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Abstract

In this thesis we discuss application of perturbative QCD to processes involv-

ing bottom and top quarks. We begin by considering the semileptonic B-meson decay

to charmed final states B → Xcℓνℓ. We calculate two-loop QCD corrections to the par-

tonic contribution to this process, given by the free b-quark decay b → cℓνℓ. We consider

cases where the charged lepton in the final state is massless (e) or massive (τ). We review

techniques used in the computation of O(α2
s) corrections to inclusive semileptonic b → c

transitions and present extensive numerical studies of the two-loop QCD effects in b → cℓν̄ℓ

decays, for ℓ = e, τ .

Next, we explore determination of the top quark mass at hadron colliders, by

studying correlations between kinematics of top quark decay products and the top quark

mass. Some of these observables are anticipated to yield one percent accuracy (or better) in

the extracted value of the top quark mass mt. The residual uncertainties in mt are mostly

theoretical; they are usually estimated using parton shower Monte Carlo programs whose

reliability at this level of precision is difficult to assess. We employ perturbative QCD at

next-to-leading order to describe these observables and estimate the uncertainties in the

values of mt that are extracted from them. We contrast these estimates with the results

obtained by means of traditional parton showers for a few observables, often discussed in

the context of high-precision top quark mass measurements at the LHC. We find that the

parton showers are good in estimating central values, but that perturbative QCD provides

us with both accurate central values and a trustworthy estimate of the uncertainties in the

extracted value of the top quark mass mt.
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Chapter 1

General Introduction

1.1 Introduction

The Large Hadron Collider (LHC) built with the global collaboration at European

Organization for Nuclear Research (CERN), started operating on the 10th of September

2008. With a circumference of 27 km, and 9300 superconducting magnets inside, this is not

only the most powerful particle accelerator, but the largest scientific instrument ever built

by mankind. At full power, trillions of protons will travel close to the speed of light. About

600 million proton collisions will take place every second and will generate data enough to

fill up 100, 000 dual-layer DVDs every year. The experiments at the LHC will probe the

elementary particle world with a never before achieved finesse.

The elementary particles that make up the universe, and the interactions between

them can be described in fine detail, thanks to the development of particle physics through

the latter half of the last century. The collective effort of physicists has put together a simple

but powerful theory which describes the fundamental interactions of elementary particles.

The elementary particles interact through the electromagnetic, the strong and the weak

forces1. The domains on which these forces operate are very different. While we experience

electromagnetic force in everyday world, weak and strong forces are very short-range and

operate in sub-nuclear and nuclear domains, respectively.

1At the distance scales probed by current accelerators, gravity is too weak a force to consider. This might
change at the LHC if ideas related to extra dimensions and low-scale quantum gravity turn out to be correct.
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The joint description of electromagnetic and weak forces in a single framework is

one of the biggest achievements of physical science of the 20th century. The model devel-

oped by Glashow, Salam, Ward and Weinberg in the sixties unified the electromagnetic and

weak interactions in a single electroweak force [1]. This unified description of electromag-

netic and weak sector, along with the description of the strong sector constitutes what we

refer to as the Standard Model (SM) of particle physics.

The SM is the quantum field theory, which supersedes quantum mechanics by combining it

with special relativity. The SM describes the particle world and fundamental forces with

a set of elementary building blocks. Three generations of quarks and leptons, (u, d, e, νe),

(c, s, µ, νµ), (t, b, τ, ντ ) are the matter fields while four electroweak bosons, W±, Z0 and pho-

ton, and eight strongly interacting gluons are used to describe the three fundamental forces.

The SM is a gauge theory based on the symmetry group SU(3)⊗SU(2)L⊗U(1)Y . The gauge

group SU(3) describes the strong interaction sector. The SU(2)L⊗U(1)Y is the electroweak

gauge group. The force carrier spin-one particles for the electroweak interaction are W+,

W−, Z0 and photon γ. Electric charge is conserved in the SM, the corresponding gauge

boson γ is massless. The W+, W−, Z0 bosons are massive. This implies that the gauge

symmetry of the SM is broken down to electromagnetism, SU(2)L ⊗ U(1)Y → U(1)EM .

The relic of EW symmetry breaking and the spin zero Higgs boson complete the particle

content of the SM.

1.2 Electroweak interaction sector

The Lagrangian for electroweak interactions is given by [2]

LEW = −1

4
F a

µνF
µν
a − 1

4
GµνG

µν + iψ̄jγ
µDµψj

+ (DµΦ)(DµΦ)† − µ2Φ†Φ − λ(Φ†Φ)2 (1.2.1)

+ λek
L̄Lk

ΦeRk
+ λujk

Q̄Lj
ΦuRk

+ λdjk
Q̄Lj

ΦdRk
+ h.c. ,

12



where ψj is a generic notation for fermion fields including quarks and leptons. The fermion

fields specifically are given by

LLk
=

1

2
(1 − γ5)





νk

ek



 , QLk
=

1

2
(1 − γ5)





uk

dk



 , (1.2.2)

for the SU(2)L left-handed doublets and

eRk
=

1

2
(1 + γ5)e , uRk

=
1

2
(1 + γ5)u , dRk

=
1

2
(1 + γ5)d ,

for the right-handed singlets, with k = 1, 2, 3 being a generation index. We treat neutrinos

as massless, left-handed fermions. The λi in Eq. (1.2.1) above are the Yukawa couplings of

the quarks and leptons.

The field strength tensors are given by

F a
µν = ∂µBa

ν − ∂νB
a
µ + gǫabcBbµBcν ,

Gµν = ∂µCν − ∂νCµ , (1.2.3)

for the three non-abelian fields Ba
µ of SU(2)L and the single abelian gauge field Cµ associated

with the U(1)Y , respectively. The covariant derivative is

Dµ = ∂µ − igTaB
a
µ − ig′

Y

2
Cµ , (1.2.4)

where g and g′ are the SU(2)L and U(1)Y coupling constants. Ta are the SU(2) generators;

in the fundamental representation of SU(2), they are related to the Pauli matrices, Ta =

τa/2. The weak hypercharge Y is related to the electric charge Q by Q = T3 + Y/2. The

Lagrangian is invariant under gauge transformations with respect to the SU(2)L ⊗ U(1)Y

group. The SU(2)L massless gauge fields form a weak isospin triplet with the charged fields

defined by W±
µ = (B1 ∓ iB2)µ/

√
2. The neutral component of the SU(2)L gauge fields B3

µ

mixes with the abelian gauge field Cµ to form the physical states

Zµ = B3
µ cos θw + Cµ sin θw ,

Aµ = Cµ cos θw − B3
µ sin θw , (1.2.5)

where θw = arctan(g′/g) is the weak mixing angle.

The Higgs field is a complex scalar ispospin doublet ΦT = (φ+, φ0). The second and

13



u c t g
2.3 MeV 1.25 GeV 171 GeV 0

d s b W±

5 MeV 95 MeV 4.6 GeV 80.4 GeV

e µ τ Z0

0.5 MeV 105.6 MeV 1.8 GeV 91.2 GeV

νe νµ ντ γ
< 2 eV < 2 eV < 2 eV 0

Table 1.1. Elementary particles in the SM and their masses, whose existence has been
proved; the only other particle in the SM - the Higgs boson- has not been observed but is
known to be heavier than 114.4 GeV.

third line of Eq.(1.2.1) describes the Higgs field and its interactions with fermions. For

the choice of self-coupling of the Higgs boson µ2 < 0, the ground state of the theory is

obtained when φ0 acquires a vacuum expectation value (VEV), 〈ΦT 〉 =
(

0, v/
√

2
)

, where

v = −µ2/λ. This non-vanishing VEV selects a preferred direction in SU(2)L ×U(1)Y space

and spontaneously breaks the symmetry, leaving the U(1)EM subgroup intact. φ0 is then

redefined as φ0 = (H + v)/
√

2, such that the physical field H has a vanishing VEV and

positive mass squared. This redefinition, when put into the Higgs boson kinetic term in

the Lagrangian of Eq.(1.2.1), leads to quadratic terms in W and Z fields. A comparison

of these quadratic terms with the usual mass terms of charged and neutral vector bosons,

leads to the following expressions for W and Z boson masses,

MW =
1

2
gv , MZ =

v

2

√

g2 + g′2 , MW = MZ cos θw . (1.2.6)

The mass of the Higgs boson is given by mH =
√

−2µ2. Thus, the SM generates masses for

gauge bosons via spontaneous symmetry breaking and predicts the existence of the Higgs

boson in the physical spectrum. However, it does not predict the mass of the Higgs boson.

The particle content of the SM, along with their masses, is summarized in Table 1.1.

The masses and couplings of the SM are free parameters, determined by experiments only.

The SM is renormalizable [3]. This implies that by fixing the eighteen free parameters,

everything else is predicted. The predictions of the SM have been well-tested, at the level

of quantum loop effects, over the past twenty years.

The relation between the vector boson masses MW = MZ cos θw, has been experimentally

14



verified2, establishing that the SM Higgs boson is indeed a weak isospin doublet. Direct

detection of the Higgs boson is yet to be achieved. However, from the LEP2 searches, direct

lower limit on the Higgs boson mass is established, mH > 114.4 GeV. The experimental

upper bound mH < 190 GeV with 95% c.l. where the direct limit is taken into consideration

[4], comes from fitting precision EW data in the SM.

The self-consistency of the SM can be verified by comparing values of parameters extracted

from the SM fits with direct measurement. For example, the top quark mass from the SM

fit is mt = 178.7+12
−9 GeV, when measured values of the W -boson mass and the W -boson

decay width are used as an input [4]. The direct measurement of the top quark mass gives

mt = 171(2)GeV. The value of mt obtained indirectly from a fit to precision observables

agrees very well with the direct measurement. The consistency of the SM at the quantum

level has been verified by precision tests of electroweak theory in experiments at LEP, SLC

and the Tevatron. The results of eletroweak precision tests of the SM are summarized3

in Fig.1.1, where a comparison of measurements and SM fits of various EW parameters is

shown. The bars on the right hand side show the number of standard deviations between

measured and calculated values for all observables. It is clear from Fig.1.1 that the SM is

remarkably consistent and the discrepancy between SM predictions and results of existing

measurements is less than 2σ for all, but one measurement. The SM is an accepted theory

of elementary particle interactions. However it is empirical in many aspects. For example,

it does not explain the origin of the Yukawa couplings responsible for fermion masses and

mixings. The choice of the gauge group and the number of generations are other examples

of free adjustable parameters that will have to be explained in a more complete theory.

Understanding those issues motivates further studies of the SM and its extensions.

1.3 Strong interaction sector

In the SM gauge group SU(3) ⊗ SU(2) ⊗ U(1)Y , SU(3) is the color group of

quantum chromodynamics (QCD), the theory of strong interactions. The color SU(3) is an

exact gauge symmetry of Nature that preserves the color quantum number. The Lagrangian

2The relation is slightly modified by radiative corrections.
3Definitions of quantities shown in Fig.1.1 are given in Ref. [4].
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Measurement Fit |Omeas−Ofit|/σmeas

0 1 2 3

0 1 2 3

∆αhad(mZ)∆α(5) 0.02758 ± 0.00035 0.02767

mZ [GeV]mZ [GeV] 91.1875 ± 0.0021 91.1874

ΓZ [GeV]ΓZ [GeV] 2.4952 ± 0.0023 2.4959

σhad [nb]σ0 41.540 ± 0.037 41.478

RlRl 20.767 ± 0.025 20.743

AfbA0,l 0.01714 ± 0.00095 0.01643

Al(Pτ)Al(Pτ) 0.1465 ± 0.0032 0.1480

RbRb 0.21629 ± 0.00066 0.21581

RcRc 0.1721 ± 0.0030 0.1722

AfbA0,b 0.0992 ± 0.0016 0.1038

AfbA0,c 0.0707 ± 0.0035 0.0742

AbAb 0.923 ± 0.020 0.935

AcAc 0.670 ± 0.027 0.668

Al(SLD)Al(SLD) 0.1513 ± 0.0021 0.1480

sin2θeffsin2θlept(Qfb) 0.2324 ± 0.0012 0.2314

mW [GeV]mW [GeV] 80.398 ± 0.025 80.377

ΓW [GeV]ΓW [GeV] 2.097 ± 0.048 2.092

mt [GeV]mt [GeV] 172.6 ± 1.4 172.8

March 2008

Figure 1.1. Summary of precision tests of the Standard electroweak theory from LEP, SLC
and the Tevatron. The table is taken from Ref. [4].

density for QCD interactions is given by

L = − 1

4
F aµνF a

µν + iq̄jγ
µDµqj − mqj

q̄jqj . (1.3.1)

Here qj are the quark fields, mqj
are the quark masses, and Dµ is the covariant derivative

given by Dµ = ∂µ + igsT
aAa

µ. Aa
µ(x), are the SU(3) gauge fields (gluons) and T a are

eight generators of the SU(3) Lie algebra. The gluons interact with each other because of

non-linear terms in the field-strength tensor F a
µν ,

F a
µν = ∂µAa

ν − ∂νA
a
µ − gsfabcA

b
µAc

ν . (1.3.2)

The fabc are the structure constants of the SU(3) algebra, and gs is the QCD coupling

constant.
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Due to quantum effects, the QCD coupling αs = g2
s/4π, becomes the function of the renor-

malization scale µ [5]

αs(µ) ∼
[

β0 ln

(

µ2

Λ2
QCD

)]−1

. (1.3.3)

Here β0 = 11 − 2nf/3 > 0, where nf is the number of fermions in the theory. Eq.(1.3.3)

implies that the coupling decreases with increasing µ. Numerically, for µ > few GeV,

αs(µ)/π ∼ 0.1 ≪ 1. On the other hand, at the scale ΛQCD ∼ O(200 MeV), QCD becomes

strongly coupled theory. This implies that, the interaction potential between two color

charges, changes from being a Coulomb-like at short-distances to linear at large distances.

As the result, no color charge can exist in isolation; all asymptotic states of the theory

are color-neutral. This phenomenon, known as color confinement forbids observation of

free quarks and gluons; only colorless bound states - hadrons -are observable. Asymptotic

freedom and color confinement imply that only in the region of large momentum transfers,

or at short-distances, perturbation theory is a useful tool for QCD.

The physical spectrum of QCD comprises hadrons only. However, for high energy processes

with large momentum transfer, asymptotic freedom ensures that quarks within hadrons

behave as nearly free particles. Production and decay processes of hadrons involve two

scales. One is the short-distance scale, where perturbation theory can be applied and the

other is the long-distance scale, where non-perturbative effects dominate and can only be

described by hadronization models and not from first principles of QCD. Physics at these

two different scales needs to be analyzed using distinct theoretical tools. Operator product

expansion often provides a convenient framework to accomplish this [6].

To introduce the operator product expansion (OPE) in a familiar setting, consider the

weak decay, µ → νµeνe. The decay is mediated by a W -boson exchange. The interaction

Lagrangian is given by

L =
g

2
√

2
ℓ̄γµ(1 − γ5)νℓW

−
µ , (1.3.4)

where ℓ is the lepton field and ν is the neutrino field. The amplitude for this decay is

A =

(

g

2
√

2

)2

Jα(µνµ)
−gαβ

q2 − M2
W

J†
β(eνe). (1.3.5)

Here, Jα(µνµ) = νµγα(1 − γ5)µ and Jβ(eνe) = νeγβ(1 − γ5)e are V − A charged currents

of the respective leptons, q is the momentum transferred through the W -propagator and
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MW is the mass of the W -boson. Since M2
W ≫ q2 ∼ m2

µ, the non-local interaction can be

approximated by the Taylor expansion

1

q2 − M2
W

= − 1

M2
W

(

1 +
q2

M2
W

+ ...

)

. (1.3.6)

To lowest order, the amplitude becomes

A =
GF√

2
Jα(µνµ)Jα(eνe) + O

(

q2

M4
W

)

, (1.3.7)

where GF /
√

2 = g2/(8M2
W ). The leading order term in the OPE expansion is given by the

first term in Eq. (1.3.7). The same amplitude can be derived from the effective Lagrangian

Leff =
GF√

2
νµγα(1 − γ5)µνeγα(1 − γ5)e + h.c + ... , (1.3.8)

where the ellipses stand for higher dimensional operators, that correspond to omitted

O
(

q2

M2
W

)

terms in the amplitude in Eq. (1.3.7). At low energies, the full theory is then

replaced by an effective Lagrangian, where basic interaction is a local four-fermion vertex.

This example illustrates the basic idea of the OPE; the non-local product of two operators

is expanded into a series of local operators, whose contributions are weighted by effective

“coupling constants”, known as the Wilson coefficients. Here the leading operator has mass

dimension six and its Wilson coefficient is unity.

Now we formalize the definition of the OPE. Calculations in QFT require evaluation of

expectation values of time-ordered product of currents, between initial and final states of a

given process. The Wilson relation [6, 7] states that the time-ordered product of currents

can be expanded in a series of local operators

i

∫

eiqxdx T{jA(x)jB(0)} −−−→
q→∞

∑

n

CAB
n (q)On(0). (1.3.9)

Here CAB
n (q) are c-number functions, known as Wilson coefficients, and On are the local

operators. Eq. (1.3.9) is valid in any QFT but it becomes useful in QCD because of asymp-

totic freedom. Then, the Wilson coefficients can be computed in perturbation theory since

they are determined by physics at distances x ∼ |q|−1 ≪ Λ−1
QCD; all non-perturbative effects

are collected in local operator On(0).

The OPE framework for separation of short- and long-distance physics is general and it
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is used in a number of cases. However, these cases differ by subtle details and are known

under different names depending on the area of application. For example, for hadron col-

lision processes the framework for separating short- and long-distance physics is known as

“factorization”. Factorization of short- and long-distance physics is used to describe deep

inelastic scattering, weak decays of heavy and light hadrons, CP violation and processes in

hadron collisions. Using this framework, one separates perturbative and non-perturbative

dynamics of a process and calculates the short-distance contribution perturbatively. We

report two such calculations in this thesis.

In Chapter II we describe the calculation of O(α2
s) QCD corrections to the inclusive semilep-

tonic decay rate of a B-meson to charmed states, B → Xcℓνℓ for massive and massless

leptons. Such computation is important for improving determination of Vcb, mb etc, from

weak decays of B-mesons.

In Chapter III, we discuss determination of the top quark mass at hadron colliders. We

perform the NLO QCD calculation of the tt̄ production and decay, including exclusive decay

mode t → BℓνX and use it to study systematically the correlation of the kinematics of top

quark decay products and the top quark mass.
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Chapter 2

Semileptonic B-decays

2.1 Introduction

Flavor-changing interactions in the SM involve exchange of W -bosons. The low-

energy interaction Lagrangian responsible for this reads

L = − e√
2 sin θW

∑

i,j∈(down,up)

(

W+
µ ūi

LγµVijd
j
L + h.c

)

. (2.1.1)

Here uL and dL are left-handed components of the up- and down-type quarks, respectively,

V is a 3 × 3 unitary matrix, and the sum in Eq.(2.1.1) is taken over three generations of

up- and down- type quarks. This matrix V is known as the Cabbibo-Kobayashi-Maskawa

(CKM) matrix [8]. The CKM matrix governs all the flavor changing transitions involving

quarks in the SM. The precise determination of the elements of the CKM matrix, is an

important goal of contemporary particle physics. A substantial amount of information

about the flavor dynamics in the SM is now available, thanks to the experiments CLEO,

BELLE and BABAR performed at various e+e− accelerators.

Numerically the elements of the CKM matrix are measured [9] to be 1

|VCKM | =











|Vud| |Vus| |Vub|
|Vcd| |Vcs| |Vcb|
|Vtd| |Vts| |Vtb|











=











0.97 0.23 0.043

0.23 0.96 0.042

0.007 0.044 0.99











. (2.1.2)

1We do not show the uncertainties of the CKM elements here.
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Thanks to rephasing invariance of quark fields, the CKM matrix can be parametrized by

three real mixing angles and one complex phase. The complex phase plays a special role

since, as follows from Eq.(2.1.1), violation of CP symmetry by weak interaction requires non-

vanishing complex phase in the CKM matrix. Most of the interactions observed in Nature

are CP symmetric, but in some rare processes, for example decays of kaons or B-mesons, CP

symmetry is violated. The convention-independent parameter that describes CP violation in

the SM, is the Jarlskog invariant [10]. It is measured to be J = 3.1(3)×10−5. Hence, the SM

predicts a very small amount of CP violation. However, CP violation is necessary to describe

observed asymmetry between matter and anti-matter in the universe. Our universe is built

of matter, while no appreciable amount of anti-matter has been detected. Baryogenesis, the

dynamic theory of generation of this matter/anti-matter asymmetry, requires CP violation

[11]. However, it is believed that the CP violation observed in physics of K- and B-mesons

is too weak to describe such large an asymmetry. This suggests existence of additional

sources of CP violation beyond the conventional CKM picture and motivates experimental

efforts to search for deviations from the prediction of CKM mechanism.

An important test of the consistency of the CKM mechanism is the test of the unitarity

of the CKM matrix. Since the CKM matrix is unitary, its rows and columns should be

orthogonal. Orthogonality relations are called the unitary triangle relations. The most

popular triangle relation is

VudV
∗
ub + VcdV

∗
cb + VtdV

∗
tb = 0. (2.1.3)

Eq.(2.1.3) can be represented as a triangle in the complex plane, where the sides of the

triangle are ratios of the CKM elements; this explains the name. The lengths of the sides

of the unitary triangle are (1, Rb, Rt), where

Rb =
|VudV

∗
ub|

|VcdV
∗
cb|

≈
(

1 − 1

2
|Vus|2

) |Vub|
|Vcb||Vus|

,

Rt =
|VtdV

∗
tb|

|VcdV
∗
cb|

≈ |Vtd|
|Vcb||Vus|

. (2.1.4)

The triangle is completely specified by magnitudes of the CKM elements, |Vub|, |Vus|, |Vcb|,
and |Vtd|. Precise determinations of |Vus| and |Vtd| are possible from the semileptonic kaon

decays [12] and B − B oscillations [13] respectively. The CKM elements |Vub| and |Vcb| are
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determined from inclusive and exclusive semileptonic decays of B-meson [14, 15].

In the remainder of this Chapter, we describe theoretical developments that may lead to a

more accurate extraction of |Vcb| from the inclusive decay rate B → Xcℓνℓ. Extraction of the

parameter |Vcb|, which describes a quark-level transition, from the measured hadronic decay

rate is impossible unless hadron dynamics is understood. In general, this is a formidable

task but, fortunately, in case of the B-meson decays this can be achieved, thanks to the large

b-quark mass. Operator product expansion (OPE) of the decay rate can be constructed; this

enables expression of the rate through a few non-perturbative parameter. The construction

of the OPE for weak semileptonic decays of B-meson, is discussed in the next section

following Refs. [17, 16].

2.1.1 OPE for semileptonic B-meson decay

The B-meson is composed from one heavy quark b with the mass mb ≫ ΛQCD, a

light antiquark q̄, and a gluon/quark cloud which contains gluons and light quark-antiquark

pairs, and binds all the particles together. This “light cloud” of the B-meson contains soft

components of the gluon and quark fields that are strongly coupled. The B-meson can then

be pictured as the heavy non-relativistic b-quark submerged in a soft gluon background

field.

We are interested in the extraction of the parameters such as |Vcb| or the b-quark mass, from

the inclusive decay rate of B → Xcℓν. The decay is inclusive, because we sum over all the

final states which can arise, given the short-distance parton process b → cℓν. We can use

the operator product expansion for the decay rate, ΓB→Xcℓν to describe non-perturbative

effects by a small number of parameters. We sketch the construction of such an expansion

below.

The QCD Lagrangian shown in Eq.(1.3.1) is formulated at a very high-energy scale, µ ≫ mb.

To describe the low-energy properties of the heavy flavor hadron we need to calculate the

Lagrangian at a scale ΛQCD ≪ µ < mb, such that all the high-frequency field fluctuations,

other than the heavy quark fields, are integrated out, but αs(µ)/π remains a sufficiently

small expansion parameter. Descending from the high energy scale µ ≫ mb to a scale

ΛQCD ≪ µ < mb, the form of the QCD Lagrangian changes and a number of higher dimen-
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sion operators appear in the effective Lagrangian that describes the low-energy phenomena.

