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ABSTRACT 

The analysis of about 240 flood hydrographs of 29 small watersheds 

on the island of Oahu, Hawaii, shows some unique hydrologic character

istics. A typical Hawaiian small watershed has a small area, jZash peak, 

short time to peak, and small recession constant. Most of the hydro

graphs have the typical shape of a steep triangle. 

Based on statistical analysis of the observed J~ood hydrographs, 

a linear relationship has been found between peak dishcarge and the 

volume of runoff for each watershed. Because of the similar shape of 

the semi-dimensionless hydrographs, a unit-hydrograph with uncertain 

duration can be developed for each small watershed. 

The duration of such unit hydrographs can be detePmined by using 

the S-hydrograph technique with the equilibrium discharge as a criterion 

and the trial-and-error method utilizing a digital computer. The 

durations of the unit hydrograph, or the effective rainfall durations 

for Hawaiian small watersheds, were found to range from 5 minutes to 

one hour. A good correlation has been found to exist between effective 

rainfall duration and the watershed area. 

Such a short duration unit hydrograph can be used to develop an 

instantaneous unit hydrograph by using Nash's conceptual model and the 

method of moments, assuming the effective rainfall is unifoPmly 

distributed with respect to time and space. The instantaneous unit 

hydrograph for each watershed can then be solved by a computer. The 

two instantaneous unit hydrograph parameters, Gamma function argument, 

N, and reservoir storage constant, K, were found to correlate with areas 

of small watersheds. The instantaneous unit hydrograph of a given 

ungaged area can be detePmined by knowing the area of the watershed. 

The flood hydrograph with a given duration can also be solved by applying 

the incomplete Gamma f unction. 

The superposition characteristics of a linear model can be applied 

for hydrograph analysis of Hawaiian small watersheds. Hence, the design 

discharge with certain recurrence years for different engineering pur

poses can be directly multiplied with the design runoff, which may be ob

tained with the reference of the rainfall depth-frequency-duration charts 

and soil conditions f or certain areas. 
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A hydrograph study using an instantaneous unit hydrograph provides 

a good approach for hydrologic research since the short duration of 

effective rainfall is close to the duration caused by an instantaneous 

burst of rainfall. The study also synthesizes the parametric hydrograph 

which simplifies hydrograph analysis. 
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INTRODUCTION 

A satisfactory prediction of basin response is a goal towards 

which hydrologists have been striving for many years. Over the past 

decade or two, there have been increasing attempts to simulate physi

cal basin systems by analytical methods. So far, a completely satis

factory solution has not been found, but the phenomenon of surface 

runoff is being better understood and mathematically formulated. 

Hawaiian watersheds are small in size, most of them are less than 

five square miles. The variations of rainfall in Hawaii are so extreme 

that, in spite of the extraordinary density of rain gages, there are 

not enough records extant to permit the determination of the mean rain

fall for any watershed after a storm rainfall. Since the true rain

fall pattern or the average amount of rainfall falling in any watershed 

is unknown, derivation of the design criteria for the Hawaiian small 

watersheds depends on a modified theoretical approach and an appropriate 

empirical basis for their analysis. 

The study is based on the evaluation of about 240 flood hydro

graphs from 29 small watersheds on the island of Oahu, Hawaii. Between 

four and fifteen single-peak hydro graphs were collected for each water

shed-and peak discharges and amount of runoff were calculated. 

The typical characteristics of a flood hydro graph of a Hawaiian 

small watershed can be shown through the evaluation of two time para

meters of the hydrograph, time to peak, t p ' and recession constant, kl , 

which are both small. The flood hydro graphs are most likely produced 

by an intense storm of short duration. The use of the instantaneous 

unit hydro graph (IUH) therefore seems to be suitable for the hydrograph 

analysis of tropical oceanic-island conditions of Hawaiian small water

sheds. 

LINEARITY TEST AND PEAK DISCHARGE DETERMINATION 
OF HAWAIIAN SMALL WATERSHEDS 

The conventional procedure for unit hydro graph analysis uses the 

principle of superposition by which the direct runoff due to effective 

rainfall at successive time intervals can be assumed. Sherman (1932) 

voiced his belief that this is the summation process of nature, and his 

contemporaries accepted this view without qualification. Later 
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investigators began to doubt the validity of the principle of super

position as they found that the unit hydrograph so obtained varied with 

hydrologic conditions. 

Mathematically speaking, a drainage basin system is linear if the 

convolution integral expressed by 

Q(t) =} U(t-T) I(T)dT 
o 

(1) 

applies. Where Q is outflow, U is the instantaneous unit hydrograph, 

IUH, and I is the rainfall functions, t and T are time variables. For 

practical purposes, the linearity of the rainfall-runoff relationship 

may be defined on the basis of IUH. The rainfall-runoff relationship 

of a drainage basin is said to be linear if its IUH has a unique un

changeable shape. 

The essential non-linearity of the idealized procedure governing 

catchment response to input rainfall is increasingly being accepted. 

Equally certain is the usefulness of a simple linear model of this phe

nomenon, particularly for the purposes of quick estimation and for 

studying the effect of parameter variation, but also because almost 

forty years of collective experience with unit hydrograph methods have 

shown hydrologists that the quantitative effect of the non-linearities 

is often not so large in natural catchments. 

