z +1680)
=2z%-202"+1802°-8402° +1680z* - 20(z° -92% + 422 -84)(z* -202° +1802% -840z +1680)
=28-20[27 -92°+422° -842* + (2% -92% +422-84)(2* -202° +1802° -840z +1680)]
=2z%-20[2°(2z* -202° +1802% -840z +1680)+202° -1802° +840z* -16802° -92° + 422° -84 2*

+(23-62%)(2*-202%+18022 -840z +1680)— (322 -422+84)(z* -202° +1802> -840z +1680)]
=2z%-20[(22° -62%)(z* -202° +1802% -8402+1680)+112° -1382° + 756 z* -16802°
-3(z%-14z+28)(z*-202% +1802% -840z +1680)]
=2z%-20[(22° -62%)(2z* -202° +1802% -840z +1680)+22° (42° -602% +3602-840)-82° +1202°
-720z* +16802° +112°-1382° +756 z* -16802>
-3(z%-14z+28)(z*-202% +18022 -840z +1680)]
=2%-20{2[(2° -32%)(2*-202% +1802? -840z +1680)+z° (42° —-602% +360z-840)]+32° -182°
+362* -3(2%-142+28)(z*-202° +1802> -840z +1680)}
=2z8-20{2[(2%-32%)(z*-202° +1802% -840z +1680)+ 2> (42> -602% +3602-840)]
+3[2%(z* -202% +1802% -8402+1680)+20z° -180z* +8402° - 16802 -62° +122*
—(2°-14z+28)(z* -202° +1802% -840z +1680)]}
=28 -20{2[(2° -32%)(2*-202% +1802% -840z +1680)+ 2> (42° 6022 +3602-840)]
+3[142° -168z* +8402° -16802% +14(z-2)(z* -202° +1802° -840z +1680)]}

=28 -20{2[(2° -32%)(2* -202% +1802%2 -840z +1680)+ 2> (42° -602% +3602z-840)]
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+42[z(z* -202° +1802% -8402+1680)+20z* -1802° +8402° -1680z-122z* +602° ~1202°
+(z-2)(z*-202%+1802z%*-8402+1680)]}
=28 -20{((? -322)(z* -202° +1802% - 8402+1680)+ 2> (42> 607> + 3602 840)]

+21[(22-2)(z* =207° +1807% 8407 +1680)+82* —1207° + 7207% —16807]}

2 1440 2-32 L (426027 +3602-840)
(z' =207’ +1807° 8402 +1680)’ 75 =202°+1802> -840z +1680 (z*-207’ +180z° —8402+1680)*
z-1 2(47°-602" +360z-840)
+42 : = > +— . - _
74 -207’ +1802> -840z +1680 (7' -207° +1807> —8407+1680)

2, z 8,2
J %dz: 4 3 : 2 ydz
o O(Z -20z”+180z°-840z+1680)

N 3_42.24,-2 3043 _ 602 B -z
[t dzed0 H (2>=37%)e L 2 (42°-602°+3602-840)e }d

oLz =2027 +1802% ~8402+1680  (z* ~202° +1802% ~8402+1680)>

< 1,2 3 0.2 B _z
+42H (z=De ,_2(42°~602" +3602-840)e ]dz

oLzt =202 +18022~8402+1680 (z*-202° +1802% -8402+1680)°

3 -z < -z
7 z7e’t ze
=—e7%| +40| -

0 7422073 +1807> —8407+1680

) 2'-202°+1802% ~8402+1680

et ze™? ]

0

+42
2422073 +18072-8407+1680  z*—207° +1807% —8407+1680

. 407’ +1680z . 407> +1680
=-| e’ 1+— 3 > -l|=—| 7| 1+——F——|-1
7°-207 +180z° -840z +1680 ¥

1
- piiilF = 73
_Je [q,]Jr40~r+168(~)rz }_1
v, pm  (pm)

Let u=1/(z*-207>+1807> -840z+1680) and dv=(z>-3z%)e *dz

=-(e‘z-1)-40[

= du=—-(47>-60z%+3607-840)/(z* =207> +1807% —8407+1680) » v=—ze?