The b-quark part of the effective Lagrangian is given by [17]

Lb =







b̄(i 6D − mb)b +
cG

2mb
b̄(i/2)γµγνGµνb +

∑

Γ, q

d
(Γ)
bq

m2
b

b̄Γbq̄Γq







+ ... , (2.1.5)

where ellipses stand for higher-dimensional operators suppressed by higher powers of the

b-meson mass. Here cG and d
(Γ)
bq are coefficient functions, and Gµν ≡ gGa

µνT
a is the gluon

field. Γ denotes Dirac structures of all possible four-fermion operators and q denotes the

light quark fields.

The inclusive semileptonic decay of a free b-quark, b → c, is mediated by the local operator

O ∼ GF Vcb (Jbc)
α (Jℓν)α, where Jα

bc = b̄γα(1 − γ5)c is the hadronic current and Jα
ℓν =

ℓ̄γα(1 − γ5)ν is the leptonic current. The inclusive decay rate is given by the square of the

matrix element integrated over all available phase space

Γ (B → Xcℓν) ∼
∑

Xc

∫

d [PS] | 〈Xcℓν|O|B〉 |2. (2.1.6)

We can decompose the phase-space into a hadronic part B → XcW
∗ and a leptonic part.

The hadronic tensor contains the non-perturbative parts and is the non-trivial component

of the calculation. The hadronic tensor can be expressed as the time-ordered product of

the charged quark currents with the help of the optical theorem

W ij ∼
∑

Xc

δ(pB − pW − pXc)|〈B|J†i
bc|Xc〉〈Xc|J j

bc|B〉|2

∼ Im

∫

dxe−iqx〈B|T{J†i
bc (x)J j

bc (0)}|B〉 , (2.1.7)

where q is the transferred momentum. The time-ordered product can be formally expanded

in terms of local operators. The expansion takes the form

i

∫

dxe−iqxT{J†i
bc (x)J j

bc (0)} =
∑

m

Cij
mOm, (2.1.8)

where {Om} are local operators. The sum contains infinitely many terms. However, since

B-meson contains a heavy b-quark, the sum can be truncated without significant loss of pre-

cision. Indeed, in this case |q| ∼ mb and the contributions of higher dimensional operators

are suppressed by powers of (ΛQCD/mb). Since, (Λ2
QCD/m2

b) ∼ O(10−2), we can neglect
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all higher dimensional operators in the expansion, that are suppressed by more than two

powers of ΛQCD/mb and still achieve the precision of about 1%. The coefficient functions

Cij
m can be calculated by computing matrix elements of the time-ordered product in full

theory and comparing with the same matrix elements of local operators in the effective the-

ory2. At lowest order in ΛQCD/mb, the local operator is just the b-quark number operator

bγ0b = b†b [18]. The leading non-perturbative corrections are suppressed by two powers of

ΛQCD/mb and are usually parametrized by two matrix elements

µ2
π = 〈B|b(iDµDµ)b|B〉 , (2.1.9)

µ2
G = 〈B|b(iγµγνGµν)b|B〉 . (2.1.10)

These non-perturbative corrections are determined from the experiment. For example,

µ2
G = 0.35 GeV2 is calculated from B − B mass splitting. Detailed discussion of the non-

perturbative corrections to B → Xcℓν can be found in Refs. [19, 20].

As the result of the OPE, the total decay rate can schematically be written as

ΓB→Xc = Γ0

(

Cpert〈B|b†b|B〉 +
Cπµ2

π

m2
b

+
CGµ2

G

m2
b

+ ...

)

, (2.1.11)

where Γ0 =
G2

F m5
b |Vcb|2

192π3
. The ellipses stand for B-meson expectation values of higher

dimensional operators suppressed by yet higher powers of ΛQCD/mb. The coefficients Cpert,

Cπ and CG are the perturbatively calculable Wilson coefficients. So, using the OPE we

separated the perturbative and non-perturbative contribution to the B-decay rate3. The

non-perturbative contributions to the inclusive decay B → Xcℓν are discussed in Refs. [20,

19].

The matrix element of b†b with respect to the B-meson states is known since it counts the

number of b-quarks in the B-meson 〈B|b†b|B〉 ≡ 1. The coefficient Cpert, which describes

the short-distance partonic contribution to the decay, can be calculated in a perturbative

expansion

Cpert =
∞

∑

n=0

Cn

(αs

π

)n
, (2.1.12)

2The only requirement is αs(µ) ≪ 1, which is satisfied since µ ∼ mb ≫ ΛQCD [7].
3There is a subtlety in separating perturbative and non-perturbative corrections that we ignore, see Ref.

[21].
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where Cn is the O(αn
s ) correction to the width of a free b-quark decay b → cℓνℓ. We want to

determine |Vcb| with the precision of 1%. Since, at a scale µ ∼ mb, αs(µ)/π ∼ 0.1, the order

of magnitude estimate Cn ∼ 1 implies that, to achieve a 1% precision we need to calculate

perturbative corrections through C2 i.e. to next-to-next-to-leading order in αs.

An additional subtlety comes for the fact that large number of experimental results comes

in a form of lepton energy, hadron energy and hadronic invariant mass measurements with

the variable cut on the lepton energy. The OPE for these quantities is constructed along

the lines of what we discuss here. The O(α2
s) accuracy for the perturbative part of those

observables is desirable as well. Our goal then, is to calculate corrections to multiple

observables in b → Xcℓν decay through O(α2
s) in a way that allows application of variable

cuts on the kinematics of final state particles. To achieve this in an efficient way, we need to

calculate the decay rate as a fully differential distribution with respect to energies, momenta

and angles of the final state particles.

It is interesting to point out in this regard that, while one-loop corrections to the decay

rate and a number of basic differential distributions for b → Xcℓν̄l decays were computed

long ago [22, 23], fully differential decay rate through O(αs) was obtained only in 2004

[24, 25, 26]. Early estimates of two-loop QCD corrections to the total decay rate for b →
Xceν̄e decays were given in Refs. [27, 28, 29]. Fully differential decay rate through O(α2

s)

for b → Xceν̄e was computed very recently in Ref. [31, 30]. That calculation is based

on the techniques developed in Refs. [32] for the computation of next-to-next-to-leading

order (NNLO) QCD corrections to a number of processes in hadron collider physics. Those

techniques were first applied to describe weak decays of charged fermions in Ref. [33], where

two-loop QED corrections to the electron energy spectrum in muon decay were studied. We

note that analytic results for semileptonic decay rate b → Xcℓν̄l and moments of the lepton

energy without a cut on lepton energy were computed through O(α2
s) in the form of mc/mb

expansion in Refs. [34, 35].

A particular part of the NNLO QCD corrections known as the BLM corrections [36] are

typically large. These corrections capture the effect of the running of the coupling constant.

They can be calculated from fermion contributions to gluon vacuum polarization diagrams.

Technically the BLM corrections are simpler since they are related to the one-loop diagrams
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with massive gluons; as a result, they are known to all orders in αs [37]. The width of the

free b-quark decay, to O(α2
s), can be written as

Γb→c = Γ0

[

F0 + F1

(αs

π

)

+ β0F2, B

(αs

π

)2
+ F2, NB

(αs

π

)2
]

. (2.1.13)

Here Γ0 is defined after Eq.(2.1.11), F0 is the LO phase-space factor, F1 is the O(αs)

correction, F2, B and F2, NB are the O(α2
s) BLM and non-BLM corrections, respectively.

We present below, a complete calculation of the decay width for b → cℓν in fixed order

perturbation theory. We consider both massless and massive leptons in the final state.

2.2 Radiative corrections to b → Xcℓν

In this Section, we discuss in detail the technical issues involved in the calculation

of QCD radiative corrections to b → Xcℓν decay. Our goal is to develop a computational

approach that allows calculation of radiative corrections to at least O(α2
s) for arbitrary

infra-red safe observables that depend on momenta of final state particles. This forces us

to adopt numerical approach. Since higher order perturbative quantum field theory calcu-

lations involve various divergences at the intermediate steps, development of the numerical

approach is non-trivial. We need to develop a technique that permits automatic extraction

of the divergences, prior to the numerical integration.

In subsections 2.2.1, and 2.2.2 we summarize our strategy and techniques to handle the full

two-loop calculation. Then we give a detailed description of the calculation particular to

the semileptonic decay b → Xcℓν.

2.2.1 Strategy

A higher order perturbative calculation, involves two classes of corrections – the

real radiation corrections and the virtual loop corrections. The virtual corrections are ob-

tained by adding loops to the Born-level matrix element. The real emission corrections

are the ones in which, additional partons are radiated into the final state. Both of these

corrections are separately infra-red and collinear divergent. A meaningful result can be

obtained if these infra-red divergences cancel in the physical observables. The condition for

the cancellation of these infra-red divergences is given by Kinoshita-Lee-Nauenberg (KLN)
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theorem [38] which states that “in a theory with massless fields, transition rates are free of

infra-red divergences if a summation over the initial and final degenerate states is carried

out”. This theorem leads us to the construction of infra-red safe observables. An observable

is infra-red finite, if it does not distinguish between two states that differ from each other

by the presence of additional soft and/or collinear gluons or quarks. Taken separately, the

real radiation component is divergent in the limit, where the emitted gluon is soft and/or

collinear to other massless particles. However, the final state responsible for the infra-red

divergence is degenerate and indistinguishable from the final state without additional gluon,

corrected for virtual loop effects. According to the KLN theorem, infra-red divergences from

virtual graphs cancel with the real emission contributions.

In our calculation we must regulate and isolate these singularities, so that numerical in-

tegration can be performed. The most common method to regulate the singularities is

dimensional regularization [39]. In this approach the number of dimensions is continued to

d = 4−2ǫ, so that in intermediate stages the singularities appear as single and double poles

in ǫ. The limit d → 4 is taken at the end of the calculation.

Computation of an observable involves integration of the matrix element describing the

process, over available phase space. For example, decay width of a particle in d-dimensions

is given by

Γ ∼
∫

d [PS] |M|2 =

∫ N
∏

i=1

dd−1pi

2Ei(2π)d−1
(2π)d δ(P −

∑

i

pi)|M|2, (2.2.1)

where N is the number of particles in the final state, pi and Ei are the four-momentum and

the energy of the i-th particle in the final state, and P is the momentum of the decaying

particle; the δ-function enforces momentum conservation condition and constrains the phase

space. The amplitude squared |M|2 is a function of invariant masses sij = 2pi · pj ; it may

become infinite when some of the invariant masses vanish, sij → 0. In view of our final goal

of numerical integration, we need to parametrize the phase space in a suitable way; we do

so by mapping it on a unit hypercube. By integrating over the δ-function and choosing a

suitable parametrization, the decay width is reduced to the following form,

Γ =

∫ 1

0

n(N)
∏

i=1

dxiJ({xi})|M|2, (2.2.2)
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where 0 < xi < 1 and J({xi}) is the Jacobian of the variable transformation {p → x} that

depends on the details of the parametrization. The invariant masses of all the particles that

participate in the process, become functions of xi sij = aij
0 +

n(N)
∑

k=1

aij
k xk +

n(N)
∑

k,m

aij
kmxkxm. If

aij
0 vanishes, the amplitude squared may blow up when certain combinations of parameters

xi vanish. Typically, these combinations are non-trivial, so direct extraction of singularities

is difficult. We need to extract the singularities without integration over the phase space

variables {xi}, since we want to obtain a differential distribution in terms of these variables,

to have complete control of the kinematics of the final state particles. Once we factorize

the singularities, we can write the expression for Γ as

Γ =
A(2)

ǫ2
+

A(1)

ǫ
+ A(0), (2.2.3)

and calculate A(0,1,2) numerically. Once the cancellation of singularities is verified numer-

ically, we can discard them and work with a finite fully differential decay rate A(0). The

important step in this procedure is the factorization of singularities which we achieve by

the method of sector decomposition. We discuss the sector decomposition in the next sub-

section.

2.2.2 Sector decomposition

The technique of sector decomposition is used to factorize entangled singularities.

We first describe the main features of the algorithm with the example following Ref. [40].

Consider the integral

I =

∫ 1

0
dxdy

xǫyǫ

(x + y)2
F (x, y). (2.2.4)

where F (x, y) is a function of x and y with the smooth limit x → 0, y → 0. The integrand in

Eq.(2.2.4) is singular in the limit x+y → 0. This means the singularities are entangled and

it is difficult to extract them even if changes of variables are attempted. To correctly analyze

the singularities, we use the sector decomposition procedure, splitting the integration region

into two regions using the partition of unity 1 = θ(x − y) + θ(y − x),

I =

∫ 1

0
dx

∫ x

0
dy

xǫyǫ

(x + y)2
F (x, y) +

∫ 1

0
dy

∫ y

0
dx

xǫyǫ

(x + y)2
F (x, y) . (2.2.5)
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We remap each integral into a unit hypercube, i.e. y = y1x for the first integral and x = x1y

for the second. We obtain

I =

∫ 1

0
dxdy

x−1+2ǫyǫ

(1 + y)2
F (x, xy) +

∫ 1

0
dxdy

y−1+2ǫxǫ

(1 + x)2
F (xy, y) . (2.2.6)

Now in each term the singularities are in factorized form and we can safely perform an

expansion in x in the first integral and in y in the second integral. Hence the sector

decomposition divides the integral into regions, where integration variables are ordered and

safe extraction of singularities can be performed.

A more complex form of this algorithm can be used to treat a general D-dimensional scalar

multiloop Feynman graph. We describe this following Ref. [41]. The diagram G with L

loops, and N propagators {Pj} can be written as

G =

∫

ddk1d
dk2..d

dkL

∏

j

Pj

(

{k}, {p}, m2
j

)

, (2.2.7)

where Pj({k}, {p}, m2
j ) = 1/[(

∑

k +
∑

p)2 − m2
j ]. We introduce Feynman parameters and

integrate over the loop momenta. We obtain an integrand that is a function of external

momenta, particle masses and Feynman parameters. The denominator reduces to zero

and gives rise to singularities if certain combinations of Feynman parameters vanish. The

singularities are usually entangled and we separate them through sector decomposition.

The first step in this is to identify a minimal set of Feynman parameters S = {x1, x2, .., xr},
such that the denominator vanishes if the parameters of the set S are set to zero. Then,

the integration region is divided into r subsectors as

∫ 1

0
dx1dx2...dxr =

r
∑

i=1

∫ 1

0
dx1dx2...dxr

r
∏

j=1,j 6=i

θ(xi − xj). (2.2.8)

The following substitution is made in the i-th subsector

xj → xixj , for j 6= i,

xj → xi, for j = i, (2.2.9)

and the Jacobian factor xr−1
i is added to take care of the integration measure. Each of the

r subsectors is now inspected for possible singularity and the above procedure is repeated

inside the subsectors. The whole procedure operates like a branching process. After a certain
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number of iterations, the integral is separated into a number of subsector integrals with the

singularities disentangled and factored out. We point out that the number of generated

sectors is typically quite large. For example, for massless two-loop four-point functions,

with six propagators, few hundred subsectors are generated. Hence, the bookkeeping of

such a large number of sectors becomes non-trivial. We use a MAPLE [42] program that

implements the sector decomposition algorithm and provides a list of sectors and relevant

substitutions at the end of the calculation.

Once the entangled singularities are factorized, they appear as factors in the integrand in

the form x−1−nǫ
i , where n is an integer. The factorized singularities are then extracted using

the plus-distribution expansion. The plus-distributions are defined as

x−1+ǫ =
δ(x)

ǫ
+

∞
∑

n=0

ǫn

n!

[

ln(x)

x

]

+

. (2.2.10)

Then all singularities appear as explicit poles in ǫ. When applied to real emission or virtual

diagrams, this procedure enables us to rewrite their contributions to the decay rate as a

Laurent series in the regularization parameter ǫ. The coefficients of these series can be

integrated numerically over phase-space in the presence of arbitrary kinematic constraints.

The double-virtual, real-virtual and the double-real emission contributions can then be

combined and the cancellation of divergences for infrared safe observables can be established

numerically. The finite remainder can be numerically integrated with arbitrary final state

constraints. In what follows we discuss in detail how this strategy is applied to b → Xcℓνℓ.

2.2.3 Phase-space parametrization

We need to consider phase-space parametrization for the following processes: i)

Born b → clν̄l; ii) single-gluon emission b → clν̄lg; iii) double-gluon emission b → clν̄lgg.

In the latter case, the parametrization is also valid for quark emission processes b → clν̄lqq̄,

for massless quarks. We do not consider final states with three charm quarks since this

contribution is suppressed, for realistic bottom and charm quark masses.

31



Born process: b → clν̄l

We begin with the phase-space parametrization for Born process b −→ clν̄l. We

label momenta of particles and their flavors in the same way so that, for example, b refers

to pb, the momentum of the b-quark, where appropriate. The differential phase-space for

final state particles reads

dLipsLO = [dc][dl][dν](2π)dδ(d) (b − c − l − ν̄l) , (2.2.11)

where the integration is performed in d-dimensional space, with d = 4−2ǫ. The integration

measure is defined as

[dp] =
dd−1p

(2π)d−12p0

. (2.2.12)

The phase-space decomposition suitable for a three-body decay is carried out by assuming

a sequence of two two-body decays. First, the b quark decays into an off-shell W -boson and

the charm quark, then the virtual W -boson decays into the lepton l and the neutrino. We

write

dLipsLO =
dW 2

2π
[dc][dW ](2π)dδ(d) (b − c − W ) [dl][dν̄l](2π)dδ(d) (W − l − ν̄l). (2.2.13)

We now parametrize all entries in Eq.(2.2.13) in such a way that the integration

region is a unit hypercube. We begin with the leptonic phase-space. We note that the lep-

tonic phase-space is universal for all processes involved in the NNLO computation. Hence,

we can choose to calculate it in four dimensions and neglect all its dependence on ǫ. We

therefore write

dLipsW→l+ν̄l
=

W 2 − m2
l

8πW 2
dλ7dλ8, 0 ≤ λ7,8 ≤ 1. (2.2.14)

The physical meaning of the two parameters λ7,8 is as follows – they describe the polar angle

cos θl = −1 + 2λ7 and the azimuthal angle φl = 2πλ8, that parametrize lepton momentum

in the rest frame of the W -boson, relative to the direction of the W momentum in the rest

frame of the decaying b-quark.

The remaining phase-space that describes b → c + W transition can be written as

dW 2

2π
dLipsb→W+c =

(

(mb − mc)
2 − m2

l

)

pd−3
c

4mb

dΩc

(2π)d−1
dx1, (2.2.15)
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where dΩc is the (d−1)-dimensional solid angle that describes direction of the charm quark

momentum pc in the b-quark rest frame. The remaining kinematic variables in the b-quark

rest frame are written as

Ec = mc + (Emax
c − mc) (1 − x1), Emax

c =
mb

2

(

1 +
m2

c − m2
l

m2
b

)

,

EW = mb − Ec, PW =
√

E2
W − W 2, W 2 = m2

b + m2
c − 2mbEc. (2.2.16)

It is straightforward to write the energy of the lepton and the angle between the lepton and

the W in the b-quark rest frame

El =
EW

2

(

1 +
m2

l

W 2

)

− PW

2

(

1 − m2
l

W 2

)

(1 − 2λ7) ,

cos θlW =
2EW El − W 2 − m2

l

2PW pl
. (2.2.17)

In Eq.(2.2.17), pl =
√

E2
l − m2

l denotes the lepton three-momentum.

The above formulas provide sufficient information to compute scalar products of

the four-momenta of all particles that appear in the leading order calculation. Indeed,

scalar products that involve the decaying b quark are straightforwardly expressed in terms

of particle energies in the b-quark rest frame. The relative angle between the direction of

the charged lepton and the direction of the charm quark is easily related to θlW . Neutrino

four-momentum is given by ν̄l = W − l which implies that neutrino momentum does not

lead to independent scalar products. The phase-space parametrization described in this

subsection, is employed in all parts of the calculation where the three-particle phase-space

enters. In NLO and NNLO computations, this occurs when contributions to the decay rate

due to one- and two-loop virtual corrections, respectively, are calculated.

Single gluon emission process: b → clν̄lg

Next, we discuss the phase-space parametrization for the process b → clν̄lg, with

four particles in the final state. When the energy of the emitted gluon becomes small, the

corresponding matrix element diverges. Good parametrization of the four-particle phase-

space should factor out the dependence on the gluon energy, so that extraction of infrared

divergences occurs easily. We write

dLipsNLO = [dc] [dg] [dl] [dν̄l] (2π)d δ(d) (b − c − l − ν̄l − g) , (2.2.18)
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and decompose it into quark and lepton phase-spaces, by introducing the four-momentum

of the W boson. This leads to

dLipsNLO =
dW 2

2π
dLipsb→c+g+W dLipsW→l+ν̄l

. (2.2.19)

Parametrization of the lepton phase-space is the same as for the Born process, de-

scribed earlier. The quark phase-space is different. To arrive at a suitable parametrization,

it is convenient to integrate over the three-momentum of the W -boson and then over the en-

ergy of the gluon, to remove all delta-functions. We introduce three variables 0 < x1,2,3 < 1

and write

Ec = mc + (Emax
c − mc) x1, Eg =

[

(mb − mc)
2 − m2

l

]

(1−x1)x2

2(mb − Ec + pc cos θcg)
, (2.2.20)

W 2 = m2
l +

[

(mb − mc)
2 − m2

l

]

(1 − x1) (1 − x2) , cos θcg = −1 + 2x3.

All other angles can be derived. For example, the angle between the gluon and the W in

the b-quark rest frame reads

cos θgW =
−Eg − pc cos θcg

PW
. (2.2.21)

The only other angle that we need in order to fix all independent scalar products is the

angle between the lepton and the gluon, in the b-quark rest frame. We obtain

cos θlg = cos θgW cos θlW + sin θgW sin θlW cos φl, (2.2.22)

where cos θlW is given in Eq.(2.2.17) and φl = 2πλ8. Finally, we obtain the following

parametrization of the NLO phase space

dLipsNLO
3
∏

i=1
dxidλ7dλ8

=
Ω2Γ(2 − 2ǫ)

28−2ǫπ (2π)2(d−1) Γ2(1 − ǫ)

p1−2ǫ
c

(

(mb − mc)
2 − m2

l

)3−2ǫ

mb (mb − Ec + pc cos θcg)
2−2ǫ

×
(

1 − m2
l

W 2

)

(1 − x1)
2−2ǫ x1−2ǫ

2 x−ǫ
3 (1 − x3)

−ǫ .