The assumption of linearity has been used since 1932 when Sherman 

introduced the unit hydro graph concept that peak discharge is directly 

proportional to the volume of runoff for a given duration of the unit hy

drograph. The most important property of such a linear relationship is 

that superposition allows a flood hydro graph to be constructed if the 

duration of effective rainfall and its corresponding unit hydrograph 

are known. 

In this study, a linearity test for Hawaiian small watersheds was 

made by studying two hundred and thirty-eight flood hydro graphs for 

twenty-nine small watersheds on the island of Oahu, Hawaii. The test 

was based on multiple regression analysis by using the 360/65 digital 

computer to correlate the peak discharge per unit area of all the storms 

that were recorded for every watershed in this study, ~/A, with surface 

direct runoff, R, expressed in inches. The result was shown as: 
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~ = 12.10 ~O.63792R (2) 

correlation coefficient, r = 0.8843 

number of hydrographs, n = 238 

The result shows that a good linear relation exists between ~ and 

R for any Hawaiian small watersheds. This statistical analysis is similar 

to that obtained by Wu (1969), who based his linearity test for Hawaiian 

small watersheds on graphical interpretation. 

Since a linear relationship exists between the peak discharge and 

runoff for any given watershed, or a group of watersheds of similar 

size, the linear system can be assumed for Hawaiian small watersheds. 

HYDROGRAPH STUDY OF HAWAIIAN SMALL WATERSHEDS 

Construction of Semi-Dimensionless Hydrograph and Unit Hydrograph 

The location of the twenty-nine small watersheds, distributed 

throughout the island of Oahu, are shown in Figure 1 and the size of 

their drainage areas are listed in Table 1. Two hundred and thirty

eight flood hydro graphs obtained from the selected watersheds were used 

in this study. Four to fifteen hydrographs were chosen for each water

shed. 

The shape of most of the hydrographs is a typical triangle. Using 

data obtained from an actual storm hydrograph (Wu, 1969), semi-dimension

less hydrographs were constructed by plotting Q/~ against t and super

imposing the ordinates of peak discharges on the same time abscissa. For 

most of the twenty-nine watersheds these semi-dimensionless hydro graphs 

retained the same steep triangular shape. Although there is a small 

spread in the time base of the semi-dimensionless hydro graphs when the 

hydrographs are compared, the semi-dimensionless hydrographs for a 

single watershed follow a general pattern. This finding provides a 

possible method for a general model for each watershed for the beginning 

of this basic hydrograph analysis (Fig. 2). 

Since the shape of the flood hydrograph is a steep triangle, two 

hydro graph time parameters, time to peak, t , and recession constant, K, 
p 

which express the slope of the rising and falling parts of the hydro-

graph. respectively, can be used to determine the size of the hydrograph. 
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TABLE l. A LIST OF HYDROGRAPH CHARACTERISTICS OF HAWAIIAN SMALL 
WATERSHEDS. 

SEMI-
AVERAGE AVERAGE HYDRO- DIMENSION-

WATER- TIME TO RECESSION 
t = GRAPH LESS HYDRO-

WATER- SHED PEAK CONSTANT r BASE GRAPH PEAK 
t K1 1. 38 K1 TB DISCHARGE SHED AREA P 

NO. (ACRES) (HOURS) (HOURS) (HOURS) (HOURS) (CFS) 

2000 883 1.11 0.76 1.05 5.15 718 

2080 2586 1.92 1.61 2.22 7.00 1164 

2116 1363 0.37 0.72 0.99 2.90 1527 

2118 2093 1.34 1.44 1.99 4.80 1172 

2128 2746 0.95 0.78 1.08 5.50 2233 

2130 29248 2.58 2.39 3.30 9.60 8856 

2160 16896 1.40 1.54 2.13 7.25 8780 

2230 3885 1.33 1.04 1.44 8.45 2083 

2245 1658 0.25 0.75 1.04 2.75 1857 

2270 5619 1.25 2.69 3.71 8.80 2213 

2280 1747 1.28 1.01 1.39 4.25 1190 

2290 1670 0.71 0.66 0.91 3.85 1589 

2390 678 0.77 0.68 0.94 2.80 743 

2400 730 0.66 0.83 1.15 3.20- 751 

2440 755 0.83 0.70 0.97 2.90 793 

2460 666 0.75 0.73 1.01 2.80 671 

2470 2323 0.58 0.98 1.35 3.60 2055 

2540 1306 0.94 0.54 0.75 3.50 1197 

2739 2803 0.80 1.25 1. 73 4.50 1884 

2750 621 0.70 0.47 0.62 2.75 784 

2830 179 0.58 0.39 0.54 1.65 292 

2838 198 0.55 0.64 0.88 1.80 278 

2840 595 0.80 0.42 0.58 2.30 769 

2910 634 0.79 0.45 0.62 2.80 760 

2960 2394 0.75 1.14 1.57 5.25 1828 

2965 2394 0.66 1.30 1. 79 5.20 1678 

3030 1779 0.74 0.70 0.97 5.15 1447 

3300 6266 0.90 2.43 3.35 6.95 2872 

3450 1907 0.57 1.64 2.26 6.60 1145 

Time to peak is determined arbitrarily by following the general 

shape of the rising part of the hydrograph. The general study of the 

observed hydrographs showed that the variation within a single water

shed is small. Thus, an average value of time to peak for each water

shed can be used. Similarly, the variation of the recession constant 

within any single watershed is small, therefore, an average value of 

the recession constant can also be applied. 