(22-37%)e? Pe? 23(47°-607% +3607-840)e %
2 3 2 dz=-— 3 2 il 3 2 74
77 =20z +180z° -840z+1680 z7=20z" +180z°-840z+1680 ) (z" =20z +180z° -840z+1680)

(22=37%)e? N 23(423-607% +3607—840)e~? doe et
7422073 +18022-8407+1680  (z* -207> +1807% —8407+1680)> 7422073 +18072 - 8407 +1680
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Let u=1/(z*-207>+1807% —8407+1680) and dv=(z-1)e ?dz

= du=-(47>-60z%+3607-840)/(z* =207> +1807% —8407+1680) » v=—ze %

(z-1e~? doee ze? [ 242’ -602% +3602-840) 7
74 -202° +1807% ~8407+1680 2422073 +1807% - 8407+1680 | (z*=2073 +1807% —8407+1680)>

(z-De™*? z(4z3—6012+3602—840)e_z ze ¢
7 3 2 t 3 2 3 [42="3 3 2
77 =20z"+180z°-840z+1680 (7" -20z " +180z°-840z+1680) 77 -20z" +180z° -840z+1680

t -z -pilF = =3 o ~3
'P2=-‘I’1J sy [Wl_'_4()~r+l68£)r3 }_1 =e_pm/r[g,l 407 16807 ]_IP
0¥ ! P (pim) P (pin)

— P

207 1807 8407 16807* 407 16807
1-—+ —+ —t+t—+ ~z—‘P|
pm  (pm) (pM) (pm)"  pm  (pm)

‘W'[1 207 1807 8407 +16807"]_
pi (pm) (pm) (pm)* :

=e—prh/7’ {1 E

k=1

~k
H[n(n+1) i(i- 1)]]}—(—1)4‘1’1
(k) (prn)*

~ ~2 ~3 ~4
As F—sco: qj2=e-,z;ﬁ/;[l+£~i‘+180~r2+840~r;+168(~)r4 ]_ 1
pi (pm)  (pi)  (pi)

1@ 1807 8407 16807*

pin (piy  (pamy  (pi)

_lj_pm, (pim) _(pin)  (pi)’ 0( )
7 272 67 247 7

l-—+ ~2 —5t ~ 4
pm (pm)” (pm) (pm)

207 1807 8407 1680?4}

207 1807 8407° 16807* 1807 8407 16807° 4207 8407
=l+—+ —+ —+ — 20— —+- — = —+90+——+ —
pm (pm)- (pm)" (pm) pm  (pm)- (pm) pm  (pm)

~ ~2 ~3 ~4
140 280r+70 0() 20~r_180~r2+840~r3_168(~)r4
pim 7 pm (pm) (pm) (pm)

- 0(%) — 0 (as should be)
r

(5) From (1) — (4), we conclude that:
7k

W, (F,p)= e_pm/r{1+ > [H[n(n+1) i(i- 1)]}
(kN (pin)*

k=1

}—(—1)"‘1’1(?,17)

At 7=0: ¥ (0,p)==(-1)"=(-1)""" and as 7— : P(0,p)—0
As F—o0: Ph(o,p)=0

103



(C) Summary

General solution :  V=c W +c, ¥
n k ;k
Y (F.p)=1+ > {H[i(i—l)—n(n+l)]}~k
k=1 [i=1 (kDh(pm)

. n ~k
W (F.p)=e P14 [ [n(n+1>—i<i—1>]]’~k -(=1)" ¥ (F.p)
Kili=1 (kD(prin)
At7=0: W (0.p)=1 , ¥Op=0 , W(0.p)=-(-1"==D"" , ¥0p)=0
AsFoo: [Woe , |Bse W0, W0
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