(2.2.23)

We use dLipsNLO in NLO calculations, as well as for dealing with real-virtual corrections

in NNLO calculations.
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Double gluon emission process: b → clν̄lgg

Finally, we discuss the parametrization of the five particle phase-space that is

needed for the description of the double real-emission processes, such as b → clν̄lg1g2 or

b → clν̄lqq̄. We introduce six variables xi=1..6, that satisfy 0 < xi < 1 and use x1,2,3 to

parametrize energies of the charm quark and of the gluons, and the W invariant mass

Ec = mc + (Emax
c − mc) (1 − x1),

W 2 = m2
l + ((mb − mc)

2 − m2
l )x1(1 − x2),

Eg1
=

((mb − mc)
2 − m2

l )x1x2x3

2(mb − Ec + pc cos θ1c)
,

Eg2
=

(

(mb − mc)
2 − m2

l

)

x1x2(1 − x3)

2(mb − Ec + pc cos θ2c) − Eg1
(1 − cos θ12)

. (2.2.24)

We use x4,5,6 to parametrize the relevant angles. We note that, in order to handle collinear

singularities related to g∗ → gg splitting, it is useful to have a simple parametrization of

the relative angle between the two gluons. Therefore, we choose the z-axis to be aligned

with the momentum of the gluon g1; we choose the x-axis in such a way that the gluon g2

is in the z − x plane. This fixes the global reference frame. Then, we introduce the relative

angles between two gluons, gluon g1 and the charm quark and the azimuthal angle of the

charm quark φc

cos θ12 = 1 − 2x4; cos θ1c = 1 − 2x5; cos φc = 1 − 2 sin2
(πx6

2

)

. (2.2.25)

Given those angles, we can find all other angles between momenta of different particles. For

example, the angle between the charm quark and the gluon g2 reads

cos θc2 = sin θ12 sin θ1c cos φc + cos θ12 cos θ1c. (2.2.26)

The angle between the W -boson and any other particle is computed from momen-

tum conservation W = b − c − g1 − g2. For example, the angle between the W -boson and

the gluon g1 is given by

cos θ1W =
−Eg1

− Eg2
cos θ12 − pc cos θ1c

PW
. (2.2.27)
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The relative angle between the charged lepton and any other particle is derived in a similar

way. For example, the angle between the gluon g1 and the lepton l reads

cos θ1l = cos θlW cos θ1W + sin θ1W sin θlW cos(φl). (2.2.28)

Finally, we express the phase-space for b → clν̄lg1g2 decay through the appropriate

variables and obtain

dLipsNNLO
6
∏

i=1
dxidλ7dλ8

=
Ω3Γ2(2 − 2ǫ)Γ(1 − 2ǫ)

211−4ǫ(2π)3d−3Γ4(1 − ǫ)Γ2(1/2 − ǫ)

(

1 − m2
l

W 2

)

× ((mb − mc)
2 − m2

l )
5−4ǫp1−2ǫ

c

mb(mb−Ec+pc cos θ1c)2−2ǫ(mb−Ec+pc cos θ2c−Eg1
(1−cos θ12))2−2ǫ

× x4−4ǫ
1 x3−4ǫ

2 x1−2ǫ
3 (1 − x3)

1−2ǫx−ǫ
4 (1 − x4)

−ǫx−ǫ
5 (1 − x5)

−ǫx−ǫ
6 (1 − x6)

−ǫ.

(2.2.29)

Having discussed parametrization of phase-spaces that we employ in the NNLO

computation, we continue with the description of technical details relevant for the computa-

tion of O(α2
s) QCD corrections to b → clν̄l transition. There are three distinct components

that need to be addressed – two-loop virtual corrections, virtual corrections to single real

emission process and double real emission corrections. Since these components require

different techniques, we describe the relevant details in the following subsections.

2.2.4 Two-loop virtual corrections

We begin with the discussion of how two-loop virtual corrections are computed.

There are twelve two-loop diagrams; examples are shown in Fig.2.1. These diagrams are

complicated because they involve several mass scales, m2
b , m

2
c , W

2, m2
l as well as complicated

tensor integrals, e.g. due to spin correlations of final state leptons with bottom and charm

quarks. These features make analytic computations impractical. However, we can compute

those diagrams numerically using the method of sector decomposition [41]. We point out

that application of sector decomposition is simplified in b-decays, since the two-loop dia-

grams do not develop genuine imaginary parts. In principle, sector decomposition method

was extended recently [43, 44] to deal with problems where imaginary parts do appear but

it is a welcome feature of the problem at hand, that we do not need to deal with additional

complications. Hence, the primary issue in the calculation of two-loop Feynman diagrams
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Figure 2.1. Sample two-loop diagrams that contribute to b → c + W transition.

that we have to address is the efficient choice of Feynman parameters, to reduce the amount

of sectors that are created in the process of sector decomposition. It is also important to

perform integration over loop momenta in such a way that computation of tensor integrals

does not introduce kinematic singularities. It turns out that a very simple and fairly effi-

cient way to deal with tensor integrals is to integrate over two loop momenta sequentially.

To illustrate this procedure, we consider the planar two-loop diagram, shown in Fig.2.1a.

This diagram can be represented as a linear combination of tensor integrals

Iij =

∫

ddk1

(2π)d

∫

ddk2

(2π)d

{k1}i{k2}j

D1D2D3D4D5D6
, (2.2.30)

where k1 and k2 are the loop momenta, {q}i = qµ1
...qµi

is the rank-i tensor, composed of

the relevant loop momenta and Dm=1..6 are inverse Feynman propagators that appear in

the planar diagram. They read

D1 = k2
1, D2 = k2

1 + 2k1b, D3 = k2
1 + 2k1c, (2.2.31)

D4 = k2
2, D5 = k2

12 + 2k12b, D6 = k2
12 + 2k12c, (2.2.32)
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where k12 = k1 + k2 is used. To integrate over momentum k2, we introduce two Feynman

parameters and write

∫

ddk2

(2π)d

{k2}j

D4D5D6
= 2

1
∫

0

[dx2dx3]

∫

ddK

(2π)d

{K − Q}j

(K2 − ∆(k1))
3 , (2.2.33)

where [dx2dx3] = dx2dx3θ(1 − x2 − x3) is the integration measure and

K = k2 + Q, Q = (k1 + b)x2 + (k1 + c)x3, (2.2.34)

∆(k1) = Q2 −
(

k2
1 + 2k1b

)

x2 −
(

k2
1 + 2k1c

)

x3. (2.2.35)

Integration over the shifted loop momentum K is standard and can be easily performed

for arbitrary rank tensor. The important point is that the higher the rank of the tensor,

the smaller the power of the function 1/∆ is in the resultant integral. Since numerical

integration is mostly problematic because of infrared divergences, we should be looking at

the most infrared-singular integral, which is provided by the K-less term in the numerator

of Eq.(2.2.33). For such integrals we find

2

1
∫

0

[dx2dx3]

∫

ddK

(2π)d

{Q}j

(K2 − ∆(k1))
3 = − iΓ (1 + ǫ)

(4π)d/2

∫

[dx2dx3]
{Q}j

[∆(k1)]
1+ǫ . (2.2.36)

Note that integrals with higher powers of K in Eq.(2.2.33), can, after K-integration, be

written as a linear combination of the integrands in the right hand side of Eq.(2.2.36), by

multiplying and dividing the integrand by appropriate powers of ∆(k1). The important

point is that additional powers of K in Eq.(2.2.33) do not generate yet higher powers of

1/∆ in Eq.(2.2.36).

The next step requires integration over k1; to do that, it is convenient to change variables

x2 = λ1λ2, x3 = λ1(1 − λ2). The integral over k1 becomes

Iij → Ii1 =

∫

dλ1dλ2

λǫ
1(1 − λ1)1+ǫ

∫

ddk1

(2π)d

{k}i1

D1D2D3∆̃1+ǫ
, (2.2.37)

where ∆̃ = k2
1 + 2k1Q2 − λ1Q2

2

1−λ1
, and Q2 = λ2b + (1 − λ2) c.

Since ∆̃ is a polynomial in k1, the integration over k1 can be performed in, essen-

tially, the same way as what was described above in regard with k2 integration. Integrals
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with strongest infrared divergences are the ones without additional powers of k1 in the

numerator. The corresponding scalar integral reads

I0 =
Γ(2 + 2ǫ)

(4π)d

1
∫

0

5
∏

i=1

dλi
λ−ǫ

1 (1 − λ1)
1+ǫλ4λ

ǫ
5(1 − λ5)

2

F 2+2ǫ
, (2.2.38)

where

F = (1 − λ1)(Q3λ4(1 − λ5) + Q2λ5)
2 + Q2

2λ1λ5 (2.2.39)

and

Q3 = λ3b + (1 − λ3)c. (2.2.40)

It is clear from Eqs.(2.2.38,2.2.39) that the function 1/F 2+2ǫ develops overlapping

singularities at the integration boundaries; for example F = 0 for λ1 = 1, λ5 = 0 and

for λ4 = 0, λ5 = 0. To disentangle those singularities, we employ the technique of sector

decomposition [41]. To this end, we map all the singularities to the origin by splitting

the integration region into two intervals [0,1/2] and [1/2,1], for each λi, and then change

variables λi → λi/2 and λi → 1 − λi/2 in the first and second interval, respectively. The

sector decomposition is then applied to the integrand; this allows us to find a sequence of

variable transformations that factorize all singularities. Once singularities are factored out,

for each tensor integral we get expressions of the following type

Iij =
∑

α∈sect

1
∫

0

dλ1dλ2...dλn

Nα
ij(λ1, λ2...λn)

nα
∏

i=1
λ1+aiǫ

i Dα
ij(λ1, λ2, ...λn)

, (2.2.41)

where all functions Nα
ij({λi}) and Dα

ij({λi}) are finite throughout the integration region.

Hence, all the singularities of the integrand are in explicitly factorized form and it is easy

to obtain integrable expressions by employing the plus-distribution prescription

1

λ1+aǫ
=

−1

aǫ
δ (λ) +

∑

n=0

[

lnn (λ)

λ

]

+

(−aǫ)n

n!
, (2.2.42)

where
∫ 1

0
dλf (λ)

[

lnn (λ)

λ

]

+

=

∫ 1

0
dλ

f (λ) − f (0)

λ
lnn (λ) . (2.2.43)

We are now in a position to sketch all the steps that we go through to carry out

a calculation of a planar two-loop diagram. After the planar two-loop diagram is multi-

plied with the complex conjugate tree-level amplitude and summation over polarizations
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of external particle is performed, we use Form [45] to integrate over the loop momenta,

following the procedure that we just described. As explained earlier, we can always write

the result in a form similar to that of the scalar two-loop integral provided that we allow

for a polynomial function of Feynman parameters in the numerator. Since those numera-

tor functions are finite, we do not need to know their explicit form and can treat them as

generic finite functions in the process of sector decomposition. The sector decomposition

procedure is coded up in Maple [42]. After sector decomposition is completed, Fortran files

that contain finite functions to be integrated and all the changes of variables that the sector

decomposition procedure found necessary to apply to the integrand to factor out potential

singularities, are automatically written out.

Computation of the non-planar diagram and the diagram with the three-gluon ver-

tex is very similar to what is described above; all that changes is the Feynman parametriza-

tion. However, the procedure has to be modified for diagrams with vacuum polarization

insertions on a gluon line and for diagrams with self-energy insertions on bottom and charm

quark lines. We begin with the discussion of the vacuum polarization diagrams with mass-

less particles, e.g. gluons, quarks and ghosts. Such diagrams read

IVP =

∫

ddk1

(2π)d

∫

ddk2

(2π)d

N(k1, k2)

k2
2 (k1 + k2)

2 (

k2
1

)2 (

k2
1 + 2k1b

) (

k2
1 + 2k1c

)
. (2.2.44)

An obvious issue here is the presence of two identical gluon propagators k−2
1 . As the result,

in the limit k1 → 0, the denominator in Eq.(2.2.44) develops cubic, rather than linear,

singularity. In principle, even in this case, it is possible to proceed along the lines described

above for the planar diagram all the way through the application of the sector decomposition

and factorization of singularities. However, the complication occurs in the process of the

extraction of singularities using plus-distributions Eq.(2.2.42), since a term that scales like

x−1−n for x → 0, leads to an expansion that involves n-th derivative of a δ-function rather

than the δ-function itself. As it turns out, this complication is unnecessary since one can

analytically integrate over k2 in any massless vacuum polarization diagram and observe that

∫

ddk2

(2π)d

N(k1, k2)

k2
2 (k1 + k2)

2 ∼ k2
1Ñ(k1), (2.2.45)
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thanks to gauge-invariance. When dealing with massless vacuum polarization diagrams, we

indeed integrate over k2 analytically, cancel one of the 1/k2
1 propagators and then perform

numerical integration over k1.

Clearly, a similar problem occurs also in the case of vacuum polarization correc-

tions with massive quarks. In that case, however, it is harder to explicitly factor out the

dependence on the loop momentum k1, to cancel the cubic divergence at small k1. For

vacuum polarizations with massive quarks we adopt a different strategy – we subtract those

vacuum polarization loops at zero momentum transfer and use dispersion representation to

connect the two-loop diagram with the massive fermion loop to a one-loop diagram with

the massive gluon [46].

Non-integrable singularities appear also in diagrams with the self-energy insertion

on the massive (b or c) lines; in this case they are caused by the square of the massive

propagator which becomes nearly on-shell for small momentum of the virtual gluon. In

variance with the case of the massless vacuum polarization, it is not possible to perform

analytic integration over the loop momentum of the “self-energy” loop. To get around this

problem, we use a particular integral representation for the quark self-energy diagram. We

consider a self-energy diagram

Σ̂ =

∫

ddk2

(2π)d

γµ(p̂ + k̂2 + mi)γµ

((p + k2)2 − m2
i )k

2
2

, (2.2.46)

where mi stands for mb or mc. We combine two denominators using Feynman parameters,

integrate over the loop momentum and obtain

Σ̂ =
iΓ(ǫ)

(4π)d/2

1
∫

0

dxx−ǫ(p2 − m2
i )

−ǫ γµ(p̂ + mi − p̂x)γµ

(1 − p2x/(p2 − m2
i ))

ǫ
. (2.2.47)

This integral can be written through hypergeometric functions. To this end, we introduce

two Dirac structures

N̂1 = γµ(p̂ + mi)γµ = (2 − d)p̂ + dm, N̂2 = γµp̂γµ = (2 − d)p̂, (2.2.48)

and write

Σ =
iΓ(ǫ)

(4π)d/2
(p2 − m2

i )
−ǫ

[

N̂1
Γ(1 − ǫ)

Γ(2 − ǫ)
F21

(

ǫ, 1 − ǫ; 2 − ǫ,
p2

p2 − m2
i

)

−N̂2
Γ(2 − ǫ)

Γ(3 − ǫ)
F21

(

ǫ, 2 − ǫ; 3 − ǫ,
p2

p2 − m2
i

)]

. (2.2.49)
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These hypergeometric functions are not suitable for the purpose of subsequent integration

because the on-shell limit p2 → m2
i is at infinity. To take care of that, it is useful to employ

an identity that relates the hypergeometric functions with the argument z and z/(z − 1).

If we perform this transformation and go back to the integral representation, both of the

hypergeometric functions (HGFs) become

(p2 − m2
i )

−ǫHGFs →
1

∫

0

dx
xǫ−a(1 − x)b−2ǫ

p2 − m2
i /x

, (2.2.50)

where a, b are some integers. It is now straightforward to subtract from and add to the

integrand in the right hand side of Eq.(2.2.50) its value at p2 = m2
i

1
∫

0

dx
xǫ−a(1 − x)b−2ǫ

p2 − m2
i /x

=
p2 − m2

i

m2
i

1
∫

0

dx
xǫ−a+1(1 − x)b−1−2ǫ

p2 − m2
i /x

− m−2
i B(ǫ − a + 2, b − 2ǫ).

(2.2.51)

The first term in the right hand side of Eq.(2.2.51) can be inserted in a two-loop diagram

since the pre-factor p2 − m2
i cancels one of the problematic massive fermion propagators.

The second term is a constant; it can be combined with the mass counter-term contribution

to cancel quadratic singularity and, after that, calculated explicitly.

2.2.5 Mixed real-virtual corrections

In this subsection we discuss the calculation of one-loop radiative corrections to

single gluon real emission amplitudes. At first sight, these corrections may look much

simpler than the two-loop virtual corrections discussed previously, since they involve only

one-loop virtual diagrams and the final state with relatively low multiplicity. It would ap-

pear therefore that, technically, they fall into a category of well-established next-to-leading

(NLO) calculations [47]. Unfortunately, this is not quite true since, in contrast to stan-

dard NLO computations, the emitted gluon in the final state can become soft, invalidating

applicability of NLO computational techniques. Therefore, real-virtual corrections require

careful study.

There are two strategies that one can pursue to deal with the real-virtual correc-

tions. One can use Passarino-Veltman tensor reduction technique [47] and integration-by-

parts identities [48] to reduce real-virtual corrections to one-loop scalar integrals. Then, one
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Figure 2.2. Sample diagrams that describe one-loop corrections to b → c+W +g transition.

can attempt to extract singularities that appear when the energy of the gluon in the final

state becomes small. While this approach was used in a number of calculations [32, 33], it

rapidly becomes impractical with the increase in the number of particles in the final state.

A flexible method should be based on numerical computations and it seems that

Feynman parametrization of one-loop virtual corrections and subsequent application of

sector decomposition to both Feynman parameters and the energy of the emitted gluon

is a straightforward thing to do. The only problem with that approach is that one-loop

corrections to real gluon emission do develop imaginary parts, even when all parameters

in the integrand are real. Technically this happens because of the singularity on the real

integration axis which is regulated by the +i0 prescription. While it is easy to implement

such a prescription in analytical computations, it is difficult to do so in a fully numerical

approach.

It turns out that there is a simple way to avoid the issue of the imaginary part in

this problem. To this end, we observe that, for any Feynman diagram of the real-virtual

type that contributes to b → c transition, it is possible to choose integration variables in

such a way that the integration over at least one variable is of the form

I =

∫

dx

1
∫

0

dyF (x, y), F (x, y) =
yn1−n2ǫ

(−A({x}) + B({x})y + i0)n3+n4ǫ . (2.2.52)

In Eq.(2.2.52) x is a collection of other variables involved in the computation of the integral,

A and B are some functions of those variables which satisfy B({x}) > A({x}) for all x

and ni=1..4 are integers. We do not have a proof that such a parametrization is possible
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for real-virtual corrections under all possible circumstances, but we find empirically that it

exists for b → c transitions.

The problem with the numerical evaluation of the integral in Eq.(2.2.52) is that,

for n3 > 0, it becomes singular at y = A(x)/B(x) < 1, so that this singularity occurs in

the middle of the integration region. Such singularity can not be included into the sector

decomposition framework in a straightforward way. To deal with this problem, we rewrite

Eq.(2.2.52) in the following manner

I =

∫

dx

∞
∫

0

dy F (x, y) −
∫

dx

∞
∫

1

dy F (x, y), (2.2.53)

and observe that the first integral can be computed analytically, while denominator of

the function F (x, y) in the second term is sign-definite. Changing variables y → 1/y in the

second term in Eq.(2.2.53), we obtain the integral that is amenable to sector decomposition.

We now illustrate this general discussion by considering explicit examples. To

set the stage, we begin with a simple case, where the imaginary part problem does not

occur. This happens for all diagrams where the gluon is emitted from the b-quark line.

For our example, we consider diagram Fig. 2.2a. Interference of this diagram with the tree

amplitude that describes radiative decay of the b-quark b → c+W +g, contributes to O(α2
s)

correction to the decay rate. We consider a scalar integral associated with this loop diagram

I =
1

Γ(1 + ǫ)

∫

ddk

iπd/2

1

k2 (k2 + 2k (b − g) − 2bg) (k2 + 2kc)
. (2.2.54)

We introduce Feynman parameters and integrate over the loop momentum to obtain

I =

∫

[dx2dx3]
[

((b − g) x2 + cx3)
2 + 2bgx2

]1+ǫ =

1
∫

0

dλ1dλ2
λ−ǫ

1

[∆(λ1, λ2)]
1+ǫ , (2.2.55)

where

∆(λ1, λ2) = λ1 ((b − g) λ2 + c(1 − λ2))
2 + 2bgλ2. (2.2.56)

Writing b − g = c + W , we find

∆ = λ1(m
2
c + 2cWλ2 + W 2λ2

2) + 2bgλ2 > 0, (2.2.57)

for all values 0 < λ1, λ2 < 1. This representation for ∆(λ1, λ2) is instructive since it shows

how new overlapping singularities appear when the emitted gluon becomes soft. Indeed,
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for non-vanishing gluon energy, ∆(λ1, λ2) vanishes for λ1 = λ2 = 0. On the other hand, if

the gluon is soft g → 0, ∆(λ1, λ2) vanishes for λ1 = 0 and any value of λ2. To take care

of all possible cases, we employ explicit parametrization of the gluon energy in the b-quark

rest frame, as described in the previous Section, and perform sector decomposition of the

amplitude squared treating λ1, λ2 and bg on equal footing. This allows us to extract all

singularities associated with vanishing of both, the loop momentum and the momentum of

the gluon in the final state.

We now turn to the description of a more difficult case which occurs when, in

the one-loop amplitude, the gluon is emitted from the charm quark line. A representative

diagram is shown in Fig.2.2. All the problems that appear in this case can be illustrated

by considering the scalar integral as an example. We have

I =
1

Γ(1 + ǫ)

∫

ddk

iπd/2

1

k2 (k2 + 2kb) ((k + c + g)2 − m2
c)

=

∫

[dx2dx3]
[

(bx2 + (g + c)x3)
2 − 2gcx3

]1+ǫ . (2.2.58)

Changing variables x2 = λ1(1 − λ2) and x3 = λ1λ2, we obtain

I =

∫

dλ1dλ2
λ−ǫ

1

(∆λ1 − 2cgλ2)
1+ǫ =

∫

dλ1dλ2
λ−ǫ

1

∆1+ǫ (λ1 − ξ)1+ǫ , (2.2.59)

where

∆ = (b − Wλ2)
2, ξ =

2cgλ2

∆
< 1. (2.2.60)

It is clear from Eq.(2.2.59) that there is a singularity at λ1 = ξ, i.e. in the middle of

the integration region, which can not be dealt with using the sector decomposition. To

transform Eq.(2.2.59) into a form suitable for numerical integration, we proceed along the

lines described in the beginning of this Section. Consider integration over λ1. Allowing for

a general form of the integrand, we re-write

1
∫

0

dλ1
λa−ǫ

1

(λ1 − ξ)b+ǫ
=

∞
∫

0

dλ1
λa−ǫ

1

(λ1 − ξ)b+ǫ
−

∞
∫

1

dλ1
λa−ǫ

1

(λ1 − ξ)b+ǫ

= ξ1+a−b−2ǫΓ(1 − b − ǫ)

(

(−1)b+ǫ Γ(a + 1 − ǫ)

Γ(2 + a − b − 2ǫ)
+

Γ(2ǫ − a + b − 1)

Γ(ǫ − a)

)

−
1

∫

0

dλ1
λb−a+2ǫ−2

1

(1 − ξλ1)b+ǫ
. (2.2.61)
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The remaining integrand is sign-definite, because ξ < 1. The problem of the singularity

in the middle of the integration region has been handled by an analytic integration; the

remnant of this problem is the imaginary part in (−1)b+ǫ. It is now very straightforward

to apply the sector decomposition to the remaining integral in Eq.(2.2.61), to extract the

infrared singularities.

The above technique is applicable to all real-virtual diagrams. The first step –

finding Feynman parametrization that is linear in (at least) one variable – requires careful

inspection of each diagram individually but, once such parametrization is found, remaining

steps are easily accomplished using algebraic manipulation programs. A slightly different

approach is required for real-virtual contributions related to self-energy insertions on massive

fermion lines where quadratic singularities appear. We deal with those singularities using

parametrization of self-energy diagrams described earlier in this Section in the context of

two-loop virtual corrections.

2.2.6 Double real emission corrections

Finally, we address the computation of the double real emission corrections. Be-

cause we deal primarily with massive quarks, the majority of diagrams develop only infrared

singularities. We can easily extract those using explicit parametrization of gluon energies

in the b-quark rest frame, discussed earlier in this Section. The only exception to the “no

collinear singularity” rule comes from diagrams where an off-shell gluon splits into two glu-

ons or a qq̄ pair. In principle, since we use the relative angle between two gluons (or massless

quarks) as one of the primary variables for the phase-space parametrization, extraction of

(potential) collinear singularity is also straightforward. However, the complication arises

because of the necessity to deal with the extraction of quadratic singularities in some of the

diagrams. The problem and the solution is best illustrated by considering diagrams with a

massless qq̄ pair in the final state.