The recession constant, K, is a coefficient of an assumed linear 

5 
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FIGURE 2. SEMI-DIMENSIONLESS HYDROGRAPH FOR A WATERSHED. 

storage model of recession flow. Theoretically, the K-value can be 

determined by plotting the recession curve on semi-logarithm paper or 

plotting its dimensionless form, Q/Q , against time on semi-logarithm 
p 

paper. However, there is not only one straight line for the recession 

curve but two or three straight lines. The last two are caused by 

interflow and ground water. The recession flow of Hawaiian small water

sheds is largely surface runoff, therefore, the first part of the re

cession is used to determine the recession constant, which is designated 

as KI . 

The typical triangular shape of semi-dimensionless hydro graphs of 

Hawaiian small watersheds is shown as Figure 3, 

The section of the recession curve, from the peak to approximately 

fifty percent of the curve, can be plotted as nearly a straight line on 

semi-logarithm paper. 

culated as, 

Hence, the recession constant, K , can be cal
l 

K 
I 

llt 
= -----::---

2.3 log _~ __ 
O.SQ 

P 

(3) 
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FIGURE 3. TYPICAL TRTANGULAR HYDROGRAPH. 

Since ~t can be rewritten as O.S t , where t is the time base r r 
of the recession part, according to the triangular hydrograph (Wu, 1969), 

then, 

or, 

0.5 t 
Kl = _--::.---;:;---.-r_....,..-_ 

2.3 log 2 

0.722 t , 
r 

(4 ) 

The peak discharge, determined by using a triangle hydrograph, 

will be over-estimated because the lower portion of the recession curve 

of the actual hydrograph beyond the straight line is neglected. A re

vised semi-dimensionless hydro graph for each watershed can be drawn 

, according to the following criteria: 

i. average time to peak, t , 
P 

ii. tr = 1.38 Kl , where Kl is average recession constant, 

iii. time base, TB, = mean time base of the flood hydrograph, and 

iv. the general pattern of the flood hydrograph. 
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The improved model of the semi-dimensionless hydro graph is 'thus 

constructed for each watershed (Fig. 4). The average hydro graph time 

Q 

Qp 

1.0 

0.6 

0.2 

GENERAL RECESSION PATTERN 
/' OF FLOOD HYOROGRAPH 

FIGURE 4. CONSTRUCTION OF A SEMI-DIMENSIONLESS HYDROGRAPH. 

parameters, t p ' Kl , tr' and TB for the twenty-nine watersheds on the 

island of Oahu are listed in Table 1. 

When semi-dimensionless hydro graphs were plotted, the areas under 

those hydrographs can be measured with the aid of a planimeter. Since 

the area under a unit hydro graph should be equal to one inch of rain

fall excess, the peak discharge of each revised semi-dimensionless 

hydro graph can be determined as, 

or, 

o - 1. 008 A 
'P - fH dt (5) 

where, f H dt is the area under the semi-dimensionless hydrograph. Thus, 

the unit hydrograph for each watershed can be easily constructed by only 



multiplying its peak discharge versus the ordinates of the semi-dimension

less hydro graph for each watershed is also listed in Table 1. 

Determination of the Effective Rainfall Duration 

The theoretical S-hydrograph is a hydro graph produced by a con

tinuous effective rainfall at a constant rate for an indefinite period. 

The curve assumes a deformed S-shape and its ordinates ultimately 

approach the effective rainfall rate at time of equilibrium. The S

hydro graph can be constructed graphically by summing up a series of 

identical unit hydrographs spaced at intervals equal to the effective 

rainfall from which they were derived. Assuming that the S-hydrograph 

is produced by a continuous effective rainfall at a constant rate, 

the advance or offset of the position of the S-hydrograph for a period 

equal to the desired duration, T , is called an offset S-hydrograph. e 
By the reversed procedure, an approximately longer duration of effective 

rainfall is first assumed. The computed ordinates of the S-hydrograph 

will show a periodic up-and-down variation if the assumed duration is 

not of adequate length. New S-hydrographs were repeatedly tested by 

reducing the duration by 0.05 hour each time from the original assumed 

duration. Theoretically, the maximum ordinates of an S-hydrograph 

should reach its equilibrium discharge, which is equal to 1.008 lA, 

and S-hydrograph itself should rise smoothly if it is produced by an 

adequate effective rainfall duration. Thus, the criterion applied in 

this study is based on checking the maximum discharge of an S-hydrograph 

with the equilibrium discharge and smoothing off the periodic waving 

fluctuation of the highest portions of the S-hydrographto less than 

0.005 cfs. By using the trial-and-error method, an adequate effective 

rainfall duration can be determined for each watershed. To find the 

estimated durations objectively for the twenty-nine Hawaiian small water

sheds studied, an IBM 360/65 digital computer is used. The result 

shows that most of the durations are less than 30 minutes (Table 2). 