Consider two diagrams that contribute to the process b → clν̄l + qq̄, shown in

Fig.2.3. Upon squaring these diagrams, we find that the gluon splitting g∗ → qq̄ leads to a
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Figure 2.3. Diagrams that describe double real emission process with a massless qq̄ pair in
the final state.

structure that involves square of the gluon propagator

qµq̄ν + qν q̄µ − gµνqq̄

(qq̄)2
. (2.2.62)

An obvious problem with this result is that the singularity associated with the collinear

limit is power-like; hence, we can not disregard the numerator in the process of the sector-

decomposition since it provides the necessary qq̄ scalar product to soften the collinear sin-

gularity. The question is how to parametrize the momenta q, q̄ to enable easy extraction

of the scalar product qq̄ from the numerator in Eq.(2.2.62). To deal with this problem, we

need to exploit the fact that, when a collinear singularity occurs in those diagrams, the

momenta of q and q̄ become parallel to each other. We use this feature to parametrize the

scalar products of q and q̄ momenta with, say, the charm quark momentum in the following

way

cq̄ =
bq̄

bq
cq +

√
x4x1x2∆cq̄. (2.2.63)

Here x4 describes the angle between q and q̄, cos θ12 = 1 − 2x4. The important point is

the factor
√

x4 in the second term on the right hand side in Eq.(2.2.63); it is crucial for

regulating collinear singularity. On the other hand, the (complicated) function ∆cq̄ does not

need to be made explicit in the matrix element to cancel collinear singularity. Nevertheless,

we give it here for completeness

∆cq̄ =
4pc

(

(mb − mc)
2 − m2

l

)

(1 − x3)
(√

x4 cos θ1c−
√

1 − x4 sin θ1c cos φc

)

2(mb − Ec + pc cos θ2c) − Eg1
(1 − cos θ12)

. (2.2.64)
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Very similar manipulations are needed for scalar products that involve the momentum of

the charged lepton and the momenta of q and q̄.

2.3 Results

In this Section, we discuss the two-loop QCD radiative corrections to b → Xclν̄l

transitions and present results for a large number of moments, relevant for the experimental

analysis and semileptonic fits. We begin by writing the decay rate b → Xclν̄l as

dΓ =
G2

F |Vcb|2 m5
b

192π3

(

dF0 +
αs

π
dF1 +

(αs

π

)2
dF2 + O(α3

s)

)

, (2.3.1)

where dFi stands for the differential decay rate, at leading, next-to-leading and next-to-

next-to-leading order, respectively. The strong coupling constant αs = αs(mb) is defined in

the MS scheme in the theory with three massless flavors; it is renormalized at the value of

the b-quark mass. The lepton and hadron moments are defined as

Ln (Ecut) =
〈(El/mb)

nθ (El − Ecut) dΓ〉
〈dΓ0〉

, (2.3.2)

Hij (Ecut) =
〈
(

(m2
h − m2

c)/m2
b

)i
(Eh/mb)

j θ (El − Ecut) dΓ〉
〈dΓ0〉

, (2.3.3)

where El,h are the lepton and hadron energies in the b-quark rest frame and mh is hadronic

invariant mass. Also,

dΓ0 =
G2

F |Vcb|2 m5
b

192π3
dF0, (2.3.4)

and 〈..〉 implies integration of the corresponding quantity over available phase-space4. The

calculation is performed in the pole mass scheme. For numerical integration, we use Vegas

[49], implemented in the Cuba library [50]. We treat the axial current as suggested in

Ref.[51].

The lepton and hadron moments can be computed in an expansion in the strong

coupling constant

Ln = L(0)
n +

αs

π
L(1)

n +
(αs

π

)2 (

β0L
(2,BLM)
n + L(2)

n

)

+ ..., (2.3.5)

Hij = H
(0)
ij +

αs

π
H

(1)
ij +

(αs

π

)2 (

β0H
(2,BLM)
ij + H

(2)
ij

)

+ ..., (2.3.6)

4Available phase space at the parton level is determined by the value of the b-quark mass. Cuts on the
phase-space are shown explicitly in Eq.(2.3.1).

48



where β0 = 11−2/3nf , and nf = 3 is the number of quark flavors that are treated as massless

in the computation. Next-to-leading order and BLM corrections [36] to any kinematic

distribution in b → Xclν̄l transition are known [22, 23, 24, 25, 26]. Non-BLM corrections

L
(2)
n , H

(2)
ij for massless lepton were computed very recently and their detailed investigation is

not available. In the remainder of this Section, we study non-BLM corrections to b → Xceν̄e

decay in detail. Then we describe results for the inclusive rate b → Xcτ ν̄τ . The non-BLM

corrections for massless leptons are presented in the Appendix. For the sake of completeness

we tabulate the next-to-leading order and BLM corrections in the Appendix as well.

2.3.1 Non-BLM corrections and moments of b → Xceν̄e decays

In this subsection, we study corrections to semileptonic decay b → Xclν̄l, where

l is the massless lepton, in dependence of the bottom and charm quark masses, and the

lepton energy cut. Because lepton and hadron moments defined in Eq.(2.3.5) and Eq.(2.3.6)

are dimensionless, they depend on the two ratios of the three dimensionfull parameters. We

choose r = mc/mb and ξ = 2Ecut/mb as independent variables. In Appendix C we show

non-BLM corrections to lepton moments L0,1,2,3 for a number of r and ξ values. In Appendix

F results for hadron moments are given. These results can, in principle, be used in global

fits of semileptonic decays where b and c masses are parameters that need to be fitted.

It was observed in [31] that second order QCD corrections to b-decays do not de-

pend strongly on kinematics and it is interesting to further explore this observation. To

this end, we may conjecture that non-BLM corrections to moments are given by constant,

ξ-independent renormalization factors of the leading order moments. If true, this renor-

malization factor can be determined from Refs. [34, 35], where lepton and hadron energy

moments are analytically computed for zero lepton energy cut. We will construct the inter-

polating function for lepton energy moments, following this observation. At leading order,

the lepton energy moments are given by

L
(0)
i (r, ξ) =

Yi(r, ξ)

Y0(r, 0)
, (2.3.7)

where

Yi(r, ξ) =

∫ xm

ξ
dx

[

2x2 (xm − x)2

(1 − x)3

]

(

6 − 6x + xxm + 2x2 − 3xm

)

(x

2

)i
. (2.3.8)
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In Eq.(2.3.8) xm = 1 − r2 and the integration is over x = 2El/mb. Since the integration

here is elementary but the resulting formulas are lengthy, we do not present the results of

the integration here. We introduce the interpolating function by defining

L
(2),in
i (r, ξ) =

L
(2)
i (r, 0)

L
(0)
i (r, 0)

L
(0)
i (r, ξ), (2.3.9)

so that the normalization of the non-BLM correction to the moment is fixed by its value

at zero lepton energy cut and the shape is taken to coincide with the leading order shape.

The interpolated moments L
(2),in
i (r, ξ) are given in Appendix C. Comparing computed

and interpolated moments, we observe that L
(2),in
i (r, ξ) provides excellent approximation

to L
(2)
i (r, ξ) for small values of ξ. However, the agreement becomes progressively worse

for larger values of ξ. For example, a typical deviation between the interpolated and the

explicitly computed non-BLM moments for ξ = 0.7 and mc/mb = 0.28 can be as much as

twenty percent. Finally, we point out that a very similar behavior is observed for non-BLM

hadron energy moments.

Note that by increasing the cut on the lepton energy, the phase-space is restricted

to the region where soft gluon radiation becomes relatively more important and, hence,

the dynamics of the final state changes with the increase of the cut on the lepton energy.

It is therefore clear that for moments defined in Eqs.(2.3.5,2.3.6) perturbative corrections

at different lepton energy cuts are not correlated, i.e. different physics becomes important

for different values of the lepton energy cut. On the other hand, we point out that the

moments measured in experimental analysis correspond to ratios of L-moments defined in

Eqs.(2.3.5,2.3.6); as we explain below, this difference is essential for understanding impor-

tance of QCD radiative corrections in the global fits.

We turn to the discussion of the potential impact that computed corrections

may have on the extraction of fundamental quantities in heavy quark physics, such as

|Vcb|, mb, mc, µ
2
π, µ2

G etc. from global fits to semileptonic moments. We stress that we do

not attempt to perform a fit to data on semileptonic moments, leaving this task to experts.

However, we find it instructive to illustrate shifts that may be expected in the values of,

e.g. the |Vcb| and the b-quark mass, if non-BLM corrections are included.
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Figure 2.4. Non-BLM correction to the total rate, in percent, for zero lepton energy cut, as
a function of the charm quark mass to bottom quark mass ratio. We use αs = 0.22.

We begin with the discussion of the CKM matrix element |Vcb|. Since the |Vcb| is

obtained from the normalization of the partial decay rate, it is mostly sensitive to QCD

corrections to the moment L0. The non-BLM corrections to that moment for ξ = 0 and

various values of r are shown in Fig.2.4. We see that, for realistic ratios of quark masses, the

non-BLM corrections to L0 are between 2 and 1.5 percent. Since experimental measurement

fixes |Vcb|2L0, one can expect that |Vcb| changes by about −1 percent, when non-BLM

corrections are included. This is compatible with the uncertainty in |Vcb| as currently

estimated.

The BABAR collaboration measured a number of lepton energy moments for b →
clν̄l transitions with high precision [58]. For the illustration, we use their measurement of

the moment M1 for two values of the lepton energy cut

M1(Ecut) =

∫

Ecut

El dΓ

∫

Ecut

dΓ
=







1437.6(4.0)(5.7) MeV, Ecut = 0.6 GeV;

1773.7(1.9)(1.1) MeV, Ecut = 1.5 GeV.
(2.3.10)

These (and other) results are used to extract the following values of the bottom and charm

quark masses in the kinetic scheme [52] mfit
b = 4.55(5) GeV and mfit

c = 1.08(7) GeV, where

we combined all uncertainties in quadratures. In terms of lepton moments computed in this
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paper, and neglecting non-perturbative contributions, we find

M1(Ecut) = mbMpt
1 , Mpt

1 =
L1(Elcut)

L0(Ecut)
. (2.3.11)

The non-BLM corrections to lepton moments were not accounted for in [58]. To

estimate their impact, we compute L0 and L1 for mb = 4.55(5) GeV and mc = 1.08(7) GeV

and Ecut = 0.6 and 1.5 GeV. The results are given in Table 2.1. Expanding Eq.(2.3.11)

around mb = mfit
b + δmb, to account for the shift in the b-quark mass, induced by including

non-BLM corrections in the calculation of Mpt
1 , we find

δmb = −
(

mfit
b

)2
δMpt

1

M1 + mfit
b

dMpt
1

dmb

. (2.3.12)

In Eq.(2.3.12), δMpt
1 accounts for the change in the b-quark mass due to O(α2

s) non-BLM

corrections in Mpt
1 . Explicitly,

δMpt
1 =

(αs

π

)2







L
(2)
1

L
(0)
0

− L
(0)
1 L

(2)
0

(

L
(0)
0

)2 − L
(1)
0 L

(1)
1

(

L
(0)
0

)2 +
L

(0)
1

(

L
(1)
0

)2

(

L
(0)
0

)3






. (2.3.13)

To calculate dMpt
1 /dmb, we employ the leading order expression for Mpt

1 , neglecting both

perturbative and non-perturbative corrections; the impact of this derivative on the shift in

the b-quark mass is small. We find the following change in the value of the b-quark pole

mass

δmb =







−6.6(1.6) MeV, Ecut = 0.6 GeV;

−6.4(4.0) MeV, Ecut = 1.5 GeV,
(2.3.14)

where we used αs(mb) = 0.22. In brackets, the uncertainties in the mass shift related to

numerical integration errors are indicated. Note a very strong amplification of the numerical

integration errors when we pass from L to M moments – integration errors are just a few

percent in the former and up to 60 percent in the latter. This implies a very strongly

cancellation between radiative corrections in the ratio of L1 and L0.

Note that Eq.(2.3.14) gives corrections in the pole mass scheme and that additional

non-BLM corrections appear if the pole mass is transformed to the kinetic mass [52]; those

corrections were computed in [53]. For the kinetic mass at µ = 1 GeV, the additional shift

is about 15 MeV, so that the total shift

δmkin
b (1 GeV) ≈ 10 MeV (2.3.15)
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n Ecut, GeV L
(0)
n L

(1)
n L

(2)
n

0 0.6 0.9552269 −1.723893 3.29(6)

1 0.6 0.3065502 −0.559955 1.16(1)

0 1.5 0.4790680 −0.881472 1.97(6)

1 1.5 0.1871146 −0.350026 0.83(2)

Table 2.1. Lepton energy moments for mb = 4.55 GeV and mc = 1.08 GeV.

can be expected5. There are two ways to look at the significance of this result. We can

compare it to the uncertainty in the b-quark mass of about 40−50 MeV, typically obtained

in fits to moments of semileptonic b-decays [63, 64, 65, 58]. This comparison indicates

that the shift shown in Eq.(2.3.15) is rather small. On the other hand, the error on the

b-quark mass in the fits is related to the fact that global fits are not very sensitive to

mb and mc individually; rather, the linear combination mb − 0.6mc is restricted to about

6 MeV. Because we estimated the shift in the b-quark mass for the fixed value of the charm

quark mass, a more relevant uncertainty in the b-quark mass to compare should be just

these 6 MeV, which is similar to our estimate of δmb due to non-BLM corrections6. We

emphasize that the change in the b-quark mass shown in Eq.(2.3.15) is only an estimate

and more careful calculation, that includes larger number of moments and simultaneous

extraction of all heavy quark parameters, is required.

Finally, we stress that, regardless of what uncertainty δmb should be compared to,

Eq.(2.3.14) is remarkable since it shows that the correction to a low-energy observable due

to two-loop non-BLM QCD effects is much smaller than the naive estimate suggests

δmb

mb
∼ 10−3 ≪ CF CA

(αs

π

)2
∼ 2 · 10−2. (2.3.16)

This feature is a consequence of a very strong cancellation between corrections to L(1) and

L(0), when the ratio of the two is taken to compute Mpt
1 . To illustrate this point, note

that if we set non-BLM corrections in L(0) to zero, the shift δmb increases from about

−7 MeV , as shown in Eq.(2.3.14), to about −100 MeV. It appears therefore that high

5We point out that explicit formulas that relate perturbative QCD corrections to the inclusive semilep-
tonic b → Xclν̄l decay width in the pole and kinetic schemes are given in Ref. [54].

6We thank N. Uraltsev for emphasizing this point to us.
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degree of cancellations of radiative corrections between different L-moments is crucial for

claiming very small errors in mb, mc etc. In this respect, it is important to understand the

origin of these cancellations since there are yet higher-order perturbative effects about which

nothing is known at present and that, naively, are of the same order of magnitude as the

non-BLM corrections computed in this paper. For example, although leading order BLM

corrections O(αn
s βn−1

0 ) are known and resummed [26], subleading BLM effects O(αn
s βn−2

0 )

are not known beyond n = 2. But, because β0 ∼ 10 is large, one should expect that three-

loop subleading BLM corrections to L0 and L1 are of the same order of magnitude as the

two-loop non-BLM effects considered in this paper α3
sβ0 ∼ α2

s. The only way to avoid large

shifts in the b-quark mass is to have nearly complete cancellation between these three- and

higher-loop corrections to L0 and L1. The degree of such cancellation is an assumption in

existing fits to semileptonic moments in B-decays, as long as the origin of this cancellation

is not clearly understood. To this end, it is interesting to give a few arguments in favor of

non-accidental nature of these cancellations.

For example, it is easy to see that in the limit of a very high cut on the lepton

energy, all perturbative corrections to normalized moments vanish. Indeed, we consider the

n-th normalized moment of the lepton energy, computed in perturbation theory

Mpt
n (Ecut) =

Ln(Ecut)

L0(Ecut)
. (2.3.17)

We now make a simple observation that

lim
Ecut→Emax

l

Mpt
n (Ecut) = (Emax

l )n =
(m2

b − m2
c)

n

(2mb)n
, (2.3.18)

independent of the strong coupling constant αs. Eq.(2.3.18) implies perfect cancellation of

all radiative corrections to normalized moments in that limit. Corrections to this result

scale as O(nαk
s(E

max
l − Ecut)/Emax

l lnj((Emax
l − Ecut)/mb); they are clearly much smaller

than the naive O(αk
s) estimate of a k-loop QCD corrections.

Moreover, one can relax the requirement of a high lepton energy cut, by making

the following observations. The lepton energy distribution has a peak, at El ≈ 0.8Emax
l . In

the limit when this peak is infinitely narrow, normalized moments of, say, lepton energy are

obviously protected from radiative corrections. Hence, deviations from the “no radiative-

corrections” limit must be correlated with the broadness of the peak. To this end, note that
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the peak appears to be fairly narrow – for example, the position of the peak is only fifteen

to twenty percent higher than the average lepton energy. We believe that results of explicit

computations supplemented with these considerations, give a strong argument in favor of

non-accidental nature of the observed cancellations in normalized moments for any value of

the cut on the lepton energy and suggest that similar cancellations persist to higher orders

in perturbative QCD.

2.3.2 Decay B → Xcτ ν̄τ

We come to the discussion of the NNLO QCD corrections to semileptonic B decays

into final states with the charm quark and the τ lepton. The corresponding branching ratios

were measured at LEP by ALEPH and OPAL collaborations [59, 60]. The results read

Br(B → Xcτ ν̄τ ) =







(2.43 ± 0.32) × 10−2, ALEPH,

(2.78 ± 0.54) × 10−2, OPAL,
(2.3.19)

where we added statistical and systematic errors in quadratures. We employ the ALEPH

measurement in the following numerical computation. Using the world average for semilep-

tonic branching ratio into the massless lepton,

Br(B → Xclν̄l) = (10.25 ± 0.25) × 10−2, (2.3.20)

we find the ratio of the two branching fractions

R =
Γ(B → Xcτ ν̄τ )

Γ(B → Xclν̄l)
≈ 0.237(31). (2.3.21)

The ratio R can be very accurately predicted in perturbative QCD. Indeed, setting mb =

4.6 GeV, mc = 1.15 GeV and mτ = 1.8 GeV, we obtain the following results for semileptonic

decay rates

Γ(b → ceν̄e)

Γ0
= z0 (ρc, ρe)

[

1 +
αs

π
(−1.777) +

(αs

π

)2
(−1.92β0 + 3.38)

]

,

Γ(b → cτ ν̄τ )

Γ0
= z0 (ρc, ρτ )

[

1 +
αs

π
(−1.462) +

(αs

π

)2
(−1.82β0 + 3.16)

]

, (2.3.22)
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where ρc = m2
c/m2

b , ρe = 0, ρτ = m2
τ/m2

b and Γ0 = G2
F |Vcb|2m5

b/(192π3). The function

z0(ρq, ρl) reads [19, 20, 68]

z0(ρq, ρl) =
√

λ
(

1−7ρq −7ρ2
q + ρ3

q − 7ρl − 7ρ2
l + ρ3

l + ρqρl (12− 7ρq− 7ρl)
)

+ 12ρ2
q(1 − ρl)

2 log
1 + vq

1 − vq
+ 12ρ2

l (1 − ρq)
2 log

1 + vl

1 − vl
,

where λ(ρq, ρl) = 1 + ρ2
q + ρ2

l − 2ρq − 2ρl − 2ρqρl

and vq =

√
λ

1 + ρq − ρl
, vl =

√
λ

1 + ρl − ρq
.

Taking the ratio, we find

Rpert =
z0(ρc, ρτ )

z0(ρc, ρe)

(

1 + 0.315
(αs

π

)

+ (0.9BLM + 0.34)
(αs

π

)2
)

=
z0(ρc, ρτ )

z0(ρc, ρe)

(

1 + 0.0221O(αs) + 0.0044BLM + 0.0017non−BLM

)

, (2.3.23)

where at the last step αs = 0.22 was used. We observe that QCD effects in the R ratio are

very small. We stress that while the ratio of leading order decay rates is a rapidly changing

function of mb, mc and mτ , radiative corrections to Br(b → Xcτ ν̄τ ) and Br(b → Xclν̄l) are

correlated, so that they cancel out in the ratio largely independent of the quark masses. We

point out that non-perturbative corrections to the R ratio were computed in [19, 20, 68] and

were found to be of the order of minus four percent. Interestingly, not only perturbative

and non-perturbative corrections are small individually, but they also tend to cancel each

other. Given that perturbative and non-perturbative effects in the R ratio are very small,

we fix the b-quark mass to its value from semileptonic fits mb = 4.55 GeV and require

z0(ρc, ρτ )

z0(ρc, ρe)
= 0.237(31), (2.3.24)

to determine the charm quark mass. The dependence of decay rates on quark masses at

leading order is well-known; it can be extracted from Refs.[19, 20, 68]. We obtain

mc = 1.04 ± 0.20 GeV. (2.3.25)

This mc value is perfectly compatible with, but a factor of three less precise than, the

recent result from global fits mc = 1.08 ± 0.07 GeV [58]. Nevertheless, the R ratio seems

to be an interesting observable since it is primarily sensitive to phase-space ratios and is

almost independent of both perturbative and non-perturbative effects. The reduction of
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the experimental error in the R ratio by a factor of three will lead to the determination of

the charm quark mass with the precision comparable to the precision currently achieved in

global fits. As the final remark, we point out that for central values of bottom and charm

quark masses determined from semileptonic fits [58], mb = 4.55 GeV and mc = 1.077 GeV,

the R ratio is 0.232, in perfect agreement with the ALEPH result Eq.(2.3.21).

2.4 Summary

In this Chapter, we studied the two-loop QCD corrections to semileptonic b →
Xclν̄l decays. We described the computational method that allowed us to consider decays

into both massless and massive leptons and to impose arbitrary cuts on the final state parti-

cles. The calculation for massless leptons in the final state was reported earlier in Ref. [31].

We extended that calculation by considering massive lepton in the final state. We showed

that the non-BLM NNLO QCD corrections to b → Xclν̄l decays, with l = e, µ, are not very

sensitive to cuts on the lepton energy, as long as the cut is below 1 GeV. For higher values of

the lepton energy cut, the non-BLM corrections do develop Ecut dependence, although it is

not very strong. We also found that there are very efficient cancellations of QCD radiative

corrections to normalized moments, that are used in global fits to semileptonic B-decays,

and that such cancellations are crucial for making the claimed accuracy of the fits credible.

We argued that there are good reasons to believe that such cancellations are not accidental,

and that they persist in higher orders of perturbation theory as well.

We also computed QCD radiative corrections to the ratio of branching fractions

of b → Xcτ ν̄τ and b → Xceν̄e decays. It turns out that radiative corrections to this

ratio are very small and convergence of the perturbative expansion is excellent. Since non-

perturbative effects are also moderate, this ratio is, potentially, a good source of information

about bottom and charm quark masses.
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Chapter 3

Top quark production and decay at

hadron colliders

3.1 Introduction

The top quark is a member of the third generation of quarks in the SM. It forms

a weak-isospin doublet with the bottom (b) quark, the other quark of the third generation.

The top quark is the heaviest of all discovered elementary particles. It is peculiar that

existence of the top quark was predicted in the Standard Model and its mass was first

estimated through indirect measurements, several years before its discovery [69]. The direct

evidence for the existence of the top quark was found in 1995, at a proton-antiproton collider

Tevatron [70, 71]. The mass of the top quark was measured in a series of experiments

at the Tevatron [72]. At present, the global average of the top quark mass stands at

mt = 171(2)GeV which is much larger than the mass of the next-to-heaviest quark, the

b-quark mb = 4.6(0.1)GeV. This large mass makes the top quark unique, since it behaves

as a point-like particle although it is almost as heavy as a gold atom. Since the top quark

completes the third flavor family in the quark sector, the quantum numbers of the top quark

are fixed by the structure of the Standard Model. The electric charge of the top quark is 2/3

of the positron charge and the weak isospin is 1/2 for the left-handed component of the top

quark and zero for the right-handed component. However there is no direct measurement

of these quantum numbers [73, 74].
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The energy of the Tevatron is somewhat low for the production of a particle as heavy as

the top quark. Hence, the cross section for the production of the top quark pairs is rather

small, and the Tevatron experiments do not have enough statistics to determine the top

quark properties precisely. On the contrary, the LHC operates at high energy and the tt̄

pair production cross section at the 14 TeV LHC is larger by a factor of a hundred compared

to the Tevatron. The LHC then offers an opportunity to extensively study the top quark

properties [74]. It is expected that the mass of the top quark can be determined at the LHC

with an error smaller than 1 GeV, compared to the current uncertainty of the mass of the

top quark of 2 GeV. Study of the W -boson polarization in the top quark decay probes the

V − A structure of the weak current and anomalous tWb couplings [75]. Single top quark

production can be used for precise determination of the CKM matrix element Vtb. Spin

correlations of a top quark pair are sensitive to anomalous tt̄g coupling. Measurement of

the cross section of pp → tt̄γ will lead to the direct determination of the electric charge of

the top quark [73]. In the high luminosity phase of the LHC, one can study the associated

production of tt̄Z and measure the top quark couplings to the neutral weak gauge bosons.

The top quark physics can also be helpful to calibrate detectors at the LHC, in the start-up

phase. The large production cross section of the top quark pairs at the LHC makes it

possible to use events with top quarks to study b-tagging efficiency or the jet energy scale.

Both of these quantities are crucial for many physics analyses at the LHC.

The top quark mass is close to the electroweak symmetry breaking scale. This suggests that

the top quark can be a good probe of the mechanism that breaks the electroweak gauge

symmetry. For example, in the SM, the agent of the EW symmetry breaking is the Higgs

boson. Because of its large mass, the top quark is the only fermion with the order one

coupling to the Higgs boson. As the result, the associated Higgs boson production channel,

pp → tt̄H has a reasonably large cross section 1 and therefore it is a possible channel

for the Higgs boson discovery [76, 77], and one of the important processes to study Higgs

top Yukawa coupling. The decay of the top quark can be studied for signatures of non-

SM interactions; for example, decays to non-standard Higgs bosons [78] or supersymmetric

1The cross section for the process pp → tt̄H is σtt̄H ∼ 700 fb, for mH = 120 GeV and mt = 174 GeV.
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particles [79]. Finally, the top quark also plays an important role as a background to many

searches for the Higgs boson and possible beyond the SM particles [79].

3.2 Top quark physics at the hadron colliders

The Tevatron is a proton-antiproton pp̄ collider and the LHC is a proton-proton

pp collider. The Tevatron operates at a center of mass energy
√

s = 1.96 TeV, while the

LHC will eventually operate at
√

s = 14 TeV. In the hadron collisions at the Tevatron and

the LHC, the top quarks are produced in pairs through the QCD processes, gluon-gluon

fusion gg → tt̄, and quark-antiquark annihilation qq̄ → tt̄. The total tt̄ pair production

cross section at the Tevatron is 7.5 ± 0.5 pb [9]. Events with single top quarks are also

produced at the Tevatron through electroweak processes [80, 81], qq̄′ → tb̄ and qb → q′t.

The single top quark production cross section is smaller than the top quark pair production

cross section, and the separation of the single top production events from the background

is much more difficult. Here we focus on the tt̄ pair production only.

According to the factorization theorems for hard scattering processes in hadron collisions

[82], the tt̄ production cross section at hadron colliders is written as

σtt̄
h1h2

=
∑

i,j

∫

dzidzjfi (zi, µF ) fj (zj , µF )σij (ŝ, µF ) + O
(

ΛQCD

Q

)

, (3.2.1)

where the sum is taken over all partons and Q ∼ mt is the energy scale of the process.

The parton distribution function (PDF) fi, describes the probability density that a parton

of flavor i, carries a fraction zi of the hadron momentum. The short-distance partonic

cross section depends on the energy of the collision, the top quark mass and the strong

coupling constant αs. The short-distance partonic cross section is infrared safe and free of

any long-distance effects. It is particular to the partonic process ij → tt̄+X. The collinear

sensitivity of the cross section is absorbed into the parton distribution functions. The

PDFs are universal in a sense that they are independent of the particular hard scattering

process. Parton distribution functions and the hard-scattering cross-section depend on the

factorization scale µF , which separates the short-distance and long-distance effects. This

scale is arbitrary in principle, but it is usually chosen to be a typical energy scale of the
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Figure 3.1. Feynman diagrams for tt̄ production by the strong interactions: gg → tt̄ (a)
and qq̄ → tt̄ (b).

process considered 2. The dependence of PDFs on the scale µF follows from the DGLAP

evolution equation [83, 84]

d

d lnµ2
F

fi (x, µF ) =
∑

j

∫ 1

x

dz

z
Pij

(x

z
, αs (µF )

)

, fi (z, µF ) , (3.2.2)

where the evolution kernels Pij are calculated in the perturbative expansions in αs. As a

consequence of the DGLAP equation, measurement of PDFs at any scale µ allows their

prediction for any other scale µ′. The parton distribution functions are extracted from data

by CTEQ [85] and MSTW [86] collaborations.

At lowest order in perturbation theory, the parton scattering cross section receives contri-

butions from two processes, gg → tt̄ and qq̄ → tt̄. The relevant Feynman diagrams are

shown in Fig.3.1. Explicit results can be found in Refs. [87, 89]. Since the top quark is ex-

tremely heavy, it is very short-lived [88] and, curiously, it decays through weak interactions

before hadronization. In the SM, the top quark decays predominantly into a b quark and an

on-shell W boson, t → bW . The t → Ws and t → Wd decays are possible but they are sup-

pressed by the square of the corresponding elements of the CKM matrix, |Vts| ≈ 4×10−2 and

|Vtd| ≈ 7×10−3 [9]. Within the SM, the t → bW decay width, calculated to next-to-leading

order in αs, is [88]

Γ (t → bW ) =
GF m3

t

8π
√

2
|Vtb|2

(

1 − m2
W

m2
t

)2 (

1 + 2
m2

W

m2
t

) [

1 − 2αs

3π

(

2π2

3
− 5

2

)]

. (3.2.3)

Here mt refers to the pole mass of the top quark and the b-quark mass is neglected. Taking

mt = 171 GeV, mW = 80.4 GeV, GF = 1.16× 10−5 GeV−2 and αs (mt) = 0.106, we obtain

the lifetime of the top quark τ = Γ−1 ∼ 5× 10−25 s. This is smaller, roughly, by a factor of

2Factorization scale is chosen such that large logarithms are avoided in perturbation theory. For example
in case of tt̄ production conventional choice of factorization scale is the top quark mass.
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four than a typical time-scale of hadronization. The short lifetime of the top quark indicates

that it decays before the formation of top-flavored hadron.

Since the W boson has leptonic and hadronic decay modes, the top quark can decay either

hadronically or semileptonically. Within the SM, the primary top quark decay modes are,

t → Wb → b+ℓ+ν̄ℓ and t → Wb → b+q+q̄′. Here ℓ can be an electron, muon or tau-lepton,

and νℓ is the corresponding neutrino. Also, q, q′ denote quarks from hadronic decays of the

W boson. Given these various decay options, the final states for the tt̄ production process

can be divided into three classes;

• tt̄ → W+bW−b̄ → qq̄′b q′′q̄′′′b̄,

• tt̄ → W+bW−b̄ → qq̄′b ℓν̄ℓb̄ + ℓν̄ℓb qq̄′b̄,

• tt̄ → W+bW−b̄ → ℓ′ν̄ℓ′b ℓν̄ℓb̄.

Since quarks in the final state evolve into jets of hadrons, the above processes are referred

to as all-jets, lepton+jets (ℓ +jets) and dilepton (ℓℓ) channels.

3.3 The top quark mass and its significance

The quark masses are convention-dependent parameters, that can be defined in

different renormalization schemes. Two main mass definitions are the MS and the pole

quark masses. The pole quark mass is defined as the real part of the complex-valued pole

of the quark propagator. However because of color confinement, quark propagators should

have no poles, so that the possibility to define the pole quark mass is the perturbative

artifact. As such, the pole quark mass is sensitive to the long-distance physics that binds

quarks and gluons together. Hence the pole quark mass is not a physical quantity in a

non-perturbative sense. On the other hand, MS scheme, by construction, is only sensitive

to short-distance physics [90]. Therefore the MS mass can be defined beyond perturbation

theory.

The relation between the MS mass m and the pole mass m is known to O
(

α3
s

)

[91, 92, 93].

The top quark MS mass, with the renormalization scale set to mt is

mt(mt) = mt

(

1 +
4

3

αs

π
+ 8.2364

(αs

π

)2
+ 73.638

(αs

π

)3
+ O

(

α4
s

)

)−1

, (3.3.1)
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where mt is the top quark pole mass. Taking αs (mt) = 0.106, we obtain, mt/mt = 1.06,

which implies that the top quark mass defined in the MS scheme is lower than the the

pole mass by 6 percent. Numerically 6 percent is almost 10 GeV, whereas the discussed

precision of the top quark mass measurement is about 2 GeV. Given the large difference, it

is natural to ask which mass do the Tevatron and the LHC experiments actually measure?

The answer to this question is not very clear. However, since the top quark is produced

almost on-shell at the Tevatron and the LHC, mexp
t is usually identified with the top quark

pole mass.

The precise determination of the mass of the top quark is important for several reasons.

First of all, mt is one of the free parameters of the SM and needs to be fixed. Second, the

top quark is the heaviest of all quarks, and it affects the quantum corrections to electroweak

physics parameters the most. Indeed, the EW parameters often receive large corrections

that depend quadratically on the top quark mass. Since one would like to use precision EW

measurements to constrain the Higgs boson mass, the top quark mass needs to be known

precisely. For example, assuming the validity of the SM and using the input parameters,

mZ = 91.1875 GeV, sin θW (mZ) = 0.2308 and αEM (mZ) = 1/137.03599976, the W -boson

mass mW is calculated to be [94]

mW / (GeV) = 80.409 − 0.507

(

∆α
(5)
h

0.02767
− 1

)

+ 0.542

[

( mt

178 GeV

)2
− 1

]

− 0.05719 ln
( mH

100 GeV

)

− 0.00898 ln2
( mH

100 GeV

)

.

(3.3.2)

Since the mass of the W -boson can be measured to high precision as well, the above formula

constrains the Higgs boson mass. We note that small changes in the value of mt have a

large effect on the Higgs boson mass determined this way. For example, a 2 GeV shift in

the top quark mass results in almost a twenty GeV shift in the Higgs boson mass!

The experiments at the Tevatron use complex modeling techniques to extract the top quark

mass from the data. The matrix element method relies on the fact that the differential cross

section for tt̄ production is sensitive to the top quark mass. The differential cross section is

used to calculate a probability P ({x}, mt), where {x} is the set of measured variables, that

describe a particular event and mt is the assumed mass of the top quark. For every event,

{x} is fixed and mt is chosen such that it maximizes this probability. For a large number of
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events, one obtains a distribution of the most probable top quark masses. The estimate of

the top quark mass corresponds to the average value of that distribution. In other words,

the actual top quark mass is identified with the kinematic parameter mt that maximizes

the probability of the largest number of the observed events to occur. The matrix element

method uses all the kinematic information from the event, hence the uncertainty in mt is

small. The method uses models, known as transfer functions, to connect the parton level

matrix element to the reconstructed objects observed in the detector. To calculate these

transfer functions, hadronization models are used, which cannot be dealt with by pertur-

bative QCD. As a result, currently it is not possible to relate the top quark mass obtained

from the matrix element method to systematic perturbative QCD expansion. This is unfor-

tunate since it makes it difficult, if not impossible, to estimate the theoretical uncertainty.

As an alternative approach, the top quark mass can be determined from kinematic distribu-

tions that are sensitive to it. A large number of observables are known to be correlated with

mt. They include the total cross section σ(pp → tt̄) [95], the invariant mass distributions of

the top decay products, the transverse momenta and energy of leptons and jets, tt̄ invariant

mass distribution [96] and the mean distance that b hadrons from tt̄ events travel before

they decay [97]. The correlation of these distributions with mt and the related uncertainty

in the top quark mass measurement are usually analyzed with the help of parton shower

generators such as PYTHIA [98] and HERWIG [99]. These studies typically claim that it

is possible to measure mt with high precision [100]. However, the drawback of the parton

showers is that they use approximate kinematics to describe the events. For example, given

a state with n-partons, the parton shower produces the state with n + 1-partons by means

of soft and collinear radiation. The possibility of a hard large angle emission is ignored.

Hence parton showers are expected to describe properly the phase space region where soft

and collinear contributions are large, but they are not suitable in a situation where emis-

sion of hard partons at large angles is important. Because of this approximate nature of

the parton showers, it is not clear, to what degree should one trust the claim of the small

uncertainty in mt measurements based on parton shower analyses only. We need alternative

methods to independently assess the uncertainty. Such methods are provided by perturba-

tive QCD, since some of the kinematic distributions sensitive to mt can be calculated in
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fixed-order perturbation theory3. This leads to the possibility to study those distributions

in the framework of systematic improvable perturbative expansion which is crucial for the

realistic assessment of the uncertainty in mt.

3.4 Current theoretical framework for the description of top

quark physics at hadron colliders

The Tevatron experiments have insufficient statistics to study various top quark

properties with high precision. However, with 60, 000 top quarks produced at the Tevatron,

the experimental uncertainty on the top quark parameters reported by the Tevatron is not

too large either. For example, the error on mexp
t is around 2 GeV, which is close to 1% of

the top quark mass. Note that, the top quark is the only quark whose mass is known with

that high precision. On the other hand, the top quark pair production cross section at the

14 TeV LHC is predicted to be about 800 pb [101], hundred times larger than the Tevatron

cross section for the top quark pair production. Then at a “low” annual integrated lumi-

nosity of 10 fb−1, about 8 million top quark pairs are expected to be produced every year.

At this rate of production, the LHC will be a top quark factory. Large event samples will

allow precision measurement of the top quark parameters. The statistical uncertainty on

the top quark parameters will become negligible and the systematic uncertainties, including

theoretical ones, will be dominant. If we apply perturbative QCD framework to calculate

top quark pair production cross-section in hadron collisions, the sources of theoretical un-

certainties are parton distribution functions and short-distance partonic cross sections. The

partonic cross sections are calculated in perturbation theory truncated at certain order in

the perturbative expansion. This introduces residual dependence of physical quantities on

the renormalization scale µR and the factorization scale µF . We use this dependence to

estimate theoretical uncertainty in a particular observable due to uncalculated higher order

terms in the perturbative expansion since, parametrically, the spread is of the order of the

first uncalculated higher order perturbative contribution. Indeed, if a short-distance cross

section σij is calculated through αn
s in perturbative QCD, the dependence on µF and µR

3Typically these distributions are constructed from the top quark decay products. Observables like
b-hadron decay length cannot be calculated in pQCD.
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only appears at order αn+1
s . For example, the tt̄ production cross section, has large uncer-

tainty when calculated to leading order in perturbative QCD, but the uncertainty reduces

when the cross section is calculated to next-to-leading order in QCD and NLO PDFs are

used. At the 14 TeV LHC, a variation of µ between mt/2 and mt leads to O(200 pb) (or

25 percent) change in the total cross section at leading order. At next-to-leading order,the

change is O(20 pb) only.

There has been much theoretical progress in the computation of NLO QCD correc-

tions to physical observables related to top quark production and decay. For the top quark

hadroproduction, with on-shell tt̄ states summed over spins, NLO QCD corrections to the

total cross section, transverse momentum pT , rapidity and tt̄ invariant mass distributions

have long been available [87, 102, 103]. Large logarithms, that appear in higher order dif-

ferential cross section of the hard scattering process near partonic thresholds (Mtt̄/ŝ → 1)

are resummed [104, 105] for the total cross sections [106, 107, 108, 109] and pT distributions

[109, 110]. The NLO QCD corrections to the cross section of tt̄+1 jet were calculated [111].

NLO QCD corrections to tt̄ production are interfaced with parton shower Monte Carlo in

POWHEG [112] and MC@NLO [113] programs. The MCFM program [114] gives NLO

predictions for a large number of processes at the hadron colliders, including top quark pair

production. Recent updates of the predictions for tt̄ production, relevant for the Tevatron

and the LHC can be found in Refs. [115, 116].

As we mentioned in the previous section, we are interested in the observables constructed

from the top quark decay products. Kinematics of the top quark decay products is sensitive

to top quark polarization, thanks to the V −A structure of charged currents. If production

mechanism of a tt̄ pair is such that spins of t and t̄ are correlated, kinematics of the t decay

will be influenced by the kinematics of t̄ decays. Can the spin correlations survive or non-

perturbative QCD effects will completely depolarize top quarks? To answer this question,

we can estimate the relative change in the spin of a top quark, in the following way. The

interaction Hamiltonian of the top quark spin with the chromomagnetic field in the QCD

vacuum Hc is, H ∼ gs

2mt
S · Hc, where gs is the QCD coupling. The average rate of change

of top quark spin is then

〈dS
dt

〉 ∝ gs

2mt
S × Hc . (3.4.1)
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The change of spin of the top quark over a time ∆t is

∆S

S
∝ gsHc

2mt
∆t . (3.4.2)

We can estimate the quantities in the formula as Hc ∼ Λ2
QCD and gs ∼ 1. Then the relative

change in the spin of a top quark in the period between its production and decay, τ = Γ−1

becomes

∆S

S
∼

Λ2
QCD

2mtΓ
. (3.4.3)

Taking mt = 171 GeV, Γ = 1.76 GeV and ΛQCD = 200 MeV, we obtain,
∆S

S
∼ 10−4. This

implies that once a top quark is produced, it retains its polarization information before

it decays. In all studies of the top quark pair production at NLO QCD, described so

far, top quarks are treated as stable particles and their spins are summed over, which is

equivalent to assuming ∆S/S ≫ 1 in the above estimate. Hence, many of the existing NLO

QCD results are not fully suitable for a proper description of the tt̄ pair production and

decay at the hadron colliders especially when cuts on the final state particles are imposed.

To do better we must study production of polarized top quarks at the hadron colliders.

This can be done by calculating the spin density matrix of a tt̄ pair produced in hadronic

collisions in perturbative QCD [117, 118, 119] and by considering decays of the polarized

top quarks [89, 120]. However, a realistic description of processes at the hadron colliders

must allow arbitrary cuts on the final state particles. This flexibility can only be achieved if

radiative corrections to production and decay of the polarized top quarks are implemented

in a numerical program that avoids integrating over any of the top quark decay products.

A numerical program that contains NLO QCD corrections and includes all spin correlations

was recently developed [122]4. In the study of top quark mass extraction that we report here,

we use the program of Ref. [122], but we extend it in a number of ways. For example, we

included hadronic decay modes of the W -bosons to describe the lepton+jets decay channel

at the hadron colliders. We also incorporate the decays of top quark to a B-meson through

NLO QCD. In Section 3.5 we describe the computation of the invariant mass distribution

of an identified B-meson and a lepton, correct to O(αs) and give numerical predictions for

4In a recent update, spin correlations are included in MCFM description of the tt̄ pair production [124].
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this observable, relevant for the LHC. Next we discuss a number of observables, and show

that they can be used for the precise determination of the top quark mass at the LHC.

3.5 Lepton+jets channel: identified B-meson in the final

state

As we explained in Section 3.3, it is important to measure the top quark mass with

high precision. A number of ways to do that were suggested that utilize very high yield of

top quarks at the LHC. For example, it was pointed out in Ref. [125] that a very high pre-

cision can be achieved by studying the top quark decays to a particular exclusive hadronic

state t → WJ/ψX followed by leptonic decay involving J/ψ → µ+µ−. The top quark mass

is partially reconstructed from the invariant mass MJ/ψl where the isolated lepton ℓ comes

from the W decay (cf. Fig. 3.2). The original suggestion of Ref. [125] involved an additional

(e  )µ+ +

/ψ(   µµ)Jµ+

t t
b

j

j

W W

ν

_ +

b
_

_

.

Figure 3.2. Schematic of the top decay to leptonic final states with J/ψ (Source: Ref. [125])

requirement that b from t decays leptonically as well. The resulting final state appears to be

very clean since by requiring a large number of leptonic decays, we reduce the combinatorial

background from the incorrect pairing of a lepton and J/ψ. However the same requirement

of a large number of leptonic decays leads to a very small branching ratio 5.3× 10−3. Then

a 1 GeV uncertainty on the top quark mass, can be achieved only at a very high integrated

luminosity ∼ 100 fb−1 at the LHC. Therefore an accurate determination of the top quark

mass with this process can be well into the future. However, Ref. [100] pointed out that the

situation can be significantly improved by giving up the requirement of a leptonic decay of

b̄. This leads to the increase of branching ratio but the combinatorial background increases

as well. As shown in Ref. [100] the increase in the combinatiorial background is still ac-
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ceptable and it is estimated that with a luminosity of 20 fb−1 at the LHC the uncertainty

of O (1.5 GeV) in mt can be reached.

To match the experimental precision, one needs to control the theoretical uncertainty in-

volved in the top quark mass extraction. One way to do this is pursued in Refs. [100, 126],

where parton shower event generators, such as HERWIG or PYTHIA are used to describe

the process, pp → tt̄ → t̄J/ψW and the uncertainties are determined by studying the differ-

ences in results obtained with different parton shower generators or even different versions

of the same event generator. It can happen that this approach gives reliable error estimate,

but given limitations of parton showers and the importance of the process as a benchmark

for precise top quark mass measurement, one needs to investigate this and come up with

alternative ways to estimate the error in mt that can be achieved in this process.

One way to accomplish that is to avoid using parton showers and, instead, to compute the

mJ/ψl invariant mass distribution in the process pp → (t → W+ +b → J/ψ)+(t̄ → W−+ b̄)

in fixed-order perturbative QCD. We describe how this can be done in this Section. To

simplify the problem, we follow Refs. [127, 128] in that we do not include the decay of

a B-meson to a J/ψ meson, but only consider a b-quark fragmentation into a B-meson.

This is a reasonable first step because decays of B-mesons to J/ψ-mesons are well-studied

at B-factories. The energy spectrum of B-mesons in top decays can be computed using

the b → B fragmentation function formalism [129] which allows systematic inclusion of

higher-order QCD effects. The observable that we study in this Section is the invariant

mass distribution of the B-meson and the lepton from the associated W -decay. The NLO

QCD calculation of the B-meson energy spectrum in top quark decays was performed in

Ref. [139] within the b → B fragmentation function formalism. However, the results of

that reference can not be used directly for our purpose since leptons from W -decays were

integrated over. Because the primary object of our study is the invariant mass of a lepton

from the W decay and a B-meson from the b-fragmentation and since we would like to be

able to impose kinematic constraints on top quark decay products, we require a calculation

of the NLO QCD corrections that is exclusive inasmuch as the top quark decay products

are concerned.
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The exclusive nature of the correction that we study poses an added level of com-

plication. In case of inclusive cross sections, all possible final states are taken into account

and QCD matrix elements are integrated over all available final state phase space. Real and

virtual contributions to the process can be integrated separately and added. Thus a cancel-

lation of soft and collinear divergences is achieved after the integration. This however is not

the case for exclusive cross sections. Since the real and virtual contributions live in differ-

ent phase spaces, they have to be integrated separately, making it difficult to achieve local

cancellation of soft and collinear divergences. However, techniques for numerical computa-

tion of the exclusive cross sections are developed for next-to-leading order processes. The

techniques are generally based on two types of algorithm, the phase space slicing method

[131] and the subtraction method [132]. In our calculation, we use the dipole subtraction

formalism [133]. This formalism is used for calculating jet cross sections to NLO accuracy

in perturbative QCD. We point out, however, that we have an identified hadron in the final

state, in addition to jets. Hence, care is required when the dipole subtraction formalism

is applied. In principle, Ref. [133] does describe the construction of the subtraction terms

for such a situation, but since we deal here with decay kinematics and since massive par-

ticles are involved, we adopt a slightly different approach. As our starting point, we take

subtraction terms constructed specifically for top quark decays in Ref. [134]. We modify

the subtraction procedure slightly, to allow for the identified hadron in the final state, and

obtain a fully differential description of the decay t → l+ν + B + X through NLO QCD.