After the effectrve rainfall d~.lrq.tions of twenty-nine watersheds 

were obtained, a multiple regression was made by correlating duration, 

T , expressed in minutes, with watershed area in acres. The relationship 
e 

between the two variables is: 

T = 0.05191 AO.7~626 
e (6) 

9 
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TABLE 2. ESTIMATED EFFECTIVE RAINFALL DURATION AND WATERSHED AREA. 

ESTIMtl.TED 
EFFECTIVE 
RAINFALL 

WATERSHED DU<ATION 
T 

WATERSHED AREA e 
NO. (ACRES) (MINUTES) 

2000 883 9 

2080 2586 30 

2116 1363 6 

2118 2093 12 

2128 2746 15 

2130 29248 72 

2160 16896 45 

2230 3885 52 

2245 1658 15 

2270 5619 42 

2280 1747 12 

2290 1670 12 

2390 678 6 

2400 730 6 

2440 755 6 

2460 666 6 

2470 2323 12 

2540 1306 12 

2739 2803 24 

2750 621 6 

2830 179 3 

2838 198 3 

2840 595 6 

2910 634 6 

2960 2394 21 

2965 2394 21 

3030 1779 15 

3300 6266 36 

3450 1907 18 

correlation coefficient, r = 0.9469 

A correlation chart based on equation (6) was plotted (Fig. 5) 

to be used as a reference for the estimated effective rainfall duration 

for hydro graph design of ungaged Hawaiian small watersheds. 

INSTANTANEOUS UNIT HYDROGRAPH 

The Instantaneous Unit Hydrograph Theory and Its General Properties 

If the period of the effective rainfall duration becomes infi-
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nitesimally small, the resulting unit hydrograph is called an instanta

neous unit hydrograph, which is expressed by U(O, t) or simply U(t). 

This is only a fictitious situation and a concept to be used in hydro

graph analysis. By the principle of superposition in the linear unit 

hydrograph, when an effective rainfall of function, I(T), of duration, 

t , is applied, each infinitesimal element of this effective rainfall 
o 

hydro graph will produce a direct runoff hydro graph equal to the pro-

duct of leT) and the instantaneous unit hydrograph expressed by U(O, 
-. -. '. . ~--- -,,- ------- --- .. _, .. 

t-T) or U(t-T). Thus, the ordinate of the direct runoff hydro graph 

at time, t, as shown in Figure 6 (Chow, 1962), is, 

t' ~ t o 
Q(t) = OJ U (t-T) leT) dT (7) 

which is called the convolution integral, also known as the Duhamel 

integral, in' which T is the dummy variable of integration, U(t-T) is 

a kernel function, leT) is the input function, and t' = t when t ~ t 

and t' = t when t > t . o 0 

The instantaneous unit hydrograph is, therefore, defined as 

o 

being equal to the kernel function of the convolution integral that 

will produce a given surface runoff hydro graph from a given pattern of 

effective rainfall. The convolution integral is used to determine the 

response or hydrograph, Q(t), of the instantaneous unit hydro graph to 

any arbitrary excitation or rainfall excess, l(t), if the unit impul

sive response, U(t), is known. 

For a one inch rainfall excess of constant intensity and duration, 

T , the excitation is, 
e 

I (t) = -=T_l
e 

and equation (7) becomes, 
1 t 

U(Te , t) =-T--- I U(t-T) dT, 
e 0 

which is the equation of the, unit hydro graph of duration, Te , 

The instantaneous unit hydrograph has been defined before as 

being equal to the kernel function of the convolution integral that 

will produce a given direct surface runoff hydrograph from a given 

rainfall excess hyetograph, It is demonstrated that in the limit, 

(8) 
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as the duration of the rainfall excess becomes short, the kernel function 

also represents the runoff hydro graph due to an instantaneous rainfall 

excess. 

The properties of the ordinates of the IUH by U(t), may be 

summarized as follows (Diskin, 1964): 

o ~U (t) ~ M for t > 0 

where M is some finite positive number, and 

U (t) = 0 for t < 0, 

U(t) +0 for t -+ 0, 
00 

~ U(t) dt = 1. 0, 

00 

I U (t) t dt = tv 0 

where tL is the lag time of the WH. 

(9) 

(10) 

The important point of view to consider is that the instantaneous 

unit hydro graph may be developed because the IUH curve encloses a unit 

area, and the IUH is the hydrograph of runoff due to a rainfall of very 

short duration. 

Conceptual Model of the Instantaneous Unit Hydrograph 

There are various conceptual models that have been proposed to 

derive an IUH. These models may be derived by physical analogy or 

mathematical simulation. 

The concept of a linear reservoir was implied in an analysis of 

rainfall and runoff relationship by Zoch (1934, 1937). Later, Clark 

(1945) and O'Kelly (1955) considered the IUH as the result of routing 

a time-area diagram through a linear reservoir in their methods of 

hydrograph analyses. Sugawara and Masuyama (1956) introduced the 

conceptual use of a single mechanism, consisting essentially of linear 

reservoirs, as analogous physical models to analyze river runoff. 

Since 1957 and the following years, Nash (1957, 1959, 1960) and 

Dooge (1959) proposed a conceptual model by considering a drainage 

basin as N identical linear reservoirs in series. By routing a unit 

inflow through the reservoirs, as shown in Figure 7, a mathematical 
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FIGURE 7. ROUTING OF INSTANTANEOUS INFLOW THROUGH A SERIES 
OF LINEAR STORAGE RESERVOIRS (NASH'S MODEL). 
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equation can be derived for an IUH, 

U (t) = -::-:-A:-=-=-=-- e -t/KCt/K)N-l 
K r(N) (11) 

The IUH is thus defined by an expression containing a single term 

with two parameters, the Gamma function argument, N, and reservoir 

storage constant, K, which can be used for determining the shape of 

the instantaneous unit hydrograph. 

Method of Moments 

One of the most important problems in surface hydrology is the 

determination of the impulse function of a watershed system. A useful 

approach to the determination of the shape of the impusle response 

function is, assuming the system to be linear, the use of a moments 

theorem that relates the moments of the three functions: moment of 

effective rainfall hyetograph, MERH , moment of instantaneous unit 

hydrograph, M1UH' and moment of surface runoff hydrograph, MSRH . 

The values of Nand K in Nash's IUH conceptual model can be 

evaluated by the method of moments CNash, 1959). The first and second 

moments of an instantaneous unit hydrograph about the origin are ob

tained as follows; 

M1UHl 
K rCN + 1) NK (12) = r(N) = 

and, 

MIUH2 
K2 

r (N + 2) N(N + 1) K2 (13) = r CN) = 

where M1UHl and M1UH2 are the first and second movements of an IUH about 

the origin. 

The method of moments can be used for the actual hydrograph ana

lysis. By relating the convolution integral to the effective rainfall 

hyetograph (ERH) and surface runoff hydrograph (SRH), the first and 

second moments about the origin can be derived as, 

MSRH1 - MERHl = NK (14) 
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and, 

MSRH2 - MERH2 - 2NK MERHI = N(N + 1) K2 (15) 

where, MSRHI = first moment of surface runoff hydro graph about the origin 

MSRH2 = second moment of surface runoff hydro graph about the origin, 

MERHI = first moment of effective rainfall hyetograph about the 

origin, and 

MERH2 = second moment of effective rainfall hyetograph about the 

origin. 

The first and second moments of effective rainfall hyetograph and 

surface runoff hydro graph about the origin can be calculated from the 

given rainfall hyetograph and runoff hydrograph. The two instantaneous 

unit hydro graph parameters, Nand K, can be obtained from equations (14) 

and (15). 

Derivation of Unit Hydrograph from IUH 

The assumption of linearity implies that the runoff hydrograph 

due to the two rainfall periods is simply the sum of those runoff hy

drographs due to each period. If a uniform continuous effective rainfall 

of an intensity of 1 inch per hour is applied to a watershed system, it 

will produce an S- shaped hydro graph which will approach a value equal 

to the intensity of the effective rainfall asymptotically as shown in 

Figure 8. The unit hydrograph with a duration T can be derived by 

shifting the S-curve to the right by an amount T is shown in Figure 9. 

The difference between the two S-curves then can be used to determine 

unit hydro graph of T duration. 

If the duration T of a unit hydro graph is diminished indefinitely, 

the S-curve will be a summation of the instantaneous unit hydrograph, 

Set) = 
t fa U(O, t). dt, (16) 

and a unit hydro graph of duration T can be expressed mathematically as, 

U(T, t) = (lIT) [Set) - Set - T)] 

t 
= (lIT) (J U(O, t) dt 

a 
tIT U(O, t) dt 
a 
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U(T,t) 

I EFFECTIVE RAINFALL OF I in/hr _ 

----- - - -=-....:=:...-,--

S(t) I in/hr 

"
" " "- ....... 

FIGURE 8. OBTAINING THE S-HYDROGRAPH FROM A 
KNOWN UNIT HYDROGRAPH. 

I EFFECTIVE RAINFALL OF lin/hr 

T 

t 

I in/hr 

FIGURE 9. OBTAINI NG A UNIT HYDROGRAPH OF ANY 
PERIOD FROM A KNOWN S-HYDROGRAPH. 

t 
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t 
= (l/T} I 

t-T 
U(O, t) dt 

As T is diminished indefinitely, U(T, t) approaches the instan

taneous unit hydrograph and the right-hand side of the equation (17) 

approaches the derivative of the S-hydrograph (Nash, 1960), hence, 

d U(O, t) =(ft Set). (18) 

Substituting equation (11) into equation (16), Set) can be expressed as, 

Set) = 

= 

= 

1 Jt/K 

° 
e-t/KCt/K)N-ldCt/K) 

r(N) 

(19) 

t/K 
where IG is the incomplete Gamma function of order ~~ at CN-1) defined 

as, 

1 JU-yp:;i -v 
IG (u, p) = -=-..,......;~- e vP dv 

rCp+1). ° 

provided that, v = ~ , 
t/K 

u - --- ...JP+r and N = p+1. 

The unit hydrograph of period T is given by, 

1 
U (T, t) = T [S (t) - S (t -T) ] 

The unit hydro graph with duration T can be determined from the 

incomplete Gamma function, (Pearson, 1946), provided that the two IUH 

parameters, Nand K, are known. 

(20) 
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The Instantaneous Unit Hydrographs of Hawaiian Small Watersheds 

The IUH equation can be expressed as, 

U(O, t) = feN, K, t), (21) 

where Nand K are the two independent variables which can be determined 

from the moments of the effective rainfall hyetograph and surface run

off hydrograph by equations (14) and (15). 