3.5.1 Calculation of radiative corrections to t → l+ν + B + X.

In this Section, computation of the radiative corrections to the decay t → (W+ →
l+ν) + B + X is described. We assume that the B-meson is produced by the fragmentation

of the massless b-quark. The W boson is on the mass shell. We denote by x the fraction of

energy carried away by the B-meson in the top quark rest frame5

x =
2tpB

m2
t (1 − r2)

, r2 =
m2

W

m2
t

. (3.5.1)

5Except for the B-meson, we denote particles and their momenta by the same label. We hope that this
fact does not cause any confusion.
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The differential decay rate reads

dΓB

dx
=

1
∫

x

dξ

ξ

dΓb

dξ
D

(

x

ξ

)

, (3.5.2)

where ξ = 2tb/(m2
t (1 − r2)), dΓb/dξ is the differential decay rate for the partonic decay

t → W + b + X and D(x) is the fragmentation function for b → B. One can restore the

dependence on other partonic variables in Eq. (3.5.2) because collinear fragmentation does

not affect them. Therefore, Eq. (3.5.2) is a starting point for the computation of various

kinematic distributions for top quark decays to final states with jets and an identified

B-meson. Our goal is to compute these distributions through next-to-leading order in

perturbative QCD. To this end, the partonic decay width dΓ is expanded in series of the

strong coupling constant αs

dΓb = dΓ
(0)
b + dΓ

(V)
b + dΓ

(R)
b + O(α2

s), (3.5.3)

where the three terms refer to leading order decay rate and virtual and real contributions

to the NLO decay rate, respectively. Because dΓ
(0)
b and dΓ

(V)
b have two-body final states6,

the b-quark in that decay has maximal energy. This implies that dΓ
(0,V)
b are proportional

to a delta-function of ξ

dΓ
(0)
b ∼ dΓ

(V)
b ∼ δ(1 − ξ), (3.5.4)

and we can write

ΓB =

∫

dx
{

dΓ
(0)
b + dΓ

(V)
b

}

D(x)FJ,2({p})

+

∫

dx dΓ
(R)
b

m2
t (1 − r2)

2bt
D

(

xm2
t (1 − r2)

2bt

)

FJ,3({p}). (3.5.5)

Note that we introduced the “measurement function” FJ,n to indicate external constraints

that are applied to a n-particle final state. The measurement function depends on the

momenta of final state particles, including the momentum of the B meson. It is assumed

to satisfy the usual requirements of infra-red and collinear safety.

Since virtual and real corrections are separately infra-red and collinear divergent

and since the measurement function is arbitrary, we need to set up a calculation where all

6We count decay products of a W boson as a single particle.
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divergences in dΓ(R) and in dΓ(V) are regulated separately. We construct the necessary

subtraction term below following Ref. [134] closely. We begin by considering the matrix

element that describes the real emission process t → W + b + g

dΓ
(R)
b ∝ |M3|2 dΦ(3), (3.5.6)

where dΦ(3) is the phase-space element for W, b and g, and introduce variables z, y to

parametrize the scalar products that involve the gluon momentum

bg =
m2

t

2
(1 − r)2y; tg =

m2
t

2
(1 − r2)(1 − z). (3.5.7)

The soft limit g → 0 requires z → 1, y → 0. The collinear limit g 6= 0, gb → 0 corresponds

to y → 0. We express the fraction of maximal energy (in the top quark rest frame) carried

by the b quark in t → b + g + W decay through z and y variables

Eb

Eb,max
=

2tb

m2
t (1 − r2)

= f(z, y) = z +
(1 − r)

(1 + r)
y. (3.5.8)

Using Eq. (3.5.8), we find that f(z, y) → 1 and f(z, y) → z in the soft and collinear limits,

respectively. The soft and collinear limits motivate the construction of subtraction counter-

terms for real emission corrections. Taking the difference of the real emission correction

and the subtraction counter-term, we obtain an integrable expression

|M3|2
f(z, y)

FJ,3({p}, pB)D

(

x

f(z, y)

)

− |M̃3(p̃)|2
z

FJ,2 ({p̃}, p̃B) D
(x

z

)

, (3.5.9)

which explicitly involves the fragmentation function. We emphasize that, as with any

subtraction method, the counter-term is evaluated for values of momenta that differ from

the momenta used in the evaluation of the matrix element. In particular, the B-meson

momenta are related to a particular b-quark momenta in the following way

pB =
xb

f(z, y)
, p̃B = xb̃. (3.5.10)

In the soft limit f(z, y) → 1, z → 1 and b → b̃, whereas in the collinear limit, f(z, y) → z,

b ∼ zt and b̃ ∼ t. It follows from Eq. (3.5.10) that pB and p̃B coincide in both limits; of

course, this is an important condition for the proper work of the subtraction counter-term.

For the subtraction matrix element |M̃3|2, we employ [134]

|M̃3|2 = |M̃2|2 Dip(z, y), (3.5.11)
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where

Dip(z, y) = CFg2
sµ

2ǫ

(

1

bg

(

2

1 − z
− 1 − z − ηǫ(1 − z)

)

− m2
t

(tg)2

)

, (3.5.12)

and M̃2 is the matrix element for t → b + W . The term proportional to η distinguishes the

t’Hooft-Veltman (η = 1) and the four-dimensional helicity (η = 0) regularization schemes.

We need to employ the t’Hooft-Veltman scheme in our calculation since this is the scheme

(combined with the MS subtraction) in which fragmentation functions are extracted from

the e+e− data in Ref. [139]. The required momentum mapping is constructed in Ref. [134];

we summarize it here for completeness. We need to map a three particle final state (t →
W + b + g) onto two particle final state (t̃ → W̃ + b̃). We require that the top momentum

does not change, t̃ = t, so that

t = W̃ + b̃. (3.5.13)

Since W 2 = W̃ 2 = m2
W , W is a valid candidate to be the four-momentum of the W boson

after mapping but it has wrong energy for the two-body decay. To correct for that, we can

make a Lorentz transformation

W̃µ = Λµ
νW ν . (3.5.14)

The matrix Λµν reads [134]

Λµν = gµν +
sinh(x)

√

(tW )2 − m2
t m

2
W

(tµW ν − Wµtν)

+
cosh(x) − 1

(tW )2 − m2
W m2

t

(

tW (tµW ν + Wµtν) − m2
W tµtν − m2

t W
µW ν

)

,

(3.5.15)

where

sinh(x) =
1

2m2
t m

2
W

(

−(m2
t − m2

W )tW + (m2
t + m2

W )
√

(tW )2 − m2
W m2

t

)

. (3.5.16)

Applying the Lorentz transformation to W , we obtain a simple expression

W̃ = α

(

W − tW

m2
t

t

)

+ βt, (3.5.17)

where

α =

√

(m2
t − m2

W )2 − 4m2
W m2

t

2
√

(tW )2 − m2
W m2

t

, β =
(m2

t − m2
W )

2m2
t

. (3.5.18)
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Explicit knowledge of the matrix Λµν is required to account for momenta changes of the

decay products of the W boson. We are now in position to discuss the integration of the

subtraction term over the unresolved phase-space. We use the phase-space factorization,

described in Ref. [134], dΦ(3) = dΦ̃(2)dg̃, where
∫

dg̃ =
(1 − r)2m2−2ǫ

t

16π2

(4π)ǫ

Γ(1 − ǫ)

(

1 + r

1 − r

)2ǫ

×
1

∫

0

dz
(

r2 + z(1 − r2)
)−ǫ

ymax
∫

0

dyy−ǫ(ymax − y)−ǫ.

(3.5.19)

In Eq. (3.5.19), ǫ is the dimensional regularization parameter and ymax = (1 + r)2z(1 −
z)/(z + r2(1 − z)). We need to calculate

Idip =

∫

dg̃ Dip(z, y) z−1 D
(x

z

)

. (3.5.20)

The two integrals over y that we need (through an appropriate order in ǫ) are

ymax
∫

0

dy

y
y−ǫ(ymax − y)−ǫ = y−2ǫ

max

(

−1

ǫ
+ ǫ

π2

6

)

,

ymax
∫

0

dyy−ǫ(ymax − y)−ǫ = y1−2ǫ
max (1 + 2ǫ).

(3.5.21)

Upon integrating over y, we obtain

Idip =
2g2

sµ
2ǫCFm−2ǫ

t

(4π)2−2ǫΓ(1 − ǫ)(1 − r2)2ǫ

1
∫

0

dz

z
D

(x

z

)

(r2 + z(1 − r2))ǫz−2ǫ(1−z)−2ǫ

×
{(

2

1 − z
− 1 − z

) (

−1

ǫ
+ ǫ

π2

6

)

− 2z(1 + 2ǫ)

(z + r2(1 − z))(1 − z)

}

. (3.5.22)

Because the z-dependent fragmentation function D is present in Eq. (3.5.22), we can not

integrate over z analytically. The best we can do is to extract infra-red and collinear

divergences. We find

Idip =
CFαs(1 − r2)−2ǫ

2πΓ(1 − ǫ)

(

4πµ2

m2
t

)ǫ

×
[

D(x)

ǫ2
− 1

ǫ

∫

dz

z
× D

(x

z

)

(

2

(1 − z)+
− (1 + z) − δ(1 − z)

)

+ D(x)

(

2 − π2

6

)

+

∫

dz

z
D

(x

z

)

{

4

[

ln(1 − z)

1 − z

]

+

− 2(1 + z) ln(1 − z)

−
(

2

(1 − z)
− (1 + z)

)

ln

(

r2 + z(1 − r2)

z2

)

− 2

(1 − z)+

z

r2 + z(1 − r2)

}]

.

(3.5.23)
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The infra-red and collinear divergences explicit in the result for the integrated dipole

Eq. (3.5.23) must cancel with the virtual corrections and the MS renormalization of the

fragmentation function. The sum of the leading order decay rate and the one-loop virtual

correction reads

dΓ
(0)
B + dΓ

(V )
B ∼ |M2|2 Ivirt dΦ2, (3.5.24)

where

Ivirt = D(x)

[

1 +
αsCF(1 − r2)−2ǫ

2πΓ(1 − ǫ)

(

4πµ2

m2
t

)ǫ (

C0 +
C1

2

1 − r2

1 + 2r2

)]

. (3.5.25)

The functions C0,1 read [134]

C0 = − 1

ǫ2
− 5

2ǫ
− 11 + η

2
− π2

6
− 2Li2(r

2) − 2 ln(1 − r2) − ln(1 − r2)

r2

C1 =
2

r2
ln(1 − r2). (3.5.26)

Taking the sum of Idip and Ivirt, we obtain

Idip + Ivirt = D(x) +
αsCF

2πΓ(1 − ǫ)

(

4πµ2

m2
t

)ǫ

(1 − r2)−ǫ

[

D(x)V (r)

−1

ǫ

∫

dz

z
D

(x

z

)

P̃qq(z)+

∫

dz

z
D

(x

z

)

{

4

[

ln(1 − z)

1 − z

]

+

− 2(1 + z) ln(1 − z)

−
(

2

(1 − z)
− (1 + z)

)

ln

(

r2 + z(1 − r2)

z2

)

− 2

(1 − z)+

z

r2 + z(1 − r2)

}]

,

(3.5.27)

where P̃qq = 2/(1 − z)+ − (1 + z) + 3/2 δ(1 − z) and, for η = 1,

V (r) = −7

2
− π2

3
− 2Li2(r

2) − 5 + 4r2

1 + 2r2
ln(1 − r2). (3.5.28)

We observe that Eq. (3.5.27) contains collinear divergences. To remove them, the fragmen-

tation function D(x) needs to be renormalized. By convention, we use the MS scheme. We

obtain

Ivirt + Idip = D(µ, x) +
αs(µ)CF

2π

(

D(µ, x)V (r) − ln

(

µ2

m2
t (1 − r2)

)

×
∫

dz

z
D

(

µ,
x

z

)

P̃qq(z) +

∫

dz

z
D

(

µ,
x

z

)

{

4

[

ln(1 − z)

1 − z

]

+

−2(1+z) ln(1−z)

−
(

2

(1 − z)
− (1 + z)

)

ln
r2 + z(1 − r2)

z2
− 2

(1 − z)+

z

r2 + z(1 − r2)
.

(3.5.29)
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Eq. (3.5.29) contains everything that is needed to compute the contribution of the virtual

corrections and the integrated dipoles to the decay rate t → l+ν + B + X. These re-

sults should be supplemented with the contribution of the real emission matrix elements,

described by Eq. (3.5.9). Combining Eq. (3.5.29) and Eq. (3.5.9), we can compute O(αs)

correction to the fully differential rate for t → l+ν+B+X. We then interface the corrections

to the decay, that we just described, with the production process, in the spirit of Ref. [135].

This allows us to get a description of pp → (t → W+ + b → W+ + J/ψ) + (t̄ → W− + b̄) at

leading and next-to-leading order, including the possibility to apply kinematic cuts to the

final state particles.

3.5.2 The fragmentation function

The NLO QCD calculation described in the previous Section leads to radiative

corrections enhanced by the logarithm of the ratio of the top quark mass and the factor-

ization scale µ. We can choose µ ∼ mt to get rid of the logarithmically enhanced terms in

the short-distance partonic decay rate (cf. Eq. (3.5.29)). However, by doing that, we face

the challenge of evaluating the fragmentation function D(µ, x) at a high value of the fac-

torization scale in spite of the fact that b → B fragmentation is, intrinsically, the low-scale

phenomenon. The standard way to deal with the problem is to use the Altarelli-Parisi (AP)

equation

µ2 ∂Db→B(x, µ)

∂µ2
=

∑

j

∫

dz

z
Pjb

(x

z
, αs(µ)

)

Dj→B(z, µ), (3.5.30)

to evolve the fragmentation function to the required value of the factorization scale µ ∼ mt.

Here Pjb is the Altarelli-Parisi splitting function, which describes the probability of a parton

b to split collinearly into a parton j. For the purpose of the NLO calculation, we include

O(αs) and O(α2
s) contributions to the AP evolution kernel which leads to the resummation

of leading and next-to-leading logarithms of the ratio of the factorization scale and the

b-quark mass. Similar to what was done in the previous studies, we neglect all off-diagonal

contributions to the evolution equation Eq. (3.5.30) and only keep terms proportional to

Pbb splitting function. Solution of the AP equation requires initial condition, which is

to say that Db→B needs to be known for some value of the factorization scale µ0. It is

customary to take µ0 ∼ mb. Since µ0 ∼ mb is a perturbative scale, we may attempt to
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completely factorize perturbative and non-perturbative contributions, by writing the heavy

quark fragmentation function as a convolution of the perturbative fragmentation function

Db(µ, x) and the “non-perturbative” fragmentation function Dnp(x) [129]

Db→B(µ, x) =

1
∫

x

dξ

ξ
Db(µ, ξ)Dnp

(

x

ξ

)

. (3.5.31)

For µ0 ∼ mb, the perturbative fragmentation function Db(µ, ξ) receives contributions from

momenta comparable to the b-quark mass and is therefore computable in perturbation

theory. We sketch the calculation of the perturbative fragmentation function following

Ref. [129] and Ref. [138]. Since the perturbative fragmentation function Db(µ, x), describes

the transition of a massless parton b to massive b-quark, the initial condition for the Db(µ, x)

has to be evaluated at a scale µ ∼ mb, such that no large logarithms appear in the initial

condition. The perturbative expansion of the initial condition that describes the transition

of a massless i-parton to a massive b-quark i → b at a scale µ, reads

Di (x, µ, mb) = d
(0)
i (x) +

αs

2π
d

(1)
i (x, µ, mb) + O

(

α2
s

)

. (3.5.32)

From the application of factorization theorem we know that, the perturbative fragmentation

function Di is connected to the differential cross section of b-quark production, through the

convolution

dσb

dx
(x, Q, mb) =

∑

i

∫ 1

x

dξ

ξ

dσ̄i

dξ

(

x

ξ
, Q, µ, mb

)

Di(ξ, µ, mb) + O
(

mb

Q

)

, (3.5.33)

where σb is the massive b-quark production cross section, σ̄i is the production cross section

of a massless i-parton, and Di describes the transition of a massless parton i to the massive

b-quark. The b-quark production cross section and the short-distance partonic cross sections

can be independently computed. To obtain the functions d
(0),(1)
i , we put these results into

Eq. (3.5.33) and compare the left hand side and the right hand side order by order in αs.

Taking i = b, we find the initial condition for Db(µ, x) [129],

Db(µ, x) = δ(1 − x) +
αs(µ)CF

2π

[

1 + x2

1 − x
ln

(

µ2

m2
b

)

− 2 ln(1−x)− 1

]

+

+ O(α2
s). (3.5.34)

The non-perturbative fragmentation function Dnp governs the production of B-mesons. It

cannot be calculated in the framework of QCD and is extracted from B-production data
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at colliders. We assume it to be universal process-independent function. We employ the

results of Ref. [139] where non-perturbative parameters of a number of models were tuned

to describe LEP data on e+e− → BB̄. We restrict our attention to two models to describe

the fragmentation. The first one is the power-law with two parameters

Dnp (x; α, β) =
1

B (β + 1, α + 1)
(1 − x)α xβ , (3.5.35)

where B (x, y) is the Euler Beta-function and α, β are the two parameters. In Ref. [139] the

parameters are calculated to α = 0.51 ± 0.15 and β = 13.35 ± 1.46, from fits to ALEPH

data on e+e− → bb̄. The second model is that of Kartvelishvilli with one parameter δ

Dnp (x; δ) = (1 + δ) (2 + δ) (1 − x)xδ . (3.5.36)

The parameter δ is calculated to be 17.76 ± 0.62 in Ref. [139]. It was shown in Ref. [139]

that these choices of the parameters lead to a good fit to the ALEPH data provided that

no soft gluon resummation is applied to the perturbative fragmentation function7. We will

use the range of parameters shown above to estimate the sensitivity of the extracted value

of the top quark mass to the employed model of the heavy quark fragmentation function.

We solve the AP evolution equation in a standard way by applying the Mellin transform

DN (µ) =

∫

dxxN−1D (x, µ) , (3.5.37)

since the AP equation becomes ordinary differential equation in the Mellin space. In Mellin

space we have the DGLAP equation in the following form

dDN (µ)

d lnµ2
= γ

(2)
N DN (µ) , (3.5.38)

where γ
(2)
N is the Mellin transform of the Altarelli-Parisi splitting function in next-to-leading

order. Solving the equation we have the following expression for the fragmentation function

in the Mellin space

DN (µ) = DN (µ0) exp

[

P
(0)
N t +

1

4π2b0

(

αs (µ0)−αs (µ)
)

(

P
(1)
N − 2πb1

b0

)]

, (3.5.39)

7If soft gluon resummation in the perturbative fragmentation function is employed, the preferred values
of α, β and δ change, see Ref. [139] for details.
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with

b0 =
33 − 2nf

12π
, b1 =

153 − 19nf

24π2
, t =

1

2πb0
ln

αs (µ0)

αs (µ)
. (3.5.40)

Here P
(0),(1)
N are the Mellin moments of the Altarelli-Parisi splitting functions. Once we have

DN (µ), fragmentation function can easily be obtained through an inverse Mellin transform.

This is done numerically. Fragmentation function is the last ingredient that we need to

compute the NLO QCD corrections to t → B decay. We discuss our results in the next

Section.

3.5.3 Results: mBl distribution in top quark decays

In this Section, we discuss our results for the mBl spectrum, as obtained within

the perturbative fragmentation function framework. We ignore all the subtleties associated

with the heavy quark production mechanism and study the invariant mass of the lepton

and the B-meson as produced by the top quark decaying in isolation. We quote results at

leading and next-to-leading order, but we need to clarify what we mean by that. Indeed, a

fragmentation function, is extracted from data on e+e− annihilation to B-hadrons, using a

short-distance function for e+e− → bb̄, computed through a particular order in perturbative

QCD. Therefore, if we change the short-distance function by truncating it to leading order,

we get a different fragmentation function. This phenomenon is well-known from studies

of parton distribution functions that do change from one order in perturbation theory to

the other. Unfortunately, information on how non-perturbative fragmentation functions

change when perturbative predictions for e+e− → bb̄ are truncated at leading order are not

available to us, so that for our leading order calculation we use the same non-perturbative

fragmentation function Dnp, as in next-to-leading order computation. However, for leading

order computations, we neglect all the O(αs) corrections to partonic decay rate of the top

quark and the initial condition Db, and we solve the AP evolution equation and compute

the evolution of the strong coupling constant in the leading logarithmic approximation.

To obtain numerical results reported below, we use αs(MZ) = 0.130 and αs(MZ) = 0.118

for leading and next-to-leading computations, respectively. In Tables 3.1 and 3.2, we show

average values of the invariant mass of the B-meson and the lepton 〈mBl〉 and the dispersion
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σmBl
of the mBl distribution at leading and next-to-leading order in perturbative QCD.

To arrive at those results, we calculate 〈mBl〉 for three values of the renormalization and

factorization scales mt, mt/2, mt/4, changing them independently. We also use two different

fragmentation functions, as explained in the previous Section. For each parameter that one

needs to describe the fragmentation function, we do a calculation for its central value and for

the central value shifted by plus/minus the error quoted for that parameter. As the result,

we obtain 108 values of 〈mBl〉 and σmBl
for each of the input values of the top quark mass.

We calculate the mean and the error from these samples of 108 numbers for both 〈mBl〉 and

σmBl
at leading and next-to-leading order. In Tables 3.1 and 3.2 those results are shown; the

difference between the two Tables is that an additional constraint mBl > 50 GeV is employed

to obtain results in Table 3.2. There are two immediate comments that one can make about

those results. First, we observe that NLO QCD corrections to 〈mBl〉 strongly depend on

the applied cut on the invariant mass. For example, if no such cut is applied, the shift

from leading to next-to-leading order in 〈mBl〉 is about 2.5 GeV, whereas if a 50 GeV cut is

applied, 〈mBl〉 shifts by −0.3 GeV. Second, the uncertainty in 〈mBl〉 decreases by a factor

between two and three, when NLO QCD effects are included, indicating their importance

for the high-precision top quark mass measurement. It is interesting to compare the results

of the computation reported in this paper with the previous analysis where parton shower

event generators were employed [127, 128]. We note that results of those two references

are not consistent; the reason is explained in Ref. [128]. We will therefore compare to the

results in Ref. [128], where 〈mBl〉 and higher moments of Bl invariant mass distribution are

computed using HERWIG and PYTHIA. The B → b fragmentation functions were fitted in

Ref. [128] to reproduce B-meson energy spectra in e+e− annihilation. Systematic O(1 GeV)

differences in values of 〈mBl〉 obtained with PYTHIA and HERWIG were observed in [128],

with PYTHIA results being lower.

We find that the NLO QCD result for 〈mBl〉 and σmBl
are close to the results

obtained with parton showers. Nevertheless, the difference is not negligible, given the

expected precision of the top quark mass measurement. By comparing our results with

that of Ref. [128], we find that the average values of 〈mBl〉 computed through NLO QCD

is about 2.4 GeV lower than 〈mBl〉 obtained with HERWIG and only 1.1 GeV lower than
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mt 〈mBl〉, LO 〈mBl〉, NLO σmBl
, LO σmBl

, NLO

171 73.51 ± 1.87 76.03 ± 0.61 31.46 ± 0.12 29.21 ± 0.29

173 74.71 ± 1.90 77.24 ± 0.62 31.92 ± 0.12 29.63 ± 0.29

175 75.91 ± 1.93 78.44 ± 0.63 32.37 ± 0.13 30.04 ± 0.30

177 77.10 ± 1.95 79.64 ± 0.63 32.82 ± 0.13 30.46 ± 0.30

179 78.29 ± 1.98 80.84 ± 0.64 33.26 ± 0.13 30.87 ± 0.30

Table 3.1. The estimate of the average value of the B-meson-lepton invariant mass and its
dispersion at leading and next-to-leading order, in dependence of the top quark mass. The
top quark mass and all the results are in GeV. Decay of an isolated top quark is considered.

mt 〈mBl〉, LO 〈mBl〉, NLO σmBl
, LO σmBl

, NLO

171 87.51 ± 1.04 87.20 ± 0.43 22.17 ± 0.23 21.28 ± 0.17

173 88.53 ± 1.07 88.22 ± 0.43 22.68 ± 0.24 21.77 ± 0.17

175 89.56 ± 1.10 89.25 ± 0.44 23.19 ± 0.24 22.25 ± 0.18

177 90.58 ± 1.13 90.29 ± 0.45 23.69 ± 0.24 22.73 ± 0.18

179 91.61 ± 1.15 91.32 ± 0.46 24.20 ± 0.24 23.22 ± 0.18

Table 3.2. The average value of the invariant mass 〈mBl〉 and its dispersion, evaluated with
the cut on the invariant mass mBl > 50 GeV. The top quark masses and all the results are
in GeV. Decay of an isolated top quark is considered.