The instantaneous unit hydro graph for twenty-nine small watersheds 

were solved by a digital computer. By applying Nash's conceptual model 

and the method of moments and using the effective rainfall duration es

timated from the S-hydrograph technique as an input criterion, two IUH 

parameters, Gamma function ~rgument, N, and reservoir storage constant, 

K, can be found for each watershed (Table 3). 

After values of Nand K have been obtained, the IUH pattern for 

each watershed can then be solved by a computer. The IUH distribution 

for each watershed is grouped and plotted according to the size of the 

watersheds (Appendix A). The peak discharge, U , and time to peak, t' , m p 
of the IUH derived for each watershed are given in Table 3. 

Multiple Regression Analysis between IUH Parameters 
and Watershed Characteristics 

Different sets of multiple regression were made by the digital 

computer between the dependent variables, Nand K, with the independent 

variables, watershed area, A, stream length, L, and stream slope, s. 

However, from the results analysed, the watershed area appears to be a 

dominant factor. Therefore, the wat ershed area, A, was selected for 

use in estimating the IUH parameters, Nand K. Figures 10 and 11 were 

devised by plotting Nand K against the watershed, A, based on regression 

formulas: 

K = 0.01085 AO.55048 , 

r = 0.9345, n = 29. (22) 

and, 

N = 14.56 A-O. 28 098, 

r = 0.8000, n = 29. (23) 



TABLE 3. IUH CHARACTERISTICS OF HAWAIIAN SMALL WATERSHEDS. 

RESER- IUH 

VOIR PEAK TIME 
STORAGE G~ GJIMM<\ FIRST SECOND DIS- TO 

WATER- CONSTANT FUNCTION FUNCTION I-'O'1ENT t>'OI-ENT CHARGE PEAK 
Ml M2 U T' SHED K ARGUMENT VALUE m p 

NO. (HOURS) N r (N) (HOURS) (HOURS 2) (CFS) (HOURS) 

2000 0.615 2.222 0.11399 1. 367 2.710 485 0.751 

2080 1.079 1.913 0.96523 2.065 6.493 917 0.985 

2116 0.497 1.601 0.89352 0.796 1.030 1239 0:298 

2118 0.641 2.603 1.42963 1.669 3.856 980 1.027 

2128 0.829 1.431 0.88604 1.187 2.394 1690 0.357 
2130 2.156 1.208 0.91558 2.605 12.405 8681 0.448 

2160 1.612 1.057 0.96874 1. 705 5.656 8680 0.091 
2230 1.411 1.327 0.89328 1.873 6.152 1542 0.461 

2245 0.658 1.088 0.95548 0.716 0.984 1950 0,lJ57 

2270 1.656 1.236 0.90852 2.048 7.586 2097 0.390 

2280 0."541 2.504 1. 32934 1.355 2.570 997 0.813 

2290 0.589 1.988 0.99581 1.171 2.061 1048 0.581 

2390 0.311 2.797 1.67648 0.870 1.028 618 0.558 

2400 0.382 2.384 1. 22618 0.911 1.178 612 0.528 

2440 0.323 2.984 1.96359 0.964 1.241 637 0.640 

2460 0.355 2.687 1. 53246 0.954 1.249 547 0.598 

2470 0.593 1.600 0.89352 0.949 1.464 1771 0.355 

2540 0.568 1.948 0.97988 1.107 1.855 865 0.538 

2739 0.950 1. 217 0.91911 1.157 2.438 1867 0.206 

2750 0.321 2.501 1.32934 0.803 0.903 597 0.481 

2830 0.179 3.530 3.43569 0.632 0.513 243 0.452 

. 2838 0.197 3.543 3.47420 0.698 0.625 244 0.500 
2840 0.298 2.691 1. 53246 0.802 0.883 584 0.503 
2010 0.358 2.424 1.25863 0.868 1.065 560 0.509 

2960 0.952 1.165 0.92670 1.110 2.289 1709 0.157 

2965 1.011 1.197 0.91817 1.211 2.692 1546 0.199 

3030 1.013 1.220 0.91311 1.236 2.780 1106 0.222 

3300 1.384 1.156 0.92980 1.600 4.775 3118 0.215 

3450 1.163 1.194 0.92088 1.389 3.545 1067 0.225 

The Determination of Peak Discharge and Time Distribution of the 
Instantaneous Unit Hydrograph for Ungaged Watersheds 
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The two IUH parameters, Gamma function argument, N, and reservoir 

storage constant, K, listed in Table 3, show that they are both small 

for Hawaiian small watersheds. N ranges from 1.05 to 3.6 and K varies 

from 0.1 to 2.2 hours. Also by statistical analysis, K is increasingly 

proportional to the watershed size while N is, inversely proportional 

to the watershed area. 
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The peak discharge of the IUH can be derived by differentiating 

equation (11) with respect to time, t, and equaling it to zero. It can 

be shown as, 

or 

Where 

U A - (N-l) = K rCN) e m 

Um = C fCN) 

C = A/K 

fCN) = 
e-CN-l)CN_l) CN-l) 

r(N) 

(N-l) (N-l) (24) 

(25) 

feN) for different values of N ranging from 1.0 to 4.0 was plotted in 

Figure 12. Since K is correlated with watershed area, A, as equation 

(22) , 

K = 0.01085 AO.SS048, 

hence, 

C = ~ = 92.166 AO.44952. 
K 

(26) 

Therefore, the peak discharge of IUH for ungaged watersheds can be de

rived from Figure 12 by multiplying a factor C, provided that the water

shed area is known. 

Further, IUH equation is expressed as, 

U(O, t) A e-t/K(t/K)N-l = K r(N) 

A e-t/K(t/K)N-l 
= -K- r CN) 

= C fCN, K, t) . 

where, C, a constant, is equal to 92.166 AO.44592, and, 

f CN, K, t) = 
e-t/KCt/K)N-l 

r CN) 

(27) 

Both K and N are correlated with watershed area, A, as shown in equations 

(22) and (23). The time distribution of IUH can also be constructed 
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by combining different values of N's (1.1, 2.0, 3.0, 4.0) with different 

values of K's (0.1, 0.5, 1.0, 2.0, 3.0) and were thus devised for differ

ent possible IUH patterns for the reference of hydrologic design for 

ungaged watersheds (Appendix B). 

DISCUSSION OF THE RESULTS 

Peak Discharge Determination 

The regression equation, equation (15), can be expressed as a 

simple form, 

Q = CAR, 

where 

C = 12.10 A- O • 362 

(28) 

and A is the watershed area in acres. This relation can be used not 

only to test the linearity of Hawaiian small watersheds but it can 

also be used as an empirical equation to determine the peak discharge. 

A good agreement is shown between the peak discharge calculated accord

ing to equation (28) and the observed peak discharges of Hawaiian small 

watersheds which are plotted in Figure 13. For ungaged areas if an 

amount of runoff, R, can be assumed or designed, the peak discharge 

can be easily determined by using the design chart given in Figure 14. 

The peak discharge can also be determined by using the peak dis

charge equation of the instantaneous unit hydrograph, 

U 
m 

A = ----:-~ 
K r (N) 

e - (N-l) (N_l)N-l 

Since both K and N can be determined by the watershed areas, the peak 

discharge of an IUH, Um, can be calculated . . If a designed runoff, R, is 

known for a watershed, the peak discharge can be simply expressed by 

Q = U R. 
P m 

(29) 

The peak discharge, determined by using the instantaneous unit hydro graph , 

showed a good agreement when compared with the peaks of the semi-dimension

less unit hydrographs derived from recorded hydrographs of small water

sheds (Fig. 15). 
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Flood Hydrograph Design 

The design of an instantaneous unit hydro graph for an ungaged 

Hawaiian small watershed can be obtained by simply knowing the area of 

the watershed. The instantaneous unit hydrograph can be calculated from 

equation (11), 

A 
U (t) = 'K feN) 

-t/k e 

or estimated from Appendix B if the two parameters, Nand K, are known. 

The flood hydrograph can be easily constructed if the amount of 

runoff, R, is determined and known. The determination of runoff, R, is 

itself a complicated design problem, especially in Hawaii where a rain

fall-runoff relation is not known. However, since the effective duration 

of rainfall is small, the infiltration loss is small when compared with 

the total amount of rainfall if a high initiai soil moisture condition 

is present prior to the storm rainfall. A reasonable amount of runoff 

can be estimated through the depth-duration-frequency curves of Hawaiian 

Islands (U. S. Weather Bureau, 1962) by neglecting the infiltration loss. 

The one-hour depth-frequency curves are recommended for conservative 

design since the duration of effective rainfall are all less than one 

hour. The construction of the hydro graph can be based on the charac

teristics of linearity and direct superposition and be expressed by the 

simple equation, 

Q (t) = R U (t) . (30) 

The peak discharge for the 100-year frequency and one-hour duration 

with various amounts of runoff, shown in the U. S. Weather Bureau Map 

(Fig. 16), was calculated and is listed in Table 4. When the values 

of peak discharges of design storm hydro graphs are compared with the 

maximum recorded flood peak discharges and 100-year peak discharges by 

Gumbel's extreme value method for twenty-nine small Hawaiian watersheds, 

most of the design peak discharges are slightly higher than the max-

imum recorded flood peak discharges shown in Table 4. A comparison was 

made for the three different methods: design peak from IUH, triangular 

hydro graphs and enveloped curves (Fig. 17). The designed peak by IUH 

for twenty-nine watershed wer e plotted against watershed areas. The two 

curves for runoff, R, refer t o six and four inches and were developed 

by Wu (1969) from a triangular hydrograph study. Two envelope curves 
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TABLE 4. COMPARISON OF CALCULATED FLOOD PEAK DISCHARGES 
WITH MAXIMUM RECORDED FLOOD PEAK DISCHARGES, AND 
lOO-YEAR SUMBEL'S EXTREME PEAK DISCHARGES OF 
HAWAIIAN SMALL WATERSHEDS. 

WATER
SHED 
~. 