〈mBl〉 obtained PYTHIA. On the other hand, the dispersion σBl that we compute through

NLO QCD, differs by 1 GeV from PYTHIA and by 0.5 GeV from HERWIG results. The

results for 〈mBl〉 displayed in Tables 3.1 and 3.2 can be described by a linear function of the

top quark mass. We present the results of such a fit for the two cases – with and without

a cut on mBl in Fig. 3.3. We find

〈mBl〉NLO = 0.601mt − 26.7 GeV, δrms = 0.004; (3.5.41)

〈mBl〉NLO
mBl>50 GeV = 0.516mt − 0.96 GeV, δrms = 0.006, (3.5.42)

where δrms is the root mean square (rms) of the residuals of the linear fit. It is clear from

the value of δrms that the linear fit works very well. It is straightforward to translate the

results of the linear fit shown in Eqs. (3.5.41, 3.5.42) to an estimate of the error on the top

quark mass. Indeed, suppose that a typical uncertainty of the measured value of 〈mBl〉 is

0.4 GeV. The slopes in Eqs. (3.5.41, 3.5.42) then imply that the corresponding error in the

top quark mass mt is about 0.8 GeV. On the other hand, assuming perfect measurement
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Figure 3.3. Results of the linear fit to 〈mBl〉NLO are shown. Left panel – no cut on mBl is
applied. Right panel – mBl > 50 GeV cut is applied. In both cases, decays of isolated top
quarks are considered.

of 〈mBl〉, we find that theoretical uncertainties in 〈mBl〉 shown in Table 3.1 and the value

of the slope of the linear fit lead to a 1 GeV uncertainty in the extracted value of the top

quark mass. The errors on the top quark mass that follow from the NLO QCD computation

are similar to differences between PYTHIA, HERWIG and NLO QCD. To show this, we

quote results of a fit to 〈mBl〉 obtained with PYTHIA and HERWIG in Ref. [128]

〈mBl〉Pythia = 0.59 mt − 24.11 GeV, 〈mBl〉Herwig = 0.61 mt − 25.31 GeV. (3.5.43)

It is clear from the comparison of the fits Eqs. (3.5.43, 3.5.41) that NLO QCD results

and parton shower results are close but not identical and these differences are essential.

Indeed, we note that a slope difference between parton showers and NLO QCD is about

0.01. Although such slope difference may look insignificant, it leads to O(3 GeV) shift

in the reconstructed value of the top quark. Hence, parton showers are insufficient for

measurements of the top quark mass with a precision higher than a few GeV. On the

contrary, it follows from Eqs. (3.5.41, 3.5.42) that NLO QCD computations lead to results

with small uncertainties that can be estimated in a systematic way and, perhaps, be even

further improved.
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3.5.4 Results: mBl distribution in pp → (t → W++b → W++B)+(t̄ → W−+b̄)

In this Section, we consider production of B-mesons through the fragmentation

of b-quarks in top decays but, in contrast to the previous Section, we include the full

production process through next-to-leading order in perturbative QCD. To claim that the

NLO QCD computation can do a good job in describing 〈mBl〉 in reality, it is very important

to have full production and decay chain included. We use the numerical program described

in Ref. [122], to include full tt̄ production process. To this end, we consider top quark

pair production in pp collisions at
√

s = 14 TeV and focus on the lepton + jets decay

channel. We note that NLO QCD corrections to the decay W → qq̄′ need to be interfaced

with pp → tt̄ production process, to describe lepton + jets channel through NLO QCD.

We require that there are at least four jets in the event. We include the B-meson and the

non-B-meson remnant of the fragmenting b-quark into a list of proto-jets that are passed

to the jet reconstruction algorithm. We employ k⊥ jet algorithm with R = 0.5 and the

four-momentum recombination scheme. All reconstructed jets and the positron from the

W+ decay are required to have transverse momenta in excess of 20 GeV8. The scalar sum

of the transverse momenta of all jets in the event should exceed 100 GeV [140]. For the

sake of simplicity, we do not impose any other kinematic constraints including cuts on the

missing energy and the lepton isolation cuts. In addition, we do not consider combinatorial

backgrounds, assuming that the correct pairing between a lepton and a B-meson can be

established. Finally, similar to what was done in Ref. [135], throughout this paper we

consider intermediate top quarks to be on the mass-shell and we do not include the so-

called non-factorizable corrections [141]. For observables that we study in this paper, this

is a good approximation since we, effectively, integrate over the invariant masses of each

of the top quarks. In contrast to the previous Section, we do not change the parameters

of the fragmentation functions, fixing them to their central values. We use CTEQ parton

distribution functions [142, 143] in the analysis. For each input value of mt we compute

〈mBl〉 for three values of the renormalization and (pdf)-factorization scales µR = µF =

8A standard argument [127, 128] that 〈mBl〉 involves a Lorentz invariant product of the two four-vector
and, therefore, does not depend on the production mechanism is not applicable once cuts on the transverse
momenta are applied. Such cuts are only invariant under restricted class of Lorentz transformations - boosts
along the collision axis.

84



[mt/4, mt/2, mt] and for three values of the factorization scale in the b → B fragmentation

function [mt/4, mt/2, mt] and for two different types of fragmentation functions. As the

result, for each value of mt we have eighteen values of 〈mBl〉 and σmBl
. Although this is

not an extensive scan of the parameter space, it gives a sense of theoretical uncertainties

in 〈mBl〉 provided that realistic production mechanism is employed9. Computing the mean

and the error, we arrive at the results shown in Table 3.3. We see that the NLO QCD effects

in this case are quite small and negative, which is similar to the case of mBl > 50 GeV cut

discussed earlier. It is also clear that the uncertainty in mBl decreases when NLO QCD

corrections are included. By comparing results in Table 3.1 and in Table 3.3, we see that

effects of kinematic cuts on 〈mBl〉 are more important at leading order, where the average

value of mBl can shift by 3.5 GeV. On the other hand, at NLO, a typical shift is of the

order of 0.8 GeV and, therefore, is less dramatic. Comparison of Tables 3.1 and 3.3 shows

that the uncertainty of 〈mBl〉 at NLO nearly doubles if production mechanism is taken into

account. Performing the fit, we obtain (see Fig.3.4)

〈mBl〉NLO
prod = 0.6365 mt − 32.12 GeV, δrms = 0.053. (3.5.44)

Comparing this result with Eq. (3.5.41), we find a significant change in both the slope

and the constant part. This demonstrates that 〈mBl〉 depends in a non-trivial way on the

production mechanism, because of kinematic cuts applied to top quark decay products and

additional jets in the production process. It follows from Eq. (3.5.44) and the uncertainties

of 〈mBl〉 shown in Table 3.3 that the theoretical error on the extracted value of mt is close

to 1.5 GeV.

3.6 Dilepton Channel

In the previous Section we studied the top quark exclusive decay to final states

with identified hadrons, and investigated its potential for a measurement of the top quark

mass with with very small uncertainty. In this Section we focus on the inclusive final states

of the top quark decays. We consider events where both particles in the tt̄ pair decay

9We have checked that if we only change parameters that are related to the decay process, we find the
O(0.5 GeV) uncertainty in 〈mBl〉, similar to Tables 3.1, 3.2.
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mt 〈mBl〉, LO 〈mBl〉, NLO σmBl
, LO σmBl

, NLO

171 77.07 ± 1.92 76.75 ± 1.12 30.60 ± 0.13 28.41 ± 0.36

173 78.34 ± 1.93 77.92 ± 1.09 31.01 ± 0.14 28.72 ± 0.31

175 79.63 ± 1.98 79.31 ± 1.04 31.46 ± 0.14 29.12 ± 0.18

177 80.91 ± 2.03 80.55 ± 1.05 31.83 ± 0.15 29.48 ± 0.13

179 82.16 ± 2.04 81.80 ± 1.04 32.24 ± 0.16 29.83 ± 0.13

Table 3.3. The average values of the invariant mass 〈mBl〉 and the dispersion in case where
all the cuts on the final state particles are applied. The top quark masses and all the results
are in GeV. See text for details.

72

74

76

78

80

82

84

170 172 174 176 178 180

〈m
B

l〉N
L
O

[G
e
V

]

mt [ GeV ]

Figure 3.4. Result of the linear fit to 〈mBl〉NLO is shown, with all kinematic cuts on the
final state particles applied. See text for details.

semileptonically and we have two leptons in the final state along with two b-jets. The top

quark decay at the parton level here is t −→ bW+ → ℓ+ν̄ + b. The branching ratio for these

events is smallest (∼ 2/9× 2/9) among all the decay channels of the top quark 10. However

this process is free from large QCD background and a reasonable signal to background

ratio can be obtained even without identification of b-jet through secondary vertex tagging.

The background to this process comes from the Drell-Yan processes associated with jets,

Z → τ+τ− + jets, WW +jets and bb̄ production. Based on simulation studies for the LHC

[140], the uncertainty on mexp
t , in the dilepton channel is estimated to be 1.2 GeV, for an

integrated luminosity of 10 fb−1. We study the kinematic distribution of an invariant mass

of a b-jet and a lepton, and the distributions of the sum of energies of the two leptons and

the two b-jets. We employ the NLO QCD corrections to top quark pair production and

10400, 000 dilepton events are expected corresponding to a luminosity of 10 fb−1, at the LHC, compared
to 8 million top quark events expected per year.
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decay, as computed in Ref. [135]. Throughout this Section, the center-of-mass energy of

proton collisions is 14 TeV. We begin by summarizing the kinematic cuts that are employed

to identify dilepton tt̄ events [144]. Leptons are required to be central |ηl| < 2.5 and have

large transverse momentum pl
⊥ > 25 GeV. There should be missing energy in the event,

Emiss
⊥ > 40 GeV. The jet transverse momentum cut is p⊥,j > 25 GeV. We employ the k⊥

jet algorithm with R = 0.4.

3.6.1 Invariant mass of a lepton and a b-jet

It is pointed out in Ref. [144] that an average value of the invariant mass squared

of a b-jet and a lepton m2
lb and an average value of the the angle between the lepton and

the b-jet in the W boson rest frame, can be used to construct an estimator of the top quark

mass. The estimator reads

M2
est = m2

W +
2〈m2

lb〉
1 − 〈cos θlb〉

. (3.6.1)

To see that this is a good estimator, we note that for the top quark decay computed at

leading order in perturbative QCD and without any restrictions on the final state Mest

equals to mt

〈m2
lb〉 =

m2
t − m2

W

2
(1 − 〈cos θlb〉) , 〈cos θlb〉 =

m2
W

m2
t + 2m2

W

⇒ M2
est = m2

t . (3.6.2)

In reality Mest is not equal to mt for a variety of reasons including i) kinematic cuts required

to identify the dilepton events; ii) effects of higher order QCD corrections; iii) impossibility

to choose the “correct” pair of a lepton and a b-jet and iv) the experimental issues with

b-jet misidentification and the jet energy resolution. The computation reported in Ref. [135]

allows us to calculate M2
est within the framework of perturbative QCD, accounting for the

points i)-iii) exactly. We point out that the computation of NLO QCD corrections to

pp → tt̄ process reported in [135] includes exact spin correlations, one-loop effects in top

quark decays and allows arbitrary constraints to be imposed on top quark decay products.

These features are crucial for reproducing experimental procedures. Indeed, experimentally,

it is not possible to determine the charge of the b-jet. Hence, it is unclear which of the two

b-jets should be combined with the chosen, definite-sign, lepton. For the purpose of mlb

reconstruction, one pairs the lepton with the b-jet that gives the smallest mlb value [144].
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Figure 3.5. The invariant mass distribution of the lepton and the b-jet. Note that the lepton
and the b-jet do not necessarily come from the decay of the same top quark, see text. The
left panel shows the scale uncertainty bands for µR = µF = [0.5mt, 0.75mt, mt, 1.25mt].
The right panel shows two NLO normalized mlb distributions for mt = 171 GeV and mt =
179 GeV.

The parameter 〈cos θlb〉 in Eq. (3.6.1) is not measured and should be estimated theoretically.

We have also chosen to calculate 〈cos θlb〉 for the b-jet that minimizes the invariant mass

mlb since in this case, there is a partial compensation of incorrect assignments between

the numerator and the denominator in Eq. (3.6.1). As the result, Mest becomes closer

to the input value mt as compared to the case when “correct” pairing of the b-jet and

the lepton is chosen to calculate 〈cos θlb〉 in Eq. (3.6.1). It is argued in Ref. [144] that

with 10 fb−1 integrated luminosity, the statistical and systematic uncertainties in the top

quark mass of about 1 GeV each can be achieved from 〈m2
lb〉 measurement. To assess how

realistic those uncertainties are, we consider five different values of the top quark mass mt =

[171, 173, 175, 177, 179] GeV. For each of these mt values, we compute Mest for four values

of the renormalization and the factorization scales µR = µF = [0.5mt, 0.75mt, mt, 1.25mt]

and for two sets of parton distribution functions CTEQ [142, 143] and MRST [145]. We use

the mean value and the standard deviation of these eight values to compute central value of

Mest and its error. Clearly, by no means this is an exhaustive scan through the parameter

space11 but it gives us an idea of the uncertainties on the theoretical side. Examples of mlb

distributions and the results of the calculation are shown in Figs. 3.5, 3.6. The uncertainties

on Mest do not depend on mt in significant way; they are 0.1 (0.2) GeV at leading and next-

11For example, one can and perhaps should use different renormalization scales to compute numerator
and denominator in Eq. (3.6.1), to get a better idea of the scale uncertainties in Mest.
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to-leading order, respectively. Performing the linear fit, we find

MLO
est = 0.8262mt + 23.22 GeV, MNLO

est = 0.7850mt + 28.70 GeV. (3.6.3)

The quality of the linear fit is very good; for example, the root mean square of the residuals

of the NLO fit is δrms = 0.032. It is instructive that the analysis of this observable at

leading order shows stronger correlation between mt and Mest than at next-to-leading or-

der. In addition, the theoretical uncertainty in Mest increases when NLO QCD corrections

are included. The primary reason for the increased uncertainty is stronger dependence of

Mest on the renormalization and factorization scales at NLO. This feature can be under-

stood by considering the situation where no phase-space cuts are applied and where all

the assignments of a lepton and a b-jet are done correctly. In this case, as follows from

the discussion at the beginning of this Section, the estimator equals to the top quark mass

regardless of the renormalization and factorization scales and the chosen parton distribu-

tion functions. At next-to-leading order, this is not true anymore because of the gluon

radiation in top decay that is sensitive to the value of the strong coupling constant and,

hence, to the renormalization scale. We note that we observe a very weak dependence of

Mest on parton distribution functions which implies that even with the phase-space cuts

and incorrect pairing, this variable is primarily sensitive to top quark decays rather than to

top quark production mechanism. Finally, we can use Eq. (3.6.3) and Fig. 3.6 to estimate

uncertainty in mt that can be achieved by measuring Mest with infinite precision. Since,

as follows from Fig. 3.6, the uncertainty in Mest is 0.2 GeV at NLO and given the slope of

about 0.8 in Eq. (3.6.3), we find the minimal uncertainty in the extracted value of mt to

be close to 0.25 GeV. We note that this result does not include the b-quark fragmentation

uncertainty and the jet scale uncertainty, estimated to be 0.7 and 0.6 GeV, respectively, in

Ref. [144].

3.6.2 Sum of energies of the two leptons from top quark decays

Another observable that we consider is the sum of the energies of the two leptons,

El1 + El2 , in the laboratory frame. Lepton energies in the laboratory frame can be easily

measured and they are free from jet energy scale uncertainties that are important sources
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Figure 3.6. Results of a linear fit to Mest, Eq. (3.1), at leading and next-to-leading order in
perturbative QCD.

of errors, if the top quark mass is reconstructed from hadronic final states. The important

question is whether or not the average value12 of the sum of lepton energies is correlated

with the top quark mass at the parton level and how well such correlation can be described

by perturbative QCD. The corresponding distributions are shown in Fig. 3.7. There we

display El1 +El2 computed through leading and next-to-leading order in perturbative QCD

for mt = 175 GeV, as well the NLO QCD distributions in El1 + El2 for mt = 171 GeV and

mt = 179 GeV. To compute the mean value of 〈El1 +El2〉 we consider the same range of the

renormalization and factorization scales and the two sets of parton distribution functions,

as in the previous Section. The results of the calculation are shown in Fig. 3.8. Performing

a linear fit, we find

〈El1 + El2〉LO = 0.645mt + 120.6 GeV, δrms = 0.08;

〈El1 + El2〉NLO = 0.670mt + 114.4 GeV, δrms = 0.07. (3.6.4)

The results of the linear fit are displayed in Fig. 3.8. Theoretical errors on 〈El1 + El2〉 are

independent of the top mass; they are 1.7 GeV at leading order and 1 GeV at next-to-

leading order. Combining information about the slope in Eq. (3.6.4) with the theoretical

uncertainty on 〈El1 + El2〉, we conclude that the ultimate uncertainty in mt that can be

achieved by studying this observable is close to 1.5 GeV. It is interesting to point out that,

in this case, both the scale dependence of the NLO result and the difference between MRST

12One can ask the same question about the shape of the distribution but such discussion is outside the
scope of this paper.
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Figure 3.7. Left panel: normalized distribution of the sum of lepton energies at leading and
next-to-leading order calculated for mt = 175 GeV. The renormalization and factorization
scales are set to mt and the MRST (left panel) and CTEQ (right panel) parton distribution
functions set is used. Note a shift in the position of the maximum of this distribution. Right
panel: normalized distributions of the sum of lepton energies at next-to-leading order, for
mt = 171 GeV and mt = 179 GeV.
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Figure 3.8. Results of a linear fit to the sum of the average energy of the two leptons at
leading and next-to-leading order.

and CTEQ parton distribution functions are the two important sources of the uncertainty.

3.6.3 Sum of jet energies

Another observable that was discussed [144] in connection with the top quark mass

measurement is the sum of energies of the two hardest jets in the laboratory frame. Similar

to the lepton energies just discussed, the shape of the distribution is an observable that is

to be fitted; this is beyond the scope of the present paper. Here, we limit ourselves to the
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discussion of average values. Instead of considering the two hardest jets in the event, we

found it more useful to take the sum of energies of the two b-jets.
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Figure 3.9. Normalized distribution of the sum of energies of two b-jets Ebjet = Ebj1 +
Ebj2 at next-to-leading order, calculated for mt = 171 GeV and mt = 179 GeV. We set
renormalization and factorization scales to mt and use CTEQ parton distribution functions.

We consider the distribution of the sum of energies of the two b-jets. We expect

that this distribution is strongly correlated with the top quark mass, since b-quarks originate

directly from top decays. The results of the calculation are shown in Figs. 3.9. Performing

a linear fit, we obtain the correlation between the average value of the two b-jets and the

top quark mass

〈Ebj1 + Ebj2〉LO = 2.18mt − 42.2 GeV, δrms = 0.02;

〈Ebj1 + Ebj2〉NLO = 2.09mt − 29.2 GeV, δrms = 0.05. (3.6.5)

The results of the linear fit together with theoretical uncertainties in 〈Ebj1+Ebj2〉 are shown

in Fig. 3.10. These uncertainties are 2.6 GeV at LO and 2.4 GeV at NLO; they do not

exhibit a strong dependence on the top quark mass. Interestingly, inclusion of NLO QCD

corrections makes the correlation between 〈Ebj1 + Ebj2〉LO and mt weaker.

However, the correlation is still quite strong. If we assume that energies of b-jets

can be measured infinitely accurately, the irreducible uncertainty on the determination of

the top quark mass from 〈Ebj1 + Ebj2〉 becomes only 1.2 GeV. Of course, the main issue

here is to understand how well b-jet energies can actually be measured; this issue will be at
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the center of the experimental studies at the LHC.

3.7 Summary

In this Chapter, we considered various observables, which can be used at the

LHC to determine the top quark mass. Previous studies of the correlations between these

observables and mt usually showed high degree of correlation and, hence the possibility to

measure the top quark mass precisely. However, those results were obtained using parton

shower event generators. Given the importance of the top quark mass measurement and the

approximate nature of parton showers, it is important to check this claim in a different way.

We accomplished this by calculating some of these observables through NLO in perturbative

QCD. We find that the parton shower event generators describe correlation fairly well.

However, as can be seen from the discussion of the average value of the invariant mass

of the B-meson and the lepton, NLO QCD computations give both, the accurate central

values and reliable estimates of the uncertainties.
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Chapter 4

Summary of the thesis

In this thesis we describe two applications of perturbative QCD to heavy quark

physics. First, we report a calculation of the decay rate of a free b-quark b → cℓνℓ, to

second order in the QCD coupling constant αs. The charged lepton in the final state can

be a massless electron e or massive τ . We employ a novel numerical approach based on

the sector decomposition to calculate these NNLO QCD corrections. This allows us to

accommodate the mass of the final state lepton and to keep kinematics of the final state

arbitrary, yet achieve cancellation of all the divergences. Thus we are able to describe the

semileptonic decay rate and the leptonic and hadronic moments and invariant masses to

O(α2
s) at a fully differential level. We observed that the non-BLM corrections to the decay

rate are at the level of a few percent but that corrections to normalized moments are very

small. We argued that this smallness of radiative corrections to normalized moments is

generic, and that it persists in higher orders of perturbation theory as well. We point out

that second order corrections do not depend strongly on the final state constraints and

the cut on the lepton energy in the final state influences the decay only by reducing the

phase space. We give an approximate expression for the second order QCD corrections to

lepton moments as a function of the lepton energy cut. This result makes small O(1%)

uncertainties assigned to |Vcb| and mb, as extracted from semileptonic fits, credible.

The second application of perturbative QCD that we consider in this thesis is to top quark

pair production and decay at hadron colliders. Observables constructed from the top quark

decay products are sensitive to the top quark mass and can be used to determine it. We
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study some of the observables which are claimed to yield a highly accurate value of the

top quark mass. We use perturbative QCD while, traditionally, such studies are performed

using parton showers. Since, the parton shower methods are approximate by nature, it is

important to check these results in a more systematic framework. We include NLO QCD

corrections to the tt̄ production and decay, and spin correlations of the top quark pair. Since

our approach is numerical, we can apply realistic constraints on the final state as well. The

NLO QCD estimate of the uncertainty in mt benefits from the fact that sources of the

uncertainty are well-defined quantities like parton distribution functions, choices of the

factorization and the renormalization scales etc. We find that perturbative QCD provides

us with the theoretical uncertainty in mt that can be trusted and a clear understanding

of what mass parameter (pole, MS, etc.) is extracted from data. This is important if we

want to use the value of the top quark mass with confidence, to constrain physics beyond

the Standard Model through precision measurements.
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Appendix

We tabulate the lepton and hadron moments here. The definitions of Li and Hij are

given in Eq. 2.3.3. The quantities r and ξ are defined as r = mc/mb and ξ = 2Ecut/mb.

The vegas integration errors are quoted in brackets. The integration errors are not

shown if they are significantly lower than one percent.

A Lepton moments, O(αs): L
(1)
i

. Table A1. Moment L
(1)
0 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 -1.896 -1.726 -1.661 -1.584 -1.495 -1.393 -1.281 -1.158

0.22 -1.847 -1.671 -1.605 -1.526 -1.434 -1.331 -1.216 -1.092

0.24 -1.800 -1.618 -1.549 -1.468 -1.375 -1.269 -1.153 -1.027

0.25 -1.778 -1.592 -1.522 -1.440 -1.345 -1.238 -1.121 -0.994

0.26 -1.755 -1.566 -1.495 -1.411 -1.315 -1.207 -1.089 -0.962

0.28 -1.712 -1.515 -1.441 -1.355 -1.257 -1.146 -1.026 -0.897

Table A2. Moment L
(1)
1 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 -0.617 -0.595 -0.583 -0.567 -0.547 -0.521 -0.491 -0.455

0.22 -0.590 -0.567 -0.555 -0.539 -0.518 -0.492 -0.461 -0.424

0.24 -0.564 -0.541 -0.528 -0.511 -0.490 -0.463 -0.432 -0.395

0.25 -0.551 -0.527 -0.515 -0.498 -0.476 -0.449 -0.417 -0.380

0.26 -0.539 -0.515 -0.501 -0.484 -0.462 -0.435 -0.403 -0.366

0.28 -0.514 -0.489 -0.476 -0.458 -0.435 -0.408 -0.375 -0.337
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Table A3. Moment L
(1)
2 as a function r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 -0.220 -0.217 -0.215 -0.211 -0.207 -0.200 -0.192 -0.181

0.22 -0.207 -0.203 -0.201 -0.198 -0.193 -0.187 -0.178 -0.167

0.24 -0.194 -0.191 -0.188 -0.185 -0.180 -0.173 -0.165 -0.154

0.25 -0.188 -0.184 -0.182 -0.178 -0.174 -0.167 -0.158 -0.147

0.26 -0.182 -0.178 -0.176 -0.172 -0.167 -0.161 -0.152 -0.141

0.28 -0.170 -0.167 -0.164 -0.160 -0.155 -0.148 -0.139 -0.128

Table A4. Moment L
(1)
3 as a function r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 -0.083 -0.082 -0.082 -0.081 -0.080 -0.079 -0.076 -0.073

0.22 -0.077 -0.076 -0.076 -0.075 -0.074 -0.072 -0.070 -0.067

0.24 -0.071 -0.070 -0.070 -0.069 -0.068 -0.066 -0.064 -0.061

0.25 -0.068 -0.067 -0.067 -0.066 -0.065 -0.063 -0.061 -0.058

0.26 -0.065 -0.065 -0.064 -0.063 -0.062 -0.061 -0.058 -0.055

0.28 -0.060 -0.059 -0.059 -0.058 -0.057 -0.055 -0.053 -0.049
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B BLM corrections O(α2
s): L

(2,BLM)
i

.

Table B1. Moment L
(2,BLM)
0 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 -2.156 -1.994 -1.931 -1.856 -1.766 -1.663 -1.549 -1.422

0.22 -2.057 -1.891 -1.828 -1.751 -1.660 -1.557 -1.442 -1.314

0.24 -1.962 -1.793 -1.727 -1.648 -1.559 -1.453 -1.339 -1.211

0.25 -1.917 -1.744 -1.678 -1.600 -1.508 -1.403 -1.287 -1.160

0.26 -1.871 -1.698 -1.630 -1.550 -1.458 -1.354 -1.239 -1.112

0.28 -1.784 -1.604 -1.537 -1.456 -1.362 -1.258 -1.140 -1.015

Table B2. Moment L
(2,BLM)
1 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 -0.731 -0.710 -0.699 -0.683 -0.663 -0.637 -0.606 -0.568

0.22 -0.684 -0.663 -0.651 -0.635 -0.614 -0.588 -0.557 -0.520

0.24 -0.639 -0.618 -0.605 -0.589 -0.568 -0.543 -0.511 -0.473

0.25 -0.618 -0.596 -0.584 -0.567 -0.546 -0.520 -0.489 -0.452

0.26 -0.597 -0.575 -0.562 -0.546 -0.525 -0.498 -0.467 -0.430

0.28 -0.557 -0.533 -0.521 -0.504 -0.483 -0.457 -0.425 -0.388
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Table B3. Moment L
(2,BLM)
2 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 -0.270 -0.267 -0.265 -0.261 -0.257 -0.250 -0.242 -0.231

0.22 -0.248 -0.245 -0.243 -0.239 -0.235 -0.228 -0.220 -0.209

0.24 -0.227 -0.224 -0.222 -0.219 -0.214 -0.207 -0.199 -0.188

0.25 -0.217 -0.214 -0.212 -0.209 -0.204 -0.197 -0.189 -0.178

0.26 -0.208 -0.205 -0.203 -0.199 -0.194 -0.188 -0.179 -0.168

0.28 -0.190 -0.187 -0.185 -0.181 -0.176 -0.169 -0.161 -0.150

Table B4. Moment L
(2,BLM)
3 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 -0.10 -0.10 -0.10 -0.10 -0.10 -0.10 -0.098 -0.095

0.22 -0.095 -0.094 -0.094 -0.093 -0.092 -0.090 -0.088 -0.085

0.24 -0.085 -0.085 -0.084 -0.084 -0.083 -0.081 -0.079 -0.076

0.25 -0.081 -0.080 -0.080 -0.079 -0.078 -0.077 -0.074 -0.071

0.26 -0.077 -0.076 -0.076 -0.075 -0.074 -0.072 -0.070 -0.067

0.28 -0.069 -0.068 -0.068 -0.067 -0.066 -0.064 -0.062 -0.059
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C Non-BLM corrections, O(α2
s) : L

(2)
i .

Table C1. Moment L
(2)
0 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 4.01(6) 3.98(6) 3.93(7) 3.73(9) 3.3(1) 3.1(1) 2.47(9) 2.08(8)

0.22 3.74(5) 3.72(6) 3.62(7) 3.48(8) 3.19(9) 2.79(9) 2.34(9) 1.87(7)

0.24 3.50(5) 3.50(5) 3.35(6) 3.24(7) 2.88(8) 2.57(9) 2.28(7), 1.66(6)

0.25 3.38(4) 3.37(5) 3.30(6) 3.14(7) 2.84(8) 2.61(8) 2.14(7) 1.54(5)

0.26 3.27(4) 3.26(4) 3.14(5) 3.03(7) 2.78(7) 2.44(7) 1.95(6) 1.49(5)

0.28 3.05(4) 3.02(4) 2.95(5) 2.84(6) 2.56(6) 2.32(7) 1.80(6) 1.29(4)

Table C2. Moment L
(2)in
0 in dependence of r and ξ; see text for details.

r \ξ 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 4.00 3.94 3.77 3.49 3.06 2.48 1.78

0.22 3.73 3.67 3.51 3.23 2.81 2.25 1.57

0.24 3.49 3.43 3.27 3.00 2.59 2.04, 1.39

0.25 3.37 3.31 3.15 2.88 2.47 1.94 1.29

0.26 3.26 3.20 3.05 2.77 2.37 1.84 1.21

0.28 3.04 2.98 2.83 2.56 2.16 1.65 1.04
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Table C3. Moment L
(2)
1 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 1.38(2) 1.38(2) 1.36(2) 1.35(2) 1.30(3) 1.15(3) 1.04(3) 0.90(3)

0.22 1.26(1) 1.26(1) 1.25(2) 1.23(2) 1.16(2) 1.12(2) 0.93(3) 0.82(3)

0.24 1.16(1) 1.16(1) 1.15(1) 1.14(2) 1.05(2) 1.00(3) 0.87(2) 0.71(2)

0.25 1.11(1) 1.11(1) 1.09(1) 1.07(2) 1.01(2) 0.93(2) 0.86(2) 0.65(2)

0.26 1.06(1) 1.06(1) 1.06(1) 1.03(2) 0.99(2) 0.90(2) 0.75(2) 0.61(2)

0.28 0.97(1) 0.97(1) 0.96(1) 0.94(1) 0.89(2) 0.83(2) 0.70(2) 0.53(1)

Table C4. Moment L
(2)in
1 in dependence of r and ξ; see text for details.

r \ξ 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 1.38 1.37 1.35 1.30 1.19 1.02 0.78

0.22 1.26 1.25 1.23 1.18 1.08 0.91 0.68

0.24 1.16 1.15 1.13 1.08 0.98 0.82 0.59

0.25 1.11 1.10 1.08 1.03 0.93 0.77 0.55

0.26 1.06 1.05 1.03 0.98 0.88 0.73 0.51

0.28 0.97 0.96 0.94 0.89 0.80 0.65 0.43
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Table C5. Moment L
(2)
2 as a function r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 0.514(6) 0.514(6) 0.513(6) 0.508(6) 0.501(7) 0.466(9) 0.45(1) 0.38(1)

0.22 0.464(5) 0.464(5) 0.462(5) 0.462(6) 0.454(7) 0.422(9) 0.410(9) 0.333(9)

0.24 0.417(4) 0.417(4) 0.416(5) 0.413(5) 0.402(6) 0.377(7) 0.339(8) 0.300(7)

0.25 0.395(4) 0.395(4) 0.395(4) 0.392(5) 0.376(6) 0.367(7) 0.336(7) 0.275(7)

0.26 0.375(4) 0.375(4) 0.374(4) 0.372(4) 0.361(5) 0.345(6) 0.306(7) 0.248(6)

0.28 0.336(3) 0.336(3) 0.336(4) 0.331(5) 0.324(6) 0.290(6) 0.274(6) 0.215(6)

Table C6. Moment L
(2,)in
2 in dependence of r and ξ; see text for details.

r \ξ 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 0.514 0.514 0.510 0.500 0.475 0.425 0.339

0.22 0.464 0.464 0.461 0.450 0.426 0.377 0.295

0.24 0.417 0.417 0.414 0.404 0.380 0.332 0.253

0.25 0.395 0.395 0.392 0.382 0.358 0.312 0.234

0.26 0.375 0.375 0.372 0.362 0.338 0.292 0.216

0.28 0.336 0.336 0.333 0.323 0.300 0.255 0.182
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Table C7. Moment L
(2)
3 as a function r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 0.202(2) 0.202(2) 0.202(2) 0.201(2) 0.197(3) 0.194(3) 0.182(4) 0.159(4)

0.22 0.179(2) 0.179(2) 0.179(2) 0.178(2) 0.177(2) 0.172(3) 0.163(3) 0.139(3)

0.24 0.158(1) 0.158(2) 0.158(1) 0.158(1) 0.157(2) 0.151(2) 0.141(3) 0.120(3)

0.25 0.149(1) 0.149(1) 0.149(1) 0.148(1) 0.147(2) 0.142(2) 0.127(3) 0.114(2)

0.26 0.140(1) 0.140(1) 0.139(1) 0.139(1) 0.138(2) 0.132(2) 0.121(2) 0.106(3)

0.28 0.123(1) 0.123(1) 0.123(1) 0.122(1) 0.120(1) 0.117(2) 0.107(2) 0.085(2)

Table C8. Moment L
(2)in
3 in dependence of r and ξ; see text for details.

r \ξ 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 0.202 0.202 0.202 0.200 0.193 0.179 0.149

0.22 0.179 0.179 0.179 0.177 0.171 0.156 0.128

0.24 0.158 0.158 0.158 0.156 0.150 0.136 0.109

0.25 0.149 0.149 0.149 0.147 0.141 0.127 0.100

0.26 0.140 0.140 0.140 0.138 0.132 0.118 0.092

0.28 0.123 0.123 0.123 0.121 0.115 0.102 0.077
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D Hadronic moments, O(αs): H
(1)
ij

Table D1. Moment H
(1)
01 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 -0.720 -0.651 -0.626 -0.596 -0.562 -0.523 -0.481 -0.435

0.22 -0.719 -0.646 -0.620 -0.588 -0.553 -0.513 -0.468 -0.421

0.24 -0.719 -0.642 -0.614 -0.581 -0.544 -0.502 -0.456 -0.407

0.25 -0.719 -0.640 -0.611 -0.577 -0.539 -0.496 -0.449 -0.399

0.26 -0.719 -0.638 -0.608 -0.573 -0.534 -0.490 -0.442 -0.391

0.28 -0.720 -0.633 -0.602 -0.565 -0.524 -0.478 -0.428 -0.375

Table D2. Moment H
(1)
02 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 -0.275 -0.249 -0.239 -0.228 -0.215 -0.201 -0.185 -0.168

0.22 -0.281 -0.253 -0.243 -0.231 -0.217 -0.202 -0.185 -0.166

0.24 -0.288 -0.257 -0.246 -0.233 -0.218 -0.202 -0.184 -0.165

0.25 -0.292 -0.260 -0.248 -0.234 -0.219 -0.202 -0.184 -0.164

0.26 -0.296 -0.262 -0.250 -0.236 -0.220 -0.202 -0.183 -0.162

0.28 -0.304 -0.267 -0.254 -0.238 -0.221 -0.202 -0.182 -0.160
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Table D3. Moment H
(1)
03 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 -0.104 -0.0952 -0.0919 -0.0880 -0.0835 -0.0784 -0.0726 -0.0663

0.22 -0.109 -0.0991 -0.0954 -0.0910 -0.0860 -0.0803 -0.0740 -0.0671

0.24 -0.115 -0.103 -0.0991 -0.0943 -0.0887 -0.0824 -0.0754 -0.067

0.25 -0.118 -0.106 -0.101 -0.0959 -0.0900 -0.0834 -0.0761 -0.0682

0.26 -0.121 -0.108 -0.103 -0.0977 -0.0914 -0.0844 -0.0768 -0.0685

0.28 -0.127 -0.113 -0.107 -0.101 -0.0942 -0.0865 -0.0780 -0.0689

Table D4. Moment H
(1)
10 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 0.111 0.0891 0.0822 0.0745 0.0663 0.0577 0.0490 0.0404

0.22 0.102 0.0812 0.0746 0.0673 0.0595 0.0514 0.0433 0.0353

0.24 0.0940 0.0737 0.0674 0.0605 0.0531 0.0456 0.0380 0.0306

0.25 0.0901 0.0702 0.0640 0.0573 0.0501 0.0428 0.0355 0.0285

0.26 0.0863 0.0667 0.0607 0.0541 0.0472 0.0402 0.0331 0.0264

0.28 0.0791 0.0602 0.0544 0.0482 0.0417 0.0351 0.0287 0.0225
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Table D5. Moment H
(1)
11 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 0.0555 0.0433 0.0396 0.0356 0.0314 0.0270 0.0227 0.0185

0.22 0.0520 0.0401 0.0365 0.0327 0.0286 0.0245 0.0204 0.0164

0.24 0.0486 0.0370 0.0336 0.0299 0.0260 0.0221 0.0182 0.0145

0.25 0.0470 0.0355 0.0321 0.0285 0.0247 0.0209 0.0172 0.0136

0.26 0.0454 0.0341 0.0307 0.0272 0.0235 0.0198 0.0162 0.0127

0.28 0.0423 0.0313 0.0280 0.0246 0.0211 0.0176 0.0142 0.0110

Table D6. Moment H
(1)
12 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 0.029 0.022 0.020 0.017 0.015 0.013 0.011 0.0087

0.22 0.027 0.020 0.018 0.016 0.014 0.012 0.0098 0.0078

0.24 0.026 0.019 0.017 0.015 0.013 0.011 0.0089 0.0070

0.25 0.025 0.018 0.016 0.014 0.012 0.010 0.0085 0.0066

0.26 0.024 0.018 0.016 0.014 0.012 0.0099 0.0080 0.0062

0.28 0.023 0.017 0.015 0.013 0.011 0.0090 0.0072 0.0055
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E BLM corrections, O(α2
s): H

(2,BLM)
ij

Table E1. Moment H
(2,BLM)
01 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 -0.765 -0.706 -0.684 -0.658 -0.628 -0.593 -0.553 -0.511

0.22 -0.751 -0.691 -0.668 -0.640 -0.608 -0.572 -0.531 -0.487

0.24 -0.738 -0.675 -0.650 -0.622 -0.588 -0.551 -0.509 -0.463

0.25 -0.733 -0.666 -0.641 -0.612 -0.579 -0.540 -0.497 -0.450

0.26 -0.725 -0.658 -0.632 -0.602 -0.568 -0.528 -0.486 -0.438

0.28 -0.713 -0.641 -0.614 -0.583 -0.547 -0.507 -0.462 -0.413

Table E2. Moment H
(2,BLM)
02 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 -0.267 -0.249 -0.243 -0.234 -0.225 -0.214 -0.201 -0.187

0.22 -0.270 -0.251 -0.243 -0.234 -0.224 -0.212 -0.199 -0.183

0.24 -0.273 -0.252 -0.244 -0.234 -0.223 -0.210 -0.196 -0.180

0.25 -0.276 -0.253 -0.245 -0.234 -0.223 -0.209 -0.194 -0.178

0.26 -0.277 -0.254 -0.245 -0.234 -0.222 -0.208 -0.192 -0.175

0.28 -0.280 -0.255 -0.245 -0.233 -0.220 -0.205 -0.189 -0.170
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Table E3. Moment H
(2,BLM)
03 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 -0.088 -0.085 -0.084 -0.082 -0.080 -0.077 -0.074 -0.069

0.22 -0.092 -0.089 -0.087 -0.085 -0.082 -0.079 -0.075 -0.070

0.24 -0.097 -0.092 -0.090 -0.087 -0.084 -0.080 -0.076 -0.070

0.25 -0.099 -0.094 -0.092 -0.089 -0.085 -0.081 -0.076 -0.071

0.26 -0.10 -0.096 -0.093 -0.090 -0.086 -0.082 -0.077 -0.071

0.28 -0.11 -0.099 -0.096 -0.093 -0.089 -0.083 -0.077 -0.071

Table E4. Moment H
(2,BLM)
10 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 0.196 0.162 0.150 0.138 0.124 0.109 0.0943 0.0790

0.22 0.182 0.148 0.138 0.125 0.112 0.0984 0.0841 0.0699

0.24 0.168 0.136 0.125 0.114 0.101 0.0880 0.0746 0.0613

0.25 0.162 0.130 0.120 0.108 0.0959 0.0831 0.0701 0.0573

0.26 0.156 0.124 0.114 0.103 0.0908 0.0784 0.0658 0.0534

0.28 0.144 0.113 0.103 0.0924 0.0811 0.0694 0.0576 0.0462
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Table E5. Moment H
(2,BLM)
11 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 0.0949 0.0764 0.0705 0.0641 0.0572 0.0500 0.0426 0.0354

0.22 0.0895 0.0713 0.0656 0.0593 0.0527 0.0457 0.0388 0.0319

0.24 0.0844 0.0664 0.0608 0.0548 0.0483 0.0417 0.0350 0.0285

0.25 0.0818 0.0640 0.0585 0.0525 0.0462 0.0397 0.0332 0.0269

0.26 0.0793 0.0617 0.0563 0.0504 0.0442 0.0378 0.0315 0.0253

0.28 0.0745 0.0571 0.0518 0.0461 0.0402 0.0341 0.0281 0.0223

Table E6. Moment H
(2,BLM)
12 as a function of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 0.0473 0.0370 0.0339 0.0306 0.0270 0.0234 0.0198 0.0163

0.22 0.0452 0.0351 0.0320 0.0287 0.0253 0.0218 0.0183 0.0149

0.24 0.0433 0.0332 0.0302 0.0269 0.0236 0.0201 0.0168 0.0135

0.25 0.0423 0.0322 0.0292 0.0260 0.0227 0.0194 0.0160 0.0129

0.26 0.0413 0.0313 0.0283 0.0252 0.0219 0.0186 0.0153 0.0122

0.28 0.0394 0.0294 0.0265 0.0234 0.0202 0.0170 0.0139 0.0109
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F Non-BLM corrections, O(α2
s): H

(2)
ij

Table F1. Moment H
(2)
10 in dependence of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 -0.443 -0.441 -0.423 -0.387 -0.331 -0.259 -0.181 -0.107(1)

0.22 -0.402 -0.399 -0.383 -0.347 -0.294 -0.228 -0.156 -0.090(1)

0.24 -0.364 -0.361 -0.346 -0.313 -0.262 -0.200 -0.134 -0.0739

0.25 -0.346 -0.343 -0.328 -0.296 -0.246 -0.187 -0.124 -0.0662

0.26 -0.329 -0.326 -0.311 -0.280 -0.231 -0.174 -0.114 -0.0602

0.28 -0.297 -0.295 -0.280 -0.250 -0.205 -0.151 -0.0966 -0.0484(4)

Table F2. Moment H
(2)
11 in dependence of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 -0.215 -0.213 -0.204 -0.184 -0.155 -0.120(1) -0.082(1) -0.0479(4)

0.22 -0.198 -0.197 -0.188 -0.169 -0.141 -0.107(1) -0.0721 -0.0408(3)

0.24 -0.183 -0.181 -0.173 -0.154 -0.128 -0.0956 -0.0632 -0.0342(3)

0.25 -0.175 -0.174 -0.165 -0.147 -0.121(1) -0.0900 -0.0590 -0.0313

0.26 -0.168 -0.167 -0.158 -0.141 -0.114(1) -0.0848 -0.0548 -0.0284

0.28 -0.155 -0.153 -0.145 -0.128 -0.103(1) -0.0748 -0.0469 -0.0232(2)
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Table F3. Moment H
(2)
10 in dependence of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 -0.107 -0.106 -0.100 -0.090 -0.0747 -0.0565 -0.0383 -0.0217

0.22 -0.0998 -0.0989 -0.0937 -0.0837 -0.0688 -0.0513 -0.0341 -0.0189

0.24 -0.0935 -0.0926 -0.0877 -0.0773 -0.0629 -0.0468 -0.0304 -0.0161

0.25 -0.0905 -0.0896 -0.0846 -0.0748 -0.0604 -0.0443 -0.0285 -0.0148

0.26 -0.0876 -0.0867 -0.0817 -0.0719 -0.0579 -0.0423 -0.0267 -0.0136

0.28 -0.0820 -0.0810 -0.0761 -0.0664 -0.0531 -0.0377 -0.0234 -0.0113

Table F4. Moment H
(2)
01 in dependence of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 1.39(3) 1.38(3) 1.32(4) 1.28(5) 1.19(5) 1.19(5) 0.94(4) 0.78(3)

0.22 1.34(3) 1.33(3) 1.32(3) 1.24(4) 1.16(4) 1.08(4) 0.85(4) 0.72(3)

0.24 1.29(2) 1.28(3) 1.23(3) 1.15(3) 1.09(4) 1.02(4) 0.88(3) 0.65(3)

0.25 1.27(2) 1.26(2) 1.21(3) 1.18(3) 1.05(3) 0.95(4) 0.76(3) 0.64(2)

0.26 1.24(2) 1.23(2) 1.18(3) 1.11(3) 1.00(3) 0.95(3) 0.76(3) 0.60(2)

0.28 1.20(2) 1.19(2) 1.15(3) 1.12(3) 0.99(3) 0.89(3) 0.69(2) 0.54(2)
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Table F5. Moment H
(2)
02 in dependence of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 0.46(1) 0.46(1) 0.47(2) 0.42(2) 0.38(2) 0.39(2) 0.35(2) 0.28(1)

0.22 0.46(1) 0.46(1) 0.44(2) 0.45(2) 0.39(2) 0.39(2) 0.31(2) 0.27(1)

0.24 0.46(1) 0.46(1) 0.45(1) 0.44(2) 0.38(2) 0.35(2) 0.33(1) 0.26(1)

0.25 0.46(1) 0.46(1) 0.45(1) 0.45(2) 0.41(2) 0.35(2) 0.34(1) 0.25(1)

0.26 0.46(1) 0.45(1) 0.44(1) 0.42(2) 0.38(2) 0.37(2) 0.32(1) 0.24(1)

0.28 0.46(1) 0.46(1) 0.45(1) 0.44(2) 0.39(2) 0.33(1) 0.30(1) 0.24(1)

Table F6. Moment H
(2)
03 in dependence of r and ξ.

r \ξ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.2 0.140(7) 0.137(8) 0.140(9) 0.12(1) 0.14(1) 0.14(1) 0.122(8) 0.104(6)

0.22 0.146(6) 0.143(7) 0.142(8) 0.152(9) 0.13(1) 0.125(9) 0.123(7) 0.107(5)

0.24 0.152(6) 0.150(6) 0.143(7) 0.145(9) 0.124(9) 0.132(8) 0.133(8) 0.095(5)

0.25 0.155(5) 0.153(6) 0.158(7) 0.145(8) 0.150(8) 0.133(8) 0.124(7) 0.103(4)

0.26 0.158(5) 0.157(6) 0.155(7) 0.152(8) 0.140(9) 0.145(7) 0.130(6) 0.101(4)

0.28 0.164(5) 0.162(6) 0.158(7) 0.164(8) 0.153(7) 0.128(7) 0.125(6) 0.096(4)
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