2000 

2080 

2116 

2118 

2128 

2130 

2160 

2230 

2245 

2270 

2280 

2290 

2390 

2400 

2440 

2460 

2470 

2540 

2739 

2750 

2830 

2838 

2840 

2910 

2960 

2965 

3030 

3300 

3450 

100-YR, 
1-hu 

RAINFALL 
1\ 

(INCHES) 

6 

5 

3.5 

3.5 

5 

3.5 

3.5 

3.5 

3.5 

3 

5.5 

5.5 

5 

5 

4 

4 

3.5 

5.5 

4.5 

5.5 

5.5 

5.5 

5.5 

5.5 

6 

6 

6 

4 

5 

HONOLULU DISTRICT 
W: WINDWARD SIDE 
L: LEEWARD SIDE 

I LA-i 
PEAK 

DISCHARGES 
(CFS) 

485 

917 

1239 

980 

1690 

8681 

8680 

1542 

1950 

2097 

997 

1048 

618 

612 

637 

547 

1771 

865 

1867 

597 

243 

244 

584 

560 

1709 

1546 

1106 

3118 

1067 

B: BETWEEN MOUNTAIN RANGES 

CALCULATED 
FLOOD PEAK 
DISCHARGES 

(CFS) 

2910 

4585 

4336 

3430 

8450 

30384 

30380 

5397 

6825 

6291 

5484 

5764 

3090 

3060 

2548 

2188 

6198 

4757 

8401 

3283 

1337 

1342 

3212 

3080 

10254 

9276 

6636 

12472 

5335 

MA.XIMUM 
RECORDED 

FLOOD PEAK 
DISCHARGES 

(CFS) 

5490 

5460 

1170 

1350 

5680 

13600 

16900 

5330 

2580 

4580 

12400 

3090 

3250 

2600 

1550 

3250 

6000 

6610 

5740 

1730 

1700 

5110 

2230 

5430 

2970 

3050 

2750 

100-YR 
GUMBEL'S 
EXTREME 

PEAK 
DISCHARGES 

(CFS) 

6600 

19600 

30000 

8400 

3950 

4700 

8500 

2300 

3500 

2600 

1750 

4700 

5400 

600 

2000 

3800 

5400 

B 

B 

L 

L 

B 

B 

B 

B 

B 

H 

H 

H 

H 

H 

H 

H 

H 

W 

W 

W 

W 

W 

W 

W 

W 

W 

W 

B 

B 
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A and B were determined by Chow (1966) from the maximum recorded peaks 

of watersheds. The curve A is recommended for Windward Oahu and curve 

B is recommended for leeward Oahu, including the Honolulu area. A com

parison of the envelope curves developed by Chow with the other methods 

shown in Figure 17 indicates that an over estimation of peak discharges 
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will be obtained when Chow's method is used. 

CONCLUSIONS 

1. The instantaneous unit hydro graph analysis provides a good approach 

for hydrologic research in the Hawaiian islands. The oceanic-island 

characteristics of Hawaiian small watersheds are quite different from 

the hydrologic standards of the continental mainland. Hawaii seems 

to be a region where the instantaneous unit hydro graph approach can be 

best expressed for hydro graph analysis since a short duration of effective 

rainfall is closer to the concept of the instantaneous unit hydro graph 

which is produced by an instantaneous burst of rainfall. The study also 

synthesizes the equations of parametric hydrograph which simplifies hy

drologic analysis for practical use. 

2. In analyzing the observed flood hydro graphs of twenty-nine small 

watersheds on Oahu, some special hydrologic characteristics such as small 

area, flash peak, short time to peak, and recession constant were noted. 

Most of the hydrographs have the typical shape of a steep triangle. 

3. The most important characteristics of the hydrograph study 

of Hawaiian small watersheds are the short effective rainfall duration 

and the applicability of the linear system approach. The flood hydro

graph can be directly superposed by knowing the IUH pattern and runoff 

amount. These special characteristics of the storm hydro graph of small 

Hawaiian watersheds are quite different from the standard criteria for 

the continental U. S. mainland where effective rainfall duration is 

much longer causing a time lag in the hydro graph analysis which should 

be considered. Hence, the flood hydro graph cannot be directly multi

plied. In hydrograph studies of small Hawaiian watersheds, flood hydro

graph can be directly multiplied without any significant error although 

a few storm hydrographs appear to have a slight time overlapped. This 

can be regarded as the most useful property of short-duration unit hy

drographs of Hawaiian small watersheds. 

4. The IUH derived from Nash's conceptual model is a parametric 

unit hydro graph which can be determined by its two parameters, Nand K. 

Moreover, it has been found that Nand K have correlations with water

shed area. In general, as a watershed increases in size, reservoir 

storage constant, K, becomes larger and Gamma function argument, N, 



decreases. The watershed area in the hydro graph study of very small 

watersheds appears to be the most important factor among the watershed 

characteristics: This finding gives a convenient way to develop the 

hydro graph design of ungaged watersheds. 

3S 

S. The relationship between peak discharge and amount of runoff 

appears to be linear for a small Hawaiian watershed or for small water

sheds of similar size. 

6. The effective rainfall duration of small Hawaiian watersheds has 

been estimated to range from S minutes to I hour depending upon the 

size of the watershed. The characteristics of the short-duration unit 

hydro graph gives the hydro graph study of Hawaiian small watersheds a 

peculiar aspect in hydrologic analysis. 
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APPENDIX A. IUH PATTERNS OF HAWAIIAN SMALL WATERSHEDS. 
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APPENDIX B. IUH PATTERNS FOR UNGAGED WATERSHEDS. 
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